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Abstract

In the past few decades, the increasing demands for superior cooling systems in various
industries have shifted the focus onto impinging liquid jets as an efficient, powerful cooling
technique. Although much has been done on the thermal aspects of jet impingement, the
available knowledge still lacks an in-depth understanding of the fluid dynamics involved in
the phenomena that dictate the associated transport mechanisms. The present thesis has been
planned to analytically and experimentally study the fluid dynamics of the interaction
between a liquid, free-surface impinging jet with a solid surface, and also with a neighboring

jet.

The circular hydraulic jump as a key feature of a free-surface jet impingement was analyzed.
The focus was given to the influence of the target plate on the behavior of the hydraulic
jump. Two conditions for the target plate were examined: large plates with capillary limit at
the edge, and also small target plates. It was experimentally and theoretically discussed that
the circular jumps with these two conditions exhibit different behaviors from those presented
in the literature. Furthermore, a systematic Froude number analysis on circular hydraulic
jumps was carried out and the significant differences between circular jumps and the
classical jumps (i.e. in open channels) were Highlighted. It was shown that due to the
significant influence of the surface tension in circular jumps, the critical Froude number

differs from that observed in the classical jumps and could be larger than unity.

Moreover, the interaction between the flow fields formed by two jets impinging on a solid
surface was investigated in detail. Understanding of this interaction is of significant
importance due to the promising potentials of multiple jets for high heat flux applications.
Two different configurations were studied: two vertical jets, and two inclined jets. The fluid
dynamics involved in the collision between two thin liquid films formed on the surface was
theoretically analyzed. A systematic experimental study was also carried out to examine the
effects of different parameters on the flow field interaction. The experimental results were
then compared to the theoretical predictions to verify the presented models. Good agreements

were observed between the presented theory and the experimental data.
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Preface

A version of Chapter 4, and some parts of Chapter 5 (Sections 5.4.2 - 5.4.4) have been
published. Mohajer, B. and Li, R., 2015. Circular hydraulic jump on finite surfaces with
capillary limit. Physics of Fluids, 27(11), 117102. I wrote the manuscript which was further

revised by Dr. Li.
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Chapter 1 Introduction and Thesis Organization

1.1 Introduction

The increasing demands for efficient cooling systems in various industries have shifted the focus
onto liquid cooling due to the superior thermal properties of liquids. Over the past few decades,
jet impingement has been an attractive cooling technique in a number of industries such as the
metal and drying industry, and also applications such as preventing overheating, cooling turbine

blades, and processing materials [1].

Additionally, in electronic industry, the enlarged packaging densities and power levels of recent
electronic components have resulted in high local heat fluxes, high device temperatures and
appearance of sub-millimeter hot spots. Unless cooled properly below the designed operating
temperature, the resulting high surface temperatures will lead to degradation in the performance
and failure of the electronic component. The promising cooling capacity of liquid jet
impingement have motivated researchers and engineers to take advantage of this powerful

cooling technique for high heat flux electronic devices as well.

Jet impingement cooling is usually characterized by low pressure drops and favorable surface
temperature uniformity (through the use of jet arrays). However, the most attractive
characteristic of jet impingement is rather its relatively very high heat transfer coefficients. The
impingement cooling approach also offers a compact hardware arrangement, which also makes it

an appropriate cooling technique for electronic devices.



In Figure 1, few examples of jet impingement cooling applications are illustrated. With such a
broad application, the primary goal of the present research project is to carry out experimental
and analytical studies on the flow characteristics of an impinging jet, its interaction with a solid
surface, and also with a neighboring impinging jet.

(a) , S,
pinging jets

(c) Qutlet Inlet (d)

Substrate

Figure 1.1. Jet impingement cooling applications: (a) hot metal rolling process [2], (b) cooling turbine blades [3],

(c) Electronic cooling [4], (d) jet impingement packaging for electronic cooling in form of a cold plate [5].

1.2 Jet Impingement

When a liquid jet impacts on a solid surface, the liquid spreads out radially on the surface, and
forms a thin liquid film. Figure 1.1a shows a water jet impinging on a solid surface, and Figure
1.1b illustrates the flow field formed by a jet impingement. The small thicknesses of the liquid
film lead to high flow velocities in the spreading flow. As a result, a very thin boundary layer
that offers little resistance to the heat flow is formed on the surface, and consequently high heat
transfer rates are attained in this area. These flow characteristics of jet impingement make it a

promising cooling technique for high heat flux applications. As the liquid spreads on the surface,
2



it reaches a critical radius (R, ) where a steep increase in the fluid film depth arises and the liquid

velocity drops dramatically (see Figure 1.1). The sudden increase of the fluid film is called a
“circular hydraulic jump”. A daily example of a circular hydraulic jump can be observed in

kitchen sinks where tap water flow strikes the sink.

Target plate \ \ (b)

Figure 1.2. (a) A water jet impingement, (b) Schematic of the flow field formed by a jet impingement

A hydraulic jump is often observed in open channel flows such as rivers and spillways (i.e. also
referred to as the classic hydraulic jump or 2D hydraulic jump). At the jump, the fast flowing
liquid suddenly slows down and increases in height, converting some of its kinetic energy into an
increase in the potential energy, with some energy irreversibly lost through turbulence to heat

[6,7].

One of the primary dimensionless parameters regularly used to characterize free surface flows is
Froude number. Froude number, Fr, is defined as the ratio between the flow inertia and
gravitation. Froude number equal to unity, Fr = 1, is referred to as the critical Froude number,
which is associated with the minimum value of the momentum function available for that
particular flow (i.e. also accounts for the minimum energy that the flow can possess) [6,7]. The

flow before the jump is called the “pre-jump” region and characterized as a super-critical flow
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with Froude numbers higher than unity (Fr,>1). The pre-jump flow is also referred to as the
“wall jet”. The flow downstream of the jump is called the “post-jump” region and characterized
as a sub-critical flow with Froude numbers lower than unity (Fr,>1). A hydraulic jump occurs

as a transition between a super-critical flow to a sub-critical flow.

Since a drastic drop in the fluid velocity occurs as the fluid flows through the jump, hydraulic
jumps degrade the cooling performance of jet impingement and interrupt the uniformity of the
heat transfer on the surface. Thus, the hydraulic jJump is identified as an important feature of jet
impingement performance, and therefore, estimating the location where the jump occurs has
been an area of active research for the past few decades [8-15]. Parameters that play major roles
in the behavior of jet impingement include the nozzle size and shape, nozzle angle with respect
to the target plate, the flow rate, the working fluid properties, as well as the target plate
characteristics. Regarding the target plate, the size of the target plate along with the flow
condition at the edge of the plate are among the parameters that influence the behavior of the

impinging jet and the hydraulic jJump size formed on the surface.

With jet impingement, the heat transfer coefficient distribution on the surface is bell-shaped.
Figure 1.2 illustrates an example of the heat transfer coefficient distribution on a heated surface
with a uniform heat flux exposed to a water jet impingement. The maximum heat transfer rates
are achieved at the impact point of the jet on the surface. This point is referred to as the
“stagnation point”. Although very high heat transfer coefficients can be achieved in the vicinity
of the stagnation point (i.e. the impingement region), with a single impinging jet, the thermal

performance degrades sharply as the fluid spreads out from the stagnation point. This is due to
4



the boundary layer growth on the surface as well as the drop in the fluid velocity as a result of
the radial spreading. Consequently, the heat transfer distribution is non-uniform and decreases
with the distance from the stagnation point. It is perceived that jet impingement is a promising
cooling technique for local cooling applications (i.e. hot-spot cooling or small area cooling
application). If the intended area for cooling is large, a single jet impingement might be unable to

provide the desired, uniform cooling results.

Figure 1.3. Heat transfer coefficient distribution resulting from a single jet impingement on a heated surface with

uniform heat flux.

1.3 Multiple Jet Impingement

In many applications, the area that needs to be cooled is large, and the spatial variation of the
heat transfer observed with a single jet is not ideal. To overcome this limitation, multiple jets are
utilized in many applications to achieve, or approach, uniform cooling over the target surface
[16,17]. Due to the outstanding thermal performance of jet arrays, they have long been an active
area of research [18-22]. Different parameters have been reported to play significant roles in the
flow and thermal behavior of an array of jets. Despite the parameters that influence the

performance of a single jet, other parameters such as the arrangement of the jets, jet-to-jet



spacing, and the spacing between the jet/orifice plate to the target plate have been found to make

great contributions to the performance of multiple jets.

Multiple jets are usually arranged in staggered or inline arrays. Heat transfer by each jet is
influenced by the neighboring jets. It has been reported that the interaction between the flow
fields formed by any two neighboring jets plays an important role in the thermal behavior of the
array of jets. Thus, it seems necessary to have an in-depth understanding of the physics involved

in the interaction between two jets impinging on a solid surface.

In Figure 1.3, the interaction between two water jets impinging on a horizontal plate is shown. It
is seen that the thin pre-jump flows collide in the area between the jets and give rise to a liquid
fountain/sheet, which spreads spatially from the impact region. The impact region where the two
thin wall jets meet is referred to as the “stagnation line”. The location and shape of the stagnation
line depends on the relative strengths and orientations of the individual parent jets. This is clearly
shown in Figure 1.3, where jets with varied configurations interact and generate different flow

fields on the surface.

Figure 1.4. Double water jet impingement, (a) identical vertical jets, (b) vertical jets with unequal flow rates, (c)

inclined identical jets (bi-planar jets).



1.4 Research Objectives

There is an extensive literature available regarding the heat transfer and thermal performance of
jet impingement. However, most of these studies focused more on the thermal aspects of
impinging jets and therefore lack an in-depth analysis of the fluid dynamics of the phenomenon
that dictates the associated transport mechanisms. For instance, the circular hydraulic jump
formed on finite size surfaces needs further investigation. Likewise, the interaction due to the

impingement of two neighboring liquid jets has received very little attention.

The present thesis has been planned to analytically and experimentally study the fluid dynamics
of single and double jet impingement. The thesis will focus on the gaps that exist in the literature
in terms of the fluid dynamics involved in the phenomena. Circular hydraulic jump as a key
feature of a jet impingement will be further analyzed. A systematic Froude number analysis for
circular hydraulic jumps will be carried out, and the critical differences between the classical
jumps and circular jumps will be pointed out. The interaction between two impinging jets on a
solid surface will be investigated in detail, and the fluid dynamics involved in the collision of
two pre-jump liquid films will be analytically and experimentally analyzed. Different jet

configurations (vertical/ inclined jets) will be examined in the analysis.

Results of this research project will provide researchers/engineers with a more informative
understanding of the flow characteristics of single and double jet impingement, and lead to
improved designs for cooling of high heat flux sources. The overall objective of the present

thesis is achieved through the following research tasks:



1.4.1 Research Task 1 — Circular Hydraulic Jump Formed on Finite Surfaces with

Capillary Limit

In actual applications, impinging jets are employed on finite-size surfaces with free edges (i.e. no
weir at the edge). In the case of free edges, when the flow rate is low or/and the surface size is
relatively large (i.e. the jump is far from the plate edge), the capillary effect holds the liquid film
along most of the plate edge, and the post-jump liquid only falls from individual points at the
edge of the plate. This has also been reported by other researchers such as Duchesne et al. [23]

and Craik et al. [24] using a working fluid with a surface tension close to that of water.

The above-mentioned, commonly seen condition is different from the previous theoretical
models, for which a uniform flow at the edge of the plate was assumed, or the plate size was not
taken into consideration by controlling the post-jump flow using a weir at the edge of the plate.
Thus, the first objective of this research project is to find an analytical solution to predict the
circular hydraulic jump location formed on surfaces with finite sizes and the capillary limit at the

edge. The study will be presented in Chapter 4 of the present thesis.

1.4.2 Research Task 2 — Circular Hydraulic Jump on Small Target Plates, and a Froude

Number Analysis

Although in a few previous studies the finite size of the plate was taken into account as a
boundary condition, little attention has been paid to the plate size as a major test variable. In the
preliminary experiments conducted in the present research project, an interesting phenomenon

came to attention using small target plates. It was observed that with a fixed jet flow,



significantly larger hydraulic jumps were formed on smaller target plates. This observation
motivated a systematic experimental study to characterize the circular hydraulic jumps formed
on small target plates, the sizes of which are comparable to the sizes of the hydraulic jumps (i.e.

jump arises close to the plate edge).

The experimental study will be followed by an analytical Froude number analysis. The classical
2D hydraulic jump in open channels is an established fluid mechanics problem with a rich body
of information and analysis available in the literature. However, to the best of the author’s
knowledge, there is no Froude number analysis available focusing on the case of circular
hydraulic jumps. The objective of this analysis is then to address a number of important
questions. What are the differences between the classical jump and circular jump in terms of
Froude number? What is the relation between the pre-jump and post-jump Froude numbers?
What is the critical Froude number in the case of a circular hydraulic jump? Is it possible for the

post-jump flow to exhibit Froude numbers higher than unity?

This research objective will be addressed in Chapter 5.

1.4.3 Research Task 3 — Double Vertical Jet Impingement

Multiple jets have shown promising potential for providing strong, uniform cooling in high heat
flux applications. To better understand the physics and performance of an array of jets, an in-
depth understanding of the fluid flow involved in the interaction between neighboring jets is
essential. The next objective of the present thesis is to experimentally and analytically study the

interaction between the flow fields formed on a horizontal plate due to the impingement of two



vertical neighboring jets. The primary focus will be given to the fountain-like liquid sheet
formed as a result of the flow field interaction. Important parameters involved in the
phenomenon will be discussed. The breakup mechanisms that the rising sheet experiences will be
characterized based on the experimental observations. Moreover, the shape of the rising sheet

will be theoretically analyzed. This objective will be addressed in Chapter 6.

1.4.4 Research Task 4 — Double Inclined Jet Impingement

Impinging jets are not always used with a vertical orientation relative to the target plate.
Impinging jets with inclined angles have been employed in varied applications due to either
limitations in the space or the nature of the application. Although there are a few previous studies
available on the flow field produced by the impingement of a single inclined jet [25-32], little
attention has been paid to the interaction between two inclined jets. This research task focuses on
the flow field formed by the impingement of two inclined jets, when the jets are placed on two
parallel planes (see Figure 1.3c). The two jets have the same nozzle inclination angles and the
projected jet flow directions on the horizontal plate are in opposite directions. A systematic
experimental study will be carried out to examine and characterize the formed flow field.
Furthermore, a theoretical analysis will be developed to predict the shape and location of the
generated stagnation line as a result of the interaction between the two flow fields on the surface.

This study will be presented in Chapter 7 of the present thesis.

In addition to the foregoing research tasks, a literature review is performed on the flow
characteristics of single and double jet impingement, which is presented in Chapter 2. Also,

Chapter 3 elaborates on the experimental setup and methodology employed for this research
10



project. While a general description of the experimental rig and the measurement methods are
presented in Chapter 3, more experimental details associated with each research task will be
presented in its associated chapter. Finally, in Chapter 8, a summary of the thesis along with the

concluding remarks will be presented, and related future work will be discussed.
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Chapter 2 Literature Review

2.1 General

An impinging liquid jet may be classified according to whether it is a free-surface or a
submerged jet, and whether its cross section is circular or rectangular (planar). A free-surface jet
is discharged into a fluid of different type before impinging upon the target plate [33], as
schematically shown in Figure 2.1a (i.e. a liquid jet discharged into a gas ambient). Whereas, a
submerged jet is discharged into a fluid of the same type, that is liquid into liquid or gas into gas
(schematically illustrated in Figures 2.1b and c). The submerged jets can be described as being
confined or unconfined. If the jet is unconfined, the nozzle plate (i.e. orifice plate) is far away
from the target plate and has little or no effect on the flow structure of the flow field on the
surface (see Figures 2.1a and b). However, if the jet is confined (see Figure 2.1c), the nozzle
plate is close to the target plate and influences the flow structure by causing a recirculation zone
[34]. Moreover, in the case of multiple jets, the flow is also influenced by the cross-flow effects

associated with the interaction between neighboring jets [34].

(a)

Nozzle Nozzle/Nozzle plate

Figure 2.1. Different types of jet impingement, (a) free-surface jet, (b) submerged jet, (c) confined submerged jet.
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As a result of the formation of thin hydrodynamic and thermal boundary layers at the
impingement surface, the achieved convection heat transfer coefficients are large, and therefore
jet impingement is well-suited for cooling of high heat flux applications [33-35]. The present

thesis will focus on the flow characteristics of free-surface, single and double jet impingement.

N

Recirculating
= . zone

__________________

____________________

K
v

Figure 2.2. (a) A free-surface water jet impingement and the resulting circular hydraulic jump, (b) Schematic of the

flow field on the surface.

Figure 2.2 shows the impingement of a free-surface, water jet on a solid surface. When a liquid
jet impacts on the surface, the liquid spreads out radially and forms a thin fluid film on the
surface exhibiting high velocities. As a result, a very thin boundary layer that offers little
resistance to the heat flow is formed on the surface, and consequently high heat transfer rates are
attained in this area [33,34,36-38]. Within the stagnation zone, hydrodynamic and thermal
boundary layers are of uniform thickness [33]. Beyond the stagnation zone, the boundary layer
begins to grow until it reaches the free surface of the liquid film (see the inset of Figure 2.2b).
The liquid film thickness in this area is of order of tens/hundreds of microns. There are

competing effects on the liquid film thickness in the pre-jump area, with the radial spreading
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acting to decrease the liquid film thickness, while viscous effects act to thicken the film due to

the deceleration in the developing boundary layers.

For Prandtl numbers associated with liquids (Pr >1), the hydrodynamic boundary layer reaches

the free surface before the thermal boundary layer [39]. The radial spacing at which the boundary

layer encompasses the entire liquid film depth is denoted by r,. Once the hydrodynamic

boundary layer covers the entire film depth (at r=r,), viscous effects extend throughout the

liquid film thickness and the surface velocity begins to decrease with increasing the radial
spacing (see Figure 2.2b). In this region, velocity profiles at different radial locations are self-

similar [8]. The similarity region ends where the transition to turbulence begins.

Here, the literature summary is divided into two groups. First, a summary of the important
studies and findings in the area of single, free-surface jet impingement will be introduced. This
part will particularly focus on the flow characteristics of a circular hydraulic jump as a key
feature related to the fluid flow of an impinging jet. The knowledge of the fluid dynamics of a
single jet will then help to better understand the physics involved in the interaction of two
neighboring jets impinging on a surface. Secondly, a description of the available literature in the

area of double jet impingement will be presented.

2.2 Single jet impingement

As mentioned before, an interesting fluid dynamics phenomenon that influences the performance
of a free-surface jet is the circular hydraulic jump formed on the surface. The phenomenon is

characterized as an abrupt increase in the film thickness and a corresponding reduction in the
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film velocity, which is accompanied by a significant reduction in the heat transfer coefficients.
This explains the importance of the hydraulic jump location for many cooling applications using
jet impingement. Due to this significant role, prediction of the hydraulic jump radius/diameter

has been the subject of many studies for the past few decades.

The first theoretical study was carried out by Rayleigh in 1914 [40]. An inviscid model was used
along with the continuity and momentum equations to predict the jump location. A detailed
inviscid theory for circular hydraulic jump can be found in Ref. [41]. However, due to the
significance of viscous effects, the inviscid model is only of academic interest and known to be

inadequate for real applications.

The pioneer work by Watson in 1964 was the first to consider the fluid viscosity [8]. He
analytically analyzed the flow in the thin pre-jump film using the boundary layer approximation.
The radial location where the boundary layer reaches the free surface (r.) was considered as a
separation point. Karman-Pohlhausen method and a similarity method were employed for the
flow before and after r = ., respectively. Karman-Pohlhousen method is referred to the general
momentum integral solution using a fourth-order polynomial velocity profile [42]. Employing a
force-momentum balance at the jump location, a solution was obtained to show the relation of
the jump radius with the jet flow and the post-jump film depth. In Watson’s theory, the target
surface size was not included in the solution. Also, the post-jump film depth was treated as a
known parameter. They justified this assumption by utilizing a weir at the edge of the plate to

control the post-jump film depth.
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Watson’s study was a great step forward. However, the theory and experimental results were not
always in a satisfactory agreement. This can be found in many previous studies including those
in Refs. [12,24,43-47]. The general conclusion of all these studies was that Watson’s theory is in
a good agreement with the experimental data for large jump radii. However, the theory predicts

poorly for small jump radii.

In Watson’s theory, the surface tension effect was neglected and not considered in the analysis.
The influence of the surface tension on a circular hydraulic jump was explored in studies such as
those in Refs. [12,24,48-51]. Particularly, Bush & Aristoff in 2003 included the surface tension
effect in Watson’s theory and presented a revised expression for the jump diameter [12]. They
took into account the surface tension effect as a radial force that originates from the curvature of
the circular hydraulic jump. They reported that the surface tension force becomes significant for
small jump radii. This explains the poor agreement of Watson’s theory with experimental data
for small jump radii. Although Bush & Aristoff’s work considerably enhanced the accuracy of
Watson’s theory, the post-jump film thickness was still treated as a known parameter. Also, the

target plate size was not taken into account either.

Another group of studies explored circular hydraulic jumps on plates with a free edge, i.e. no
weir/barrier at the edge [9,11,13-15,52-54]. It was assumed that the post-jump fluid film falls
freely around the entire plate edge. Therefore, the hydraulic jump adapts itself to the imposed
boundary condition at the edge governed by the effect of inertia and surface tension [13,55]. In
this approach, the plate size is taken into account by imposing a boundary condition at the edge
of the plate. Using simplified equations of the shallow-water type with viscosity included, Bohr
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et al. [9] provided a scaling relation for the jump radius (i.e. the shallow-water equations are
derived by integrating the Navier—-Stokes equations over the depth of the liquid film, when the
stream-wise length scale is much greater than the length scales in other directions [56]). By
connecting the pre-jump flow and the post-jump flow through a shock, the scaling relation
resulted in R; « Q5/8, where Q is the jet flow rate. The scaling law was shown to agree with
previous and recent experimental data [57-59]. Higuera [11] numerically studied the hydraulic
jump of viscous laminar flow using the boundary layer approximation for the flow around the
jump. The position and structure of the jump were determined numerically by imposing a
boundary condition at the edge of the plate where the liquid turns around and falls under the
action of gravity. Further developments on these theories can be found in a few later studies

[14,15,60].

Other important studies assuming a uniform flow at the edge of the plate edge including those
presented by Kasimov [61] and Rojas et al. [52,53]. Kasimov [61] proposed another shallow-
water model by including a plate-slope function into the simplified radial momentum equation.
Mathematically describing the bottom topography of the flow, the function allows the model to
have a smooth connection between the post-jump flow and the flow over the plate edge. With
careful treatment of the edge condition, the model improves on previous work by Bohr et al. [9].
Rojas et al. [52,53] introduced the inertial lubrication theory, in which the circular hydraulic
jump is a singularity line connecting the inertia dominated pre-jump region with the lubrication

dominated post-jump region. Based on the inertial lubrication theory, Rojas et al. [53] presented
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a corrected scaling law for the jJump radius, which depends on the post-jump film depth, density,

and surface tension.

As mentioned before, although in this group of studies, the finite size of the target plate was
taken into account, the primary assumption was considering a target plate with a uniform edge
flow. However, in actual applications, liquid does not always flow off uniformly at the edge of
the plate. In the case of low flow rates or/and relatively large surface sizes, the surface tension
effect holds the liquid film along most of the plate edge and the liquid only falls from individual
points at the edge. This has also been observed by other researchers such as Duchesne et al. [23]
and Craik et al. [24] using working fluids with surface tension close to that of water. They
observed de-wetting occurring on the lateral edges of the target plate, with liquid flowing off

through a few rivulets forming on the plate perimeter.

Following the forgoing review of the available literature, an analytical solution seems necessary
to predict the circular hydraulic jump location formed on the target plates with free edges and
also the capillary limit at the edge. This will be addressed in “Research Task 1” of this thesis,

which will be presented in Chapter 4.

Moreover, the target plate sizes considered in most of the above-mentioned studies were of
orders of magnitudes larger than the size of the hydraulic jumps formed on the surface. One may
expect to see a different behavior of the hydraulic jump when the jump gets close to the edge of
the plate. Higuera [11,15] and Rao & Arakeri [13,55] reported that the subcritical flow (i.e. post-
jump flow) approaching the plate edge accelerates and becomes locally critical due to the

gravitational acceleration prevailing at the edge of the plate. Likewise, Bohr et al. [9] and
18



Higuera [11] explained that, in the post-jump region, the inertia terms cannot be neglected in a
short distance from the edge of the plate. Consequently, if the hydraulic jump occurs close to the
edge, the assumption that the flow velocity after the jump is small is not valid anymore. Thus,
Bohr et al. [9] and Higuera [11] stated that, when the spacing between the jump and the plate

edge is small, their theories are not able to predict the jJump dimeter.

Therefore, the influence of the target plate size, especially when the plate size is comparable to
the size of the hydraulic jump still needs more in-depth understanding. This will be addressed in

“Research Task 2” of this research project, which will be presented in Chapter 5.
2.3  Froude number

In hydrodynamics, “hydraulic jump” is known as a sudden transition from a high-speed,
supercritical flow to a subcritical one, with a sudden jump of the fluid depth [6,7,62-66]. This
phenomenon is commonly seen at very different length scales: in dam spillways [65], in tidal
bores on rivers [66], or in kitchen sinks when the tap water hits the sink surface. The
dimensionless number used to describe this phenomenon is the Froude number, Fr, defined as the

ratio of the flow inertia to the external field (i.e. in many applications simply due to gravity)

[6,7]. Froude number is generally expresses as Fr :%/E' where U is the flow velocity, g is

the acceleration of gravity, and L, is the characteristics length, which is usually represented by

the flow depth.

Generally, the hydraulic jump characteristics mostly depend on the Froude number value, and

the comparison between the flow Froude number and the critical Froude number. The critical
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Froude number is associated with the minimum value of the momentum function available for

that particular flow (i.e. also accounts for the minimum energy that the flow can possess).
Classically, the critical Froude number is known to be equal to unity (Fr, =1) [6,7]. Upstream
of the jump (i.e. pre-jump region), the flow is characterized as a supercritical flow with Froude
numbers higher than unity (Fr, >1 ). Through the hydraulic jump, some of the flow Kinetic
energy is converted into an increase in the potential energy, with some energy irreversibly lost
through turbulence to heat. Downstream of the jump (post-jump), the flow is a subcritical flow
with Fr, <1. The two values of the flow Froude numbers upstream and downstream of a jump

are dependent on each other via the mass and momentum conservations expressed at the jump

location [6,7,64].

Most of the available studies on circular hydraulic jumps have focused rather on the prediction of
the jump location, for which two key theories are available [8,9], among a rich literature aiming
to improve these ones or to propose alternatives [11,12,53,54,61,67]. However, very little
attention has been paid to the Froude number as the primary dimensionless number

characterizing the flow involved in the occurrence of a hydraulic jump.

One of the first studies examining the Froude number of a circular hydraulic jump was carried

out by Ishigai et al. [44]. They claimed to distinguish four categories on the shape of the liquid
surface at the jump controlled by the pre-jump Froude number, Fr. =U(gh)™?, where U and h

are the mean velocity and the liquid depth just upstream of the jump. The four categories are (a)

a stable smooth surface with a few standing waves (Fr; < 2), (b) a smooth gradual rise in the film
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thickness (2 < Fri < 7), (c) a narrower more rounded jump (7 < Fr; < 15) and (d) an unstable

jump at which air bubbles are constantly entrained (Fr; > 15).

There was a shortage of quantitative data to support such detailed categorization. However, there
is no doubt that the jump structure does go through considerable changes as the flow parameters
alter. A number of previous studies have focused on the structure of the jump, the boundary layer
separation, and the flow recirculation at the jump location [10,24,44,45,48,57,68]. Craik et al.
carried out experiments on the structure of the jump as well as the associated Froude numbers
[24]. They reported that the categorization presented by Ishigai et al. [44] appears to be
improper. They also stated that although the flow structure inside the jump is complex and varies
significantly with the flow conditions, the mass conservation and momentum balance across the

jump must still apply.

Another study that explored the flow Froude number at a circular hydraulic jump was conducted
by Liu & Linehard [48]. In their experimental work, they pointed out several differences between
the open-channel hydraulic jump and the circular hydraulic jump. They explained that the
classical hydraulic jump of undergraduate textbooks is usually expressed as a roiling turbulent
free-surface linking the supercritical and subcritical flows. However, circular hydraulic jump
exhibits a liquid surface that is smooth (unless the flow undergoes severe turbulent regimes),
with a relatively sharp and steady jump (see Figure 2.2a). In addition, the pre-jump liquid film in
circular jumps is very thin (in contrast with open channel jumps), with thicknesses of about
tens/hundreds microns. Despite these obvious differences in the flow field, circular jumps differ

from the classical jumps by the range of the pre-jump Froude numbers as well. With impinging
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jets, the pre-jump Froude numbers can be as high as several hundreds, whereas typical open-
channel flows exhibit supercritical Froude numbers of usually no more than 20 or 30. Each of
these aspects may contribute to interesting deviations from the standard theory of the hydraulic
jump. For instance, Liu & Linehard stated that as the pre-jump Froude number increases, the
classical jump theory applied to the circular jumps (i.e. the force analysis of Watson’s theory [8])

fails to predict the jump size [48].

Despite the above-mentioned discussion on the pre-jump Froude number, recently, Duchesne et
al. in 2014 carried out an experimental study on the post-jump Froude number and witnessed an
interesting phenomenon [23]. They experimentally observed that the post-jump Froude number

based on the measured post-jump depth is locked on a constant value ( Fr, ~0.33). Interestingly,

they also reported that the constant value of the Froude number is independent of the flow rate,
kinematic viscosity, and surface tension. However, they observed a slight dependence on the

nozzle diameter, ~10% for a variation of the nozzle diameter from 1.1 to 7mm.

Although jet impingement and the resulting circular hydraulic jJump have been a subject to a
wide range of studies, very little attention has been paid to the differences between the classical,
2-D hydraulic jump and the circular one. Moreover, Froude number as a primary dimensionless
parameter determining the state of the flows involved in a hydraulic jump needs to be further
analyzed. “Research Task 2” of the present research project will address the mentioned gap in

the literature, which will be presented in Chapter 5.
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2.4 Multiple Jet Impingement

Employing multiple jets to cover a target surface leads to significant improvements in the
efficiency and uniformity of the heat transfer rates on the surface. For a typical single jet
impingement, the heat transfer coefficient values can decay by a factor of 4 or 5 from r/d =0to
9 (i.e. r is the radial position and d is the nozzle diameter). Employing multiple jets can reduce

this variation to a factor of 2 [69].

Different parameters have been reported to play major roles in the thermal performance of an
array of jets [70-75]. Figure 2.3 illustrates a schematic of a jet array impinging on a surface.
Parameters including the jet diameter (d), jet-to-jet spacing (S), the spacing between the nozzle
exit to the target surface (H), etc. have been reported to make great contributions to the

magnitude and uniformity of the heat transfer rate on the surface.

Fountain
d (Rising sheet) S Nozzle/Orifice plate
4 r., B

_ Target Plate

Figure 2.3. Schematic of an array of free-surface jets impinging on a solid surface.

The jet-to-jet positioning in an array (also referred to as the pitch, S) determines the degree of the
flow interaction [69]. At the target surface, the wall jets (i.e. thin liquid films) of two adjacent
jets may collide and form another local stagnation zone accompanied with boundary layer

separations. The wall flows are then transformed into a ““fountain’’ shape flow (see Figure 2.3).
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The formation of the fountain can alter the transfer rates in the collision region. Depending on
the nozzle to plate spacing (H) and also the jet-to-jet spacing (S), the fountain effect may
enhance the thermal performance by generating turbulence, mixing, and interrupting the
boundary layer growth [76,77]. The interaction may also develop undesirable flow patterns. It
may disturb the wall flow and reduce the average heat transfer rate. At small jet-to-jet spacings
(S), the fountain may interfere with the falling free jets. If the fountain exchanges momentum
with the free jet, the heat transfer rates attained at the target surface are found to decrease

[76,78].

As briefly explained above, different parameters influence the thermal performance of a set of
multiple jets. Several researchers have tried to characterize and quantify these parameters and
their associated influences on the heat transfer rates achieved by multiple jets. For instance, most
studies have reported that the jet-to-jet spacing (S) is of considerable significance, however their
recommendations differ (e.g. S/d = 20 in Refs. [79,80], versus S/d ~ 6 in Ref. [81]). Whereas, Jiji

& Dagan [19] reported no noticeable effect of this parameter.

Unfortunately, most of the available studies often employed systems with large numbers of jets,
which makes it difficult to distinguish the influence of individual parameters. For example, San
& Lai reported that the jet interaction is significant for S/d <4 [82]. They also stated that the
jet interaction plays a minor role for S/d>8 and H/d >2, and the undesired effect will
intensify as S/d and H/d decrease from these values. However, in another study, Behnia et al.

[83] observed that the fountain effect degrades the thermal performance of a jet array for
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0.25<H/d <1, and have a minimal influence on the heat transfer rates for H/d >1.

Characterization of the effects of these parameters can be also found in Refs. [70-75].

It can be concluded from the above review that the fluid dynamics involved in the performance
of jet arrays is greatly complex. All the above-mentioned parameters are relative and dependent
on each other. In other words, characterizing the influence of one parameter is impossible
without taking the other parameters into consideration. In addition, it adds to the complexity of
the phenomenon, when the flow rate and the fluid properties are taken into consideration. Thus,
this complexity of the phenomenon highlights the necessity of an in-depth analysis exploring the

detailed fluid dynamics involved in the interaction between two neighboring jets.

2.5 Double Jet Impingement

The impingement of two neighboring jets on a solid plate (double jet impingement) has been the
focus of a number of studies. The available literature can be divided into two groups. The first
group studied double “air” jet impingement [84-87]. The primary application of this group of
studies was focused on VTOL (vertical take-off and landing aircrafts). They studied the flow
field produced by the interaction of two air jets impinging on the ground. The influences of the
interaction and the generated upwash fountain on the lift forces and the performance of the
aircraft during take-off and landing were examined [88-94]. Although valuable findings and
discussions have been presented in these studies, very little attention was paid to the cooling
applications of the phenomenon and the influence of the generated flow field on the transfer

rates. More importantly, “air” jet impingement is categorized as a submerged jet (i.e. a gas jet is
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discharged into a gas environment), which exhibits different physics compared to free surface

jets (i.e. a liquid jet is discharged into a gas environment) [34].

The formed fountain/upwash flow is one of the important differences between the interaction
between two air jets and the interaction between two free-surface liquid jets. There are two key
reasons for this difference. First, with submerged air jets, there is a significant entrainment from
the ambient medium both into the thin film flow and into the upwash flow. Such a strong
entrainment does not occur when free-surface liquid jets are impinging on a solid surface. The
other difference is regarding the formation of hydraulic jumps on the surface and the interaction
between the formed jumps in the case of free-surface liquid jets, which is absent in air jet flows.
The interaction between the formed hydraulic jumps gives rise to a series of complex fluid

dynamic phenomena and creates interesting jump—jump interaction patterns [95].

Relatively much has been done to study the interaction between two air jet impingement.
However, very little has been done on the interaction between two liquid free-surface jets and the
influence of the generated flow field on the cooling applications. The first study on double liquid
jets was carried out by Ishigai et al. [44]. They reported that the local heat transfer is not
significantly altered at the interaction zone if the interacting wall flows have already gone
through the transition to turbulence. However, they observed noticeable enhancement in the

thermal performance if the interaction occurs prior to the transition within the wall flows.

The next studies on double free-surface jet impingement were carried out by Slayzak et al. in
1993 and 1994 [76,78]. They conducted two experimental works, one with two adjacent planar

liquid jets (i.e. 2D, slot jets) [78], and the other one with two rows of circular, free-surface jets
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[76]. They investigated the influences of the interaction between the two wall flows on the heat
transfer rates at the surface. They reported that the heat transfer coefficients recorded beneath the
interaction zone were comparable to those associated with the stagnation points of the parent
jets. They also utilized two jet guards to protect the free jets from interacting with the formed
fountain (rising sheet). They observed that if either of the free jets and the rising fountain interact
(i.e. exchange momentum), the heat transfer rates attained at the surface were degraded

appreciably.

The other noteworthy study on double, free-surface jet impingement was done by Kate et al. in
2007 [95] who examined the interaction between two hydraulic jumps formed by two vertical
water jets. Their work experimentally explained the jump—jump interactions formed by different
jet-to-jet spacings and different strengths (flow rate) of the individual parent jets. They also
described the formed fountain flow as an arch-shaped liquid sheet surrounded by a thick rim.
However, they did not present any quantitative analysis of the shape and height of the formed

rising sheet.

To the best of the author’s knowledge, in addition to the above four important studies related to
the interaction between two free-surface liquid jets, there are only a few other works in this area
including Refs. [77,96-99]. However, all these studies, except the ones presented by Kate et al.
[95] and Haustain et al. [77], only examined the thermal behavior of double jet impingement
without any in-depth analysis of the fluid dynamics of the phenomenon. The complexity
involved in the interaction between two adjacent, impinging, liquid jets requires a comprehensive

understanding of the fluid flow and the resulting rising sheet and interaction zones formed on the
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surface. In Research Tasks 3 and 4 of this research project, which will be presented in Chapters 6
and 7, the interaction of two free-surface liquid jets with vertical and inclined orientations will be
experimentally investigated. Furthermore, analytical models will be developed to predict the

locations and shapes of the formed stagnation line and rising sheet.
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Chapter 3 Experimental Setup and Methodology

3.1 Overview

The overall objective of this chapter is to present a general description of the experimental rig
and methodology employed to carry out the experimental part of the present thesis. In addition to
the information presented here, more experimental details will be provided in the following

chapters, which will be more specific to the set goals of each chapter.

3.2 Experimental Setup

In order to address the set objectives of this research project, the experimental setup should meet
the following requirements:
e Smooth flow at the nozzle outlet.
e Accurate flow measurements.
e Flexibility in using different working liquids.
e Flexibility in the impingement plate configurations: plate size and edge condition.
e Flexibility in the jet configurations: nozzle diameter, nozzle inclination angle, nozzle
spatial position, etc.
e Accurate measurements of the jet impingement features such as the hydraulic jump
radius, the post-jump liquid depth, etc.
e Capability to accommodate double impinging jets with varied configurations (vertical

and inclined jets).
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e Accurate measurements of the interaction features in the double jet impingement
experiments such as the formed stagnation line, jump-jump interaction profiles, the rising
sheet, etc.

Two arrangements for the experimental setup are designed in the view of the set objectives. One
setup is designed to accommodate the single jet impingement study, which is schematically
shown in Figure 3.1. Another design is employed to carry out the double jet impingement
experiments, which is schematically depicted in Figure 3.3. Both setups take advantage of the
same flow supply system, which is comprised of a pressurized water tank and an air compressor.
The pressurized water tank is utilized in order to deliver a smooth flow at the nozzle outlet and
minimize the flow fluctuations caused by a pump. The air compressor is capable to increase the
pressure inside the tank up to 140 psi, which results in flow rates of up to 3 lit/min with the

present tubing configuration.

Air Compressor '

e |

Flow Meter

l Target surl’aceJ

Figure 3.1. (a) Schematic of the experimental setup used for the single jet impingement experiments, (b) the nozzle
holder.

3.2.1  Single Jet Setup
For the single jet impingement, the flow rate is measured using a FLR1010ST, OMEGA flow

meter which gives an accuracy of 1%. With the nozzle holder designed and fabricated for the
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present experimental setup, the spatial position of the nozzle with respect to the target plate can
be easily adjusted using two translation stages (see Figure 3.1b). Using the nozzle holder shown
in Figure 3.1b, the nozzle inclination angle can be changed from 0 to 90 degree with steps of 10
degrees. However, since the single jet experiments are only done with the vertical orientation

(relative to the target plate), the nozzle angle is fixed on 90 degrees.

The jet nozzles are made of stainless steel tubes with inner diameters of d = 0.75, 1, 2, and 4.2
mm. The lengths of the nozzles are carefully picked in a way that the fully developed condition
is reached before the nozzle exit. Since several previous studies reported that the nozzle to plate
spacing has negligible effects on the behavior of free-surface jet impingement [36,100], a fixed
spacing of 5d is set in most of the experiments conducted here. The target plates examined for
the single jet impingement experiments are cut out of an aluminum plate using a water-jet
machine. Circular aluminum discs with diameters ranging from Ds = 20 to 100 mm are tested.
All plates are sanded around the edges using a fine sandpaper in order to smoothen the rough

edges. However, no systematic care is given to the plates’ edges in the microscopic level.

A camera (Nikon D800) is used to take images of the experiments. For each test, top-view and
side-view images are taken. The top view images are used to measure the jump radius/diameter.
The side view images are used for measuring the post-jump liquid film depth H. Figure 3.2
shows a top view image and a side view image of a water jet impinging on a solid surface. Using
a calibrated length scale, the image processing software “Image J” is employed to measure the
hydraulic jump radius/diameter and also the post-jump liquid depth. For each test, five top view
images and five side-view images are taken, and the average values are used for the analysis.
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Due to the steady nature of circular hydraulic jumps, the five values measured for each test are
very close to each other, therefore, taking more images would not change the average values that
are used in the analysis. A height gauge is also used to measure the free liquid surface profile

around the hydraulic jump.

Figure 3.2. A water jet impinging on a circular target plate. (a) Top view image of the jet impingement and the

formed hydraulic jump on the target plate, (b) Side view image of the liquid film on the surface.

3.2.2 Double Jet Impingement

In order to study the interaction between two neighboring jets, the experimental setup is
modified. A schematic of the designed experimental setup is presented in Figure 3.3. To have
separate control over the flow rate of each jet, two sets of valves and flow meters (rotameters)

are installed in parallel.

In all the experiments carried out in the present thesis with double impinging jets, both jets
obtain the same orientation (i.e. nozzle inclination angle). The nozzle holder shown in Figure
3.1b is used to set the first nozzle. The second nozzle is installed using a clamp. Once the second
nozzle is placed with the desired orientation (i.e. either vertical or inclined), it is clamped and

remains fixed for all the tests conducted with the set orientation. Once this jet is fixed, the
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relative spacing between the jets is adjusted by the first jet using the translation stages mounted
on the nozzle holder. In the present research project, four different nozzle inclination angles are

investigated (¢ = 90, 70, 50, 30 degrees) with varied relative positions.

(a) Valve

Air Compressor *

=4

Flow meter
Flow meter

Water Tank

High Speed
Camera

Figure 3.3. (a) Schematic of the experimental setup used for the double jet impingement experiments, (b) nozzle

configurations.

As explained before, the interaction between the flow fields on the surface gives rise to a liquid
fountain. The formed fountain makes it difficult to take top view images and capture the flow
field on the surface. To resolve this problem, a transparent plate is used as the target plate
accompanied by a camera underneath the plate (see Figure 3.3a). A light source is used above the
test station, which illuminates the surface and enables the camera to capture the flow field on the
surface. Figures 3.4a and b illustrate sample images taken using the described test setup with
vertical and inclined configurations, respectively. The flow fields formed on the surface due to
the impingement of two neighboring jets are presented in Figures 3.4al and bl (photography

from underneath). It is seen that photography from underneath the transparent plate provides a
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clear picture of the jump profiles and stagnation lines formed on the surface. Additionally, a high
speed camera (PHANTOM - MIRO M310) is used to record the size and shape of the generated

rising sheet. Figures 3.4a2 and b2 show the captured rising sheets.

(b1)

Stagnation line .<

Figure 3.4. Interaction between two impinging jets, (a) double vertical jet impingement, (b) double inclined jet

impingement with ¢=50° (jets are placed in two parallel planes), (1) underneath images, (2) side view images.

3.3 Working Fluid

In order to examine the influence of the fluid properties on the flow characteristics of single and
double jet impingement, different liquids are employed as the working fluid. Throughout the
present thesis, five different working fluids are examined: distilled water, a water-surfactant
solution, and three different water-glycerol solutions with wt. (mass fraction) 50%, 60%, and
65%. The water-surfactant solution is made by adding Pluronic L92 (BASF Corporation) into
distilled water with a concentration of 2.5 g per liter. The surface tension of the resulting fluid is
o = 0.037 N/m. Negligible influences are assumed on the density and viscosity of the fluid (i.e.

considered to be the same as those of water).
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Viscosity is known to play a significant role in the fluid dynamics of a flow. To study the
influence of viscosity on the fluid flow of single and double jet impingement, glycerol is mixed
with water with three different mass fractions, 50%, 60%, and 65%. The resulting fluids exhibit
dynamic viscosities that are 5.11, 9, and 12.45 times higher than that of water, respectively. The

physical properties of the working fluids used in this research project are listed in Table 3.1.

Table 3.1. Physical properties of the working fluids.

) Density Dynamic viscosity Kinematic viscosity Surface tension
Fluid type y oy y y

(kg/m?®) (mpas) (mm?/s) (mN/m)
Distilled water 998 1 1 72
Water-surfactant 998 1 1 37
Water-glycerol wt. 50% 1130.5 511 4.52 68.1
Water-glycerol wt. 60% 1156.6 9 7.778 67.3
Water-glycerol wt. 65% 1169.6 12.45 10.64 66.9

Generally speaking, flow meters are sensitive to the fluid viscosity. In other words, the flow rate
that a flow meter measures depends on the viscosity of the working fluids. All flow meters are
normally calibrated by the manufacturing company for the use of a particular working fluid. The
flow meters used in the present work have been calibrated for water as the working fluid.
Therefore, a change in the viscosity of the working fluid results in wrong flow rate
measurements. To avoid this considerable source of error, before running any tests, the flow
meters must be calibrated for each working fluid with a viscosity different from that of water (i.e.
water-glycerol solutions). For this purpose, flows with different flow rates are pumped through

the flow meter. The actual flow rate is measured using a stopwatch and is then plotted versus the
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flow rate that the flow meter reads. Employing a curve fitting, a relation can be found to
correlate the actual flow rates with those measured by the flow meter. In Figure 3.5, two sample
flow rate calibrations are presented for the working fluids of water-glycerol wt. 50% and 65%.
Only the ranges of the flow rates that are examined for each viscous fluid are calibrated and

plotted in Figure 3.5.
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Figure 3.5. Flow meter calibration for viscous fluids, (a) water-solution wt. 50%, (b) water-solution wt. 65%.

3.4 Uncertainty

The principal measurement errors in the present experimental study are those in the flow
measurement, jet diameter, post-jump fluid depth, and jump diameter. The uncertainty related to
identifying the radial position of the hydraulic jump is +5 pixels, which is associated with the
average width of the dark region seen as the hydraulic jump. Similarly, the uncertainty regarding
the post-jump film depth is £2 pixels. The pixel measurements are then mapped to physical
dimensions by calibrating the images using a reference length scale. In the experiments, the

reference length scale is usually the outer diameter of the nozzle. As for the photography from
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underneath, the reference length scale is determined by an image taken before conducting the
experiments (normally using a ruler as the reference length). The camera is then fixed in place
and will not move until the experiments are done. Consequently, the resulting nominal
uncertainty of each instantaneous radial measurement is £1% and post-jump film depth is £0.5%.
Moreover, the flow meters give an accuracy of £1% and the uncertainty in the jet radius for the

smallest nozzle is +5%.
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Chapter 4 Hydraulic Jump with Capillary Limit at the Edge

4.1 Overview

As an interesting fluid dynamics phenomenon and also an important feature of jet impingement,
circular hydraulic jumps have been an active area of research for the past few decades. In actual
applications of jet impingement, jets impact on surfaces with finite sizes and free edges (i.e. no
weir at the edge). In the case of plates with free edges, the liquid film on the surface does not
always flow off uniformly along the entire perimeter of the plate. Instead, in the case of low flow
rates or/and relatively large surface sizes, the capillary effect holds the liquid film along most of
the plate edge, and the liquid only falls from one (or multiple) spot at the edge (see Figure 4.1b).
As discussed in the literature review, this has also been observed by other researchers such as
Duchesne et al. [23] and Craik et al. [24] using working fluids with surface tension close to that
of water. In this chapter, an analytical study is conducted to develop a model for predicting the
location of the circular hydraulic jump on plates with finite sizes and capillary limit at the edge.
Surface tension force, gravitational force, viscous friction force, and rate of flow momentum are
taken into account. Based on the force-momentum analysis of two control volumes, a system of
equations are derived, which can be used to solve for the jump radius and the post-jump film
depth. This is different from previous theoretical models for which the post-jump film thickness
was treated as a known parameter, or a uniform flow at the edge of the plate was assumed.
Experimental tests using water and a water-surfactant solution are carried out to verify the

presented model. Both the theory and experiments demonstrate the significance of surface
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tension for this type of hydraulic jumps. Moreover, the shape of the free surface at the jump is

analyzed to evaluate the assumption of steep jump employed for the theoretical model.

4.2 Experimental Study

When a vertical liquid jet impacts on a horizontal plate, it changes direction and spreads out
radially on the surface in a very thin liquid layer. The liquid flows radially with high velocities
until an abrupt increase in the liquid film thickness arises due to the occurrence of a circular
hydraulic jump. Downstream of the jump, the liquid velocity drops significantly. Figure 4.1
illustrates a hydraulic jump formed by a water jet on a surface. The detailed flow characteristics

of jet impingement were discussed in Chapters 1 and 2, and schematically shown in Figure 2.2b.

4.2.1 Experimental methodology

A series of experimental tests with round liquid jets impinging on circular discs have been
conducted. As schematically shown in Figure 4.1, a vertical liquid jet with radius a and flow rate
Q impacts on a circular disc with radius R. The spreading of the jet consists of a circular thin
area (i.e. pre-jump region) surrounded by a thick film (i.e. post-jump region). The hydraulic
jump appears at a radial location r = R; where the film depth changes from h to H. The post-
jump thick film is pinned at the edge of the disc and maintains a stable rim around the edge of

the circular disc except one spot where the fluid flows off the disc (see Figure 4.1b).

In this study it is assumed that the liquid flows off only from one point at the edge. The one-spot
edge flow at the disc edge is controlled by attaching a small piece of absorbent paper to the disc

edge and flush with the top surface of the disc. The same method was used by Craik et al. [24]
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for achieving a uniform edge flow, for which absorbent paper was attached all around the disc
edge. During our experiments, the flow rate was changed with care so that the post-jump liquid
film always had a stable rim with one-spot edge flow. Despite the one-spot edge flow, it was
observed that all the hydraulic jumps remain circular (axisymmetric). For each disc, the
maximum tested flow rate was when the one-spot edge flow was about to disappear. If the flow
rate was further increased, the fluid would flow off at multiple spots and then all over the disc

edge.

(a)

(©) e

Figure 4.1. (a) The hydraulic jump formed by a round water jet impinging on a circular disc, (b) Side view of the
water jet impinging on a circular disc, where water flows off the disc only from one spot at the edge. (c) Schematic

of jet impingement on a circular disc on which the post-jump film has a stable rim formed at the disc edge.

Two working fluids are tested: distilled water and a water-surfactant solution, whose physical
properties are presented in Table 3.1. The jet nozzle used for this set of experiments has an inner
radius of a=0.375 mm and a length to radius ratio equal to 68. Circular aluminum discs with

eight varied radii, R ranging from 20 to 50 mm (R, /a ranges from 53 to 133), are tested. The
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nozzle to surface spacing is 10a and remains fixed for all the experiments. The side view images
and top view images of the flow field on the surface are used to measure the jump radius and the
post-jump film thickness, respectively. Additionally, the side view images are used to measure
the contact angle S, at the edge as shown in Figure 4.1c. Employing a height gage, the free

surface profile at the jump location is also captured.
4.2.2 Experimental results

For a jet impinging on a surface, Froude number can be used to compare the flow inertia to the
gravitation. If a steep jump is assumed (i.e. at = R; the film depth abruptly changes from h to

H), two Froude numbers can be defined as

Fr =/1Q/(2;zR,. gh3) (4.1a)

Fr, =Q/(27sz gH3) (4.1b)

Here Fr; is the pre-jump Froude number based on the pre-jump film depth, while Fr, is the post-
jump Froude number based on the post-jump film depth. The assumption here is a uniform
velocity profile across the depth. This assumption is suitable for the post-jump film, as the
inertial force is insignificant as compared to the hydrostatic force. However, the velocity profile
is important for the pre-jump region, where the inertial force is dominant. A correction factor A is
presented to take into account the non-uniformity of the velocity profile in the thin pre-jump
film. The correction factor A will be derived in Chapter 5 along with a detailed discussion and

analysis of the circular hydraulic jump Froude number.
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The experimentally measured data of the jump radius R; and the post-jump film thickness H are

a2
plotted in Figure 4.2. The y-axis is the experimental data in form of 7[22/ /gﬁ (i.e. defined
i

as the pre-jump Froude number for the impingement of an inviscid jet, which has the pre-jump

film depth h equal to aZ/ZR]- and a uniform velocity equal to the jet velocity Q /ma?). The x-axis

2

is the experimental data in form of (H/ZaR

3/2
J (i.e. defined as the post-jump film depth

i
normalized by the inviscid pre-jump film depth). The results are presented as two groups of tests
using two different working fluids. Linear fitting with intercept set at the origin is carried out.
Each group shows a linear slope, which is the post-jump Froude number Fr, expressed as EqQ.
(4.1b). This indicates that in each group of tests, the post-jump Froude number remains constant.
The tests using the water-surfactant solution show a constant post-jump Froude number of Fr, =
0.15, while the tests using water show Fr, = 0.10. The Froude numbers here show dependence
on the surface tension of the fluid (contrary to what reported by Duchesne et al. [23]). Also, both
values are smaller than the constant Froude number reported by Duchesne et al. [23] (i.e. ~0.32).
The major reason might be related to the edge flow condition as the other study mainly focused
on hydraulic jumps formed with uniform edge flow around the disc. An extensive Froude
number analysis is carried out in Chapter 5 and the results will be compared to those of

Duchesne et al. [23].
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Figure 4.2. Experimental results of the hydraulic jump radius R; and the post-jump depth H for varied flow rates,

disc sizes, and working fluids. The slope of the linear fitting for each fluid is the post-jump Froude number defined

by Eq. (4.1b). The inset graph shows the slope of the linear fitting ( Fr, ) for different disc sizes using water jets.

The data points in Figure 4.2 appear in clusters. Each cluster is for a specific flow rate, and each
data point in the cluster represents a specific disc size. The inset of Figure 4.2 shows the effect of
the disc size on the post-jump Froude number. The data is associated with water as the working
fluid. For this purpose, linear fitting is carried out to the data points associated with each disc
size (with varied flow rates). The slope of each line is Fr, corresponding to a certain disc size,
and is then plotted versus the disc radius in the inset of Figure 4.2. Although not very clear, the
post-jump Froude number seems to decrease with increasing the disc size. However, the change

IS in a quite narrow range from ~0.098 to ~0.103.
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From the experiments, it was observed that the post-jump depth H formed on a disc shows
negligible dependence on the flow rate Q. As an example, Figure 4.3a shows the hydraulic jump
formed on a disc with R;=20 mm. The post-jump depth, H~3.92+0.07 mm, remains almost
constant with varied flow rates. Thus, one would expect if both Fr, and H are constant,
according to Eq. (4.1b), the jump radius R; should change linearly with the flow rate Q. This
linear trend can be seen in Figure 4.3a, which shows R; linearly increasing with Q. The error bars
are eliminated from the figure because the ranges of the measured errors are smaller than the size

of the symbols plotted here, and thus the error bars would not be visible in the figure.
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Figure 4.3. (a) The jump radius R; and the post-jump film depth H formed by water jets impinging on a circular
disc of Ry =20 mm. (b) The measured jump radius R, of all the tests conducted here in comparison with the scaling

law R, oc @*®, and also with the critical radius r, for the boundary layer development in the pre-jump region.

Figure 4.3b shows R; versus Q for the two groups of tests presented in Figure 4.2. Each group
shows a linear trend of R; increasing with Q. The scaling law presented by Bohr et al. [9] states

that the jump radius changes with Q3/8. To compare with the scaling law, a relation R; x Q>5/8
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is plotted by matching with the data point of the smallest R;. Clearly, the present work with the

edge condition of stable rim is different from the scaling law presented for the circular hydraulic

jumps with uniform edge flow.

Here, a theoretical study is carried out to develop a model to predict the hydraulic jump radius

with capillary limit at the edge.

4.3 Theoretical Study

4.3.1 Force Analysis

From the present experimental tests, it is observed that when the flow rate is low or/and the plate
is relatively large, the post-jump film forms a stable rim around the circular disc and the liquid
flows off the disc only from one point at the edge (see Figure 4.1b). As the flow rate increases,
the jump radius grows toward the edge of the disc, and the post-jump fluid flows off at multiple
edge spots, and eventually all over the edge. In the present study, the focus is on the jet

impingement with stable rim at the edge.

Since a stable rim outlines the plate edge, the flow momentum in the radial direction at the disc
edge is zero. The flow field on the surface is assumed to be axisymmetric for the following three
reasons. First, the hydraulic jumps in the present work are always observed to remain circular
despite the one-spot edge flow. Second, although as a result of the stable rim, the radial flow
needs to turn into an azimuthal flow when getting close to the plate edge (the flow eventually
converges to the one-spot flow at the edge), this azimuthal flow is weak and negligible. This can

be justified by evaluating a local Froude number close to the disc edge, which can be calculated
45



by replacing R; in Eq. (4.1b) with R,. This local Froude number must be even smaller than the
post-jump Froude numbers that have been shown in Figure 4.2. Third, neglecting the azimuthal
flow can also be justified from the observation of the contact angle at the disc edge, which shows
relatively constant contact angles around the disc perimeter. The measurement of the contact

angle will be discussed in Section 4.3.2.

In the present theoretical study, two control volumes will be introduced and analyzed. The force-

momentum balance will be carried out on these two control volumes to obtain two relations

between the jump radius (R;) and the post-jump film thickness (H).

(b)

Figure 4.4. (a) The simplified view of the first control volume with an angular dimension A8 and radial dimension

from the hydraulic jump R; to the edge of the disc Ry ; (b) the central plane of the control volume with all forces

projected on the plane.

The first control volume is a small angular section A8, with r ranging from the jump location R;
to the edge of the disc R;. A 3D schematic of the control volume is shown in Figure 4.4a. For
easy presentation, the free liquid surface is not shown as a smooth curved surface, but instead is

composed of three facets (2a, 2b, 2c). The angle « is used to indicate the azimuth angle within
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the control volume, which ranges from —A6/2 to A8/2 with its center located at « = 0. The
control volume consists of a radial flow input from the pre-jump liquid film as well as the
surface tension force on the free surfaces (2a, 2b, 2c), the hydrostatic pressure symmetrically on
facets 1a and 1b, and the shear stress on the bottom of the control volume (facet 3) due to the
interaction with the disc surface. Based on the foregoing discussion on the azimuthal flow, the

azimuthal flows entering and exiting through the facets 1a and 1b are neglected.

In this study, the force balance in the radial direction of the control volume will be analyzed. All
the forces are projected to the center radial plane (o« = 0) of the control volume (see Figure
4.4b), which is orthogonal to the free surface of the liquid film. The free surface is expressed by
z=4¢&(r), and z = 0 is the liquid-solid interface. Due to the pressures and stress mentioned
above, there are surface tension force (F;), hydrostatic force (F,), viscous friction force from the
disc surface (F,), and force from the pre-jump region (F). In Figure 4.4b, for clearer
comprehension, force vectors are shown in the presumed directions, and they are positive when
acting in the positive radial direction. Applying a force balance to the control volume (Figure

4.4b) gives
F+F, +F +F, =0 (4.2)

43.1.1 Surface tension force

An arbitrary segment of the central plane (see Figure 4.4b) is presented in Figure 4.5. Here 7 is
the unit vector of the local surface normal, 7 is the unit radial vector, and dS is an element of the
length of the free surface. To obtain the surface tension force shown in Figure 4.4b, surface
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integral should be applied to the entire free surface of the control volume, and the local force

should be projected to the radial direction at a=0. Hence, the surface tension force is given by

AG)2
F = j ja(Kl+K2)(ﬁ-f)rdSc03ada (4.3)
-AG/2S
where K, and K, are the two principal curvatures, and S is the length of the free surface from R;

to R,. For a small angle A6, 2sin(A6/2)~A8, and this approximation is used throughout the

present study. Applying the approximation, Eq. (4.3) reduces to

F, =A0[ o (K, +K,)(fi-F)rds (4.4)

(b)

(r, 2)=(0,0)

Figure 4.5. (a) An arbitrary portion of Figure 4.4b shows the vectors on the free surface for the analysis of the

surface tension force; (b) More geometric details of the 1% control volume.

Detailed analysis of Eq. (4.4) is provided in Appendix A , which results in Eg. (A13). Eq. (A13)

shows two components for F;, which can be written as

FO' = Fo-,j + Fcr,s (45)
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Where FC,,J- is the surface tension force (in the radial direction) at the jump location and F, is
the surface tension force (in the radial direction) at the plate edge. The two components are
differentiated based on the geometry shown in Figure 4.5b. Here, a jump region is defined (R; <
r < R; ), where the free surface rises from h to H and has a length S;. There is also a region
close to the surface edge (Rs. < r < R;), where the free surface descends from H to zero and
has a length Ss. There is another region in between (R; . < r < R, ) where the film depth H

remains relatively constant. On small surfaces, it is possible that R; . = R .

According to Eq. (A13) and Eq. (4.5), the surface tension force at the jump is expressed by

F .=—a[s.—(Rjyc—Rj)]A0 (4.6)

o,) J
Here, B; in Eq. (A13) (i.e. the local slope angle of the film surface at r = R;, see Figure 4.5b) has

been taken to be zero, as the entire free surface from the pre-jump region to the post-jump region

must be differentiable. Simplification can be made by assuming a steep jump, i.e. (Rj. — R;) —
0. As aresult, S; > H(1 — h/H). Since h/H «< 1, the approximation S;~H can be used. Thus,
EqQ. (4.6) reduces to

F,, =—cHAd (4.7)

which was also obtained by Bush & Aristoff [12].

According to Eq. (A13) and Eq. (4.5), the surface tension force at the disc edge is expressed by

F,.=-0[S,~AR +R (1-cos j,) |AO (4.8)

s
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where AR; = (Rs — Ry,.). If we assume a uniform curvature K; for the free surface at Ry, < r <

R (see Figure 4.5), AR, and S, can be determined using the geometric relations given by

AR, = H sin g,
1-cos g, 4.9)
__HA |
* 1-cosp,

Plugging Eq. (4.9) into Eq. (4.8), and substituting Egs. (4.7) and (4.8) into Eq. (4.5), the total

surface tension force associated with the free surface is

_ po—sinp, R 4.10
F =-oH {1+ 1 cos s 4 (1 cosﬂs)}AH (4.10)

4.3.1.2 Hydrostatic force

There is hydrostatic pressure on the side surfaces of the defined control volume (facets 1a and 1b
in Figure 4.4a). The angle between the inward-pointing surface normal and the radial vector
7(a = 0) is (m/2 — 46 /2). Hence the resulted force projected to the center radial direction can
be determined by

- (AO\T
F, =2sin [71! | pgzdzdr (4.11)

J
For the jet impingement with relatively low flow rates on relatively large discs, a major portion
of the post-jump liquid film shows a relatively uniform depth H. For simplicity, a uniform depth

from R; to R, is assumed in the analysis, i.e. £(r)~H. Integrating from R; to R, results in
1
F, =Eng2(Rs—Rj)A6’ (4.12)
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The error associated with this assumption could be significant for small discs, on which the
shape of the post-jump film is curved rather than flat. This will be shown and discussed in

Section 4.4.1.

4.3.1.3 Viscous friction force

Downstream of the jump, the fluid film continuously flows on the disc. There is a viscous
friction force on the bottom of the control volume (facet 3 in Figure 4.4a), which is related to the
velocity gradient at the solid-fluid interface. If the post-jump film is sufficiently large as
compared to the pre-jump region, the complex flow around the jump location as a result of the
boundary layer separation can be assumed to already end at » = R; ., which have been reported
by previous studies [11,14,15,52]. Therefore, the flow after the jump can be assumed radially

unidirectional, and the velocity is given by

Q

Uj=—>— 413
° 27HR, (4139

The analysis of the viscous friction force in the post jump region is provided in Appendix B .

The viscous force projected to the central radial direction of the control volume is

32
y2 Q V2
F, =-0.383( pu) (ZﬂH&pl (Rie—Rjc) (R +2R; )A0O (4.14)

The discussion in Section 4.4.2 will show that the viscous friction force is much smaller than the
other forces in the present force analysis. Therefore, the error associated with the unidirectional

flow assumption is insignificant for the entire force analysis.
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All the forces required for Eq. (4.2) have been obtained. A steep hydraulic jump is assumed such
that R; . = R;. For simplicity, R, . in Eq. (4.14) is replaced with R;. Plugging Eqgs. (4.10), (4.12),
and (4.14) into Eq. (4.2), and dividing through by A8, the force analysis of the control volume

shown in Figure 4.4 results in

L p.—sinp. R 1
F'=cH |:1+m+ﬁ(1—003ﬂ5):|—5pg|'|2(Rs _Rj)+

(4.15)

3/2
0-383(/3#)]/2 (Zﬂ'ﬁR J (Rs -R; )M (Rs + 2Ri)

i
Here the unit of F' is force per radian. On the right hand side, the first, second, and third terms
are associated with the surface tension force, the hydrostatic force, and the viscous friction force,

respectively.

4.3.1.4  Force from the pre-jump flow

For the defined control volume, the force F shown in Eq. (4.2) comes from the film flow in the
pre-jump region, which includes the rate of the flow momentum and the hydrostatic force.
Projected to the central radial direction, the force from the pre-jump film can be written as

h(R;)

1
F=p | uz‘r:RJ dz+§pgh2 R,A0 (4.16)

0

Since the flow prior to the jump is characterized as a supercritical flow with high Froude
numbers (for the present work, Fr;>10), in Eq. (4.16), the inertia term is dominant, and the
hydrostatic force term can be neglected. Dropping the hydrostatic term, and applying Watson’s

solution for the flow in the pre-jump thin region [8], Eg. (4.16) can be expressed as
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where Re is the jet Reynolds number based on the jet diameter defined as Re =2Q/zav . The

two Egs. (4.17a) and (4.17b) are associated with the conditions for which the hydraulic jump

occurs in a radial position before and after where the boundary layer in the pre-jump region

reaches the surface (i.e. I'=1.), respectively. Figure 3b has shown that for all the tests in the
present work, the jump takes place after the boundary layer absorbs the entire film depth (i.e.

R; > 1, ).Thus, Eq. (4.17b) will be used for calculations.

Equations (4.15) and (4.17) provide the force-momentum balance relation for the control volume
shown in Figure 4.4. In Eq. (4.15), the surface tension term depends on the contact angle S;. This
contact angle could be related to the fluid surface tension, the wettability of the disc, the local
shape and structure of the disc edge, the disc size, and the flow rate. Ideally, if these relations
were known, B, could be determined separately by another correlation equation. In the present
study, S, is an input from the experimental observations. As a result, there are two unknown
parameters in the present force-momentum balance relation, R; and H, and therefore another

relation is needed.
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4.3.1.5  Analysis of the 2" control volume

To obtain another relation between R; and H, a portion of the first control volume from R; to R; .

(see Figure 4.5b) is chosen as the 2" control volume. The projection of the control volume to its
central radial direction is shown in Figure 4.6. The force-momentum balance of the control
volume requires

F-M +ngj+F01j:O (4.18)

out
where F ; represents the hydrostatic force, and M, is the rate of the flow momentum at the
outlet. The viscous friction force is neglected because the radial interval (R;. —R;) Iis
considered to be small. The surface tension force (Fy, ;) has been given by Eqg. (4.6) and in a

simplified form by Eq. (4.7).

Figure 4.6. The 2" control volume is selected at the hydraulic jump location.

The velocity is still assumed to be unidirectional right after the jump, and the velocity is already
given by Eq. (4.13). The error associated with this assumption should be small for the entire
force analysis, as the flow inertial force in the post-jump region is insignificant as compared to
the hydrostatic force (i.e the post-jump region flow is characterized as a subcritical flow with low
Froude numbers). Projected to the central radial direction of the control volume, the rate of the

output flow momentum on the post-jump side is
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The hydrostatic force for the second control volume can be expressed by

R.
1 1 [

F,| —EngZRJCAmEpg[I §2dr}A¢9 (4.20)
Rj

The second term in Eq. (4.20) is the hydrostatic force on the sides of the control volume (i.e.

similar to Eq. (4.11) for the 1% control volume).

Equations (4.7), (4.19) and (4.20) are then plugged into Eq. (4.18). By assuming a steep jump,

R; . can be replaced by R; in all the equations. After dividing through by A8, Eq. (4.18) becomes

’ sz 1 2
F'= +=pgH?R. +cH 4.21
4R, 270 (421

The above analysis of the two control volumes results in a system of three equations: Egs. (4.15),
(4.17), and (4.21), which contain three unknowns: F’, R;, and H, which can be solved for the

jump radius and the post-jump thickness.
4.3.2 Validation

To apply the force-momentum balance equations, the contact angle S, needs to be known.
Employing an image processing software (Imagel), the contact angle is measured using the five
side view images taken at different azimuth positions away from the one-spot edge flow.
Averages are taken with standard deviations generally within +5°, which could be due to the

inconsistency of the disc edge condition. For each test, the measurement does not show any trend
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that relates the contact angle to the relative location from the one-spot edge flow. Therefore, the
observation of the relatively constant contact angle around the disc edge indicates negligible
effect of the non-uniform azimuthal flow. The data for the two fluids are presented in Figure 4.7.
Overall, the two groups of tests show different ranges: S, < 90° for the test using the water-
surfactant solution, and S5 > 90° for the tests using water. Figure 4.7 shows that S does not
remain constant as the flow condition and the disc size change. For example, for a specific flow
rate of water, by changing the disc size, the contact angle varies within almost 20°. However, the
measurements do not show any clear trends of changing with the flow rate and the disc size. In
addition to the flow rate and disc size, the contact angle could also be affected by the contact

angle hysteresis and the inconsistency of the surface edge condition.
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Figure 4.7. Contact angles formed by the free stable liquid film at the disc edge.

It is worth-noting that as an input parameter to the theoretical model, S, carries the geometric
information of the rim at the edge (see Eq. 4.9) rather than the local wetting at the disc edge. This
is true as the model does not include any wetting equilibrium relation such as the Young’s

equation. In other words, S, does not have to be an equilibrium wetting angle. Therefore, the
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measurement deviation of +5° is the only major uncertainty associated with g that affects the

accuracy of the theoretical model.
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Figure 4.8. Comparison between the theory and the experimental data for varied flow rates, disc sizes, and working
fluids. (a) Evaluation of Eqgs. (4.15), (4.17), and (4.21) using the experimental data. The x-axis starts from

(r, /a)® / Re = 0.043. (b) The theretical predictions of the jump radius versus the experimental measurements.

Two methods are used to validate the theoretical model (Egs. 4.15, 4.17, and 4.21), which
examine the agreement of the presented equations with the experimental data. The presented

equations are plotted in Figure 4.8a, where the force F’ normalized by 0.5pQ?2/(ma)? is plotted

Versus (Rj/a)3/Re. First, Eq. (4.17) is plotted as a continuous line, which represents the force
calculated based on the flow analysis of the pre-jump liquid film. Second, the experimental
conditions (Q, Ry, o, and a) and the measured data (R;, S, and H) are plugged into Egs. (4.15)
and (4.21), which are then plotted as scatter data points. Calculations using Eq. (4.15) estimates
the force (F') based on the force analysis of the 1% control volume from the jump to the disc
edge, while Eq. (4.21) estimates the force based on the force analysis at the jump location (i.e.
2" control volume). A better agreement between Eq. (4.21) and Eq. (4.17) is visible. The

deviation of Eq. (4.15) from Eq. (4.17) could be due to the uncertainties associated with the
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contact angle measurement, the assumption of a flat post-jump film, and the assumption of a
uniform curvature at the edge.

Figure 4.8a also shows that for all the tests (R]-/a)3/Re > (0.366)3, which indicates R; > 1.
This is due to the force limitation of the stable rim at the surface edge. For a hydraulic jump to
appear where R; < 1., the normalized force from the post-jump film must be higher than ~0.8 as

shown in Figure 4.8a.

The second method to verify the proposed theory is to solve Egs. (4.15), (4.17), and (4.21) for R;
using the measured S;. Presented in a normalized form, R;/R;, the theoretical predictions are
plotted versus the experimental measurements in Figure 4.8b. If the theory estimates the accurate
values of the jump radii, all the data points will fall on the line y=x. Figure 4.8b shows a fairly

good agreement between the theory and experiments.
4.4  Discussion
44.1 Gradual jump

In the presented theory, a steep jump was assumed for the analysis. As mentioned before, a steep
jump means a sudden increase in the film thickness from h to H, at the location of the jump r =
R;. In other words, the maximum depth of the post-jump film, H, was assumed as the local film
depth at » = R;. However, in reality, the film free surface “jumps” gradually rather than steeply.
Experimental and numerical observations of gradual jumps have been reported in a few previous

studies [11,14,24,48,101]. In this section, our experimental observation of the gradual jump will

58



be discussed to evaluate the effect of the steep jump assumption employed in the proposed

theory.

As shown in Figure 4.9, a height gauge is used to measure the local height of the film free
surface at varied radial locations downstream from the hydraulic jump r =R;. The jet
impingement produces a relatively flat post-jump film on the large disc (see Figure 4.9a), and a
curved film on the small disc (see Figure 4.9b). The measured data are plotted in Figure 4.9c,
which shows a gradual increase of the film depth around the jump locations. As schematically

shown by the inset of Figure 4.9c, the jump occurs within a radial range from R; to R; . = R; +

AR;. For both cases, the radial distance AR; is close to H, and comparable to R;.

(a) R=40 mm

1/ R=40 mm

L i
||R=17.5 mm
o ——
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Figure 4.9. A water jet (Q=3.75 cm®/s) impinging on: (a) a large disc Rs= 40 mm; (b) a small disc Rs= 17.5 mm. (c)
The height of free surface measured using a height gauge (the gauge needle is seen in the images). Quarter circle

fitting is applied to the free surface at the jump location. The inset schematically shows a quarter circle jump shape.

To analyze the gradual jump, the force equation for the 2" control volume considering a steep

jump (Eq. 4.21) is rewritten taking into account the gradual change in the free surface at the
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jump location. In this light, neglecting the viscous friction force on the disc surface (from R; to

R; ), from Egs. (4.6), (4.19) and (4.20), the force per unit radian can be written as

- Q’
i 47° (R + AR, )H ’

i ] (4.22)

%gHZ(Rj+ARj)—%g{ J gdr |+ 2 (S, - AR )

Yol

Here F, denotes the force for the gradual jump (replacing F' associated with a steep jump).

To continue the analysis of Eq. (4.22), the surface shape of the gradual jump is needed. The
height gauge measurement shows AR;~H, which can also be perceived from the previous studies
as well [14,24,60,101]. Hence, as an approximation, a quarter circle fitting is applied to the data
points in the jump region. Fairly good fitting is visible for both cases as shown in Figure 4.9c.

The radius of the circle is AR;, and H = AR; + h = AR;. Hence, S; = AR; /2, and &2 =
20R;(r—R;)) — (r — Rj)z. Applying these conditions to Eq. (4.22) and dividing it through by

pl(Q/2m)* g/R)|"" gives

-1
o e LU Y- L -t (4.23)
' R 3R, 2

] J

where AR; /R; has been replaced with H/R;. Here, f, , is the non-dimensional form of F; for the
post-jump region of a gradual jump. Whereas for a steep jump, f, is defined as the non-
dimensional form of F’, which can be derived by dividing Eg. (4.21) through by
I

3
as follows

p[(Q/2m)* g/R;
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f, = Fr,%*(Fr7 +05+Bo™) (4.24)

where Bo™ = a/pgRjH is the inverse Bond number, which compares the surface tension force

and the gravitational force. The effect of the gradual jump can be evaluated by comparing the

difference between Eq. (4.23) and Eq. (4.24), which is

fo —f §
oA o0 _ Ei_Frji+ Bot| Z-2 (Fr02+0.5+ Bo‘l) 1 (4.25)
f 6R, R, 2

0

For obtaining Eqg. (4.25), the approximation (1 + H/Rj)_1~(1 — H/R;) for H/R; < 1 has been
used for Eq. (4.23). In Eq. (4.25), the first term in the brackets is the increase of the hydrostatic
force, the second term is the decrease of the inertia force, and the third term is the decrease of the
surface tension force. The gradual jump could increase (f,, > f,) or decrease (f,, < f,) the

total force depending on Fr,, H/R;, and Bo~1. For the two cases in Figure 4.9, Fr,~0.1,

H/R; ~0.6, Bo™1~0.25, which result in (f, 1 — f,)/f, ~ — 2%. However, for the 2% reduction
of total force, there is a 13% increase of the hydrostatic force, a 1% reduction in the inertia force,
and a 14% reduction of the surface tension force. The individual effects on the hydrostatic and
surface tension forces are not negligible. However, due to the counterbalance of the individual
effects, the overall effect of the gradual jump is small. Therefore, steep jump is a reasonable

assumption in present theory.
4.4.2 Scale Analysis

Here, we aim to theoretically evaluate the contribution that each force makes in Eqg. (4.2). In
Figure 4.10, the individual forces of Eq. (4.2) are non-dimensionalized and plotted versus the jet
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Reynolds number in a logarithmic scale. In this regard, the system of Egs. (4.15), (4.17), and
(4.21) is first solved for water jets with varied flow rates impinging on a disc of R¢=50 mm. As
for the contact angle Ss, a constant angle of . = 100° is employed, which is approximately the
average of all the measured contact angles presented in Figure 4.7 for water. The calculated R;
and H for each condition are then plugged into Egs. (4.10), (4.12), (4.14), and (4.17) to calculate

the individual forces. The forces are also non-dimensionalized by dividing them by
p[(Q/Zn)4 g/Rj]1/3. In Figure 4.10, f_, f,, f,, and f represent the non-dimensional surface
tension force F_, non-dimensional hydrostatic force F,, non-dimensional viscous friction force

F,, and non-dimensional force from the pre-jump region F, respectively.

0.1+

0.01 4

Dimensionless forces
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Figure 4.10. Comparison between different forces (theoretically calculated) in Eq. (4.2) for a given condition of

R, =50mm, a=0.375 mm, S, =100°, and varied flow rates of water jets.

It is seen that all the non-dimensional forces decrease with increasing Re. This is because the
jump radius grows and moves further downstream from the impingement zone as Re increases.
Likewise, the post-jump region shrinks. Both reasons contribute to the decreasing trend of the

forces observed in Figure 4.10. The viscous force is observed to play a small role and can be
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neglected from the calculations. The surface tension force has two major components, one at the
jump location and the other one at the rim of the post-jump film. It is seen that the surface
tension plays a major role in the circular hydraulic jumps formed on finite surfaces, for which
there is a stable rim on the edge. The surface tension force balances mainly against the

gravitational force of the post-jump film and the force originating from the pre-jump region.

45 Summary

The circular hydraulic jJump formed by a liquid jet impinging on finite-size circular discs with
free edge was studied, where the post-jump film is bounded by a stable rim. Jet impingement
with capillary limit at the plate edge is commonly observed for low flow rates. Surface tension
was observed to play a major role for the post-jump region from the jump to the disc edge. The
jump radius in case of capillary limit at the edge was experimentally observed to increase
linearly with the flow rate. This trend is different from the scaling law presented for the uniform
edge flow. Detailed force analysis was conducted for the two control volumes, one including the
entire post-jump film and one at the jump location. The theoretical model developed based on the
force-momentum analyses of the two control volumes were shown to agree with the

experimental results using water and water-surfactant solution.

Steep jump has been the major assumption for the present theoretical analysis. Based on the
experimentally measured jump profiles, the gradual jump was found to reduce the surface
tension force and increase the hydrostatic force. However, the overall effect is small, and steep

jump is a reasonable assumption in the present theory.
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Chapter 5 Hydraulic Jump on Small Surfaces and a Froude Number

Analysis

5.1 Overview

Although in a number of the previous studies the finite size of the target plate was taken into
account as a boundary condition, little attention has been paid to the plate size as a major test
variable. As a result, there is limited information available regarding the influence of the plate
size on the hydraulic jump, especially when the plate size is small. In this chapter, an
experimental study is carried out to examine the circular hydraulic jumps formed on small target
plates, i.e. the sizes of these plates are comparable to the sizes of the hydraulic jumps formed on
them. It will be shown that the hydraulic jJump is significantly dependent on the size of the plate
when the plate size is small or/and the jet flow rate is high. With a fixed jet flow rate, an increase
of up to 68% was observed in the diameter of the jump only by changing the target plate size. It
will be discussed that the change observed in the jJump diameter is related to the change of the

post-jump film depth.

All the foregoing observations are shown to be attributed to the reduction of the post-jump
region on the plate, which causes the flow inertia in the post-jump flow to become significant.
This will be explained by examining the post-jump Froude number. The relation between the
pre-jump and post-jump Froude number will be theoretically analyzed. The analysis reveals the
significant importance of the surface tension as one of the primary differences between classical

hydraulic jumps and circular jumps. Finally, the possibility of obtaining a post-jump flow with a
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Froude number higher than unity (the critical Froude number in classical jumps) will be

examined.

5.2 Experimental methodology

The experimental setup employed for this work has been described in Chapter 3. The discharged
liquid from the nozzle impacts on the horizontal target plate and forms a circular hydraulic jump
on the surface (see Figure 5.1a). Three different nozzles with inner diameters d =0.75, 2, and 4.2
mm are used. Circular aluminum plates with free edges and varied diameters D, ranging from 20
to 100 mm are tested. Without any weir attached around the edge of the plate, the flow is free to
adjust itself when flowing off the plate edge, i.e. the liquid film could form a stable rim and flow
off the plate only from one spot, or it could flow off from several spots, or it could freely flow
off around the entire edge. Three different working fluids are used: distilled water, water-
glycerol solution wt. 60%, and water-surfactant solution. The physical properties of these fluids

are reported in Table 3.1.

(b)

Recirculating

K] J :
Post-jump length (DS ij )/2

Figure 5.1. (a) Circular hydraulic jump formed by a liquid jet impinging on a solid surface. (b) Schematic of a
circular hydraulic jump formed by jet impingement on a circular plate. The inset sketch shows more fluid dynamics

details.
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5.3 Experimental Results

5.3.1 Hydraulic jump diameter

For circular hydraulic jumps, the jet flow condition, especially the flow rate, is usually
considered as the major factor determining the diameter of the circular jump. In Figure 5.2 the
flow condition is maintained constant (a water jet with d=0.75 mm and Q = 3.75 cm?/s), while
the diameter of the target plate is changed from D,=45 mm to D,=20 mm. Clearly it is observed
that despite the same impinging jet, the circular jumps formed on the large plates are smaller

than those formed on the small plates.

The jump diameters associated with Figures 5.2a-f are measured and plotted versus the plate size
in Figure 5.2g. It is seen that the jump diameter increases as the plate size decreases. As a result,
the hydraulic jJump becomes closer to the plate edge. This can be seen in Figure 5.2g, where the
data points approach the line D; = D as D, decreases. This influences the post-jump region,
which can be quantified by (Ds — D;). Figure 5.2 reveals that the effect of the plate size on the
jump diameter is significant. The jump diameter is D; =14 mm on the plate with D; = 45 mm,
while D; = 21 mm on the plate of Dy = 25 mm, showing an increase of 50% due to the change
of the plate size (with constant flow condition). When the plate size decreases to Dg = 20 mm
(see Figure 5.2), the plate is entirely covered by the thin liquid film without appearance of a
hydraulic jump. This is a promising condition for cooling applications due to the elimination of

the hydraulic jump.
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Ds=20 mm '

Figure 5.2. (a-f) A water jet with the diameter d=0.75 mm and the flow rate Q=3.75 cm?®/s impinging on plates with

different plate sizes Dy , (g) The measured jump diameters D; associated with images (a-f) versus the plate size D; .

Tests are also conducted by keeping the plate size D, constant and varying the flow rate Q. In
Figure 5.3, water jets with flow rates increasing from 2.5 to 4.58 cm®/s impact on a plate with
Dy =30 mm. As expected, the hydraulic jump grows as the flow rate increases. As a result, the
post-jump region, Dg — D;, reduces. The trend can also be observed from Figure 5.3g, which
shows the measured jump diameters versus the flow rate. It is interesting to see that the trend of

D; changing with @ shows a steeper rise from test (c) to test (d). It can be perceived that D;

becomes more sensitive to the increase of the flow rate as D; approaches D;.

To further investigate the foregoing observations, an extensive set of tests are conducted using
water jets with varied flow rates and plate sizes, and the results are presented in Figures 5.4 and
5.5. As mentioned before, for each test, five images of the jump diameter and another five
images of the post-jump film depth are taken, and the averages are plotted and used for the

analysis. Due to the steadiness of the phenomenon and consequently very small deviations of the
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recorded data, error bars are not shown throughout this chapter (i.e. error bars are smaller or

approximately the same size of the plotted symbols).
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Figure 5.3. (a-f) Water jets (d=0.75 mm) with varied flow rates impinging on a fixed plate with D, =30 mm. (g)
The measured jump diameters D; associated with images (a-f) versus the flow rate Q
Figure 5.4 plots the jump diameter versus the plate size for varied flow rates. Each data line
represents a constant flow rate. Each line has a horizontal portion which shows the independence
of the jump diameter from the plate size. However, each line also exhibits a rising portion, where
the jump diameter (D;) increases with decreasing the plate size (D). This rise indicates that on
these small surfaces, the hydraulic jump is not only a function of the flow rate, but also a
function of the target plate size. The increase of the jump diameter on small plates is significant.
Taking the flow rate of 2.5 cm®/s as an example, reducing the plate size from D = 25 mm to
D¢ = 20 mm, the jump diameter increases by 68%. As shown in Figure 5.4, the influence of the

plate size on the hydraulic jump diameter tends to appear when the data points are close to the
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line D; = D;. In other words, the rise in D; occurs when the hydraulic jump arises close to the
plate edge, i.e. the post-jump region Ds — D; shrinks.

35 T 1 T T i T T T

30 1

25 Q.\,"l' \ 6.25 Q:666 cm%
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Figure 5.4. The hydraulic jump diameter versus the plate size for different flow rates (water jets d=0.75 mm).
The trend shown in Figure 5.4 can also be presented by plotting D; versus Q for varied Ds. The
experimental results of water jets with d =0.75 mm (shown in Figure 5.4) are plotted in Figure
5.5a. Additionally, the test results of a larger nozzle, d =2 mm, are plotted in Figure 5.5b. The
data associated with the nozzle d =2 mm are not shown in Figure 5.4, because the tests using the
large nozzle focus more on the variation of the flow rate but less on the variation of the plate
size. In Figure 5.5, each data line represents a specific plate size. On large plates or/and with
relatively low flow rates, all data lines almost coincide, showing a common trend of D;
increasing with Q. This observation indicates the independence of the hydraulic jump from the
plate size. However, most lines in Figure 5.5 show a shift-up. The shift-ups evidence a change in

the jump growth trend with the flow rate. This deviation indicates a steeper increase in the jump
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diameter with the flow rate. It is seen that the flow rate at which the shift-up occurs depends on

the plate size. As the plate size increases, the shift-up occurs at higher flow rates.

In summary, the data points shown in Figure 5.5 can be divided into two groups: 1) those prior to
the shift-ups are independent of the plate size, and are shown using solid symbols; 2) those after
the shift-ups are affected by the plate size, and are shown as the hollow symbols. Throughout this
chapter, we will be consistent with this definition of the solid and hollow symbols.
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Figure 5.5. The hydraulic jump diameter versus the flow rate on different plates with two jet diameters, (a) d=0.75

mm, (b) d=2 mm.

5.3.2 Post-jump film depth

To better understand the trends of the jump diameter changing with the flow rate and plate size,
the depth of the post-jump fluid film, H, is analyzed based on the side view images of the fluid
film formed on the plate (see Figure 5.6). The images presented in Figures 5.6a-f are the side
view images of the same tests presented in Figure 5.2, for which the plate size Dy decreases
while the flow rate Q remains constant. The post-jump film thicknesses are measured and plotted
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in Figure 5.6g. It is seen that on large plates the post-jump film depth remains approximately
constant. However, as the plate size further decreases, the post-jump film starts thinning.
Eventually, the hydraulic jump disappears for D;=20 mm, and H = 0 is seen in Figure 5.6g.
Comparing Figure 5.6 with Figure 5.2 reveals that the substantial change observed in the jump

diameter D; is associated with the change of the post-jump film thickness.
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Figure 5.6. (a-f) Side view images of the same tests shown in Figure 5.2 with a water jet of d=0.75 mmand a
constant flow rate of Q = 3.75 cm®/s on different target plates, (g) the measured post-jump depths versus the plate

size.

Similarly, the side view images of the tests presented in Figure 5.3 are shown in Figures 5.7a-f,
for which the flow rate increases while the plate size is kept fixed. The measured values of the
post-jump thickness, H, are plotted in Figure 5.79. This figure shows that the post-jump film
depth remains approximately constant with the flow rate. However, as the flow rate increases
further, the post-jump depth drops. The steep decrease of H shown in Figure 5.7g is associated

with the steep rise of the jJump diameter in Figure 5.3.
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Figure 5.7. (a-f) Side view images of the same tests shown in Figure 5.3 with water jets of d=0.75 mm impinging on

a plate of D, =30 mm and varied flow rates, (g) the measured post-jump depths versus the flow rate.

The post-jump liquid film depths associated with the experiments using water jets of d=0.75 mm
are measured and shown in Figure 5.8. The hydraulic jump diameters of the same tests have been
shown in Figure 5.5a. The results are plotted versus the flow rate for only a few plate sizes.
Consistent with Figure 5.5, the same symbols are used in Figure 5.8, i.e. solid symbols for the
jump unaffected by the plate size, and hollow symbols for the jumps affected by the plate size. It
is seen that the post-jump depth remains approximately constant (independent of both Q and D)
if the plate is large or the flow rate is low. All the data points with the constant H trend are solid
indicating no change in the jump growth trend. By further increasing the flow rate or reducing
the plate size, the depth is observed to decrease with increasing the flow rate. It is clear that the
decrease of H in Figure 5.8 coincide with the shift-ups in Figure 5.5 (hollow symbols). It is
known from the literature review (both 2D and circular jumps) that the post-jump depth directly
influences the position of the hydraulic jump [8,24] (i.e. with equal conditions, a thinner H
results in a larger D;, and a thicker H results in a smaller D;). Thus, the decrease observed in the

post-jump depth explains the steep growth in the jump diameter seen in Figure 5.5.
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Figure 5.8. The post-jump film depth versus the flow rate on varied plate sizes (water jets with d=0.75 mm).

5.3.3 Post-jump region

Flowing through a hydraulic jump, the fluid velocity drops dramatically. As a result, the post-
jump flow is dominated by pressure and viscous forces, while the flow inertia could be negligible
[9,52,53]. This is valid if the post-jump region, D — D;, is large. This situation can be achieved
by using large plates or/and low flow rates. In this case, although increasing the flow rate causes
the hydraulic jump to expand, the change in the post-jump depth is very small. Higuera [11] and
Rao & Arakeri [13,55] reported that the subcritical post-jump flow approaching the edge of the
plate speeds up and becomes locally critical (in a small area close to the edge) due to the
gravitational acceleration prevailing at the edge of the plate. In other words, at the edge, the flow
inertia could become significant due to the local gravitational acceleration. If the post-jump
region (D — D;) is small and limited to a small area close to the edge, the flow inertia becomes
significant in the entire post-jump flow. This has been reported by Bohr et al. [9], who pointed
out that if the jump occurs close to the edge, the inertia terms cannot be neglected for the post-
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jump flow. In this case, increasing the flow rate or reducing the plate size would increase the
velocity of the post-jump flow. A higher speed of the post-jump flow results in a thinner post-

jump liquid depth [11], which allows the circular jump to further expand.

(Dg-D,)/ Dy

0.05

c 10
O (cm/s)
Figure 5.9. The circular jump diameter D; is plotted as a non-dimensional post-jump region (D — D)/ D versus

the flow rate for different plate sizes. The same results have been presented in Figure 5.5.
The discussion above indicates that the adjacency of the hydraulic jump to the plate edge plays a
significant role on the behavior of the jump. In order to quantify this parameter, a non-
dimensional post-jump length is defined as (Ds — Dj)/DS. Using this new parameter to replace
D; in Figure 5.5, Figure 5.5 is replotted in Figure 5.9 using the same symbols (solid and hollow).
It is seen that most of the hollow symbols, which represent the experiments in which the
hydraulic jump is affected by the plate size, fall in the region where (D — D;)/Dg < 0.5. In

other words, Figure 5.9 shows that when the spacing between the jump and the plate edge

becomes smaller than half of the plate radius, the jump gets influenced by the plate size. When

the post-jump region is large, (Ds — D]-)/DS > 0.5, the effect of the plate size is negligible.
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5.4 Froude Number Analysis

The results above have shown that when the jump appears close to the plate edge, the flow
inertia in the post-jump flow becomes significant. At the same time, the post-jump depth
decreases, resulting in a decrease in the gravitational force accompanied by the increase of the
inertia force in the post-jump flow. This must affect the Froude number of the post-jump flow,
which is the ratio of the two forces. In this section, the post-jump Froude number of circular

hydraulic jumps with varied conditions is studied.

54.1 Post-jump Froude number

In Chapter 4, Egs. (4.1a) and (4.1b) were introduced to calculate the pre-jump Froude number
Fr; and the post-jump Froude number Fr,, respectively. Employing Eq. (4.1b), the post-jump
Froude numbers are calculated for the tests shown in Figure 5.8. The data are associated with
water jets with d=0.75 mm and different flow rates and plate sizes. The results are plotted in
Figure 5.10. Consistent with Figures 5.8 and 5.5a, the hollow symbols represent the tests in
which the hydraulic jumps are affected by the plate size. From Figure 5.10, three important

trends come to attention:

First, for large plates or low flow rates, the post-jump Froude number remains constant with the

flow rate, Fr, =~ 0.1. These data points are solid symbols, indicating that the jump diameter D;

and the post-jump depth H are independent of the target plate size D, (see Figures 5.8 and 5.5a).

Second, if the effects of the plate size on D; and H are significant, represented as hollow

symbols, Fr, increases with the flow rate. Increase in the post-jump Fr number indicates an
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increase in the flow inertia compared to the gravitational force. Comparing different target plates

shows that Fr, also increases with decreasing the plate size.
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Figure 5.10. The post-jump Froude number is calculated for the hydraulic jumps formed by the water jets (d=0.75
mm) with varied flow rates impinging on plates with varied sizes. The same tests have been shown in Figures 5.8
and 5.5a.

Third, although the post-jump flow is commonly considered as a subcritical flow (Froude

number lower than unity), it is observed that in some cases, Fr, >1.

Following the above observations, the discussion here continues on, first, the constant post-jump

Froude number, which is observed to be independent of the jet flow rate, and secondly, the

supercritical values of the Froude number for the post-jump flow, i.e. Fr, >1.

54.1.1 Constant post-jump Froude number

Figure 5.10 has shown a constant value of Fr, = 0.1 for the hydraulic jumps formed on large

plates or with low flow rates. Very recently, Duchesne et al. [23] reported that, based on their
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experiments, the post-jump Froude number was locked on a constant value, Fr, = 0.32. They
stated that the constant value is independent of the flow rate, kinematic viscosity, and surface
tension of the fluid. They, however, observed a slight dependence on the nozzle diameter, ~10%

for a variation of the nozzle diameter from 1.1 to 7mm.

For low-viscosity fluids, Duchesne et al. [23] provides a relation as Q = Fr,Y, where Y =

3/8
J9mD; [Hoo4 + 2%, (%)] and H, is the liquid film thickness at the edge of the plate.

g i
Plotting Q versus Y, they observed that all their experimental data points fell on a straight line
whose slope represents the post-jump Froude number. In this section, the data of water jets
presented in Figure 5.5 are selected for several plate sizes and are used to calculate Y, which is
then plotted versus Q in Figure 5.11. The solid and hollow symbols are used consistent with

Figure 5.5. Since the liquid film thickness at the plate edge, H,,, was not recorded in the present
study, the characteristic surface tension length \/ng is used to approximate the film depth at the

plate edge. For both jet diameters (d =0.75, and 2 mm), the solid data points show a clear linear
trend. As for the tests where the plate size influences the jump diameter (i.e. hollow symbols),
the data points deviate from the linear trend-line. Following the solution of Duchesne et al. [23],
the slope of the linear trend represents the value of Fr, (i.e. Fr,=0.18 for d = 0.75 mm and

Fr,=0.27 for d = 2 mm). From Figure 5.11, the following should be noted:
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Figure 5.11. The data presented in Figure 5.5 are selected for several plate sizes to apply the relation presented by
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Similar to Duchesne et al. [23], the linear lay-out of the solid symbols indicates that Fr, remains

constant with the flow rate as long as the plate size does not influence the jump behavior.

The calculated slopes of the lines (Fr,=0.18 and 0.27) are different from the constant value

(Fr, = 0.32) reported by Duchesne et al. [23].

Contrary to Duchesne et al. [23] who stated that the jet diameter does not have a major impact on

the constant value of Fr,, it seems that there is a clear dependence of Fr, on the jet diameter.

The slope of the linear trend, e.g. Fr,=0.18 for d=0.75 mm, differs from the value calculated
from the measured post-jump film depth H (Fr, = 0.1 shown in Figure 5.10). The discrepancy
could be due to the uncertainty on the value of H,, which was approximated with the
characteristic capillary length in the calculation. The author examined more realistic values for

H,, and the results tend to approach the experimental values.
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In view of the above discrepancy in Fr, compared to Duchesne et al. [23], more tests are
conducted to investigate the constant value of the post-jump Froude number. Varied nozzle
diameters (d =0.75, 2, and 4.2 mm), flow rates, and working fluids (distilled water, water-
glycerol solution, and water-surfactant solution wt. 60%) are tested. The objective here is to
identify the influential parameters that could affect the constant value of Fr,. Due to the focus on
the constant value of Fr,, the largest plate, D, = 100 mm, is used. It is worth-noting that for this
set of experiments, in order to be consistent with the test conditions carried out by Duchesne et
al. [23], an absorbent paper is attached around the entire plate edge, flush with the top surface, to
generate a uniform flow at the edge. With a given condition specified by the nozzle diameter and
the working fluid, the flow rate is changed in a range such that the jump remains far from the

edge (i.e. (Dg — D;)/D; > 0.5) and unaffected by the plate size.

The post-jump Froude number is calculated using Eqg. (4.1b) based on the measured post-jump
film depth (H) and the jump diameter (D;). The results are then plotted versus the flow rate in
Figure 5.12. Each group of data is under the same test conditions specified by the jet diameter
and the working fluid, while the flow rate is changed. Figure 5.12 shows that for each test
condition, the post-jump Froude number maintains a relatively constant value independent of the
flow rate. This can be related to the constant post-jump depth shown in Figure 5.8, which occurs

when the post-jump region is large.

Figure 5.12 also reveals that the constant value of Fr, depends on both the jet diameter and the
working fluid. First, it is seen that Fr, increases as the jet diameter increases. For instance, with

water as the working fluid, the post-jump Froude number increases from Fr, =0.11 for d =0.75
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mm to Fr, =0.22 for d =4.2 mm. This observation is different from that of Duchesne et al. [23]

that reported only 10% change in Fr, as a result of jet diameter change.
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Figure 5.12. The post- jump Froude number versus the flow rate for the jumps formed on a plate with Dy =100 mm.

The effect of the surface tension is clear by comparing the results of the tests using water as the
working liquid and those with the water-surfactant solution. Take the jet diameter d =2 mm as
an example, the reduction in the surface tension leads the post-jump Froude number to increase
from Fr, =0.15 with water to Fr, =0.32 with the water-surfactant solution. The effect of
viscosity can also be shown by comparing the results of the water-glycerol solution with those of
water. The water-glycerol solution is around nine times more viscous than water. Figure 5.12
illustrates that increasing the viscosity of the working liquid causes the post-jump Froude
number to increase. In the case of d = 0.75 mm, the post-jump Froude number is Fr,~0.11 for

water, while Fr,~0.2 for the water-glycerol solution.

Form the above discussion, it is concluded that when the hydraulic jump is far from the plate

edge and unaffected by the plate size, the post-jump Froude number remains constant with the
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flow rate. However, the constant value is a function of the nozzle diameter, and the fluid surface

tension and viscosity.
5.4.2 Pre-jump Froude number

As for the pre-jump flow, Eq. (4.1a) was introduced to calculate the pre-jump Froude number
Fr;. It was discussed that the velocity profile plays an important role in the pre-jump region, and
a correction factor A is introduced to take into account the non-uniformity of the velocity profile
in the thin pre-jump liquid film. As discussed in Chapter 4, in all the tests carried out for this
work, the hydraulic jump always arises at a radial position downstream of the position where the
boundary layer covers the entire film depth, i.e. R; > .. Thus, this observation is considered in

all the analysis conducted here.

In Eq. (4.1a), the depth h that is the pre-jump liquid thickness at the location of the jump, is
given by [8]

vR® +0.182a°Q
h=3.798—!

(5.1)

j
To calculate Fr; using Eq. (4.1a), the correction factor A needs to be determined. In addition to

Eq. (4.1a), the pre-jump Froude number can also be defined in a general form as

1% v )
Fr :[h-([UZdzj /(gh) (5.2)
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Here z is the vertical position relative to the plate surface (solid-fluid interface), and u is the

velocity profile in the pre-jump region at » = R;. Introducing a similarity function f such that

f =u/u,_, [102], and applying Q = 2TR; foh udz, Eq. (5.2) can be rewritten as

Fr, _{ /j f2d5/j fd5JL (5.3)
0 0 27Z'RJ gh3

The non-dimensional location § = z/h = 0 is the solid-fluid interface, and § = 1 is the free-

surface of the pre-jump film. Watson [8] provided a solution of the similarity function, which is
cd = fof(l — x3)7%5dx with ¢ = 1.402 and the boundary conditions of (1) = 1 and f£(0) = 0.

Thus, the correction factor in Eq. (4.1a) is

A= jfzdé [1d5=%" 110 (5.4)
0 [ 5=t .

It should be noted that for the classic hydraulic jump in large open channels A~1 as the pre-jump

fluid depth is usually much larger than the boundary layer thickness.

Employing Eq. (4.1a), the pre-jump Froude number Fr, is calculated for the tests in which the

jump is unaffected by the target plate size, i.e. the post-jump Froude number Fr, remains

constant with flow rate. The results are presented in Figure 5.13 versus the flow rate Q for two
working fluids, water and water-surfactant solution. Clearly, despite the constant post-jump
Froude number Fr, with the flow rate, for both fluids, the pre-jump Froude number changes with
the flow rate. This indicates a significant difference from the classic hydraulic jump in

rectangular channel flows, for which the pre- and post-jump Froude numbers must change
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together to maintain the force/momentum balance at the jump. The discussion in this section
focuses on a Froude number-based relation between the pre- and post-jump flows. The effect of

surface tension and the coupling between the pre- and post-jump Froude numbers will be

analyzed.
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Figure 5.13. The pre-jump Froude number (calculated using Eq. (4.1a) with A=1.12) versus the flow rate. d=0.75
mm.

The force-momentum balance equations derived in Chapter 4 can be expressed in terms of
Froude numbers. Here, we consider the second control volume presented in Chapter 4, located at

the location of the jump. Dividing Eq. (4.21) through by p[(Q/2m)* g/Rj]l/3 gives

f,=Fr,**(Fr’ +05+Bo™) (5.5)

Here, f, is the non-dimensional force from the post-jump region, and Bo™ =a/pgRjH is the

inverse Bond number representing the surface tension force at the jump.
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As for the force from the pre-jump region, Eq. (4.16) is chosen instead of Eq. (4.17). Dividing

Eq. (4.16) through by p[(Q/2m)* g/R]-]l/3A9 gives

Fr.\™**
f=|— Fr’+0.5 5.6
. [ i] (Fr?+0.5) (5.6)

where f; is the non-dimensional force from the pre-jump region. Equations (5.5) and (5.6) can
also be referred to as the “momentum functions” of the post- and pre-jump flows, respectively.
The conservation of energy at the jump requires f, = f;. The following discussion will focus on

the relation between f, and f;.
5.4.3 Effect of surface tension

It was observed that for the tests where the hydraulic jump is unaffected by the target plate size,
the post-jump Froude number is constant while the pre-jump Froude number is not (see Figure
5.13). From Egs. (5.5) and (5.6), it is perceived that the surface tension force must play an
important role in maintaining the force balance/conservation of momentum at the jump location.
In Eqg. (5.5), the first term in the bracket (i.e. Fr2) represents the inertia force, the second term
(i.e. 0.5) represents the hydrostatic force, and the third term (i.e. Bo™!) represents the surface
tension force. To evaluate the significance of surface tension, Bo~? is calculated and plotted in
Figure 5.14 in comparison with the two other terms in Eq. (5.5): 0.5 and Fr;2. Generally, as seen
in Figure 5.14, the surface tension force is larger than the inertia force but less than the
hydrostatic force, i.e. Fr? < Bo~! <0.5. Also, it is seen that the surface tension force is more
significant for the tests with low flow rates but less for the high flow rates. This is due to the

increase of the jump radius with increasing the flow rate. The tests using water exhibit more
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significance of the surface tension than the tests using the water-surfactant solution. This is
attributed to the properties of the two fluids, i.e. water-surfactant solution has lower surface
tension than water. The trend of Bo™! changing with the flow rate presented in Figure 5.14 is

similar to the trend of Fr; shown in Figure 5.13.
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Figure 5.14. Non-dimensional surface tension force Bo ™ calculated for all the tests in comparison with the flow

momentum force Fr”and hydrostatic force 0.5.

5.4.4 Critical Froude number

5.4.4.1 Theoretical Study

Figure 5.10 has shown that the post-jump Froude number could be larger than unity. In this
section, the theoretical possibility of observing a post-jump flow with Fr, higher than unity is
discussed. Additionally, further data analysis will be carried out to validate the theoretical

discussion.
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Hydraulic jump is a transition from a super-critical flow (high Froude number) to sub-critical
flow (low Froude number). For each flow, plotting the non-dimensional momentum function (f;,
or f; in Egs. 5.5 and 5.6) versus the Froude number would show a minimum point, which is
referred to as the critical point where the minimum momentum/energy exists. The minimum

point can be calculated by

(ij =0 (5.7)
oFr Fr=Fr,

Here the subscript “m” represents the condition at which the momentum function has a minimum
value. In the classical hydraulic jump theory, the minimum point in the momentum function is
referred to as the critical point and the corresponding Froude number is referred to as the critical
Froude number. From Egs. (5.5) and (5.6), the minimum values of the pre- and post-jump

momentum functions and the corresponding Froude numbers are

f. i =154%°, Fr =1 (5.82)

i,min
fomn =15(1+2B0)", Fr, =+1+2Bo" (5.8b)

Equation (5.8b) shows that if Bo~* > 0, as a result Fr, ,, > 1. Also, Fr,,, increases as Bo™*
increases. This points out the theoretical possibility of having supercritical post-jump flows.
However, since the momentum is conserved at the jump location (i.e. f, = f;), the actual range
of the post-jump Froude number is determined by the conjugation between the pre-jump and
post-jump flows. The conjugation of the two flows is shown in Figure 5.15. In this figure, the
pre-jump momentum function (i.e. f; - Eq. 5.6) is plotted for Fr > Fr;,, with two values of A=1

and 1.12. Also, the post-jump momentum function (i.e. f, - Eq. 5.5) is plotted for Fr < Fr, ,,,
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with four different values of Bo~! =0, 0.2, 0.3, and 0.45. Different values of Bo~! are examined
to introduce different possible scenarios. To have a better picture, the enlargement of Figure
5.15a close to Fr ~1 is illustrated in Figure 5.15b. Four scenarios can be realized from Figure

5.15 and are discussed below.

Scenario | is represented by the curves f;(A=1) and f,(Bo~!=0), which show the
conventional theory of the classic hydraulic jump with uniform velocity profiles and no surface
tension. These two curves intersect at Fr = 1 (see points A, and A4;), which is known as the

critical Froude number.
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Figure 5.15. (a) Froude number analysis of circular hydraulic jumps with varied pre-jump velocity profiles and
surface tension forces; (b) Enlargement of the region where Fr ~1 to show critical Froude numbers and the

coupling of the pre- and post-jump Froude numbers.

Scenario 1l is represented by the curve f;(1 = 1.12) and curve f,(Bo~! = 0.2), which do not

< f

i in?
Fro=FF i,min

intersect. In this case, f

which requires

0

Bo? <1.5(1*%-1) (5.9)
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The ranges of the possible pre-jump and post-jump Froude numbers are determined by the
coupling of the two curves (see points B, and B; in Figure 5.15b). The point B, represents the
maximum possible post-jump Froude number, denoted by F7, ,4,. This means that the post-
jump Froude number cannot be higher than the value of Fr, ,,,,. The value of Fr, ., can be
obtained from solving the equation f, = f; 4. The point B; shows the minimum possible pre-
jump Froude number, which is Fr; ;4 = 1. F1; iy Is defined as the smallest Froude number that
the pre-jump flow can attain. In this scenario, although Fr, ,,, > 1, conservation of momentum at
the jump requires the post-jump flow to be subcritical as Fr, 4, < 1 (see point B, in Figure

5.15h).

Scenario Il is represented by the curves f;(1 = 1.12) and f,(Bo~! = 0.3), which intersect in

and also f < f

i,min 0,min i|[:ri:|:,»0m

the region of Fr > 1. In this case, f,

o >

im

. , which requires

0

1.5(1° -1)

15(1° -1)<Bot< =22 -2
( ) 2(1.5-1"")

(5.10)

Following the above condition, both Fr, ,,,,, and Fr; ,;, are equal to the Froude number at the
intersection point (see points C, and C; in Figure 5.15b). Consequently, the maximum possible
post-jump Froude number is higher that unity, i.e.F7, 4, > 1. The value of Fr, ., can be

determined from f; = f,, which gives

-1
5 _ |Bo

0,max -
14/3 _1

05 (5.11)

Scenario IV is represented by the curves f;(1 =1.12) and f,(Bo~! = 0.45), which do not

intersect. In this case, f , Which requires

0,min

> |

Fr=Fry
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L 1547 -1)
Bo' >~ 5.12
2(1.5-1"%) (.12)

With the condition of this scenario, the maximum possible post-jump Froude number is larger

than unity, i.e. Fr, 4, > 1, and the value of Fr, ,,,,, is associated with the minimum point of the

post-jump momentum function (see point D,, in Figure 5.15b). Hence,

Fr, v = FI, o =V1+2Bo™ (5.13)

In Scenario IV, Fr; ., can be calculated from f; = f,, 1.i, (see point D; in Figure 5.15b).

Both scenarios Il and IV show that it is theoretically possible for the post-jump flow to be

supercritical, i.e. Fr, 4, > 1. From Egs. (5.10) and (5.12), it is clear that these two cases require

Bo™* >1.5(1"° -1) (5.14)

In summary, depending on Bo~! and A, the maximum possible post-jump Froude number
(F7y max) could be smaller, equal, or larger than unity. In particular, if the relation between Bo~!
and A given by Eq. (5.14) is satisfied, theoretically it is possible for the post-jump flow to obtain
a Froude number higher than one, i.e. Fr, > 1. To be clearer on the definition of F7, 4y, it is
worth noting that Fr, 4, IS a theoretical value determining the upper limit of the Froude number
range that the post-jump flow can possibly obtain. If the value of Fr, 4, for a flow is higher
than unity, the actual post-jump Froude number of the flow (Fr,) is not necessarily higher than
unit (i.e. Fr, could still be smaller than one). However, it is physically possible for the flow to

obtain a post-jump Froude number in the range of 1 < Fr, < F1ymax-
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If A =1and Bo~! = 0, it becomes the classic hydraulic jump theory without the surface tension,

for which Fr, ,,qx = 1. The discussion is also summarized in Table 5.1.

Table 5.1. Summary of the observations from Figure 5.15.

Scenario Bo1&A1 FTomax Frimin
I Bol=01=1 1 1
Frymax <1
Il 0<Bo™'<15(A%%-1) evaluated form f, = f; min 1
Egs. (5.5) and (5.8a)

Fro,max = Fri,min >1

1 1.5(A"* -1)<Bo™ <% . [Bo®
' I’o,max - I:ri,min - m_os
FTimin > 1
" 8o > 1.5(4"* -1) Fromax = From > 1 evaluated form f; =
2(15-2%) Fr, . =+1+2Bo " Fomin
Egs. (5.6) and (5.8b)

5.4.4.2 Validation

The experimental data are further analyzed to find supercritical post-jump values in the tests.
Using the measured jump diameter and the post-jump depth, Fr, and Bo™?! are calculated for all
the tests of water jets with d =0.75 and 2 mm. The data of Fr, are plotted versus (DS — Dj) /Dq
in Figure 5.16a. When the post-jump region is large, i.e. (DS —Dj)/Ds > 0.5, Fr, remains
relatively constant as the data points fall into a small range of Fr,. However, as the post-jump
region shrinks, i.e. (DS — Dj)/Ds < 0.5, Fr, increases, and the data points spread. In Figure

5.16a, twelve data points exhibit Fr, > 1, which are highlighted by grey solid symbols.
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Figure 5.16. (a) The post-jump Froude number versus the non-dimensional post-jump length. Gray solid symbols

are used to highlight Fr, >1. The solid symbols are plotted in the inset graph comparing theoretical values of

Fr, . With the actual supercritical values of Fr, . (b) The Bo " versus the non-dimensional post-jump length.

The results of Bo~! are also plotted in Figure 5.16b versus the non-dimensional post-jump

length. Generally, the effect of the surface tension becomes more significant as (DS — D,-)/DS

1.5(1° 1)

decreases. In Figure 5.16b, Bo'=15(1**-1)and Bo'=—"r" "
J (@™ 2(L5- A7)

are plotted as two

horizontal lines, for which the correction factor A=1.12 is used. It can be seen that a number of
data points satisfy the condition presented by Eq. (5.14) (i.e.Bo*>1.5(1*"*~-1)) when

(Ds — D]-)/DS is small. Within these data points are the twelve supercritical points with Fr, > 1.

1.5(4*3 - 1)

Since all the twelve points satisfy Eq. (5.12) as well (i.e. Bo'>=—">2 "~
p y q ( ) ( 2(1.5_14/3)

), Eq. (5.13) is used
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to calculate the theoretical maximum possible Froude number, Fr, 4. The results are plotted in
the inset graph of Figure 5.16a, showing that all the supercritical values of Fr, are smaller than

their theoretical possible maxima.
5.5 Summary

In the present chapter, the circular hydraulic jumps formed on small impingement plates were
studied, when the sizes of the target plates are comparable to those of the hydraulic jumps. Focus
was put on the effects of the plate size on the jump diameter, post-jump film depth, and the post-

jump Froude number.

It was observed that with relatively low flow rates and large plates (i.e. the jump is far from the
plate edge), the hydraulic jump is independent of the plate size. In this case, the hydraulic jump
is only a function of the flow condition. However, as the plate size reduces and/or flow rate
increases (i.e. the hydraulic jump approaches the plate edge), the effect of the plate size appears,
showing two interesting trends. One trend is that the jump diameter increases with reducing the
plate size. The other trend is that, for small plates, the jump diameter becomes more sensitive to
the change of the flow rate (i.e. the jump changes more sharply with the flow rate). Both trends
were observed to be related to the post-jump film depth, which decreases with increasing the

flow rate or decreasing the plate size.

All the above observations can be attributed to the reduction of the post-jump region on the plate,

i.e. (D —D;). It was found that the influence of the plate size on the hydraulic jump becomes

significant when the non-dimensional post-jump length, i.e. (Ds —D;)/ Dg, is less than ~0.5.
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It was explained that when the jump approaches the plate edge (i.e. the post-jump length
reduces), the flow inertia becomes significant in the post-jump region. This discussion was
proved by the analysis of the post-jump Froude number, which demonstrated two trends with
respect to the flow rate and plate size. First, for large plates or low flow rates, the Froude number
maintains a constant value independent of the flow rate. However, contrary to what Duchesne et
al. [23] reported, the constant value depends on the fluid properties and the jet diameter.
Secondly, for small plates or high flow rates, the value of the Froude number increases with
increasing the flow rate and decreasing the plate size. This increase in the post-jump Froude

number indicates that the flow inertia becomes important in the post-jump region.

Contrary to the classical hydraulic jump, it was observed that despite the post-jump Froude
numbers being constant and independent of the flow rate, the pre-jump Froude number changes
with the flow rate. This was explained to be a result of the surface tension force at the jump
location. A theoretical study was conducted by coupling the pre-jump and post-jump momentum
functions through the conservation of momentum at the jump location. The maximum possible
post-jump Froude number and the minimum possible pre-jump Froude number were
theoretically derived. It was pointed out that depending on the pre-jump velocity profile (A) and
the surface tension force at the jump (Bo™1), the maximum possible post-jump Froude number
could be larger than unity. This indicates the possibility of obtaining a post-jump flow with
supercritical Froude numbers (Fr, > 1). The post-jump Froude number was calculated for all the
tests carried out for this study, and few tests have exhibited post-jump Froude number higher

than one.
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Chapter 6 Double Vertical Jet Impingement

6.1 Overview

In this chapter, the interaction between the flow fields formed on a horizontal surface due to the
impingement of two identical, vertical, free-surface jets will be studied. To have a better picture
of the phenomenon, a detailed description of double jet impingement will be presented. The
jump-jump interaction patterns and the associated influential parameters will be generally
characterized. The primary focus of the present chapter will be given to the generated rising
sheet (i.e. fountain) as a result of the flow field interaction. The breakup mechanism of the rising
sheet will be categorized into two main regimes and six subregimes based on the experimental
observations. Moreover, an analytical model will be developed to predict the shape of the rising
sheet (i.e. the edge profile of the rising sheet). To validate the presented theory, the results of the
model will be compared to the experimental measurements obtained using different working
fluids. At the end, a general description of the interaction between two unequal, vertical jets will
be presented. The double, unequal jet impingement will be followed up and further analyzed in

Chapter 7.
6.2 Description of phenomenon

The flow field caused by two free-surface, liquid jets impacting on a surface can be generally

characterized as six different regions as illustrated in Figure 6.1.
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Figure 6.1. (a) Schematic of two vertical, free-surface impinging jets showing major flow regions: (1) free jet, (2)

jet stagnation point, (3) inner thin wall jet, (4) outer thin wall jet, (5) stagnation line (fountain formation region), (6)

rising sheet. (b) Schematic of the flow fields formed on the surface (jump-jump interaction).

The free jet and the stagnation point regions are similar to the case of a single jet impingement.
After a liquid jet impacts on a surface at the stagnation point, the liquid spreads out radially. The
outer wall jet remains unaffected from any adjacent flow fields and behaves similar to a single jet
impingement, i.e. spreads out until a sudden increase in the film thickness due to the hydraulic
jump occurs. The inner thin wall jets, on the other hand, collide midway between the jets and
give rise to a liquid sheet, which spreads spatially from the impact region (see Figure 6.2b). The
impact region where the two inner wall jets meet is called the “stagnation line”. The location and
the shape of the stagnation line depend on the relative strengths of the individual parent jets. If
the parent jets are two identical, vertical jets impinging on a horizontal plate, the stagnation line
will be a straight line exactly midway between the two stagnation points of the individual jets
(i.e. a straight line perpendicular to the line connecting the two stagnation points). On the other
hand, if the jets have unequal strengths (e.g. unequal jet flow rates or nozzle diameters), the
stagnation line will show a curvature (see Figure 6.2c). In this case, the stagnation line will not

be located midway between the jets, and will be shifted towards the weaker jet [95].
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Figure 6.2. Interaction between two vertical impinging water jets, (a) equal, distant jets, (b) equal, adjacent jets, (c)

unequal jets.

The schematic of the flow field formed on a surface due to the impingement of two identical,
vertical jets is illustrated in Figure 6.1b. When two inner wall jets interact, the collision results in
local high pressures, which deviate the spreading fluid from its original radial direction. As a
result, the radial flow takes a turn and leave the interaction area, either vertically upward (i.e.
form the rising sheet), or towards outside of the interaction zone almost perpendicular to the line
connecting the two stagnation points. The streamlines outside of the interaction zone (i.e. outer

wall jet) remain unaffected, and spread outward radially.

At the collision zone, the opposing thin wall jets join and give rise to a fan-shaped liquid
fountain. The rising sheet flows upward and spreads spatially. The formed liquid sheet has the
shape of an arch or an approximate segment of a circle. Though the rising sheet is a thin liquid
film, its edge is characterized by a relatively thick rim or crown with a nearly circular cross-
section. The maximum height of the rising sheet falls above the intersection point of the
stagnation line and the line connecting the two stagnation points of the parent jets. The strength
and direction of the rising sheet depend on the strengths and flow characteristics of the individual
parent jets. At any point along the impact zone, the rising flow exhibits three-dimensional flow
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structures [95]. As the rising sheet grows, the rim surrounding the standing sheet disappears and
the rising sheet goes through different breakup regimes. If the parent jets are of equal strengths,
the formed fountain will rise vertically up along a straight stagnation line. Though, if the jets
have unequal strengths, the rising sheet will be curved and inclined towards the weaker jet (see

Figure 6.2c).

6.3 Experimental Study

6.3.1 Experimental methodology

The experimental setup employed for the present work was described in Chapter 3. Few images
of double vertical jet impingement and the interaction between the formed flow fields are shown
in Figure 6.2. The nozzle size used for the double jet impingement experiments is d = 1 mm and
is kept fixed for all the experiments. In most part of this chapter, two identical jets are examined,
meaning both jets have the same flow rates, nozzle sizes and working fluid. Three different
working fluids are used: distilled water, water-glycerol solutions wt. 50% and 65%. The physical
properties of these fluids are reported in Table 3.1. A large, transparent target plate is utilized,
and photography from underneath is carried out to capture the jump-jump interaction on the
surface. To study the formed rising sheet a high speed camera is employed as schematically

illustrated in Figure 3.3.
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6.3.2 Experimental observations

6.3.2.1  Jump-jump interaction

From our flow visualization experiments, it has been observed that the flow field caused by the
impingement of two neighboring jets depends on the jet flow rates, nozzle sizes, fluid properties,
jet inclination angles, and the relative positions of the two jets. As for two vertical, identical jets,

the influential parameters are the jet flow rates, fluid properties and the spacing between the jets.

It was observed that with a fixed flow rate, the flow field mainly depends on the spacing between
the jets. The images in Figure 6.3 are associated with two water jets with fixed flow rates of
Q=300 cm®/min impinging on a horizontal plate with varied jet-to-jet spacings. When two jets
are placed with a large distance, the radial symmetry of each individual hydraulic jJump remains
uninfluenced by the neighboring jet. This indicates no noticeable interaction between the

hydraulic jumps, as can be seen in Figure 6.3a. This condition is referred to as “far-distant jets”.

With reducing the spacing, the hydraulic jumps of the two individual jets start interacting, which
results in disturbing the radial symmetry of the individual jump profiles. As a result of the
interaction, jump radius in the inner wall jet region reduces. Although, the hydraulic jumps are
affected by each other, a rising fountain is not yet formed (see Figures 6.3b and c). The
streamlines immediately after the jump in the interaction area are deflected from their radial path
and leave the region between the two hydraulic jumps (also referred to as the “bridge” between

the two jumps). This condition is called “distant jets”.
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At smaller spacings, the two thin, inner wall jets with supercritical velocities collide. At the
collision region, a stagnation line is formed and the thin wall jets take a sudden 90 degree turn
upward and form a vertical liquid sheet (see Figures 6.3d-f). This condition is referred to as
“adjacent jets”. Depending on the strengths of the wall jets at the stagnation line, the generated
liquid sheet rises higher. As the jet-to-jet spacing decreases, due to the reduction of the radial
spacing between the stagnation points and the stagnation line, the thin wall jets at the stagnation
line become stronger (i.e. they obtain higher velocities with thinner film thicknesses). Therefore,

as seen in Figures 6.3d-f, the formed liquid sheets become wider and rise higher.

Figure 6.3. Interaction between two identical vertical jets with fixed flow rates of Q=300 cm®min and varied
spacings; (a) S=28 mm, (b) S=25 mm, (c) S=22.5 mm, (d) S=19 mm, (e) S=16 mm, (f) S=13.5 mm.

As discussed before, flow characteristics of the formed rising sheet depend on the strengths of
the opposing thin wall jets at the stagnation line. Apart from the jet-to-jet spacing, the strengths
of the thin wall jets are also a function of the flow rate of the parent jets. It is known that as the

flow rate of an impinging jet increases, at a constant radial spacing from the stagnation point,
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stronger wall jets (with higher momentum) are formed (i.e. this has been discussed in the

literature review, and also Chapters 4 and 5 regarding single jet impingement).

T B -

Figure 6.4. Interaction of two identical, vertical jets with constant spacing of S=19 mm; (a) Q=200 cm®/min, (b)
Q=250 cm®/min, (c) Q=300 cm®/min, (d) Q=350 cm*/min, (e) Q=400 cm%/min, (f) Q=500 cm®/min.

Experiments have been also conducted in which the jets are set at a fixed spacing of S=19 mm
and the flow rate of the impinging jets vary from 200 to 500 cm3/min. The images are shown in
Figure 6.4. It is seen that at the low flow rates, the hydraulic jumps are unaffected by the
neighboring jet (see Figure 6.4a). As the flow rate increases, the hydraulic jumps of individual
jets grow larger. Therefore, the area between the two hydraulic jumps becomes smaller, and
eventually the two jumps start interacting (see Figure 6.4b). When the flow rate is as high as
Q=300 cm®/min (see Figure 6.4c), the radii of the individual hydraulic jumps are extended to an
extent that the two inner thin wall jets collide and a vertical rising sheet is formed. With further
increasing the flow rate, the thin wall jets at the stagnation line become stronger, and the formed

rising sheet grows wider and higher (see Figure 6.4c-f).
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In the images shown in Figures 6.3 and 6.4, it is seen that the individual hydraulic jump profiles
are not always perfectly circular and some disturbances are observed along the jump boarders.
The reason of the observed unstable, shaky profiles is that the disintegrated droplets from the
rising sheet fall on the plate, disturb the wall jets, and destroy the steady nature of the hydraulic
jumps formed on the surface. In order to avoid the messy look of the hydraulic jumps, several
images of each test had to be taken in order to capture an approximate steady, circular jump. In
Figure 6.5, consecutive images are shown where droplets, which have been detached from the
rising sheet, fall on the wall jets and disturb the jump profiles. When a drop falls, it disturbs the
flow field on the surface. However, due to the high velocities of the wall jets, the flow field
recovers quickly and retains its steady look until the next drop disturbs it again. As the rising
sheet becomes stronger, the sheet goes through severe breakup regimes, larger numbers of

droplets are generated, and therefore makes it less likely for the flow field on the surface to retain

its steady behavior.

Figure 6.5. Photographs showing droplet fall on the wall jets and destroying the steady jump profiles on the plate.

(Sequence from left to right. The images have been chosen to highlight the droplet fall process).

101



6.3.3  Rising sheet patterns and breakup regimes

Several types of rising sheet patterns and breakup regimes are observed in the experiments and
illustrated in Figures 6.7 and 6.8. All the rising sheets formed by two identical, vertical jets are
flat and in a plane perpendicular to the horizontal plate. It has been reported by previous studies
that the sheet breakup occurs through two principal mechanisms [103-105]. First, a fairly
unruffled sheet may be produced, which eventually breaks down through the superposition of the
aerodynamic waves. Secondly, the sheet breaks down due to the impact waves that are produced
at the impact zone. The latter type of waves were even found in the vacuum environment

[104,106].

It is worth noting that all the studies available regarding liquid sheet patterns and breakups
focused on the liquid sheets that are formed by the direct collision of two liquid jets (i.e. the jets
directly collide without impinging on a surface). It was concluded from these studies that the
impact waves are not triggered by aerodynamic reactions, but resulted from the collision of the

two parent jets at the impact point.

In the present study, the liquid sheet is not formed by the direct collision of two liquid jets. Here,
the liquid jets first impact on a solid surface and then the wall jets collide and form a rising sheet.
In this case, there are two impact zones. First, the impact of the liquid jet on the solid surface,
and then the collision of the two wall jets. Thus, the first set of impact waves is produced at the
stagnation points of the individual jets and propagates radially outward. These waves are easily
seen in Figure 6.6, which was taken with a high shutter speed. These waves travel along the wall

jets and eventually migrate to the formed rising sheet. As a result, even with low wall jet
102



velocities, the liquid sheet formed here is ruffled. It can be clearly seen in the images of Figure
6.7. This is one of the differences between the present study and those reported in the literature

with the direct collision of the liquid jets.

Figure 6.6. First set of impact waves due to the impingement of the liquid jet on the solid surface.

Here two major breakup regimes are defined according to the type of the instability that causes

the breakup.

6.3.3.1 Regime I: Capillary instability

In this regime, a fairly ruffled sheet exists surrounded by a relatively thick liquid rim. The liquid
rim is due to the balance between the momentum forces and the surface tension force at the edge
of the rising sheet. Due to small disturbances, bead-like shapes are generated on the rim. At low
sheet velocities, the liquid rim and the formed beads grow larger but since they do not have
sufficient momentum to detach, they fall down under the effect of the gravitational force. Thus,
the standing sheet is destroyed, though rises again very quickly. At higher velocities, the beads
are detached from the edge. These beads result in the formation of drops and ligaments, which
may further break down and generate smaller droplets. In this case, droplet formation is due to

the capillary instability at the rim. The size of the rising sheet becomes larger when the jet
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velocities increase. This regime is further divided into four subregimes as follows, and is

illustrated in Figure 6.7.

6.3.3.1.1 Regime I-A Pre-sheet formation

This subregime occurs when the parent jet flow rates are low or/and the spacing between the two
jets is large. The hydraulic jJumps on the horizontal plate are unaffected by the adjacent jet. As
the spacing decreases and/or the flow rate increases, the bridge between the two jumps becomes
narrower and thinner. Eventually a thick rim starts to form, though it has not risen up yet. No

obvious growth of beads is observed. This subregime is shown in Figure 6.7 from I-Al to I-A3.

6.3.3.1.2  Regime I-B Periodic drop

As the wall jet velocity increases, the sheet starts rising up, and a thick rim surrounds the entire
sheet. There exists equilibrium between the capillary and momentum forces at the edge of the
sheet. The upflow of the liquid in the rising sheet is characterized by radial spreading from the
stagnation line, while the downward flow is only through the peripheral rim surrounding the
rising sheet. At these low sheet velocities, the liquid reaching the edge slows down and forms a
thick rim. The thick rim grows and becomes larger and heavier, and eventually falls down under
the effect of the gravitational force (see Figure 6.7 I-B3). This results in destroying the sheet.
The sheet rises up again and the same process repeats. This rise-and-fall trend continues
periodically, which results in an unstable-looking sheet. Since the sheet velocity is low, nearly no
droplet detachment is observed. Images associated with this subregime are shown in Figure 6.7

from I-B1 to I-B3.
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Regime I-B Regime [-A

Regime [-C

Regime I-D

Figure 6.7. The rising sheet formed by the impingement of two identical, vertical jets showing different subregimes
of “Regime I” breakup mechanism. The tests were conducted by a fixed flow rate and varied jet-to-jet spacings (the
spacing is decreasing from Regime I-A to Regime I-D). Images were chosen to highlight the characteristics of each

breakup regimes.

6.3.3.1.3  Regime I-C Closed rim

At higher sheet velocities, small disturbances at the edge cause the local momentum forces

become greater than the local surface tension force. As a result of this local imbalance, some
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bead-like shapes are generated at the rim, which keep growing. After enlarging to some extent,
the beads lead to the formation of large ligaments, which may break up from the rim and produce
large droplets. The sheet may still exhibit some periodic drop behavior. Images in Figure 6.7

from I-C1 to I-C3 represent this subregime.

6.3.3.1.4  Regime I-D Rim breakup

The disturbances initiating from the impact zone, propagate throughout the entire sheet. At the
same time, as the sheet progresses higher, its thickness reduces as a result of the spreading.
Eventually at some heights, these disturbances cause the rim formed around the sheet to
disintegrate from the upper edge of the sheet. This is due to the local increase in the momentum
forces. The detached rim further breaks down and form smaller drops. Capillary instability still
dominates in producing droplets at the edge of the sheet. This subregime is illustrated in Figure

6.7 from 1-D1 to 1-D3.

6.3.3.2 Regime Il: Kelvin-Helmholtz (KH) instability

When the wall jet velocity is increased further, the rising sheet becomes distinctly unstable. The
principal source of the instability is the interaction of the sheet with the ambient air.
Disintegration arises when the wave amplitude extends to a critical value, and the rising sheet is
fragmented. The fragments subsequently break down into smaller drops. Generally, either
decreasing the jet-to-jet spacing and/or increasing the parent jet flow rates results in the
formation of wider rising sheets. However, the experimental observations show that, contrary to
the capillary regime, in this regime, increasing the wall jet velocities does not lead to an increase

in the height of the rising sheet. As compared to regime I, the drop size in this regime is mostly
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smaller, and lies in a narrower range. This regime can be divided into two subregimes as follows,

and is shown in Figure 6.8.

6.3.3.2.1  Regime II-A. Open-rim

By further increasing the sheet velocity, there does not exist a closed thick rim around the sheet
anymore. The top part of the rim is broken up and two separate thick rims exist on the sides of
the sheet. Large ligaments and drops are detached from the side rims, while smaller drops are
detached from the top part of the sheet. Most part of the sheet is still undestroyed, though the
sheet is more ruffled due to the amplification of the waves propagating along the sheet.
Although, there still exists the balance between the capillary and momentum forces at the edge of
the sheet, the amplified disturbances frequently make the local momentum forces to overcome
the capillary force. With further increasing the sheet velocity, the sheet becomes wider. The
sheet loses its arch shape and a nearly rectangular shape sheet is formed, which is confined by
two thick edges on the sides. Images associated with this subregime are shown in Figure 6.8

from 11-Al to 11-A3.

6.3.3.2.2  Regime I1-B. Transition into atomization

With further increasing the sheet velocity, the sheet keeps widening to an extent that the thick
edges on the sides disappear, and small drops are being sprayed vigorously. In this subregime,
the breakup becomes much more violent than the foregoing subregimes. The upstream part of the
rising sheet does not remain stable anymore. Disintegration initiates from a small breakup
downstream of the impact line, which propagates throughout the entire sheet. Eventually the

sheet is fragmented. The fragments break up into ligaments, following with ligaments breakup
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into small drops. As the sheet velocity increases, smaller drops with higher velocities are

generated. This subregime is illustrated in Figure 6.8 from 11-B1 to 11-B6.

Regime II-A

Regime II-B

Figure 6.8. The rising sheet formed by the impingement of two identical, vertical jets showing different subregimes
of “Regime I1” breakup mechanism. The tests were conducted by a fixed flow rate and varied jet-to-jet spacings (the
spacing is decreasing from Regime I1-A to Regime I1-B). Images were chosen to highlight the characteristics of each

breakup regimes.

Images of the foregoing breakup regimes are shown in Figure 6.9 from another angle. In this
figure, in order to observe the different breakup regimes, the spacing between the nozzles is
changed resulting in different rising sheet velocities. Each image represents one of the above-
mentioned breakup regimes. The side view images of the rising sheet mostly show the range of

the drop sizes disintegrating from the rising sheet. It is clear that at low sheet velocities, there is
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a standing liquid sheet with almost no drops detaching from the rim (see Figure 6.9 1-B). As the
sheet velocity increases as a result of reducing the jet-to-jet spacing, few large drops are detached
from the sheet (see Figures 6.11 I-C and I-D). At higher velocities, the number of drops being
sprayed increases drastically, and the drop sizes lie in a smaller range (see Figures 6.11 II-A and

11-B).

Figure 6.9. Side view images of the rising sheet associated with different breakup regimes.

6.4 Theoretical Study

6.4.1 The rising sheet profile

As mentioned before, at the edge of the rising sheet there is a balance between the momentum
and capillary forces. Ideally the liquid sheet continues growing up to a point where this balance
is satisfied. In this section, an analytical model is developed to predict the height and shape of
the rising sheet. The height of the rising sheet can be important in determining the spacing

between the orifice plate and the target plate. If the formed rising sheet interacts with the orifice
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plate, the liquid drops on the spreading thin film on the target plate and may result in undesired
effects. This is achieved by determining the edge profile of the rising sheet. However, in reality,
as mentioned before, there are several forms of disturbances and instabilities that locally disrupt
the force-momentum balance. As a result of these disturbances, the liquid sheet does not always
reach its nominal/theoretical height (i.e. the balance could break up at some point with lower

heights than those predicted theoretically).

To find a general solution for the rising liquid sheet, a force balance analysis at the edge of the
sheet is carried out.

A—A

h

(a)

/ Stagnation line Stagnation line

i Stagnation Stagnation ;
& point point

Figure 6.10. Sketch of a liquid sheet formed by impinging of two identical vertical jets on a horizontal plate. (a)
Force balance at the edge of the sheet. The lower sketch is the rising sheet with the curved line representing the
sheet edge; the upper sketch is the cross section of the sheet at the edge. (b) An arbitrary element selected on the

rising sheet.

Figure 6.10a illustrates a schematic of the rising sheet and a part of its cross section close to the

rim. The rim that is represented by a half circle in the upper sketch is picked as the control
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volume. Carrying out a 2D analysis, the rate of change of the momentum (force per unit length

of therim), F_, is
F,=mV cos¢g (6.1)

where V is the local fluid velocity at the edge, and ¢ is the angle between the velocity vector and

the local normal to the sheet edge. The mass flow rate, m, is expressed by

m = pV cos ph, (6.2)

where hs is the local thickness of the rising sheet at the edge. Substituting Eq. (6.2) into Eq. (6.1)
gives an expression for the rate of change of momentum per unit length as

F. = p(V cosg)*h, (6.3)

The surface tension force at the edge of the sheet per unit length is expressed by

2 1
o G(h RC) S ( )

S
where R is the local radius of the rim. Since in most cases studied here R¢ is much larger than hs,

(hs<<Rc), Eq. (6.4) can be rewritten as

F =2 (6.5)

In order to have a stable rim, the rate of change of the fluid momentum must be balanced by the

force caused by the surface tension at the rim location. Thus,

FF (6.6)

Substituting Egs. (6.3) and (6.5) into Eq. (6.6) results in an expression for the sheet thickness

right at the edge.

20

h =—— 6.7
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Furthermore, conservation of mass must be satisfied along the sheet. It means that the sum of the
volume flow rates coming from the two thin wall films at the stagnation line must be equal to the
volume flow rate of the rising sheet. Therefore, an arbitrary segment of the thin wall jets is
chosen followed by an element of the rising sheet as shown in Figure 6.10b. Conservation of

mass for the shaded element on the rising sheet can be written as

2(U.h.rdy) =hVds (6.8)

%

7 is the radial spacing between the jet stagnation points and the bottom of the
cos

where r =

element on the rising sheet, dS =rdy+Rdy =(r+R)dy, and @ is an arbitrary angle determining
the selected element as shown in Figure 6.10. Also, h, is the thickness of the thin wall jets on the
plate immediately before the stagnation line, which can be calculated using Watson’s solution as

u(r3 +0.2864a° Re)
3.7

h, =3.799 [8]. In addition, Uy is the average wall jet velocity of the selected
element right at the stagnation line, which can be calculated as U, = > ?] . Equation (6.8) then
T
becomes
- 2U, hr 6.9)
(r+RV
Combining Egs. (6.7) and (6.9) gives an expression for the radius of the rim as
PU hV cos® p
R=r(—————>--1) (6.10)
o

In the above equation, the sheet velocity at the edge, V, and also the angle between the velocity

vector and the local normal to the sheet edge, ¢, are still to be determined. The angle ¢ will be
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discussed later along with introducing the geometric relations. As for the sheet velocity V, in
most of the previous studies and theories, an inviscid model has been used for the liquid sheet
formed by the interaction of two jets [103,107-111]. They assumed a uniform fluid velocity

across the liquid sheet, which is equal to the jet velocities at the impact point/line, i.e. V =U, . In

the present work, the same assumption is employed with one difference. Since the liquid sheet
rises vertically upward, the fluid flow is influenced by the gravitational force. As a result, part of
the kinetic energy is converted to the potential energy, which must be considered in determining

the sheet velocity, V. Conservation of energy from the bottom of the sheet to the edge results in

V =U,*-29z (6.11)

where z is the vertical elevation of the rising sheet.

Equation (6.10) leads to a solution for the radial spacing between the collision point of the
streamlines at the stagnation line to the edge of the rising sheet. In order to predict the actual
location of the edge, in addition to R, the angle y, as shown in Figure 6.10a, needs to be

determined.

The stagnation line location and also the flow direction in the rising sheet can be explained by
the momentum components of each wall jet flow element entering the rising sheet. Since
negligible energy loss due to turning is assumed [90], the total momentum in an upflow element
of the rising sheet is taken to be the sum of the momentum of the individual wall jet flow
elements. It is assumed that the momentum components normal to the stagnation line cause the
upward direction of the fluid flow of the rising sheet. Also, the tangential components of the

momentum result in the outward motion of the rising liquid following the direction of the
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stagnation line. Since the focus of the present chapter is on two identical, vertical jets, for which
the stagnation line is a straight line located exactly midway between the two jets (i.e. symmetry
line), it is realized that at any point along the stagnation line w =@ . Similar discussion can be
found in a general form in Ref. [90]. Consequently, by calculating R using Eq. (6.10), along with

the angle y, the actual location of the edge of the rising sheet can be estimated.

A"“
Z| y=0 = Hm.‘n
(0.0) / Stagnation line
Ei// r
2l
/ Stagnation

point

Figure 6.11. Schematic of the rising sheet edge profile on the y-z plane.

6.4.1.1  Geometric relations

The intersection of the stagnation line and the line connecting the two stagnation points is
considered as the origin in y-z plane as shown schematically in Figure 6.11. The position of the
edge of the rising sheet is defined as f(y,z)=0. Employing the Cartesian coordinate system

(y,2), the following geometric relations are obtained

R:\/22+(y—%tan¢9)2 (6.12)
S

‘e > (6.13)
cosé
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0:tan{ y J (6.14)

Z+%

And eventually, the angle between the velocity vector and the local normal to the sheet edge, ¢,
can be expressed as

p=r—tan'z' -0 (6.15)

From the experimental observations, it is seen that the maximum height of the rising sheet is at
y=0. At this point, the velocity vector is normal to the edge of the sheet, meaning ¢=0. Thus, the
maximum height of the rising sheet can be calculated combining Egs. (6.10) and (6.11) with =0

and r=S/2 as follows

JU 2 —2gH
H _pQ r g max _E (616)

Z =

|y=° fmex 270 2

Combing Egs. (6.10), (6.11), and (6.15) results in an ordinary differential equation that can be
solved using a boundary condition set at the maximum height of the rising sheet, Hmax, t0

determine f(y,z)=0 as the edge profile of the rising sheet. A numerical solution was developed

in MATLAB to solve this differential equation. The solution starts from the maximum height of
the edge as the boundary condition (using Eq. 6.16), and proceeds with

f:$:3 (6.17)
2 1

6.5 Results and Discussion

Figure 6.12 compares the results of the theoretical model with the experimental measurements of
the edge profiles. Three different working liquids are presented in this figure with varied
viscosities and slight differences in the surface tension values (physical properties of theses
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fluids are available in Table 3.1). Figure 6.12a is associated with a rising sheet formed by the
impingement of two vertical water jets with equal flow rates of Q=300 cm®min and a jet-to-jet
spacing of S=15.5 mm. Figure 6.12b shows a rising sheet formed by two vertical jets with water-
glycerol solution wt. 50% as the working fluid, flow rates of Q=370 cm®/min, and a spacing of
S=11.6 mm. Figure 6.12c is associated with two water-glycerol wt. 65% jets with flow rates of
Q=412 cm®/min and a spacing of S=10.1 mm. In the bottom graphs of Figure 6.12, comparisons
are illustrated between the measured location of the rising sheet edge and the presented
theoretical solution. The theoretical model could be significantly simplified by assuming the
angle ¢ is equal to zero. The results plotted in Figure 6.12 show reasonable agreements between

the theory and the experimental measurements.

z (mm)
z (mm)

z (mm)

y (mm) y (mm) y (mm)
Figure 6.12. Comparison between the experimental results and the theoretical predictions. (a) Water jets with
Q=300 cm®¥/min, S=15.5 mm, (b) Water-Glycerol solution (wt. 50%) with Q=370 cm®/min, S=11.6 mm, (c) Water-
Glycerol solution (wt. 65%) with Q=412 cm¥min, S=10.1 mm. (Solid lines are the theoretical results)
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It should be mentioned that the presented theory is only applicable to the rising sheets that
maintain relatively stable rim and are not experiencing severe breakup modes. Thus, the tests that
exhibit a fairly stable rim around the rising sheet is considered for the comparison. In these tests,
droplet detachments only occur at the edge of the sheet, i.e. breakup regime “I” as categorized in

section 6.3.3.1.

In regime |, the rising sheet usually exhibits a periodic fall-and-rise behavior. This behavior
could be due to the gravitational force, which causes the enlarged rim to fall after reaching a
certain size, and re-rise again. It also could be a result of the droplets falling on the wall jets and
disturbing the rising sheet (as shown in Figure 6.5). Therefore, in order to capture the location of
the edge, several images were recorded using a high speed camera. Measurements were then
done at different instants of time for each test condition (i.e. when the sheet reaches its maximum

height) and the recorded results are presented here.

It can be deduced from the above discussion that the presented theory determines the size of the
rising sheet in an ideal condition (i.e. without any types of disturbances). However, it has been
reported previously that, even in a vacuum environment, the impacts waves still exist [104,106].
Hence, as a result of the existing disturbances, the rising sheet breaks up before reaching its
maximum theoretical height. Thus, the experimental results usually show values smaller than the
values predicted by the theory. Another source of uncertainty in the theory could be originated
from the approximation used for the radius of the rim surrounding the rising sheet. In the theory,

the rim cross-section was modeled as a half circle with a diameter equal to the sheet thickness.
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However, from the experimental observations it can be inferred that the rim is usually thicker

than the sheet thickness.

The results of the maximum height (H,,, = z|y:0) predicted by the theory are plotted in Figure

6.13 versus the measured maximum heights from the experimental tests. The results represent

three different liquids: water and two different concentrations of water-glycerol solutions (wt

50% and 65%). Additionally, the results of the maximum heights (H,, ) calculated without

considering the gravitational effects (i.e. using V=Ur instead of Eq. 6.11) are presented as hollow

symbols. From Figure 6.13, the following points are deduced.

First, despite the uncertainties in the height of the rising sheet due to the existing disturbances,

there is a fairly good agreement between the theory and the experimental measurements.

Second, as the height increases the discrepancy between the theory and the experimental
measurements increases. The reason is that as the sheet becomes stronger and spreads larger, the
disturbances become more substantial, thus, the sheet is more likely to break up prior to reaching

its theoretical height.

Third, majority of the data points fall above the line y=x indicating that the theoretical values are
higher than the experimental measurements. This has been explained earlier that the disturbances
propagating along the sheet are responsible for this discrepancy between the theory and

experiments.
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In addition, it is seen that the influence of the gravitational effects (i.e. Eq. 6.11) in determining
the rising sheet velocity can be pronounced. Taking into account the conversion of the kinetic
energy into the potential energy along the sheet reduces the predicted height by up to 20%. It is
seen in Figure 6.13 that as the sheet rises higher, the differences between the hollow and solid

symbols are increased, which indicates the significance of the potential energy at higher

elevations.
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Figure 6.13. Comparison between the theoretical and experimental values of the maximum rising sheet height. The

solid symbols represent the calculations with V = /U > =29z and the hollow symbol represent V = U,

With a fixed jet flow rate, the wall jets colliding at the stagnation line become stronger as the
spacing between the jets decreases. As a result, the liquid sheet rises higher. Figure 6.14
illustrates the edge profile of the rising sheet with fixed flow rates and varied jet-to-jet spacings.
Figure 6.14a represents tests with water as the working fluid and a fixed flow rate of Q=300
cm®min. Figure 6.14b and c are associated with water-glycerol solutions with mass fractions of

50% and 65%, and fixed flow rates of Q=450 and 412 cm®/min, respectively.
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Figure 6.14. Experimental measurements of the edge profile of the rising sheet; (a) Water with Q=300 cm?min, (b)
Water-Glycerol (wt 50%) with Q=450 cm3/min, (c) Water-Glycerol (wt 65%) with Q=450 cm®/min. The dashed

lines are plotted by applying a polynomial curve fitting to show the approximate location of the rising sheet edge.

A close look at Figure 6.14a reveals that as the spacing reduces, the liquid sheet rises higher.
However, at small spacings, the height of the rising sheet does not increase proportionately. The
data points of small spacings lie close to each other. The reason is that as the strength of the
rising sheet increases with reducing the jet-to-jet spacing, the sheet goes through more severe
breakup regimes. As described in Section 6.3.3.2 (i.e. breakup regime Il), increasing the rising
sheet velocity does not increase the height of the rising sheet anymore. This is attributed to the

amplified disturbances that break down the sheet before reaching its nominal height. This trend
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is similar for the two other more viscous fluids as well (see Figures 6.17b and c). However,
looking at all the tests carried out in this study, it is inferred that as the viscosity of the working
fluid increases, the rising sheet becomes more resistant towards the disturbances. As a result,

even with small spacings, the sheet can grow higher and closer to its nominal height.

6.6 Unequal Double Jet Impingement

After conducting an extensive set of experiments with two identical jets, experiments are also
carried out with two unequal, vertical jets. The jets employed in the present work are of equal
diameters, though with different flow rates. The resulting jJump-jump interaction patterns are

observed to be similar to those produced by two identical neighboring jets, i.e. far distant jets,

distant jets, and adjacent jets.

Figure 6.15. Two unequal, vertical, water jets. (a, b) two different view angles to better illustrate the phenomenon,
Q:=250 cm?/min and Q,=500 cm*/min, (c) Q:=150 cm*min and Q,=600 cm3/min, (d) Q:=300 cm®/min and Q=600

cm3/min
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A few images of the flow field interaction due to the impingement of two unequal jets are shown
in Figure 6.15. It is observed that contrary to two identical jets, the stagnation line formed with
two unequal jets is curved. Also, the stagnation line is no longer located midway between the
two stagnation points, instead, it is shifted towards the weaker jet. Additionally, the formed
rising sheet, as seen in Figure 6.15, is inclined towards the weaker jet. All these observations are
attributed to the collision of dissimilar streamlines at the collision zone. Contrary to the
interaction of two identical jets, with unequal jets, at any point along the stagnation line, the
colliding streamlines exhibit different strengths (i.e. momentum). As a result, the formed
stagnation line is moved towards the weaker jet, and the formed rising sheet is inclined. This will

be thoroughly discussed in a theoretical discussion in Chapter 7.

From the experimental observations, it was also observed that as the difference between the two
flow rates increases, the stagnation line moves closer to the weaker jet, and its curvature
increases (see Figure 6.15c and d). In addition, the rising sheet inclination angle increases as well
(i.e. the angle between the rising sheet and a vertical plane), which in some cases, makes the

rising sheet to interact with the weaker free jet (see Figure 6.15c).

In Chapter 7, a theoretical model will be proposed to predict the location and shape of the formed
stagnation line due to the interaction of two unequal jets. The comparison between the theoretical

predictions and the experimental measurements will be also presented in Chapter 7.
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6.7 Summary

The flow field formed by the impingement of two vertical, free-surface jets on a horizontal plate
was studied. The jump-jump interaction was experimentally explored and characterized as three
types: far-distant jumps, distant jumps, and adjacent jumps. The primary focus of this chapter
was given to the formed rising sheet as a result of the interaction between two adjacent jumps.
The breakup mechanism of the rising sheet was studied based on the experimental observations.
The sheet patterns and breakup mechanisms were categorized into two main regimes and six

subregimes.

In addition, an analytical model was developed to predict the size and shape of the rising sheet.
This was achieved by determining the edge profile of the sheet. It was explained that at the edge
of the liquid sheet the capillary force balances the momentum forces. Thus, a force balance
analysis at the edge of the sheet was carried out. The analytical model has led to a differential
equation that can be solved for the edge profile of the rising sheet. The results of the presented
theory were compared to the experimental measurements of the edge profile of the rising sheets
obtained by three different working fluids: water, water-glycerol solutions wt. 50% and 65%. It
was discussed that the presented theory is applicable to the rising sheets that are not experiencing
severe breakup modes. Due to the propagation of the disturbances along the sheet, the local
balance at the edge frequently breaks down and the liquid sheet gets disturbed before reaching its
theoretical height. Despite these uncertainties in the height of the rising sheet due to the existing
disturbances, a fairly good agreement was observed between the theory and the experimental

measurements.
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Chapter 7 Double Inclined Jet Impingement

7.1 Overview

Contrary to a single vertical jet impingement, the flow field formed on a plate by the
impingement of an inclined jet is no longer axisymmetric. With an inclined jet, the formed
hydraulic jump is elliptic, and all the flow properties on the surface exhibit a dependence on the
azimuthal position. In this chapter, the interaction between two flow fields formed by the
impingement of two inclined jets on a surface is experimentally and theoretically studied. The
jets considered for the present study are placed on two parallel planes, and their projected flow
directions on the horizontal target plate are in opposite directions (see Figure 7.1). It will be
observed that the jump-jump interaction in this case exhibits a curved stagnation line and forms a

tilted rising sheet.

First, the generated flow field on the surface along with the formed stagnation line and the rising
sheet will be generally described. A single inclined jet will be analytically studied to highlight
the differences between the flow characteristics of inclined and vertical jet impingement. Next, a
theory will be developed using a “momentum flux” balance to predict the location and shape of
the formed stagnation line as a result of the impingement of two inclined jets. A systematic
experimental study will be carried out to characterize the influential parameters on the generated
flow field. The influences of different parameters on the formed stagnation line, such as the jet

inclination angle, flow rate, working fluid, and the relative position of the jets, will be
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experimentally examined. Moreover, the results of the presented theory will be compared to the

measured stagnation line locations to verify the correctness of the model.

7.2 Description of Phenomenon

In Chapter 6, the flow field produced by the impingement of two identical, vertical jets was
discussed. With two identical, vertical jets, regardless of the flow rate and jet-to-jet spacing, the
stagnation line is always a straight line perpendicular to the line connecting the two individual
stagnation points exactly midway between the two jets. Even if the two jets are inclined with
opposing jet flow directions, as long as the jets are placed on the same plane, the stagnation line
behaves similar to the case of two vertical jets, i.e. a straight line normal to the plane that the jets
are laid on. In both cases, i.e. uniplanar, inclined and vertical double jet impingement, the
generated liquid sheet rises straight up vertically. The rising sheet will be on a plane

perpendicular to the jet plane located equidistant from both jets (See Figure 6.2b).

In the present chapter, the flow field formed by the impingement of two inclined jets is studied,
in which the jets are laid on two parallel planes as schematically illustrated in Figure 7.1a. Two
jets have the same nozzle inclination angles, ¢, which is defined as the angle between the nozzle
and the horizontal plane. The projected jet flow directions on the horizontal plate are parallel
though in opposite directions, as shown with the arrows in Figure 7.1. The relative position of
the jets can be identified in two ways: (Sx, Sv) defined as the spacing between the two stagnation

points in x and y directions, respectively (see Figure 7.1b). Second, (S, , v,y ) defined as the

relative angle and the relative spacing between the two stagnation points, (see Figure 7.1b).
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Stagnation point

Stagnation line, | N

Figure 7.1. Schematic of the interaction of two opposing inclined jets located on two parallel planes. (a) 3D

schematic view, (b) schematic of the hydraulic jumps and the stagnation line formed on the surface.

Contrary to a single vertical jet impingement, the flow formed on a plate by the impingement of
an inclined jet is no longer axisymmetric, and exhibits a three-dimensional nature. With an
inclined jet, the formed hydraulic jump is elliptic [25,29,58]. A schematic of the jump-jump
interaction of two inclined, bi-planar jets (i.e. jets are placed on two parallel planes) are shown in

Figure 7.1b.

When two identical, uniplanar jets interact (either vertical or inclined), the streamlines that meet
and collide at the impact zone are symmetric with respect to the stagnation line. In other words,
the colliding streamlines are similar with the same angle and strength originating from the parent
stagnation points. However, in case of bi-planar inclined jets, the streamlines that collide are no
longer symmetric, which results in the formation of a curved stagnation line (see Figures 7.1 and
7.2). Additionally, the experimental observations show that the generated rising sheet is no
longer a vertical sheet. The formed liquid sheet will be tilted in two opposite directions towards

the closer stagnation point, which will be described further in this chapter.
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The flow characteristics of the interaction between two bi-planar, inclined jets depend on the jet
inclination angles (¢), relative position of the jets (i.e. (Sx, Sy) or (Srel., wrer)), flow rates (Q), and
the fluid properties. The present work only focuses on the interaction of two identical, inclined
jets (i.e. equal flow rates, jet inclination angles, and fluid properties) with jets flowing in

opposing directions.

Figure 7.2. Interaction of two bi-planar, opposing, inclined jets. (a) $=70°, (b) $=50°, (c) $=30°.

7.3 Experimental Methodology

The experimental facility employed for this work has been described in Chapter 3. The relative
spacing of the jets, as discussed, is set by keeping one jet fixed and changing the position of the
other jet using the translation stages. Since the formed rising sheet sprays droplets around at
relatively high rates, photography from underneath of the impingement plate is carried out. Three
different working fluids are used: distilled water, and two water-glycerol solutions wt. 50% and
65%. The physical properties of these fluids are available in Table 3.1. The nozzle diameter of

d=1 mm is used to conduct the experiments presented in the current chapter.

In addition to the interaction between two inclined impinging jets, the flow field formed by a
single inclined jet is also studied. The purpose of the latter is to have a better understanding of

the flow characteristics of an inclined jet beyond the impingement, which will be used for the
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analysis of the interaction between the two flow fields. Moreover, the experimental results of a
single inclined jet impingement (i.e. the location of the measured hydraulic jump) will be
compared to the theory presented by Kate & Chakraborty [25] in order to verify the correctness

of the measured parameters. The results are presented in Section 7.5.1.
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Streamlines

Stagnation point

Impingement region

Figure 7.3. Schematic views of (a) an inclined jet impingement, (b) jet flow streamlines in the stagnation zone, (c)

non-circular hydraulic jump formed on the surface, (d) the impingement region.

7.4 Theoretical Analysis

7.4.1 Single inclined jet impingement

A single inclined impinging jet is schematically illustrated in Figure 7.3. In the case of an
inclined jet impingement, contrary to vertical impinging jets, the axial symmetry only exists in
the free jet region. The flow exhibits three-dimensional nature elsewhere (i.e. downstream of the
stagnation point) [58]. The impingement zone, which is known to be the cross-section of the free

jet in vertically impinging jets, changes in shape and size with the jet inclination (see Figure
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7.3d). The stagnation point in the impingement area is no longer coincident with the geometrical
center of the jet. It has been reported by previous researchers that with an inclined impinging jet,
the stagnation point is shifted towards the upstream side of the geometrical center of the non-

circular impingement zone [25,27-29,58] (see Figures 7.3b and d).

From the impingement zone outwards, the flow no longer remains axisymmetric. The radial flow
spreading out from the stagnation point results in non-circular hydraulic jump profiles (see
Figure 7.3c). Figure 7.4 shows a few non-circular hydraulic jumps formed on the surface due to
the impingement of inclined jets. As observed in Figure 7.4 and schematically plotted in Figure
7.3c, the profile of the hydraulic jump is an elliptic shape. The change in the shape of the jump
profiles from circular with vertical impinging jets, to elliptic shapes in the case of an inclined jet
impingement, is attributed to the changes in the location of the stagnation point and also the

shape of the impingement region as a result of the jet inclination.

Figure 7.4. Non-circular hydraulic jumps formed by inclined jets, (a) $=50°, water-glycerol wt. 50%, Q=300
cm®/min, (b) $=40°, water-glycerol wt. 50%, Q=300 cm3/min, (c) $=50°, water-glycerol wt. 65%, Q=380 cm®/min,
(d) $=30°, water, Q=350 cm®/min.

129



7.4.1.1 Impingement region

A jet with radius a and flow rate Q obliquely impinges on a flat, horizontal surface with an angle
¢ (see Figure 7.3a). The geometric intersection of the jet and the surface is an elliptical region,
which is referred to as the impingement region (see Figure 7.3c and d). The ellipse can be
described by r, and 8, as shown schematically in Figure 7.3d, and the geometric relation is
(gone] (o3

—=sin@ | +| ~cosd——| sin“g=1 (7.1)

a a a
where S is the stagnation point shift (i.e. the distance between the stagnation point and the
geometrical center of the jet, O, see Figure 7.3d). The stagnation point, as shown in Figure 7.3b,
is referred to as the intersection point of the separation streamline and the target surface [58].

The flow rate per radian at the angular location 6, Q, satisfies
, de,, .
Q)do = rj7Ujsm¢ (7.2)

where Uj is the jet velocity. Equation (7.2) can be reduced to

2

Q) ="V, sing 73)

Conservation of momentum between the impinging jet and the flow in the radial direction

parallel to the surface requires
j:”Q'@vr cos0d0 = QU cos ¢ (7.4)

where V; is the radial flow velocity parallel to the surface. Assuming no energy loss due to
turning, mechanical energy balance results in V, to be equal to U;. Applying Eq. (7.3) to Eq. (7.4)
along with Q=ra?U; and V,=Uj gives
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2
I: (%} cosfdé = cot ¢ (7.5)

From Egs. (7.1) and (7.5), we can solve for both S and r,, which are

S=acotg (7.6)

r, = a(—sm(é j (7.7)

1-cos¢cosé

If it is assumed that the flow at any angular position 6 is produced by a vertical jet impinging on
the surface, the flow rate of the vertical jet is Qy = 2mQp. From Egs. (7.3) and (7.7), the flow

rate can be expressed as

_ sin® ¢ 78
Q=0 (1—cos&cos ¢)2 (78)

The jet velocity is still Uj. The jet radius of the equivalent vertical jet corresponding to the
azimuthal position 6 can be found by dividing Eq. (7.8) by nU;.

HP
a;=a’ sin” ¢ - (7.9)
(1-cos@cosy)

Hence, the impingement region of an inclined circular jet can be modelled by that of a vertical jet

impinging on a horizontal surface whose radius and flow rate are a,and Q,, respectively.

7.4.1.2  Thin wall jet region

After the impingement region, the free jet flow changes direction and spreads out radially in a
very thin layer on the surface, i.e. thin wall jet region. The conservation of mass in the wall jet

region gives
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Q, h
=| udz 7.10
2rxr -[0 ( )

where u is the velocity profile in the thin film and h is the thickness of the thin wall jet. The flow
momentum in the thin wall jet per unit of circumferential length at the azimuthal position 6 is

expressed as
M’ = p_[ohuzdz (7.11)

If an inviscid jet flow is assumed, the conservation of energy requires u=U;. Thus, from Eqg.

(7.10) the thickness of the thin film can be expressed ash = % Substituting u and h into Eq.
T .
J
(7.11) gives
17 Q
M'=pU *h=pU, = (7.12)

Y 2nr
As for viscous jets, a boundary layer flow is considered for the flow outside the impingement
region. Watson’s solution is used to solve for the flow momentum as discussed in Chapters 2 and
4 [8]. Prior to the hydraulic jump, the thin wall jet is divided into two regions: before and after

the radius where the boundary layer reaches the free surface of the thin wall jet, i.e.

2
I = 0.1974% (see Figure 2.2b). Therefore, the flow momentum per unit of circumferential
L

length can be expressed as

2 2
M'=pU 2| 22064 [P | for rr, (7.13)
2r Q,
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3
M’ =0.00838 Py (7.13b)

0a) for r>r,
ur(r3+0.183”j
L

Also, following Watson’s theory, the thin wall jet thickness as a function of the radial and

angular positions can be expressed as

2
h :3.799QL£r3+0.183Q‘9iJ (7.14)
gl’ 19
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Figure 7.5. Angular distributions of different flow properties at a constant radial spacing of r=5 mm. Calculations

have been done using a water jet with the flow rate of Q=350 cm3/min and the nozzle inclination angle of $=50°.
To have a better picture of the angular distributions of the flow properties in the thin wall jet, in
Figure 7.5, the flow momentum M'and the film thickness h are plotted versus the angular
position 6. Additionally, the angular distributions of the flow rate Q, and the jet radius a, are

presented as well. Equations (7.8), (7.9), (7.13), and (7.14) are employed, at a constant radial
spacing of r=5 mm, to calculate the flow rate, the jet radius, the flow momentum, and the thin

wall jet thickness, respectively. A water jet with the flow rate of Q=350 cm®/min and the nozzle
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inclination angle of ¢=50° is considered for the calculations. All the calculated parameters are
then normalized by their maximum values, i.e. the maximum values of Q,, a,, and M'are at

0=0, and the maximum value of h is at 6=rn. The normalized data is plotted versus 0 in Figure
7.5. The angular distributions of the flow parameters will be used later on this chapter to explain

the phenomena observed with the interaction of two inclined impinging jets.
7.4.2 Double Inclined Jet Impingement

74.2.1 Geometric Relations

Two inclined jets impinging on a solid plate create two flow fields on the surface, which could
interact and generate a rising liquid sheet. The jets are placed on two parallel planes, which are
perpendicular to the impingement plate. Projected onto the surface, the two jet flows are in
opposite directions, as shown by the gray arrows in Figure 7.6a.

L . (a) AV
Jet flow direction projected . Jet #2

on the surface ™
“ Sy S (b)
272

» X ' u2
h |5 %™

Stagnation line -

Sx,p)=0

Jet #1
C S, S
22

Figure 7.6. Schematic of arbitrary streamlines colliding at the stagnation line, along with geometric parameters. (b)

A schematic of the thin wall jets colliding at the impact zone.
Taking the midpoint of the line connecting the two impairment points as the origin, their

impingement points are then located at (-%X—S?Yj and [%X%Yj A rising liquid sheet is
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formed, and the location of the rising sheet on the horizontal plate (also referred to as the
stagnation line) is f(x,y)=0. Figure 7.6a illustrates the schematic of two arbitrary streamlines
colliding at an arbitrary point (x,y) on the stagnation line. The geometric parameters shown in
Figure 7.6a can be expressed in terms of X, y, Sx, and Sy using the following relations. In all the
equations presented here, the subscript “1” and “2” are used to refer to the parameters associated

with jet #1 and jet #2, respectively.

s, Y s, \

rl_\/()H' 2 j +(y+_2j (7.153)
S Y (.S Y

I’Z—\/(X— 2 j +[y _ZJ (7.15b)

X+-—2
cosg, = —2 (7.16a)
h
Sx_
cos 6, =2 (7.16b)
r2

The angle that the streamlines make with the local normal to the stagnation line is denoted by y

and can be expressed as

6'l+y1:%—(7z—tan*1 y’) (7.17a)

0,+y, :%—(n—tan‘l y') (7.17b)

wherey’=dy/dxand the streamline angles 01 and 62 can be simply defined by

(S, /2)

y

LY+(S,12) -
(Sx /2)-x

and 6, =tan™ Thus, Eq. (7.17) is rewritten as
X+(Sy 12) ? 6 (7.17)

6, =tan
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S, 12)
Ctantv— " _tan y+(S, 7.18
Y T (5, 12) (7.182)
. L(S,12)-y
oty T gt (S /27 7.18b
7/2 an y 2 an (SX/Z)—X ( )

7.4.2.2  Stagnation Line — Theoretical Model

One may develop an analytical model to predict the location of the stagnation line by employing
the azimuthal distribution of the radial flow momentum presented in Eq. (7.13). This model
would establish the location of the stagnation line by balancing the rates of the flow momentum
in the opposing wall jets (per unit circumferential length) in a direction locally normal to the
stagnation line. If the wall jet flow momentum are balanced in the direction normal to the
stagnation line, the rising sheet does not acquire any momentum normal to the stagnation line.
As a result of the mentioned momentum balance, the rising sheet has to rise vertically (i.e. in a
plane perpendicular to the impingement plate, although a velocity component tangential to the
stagnation line is allowed). In other words, the mentioned momentum balance would fix the
stagnation line location such that a rising sheet normal to the impingement plate is established.
However, as observed in the experiments, the rising sheet is indeed inclined relative to the

impingement plate.

Contrary to the interaction between two identical vertical jets, with two bi-planar, inclined jets,
the stagnation line is not a symmetry line for the flow field formed on the surface anymore. As
seen in Figure 7.6a, the streamlines colliding at the stagnation line leave their parent stagnation

points with different angles (i.e. 01 and 60,). Therefore, due to the jet inclination and consequently
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the angular distribution of the flow properties (see Figure 7.5), the two thin wall jets colliding at
any point along the stagnation line exhibit unequal flow properties. For instance, the colliding
wall jets exhibit different film thicknesses at the interaction region (schematically shown in
Figure 7.6b). The mentioned dissimilarity of the opposing film thicknesses requires the balance
to be applied on an average over the film thicknesses of the wall jets. In other words, the location
of the stagnation line can be predicted by balancing the wall jet flow momentum per unit area of
the wall jets in a direction normal to the stagnation line. Here, the momentum per unit area of the
wall jet is called “momentum flux”, however, in some other references, the term “momentum
density” has been used for the momentum per unit area [88,90]. The momentum flux at the

azimuthal position 0 can be defined as
r _ 1,n 2
M —pﬁ.[o u“dz (7.19)

Thus, the momentum flux balance in a direction locally normal to the stagnation line can be
expressed as

M/cos? y, = M2 cos? 7, (7.20)

The implementation of this criterion results in an imbalance of the total wall jet flow momentum
at the stagnation line in a direction normal to the stagnation line. Consequently, the remaining
momentum appears in the rising sheet in a direction normal to the stagnation line. As a result, the
rising sheet is allowed to be inclined relative to the impingement surface (rises in a non-vertical

trajectory).
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The momentum flux (Eq. 7.19) can be estimated by considering a boundary layer flow for the
wall jet region. The Watson’s solution for viscous jets is employed and the momentum flux is

derived and expressed as

2 2 2 2
M"=pU 2| & 064 U2 | /|20 176 [PT% | for r<r, (7.21a)
lar Q, 2r Q,
~ PQ,
M " = 0.00221 L forr>r, (7.21b)
uz(r3+0.183Q""a9
19

With viscous jet flows, depending on the radial position r (whether r < rc or r > r¢), either Eq.

(7.21a) or (7.21b) is employed to determine M". The azimuthal distributions of the flow rate Q,.

and the jet radiusa,, are evaluated from Egs. (7.8) and (7.9), respectively. Consequently, a
solution for the stagnation line location, f (x,y) =0, can be obtained by substituting Eq. (7.21)

along with the geometric relations of Eqgs. (7.15), (7.16), and (7.18) into the momentum flux

balance of Eq. (7.20).

Derivation of the presented model results in an ordinary differential equation that needs to be
solved to find a relation f(x,y) =0 as the stagnation line location. The streamlines that are laid
on the line connecting the two stagnation points are the only pair of the colliding streamlines
with the same flow properties (i.e. they leave their parent stagnation points with the same angle
0,=0,=y, ). Asaresult, they collide exactly midway between the two stagnation points. This
point is picked as the origin for the theoretical analysis in Figure 7.6a. Hence, the origin (0, 0) is

chosen as the boundary condition. A numerical solution is developed in MATLAB to solve the
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obtained differential equation. The solution starts from the boundary condition set at the origin

and proceeds from this point with y' = 22- %1

X, =%

7.5 Experimental Results and Discussion
7.5.1 Single inclined jet

As mentioned in the experimental methodology, to verify the correctness of the measured
parameters, experiments are carried out using a single inclined jet. It was explained that the
impingement region of an inclined, circular, impinging jet can be modelled as the impingement
region of an equivalent vertical elliptic jet, with the jet radius of a,and the jet flow rate of Q,
(both functions of azimuthal position 0). Kate & Chakraborty in 2007 [58] employed the scaling
technique introduced by Bohr et al. [9] to predict the jump radius with respect to the azimuthal
position, R;(8), as follows
5/8

a’ sin’ ¢ ~3/8,,-1/8
R (4.0)=C| L U 7.22
i6:0) [2 (1-cos¢cosd)® ! vo9 (7.22)

where v is the fluid kinematic viscosity, and the constant C depends on the chosen velocity
profile for the thin wall jet. For a parabolic profile, for instance, C turns to be approximately

0.73. Values of C for higher-order velocity profiles are available in Ref. [58].

In Figure 7.7, three jet inclination angles with varied flow rates are tested using three different
working fluids (water, water-glycerol solution wt. 50%, and water-glycerol solution wt. 65%).

To examine the results, the experimental measurements of the hydraulic jump profiles are

139



compared to the results of Eq. (7.22). The theoretical results are shown with the solid lines. A

reasonable agreement is observed between the experimental results and the theory.
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Figure 7.7. Comparisons between the theory (Eq. 7.22) and the measured hydraulic jump profiles formed by single
inclined impinging jets. Solid lines represent the theory. (a) $=50°, water, (b) $=50°, water-glycerol wt. 50%, (c)
$=50°, water-glycerol wt. 65%, (d) $=70°, water-glycerol wt. 50%, (e) $=70°, water-glycerol wt. 65%, (f) $=40°,

water-glycerol wt. 50%.

As mentioned in the literature review, with vertical, free-surface jets, the spacing between the
nozzle exit and the target plate (Hjet - see Figure 7.3a) has been reported to have negligible
influence on the flow field formed on the surface [100]. However, with inclined jets, one would
expect that the gravitational effects may deflect the jet (i.e. change the angle ¢), and
consequently influence the flow field formed on the surface. Employing a kinematics analysis,
the following relation determines the jet deflection as a function of the jet velocity (U;), jet height

(Hjet), and the nozzle inclination angle with the horizontal plane (¢):
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[ (U Zsin? p+2gH,

P =tan”
U, cos¢

(7.23)

Here, ¢ is the new jet angle at the impact point on the surface (after deflection). From Eqg.

(7.23), it is inferred that the deflection increases as the drop height (Hjet) increases and/or the jet

velocity (U;) decreases. With the ranges of the flow rates and jet heights used in the present

¢s_¢

work, the deflection from the original nozzle angle (i.e.7x100) has been found to be less

than 1% and assumed to be negligible. Thus, the original nozzle angle ¢ is used for calculations.
In applications with high jet drops and/or low flow rates, the jet deflection must be taken into

consideration.
7.5.2 Double inclined jet impingement

75.2.1 General

The flow field formed by the interaction between two inclined jets impinging on a surface
generally depends on the jet inclination angles (¢), jet flow rates (Q), relative position of the jets,
and the fluid properties. As seen in Figures 7.1 and 7.2, the generated stagnation line is not a
straight line anymore, instead, exhibits a curvature. Also, the rising sheet formed at the
stagnation zone is no longer a vertical sheet. The rising sheet in this case is tilted towards the

closer stagnation point.

Figures 7.8a, b, and c show the rising sheet formed due to the interaction of two bi-planar

inclined jets with the jet inclination angles of ¢=70, 50, and 30 degrees, respectively.
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Additionally, the images taken from underneath the impingement plate are presented, which
show the stagnation line and the jump profiles formed on the surface. As mentioned in the
experimental methodology, to capture the underneath images, a light source was used right
above the impingement plate. The gray shade observed around the stagnation lines in the
underneath images of Figure 7.8 are the shadow of the tilted rising sheet on the surface. It is

clearly perceived that the rising sheet is tilted in two opposite directions.

Ve
Figure 7.8. Interaction of two inclined jets on a horizontal plate. Top row images: the formed rising sheet. Bottom

row images: underneath images of the flow field formed on the surface. (a) $=70°, (b) $=50°, (c) $=30".

Any point along the stagnation line is associated with the collision of two streamlines originating
from the parent stagnation points (see Figure 7.6a). These streamlines leave their parent
stagnation points with different angles (61 and 6. in Figure 7.6a). As a result, due to the angular
distribution of the flow momentum (Eqg. 7.13), at any point along the stagnation line (except the
center point — origin), the colliding streamlines carry unequal momentum. This results in a

momentum imbalance, as discussed in the theoretical analysis. The remaining momentum causes
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the inclination of the rising sheet. From Eq. (7.13), and as seen in Figure 7.5, the streamline that
leaves its parent stagnation point with a smaller angle obtains a larger flow momentum. As a

result, the rising sheet requires to be tilted towards the other wall jet, i.e. closer stagnation point.

At the origin (i.e. intersection of the stagnation line and the line connecting the two stagnation
points), since the colliding streamlines make equal angles (i.e. 6, =6, =y, ), the formed liquid

sheet at the origin rises normal to the plate. Further away from the origin along the stagnation
line, the rising sheet inclination angle increases. Also, it is observed that as the jet inclination
angle (¢) decreases, the tilt of the rising sheet increases. Other parameters such as the relative
position of the jets and the flow rate also make significant contributions to the tilt observed in the

rising sheet.

The discussion above reveals the importance of the angular distribution of the flow momentum.
It can be inferred that a change in the angular momentum distribution of the individual wall jets
could influence the location of the stagnation line. Here, the influences of different parameters on
the angular distribution of the flow momentum produced by a single, inclined impinging jet are
investigated. Parameters such as the jet inclination angle (¢), the flow rate (Q), and the fluid
kinematic viscosity (v) are examined and illustrated in Figure 7.9. To have a better comparison,
for each case, the calculated momentum distributions (at a constant radial position) are

normalized by their maximum values (at 6=0).

First, the nozzle inclination angle ¢ is examined. Figure 7.9a shows the normalized momentum

distributions for three different nozzle inclination angles, $=70, 50, and 30 degrees. Other
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parameters such as the flow rate and fluid properties are considered to be fixed. It is seen that the
change in the nozzle inclination angle impacts the momentum distribution, i.e. as ¢ decreases, a
narrower area in front of the jet obtains high momentum, and the momentum distribution
becomes sharper at small angular positions (68). On the other hand, at larger nozzle angles, the

momentum distribution is flatter over a larger a range of the angular positions.

Figure 7.9b demonstrates the momentum distribution for varied flow rates. The nozzle
inclination angle and the fluid properties are kept fixed. Compared to the case of the change in
the nozzle inclination angle, it is observed that the momentum distribution does not change
significantly with changing the flow rate from Q=200 cm®/min to Q=500 cm®min (the range of

the flow rate used in the present work).
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Figure 7.9. The normalized momentum distribution with the azimuth angle in the thin wall jet formed by an inclined
impinging jet. Values are calculated using Eq. (7.13b) at a constant radial spacing of 5mm from the stagnation point.
(a) varied nozzle inclination angles - water jets with Q=350 cm®/min, (b) varied jet flow rates — water jets with ,

$=50°, (c) varied fluid kinematic viscosities - Q= 350 cm3/min, ¢$=50".

The normalized momentum is also plotted versus the angular position 0 for varied fluid
kinematic viscosities in Figure 7.9c. The jet flow rate and the jet inclination angle are kept fixed

while changing the viscosity. It is observed that as the fluid viscosity increases, the high
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momentum area is concentrated in a narrower area in front of the jet, i.e. the momentum
distribution becomes sharper at small angular positions. This trend of change in the momentum
distribution is similar to that with different nozzle angles, i.e. increasing the viscosity alters the
momentum distribution in the same way as decreasing the nozzle inclination angle does. The

foregoing discussion will later be employed to analyze the location of the formed stagnation line.

7.5.2.2  Stagnation line

Figure 7.10 shows images of the flow field formed on the plate due to the interaction between
two inclined impinging jets. The images represent tests with three different jet inclination angles
(¢=30, 50, and 70 degrees), three different working liquids (water, and two water-glycerol
solutions wt. 50% and 65%), and varied flow rates and relative jet positions. The detailed test
conditions are explained in the caption of the figure. The stagnation line associated with each
image is measured and plotted in Figure 7.10g. For each test, the midpoint of the line connecting

the two stagnation points is picked as the origin, as illustrated on the inset of Figure 7.10g.

It is seen that, all the measured stagnation lines are symmetric with respect to the origin. In other
words, the intersection of the stagnation line and the line connecting the two stagnation points is
the point of symmetry. A close look at all the experimental data and images carried out in this
study reveals that the origin is not only the symmetry point for the stagnation line, but is also the
point of symmetry for the entire flow field formed on the surface. Hence, throughout this

dissertation, only the positive values on x-axis will be shown for the measured stagnation lines.
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x (mm)

Figure 7.10. Flow field formed on the target surface due to the interaction between two inclined impinging jets.
Photographs are from underneath the impingement plate. (a) $=70°, water, Q=300 cm®min, Sx=13.3 mm, Sy=4.2
mm, (b) $=70°, water-glycerol wt. 65%, Q=410 cm®/min, Sx=10.7 mm, Sy=4.7 mm, (c) ¢$=50°, water, Q=300
cm¥min, Sx=12.8 mm, Sy=3.5 mm, (d) $=50°, water- glycerol wt. 50%, Q=370 cm¥min, Sx=10.7 mm, Sy=4.7 mm,
(e) $=30°, water, Q=350 cm®/min, Sx=21.1 mm, Sy=7.3 mm, (f) $=30°, water-glycerol wt. 65%, Q=350 cm®/min,
Sx=8.2 mm, Sy=5 mm, (g) measured stagnation lines; inset demonstrates the coordinates used for the measurements.

7.5.2.3 Influence of jet inclination angle

Next, the influence of the jet inclination angle (¢) on the position of the stagnation line is studied.
For this purpose, all the test conditions were kept fixed and different nozzle inclination angles

were examined. Figure 7.11 plots the stagnation lines measured with water as the working fluid
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and a constant flow rate of Q=350 cm®/min. Experiments were carried out with three different
nozzle inclination angles of ¢=70, 50, and 30 degrees, while the relative position of the
stagnation points were kept fixed. Figures 7.11a and b represent experimental results of two
different relative positions. It is observed that with fixed test conditions, as the nozzle inclination
angle decreases, the formed stagnation line makes a smaller angle with the horizontal axis. In
other words, the stagnation line rotates counter-clockwise around the origin and becomes closer
to the horizontal axis. The change observed in the location of the stagnation line with the jet
inclination angle (¢) is attributed to the influence of ¢ on the angular distribution of the flow

momentum in the thin wall jets (see Figure 7.9b).
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Figure 7.11. Stagnation lines formed by water jets with the flow rate of Q=350 cm3/min, fixed jet relative positions
and varied nozzle inclination angles. (a) Sx=17.5 mm, Sy=9 mm, (b) Sx=13.5 mm, Sy=7 mm. The dashed lines

represent the theoretical results.

Along with the experimental data, the theoretical results using the presented model (Eq. 7.20) are
plotted as dashed lines in Figure 7.11a. It is seen that the theory predicts the stagnation line

corresponding to ¢=70° with a relatively good accuracy. As the nozzle inclination angle
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decreases, the discrepancy between the theoretical predictions and the experimental results
increases. Although the theory does not estimate the accurate location of the stagnation line

associated with small inclination angles, it predicts the trend of change observed in the location

of the stagnation line with the nozzle inclination angle.
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Figure 7.12. (a) Water, ¢=50°, Sx=9 mm, Sy=3.5 mm, (b) water-glycerol wt.65%, ¢= 70°, Sx=11.4 mm, Sy=6.4
mm, (c) water-glycerol wt.50%, ¢= 50°, Sx=18.2 mm, Sy=4.7 mm, (d) water, ¢=30°, Sx=21.2 mm, Sy=7.3 mm.

7.5.2.4  Influence of flow rate
Here, the influence of the flow rate on the location of the stagnation line is investigated. Varied

test conditions (specified by the nozzle inclination angle, jet relative positions, and working
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fluid) have been chosen and presented in Figure 7.12. For each test condition, different flow rates

were examined and the positions of the stagnation lines were measured and compared.

In Figure 7.12a, images of the flow field formed on the surface with varied flow rates are shown.
The images are associated with water jets with the nozzle inclination angle of $=50° and a fixed
relative position of Sx=9 mm, Sy=3.5 mm. The flow rate increases from Q=200 cm®min in
Figure 7.12al to Q=400 cm®min in Figure 7.12a5. The measured locations of these stagnation
lines are depicted in Figure 7.12a6. It is observed that all the stagnation lines fall on each other.
As the flow rate increases, the stagnation lines extend longer, which is due to the formation of

larger hydraulic jumps on the surface.

Figures 7.12b, ¢, and d each represents stagnation lines related to a different jet inclination angle
(=70, 50, 30 degrees), different working fluids (water, and two water-glycerol solutions wt.
50% and 65%), and different relative positions. The detailed test conditions are described in the
caption. In all the tests presented here, the stagnation lines exhibit an approximate independence
from the flow rate. Although, some discrepancy is observed at the distant points from the origin,
the data points associated with the positions where the two thin wall jets meet and collide fall on
each other. The stagnation line extends further as the flow rate increases. The discrepancy
observed in the data lines at distant points from the origin is associated with the area outside of
the collision zone of the two thin wall jets (i.e. the thin wall jet meets the thick liquid film on the
surface downstream of the neighbor hydraulic jump). Technically speaking, those data points are
not part of the stagnation line since the stagnation line is defined as the line formed by the

collision of two thin wall jets. Therefore, it is concluded that the stagnation line formed by the
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interaction of two inclined jets impinging on a surface is independent of the flow rate. As seen in
Figure 7.9b, the normalized angular distribution of the flow momentum is relatively independent
of the jet flow rate. This is responsible for the independence of the stagnation line location from

the flow rate observed in Figure 7.12.

In Figure 7.12c, the theoretical predictions determined using Eq. (7.20) are plotted along with the
experimental measurements. The working fluid is water-glycerol solution wt. 50% with varied
flow rates. The nozzle inclination angle is $=50° for this set of experiments. Although a
discrepancy is observed between the experimental and theoretical results, the theory indeed

predicts the independence of the stagnation line from the flow rate as well.

7.5.25 Influence of fluid viscosity

To have a better understanding of the phenomenon, three different working fluids have been
examined, i.e. water, and two different concentrations of water-glycerol solutions (i.e. wt. 50%
and 65%). The major difference between the properties of these three liquids is the viscosity
(they have approximately similar surface tension and density). Figures 7.13a, b, and c illustrate
the experimental results obtained by three different nozzle inclination angles ¢=70, 50, and 30
degrees, respectively. In order to study the influence of the fluid viscosity on the location of the
stagnation line, for each nozzle inclination angle, the relative position of the jets was kept fixed,
while different liquids were pumped through the test setup. Although it has been concluded in a
previous discussion that the stagnation line is independent of the flow rate (see Figure 7.12),

relatively similar flow rates were chosen using different fluids.

150



T T T T 0 T T T T 0 T T T T T
> (a) (b) v (c)
. N ] \
S . ) 3 1 2 i
Water-Glycerol
44 wit. 65%
= Water-Glyeerol| — ;\\ — 4] \‘\O\J\O\C i
§ 6 T~ Wi 50% —é €1 T "_';:
= I \n\j 3
=, > a
-84 ~ 4 ] v
NG~ - Water 6 g
----- Theoretical Predictions 44 1
01 —0— Water (Q=350 cnr' /min) T —O— Water (Q=350 cm'/min) ;
—O— Water-Glycerol wt. 50% (Q=370 (‘UI:-I}H'HJ —O— Water-Glycerol wit. 50% (Q=370 cm’fmin) O 8 O— Water (Q=350 cnr /min) a 4
-12 4 —— Water-Glycerol wi. 65% (Q=380 cm’/min) . -12 { —&— Water-Glycerol wt. 65% (Q=380 cm'/min) 4 O— Water-Glycerol wi. 65% (Q=380 cm'/min)
T T T T T T T T T T T T T
0 2 4 6 8 0 3 6 9 12 0 3 6 9 12 15 18
x (mm) x (mm) X (mm)

Figure 7.13. Stagnation lines formed by different working liquids, (a) $=70°, Sx=12 mm, and Sy=6 mm, (b) ¢$=50°,
Sx=11.5 mm, and Sy=4.5 mm, (b) $=30°, Sx=12.5 mm, and Sy=4.2 mm. Flow rates of Q=350, 3870, 380 cm3/min

are used for water, water-glycerol wt. 50%, and water-glycerol wt. 65%, respectively.

Two trends are observed in Figures 7.13a, b, and c. First, as the fluid viscosity increases the
stagnation line tends to make a smaller angle with the horizontal axis, i.e. rotates counter-
clockwise around the origin. This is attributed to the change in the angular momentum
distribution due to a change in the fluids viscosity. As discussed before, increasing the kinematic
viscosity influences the angular momentum distribution in the same way as decreasing the nozzle
inclination angle (¢) does (see Figures 7.9Figure 7.9a and c). Consequently, similarly to
decreasing the nozzle inclination angle (see Figure 7.11), as the viscosity increases, the
stagnation line rotates counter-clockwise around the origin. Therefore, it can be generally
concluded that if a parameter changes the angular distribution of the flow momentum in the wall
jet formed by a single inclined jet, it will influence the stagnation line formed by the interaction

of two bi-planar inclined jets.

The other trend observed in Figure 7.13 is that as the viscosity increases the stagnation line does
not extend as far (even though the experiments with more viscous fluids are conducted with

slightly higher flow rates). This could be attributed to the negative power of kinematic viscosity
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in Eq. (7.22). This indicates that an increase in the fluid viscosity leads to a decrease in the jump
radii. Consequently, shorter stagnation lines are formed with the interaction of more viscous

liquids.

The theoretical predictions (dashed lines) are also plotted along with the experimental results in
Figure 7.13a. Although a small discrepancy is observed between the predictions and the
experimental measurements, the theory successfully determines the influence of the fluid

viscosity on the stagnation line location.

7.5.2.6  Influence of jet-jet relative position

Generally, two groups of parameters are responsible for the flow characteristics formed on the
surface and eventually the location of the stagnation line. First, the parameters that influence the
angular distribution of the flow momentum in the thin wall jets (as discussed above). The other
group is associated with the geometric placement of the two jets, in other words, the relative
position of the jets. Jets relative position determines where and how the wall jets interact. In this
section, the influence of the relative position of the jets on the location of the stagnation line is
explored. First, the experimental observations are presented. In order to avoid messy looks of the

figures, the theoretical predictions are presented separately in Figure 7.18.

Since the jets are on two parallel planes, the relative position of the jets can be determined by Sx
and Sy defined as the spacing between the individual stagnation points in x and y directions,
respectively (as depicted in Figure 7.1b). First, experimental tests are conducted with different
working fluids and nozzle inclination angles for which Sy is kept fixed while Sx is changed. The

experimental results of the shape and location of the stagnation lines are presented in Figure
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7.14. It is observed that in all the tests with varied test conditions, as the spacing between the jets
in x-direction (Sx) decreases, the stagnation line rotates counter-clockwise around the point of
symmetry (origin). Thus, the stagnation line becomes closer to the horizontal axis. As mentioned
before, two uniplanar jets generate a stagnation line perpendicular to the line connecting the two

stagnation points (i.e. the stagnation line falls on the vertical axis). As the ratio S, /S, increases,

the stagnation lines approach the case of uniplanar jets.
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Figure 7.14. Stagnation lines formed with a fixed Sy and varied Sx, (a) water-glycerol wt.65%, ¢=70°, Q=410
cm®min, (b) water-glycerol wt.50%, ¢$=50°, Q=370 cm®/min, (b) water, $=30°, Q=350 cm®/min.

Experiments are also carried out where Sx is kept fixed and Sy is changed. The results of these
tests (plotted in Figure 7.15) reveal the significance of the spacing between the two parallel
planes where the individual jets are placed on. Figure 7.15 shows that as Sv increases, the angle

between the stagnation line and the horizontal axis reduces (i.e. stagnation line rotates counter-
clockwise around the origin). In other words, a decrease in Sy increases the ratio S, /S, , which
causes the stagnation line to approach the condition of the uniplanar jets (i.e. straight vertical
stagnation line). On the other hand, an increase in Sy reduces the ratio S, /S, , and the stagnation

line tends to become closer to the horizontal axis.
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Figure 7.15. Stagnation lines formed by a fixed Sx and varied Sy, (a) water-glycerol wt.50%, $=70°, Q=370
cm®/min, (b) water-glycerol wt.50%, ¢=50°, Q=370 cm®/min, (c) water, $=30°, Q=350 cm?/min.

75.2.6.1 Spacing defined by S, and v,

The relative position of the impinging jets can also be expressed by the relative angle (v, ) and

the relative spacing (S, ) between the two stagnation points defined as ,, =tan™ (g—Y] and
X

S, =+Sx°+S,” (see Figure 7.1b). Here, the effects of y,, and S on the stagnation lines

formed by two inclined jets are separately studied. Figure 7.16 shows the experimental data of

the stagnation lines obtained by a fixed relative angle (., ), while changing the relative spacing

(S, )- The working fluid is water and the flow rate is 350 cm*min in all the tests. Figures 7.16a,

b, and c represent the experimental data collected by the nozzle inclination angles of 70, 50, and

30 degrees, respectively.
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Figure 7.16. Measured stagnation lines formed by fixed wrel. and varied Srei.. The working fluid is water with flow
rate of Q=350 cm®/min (a) $=70°, (b) $=50°, (c) $=30".

In order to carry out the experiments with a constant v, , the position of one jet is kept fixed,

while the other jet is moved along a straight line radially spreading out from the stagnation point
of the fixed jet. The angle that the radial line makes with the horizontal axis is then the fixed
relative angle (v, ). For each nozzle inclination angle (¢), two different relative angles (v, )

are tested. The top row graphs in Figure 7.16 (denoted by “i””) represent a small relative angle,

and the bottom row graphs (denoted by “ii”’) demonstrate a larger relative angle.

Figure 7.16a-i, which represents the ¢=70° and v/, = 9°, shows that all the stagnation lines fall

on each other. It means that the location of the stagnation line does not change as the relative

spacing changes. However, with the same nozzle inclination angle but a larger relative angle of
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¥, = 28° (see Figure 7.16a-ii), the stagnation lines slightly deviate. It is seen that as the relative

spacing increases, the stagnation line tends to make a smaller angle with the horizontal axis. This
change in the location of the stagnation line with the relative spacing is more pronounced as the
nozzle inclination angle decreases. It is seen in Figure 7.16¢-i that even with a small relative
angle wre=10°, the stagnation line location moves towards the horizontal axis as the relative

spacing increases. The change observed in the location of the stagnation line with Srel. is clearly

substantial with larger relative angles w,,, as seen in Figure 7.16c-ii.

It can be concluded from Figure 7.16 that the dependency of the stagnation line location on the

relative spacing between the jets increases as the nozzle inclination angle (¢) decreases. At the

same time, the stagnation line is more sensitive to S, when the relative angle y, is larger.

rel.

Next step, experiments are conducted in which the relative spacing (Srei.) was kept fixed while
changing the relative angle between the jets ., . To implement this objective, one jet is kept
fixed, while the other jet is moved on the circumference of a circle whose center is set on the
stagnation point of the fixed jet. As a result, a constant spacing equal to the radius of the circle is
achieved with varied relative angles. Figures 7.17a, b, and c illustrate the experimental results
obtained with three different nozzle inclination angles, =70, 50, and 30 degrees, respectively.

The working fluid is water with a constant flow rate of Q=350 cm®/min.
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Figure 7.17. Measured stagnation lines formed by a fixed Sre.=13 mmand varied yrer.. The working fluid is water
with the flow rate of Q=350 cm®min (a) $=70°, (b) $=50°, (c) $=30".

It is seen in all three graphs of Figure 7.17 that as the relative angle increases, with a fixed Srel,
the stagnation line rotates counter-clockwise around the origin and becomes closer to the
horizontal axis. An increase in v, with a constant Srel. is equivalent to a decrease in Sx while
increasing Sy. As observed in Figures 7.14 and 7.15, both cause the stagnation line to move
towards the horizontal axis. It is worth-noting that the relative angle of ., = O represents the
uniplanar impinging jets and makes a straight stagnation line, which falls on the vertical axis.
Comparing Figures 7.17a, b, and c, it is seen that as the nozzle inclination angle decreases, with
approximately similar v, , the formed stagnation line makes a larger angle with the vertical
axis. Moreover, the relative spacing used in Figure 7.13 is Sre.=13 mm. As concluded from
Figure 7.16 and also observed in the experiments, setting a larger relative spacing causes the

stagnation lines to make a larger angle with the vertical axis (with the same relative angles used

in Figure 7.17).

As mentioned before, the theoretical results regarding the influence of the jets relative position

are plotted in Figure 7.18. Since comparisons of the theory and the experimental measurements
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for varied test conditions have been made several times throughout this chapter, in order to
prevent a messy look of the figures, the experimental and theoretical results are presented
separately. Figures 7.18a, b, c, d, and e are associated with the test conditions employed in
Figures 7.14c, 7.15b, 7.17a, 7.16a-i, and 7.16b-ii, respectively. It is seen that the presented
theory successfully predicts the influence of the relative position of the jets on the location of the

stagnation line.
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Figure 7.18. Theoretical results of the locations of the stagnation lines with varied jets relative positions, (a) water,
$=30°, Q=350 cm®min, (b) water-glycerol wt.50%, ¢$=50°, Q=370 cm®/min, (c) water, $=70°, Q=350 cm®/min, and
Sre =13 mm, (d) water, $=70°, Q=350 cm?/min, (e) water, $=50°, Q=350 cm®min.

7.6 Unequal Double Jet Impingement

The general description of the interaction between two unequal, vertical jets impinging on a

horizontal surface has been presented in Chapter 6. It was explained that the formed stagnation
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line is shifted closer to the weaker jet and exhibits a curvature. Additionally, the generated rising
sheet is curved and inclined towards the weaker jet. Due to the unequal strength of the parent
jets, the stream lines colliding at any point along the stagnation line exhibit different properties
(e.g. flow momentum, film thickness, velocity, etc.). Therefore, the momentum flux balance can
be applied to the colliding wall jets in order to predict the location and shape of the stagnation
line. Here, the geometric relations associated with the interaction of two unequal impinging jets

are presented.

Taking the stagnation point of the weaker jet as the origin, the impingement points of the
individual jets are then located at (0,0) and (S,0). A rising sheet is formed, and the location of

the stagnation line on the horizontal plate is f(x,y)=0. The geometric parameters shown in

Figure 7.19 can be expressed in terms of x, y, and S using the following relations. In all the
equations presented here, the subscripts “1” and “2” are used to refer to the parameters

associated with the weaker jet (jet #1) and the stronger jet (jet #2), respectively.

0 (0.0)
Jet #1

. Stagnation line

F@y)=0

Figure 7.19. Schematic of two arbitrary streamlines colliding at the stagnation line, along with the geometric

parameters
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=X +y° (7.244)

r,=4/(S- x)2 +y° (7.24b)
6, =tan™ (%) (7.25a)
0, = tan™ (s—ny (7.25b)

The angle that the streamlines make with the local normal to the stagnation line is denoted by »

and can be expressed as

=6 +%—tan’l y' (7.263)

7, =06, —%-F tany’ (7.26b)

where y'=dy/dx. A solution for the stagnation line location, f (x,y) =0, can be obtained by

substituting Eq. (7.21) along with the geometric relations of Eqgs. (7.24), (7.25), and (7.26) into

the momentum flux balance of Eqg. (7.20). In Eq. (7.21), for vertical jets, the azimuthal
distributions of the flow rate Q,, and the jet radius a, are simply substituted with the jet flow

rate Q and radius a, respectively.

As explained for the case of two inclined jets, derivation of the presented model results in a

differential equation that needs to be solved to find a relation f(x,y)=0 as the stagnation line
location. The intersection of the stagnation line and the line connecting the two stagnation points

(see (X,,0) in Figure 7.19) is picked as the boundary condition to solve the differential equation,
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and the solution proceeds from this point with y'=u. Since the line connecting the two

X, =X
stagnation points is the symmetry line for the formed flow field, the streamlines that fall on this

line are locally normal to the stagnation line (i.e. y, =y, =0). Thus, X, can be determined in a

general form using the following relation

2
{x13+0.183Qlal } 2
Wl __ A (7.27)
3 Q,a,° Py Qv
(S—X,)’ +0.183=2%
L,

Applying the present experimental conditions (i.e. jets with the same fluids, and nozzle sizes),

the EqQ. (7.27) is reduced to

vX+0183Qa> ( Q ]2 7,28

v(S—X,) +0.183Q,a> \Q,

A set of experiments with two unequal, vertical jets are carried out and the results of the
stagnation line locations are compared to the present theoretical predictions. The two jets
employed for the present set of experiments are similar in every aspects expect the flow rate, i.e.
they have the same nozzle size (d = 1 mm) and working fluid (water), with different flow rates.
Few images of the experiments have been shown in Figure 6.15. Figure 7.20a illustrates the
experimental results along with the theoretical predictions for a jet-to-jet spacing of S = 14.5
mm, where the larger flow rate remains fixed at Q=500 cm®/min and the smaller flow rate
changes from Q:=200 to 300 cm®/min. Similarly, Figure 7.20b represents the data with S = 11

mm and a fixed smaller flow rate of Q1=200 cm®/min and varied larger flow rate from Q2 = 300
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to 500 cm®/min. Since the line connecting the two stagnation points is the symmetry line for the
entire flow field, only the positive values on the y-axis is shown. It is seen that the presented

theory predicts the locations of the formed stagnation lines with a fairly good agreement.
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Figure 7.20. Comparison between the theoretical predictions and the experimental measurements of the stagnation
lines formed due to the interaction between two unequal jets. (a) S=14.5 mm , test #1: Q;=200 and Q=500 cm?min,
test #2: Q=250 and Q=500 cm?/min, test #3: Q1=300 and Q,=500 cm?min, (a) S=11 mm , test #1: Q;=200 and

Q>=300 cm®/min, test #2: Q;=200 and Q,=400 cm3/min, test #3: Q;=200 and Q,=500 cm®/min.

7.7 Summary

In the present chapter, the flow field formed by the interaction between two inclined jets was
experimentally and analytically studied. The study focused on two inclined jets that are placed
on two parallel planes, and their projected flow directions on the horizontal plate are in opposite
directions. The experimental observations revealed that the formed stagnation line in this case is

curved and the rising sheet is tilted in two opposite directions towards the closer jet. Also, the
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intersection of the stagnation line and the line connecting the parent stagnation points is the point

of symmetry for the flow field formed on the target surface.

The theoretical study started with the analysis of a single inclined jet. It was discussed that the
impingement region of an inclined jet can be modeled by the impingement region of a vertical jet
whose radius and flow rate are both functions of the azimuthal angle expressed by Egs. (7.8) and
(7.9). The flow field formed on the surface with an inclined impinging jet is no longer
axisymmetric, and the hydraulic jump is elliptic. Experiments with single inclined jets were
conducted, and the measured hydraulic jump profiles were compared to the results of the theory

presented by Kate & Chakraborty [58].

In a theoretical discussion, it was explained that the location of the stagnation line can be
estimated by solving a “momentum flux” balance in the opposing wall jets in a direction locally
normal to the stagnation line. Momentum flux is a term used to refer to the rate of the wall jet
flow momentum per unit area. The theory leads to a differential equation that needs to be

numerically solved.

An extensive experimental study was carried out to examine the influence of different
parameters on the location of the formed stagnation line. Parameters such as the jet inclination
angle, flow rate, fluid viscosity, and relative position of the jets were systematically examined. It
was discussed that two groups of parameters are mostly responsible for the flow characteristics
formed on the surface and eventually the location of the stagnation line. First, the parameters that

influence the angular distribution of the flow momentum in the thin wall jets, including the jet
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inclination angle and the fluid viscosity. The other group is associated with the geometric

placement of the two jets, in other words, the relative position of the jets.

It was observed that increasing the fluid viscosity impacts the angular distribution of the flow
momentum in the same way as decreasing the nozzle inclination angle does. As a result, they
both influence the location of the formed stagnation line in the same way. It was also observed
that the location of the stagnation line is independent of the jet flow rates. This was attributed to

the independence of the angular momentum distribution in the wall jet from the jet flow rate.

The presented theory was solved and the results were compared to the experimental
measurements. It was observed that the theory predicts the stagnation line location with fairly
good agreement when the jet inclination angle is relatively large. However, the theoretical
predictions deviate from the experimental measurements as the jet inclination angle decreases.
Although discrepancies were observed between the theoretical predictions and the experimental
measurements, the theory successfully determined the influences of different parameters on the

location of the formed stagnation line.
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Chapter 8 Summary, Conclusions, and Future Work

8.1 Summary

Over the past few decades, jet impingement has been an attractive cooling technique in a number
of industries such as the metal and drying industry, and also applications such as preventing
overheating, cooling turbine blades, and processing materials. Although jet impingement cooling
is characterized by low pressure drops, and also uniform thermal coverage over large surfaces
(through the use of jet arrays), the most attractive characteristic of jet impingement is rather its
relatively very high heat transfer coefficients. The impingement cooling approach also offers a
compact hardware arrangement, which also makes it an appropriate cooling technique for

electronic devices.

With such a broad application, the primary goal of the present thesis was to carry out an in-
depth study on the flow characteristics of an impinging jet, its interaction with a solid surface,
and also with a neighboring impinging jet. The circular hydraulic jump as a key feature of jet
impingement was further analyzed. A systematic Froude number analysis was conducted, and the
critical differences between circular jumps and open-channel jumps were highlighted. Moreover,
the interaction between two free-surface jets impinging on a target surface was studied in detail.
The fluid flow involved in the collision between two pre-jump liquid films was analytically and
experimentally analyzed. Different jet configurations (vertical/inclined jets) were examined in

the analysis.
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8.1.1 Hydraulic Jump with the Capillary Limit at the Edge

In Chapter 4, circular hydraulic jumps formed on target plates with free edges and the capillary
limit at the edge were studied. This is a commonly seen condition especially with low flow rates
or/and large plates. It was explained that in the case of plates with free edges, liquid does not
always flow off uniformly along the entire perimeter of the plate. Instead, if the flow rate is low
or/and the surface size is relatively large, the surface tension holds the liquid film along most of
the plate edge, and the liquid only falls from individual points at the edge. In this case, the jump

radius was experimentally observed to increase linearly with the flow rate. This trend is different

from the scaling law presented for the uniform edge flow that states R; o Q°® [9].

An analytical model was proposed to predict the location of the circular hydraulic jump with the
above-mentioned capillary limit condition. Based on the force-momentum analysis of two
control volumes, a system of equations was derived, which can be solved for the jump radius and
the post-jump film depth. The present study was different from the previous theoretical models
in which the post-jump film thickness was treated as a known parameter, or a uniform flow at the
edge of the plate was assumed. Experimental tests using water and a water-surfactant solution
were carried out to verify the proposed model. A good agreement was observed between the
theoretical predictions and the measured values of the jump radius. Both the theory and
experiments demonstrate the significance of surface tension for this type of hydraulic jumps (i.e.
circular jumps). Moreover, the assumption of considering a steep jump in the proposed theory
was further analyzed using the experimentally measured jump profiles. Although the gradual

jump was found to individually reduce the surface tension force and increase the hydrostatic
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force, the overall effect was shown to be small, and “steep jump” was a reasonable assumption in

the present theory.
8.1.2 Hydraulic Jump on Small Surfaces and a Froude Number Analysis

In most of the previous studies, the target plates considered for the analysis were mostly much
larger than the formed hydraulic jumps. In Chapter 5, a systematic experimental study was
conducted to examine the circular hydraulic jumps formed on small target plates, when the sizes
of the target plates are comparable to the sizes of the hydraulic jumps formed on them. It was
observed that with relatively low flow rates or/and large plates (i.e. the jump is far from the plate
edge), the hydraulic jump is only a function of the flow condition and independent of the plate

size.

However, on small plates or/and with high flow rates (i.e. the hydraulic jump approaches the
plate edge), the target plate influences the jJump, showing two interesting trends. One trend is that
the jump diameter grows with reducing the plate size. The other trend is that, on small plates, the
hydraulic jump becomes more sensitive to the change of the flow rate (i.e. the jump grows more
sharply with the flow rate). Both trends were observed to be related to the post-jump film depth,
which decreases with increasing the flow rate or/and decreasing the plate size. All these

observations were attributed to the reduction of the post-jump length on the target plate defied as

(Ds — D]-). It was experimentally observed that the influence of the plate size on the hydraulic
jump becomes significant when the non-dimensional post-jump length (i.e. (DS -D, )/DS) is
less than ~0.5.
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It was also explained that when the jump approaches the plate edge, the flow inertia becomes
significant in the post-jump region. This discussion was examined by analyzing the post-jump
Froude number, which demonstrated two trends with respect to the flow rate and the plate size.
First, when the jump is independent form the plate size (i.e large plate/low flow rates), the
Froude number maintains a constant value independent of the flow rate. However, the
experimental study revealed that, contrary to what Duchesne et al. [23] reported, the constant
value depends on the fluid properties and the jet diameter. Secondly, for small plates or high
flow rates, the post-jump Froude number increases with increasing the flow rate or/and
decreasing the plate size. The increase in the post-jump Froude number indicates that the flow

inertia becomes important in the post-jump region.

Moreover, contrary to the classical hydraulic jump, it was observed that despite the post-jump
Froude numbers being constant and independent of the flow rate, the pre-jump Froude number
changes with the flow rate. This was explained to be a result of the surface tension force at the
jump location. Through coupling the pre-jump and post-jump momentum functions, the
maximum possible post-jump Froude number and the minimum possible pre-jump Froude
number were theoretically derived. It was pointed out that depending on the pre-jump velocity
profile (1) and the surface tension force at the jump (Bo™1), the maximum possible post-jump
Froude number could be larger than unity. This indicates the possibility of obtaining a post-jump
flow with supercritical Froude numbers (Fr, > 1). The post-jump Froude numbers were
calculated for all the tests carried out for the present study, and a few tests exhibited the post-

jump Froude numbers higher than one, which verified the presented theory.
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8.1.3 Double Vertical Jet Impingement

Multiple jets have shown promising potentials for providing a strong, uniform cooling in high
heat flux applications. To better understand the physics and performance of an array of jets, an
in-depth understanding of the fluid dynamics involved in the interaction between the neighboring
jets is essential. Thus, the next objective of the present thesis was to experimentally and
analytically study the interaction between the flow fields formed on a horizontal plate due to

impingement of two neighboring jets.

In Chapter 6, the interaction between two identical, vertical impinging jets was studied. The
jump-jump interaction was experimentally explored and characterized as three types: far-distant
jumps, distant jumps, and adjacent jumps. The formed rising sheet as a result of the interaction
between two adjacent jumps was further studied. The breakup mechanism of the rising sheet was
investigated based on the experimental observations. The sheet patterns and breakup mechanisms
were categorized into two main regimes and six subregimes. The sheet breakup was observed to
occur through two principal mechanisms: aerodynamic waves and impact waves. It was
explained that with two jets impinging on a solid surface, there are two sources for the impact
waves; first, the waves that originate at the impact point of the free jet on the plate, and secondly,
the waves that originate due to the collision of the two wall jets at the stagnation line. It was
stated that due to these two sources of impact waves, the formed rising sheet is always ruffled,

even at low velocities.

An analytical model was also developed to predict the size and shape of the rising sheet. This

was achieved by determining the edge profile of the rising sheet through a balance between the
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capillary and momentum forces at the edge of the rising sheet. The results of the presented
theory were compared to the experimental measurements of the edge profiles obtained by three
different working fluids: water, water-glycerol solutions wt. 50% and 65%. It was discussed that
the presented theory is applicable to the rising sheets that are not experiencing severe breakup
modes. Due to the propagation of the disturbances along the sheet, the local balance at the edge
frequently breaks down and the liquid sheet breaks down before reaching its theoretical height.
Despite these uncertainties in the height of the rising sheet due to the existing disturbances, a

fairly good agreement was observed between the theory and the experimental measurements.

8.1.4 Double Inclined Jet Impingement

Impinging jets are not always used with a vertical orientation relative to the target plate.
Impinging jets with an inclined angle have been presented in varied applications due to either
limitations in the space or the nature of the application. Contrary to a single vertical jet
impingement, the flow field formed on a plate by the impingement of an inclined jet is no longer

axisymmetric, and thus, the formed hydraulic jump is elliptic.

In Chapter 7, the interaction between two inclined impinging jets was experimentally and
theoretically studied. The jets considered for this study were placed on two parallel planes, and
the projections of their flow directions on the target plate were in opposite directions. A detailed
description of the phenomenon was presented based on the experimental observations and the
theoretical analysis of a single inclined jet. In the case of inclined double jet impingement, it was
observed that the formed stagnation line due to the jump-jump interaction is curved, and the

rising sheet is tilted in two opposite directions towards the closer jet.
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In a theoretical discussion, it was explained that the location of the stagnation line can be
estimated by solving a “momentum flux” balance in the opposing wall jets in a direction locally
normal to stagnation line. As a result, an imbalance exists in the total flow momentum of the

wall jets, which causes the inclination of the rising sheet.

Through a systematic experimental study, it was discussed that two groups of parameters are
mostly responsible for the flow characteristics formed on the target surface, and consequently,
the location of the stagnation line. First, the parameters that alter the angular distribution of the
flow momentum in the thin wall jet of an individual jet, including the jet inclination angle and
the fluid viscosity. The other group is associated with the geometric placement of the two jets, in

other words, the relative position of the jets.

It was observed that increasing the fluid viscosity alters the angular distribution of flow
momentum in the same way as decreasing the nozzle inclination angle does. As a result, they
both influence the location of the formed stagnation line in the same way. It was also observed
that the location of the stagnation line is independent of the jet flow rates. This was attributed to

the independence of the angular momentum distribution in the wall jet from the jet flow rate.

The experimental measurements were also compared to the theoretical predictions. It was
observed that the proposed theory accurately predicts the stagnation line location when the jet
inclination angle is relatively large. However, as the jet inclination angle decreases, the
theoretical predictions deviate from the experimental measurements. Although discrepancies
were observed between the theoretical predictions and the experimental measurements, the

theory successfully predicted the effects of different parameters on the location of the formed
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stagnation line. In addition, it was shown that the presented theory is also able to predict the

location of the stagnation line formed by the interaction between two unequal, vertical jets.

8.2 Concluding Remarks

» A theory has been presented to predict the location of the circular hydraulic jump formed on
finite size surfaces with capillary limit at the edge.

» On small target plates, the circular hydraulic jump is not only a function of the jet flow
condition, but also a function of the target plate size.

» On large plates, in which the jump is independent of the target plate size, the post-jump
Froude number remains constant with the jet flow rate. However, the constant value depends
on the nozzle size and fluid viscosity and surface tension.

» Circular hydraulic jump differs from the classical theory of hydraulic jumps, due the
existence of surface tension effect.

» It has been analytically and experimentally showed that the post-jump Froude number, in the
case of circular hydraulic jumps, could be higher than unity.

» The rising sheet formed as a result of the interaction between two vertical jets was
categorized based on its breakup mechanism and patterns.

» An analytical model has been developed to predict the rising sheet edge profile.

» A theory has been presented to predict the location of the stagnation line formed as a result
of the interaction between two inclined jets, and also two unequal, vertical jets.

» Angular distribution of the flow momentum in the spreading thin film and also the relative

position of the jets are responsible for the location of the stagnation line.
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8.3 Recommendations for the Future Work

8.3.1 Double inclined jet impingement with varied configurations

The present work focused on the interaction between two inclined impinging jets, in which the
two jets are placed on two parallel planes with opposite flow directions. Two inclined jets can
exhibit different configurations. They could be on two planes that intersect with varied angles.
Also, the projected jet flow directions on the target plate could be in opposite direction or the
same directions. Each configuration will result in the observations of new, interesting flow fields.
As a recommendation for the future work, I would suggest to examine the interaction between
the flow fields formed by the impingement of two inclined jets with varied configurations. The
study can be carried out experimentally and theoretically. The author believes that the proposed
theory in the present work can be applied to any form of double inclined jet configuration, only

with using the modified forms of the geometric relations.

8.3.2 Thermal Analysis

As a promising cooling technique, the thermal analysis of jet impingement is an interesting topic
of research. Although there is an extensive literature available regarding the heat transfer and
thermal performance of jet impingement, inclined impinging jets have received little attention.
More importantly, to the best of the author’s knowledge, there is not any study available on the
thermal performance of double inclined impinging jets. Generally, as experimentally observed,

the interaction between two inclined impinging jets results in interesting fluid dynamics
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phenomena. Thus, one may expect to also observe interesting thermal performances due to the

impingement of two inclined jets with varied configurations.
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Appendices

APPENDIX A Detailed Derivation of the Surface Tension Force

To obtain the surface tension force F; (see Figure 4.4b), geometric details of the free surface
have been shown in Figure 4.5. The expression of the surface tension force will be derived here

based on Eq. (4.4), which is

F,=A0[c (K, +K,)(A-#)rdS (A1)

To determine the surface normal 7, we define the free surface as
J(r,z):z—é:(r) (A2)
which comes from the curve line z = &(r). The gradient of the curve in Cartesian coordinates is

vy s Yo s oy (A3)
0z or

The unit vector of the surface normal then can be expressed as

vJ 1. S

n= = zZ— r (A4)
|VJ| \/l+§'2 \/1+§!2

where ¢’ = d&/dr. Hence

fFe__ % (AS5)

The first principal curvature can be obtained by taking the divergence of the surface normal in

the Cartesian coordinates system, which is

_ (0, ,,0),_90] ¢&
K, = (zaz+rar]n w[@} (A6)
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For the other curvature K, that is orthogonal to K;, the radius is r/cosy, and cosy = —# - 1" (see

Fig. 5a). Thus,

-

1. .
K,=——n-r=—
r

v+ E”

where Eq. (A5) has been used.

(A7)

Substituting Egs. (A5), (A6), and (A7) into Eq. (A1) results in

ng—AﬁaJ‘{ 5'2,2+1i[ 5'2,2]}15 (A8)
| 1+&7 2dr\1+<

The total curvature can also be obtained by simply replacing the Cartesian divergence in Eq.

(A6) with the cylindrical divergence.

Replacing ¢'2 in the numerators with (1 + &2 — 1), we change Eq. (A8) to

which can be re-organized as

2
F=—A0o| S—[L L] T _|ds (A9)
< 2rdr\1+¢&

The differential length dS can be expressed as dS = \/ (dr)? + (d&)?. We define r’' = dr/dé¢.

As shown by Figure 4.5b, the outer film shape can be divided into three sections, which,

depending on how ¢ changes with 7, can be expressed by
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d_S_ Nrt+1

<r<
for R, <r<R,,

dr
a5 =1 for R, . <r<R, (A10)
d}" J,C S,C
/ 12
a5 _ _Nr 4l for R ,<r<R,
dr 7 ’

Applying Eq. (A10) to the integral term in Eq. (A9) gives

2
1d r_z ds
< 2rdr l+§’
l P27 r PRV s B e
j_ ’ 12 + J._d 12 _J._ ' d 2 (All)
& 2 rr r'+1 £, 2r \1+¢ R, 2 r'+1
T LR
rr R rr
= +7], -
' +1 R NS | 'y

where £’ = 0 for Rj . <1 < R; has been used.

Based on Figure 4.5b, the boundary conditions required for continuing Eq. (A11) are

r’(r:Rj):cot,Bj; r’(r:Rj’c):+oo; r’(r:RM):—oo; r'(r:RS):—Cotﬂs

Here f; is the slope angle at r = R;, and f3, is the contact angle at the disc edge. Applying the

above conditions to Eq. (A11), and then substituting Eq. (A11) into Eq. (A9), results in
F, =—0[S—(RS cos B, — R, cos/i‘j)]AH (A12)
If there is no jump, S =R;—R;, and B; = f; = 0. As a result, the surface tension force

vanishes. If we consider § = §; + (RS,C - Rj,c) + S, as shown by Figure 4.3b, Eq. (A12) can be

re-organized as
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F,=-0|S,~(R,.~R cos ,)+S,~(R,cos f,~R, ) |AO (A13)

(e

Eq. (A13) shows two components, one is the surface tension force at the jump, and the other

component is the surface tension force at the disc edge.
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APPENDIX B Detailed Derivation of the Viscous Friction Force

The analysis here focuses on the viscous force imposed by the disc on the post-jump film flow.
This analysis will result in Eq. (4.14). To be consistent with the assumption of axisymmetric
flow for the control volume analysis, here the flow in the post-jump region is assumed to be in
radial direction without considering the azimuthal flow. The post-jump film has been assumed as
a unidirectional flow with zero boundary layer right after jump at r = R; .. From R; . to R, ., the
velocity boundary layer grows. The free stream velocity, U,, has been given by Eq. (4.13). For
Rg. > R;., the governing equations in cylindrical coordinates with boundary layer
approximations are

o(ru) o(rw)

P + . =0 (Bl-a)
2

ug_hw%:ug_’;’ (B1-b)
v iz Z

where u and w are the velocity components in r and z directions, respectively, and v is the
kinematic viscosity of the fluid. The pressure term in Eq. (B1-b) has been dropped, which is a

valid approximation for large flat post-jump film with stable rim at the edge.

From R; . to Ry, the velocity boundary layer is assumed to never reach the free surface. The
film can be considered as semi-infinite with boundary conditions given by
w__,=0

i (B2)

zZ—0 0

=0
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This is a Blasius boundary layer problem for radial flow, and the boundary layer depth is

~[v (r—Rjc)/ Uo]l/z. The problem can be solved by introducing a stream function given by

12
(//:[gu(r—Rj)C)Uo} () (B3)

where f(n) is the similarity function with the similarity variable given by

1/2
2U(r -R j,c)
Substituting u = dy/dz and w = — dp/dr into Eq. (B1-b) gives
f!”+ﬁ!! — 0 (BS)

According to Eq. (B2), the boundary conditions for Eq. (B5) are

7(0)=7(0)=1

' (B6)
f (oo) =1
According to Schlichting & Gersten [102], it follows that f''(0) = 0.4696, which is

12
2v(r—R;
M 1 0ou =0.4696 (B7)
3U, U, oz|._,
Hence, the velocity gradient at the solid-fluid interface is
1/2

o =0.575U, _ Y% (B8)
0z, U(I”—Rj’c)

The viscous friction force projected to the central radial direction of the control volume is

rdrAQ (B9)
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where u is the dynamic viscosity of the fluid. Inserting Eq. (4.13) into Eq. (BS8), and then

substituting Eq. (BS8) into Eq. (B9), we have

3/2
12 0 12
F, =-0.383(pu) (W] (R,.-R,) (R, +2R, )AO (B10)
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