Controlled Spreading of Complex
Droplets
by
Maziyar Jalaal

B.Sc., University of Tabriz, 2009
M.A.Sc., The University of British Columbia, 2012

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY
in
The Faculty of Graduate and Postdoctoral Studies
(Mechanical Engineering)

THE UNIVERSITY OF BRITISH COLUMBIA
(Vancouver)
December 2016
c Maziyar Jalaal 2016

Abstract
The current thesis investigates the controlled spreading of droplets of complex fluids. This thesis makes four primary scientific contributions. Firstly,
we provide detailed theoretical analysis on spreading of yield stress fluids.
We employ lubrication theory, asymptotic solutions, and numerical simulations to explain the dynamics and final static shape of a viscoplastic droplet
on a solid horizontal surface. We show that the final radius of the droplet
becomes smaller with increasing the yield stress. Secondly, we provide experimental data to verify our theoretical solutions. In our experiments, we first
provide a method to eliminate the apparent slip of the yield stress fluid. The
method uses a chemical modification of glass surfaces to generate permanent positive charges, resulting in a no-slip boundary condition. We directly
observe the slip and no-slip of the Carbopol droplets, using a visualization
method based on confocal microscopy. We then perform shadowgraphy experiments to measure the final radius of the droplets under different conditions such as extruding and impacting droplets. We compare the theoretical
and experimental results and discuss the similarities and differences. Briefly,
the asymptotic solutions overestimates the experimental results (most likely
due to the assumption of a shallow layer), while numerical solutions are
much closer to the experimental outcomes. Thirdly, we provide a comprehensive rheological characterization of a particular thermo-responsive fluid,
Pluronic F127. We show that the aqueous solution of the polymer undergoes a sol(Newtonian)-gel(yield stress) transition upon heating. We further
characterize the properties of the gel in detail. Finally, we show one can
thermally trigger a thermo-responsive droplet to externally control the final
shape of the droplet on a surface. In short, the final radius of the droplet can
be controlled by heating the surface; for a given concentration, the larger
ii
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the surface temperature, the smaller the final shape of a droplet. In the
same part of the thesis, we introduce a novel experimental method based
on optical coherence tomography to identify the solidified region inside a
droplet.
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The vertical lines denote the final selection of Ξ. . . . . . . .

42

2.14 Numerical solutions for different ĥ∞ . a) Droplet shapes for
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A.5 Results for different ĥ∞ in planar geometry. a) Droplet shapes
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Chapter 1

Introduction
1.1

Motivation

Droplet impact and spreading on dry and wet surfaces occurs in a wide variety of industrial applications. Examples include, but not limited to, ink-jet
printing, spray coatings, diesel injections, crop spraying, and surface cooling. The problem of droplet spreading has a rich history dating back to early
experiments of Worthington [206] in the 1870s. Since then, a considerable
amount of effort has been devoted to the problem by researchers in different
areas of chemistry, physics, mathematics, and engineering. The majority
of these investigations has been dedicated to Newtonian liquids and a little
attention is paid to spreading of complex fluids that feature a yield stress.
The current thesis includes a series of investigations addressing the latter
gap. The thesis is primarily motivated by the following two main objectives:
1. Spreading of complex fluids occurs in various applications such as those
involving cosmetic products (skin creams, hair gels, toothpastes, etc.),
fire suppression materials, paints, some types of inks, foams, and some
types of foods like dairy products and liquid chocolate. Additionally,
the recent rapidly-growing 3D-printing industry uses inks with complex rheology e.g. molten plastics or even more recently hydro-gels for
bioprinters. Although, previous studies have presented theories and
experimental data describing large scale gravity-dominant flows, there
have been very few attempts to investigate these fluids at small scales,
where the effects of capillary forces are imperative.
2. In many of the applications mentioned above, e.g. for printing, which
require a high amount of precision in very limited spatial ranges, it
1
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is essential that droplet impact and spreading is not only fully understood but at best controllable. A number of methods have been
previously proposed to control the impact and spreading of droplets
(as will be reviewed in section 1.3). Nonetheless, much less attention
is paid to yield stress as a potential mean of control. Therefore, two
underlying questions remain unanswered: first, can one use the yield
stress to control the spreading of a droplet? Second, can we design a
system to actively (externally) control the spreading using viscoplastic
fluids?

1.2

Fundamentals of Wetting

Before giving information on viscoplastic fluids, in this section we provide a
brief overview on the basics of droplet spreading and wetting of Newtonian
fluids. The topic has been studied extensively and reviewed in several articles
and books. The readers are referred to the classic review by de Gennes [52]
and a more recent article of Bonn et al. [34] and the references therein.
Here, we only focus on the subjects that will be later discussed in the text.

1.2.1

Static Sessile Droplets

A droplet deposited on a solid surface will finally reach an equilibrium state.
This final shape depends on the physical properties of the materials (surface,
droplet, surrounding area) and also the volume of the droplet. Young [209]
found the relationship between the interfacial energies (or surface energies)
of the three phases:
σ2,S − σ1,S − σ1,2 cos α = 0,

(1.1)

where σ and α are the interfacial tension and the contact angle, respectively.
In equation 1.1, subscripts 1,2, and S denote the droplet, outer fluid, and
substrate, respectively (see figure 1.1).
Wetting is usually categorized in three classes. If 0 < α < 180◦ , the
situation is called partial wetting. In this condition, if α < 90◦ , the surface
2
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Figure 1.1: Static shape of a deposited droplet: a) partially wetted, b)
completely wetted, and c) dry surface.
is hydrophilic and if α > 90◦ , the surface is hydrophobic. If α = 0, the situation is called full (or complete) wetting and the equilibrium shape is a flat
thin film. In contrast, when α = 180◦ , the situation is named ”fully-dry”
and the droplet takes a spherical shape in the equilibrium state. In reality,
most of the fluid-solid combinations yield a partially wetting equilibrium
shape (e.g. a coffee drop on a plastic surface). A few cases, such as droplet
of silicone oil on glass, almost represent the complete wetting situations
[34, 190]. The fully-dry surfaces are extremely rare in nature and the case
of small mercury droplets on surfaces like glass seems to be an exception.
It should be noted that surfaces with very large (apparent) contact angles
(α > 150◦ ) are common (e.g. rain drops on lotus leaves). However, these
surfaces are not smooth and typically feature nano or micro structures that
significantly reduce the contact area of the liquid and solid [69] and subsequently result to a large macroscopic apparent contact angle (rather than
the equilibrium microscopic thermodynamic angle defined through Young’s
equation). These surfaces can also be made in the lab using nano or micro
fabrication techniques (see [120]).
Beside dry surfaces, pre-wetted substrates (in which the solid surface is
covered by a very thin film of a same liquid as the drop) are also of big
importance for several applications and have been broadly studied, e.g. [83,
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118, 200]. With the pre-wetted surfaces, although there is no direct contact
between the drop and the surface, if the thickness of the pre-wetted layer is
much smaller than the characteristic length of the droplet, the condition is
very similar to the case of full-wetting, where the microscopic contact angle
is zero but a finite macroscopic apparent contact angle exists.

1.2.2

Dynamics of Droplet Spreading

A droplet placed on a surface is typically far from its static equilibrium
shape. Therefore, it flows from its initial shape towards the final shape.
This hydrodynamic problem has been broadly investigated experimentally
and theoretically. Here, we focus on the complete wetting situation as the
majority of the theoretical parts of the thesis addresses this limit. If α =
0, on a dry surface, the droplet spreads until it reaches a film thickness
that is determined by the van der Waals forces [52]. It is shown that for
small droplets, when the gravity is negligible, the instantaneous shape of
the droplet is well approximated by the spherical cap formula. This occurs
when the capillary number (Ca = Ucl µ/σ, where Ucl is the contact line
speed, µ is the dynamic viscosity of the droplet, and σ = σ1,2 is the surface
tension) is as small as 10−5 to 10−3 . The small capillary number means that
viscous forces are small in comparison to the capillary forces at the scale of
the droplet size. With the spherical cap approximation, in the limit of thin
droplets, i.e. tan α = α, for a given volume of V, we arrive at:
R ∝ tn .

(1.2)

Voinov [198] theoretically found n = 1/10 and showed a good agreement
between equation 1.2 and some available experimental data. The relationship R ∼ t1/10 is typically called Tanner’s law due to the study of Tanner
[190] who also provided experimental validation of the relationship. More
experimental verification of the formula was later provided by Cazabat and
Cohen-Stuart[42]. It is also shown that for a spreading strip (2D drops) the
exponent changes to n = 1/7, as experimentally confirmed by McHale et al.
[137]. The Tanner’s law is valid when a droplet is solely spreading under
4
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capillary action. The situation becomes different when the size of the droplet
is large enough such that gravity is the driving force. This type of flow has
also been studied extensively. Among those, the study of Huppert [95], who
theoretically studied the gravity current of Newtonian liquids, is the best
known. He showed that balancing the gravity and viscous forces results in
n = 1/8 and n = 1/5 for axisymmetric and 2D spreading, respectively.
A Note on the Moving Contact Line Singularity
The hydrodynamics of a moving contact line can be explained by a corner flow, which has no characteristic length scale. One can define a local
Reynolds number based on the distance from the contact line, R. The value
of this Reynolds number is typically small since R is very small. This means
the inertia is not important in the neighborhood of the contact line. Additionally, the viscous stress in this region, scales like ∼ µUcl /R. Hence, the
shear stress diverges towards the contact line with a speed of R−1 . Huh
and Scriven [93] (also see Moffat [141]) studied the hydrodynamics of the
problem for the first time, solving the Stokes equations in a polar coordinate and famously concluded ”the total force exerted on the solid surface
is logarithmically infinite: not even Herakles could sink a solid if the physical model were entirely valid, which it is not”. The model is not entirely
valid because in reality, very close to the contact line, the macroscopic hydrodynamics depend on the microscopic details of the molecular interaction
of different phases. Several mechanisms have been proposed to remove the
singularity of the contact line, among those, Navier slip proposed by Huh
and Scriven [93], and a mesoscopic precursor film proposed by Hervert and
de Gennes [87] are the most common. These mechanisms, in fact introduce
a much smaller length scale in comparison with the droplet characteristic
length scale, to avoid the convergence of the shear stress.
Note, as shown previously by Tuck and Schwartz [196], and will be discussed later in the text, if the surface is pre-wetted (which also features
another small length scale), no singularity occurs at the edge of the droplet.
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1.3

Controlled Droplet Spreading

Our major understanding of the physics of impacting and spreading droplets,
comes from the past two decades, since high speed cameras allowed to accurately visualize the process. The impact of Newtonian droplets has been
studied broadly and is well documented in the review papers of Yarin [208]
and more recently Josserand and Thoroddsen [103]. The morphology of the
droplet upon impact depends on several parameters. On a dry solid surface, as shown by Rioboo et al. [164], for a given Newtonian droplet, the
morphologies can significantly change with changing the hydrophobicity of
the surface or the initial kinetic energy of the drop (impact velocity). For a
hydrophilic surface, increasing the impact velocity one can see a transition
from ”deposition” to ”splash”. If the surface is hydrophobic, one might see
a partial or full rebound of the droplet after the recoil. Similarly, if the
surface is wet and the droplet impacts a thin film, increasing the impact
velocity, one can see a transition from spreading to splash. In the current
thesis, we are mainly focusing on the regimes of low inertia (unless mentioned otherwise), where no splash occurs and the droplet slowly deposits
on the surface. In this limit, the final shape of a Newtonian droplet is controlled by its initial kinetic energy, substrate properties, viscous dissipation,
and the surface energy. The problem has been studied for several situations
using experiments, numerical simulations and analytical techniques [103].
As mentioned above, in several industrial applications, it is favourable
to control the impact and spreading of droplets on a (wet or dry) solid
surface. A first natural choice for this task, given the preceding discussion,
might be to change or modify the target surface. However, this is not always
possible depending on the application. For instance, in agrochemical sprays,
to reduce the amount of pesticides used, it is required that the droplet
spreads and sticks to the leaf surface [49]. This is similar to the case of paint
spraying of surfaces. In another example, for fire suppression it is required
that the foam spreads over a surface and sticks to it [32]. In printers, a
smaller footprint of the droplets means higher resolution and it is therefore
advantageous to control the size of the spreading drop. If changing the
6
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substrate is not an option, modifying the working fluid is an alternative.
In particular, there have been attempts to control droplet spreading by
endowing the fluid with a non-Newtonian rheology. In what follows, we
review these works.
Bergeron et al. [28] showed that a small amount of polyethylene oxide (PEO) in water can prevent the rebound of an impacting droplet on
a hydrophobic surface. They argued that the elongational viscosity of the
non-Newtonian fluid results in a larger resistance and consequently suppresses the rebound. For the same set of experiments, Smith and Bertola
[181] later showed that the network of polymer molecules at the contact line
is stretched, at the time the droplet is receding, and this will lead to the
retardation of the contact line and subsequently prevents the rebound. Similar results were obtained for the surfactant solutions [147, 208], where one
can avoid the droplet rebound of pure solvent by adding a small amount of
surfactant. For more detailed information we refer to the reviews of Bertola
[29] and Bergeron [27] on the impact of dilute polymeric solutions.
Very recently Boyer et al. [38] and Bertola and Haw [30] studied the
impact of shear thickening droplets, where it is shown that the droplets
of these materials go through a jamming process upon the impact which
suppresses the deformation.
A few recent studies have shown that the yield stress can be utilized to
control the flow. Examples include the suppression of multi-layer instabilities [91], controlling the object adhesion [68], controlling the displacement
flows [40], or natural convection [107]. There are also a few studies in which
the effectiveness of the yield stress in control of the droplet impact is shown.
For a better text flow, we leave the detailed review of the previous experimental and theoretical studies on viscoplastic droplets to the next two
chapters. Nevertheless, here, we will provide some fundamental information
on yield stress fluids.
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Viscoplastic Fluids

Viscoplastic or yield stress materials can behave like solids or fluids: if the
material is not adequately stressed it acts like a solid, but when the stress
exceeds a critical value, the material responds like a viscous fluid [16]. The
discontinuity at this so-called yield stress, τ0 , is in fact the signature of
viscoplastic fluids. The oldest and easiest constitutive laws to describe these
materials is the Bingham model [32]:


T=

τ0
µp +
γ̇


γ̇,

γ̇ = 0,

⇔
⇔

|τ | ≥ τ0 ,

(1.3)

|τ | < τ0 ,

where T and γ̇ are the stress and strain rate tensors, respectively. In equation 1.3, the yield stress τ0 is a scalar and µp is the plastic dynamic viscosity.
τ = ( 12 T : T)1/2 and γ̇ = ( 21 γ̇ : γ̇)1/2 , are the second invariants of the stress
and strain rate tensors, respectively. The Bingham model assumes that
when the stress is below the yield stress, the strain rate is zero (i.e. no local
deformation occurs). However, if the stress is above the yield stress, the
stress linearly depends on the strain rate: τ − τ0 = µp γ̇, where µp is the
plastic viscosity.
The majority of viscoplastic fluids exhibit a non-linear viscosity above
their yield stress [35], therefore a more realistic constitutive law that includes
this feature is the Herschel-Bulkley model [86] that satisfies:



τ0
n−1
T = K γ̇
+
γ̇,
γ̇

⇔

|τ | ≥ τ0 ,

γ̇ = 0,

⇔

|τ | < τ0 ,

(1.4)

where K and n are called consistency and flow indices, respectively. A fluid
is shear thinning for τ > τ0 if n < 1 and is shear thickening if n > 1.
The relationship of stress versus the shear rate for these two models are
schematically shown in figure 1.2.
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Figure 1.2: Stress-strain rate relationship for Newtonian and viscoplastic
fluids. HB stands for the Herschel-Bulkley model.
In comparison to a Bingham fluid, a Herschel-Bulkley fluid is only different in the plastic viscosity formulation and the way it treats the yielding
mechanism is the same. In fact, it further reduces to the Bingham plastic
when n = 1 (and K = µp ). Therefore, for problems in which the onset of
yielding or the final static shape is concerned, one expects the same results
from both models. Nevertheless, the dynamic characteristics might be different. This is also the same for the Casson model [121], another well-known
constitutive law that includes the effect of yield stress, but is less common.
As a final note, it should be mentioned that the existence of a real yield
stress has been debated for a long time in the community of soft condensed
matter physicist [35]. For many years, it was argued that the yield stress
is in fact a transition stress, where a sudden change in viscosity occurs and
the so-called un-yielded materials are high viscous fluids. The idea was
experimentally supported by the existence of a finite viscosity plateau (in
the acclaimed steady-state flow curves) at the limit of low strains or stresses
(see the review of Barnes [23] and the references inthere). Nonetheless, more
recently, using precise rheometers, it has been shown that the flows at low
shear rates are not always steady and the viscosities at this limit might
depend on the delay (measurement) time [142]. Moreover, more complex
phenomena such as shear banding and slip can occur at this limit [61],
which makes it even harder to interpret the results. Therefore, it is not yet
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fully agreed if yield stress is a material property or not. In any case, even if
the true yield stress does not exist, the huge time scale difference at low and
high strain rates allows us to (loosely) use models such as Bingham plastics.
In the majority of the present thesis, we model our viscoplastic fluid with
the Bingham constitutive law. Although simplified, the model still allows
us to study the key physical features we are mainly interested in.

1.5

Objectives and Outline of the Thesis

The current thesis concerns the spreading of viscoplastic fluids. We seek to
establish the practicality of using the yield stress as a tool to control the
deposition of droplets on a surface. Chapters 2 and 4 attempt to find the
shape of a deposited viscoplastic droplet. In chapter 5 we explore the rheology of a material that can be turned into a yield stress fluid with a thermal
trigger. Finally, chapter 6 shows how one can use these thermo-responsive
materials to externally control the shape of droplets on the surface. The
details are as follows
• Although the lubrication approximation has been used to formulate
simple models of free-surface viscoplastic fluids, the effects of surface
tension are not typically included and a general theory that predicts
the final shape of a droplet is yet to be presented. Chapter 2 theoretically explores the spreading (wetting) of a droplet of yield stress
fluid. We first outline a viscoplastic lubrication theory and provide
asymptotic solutions for the final shape of the droplet under different
physical limits. We then complement the asymptotic analysis with
numerical solutions of the full continuity and momentum equations.
• The available experimental data on spreading of viscoplastic droplets
under the influence of surface tension is also very limited. Therefore,
to be able to verify our theoretical investigations, we conduct experimental studies. In Chapter 3, we will first show that a viscoplastic
droplet can slips on a smooth surface. We then show how to avoid the
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apparent slip of the fluid on a smooth surface, using a chemical treatment. To detect the slip (and its removal), we present an experimental
technique, based on confocal microscopy, that visualizes the flow in the
vicinity of the surface. Chapter 4 provides experimental results on
spreading of a yield stress material. We provide shadowgraphy experiments to find the shape of the droplets. Results are compared with
the theory and the similarities and differences are discussed.
• We propose to exploit a ”smart” thermo-responsive polymer to design
a system in which we are able to externally control the final radius of
the droplet. The polymer undergoes a sol-gel transition upon heating. Nevertheless, the few available studies on the rheology of these
polymeric solutions contradict each other. Therefore, we provide comprehensive rheological experiments. Chapter 5 analyses the rheology
of aqueous solutions of Pluronic 127, a tri-block co-polymer. We will
show that the solutions turn into a viscoplastic fluid with a considerable yield stress. We will measure the rheological properties of the
solutions for different concentrations and provide experimental fits.
• Chapter 6 shows the practicality of using the thermo-responsive fluids in controlling droplet deposition. The thermo-responsive system
is a novel technique to control the spreading of the droplets. To understand the detail of the technique we required to visualize the gel
formation inside the droplets. Unfortunately, none of the available
experimental techniques were suitable for the visualization of the gel
formation inside the liquid. Therefore, in Chapter 6, we first present
a novel experimental technique based on optical coherence tomography, to identify the sol-gel transition inside the droplets. We then
show how in a simple, non-isothermal configuration, one can tune the
final shape of an extruding or impacting droplet of thermo-responsive
material.
• Chapter 7 provides the summary of the main contributions of the thesis, discusses the limitations and makes suggestions for future studies.
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Chapter 2

Spreading of Yield Stress
Droplets: Theory
2.1

Problem Description

The present chapter of the thesis focuses on the theory of spreading of a
single viscoplastic droplet over a thin film of the same material. Figure 2.1
shows a schematic picture of the current problem. A droplet of a nonequilibrium shape is placed on a thin film of thickness h∞ and spreads due to
the effects of surface tension and gravity. The fluid-air interface is represented with h(r, t). Here, we focus on axisymmetric droplets (in appendix
A, we present the corresponding results for planar (2D) droplets). The solid
surface underneath the film is horizontal and smooth. The existence of the
thin film provides a situation very similar to a complete wetting condition
and results in the non-existence of a genuine contact line (solid-fluid-fluid).
If the film thickness is small enough, an apparent contact line can be defined
on a macroscopic scale, where the bulk of the droplet merges with the thin
film. In the text, we call this area the edge of the droplet.
In a complete wetting situation, a droplet spreads due to the effects of
gravity and the capillary pressure that typically is maximized around the
contact line [52, 190]. In this situation, a Newtonian droplet spreads from
its initial shape to a final flat film. For a viscoplastic fluid, however, the
yield stress may lead to flow cessation and as a result a non-flat final shape.
One of the main goals of the current chapter is to find this final shape.
Our theoretical investigation has two major themes. First, we take an
analytical approach to analyse viscoplastic spreading under capillary and
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Figure 2.1: The geometry of the current problem. A droplet of a viscoplastic
fluid is spreading due to the surface tension and gravity. In the right, is a
magnified view of the edge of the contact line, where the droplet is advancing
into a thin film. y and r denote the axial symmetric and radial dimensions,
respectively.
gravity actions. For this task, we follow a conventional approach to viscoplastic flows with a free surface, employing a depth-averaged lubrication
model. Nonetheless, such model is associated with a number of limitations,
most importantly the assumption of shallow flow. Therefore, we also provide numerical simulations of the continuity and momentum equations with
a regularized constitutive law.

2.2

Literature on the Theory of Free-Surface
Viscoplastic Fluid Mechanics

The multiphase flow of viscoplastic fluids with a material interface is common in a rich variety of both natural phenomena and industrial applications.
Examples range from large-scale geophysical flows such as mudslides, lava
flows, snow and mud avalanches [7] to small-scale bio-printed tissues [110].
These types of flow might feature two different types of interfaces: the yield
surface, which is not a material interface and separates the yielded and unyielded regions inside the fluid; and the material interface that separates the
yield stress fluid from its surrounding medium. Here, we review some of the
important theoretical studies on viscoplastic flows with a free surface.
The majority of the available studies on free-surface viscoplastic flows
are on film flows, mostly motivated by geophysical applications (see the
review of Ancey [7]), where the physical length scales are large and yield
stress material spreads due to gravity. The other motivation are the two
13
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very simple rheometers: slump test [168] (common in the concrete industry)
and Bostwick consistometer [19] (common in the food industry), where the
shape of the slump allows estimating the yield stress.
The lubrication approximation is the most common technique to study
viscoplastic thin films ( The same method was used for Newtonian droplets
in the work of Ehrhard and Davis [66] and Hocking and Rivers [90]). Liu
and Mei [124, 125] used this method to model the shallow layer flow of
Bingham and Herschel-Bulkley fluids under gravity. Using the obtained
non-linear diffusion-type differential equation, they found the static shape of
the slump that corresponds to the threshold of the initial flow, where due to
the existence of the yield stress, these profiles can be of non-uniform depth.
They also solved the thin film equation using a finite difference method to
study the transient gravity currents. Balmforth et al. [13, 14, 18, 20, 21]
used the viscoplastic lubrication theory to solve the flow over horizontal or
inclined surfaces. They solved the slump problem for a fixed mass as well
as the growth of an extruded Bingham fluid through a small vent. Different
spreading scaling and the stoppage time and shape were obtained and the
problem was extended for a series of additional complications such as surface
topography and non-linear viscosity.
It should be mentioned that the comparison of the leading order lubrication theory with experiments usually leads to some discrepancy. In extrusion
slump-test, it is found that the shallow layer theory predicts a larger final
footprint in comparison with experimental observations [16], suggesting that
some of the assumptions in the theory might be invalid. Attempts to use
a model that avoids the shallow approximation for the problem of 2D viscoplastic dambreaks was made by Dubash et al. [65] and very recently by Liu
et al. [126]. They employed methods such as high-order thin film approximation, numerical simulations of the continuity and momentum equations,
and the slip-line theory [89, 150]. They showed that, in comparison with the
experimental results, the slip line theory over-estimates the final radius of
the runout. The results of the leading order theory compare more favourably
with the experiments, however, it still overestimates the majority of the experimental results. Numerical simulations, however, slightly underestimate
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the values of the final runout length obtained in the experiments. The results
of the high-order asymptotic solutions depends on the assumption made on
the state of the slump when it comes to rest. If the state is a horizontal
compression, results match the slip-line theory [65]. But, if the state is a
horizontal expansion, it becomes closer to the experiments as well as the
numerical simulations (for more details, see figure 16 in Liu et al. [126]).
The origin of these discrepancies still remains unknown; but it is suggested
that elasticity at low stresses, stresses in the cross-stream direction, surface
tension, and non-ideal material behaviour might be responsible [65, 126].
The studies mentioned above neglect the effects of surface tension, mostly
because the length scales are assumed to be big enough that gravity dominates the capillary effects. At smaller scales, however one can expect the
surface tension to be important. In fact, if the length scale becomes very
small (but still much bigger than the fluid’s micro-structure), one expects
the surface tension to become the dominating force. This limit, for instance
is valid in many 3D printing applications, when small droplets of paste
[10, 136] or gel [110, 119] are deposited on a surface.
The investigations on viscoplastic fluids under capillary action, however,
are rare. Few recent investigations studied thin viscoplastic films at this
limit. de Bruyn et al. [51] studied the fingering instability of a thin yield
stress sheet over an inclined surface. Through an approximation based on
Newtonian flow and not a direct stability analysis, they found the theoretical
fingering wave-length, which depends on the inclination angle and the yield
stress. Balmforth et al. [12] included the surface tension in their lubrication
approximation to study the same problem. They numerically solved the
thin film equations, where the Bingham constitutive law was regularized,
and it was shown that the solution converges to a limit if the regularization
parameter is small enough. They performed the linear stability analysis to
find the fingering patterns at the contact line and showed that the yield
stress has a stabilizing effect (as also was shown by de Bruyn et al. [51]).
Other (less) relevant theoretical studies are the works of Balmforth et al.
[15, 22] on filaments of viscoplastic fluids. They studied slender axisymmetric threads of a Herschel-Bulkley fluid incorporating the effects of inertia,
15
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yield stress, gravity, and surface tension. The condition that results in yielding and eventually thinning was found. When pinch-off happens, the necking
process, where the surface tension is dominating, is similar to power-law fluids. However, the existence of the yield stress results in a shorter necking
length and an elongated drop. This occurs because, the capillary pressure
cannot overcome the yield stress to deform the interface (as it does in the
Newtonian limit, resulting in a spherical droplet). If the yield stress was
very large (plasticity dominated), it was shown that the shape of the drop
was not unique and depended on the history of the formation.
The main goal of this chapter is to advance our knowledge on viscoplastic
free-surface flows when capillary forces are important. In our study, we
employ numerical and asymptotic methods.

2.3

Viscoplastic Lubrication

To obtain the equations in the lubrication limit, we use a similar nondimensionalization as presented in Balmforth and Craster [17] and Liu and
Mei [125]. Consider a thin droplet of an incompressible fluid in cylindrical
coordinates (r, θ, y). Ignoring the angular velocity, the conservation of mass
and momentum leads to,
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(2.1)



(2.2)

where τij denote the deviatoric stresses. u and v are the radial and normal
velocity components, respectively. t is time, p is pressure, g is the acceleration of gravity, and ρ is the fluid density.
Consider H and L as the vertical and horizontal length scales, respec-
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tively. For a shallow flow we have:
 = H/L  1.

(2.3)

Let U be the characteristic velocity in the horizontal direction (u = U ū).
From equation 2.1, we see v = v̄U H/L. We also measure time as t = t̄L/U
and pressure as p = p̄ρgH. Dropping the decorations, we find the nondimensionalized equations as,
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(2.4)

The Reynolds number, Re = ρU L/µ is taken to be O(1), where µ is the
dynamic viscosity. Ignoring the terms of O() and higher, in dimensionaless
form, we finally reach the leading order momentum equation as:
pr = τy ,

py = −1,

(2.5)

where τ is the shear stress in the ry-plane and the subscripts denote the
derivatives.
The pressure jump at the free surface h(x, t), is proportional to the
curvature of the interface. Therefore, in the leading order lubrication limit
we have:
τ (h(x), t) = 0,

and

p(h(x), t) + S∇2 h = 0,

(2.6)

where S = σH 3 /µU L3 is the inverse Capillary number. Note, in all of our
calculations, the surface tension σ is constant. The interface is also subjected
to the kinematic boundary condition:
ht + uhx = v.

(2.7)
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From equations 2.5 and 2.6, we have:
p + S∇2 h − h + y = 0,

and

τ + pr (h − y) = 0.

(2.8)

We model the rheology of the viscoplastic droplet using the Bingham
law. In non-dimensional form (from equation 1.3, with only considering the
horizontal direction, i.e. r-y plane) we have:

τ = uy + J sgn(uy ),

|τ | ≥ J ,

uy = 0,

|τ | < J ,

(2.9)

where, J = τ0 L3 /σH 2 . We impose the no-slip boundary condition at the
substrate:
u = v = 0.

(2.10)

Hence, the magnitude of the stress, |τ |, decreases linearly from the solid
surface to zero at the interface. Therefore, there will be a yield surface (or
line), Y (x, t), where the stress value is equal to the yield stress:


J
Y = MAX 0, h −
|pr |


.

(2.11)

Note, if h < J /|pr |, the plug occupies the entire film, i.e. the surface
tension or the gravitational forces are not sufficient to yield the fluid at all.
This is of particular relevance at the pre-wetted film, where h = h∞ , and
therefore we expect a stagnant region ahead of the edge of the droplet.
We integrate the continuity equation in depth and applying the kinematic boundary condition (equation 2.7), to obtain the mass balance equation:
ht + ∇ · Q = 0.

(2.12)

Where,
Z
Q=

h

udy =
0

−pr 2
Y (3h − Y ).
6

(2.13)
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Figure 2.2: Anatomy of a viscoplastic free surface flow. The no slip boundary
condition on the bottom results in a maximized shear stress. The free surface
is stress free. At y = Y (x, t) the stress is equal to the yield stress. Below
this line the fluid is yielded and above it a plug-like region is formed.
From equations 2.12 and 2.13, eventually, we arrive at the viscoplastic
thin film evolution equations:

1
ht =
6r




1
2
r B hr + hr − hrr − r hrrr Y (3h − Y ) ,
r
r

(2.14)

where,

pr = B hr +


1
1
h
−
h
−
h
r
rr
rrr ,
r2
r

(2.15)

τ0 L3
,
σH 2

(2.16)

and,
B=

ρgL2
,
σ

and

J =

are the governing non-dimensional groups. In equation 2.16, B is a Bond
number scaling the gravitational and surface tension forces. Also J is a
non-dimensional group that compares the yield stress and surface tension
forces. Note, J = Ca × Bi × (L/H)2 is in fact a combination of Capillary
number Ca = µV /σ, Bingham number Bi = τ0 L/µV , and aspect ratio
(L/H). Also note that the parameter J appears only implicitly through
the relation 2.11 above. The thin film equation obtained above (equation
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2.14) further reduces to the standard Newtonian equations of Eherhard and
Davis [66], if we set J = 0, in which case Y = h.
Inspecting equation 2.14, one can see the diffusive terms might vanish if
h → 0 for the Newtonian case (when J = 0 i.e. Y = h) or Y → 0 in general.
The existence of the pre-wetted film (h → h∞ ) automatically removes the
zero diffusivity for the Newtonian situation. For the viscoplastic problem,
however, the effective diffusivity is Y 2 (3h − Y ) /6 and may still vanish for
finite h but when Y → 0. To avoid this, in our numerical simulations, we
regularize the constitutive law:


J
Y = MAX Y∞ , h −
,
|pr |

(2.17)

where, Y∞  h∞ (also see [12]).
The model in 2.14 and 2.15 is equivalent to that derived in Balmforth
et al [12], except that a different non-dimensionalization is used here and,
rather than studying the fingering instability of a planar contact line advancing down an inclined plane, we study the axisymmetric spreading of a
droplet.
A note on the ”consistency”
Lipscomb and Denn [123] proposed that such theory presented here is ”inconsistent” in a sense that Bingham fluids cannot contain yield surfaces in
complex geometries like the current one, hence the lubrication approximation is not applicable for Bingham fluids. This, however, later has been
proven not correct, where using the high order terms, one can see the stress
within the plugs is slightly above the yield stress. Therefore the plugs are
weakly deforming [17, 162]. The region we call plug is sometimes named
pseudoplugs and the surface we call the yield surface, according to the leading order solution, is named fake yield surface, to highlight this feature. The
present theory is, therefore, self-consistent.
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2.4

Numerical Solution of the Thin Film
Equation

2.4.1

Method

Here we numerically solve the thin film equation. Note, we later solve the full
Navier-Stokes equations in section 2.6. We refer to the latter as numerical
simulations. We used a second order central finite difference method to solve
the thin film equations. We reform the evolution equation as,
ht =

1
(Q)r ,
6r

with Q = rpr Y 2 (3h − Y ).

(2.18)

The domain Ω = [0, L] is discretized into intervals of length ∆r and the time
derivatives obtained using the flux on the staggered grids:

hti =

Qi+ 1 − Qi− 1
2

2

6 ∆r ri

(2.19)

.

For i ∈ [2, N ], where N is the number of the grids, the derivatives were
approximated as,

hi+1/2 ≈ (hi + hi+1 )/2,
hri+ 1 ≈ (hi − hi+1 )/∆r,
2

(2.20)

hrri+ 1 ≈ (hi+2 − hi+1 − hi + hi−1 )/2(∆r)2 ,
2

hrrri+ 1 ≈ (hi+2 − 3hi+1 + 3hi − hi−1 )/(∆r)3 ,
2

for Qi+ 1 . Similarly, the derivatives were calculated for Qi− 1 . Note that
2

2

special care is required for the center of the droplet, i.e. r ∼ 0. At the
centre, because of symmetry we have,
hr (r = 0) = 0.

(2.21)
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The symmetry boundary condition yields a finite pr , as one can see through
a Taylor expansion of the derivative terms in equation 2.18. Therefore, to
have a finite ht at the centre, from equation 2.18, we must have,
Q ∼ r2 Q∗ ⇒ Y 2 ∼ O(r),

(2.22)

r→0

r→0

where, Q∗ is a constant. Eventually from equation 2.19 we arrive to our
other boundary condition at the centre:

ht =

r→0

8Qi+1/2
.
6(∆r)2

(2.23)

The system of differential equations (cf. equation 2.19) were solved using
the Matlab ode15s integrator. The initial condition for all simulations was:
h = MAX 0, 1 − r2

3

∪

h∞ ,

∀r ∈ Ω,

(2.24)

where the third order power was used to smooth the initial interface at
the edge of the droplet. For the range of parameters used here, the initial
conditions resulted in a complete yielding at the beginning. We performed
the simulations for a range of grid numbers (N ) to ensure that the results do
not depend on the grid numbers. It was found that for a domain length of
L = 5, the bulk of the droplet interface (and therefore its macroscopic radius)
is almost independent of the grid numbers for N > 200. Nevertheless, to
resolve the small features at the edge of the droplet (as will be shown in the
next section), one might require a higher number of grids.

2.4.2

Results

Newtonian Droplets
We start the numerical results with solving the Newtonian problem. For a
Newtonian fluid, Y = h and therefore the evolution equation reduces to:
1
ht =
3r


 
1
r B hr + hr − hrr − r hrrr h3 .
r
r

(2.25)
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Figure 2.3: Numerical solution of the Newtonian thin film equations. Results
are shown for a) B = 0, b) B = 2, c) B = 5. Blue lines in all panels
demonstrate the time of t = [250, 2000] with an interval ∆t = 250. The
inset in panel a illustrates a magnified view of the edge of the droplet at
t = 500. The thickness of the pre-wetted film was fixed at h∞ = 0.001 in all
solutions.
We apply the finite difference method presented in section 2.4.1 to solve the
governing equations. Figure 2.3 shows a number of solutions.
Droplets spread (after a quick adjustment from the initial condition) due
to the capillary pressure that is maximized at the edge as well as gravity (if
B 6= 0). As shown in figure 2.3, with increasing the effect of gravity (larger
B number), the droplet becomes flatter due to the hydrostatic pressure. The
droplet radius (R in figure 2.4) was obtained from the numerical solutions,
where R is defined as the radial position of the interface slightly above the
pre-wetted film (h = 1.15 × h∞ ).
Without gravity, when droplets are only spreading due to the surface
tension effects, the growth scaling is R ∼ t1/10 , as previously predicted by
Tanner [190]. Increasing the effect of gravity, leads to another spreading law
in the limit of high B numbers where R ∼ t1/8 , as predicted by Huppert
[95].
One of the interesting features of the Newtonian solution is the damping
oscillation at the edge of the droplet as shown in panel a of figure 2.3. There
is no h = 0 solution in the domain, due to the existence of the pre-wetted
region and the interface oscillates with a constant wave-length towards the
end of the domain (it never dies until the numerical resolution becomes
23

2.4. Numerical Solution of the Thin Film Equation

2

1
0

2

10

10

3

10

Figure 2.4: Radius of Newtonian droplets versus time for axisymmetric
droplets with different B numbers of 0, 1, 5, and 10.
insufficient). To make it clearer, in figure 2.5 we show a typical Newtonian
interface in addition to the magnitude of the third order derivative, hrrr .
In figure 2.5, although the interface oscillation is hard to see, the oscillatory behaviour of the third derivative (due to the interface oscillations)
is more obvious. The oscillations gradually decay in amplitude with the
lowest interface position being hmin = 0.831h∞ . This value was previously
reported to be 0.8215 (Tuck and Schwartz [196]) and 0.825 (Tanner [190])
for the Newtonian moving contact line.
Before moving to the viscoplastic droplets, it is instructive to quickly
analyze the origin of the observed oscillation for the Newtonian droplets.
Consider the edge of the droplet. Stretching the domain with ζ = (r −
R(t))/δ for the leading order we can write:
3δ 3 Ṙhζ = {h3 hζζζ }ζ ,

(2.26)

where we assume at the edge of the droplet, gravity is ignored and the
radius dependent terms in the axisymmetric geometry are small. Normalizing with the height of the pre-wetted film (G = h/h∞ ), with the choice of
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Figure 2.5: Shape of a Newtonian droplet (red dashed lines) as well as the
magnitude of the third order derivative |hrrr | for B = 0 in an axisymmetric
domain. N = 3000, h∞ = 0.001, and t = 500.
δ = (h3∞ /3Ṙ)1/3 we arrive to a ”Landau-Levich type” equation as,
Gζ = {G 3 Gζζζ }ζ .

(2.27)

Integrating the equation above and using the boundary condition on the
right, G(+∞) → 1, results in
Gζζζ = G −2 − G −3 .

(2.28)

Equation 2.28 does not allow for a closed form solution, but one can assume
G = 1 + χ(ζ) (where χ  1) to find:
χζζζ = χ,
(2.29)
√
√
with solution of χ = C1 eζ +C2 e−ζ/2 sin( 3/2ζ)+C3 e−ζ/2 cos( 3/2ζ), where
C1 to C3 are constants. To satisfy the conditions at the right, G(ζ → +∞) →
1, the constant C1 must be zero. Hence we have,
√
√
√
G = 1 + C2 e−ζ/2 sin( 3/2ζ) + C3 e−ζ/2 cos( 3/2ζ) ≡ 1 + Ce−ζ/2 cos( 3/2ζ),
(2.30)
where, C is a constant and one of the harmonic solutions has been eliminated
due to the free choice of the origin. This linearised solution oscillates with
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ζ and decays to G = 1, but never vanishes. This is similar to the oscillation
of the Landau-Levich [170] film when the relative velocity between the film
and plate is negative [205].
Viscoplastic Droplets
A similar numerical technique is used to solve the spreading of viscoplastic
fluids. We study the effects of yield stress and gravity by solving for a range
of the J as well as B numbers. Figure 2.6 shows the effect of J number on
the evolution of an axisymmetric spreading droplet, when gravity is absent,
i.e B = 0.
Without gravity, the droplet spreads due to the capillary pressure. If
J = 0, the fluid is Newtonian and spreads until it becomes flat (as explained previously). Adding a small value of J , however, changes the dynamics. Now, the droplet spreads until the plasticity dominates. This can
be observed in figure 2.6, where Y (r) becomes smaller over time, approaching zero. The whole droplet becomes plugged when Y → 0 and the final
shape is reached. The larger the J value, the smaller the radius of the final
shape is, and the droplet reaches the final shape faster.
Using the present numerical method, we can also study the effect of
gravity on the spreading of a viscoplastic droplets. Figure 2.7 shows the
effect of B on the evolution of a viscoplastic droplet with J = 0.1.
When B 6= 0, the yield stress competes with two driving mechanism,
capillary and gravity pressures. Similar to the Newtonian droplet, increasing
the B number results in a flatter interfaces. Finally, when the the yield stress
dominates (Y → 0), the droplet approach a final shape and if gravity is big
enough, it freezes in a flattened shape.
The radial growth of the droplets shown in figures 2.6 and 2.7 are presented in figure 2.8.
As discussed before and seen in figure 2.8, in contrast to a Newtonian
droplet in a complete wetting case, a viscoplastic droplet converges to a final
shape over time, when the yield stress becomes dominant. In the absence
of gravity and yield stress, the droplet is Newtonian and grows according to
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Figure 2.6: Effect of J on the spreading of an axisymmetric droplet: a)
J = 0, b) J = 0.05, c) J = 0.1, d) J = 0.2. Gravity is ignored in all
simulations, i.e. B = 0. Red solid lines denote the droplet surface, h.
Dashed blue lines show the yield surface, Y . Results in each panel represent
t = 1, 10, 100, 1000 and 2000. h∞ = 0.001 in all solutions.
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Figure 2.7: Effect of B on the spreading of a viscoplastic droplet with J =
0.1: a) B = 0, b)B = 3, c) B = 10, d) B = 20. Red solid lines denote the
droplet interface, h. Dashed blue lines show the yield surface, Y . Results
in each panel represent t = 1, 10, 100, 1000 and 2000. h∞ = 0.001 in all
solutions.
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Figure 2.8: The position of the edge of the droplet over time. a) J =
0, 0.05, 0.1, 0.2 where B = 0 and b) B = 0, 3, 10, 20 where J = 0.1. h∞ =
0.001 in all the solutions.
the Tanner’s spreading Law. The radius of viscoplastic droplets, however,
quickly diverges from this scaling and decelerates toward a constant final
finite value. With the presence of gravity, for a given J number, the larger
the B number, the larger the final radius of the droplet is. If the relative
influence of gravity is large enough, the radial growth behaviour approaches
the Huppert’s spreading law at the early stages (after a quick adjustment
from the initial shape) but rapidly diverges from it, approaching a final
static shape.
Interestingly, we again see the interface oscillation at the edge of the
droplet. The oscillations not only appear at the moving edge, but the final
shape also features an oscillating interface at this region. However, it seems
that the characteristics of these film thickness oscillations for a viscoplastic
fluids is very different. In contrast to the Newtonian fluids, where the oscillations decayed in radial direction with a constant wavelength and never
vanished, the wavelengths (as well as the amplitudes) of oscillation of viscoplastic fluids seem to be rapidly decreasing, and vanishing not far from
the edge of the droplet. This created small interfacial features at the area
close to the edge of the droplet. The quality of the numerical simulation in
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Figure 2.9: Final shape of two axisymmetric viscoplastic droplets for a)
J = 0.05, and b) J = 0.1. The red solid lines denote the droplet interface.
The dashed-dot black and dashed blue lines denote the first and second
derivatives, respectively. The magnified views of the droplet interface for
panels a and b are shown in panels c and d, respectively. In both solutions,
B = 0.
solving these small features depends on the number of grid points, nonetheless, the number of grid points larger than 400 has a negligible effect on
the bulk interface of the droplet and therefore the position of the edge, R.
In most of our finite difference solutions we used 800 grid points and could
resolve for 2 or 3 dimples at the edge and the the size of the dimple becomes
smaller than the numerical resolution.
Figure 2.9 demonstrates the interface features at the edge of the droplet
for two cases of capillary driven viscoplastic droplets, when the droplet
reached the final shape. Results are shown for h∞ = 0.01 to better highlight
the small features.
As seen in figure 2.9, the final shape solution at the edge of the droplet
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accomplishes the quick decay to h = h∞ by passing through a couple of
sequences of oscillations. At this limit, the second derivative of the interface
takes the form of a decaying sawtooth-like oscillation.
The numerical solutions of the evolution equation disclosed some interesting features of viscoplastic droplets in their static final shape. In what
follows, we study this limit in more detail using asymptotic solutions.
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2.5

Asymptotic Solutions

As shown in the last section, a viscoplastic droplet, that is spreading due
to surface tension and gravity will come to rest when stresses fall beneath
the yield stress everywhere within the drop, i.e. Y → 0. In our asymptotic
solutions, we are looking for the final shape of the a viscoplastic droplet. We
re-scale equation 2.11 with the corresponding length scales, i.e. final radius
Rf , and final height Hf . Therefore we have,




−h Bo hr +

1
1
hr − hrr − hrrr
2
r
r


= J.

(2.31)

Note, in equation 2.31,
Bo =

ρgR2f
σ

,

J=

τ0 R3f
σHf2

,

(2.32)

are not explicit non-dimensional numbers (in contrast to J and B), since
they depend on the final radius and height. Equation 2.31 reduces to a first
order differential equation, if gravity dominates:
−hhr = Bn,

Bn = τ0 Rf /ρgHf2 = Bo−1 J.

(2.33)

Equation 2.33 has extensively been studied using different numerical and
theoretical techniques (cf. [13] and [168]). Simply, equation 2.33 can be
integrated to find
h=

1
(2 Bn(1 − r))1/2 ,
2

(2.34)

where h(1) = 0. Note, equation 2.34 is not smooth at the centre (hr (0)) since
only gravity is included in the model. This analysis is, however, far from
the limit we are interested in, where the surface tension is important. With
the capillary action, we have a third order differential equation that does
not allow for a closed form solution. Hence, we should solve it numerically.
However, the boundary condition at the edge of the droplet is not trivial
due to the complex interface shape (as illustrated in the numerical results).
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Therefore, in the next section, we first attempt to inspect the interface
behaviour at the edge of the droplet of the final shape, aiming to understand
the mathematical origin of the oscillations and finding the correct boundary
conditions.

2.5.1

At the Edge of the Droplet

In a travelling wave coordinate, ζ = (r − R(t))/δ, from the evolution equation, we have:
ht −

Ṙ
1
hζ = {pζ Y 2 (3h − Y )}ζ .
δ
6δ

(2.35)

In equation 2.35, ht is much smaller than the other terms, therefore negligible. Integrating equation 2.35 and using the condition h(∞) → h∞ , we
arrive at:
−

1
Ṙ
(h − h∞ ) = pζ Y 2 (3h − Y ).
δ
6δ

(2.36)

Considering the signs in the equation above, we immediately see
sgn(h − h∞ ) = −sgn(pζ ).

(2.37)

Looking back to the yield surface formulation in equation 2.11, for Y → 0,
we can write:
h pζ = −J sgn(h − h∞ ).

(2.38)

For large r, the leading order form of equation 2.38 takes the form of
Gζζζ =

1
sgn(G − 1),
G

where

h = h∞ G(ζ),

and δ = (h2∞ /J)1/3 ,
(2.39)

where gravity is assumed to be negligible at the edge. Equation 2.39 simplifies to
Gζζζ = sgn(G − 1),

(2.40)
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Figure 2.10: Oscillation of the interface the edge of a viscoplastic droplet.
Solid lines are the droplet interface at the different segments. The dashed
line shows the yield surface.
when the amplitude of the oscillations is very small G → 1. Equation 2.40,
leads to the solution that attains the decay to G = 1 by passing through
an infinite sequence of switches in the sign of G − 1. This means that the
second derivative of the interface Gζζ takes the form of a decaying sawtoothlike oscillation (with sharp corners at solutions of G = 1, i.e. where the sign
switches (similar to the numerical results shown in figure 2.9). We seek the
solution of equation 2.39 for segments of G > 1 and G < 1. Figure 2.10
shows a schematic of the solutions we are looking for at this asymptotic
limit.
For two subsequent segments, we can write:

Ωn+1

1
1
Ωn : G = 1 + Gn0 (ζn∗ − ζn ) + Gn00 (ζn∗ − ζn )2 + (ζn∗ − ζn )3 ,
2
6
1 00
1 ∗
0
∗
∗
2
: G = 1 + Gn+1 (ζn − ζn+1 ) + Gn+1 (ζn − ζn+1 ) − (ζn − ζn+1 )3 ,
2
6
· · · Ωi
(2.41)

where primes denote the spatial derivatives w.r.t. ζ. We match the equations
at ζn∗ , where
Gn = Gn+1 = 1,

0
Gn0 = Gn+1
,

00
and Gn00 = Gn+1
.

(2.42)
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This matching leads to a system of non-linear algebric equations:

1
1 2
Gn0 + Gn00 zA + zA
= 0,
2
6
1 00
1 2
0
Gn+1
+ Gn+1
zB − zB
= 0,
2
6
1 2
1 2
0
00
Gn0 + Gn00 zA + zA
− Gn+1
− Gn+1
zB + z B
=0
2
2
Gn00 + zA + zB = 0,
where,

zA = ζn∗ − ζn ,

and

(2.43)

∗
zB = ζn+1
− ζn .

Here, we seek the solution in the form of:

Gn0 ∼ %2n aβ 2 ,
0
Gn+1
∼ %2n+2 aβ 2 ,

Gn00 ∼ %n β

00
Gn+1
∼ %n+1 β,

zA ∼ %n βb,
zB ∼ %n+1 βc.

(2.44)

Replacing equation 2.44 into 2.43, yields:

1
1
a + b + b2 = 0,
2
6
1 2
1
a + c − c = 0,
2
6
1 2
1
a + b + b − a%2 − cr2 + %2 c2 = 0,
2
2
1 + b − % + % c = 0.

(2.45)

The equations above have only 1 sets of valid solutions with % < 1 (so that
the oscillations do not diverge) as,

%=

7 3√
−
5 ≈ 0.14,
2 2

a = 0.312,

b = −1.38,

c = 3.618.

(2.46)
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We can now construct the interface profile using this solution:

1
1
G ∼ 1 + zaβ%2n + z 2 β%n + z 3 ,
2
6
1
G 0 ∼ aβ%2n + zβ%n + z 2 ,
2
00
n
G ∼ β% + z,

(2.47)

z = ζ − ζn .

where,

Looking for the asymptotic behaviour as z → 0, i.e. ζ → ζn , equations 2.47
reduce to,

G ∼ 1,
G 0 ∼ aβ%2n
00

(2.48)

n

G ∼ β% .
We look for a possible accumulation point where,
ζn = z A + zB =

n
X

βb%m + βc%m+1 .

(2.49)

m=0

Equation 2.49 is a geometric series and has a finite limit as,
R = ζn ≡
n→∞

βc%
βb
+
.
1−% 1−%

(2.50)

We can immediately use equations 2.48, to find the leading order boundary
conditions for this point:
G → 1,

G 0 → 0,

G 00 → 0,

(2.51)

where G 0 decays O(%n ) times faster than G 00 .
The analysis above explains the oscillations observed at the edge of the
droplet, where the wave-length (as well as the amplitude) of the subsequent
oscillations decay and finally furnish a final yield point. The oscillations
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are terminated at this point and the thickness of the film is equal to the
pre-wetted layer. It also shows the origin of the numerical issue raised
before when the rapid decay of the infinite oscillations in wave-length and
amplitude results in very small features.
With the proof of the existence of the accumulation point (R) and obtaining the boundary conditions at this point, we are now able to solve the
equations for the final shape as a boundary value problem. In what follows,
we attempt to solve this problem in three limits:
• when the film thickness vanishes, i.e. h∞ → 0,
• when the substrate is pre-wetted, i.e. finite h∞ , and
• when no pre-wetted film exist and the droplet has a finite contact
angle.

2.5.2

Asymptotic Solution for h∞ → 0

Consider the thickness of the pre-wetting layer becomes very small. Mapping
backward from the (G, ζ) domain to (h, r), from equation 2.51 (and 2.39),
we see:

h ∼ h∞ ,

hr ∼ h1/3
∞ ,

and

hrr ∼ h−2/3
∞ ,

where

r → Rf .

(2.52)

Therefore, for the limit of interest, where h∞ → 0, we can eventually obtain
the boundary condition at the right of the domain as,

h → 0,

hr → 0,

and

hrr → ∞,

where

r → Rf .

(2.53)

Consider equation 2.38. Without the pre-wetted film, no oscillation occurs
and therefore sgn(h − ĥ∞ ) = 1 which means hpζ = −J. Hence, for the limit
h∞ → 0, we can write:
hrrr −

1
1
J(Bo)
hr + hrr − Bo hr =
.
2
r
r
h

(2.54)
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In equation 2.54, J = τ0 R3f /σHf2 is only a function of Bo. Note, with our
original choice of length scales in section 2.3, J was a genuine dimensionless
parameter. Here, since we are normalizing the lengths with the final radius
and height, J is a priori unknown and a function of the Bond number. The
boundary conditions at the center of the droplet are:
h(0) = 1,

hr (0) = 0.

(2.55)

At the right of the domain, we need to satisfy the conditions listed in
equation 2.53. At this limit, the leading order equation takes the form
of hhrrr = J. Seeking an asymptotic behaviour of the form h ∼ C(1 − r)α
at r → 1, we have:

−C 2 (1 − r)α α(α − 1)(α − 2)(1 − r)α−3 = J

⇒

3
α= .
2

(2.56)

Findings the derivatives of h and eliminating the constant C, we have the
following boundary conditions:

2
h = − hr (1 − r),
3

1
hr = − hrr (1 − r),
2

at

r = 1 − S,

where

S  1,
(2.57)

where we avoid the singular point using the small parameter S. It should be
noted that conditions in equation 2.57 agree with those previously found in
equation 2.53. We solve the boundary value problem for a constant volume
of

V = 2π

R2f

Z1
Hf Ia (Bo),

Ia (Bo) =

h ξ dξ,

(2.58)

0

The numerical solution is performed using the bvp4c solver of Matlab where
a 4th order collocation method [8] is implemented to solve the boundary
value problems with general non-linear boundary conditions. As the result,
we find the normalized shape of the droplet and the corresponding J and
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Figure 2.11: Asymptotic solution of the droplet interface and its derivatives
for the limit of h∞ → 0. The red solid lines denote the droplet interface.
The dashed-dot black and dashed blue lines denote the first and second
derivatives, respectively. Gravity is ignored, Bo = 0.
Ia . Figure 2.11 shows an example result for Bo = 0.
Results shown in figure 2.11 are of special importance. In practice, a
small viscoplastic droplet with a vanishing contact angle takes the final static
shape shown in figure 2.11. The corresponding J and Ia for this situation
are:

J0 = 4.4561,

and Ia0 = 0.2010.

(2.59)

We present more results of this limit in the next section, when we also
consider the finite thickness of the film.

2.5.3

Asymptotic Solution for Finite h∞

In this section, we present the results for the final shape when the pre-wetted
layer exist. As shown previously, this would lead to interface oscillation at
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the edge of the droplet. From equations 2.31 or 2.31 and 2.38, we find:

hrrr −

1
1
J(Bo, ĥ∞ ) sgn(h − ĥ∞ )
hr + hrr − Bo hr =
,
2
r
r
h

(2.60)

where, J(Bo, ĥ∞ ) = τ0 R3f /σHf2 is now a function of Bo as well as ĥ∞ ≡
h∞ /Hf . Here Hf is the final height and Rf is a node in the oscillating fluid
height. Note, reaching the real accumulation point (solving for an infinite
number of oscillations) is not numerically possible and we attempt to solve
for a finite number of oscillations. Equation 2.60 is subjected to the following
boundary conditions:

h(0) = 1,

hr (0) = 0,

h(1) = ĥ∞ ≡ h∞ /Hf ,

hrr (1) = 0.

(2.61)

In our numerical solutions, we regularize the discontinuity of the sgn function
using,
h
i
sgn(h − ĥ∞ ) ≈ tanh Ξ(h − ĥ∞ ) ,

(2.62)

where, Ξ  1 is a regularization parameter. Similar to the previous section,
we solve the boundary value problem for a constant volume of

V = 2π

R2f

Z1
Hf Ia (Bo, ĥ∞ ),

Ia (Bo, ĥ∞ ) =

(h − ĥ∞ ) ξ dξ,

(2.63)

0

The same numerical method used in the previous section was employed. As
the result, we will obtain the normalized shape and the corresponding J
and Ia for different h∞ and Bo. Figure 2.12 shows an example of a typical
solution of the current boundary value problem.
Similar to what was observed in the finite difference solution (cf. figure
2.9) the interface goes through a series of oscillations and rapidly decays in
amplitude and wave-length, while the second order derivatives also demon40
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Figure 2.12: a) A typical numerical solution of equation 2.60. The redsolid line shows the droplet interface. The black dashed-dotted and the
blue dashed lines show the first and the second derivatives of the interface,
respectively. b) a magnified view of the same solution close to the edge of
the droplet. The droplet is axisymmetric, ĥ∞ = 0.0146, and Bo = 0.
strate the saw-tooth like decay.
The magnitude of the regularization parameter Ξ can significantly influence the results if it is not big enough. Figure 2.13 shows the effect of Ξ
on the values of J and Ia , with two different ĥ∞ . In our calculations, we
used Ξ = 10000. We will later show that although the values of I and J (as
shown in figure 2.13)still depend on Ξ, the choice of this value is justified as
this will not affect our final formulations (cf. figure 2.18).
We first solve the equations for different values of ĥ∞ . Figure 2.14, shows
the effect of h∞ on the final shape of the droplet where gravity is ignored.
As seen in figure 2.14, we were able to resolve the oscillations for even
very thin pre-wetted layers, where the wave-length of the oscillations becomes small, as h∞ decreases. The shape of the interface seems to be more
dependent on the film thickness, when it approaches zero where it is approaching the solution in the limit of ĥ∞ → 0. Figure 2.15, illustrates the
variation of the J number and the normalized volume (Ia ) versus ĥ∞ when
Bo = 0.
The magnitudes of the J number non-linearly decreases with decreasing
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Figure 2.13: The influence of the regularization parameter Ξ on the numerical solution of equation 2.60. Both simulations carried out for axisymmetric
droplet. The red solid and blue dashed lines correspond to ĥ∞ = 0.0146,
and ĥ∞ = 0.0358, respectively. The vertical lines denote the final selection
of Ξ.
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Figure 2.14: Numerical solutions for different ĥ∞ . a) Droplet shapes for
ĥ∞ from 2.85e-4 to 5.37e-2 with an interval of ∼ 1e-3. b) A magnified
view around the edge of the droplet. Gravity is ignored in the solutions,
i.e. Bo = 0. The blue-dashed line correspond to the asymptotic solution
presented in section 2.5.2 when h∞ → 0.
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Figure 2.15: Variation of a) J and b) Ia as functions of ĥ∞ . The points at
the intersection of the dashed lines correspond to J0 and Ia0 (see equation
2.59).
ĥ∞ and quickly approaches the finite value at the limit of ĥ∞ → 0, presented
in equation 2.59. The value of Ip increases with decreasing ĥ∞ and similarly,
approaches the finite value at the limit of ĥ∞ → 0.
We also studied the effect of gravity on the final shape solution. Results
for different Bo numbers are shown in figure 2.16 for a fixed ĥ∞ .
Similar to what was observed before in the finite difference solutions,
increasing the Bo number results in a flatter droplet shape. Consequently,
at the edge, the wave-length of the oscillations decreases with Bo. The
corresponding values of J and Ia are shown in figures 2.17, where we also
present the results for the limit of h∞ → 0.
As seen in this pictures, increasing the Bo number (effect of gravity) results in growth of J and Ia . It should be noted, when the gravity dominates,
i.e. Bo  1, one can simply use equation 2.34 to find the exact form of J
and Ia . The black dashed-dotted lines in figure 2.17 represent this limit.
As expected, the results converge to this limit at high Bo numbers (more
obvious when h∞ → 0).
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Figure 2.16: a) Effect of gravity on the droplet shape for a fixed ĥ∞ = 0.0146.
Bo was increased from 0 to 100 with an increment of 5. b) A magnified view
of panel a at the edge of the droplet.
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Figure 2.17: Variations of a) J and b) Ia versus the Bo number for droplets
with ĥ∞ = 0.0146. The blue dashed lines show the asymptotic limits for
h∞ → 0 (as presented in section 2.5.2) and the black dashed-dotted lines
correspond to the gravity dominant solutions, i.e. J = Bo/2 and Ia = 4/15.
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To be able to compare the asymptotic results with our numerical simulations and experimental results (next chapters), here we summarize the outcomes, where we present the final radius (as our most important parameter)
of a droplet of a given mass as a function of the governing non-dimensional
groups (more detailed calculations of the following part can be found in
appendix B).
Pure Gravity
For negligible surface tension (or when Bo  1), we have equations 2.33 with
an exact solution of 2.34 when the film thickness is very small. Therefore,
for a droplet with constant volume of
V = (4/3)πL3 ,

(2.64)

after some algebra, one finds


Rf /L =

25
8

1/5
Bn

∗−1/5


=

25
8

1/5

1/5

Bo∗

−1/5

J∗

.

(2.65)

where the characteristic length scale L represents the radius of a sphere with
the same volume. We used the same length scale in the groups with the star
superscripts:
Bn∗ =

τ0
,
ρgL

J∗ =

τ0 L
,
σ

Bo∗ =

ρgL2
.
σ

(2.66)

The parameters listed in equation 2.66, can be calculated easily for experiments or simulations with constant volumes (given L).
With Surface Tension
Under the capillary action, we numerically obtained J and Ia as functions
of ĥ∞ and Bo. For a given volume (equation 2.64), after some algebra we
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Figure 2.18: Effect of ĥ∞ on the prefactor Ωa . The dashed and dasheddotted lines demonstrate the results for Ξ = 100, and Ξ = 1000. The results
of Ξ = 10000 (solid line) and Ξ = 20000 are in such close agreement that
the latter has been omitted for clarity.
arrive at the following relationship:

∗

J = Bo

∗7/2

F(Bo, h∞ ),

F=

2 J(Bo, h∞ )1/2
3 Ia (Bo, h∞ )

!2
Bo−7/2 .

(2.67)

For thin pre-wetted film (i.e. h∞ → 0) and negligible gravity, through the
numerical results we obtained in section 2.5.2, we can write

Rf /L = Ωa J

∗−1/7

1/2

,

with

Ωa ≡

2 Ja0
3 Ia0

!2/7
= 1.7437

(2.68)

where we used the values quoted in equation 2.59. The magnitude of the
prefactor Ωa changes with h∞ as the values of J and Ia change. Figure 2.18
shows this parameter as a function of ĥ∞ , and it shows the effect of the
regularization parameter, Ξ, where as described before, results converge to
a limit if this parameter is big enough.
As seen in figure 2.18, increasing ĥ∞ by almost 3 orders of magnitude
results in about 30% growth in the prefactor in equation 2.68. Note, we use
the final height of the droplet to normalize the thickness of the pre-wetting
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layer. Therefore the values of ĥ∞ are an a priori unknown property.
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2.5.4

Asymptotic Solution for Constant Contact Angle

The previous asymptotic analyses correspond to a complete wetting case,
where the effective contact angle is zero. In this section, we briefly study a
different limit when the surface is not pre-wetted. In this limit, the balance
of the surface tension at the contact line results in a constant contact angle
(partial wetting) that is only a function of materials (droplet, solid surface,
and the surrounding medium).
Consider equations 2.60. Without the pre-wetted film, we always have
sgn(h − ĥ∞ ) = +1. Hence, the equations reduce to:
hrrr −

1
1
J
hr + hrr − Bo hr = ,
2
r
r
h

(2.69)

For a droplet with a contact angle of α, the equations above are subjected
to the following boundary conditions:

h(0) = 1,

hr (0) = 0,

h(1 − S) = 0,

hr (1) = −Γ(J, Bo) ≡

Rf
tan α.
Hf
(2.70)

To solve the present boundary value problem, we proceed as follows: we
solve the equations for a range of J and Bo numbers and find Γ as well as
the normalized volume, Ia . These two parameters are enough to describe
the final shape of the droplet (note, for the sake of simplicity J is now a
variable). After some algebra, from the definitions of J (equation 2.70), Γ
(equation 2.70), and Ia (equation 2.63), one can obtain the following useful
combination:
Ga (J, Bo) ≡

J 3 Ia (J, Bo)
Vτ03
=
,
2πσ 3 tan7 α
[Γ(J, Bo)]7

(2.71)

Figure 2.19 shows the results for different J numbers in the absence of
gravity, Bo = 0.
The solutions correctly approach the spherical cap shape (which is the
result expected from the Young-Laplace relation) when the J number is zero
(i.e. the droplet is Newtonian). With increasing J value, the magnitude of
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Figure 2.19: Droplet shapes obtained from the asymptotic solution for constant contact angle. Blue solid lines denote the droplets for J from 0 to 4.5.
The red dashed line shows the spherical cap limit for Newtonian droplets.
The black dashed-dotted lines show the asymptotic solutions for h∞ → 0.
the slope at the contact line decreases and the shape of the droplet diverges
from the spherical cap and finally approaches the solution at the limit of
vanishing h∞ , previously presented in section 2.5.2. Figure 2.20 shows the
values of Γ, Ia , and Ga as functions of J.
As expected, one can see that when J is increased, the results approach
the solutions obtained for the complete wetting case (h∞ → 0), where Γ → 0,
Ia → Ia0 , and Ga → ∞. These parameters will also change with the effect
of gravity. The effect of Bo on the final shape of a droplet can be seen in
figure 2.21 for a fixed J.
As seen in figure 2.21, similar to what was observed for the previous
solutions, increasing the effect of gravity results in a flatter interface. Figure
2.22 illustrates Γ, Ia , and Ga for different values of Bo.
As observed in figure 2.22, the magnitude of Γ and Ia increases with Bo
number, while the Ga function approach zero when Bo  1.
Similar to what was represented for the other asymptotic solutions, it is
useful to find an easy formulation to relate Rf /L to J ∗ . After some simple
algebra, for a constant volume (equation 2.63) and from the definition of J
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Figure 2.20: The values of Γ, Ia , and Ga from the asymptotic solutions for
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Figure 2.21: Effect of gravity on the final shape of droplets with constant
wetting angle. Blue lines correspond to the solutions with Bo from 0 to 100
with an increament of 5. For all solutions, J = 0.1.

50

2.5. Asymptotic Solutions
−1

0.4

−2

−6

10

−3

0.35

−4
−8

−5

10
0.3

−6
−7

−10

10

−8
−9
0

0.25
20

40

60

80

100

0

20

40

60

80

100

−30

20

40

60

80

100

Figure 2.22: The values of Γ, Ia , and Ga versus Bo from the asymptotic
solutions for constant contact angle, where J = 0.1.
(equation 2.70), one can see:

Rf
=
L



2Γ
3 tan α Ia

1/3
,



2 Ga
(tan α)7
and J =
3
∗

1/3
.

(2.72)

The theoretical results presented so far are in the limit of lubrication approximation, where, it is assumed that the droplets are shallow. In the
next section we will tackle the problem in a more general way to avoid this
hypothesis.
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2.6

Numerical Simulations of Viscoplastic
Spreading

To avoid the limit of shallow flow, here we proceed to solve the full continuity and momentum equations (equations 2.1 and 2.2), using numerical
techniques. In what follows, we first review the related works available in
the literature and then briefly describe the current numerical code. Finally,
we will present the results and compare them with the lubrication approximation presented before.

2.6.1

Literature on Numerical Simulation of Free-Surface
Viscoplastic Flows

For numerical simulation of yield stress fluids, the biggest concern is how to
deal with the singularity of the effective viscosity at the yield point. Two
general approaches are proposed to address this difficulty. One way is to perform a regularization and treat the fluid like a highly viscous liquid when
it is ”unyielded”. This technique is fast and easy to implement. Nevertheless, results do not feature a true yield surface. The other way is to use the
Augmented Lagrangian Method [167] which is based on the variational formulation of the governing equations [54]. This method accurately resolves
the yield surface employing an optimization algorithm. However, the algorithm is extremely time consuming even for 2D steady problems and the
available tools do not allow for flows with surface tension. In the present
study, we take the first approach.
Numerical simulations of single phase Bingham flows such as flow inside
a channel or around a cylinder has been a subject of research for many years.
For those problems, we refer to reviews of Dean et al. [54] and Mitsoulis [140]
and the references inthere. In contrast, numerical simulations of viscoplastic
fluids with a free surface are not very common. Motivated by the problem of
concrete spreading, Tanigawa et al. [189] and Schowalter and Christensen
[178], conducted early studies on gravity driven viscoplastic flows with a
free surface. Vola et al. [199] developed a finite element method to solve
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the gravity currents of Bingham fluids, where an Augmented Lagrangian
technique was employed. Roussel and Coussot [168] used the commercial
code FLOW-3D (Flow Science, Inc.) to solve the slump problem in an
axisymmetric geometry. More recently, Staron et al. [185] used the open
source code Gerris to simulate the gravity current of a Bingham model.
In their solutions, the viscosity was regularized with a bi-viscosity model.
Almost all these studies showed a good agreement when they compare their
results with the analytical solutions.
A number of studies have investigated viscoplastic fluids with capillary
action. From those, the works of Tsamopoulos et al. [57, 58, 195], de Sousa
et al. [53] and Freitas et al. [71] on bubble propagation inside a channel
filled with a yield stress fluid can be mentioned. More relevant to the present
thesis, are the few works that studied the viscoplastic droplets. Davidson
and Cooper-White [50] used a volume of fluid (VOF) method to simulate
the growth and pinch-off of a Bingham fluid. In their code, they regularized
the constitutive law using a bi-viscosity model. Smagin et al. [180] used
the variation of the integral equation method to study the free fall of a
viscoplastic droplet at different limits. In their simulations, they regularized
the Bingham model. Kim and Baek [109] used the commercial code Fluent
to simulate the impact of a Herschel-Bulkley droplet on a solid surface. A
VOF method was employed to track the interface and a bi-viscosity model to
regularize the constitutive law. They compare their results with experiments
and showed a relatively good agreement. Tavangar et al. [192] used the open
source code OpenFOAM to study the breakup of coal-water slurry drops.
They treated the material as a Herschel-Bulkley fluid and regularized the
viscosity using a bi-viscosity model.
In the present study, we attempt to solve the current time-dependent
two-phase flow problem using a finite-volume / volume-of-fluids method.
To deal with the constitutive law, we use a regularized Bingham model. To
do the task, we use the open source code Gerris as our flow solver. We will
first briefly provide an overview of the numerical technique and then present
the results.
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2.6.2

Method

The detail of the numerical methods used in Gerris is explained in papers
of Popinet [158, 159]. Here we provide an overview of some of the most
important aspects of the code as well as the detail of the way we deal with
the rheology.
The continuity and momentum equations are solved for an axisymmetric
geometry:
∇ · u = 0,

(2.73)

ρ(ut + u · ∇u) = ∇ · T + ρg + σκδσ n

(2.74)

where T = −pI + µ(∇u + ∇uT ) is the stress tensor. Here u (x, t) is the
velocity vector. In the last term, κ is the curvature of the interface, δσ is
the Dirac delta and n is normal vector at the interface.
The domain is discretized using a quad-tree method, where the domain
is decomposed into square volumes. The biggest square that defines the
domain boundary is called the root cell and has a ”level” of zero. The level
increases by each successive generation of squares inside the root cell while
each parent cell can have zero or four children. This allows for local mesh
refinement based on different flow parameters or geometrical parameters.
For instance, one can increase the number of the cells wherever the vorticity
is high or for instance near the walls. For the current study, we use more
grid cells along the interface to accurately solve for the droplet shape while
at the same time, we refine the cells that contain the viscoplastic material,
so we are able to resolve the flow structures inside the droplet. Figure 2.23
shows an example of the generated grids.
In our simulations, we checked for the grid-independency of the results.
It was found that the results of the final shape become independent of the
grid size, if the maximum level along the interface is larger than 8.
The surface tension is treated as a body force (last term in the RHS
of equation 2.74) where the Dirac delta ensures that the surface tension
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Figure 2.23: An example of numerical grids, where the maximum level in the
grid generation was 8 over the interface of the droplet (grid size of ∼0.0078).
Inside the droplet, the level of grids was always larger than 6. The interface
corresponds to the case of J ∗ = 0.144 and Bo∗ = 0 at t = 1. The magnified
view of the grids around the edge of the droplet is shown in the right.
is concentrated on the interface. The interface of the droplet is tracked
using a piecewise-linear geometrical VOF scheme [174]. The method implies
a volume fraction function C(x, t), which is the volume fraction of each
cell occupied by the viscoplastic fluid. C is convected, following a scalar
advection equation,
Ct + ∇ · (u C) = 0.

(2.75)

The density and viscosity of the two phases are obtained though linear interpolations:

ρ(x, t) = C(x, t) ρ1 + (1 − C(x, t)) ρ2 ,
µ(x, t) = C(x, t) µ1 + (1 − C(x, t)) µ2 ,

(2.76)

where subscripts 1 and 2 denote the properties of the viscoplastic and the
other phase, respectively. A second order accurate time-splitting projection
method [45] is employed that requires solving a Poisson solver for the pressure. The curvature of the interface, κ is estimated using a height function
method [2, 3], where the ”height” function of the interface, h(x, t), which
represents the distance of each interface cell from a reference line, is calculated. The curvature is further estimated as κ = h00 /(1 + h0 )3/2 , where the
primes show the spacial derivative along the reference line.
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Figure 2.24: Sample flow curves with different µmax for the current biviscosity model. In this example, τ0 = 20 Pa and µp = 1 Pa·s. The unit of
µmax is Pa·s.
To model the rheology, we had to use a regularized Bingham model. To
do so, in equation 2.76, we define the viscosity of the viscoplastic liquid with
a bi-viscosity formulation of the Bingham law:
µ1 = min (τ0 /D2 + µp , µmax ) ,

(2.77)

where D2 is the second invariant of the strain rate tensor. The fluid has a
plastic viscosity (µp ) at large shear rates and the divergence of the viscosity
at low shear rate is controlled by µmax . This model is similar to those
initially proposed by O’Donovan and Tanner [151]. An example of the flow
curves obtained by this bi-viscosity model are demonstrated in figure 2.24.
As seen in figure 2.24, above the critical strain rate (D2 at τ0 ) the flow
curve is an accurate prediction of the Bingham model. Increasing the magnitude of µmax we approach the exact Bingham constitutive law. Alternatives
to the current regularization are the models of Bercovier and Engelman
[26] and Papanastasiou [153], where instead of two viscosities the stress is
growing exponentially. Burgos and Alexandrou [41] compared these reg56
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ularization models and concluded that all of them, with a proper choice
of the regularization parameters, correctly predict the bulk flow and the
”unyielded” zones. After all, when these models are employed, it should
be shown that the results are independent of the regularization parameters
(µmax in our model).

2.6.3

The Configuration

The setup of the simulations is very close to that used in our finite difference
solutions of the evolution equation: a droplet is initially positioned on a
pre-wetted film with a thickness of h∞ and spreads due to surface tension.
The domain is a 1×2 rectangle and is sufficiently large to eliminate the
possible effects of the other boundaries. Axisymmetric and no-slip boundary
conditions were applied at the centre and bottom boundaries. The other two
boundaries satisfied the outflow boundary conditions. The initial profile of
the droplet was an estimation from the experiments (chapter 4 in form of
a second order polynomial. The velocity field was zero at t = 0 and flow
started up due to the effects of the surface tension. To ignore the effects
of the surrounding media, the density and plastic viscosity of the liquid
were chosen 100 times larger than those of the second phase. This has
been confirmed through a number of simulation, changing the density and
viscosity ratio from 10 to 500. Lagree et al. [115] and Staron et al. [185]
also suggested the same values. We changed the yield stress value to change
the J ∗ in each simulation.

2.6.4

Code Validation

Gerris has been previously used to solve several problems in capillary flows
and resulted in great agreement in comparison with the analytical solutions.
Examples include capillary wave propagation [158], liquid sheet retraction
[72], Rayleigh Plateau instability of a liquid column [158], oscillation of a
free liquid droplet [72], falling droplets [97], droplets under external flows
[98], rising bubbles [158] and many more. Readers are referred to the Gerris
database [1] for the full list of the studies that have used this code.
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A few studies also used Gerris for non-Newtonian fluids. We tested the
solver for a number of problems of single phase flow with available exact
solutions (flow in a channel and pipe well as Couette flow), where very good
agreement was observed, when we compared with the analytical solutions.
For non-Newtonian two-phase problems, very recently, Staron et al. [115,
183–185] used Gerris to simulate the collapse of granular materials (as nonNewtonian fluids) as well as 2D gravity currents.
To ensure that the code works for the current problem, we first solved the
Newtonian droplet spreading and compared the results with the available
theoretical predictions. It should be noted that Mahady et al. [130] also used
Gerris to compare the solutions of Navier-Stokes and lubrication theory for
the problem of Newtonian droplet spreading. They showed good agreement
in both partial and complete wetting between the two methods. In their
study, however, they used a contact angle model to simulate the contact
line. Our attempt to use their contact angle model for the viscoplastic
droplets nonetheless has failed, due to the regularization effects. In the
present study, a pre-wetted film exists.
Newtonian Tests
Figure 2.25 shows the results for a Newtonian test. The droplet is spreading
due to the effect of surface tension and over time it approaches a flat film.
The variation of the position of the edge of the droplet over time is also
shown in the same figure. After some adjustment from the initial shape, the
droplet follows Tanner’s spreading law.
Similar to the results from the lubrication theory, oscillations can be seen
at the edge of the droplet. The number of resolved oscillations depends on
the numerical resolution as the amplitude of the dimples decreases.

2.6.5

Viscoplastic Test

Regularization Independent Solution
The simulations were checked to be independent of the regularization. We
conducted numerical simulations for different µmax /µ. Figure 2.26 shows an
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Figure 2.25: Numerical simulation of spreading of a Newtonian droplet. a)
Droplet interface over time. Results are presented for t = 0, 1, 5, 15, and 50.
The inset in panel a shows a magnified view of the edge of the droplet for
t = 15. b) The growth of the radius over time. In this simulation, h∞ = 0.01
example of final shapes for different regularization parameter.
It is been found (and also shown in figure 2.26) that the final shape
becomes independent of the regularization parameter if µmax /µ > 104 .
Anatomy of Flows
Before comparing the results with the asymptotic solutions, we will quickly
analyse the flow structure inside the droplet. Figure 2.27 shows two examples of numerical simulations for two values of J ∗ .
In figure 2.27, the dark region denote the area with small deformation
(strain rate). If the yield stress is relatively small (e.g. first row in figure
2.27), initially, the high curvature at the edge pulls the droplet, generates
the fluid flow, and yields everywhere inside the droplet. Over time, a lowdeformation region is formed close to the stagnation point at the centre of
the droplet and attached to the substrate (highlighted with zone I in figure
2.27). In reality, this area might correspond to a static plug region. This
zone is growing in time while another low-deformation region starts to form
close to the interface (as highlighted by zone II in figure 2.27). There is a
layer with a higher strain rate between the two mentioned zones, forming
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Figure 2.26: Effect of regularization parameter on the Gerris simulations.
Results correspond to J ∗ = 0.144 and Bo∗ = 0.
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Figure 2.27: Distribution of log10 (D2 ) in spreading of viscoplastic droplets.
a-c) results for J ∗ = 0.144 at t = 1, 2.5, and 20, respectively. d-f) results for
J ∗ = 1.154 at t = 0.2, 1, and 3, respectively. The dashed lines in panels a
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Figure 2.28: Results of numerical simulations for the final shapes of viscoplastic droplets. The horizontal dotted line shows the initial radius of the
droplets. -1/7 and -1/5 scales show the surface tension and gravity dominant
limits, respectively.
a shear-banding-type flow structure inside the droplet. Finally, when the
plug region extends across the entire droplet then the droplet has reached
its final shape.
What explained above is generic, if the yield stress is small enough that
the initial shape of the droplet allows for complete yielding at the beginning.
On the other hand, if the yield stress is strong (second row in figure 2.27)
the droplet might not deform enough to yield all the materials inside the
droplet. At this limit, the final shape of the droplet depends on by its initial
shape (how the droplet is deposited on the surface.)
Comparison with the Asymptotic Solution
We performed the simulations for different Bo∗ and J ∗ . Figure 2.28 summarizes the numerical results in comparison to the asymptotic solutions.
The effect of initial shape on the final radius of the droplet can be seen
from the simulations results illustrated in figure 2.28. Where, the values of
the final radius suddenly fall at large J ∗ . This happens, as mentioned above,
because the material is not yielded everywhere when the yield stress is large.
For h∞ → 0, the asymptotic solutions and the simulations agree very well
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(except when the yield stress is significant). Nevertheless, the asymptotic
solutions, including the effect of the pre-wetted film (ĥ changes from 0.003
to 0.03 in our numerical simulations), over-estimates the numerical results
(∼ 15 to 35 %).
Hence, as the major outcome, we found that the solutions in the shallow
limit might result in a larger final radius when comparing with the numerical
solutions in a non-asymptotic fashion. Also, when the yield stress is very
large (J ∗ & 0.5), the initial shape of the droplet might influence the final
shape and therefore the asymptotic solutions are not relevant.

2.7

Conclusion of the Theoretical Investigation

We finalize this section on the theory of the viscoplastic droplets with a
summary of the most important results:
• We found the evolution equation for a thin viscoplastic droplet, where
the rheology is modelled with the Bingham law.
• Finite difference solution of the thin film equations showed that, in
contrast to the Newtonian droplets, a viscoplastic droplet on a prewetted surface, reaches a final shape. This suggest that, in practice,
one can control the final shape of a droplet by tuning the yield stress.
• Numerical simulations also suggested that the final shape of a viscoplastic droplet that was deposited on a pre-wetted surface, features
an oscillatory behaviour at the edge of the droplet. Taking an asymptotic approach, we found the mathematical origin of these oscillation
and showed that they have an accumulation point. We also found the
boundary conditions at this limit, with and without the pre-wetted
layer. Physically, the oscillations are more or less like capillary waves
that are not strong enough to yield the fluid. Therefore, the interface
is frozen in that shape.
• To find the final shape of a deposited droplet, one can solve a boundary
value problem with the obtained boundary conditions, as we did for
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different limits. It was shown that, decreasing h∞ we approach a
complete wetting case, where the effective contact angle is zero.
• If the physical properties of the droplet (volume, yield stress, density,
and surface tension) are known, one can use equations 2.65, 2.67, and
2.72 to estimate the final radius of the droplet in different limits.
• We provided numerical simulations of the continuity and momentum equations with a regularized Bingham model. The results of
the numerical simulations are close to the asymptotic solutions when
h∞ → 0. Nevertheless when we consider the effect of the pre-wetted
film (which is more realistic), the simulations predict a smaller final
radius in comparison with the asymptotic solutions. This might be due
to the shallow layer assumption considered in the lubrication theory.
In the simulations, we also showed that the initial shape of the droplet
can influence the final shape. This is more pronounced at large J ∗ s
where the yield stress is big, such that the fluid does not yield everywhere inside the droplet. Our asymptotic solutions are not relevant in
this limit.
Additional Note
We provided the similar analyses and solutions for planar (2D) droplets
in appendix A. Although it is not very relevant to the scope of the current
thesis, one can use this information for the future studies on flat viscoplastic
films under the influence of surface tension and gravity [12]. In general, the
findings are similar to the axisymmetric case, however the details such as
coefficients are different.
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Chapter 3

Slip of Spreading Droplets,
and How to Avoid it
In the previous chapter, we presented a theory that predicts the final shape
of a viscoplastic droplet under the effects of surface tension and gravity. To
verify the theory, we need to conduct experimental investigations. In order
to reduce the complexity of the problem and to be able to compare with
the theory, we had to eliminate the apparent slip, a typical phenomenon in
flows of polymeric solutions.
In the current chapter, we explore experimentally the effect and control
of wall slip. For the task, we use a combination of shadowgraphy and confocal microscopy. Shadowgraphy provides a means to track the evolving free
surface and final shape of the spreading drops, but cannot directly detect
slip. Confocal microscopy allows us to observe directly the flow field and
measure the vertical profile of the radial velocity with high precision, using
particle image velocimetry (PIV) with tracers seeded in the fluid. With
this methodology, we demonstrate that spreading drops of two complex fluids experience significant slip over untreated glass surfaces. We then show
how this slip can be largely eliminated when we use glass with a chemically
treated surface as the substrate.

3.1

Remark

Similar to many polymeric fluids, a large number of viscoplastic liquids
undergo apparent slip in the vicinity of a smooth surface [35, 104, 106]. This
often occurs due to the migration of the polymer particles away from the
boundary, leaving a relatively dilute layer between the viscoplastic material
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and the wall that is too thin to be observed. The reduced viscosity of this
very thin lubrication layer is then exhibited (on a macroscopic scale) by
an apparent slip [35, 85, 104]. Different mechanism have been proposed on
the origin of the polymer migration from smooth walls, that depend on the
polymer structures. We conduct our experiments with an archetypal yield
stress fluid, Carbopol dispersions.
Carbopol (also known as carbomers, carboxy-vinyl, or carboxy-polymethylene) is a class of microgels that are composed of poly-acrylic acid
crosslinked with allyl-sucrose. The chemical structure of the polymer features a carboxyl (COOH) terminal group that dissociates in an aqueous
solution. Hence, in water, it carries ionic (negative) charges along its chain.
Carbopol is typically provided in a form of dry powder that can be dispersed
in water. Upon dissolution, the polymer swell and forms microgels. When
the microgels are formed, the material includes soft particles that trap the
water inbetween [82, 155]. The rheological properties of the solution can be
tuned with the polymer concentration and the pH of the solution. It is known
that it shows little to no time-dependent behaviour [33, 62, 82, 155]. The
aqueous solution of Carbopols are transparent and their physical properties
are insensitive to temperature changes. The simple rheological and optical
properties of Carbopol solution, have made it a great model for yield-stress
fluids that has been used in several investigations [82, 155, 165].
For concentrated suspensions like Carbopol that include deformable particles, Meekar et al. [138, 139, 179] proposed the so-called elasto-hydrodynamic
slip model that accurately explains their experimental data. In their model,
they assume that soft particles (like the blobs of Carbopol) will be deformed
close to the wall and form a thin lubrication layer (see figure 3.1).
Although, the experimental dissection of the lubrication layer (typically
smaller than 1 µm) is challenging, the macroscopic consequence of apparent
slip can be perceived more easily. For example, in rheometry, wall slip
significantly affects steady-state flow curves and accordingly the inference
of the material properties [4, 165]; in tubes and channels, wall slip enhances
flow rates for a given pressure gradient [75, 160].
To avoid slip, one must modify the wall properties. Roughening the sur65
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Figure 3.1: A schematic picture on the origin of slip in Carbopol droplets.
The deformation of the soft particles close to the wall results in a thin
lubricating layer.
face is the most commonly utilized method to prevent slip, with roughness
scales between tens to hundreds of micron being typical [148, 179]. Nevertheless, the detailed flow dynamics that underscores the removal of slip by a
roughened wall is not yet clear (nor does it always work [105]), and roughening the surface usually leads to the modification of other properties such
as transparency. More recently, as an alternative to roughening the wall, it
has been proposed that surface chemistry can be harnessed to control apparent slip [179]. Indeed, in the rheometry of a Carbopol gel, Christel et al.
[46] showed how treating a polymethyl methacrylate (PMMA) surface with
polyethylenimine (PEI) appeared to effectively remove slip. Their treatment exploits the amino end chains to introduce positive surface charges
on the plate, which attract the Carbopol microgel, thereby countering the
migration away from the surface.

3.2

Materials For Slip Tests

In addition to Carbopol dispersions, we also examined our experimental system for Xanthan gum solutions, another prototypical non-Newtonian fluid,
as well as aqueous glycerine solutions. The sample of glycerine (manufactured by Fisher Scientific) was a 95 wt% aqueous solution and was used to
gauge the experimental technique using a Newtonian fluid. Carbopol samples were made by preparing aqueous solutions of Carbopol Ultrez 21 (by
Lubrizol) neutralized with triethanolamine. The sample of Xanthan gum
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(by Sigma-Aldrich) was a 0.5 wt% aqueous solution.
Carboxylated green (468-508nm) polystyrene fluorescent (PSF) particles
of diameter of 3±0.1µm were added to the samples and mixed gently to act
as the flow tracers in our experiments. The pH of the final Carbopol and
Xanthan gum solutions were 6.25±0.1 and 5.9±0.1, respectively. In these
solutions, the polymers as well as the PSF particles are negatively charged
due to their Carboxyl groups [56, 74, 156].
The rheological properties of the final samples were characterised in shear
rate (γ̇) controlled tests using an Anton Paar (Physica MCR-302) rheometer,
where sand-blasted (PP25-S) parallel plates (roughness of ∼ 4µm) were used
to minimize the slip effects at low shear rates. Tests were conducted at room
temperature and a solvent trap was used to reduce the effect of evaporation.
To make sure the rheological parameters are reliable, we performed different
types of tests, conducting pre-shearing at different shear rates and changing
the waiting times.
In our experiments, we changed the time of pre-shearing, tps (1 to 120s),
the magnitude of pre-shearing γ̇ps (0 to 1000 s−1 ) as well as the resting time
tr (1 to 60 s). Moreover, we changed the waiting time tw at each shear rate
(1 to 20 s). However, none of these parameters had any effect on the flow
curves of different concentrations. Rheology experiments were performed for
increasing and decreasing steps of shear rates as well as two different waiting times at each steps. No hysteresis or thixotropic behaviour was observed
even for waiting times of as small as 1s (as previously reported [33, 114]).
The suspensions pose a yield stress as well as shear-thinning non-linear viscosity. To quantify these features, we fitted a Herschel-Bulkley model (cf.
equation 1.4) to the experimental data. Table 3.1 lists the coefficients of the
Herschel-Bulkley fits for the fluids used in the slip tests.
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Table 3.1: Physical properties of the fluids used in the slip tests including
their fits to the Herschel-Bulkley model. CA refers to the contact angle of
the liquids on the untreated (UT) and treated (T) surfaces. Concentrations
are in wt%.
Material
Conc. n
k (Pa · sn ) τ0 (Pa) CA(UT) CA(T)
Glycerine
95
1
0.32
0
20.1±1.8 26.2±2.9
Carbopol
0.090 0.47 3.65
10.4
12.4±1.9 47.9±2.0
0.063 0.61 0.72
4.7
10.7±0.4 47.2±0.7
0.050 0.80 0.11
1.91
8.2±1.1
52.4±1.1
0.036 0.86 0.065
0.14
7.2±1.6
49.0±2.8
Xanthan gum 0.5
0.23 1.81
0.12
5.6±0.5
51.4±3.4

3.3

Shadowgraphy and Confocal Microscopy to
Detect Slip

The experimental setup for the droplet experiments is sketched in figure 3.2.
Droplets of volume 0.1 mL were deposited onto glass slides at a rate of 2
mL/min, using a syringe pump connected to a stainless steel nozzle of inner
and outer diameters of 0.15 and 0.31 mm, respectively, held 1.5 mm above
the surface. In our experiments, the range of yield stress of the viscoplastic
fluids results in 0.03 < J ∗ < 0.3 (the length scale L is the radius of a sphere
with the same extruded volume). Also the bond number in all experiments is
Bo∗ ∼ O(1.5) (c.f. chapters 2.) The pumping was stopped after 3s and the
droplets were then left to spread to rest for about 2 minutes. Soft elastic
tubing (25cm of 1/16” Tygon tube) connected the syringe to the nozzle,
allowing us to have sufficient time to analyse the low velocity flows. In all
cases, the droplets spread axisymmetrically with the nozzle immersed inside
them. Placing the nozzle close to the substrate leads to a more controllable
experiment but modifies the interface shape at the centre of the droplet. This
feature, however, does not affect the slip properties far from the nozzle.
Droplets were deposited on two different glass surfaces: the first was a
normal microscope glass slide (Thermo Scientific). It is known that such
glass surfaces obtain a negative surface charge in contact with aqueous solutions, mainly due to the dissociation of the terminal silanol groups [25].
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Figure 3.2: a) Sketch of the experimental setup: droplets are extruded onto
a glass slide using a syringe pump. Images are taken from the side and
bottom to observe the interface of the droplet and the flow field inside the
droplet, respectively. In the confocal unit, part of the emitted light of the
PSF particles after passing through the filter cube is blocked with a pinhole
aperture and the remainder is detected by a camera. Droplets are millimetric (5 < R < 15 mm) and the field of view is located ∼4 mm from the
centre. A piezo stage moves the glass slide in the vertical direction to scan
different numbers of horizontal planes (Z1 to Zi ) b) The protocol to obtain
the velocity profiles. Pairs of consecutive fluorescence images are processed
using a PIV technique to obtain horizontal velocity fields. These velocities
are then spatially averaged for each vertical plane. The combination of these
average velocities results in the final velocity profile.
Therefore, a repulsive interaction between the polymers and the surface is
expected. The second glass slide was a (3-aminopropyl) trimethoxysilane
(APES) treated glass that has a positive surface charge due to the amino
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group, i.e. NH3+ . The silanized glass slides can be prepared following standard protocols including multiple steps of cleaning, drying, and immersion
in solutions of APES, acetone, and water (for the detailed treatment process
see [108]). Moreover, several types of silanized slides are available commercially (i.e. Superfrost Ultra Plus Adhesion Slides, Thermo-Scientific). For
this type of glass surface, we expect an attractive interaction. It should be
noted that the amino group also makes the surface less hydrophilic; for water
droplets the treatment changes the contact angle from 4.2±2.0 to 50.0±2.1
degrees. The contact angles for the other fluids are listed in table 3.1.
The droplets were imaged both from the side and below. The sideview imaging was used for the shadowgraphy, with illumination provided by
an LED light source and a CCD camera attached to a stereo microscope
obtaining images. Processing the shadowgraphy images, the volume and
shape of the droplets were obtained to ensure the accuracy and repeatability of the experiments. The bottom view was used for swept-field confocal
microscopy. The confocal optical unit was attached to an inverted microscope (Nikon ECLIPSE Ti) and imaging was performed using a camera (Zyla
5.5 sCMOS). The whole field of view was illuminated with a 50mW laser
(MLC 400B Agilent Technology) and the emitted light was passed through
a 22µm slit. The confocal microscopy notably decreased the depth of field
and increased the signal-to-noise ratio [204]. A motorized piezo stage (Prior
H101A ProScan) moved the glass slide vertically (with an acceleration much
smaller than gravity), enabling us to observe multiple horizontal planes. A
10× objective lens (CFI Plan Apo Lambda) with a numerical aperture of
0.45 was used, with a field of view of 300 µm × 300 µm. We focussed
on the flow field very close to the substrate, scanning eleven planes with
a vertical distance of 25 µm, starting at the surface of the glass slide and
extending up to a total height of 250 µm. The images from microscopy were
intensity-filtered to remove out-of-focus particles and then analysed using a
cross-correlation PIV algorithm to obtain horizontal velocity fields. For the
vertical profiles of the radial velocity, the magnitude of the instantaneous
velocity field was averaged over the entire field of view for each of the horizontal planes. The standard deviation of the spatial averaging was less than
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10%. Images were taken from the initial moment of deposition. However,
to resolve the measurements into snapshots of vertical profiles of the radial
velocity, the characteristic speed of the flow must be much smaller than the
piezo stage scanning speed. Therefore, we started the flow analysis after
20±0.2 s, which limits us to the later stages of spreading where the droplets
are relatively shallow and the horizontal motion is dominant.

3.4

Droplet Spreading on Treated and Untreated
Glass

We first explored the spreading of droplets of glycerine over the treated and
untreated surfaces. For both surfaces, the glycerine drops spread axisymmetrically until the contact line became pinned by surface tension, with the
drop radii reaching different final positions over the two substrates due to
the different contact angles (see table 4.1).
Figure 3.3 displays the side view results for the highest concentration
Carbopol droplets spreading on the two glass surfaces. As can be seen from
both the position of the contact radius (panel (a)) and the final shape of
the droplets (panel (b)), the droplet spreads further over the untreated glass
surface than the treated substrate. Although this difference may again be
due to a change in the interaction with the surface at the contact line, our
interpretation is actually that different degrees of wall slip have changed
the spreading dynamics. In fact, we repeated the same experiments on a
pre-wetted film, where there is no actual contact line and the contact angle
is effectively zero, and observed the same trend. To test this hypothesis, we
compare the velocity profiles obtained from our PIV measurements.
Figure 3.4 displays vertical profiles of the radial velocity of the droplets
at the three time points indicated in figure 3.3. Above the untreated glass
surface (panel (a)), the wall slip is significant, as observed by Meeker et al.
[15] for Carbopol in a cone and plate rheometer with smooth surfaces. By
contrast, above the treated surface (panel(b)), no effective slip whatsoever
could be detected to within the experimental precision. Note, in velocity
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Figure 3.3: Results of side-view image processing for the the highest concentration Carbopol solution (0.090 wt%). a) Droplet radius versus time.
The shaded region corresponds to the time over which fluid is pumped. The
markers indicate the time points at which PIV results are provided in figure
3.4. b) Shadowgraphy pictures of the final shapes. The photograph shows
the droplet on the untreated glass surface. The red dashed line shows the
final shape upon the treated glass slide. The nozzle is shown with a purple
box.
profiles presented here, the velocity at height zero indeed correspond to the
first horizontal plane in our PIV analysis, hence, it is not genuinely zero due
to the finite depth of correlation of the imaging system.
For the other carbopol concentrations investigated, the PIV results again
show that the velocity profiles are plug-like and experience significant slip
over the untreated glass, but no slip is detectable above the treated glass
surface. For example, figure 3.5 shows results for the lowest Carbopol concentration. We expect that the wall shear stress decreases over the course of
the experiment and, as the slip velocity increases with the wall shear stress
[85], the observed reduction of wall slip over time is therefore not surprising. However, a shear develops in the fluid near the wall over time (see the
profiles at t = 80s and 120s in figure 3.5(a)) which indicates yielding and is
therefore unexpected as one would think that the wall shear stress as well
as the wall-near shear stress in the fluid would stay below the yield stress.
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Figure 3.4: Vertical profiles of the radial velocity for the highest concentration Carbopol (0.090 wt%) droplet spreading over (a) the untreated glass
surface, and (b) the treated glass surface, at the times indicated.
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Figure 3.5: Vertical profiles of the radial velocity for the lowest concentration
Carbopol (0.036 wt%) droplet spreading over (a) the untreated glass surface,
and (b) the treated glass surface, at the times indicated.
Figure 3.6 shows velocity profiles for droplets of Xanthan gum. Much
as for the Carbopol, the Xanthan gum solution slips significantly over the
untreated glass surface (panel (a); the slip of Xanthan gum solutions has
been observed previously in capillary tubes [166] and inferred in rheometry
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[197]). The treatment of the glass again reduces the slip velocity, but is less
effective in comparison to Carbopol in the sense that a residual slip velocity
is reliably detected (panel (b)).
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Figure 3.6: Vertical profiles of the radial velocity for the Xanthan gum
droplet spreading over (a) the untreated glass surface, and (b) the treated
glass surface, at the times indicated.

3.5

Discussion

Our slip tests provided evidence for apparent slip during the spreading of
drops of some commonly used complex fluids on a glass surface. The confocal
microscopy system allowed us to directly measure the vertical profile of the
radial velocity, revealing a pronounced slip of spreading drops of Carbopol
and Xanthan gum solutions over untreated glass surfaces. This dramatic slip
is not just a property of untreated glass: we have also verified a similar degree
of slip for drops spreading over plexiglass, and suspect that it is a typical
feature of many smooth surfaces. Thus, investigations on the spreading or
wetting of soft materials of this type must consider the effect of slip, a factor
that has not always been considered explicitly.
We also showed that wall slip can be prevented if the glass is treated
to feature positive surface charges. This substantiates the proposition that
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the lubrication layer can be breached with electrostatic interaction, in line
with previous rheometry results [46, 179], which inferred the removal of slip
without direct observation. The surface treatment considered here appears
to work well for carbopol solutions, and should be effective in reducing
slip for any anionic polymer, whilst not impacting optical properties such as
transparency. The treatment is apparently slightly less effective for Xanthan
gum. Hydrogen-bonding and the entanglement between side chains has been
suggested to limit the dissociation of Xanthan gum molecules in solution. In
turn, this conceivably may limit the negative charge within the fluid, thus
reducing the attraction to the surface [102].
Although we have demonstrated that effective slip can be largely eliminated by the surface treatment, tuning the degree of slip by controlling the
amount of surface treatment is more difficult. In particular, the treatment
often either works or does not, and changing the process time for surface
functionalization does not adjust the amount of surface charge. This is due
to the fact that the amino group either finds time to deposit on the glass
surface or not.
In any event, we anticipate that treated glass surfaces can be used in a
variety of fluid mechanics experiments in which a no-slip boundary condition
is desired, especially when optical access is also needed for flow visualization.
Accordingly, in the following chapter, we will use treated glass surfaces,
where we will systematically study the spreading of Carbopol droplets.
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Chapter 4

Spreading of Yield stress
Droplets: Experiments
The spreading and final shape of a droplet is usually studied through two
major ways: slow extrusion of the material over the surface or impact of a
droplet on the substrate. Extrusion tests provide a more controlled method
for deposition of the droplet, where the rate of spreading and the final volume
can be easily controlled. On the other hand, impact tests are closer to some
practical application (e.g. printing). A first step in drop impact tests, is
usually drop formation at a nozzle. Typically, the liquid is pushed through
the nozzle and the growth of the droplet at the tip results in a pinch-off. A
Newtonian droplet, if stable, is spherical and after the free fall will impact
the substrate and depending on the relative magnitudes of inertia, viscosity,
gravity, and surface tension it might undergo different phenomena. If the
inertia is large enough, upon impact, the droplet might spread and form a
lamella (pancake shape). Later, due to the interfacial tension effects, the
drop might recoil and even rebound from the surface. If the inertia is not
very large but still effective, the droplet might vibrate on the surface and
later gradually spread on the surface. If inertia is negligible, the droplet
undergoes a viscous creeping motion until it reaches the equilibrium shape.
The story of the yield stress fluids however might be different due to the
rheological effects.
In this chapter, we provide experimental data for both extrusion and
impact tests. In all tests (extrusion and impact), the surface is pre-wetted.
The pre-wetted layer eliminates the micro(nano)-scale complications caused
by the contact line and allows us to simplify the problem. We will first re-
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view the important previous experimental studies. The literature review is
followed by the description of the materials used as well as the experimental
equipment. Finally, we will present the results for the extruding and impacting viscoplastic droplets and compare the final radii with our theoretical
predictions.

4.1

Literature on Experiments with Viscoplastic
Droplets

4.1.1

Previous Studies on Impact and Spreading of
Viscoplastic Droplets

Although the extrusion tests are common in gravity flows (e.g. [14]), all the
relevant previous studies on viscoplastic droplets perform impact test. Drop
formation and pinch-off was experimentally studied by Bertola and German
[78]. As the major result, two main regimes were identified at low and high
yield stresses: for small yield stresses, the surface tension dominates and
therefore the behaviour is similar to Newtonian fluids, where a spherical
droplet is finally formed. For large yield stresses, the neck region was short
and the formed droplets are in prolate shapes. The authors argued that a
normalized group that compares the capillary pressure and the yield stress
(similar to J ∗ ) can characterize these regimes. Similar type of experiments,
but more focused on rheology can also be found in Huisman et al. [94],
Aytouna et al. [11], and Louvet et al. [127]. In a different paper, German
and Bertola [79] characterized the free fall and shape of the viscoplastic drops
produced with a cylindrical nozzle. They showed at large yield stresses, the
surface tension is not strong enough to overcome the plasticity and therefore
lead to non-spherical shapes. Studies of Balmforth et al. [15, 22], mentioned
in section 2.2, provide theories on pinch-off of viscoplastic filaments.
Nigen [149], for the first time, studied the impact of viscoplastic droplets.
They studied the impact of Vaseline on a smooth Plexiglas surface, a relatively hydrophobic substrate. They showed if the inertia is small (low impact
velocity), no lamella forms upon the impact. In some cases, they reported
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a very slow (creeping) spreading in the time scale of minutes. Increasing
the impact velocity, they observed the lamella formation. It was shown that
yield stress can prohibit the recoil of the droplet and retard the deformation
after the drop reached the maximum shape. The results of Nigen [149] is limited to one value of yield stress and might suffer from the apparent slip (will
be discussed in the following text). Luu and Forterre [128] have also studied
the impact of yield stress droplets. The majority of their study is focused
on the rheology-dominated impacts, where surface tension is not important.
For clay suspensions, they showed how yield stress can prevent the recoil
of the droplet. They also presented a simple dynamic elasto-viscoplastic
model, where they did not include any capillary effect. German and Bertola
[77] studied the impact of yield stress droplets (solutions of hair gel on Mparafin or glass surfaces). They conducted the experiments in the limit of
large inertia and showed that the final shape of the drops features a peak at
the centre of the lamella due to the initial prolate shape of the drop and also
low deformation at the centre. Therefore, they showed if yield stress was
large enough, the initial shape might affect the final shape. In a different
paper, German and Bertola [80] studied the spreading of the droplets in a
regime where surface tension is important. They characterized two regimes
of rheology-dominance and capillary-dominance and argued these regimes
can be separated using a combination of Bingham and Capillary number
(i.e. J ∗ ), where if J ∗ < 0.5, the magnitude of the yield stress does not
influence the final shape of the drop and the Young equation gives a good
prediction. Finally, they proposed that the suppression effect of the yield
stress might be used in some industrial applications. In both papers of German and Bertola, as noted by the authors, the results might be under the
influence of apparent slip. Saidi et al. [171] studied the impact of Carbopol
droplets on Plexiglas films. At high inertia (velocity) tests, they showed that
the yield stress can prevent the retraction of drops after lamella formation.
They also showed that the droplet spreading at low impact velocities (and
low shear rates) might be promoted due to slip effects. In a different paper, Saidi et al. [172] examined two different surface materials (PMMA and
polyamide) in smooth and rough conditions. They showed that slip effects
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Table 4.1: Properties of the experimental fluids.
Sample number
n
k (Pa · sn ) τ0 (Pa) G (Pa)
1
2
3
4
5

0.541
0.437
0.448
0.410
0.427

0.834
2.455
4.579
8.354
10.080

1.01
5.03
10.82
16.60
25.46

9±2
33±2
57±1
64±1
66±1

are larger on PMMA surface, which is more hydrophobic. They also pointed
out that the effect of slip becomes weaker with increasing roughness.

4.2
4.2.1

Spreading of Viscoplastic Droplets
Materials for Extrusion and Impact Tests

Carbopol samples were made by preparing aqueous solutions of Carbopol
Ultrez 21 (by Lubrizol) neutralized with triethanolamine. Material properties of the samples were measured using the same type of analysis explained
in section 3.2. Note, the Carbopol solutions used for droplet spreading (this
chapter) are different from those used in the slip tests (chapter 3). We
conducted the final spreading tests several months after the slip tests, and
therefore prepared new samples. Figure 4.1 shows the steady-state shear flow
curves of the five concentrations of Carbopol used in the present investigation obtained with sandblasted (rough) plate-plate geometry and shear-rate
controlled protocols.
Furthermore, we performed a number of simple constant shear rate tests
at small strain rates (monitoring the stress growth over strain) to roughly
estimate the elastic moduli (G) of the samples. Table 4.1 summarizes the
rheological properties of the samples.
The density of the solutions is close to water (∼ 1000 kg/m3 ). Measuring
the surface tension of a yield stress fluid is known to be challenging. For
these materials, the classical methods such as capillary rise or drop weight
might not useful since the interface behaviour is a function of yield stress.
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Figure 4.1: Flow curves of the fluids used in the tests on a log-log scale. The
black curves show the Herschel-Bulkley fits.
Manglik et al. [134] used a maximum bubble pressure method and measured
the surface tension of Carbopol to be ∼ 69 mN/m. Boujlel and Coussot[37],
using a plate-withdraw experiments, found out that the surface tension of
Carbopol solutions are slightly smaller than water (∼ 66 ± 5 mN/m) and
independent of the polymer concentrations. Geraud et al. [76] measured
the surface tension of Carbopol to be 51 ± 5 mN/m, using a compression
plate tensiometer. More recently, Jorgensen et al. [101] used bridge and
ascending bubble tensiometers to measure the surface tension of Carbopol.
They showed that the measured value of surface tension might depend on the
history of the flow (due to elasticity), if either it was extended or compressed,
where in tests like capillary rise when the fluid moves forward, one should
expect a smaller measured surface tension. The differences are however
within a few percent and at the end the surface tension is close to 63 mN/m.
Here, we did not measure the surface tension of our samples and used the
fiducial value of 63 mN/m as the rough average of all the reported values.
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4.2.2

Extruding Droplets

Test Setup
The experimental apparatus consisted of a hydrophobic nozzle (with inner
diameters of 0.3mm) connected to a syringe pump (KD Scientific-Legato
111), where the vertical location of the nozzle could be accurately adjusted
using a translation stage. Stiff tubing was used to eliminate the effect of elastic deformations that might be significant after the pumping was stopped.
Chemically treated glass slides (described above) are used to ensure the noslip at the surface. To form the pre-wetted film, spacers of a given height
(adhesive tapes of thickness ∼95 µm) are placed on either side of the surface and the previously deposited blob of the material was bulldozed with
a flat blade. different number of layers resulted in different thickness of the
pre-wetted layer. In the experiments the film thickness is ∼ 300µm, unless
mentioned otherwise. The thickness of the film was measured using confocal
microscopy. The experimental setup is schematically illustrated in figure 4.2.
To minimize inertial effects and avoid any pre-contact dynamics, we slowly
extruded the droplets on the surfaces. In the extrusion tests, the nozzle tip
is placed just above the film with a gap of 200µm and droplets of different
volumes (V =0.0042 to 1.4367 mL) were deposited. In all experiments, the
extrusion flow rate was 2mL/min, unless mentioned otherwise. The shape
of the droplets during spreading were obtained using a shadowgraphy technique, where a cold LED light source illuminated the test section and images
were recorded with a high speed camera attached to a microscope, with a
frame rate of up to 3000 fps (this high frame rate was not required for extrusion tests, but later for the impact tests). The shape, volume, and the
impact velocity were obtained through image processing (see Appendix C).
Phenomenology of Extruding Viscoplastic Droplets
The spreading dynamic is simple in extrusion tests: a small droplet forms
at the beginning of the injection and grows in time as the pumping continues. When the pumping is finished, the droplet keeps spreading freely
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Figure 4.2: Schematic picture of the extrusion tests, where the nozzle tip is
placed just above the substrate.

Figure 4.3: An example of extrusion tests for Bo∗ = 1.286 and J ∗ = 0.463.
Droplets start to grow with the pumping and reach a final shape quickly
after the extrusion is over. a) t = 0s, b) t = 1.5s, c) t = 3s, d) t = 4.5s.
The surface is pre-wetted with h∞ ∼ 300µm.
until reaching the final state. The amount of the free spreading is however
relatively small. We wait long enough after each injection to ensure the final
steady shape is achieved. Figure 4.3 demonstrates an example of extrusion
tests.
Using an image processing technique, we were able to track the front
position of the droplets over time. Due to the memory limitation of the
camera, we could not cover the complete period of spreading (from the
beginning to the final shape). Therefore, the final picture was achieved
separately, 30s after the extrusion started. Figure 4.4 shows an example of
four extrusions for a given Bo∗ at different J ∗ (same volume with different
yield stress), where, increasing the magnitude of J ∗ the final radius of the
droplet becomes smaller. In what follows, we find the final radius for a range
of J ∗ and Bo∗ and compare it with our theoretical predictions.
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Figure 4.4: a) The variations of the diameter of droplets over time. Pumping
is terminated at ∼ 3.5s. In all tests Bo∗ = 1.286. The final state of the
droplets are shown on the right for b) J ∗ = 0.043, c) J ∗ = 0.463, d) J ∗ =
0.711, e) J ∗ = 1.091. The surface is pre-wetted with h∞ ∼ 300µm.
Comparison with Theory
Experiments were conducted for different J ∗ (yield stress) and Bo∗ (droplet
size). The experiments were repeated (at least 5 times) for each data point
and the average values were calculated. The standard deviations (resulted
from the accuracy of the image processing and repeatability of the tests) are
small (∼ 5 − 7%) for the majority of the tests. The standard deviation is
however larger, ∼ 15% for our smallest Bo∗ since the drops are small and
therefore a controlled deposition is harder. Note, in experiments we were
limited in the systematic choice of the non-dimensional groups. From one
side, to attain small Bo∗ s, we had to extrude a small volume. This however
will make the effect of the nozzle more pronounced (this was only the case for
our smallest Bo∗ ). For larger Bo∗ s, using our lowest yield stress resulted in
a very large footprint that exceeded the boundary of the biggest chemically
treated substrate available to us (so we are missing two data points for our
two largest Bo∗ s). Figure 4.5 shows the experimental results versus the
theoretical predictions presented previously.
Since the values of the normalized film thickness (ĥ∞ ) was about the
same in our numerical simulations and experiments, we only show the theoretical results for ĥ∞ obtained in the simulations. We also provide some
more information regarding the effect of the pre-wetted film in Appendix
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Figure 4.5: Comparison of the experimental and theoretical results of the
final radius for different J ∗ and Bo∗ . Grey lines are asymptotic for h∞ → 0.
The results of Bo∗ = 0 and Bo∗ = 0.14 in asymptotic and simulations were
so close so we just show the former for clarity.
D. As seen in figure 4.5, in all of the cases, the asymptotic solutions clearly
overestimate the experimental results. As mentioned before, the asymptotic
solutions assume the flow is shallow. This assumption, however, is not accurate in our experiments (see the final shapes in figure 4.4). Therefore, one
can expect a larger final radius in the asymptotic solutions. The numerical
simulations, however compare more favourably, where the maximum difference is ∼ 30% in the lowest Bo∗ and ∼ 12% in the other Bo∗ s. We anticipate
the observed discrepancy between the numerical simulations and the experiments might originate from the following reasons: 1.The fluids (Carbopol
solutions) have some elastic properties. The importance of viscoelastic relaxation during flow is typically gauged using the Weissenberg, Wi = λγ̇,
that compares the elastic relaxation time (λ) with a typical time scale for
flow. The relaxation time of the Carbopol solutions has been suggested to
be O(1s) [67]. Estimating γ̇ using the speed of the fluid inside the nozzle
and the inner diameter of the nozzle, one finds Wi ∼ O(104 ). Using the
average spreading time of the droplet (of order a second), however, leads to
Wi ∼ O(1). Both estimates suggest that viscoelastic relaxation during flow
may be important, especially close to the nozzle during pumping. The effect
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of finite elastic deformation once stresses decline to the yield stress and the
droplet becomes rigid can be estimated from the ratio of yield stress to the
bulk moduli G given in table 4.1. This ratio implies a critical yield strain
of γ0 = τ0 /G [67], which is 0.1 < γ0 < 0.3 for our solutions. In combination
with a length scale based on the flow depth (∼ 1mm), this strain suggests
an elastic displacement of order 0.3mm or less, which is not especially significant in comparison to the final radii. 2. At larger J ∗ s, in our experiments,
we might not yield the whole fluid during the deposition. Therefore, similar
to what is observed in the numerical simulations (e.g. c.f. figure 2.27), we
might have a smaller final radius. 3. In our experiments, as clear in figure
4.1, the fluids are shear thinning. This feature is not included in the Bingham model on which our theoretical calculations are based. Nevertheless,
the shallow-layer theory predicts that, when the fluid droplet yields everywhere, a non-linear viscosity (shear thinning component n) has no effect
on the final shape of the droplet. If, on the other hand, droplets are not
shallow, the final shape may depend on the flow history during spreading,
which in turn can depend on the shear thinning component.
lowest

J ∗,

4. At the

the influence of the nozzle does not seem to be negligible. Due

to the presence of the nozzle, one might expect a smaller final radius and it
should be more pronounced when the droplet is very small.

4.2.3

Impact and Spreading of Viscoplastic Droplets

In impact tests, the nozzle height is larger than the size of the droplets
formed by the capillary breakup, hence a droplet forms, impacts, coalesces,
and then spreads on the film. Impact tests were performed with different
nozzle sizes (inner diameters from 0.3 to 1.8 mm). We also changed the
nozzle height (himp ), using a height-adjustable rotary stage. Therefore, different droplet volumes and impact velocities were achieved, resulting in a
n (D)2−n /k, where U
range of Reynolds number, Re∗ =ρUimp
imp is the velocity

of the droplet just before the impact and D = 2L. Note, in droplet impact
tests, the length scale in the Reynolds number is traditionally defined as
the diameter of the droplet. Therefore, we are using a different length scale
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Figure 4.6: a) Schematic picture of the impact tests, where the nozzle height
is large enough such that a free droplet can be formed. Varying himp and
the size of the nozzle, results in different Reynolds numbers.
from the one used in J ∗ and Bo∗ . A similar high speed shadowgraphy technique used in the extrusion tests with a much higher frame rate (3000 fps)
was employed. Pre-wetted chemically treated glass surfaces are used as the
substrate in all the impact tests. Figure 4.6 shows an schematic picture of
the setup used for the impact tests. We obtained the volume and velocity
of the droplets through image processing (see appendix C).
As explained before in section 4.1, it is known that the shape of the
viscoplastic droplets, before the impact, is determined by a competition
between the yield stress and the surface tension. If the yield stress is small,
the surface tension is strong enough to yield the droplet and minimize its
surface energy, therefore a spherical droplet forms. On the other hand, if
the yield stress is large, a prolate-shape droplet is formed after the pinch
off. Figure 4.7 shows two examples of these situations.
As seen on figure 4.7, the formed droplet becomes elongated when the
yield stress is increased. For the case of high yield stress, just after the
pinch-off, the surface tension can smooth the sharp interface at the top of
the droplet, nevertheless it is not strong enough to retract the whole droplet.
After a few milliseconds the droplet will reach an equilibrium shape before
touching the target. The final shape of the droplet is also a function of the
nozzle diameter. Figure 4.8, summarizes the shapes of the falling droplets.
The larger the nozzle diameter and/or the yield stress the larger the aspect
ratio of the droplet.
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Figure 4.7: Pinch-off and drop formation for two different yield stresses.
Sample 1 and 4 (refer to table 4.1 are used in the first (J ∗ ≈ 0.03) and
second rows (J ∗ ≈ 0.6), respectively. )

Figure 4.8: Final shapes of the falling droplets in impact tests. The dashed
red line separates the droplets (bottom right) that undergo a column buckling upon impact. Note, J ∗ and Bo∗ increase from left to right and top to
bottom, respectively. The droplets start to buckle upon the impact when
J & 0.5.
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Figure 4.9: a) Impact, coalescence and spreading of a viscoplastic droplet
on a pre-wetted film. One can see the evidence of the air layer trapped underneath of the droplet in the second picture from the left when the droplet
is flattened. The droplet however does not go through a rebound process.
J ∗ ≈ 0.03 and Bo∗ ≈ 0.34 for the experiment. b) The air-layer causes a
partial rebound where the droplet is trying to detach but finally touch the
pre-wetted film and spreads on the substrate. The physical parameters are
the same as in panel a. c) A tall droplet touches the surface and buckles
over. For this experiment, J ∗ ≈ 0.77 and Bo ≈ 0.65. The thickness of the
pre-wetted film is 300µm in all tests.
Phenomenology of Impact and Spreading of Viscoplastic Droplets
In comparison with the extrusion, the dynamics is more complicated in
impact tests. Phenomena such as partial rebound (and in some rare cases,
full rebound) was observed at the early stage of impact due to the thin air
film underneath of the droplet (as previously seen in Newtonian fluids, e.g.
[81]). However, the effect of different early spreading behaviour on the final
shape was negligible in the present experimental ranges. Panels a and b in
figure 4.9 demonstrate examples of these pre-spreading processes.
For elongated drops, if the aspect ratio is large enough, one sees a type
of Euler buckling [15](with additional effects of yield stress and surface tension). It should be noted that, in the current study, we only consider the
droplets that do not buckle. We highlighted these droplets in figure 4.8.
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Figure 4.10: Final radius of the droplets in the impact experiments. For a
given Bo∗ , the larger the Re∗ , the larger the normalized final radius is. The
solid grey lines show the theoretical predictions for the case of vanishing
pre-wetted film.
Maximum Radii of Impacting Droplets
We measured the final radius of the droplets when the spreading was completed. Each experiment was repeated 5 times and the average values (with
the maximum standard deviation of ∼ 10%) were obtained for the corresponding J ∗ , Bo∗ , and Re∗ . Figure 4.10 shows the results of the impact
tests.
Note, the Bo∗ is small in all the impact tests and we also avoided very
high impact velocities. In comparison with the extrusion tests, all the impact
tests with a comparable Bo∗ resulted in a slightly larger radius. However,
the difference is small for the range of our experimental parameters. Also
note that the theoretical line in figure 4.10, corresponds to the asymptotic
solutions with h∞ → 0. Since the surface is pre-wetted in all the impact
tests, as explain before, one should expect larger final radii from the theory
(roughly 35%). Therefore, even without the presence of the nozzle, and although the inertia is involved in the impact tests, the asymptotic predictions
still overestimates the experimental outcomes.
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4.3

Conclusion of the Experimental
Investigations

We finalize this chapter on the experiment of viscoplastic spreading with a
summary of the most important results:
• We systematically found the final radii of the slowly extruded viscoplastic drops in a shadowgraphy setup. It is shown that the final
radius of the droplet can be tuned with the yield stress: for a given
volume, the larger the yield stress (J ∗ ), the smaller the final radius is.
• The results of extrusion tests show the same trends predicted by the
asymptotic method. Quantitatively, the radii predicted by the asymptotic solutions overestimate the final radius. The shallow layer assumption in the asymptotic solutions are most likely the main reason
for the difference between the asymptotic solutions and the experimental results. The results of numerical simulations, however, are closer
to the experimental data, but still larger. The remaining difference
could be due to the elastic effects that resist the spreading and is not
included in the theory. Moreover, the way of deposition (especially
when J ∗ is large) might affect the final state. For the smallest Bo∗
(smallest droplets) the effect of the nozzle could also result in a smaller
final radius.
• Conducting the impact tests at the low inertial limit, provided data
for small Bo∗ where a different method of deposition is now employed
and any possible interfering effect of the nozzle is also ignored. Nevertheless, the experimental results for the final droplet radius are still
below the ones predicted by the asymptotic solutions. The shallow
layer assumption and the elastic effects might be responsible for the
discrepancy.
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Chapter 5

Rheology of Pluronic F127
In the previous chapters, we demonstrated how one can use yield stress materials to control the final shape of a droplet. In this chapter, we examine
the rheological properties of a material that becomes a viscoplastic fluid
when it is heated. Our preliminary goal was to see if these materials are
applicable to be used in droplet impact and spreading tests such that we
can control the final shape of the droplet by changing the surface temperature. However, the provided information can be used in any theoretical or
experimental investigations that employs the thermo-responsive material.

5.1

Literature on Pluronic F127

Thermo-responsive polymers undergo a physical change in response to variations in temperature (see e.g. [169, 203]) and are widely used in biological applications. They are often categorized according to their macromolecular structure; poly(N-alkyl (meth)acrylamide) based systems such as
poly(N-isopropylacrylamide) (PNIPAM) and poly(ethylene oxide) (PEO)poly(propylene oxide) (PPO)-based systems like Pluronics have received
most study (see [169] for more details). Here, we focus on a particular type of
the latter class, aqueous solution of Pluronic F127, also known as poloxamer
407, which has the chemical designation, (H-(OC2 H4 )100 (OC3 H6 )65 (OC2 H4 )100 OH) and is a linear ABA triblock copolymer with a molecular weight of
∼12,500 Da.

Pluronic F127 is a non-ionic amphiphilic surfactant and,

in aqueous solutions (hereafter PF127Aq), undergoes a reversible thermogelling process, similar to other Pluronics [5, 6, 36].
PF127 is one of the most used Pluronics for two reasons: first, it forms
a gel at relatively low concentrations and temperatures close to room tem91
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perature, as shown by Alexandridis [5], Wanka et al. [202], and Ivanova
[96]. Secondly, the phase diagram of PF127Aq is much simpler than that
of the other Pluronics as demonstrated by Wanka et al. [202]. In particular, relatively few main phases arise, separated by narrow phase boundaries.
Because of these features, PF127Aq has been used in clinical applications
such as drug and gene delivery (e.g. [73]) and cell separation (e.g. [88]).
More recent applications have been in microfluidics: Stoeber and co-workers
[24, 186–188] used PF127Aq in micro-devices to control, pump and mix fluids, with micro-heaters or viscous dissipation being harnessed to generate
gel and thereby block flow conduits (see also [113]). Krajniak et al. [111]
used PF127Aq to immobilize small animals and cells in microfluids chips.
Studies of the structure of aqueous solutions of PF127 using scattering
and other techniques ([146, 161, 202, 207]) suggest that there are different
phases, depending on temperature and concentrations: at low temperatures
and concentrations water is a good solvent for both PEO and PPO; the polymeric constituents form a relatively dilute suspension of unimers (individual
chains of PEO-PPO-PEO) that remain un-networked and form an isotropic
phase. At higher temperatures, the solubility of PPO decreases, resulting
in the formation of micelles (with PPO cores and PEO shells); in the limit
of low concentration, micelles are separated, resulting to an isotropic fluid.
However, for sufficiently large concentration and temperature, the number
density of the spherical micelles increases and they pack together into a lattice arrangement. Prud’homme et al. [161] suggested that the overlap of the
PEO shells in the closed packing results to formation of a ”stiff gel” formation. At even higher temperature, the PEO shells dehydrate while the PPO
cores remain constant in size. This leads to the decrease of micellar volume
fraction, the reduction of the degree of shell overlap, and subsequently the
collapse of the gel structure.
The distinct structural phases of PF127Aq likely have a critical impact
on the macroscopic properties of the solution. Indeed, one expects that the
isotropic phase forms a viscous fluid, whereas non-Newtonian effects could
well characterize the material at high temperatures and concentrations. Despite this, no comprehensive exploration has been made of the bulk rheology
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of PF127Aq as a function of temperature and concentration. In fact, what
studies there are in the literature offer contradictory conclusions: some studies claim that the PF127Aq gel has an extremely low yield stress, if one at
all (e.g. [161] and [99]) whereas other studies report a yield stress as high
as 1 kPa (e.g. [201, 202]). The situation is quite different for PNIPAM
microgels (see for instance Divoux et al. [63]), which have been reported
unambiguously to be a viscoplastic fluid with a significant yield stress.
The current study is an attempt to characterize the bulk rheology of
PF127Aq. In particular, we determine the material properties of the polymeric solution below (section 5.3) and above the gel temperature (section
5.4), and provide models for use in theoretical and experimental studies involving PF127Aq. We verify that the gel of PF127Aq is a viscoplastic fluid
with a significant yield stress, which confirms its suitability for applications
in which the ability to arrest fluid motion is key, such as in switches in
microfluidics and immobilization in biomedical engineering. We also show
that the material undergoes another rheological transition well above the
gel temperature to an unsteady complicated state that is difficult to characterize with any steady-state flow curve (section 5.4.2). We compare our
observations of rheological transitions with the changes in microstructure
reported in previous literature.

5.2

Materials and Methods

Aqueous solutions of PF127 were prepared with four different weight percentages (c = 13, 15, 17, and 19 wt%), dissolving the powder (purchased
from BASF) in distilled water under gentle agitation at low temperature
(∼4 ◦ C), using a revolver mixer. The polymers were mixed for 24 hours
and kept refrigerated for the next 48 hours. Note, the powders were used
as received and we did not attempt to conduct any further purification and
fractionation, in line with most studies that used PF127Aq. It is common
for the commercially available Pluronics to contain impurities [144, 145] that
might influence the current rheological results.
Rheometry tests were performed with an Anton Paar Physica MCR 302
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rheometer. The temperature was accurately controlled using a heated bottom plate and a hood. Moreover, to minimize the evaporation, a solvent
trap was used. Experiments were conducted with a parallel plate geometry.
In all tests presented below, sandblasted plates with an average roughness
scale of ∼ 4 µm and a gap of 1 mm were used. However, we also checked
for the influence of the boundary conditions on the results, by conducting
additional tests with smoother plates (roughness scales of ∼ O(10 nm)) and
by performing the tests suggested by Mooney [143] for different gap sizes
(0.6 to 1 mm). Insignificant differences were observed both below and above
the gel temperature; i.e. there was no evidence for substantial wall slip.
This was confirmed by a study of spreading drops of PF127Aq, following
the tests reported in section 3.
PF127Aq exhibits different rheological characteristics below and above
the gel temperature as previously shown by Prud’homme et al. [161] and
Wanka et al.[201]. As a result, we used different rheometric protocols for the
two phases; the details are provided below in each of the respective sections.

5.3

Rheology at Low Temperatures and the Gel
Temperature

5.3.1

Low-Temperature Rheometry

To study the rheology below the gel temperature we loaded samples into
the rheometer and first heated them to a prescribed temperature for 5 minutes to reach thermal equilibrium (this was checked explicitly, measuring
the temperatures of the bottom and top plates). The shear rate was then
increased in a series of twenty equally spaced steps from 0.1 to 100 s−1 , waiting a time tw at each step and recording the average shear stress. The shear
rate was then stepped back down with the same increments and waiting
time. Samples were replaced after each experiment to avoid any degradation of the material due to shearing or evaporation, and experiments were
occasionally repeated to verify the repeatability of the tests. Experiments
were conducted from 0◦ C up to what we identify as the gel temperature,
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Tg .

5.3.2

Identifying the Gel Temperature

In previous studies of PF127Aq, the gel temperature was defined as the
temperature where the viscosity increases abruptly, fixing the shear rate or
stress and slowly varying the temperature of the sample (e.g. [188]). Our
protocol is somewhat different, monitoring flow curves and searching for
non-Newtonian effects at fixed temperature. In particular, we define the gel
temperature (Tg ) to be that at which the yield stress first appears; i.e the
temperature for which a macroscopic non-Newtonian fluid property characteristic of a networked or jammed micro-structure first becomes evident.
Below this temperature, the flow curves are linear, confirming that the ungelled PF127Aq appears to be a Newtonian fluid. A protocol based on the
flow curve at fixed temperature eliminates any problems that might arise
due to transient heating and precisely identifies the loss of Newtonian fluid
behaviour. Other definitions of Tg include the temperature for which the
viscosity attains a minimum or increases dramatically by several order of
magnitude, or when the storage and loss moduli become equal in oscillatory
shear tests; these alternatives do not necessarily identify a percolation or
jamming threshold.
Examples for a concentration of c = 15 wt% are presented in figure 5.1.
The flow curves are linear until T = Tg ≈ 23 ◦ C, at which temperature the
fluid develops a yield stress, although this feature is too small to be evident
in figure 5.1. More obviously the flow curve also develops a hysteresis loop,
which is symptomatic of non-Newtonian effects but depends on the waiting
time tw of the shear-rate ramp (see section 5.4). Linear fits to the up-anddown curves provides the viscosity (µ = τ /γ̇) as a function of temperature,
as shown in the inset of the same figure. The viscosity initially decreases
with temperature, reaches a minimum, and then increases until T = Tg .
To compare with the previous protocols, we also conducted a number
of temperature sweeps at fixed shear rate. More precisely, we ran tests
in which the temperature was increased linearly from 10 ◦ C in steps of
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Figure 5.1: Flow curves for c = 15 wt%. The inset shows the viscosity
versus temperature, obtained from a linear fit to the flow curves. The arrow
indicates the trend with increasing temperature.
∆T = 1 ◦ C at a shear stress of 0.5 Pa; the sweep was terminated when the
viscosity increased dramatically by several orders of magnitude. Tests were
conducted with different waiting times (tw =20 s to 120 s) to judge the effect
of thermal disequilibrium. We compare the viscosity-temperature relation
obtained from the flow curves with those from the temperature sweep tests
in figure 5.2.
The viscosity data from the temperature sweeps evidently depends on
the waiting time, indicating that the rheometer plates and sample had not
reached thermal equilibrium during each step. As the waiting time is increased, the viscosity curves move close to the data extracted from the flow
curves, but even at a waiting time of 120 s, the gel temperature identified
from the temperature sweep is still 2 ◦ C above the result from the flow
curves. In practice, relatively long waiting times are therefore required in
this type of temperature sweep test.
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Figure 5.2: Viscosity data for c = 15 wt%. The yellow vertical line denotes
the gel temperature Tg identified from the flow curves. The inset shows a
magnification for small viscosities on a linear scale.

5.3.3

Viscosity Fits

Figure 5.3 shows viscosity measurements from the flow curves, for all four
concentrations. In all cases, the viscosity drops from 0 ◦ C to ∼ 0.7 Tg
and then starts to rise with a steeper slope up to the gel temperature. As
expected, the higher the concentration, the lower the gel temperature. As
shown in the second panel of this figure, the data can be fit with the formula


µ (T /Tg ) = µ0 AeBT /Tg + CeDT /Tg

(5.1)

where
µ0 (c) = µw + a c,

with µw = 0.001 Pa · s

and

a = 0.00161 Pa · s/wt%,
(5.2)
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is the viscosity at 0◦ C, and the other fitting parameters are
A = 1.013,

B = −1.236,

C = 0.00189,

and D = 0.593.

(5.3)

This empirical equation fits the experimental data with a correlation coefficient of r2 = 0.82 and root-mean-square error (RMSE) of 0.15.

Figure 5.3: a) The viscosity versus temperature for different concentrations
obtained from the flow curves. The inset shows µ0 (the viscosity at 0◦ C) for
different concentrations, where the straight line is equation 5.2. b) Normalized viscosities versus the normalized temperature.
Figure 5.4 compares the gel temperature of PF127Aq as a function of
concentration obtained here with previously reported data from the literature. We fit our gel temperature data, with the formula,
Tg (c) = aeb c ,

5.4

with

a = 68.1 (◦ C),

and b = −0.068 (1/wt%) . (5.4)

Rheology Above the Gel Temperature

Above the gel temperature, the nonlinearity of the flow curves illustrates how
the solution turns into a viscoplastic fluid that requires more effort to characterize, much as for many other complex fluids (see the notes in [48], [49],
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Figure 5.4: Gel temperatures obtained in the present work versus a number
of previous studies using a variety of experimental techniques. The shaded
region indicates temperatures within which the rheology of our samples of
PF127Aq became persistently unsteady and unrepeatable, and below which
they behaved like simple yield-stress fluids. The vertical solid (red) and
dashed (yellow) lines indicate the temperatures ranges where microstructural analyses suggest that a well-ordered lattice of micelles forms a stiff gel
(from Prud’homme et al. [161] and Mortensen and Talmon [146], respectively.)
and [35]). Indeed, the rheometry identifies two different physical regimes
arising at moderate (section 5.4.1) and harsh (section 5.4.2) temperatures,
with a transition between that is not particularly sharp.
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5.4.1

Moderate Temperatures

Protocols for Moderate Temperatures
Above the gel temperature, we again conducted shear-rate controlled experiments. Well-mixed samples were placed in the (stationary) rheometer and
heated to the desired temperature for five minutes. The samples were then
pre-sheared at γ̇ = 10−2 s−1 for 4 minutes, to eliminate any start-up effects.
Up-down ramps were then conducted by increasing the shear rate from 10−2
up to 500 s−1 in logarithmically spaced steps, and then decreasing it back
to 10−2 s−1 with the same increments. To study the effect of the waiting
time tw at each step, we performed sweeps with tw = 1s, 3s, 10s, and 20s.
At each step, the average shear stress was recorded.
The sweeps were performed at temperatures ranging from slightly above
the Tg up to temperatures at which the flow curve developed qualitatively
different features, including non-monotonicity and substantial hysteresis.
The appearance of these features coincided with the transition to the harsh
temperature regime, as discussed later.
As we will describe below, the shear-rate sweeps suggest the PF127Aq
can have a significant yield stress. We therefore also performed a number
of creep tests to determine the yield stresses independently for comparison
to those extrapolated from the flow curves. For these creep tests, we again
pre-heated the sample for 5 minutes before applying a constant stress and
monitoring the creep compliance (A = γ(t)/τ ) for 60 s (Note J is the universal rheological convention for compliance, however, to not to be confused
with our several J numbers we used a different symbol). The stress was
then increased in a sequence of steps until permanent flow was obtained.
To begin with, the initial stress and the increment added for each step was
guided by the yield stress estimate from the flow curve. Once the yield stress
under creep had been bracketted, the test was repeated using smaller stress
increments to refine the estimate.
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Flow Curves
Figure 5.5 shows a typical set of results for c = 17 wt% at T = 35◦ C. The
flow curves display hysteresis at low shear rates, with the up-curve lying
above the down-curve. However, the degree of hysteresis is controlled by
the waiting time tw and therefore results from the inability of the sample
to equilibrate over shorter timescales. Increasing tw up to 20 s largely eliminates the hysteresis (except at the lowest shear rates), to reveal a steadystate flow curve that possesses a yield stress and nonlinear (shear-thinning)
plastic viscosity. Such flow curves (and apparent viscosities) for three temperatures within the moderate regime, c = 15 wt% and tw = 20 s are shown
in figure 5.6. In other words, over this regime PF127Aq displays the classical
viscoplastic behaviour of a “simple” yield-stress fluid as defined by [62].
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Figure 5.5: a) Flow curves with different waiting times for c = 17 wt% at
T = 35 ◦ C. The red solid line shows the Herschel-Bulkley fit: τ = 160.2 +
16.15 γ̇ 0.365 . b) Creep test for the same temperature and concentration,
using the stress increments indicated; the yield stress is estimated as 155±5
Pa.
The yield stress of the sample shown in figure 5.5 is of order 170Pa, and
is confirmed by the creep tests (see panel (b)). This result is in contrast to
previous claims of [99] that the yield stress of PF127Aq must be low due to
the absence of chemical cross-links.
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Figure 5.6: a-c) Flow curves at three different moderate temperatures for
c = 15 wt%. Red lines show the Herschel-Bulkley fits. d-f) Apparent
viscosity against shear rate for the same experiments. Squares and circles
show the increasing and decreasing shear-rate ramps, respectively.
Herschel-Bulkley Fits
As illustrated in figures 5.5 and 5.6, the flow curves with the largest waiting
time can be fit with the Herschel-Bulkley model of the form,
τ (T, c) = τ0 (T, c) + K (T, c) γ̇ n(T,c) ,

(5.5)

where the fit constants are functions of the temperature and the concentration. Table 5.1 shows the fitting parameters (τ0 , n, and K) for all four concentrations at various temperatures within the moderate regime. The gels
become stronger (larger τ0 ) and more shear thinning with increasing concentration and temperature. However, throughout the bulk of the moderate
temperature regime, and sufficiently above the gel temperature, the rheological parameters show relatively little variation with temperature. Based

102

5.4. Rheology Above the Gel Temperature

Table 5.1: Fitting parameters in equation 5.5 for different concentrations at
moderate temperatures. The values in the brackets for τ0 are from the creep
tests.
K (Pa sn )
n (–)
c (wt%) T (◦ C) τ0 (Pa)
13
35
0.11
0.05
0.88
13
45
2.60
0.10
0.90
15
30
0.15
0.09
0.97
15
35
12.53 (15±2.5)
3.02
0.51
15
40
12.70
3.10
0.46
15
45
14.21
3.94
0.44
17
25
0.15 (0.2±0.05) 0.14
0.97
17
30
101.10 (100±5) 12.10
0.42
17
35
160.61 (155±5) 16.15
0.36
17
40
171.43
16.51
0.34
17
45
165.12
16.20
0.35
19
20
0.12
0.10
0.97
19
25
150.10 (165±5) 25.10
0.32
19
30
212.33
25.40
0.32
19
35
242.41
26.31
0.33
19
45
244.18
23.09
0.32
19
55
225.69
20.42
0.34
on these results, we propose the following model for moderate temperatures
starting 5-10 ◦ C above the gel temperature:
τ0 (c) = (38.25 (c − 13) + 2.6) Pa,
K (c) = (3.76 (c − 13) + 0.1) Pa sn ,

(5.6)

n (c) = 2962c−3.177 ,
with c in wt%. Note that the Herschel-Bulkley fit and the measurements of
yield stress over simplify the rheology at low shear rates, as for many other
viscoplastic fluids [35]. We offer the fit as a useful guide, but it is important
to appreciate that unsteady effects, creep and different types of critical stress
can characterize the flow dynamics in this regime. On the other hand, for
shear rates above 0.1 s−1 , Herschel Bulkley fits perform well, and there is no
sign of hysteresis in the up-down flow curves, as for other thermo-responsive
103

5.4. Rheology Above the Gel Temperature
polymeric fluids [63].

5.4.2

Harsh Temperatures

At higher temperatures, the shear-rate ramps furnish flow curves that do
not reflect the behaviour of a simple yield-stress fluid. In particular, the
curves become non-monotonic and hysteresis can no longer be avoided by
increasing the waiting time. These features may be due to the material
developing unstable rheological behaviour, the net result of which is spatial
inhomogeneity and shear banding (see the recent studies of Divoux et al. [60,
64]), although the determination of the flow profile is necessary to confirm
this. In any event, the development of complexity in the flow curve reflects
the emergence of a different rheological phase at harsh temperatures. The
shading in figure 5.4 illustrates roughly the transition to harsh temperatures,
where non-monotonic flow curves were observed.
Unfortunately, although the qualitative trends in the flow curves were
robust, the quantitative results were not repeatable between different tests
with controlled shear rate. Figure 5.7 shows an example of five repeated experiments for c = 17wt% at T = 65◦ C. As well as the flow curves constructed
using the instantaneous (not average) stress, this figure shows the time series of the shear rate and shear stress as the former is stepped through an
up-down ramp. There is a marked difference between the five experiments,
especially for the down ramp, and significant, sustained unsteadiness is evident during each step in shear rate.
Despite our inability to perform repeatable experiments, we are able to
say that PF127Aq remains viscoplastic as the fluid still appears to feature
a yield stress and be shear thinning. However, the source of the timedependence and unrepeatability in this regime remains unclear; a careful
rheometric study in conjunction with velocimetry is likely needed.
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Figure 5.7: An example of repeated tests for c = 17 wt% at T = 65 ◦ C. Top:
flow curves for a test repeated 5 times. Bottom: stress over time for the 5
tests with the same shear rate profile.

5.5

Summary and Conclusions on the Rheology
of PF127Aq

In this chapter, we have identified systematically the main rheological features of PF127Aq. We have accurately measured the gel temperature for
different concentrations at thermal equilibrium, defining this temperature
to be the border between two different rheological regimes. We have studied
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the rheology and fitted different rheological parameters below and above the
gel temperature, using different protocols for each case. At no stage was any
apparent slip evident in the rheometry.
Below a gel temperature Tg , the fluid appears to be Newtonian, with a
viscosity that depends on temperature and concentration. With increasing
temperature, the viscosity first decreases down to a minimum (see figures
5.3 and 5.4), before rising and then diverging at the gel temperature. The
initial drop in viscosity may be due to an increase in activation energy as also
mentioned by [117], and might be the regime in which only unimers exist
and no micelles have formed. The rise of the viscosity beyond the minimum,
with solutions remaining Newtonian, may correspond to the formation of
micelles and gradual increase in their number density with temperature while
the fluid remains isotropic, and is consistent with previous observations of
micellar volume fractions (see [122]; [161]; [146]; [201]).
The two exponential terms in our fit (equation 5.1) can be interpreted
to represent these two effects. Our measurement for the gel temperature Tg
involves recording flow curves and determining when these first show a nonlinear, non-Newtonian behaviour. The measurements can be compared with
estimates based on abrupt increases in viscosity during temperature sweeps
at fixed stress, and with data from the literature. Temperature sweeps can
overestimate Tg unless they are conducted slow enough to allow the samples
to reach thermal equilibrium. The large thermal mass of the upper plate
that is connected to the motor of the rheometer is most likely responsible for
the relatively long time required to reach the thermal equilibrium. Moreover,
there is a possibility that time-dependent structure formation and hysteresis
may also confound the situation as suggested by [207].
At least not too far above the gel temperature, the solution appears to behave like a relatively simple shear-thinning, yield-stress fluid that can be
modelled with the Herschel-Bulkley law. This range of temperature probably corresponds to the regime in which micelles form a cubic lattice microstructure that breaks up and flows when subjected to sufficient stress and
compares well with the microstructural observations ( [161]; [146]; [100]) (cf.
figure 5.4).
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At very high temperatures, the fluids undergo a further transition to a
more complicated rheology that is characterized by persistent unsteadiness
and an excessive sensitivity to experimental conditions that creates problems
with repeatability. This temperature range may correspond to the regime in
which the structure of the gel degrades through the dehydration of the PEO
shells of the micelles and matches microstructure measurements of [161] and
[146]. At harsh temperatures, the fluid appears to remain shear thinning
for high shear rates and possesses a yield stress, but we were unable to
characterize the rheology in any coherent fashion because of the unrepeatability of the experiments. An imaging-coupled measurement technique such
as PIV-rheometry may be required to analyse the material at such high
temperatures.
Finally, our characterization should prove useful to future experimental and theoretical studies involving thermo-responsive polymer solutions,
indicating when PF127Aq might be the optimal choice and furnishing the
material properties when it is used. In particular, for the problem of droplet
spreading, the yield stress of the fluid seems sufficiently large to halt the
fluid motion. We will examine this hypothesis in the next chapter via experimental analysis.
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Chapter 6

Gel Controlled Spreading
In chapters 2 and 4, we showed that the spreading of a droplet can be
controlled using yield stress. In the previous chapter, we showed that the
gel of Pluronic F127 is a viscoplastic fluid with a considerable yield stress. In
this chapter, we examine a novel method to control droplet spreading using
this thermo-responsive material. The goal is to halt the droplet motion by
heating the substrate and turning the fluid into a yield stress material.
The situation has many common points with studies of how solidification
affects the spreading of liquid droplets on cooled surfaces. Therefore, in
the first section of this chapter, we review some of the relevant studies in
this area. In section 6.2, we attempt to analyse the detailed mechanism
underlying the gel formation inside a droplet on a heated substrate. To
do the task, we introduce a new experimental technique, based on optical
coherence tomography, seeking to visualize the formation of gel within the
extruding droplet. Furthermore, in section 6.3, using shadowgraphy tests,
we will examine the thermo-responsive gel controlled spreading of impacting
droplets.

6.1

Literature of Droplet Solidification

Over the past four decades, research on the solidification of molten droplets
has been motivated by the development of manufacturing technologies such
as spray coating and microelectronic printing. Nonetheless, in the literature, detailed investigations of the spreading of molten droplet are rare.
Motivated by the application of plasma spray coating, Madejski [129] presented a simple analytical model for axisymmetric droplets, spreading and
solidifying on a cold surface. They found that the final diameter of the
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Figure 6.1: a) The shape of the solidification (”fusion”) front in a solidifying
moving contact line as proposed by Schiaffino and Sonin [175, 176]. b) The
solidification front proposed by Tavakoli et al. [191]. The dashed yellow
lines demonstrates the isotherms.
droplet decreases exponentially with the Stefan number, a non-dimensional
group that compares the sensible and latent heats. Their simplified theory,
however, cannot provide details of the solidification process and does not
match their experimental results.
The most well-known studies on the solidification of molten droplets on
cold surfaces are by Schiaffino and Sonin [175, 176]. They performed systematic shadowgraphy experiments at the limit of low Weber number, where
surface tension dominates the spreading. Based on a non-dimensional analysis, they demonstrated that the final shape of a spreading molten droplet
is governed by the contact line arrest (freezing). Where, the droplet followed the Newtonian (Tanner) spreading law until the contact line becomes
arrested at a critical contact angle that primarily depends on the solidification and substrate temperatures. In their theoretical work, they attempt
to numerically solve the conventional heat transfer equation. They found
that the heat flux is singular at the contact line. Assuming an insulating
gas phase around the droplet, they found that the solidification front takes
the form schematically shown in panel a of figure 6.1. In their hypothesis,
the solidification starts from the basal plane and reaches the contact line.
Accordingly, whenever the apparent contact angle of the droplet reaches the
solidification contact angle the droplet stops.
Attinger et al. [9] also conducted shadowgraphy experiments on the
impact and spreading of molten solder. They observed that the solidifica-
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tion time monotonically increases with the surface temperature. Bhola and
Chandra [31] and Pasandidehfard et al. [154] provided experimental and
numerical results on solidification of paraffin wax droplets. They showed if
the Stefan number is low, the droplet freezes at its Newtonian equilibrium
shape (maximized radius), but if it is large, the final radius is smaller.
Very recently, Tavakoli et al. [191], provided new experimental and theoretical investigations on the spreading of solidifying molten droplets. In their
experiments, they extruded a series of alkane hydrocarbons with different
melting points and measured the radius and contact angle of the droplet,
using a shadowgraphy system. In their theory, in contrast to what Schiaffino
and Sonin assumed, they proposed that the solidification is initiated at the
contact line (below the corresponding isotherm) and propagates toward the
bulk of the droplet. Panel b in figure 6.1 shows the mechanism of solidification proposed by Tavakoli et al. [191]. Their theoretical prediction agrees
well with their experimental results.
None of the previous experimental works on solidifying droplets, has
presented a method to visualize the solidification inside the droplet. In
the current chapter, for the first time, we will introduce a technique to
directly observe the gel-formation (solidification) inside a droplet. Our main
goal is the design of a system that allows active control of the spreading of
thermo-responsive droplets. Nonetheless, we emphasize how the proposed
methodology can be used for further investigations of solidifying free surface
flows.
It should be noted, although close to the solidification studies in many
aspects, our thermo-responsive problem differs in that fluid is heated instead
of cooled, gel formation requires significantly less heat than the latent heat
for solidification of wax or metals [202] and the hydrogel is not a solid but
a yield-stress fluid.
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Figure 6.2: Schematic of a) TD-OCT and b) SD-OCT systems.

6.2
6.2.1

Gel Identification
Fundamental of Optical Coherence Tomography

Optical Coherence Tomography (OCT) uses low coherence interferometry
to obtain a depth profile of a sample [92]. In the apparatus, the source
light is split into the reference light (that goes to the reference mirror) and
the sample light (that goes to the sample). The reflected (reference and
sample) light from the mirror and the sample form the interference signal. In
contrast to the classic laser interferometry, a broadband light source is used,
therefore the interference only occurs when the path length difference of the
sample and reference light is in the order of the coherence length. OCT
systems are typically categorized into three classes: Time-Domain OCT
(TD-OCT), Spectral-Domain OCT (SD-OCT), and Swept-Source OCT (SSOCT) [112, 177, 193]. TD-OCT is the first generation of OCT. It features a
moving reference mirror to change the optical path and form the interference
patterns. Therefore, the information signals are obtained in different depth
of the sample, depending on the position of the mirror (see panel a in figure
6.2). The biggest disadvantage of TD-OCT is the mechanically moving
mirror.
SD-OCT uses a different technique [70] that requires no moving parts. In
such system, the reference path is fixed and the spectral density is measured
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with a high speed spectrometer, where the interference signal is split by a
diffraction grating and an array of detectors receives the unique phase delay
for each individual wavelength (see panel b in figure 6.2). The intensity
spectrum is transformed to the time-domain (using an inverse fast Fourier
transform) to form the depth information. SS-OCT is another type of OCT
where a frequency swept laser is used as the light source. Similar to SD-OCT,
there is no need of moving parts in the system and the signal acquisition
is based on the Fourier transform of the intensity spectrum. SS-OCTs are
typically faster than other types of OCTs, however, they consume more
power (because of the laser).
OCT for Fluid Dynamics
The use of OCT-based imaging system in experimental fluid mechanics is
limited to recent years. Harvey and Waigh [84] used an OCT system to
measure the velocity of a complex fluid in a steady simple shear flow. They
could observe wall slip and shear banding in such configurations. Later,
the same team used the OCT to measure the velocity profiles of colloidal
suspensions in a rheometer [132]. Manukyan et al. [135] used an OCT
device to visualize the flow inside an evaporating paint droplet. The fluid
was turbid by itself and the convective flows could be observed by visualizing
the streak-lines of the particles over a period of time. Trantum et al. [194]
used an OCT device to observe the Marangoni flows inside a sessile droplet,
where the droplets were seeded with 1µm particles. Similar to Manukyan
et al. [135] they did not quantify the velocities and used the streak-lines of
the particles to show the flow field. Chen et al.[44] used a PIV algorithm
to find the flow fields inside a conduit. They seeded the fluid with different
fluorescent particles and glass beads (all larger than 1 µm) and found that
the particle size and material had a small effect on the measured velocity
profiles. Buchsbaum et al. [39] applied a PIV algorithm to the OCT images
to find the velocity field of polymeric solutions with different concentration
of glass fibers.
Here, we use the device in a different fashion: by seeding the fluid with
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sub-micron-sized particles we may exploit the Brownian motion of these
tracers to detect regions with elevated effective viscosity, and therefore the
gel. In essence, this technique relies on collecting the interference signal
resulting from the back scattered light from all particles within the local
volume of fluid sampled by the SD-OCT. This signal changes over time as
the positions of the particles changes due to Brownian motion (“dynamic
speckle”). In fact, the method presented here is related to diffusing wave
spectroscopy [157], differential dynamic microscopy [43], and speckle variance optical coherence tomography [131], previously used for many applications from microrheology [182] to detection of microvascular networks [47].

6.2.2

Materials

For our experiments, we use one solution of Pluronic F127, prepared in
the same way presented in chapter 5. To introduce tracers, we added lightscattering 500nm polystyrene beads (from Microspheres-nanospheres c , Cold
Spring, NY) to the solution, to achieve a concentration of 0.1wt% (unless
mentioned otherwise). This concentration was too low to affect the rheology of the fluid as verified using a rheometer. The final concentration of the
Pluronic F127 was 16.3% corresponding to a gel temperature of 22.5◦ C. The
density of the solution was close to water and had thermal conductivities
of 0.51 W/(m K) and 0.54 W/(m K) in the sol and gel phases, respectively
(measured using a C-Therm c thermal conductivity analyzer). At temperatures well below the gel point, the solution had a viscosity of 0.027Pa·s.
The yield stress of the gel was τY ∼130Pa.

6.2.3

Experimental Setup

The substrate for our droplet tests was a microscope coverslip of thickness
0.15 ± 0.02mm, cleaned with a commercially available polymeric solution
(tradename FirstContact, manufactured by Photonic Cleaning Technologies). The surface furnished a contact angle of 35 ± 3◦ for the droplets of
Pluronic F127. For the tests, rather than performing impact tests, we opted
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to conduct experiments with rather slower spreading droplets by extruding
fluid just above the coverslips using a syringe pump (KD Scientific, Model
Legato 111) fitted with 1mL glass syringes and stainless steel needles with
inner diameter 0.305mm. The target volume was set at 0.02mL and the flow
rates of the extrusion varied from 0.01mL/min to 0.15mL/min. For millimetric droplets, the current rheological parameters result in Bo∗ ≈ 0.15 and
J ∗ ≈ 2 (if the whole droplet was gelled). This suggests that the effect of
gravity is relatively small while the effect of yield stress on controlling the
final shape of the droplet is significant (c.f. chapters 2 and 4). We also
conducted a number of experiments with stationary droplets of the same
target volume, deposited manually on the coverslips using a dispenser.
The coverslip was contained within the apparatus sketched in figure 6.3.
In brief, the coverslip was set above a heater inside an enclosure that shielded
the experiment and maintained a steady ambient temperature and humidity.
A solvent trap inside the enclosure kept the relative humidity at 94±4%
(measured by a DHT22 humidity sensor), at least up until the heater was
activated. Crushed ice packed into the walls of the enclosure established
a steady temperature of approximately 17◦ C in the test section, which was
sufficiently below the gel temperature to ensure that the droplets were liquid
at the beginning of each experiment.
The heater was a 40mm x40mm Peltier device with a nominal wattage of
60W connected to a variable power supply (Agilent N5746A). The applied
heating protocol implemented a linear increase in surface temperature with
slope Tt . We used slopes of 0.07◦ C/s to 1.67◦ C/s. A surface-mounted T-type
thermocouple (SA1-T-SC from Omega) measured the surface temperature.
A glass sheet with a thickness 1mm was placed between the coverslip and
the Peltier device. This glass sheet spread out the heat of the Peltier device
to make it more uniform at the base of the fluid. Thermal paste was used
to enhance the heat transfer between the glass sheet and the Peltier device.
Within the solvent trap, the droplets were observed from above. The contact line of the extruded droplets was measured directly using a CCD camera. However, our main tool was an optical coherence tomography (OCT)
from Thorlabs (TEL1300V2-BU). The probe of the device features a colli114
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Figure 6.3: The experimental setup for the investigations into the gel layer
formation in Pluronic F127 droplets. Droplets were extruded on a thin
cover slip placed above a heater. Images were captured from above using a
CCD camera, while simultaneously conducting optical coherence tomography from the same angle. TC1 and TC2 indicate two different thermocouples
used to measure the surface and air temperature, respectively.
mated beam with a Gaussian shape (with the center wavelength of 1300nm)
and a 1/e2 diameter of 4.5 mm. The beam is focused through a lens onto
the sample. We use a 5× objective lens with a working distance of 36mm
(LSM03), that results in a spot size of 13µm. The imaging vertical (A-scan)
depth of view is approximately 3.5mm with a resolution of ∼4.2µm. The
scanning beam is always vertical and is laterally moved using a two-galvomirror system. The lateral resolution (B-scan) is the same as the thickness
of the beam (∼13µm). The cross-sectional images were recorded with a rate
of 5 per second.

6.2.4

Imaging Acquisition and Correction

A sample raw image from the OCT is shown in panel a of figure 6.4. The
part of the image beneath the droplet surface is distorted due to refraction at
the curved droplet surface. The previous studies on droplets that used OCT,
did not provide image corrections [135, 194]. In the present study, we map
the measured pixels to their true positions as follows: first, the interface of
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the droplet was identified employing an edge detection algorithm, and then
P
fitted using a Fourier series fint (x) = N
i=1 ai sin(xω) + bi cos(xω) (where ai ,
bi , and ω are constant and N = 8), in order to compute its slope. Provided
the OCT scanning beam is vertical, the angles of incidence α and refraction
β (see panel b in figure 6.4) can then be determined:
α = tan−1 (

dfint (x)
),
dx

β = sin−1 (nair /nliq · sin(α)),

(6.1)

where nair and nliq are the refractive indices of air and droplet, respectively.
Hence,

x0 = x + LD · sin(α − β),

y 0 = fint (x) + LD · cos(α − β),

(6.2)

where primed symbols note the mapped coordinates and LD = (y−fint (x))/nliq .
It should be noted that the current image correction is not a pixel-to-pixel
mapping and therefore might lead to some ”void pixels” in the mapped picture, where no intensity is assigned. To avoid this, the mapped image is
linearly interpolated onto a equally spaced two-dimensional grid. Figure 6.4
shows an example of the original and mapped pictures.

6.2.5

Detection of Brownian Motion

We identify gelled regions inside the droplet by exploiting the Brownian
motion of the polystyrene beads. From the Stokes-Einstein relation [182],
the mean squared displacement of a Brownian particle over a time interval
∆t, is
hx2 i =

kB
T
∆t ,
3πr µ(γ̇, T )

(6.3)

where kB is the Boltzmann’s constant, r is the particle radius and µ is the
apparent dynamic viscosity, which is a function of the local shear rate γ̇ and
absolute temperature T . For r = 500nm and the time frame ∆t = 200ms
used for the OCT image scans, equation (6.3) implies a displacement of
p
p
hx2 i ∼ O(0.1µm) or h(x, y, z)2 i ∼ O(0.3µm) in 3D, for the liquid Newtonian phase of the Pluronic solution. This displacement is much smaller
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Figure 6.4: a) An example of an original OCT image. b) The dashed blue
line shows the droplet interface, fint . The solid white line shows the actual
light path from a scatter source to the detector while the dashed white line
corresponds to the same material line in the OCT image. α and β are the
refraction and incident angles, respectively. n and t are the normal and
tangential vectors at [x, fint ]. c) The mapped picture using equation 6.2.
Because of symmetry, we only show a half of a droplet in panels b and c.
The scale bar is 500 µm.
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than the spatial resolution of the OCT. Despite this, consecutive images
of liquid-phase Pluronic solution seeded with a sufficient density of tracer
particles show significant temporal variability in the absence of any apparent macroscopic fluid flow as a result of dynamic speckle, the time varying
interference in the scattered light from multiple objects due to unresolved
Brownian motion of the scatterers; [163]. By contrast, for particle seeded
Pluronic gel image pairs are identical except for minor fluctuations caused
by noise. Evidently, the tracer particles are effectively immobilised in the gel
due to a low-shear-rate effective viscosity that is orders of magnitude higher
than the liquid-phase viscosity. This sharp contrast between the degree of
intensity fluctuation in the liquid and gel phases (see Video I) provides the
means to detect the gelled regions in droplets of Pluronic. Dynamic speckle
arises provided there are multiple scatters within each volumetric region
contributing signal to a volume element (voxel) recorded by the SD-OCT.
For the OCT, this volumetric region is about 845µm3 , and we found that
concentrations above 0.1wt% provided a sufficient number of particles per
voxel Np to register the speckle effect. Practically, we used a concentration
of c =0.2 wt%, corresponding to Np ≈ 26.

6.2.6

Quantification of Brownian motion

We quantify the fluctuation of the intensity signal as follows. Let Ijk (t =
n∆t) denote the measured intensity of the (j, k)th pixel in the nth image, of
which there are N altogether (n = 1, 2, ..., N ). We then coarse grain the image area into M interrogation windows of a given edge length (about 42µm),
and then compute the correlation coefficient, RJK (t), between consecutive
images based on these windows.
To help reduce the effect of noise, we then formulate the three-point
running average,
1
RJK (t) = [RJK (t − ∆t) + RJK (t) + RJK (t + ∆t)].
3

(6.4)

If consecutive images are identical, then RJK (t) = 1. Small values of RJK
imply little relation between those images.
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Figure 6.5: Raw image and corresponding correlation map of Pluronic F127,
seeded with d = 0.5µm particles to a concentration of 0.2wt%, over a
∼510×510 µm2 square at a) 18◦ C. b) 28◦ C. c) Variation of average correlation value with temperature for Pluronic solution seeded with d = 0.5µm
particles to a concentration of 0.2wt%. The horizontal lines show the average values for sol and gel phases. The dashed vertical line denotes the gel
temperature, Tg .
We first image stationary drops of the thermo-responsive solution seeded
with polystyrene spherical beads of diameter d = 0.5 µm at a concentration
of 0.2 wt%. The temperature of the liquid was changed from 18◦ C to 28◦ C
and cross-sectional scans of size ∼510×510 µm2 (and thickness 13µm), at the
centre of the droplet, were taken over durations of 4s (20 images). Examples
of raw images and their corresponding correlation maps for sol and gel phases
are demonstrated in figure 6.5(a,b). Figure 6.5(c) plots mean correlation
values against temperature, taking the average over both time and all the
interrogation windows in the image. The fluctuations in the positions of
the suspended particles for the liquid phase are relatively large, leading
to a low average correlation (less than 0.2). Elevating the temperature
above Tg , the Brownian motion of the particles is significantly reduced to
a degree where the correlation reaches values exceeding 0.9. We therefore
adopt RJK > 0.75 as a convenient threshold to detect the gel in spreading
droplets, using d = 0.5 µm particles with a concentration of 0.2%, and
images spaced by ∆t = 0.2s.
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Figure 6.6: Gel formation in a stationary droplet on a heated substrate. The
bright shaded region identify interrogation windows over which IJK > 0.75;
we use the same convention in figures 6.8 and 6.9. The time difference
between consecutive panels is 4s and the heating rate was Tt = 0.70◦ C/s.
The scale bar indicates 500m.

6.2.7

Results

Mechanism of Gel Formation
This section outlines our visualization of gel formation inside droplets of
Pluronic. We start the investigation with a simpler situation, that of a
stationary droplet. Figure 6.6 shows sample gel formation patterns induced
by heating the surface underneath the droplet.
From figure 6.6, two stages of gel propagation can be distinguished: the
first stage proceeds relatively slowly and corresponds to the creation of a
superficial crust near the outer rim of the droplet. The crust first appears
at the contact line, then advances upwards along the surface and thickens
with time. In the second stage of gel formation, a growing layer appears
above the heated plate and then invades upwards, eventually transforming
the entire droplet. This second stage is initiated somewhat later, but then
proceeds relatively quickly once underway.
Figure 6.7, shows the changes in the thickness of the gel layers in the two
stages over time; Hcrust denotes the thickness of the surface gel layer just
above the substrate (close to the contact line) and Hbase is the thickness of
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Figure 6.7: Variation of the thickness of the gel layer just above the substrate
and at the centre of the droplet (denoted Hcrust and Hbase , respectively) over
time for the heated stationary droplet shown in 6.6.
the gel layer growing from the base at the centre of the droplet. As seen in
figure 6.7, the crust forms well ahead of the moment at which the substrate
reaches the gel temperature; the second stage, however, starts just after that
moment.
Our interpretation of the phenomenology seen in figure 6.6 is that the
droplet is heated in two different ways. First, because heat diffuses through
air about one hundred times more quickly than in Pluronic, the air surrounding the droplet heats up faster than the fluid above the plate. Rapid rise of
the air temperature was confirmed by the second thermocouple above the
substrate (see figure 6.3). The rise of the temperature decreases the humidity in the surrounding air and enhances the evaporation. The latter leads to
the formation of the skin-like gel in the first stage. Note, in a separate experiment (not shown here) we visualized the flow inside the droplet, where
no convective motion was detected whatsoever, therefore, the presence of
Marangoni flow is ruled out in our experiments. The second wave of gel
formation is the result of heat conduction directly through the base of the
droplet.
We also found that it was instructive to examine the spatio-temporal
pattern characterizing how gel disappeared and the droplet liquified after
the heater was turned off and the temperature fell below Tg . Figure 6.8
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Figure 6.8: A cooling droplet on an unheated substrate (the bright shaded
region identify interrogation windows over which IJK > 0.75). The time
difference between two consecutive panels is 12s. The initial temperature
was 40◦ C. The scale bar indicates 500m.
shows such a cooling sequence. Gel first disappears at the base of the droplet
as a liquified layer invades upwards from the plate, and a persistent crust
remains near the rim over times far longer than the experiment.
The surprise in figure 6.8 is that the disappearance of the gel is not the
reverse of its appearance. We interpret this as the signature of evaporation:
due to the heating of the surrounding air, significant evaporation takes place
from the surface even if the experiment is conducted in a solvent trap (the
humidity falling below 100% as the temperature is raised). This increases
the pluronic concentration over the superficial crust and assists the first
wave of gel formation. Then, when the drop is subsequently cooled, the gel
temperature of that crust is lower than that of the bulk of the droplet, and
therefore this region only liquifies at a later time. Indeed, the evaporation is
evidently sufficient to leave a crust near the contact line whose concentration
is sufficiently high to avoid the transformation to the liquid phase even at
room temperature.
The phenomenology of gel formation in the extrusion tests was similar to
that for stationary droplets; Figure 6.9 shows a sample sequence of processed
SD-OCT pictures. The droplet is extruded with a flow rate of 10µl/min and
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Figure 6.9: Spreading and Solidification of a Pluronic F127 droplet with a
target volume of 20µl on a heated substrate. The flow rate was 10µl/min
and Tt = 0.074◦ C/s. The grey vertical bar indicates the location of the
nozzle. Only half of the droplet is shown and the white horizontal bar has
length 0.5mm. The time difference between two consecutive panels is 20s.
a Tt of 0.074◦ C/s. In this particular experiment a relatively low heating rate
Tt was applied in order to make the gel formation clearly detectable, and
the heater turned on at the same time as the pump.
In the first seconds of the extrusion the droplet grows, wetting the surface
with no noticeable gel formation. At a certain moment spreading ceases
when the contact line becomes pinned at a radius significantly smaller than
the final radius of an isotehrmal extrusion. After the pinning, the continued
extrusion of fluid deepens the droplet and raises the apparent contact angle.
During the pinning process, no gel could be detected. Only once the contact
line was brought to a halt could one detect the first wave of gel formation
in the superficial crust, followed by the second wave invading from the base.
The most notable difference between the stationary and extruding droplets
was the behaviour underneath the nozzle, where the continued extrusion
precluded the formation of static gel regions and continually deepened the
droplet.
Gel cannot therefore be detected at the moment when the contact line
becomes pinned. Evidently, no extensive gelled-up layer of material at the
base is needed for this arrest. Nor does the correlation IJK obviously de123
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crease throughout the bulk of the droplet, ruling out a rise in bulk viscosity.
Our results are not therefore consistent with the theory of Sonin and Schiaffino [176]. Instead, we conjecture that gel structures of a much smaller
spatial scale are sufficient to arrest the spread of the droplet at the contact line (cf. Tavakoli et al. [191]). Here, gel first forms as a result of the
combination of heating by the ambient air and the associated evaporation.
Controlled Extrusion
Figure 6.10 plots the final radii of droplets as a function of the flow rate Q
for a suite of experiments with and without surface heating and for different
heating rates Tt , all with the same target volume. For every extrusion, the
mean radius was estimated from eight measurements along diameters spaced
by 45 degrees. The data points in figure 6.10 indicate the average final radius
and the error bars indicate the standard deviations of the final radius over
five different experiments. Without surface heating, the droplets spread to
a final radius that does not depend on the flow rate. With surface heating,
however, the spread of the droplet is arrested at a radius that decreases as
the flow rate Q is reduced or as the heating rate Tt is increased.
For the target volume used in figure 6.10, the final radius corresponded
to the location where the contact line first became pinned. In extrusions
of larger volumes, this was not always the case, with deepening droplets
sometimes breaching the gel dams at their peripheries to lead to further
spreading events at later times. In such high-volume experiments, the contact line therefore advanced in an episodic manner. Though interesting, we
avoid further consideration of such cases here.
It should be noted that throughout the experiments without surface
heating (or small Tt ), it was common to get asymmetric shapes of droplets.
The liquid would randomly stop and ’stick’ for a moment and then suddenly
spread further in the same or different direction for no obvious reasons.
This behavior, which we saw very consistently and can, at the moment, not
interpret, led to differences in radii in the experiments on unheated surfaces.
We want to point out that the rather large standard deviations displayed in
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Figure 6.10: a) Final radii of pluronic droplets extruded with a) different flow
rate and a constant heating rate of Tt = 0.70◦ C/s, and b) varying heating
rate and constant flow rate of 25µl/min. The final target volume in all
experiments was 0.02 mL. In panel a, the squares show corresponding results
without surface heating and the dashed line shows the radius expected for a
spherical cap of the same volume and a contact angle of 35◦ (see appendix
E).

125

6.2. Gel Identification
Figure 6.10, panel a, are due to this circumstance.
The observed radii of Pluronic F127 droplets that were extruded with
different flow rates on a heated substrate can be interpreted based on the
observed phenomena inside the droplets. The arrest of the contact line and
the rather random pinning observed during the spreading, might be due to
evaporation effects and gel at micro scale at the contact line. Furthermore,
we do not want to rule out surface inhomogeneities. We strongly suspect,
that the random pinning of droplets on an unheated surface might be due
to surface effects rather than any fluid-thermodynamics.
For a fixed heating protocol (panel a of figure 6.10), the lower the flow
rate, the smaller the final radius would be. This clearly indicates the high
potential of gel-controlled spreading of droplets. To quantify the heating
protocol it should be noted, that it took the substrate approximately 5 to
7 seconds to reach the gel temperature. With low flow rates, only a small
amount of the set target volume would have been extruded by that time and
therefore the final radius would stay small and the droplet height increased.
With increased flow rates, however, it is observed that the radii become
larger, since the liquid spreads faster. It is assumed, that the higher flow
rates lead to the majority of the droplet being extruded without even being
influenced by the heating of the substrate. The highest flow rate led to an
extrusion time of 8 seconds, the chance of the droplet to react to the heating
is therefore minimal.
The influence of the heating rate for a fixed flow rate on the final radius
and therefore the spreading control are also emphasized in panel b of figure
6.10. Higher heating rates (meaning higher voltages applied to the Peltier
device and following higher Tt ) lead to smaller final radii: the gel temperature is reached sooner and the contact line has not progressed as far on the
substrate before getting pinned.
Both observations confirm the supposition that heating the substrate
directly offers a way to control spreading Pluronic F127 droplets on a substrate by enhancing gel forming structures inside the extruding droplet. In
the next section, we further examine the same system for impacting droplets.
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Figure 6.11: Shadowgraphy setup for the thermo-responsive impact tests.

6.3

Impact Tests

In addition to the extrusion tests, we also conducted impact tests. The
OCT imaging system used above was too slow to be used in the impact
tests, therefore, our experiments are limited to shadowgraphy. The main
goal was to examine the method of gel-controlled-spreading for impacting
droplets. For this purpose, we used a simple test setup schematically shown
in figure 6.11.
Similar to the extrusion tests, the setup features a Peltier device as the
heater. The heater is attached to a heat sink to increase the temperature
stability of the setup. The target surface is a glass slide and is placed on
top of the heater. Thermal paste was used between the slide and the heater
to enhance the heat transport. The surface temperature was fixed before
the impact and was measured using a surface-mounted thermocouple. The
surface furnishes a contact angle of α = 25◦ ± 3◦ for the solutions, where
negligible differences were observed for the different polymer concentrations.
We used three different concentrations of Pluronic (13%, 15%, and 17%),
prepared as described before.
The height of the nozzle was changed to generate different impact velocities. For the experiments, the range of the Reynolds number was 0.5 <
Re∗ < 45 while the Bond number was almost constant Bo∗ ≈ 0.1. The
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Figure 6.12: Impact of a Pluronic solution with Tg ≈ 26◦ C. a) Surface
temperature is Ts = 25◦ C. b) Surface temperature is 65◦ C. In both experiments, Bo∗ ≈ 0.1, and Re∗ ≈ 9.65. The time difference between each image
is 4.2 ms and the scale bar is 2mm.
Weber number was in the range of 0.05 < W e∗ < 1.7. All non-dimensional
groups were evaluated for spherical droplets leaving the nozzle under ambient conditions.
Figure 6.12 shows examples of impact tests at different thermal conditions.
As observed in figure 6.12, the substrate temperature has a substantial impact on the dynamics of droplet spreading upon impact with the
substrate. More quantitatively, the radius and height of the same droplets
shown in figure 6.12 are shown in figure 6.13 as a function of time.
In the case of a non-heated substrate, upon impact, the droplet quickly
spreads on the surface, vibrates vertically, and slowly spreads (relaxes) until
it reaches the static contact angle. The effect of heating is negligible at the
very early stage of the impact, where the droplet undergoes quick spreading.
Nevertheless, at the stage of late spreading, less vibration occurs, and finally
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Figure 6.13: Comparison of a) diameter and b) height of the droplet during
the spreading. The horizontal lines depict the values at equilibrium. For
the experimental conditions, see the caption of figure 6.12. The moment of
impact is selected as the reference time (t=0).
the contact line gets pinned and no further spreading is observed. These
observations provide evidence that the sol-gel transition following the impact
can be used as an effective method to reduce the droplet spreading, at least
for the conditions when inertia is small.
Experiments were carried out for different polymer concentrations, surface temperatures, and Reynolds numbers. Finally 34 data points were
collected (each repeated at least 4 times). In figure 6.14, we summarized
the results of the normalized final radii as a function of the impact Reynolds
number and a non-dimensional temperature. The environmental temperature would represent another important parameter, but it was constant for
these experiments and therefore ignored in this study.
Figure 6.14, illustrates the capability of the proposed technique to control
spreading of impacting droplets. The maximum diameter of the spreading
droplet can be controlled by the polymer concentration and the substrate
temperature, such that it decreases with increasing polymer concentration
and/or substrate temperature. Also, as expected, a higher Reynolds number
leads to a larger final diameter of the droplet.
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Figure 6.14: Normalized maximum diameter of the spreading droplet as a
function of the normalized substrate temperature and the initial Reynolds
number. The color map obtained by linear interpolation of the data points.
The crossed circles denote the cases shown in figure 6.12.

6.4

Conclusion of Experiments on Gel Controlled
Spreading

The spreading of thermo-responsive droplets on a solid surface is studied
experimentally. It is shown that one can externally control the final radius
of the spreading droplet, heating the substrate and consequently solidifying
the droplet via a sol-gel transition.
We first introduced a novel experimental methodology based on optical
coherence tomography and motion of particles. Using this method, we identified solidified regions inside a droplet. Two different stages of gel growth
inside the droplet have been established, due to two different mechanisms
and with different time scales and locations. The first one happens at the
liquid-gas interface, progresses relatively slowly and is due to heat transfer
through the gas leading to heating and evaporation effects. The second one
starts at the liquid-solid interface, proceeds much quicker and is due to heat
conduction through the liquid material. It was shown that the droplet arrest
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occurs due to the contact line freezing at length scales much smaller than
the size of the droplet (and the resolution of our measurement technique)
before any solidification takes place on the bulk of the liquid. Moreover,
it is found that the surrounding phase plays an important role in the solidification process of a spreading thermo-responsive hydrogel. The rapid
heating of the air around the droplet might results in gel formation at the
surface of the droplet and also enhance the rate of evaporation. Therefore,
the first stage of solidification and the arrest of the moving contact line of
an extruding droplet might both be significantly under the influence of the
surrounding environment.
The gel-controlled spreading is also effective for impacting droplets, where
the thermal arrest damps the interface vibrations and stops the radial growth.
For a given polymer concentration and Reynolds number, higher surface
temperature results in a smaller final footprint.
The proposed gel-controlled spreading technique might enable the the
design of new printing systems (plastic 3D or bio- printers) in which controlling the final shape of the droplet might results in a higher resolution
and more flexibility in fabrication of complex geometries.
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Chapter 7

Summary and Future
Research Directions
7.1

Summary

The studies carried out in the current thesis consider the spreading of viscoplastic droplets on a solid surface, present detailed rheological properties
of a thermo-responsive material, and introduce a new technique to thermally
control the final shape of a droplet.
In chapter 2, we investigated the spreading and the final shape of a viscoplastic droplet at different limits, using different theoretical methods. We
first derived the governing thin film equations in a leading order lubrication
theory. The equation was solved numerically and the effect of yield stress
on dynamics and final shape was shown. It was demonstrated that the final
shape of a viscoplastic droplet is a function of yield stress; the larger the
yield stress the smaller the final footprint. We then provided asymptotic
solutions to predict the final shapes at different limits. We first performed
an analysis to achieve the correct boundary conditions at the edge of the
droplet. It was shown that, in comparison to the Newtonian droplets, the
interface oscillation at the edge of a viscoplastic droplet originates from a
different mathematical reason. Also, the amplitudes and wave-lengths of
the dimples rapidly decay in space, resulting in an accumulation point. We
found the final shape of a viscoplastic droplet under capillary and gravitational forces in the limits of vanishing pre-wetted film, finite pre-wetted film
thickness, and partial wetting (constant contact angle). In contrast to the
case of gravity viscoplastic currents, the equations do not allow for an exact
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closed form solution when capillary forces are present. Therefore, we had to
solve the equations numerically. Asymptotic results broadly discuss the effects of different governing parameters (such as surface tension, gravity, and
thickness of the pre-wetted film) on the final shape of a yield stress droplet.
We also provided simple formulas at different limits of capillary or gravity
dominant regimes. In addition to the lubrication analysis, we also provided
numerical solutions of the continuity and momentum equations using a finite volume- volume of fluids (FV-VOF) code. The numerical simulations
do not consider any shallow flow assumption and allow for a solution in a
non-asymptotic form. The results revealed some of the flow features inside
the droplets and showed that the final shape might be under the influence
of the initial shape, if the yield stress is large (such that the whole droplet
does not yield initially). In comparison with the asymptotic solutions, the
numerical simulations predicted a smaller final radius for the viscoplastic
droplets. The discrepancy is most likely due to the shallow layer assumption considered in the lubrication theory.
In addition to our theoretical studies, we provided experimental investigations on spreading of yield stress droplets. At the first place, we showed
that an APES surface chemical treatment can remove the apparent slip in
a flow of a Carbopol solution. In the same section we presented a visualization technique based on confocal microscopy to obtain the velocity profiles
in the vicinity of the wall. A no-slip condition of the substrate allowed us to
compare our results with the theoretical investigations. In our experiments,
we first studied the final shape of extruded droplets of different size. It was
shown that for a given volume, the larger the yield stress, the smaller the
final radius is. The results of the extrusion experiments showed the same
trends as predicted by the asymptotic solutions, however the values of the
final radii are smaller. The results are however much closer to the numerical
simulations, but still smaller. The difference might be due to the elasticity
of the fluid in our experiments, the effect of the nozzle inside the droplet,
or different initial conditions. We complemented our experiments with the
impact tests, where drops of Carbopol impacted (at the low inertia regime)
the pre-wetted surface. In comparison with the extrusion tests, more inter133
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esting phenomenologies were seen in the impact tests. For instance, at large
yield stresses droplets became elongated and if they were tall enough, they
buckled down upon impact. In comparison with the asymptotic solutions,
the impact tests measured smaller final radii even though inertia (although
small) was involved and no nozzle interfered with the droplet. The discrepancy might mainly be due to the shallow layer assumption in our asymptotic
solutions as well as the elastic effects in the experiments.
In the last two chapters, we used our knowledge of viscoplastic spreading
to design a system in which we can externally control the final shape of a
droplet. For this purpose, we first comprehensively studied the rheological
characteristics of a thermo-responsive polymeric solution. We showed that
the aqueous solutions of Pluronic F127 are Newtonian if the temperature
is low and turn to a yield stress fluid when heated. Not very far from the
gel temperature the solutions could be modelled with a Herschel-Bulkely
law. The gel temperature, the magnitude of the yield stress, and the shear
thinning index depend on the concentration of the polymer. We provided
experimental fits for a range of polymer solutions for the further studies that
involve this particular type of solutions. We also identified a different rheological transition at very high (”harsh”) temperatures, where the solution
of Pluronic F127 became time-dependent.
In the last chapter, we examined a new technique to control the spreading
of a droplet, using the thermo-responsive material. It is shown that we can
externally control the final radius of an extruding or impacting droplet by
heating the substrate. In the system, the heat generated from the surface
results in gel formation (solidification) inside the droplet and consequently
the spreading is halted. In the same part of the thesis, we introduced a
visualization method based on optical coherence tomography and motion of
sub-micron particles. Using the method we were able to identify different
stages of gel growth inside the droplet. We have shown that the effect of the
surrounding environment (via air heating and evaporation) is significant in
our experiments. We also showed that the arrest of the droplet occurs due
to contact line freezing at a length scale smaller than the resolution of our
measuring system.
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7.2

Limitations and Future Research Directions

A number of advancements have been made, as summarized above. Although, we should acknowledge some limitations in our theoretical and experimental studies. In what follows, we address the limitations of the current
research and propose different future research directions.

7.2.1

Asymptotic Solutions

Limitations
Our asymptotic solutions were based on the leading order lubrication theory
and the higher order terms were neglected. The employed constitutive law
(Bingham fluid) is the most simplistic model that does not include elasticity and non-linear viscosity effects. The majority of our study focuses on
the pre-wetted surfaces and the actual complex interaction of the fluid-airsurface at the contact line, in a partial wetting situation, is simplified.
Future Directions
For the future studies, one can improve the current shallow layer theory by
including the higher order terms (c.f. [126] for viscoplastic gravity driven
flows). This might result in a more accurate comparison with the experimental results. The thin film equation can be obtained for the more complicated viscoplastic constitutive laws such as the Herschel-Bulkley model.
Although such change might result in different dynamics of spreading, it will
not change the final shape of the droplet. Therefore, there is a little benefit
here. Using elasto-viscoplastic constitutive laws might be more useful and
could result in a more accurate prediction of the final shape. Using contact
angle models to resolve the dynamics of spreading in a partial wetting situation requires more detailed information on small scale (short range) forces
at the contact line of a viscoplastic droplet. This seems to be non-trivial and
might depend on the size, shape, etc. of the polymer structure. Hence, theoretical studies rely on more micro or nano scale analysis of the viscoplastic
contact lines.
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7.2.2

Numerical Simulations

Limitations
Two main simplifications have been considered in our numerical simulations.
First, similar to the asymptotic solutions, the constitutive law is in the most
simple form. Second, the constitutive law is regularized.
Future Directions
Although, we showed that the solutions are independent of the regularization parameter, providing numerical simulations using an augmented Lagrangian technique is beneficial and will result in more accurate estimation
of the yielded-unyielded boundaries. The numerical code can easily be modified to include the effects of the non-linear viscosities and therefore more
accurate solutions of dynamical spreading can be obtained. The code in
the current form can still be used for future investigations. For instance
simulations can be provided for different initial shapes to predict the final
shapes. Additionally, more complicated geometries such as droplet impact
can potentially be solved with the code.
Implementing a constitutive law that includes elasticity might significantly improve the numerical results. The isotropic-kinematic hardening
model (IKH model) of Dimitriou and McKinley [59] or the elasto-viscoplastic
model of Saramito [173] are examples of such laws.

7.2.3

Slip of Yield Stress Fluids

Limitations
Our investigation on slip of the viscoplastic fluid was highly focused on the
scope of the current thesis: finding a method to remove the slip, so we are
able to compare the theoretical and experimental results. Therefore the
investigations are limited to a small number of experimental materials and
we did not study the mechanism (rheology) of slip in details.
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Future Directions
The visualization technique used to observe the flow in the vicinity of the
glass surfaces, can be employed for further investigations on slip of viscoplastic materials. In a simpler configuration (e.g. steady channel flow),
one might be able to find a relationship between the slip velocity, wall shear
stress, yield stress, etc. Such relationship can be used in mathematical modelling of viscoplastic flows that are suffering from slip. The experimental
setup in the current form can provide direct observation on the flow behavior just above the surface for different polymeric solutions. The treated
glass surface can be used in any viscoplastic experiments in which a noslip boundary condition is required (e.g. rheometry) especially when optical
access is required.

7.2.4

Experiment on Yield Stress Droplets

Limitations
Our experimental investigations are limited to: low inertia spreading on
pre-wetted surfaces. We also avoided to study the detail of pre-impact phenomena such as the effects of the lubrication air layer below the droplet.
The buckling of ”tall” droplets was not in the focus of the current thesis
either.
Future Directions
The same experimental methods can be used to study the impact of viscoplastic droplets at higher inertial regimes. This might lead to more interesting phenomena such as splashing that includes more complicated dynamic. The detailed deformation of the droplet before the impact (coalescence with the pre-wetted film) and the effect of yield stress can be analyzed
with the same experimental setup. At high yield stresses, the droplets become elongated and are unstable upon the impact. Therefore, as shown in
Chapter 4, they buckle. Buckling of these droplets where surface tension,
gravity, elasticity, and plasticity are important is an interesting topic (from
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both theoretical and experimental) point of view and can be studied in the
future.

7.2.5

Rheology of Pluronic F127

Limitations
Our rheological studies are limited in some aspects. First of all the range
of concentration was selected based on the scope of the current thesis. Second, we did not provide any information on the elasticity of the polymeric
solutions. Finally, as clearly mentioned in the text, we could not repeat our
experiments at the regime of harsh temperatures.
Future Directions
The same rheological protocols can be used to extend the current data for a
larger range of concentration. Above ∼ 19wt% the solutions turn to gel at
room temperature, therefore the rheological information for concentrations
above this, might be useful for the experiments where flow is generated by
cooling (opposite of our investigations). Studies on the elastic features of
the thermo-responsive solutions will be very beneficial to improve our understanding of its rheological characteristics. Finally, an imaging-rheometry
technique seems to be essential to provide detailed information at harsh
temperatures. This might result in finding the origin of the unsteadiness we
observed in our rheometry.

7.2.6

Gel Controlled Spreading

Limitations
The thermo-responsive spreading control is a new technique. In the current
thesis, we proved the concept of the technique and provided detailed information on thermal arrest via an OCT-based technique. Nevertheless the
studies were still limited in some aspects. For instance, we did not provide
experimental studies for high speed impact and spreading. Our thermal
measurements were limited to one or two thermocouples and therefore our
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heat transfer analysis was limited. The proposed OCT-based technique is
promising for the problem of solidification, when static and moving particles (in a lab frame) co-exist. However, it still requires more fundamental
investigations at small scales (especially in optics).
Future Directions
Similar experiments can be performed in the cases of high impact velocities
were more complicated drop deformation is expected at the surface. Using
the current thermo-responsive spreading might result in a method to avoid
phenomena such as retraction or rebound. At higher inertial regimes, one
might be able to avoid splashing, using the same technique. More careful
heat transfer measurement such as infrared cameras to measure the surface temperature and multiple micro-thermocouples inside and outside the
droplet will significantly assist to improve our understanding on the effect
of air on the thermal arrest of the droplets. Regarding our OCT technique, more optical study and in particular understanding the detail of light
backscattering from the surface of the sub-micron particles and the resulted
collective optical behavior seems to be crucial for further developments. If
the optical details become well understood, one could expand the applications of the current methodology to some PIV techniques for measurements
of flows of viscoplastic fluids with moving plugs. Furthermore, the same
technique might be used for solidification of other materials such as wax.
Finally, the theoretical knowledge obtained in the current thesis can be
used to model the thermo-responsive spreading. In a lubrication theory,
one can think about a non-isothermal multi-layer configuration such that in
the fluid, wherever the temperature is above the gel temperature we have
a viscoplastic fluid and otherwise the fluid is Newtonian. A more realistic
theoretical analysis should include the effects of the surrounding air, as it
was found important in the experiments.
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[172] Alireza Saı̈di, Céline Martin, and Albert Magnin. Effects of surface
properties on the impact process of a yield stress fluid drop. Experiments in fluids, 51(1):211–224, 2011.
[173] Pierre Saramito. A new constitutive equation for elastoviscoplastic
fluid flows. Journal of Non-Newtonian Fluid Mechanics, 145(1):1–14,
2007.

158

Bibliography
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Appendix A

Planar Droplets
A.1

Evolution Equation and Finite Difference
Solution

Here we present the theoretical results for the planar (2D) droplets. The
information in this appendix can be useful for the future studies on thin flat
films.
For a thin 2D droplet, applying the thin film approximation results in
the similar form of the leading order mass and momentum conservation.
Therefore equation 2.5 still holds. Using the same boundary conditions and
employing the depth averaging, in dimensional form we will have:
ht =

o
i
σ hn ρg 
hx − hxxx Y 2 (3h − Y ) .
6µ
σ
x

(A.1)

where, from now on we use x to denote the horizontal direction in the
Cartesian coordinate. If we remove the dimensions, we can write,
ht =


1
( B hx − hxxx ) Y 2 (3h − Y ) r ,
6

(A.2)

where,


J
,
Y = MAX 0, h −
|px |

(A.3)

and the pressure gradient is now reduced to:
px = B hx − hxxx .

(A.4)

We solve the obtained evolution equation using the same finite difference
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Figure A.1: Numerical solution of the 2D Newtonian thin film equations.
Results are shown for for a) B = 0, b) B = 2, c) B = 5. Results in all
panels are demonstrated for t = [250, 2000] with an interval ∆t = 250. The
subsets in panel a illustrates a magnified view of the contact line area at
t = 500. The thickness of the pre-wetted film was fixed at h∞ = 0.001 in all
solutions.
technique presented in section 2.4.1. Note, equation 2.18 is now replaced by
ht =

1
(Q)x ,
6

with Q = px Y 2 (3h − Y ).

(A.5)

The symmetry boundary condition still holds, however, equation 2.23 changes
to
ht =

r→0

2Q∆x/2
.
∆x

(A.6)

Similar to the axisymmetric drops, we start the solutions with the Newtonian
fluids where the evolution equation reduces to,
ht =


1
( B hx − hxxx ) h3 x .
3

(A.7)

Some examples of the finite difference solutions for 2D droplets are shown
in figure A.1.
Similar to the case of axisymmetric, the droplet becomes flatter when
the B number increases. Moreover, the oscillations at the contact line can
be observed. The droplet radius (the position of the contact line) was found
for the 2D droplets as shown in figure A.2.
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Figure A.2: Radius of Newtonian droplets versus time for the planar droplets
with B of 0, 1, 2, and 5.
In the absence of gravity, for a planar droplet, the Tanner growth scaling
[190] is R ∼ t1/7 and in the gravity dominant regions, the Huppert scaling
law [95] for 2D droplets is R ∼ t1/5 . In figure A.2, one can see the transition
between these two limits in our numerical solutions.
The dynamics of the 2D viscoplastic droplets are similar to those presented for the axisymmetric configuration: the droplet spreads until the
yield stress becomes dominant. The final radius of the droplet is a decreasing function of J and increasing function of B. Figure A.3 shows the results
for variation of radius of 2D viscoplastic droplets over time.

A.2

Asymptotic Solutions

From equation A.3 adn A.4, we can write the governing equation for the
final shape of a planar droplet:
−h (Bo hx − hxxx ) = J,

(A.8)

where we used the final radius Rf , and the final height Hf , as the horizontal
and vertical length scales, respectively. The calculation for the gravity dominant spreading (equation 2.33) still holds for a planar droplet. Nevertheless
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Figure A.3: The position of the contact line over time for planar droplets.
a) J = 0, 0.05, 0.1, 0.2 where B = 0 and b) B = 0, 3, 10, 20 where J = 0.1.
h∞ = 0.001 in all the solutions.
instead of a constant volume, we now have a given area.
All the calculations presented in section 2.5.1 still holds for a planar
droplet and all the boundary conditions presented for the axisymmetric
droplets are valid.

A.2.1

Asymptotic Solution for h∞ → 0

For the case of vanishing pre-wetted film, for a 2D droplet we need to solve
hxxx − Bo hx =

J(Bo)
.
h

(A.9)

We apply boundary conditions presented in equations 2.55 and 2.57 for the
constant area of
Z1
A = Rf Hf Ip (Bo),

Ip (Bo) =

h dξ.

(A.10)

0

Equation A.9 was solved numerically. An example solution for Bo = 0 is
presented in figure A.4. From the solutions, the limiting values for J and Ip
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Figure A.4: Asymptotic solution of the 2D droplet interface and its derivatives for the limit of h∞ → 0. The red solid lines denote the droplet interface. The dashed-dot black and dashed blue lines denote the first and
second derivatives, respectively.
for a planar droplet are obtained as,
Jp0 = 3.5310,

A.2.2

and Ip0 = 0.5808,

for

planar.

(A.11)

Asymptotic Solutions for Finite h∞

In the presence of the pre-wetting layer, the governing equation for the final
shape of a 2D droplet is:
hxxx − Bo hx =

J(Bo, ĥ∞ ) sgn(h − ĥ∞ )
.
h

(A.12)

where, J(Bo, ĥ∞ ) = τ0 R3f /σHf2 is now a function of Bo as well as ĥ∞ .
The boundary conditions in equation 2.61 still hold. The value of regularization parameter Ξ is the same as the one in the axisymmetry test. We
numerically solve equation A.12 for a constant area of

Z1
A = Rf Hf Ip (Bo, ĥ∞ ),

Ip (Bo, ĥ∞ ) =

(h − ĥ∞ ) dξ.

(A.13)

0
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Numerical results are presented in figure A.5.
Similar to the case of axisymmetric droplets, reducing the thickness of
the pre-wetting film, we approach the solution for h∞ → 0.
We present the effect of Bo number on the final shape of the 2D droplets
in figure A.6. Similar to what was observed in axisymmetric droplets, increasing the Bo number results in larger J and Ip . Additionally, for Bo  1
solutions approach the gravity dominant asymptotic (black dashed-dotted
lines in figure A.6).
We now present the results for the final radius of a planar droplet with
a given area of
A = L2 ,

(A.14)

where L is the length of a square with the same area of the droplet.
Pure Gravity
Employing the same type of analysis shown for the axisymmetric drops, for
a planar we have:
Rf /L =

 1/3
 1/3
3
3
−1/5
1/3
−1/3
Bn∗
=
Bo∗ J ∗
,
4
4

(A.15)

where the non-dimensionalized groups are the same listed in equation 2.66.
With Surface Tension
In the presence of surface tension, for a planar droplet, equation 2.67 changes
to

J ∗ = Bo

∗5/2

F(Bo, h∞ ),

F=

J(Bo, h∞ )1/2
Ip (Bo, h∞ )

!2
Bo−5/2 .

(A.16)
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Figure A.5: Results for different ĥ∞ in planar geometry. a) Droplet shapes
for ĥ∞ from 2.85e-4 to 5.37e-2 with an interval of ∼ 1e-3. b) A magnified
view around the contact line area. Gravity is ignored in the solutions, i.e.
Bo = 0. The blue-dashed line correspond to asymptotic solution presented
in section 2.5.2 when h∞ → 0. The corresponding variation of c) J and d)
Ia as functions of ĥ∞ . The points at the intersection of the dashed lines
correspond to the Jp0 and Ip0 (see equation A.17).
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Figure A.6: Variations of a) J and b) Ip versus the Bo number for 2D
droplets. The blue dashed lines show the asymptotic limits for h∞ → 0 (as
presented in section 2.5.2) and the black dashed-dotted lines correspond to
the gravity dominant solutions, i.e. J = Bo/2 and Ip = 2/3.
If the gravity is negligible and h∞ → 0 we find

Rf /L = Ωp J

∗−1/5

1/2

,

with

Ωp ≡

Jp0
Ip 0

!2/5
= 1.5994.

(A.17)

We found the variation of the prefactor Ωp with ĥ∞ for different regularization parameter Ξ, as shown in figure A.7.
Similar to the case of axisymmetric droplets, the prefactor increases whit
ĥ∞ . Moreover, the results become independent of the regularization for
Ξ > 10000.

A.2.3

Asymptotic Solution for Constant Contact Angle

For a 2D droplet, equation 2.69 reduces to:
hrrr − Bo hr =

J
,.
h

(A.18)
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Figure A.7: Effect of ĥ∞ on the prefactor and Ωp . The dashed and dasheddotted lines demonstrate the results for Ξ = 100, and Ξ = 1000. The results
of Ξ = 10000 (solid line) and Ξ = 20000 are in such close agreement that
the latter has been omitted for clarity.
We solve equation A.18 for different values of J. Figure A.8 illustrate the
2D results for this limit.
Similar to what happened in the axisymmetric geometry, the droplet
shape changes from the spherical cap (for J = 0) to the solution in the limit
of h∞ → 0 (for J → Jp0 ). Figure A.9 shows the values of Γ, I, and G for
axisymmetric and 2D droplets as functions of J.
In figure A.9, Gp is a material properties and is defined as
Gp (J, Bo) ≡

J 2 Ip (J, Bo)
[Γ(J, Bo)]5

=

Aτ02
.
σ 2 tan5 α

(A.19)

The influence of Bo number on the final shape of the planar droplet is shown
in figure A.10, where increasing the Bo number leads to a flatter droplet with
large |Γ|.
The variations of Γ, Ip , and Gp versus Bo are demonstrated in figure
A.11 for J = 0.1, where increasing the relative influence of the gravity results
in larger |Γ| and Ip and smaller Gp .
Finally, we can drive the equations for the final radius and J ∗ , for 2D
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Figure A.8: Droplet shapes obtained from the asymptotic solution for constant contact angle. Blue solid lines denote the droplets for J from 0 to 0.35
with an interval of 0.5. The red dashed line shows the spherical cap limit
for Newtonian droplets. The black dashed-dotted lines show the asymptotic
solutions for h∞ → 0.
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Figure A.9: The values of Γ, Ip , and Gp from the asymptotic solutions for
constant contact angles. The cross sections of the dashed lines correspond to
the asymptotic solutions for h∞ → 0 (values are qouted in equation A.17).
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Figure A.10: Effect of gravity on the final shape of 2D droplets with constant
wetting angle. Blue lines correspond to the solutions with Bo from 0 to 100
with an increament of 5. For all solutions, J − 0.1.
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Figure A.11: The values of Γ, Ip , and Gp versus Bo from the asymptotic
solutions for constant contact angles, where J = 0.1
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droplets:

Rf
=
L



Γ
tan α Ip

1/2
,


1/2
and J ∗ = Gp (tan α)5
.

(A.20)
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Appendix B

Scaling Laws for the Final
Radius: Derivation
In this appendix we present the detail derivation of scaling equations for the
final radius of the droplet.
Gravity vs. Yield Stress
For a gravity dominant limit, the final shape is determined by
h|pr | = Bn =

LRf
τ0 Rf
= Bn∗ 2 ,
2
ρgHf
Hf

(B.1)

for a constant volume, we have:
Hf =

V
,
2πR2f Ia

where,

4
V = πL3
3

(B.2)

Eliminating Hf from equations B.1, and B.2, we find:


Rf
4
=
L
9

Bn1/2
Ia

!2 1/5
−1/5



Bn∗

.

(B.3)

For a the gravity flows the exact solution leads to the maximum height of
Hf = (2τ0 Rf /ρg)1/2 at the centre. Therefore, from the definition of J, we
find J =

1
2 Bo

and therefore Bn = 1/2, that is valid for both planar and

axisymmetric droplets. Moreover, we can integrate the exact solution, to
find Ia = 4/15 for axisymmetric droplets (2/3 for 2D). Replacing Bn and
Ia into equation B.3, we arrive to equations 2.65.
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Surface Tension vs. Yield Stress
With surface tension and in the absence of gravity we have:
−h|pr | = J =

τ0 R3f
σHf2

= J∗

R3f
Hf2 L

,

(B.4)

Eliminating Hf from equations B.2 and B.4, we arrive to equation 2.68.
Similarly, for a constant area of a 2D droplet, we arrive to A.17.
Constant Contact Angle
For a droplet with a finite contact angle, the final height is obtained as
Hf =

Rf
tan α
Γ

(B.5)

Therefore, eliminating Hf from equation B.2, we arrive to the definition of
Rf /L in equation 2.72. Also, replacing V = 4/3πL3 in equation 2.71, we
find
Ga =

2 3
2 L3 τ03
= J ∗ tan−7 α.
7
3
3 σ tan α
3

(B.6)

and therefore we arrive to equation the definition of J ∗ in equation 2.72.
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Appendix C

Image Processing:
Shadowgraphy
The shadowgraphy pictures of the droplets were analysed using a simple
image processing technique. Figure C.1 shows different steps of the process.
The raw images are first converted to binary images. The picture is then
complemented and flood filled. In the next step, we identify all the white
closed areas and remove all of them except the largest (droplet). The edge
of the droplets are then identified using an edge detection algorithm implemented in the image processing toolbox of Matlab. The same methodology
was used to identify the interface of the extruding or impacting droplets.
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Figure C.1: What happens in extrusion
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Appendix D

Note on the Effect of
Pre-Wetted Film in
Experiments
In this appendix, we briefly present the results for the tests with different
pre-wetted film thickness. Figure D.1 shows the results of the final radii for
different h∞ .
As seen in figure D.1, there is a clear difference between the results
with and without the pre-wetted film. In fact, when the surface is not fully
wetted, the final shape is also a function of the contact angle, therefore the
final radius is always smaller. In the presence of the pre-wetted film, the
change in the radii is only significant when J ∗ is very small (small yield
stress). When the yield stress becomes large, the change of the pre-wetted
film has a small effect on the final radius.
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Figure D.1: Effect of the pre-wetted on the final radius of the droplets. The
experiments with zero h∞ are carried out on the solid surface, where there
is a true contact angle.
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Appendix E

A Spherical-cap Estimation
of the Final Radius in
Thermo-responsive
Spreading
To offer a simple theoretical counterpart to figure 6.10, we assume that the
extrusion proceeds sufficiently slowly over the liquid phase that the droplet
marches through a series of equilibria set by a contact angle α and the
instantaneous volume, V (t), at time t. The radius, R(t), is then

R(t) =

3V (t) sin3 α
π(2 + cos α)(1 − cos α)2

1/3
.

(E.1)

For a target volume of Vf = 0.2µl and a contact angle of α = 35, this predicts
a final radius Rf of 3.4mm for an extrusion without surface heating, as also
shown in panel a of figure 6.10. When the surface is heated, however, is the
contact line appears to become pinned when the fluid there turns to gel. If
we assume that this occurs when the plate reaches the gel temperature Tg ,
then pinning occurs a time tg = (Tg − T0 )/Tt after the heater is switch on,
where T0 denotes the initial temperature. The instantaneous volume at the
moment of arrest is Vg = Qtg . Hence,

R∞ =

3(Qtg ) sin3 α
π(2 + cos α)(1 − cos α)2

1/3
,

(E.2)
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Figure E.1: Comparison of spherical-cap estimation of the final radius with
the experimental results for different flow rate.
provided the gel temperature is reached during the extrusion. Figure E.1
shows a comparison of this simple theory with the experimental results obtained in our extrusion tests with different flow rates.
The spherical cap estimation only consider the basal heating and assumes
that the droplet stops moving whenever the surface temperature reaches the
gel temperature. The theory however ignores a number of features in our
experiments. First, in our experiments the values of the final radius at low
flow rates is under the influence of the initial deposition and is therefore
limited to the a minimum value of about 1.8mm. Second as discussed in
chapter 6, the droplet arrest occurs before the surface basal gel formation
(second stage) becomes effective . Different trend and larger values predicted
by the spherical-cap estimation are most likely due to this effect.
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