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Abstract

The number of mobile devices is exponentially increasing these years. Driven by
new generation wireless devices, the exponential increasing of data traffic triggers great
challenge of wireless network to meet the communications requirements. Heterogeneous
networks provide flexible deployments for operators to improve spectrum efficiency and
increase coverage.

Global warming and climate change have been a growing worldwide concern. The
mobile industry is contributing to carbon dioxide emission through network operations
and mobile equipments. Therefore, energy-efficient design has emerged as a promis-
ing technique in heterogeneous networks. We study the energy efficiency problem for
downlink transmissions by jointly considering user association and power allocation in
a two-tier heterogeneous network. The energy efficiency is maximized under certain
prescribed quality-of-service requirement and maximum power limit constraint. Con-
vex relaxation and decomposition method are employed to solve this problem. We use
a convex optimization method to obtain a user association solution. A gradient-based
algorithm is used to solve the power allocation problem. Then, an iterative joint user
association and power allocation algorithm is proposed to maximize the downlink en-
ergy efficiency of the system. Simulation results show that the proposed algorithm has

improved energy efficiency when compared with the existing schemes.
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Chapter 1

Introduction

1.1 Background and Motivation

Communication systems have significant roles in modern society. The evolution
of communication systems began with the use of drums, smoke signal and semaphore
in early history [1]. The development of electrical technology made it possible to de-
velop electrical communication systems. The early experiment in electrical telegraphy
employed multiple wires to visually represent Latin letters and numerals. The first
working telegraph was built by Francis Ronalds in 1816. The telephone was invented
in the 1870s. Therefore, the revolution of communication systems allowed for instant
communication across long distance. After the discovery of radio waves, communication
systems using radio signals was demonstrated. In 1864, James Clerk Maxwell postulat-
ed wireless propagation, which was verified and demonstrated by Heinrich Hertz in 1880
and 1887. After a few decades from the time when the telephone was invented, radio
communications was born. In 1895, Marconi demonstrated the first radio transmission
from the Isle of Wight to a tugboat 18 miles away and the time of wireless commu-
nication had begun. Radio technology improved rapidly to enable transmissions over
larger distance with better quality. Mobile telephones became available in the 1940s.
However, early devices were bulky and the network supported only a few simultaneous
conversations. During the 1950s and 1960s, AT&T offered Mobile Telephone Service.
The researchers at AT&T Bell Laboratories developed the cellular concept to solve the

capacity problem [2]. Cellular technology allowed reuse of frequencies in small adjacent
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areas covered by relatively low powered transmitters to reduce the interference, as the
power of a transmitted signal falls off with distance. During the 1980s, the first gener-
ation (1G) mobile telecommunication systems were built for commercial use. The first
automatic analog cellular system, NTT’s system, was deployed in Tokyo in 1979. In
1981, the Nordic mobile telephone (NMT) was used in Nordic countries, Switzerland,
the Netherlands, Eastern Europe and Russia. The first analogue cellular system widely
deployed in North America was the Advanced Mobile Phone System (AMPS). Sec-
ond generation (2G) mobile telecommunication networks were commercially launched
in Finland by Radiolinja in 1991. The networks used the global system for mobile
communications (GSM) standard [1]. One of the main differences between 1G and 2G
telecommunication networks was that the 2G communication systems was based on
digital communications. This major change of mobile telecommunication systems was
driven by the needs of higher capacity and speed. 2G systems were also more efficien-
t on the spectrum and introduced data services for mobiles. The first major step in
the evolution of GSM networks towards 3G occurred with the introduction of General
Packet Radio Service (GPRS). This packet switched approach routed individual packets
of data from the transmitter to the receiver, while using the same circuit that to be
used by different users. This evolution allowed circuits to be used more efficiently [3].
During the early 1980s, the International Telecommunication Union (ITU) developed
a new telecommunication technology which is the third generation telecommunication
technology (3G). It cost fifteen years to develop the specifications and standards of 3G
technology. The first commercial launch of 3G was in Japan on October 1st, 2001. 3G
networks offered higher data rate and greater security than their 2G predecessors. The
bandwidth and location information available to 3G devices give rise to applications
in Global Positioning System (GPS), location-based services, mobile Internet access,
video calls and mobile TV [4]. A new generation of cellular standards has appeared

approximately every tenth year since 1G systems were introduced. In March 2008, the
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International Telecommunications Union-Radio communications sector (ITU-R) spec-
ified a set of requirements for the fourth generation mobile telecommunication (4G)
technology standards, named the International Mobile Telecommunications Advanced
(IMT-Advanced) specification [5]. A major difference between 4G system and the earlier
generations is that a 4G system supports all-Internet Protocol (IP) based communica-
tion, such as IP telephony, instead of traditional circuit-switched telephony service. 4G
candidate systems abandoned the spread spectrum radio technology used in 3G sys-
tems, used the orthogonal frequency division multiple access (OFDMA) multi-carrier
transmission and other frequency domain equalization (FDE) schemes.

Since Marconi first demonstrated the radio transmission, wireless communication
system has passed through a great evolution. Over past few decades, wireless com-
munication system has experienced dramatic growth and become an essential part of
modern life. The next generation mobile networks (NGMN) alliance defines the re-
quirements for fifth generation (5G) networks as the network can provide data rates
of tens of megabits per second for tens of thousands of users, several hundreds of t-
housands of simultaneous connections for massive wireless sensor network and coverage
improved [6]. As we can observe that new mobile generations are typically assigned
new frequency bands and wider spectral bandwidth per frequency channel. However,
there is little room for larger channel bandwidths and new frequency bands. Another
challenge for next generation networks is power consumption, as the explosive growth
in the number of mobile users. One of the techniques for next generation mobile net-
works is heterogeneous networks. By shorten the distance between the basestation and
the users, heterogeneous networks can offload data traffic and reduce power consump-
tion of the network [7]. By deploying small cells within a macrocell, operators can use
heterogeneous networks to help expand the coverage and improve the system capacity.

Although heterogeneous network is a promising technique, there are some technical

obstacles such as power allocation, subchannel allocation, user association and energy
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efficiency. In this thesis, we will focus on the energy efficiency aspect, and use opti-
mization techniques to study the energy-efficient user association and power allocation

problem in a two-tier heterogeneous network.

1.2 Literature Review

Nowadays, energy crisis and global warming problems are two major problems af-
fecting our modern society. As the explosive growth in the number of mobile users,
energy consumption in wireless communication has increased dramatically in recent
years [8]. The rapidly increasing number of new generation mobile devices requires
higher data rate. This is a challenge for wireless communication systems to meet the
data rate demand with limited energy consumption for green communication purpose.
This requirement has led to a need for exploring wireless communication systems that
reduce power consumption [9]. Effective network planning is essential to deal with
the increasing number of mobile users. Operators improved the network planning by
implementing efficient modulation and coding schemes, increasing capacity with new
radio spectrum and using multi-antenna techniques. However, these methods alone are
insufficient in the crowded environments and at cell edges. One effective method is to
shorten the distance between the basestation and the users. Heterogeneous network has
been widely studied to offload data traffic and reduce power consumption of the net-
work. In [10], the authors developed a testbed to affirm the functions of a heterogeneous
radio network, which has abilities to select one system from multiple communication
systems and to aggregate multiple systems. Simulation results showed the performance
improvement of the heterogeneous network compared to a single network. The authors
in [11] examined the downlink transmissions of a heterogeneous cellular network that
contained multiple tiers of transmitters. They provided analysis of the distribution of
the signal-to-interference-plus-noise ratio (SINR) at an arbitrarily-located user. In a

heterogeneous network, a cell edge user can potentially be associated with either the

4
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macrocell basestation or a small cell basestation, resulting in different user experiences.
Therefore, user association is an important problem in heterogeneous networks.

User association, which is an indispensable research topic in heterogeneous network,
has great impact on the system performance. Most of the existing works in user associ-
ation for heterogeneous networks focused on received SINR and sum rate maximization.
In [12], a low-complexity user association algorithm was designed to maximize the log-
arithmic utility. The numerical results demonstrated that a load-aware association
significantly improved resource utilization and mitigated the congestion of macro bases-
tations. The authors in [13] proposed joint cell association and bandwidth allocation
schemes for heterogeneous networks to maximize the network sum log-rate in order to
achieve proportional fairness. They also showed that the cell range expansion strategy
failed to provide good performance when the wireless backhauling constraints for the
small cells were considered for cell association. To minimize the potential delay related
to the sum of the inverse of the per-user SINRs, a joint optimization of user association,
channel selection and power control in heterogeneous networks was considered in [14].
However, when deploying small cells within macrocells in heterogeneous networks, ener-
gy consumption can potentially result in a large operational expenditure and it becomes
challenging for operators to achieve data rate demand while limiting their electric bill.
Therefore, energy efficiency is becoming increasingly important for future green com-
munication in heterogeneous networks. The authors in [15] studied the user association
problem in cognitive heterogeneous networks where several small cells backhaul their
traffic to the neighboring cells. They showed the high energy efficiency potential of their
proposed algorithm when compared with existing user association algorithms based on
reference signal received power, range expansion and minimum pathloss. A joint user
association and energy-efficient subcarrier allocation algorithm was proposed in [16].
The impact of user’s maximum transmission power and minimum rate requirements on

energy efficiency and throughput were investigated through illustrative results. In [17],
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a dynamic network selection mechanism in cooperative heterogeneous networks using
evolutionary game theory was designed to optimize the user perceived quality-of-service
(QoS).

Resource allocation, such as power allocation and bandwidth allocation, has been
widely studied to maximize energy efficiency [18]. In [19], subchannel power allocation
was considered to maximize the system energy efficiency under certain QoS constraints
for uplink and downlink transmissions in a single cell network. Simulation results showed
that the energy-efficient design improved energy efficiency compared with the conven-
tional spectral-efficient design. The authors in [20] proposed a link adaptation and
resource allocation technique to maximize energy efficiency in an OFDMA system by
fixing circuit power and transmit power. In [21], power allocation and sensing time
that to determine the occupation status of the subchannels were considered to maxi-
mize energy efficiency in small cells. The authors proposed an iterative power control
algorithm and a near optimal sensing time scheme with the consideration of the imper-
fect hybrid spectrum sensing. Power allocation and bandwidth allocation were jointly
considered in [22] to maximize energy efficiency in a single cell system while guaran-
teeing the QoS requirements. They investigated the energy efficiency tradeoff between
downlink and uplink, as well as among users. Resource management for energy effi-
ciency in heterogeneous networks has also been widely studied. Energy-efficient power
control schemes in multichannel macro-femto networks were investigated in [23]. The
authors proposed two energy-efficient power control schemes for downlink transmission-
s in multichannel macro-femto networks, which were gradient-based distributed power
control scheme and energy-efficient game-based power control scheme. The authors of
[24] investigated spectrum sharing and resource allocation to improve energy efficiency
for heterogeneous cognitive radio networks. They formulated the resource allocation
problem as a three-stage Stackelberg game and applied the backward induction method

to solve the problem. In [25], the authors focused on the uplink energy-efficient resource
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allocation in OFDMA cognitive radio networks consisting of multiple secondary trans-
mitters. They investigated a joint subchannel allocation and power control strategy
with employing a linear pricing technique to maximize each individual secondary trans-
mitter’s (ST) energy efficiency. To maximize the energy efficiency for each individual
user, the authors in [26] investigated energy-efficient bandwidth and power allocation
in a heterogeneous network.

Different from the existing work, in this thesis, our objective is to maximize the
system energy efficiency of a two-tier heterogeneous network, while jointly considering
user association and power allocation. An iterative user association and power allocation

algorithm is developed.

1.3 Thesis Organization and Contributions

This thesis consists of six chapters. Chapter 1 presents the background of the
evolution of communication systems. The motivation of the development of wireless
communication systems and cellular networks are the increasing number of users and
the demand of higher capacity. However, in modern mobile communications, power and
bandwidth are scarce resource and are usually limited in wireless communication system.
In order to satisfy the QoS demand of communications and the need of environmental
friendly networks, the development of green communication network is the inevitable.
Therefore, we study the energy-efficient power allocation and user association problem
in a two-tier OFDMA based heterogeneous network.

Chapter 2 provides detailed background for the thesis. We first introduce the de-
velopment of the heterogeneous networks and followed by the introduction of two most
popular research objectives: user association and resource management. Convex op-
timization method is an important mathematic tool to solve these problems and it is
briefly introduced in this section. As the energy-efficient design has an important role in

modern communications, a detailed introduction of energy efficiency in communication

7
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systems is provided.

Chapter 3 provides the system model of this thesis. An energy-efficient two-tier
heterogeneous network optimization framework is designed. We propose the system
model to maximize the total downlink energy efficiency with the consideration of user
association and power allocation in a two-tier heterogeneous network. The maximum
transmit power constraints of each small cell basestation and the minimum downlink
data rate requirement of each user are considered.

Chapter 4 provides the optimization conditions and solutions to the energy-efficient
user association and power allocation problem. We prove that the formulated problem in
Chapter 3 is a non-convex optimization problem and we use the decomposition method
to solve the original problem. By decomposing the original non-convex problem into
two subproblem, we solve both the energy-efficient user association and energy-efficient
power allocation problems.

Chapter 5 provides the algorithms that we propose to solve the energy-efficient prob-
lem we formulated and the numerical results of the proposed algorithms. We develop a
gradient based algorithm to solve the energy-efficient power allocation subproblem and
an iterative algorithm to solve the energy-efficient user association and power allocation
problem. We use simulation results to demonstrate the effectiveness of the proposed
iterative algorithm and compare it with two schemes.

Chapter 6 summarizes the thesis and introduces our contributions in this work. In

addition, some future works related to our current research are suggested.



Chapter 2

Heterogeneous Wireless
Communication Networks and

Energy Efficiency

In this chapter, we present detailed background knowledge about user association
and resource management in heterogeneous networks. We first introduce the motivation
for the development of heterogeneous networks and the characteristic of heterogeneous
networks. The basic concept of energy-efficient user association and resource manage-
ment are also addressed. Finally, the basic convex optimization knowledge related to

user association and resource allocation is presented.

2.1 Overview of Heterogeneous Networks

As mobile devices have becoming essential tools in modern life, traditional macrocell
networks face several challenges. According to [27], the number of mobile broadband
subscriptions grew at a rate of 35 percent year-on-year in the first quarter (Q1) of 2014
and was reaching 2.3 billions. The amount of data usage per subscription also continues
to grow steadily. Together, these factors contributed to a 65 percent growth in mobile
data traffic between Q1 2013 and Q1 2014 [27]. Figure 2.1 shows a stable trend of
data traffic growth. The number of mobile data subscriptions is increasing rapidly,

and driving growth in data traffic along with a continuous increase in the average data
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Figure 2.1: Global traffic in mobile networks [27].

volume per subscription.

The increasing indoor communication demand has also become one of the obstacles
for macrocell networks as the macrocell networks provide limited coverage to indoor
users. According to a survey, more than 50 percent of voice and 70 percent of data traf-
fic take place in the indoor environment [28]. Although the existing macrocell network
services provide coverage to some of the indoor users, the severe building wall pene-
tration losses can cause user dissatisfaction when data transmissions cannot meet their
demands. To address the explosive growth in data demands driven by the increasing
number of smart phones, tablets, and other mobile devices, network operators will have
to significantly increase the capacity of their networks [29]. The heterogeneous net-
work, where low-power low-complexity basestations are overlaid on conventional macro

basestations, is being considered as a promising paradigm for increasing system capacity

10
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and coverage in a cost effective way [30]. By deploying low-power nodes such as pico
and femto basestations in addition to the macro basestations, the conventional cellular
system is split into multi-tier topology, and users can be off-loaded to the small cell-
s. For example, the long term evolution-advanced (LTE-Advanced) standard proposed
improvement to network-wide spectral efficiency by employing a mix of macro, pico
and femto basestations [31]. The heterogeneous networks are also expected to provide
better coverage and higher throughput [32]. Although the heterogeneous network is a
promising technique, the hierarchical layering of cells could introduce technical obsta-
cles. Resource management is one fundamental limiting factor to the heterogeneous

network performance.

2.1.1 Resource Management

Wireless channels undergo a wide range of impacts such as fading, shadowing and
path loss. The state of wireless channels varies with time, frequency and space. As a
result, it will cause variations as the users in different geographical locations, frequency
or times have different received signal power. These variations create time diversity,
frequency diversity, spatial diversity and multiuser diversity in the received signal power.
Resources such as transmit power, frequency bands, transmit antennas, etc., can then
be allocated dynamically to different users. In fact, it is well established that dynamic
resource allocation schemes can result in much better performance compared to the
static resource allocation schemes [33].

For a heterogeneous network, basestations from different layers usually have differ-
ent resource constraints, which create more diversities than the single cell networks.
Therefore, resource allocation has become an important aspect when studying hetero-
geneous networks. When allocating resources across multiple cells, determining which
basestation transmit certain resource to which user should also be taken into consid-

eration. Therefore, resource allocation problem in heterogeneous networks is highly

11
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coupled with the user association decision.

2.1.2 User association in Heterogeneous Networks

User Association defines a set of rules for assigning users to the different basesta-
tions available in the network. A decision to associate a user with one basestation will
affect not only the performance of the user but the performance of the network. In con-
ventional homogeneous cellular networks, user association is usually based on downlink
received signal strength. In a heterogeneous network, this association rule may not be
suitable for the case where the macrocells and the small cells are resource constrained.
To balance the load, a user can potentially be associated with a small cell even though
the received power from a macro basestation is higher. However, this may cause severe
interference if the radio resources are not carefully partitioned among cells. Therefore,
the resource allocation and user association should be optimized jointly [34]. Many
association rules have been proposed based on different resource allocation schemes and
different objectives. One of the objectives is energy-efficient heterogeneous networks

design.

2.2 Energy Efficiency in Communication System

During the past decades, much effort has been made to enhance the throughput
of network. However, the severe energy crisis and global warming problems are af-
fecting our modern society and the need for developing green communication network
becomes an inevitable trend. Therefore, how to transmit more data with limited power
consumption in such networks and devices is an urgent task.

Energy efficiency is commonly defined as the information bits per unit transmit
energy. Bits/Hz per Joule is commonly used as the energy efficiency metric in wireless
networks [23], [24], [35], [36]. For energy-efficient communication, it is desirable to send

the maximum amount of data with a given amount of energy. The unit achievable data

12
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rate, which is also known as spectrum efficiency, is r = log,(1+ %), where p is transmit
power, o3 is additive white Gaussian noise (AWGN) power and g is channel power gain
between transmitter and receiver. Given any amount of energy AFE that consumed in
a duration AT, we have AE = pAT. Therefore, the energy efficiency is defined as

NEE = % = % (2.1)
bits per Hertz per Joule.

Besides transmit power, the energy consumption also includes circuit energy con-
sumption which represents the additional device power consumption incurred by signal
processing and active circuit blocks such as analog-to-digital converter, digital-to-analog
converter, synthesizer, and mixer during the transmission. Denote the circuit power as
Pc, thus the overall power assumption is Po+p. Energy efficiency needs to be redefined
as information bits per unit energy, where an additional circuit power factor, Po, needs

to be taken into consideration. Therefore, the energy efficiency is defined as

TAT_ T
AE  p+Po’

NEE (2.2)

2.2.1 Convex Optimization Application in Wireless Communication

Network

Wireless communication networks are essential means of communications in modern
life and the number of mobile user has been through an explosive growth during the
past decades. To increase operation efficiency and network capacity, many research
efforts have been made in investigating effective methods for the development of wireless
communication systems. One of the most common and effective mathematical tools to
solve the resource allocation problem in wireless communication networks is convex

optimization method.
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Figure 2.2: Graph of a convex function [37].

According to the definition in [37], a set C is convex if the line segment between any

two points in C lies in C, i.e., if for any x1,x9 € C, and any 6 with 0 < 8 < 1, we have

O0x1 + (1 — 9)$2 eC. (2.3)

A function f: R™ — R is convex if the domain of f, denoted by dom f, is a convex

set and if for all x,y € dom f, and # with 0 < 0 < 1, we have

f0z+ (1 —0)y) <0f(x)+(1—-0)f(y) (2.4)

Geometrically, this inequality means that the line segment between (z, f(x)) and
(y, f(y)) lies above the graph of f, which is shown in Fig. 2.2. We say f is concave
if —f is convex. Some operations can preserve the convexity and concavity, such as

nonnegative weighted summation, and pointwise maximum operation [37].
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2.2. Energy Efficiency in Communication System

We use the notation

min  fo(z)

(2.5)

zel

to describe the problem of finding an x that minimizes fo(z) among all x values that
satisfy the conditions f;(x) < 0,i=1,2,....m, h;y(x) =0,i=1,2,...,pand z € C. We
call € C the optimization variable and fy the objective function or cost function. f;(x)
and h;(z) are the inequality and equality constraint functions, respectively, and C is the

constraint set. The domain of the objective and constraint functions are defined as

D =(")dom f;n()dom h;NC. (2.6)
=0 =0

According to the definition, the problem in (2.5) is a convex optimization problem

if it satisfies the following requirements:
— the objective function must be convex,
— the the inequality constraint functions f; (i = 1,2, ...,m) must be convex,
— the equality constraint functions h; (i = 1,2, ..., p) must be affinel.

Violating any one of those conditions will result in a non-convex problem. A feasible

x* € D is said to be global optimal if fy(x*) < fo(x) for all x. With a slight abuse of

!The affine function can be represented by matrix equation Ax = b, where A is a matrix and b is
a vector of appropriate sizes.
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2.3. Summary

notation, we will also refer to

max fo(z)
st. fi(z) <0,i=1,2,....m
h,(w) = O,i = 1, 2, P

zeC.

as a convex optimization problem if the objective function is concave and other condi-

tions are satisfied.

2.3 Summary

In this chapter, we presented the essential and detailed technical background knowl-
edge for the entire thesis. A brief description of heterogeneous networks and the mo-
tivation of investigating the resource management and user association were provided.
A brief description of the energy efficiency was introduced. The basic knowledge and

concepts of convex optimization were also provided.
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Chapter 3

Energy Efficiency Network
Modeling

In this chapter, we propose a system model for an energy-efficient two-tier heteroge-
neous network. We formulate the energy-efficient power allocation and user association
problem to maximize the downlink energy efficiency for the two-tier heterogeneous net-
work. We formulate the problem under QoS and total transmit power limits constraints.

The formulated problem is a non-convex integer programming.

3.1 System Model

We focus on the user association and transmit power allocation in a two-tier OFDMA
heterogeneous network as shown in Fig. 3.1 where J small cells are overlaid on one
macrocell. The small cells share the same spectrum with macrocell. There are K users
that are randomly deployed within the range of J small cells. In this work, we only
consider the user association and power allocation of these K users. We denote the set
of small cells by S and the set of all cells by C where C = SU{0}, and where the index
0 is introduced to denote the macrocell. Denote the set of users by Y. For simplicity,
we assume that each user is assigned a different subchannel with unit bandwidth in this

two-tier network.
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3.2. Problem Formulation

.

small cell

macrocell

E small cell

small cell

Figure 3.1: A two-tier heterogeneous network with small cells overlaid on one macrocell.

3.2 Problem Formulation

Denote Hj as the average channel power gain between the macrocell basestation
and the kth user. Denote L;; as the downlink channel gain between the jth small
cell basestation and the kth user. p;; denotes the transmit power from the jth cell
basestation to the kth user, where j = 0 indicates the transmit power from macrocell
basestation. Since each user is assigned to a different subchannel, the users associated
with small cells only suffer the interference from macrocell basestation. For macrocell
transmissions, we assume the interference of the kth user deployed within the jth small

cell range is introduced by the jth small cell basestation and we ignore the co-channel
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3.2. Problem Formulation

interference? from other small cells. Denote N as the AWGN power. The SINR of the
kth user deployed within the range of the jth small cell associated with the macrocell
is

po.kHy

_ __Poktk 3.1
N+ pjiLijk (3.1)

Y0,k

where p; . L; . is the interference power from the jth small cell basestation to the kth
user in downlink transmissions. The SINR of the kth user associated with the jth small

cell is
PjkLijk

_ B 3.2
N + po i Hy, (32)

Vik

where pg Hj, is the interference power from the macrocell basestation to the kth user
in downlink transmissions. For convenience, we let Go = Hy, G = Ljk, lop =

N +pjrLjr and I, = N + po . Hj, then we rewrite

Po.kGok
Yo = (3.3)
0,k
and
P kGijk
Yik = % (3.4)
3k
The achievable data rate of the kth user associated with the jth cell is
ik =l1ogy (1 4+ k) - (3.5)

We introduce a binary indicator variable x;, i.e., zj; € {0,1} and ) x;; = 1, where
jec
xjr = 1 indicates the kth user is associated with the jth cell.

Consider the following constraints:

2This approximation is reasonable because small cell basestations have much smaller transmit power
than the macrocell basestation.
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3.2. Problem Formulation

— Total power constraint:

Z T kPj k < Pmaxjyvj eC (36)
kel

where Ppax; denotes the maximum transmit power of cell j.

— QoS constraint:
> ajwrie > R VEk €U (3.7)
jec
where R; is the minimum transmit data rate with unit bandwidth for each user.
Besides transmit power, the energy consumption also includes circuit energy con-
sumption. We denote p. as the average circuit power consumption of each basestation
when communicating with each user. For downlink transmission, the overall power

consumption of the jth basestation when communicating with the kth user is

Piotjr = Cpjk + De (3.8)

where ¢ € [0,1] is the power amplifier efficiency and depends on the design and im-
plementation of the transmitter [38]. For simplicity, we consider ( = 1. The goal of
energy-efficient communications is to maximize the amount of data sent with a given
amount of energy. Hence, given any amount of energy Ae consumed in a duration At
[39], the energy efficiency corresponding to the kth user associated with the jth cell

basestation is
Tik oo Tjk
=T
€/At Pe + Pjk

The energy efficiency is defined asn = > > Tikyp fﬁ; - which can be interpreted as the
7k c TPy,

sum of the energy efficiency of every user [24], [39].

Denote the power allocation matrix® as P = [pj’k]( . jc and the indicator matrix

J+1)

3Power allocation for a subchannel of each user.
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3.3. Summary

as X = [xm]( JHDXEK" The energy efficiency optimization problem can be formulated as

"5k

P1: X,P) = - 3.10
maxn (X, P) I)Iéf%zj:zk:x],kpc . (3.10)
st. Cl:xzj,€{0,1},V(j,k)eCxU
C2:> wjp=1Vkel
jec
C3:pjk =0,Y(j,k) eCxU (3.11)
C4: ij,kijC < Puaxj,Vj€C
kel
Ch: ij,krj7k > Ry, Yk elU.
jec

3.3 Summary

In this chapter, we proposed the framework to optimize the energy efficiency of a
two-tier heterogeneous network. We designed a system model for jointly considering the
user association and power allocation to maximize the downlink energy efficiency for
the two-tier network. We formulated the problem with the consideration of maximum
transmit power constraints of each basestation and the minimum data rate requirements

for each user.
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Chapter 4

Principles of Joint User
Association and Power Allocation

Energy Efficiency Network

In this Chapter, we notice that the problem we formulated in Chapter 3 is a non-
convex integer programming. We use convex relaxation method and decomposition
method to solve the problem. We find solutions to the subproblems of energy-efficient

user association and energy-efficient power allocation.

4.1 Conditions of Optimality

It is obvious that the formulated objective function in (3.10) is neither convex nor
concave. Moreover, since the user association indicator z; is a binary variable, the con-
straints in (3.11) are non-convex mixed integer constraints. Therefore, the optimization
problem formulated in (3.10) and (3.11) is not a convex optimization problem. We can
relax the binary variable into continuous and consider a decomposition approach to solve
the energy-efficient user association and power allocation problem. We decompose the
non-convex optimization problem into two convex subproblems: energy-efficient user

association subproblem and energy-efficient power allocation subproblem.
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4.2. Convex Relaxation and Decomposition

4.2 Convex Relaxation and Decomposition

Since the user association indicator x;j is a binary variable, the problem we for-
mulated in (3.10) and (3.11) is non-convex mixed integer programming. To make the
problem tractable, we can relax x;j to be continuous. Let 0 <z, <1,V (j,k) € CxU,
where a fractional user association indicator can be interpreted as partial association
with different cells in a user association period. Therefore, the optimization problem
formulated in (3.10) and (3.11) can be modified to

_ Tk
P2 :maxn(X, P) = max Tl 4.1
X,Pn( ) X,P;zk: J’kchrpj,k (4.1)

st. Cl:0<z;, <1LV(j,k)eCxU

C2: Z%‘,k =1Vkel
jec

C3:pjx = 0,Y(j,k) eCxU (4.2)

C4: Zl’j,kpjyk S Pmaxj7vj € C
kel

C5: ij7krj7k > Ry,Vk e lU.
jec

It can be shown that the continuous variable p;; and x;j are separable in (4.1).
Therefore, we consider a decomposition approach to solve the energy-efficient joint user
association and power allocation problem.

4.3 Energy-Efficient User Association

By decomposing the problem we formulated in (4.1) and (4.2), and given P, we

obtain the following problem
2.1: 7 = D, 4.3
P max 77(X) = max Ej (X)) (4.3)
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4.3. Energy-Efficient User Association

st. Cl:0<ux;, <1,V(jk)eCxU
C2:> wjp=1VkeU
jec

C3: ij,kpj,k < Pmaxjavj eC
kel

C4: ijykrj;k > R, Vkel
jec

where ®;(X), defined as ®;(X) =3z E; - Is a concave function of ;. Since all
k ot ’

of the constraints in (4.4) are convex, the problem we formulated in (4.3) and (4.4) is a

convex optimization problem.

4.3.1 Introduction of Lagrangian Method in Convex Optimization

When maximize or minimize a function subject to fixed outside conditions or con-
straints, it is often difficult to find a closed form for the function. The method of
Lagrange multipliers is a powerful tool for solving this class of problems.

We consider an optimization problem in the standard form

min fo(z)
sit. fi(z) <0,i=1,2,....m (4.5)
hz(.%') = O,i = 1, 2, P
with variable x € R™. The basic idea in Lagrangian duality is to take the constraints
in (5.1) into account by augmenting the objective function with a weighted sum of the

constraint functions [37]. According to the definition in [37], we define the Lagrangian

L:R" x R™ x RP — R associated with the problem (4.5) as

LA v) = fol@) + 3 Aifi(@) + S vii(a) (4.6)
=1 1=1

where \; and v; are the Lagrange multipliers associated with the ith inequality constraint
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4.3. Energy-Efficient User Association

and the ith equality constraint. The vectors A and v are called the dual variables or

Lagrange multiplier vectors associated with the problem (4.5).

4.3.2 Energy-Efficient User Association Solution

Since the problem we formulated in (4.3) and (4.4) is a convex optimization problem
with several constraints, we can apply the Lagrangian method to solve the problem. By
jointly considering (4.3) and the constraints in (4.4), we obtain the Lagrangian function

associated with the problem we formulated in (4.3) and (4.4) as

Tik
L(X,\v,p) = T p—L——
(X Awm) =2 2 gt

j€C kel
+ Z Aj (Pmaxj - Z CUj,kPj,k)

jec kel

(4.7)

+ Z Vi Z T kT k — Rt

keu jec
DS D DL

keUd jec

where A, v, p are the vectors of the Lagrange multipliers (also called dual vari-

ables), and they are defined as A = [)\g,/\l,...,)\J]T, v = [Vl,y%...,yK]T and pu =

[Mlﬂ,u%' . 'a,uK]T-

Thus, the Lagrangian dual function is given by
g (A v, p) =max L (X, A v,p). (4.8)
The dual problem can be expressed as

min g (A, v, p) (4.9)
AU,
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4.3. Energy-Efficient User Association

stA\v,u>=0 (4.10)

where symbol > denotes vector inequality, e.g., A > 0 means each element of A is
nonnegative.
Based on the decomposition method [37], the Lagrangian function in (4.7) can be

rewritten as

L(X,\v,pu) :ZZLj,k (X, v, )

jeC ke (4 11)
+ ZAijaxj - Z Vth + Z:uk:
jec keu kel
where
T ik
Ljp (X, A v, 1) =)k <J — A\jDjk + VkTjk — Mk) : (4.12)
Pe + Pjk
The partial derivative of (4.12) can be expressed as
8ij(X7A7V7IJ‘) r]
: =H,,— ug 4.13
8:(,']7k 7y :u‘ ( )
where
~ Tik
Hip=—2"— — Xipip + Urig. 4.14
et P 3P, Js (4.14)

According to (4.14), given )\é and v., which respectively denote the Lagrangian param-
eters \; and vy, for the ith inner iteration, L;; (X, X, v, ) implies that the kth user
simply chooses the basestation that offers the highest Flj,k [40]. This mechanism for

updating x; is expressed as follows

, Lj=1Jk
el = kel (4.15)
0,J # Jjk
where
jr = arg max _ Tk Aipjk + Tkl . Vk € U. (4.16)

jEC pC +p.]7k
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4.4. Energy-FEfficient Power Allocation

According to (4.15), we can obtain binary values to the user association indicator vari-
ables x; without introducing any form of relaxation.
We use a subgradient approach to update the Lagrangian multipliers [40], [41].

Specifically, with carefully chosen step sizes, the Lagrangian multipliers are updated as

+
AU = [Ay) ( e i Zx’k“)p], )] Viec (4.17)

Jr
V,i”l) = y @ l) x Z,:rl Tjk — Vkelu (4.18)

where []+ sets the negative value to be zero; ﬁy) and Bgi) are the step sizes of the ith
iteration (i € {1,2,...,%max}); tmax is the maximum number of iterations. The step

sizes should satisfy the condition

S8 = o0, lim B = 0,vt € {1,2}. (4.19)
71— 00

4.4 Energy-Efficient Power Allocation

Once the optimal solution X* is obtained from the convex problem

[ ]k](J+1)

P2.1, it can be used in the following problem for power allocation

P22 maxi] (P) = max Y Zk: @5 1 Z5k (Djik) (4.20)

st. Cl:pjr>0,V(j,k)eCxU
C2: Zx;,kpj,k < Pmaxjavj eC
kel

C3:> alyrin > Ry Vk €U
jec

(4.21)
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4.4. Energy-FEfficient Power Allocation

where X* = [:U;‘k} is the optimal solution obtained from the problem we for-

(J+H1)xK

mulated in (4.3) and (4.4). Zx(pjr) = 5 :ﬁ;k is the energy efficiency of the kth user
cTPj,
associated with the jth cell basestation.
The concept of quasiconcavity will be used in the following discussion and is defined

in [37].

Definition 1. A function f that maps from a convex set of real n-dimensional vectors,

D, to a real number is called strictly quasiconcave if for any x1,zs € D and x1 # x9,

fQx1 + (1 = N)xzg) > min{ f(x1), f(x2)} (4.22)

for any 0 < A < 1.

Theorem 1. For any fixed user association indicator matrix X*, if r; ;, is strictly concave
in p; 1, the maximum achievable energy efficiency is quasiconcave in transmit power P
and has an optimal P*. Moreover, Z; ;(p; ) has the following properties:

(1) If rj is strictly concave in p;r, Zjx(pjr) is continuously differentiable and
strictly quasiconcave.

(2) Ejk(pjk) is first strictly increasing and then strictly decreasing in any pj j.

(3) If 7 1, is strictly concave in pjj, there exists a unique globally optimal transmis-

sion power matrix P* = [pmk*](b,ﬂ)xK for (4.20), where p;;* is given by

or; i Tk _
87{ = ﬁ =Zk(Pjk) (4.23)
Djyk Py k=P} Pe TPk
and
0=
5 gk = 0. (4.24)
Pj.k Pj =P} i

For strictly quasiconcave functions, if a local maximum exists, it is also globally
optimal [37]. Based on Theorem 1, we can obtain the optimal solution P* to P2.2.

In order to obtain the solution to P2, we solve the two sub-problems P2.1 and P2.2
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4.5. Summary

iteratively.

4.5 Summary

In this chapter, we found the solutions to the subproblems of energy-efficient user
association and energy-efficient power allocation. The problem we formulated in Chap-
ter 3 is a non-convex integer programming. We relaxed the original problem and we
found that the problem was separable. Therefore, we decomposed that problem into
two convex subproblems and maximized energy efficiency for user association and pow-
er allocation separately. We designed mathematical approaches for energy-efficient user

association and power allocation.
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Chapter 5

Algorithm Design

In this chapter, we propose an energy-efficient user association and power allocation
optimization algorithm and provide numerical results to show the effectiveness of the
proposed algorithm. We first design an energy-efficient power allocation algorithm, and
then we propose an iterative algorithm to solve the energy-efficient user association and
power allocation problem. Then we analyze the complexity for the proposed algorith-
m. Finally, we use simulation results to demonstrate the effectiveness of the proposed
algorithm when compared with reference schemes using the fixed power allocation and

fixed user association.

5.1 Gradient Ascent Power allocation Algorithm

From the QoS constraint ) x; 7 > R, Vk € U, we can observe that when x5 =
jec
1, the minimum transmit power is

= Lik or
Dip = 2 2t 1), 5.1
e A (5.1
If pi ) < Djk, then pip = pj.

From (4.23) and (4.24), we can obtain the power allocation p}, € P~ as

e Gjkp}
ik Ij],f logy(1 + ]Ij,kjyk) (5.2)
' = G0 = * : :
Oiklppmps, (14 25) In2 Pet Pjk
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5.2. Iterative Energy-Efficient Algorithm

Therefore, we have

G kDe G kDj i G kDj i Gjk
: =14+ —=>|1 1 ’ — —22pt . 5.3
I In2 * gz {1+ Lik i Pjk (5.3)

However, it is computational costly to solve (5.3). Instead, as we discussed in
Theorem 1 that Z; 5 (p; k) is strictly quasiconcave and first strictly increasing and then
strictly decreasing in any p;, we can use a gradient ascent method based on binary
search assisted ascent to find the optimal transmit power matrix, and use the gradient
assisted binary search (GABS) to find the optimal step size [42]. The intermediate

power allocation procedure is shown in Algorithm 1.

Algorithm 1 Power allocation algorithm
1: Initialization: P = P,
2: while no convergence do
3:  while ) x;,kpﬁk < Puaxj,Vj € C do
keK

4 Use GABS to find the optimal step size §(TD*,
5 Py = [p) 4 5Dy (P(oﬂ )

6: if p}, < p; then

7 Pik = Djg

8 end if

9: end while
10: end while
11: Update P7 as P;(,:H).

5.2 Iterative Energy-Efficient Algorithm

In this section, we propose an iterative algorithm as the original problem can be
solved by separating the two variables and using iterations to approach the optimal
solution.

According to the analysis of power allocation and user association discussed above,

we propose an iterative optimization algorithm as shown in Algorithm 2.
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5.3. Complexity Analysis

In Algorithm 2, each user calculates (4.15) and (4.16) to obtain XV and then
updates v+ Each basestation updates A1 for the (¢ + 1)th inner iteration. Once
the inner iteration achieves convergence, each basestation uses Algorithm 1 to allocate
the power. The user association and power allocation results can be obtained once the
outer iteration achieves convergence. The user association solution can be obtained
by each user equipment and the power allocation solution can be obtained by each

basestation. Therefore, the proposed Algorithm 2 is distributed.

Algorithm 2 Distributed joint user association and power allocation
1: Initialization: A feasible initial value of the transmit power vector
2: while no convergence (outer iteration s) do
3:  while no convergence (inner iteration i) do
User strategy (inner iteration):
for all k € U do
Calculate X 1) according to (4.15) and (4.16),
Update v+1 according to (4.18).
end for
Update A1 according to (4.17).
10:  end while
11:  Update user association X *(5+1) as X1 obtained at convergence of inner iter-
ations.
12:  basestation strategy (outer iteration):
13:  Power Allocation
14:  Use Algorithm 1 to find optimal transmit power vector,
15:  Update P}, as P;(I:H).
16: end while
17: Return: X*C*t1 and P;(,f U at convergence of total energy efficiency or s = syax.-

5.3 Complexity Analysis

The asymptotic complexity of the proposed algorithms is analyzed in this subsection.
In Algorithm 2, the calculation of (4.14) for every user needs JK operations, and a
worst-case complexity of searching (4.15) needs JK operations in each inner iteration.
Suppose the the subgradient method in Algorithm 2 requires € iterations to coverage,

the updates of A needs O(J) operations and v needs O(K) operations. Therefore, 2
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5.4. Numerical Results

is a polynomial function of JK. According to [42], we assume the convergence rate
of BASS is M. Suppose the proposed iterative Algorithm 2 requires A iterations to

converge, the total complexity of Algorithm 2 is O (A(QJ2K2 + M))

5.4 Numerical Results

Simulation results are presented to demonstrate the effectiveness of the proposed
algorithms. In our simulations, we assume that all users are uniformly distributed
in each small cell coverage area, and the small cells are uniformly distributed in the
macrocell coverage area. The radius of the macrocell is 300 m. The radius of each small
cell is 10 m. Small cell has a minimum distance of 50 m from the macro basestation.
The minimum distance between small cell basestations is 40 m. The pathloss model is
based on [43]. We assume that the shadowing standard deviation between basestation
and the users is 10 dB [43]. The channel fading is composed of shadowing fading, path
loss, and Rayleigh fading. The AWGN power is set as 02=3.9811 x 10714 W [44]. We
assume that the maximum transmit power is 40 dBm at the macrocell basestation.

Fig. 5.1 shows the convergence of the proposed Algorithm 2 in terms of the total
energy efficiency when the number of small cells is increased from 5 to 8 where K = 100.
Each small cell is associated with 5 users. The maximum transmit power is 17 dBm in
each small cell. R; is 0.01 bps/Hz. It can be observed that Algorithm 2 takes about 15
iterations to converge, which ensures that the proposed Algorithm 2 is practical. We
can also observe that with the increase of the number of small cells, the total energy
efficiency has improved.

Fig. 5.2 shows the energy efficiency when P,ay j of small cells is increased from 0.005
to 0.095 W. Each small cell is associated with 3, 4 and 5 users for the proposed Algorithm
2. Each small cell is associated with 5 users for the fixed power allocation scheme and
fixed user association scheme. For fixed power allocation scheme, the power is equally

allocated. The other parameters are K = 60, R, = 0.01 bps/Hz and J = 5. We can
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5.4. Numerical Results

observe that the improved energy efficiency performance is obtained when more users
are associated with the small cells. When each small cell is associated with 5 users, the
energy efficiency of the proposed Algorithm 2 is 6% more than the fixed power allocation
scheme and 21% more than the fixed user association scheme. Moreover, when using
the proposed Algorithm 2, the energy efficiency first increases with the power constraint
because a larger power constraint leads to enlarged region of the optimizing variable.
Then the energy efficiency increases slowly and converges because energy efficiency first
increases and then decreases in transmit power. When the maximum transmit power
is larger than the optimal transmit power, the transmit power will not increase with
the maximum transmit power constraint. For the fixed power allocation scheme, the
energy efficiency first increases and then decreases with the power constraint due to
the quasiconcavity of the energy efficiency. The comparison of Algorithm 2 and the
fixed power allocation scheme shows the Algorithm 2 can maintain a maximum energy
efficiency with the increasing of the power constraint.

Fig. 5.3 shows the overall energy efficiency when the QoS constraint R; is increased
from 0.01 to 0.55 bps/Hz for the proposed Algorithm 2, the fixed power allocation
scheme and the fixed user association scheme when Py ax; = 14.7 dBm and Ppax; = 20
dBm. In the simulation, we assume K = 60 and J = 5. Each small cell is associated with
5 users. We can observe that the proposed Algorithm 2 improves the energy efficiency
6% compared with the fixed power allocation scheme and 20% compared with the fixed
user association scheme for Pyax; = 20 dBm. For Pyay; = 14.7 dBm, the proposed
Algorithm 2 improves the energy efficiency 2% compared with the fixed power allocation
scheme and 21% compared with the fixed user association scheme. The performance
improvement of the proposed Algorithm 2 when Py .x; = 14.7 dBm is small because
smaller power constraint leads to smaller region for the optimizing variable. It can also
be observed that the total energy efficiency is reduced with an increase of R;. Because

the minimum transmit power is increased with R;, which also leads to smaller region
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5.4. Numerical Results

for the optimizing variable.

Fig. 5.4 shows the energy efficiency when the number of users each small cell as-
sociated with is increased from 3 to 7 when Puax; = 13 dBm and Ppax; = 20 dBm.
The other parameters are K = 60, R; = 0.01 bps/Hz and J = 5. We can observe that
the improved energy efficiency performance is obtained when more users are associated
with the small cells. It also can be observed that the proposed Algorithm 2 has better
performance than both reference schemes. Moreover, when P, ; is increased from 13
dBm to 20 dBm, the energy efficiency has improved.

Fig. 5.5 shows the energy efficiency when the number of small cells is increased
from 3 to 8 for the proposed Algorithm 2 and the fixed power allocation scheme when
Phaxj = 20 dBm, for the fixed user association scheme when P.x; = 13 dBm and
Praxj = 20 dBm. Each small cell is associated 5 users. The other parameters are
K = 60, Ry = 0.01 bps/Hz. We can observe that the improved energy efficiency
performance is obtained when more small cells are deployed in the two-tier HetNet
due to the multi-cell diversity. Moreover, the proposed Algorithm 2 improves energy
efficiency compared with the fixed power allocation scheme and the fixed user association
scheme for 7% and 11% respectively when J = 8, Pyax; = 20 dBm.

Fig. 5.6 shows the capacity when the number of small cells is increased from 3
to 8 for the proposed Algorithm 2, the fixed power allocation scheme and the fixed
user association scheme when Puax; = 13 dBm and Ppax; = 20 dBm. Each small
cell is associated 5 users. The other parameters are K = 60, Ry = 0.01 bps/Hz. We
can observe that the capacity is improved when more small cells are deployed in the
two-tier HetNet due to the multi-cell diversity. Moreover, the proposed Algorithm 2 has
lower capacity compared with the fixed power allocation scheme when Pp,.x j = 20 dBm.
Because for the proposed Algorithm 2, the transmit power will not increase with the
maximum transmit power constraint when the maximum transmit power is larger than

the optimal transmit power. The proposed Algorithm 2 improves the total capacity
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Figure 5.1: The convergence in terms of energy efficiency over the number of iterations.

compared with the fixed user association scheme when P,y ; = 20 dBm.

5.5 Summary

In this chapter, we designed an energy-efficient user association and power allocation
optimization algorithm, and provided numerical results to show the effectiveness of
the proposed algorithm. We first proposed a gradient ascent algorithm to solve the
power allocation problem. Then we proposed an iterative algorithm to solve the energy-
efficient user association and power allocation problem. We analyzed the complexity for
the proposed algorithm and used simulation results to demonstrate the effectiveness of
the proposed algorithms when compared with reference schemes using the fixed power

allocation and fixed user association.
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Chapter 6

Conclusions

In this chapter, we conclude the thesis by summarizing the accomplished work and

suggest some potential further works.

6.1 Summary of Accomplished Work

In this thesis, we developed an optimization algorithm for energy-efficient user as-
sociation and power allocation in a two-tier heterogeneous network. The obtained nu-
merical results can show the effectiveness of the proposed design. In order to conclude

the thesis, we will summarize the accomplished work as follows:

— In Chapter 2,we presented detailed background knowledge about user association
and resource management in heterogeneous networks. We first introduced the
motivation for the development of heterogeneous networks and the characteristic
of heterogeneous networks. Then, we proposed the concept of energy-efficient
user association and resource management. Finally, the basic convex optimization

knowledge was presented.

— In Chapter 3, we proposed a system model for an energy-efficient two-tier hetero-
geneous network. We formulated the energy-efficient power allocation and user
association problem to maximize the downlink energy efficiency for the two-tier
heterogeneous network. We formulated the problem under minimum data require-
ments and total transmit power limits constraints. The formulated problem was

a non-convex integer programming.
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6.2. Future Work

— Chapter 4 provided the conditions for optimization and mathematical approaches
for user association and transmit power allocation. Firstly, we noticed that the
formulated problem in Chapter 3 was a non-convex integer programming. We
relaxed and decomposed it into two convex subproblems that one for user associ-
ation and another for power allocation. Secondly, we solved the subproblems of

energy-efficient user association and energy-efficient power allocation, respectively.

— In Chapter 5, an iterative algorithm was designed and numerical results were p-
resented. We designed an energy-efficient power allocation algorithm, and then
we proposed an iterative algorithm to solve the energy-efficient user association
and power allocation problem. We analyzed the complexity for the proposed algo-
rithm and use simulation results to demonstrate the effectiveness of the proposed
algorithm when compared with reference schemes using the fixed power allocation

and fixed user association.

6.2 Future Work

Besides the proposed problem in this thesis, there are still some potential direc-
tions worth further investigation. In this work, we considered the energy-efficient user
association and power allocation for a two-tier heterogeneous network. Subchannel al-
location is also an important resource allocation aspect and could be jointly considered
along with user association for energy-efficient purpose. Moreover, spectral efficiency
is also an important system performance. The relationship between energy efficiency
and spectral efficiency when considering user association and power allocation is worth

investigating in the future.
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Appendix A

Proof: Denote the superlevel set of Z; ;(pj ) as

Sg ={pjk 2 0| Zjk(psr) = B} (A1)
According to [37], Z;jx(pjk) = 5 :i; - is quasiconcave in pj if Sg is convex in pj, for
c Js

any real number 5. For § < 0, there exists no point on the contour of =; x(p; i) = 5.
When = 0, only pj; = 0 is on the contour of =; ;(p;x) = . Thus, when 8 < 0, Sp
is convex. When 3 > 0, Sz can be rewritten as Sg = {pjr > 0| B(pc + pjr) — 7k < 0}.
Since rjy is strictly concave in pj;j, —7; ) is strictly convex in p;i. Therefore Sg is

strictly convex. Thus, Z; 5 (p; k) is strictly quasiconcave in p; .

0= 1 (Pj k) _ (pC"‘pjwk)T;,k_"j,k
Py k (petpjk)?

The partial derivative of Z; . (p;x) is , Where 7‘3% is the

first order derivative of r; in pj;i. If p;fk exists then the solution to 2=2:Pik) _

Opj ke
exists. Next, we investigate the conditions when p7 , exists.
Denote the numerator of (953’“7@35’“) as
Pj.k
h(pjx) = (e + Djg )T — Tik- (A.2)
The derivative of h(p; ) in p; is
W 03) = T (0 + e =
(A.3)

/

= (pe +pjR)75

where 7“3’ & 1s the second-order partial derivative with respect to p; x. 7“;’ x < 0 always hold-

s because 7, is strictly concave. Hence, h'(pj 1) < 0 and h(p;z) is strictly decreasing.
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Next, we investigate whether M has only one p, that satisfies M = 0.
Bp],k s Bpj,k

When p; , — oo, we have

lim h(pﬁk)

pj,k—mo
_ . ] I
N pj};gloo(pc + pﬂvk)rj,k ik (A4)

. Gk P kGik
— lim J, 5.kS 7,
pinoo ORI 541G 1) W3, 4G )

—logy (1 + pij‘fj’,:’k ).

For the second term of the last line in (A.4), we use the L’Hospital’s rule and obtain

. .G
lim ik Zak
Pj k—>00 In2(1; 1 +p; Gy k)
— lim (P Gjk)
- !
Pj, k00 [1H2(1j1k+p]‘,kcj7k)] (A5)
. G,
= lim 4
pj—>00 Tik
_ 1
~ In2°
. . G, . . .
Therefore, with lim 2~ —(Oand lim —r;; = —o0o, weobtain lim h(p;;) =
9 ijk_mopCln2(Ij7k+pj7ij’k) Pj,k—>00 Jak 9 pj,k—ﬂ)O (pjvk)
—00.
When p; ;. approaches 0, we have
. . /
lim h(pjr) = lm (p. —|—pj7k)7“j’k — Tk
pj’k—>0 p]"k—>0
(A.6)
. Gk
= lim p. > 0.
pj,k—>0 IJJC In2
Hence, ZZ:Pik) phag a unique pt, that satisfies 2=::®i) — o and =, (pjx) is first
) Bpj’k q- p],]f 8pj,k - ’ H]vk p]7k

strictly increasing and then strictly decreasing within its domain.
Since 7 (P) = > % % .25k (pj k) 1s a linear combination of = (p; ), the quasicon-
j

cavity also holds for 75] (P). Because for any P; # Py and A € (0,1), 757 (AP1+ (1= \)P3) >

min {ﬁ (Py), n (Pg)} when Z; (p; ) is first strictly increasing and then strictly decreas-
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ing in p; . Moreover, constraints in (4.21) are convex, and 7 (P) under these convex

constraints is still quasiconcave in P. Therefore, 77 (P) has an optimal P*.

From the proof above, %@kj’k) has a unique p;f ;. that satisfies %@M) = 0, where
J, b

=, (0 DI T
° 323(-71:7” =2 (zﬁgjf)z 22 equals to h(pjk) = (Pe + Pjk)75 s — 7jk = 0. Then we have

/ Tjrk
T = ——— A7
aok De + Djk ( )
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