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Abstract

Over the last few decades, there has been a growing interest in a measure-theore-
tical property of Gibbs distributions known as strong spatial mixing (SSM). SSM
has connections with decay of correlations, uniqueness of equilibrium states, ap-
proximation algorithms for counting problems, and has been particularly useful
for proving special representation formulas and the existence of efficient approx-
imation algorithms for (fopological) pressure. We look into conditions for the
existence of Gibbs distributions satisfying SSM, with special emphasis in hard
constrained models, and apply this for pressure representation and approximation
techniques in Z¢ lattice models.

Given a locally finite countable graph ¢ and a finite graph H, we consider
Hom(%,H) the set of graph homomorphisms from ¢ to H, and we study Gibbs
measures supported on Hom(%,H). We develop some sufficient and other neces-
sary conditions on Hom(%,H) for the existence of Gibbs specifications satisfying
SSM (with exponential decay). In particular, we introduce a new combinatorial
condition on the support of Gibbs distributions called fopological strong spatial
mixing (TSSM). We establish many useful properties of TSSM for studying SSM
on systems with hard constraints, and we prove that TSSM combined with SSM
is sufficient for having an efficient approximation algorithm for pressure. We also
show that TSSM is, in fact, necessary for SSM to hold at high decay rate.

Later, we prove a new pressure representation theorem for nearest-neighbour
Gibbs interactions on Z? shift spaces, and apply this to obtain efficient approxima-
tion algorithms for pressure in the Z> (ferromagnetic) Potts, (multi-type) Widom-
Rowlinson, and hard-core lattice gas models. For Potts, the results apply to ev-
ery inverse temperature except the critical. For Widom-Rowlinson and hard-core
lattice gas, they apply to certain subsets of both the subcritical and supercritical

regions. The main novelty of this work is in the latter, where SSM cannot hold.

ii



Preface

The thesis is split in two main parts (Part I and Part II), based on the following

three articles:

1. Representation and poly-time approximation for pressure of 72 lattice mod-
els in the non-uniqueness region. Joint work with Stefan Adams, Brian Mar-
cus, and Ronnie Pavlov. Journal of Statistical Physics, 162(4), 1031-1067.
(See [1].)

2. The topological strong spatial mixing property and new conditions for pres-
sure approximation. Accepted for publication in Ergodic Theory and Dy-
namical Systems. (See [15].)

3. Strong spatial mixing in homomorphism spaces. Joint work with Ronnie
Pavlov. Submitted. (See [16].)

Part I (Chapter 2, Chapter 3, and Chapter 4) is mainly based on paper 2 and
paper 3. Part IT (Chapter 5, Chapter 6, and Chapter 7) is mainly based on paper 1
and paper 2.

Some of the writing of this thesis was done while the author was visiting the

Simons Institute for the Theory of Computing at University of California, Berkeley.
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Chapter 1

Introduction

1.1 Preliminaries

The focus of this thesis is the study of spin systems through the view of two comple-
mentary areas: statistical mechanics and symbolic dynamics. Both share a common

ground with different emphasis, namely

o the study of measures on graphs (typically, a lattice such as the d-dimensio-
nal integer lattice 7¢) where vertices take values on a set of symbols with
hard constraints, i.e. measures are not fully supported because some config-

urations of symbols are forbidden due to local restrictions; and

e the computation of thermodynamic quantities. In particular, we are inter-
ested in the development of techniques useful for representing and approxi-

mating fopological entropy and its generalization, (topological) pressure.

Consequently, the main goal of this work is twofold. First, we aim to intro-
duce combinatorial and measure-theoretic conditions, establish connections among
them, and see how combinatorial aspects of hard constrained systems interact with
measure-theoretic mixing properties. Secondly, we use these insights to improve

results on representation and efficient approximation algorithms for pressure.

A classical example

A good example of a hard constrained system is the Z¢ hard-core lattice gas model.
In this model, every site x € Z¢ is identified with a random variable @®(x) (a spin)
that takes values in the set of symbols &7 = {0,1}. In order to obtain a joint dis-
tribution @ = (®(x)) .7« representing an interplay between spins, we consider an

interaction or, more specifically, a nearest-neighbour (n.n.) interaction ®. A n.n.
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interaction @ is a function that associates some weight to configurations of sym-
bols supported on finite subsets of Z“, by considering local contributions in sites
and bonds. In the case of the hard-core lattice gas model with inverse tempera-
ture £ > 0, given a finite subset A C Z¢ and a configuration @ € /2’ the joint

distribution 7§’ on A with exterior ®|,. is given by

exp(—S#i(at))
fo,w '

(1.1)

T3 (O, = &) = Lige[a),)}

where o € <74 and |, denotes the restriction of ® to A°. Here the n.n. inter-
action @ implicitly determines #; (o) (the number of 1’s in the configuration @),
the set [®|,] (the set of “admissible” configurations), and the partition function
Zﬁ: » (@ very relevant normalizing factor). By “admissible” configurations we re-
fer to a’s such that the new configuration o @|,. obtained from @ after replacing
o|, by o does not violate any constraint. In the hard-core lattice gas model case,
where pairs of adjacent 1’s are forbidden, these configurations can be understood as
independent sets, a familiar concept in combinatorics and graph theory involving
local constraints. Notice that @ (in particular, the boundary configuration ®|,,)
has some influence over the distribution inside the volume A. A good part of our
research has to do with the study of the influence that boundaries have in the dis-
tributions 7’ for general systems.

The extension of these distributions to the infinite volume Z¢ is via (nearest-
neighbour) Gibbs measures, which are a particular kind of Borel probability mea-
sure (t such that for every finite A C Z<¢ and @ € &%, Ey (-].%a¢) () coincides
with 7y’ p-a.s. Here, Ey (-|.%4c) (@) denotes the conditional expectation with re-
spect the product c-algebra on .«74°. The collection 7 = {n?} 4,0 is usually known
as the Gibbs specification for . Sometimes there is more than a single measure
u for a given Gibbs specification 7. In that case we talk about the existence of a
phase transition (see [35]), one of the central issues in statistical physics.

It is common to consider an inverse temperature parameter & > 0 to modu-
late the strength of interactions. Depending on &, the interaction E® can give
rise to multiple Gibbs measures (the supercritical regime) or just a single one (the

subcritical regime). The latter case, when there is no phase transition, is related
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with systems where the influence of boundaries decays with the distance. Several
classical lattice models, like the hard-core lattice gas model, exhibit these two be-
haviours for different regimes of &. Other instances that exhibit this phenomenon
are the (ferromagnetic) Potts model and the (multitype) Widom-Rowlinson model

(see [1]).

Pressure and topological entropy

The pressure of an interaction is a crucial quantity studied in statistical mechanics
and dynamical systems. In the former, it coincides (up to a sign) with the specific
Gibbs free energy of a statistical mechanical system (e.g. [35, Part III] and [70,
Chapter 3-4]). In the latter, it is a generalization of topological entropy and has
many applications in a wide variety of classes of dynamical systems, ranging from
symbolic to smooth systems (e.g. [13, 47, 76]).

The pressure of a Z¢ lattice model with translation-invariant n.n. interaction ®

is defined as the asymptotic exponential growth rate of the partition function Zg’n:

logZ®
P(®) :— lim —o B

n—soo |Bn| ’

(1.2)

where Zg’n denotes the partition function with free boundary (i.e. there is no inter-
action with the exterior) and B, = [—n,n]? N Z? is an increasing sequence of boxes
that exhausts Z< as n — oo

Roughly speaking, the pressure tries to capture the complexity of a given sys-
tem by associating to it a nonnegative real number. This value can be represented
in several ways: sometimes as a closed formula, other times as a limit and, in the
cases of our interest, as the integral of a conditional probability distribution or as
the output of an algorithm.

Often, it is a difficult task to compute it. When d = 1, there is a closed-form ex-
pression for P(®) in terms of the largest eigenvalue of an adjacency matrix formed
from &® (see [52, p. 99]). In contrast, when d > 2 there are very few n.n. inter-
actions @ for which P(®) is known exactly (e.g. Ising model [66], dimer model
[46], square ice-type model [54]). In fact, there are computability constraints for

approximating pressure that in general cannot be overcome. In [44] it was proven
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that, when d > 2, the set of numbers that can arise as topological entropies for Z¢
shifts of finite type (Z¢ SFT) coincide with the set of right-recursive enumerable
numbers. When d = 1, the closed-form expression mentioned above always gives
an efficient approximation algorithm.

A Z¢ SFT Q can be understood as the support of a lattice model or also as
a particular case of a hard constrained Z¢ lattice model where the interaction ®
is uniform, and it is the main object of study in the area known as multidimen-
sional symbolic dynamics. In this case, the topological entropy coincides with the

pressure and it is given by the formula
h(Q) = lim ————"—>, (1.3)

where .73, (Q) is the set of all configurations with shape B, that appear in Q.

Despite the general computability constraints, one can still expect to be able
to approximate efficiently the topological entropy and pressure of some systems
(formally, to prove the existence of a polynomial time approximation algorithm),
and also hope to delineate the general characteristics of systems where this is pos-
sible. Part of of this work has to do with developing approximation techniques and
finding conditions for computing these quantities.

The process of calculating the pressure P(®) (or more particularly, the topo-
logical entropy /(€2)) can be broken up into two steps: representation and approx-
imation. Since P(®) is usually defined in terms of integrals and/or limits that are
very hard or too slow to compute directly, it is useful to develop alternative for-
mulas to represent it in such a way that the new representation can be efficiently
approximated. In this regard, of particular interest is a correlation decay property
of Gibbs measures known as strong spatial mixing (SSM), which is a strengthening

of another property known as weak spatial mixing (WSM).

Spatial mixing properties

Let £ : N — R be a function such that f(n) N\, 0 as n — co. We say that a Z¢ lattice
model satisfies WSM with decay function f if for any finite A C Z¢, BC A, B € /5,
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and any pair of admissible configurations w;, m, € o Zd,
|7 (@lp = B) — 7> (@5 = B)| < [BIf (dist(B,04)), (1.4)

i.e. given a set B, the influence on the distribution @|, of the boundary configura-
tions |, and @|,, decays with the graph distance from B to dA, according to
f. In other words, WSM implies asymptotic independence between the configura-
tion of a finite volume and the boundary configuration outside a large ball around
this volume.

On the other hand, a Z¢ lattice model satisfies SSM with decay function f if
for any finite A C Z¢, B C A, B € <72, and any pair of admissible configurations
o, 0 € 7%,

|73 (0l = B) — m>(Blp = B)| < |Blf (dist(B,Zga (@1, n))), (1.5)

where Xy, (01, 0) = {x € dA: w1 (x) # o (x)}.

The main difference between SSM and WSM is that SSM considers the dis-
tance of B to only the sites in the boundary X, (®;, ) where ®; and @, differ.
In this case, we can still have a decay of correlation if B is close to dA but the
disagreements between @, and @, are far apart.

WSM has direct connections with the nonexistence of phase transitions (see
[78]). SSM is a stronger version of WSM and is related with the absence of bound-
ary phase transitions [61].

There has been a growing interest (see [61, 79, 39, 33]) in SSM, due to its con-
nections with fully polynomial-time approximation schemes (FPTAS) for counting
problems which are #P-hard (e.g. approximation algorithms for counting indepen-
dent sets [79]; see also [6, 31]), and mixing time of the Glauber dynamics in some
particular systems (see [45, 28]). Of particular interest for us, is that it has also
proven to be useful for pressure representation and approximation (see [32, 58,
15]).

Examples of systems that satisfy these properties in some regime include the
Ising and Potts models (see [61, 40]), and even some cases where hard constraints

are considered, such as the hard-core lattice gas model (see [79]) and g-colourings
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(see [33]).

Combinatorial mixing properties

When dealing with hard constraints, we face the problem that sometimes two or
more configurations are not compatible. This is an extra difficulty when prov-
ing spatial mixing properties or a useful pressure representation, since many tools
(probability couplings, equivalences, etc.) have been developed only for the non-
constrained cases. By combinatorial mixing properties we refer to conditions on
the support Q of a hard constrained system that allow us to “glue” together con-
figurations in an admissible way. Two relevant properties are strong irreducibility
and the existence of a safe symbol.

A Z¢ SFT Q is strongly irreducible with gap g € N if for any A,B C Z¢ such
that dist(A, B) > g, and for every o € Z4(Q) and B € £5(Q),

a € Zy(Q),B € LB(Q) = aff € ZLyup(Q), (1.6)

where a8 denotes the configuration obtained after combining the configurations o
and S into a single one. In simple terms, a Z¢ SFT Q is strongly irreducible if any
two admissible (partial) configurations can be glued together in a (full) configura-
tion @ € Q, provided their supports are sufficiently far apart.

Givena Z¢ SFT Q C o/ Zd, a safe symbol s € &7 for Q is a symbol that can be
adjacent to any other symbol in o/ (think of O in the hard-core lattice gas model).
This property allows us to replace any symbol by s and preserve admissibility of
configurations while we modify them. The existence of a safe symbol has proven
to be useful to develop pressure representation and approximation theorems (see
[32, Assumption 1]). In addition, the existence of a safe symbol implies strong
irreducibility.

Strong irreducibility and the existence of a safe symbol are qualitatively dif-
ferent properties. The former is a global condition that involves the lattice as a
whole. On the other hand, the existence of a safe symbol is a local condition.
An interesting family of examples is the case of proper colourings of the lattice
(g-colourings), where given g colours the constraints impose that two adjacent ver-

tices cannot have the same colour. It is easy to check that the underlying Z¢ SFT

6
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does not contain any safe symbol. However, if we have enough colours the system
does satisfy a weaker combinatorial condition introduced in [58] called single site-
fillability (SSF). SSF is a local condition that also implies strong irreducibility and
has shown to be useful for having have pressure representation and approximation
theorems (see [58]).

Part of the work presented here involves pushing this even further and looking
for weaker combinatorial properties still useful for these purposes. Of particular
interest is the study of characteristics that hard constraints should satisfy in order

to be (to some extent) compatible with the SSM property.

Pressure representation

In [32, 58] it was proven that SSM (with decay function f(n) = Ce™"") together
with some extra combinatorial properties are enough for having a pressure repre-
sentation and approximation algorithms for P(®). The basic idea was motivated

by the Variational Principle (see [47, Section 4.4]), given by the formula

P(®) = sup (h(u) + / Aq,du) , (1.7)
REM 5(Q)
where Q is the support of the Z¢ lattice model, .# () denotes the set of all
shift-invariant (or stationary) Borel probability measures L supported on €, and
Ag is an auxiliary function defined as Agp(®) = —P ((0| {6}) -y, ® (a)| {6,5,-})’
where 0 denotes the origin and {51'}?:1 denotes the canonical basis of Z¢. Here, the
quantity h(u) is the measure-theoretic entropy of (. Any measure that achieves the
supremum is known as an equilibrium state, which (under very mild conditions)
coincide with a Gibbs measures for ®.

Given an equilibrium state pt, we have that P(®) = h(u) + [ Apdp. Itis known
that the measure-theoretic entropy 4(u) can be expressed as the integral with re-
spect to u of the information function 1,. The information function is defined p-a.s.
asly(w)=—logu (03(6) = 0)(6)‘ a)|(@) , where &2 denotes the lexicographic past
of the origin 0. In other words, given » € &%, I, (w) is the negative logarithm of
the conditional probability of having the value w(()) at the origin, given that every
site in the lexicographic past coincides with @. Then we can write h(u) = [I,du
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and we have
P@) = [ (1 +Ao)dn (1.8)

for any equilibrium state u. The idea in [32, 58] was to represent P(®) as the

integral of the same integrand, but with respect to a simpler measure Vv, i.e.
P(®) = /(Iu +Ag)dv. (1.9)

This can be regarded as a pressure representation. A pressure representation
becomes especially useful for approximating P(®) in the case V is a periodic point
measure, i.e. a measure which assigns equal weight to each distinct translation of
a given periodic configuration @ € /%', Then J (Iy 4+ Ag)dv becomes a finite
sum. The terms in this sum corresponding to Ag are easy to compute. In this way,
the problem of approximating P(®) reduces to approximate I, on a single peri-
odic configuration @ and its translates. We remark that to approximate I, (@) is
equivalent to just approximate [ (d)(()) = w(ﬁ)‘ w](@>, the conditional probability
of a single site taking some particular value. Then this new way to express P(®)
by-passes the need of computing the integral with respect to (l. A pressure rep-
resentation requires some assumptions on the measures ( and v, and also on the
support Q. In general, it may fail. For example, when considering 3-colourings in

7?2 (see [58]), the representation formula in Equation (1.9) is not always true.

Pressure approximation

Given a pressure representation as in Equation (1.9), the problem of approximating
P(®) reduces to know how to approximate I, efficiently. In [32] an approach was
given to approximate ((I)(ﬁ) = w(())‘ o| y>, and therefore I, (@), in polynomial
time in some region of the subcritical regime for the Z¢ hard-core lattice gas model.
This approach was based on the computational tree method developed by Weitz in
[79], which is a powerful technique in the binary case (i.e. |</| =2). In [58], an
alternative method was develop for the Z? case to approximate I, efficiently, based
on the transfer matrix method. Both approaches rely in the assumption that the
measures involved satisfy the SSM property (with exponential decay) plus some

combinatorial property on the support. We review this approach and also deal with
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the (a priori, radically different) case when the SSM property fails.

1.2 Results overview

The results are divided in two main parts:

1. Development of a robust framework for working with hard constrained sys-
tems in general graphs, and study measure-theoretic correlation decay prop-

erties on them.

II. Study of techniques for representing and efficiently computing pressure in

the uniqueness and non-uniqueness regions in Z¢ lattice models.

Part I: Combinatorial aspects of the strong spatial mixing property

There is a good amount of literature devoted to study the regimes where SSM holds
for particular systems. In particular, the Ising and Potts models [53, 80], the hard-
core lattice gas model [79], and g-colourings [31] have received special attention.
Given a locally finite countable graph ¢ (the board), a finite set of symbols 7,
some hard constraints, and an interaction ®, we can define very general systems
(Q,®), where Q is the configuration space, the subset of configurations not violat-
ing any constraint.

We develop a new framework for studying SSM in general hard constrained
spin systems. This is done in part through the introduction of a combinatorial
mixing property named fopological strong spatial mixing (TSSM). A configuration
space Q is TSSM with gap g € N if for any subsets A, B, and S such that dist(A, B) >
g (with respect to the graph distance in ¢), and for every o € Z4(Q), B € Z3(Q),
and 0 € Z5(Q),

00 < fAus(Q),Gﬁ c XSUB(Q) — (XGﬁ S gAuSUB(Q)- (1.10)

To develop the TSSM property we combine notions from combinatorics in
lattice models (like the existence of a safe symbol and SSF) and from symbolic
dynamics, in particular strong irreducibility. The result is a hybrid concept strictly

weaker than all the combinatorial properties used in [32] and [58], and strictly

9
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stronger than strong irreducibility (notice that if we take S = 0 in Equation (1.10)
we recover the definition of strong irreducibility).

We prove that, under certain hypotheses, if a system satisfies SSM, then its
support satisfies TSSM. As two of many applications, we show that the space of
4-colourings on the Z? lattice does not satisfy SSM for any interaction ® (see
Proposition 3.5.6; it has been suggested in the literature [74] that a uniform Gibbs
measure on this system should satisfy WSM), and that TSSM implies the existence
of periodic points in Z¢ shift spaces, for every d € N (see Proposition 3.4.3). Later,
in Part II, we use TSSM to generalize work in [32] and [58], giving conditions for
simple representation and efficient approximation of pressure.

One of the main ideas is that in order to have a measure-theoretic correlation
decay property like SSM, there may be some necessary combinatorial conditions
on the configuration space. We also explore a complementary question: given a
configuration space satisfying a particular combinatorial property, can we always
find a Gibbs specification satisfying SSM supported on it? In general, if a con-
figuration space just satisfies strong irreducibility, the answer is no. For example,
the space of 4-colourings on Z? satisfies strong irreducibility, but no measure sup-
ported on it can satisfy SSM.

In [17], Brightwell and Winkler did a complete study of the family of disman-
tlable graphs, including several interesting alternative characterizations. Among
the equivalences discussed in that work, many involved a board ¢, a finite graph H
(the constraint graph, assumed to be dismantlable), and the set of all graph homo-
morphisms from ¢ to H, which we denote here by Hom(%,H). We call such a set
of graph homomorphisms a homomorphism space, and it can be understood as a
configuration space Q. In this context, we should interpret the set of vertices V(H)
of H as the set of symbols .2 in some spin system living on vertices of ¢. The ad-
jacencies given by the set of edges E(H) of H indicate the pairs of symbols that are
allowed to be next to each other in ¢, and the edges that are missing can be seen
as hard constraints in our system (i.e. pair of spin values that cannot be adjacent in
¢). Examples of such systems are very common. If we consider ¥ = Z? and Hy,
with V(Hy) = {0,1} and E(H,) containing every edge but the loop connecting 1
with itself, then Hom(Zz,Hq,) represents the support of the hard-core lattice gas

model in Z?, i.e. the set of independent sets in the square lattice.

10
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We are interested in combinatorial mixing properties that are satisfied by a
homomorphism space Hom(%,H), i.e. properties that allow us to “glue” together
partial configurations in ¢. For example, the homomorphism space Hom(Z2,H),
where V(H) = {0, 1} and H has a unique edge connecting 0 with 1, has only two
elements, both checkerboard patterns of Os and 1s. This homomorphism space
lacks good combinatorial mixing properties since, for example, it is not possible
to “glue” two Os together which are separated by an odd distance horizontally or
vertically. Note that this is not the case for Hom(Z?, H, ), where the only difference
is that Hy has in addition an edge connecting O with itself. A gluing property
of particular interest is strong irreducibility. In [17], dismantlable graphs were
characterized as the only graphs H such that Hom(%,H) is strongly irreducible for
every board ¢.

In addition, we can consider a n.n interaction & that associates some “energy”
to every vertex and edge of a constraint graph H. From this we can construct
a Gibbs (¢4 ,H,®)-specification 1, which is an ensemble of probability measures
supported in finite portions of ¢. Specifications are a common framework for
working with spin systems and defining Gibbs measures t. From this point it is
possible to start studying spatial mixing properties, which combine the geometry
of ¢, the structure of H, and the distributions induced by &®. In [17], dismantlable
graphs were also characterized as the only graphs H for which for every board ¢
of bounded degree there exists a n.n. interaction ® such that the Gibbs (¢, H, ®)-
specification 7 has no phase transition (i.e. there is a unique Gibbs measure for
).

We consider the problem of existence of strong spatial mixing measures sup-
ported on homomorphism spaces. First, we extend the results of Brightwell and
Winkler on uniqueness, by characterizing dismantlable graphs as the only graphs
H for which for every board ¢ of bounded degree there exists a n.n. interaction
@ such that the Gibbs (¢, H, ®)-specification 7 satisfies WSM (with exponential
decay function; see Section 4.2). Then we give sufficient conditions (see Sec-
tion 4.3) on H and Hom(%,H) for the existence of Gibbs (¢, H, ®)-specifications
satisfying SSM (with exponential decay function). Since SSM implies WSM, a
necessary condition for SSM to hold in every board ¢ is that H is dismantlable.

We exhibit examples showing that SSM is a strictly stronger property, in terms of

11
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combinatorial properties of H and Hom(%,H), than WSM. In particular, there exist
dismantlable graphs H where SSM fails in Hom(%¥, H), for some boards ¢.

To our knowledge, this is the first attempt to characterize the constraint graphs
H that are suitable for SSM to hold for general boards ¢. Related work was done in
[27], where the family of dismantlable graphs was related with rapid mixing of the
Glauber dynamics in finite boards with free boundary conditions. In contrast, we
demonstrate that the role of boundary conditions cannot be ignored when we are
looking for Gibbs specifications satisfying SSM in models with hard constraints.

Other combinatorial and measure-theoretic mixing properties have been con-
sidered in the literature of lattice models. We also explore the relationships be-
tween some of them. In Part II, we see how they are useful in some cases for
representation and approximation. In particular, in the context of stationary Z¢
Gibbs measures u satisfying SSM, we establish many useful properties that show
how TSSM on the support of u is sufficient for a special pressure representation

and efficient approximation algorithms.

Part II: Representation and poly-time approximation for pressure

The main focus of Part II is to find simple representations of pressure and use this
to develop efficient (in principle) algorithms to approximate it, profiting from the
measure-theoretical and combinatorial mixing properties studied in Part I.

There is much work in the literature on numerical approximations for pressure
(see [7, 29]). We take a theoretical computer science point of view (see [50]): an
algorithm for computing a real number r is said to be poly-time if for every N € N,

the algorithm outputs an approximation ry to r, which is guaranteed to be accurate

1
N

say that r is poly-time computable. One of our goals is to prove the existence of

within & and takes time at most polynomial in N to compute. In that case, we
poly-time algorithms for P(®) under certain assumptions on & and the support Q.

Following the works of Gamarnik and Katz [32], and Marcus and Pavlov [58],
we provide extended versions of representation theorems of pressure in terms of
conditional probabilities and also conditions for more general approximation al-
gorithms. In [32], for obtaining such representation and approximation theorems,

they assumed the existence of a safe symbol, which is a very strong combinato-
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rial condition, together with SSM (and an exponential assumption on the decay
function of SSM for algorithmic purposes). Later, in [58], these assumptions were
replaced by more general and technical conditions in the case of representation,
and the SSF property, which generalized the safe symbol case both in the represen-
tation and in the algorithmic results. Here, making use of the theoretical machinery
developed in [58], we have relaxed those conditions even more by using the more
general property of TSSM.

Next, we continue the development of representing the pressure with a sim-
plified expression. We prove a new pressure representation theorem and differ-
ent techniques to tackle the problem of pressure approximation in supercritical
regimes, where long range correlations do not decay and therefore SSM cannot
hold. We considered three classical lattice models: the (ferromagnetic) Potts, (mul-
titype) Widom-Rowlinson, and hard-core lattice gas models. For Widom-Rowlin-
son and hard-core lattice gas, the techniques apply to certain subsets of both the
subcritical and supercritical regions, where the main novelty is in the latter. In
the case of the Potts model with g colours, we obtain a pressure representation
for any 8 > 0 and a poly-time approximation algorithm for any 8 # B.(g), where
B. = log(1+ ,/q) denotes the critical inverse temperature.

To do this the main tools are coupling techniques in Markov random fields (see
[11]) and the relation of these models (in particular, Potts and Widom-Rowlinson)
with random-cluster models (see [42]). Two of the most exploited couplings were
the van den Berg and Maes coupling for Markov random fields inducing paths of
disagreement (see [11]), and the Edwards-Sokal coupling, relating the Potts model
with the bond random-cluster model (see [42]).

The pressure representation theorems developed in [32] and [58] were given
in terms of the information function I, that depends on a stationary Gibbs mea-
sure u for an interaction ®. In order to have analogous representation formulas for
supercritical regimes, we had to modify the representation formula by introduc-
ing a closely related function I, which depends only on the Gibbs specification
{n?}4.0. This turned out to be necessary but at the same time natural, since pres-
sure depends only on the interaction and not on any particular Gibbs measure U.

The results hold in every dimension d. Among other conditions, these results

require conditions on £ and a convergence condition for certain sequences of finite-
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volume half-plane measures (different convergence conditions in the different re-
sults). In the case d = 2, if the convergence holds at exponential rate, then one
obtains a poly-time algorithm for approximating P(®). For d > 2, if the exponen-
tial convergence holds, one can deduce an algorithm for approximating P(®) with
sub-exponential but not polynomial rate. We remark that the finite-volume half-
plane measures mentioned above typically are constant on their bottom boundaries
and thus are related to wetting models (see [68, 73]).

In [32], the convergence condition is SSM of a Gibbs measure u for the n.n.
interaction ®. This condition is known to imply that there is a unique Gibbs mea-
sure for @ and thus can be applied only in the uniqueness (subcritical) region of
a given lattice model. The convergence conditions in [58] are weaker but also ap-
ply primarily to this region. However, since our convergence condition depends
only on the interaction, one might expect that the pressure representation and ap-
proximation results can apply in the non-uniqueness region as well. Indeed, they
do. As illustrations, we apply these results to explicit subcritical and supercritical
sub-regions of three main classical lattice models in Z?. In particular, for the pres-
sure approximation results for these models, we establish the required exponential
convergence conditions (see Section 6.5). However, we believe that our results are
applicable to a much broader class of models, in particular satisfying weaker con-
ditions on Q. We remark that the SSM condition of [32] is a much stronger version
of our condition, and so in this sense our results generalize some results of that
paper (in particular, for the Z? hard-core lattice gas model).

In the case of the 2-dimensional Potts model, we obtain a pressure representa-
tion and efficient pressure approximation for all B # B.(q), where B.(g) = log(1+
/) is the critical value which separates the uniqueness and non-uniqueness re-
gions. Our proof in the non-uniqueness region generalizes a result from [22] for
q =2 (i.e. the Ising model) and we closely follow their proof, which relies heav-
ily on a coupling with the bond random-cluster model and planar duality. For the
uniqueness region, our result follows from [4].

For the Widom-Rowlinson and hard-core lattice gas models, our results are not
as complete as in the Potts case, since the subcritical and supercritical regions for
these two models haven’t been completely determined. We also expect our results

can be improved, because they only apply to proper subsets of the currently known
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uniqueness/non-uniqueness regions.

For the Widom-Rowlinson model, in the supercritical region, we use a varia-
tion of the disagreement percolation technique introduced in [11], combined with
the connection between the Widom-Rowlinson model and the site random-cluster
model. In the subcritical region, we apply directly the results in [11].

For the hard-core lattice gas model, in the supercritical region, we combine
the coupling in [11] and a Peierls argument used by Dobrushin (see [26]). In the
subcritical region, we use a recent result on SSM for the hard-core lattice gas model
in Z2.

For the Potts model, we also extend the pressure representation, by a continuity
argument, to give an expression for the pressure at criticality (see Corollary 13). It
is of interest that there is an exact, explicit, but non-rigorous, formula for the pres-
sure at criticality due to Baxter (see [8]). So, our rigorously obtained expression
should agree with that formula, though we do not know how to prove this state-
ment. It seems that Baxter’s explicit expression gives a poly-time approximation

algorithm, but we cannot justify that our expression is poly-time computable.

1.3 Thesis structure

The thesis is split in mainly two parts.

Part I consists of Chapter 2, Chapter 3, and Chapter 4.

In Chapter 2, we give the basic notions of graph theory (Section 2.1), configu-
ration spaces (Section 2.2), and Gibbs measures (Section 2.3).

In Chapter 3, we define spatial mixing (Section 3.1) and combinatorial (Section
3.2) properties, we introduce the topological strong spatial mixing property (Sec-
tion 3.3), establish properties and characterizations of it, and relationships to some
measure-theoretic quantities (Section 3.4). Next, we provide connections between
measure-theoretic and combinatorial mixing properties (Section 3.6); in particular,
Theorem 3.6.5 provides evidence that TSSM is closely related with SSM. In Sec-
tion 3.5, we give several examples illustrating different types of mixing properties
in the context of Z¢ SFTs.

In Chapter 4, we introduce the necessary background for studying homomor-

phism spaces and dismantlable graphs (Section 4.1). After that, we explore the
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connections between dismantlability and WSM (Section 4.2). Then we introduce
the unique maximal configuration (UMC) property (Section 4.3) and show that this
property is sufficient for having a Gibbs specification satisfying SSM with arbi-
trarily high exponential decay of correlations (Section 4.4). We introduce a fairly
general family of graphs H, strictly contained in the family of dismantlable graphs,
such that Hom(¥,H) satisfies the UMC property for every board ¢ (Section 4.5).
Theorem 4.6.3 provides a summary of relationships and implications among the
properties studied (we encourage the reader to take a quick look to it before a more
detailed reading). Later, we focus in the particular case where H is a (looped)
tree 7 and conclude that the properties on 7" yielding WSM for some measure on
Hom(¥,T) coincide with those yielding SSM (Section 4.6). At the end of this
chapter, we provide examples illustrating the qualitative difference between the
combinatorial properties necessary for WSM and SSM to hold in homomorphism
spaces (Section 4.7).

Part II consists of Chapter 5, Chapter 6, and Chapter 7.

In Chapter 5, we introduce topological entropy (Section 5.1) and topological
pressure (Section 5.2). We discuss some variational principles and then we exhibit
some pressure representation theorems (Section 5.3).

In Chapter 6, we review the three specific Z¢ lattice models to which we apply
our main results (Section 6.1), and we review the bond random-cluster (Section 6.2)
model and site random-cluster model (Section 6.3), where Lemma 6.3.2 is a novel
result concerning the latter. Next, we review some spatial mixing and stochastic
dominance concepts (Section 6.4) and use this to help establish exponential con-
vergence results (Section 6.5).

In Chapter 7, we combine the pressure representation theorems and exponen-
tial convergence results in order to obtain efficient approximation algorithms for
pressure (Section 7.1).

Finally, in Chapter 8, we discuss possible future directions of research.
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Chapter 2

Basic definitions and notation

2.1 Graphs

A graph is an ordered pair G = (V,E) (or G = (V(G),E(G)) if we want to em-
phasize the graph G), where V is a finite set or a countably infinite set of elements
called vertices, and E is contained in the set of unordered pairs {{x,y} : x,y € V},
whose elements we call edges. We denote x ~ y (or x ~¢ y if G is not clear from
the context) whenever {x,y} € E, and we say that x and y are adjacent. A vertex
x is said to have a loop if {x,x} € E. The set of looped vertices of a graph G
will be denoted Loop(G) := {x € V : {x,x} € E} and G will be called simple if
Loop(G) = 0. A graph G is finite if |G| < o, where |G| denotes the cardinality of
V(G), and infinite otherwise.

Fix n € N. A path (of length ») in a graph G will be a finite sequence of distinct
edges {xo,x1},{x1,x2},...,{xn—1,%:}. A single vertex x will be considered to be a
path of length 0. A cycle (of length ) will be a path such that xy = x,,. Notice that a
loopisacycle. A vertex y will be said to be reachable from another vertex x if there
exists a path (of some length n > 0) such that xo = x and x, =y. ForA;,A; CV,a
path from A; to A; is any path whose first vertex is in A; and whose last vertex is
in A;. A graph will be said to be connected if every vertex is reachable from any
other vertex, and a tree if it is connected and has no cycles. A graph which is a tree
plus possibly some loops, will be called a looped tree.

For a vertex x, we define its neighbourhood N(x) as the set {y € V:y ~x}. A
graph G will be called locally finite if [N(x)| < oo, for every x € V. A locally finite
graph will have bounded degree if A(G) := sup, .y, |N(x)| < 0. In this case we say
that G is of maximum degree A(G). Given d € N, a graph of maximum degree d
is d-regular if [N(x)| =d, forallx e V.

We say that a graph G' = (V/,E’) is a subgraph of G = (V,E) if V' C V and
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E' C E. For a subset of vertices A C V, we define the subgraph of G induced by A
as G[A] := (A,E[A]), where E[A] := {{x,y} € E : x,y € A}.
2.1.1 Boards

A board ¥ = (¥,&) will be any simple, connected, locally finite graph with at
least two vertices, where 7 is the set of vertices (or sites) and & is the set of edges
(or bonds). We will use the letters x, y, etc. for denoting the vertices in a board.
Boards and configurations on them (see Section 2.2) will be the main playground

in this work.
Example 2.1.1. Given d € N, we have the two following families of boards:
e The d-dimensional integer lattice Z¢ (see Subsection 2.1.2).

o The d-regular tree T, (also known as Bethe lattice).

Figure 2.1: A sample of the boards Z? and Ts.

Given a board ¢4 = (¥/,&’), we can define a natural distance function between

vertices x,y € ¥, namely
dist(x,y) := min{n : 3 a path of length n s.t. x = xo and x, = y}, (2.1)

which can be extended to sets A1,A, C ¥ as dist(A,A2) = minyea, yea, dist(x,y).

We denote B € A whenever a finite set B C ¥ is contained in a set A C V7.
When denoting subsets of 7" that are singletons, brackets will usually be omitted,
e.g. dist(x,A) will be regarded to be the same as dist({x},A). Notice that if x €
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2.1. Graphs

A, then dist(x,A) = 0. Given A C ¥, we define its (outer) boundary as JA :=
{x € ¥ :dist(x,A) = 1} and its closure as A := AU JA. The inner boundary of
A will be the set dA := dA®, i.e. the set of sites x in A which are adjacent to
some other site in A°. Given n € N, we call 4,(A) := {x € ¥ :dist(x,A) < n}
the n-neighbourhood of A, and d,A := .4;,(A)\A, the n-boundary of A. Notice
that AG(A) = A, A1 (x) =N(x) U{x}, and d;(A) = JdA. For A € ¥, we define its

diameter as diam(A) := max, yeca dist(x,y).

2.1.2 The d-dimensional integer lattice

The board of main interest will be the d-dimensional integer lattice Z¢. Given
d € N, we define Z¢ = (¥ (Z9),&(Z")) to be the 2d-regular (countably infinite)
graph such that

rh =2, ad &z ={{ry}ixyer x—y|=1}, @2

with ||x|| = ¥4, |x;| the 1-norm, for x = (xi,...,x4) € Z¢. In a slight abuse of
notation, we will use Z¢ to denote both the set of vertices and the board itself.

A natural order on Z? is the so-called lexicographic order, where y < x (or
equivalently, x = y) iff y = x or y; < x;, for the smallest 1 <i < d for which y; # x;.
Considering this order, we define the (lexicographic) past of Z¢ as

@::{xezd\{()}:x@}, 2.3)

where 0 denotes the origin. Given y,z € Z¢ such that y,z > 0 (here > denotes the

coordinate-wise comparison of vectors), we also define the [y, z]-block as the set
B,. := {erd : —ygxgz}, 2.4)
and the broken [y, z]-block as
Q=B \?={x»0: y<x<zf. 2.5)

In addition, given n € N, we define the n-block as B, := By, 1, and the broken
n-block as Q, = B, \ &, where 1 denotes the vector (1,...,1) € Z%. Notice that
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2.1. Graphs

B, = [-n,n]? NZ?. We also define the n-rhomboid as R, := .4;,({0}).

In Z4 we can also define an alternative notion of adjacency and therefore, an al-
ternative notion of boundary, inner boundary, closure, path, connectedness, etc., by
replacing the 1-norm || - || with the co-norm || - ||, defined as ||x||oo = max;—; g4 |xi|.
for x € Z¢. When referring to these notions with respect to the co-norm, we will
always add a = superscript and talk about x-adjacency x Xy, *-boundary d*A,
inner x-boundary 9*A, x-closure A , x-path, x-connectedness, etc. Notice that two
vertices x and y are x-adjacent if they are adjacent in a version of the d-dimensional
integer lattice Z¢ including in addition diagonal edges. We will denote this version
of the lattice by Z4*.

2.1.3 Constraint graphs

A constraint graph H = (V,E) is a finite graph, where loops are allowed. The
main role of constraint graphs will be to prescribe adjacency rules for values of
vertices in a given board (see Subsection 2.2.1). A difference between boards and
constraint graphs is that the latter must be finite. Another one is that constraint
graphs are allowed to have loops. We will denote by H®Y = (V, EQ) the constraint
graph obtained by adding loops to every vertex, i.e. E¥ = EU{{u,u} :u € V}
and Loop(HQ) = V. We will use the letters u, v, etc. for denoting vertices in a

constraint graph.

Figure 2.2: The graphs K,, and K?, forn=>5.

A constraint graph will be called complete if u ~ v, for every u,v € V such
that u # v. The complete graph with n vertices will be denoted K,, (notice that
Loop(K,) = 0). A constraint graph will be called loop-complete if u ~ v, for
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2.1. Graphs

every u,v € V. Notice that the loop-complete graph with n vertices is K,(,D. The
graphs K,, and K,SD are very important examples (see Example 2.3.1) of constraint
graphs, which relate to proper colourings of boards and unconstrained models,

respectively. Other relevant examples are the following.

Example 2.1.2. The constraint graph given by

H(P = ({071}7{{070}7{071}})) (2-6)

shown in Figure 2.1.2, is related to the hard-core model (see Example 2.3.1).

@& .

Figure 2.3: The graph Hy.
Given n € N, the n-star graph is defined as

S, =({0,1,...,n},{{0,1},...,{0,n}}). (2.7

In addition, it will be useful to consider the constraint graphs
Sp = (V(Sa),E(Sx) U{{0,0}}), (2.8)

and S,@ (see Figure 2.4). Notice that Hy = SY.

Figure 2.4: The graphs S¢, Sg, and S?.
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2.2 Configuration spaces

Fix a board ¥ = (7,&) and let &7 be a finite set of symbols called alphabet.
We endow .7 with the discrete topology and .77 with the corresponding product
topology. We will call any closed subset @ C 7" a configuration space. The
elements in Q will be called points and will be denoted with the Greek letters ,
D, etc.

Two families of configuration spaces considered here are homomorphism spa-
ces (see Section 2.2.1) and Z¢ shift spaces (see Section 2.2.2).

Given A C ¥, a configuration will be any map o : A — o/ (or equivalently,
oc o A), denoted with lowercase Greek letters @, 3, etc. The set A is called the
shape of a, and a configuration will be said to be finite if its shape is finite. Notice
that, in particular, a point is a configuration with shape #". For any configuration
o with shape A and B C A, a|g denotes the sub-configuration of o occupying B,
i.e. the map from B to <7 obtained by restricting the domain of ¢ to B. Given a
symbol a € .27, a* will denote the configuration of all a’s on A.

Given a configuration space Q, a configuration « € .74 is said to be globally
admissible if there exists @ € Q such that ®|, = o. The language .Z’(Q) of Q is

the set of all finite globally admissible configurations, i.e.

2(Q):=|J 4, (2.9)
AV
where . Z4(Q) :={w|,: 0 e Q}, for AC ¥. Given A C ¥ and a configuration
a € o/4, we define the cylinder set

(@ ={wecQ: v,=0a}. (2.10)

We will say that [&]® has support A. When omitting the superscript Q, we will
consider [c] to be the cylinder set for Q = .o7”".

For A| and A, disjoint sets, &) € 741, and o € 742, o 0, will be the config-
uration on A LIA; (here LI denotes the disjoint union) defined by ()] 4, =01
and (o Ocz)\Az = 0. In particular, [0 2] = [oy]? N ] .

Notice that & € .74 is globally admissible iff a € %4 (Q) iff [a]? # 0.

23
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2.2.1 Homomorphism spaces

A natural way to define a rich family of configuration spaces is by relating boards

and constraint graphs via graph homomorphisms.

Definition 2.2.1. A graph homomorphism o, : G| — G, from a graph G| = (V1,E})
to a graph G, = (Va, Ey) is a mapping o : Vi — V; such that

{xy} € Bl = {a(x),a(y)} € E. 2.11)

Given two graphs G; and G,, we will denote by Hom(G1,G>) the set of all
graph homomorphisms « : G| — G» from G| to G.

Fix a board ¢ and a constraint graph H. We will call homomorphism space
the set Hom(%,H). In this context, the graph homomorphisms that belong to Q =
Hom(%,H) can be understood as points in a configuration space contained in 7",
where &/ = V(H). Notice that a point @ € Q is a “colouring” of ¥ with elements
from V(H) such that x ~¢ y = @(x) ~g @(y). In other words, ® is a colouring

of ¢ that respects the constraints imposed by H with respect to adjacency.
Example 2.2.1. Ford € N, two examples of homomorphism spaces are
e Hom(Z% Hy), the set of elements in {0, 1Y2" with no adjacent 1s, and

e Hom(Ty,K,), the set of proper g-colourings of the d-regular tree.

2.2.2  Shift spaces in Z¢

Fix the board to be Z¢, for some d € N. For an alphabet .7, we can define the shift
action ¢ : Z x /%" — /" given by (x, ) — ox(®), where x € Z¢, 0 € /7,
and (0, (®)) (y) = @(x+y), for y € Z4. In this case, we call /" the full shift and
we can consider the metric m(®,v) := 2~ MH{M:W#W} for @ v € ™ which
induces the product topology in &%’ i.e. (of z m) is a compact metric space.

We can also extend the shift action o to configurations with arbitrary shapes,
i.e. given a € @74 and x € Z¢, we define o, () € &74~ as the configuration such
that (ox(a)) (y) = a(x+y),foryc A—x={y—x:y€A}.
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2.2. Configuration spaces

We are interested in configuration spaces Q C .of Z* that are shift-invariant,
ie. 0,(Q) = {ox(®): @ € Q} = Q, forall x € Z¢. In order to obtain such spaces,

given a family of finite configurations § C Uz« <74, we define
Q; = {a) e ™ o(w)|, ¢ 3, forall A€ Z¢, forall x € Zd} .12

Here, Q@ = Q3 C &/ Z* is called a Z4 shift space and it is the set of all points that
do not contain a translation of an element from § as a sub-configuration. Notice
that a Z¢ shift space Q is always a shift-invariant set, i.e. 0,(Q) = Q, for all x € Z¢.
In fact, a subset Q C &/ 2% is a 7@ shift space iff it is shift-invariant and closed in
the product topology (see [56, Theorem 6.1.21] for a proof of the case d = 1. The
general case is analogous). More than one family § can define the same Z¢ shift
space Q and, when Q can be defined by a finite family g, it is said to be a Z¢ shift
of finite type (Z¢ SFT). A Z¢ SFT is a Z4 nearest-neighbour (n.n.) SFT if §
can be partitioned in sets {in}flzl such that each &; contains configurations only
on shapes on edges of the form {6,6 +¢;}, where €y,...,é,; denote the canonical
basis. We will mostly restrict our attention to Z¢ n.n. SFTs. In such case, we call
5= |_]§1: 1 €; a set of n.n. constraints and, given a set A C 74 and a configuration
a € /4, we say that o is feasible for § if for every x € A and forevery i =1,...,d
such that {x,x+ ¢} C A, we have that o_, (O‘|{x.x+a}> ¢ ¢;. Notice that the Z¢

n.n. SFT induced by § is the set Q3 = {a) € 7% : @ is feasible for S}

Notice that homomorphism spaces Hom(Z“,H) are a particular case of Z4
n.n. SFTs, where additional symmetries are preserved besides translations (in
particular, any automorphism of Z<). For example, the homomorphism space
Qg = Hom(Z? Hy) can be also regarded as a Z¢ n.n. SFT. When d = 2, Q%P it
is known as the hard square shift.

In some contexts, a feasible configuration & € .27 is said to be locally admis-
sible and it is called globally admissible if in addition it extends to a point of Q.
A globally admissible configuration is always locally admissible, but the converse
is false (see Section 3.5.7 for an example). In addition, notice that if a configura-
tion o € 7 is globally (resp. locally) admissible, then «| p 1s also globally (resp.
locally) admissible, for any B C A.

A point @ € 7% is periodic (of period k) in the ith direction if Oiz,(0) = o,
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for k € N, and periodic if it is periodic in the ith direction, foreveryi=1,...,d. A
periodic point @ is a fixed point if 6, (®) = , for all x € Z?. We define the orbit
of a point @ as the set O(®) := {o,(®) : x € Z¢}. Notice that a point o is periodic
iff |O(w)| < o0, and @ is a fixed point iff |O(®)| = 1.

2.3 Gibbs measures

In this section we develop the Gibbs formalism, focusing on the case where the
configuration space is a homomorphism space or/and a Z¢ n.n. SFT. We will re-
fer to the conjunction of these two classes as invariant nearest-neighbour (n.n.)

configuration spaces.

2.3.1 Borel probability measures and Markov random fields

Given a set A C ¥/, we denote by .%, the c-algebra generated by all the cylinder
sets [a] with support A, and we equip .«7”" with the o-algebra .% = .%. A Borel
probability measure i on .o7” is a measure such that u(.7”") = 1, determined by
its values on cylinder sets of finite support.

For notational convenience, when measuring cylinder sets we just use the con-
figuration o instead of [&]. For instance, u (o op|B) represents the conditional
measure U ([a]N[oe]|[B]). Given BC A C ¥ and a measure | on .%4, we denote
by 1| the restriction (or projection or marginalization) of i to Fp.

The support supp(ut) of a Borel probability measure u is defined as the closed
set

supp(u) := {wed"/:u(w|A)>0, forallA@”f/}. (2.13)

Given a configuration space €, we will denote by ., (Q) the set of Borel
probability measures whose support supp (i) is contained in Q.

A measure 1 € .#,(Q) is a Markov random field on ¢ (4-MRF) if, for any
A€V, ac and B € ¥ such that )A C B C ¥ \ A, and any B € /8 with
((B) > 0, it is the case that

p(alB) =u(elBlaa)- (2.14)
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In other words, an MRF is a measure where every finite configuration con-
ditioned on a boundary configuration is independent of the configuration on the

“exterior”.

2.3.2 Shift-invariant measures

When & = Z4, a measure it on %" such that 1(ox(A)) = u(A), for all measurable
sets A € .7 and x € Z¢, is called shift-invariant (or stationary). In this context,
the support supp(i) turns out to be always a Z¢ shift space (a closed and shift-
invariant subset of &7 Zd). Given a Z? shift space Q, .#} () denotes the set of
shift-invariant measures contained in .#; (). A measure u € .#) 5(Q) is ergodic
if for all shift-invariant A € .Z (i.e 0,(A) = A, for all x € Z¢), it is the case that
L(A) € {0,1}, and measure-theoretic strong mixing, if for every nonempty sets
A,BeZand any a € @74, B € o/P,

lim p([a]no«([B])) = p(a)u(B), (2.15)

(x| e

i.e. for every € > 0, there exists n € N such that

Xl =n = |u (o] N ox([B]) — u (o) u(B) <e. (2.16)

If u € ) 5(Q) is measure-theoretic strong mixing, then pt is ergodic (see [76]
for these and related notions). Given any point @ € o/ Z* we define the 5-measure

supported on @ as the measure

1 ifoeA,
O0p(A) = (2.17)
0 otherwise,

forany A € 7.
If @ is a periodic point with orbit O(®w) = { @, ..., @}, we define v® to be the

shift-invariant Borel probability measure supported on O(®) given by

1
ve = %(50,l +-+8g,)- (2.18)
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Gibbs measures will be the main class of Borel probability measures studied in
this work. Before defining them, we need to introduce nearest-neighbour interac-

tions and Gibbs specifications.

2.3.3 Nearest-neighbour interactions

Let Q be a configuration space for a board 4 = (7, &’). We define the set of config-
urations on vertices as £"(Q) := U,ey £} (©), and the set of configurations
on edges as Z°(Q) := Uy, y1es L xy} (). We will abbreviate

ZL(Q) =L (Q)UL(Q). (2.19)
A nearest-neighbour (n.n.) interaction on Q will be any real-valued function

O L(Q) =R (2.20)

that evaluates configurations in .£"¢(Q). We will always assume that

Ppax = sup | P(a)] < oo (2.21)
ac.2ve(Q)

Constrained energy functions

Given a constraint graph H = (V,E), a constrained energy function will be any
pair (H, ) such that ¢ is a real-valued function ¢ : VUE — R from vertices and
edges in H. Given a homomorphism space Q = Hom(¥,H), a constrained energy

function ¢ induces naturally a n.n. interaction @ in Q by taking

() ¢ (a(x)) if o € Ly (Q), xe 7, .

¢ ({olx), a(y)}) if o € Ly (Q), {x,y} €&

Example 2.3.1. Let g € N and & > 0. Many constrained energy functions represent

well-known classical models.

e Ferromagnetic Potts (K?,&gf)Fp): quP‘V =0, o™ ({u,v}) = —1gmyy
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e Anti-ferromagnetic Potts (KE]D,§¢AP): Pl =0, 0P ({u,v}) = =Tz
e Proper q-colourings (Kg, 9FC): ¢PC‘VUE =0.

e Hard-core (Hyp,&9HC): 9HC(0) =0, ¢HC(1) = —1, ¢HC|  =0.

o Multi-type Widom-Rowlinson (SSD, EOVR): 9VR(v) = =T z0p, 0WVR| =00,
Usually, the parameter & is referred to as the inverse temperature.

All the previous models are isotropic, i.e. when ¥ = Z¢ they have the same

interaction in every coordinate direction {0,¢;}, fori=1,...,d.

74 lattice energy functions

Given d € N and the board & = Z?, we can define a n.n. interaction that eval-
uates configurations on edges according to their orientation. Given a set of n.n.
constraints § = | |, &, any real-valued function ¢ from .7 {0} and o7 (0@} \ &
(i=1,...,d) will be a Z¢ lattice energy function for §. A Z¢ lattice energy func-
tion ¢ for § induces naturally a n.n. interaction ® on the Z¢ n.n. SFT Qg by taking

L (o d@lg) ifacZy@. 0

[0 <G—x(0‘)‘{67a}> ifa € iﬂ{x7x+a}(9)>
forx € Z¢ and i = 1,...,d. Notice that in this case ® is shift-invariant (i.e. the
value of a configuration on an edge is the same for any translation of it), which is
not a requirement in general. However, the shift-invariance of @ fits naturally with
the shift-invariance of Qg, so we will usually assume this in the context of Z¢ shift
spaces. Clearly, a shift-invariant n.n. interaction is defined by only finitely many

numbers (namely, the values defining ¢).

2.3.4 Hamiltonian and partition function

Let Q C «7” be an invariant n.n. configuration space (i.e. a homomorphism space
or a Z¢ nn. SFT), and let ® be a n.n. interaction. Given A € ¥, we define the
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Hamiltonian in A as 72 : £,(Q) — R, where

A2 (@) ::Zcp(a\{x})Jr y d)(a|{x7y}), (2.24)

x€EA {xy}eé(A]

for a € Z4(Q). We define the partition function of A as

Zy =Y exp(—7(a)), (2.25)
aEZLL(Q)

and the free-boundary probability measure on <74 given by

exp(fjff((x)) .
— 2 ifae Z%(Q),

) (q) = 7 s (2.26)
0 otherwise.

In addition, given @ € Q, we define the w-boundary Hamiltonian in A as
%’fw Hae Z(Q): a ol € Q} — R, where

(o) = Y@ () + )} ®((aol)lyy), @27

xeA {x,y}€EIAUIA]:{x,y}NAF0

and the w-boundary probability measure on <74 given by

o
. 20 Zo(@) it g o), €0,
(@) = A0 (2.28)
0 otherwise,

where Zg;.,w = Yo:a 0,0 €XP (—jfj&)(a)).

Both, for n(f ) and T, given BC A and ff € o/ B we marginalize as follows:

mB)= )Y m(a), (2.29)

acd/: ol p=P

where * = (f) or @. Notice that 7} is a ¢[A]-MRF (here we use the assumption

that Q is an invariant n.n. configuration space and @ is a n.n. interaction).
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2.3.5 Gibbs specifications

The collection 7 = {7 : A € ¥, w € Q} will be called nearest-neighbour (n.n.)
Gibbs (Q,®)-specification (or just Gibbs specification if Q and ® are under-
stood). If @ = 0, we call the n.n. Gibbs (,0)-specification 7 the uniform Gibbs
specification on Q (see the case of proper g-colourings in Example 2.3.1).

Notice that a n.n. Gibbs specification 7 for a shift-invariant n.n. interaction ¢
on a Z% n.n. SFT Q is always stationary, in the sense that 717:*_(;’ ) (ov(a)) =nP (),
for every a € &/4 and x € Z4.

2.3.6 Nearest-neighbour Gibbs measures

A n.n. Gibbs (Q,®)-specification 7 is regarded as a meaningful representation
of an ideal physical situation where every finite volume A in the space is in ther-
modynamical equilibrium with the exterior. The extension of this idea to infinite
volumes is via a particular class of Borel probability measures on Q called nearest-

neighbour Gibbs measures, which are MRFs specified by n.n. interactions.

Definition 2.3.1. Given a n.n. Gibbs (Q,®)-specification m, a nearest-neighbour
(n.n.) Gibbs measure for 7 is any measure [ € #\(Q) such that for any A € V
and ® € Q with u( ®|,,) > 0, we have Zf,w > 0 and

Ey (Lol Zac) (@) = 70(c)  p-as., (2.30)

forevery a € £ (Q).

Equation (2.30) is equivalent to what is known as the Dobrushin-Lanford-
Ruelle (DLR) equation. It is stated only for cylinder events [ in A, but this is
equivalent to the usual definition with general events A € .% instead. Given a n.n.
Gibbs (Q, D)-specification 7, we will denote G(7) the set of n.n. Gibbs measures
for m. If Q # 0, then G(m) # O (special case of a result in [26], see also [18] and
[70, Theorem 3.7 and Theorem 4.2]). Notice that every n.n. Gibbs measure  is a
%-MRF because the formula for 7> only depends on ®|,,.

Often there are multiple n.n. Gibbs measures for a single 7. This phenomenon

is usually called a phase transition. There are several conditions that guarantee
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uniqueness of n.n. Gibbs measures (i.e. |§(7)| = 1). Some of them fall into the
category of spatial mixing properties, introduced in the next chapter.

In the case Z% n.n. SFTs, a Gibbs measure for a stationary Gibbs specification 7t
may or may not be shift-invariant, but §(7) must contain at least one shift-invariant

measure (see [35, Corollary 5.16]).
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Chapter 3

Mixing properties

In this chapter we introduce some mixing properties of measure-theoretic and com-
binatorial type for a Gibbs (Q, ®)-specification 7. In general terms, a mixing prop-
erty says that, either a measure or the support of it, does not have strong long-range
correlations. This last aspect will be relevant for obtaining succinct representations

of pressure, and when developing efficient algorithms for approximating it.

3.1 Spatial mixing properties

In the following, let f : N — R>( be a function, referred as decay function, such
that f(n) \, 0 as n — oo. We will loosely use the term “spatial mixing property” to
refer to any measure-theoretical property satisfied by 7 defined via a decay of cor-
relation between events (or configurations) with respect to the distance separating
the shapes they are supported on.

The first property introduced here, weak spatial mixing (WSM), has direct con-
nections with the nonexistence of phase transitions and has been studied in several
works, explicitly and implicitly (see [17, 78]). The next one, strong spatial mix-
ing (SSM), is a strengthening of WSM that also has connections with meaningful
physical idealizations (see [61, 45, 28]) and has proven to be useful for developing
approximation algorithms (see [79, 39, 33, 6, 31, 80]).

Definition 3.1.1. A Gibbs (Q,®)-specification 7 satisfies weak spatial mixing
(WSM) with decay f if foranyAe ¥, BCA, B € &8, and o, € Q,

|78 (B) — w4 (B)] < |B| f(dist(B, dA)). 3.1)

If a Gibbs (Q,®)-specification 7 satisfies WSM, then there is a unique n.n.
Gibbs measure p for 7 (see [78, Proposition 2.2]).
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We use the convention that dist(B,0) = c. Given two configurations o € &/1,
o € /42, and B C A| NA,, we define their set of B-disagreement as

Yp(og, ) :={xeB:aj(x)# ax)}. (3.2)
Considering this, we have the following definition, a priori stronger than WSM.

Definition 3.1.2. A Gibbs (Q,®)-specification w satisfies strong spatial mixing
(SSM) with decay f if foranyA€ ¥, BC A, B € &5, and w,,an € Q,

|7 (B) — 7 (B)| < |BIf (dist(B,Zps (@1, 2))). (3.3)

Notice that dist(B, L4 (01, 02)) > dist(B,dA), so SSM implies WSM.

Figure 3.1: The weak and strong spatial mixing properties.

We will say that a Gibbs specification 7 satisfies SSM (resp. WSM) if it sat-
isfies SSM (resp. WSM) with decay f, for some decay function f. For y > 0, a
Gibbs specification 7 satisfies exponential SSM (resp. exponential WSM) with
decay rate y if it satisfies SSM (resp. WSM) with decay function f(n) = Ce™ 7",
for some C > 0. We say that a Gibbs specification 7 satisfies SSM for a class of
sets % if Definition 3.1.2 holds restricted to sets A € %, for % a (possibly infinite)
family of finite sets.

Definition 3.1.3 (Total variation distance). Let K be a finite set and let X| and
X5 be two K-valued random variables with probability distributions p; and p»,

respectively. The total variation distance between X| and X, (or equivalently,
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between p| and p») is defined as

1
drv(p1,p2) = 5 Y [pi1(x) = pa(x)] - (3.4)
xeX
In the literature, it is also common to find the definition of WSM and SSM with
the expression |7y (B) — 74 (B)| replaced by the total variation distance of ;" | B

and 752"2 The definitions here are, a priori, slightly weaker (so the results where

5
SSM is an assumption are also valid for this alternative definition), but sufficient

for our purposes.

Definition 3.1.4. A coupling of two probability measures p on a finite set K| and
P2 on a finite set Ky, is a probability measure P on the set K| x K| such that, for
any A C K; and B C K, we have that

]P)(A X Kl) = pP1 (A), and P(Kl X B) = pz(B) (35)

Given a finite set K and two K-valued random variables X; and X, with prob-
ability distributions p; and p,, respectively, it is well-known that drv(p;,p2) is a
lower bound on P(X; # X;) over all couplings IP of p; and p;, and that there is a
coupling, called the optimal coupling, that achieves this lower bound.

Lemma 3.1.1 ([60, Lemma 2.3]). Let & be a Gibbs (2, ®)-specification and f a
decay function such that forany A€ ¥, x €A, B € 1%, and o, w; € Q,

| (B) — > (B)| < f (dist(x,Zpa (1, 02))) . (3.6)

Then, & satisfies SSM with decay f.

Remark 1. The proof of Lemma 3.1.1 given in [60] is for MRFs U satisfying ex-
ponential SSM on 9 =7, but its generalization to Gibbs specifications, arbitrary
decay functions, and more general boards is direct. We do not know if there is an

analogous lemma for WSM.

Example 3.1.1. Recall the constrained energy functions introduced in Example
2.3.1. The following Gibbs specifications satisfy exponential SSM (and therefore,
WSM).
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3.2. Combinatorial mixing properties

(K?, EQTP) on G = 72, for any q € N and small enough & (see [1, 11]).

(K?,?j(j)AP) onY =72, for q > 6 and any & > 0 (see [40]).

(Ky, ¢F€) on G =Ty, for ¢ > 1+ 8*d, where §* = 1.763... is the unique
solution to xe™V/* =1 (see [34, 39]).

(Hy, EQNC) on G with A(9) < d, for any & such that 5 < A.(d) :
(see [79]).

. (Sgb,’é(])WR) on =174 for any q € N and small enough & (see [1, 11]).

There are more general sufficient conditions for having exponential SSM (for

instance, see Subsection 3.6.1 or the discussion in [60]).

3.2 Combinatorial mixing properties

In this section we consider combinatorial properties for a configuration space Q.
According to the way they are defined, we classify them as global or local.
3.2.1 Global properties

By a global property we understand any property of Q that allow us to “glue”
together globally admissible configurations in a single point @ € Q. The two prop-
erties introduced here have in common that they allow us to put together configu-

rations provided they are separated enough.

Definition 3.2.1. A Z shift space Q is topologically mixing if for any A,B € 74
there exists a separation constant ga p € N such that for every a € /4, B € o/5,
and any x € 74 with dist(A,x+ B) > ga s,

[a]%,[B]% #0 = [a]*No-([B]?) #0. 3.7)

Definition 3.2.2. A configuration space € is strongly irreducible with gap ¢ € N
if for any A,B € ¥ with dist(A,B) > g, and for every o € <74, B € <75,

[a]®,[B]? #0 = [af]® #0. (3.8)
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3.2. Combinatorial mixing properties

In other words, in the context of Z? shift spaces, strong irreducibility means
that the separation constant g4 g from Definition 3.2.1 can be chosen to be uniform
in A and B.

VYTJB

6_x(B)

Figure 3.2: A topologically mixing Z? shift space.

Remark 2. Since a configuration space is a compact space, it does not make a
difference if the shapes of A and B are allowed to be infinite in the definition of

strong irreducibility.

3.2.2 Local properties

Now we introduce two local properties concerning constraint graphs and n.n. con-
straints, which will later be shown to have implications on the global properties
(like, for example, strong irreducibility) of invariant n.n. configuration spaces
(homomorphism spaces and Z¢ n.n. SFTs, respectively).

The first property is the existence of a special symbol which can be adjacent to

every other symbol (including itself).

Definition 3.2.3. Given a constraint graph H, we say that s € V is a safe symbol
if {s,v} € E, for every v € V. Analogously, given an alphabet <f, a set of n.n.
constraints §, and the corresponding 7@ n.n. SFT Q = Qz, we say that s € o/ is a
safe symbol for Q if 501§ is locally admissible for every configuration § € <f o{0},

Example 3.2.1 (A Z¢ n.n. SFT with a safe symbol). The constraint graph Hy has
a safe symbol (see Figure 2.1.2). In the support of the 7¢ hard-core lattice gas
model (the Z¢ n.n. SFT Q‘(f,), 0 is a safe symbol for every d (see [32]).
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3.3. Topological strong spatial mixing

The following property was introduced in [58] in the context of Z¢ shift spaces,

and here we proceed to adapt it to the case of homomorphism spaces.

Definition 3.2.4. A homomorphism space Hom(% H) is single-site fillable (SSF)
(or we say that it satisfies single-site fillability) if for every site x € ¥ and B C
d{x}, any graph homomorphism B : 4[B] — H can be extended to a graph homo-
morphism o : 9[BU{x}] — H (i.e. « is such that | = B). Analogously, a 7
n.n. SFT Q is SSF if for some set of n.n. constraints § such that Q = Qz, for every
dco ‘9{6}, there exists a € &/ such that al01s is locally admissible.

Note 1. An invariant n.n. configuration space € is SSF iff every locally admissible
configuration is globally admissible (see [58] for the Z¢ n.n. SFT case).

In the definition of SSF above, the symbol ¢ may depend on the configuration
a. Clearly, a Z¢ n.n. SFT containing a safe symbol satisfies SSF. Also, it is easy to
check that a Z4 n.n. SFT Q that satisfies SSF is strongly irreducible with gap g = 2
(see Proposition 3.3.3).

Example 3.2.2 (A Z¢ n.n. SFT that satisfies SSF without a safe symbol). The Z¢
g-colourings n.n. SFT Hom(Z4, K,) has no safe symbol for any g > 2 and d > 1.
However, Hom(Z?K,) satisfies SSF for g > 2d + 1 (see [58]).

3.3 Topological strong spatial mixing

Now we introduce a property which is somehow a hybrid between the global and
local combinatorial properties from last section. Because of its close relationship
with topological Markov fields (see [20]), we prefer to use the word “topological”
for naming it. This condition will be relevant to give a partial characterization of
systems that admit measures satisfying SSM, and also to generalize results related

with pressure representation and approximation in Part II.

Definition 3.3.1. A configuration space € is topologically strong spatial mixing
(TSSM) with gap g € N, if for any A,B,S € ¥ with dist(A,B) > g, and for every
acdt BedB ando e S,

0], [0B]% #0 = [acB)® #0. (3.9)
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3.3. Topological strong spatial mixing

Notice that TSSM implies strong irreducibility by taking S = 0 in Definition
3.3.1. The difference here is that we allow an arbitrarily close globally admissible
configuration on § in between two sufficiently separated globally admissible con-
figurations, provided that each of the two configurations is compatible with the one
on § individually. Clearly, TSSM with gap g implies TSSM with gap g+ 1. We
will say that a configuration space satisfies TSSM (resp. strong irreducibility) if it
satisfies TSSM (resp. strong irreducibility) with gap g, for some g € N.

It can be checked that for a Z¢ n.n. SFT Q,

Safe symbol = SSF =— TSSM = Strong irred. = Top. mixing, (3.10)

and all implications are strict. See Section 3.5 for examples that illustrate the dif-

ferences among some of these conditions.

5
&
=

..... i S B
Figure 3.3: The topological strong spatial mixing property.

A useful tool when dealing with TSSM is the next lemma, which states that if
we have the TSSM property when A and B are singletons, then we have it uniformly

(in terms of separation distance) for any pair of finite sets A and B.

Lemma 3.3.1. Ler Q be a configuration space and g € N such that for any x,y € V'
with dist(x,y) > g and S € ¥, we have that for every a € &/}, B € oV}, and
o € /5 with [ac]?,[cB]? # 0, then [acB]? # 0. Then, Q satisfies TSSM with

gap §-

Proof. We proceed by induction. The base case |A| 4 |B| = 2 is given by the hy-
pothesis of the lemma. Now, let’s suppose that the property is true for subsets
A,B € ¥ such that |A| + |B| < n and let’s prove it for the case when |A|+ |B| =
n+1.

Given A,B,S € ¥ with dist(A,B) > g and |A|+|B| =n+ 1, and given a € &/4,
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3.3. Topological strong spatial mixing

B € /8, and 6 € o75, we can write A = {x,...,x} and B= {y1,...,Ym}, Where
|A| =k, |B| =m, and k+m=n—+1, for k,m > 1. Let’s consider A" = A\ {x;} and
B' = B\ {ym}, possibly empty sets (but not both empty at the same time, since we
can assume that |A| +|B| > 2). Similarly, let’s consider the restrictions &’ = o/,
and B’ = B|. By the induction hypothesis, we have that [’ 8], [ac B[ # 0
(even in the case A’ or B’ being empty). Then, if we consider ¢’ = o’cf8’ on
§"=A"USUB', we can apply the property for singletons with | (v and Blg, v,
and we conclude that 0 # [a],,, 0’ B\{ym}]g = [aoB]. O

Proposition 3.3.2. Let Q be a configuration space. The two following properties

are equivalent:
1. Q satisfies TSSM with gap g.

2. ForeveryI' @ ¥V and n,n’ € 4 (Q) withXr(n,n’) = {x1,...,xx}, there ex-
ists a sequence N =M1, M2, ..., Mkr1 =N’ € L4(Q) such that Er(n;,Miy1)
Zr(n,n")NAg(xi), forall 1 <i <k

Proof.
(1) = (2). Take 1; = n and M1 = N’. Suppose that for some i < k we have
already constructed a sequence 1y, ...,1N; € Z4(Q) such that

EA(T]]',T]]'+1) - ZA(n,n/)ﬂJi(/g(x]‘),fOI‘ all1 < _] < i, and (311)
2a(m;,n') C{xj,....x}forall 1 < j<i. (3.12)

The base case i = 1 is clear. Now, let’s extend the sequence to i+ 1. Consider
the sets A; = {x;}, Bi = Zr(n;, ') \ A4 (xi), and S; = '\ Zr(n;,n’). Take the con-
figurations o; € &74i, B; € &/%, and o; € &75 defined as o; 1= n’]Ai, Bi = nilp,»
and 0; := 1| = N'[5. Since dist(A;,B;) > g, 0 # [ C [;6;]%, and 0 # [n;]* C
[0:8,]%, by TSSM, we can take @; € [0;0;(3;]* and consider 1,11 := @]y € L (Q).
Then, Xr(Ni+1,M") C {xi+1,...,x%} and Zp(n;, Niv1) € Zr(n, ') N A (x;), as we
wanted. Iterating until i = k, we conclude.

(2) = (1). Consider x,y € ¥ with dist(x,y) > g, S€ ¥, a € o/}, B € o7V},
and o € .o75. Suppose that [], [6 8] # 0. It suffices to prove that [xo ] # 0
and we conclude by applying Lemma 3.3.1. Let I' = SU{x,y} and take ® € [0c]®,
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3.4. TSSM in Z shift spaces

v € [6B]%#0, and let N = @|p, N3 = V. W.lo.g., suppose that Tr(1;,13) =
{x,y}. By (2), there exists a configuration 1, € Z1(Q) such that Xr-(1n;,1n2) C {y}
and Xr(12,M3) C {x}. Therefore, Mo[s = 0, Moffy = ilgy = @, and Moy, =
Ml = Bs so [ B]® # 0. Notice that it is important that we took the order

x1 =y and x, = x in the previous proof. O

Remark 3. Property (2) in Proposition 3.3.2 is a stronger version of the gener-
alized pivot property (see [20]), related with connectedness of configurations’
spaces (see [17]).

Proposition 3.3.3. If an invariant n.n. configuration space € satisfies SSF, then it
satisfies TSSM with gap g = 2.

Proof. Since Q satisfies SSF, every locally admissible configuration is globally
admissible. If we take g = 2, for all sets A,B,S € Z¢ such that dist(A,B) > g
and for every a € &4, B € @/®, and 6 € &5, if [ac]®?,[0cB]® # 0, in particular
we have that ac and of are locally admissible. Since dist(A,B) > g =2, acf
must be locally admissible, too. Then, by SSF, acf is globally admissible and,
therefore, [ac 8] # 0. O

3.4 TSSM in Z¢ shift spaces

Definition 3.4.1. Given a Z¢ shift space Q and T C 74, a configuration n € /¥ is
called a first offender for Q if n ¢ Z(Q) but n|g € L (Q), for every S CT'. We
define the set of first offenders of Q as

0(Q) := {N € Uspega @’ |1 is a first offender for Q} . (3.13)

Note 2. When d = 1, a similar notion of first offender can be found in [56, Exercise
1.3.8], where it is used to characterize a “minimal” family § inducing a 7. SFT Q.

Proposition 3.4.1. Let Q be a 7¢ shift space. Then Q satisfies TSSM iff |0(Q)| <

oo,

Proof. First, suppose that Q satisfies TSSM with gap g, for some g € N, and take
n € 0(Q) with shape I' € Z¢ such that 0 € I. By way of contradiction, assume that
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3.4. TSSM in Z shift spaces

diam(I") > g and let x,y € I" be such that dist(x,y) = diam(I"). W.L.o.g., assume
that x # y. Then, for S =T\ {x,y} C I" and since 1 is a first offender, we have
that [,y nlsl% g n]{y}]g # 0. Since dist(x,y) > g, by TSSM, we have that
M@= (Nl nls n|{y}]9 # (0, which is a contradiction. Then, diam(I") < g and,
since 0 € T, we have that |0(Q)] < co.

Now, suppose that |(Q)| < e and take

g" =1+ max {dist(ﬁ,y) yel, o' NoQ)+ 0} < o, (3.14)
Oerez!
which is well defined. Consider arbitrary x,y € Z¢ and S € Z¢, with dist(x,y) > g*,
and take o € 71, 6 € .75, B € &1 such that [a6]2, [6B]* # 0. W.lo.g., by
shift-invariance, we can take x = 0. Now, by contradiction, assume that (o8] =
0. Consider a minimal S’ C § such that [ o|g B = 0 but [ &g B]? # 0, for
all §” C §' (this includes the case S’ = 0, where the condition over S” is vacuously
true). Tt is direct to check that & &g B is a first offender with shape ' = {0,y} US'.
Then, since dist((j,y) = dist(x,y) > g*, we have a contradiction with the definition
of g*. Therefore, thanks to Lemma 3.3.1, Q satisfies TSSM with gap g*. O

Notice that Q = Q4(q). Considering this, we have the following corollary.
Corollary 1. Let Q be a Z¢ shift space that satisfies TSSM. Then, Q is a Z¢ SFT.

Note 3. If Q C o/ 2% is a 79 shift space that satisfies TSSM with gap g, then it can
be checked that Q is a 7¢ SFT that can be defined by a family of configurations
FC o

The next lemma provides another characterization of TSSM for Z¢ n.n. SFTs.

Lemma 3.4.2. A Z¢ n.n. SFT Q satisfies TSSM with gap g iff for all S C R,
V(a,0,B) € O x oS x /%R : [06]2, [0B]2 £ 0 = [acB]® £0. (3.15)

Proof. Let’s prove that if Q satisfies Equation (3.15), then Q satisfies TSSM with
gap g. W.lo.g., by Lemma 3.3.1 and shift-invariance, consider x,y € Z¢ with
dist(x,y) > g, x = 0,5 €74, and configurations o € o B e 'V and o € &S
such that [0c]®?, [0 8] # 0. Take ® € [0B]* and consider &’ = a, B’ = 0o\ 50
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3.4. TSSM in Z shift spaces

and o’ = G‘Rgms- Then, 0 # [o]? C [a/0’]? and 0 # [a)\Rg]Q C [6'B')%, so
[a/c’B')®* # 0, by Equation (3.15). Take v € [o’6’']** and notice that v|QRg =
®|yg,- Then, since Q is a Z% n.n. SFT, we conclude that @ = V[g, ®lzag, €
[ B]2, so [aoB] # 0 and Q satisfies TSSM. The converse is immediate. [

3.4.1 Existence of periodic points

Proposition 3.4.3. Let Q be a nonempty 7% shift space that satisfies TSSM with
gap g. Then, Q contains a periodic point of period 2g in every direction.

Proof. Consider the hypercube Q = [1,2g]NZ?. Given £ € {0,1}¢, denote Q(¢) =
gl+ ([1,8]"NZ?) C Q. Notice that Z¢ = | |74 (x+ Q) and Q = e 0,13« Q(€).
Then
7= || || x+ow)= || W, (3.16)
0e{0,1}4 xe2g74 {0,134
where W ({) = | |,co474 (x+ Q(£)). Notice that dist(x+ Q(¢),y + Q(¢)) > g, for all
¢ €{0,1}¢ and x,y € 2g7Z¢ such that x # y.
Consider £o,(1,...,05_ an arbitrary order in {0, 1}%. Let oty € Lp(4,)(€2) and
N € N. By using repeatedly the TSSM property (in particular, strong irreducibil-

ity), we can construct a point @}’ € Q with G4 (@) = o, for all x such that

)‘Q(fo)
||x||- < N. By compactness of Q, we can take the limit when N — o and obtain a
point @y € Q such that GZgX(wO)|Q(£0) = oy, forall x € Z4.

Given 0 < k < 29 — 1, suppose that there exists a point @, € Q and o; €
ZLow)(Q), for i =0,1,... .k, such that Gng(wk>|Q(é,~) =aqy, foralli e {0,1,...,k}
and x € Z¢. Notice that if k = 2¢ — 1, the point @,s_, is periodic of period 2g in
every direction. Then, since we have already constructed @y, it suffices to prove
that we can construct @y, | from @y.

Take oy = a)k]Q(ka). Notice that o1 = O_pe(0) ) and that

|2gx+Q(Zk+1
O_2g¢(@y) has the same property of ay, i.e. ngy(G_ng(a)k))’Q(fi) = o, for all
i=0,1,...,kand y € Z4.

Consider an arbitrary enumeration of Z¢ = {xo,x1,x2, ...}, with xo = 0. Let

(0,9 +1 = @ and suppose that, given m € N, there is a point @;", | such that

o GZng(wlinH)}Q(g,.) = oy, foralli€ {0,1,...,k} and j € N, and
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3.4. TSSM in Z shift spaces

4 Glng(w]?il)}Q(ékﬂ) = Olg+1, forall 0 < J < m.

Take A = | [72gx; + Q(li1), B =2g%mi1 + Q(lky1), and S = [ [ W (£y).
Notice that dist(A,B) > g. Then take ®}", ‘A € A4, 0 gy, (0% ‘B € o/8, and
x| € /5. We have that o } 4 Oxlg is globally admissible by the hypothesis
of the existence of @y, and @y|g G_qx,,., (%) p 18 globally admissible thanks to
the observation about 6 (). Then, @ ’ A O] g O—2x,,,, (Wk ‘ » 1s globally
admissible by TSSM. Notice that here S is an infinite set and the TSSM property is
for finite sets. This is not a problem since we can consider the finite set S’ = SNB,,

and take the limit n — oo for obtaining the desired point, by compactness.

+ R —

—2g—
Figure 3.4: Construction of a periodic point using TSSM.

Now, notice that any extension of @[], @|s G_2x,., (®%)|, is a point with
the properties of a),ff]l Taking the limit m — oo, we obtain a point with the prop-
erties of 1. Since k was arbitrary, we can iterate the argument until k = 2¢ — 1,
for obtaining the point @,._; which is periodic of period 2g in every canonical

direction. O

Note 4. It is known that for d = 1,2 a non-empty strongly irreducible Z¢ SFT
contains a periodic point. The case d =1 is easy once one knows how to represent
a Z SFT as the space of infinite paths in a finite directed graph. For the case d =2,
see [77, 55]. The case d > 3 is still an open problem.

Proposition 3.4.4. Let Q be a nonempty Z4 shift space that satisfies TSSM with gap
g. Then, Q contains a periodic point of periods ki + g, ..., kg + g in the directions
€1,...,8eq4, respectively, for every k; > g. Moreover, the set of periodic points is

dense in Q.
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3.4. TSSM in Z shift spaces

Proof. We can modify the proof of Proposition 3.4.3, replacing the hypercube Q
by TT%, ([1,ki+g]NZ) and the sub-hypercube Q(¢) by [T%, ([1,k]NZ). This
gives the first part of the statement. For checking density of periodic points, notice

that in the proof of Proposition 3.4.3, o € Ly (4,) (L) was arbitrary. O

Remark 4. In particular, any globally admissible finite configuration with shape
S CTIL, ([1,k]NZ) with k; > g, can be embedded in a periodic point of periods
ki+g,...,kqg+ g indirections éi,...,e,, respectively.

It is well known that in the case of Z SFTs (d = 1) the mixing hierarchy col-
lapses, i.e. topologically mixing, strongly irreducible, and other intermediate prop-
erties, such as block gluing and uniform filling, are all equivalent (for example, see

[14]). In the nearest-neighbour case, we extend this to TSSM.
Proposition 3.4.5. A Z n.n. SFT Q satisfies TSSM iff it is topologically mixing.

Proof. We prove that if Q is topologically mixing, then it satisfies TSSM. The
other direction is obvious.

It is known that a topologically mixing Z n.n. SFT Q is strongly irreducible
with gap g = g({0},{0}), where g({0},{0}) is the gap according to Definition
3.2.1. Consider arbitrary x,y € Z and S € Z\ {x,y} with dist(x,y) > g. Take
acat Beagl and o € &5 with [ac])?,[oB]? # 0. W.lo.g., by shift-
invariance, assume that x =0 < y.

First, consider the open interval (x,y) and suppose that SN (x,y) = 0. By strong
irreducibility, there is 8 € £, )7 () such that [8 ] # 0. Consider o € [0t6],
v € [0B]?, and 7 € [@8B]®. Then, ®| . gz Tz Vlpeynz € (@B, s0
[acB] # 0. Now, suppose that SN (x,y) # 0. Take r € SN (x,y) and @ € [xo],
v € [6B]. Then, @| .,z Vl(eyz € [@0B]?, and (o B]* # 0. Finally, we

conclude using Lemma 3.3.1. O

3.4.2 Algorithmic results

In general, given a 7% n.n. SFT Q ford > 2, it is algorithmically undecidable to
know if a given configuration is in .Z(Q) or not (see [12, 69]). We present now

some algorithmic results related with TSSM. First, a lemma.
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3.4. TSSM in Z shift spaces

Lemma 3.4.6. Let Q be a nonempty 7¢ shift space that satisfies strong irreducibil-
ity with gap g. Then, for all A € 74, a € /4, and o € Q, « is globally admissible
iff there exists V € Q such that

'U’A =o, and U|Z‘1\J1£,(A) = C()‘Zd\%(A). (3.17)

Proof. This is a direct application of the definition of strong irreducibility for the
configurations & and ®|za\ #;(4)» considering that dist (A, Z7\ Ay(A)) > g. O

Corollary 2. Let Q C of Z' be a nonempty 7¢ n.n. SFT that satisfies TSSM with
gap g. Then, there is an algorithm to check whether o belongs to £4(Q) or not,
for every A € 7% and o € o/, in time | o7 |0(1%AD),

Proof. By Proposition 3.4.3, there exists a periodic point in Q of period 2g in every
direction. Then, by checking all the possible configurations in </ [072g]d, we can find
a valid periodic point @ in time O(|«/|?¢t)" . d(2g+ 1)4|/|?). Given a € &4,

by Lemma 3.4.6, we only need to check that o and @], A (4) can be extended

together to a locally admissible configuration on .#;(A). It can be checked in time
O(d|A||.<7|?) whether « is locally admissible or not. On the other hand, it can be
decided in time O (|.<7| /%Al - d|9,A||.«7|) if there exists a configuration ¢ € o7 %A
such that ao @[, A4(A) is locally admissible. This is enough for deciding if « is
globally admissible or not. Thanks to the discrete isoperimetric inequality |dA| >
2d |A]% (this follows directly from the discrete Loomis and Whitney inequality
[57]), we have that |A| = |.o7|°(94), and we conclude that the total time of the
algorithm is |.o7 |0(%A0). O

Remark 5. It is worthwhile to point that, when d > 3, there are no known explicit
bounds on the time for checking global admissibility in Z¢ n.n. SFTs that only
satisfy strong irreducibility.

Corollary 3. Let Q C of 2% be a nonempty 7% n.n. SFT that satisfies strong ir-
reducibility with gap go. Then, for every g > go, there is an algorithm to check

whether Q satisfies TSSM with gap g or not, in time O log| /)

Proof. Given the set of n.n. constraints § such that = Qgz, the algorithm would
be the following:
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1. Look for the periodic point provided by Proposition 3.4.3. If such point does
not exist, then Q does not satisfy TSSM with gap g. If such point exists, let’s
denote it by @. (This can be done in time e0(g"log| /1) )

2. Fix ashape S C R, \ {0} and then fix configurations o € PAUS B € o/ Re\S,
and o € o75.

(a) Using strong irreducibility with gap go, check whether (oG], [08]%,
and [ao 8] are empty or not, by trying to embed oo, 68, and o8
in the periodic point @ in a locally admissible way (as in Corollary 2).
(This can be done in time O(|Ry ¢, |)e?Rersollogl ) — O(Re[log|])

(b) If [xo]®* = 0 or [6 B8] = 0, continue.

() If [xo]?, [0 B]* # 0, but [acB]? = 0, then Q does not satisfy TSSM
with gap g.

(d) If all the cylinders are nonempty, continue.

3. If after checking all the configurations we have not found o, &, and 8 such
that (o], [0 B]* # 0, but [@cB]? = 0, then Q satisfies TSSM with gap g
(by Lemma 3.4.2).

Then, since |[R,,| < (2n+1)?, the total time of this algorithm is O logll)

3.5 Examples: Z¢ n.n. SFTs

In this chapter we exhibit examples of Z¢ n.n. SFTs which illustrate some of the

mixing properties discussed in the previous sections.

3.5.1 A strongly irreducible Z> n.n. SFT that is not TSSM

Clearly, the SSF property implies strong irreducibility (a way to see this is through

Proposition 3.3.3). As it is mentioned in Example 3.2.2, the g-colourings Z? n.n.
SFT Hom(Z?,K,,) satisfies SSF iff ¢ > 5. For the Z? n.n. SFT Hom(Z?K4), given

8 € V420 (where V4 := V(Ky) = {1,2,3,4}) defined by 5(¢)) = 1, §(&>) = 2,
8(—21) =3, and 8(—&,) = 4, there is no a € V4% such that a8 remains locally
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admissible, so Hom(Z?,K4) does not satisfy SSF. However, inspired by the SSF

property, we have the following definition.

Definition 3.5.1. Given N € N, a Z% n.n. SFT Q satisfies N-fillability if. for every
locally admissible configuration § € /T, with T C 74\ [1,N]%, there exists o €
/N2 gueh that o is locally admissible.

Remark 6. In the previous definition, since Q is a Z¢ n.n. SFT, it is equivalent to
consider § to have shape T C d[1,N]*NZ%. In this sense, notice that 1-fillability
coincides with the notion of SSF (which only considers locally admissible configu-

rations on 0{0}).
Lemma 3.5.1. The Z? n.n. SFT Hom(Z? Ky) satisfies 2-fillability.

Proof. Consider an arbitrary locally admissible configuration § € V47, with T C
74\ [1,2]2. We want to check if there is & € V427% guch that a8 remains
locally admissible. W.L.o.g., we can assume that T = 9[1,2]> N Z2, which is the
worst case. Given a locally admissible boundary & € V4211272 and x € [1,2]2N
72, let’s denote by Wx5 the set of values a € V4 such that a8 remains locally
admissible. Notice that [W?2| > 2, for every x € [1,2]?> N Z? and for every such §.
W.l.o.g., assume that [W2| = 2, W(‘?’l) = {1,2}, and consider o € V422 16 be
defined.

First, suppose that W(‘il) N W((;z) # 0 or W(‘;l) N Wg,z) # (0. By the symmetries
of [1,2]?>NZ? and the constraints, we may assume that 1 € W(5 Hn W(5 ») and take
a(l,1)=a(2,2) =1, a(2,1) e W3 ;) \ {1}, and a(1,2) € W, \ {1}. Itis easy
to check that a0 is locally admissible.

On the other hand, if W(5 1 ﬂW(‘;Z) =0and W(‘;’l) ﬂW(‘iz) =0, w.l.o.g. we have
that W5 ={1,2} and W = {3,4}. We consider two cases based on whether a

dlagonal and off- dlagonal comcide or intersect in exactly one element:

o IfW3, = {1,2} and W], = {3,4}, we can take (1, 1) = 1, a(2,1) = 2,
a(l, 2)_3 and (2, 2) 4

. IfW ={1,3} andW = {2,4}, we can take a(1,1) =1, a(2,1) =3,
o1, 2) 2,and a(2, 2) 4.
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In both cases it can be checked that a.d is locally admissible. The remaining

cases are analogous. O

Definition 3.5.2. Given N € N, a set A C Z% is called an N-shape if it can be
written as a union of translations of [1,N]Y NZ4, i.e. if there exists a set T C 7¢
such that A = e (x+ ([1,N]YNZ7)). A set is called a co-N-shape if it is the

complement of an N-shape. Notice that every shape is a 1-shape and co-1-shape.

Lemma 3.5.2. If a 7Z¢ n.n. SFT Q satisfies N-fillability then, for any N-shape
A C 74 and every locally admissible configuration § € o/, with T C 74\ A, there
exists & € o/ such that o8 is locally admissible.

Proof. LetA C 7% be an N -shape and 6 € & T forT C 74 \ A, alocally admissible
configuration. Consider a minimal I' C Z¢ such that A =, (x + ([1 ,N9N Zd) ),
in the sense that | J,cp (x + ([I,N]d N Zd)) C A, for every I" C I'. Take an arbitrary
x* € T. By N-fillability, consider B € &/ (@ (MNZ)) guch that Bé is locally
admissible (notice that 7 C Z4\ (x* +[1,N]).

Now, take the set A" = Uyep (v (x+ ([1,N]YNZ%)). Notice that A’ is also
an N-shape. By minimality of I', we have that 0 # A\ A’ C (x* + ([1,N]“NZ%)).
Define 6’ = B[4, 6 and 7" = (A\A")UT. Then, A" is an N-shape and 6’ € T
is a locally admissible configuration, with T/ C Z¢\ A’ as in the beginning, but
A’ CA.

Now, given M € N and iterating the previous argument, we can always find
o € o/A™Bu guch that o8 is locally admissible. Since M is arbitrary and @72 is a
compact space, then there must exist & € <74 such that «§ is locally admissible.

O

Definition 3.5.3. Given N € N, a Z¢ shift space Q is said to be N-strongly irre-
ducible with gap g if, for any A, B € 7% with dist(A,B) > g and such that ALIB is

a co-N-shape, we have
V(a, ) € o x P : o], [B]° #£0 — [af]® #0. (3.18)

Proposition 3.5.3. If a Z% n.n. SFT Q satisfies N-fillability, then it is N-strongly
irreducible with gap g = 2.
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Proof. Let A,B € Z¢ with dist(A,B) > 2 and such that A B is a co-N-shape, and
take o € @74, B € /B such that [a], [B]® # 0. Then consider § = aff € 748
and W = (ALIB)°. Notice that 9§ is a locally admissible configuration (& and f3 are
globally admissible and dist(A,B) > 2), and W is an N-shape. Then, by Lemma
3.5.2, there exists ) € &7V such that @ = 1§ is locally admissible. Then, @ is a
locally admissible point (therefore globally admissible) such that @ € [a]?. O

Proposition 3.5.4. If a Z¢ shift space Q is N-strongly irreducible with gap g, then
Q is strongly irreducible with gap g+ 2N.

Proof. Let A,B € Z¢ with dist(A,B) > g+ 2N, and o € @74, B € «/® such that
(]2, [B]* # 0. Consider the partition Z¢ = | |.cyz« (x+ ([1,N]?NZ?)), and the
sets

Sy = {xeNZd: (x+[1,N}d) ﬁA;«é(b}, (3.19)

Sy 1= {xeNZd: <x+[1,N}d)mB7é®}. (3.20)

Consider A" :=| |5, x+ ([1,N]*NZ%) and B' :=| |5, x+ ([1,N]? N Z?). No-
tice that A C A’ and B C B'. Take @ € [a]** and v € [B]%, and consider the config-
urations o' = ®|, and B’ = v, . Then, we have that [o/]%,[8']? # 0, A’UB' is a
co-N-shape and dist(A’, B") > dist(A,B) —2N > (g+2N) — 2N = g so, by N-strong
irreducibility, we conclude that 0 # [a/ '] C [aB]. O

Corollary 4. Ifa 74 n.n. SFT Q satisfies N-fillability, then it is strongly irreducible
with gap 2(N+1).

Corollary 5. The 72 n.n. SET Hom(Z?,Ky) is strongly irreducible with gap g = 6.

We have concluded Hom(Zz,Kq) is strongly irreducible iff g > 4 (the cases
k = 2,3 do not even satisfy the D-condition due to the existence of frozen config-
urations; see Definition 5.2.3 and [58]). On the other hand, Hom(Z?, K,) satisfies
TSSM (in particular, SSF) iff ¢ > 5. In particular, TSSM fails when ¢ = 4, as the

next result shows.

Proposition 3.5.5. The 72 n.n. SFT Hom(Z?,Ky) does not satisfy TSSM.
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Proof. Take g € N, consider the sets A = {(—2g,0)}, B = {(2¢,0)}, and S =
([—2¢,28]NZ) x {—1,1}, and the configurations & € V4%, B € V48, and 6 € V5
(see Figure 3.5) defined by o = 34, B = 45, and

1 if(j=1landi€2Z)or(j=—1andi ¢ 27Z),
(i) = (J ) or (j ¢ 27) 3.21)
2 if(j=1landi¢2Z)or(j=—1andi€ 27).

Then, if we denote Q = Hom(Z?,K4), it can be checked that [atc]®, [c 8] # 0.
However, for all € [o]* and v € [6]® we have that ®((0,0)) =3 # 4 =
v((0,0)). Therefore, [@oB]? = 0. Since g was arbitrary and dist(A,B) = 4g > g,
we conclude that Q does not satisfy TSSM. O

lZlZlZlZ]ZlZlI |1212121212121 172172/ 1/2/1/2/1/2/1/21

2[2121212]212' |212]212]212]2 20102 10201 )2/1]2]1/2]1]2
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Figure 3.5: Proof that Q = Hom(Z?,K4) does not satisfy TSSM nor SSM.

A by-product of the construction from the previous counterexample is the fol-

lowing result, which also illustrates how TSSM is related with SSM.

Proposition 3.5.6. Take Q = Hom(Z? ,Ky4) and let & be any n.n. Gibbs (Q,®)-
specification. Then, T cannot satisfy SSM.

Proof. Let’s suppose that there is a n.n. Gibbs (Q,®)-specification 7 for Q =
Hom(Z?,K,) that satisfies SSM with decay function f. Take ny € N such that
f(n) < 1, forall n > ny. Consider the set I' = ([—2no + 1,219 — 1] NZ) x {0} € Z>
and its boundary JT" = ([—2no,2n0]NZ) x {—1,1} U {(—2n0,0)} U{(2n0,0)} =
AUBUS, where A, B, and § are as in Proposition 3.5.5. Take 01, € V4T defined
by 0i|g = &|g = o (where o is also as in Proposition 3.5.5), 61|, = ;| =3, and

51



3.5. Examples: Z¢ n.n. SFTs

0|, = 8|z =4. Itis easy to see that §; and &, are both globally admissible and,
in particular, there exists @, € Q such that w;|;- = &;, for i = 1,2. Now, if we

consider the configuration § = 3100} we have that
1=[1-0] =[x (B) — = (B)] < f(2n0) < 1, (3.22)
which is a contradiction. Then, 7 cannot satisfy SSM. O

Remark 7. It has been suggested (see [74]) that the uniform Gibbs specification
supported on Hom(Z? ,Ky) satisfies exponential WSM. Here we have proven that
SSM is not possible for any n.n. Gibbs specification supported on Hom(Z?*,K4) and
for any rate, not necessarily exponential. The counterexample in Proposition 3.5.6
corresponds to a family of very particular shapes where SSM fails and not what we
could call a “common shape” (like B, for example), but is enough for discarding
the possibility of SSM if we stick to its definition. We also have to consider that this
family of configurations (and other variations, with different colours and different
narrow shapes) can appear as sub-configurations in more general shapes and still

produce combinatorial long-range correlations.

3.52 A TSSM Z? n.n. SFT that is not SSF

The Iceberg model was considered in [19] as an example of a strongly irreducible
Z? n.n. SFT with multiple measures of maximal entropy. Given M > 2, and the
alphabet @7, = {—M,...,—1,+1,...,+M}, the Iceberg model .#), is defined as

Iy = {co e AL o(x) w(x+8)>—1, forallxe Z%,i = 1,...,d}. (3.23)

In the following, we show that for every M > 2, the Iceberg model satisfies
TSSM, but not SSE. In particular, this provides an example of a Z> n.n. SFT
satisfying TSSM with multiple measures of maximal entropy.

It is easy to see that .#), does not satisfy SSF, since +M and —M cannot be at
distance less than 3. In particular, we can take the configuration § € ;z/lg{o} given
by 6(¢1) = 6(é2) = +M, and 5(—¢;) = 6(—¢2) = —M, which does not remain
locally admissible for any a € ,,Qfljlo}. On the other hand, .#) satisfies TSSM, as it

is shown in the next proposition.
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Proposition 3.5.7. For every M > 2, the Iceberg model 9y satisfies TSSM with
gap g =3.

Proof. Consider Lemma 3.3.1 and take x,y € Z? with dist(x,y) > 3 and S € Z2.
Given o € /", and B € «7,?", and & € 73, suppose that [at6] M, [6 5]/ + 0.
Next, take @ € [68]”" and define a new point v given by

o(z) ifzeSu{y},
V(z)=¢+1 ifze (Su{y})and ®(x) € {+1,...,+M}, (3.24)
-1 ifze(SU{y})®and o(x) € {—-M,...,—1}.

It is not hard to see that v is a valid point in [¢3]”*. Now, let’s construct a

point T € [acB]/M from v.

Case 1: a(x) = 1. W.Lo.g., suppose that &(x) = +1. Now, since [ac]”™ # 0,
all the values of |y~ must belong to {—1,+1,...,+M}. On the other hand,
since d{x}\S C (SU{y})¢, all the values in |y, ¢ belong to {—1,+1}. Then,
all the values in |,y belong to {—1,+1,...,+M}, and we can replace v|,, by
41 in order to get a valid point T from v such that 7 € [acB]”.

Case 2: o(x) # +1. W.lo.g., suppose that ot(x) = +M. Then, all the values
in V|ypns belong to {+1,...,+M}. We claim that we can switch every —1 in
d{x}\S to a +1. If it is not possible to do this for some site x* € d{x}\S, then
its neighbourhood d{x*} contains a site with value in {—M,...,—2} and, in par-
ticular, different from +1 and —1. Then, d{x*} necessarily intersects S (and not
{y}, because dist(x,y) > 3). Then, a site in d{x*} NS # 0 is fixed to some value
in {—M,...,—2} and then the site x* must take a value in {—M,...,—1}, given
o. Therefore, x cannot take a value in {42,...,+M}, contradicting the fact that
[aG]?™ #£ 0. Therefore, we can set all the values in V[yps to +1. Let’s call that
point v'. Finally, if we replace v’(x) = +1 by +M, we obtain a valid point 7 from
v’ such that 7 € [acB]”M.

Then, we conclude that .#), satisfies TSSM with gap g = 3, for every M >
2. O

Remark 8. In particular, Proposition 3.5.7 provides an alternative way of checking
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the well-known fact that %y is strongly irreducible.

3.5.3 Arbitrarily large gap, arbitrarily high rate

Notice that the Iceberg model can be regarded as a Z¢ shift space where two types
(positives and negatives) coexist separated by a boundary of +1s. Now we intro-
duce a variation of the Iceberg model that extends the idea of two types coexisting
to an arbitrary number of them. First, we will see that this variation gives a family
of Z¢ n.n. SFTs satisfying TSSM with gap g but not g — 1, for arbitrary g € N.
Second, these models admits the existence of a n.n. Gibbs specification satisfying
exponential SSM with arbitrarily high decay rate, showing in particular (as far as
we know, for the first time) that there are systems that satisfy SSM and TSSM,
without satisfying any of the other stronger combinatorial mixing properties, like
having a safe symbol or satisfying SSF.
Given g,d € N, consider the alphabet 7, = {0,1,...,g} and the Z¢ n.n. SFT
defined by
ol = {w e " |o(x)—o(x+8)| <1, forall x € Z¢,i = 1,...,d}. (3.25)
Notice that @f = { 07"} (a fixed point) and Qf = /' (a2 symbols full shif)
so both satisfy TSSM with gap g = 0 and g = 1, respectively. Also, notice that 1 is
a safe symbol for Q‘ZI (and therefore, by Proposition 3.3.3, it satisfies TSSM with

gap g =2).
Proposition 3.5.8. The Z¢ n.n. SFT ngl satisfies TSSM with gap g but not g — 1.

Proof. First, let’s see that Qg does not satisfy TSSM with gap g — 1. In fact, recall
that TSSM with gap g — 1 implies strong irreducibility with the same gap. However,
if we consider two configurations on single sites with values 0 and g, respectively,
they cannot appear in the same point if they are separated by a distance less or
equal to g — 1, since the value of consecutive sites can only increase or decrease by
at most 1. Therefore, Qg is not TSSM with gap g — 1.

In order to prove that Qg satisfies TSSM with gap g, by way of Lemma 3.3.1,
letx,y € Z¢ with dist(x,y) > g, and S € Z¢\ {x,y}. Given a € JZ/g{x}, B e .Qfg{y}, and
o€ szgs, suppose that [ac}gg, [GB]Qg # (). We want to prove that [acﬁ]gg #0.

54



3.5. Examples: Z¢ n.n. SFTs

Since [Gﬁ]gg # 0, we can consider a point ® € [Gﬁ]gg. If o(x) = a(x), we
are done. W.1.0.g., suppose that ®(x) < o/(x) (the case @(x) > o (x) is analogous).
We proceed by finding a valid point @’ such that o'|¢ = o, ®'(y) = B(y), and
o' (x) = o(x) + 1. Iterating this process |o(x) — @(x)| times, we conclude. Notice
that the only obstruction to an increase by 1 of @(x) are the values of neighbours
of x strictly below ®(x).

We introduce an auxiliary digraph of descending paths D, , = (V5, ., €5,
where V), = {x}, €3, , =0, and, forn > 1,

veil=vi,uo U O (3.26)
yeovy .,
o()=0(x)—n

enl=¢enu U U {&)}. (3.27)

y’e&\?ﬁw Xevi .,
oy )=0x)-n X~y

Notice that, since (x) < g, the recurrence stabilizes for some n < g,i.e. Vg, , =
Vﬁ,_,xl and €f, , = 8‘2,}1 , for every n > g. In particular, the sites that D, , reaches
are sites at distance at most g — 1 from x, and the site y cannot belong to the graph.
Now, suppose that a site from S belongs to D, . If that is the case, the value at x
of any point in [G]Qg would be forced to be at most @ (x) (since the graph is strictly
decreasing from x to S), which contradicts the fact that [ao]gg # 0.

Then neither y nor any element of S belongs to D, ., so if we modify the values
of Dy in a valid way, we will still obtain a valid point @’ such that @’|¢ = ¢ and
@'(y) = B(y). Now, take the set D = V%, . C Z¢ and consider the point @’ such that

o'|,= o, +1°, and  &'|, = Olzp, (3.28)
where (D) + 1 represents the configuration obtained from | p after adding 1 in
every site. We claim that @' is a valid point. To see this, we only need to check
that the difference between values in the endpoints of an arbitrary edge is at most
1. If both endpoints are in D or in Z¢\D, it is clear that the edge is valid since the
original point @ was a valid point, and adding 1 to both endpoints does not affect
the difference. If one endpoint is in x; € D and the other one is in xp € /i \D,

then @(x;) < @(xy), necessarily (if not, ®(x;) > @(x;), and x, would be part of
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the digraph of descending paths). Since |®(x;) — ®(x;)| < 1 and ®(x;) < ®(x2),
then 0(x;) — w(x1) € {0,1}. Therefore, &' (x;) — @' (x2) = (@(x1) +1) — 0(x2) =
1 —(0(x) — o(x)) € {1,0}, so |@'(x;) — @' (x2)| < 1. Then, we conclude that
o € Qdand 0'|g =0, ' (y) = B(y). and ©'(x) = ©(x) + 1, as we wanted. ~ [J

The next result is a special case of a more general result, whose full proof will

be given in the following chapters.

Proposition 3.5.9. For any g,d € N and y > 0, there exists a n.n. Gibbs (Qg,q))-
specification that satisfies exponential SSM with decay rate .

Proof. This result follows from Proposition 4.4.2, Corollary 7, Proposition 4.6.2,
and from noticing that Qg is a homomorphism space of the form Hom(Z4,T), with

T alooped tree. O

Note 5. The ingredients of the proof of Proposition 3.5.9 can be easily adapted to

the 7¢ hard-core lattice gas model case.

3.6 Relationship between spatial and combinatorial
mixing properties

In this section we establish some connections between spatial and combinatorial

mixing properties. In particular, we show that TSSM is a property that arises natu-

rally for the support of Gibbs specifications satisfying (exponential) SSM, at least
when the decay rate is high enough.

3.6.1 SSM criterion

Let Q be a Z4 n.n. SFT and & a shift-invariant n.n. interaction. For the n.n. Gibbs
(Q,®P)-specification 7, we define

. (] ()
O(m):= max dry (75{6}, n{a}) . (3.29)

In the following, let p.(Z?) to denote the critical value of Bernoulli site per-
colation on Z? (see [41]). The following result is essentially in [11].
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Theorem 3.6.1. Let Q be a 72 n.n. SFT, ® a shift-invariant n.n. interaction, and
Tt the corresponding n.n. Gibbs (., ®)-specification. Suppose that Q has a safe
symbol. If Q(7) < pe(Z?), then & satisfies exponential SSM.

Proof. Take u € G(m). Since Q has a safe symbol, u is fully supported, i.e.
supp(u) = Q (very special case of [70, Remark 1.14]). Given a Z>-MRF u, define

O(k) = maxcdry (1815, 1(132)|5)) (3.30)

where &) and &, range over all configurations on 9{0} such that u(8,)u(8,) > 0.
Then, Q(u) < Q(7) < pe(Z?), so by [11, Theorem 1] and shift-invariance of ®, u
satisfies exponential SSM as a MRF (see [59, Theorem 3.10]). Finally, since u is
fully supported, we can conclude that 7 satisfies exponential SSM. O

3.6.2 Uniform bounds of conditional probabilities

We relate TSSM is closely related with bounds on elements of Gibbs specifications

satisfying SSM. We have the following lemma.

Lemma 3.6.2. Let & be a board of bounded degree A and m a Gibbs (Q,®P)-
specification. Then, for every @ € Q and A € ¥/,

P (o|,) > exp(—4A|A|(Pmax +log | ). (3.31)

Proof. Notice that

Hrn(0ly) = Y. Doy + Y D) (332
XEAUOJA {x,y}e&[AUIA]{x,y}NAF#D
< (JA| + AJA]) Prax < 2A]A[Pipax, (3.33)

where we use that [{&[AUJA] : {x,y} NA # 0}| < AJA|. Similarly, %” H(0]4) >
—2A|A| Py, SO Ziw < LQ%HA' exp(2A|A| P,y ). Therefore,

1

T 0ly) = —g—exp(=Hi(],)) (3:34)
A0

> o7 | Ml exp(—2A|A|Prax ) exp(—2A|A| Py ) (3.35)
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> exp(—4AJA|(@nux + log 7). (3.36)

O

Given a a Gibbs (Q,®)-specification 7, define the function ¢z : Q — [0, 1]

given by
PSP
cz(o) .—Algg/;relgnA (0[y), (3.37)
for w € Q, and denote
¢ = inf ¢z (@) € [0,1]. (3.38)
WeEQ

Notice that for a board ¢ of bounded degree A we have that, for every x € ¥
and g € N, |#;(x)| < A*™!. Considering this, we have the next proposition.

Proposition 3.6.3. Let w be a Gibbs (Q,®)-specification, with 4 any board of
bounded degree A. Suppose that Q satisfies TSSM with gap g. Then,

Cr > exp(—SATE(Dpx +log |7 |)) > 0. (3.39)

Proof. Consider a point @ € Q, aset A € 7, and a site x € A. W.l.o.g., suppose
that A is connected. If not, let C, be the connected component of A containing x,
and notice that 7 (®|y) = 72 (@)

Define the set A, , to be the connected component of AN .4, (x) containing x,
and let B := AN dA, . Notice that B C Ag(x) and | A (x)| < AST!. First, assume
that B = 0. If this is the case, then dA,  C A®, so A C A;_i(x). Therefore, by
Lemma 3.6.2,

ﬂz)(w“x}) > ﬂzw(w’A) (3.40)
> exp(—4A|A|(Pmax +log |/ |)) (3.41)
> exp(—4A T8 (D +log |7 |)). (3.42)

where have used that |A| < | A5 (x)] < AS.

On the other hand, suppose that B # (0. By a counting argument, there must
exist B € 7" such that £9(B) > || ~Bl. In particular, this says that [B®|a:|? # 0.
Since [®| 4 (J)|{x}]9 # (0 and dist(x,B) > g, we have [ | w|{x}]9 # 0, by TSSM.
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Now, take @’ € [B ©|,. o] {x}]g. Then, by the MRF property,

13 (o)) > 7 (o, ) (3.43)
> (o], |o'|)m(|,) (3.44)
=0 (o], )7f(B) (3.45)
> exp(—4A|A g 4| (Prmax +log .7 )| 7| 1. (3.46)

Notice that |A, .| < A% and |B| < A%, so

nf{’(co\{x}) > e*4A”g(‘Dmax+10gW\)‘%’*Ag > e*5A”g(<I>max+10g|»‘f\). (3.47)

Since ®, A, and x were all arbitrary, we conclude. O

Proposition 3.6.4. Let T be a Gibbs (Q,®)-specification that satisfies SSM with
decay function f and such that ¢, > 0. Then, Q satisfies TSSM with gap g =
min{n € N: f(n) <.}

Proof. Take ng € N such that f(n) < ¢, for all n > ng (recall that a decay function
is decreasing). We claim that Q satisfies TSSM with gap ng. By contradiction,
and considering Lemma 3.3.1, suppose that there exist x,y € ¥ with dist(x,y) >
ngand S€ ¥, a € @, B € &V, and o € &7° such that [ac]?,[cB]? # 0,
but [0coB]® = 0. Take ) € o] and @, € [oB]?. Notice that @; # @, and
o1 |g = a|g = 0. Consider the set A = .4;,(x) \ S. We have that 7} () > ¢, and
72 (a) = 0. Then,

e < my (@) = |m" (o) — m” (o) (3.48)
< f(dist(x,Xo4 (@1, @))) < f(no) < ¢y, (3.49)
which is a contradiction. O

Notice that no assumption on the degree of the board was necessary in the proof

of Proposition 3.6.4.

Corollary 6. Let m be Gibbs (Q,®)-specification that satisfies SSM, with 4 a
board of bounded degree. Then, Q satisfies TSSM iff ¢, > 0.
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3.6. Relationship between spatial and combinatorial mixing properties

Proof. The result follows directly from Proposition 3.6.3 and Proposition 3.6.4.
O

3.6.3 SSM with high decay rate

We have the following theorem.

Theorem 3.6.5. Let Q@ C /% be a 72 n.n. SFT and let Tt be a n.n. Gibbs (Q,®)-
specification that satisfies exponential SSM with decay function f(n) = Ce 7",
where y > 4log |/ |. Then, Q satisfies TSSM with gap

g:min{nEN:y—Mog\gﬂ > 1log(4Cn)}. (3.50)
n

Proof. We will prove that ¢, > 0 and then conclude by Proposition 3.6.4. Take
® € Q,AeZ? and x € A. Our goal is to bound my(o|,) away from zero,
uniformly in @, A, and x.

Let n € N be such that

1
y—4log || > Zlog(4Cn), (3.51)

and define A,  to be the connected component of AN .4;,_;(x) containing x, and
B:=ANJA,_1. Notice that BC ANIAN;_1(x), [Ap—1x]| < | Ap1(x)] < 2n%, and
B] < 9451 (x)] = 4n.

If B=0, then dA,_; , C A®, and by Lemma 3.6.2,

Ty (o)) =T (0fy) (3.52)
2 eXp(—4A|An71,x|(quax+10g‘£{|)) (353)
> exp(—32n% (Ppax + log |7 |)). (3.54)

Now, let’s suppose that B # 0. By a counting argument, there must exist 8 €
/" such that 7% (B) > |.«/| /Pl and, in particular, [ ®| . B] # 0.

By contradiction, let’s suppose that [@](,y @] B = 0. Then, ﬂf?\{X} (B)=0.
On the other hand, since & (B) > |«7|1Bl, by taking weighted averages over con-
figurations on {x}, there must exist o € 7"} such that ny (Blo) = 717;;’\ ) B) >
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3.6. Relationship between spatial and combinatorial mixing properties

.27 |71l for v € [ @],c B]? # 0. Notice that x ¢ B and dist(B,Xga\ (x} (@, 0)) <
dist(B,x) = n. Then, we have that

o |l < T 1y (B) = 74 1 (B)| < [B|Ce™™, (3.55)

by the MRF and SSM properties. Since B C d.4,_1(x), then |B| < |d. A1 (x)|,
and

| |19 0 < oy | T1BL < |BICe™™ < 9 (x)|Ce ", (3.56)

Figure 3.6: Representation of the proof of Theorem 3.6.5.
By taking logarithms, —4nlog|.<7| < log(4n) +logC — yn, so
1
y < —log(4Cn) +4log|</| = 4log|</ |+ o(1), (3.57)
n

which is a contradiction with the fact that y > 4log|</| for sufficiently large n
(notice that the difference between y and 4log |.<7 | determines the size of |B| and its

Q
distance to x). We conclude that [(0\ {x) 0| 4 [3} # 0. Therefore, by considering
o' € o () ®|4c B]* # 0 and repeating the argument in the proof of Proposition
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3.6. Relationship between spatial and combinatorial mixing properties

3.6.3, we have that

(o) > g (o], 17(B) (3.58)
> exp(—4A|Ay | (Pmax +log |7 |))] | 1P| (3.59)
> exp(—32n (Ppax + log| 7))/ |4 (3.60)

Since this lower bound is positive and independent of m, A, and x, taking the in-
fimum we have that ¢; > exp(—32n?(®pax +log|<7))| /| ~*" > 0 and, by Corol-
lary 6, we conclude that € exhibits TSSM. O

Notice that Proposition 3.5.9 gives us an alternative way to prove TSSM for Q2,
since the decay rate y can be arbitrarily large (in particular, larger than 4log(g+1))
and Theorem 3.6.5 applies.

Remark 9. Recall that TSSM implies strong irreducibility, so in view of the preced-
ing result SSM with high exponential rate implies strong irreducibility. In general,

it is not known whether SSM implies strong irreducibility.

Note 6. If T were a Z¢ Gibbs (Q,®)-specification satisfying SSM with decay func-
tion f(n) = Ce """ we could modify the previous proof to conclude that Q ex-
hibits TSSM for sufficiently large decay rate y. The reason why exponential SSM is
not enough in this proof for an arbitrary d, is that only in Z* the boundary of a ball
grows linearly with the radius. Consequently, the previous proof should work in
any board where the boundary of neighbourhoods grows linearly with the radius,

probably under a change of the bound for the decay rate .
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Chapter 4

SSM in homomorphism spaces

Given a board ¢, a constraint graph H, and a constrained energy function ¢,
we are interested in studying Gibbs (Hom(¥,H), ®)-specifications, where & de-
notes is the induced n.n. interaction. Whenever we talk about a Gibbs (¢,H, ¢)-
specification, we will understand that it is in the previous sense. Also, when talking
about cylinder sets [a]®®, for Q@ = Hom(%,H), we will sometimes denote them by
[Odﬁ in order to emphasize the board and constraint graph.

One of the main purposes in this chapter is to understand the combinatorial
properties that constraint graphs H and homomorphism spaces Hom(%,H) should
satisfy in order to admit the existence of Gibbs (¢,H, ¢)-specifications 7 with
spatial mixing properties. The Gibbs (¢, H, ¢ )-specifications with a unique Gibbs
measure have been already studied and, to some extent, characterized in [17]. We
aim to develop a somewhat analogous framework and sufficiently general condi-

tions under which Gibbs specifications satisfy SSM.

4.1 Dismantlable graphs and homomorphism spaces

The next definition is a structural description of a class of graphs introduced in

[65], and heavily studied and characterized in [17].

Definition 4.1.1. Given a constraint graph H and u,v € V such that N(u) C N(v),
a fold is a homomorphism o : H — H[V \ {u}] such that a(u) = v and oy, g,y is
the identity id|y g,y

A constraint graph H is dismantlable if there is a sequence of folds reducing

H to a graph with a single vertex (with or without a loop).

Notice that a fold o : H — H[V \ {«}] amounts to just removing u and edges

containing it from the graph H, as long as a suitable vertex v exists which can

63



4.1. Dismantlable graphs and homomorphism spaces

“absorb” u.
The following proposition is a good example of the kind of results that we aim

to achieve.

Proposition 4.1.1. Let H be a constraint graph. Then, H is dismantlable iff for
every board 4 of bounded degree and 'y > O, there exists a constrained energy
function ¢ such that the Gibbs (¢ ,H, ¢)-specification satisfies exponential WSM
with decay rate 7.

See Proposition 4.2.1 for a proof of this result. As we remark there, it is es-
sentially due to Brightwell and Winkler [17]. One of our goals is to prove similar
statements in which “WSM?” is replaced by “SSM.”

As in Proposition 4.1.1, it will be very common to have results where when a
property is satisfied for every board ¢, sometimes one can conclude facts about H.

Another simple example is the following.

Proposition 4.1.2. Let H be a constraint graph such that Hom(¥ ,H) satisfies SSF,
for every board 4. Then, H has a safe symbol.

Proof. Let ¥ = Sy (the n-star graph with n = [H|) and let x € ¥ to be the central
vertex with boundary {x} = {yi,...,yjy|}. Write V.= {v1,---,vy|} and take
B € Vo) such that B(y;) = vi, for 1 < i < [V/|. Then, by SSF, there exists a graph
homomorphism o : ¢[d{x} U {x}] — H such that a,,, = . Since a is a graph
homomorphism, x ~¢ y; = a(x) ~g ¢(y;). Therefore, ct(x) ~y v;, for every i,

so o(x) is a safe symbol for H. O

Notice that the converse also holds, i.e. if a constraint graph H has a safe
symbol, then Hom(%, H) satisfies SSF, for every board .
Summarizing, given a homomorphism space Hom(¥¢,H), we have the follow-

ing implications:

H has a safe symbol =— Hom(¥,H) satisfies SSF 4.1)
—> Hom(¥,H) satisfies TSSM 4.2)
—> Hom(¥,H) is strongly irreducible, (4.3)
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4.2. Dismantlable graphs and WSM

and all implications are strict in general (even if we fix ¢ to be some particular
board, like &4 = Z?). See Section 3.5 and [58, 15] for examples that illustrate the

differences among some of these conditions.

4.2 Dismantlable graphs and WSM

Dismantlable graphs are closely related with Gibbs measures, as illustrated by the

following proposition, parts of which appeared in [17].

Proposition 4.2.1 ([17]). Let H be a constraint graph. Then, the following are

equivalent:

1. His dismantlable.
2. Hom(¥%,H) is strongly irreducible with gap 2|H| + 1, for every board 4.
3. Hom(¥,H) is strongly irreducible with some gap, for every board 4.

4. For every board 94 of bounded degree, there exists a n.n. Gibbs (4,H,¢)-

specification that admits a unique n.n. Gibbs measure [l

5. For every board 4 of bounded degree and y > 0, there exists a n.n. Gibbs
(9,H, §)-specification that satisfies exponential WSM with decay rate .

The equivalence in Proposition 4.2.1 of (1), (2), (3), and (4) is proven in [17].
However, in that work the concept of WSM (a priori, stronger than uniqueness)
is not considered. Since WSM implies uniqueness, (5) == (4) is trivial. In the
remaining part of this section, we introduce the necessary background to prove
the missing implications, for which it is sufficient to show that (1) = (5) (see
Proposition 4.2.5). This and a subsequent proof (see Proposition 4.4.2) will have
a similar structure to the proof of (1) = (4) from [17, Theorem 7.2]. However,
some coupling techniques will need to be modified, plus other combinatorial ideas
need to be considered.

Given a dismantlable graph H, the only case where a sequence of folds reduces
H to a vertex without a loop is when H is a set of isolated vertices without loops.
In this case, we call H trivial (see [17, p. 6]). If v* € V has a loop and there is a

sequence of folds reducing H to v*, then we call v* a persistent vertex of H.
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4.2. Dismantlable graphs and WSM

Lemma 4.2.2 ([17, Lemma 5.2]). Let H be a nontrivial dismantlable constraint
graph and v* a persistent vertex of H. Let 4 be a board, A € ¥, and ® €
Hom(¥,H). Then there exists v € Hom(¥ ,H) such that

1. v(x) = @(x), for every x € V' \ Ny —2(A),
2. v(x) =¥ forevery x € A, and
3. 0 '(v) Cou (v

Now, given a constraint graph H, a persistent vertex v*, and A > 1, define ¢,

to be the constrained energy function given by

¢7L (V*) = IOgl, and ¢l ’V\{v*}UE =0. (4.4)

We have the following lemma.

Lemma 4.2.3. Let H be dismantlable constraint graph and let 4 be a board of
bounded degree A. Given A > 1, consider the Gibbs (4 ,H, ¢, )-specification T, a
point ® € Hom(¥ ,H), and B C A € V' such that Ny _»(B) C A. Then, for any
keN,

79 (o [{y € B:a(y) # v} = k) < [HIPA" A7 (4.5)

Proof. Let’s denote Q = Hom(¥,H) and K = A _»(B). W.lo.g., consider an
arbitrary configuration a € V4 such that & ®|,. € Q (and, in particular, such that
nP(a) > 0). Denote w; = o ®|,.. By Lemma 4.2.2, there exists @, € Q such that
W1[ 4\ g = 2]\, @2(x) = v for every x € B, and o '(v) C oy ().

Notice that @[ @|4e, 024 ®4c € Qand @]y g = @24 g Now, given some
k < |B|, suppose that ¢ is such that |[{y € B: a(y) # v*}| > k. Then, by the defini-
tion of Gibbs specification and the fact that @' (v*) C @, ' (v*),

7y ((D2|K’w1’A\K> _ T (fg) o (4.6)
nj’(a)llK‘wﬂA\K> (i) = |

Therefore,

79 (al| alog ) =78 (@1l @1lac) <27 (4.7
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4.2. Dismantlable graphs and WSM

Next, by taking weighted averages over all configurations € £ g (€2) such
that
B aly o, €9, (4.8)

we have

3 (alg) =Y 73 (ol B) my’ (B) < %‘,lkﬂﬁ’ (B)=2"* (4.9)

Notice that |K| = |44y (B)| < |B|AHI~1, In particular,
[H|—2 p
| Zx (Q)] < [H|IBA", (4.10)

Then, since ¢ was arbitrary,

my ({a:[{yeB:a(y) #v'} >k}) < Y mi(aly)  (411)
ol e L4(Q),
{yeBaly)Av} >k
< |H|IBIATT 2k (4.12)
O

As mentioned before, we essentially use some coupling techniques from [17],

with slight modifications. We will use the following theorem.

Theorem 4.2.4 ([11, Theorem 1]). Given a n.n. Gibbs (4,H, ¢)-specification m,
A€V, and o, € Hom(¥,H), there exists a coupling ((o (x), i (x)),x € A) of
717/2)1 and EX’Z (whose distribution we denote by IP’fl)"w2 ), such that for each x € A,
o (x) # o (x) iff there is a path of disagreement from x to Ly, (o1, @), Py *-a.s.
In general, by a path of disagreement from A to B, we mean that there is a
path P from A to B such that oy (y) # 0 (y), for all y € P. We denote this event by
{a<5 B}
Remark 10. The result in [11, Theorem 1] is for MRFs, but here we state it for

n.n. Gibbs specifications.

Proposition 4.2.5. Let & be a board of bounded degree A and H a dismantlable
constraint graph. Then, for all ¥ > 0, there exists Xy = Ao(7, |H|,A) such that for
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4.2. Dismantlable graphs and WSM

every A > Ay, the Gibbs (¢,H, ¢, )-specification 7 satisfies exponential WSM with
decay rate .

Proof. LetA€V,BCA, B € VE, and o, 0 € Hom(4,H). W.l.o.g. (since C can
be taken arbitrarily large in the desired decay function Ce™ "), we may suppose
that

dist(B,dA) =n > |H| 2. (4.13)

By Theorem 4.2.4, we have

| (B) — m(B)| = [PY (oulp = B) P (calp=B)|  (4.14)
< PO (o, # aal) (4.15)
<Y PR (o (x) # 00 (x)) (4.16)
XEB
= L PP (x5 g (01, 02)) 4.17)
xEB
< YR (x5 04) (4.18)
xXEB
<Y pore (x N </V‘H‘,2(8A)> . (4.19)
xXEB

When considering a path of disagreement P from x to Ay _»(dA), we can
assume that JI/‘H‘,Z(TP) C A. Then, by Lemma 4.2.3,

2 ({a: [{y € P:aly) #v'} > k) < [H|PA" A+, (4.20)

In addition,

P| > n—|H|+2 and, for every y € P, we have that o (y) # oz (),
so o (y) and ax(y) cannot be both v* at the same time, and either o] or o4y

must have |P|/2 sites different from v*. In consequence,
PO (x PN mH|_2(aA)) 4.21)

) [o]] X . . E
< knz|‘£1|+2|9;kﬂA ({oq HyePouly) v} > 2}) (4.22)

oo

- Z”Xh({“”{y”‘%(y)#v*}z§}>

k=n—H|+2|P|=k
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<2 Y Y HMATA (4.23)
k=n—|H|+2|P|=k
1N\ K
S A (HE
<2 Y A@A-1) 7 (4.24)
k=n—|H|+2 A
oo B AT K
—oa Y (W) (4.25)
k=n—|H|+2
U Dnnnnonnonoe

A I. II=.II
H EN

: \IIII=...5.\ .II.

emmmmm | ANN(T)

Figure 4.1: Decomposition in the proofs of Lemma 4.2.3 and Proposition 4.2.5.

Finally, we have

0 (B) — % (B)] < X P (x <X Ay 2(94)) (4.26)
x€B

<2BlA Y CSVT 4.27

<2|B| k—nZI-I+2 VR (4.27)

so0, in order to have exponential decay, it suffices to take
(A—D2HPA" <4, (4.28)

and we note that any decay rate ¥ is achievable by taking A sufficiently large. [
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4.2. Dismantlable graphs and WSM

Proof of Proposition 4.2.1. The implication (1) = (5) follows from Proposition
4.2.5. Since WSM implies uniqueness, we have (5) = (4). The implications
(4) = (3) = (2) = (1) can be found in [17, Theorem 4.1]. O

A priori, one would be tempted to think that the proof of Proposition 4.2.5
could give SSM instead of just WSM, since the coupling in Theorem 4.2.4 in-
volves a path of disagreement from B to X, (®;,®,) and not just to JA, just as
in the definition of SSM. One of our motivations is to illustrate that this is not
always the case (see the examples in Section 4.7), mainly due to combinatorial
obstructions. We will see that in order to have an analogous result for the SSM
property, H must satisfy even stronger conditions than dismantlability, which guar-
antees WSM by Proposition 4.2.1. One of the main issues is that our proof required
that dist (B,dA) > |H| — 2, so B cannot be arbitrarily close to dA, which is in op-
position to the spirit of SSM.

Notice that, by Proposition 4.2.1, Hom(%,H) is strongly irreducible for ev-
ery board ¢ iff H is dismantlable. Clearly, the forward direction still holds if
“strongly irreducible” is replaced by “TSSM,” since TSSM implies strongly irre-
ducible. Later, we will address the question of whether the reverse direction holds
with this replacement.

For a dismantlable constraint graph H and a particular or arbitrary board ¢, we
are interested in whether or not Hom (%, H) is TSSM and whether or not there exists
a Gibbs (¢,H, ¢)-specification 7 that satisfies exponential SSM with arbitrarily
high decay rate. Here we restate Theorem 3.6.5 in the context of homomorphism

spaces, which shows that these two desired conclusions are related.

Theorem 4.2.6. Let 7t be a Gibbs (72, H, ¢ )-specification that satisfies exponential
SSM with decay rate 'y > 4log |H|. Then, Hom(Z* H) satisfies TSSM.

One of our main goals is to look for conditions on Hom(%,H) suitable for
having a Gibbs specification that satisfies SSM. SSM seems to be related with
TSSM, as illustrated in the previous results. In the following section, we explore

some other properties related with TSSM.
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4.3 The unique maximal configuration property

Fix a constraint graph H and consider an arbitrary board ¢. Given a linear order
= on the set of vertices V, we consider the partial order (that, in a slight abuse of
notation, we also denote by <) on V” obtained by extending coordinate-wise the
linear order = to subsets of ¥, i.e. given o, ap € VA, for some A C ¥, we say that
o < o iff ay(x) < 0p(x), for all x € A. If a;(x) < 0p(x) but o (x) # o (x), we
write ¢ (x) < 0p(x). In addition, if two vertices u,v € V are such that u ~ v and

u < v, we will denote this by u X v.

Definition 4.3.1. Given g € N, we say that Hom(¥ ,H) satisfies the unique maxi-
mal configuration (UMC) property with distance g if there exists a linear order
=< on V such that, for every A € ¥/,

(M1) for every a € £y(Hom(¥,H)), there is a unique point @y, € [Q]f; such that
® = @, for every point ® € [Oc]{f;, and

(M2) for any two o, 0 € ZLy(Hom(¥4 ,H)), Ly (0, , 0a,) € Ag(Za(ar, x2)).

If Hom(%,H) satisfies the UMC property, then for any a € %4 (Hom(¥¢,H))
and B = alz with B C A, it is the case that @y < ®g. This is natural, since we
can see the configurations o and 8 as “restrictions” to be satisfied by @, and
g, respectively. In addition, observe that condition (M2) in Definition 4.3.1 im-
plies that Xy (@, ®g) € A5 (A\ B). In particular, by taking B = 0, we see that if
Hom(%,H) satisfies the UMC property, then there must exist a greatest element
o, € Hom(%,H) such that ® < ., for every ® € Hom(%,H), and £y (@, 0:) C
Ng(A), for every a € Zy(Hom(¥¢,H)).

The following proposition establishes that the UMC property is related with
TSSM.

Proposition 4.3.1. Suppose that Hom(¥ ,H) satisfies the UMC property with dis-
tance g. Then, Hom(¥ ,H) satisfies TSSM with gap 2g + 1.

Proof. Consider a pair of sites x,y € ¥ with dist(x,y) > 2g+1, aset S € 7,
and configurations o € V¥, B € VI, and ¢ € VS such that [ao]}, [0B]% # 0.
Take the corresponding maximal configurations @g, @Weo, and ®s5. Notice that
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4.4. SSM and the UMC property

2y (0uo, o) C A;(x) and Ty (0, 0gp) C A4(y). Since dist(x,y) > 2g+ 1, we
can conclude that A, (x)° N A5 (y) = 0 and A5 (x) N A5 ()¢ = 0. Therefore,
Do |y wpnnie = Paolgrnior = o8l ense (4.29)

and since Hom(%,H) is a topological MRF (see [20]), we have

a)ag‘__%(x) (DGL%(X)CO%(},)C wcﬁ}/;/g(y) € Hom(g,H), (430)

so [oB]f # 0. Using Lemma 3.3.1, we conclude. O

4.4 SSM and the UMC property

Given a constraint graph H, a linear order < in V = {vi,...,v,...,v} such
that vy < -+ < v <--- <V, and A > 1, define ¢f to be the constrained energy
function given by

07 (k) = —klogA, and ¢;|.=0. (4.31)

e
We have the following lemma.

Lemma 4.4.1. Suppose that Hom(¥,H) satisfies the UMC property with distance
g, for 9 a board of bounded degree A. Given A > 1, consider the Gibbs (¢4 ,H, (])f)
specification T, a point ® € Hom(¥ ,H), and sets BC A € V. Then, for any k € N,

nP ({a:|{y € B: aly) < os(y)}| > k}) < [H[ESTAF 432
where & = ®|g4.

Proof. Let’s denote Q = Hom(%,H). Consider an arbitrary configuration ¢ € V4
such that o |, € Q (so, in particular, 75’ (ct) > 0). Take the set K = AN .4;(B)
and decompose its boundary K into the two subsets ANJK and dANJK. Consider
D =ANJK and name n = . Since 8N € L, p(Q), there exists a unique
maximal configuration sy,. Clearly, (x) < @wsy,(x), for every x € A. Moreover,
p» since Xy (@sy, ®5) C A5 (D) and dist(B,D) > g, so A (D)NB = 0.

(0577‘3: W5
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4.4. SSM and the UMC property

Now, suppose that ¢ is such that |[{y € B: a(y) < ws(y)}| > k, for some k <
|B|. Then,
theoretical) MRF property,

{y€B:a(y) < wsy(y)}| > k and, by the (topological and measure-

T (wEW‘K’MA\K) _ T (@5 )

- ,
70 (ale|alug) T (@)

> )k, (4.33)

Therefore,
n§<a|K‘a|A\K) <Ak, (4.34)

Next, by taking weighted averages over all configurations € £ g (€2) such
that

B alx 04 € Q, (4.35)
we have
me(alg) =Y. 70 (alglB)ad (B) <Y A 7l (B)=A"" (4.36)
B B

Notice that |K| < |44 (B)| < |B|AS™), so | Zx (Q)] < [H|BIA*"" | Then, since a

was arbitrary,

mg ({o: [{y€B:a(y) < ws(y)}| > k}) < Yy m (o) (4.37)
olgaeZy(Q),
H{yeB:a(y)<ws(y)} >k
< |H|BIAT 2k, (4.38)
O

Proposition 4.4.2. Suppose that Hom(¥ ,H) satisfies the UMC property with dis-
tance g, for 4 a board of bounded degree A. Then, for all ¥ > 0, there exists
Ao = Ao(7, [H|, A, g) such that for every A > A, the Gibbs (¢ ,H, q)f)-speciﬁcation
T satisfies exponential SSM with decay rate .

Proof. Let A€ V,x€A, B € Vi and o), w; € Hom(¥¢,H). W.lo.g., we may
suppose that
dist (x,Zga (@1, @) =n > g. (4.39)
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4.4. SSM and the UMC property

By Theorem 4.2.4, and similarly to the proof of Proposition 4.2.5, we have

| (B) — 7y (B)] < PR (0 (x) # oa(x)) (4.40)
=P <x<i>ZaA(w1,a)2)> (4.41)
< PO <x s Ny (Zou(wr, coz))> . (4.42)

When considering a path of disagreement P from x to A4 (Xy4 (@1, @)), we
can assume (by truncating if necessary) that P C A\ A5 (X4 (@, @,)) and |P| >
n—g. By the UMC property, if we take 6; = wi|,, and 6, = @»|,,, we have
Ty (@, 05,) © Ng(Zoa(@1,0)) = A(Zaa(81,82)), 50 @5,|, = w25,|, =1 0 €
Zp(Hom(¥,H)). Since P is a path of disagreement, for every y € P we have

o1(y) < o(y) = 6(y) or aa(y) < ai(y) < 0(y). In consequence, using Lemma
4.4.1 yields

PY (x5 Ay (Zan(n, @2) (4.43)
< i Y P (Pis a path of disagr. from x to A;(£94(81,8)))  (4.44)
k=n—g |P|=k
- k
<Y Y =z <{OC] :{ye?:ocl(y)<6(y)}]22}> (4.45)
k=n—g |P|=k
- k
+ 3 % ({oeslvemsont <o)
k=n—g |P|=k

k
. Ag-H
<2 Z Z ‘H|kAg+1 J<2A Z (%) . (4.46)
kf

k=n—g|P|=k
Then, by Lemma 3.1.1, exponential SSM holds whenever

(A—1)2H <2, (4.47)

and any decay rate Y may be achieved by taking A large enough.
O

Notice that here Ay is defined in terms of ¥, |H|, A and g. In the WSM proof, g

implicitly depended on |H|, but here the two parameters could be, a priori, virtually
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4.5. UMC and chordal/tree decomposable graphs

independent.

4.5 UMC and chordal/tree decomposable graphs

4.5.1 Chordal/tree decompositions

Definition 4.5.1. A simple constraint graph H is said to be chordal if all cycles of
four or more vertices have a chord, which is an edge that is not part of the cycle

but connects two vertices of the cycle.

Definition 4.5.2. A perfect elimination ordering in a simple constraint graph
H = (V,E) is an ordering v,...,v, of V such that H[v; U ({vi+1,...,v, } "N(v;))]
is a complete graph, for every 1 <i<n= [H|.

Proposition 4.5.1 ([30]). A simple constraint graph H is chordal iff it has a perfect

elimination ordering.

Definition 4.5.3. A constraint graph H = (V,E) will be called loop-chordal if
Loop(H) =V and H = (V,E\ {{v,v} : v € V}) (i.e. H' is the version of H without
loops) is chordal.

Proposition 4.5.2. Given a loop-chordal constraint graph H = (V,E), there ex-
ists an ordering vi,...,v, of V such that H[v; U ({vit1,...,va} "N(v;))] is a loop-
complete graph, for every 1 <i<n= [H|.

Proof. This follows immediately from Proposition 4.5.1. O

Proposition 4.5.2 can also be thought of as saying that a graph G = (V,E) is
loop-chordal iff Loop(G) = V and there exists an order v; < --- < v, such that

vijvj/\vijvk = V; ~ V. (4.48)

Proposition 4.5.3. A connected loop-chordal graph G is dismantlable.

Proof. Letvy,...,v, be the ordering of V given by Proposition 4.5.2 and take v €
N(v;). Clearly, v € {vs,...,v,} and then we have G[v; U ({va,...,v,} N1N(v1))] =
G[N(v1)] is a loop-complete graph and v € N(v;). Therefore, N(v;) C N(v) and
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4.5. UMC and chordal/tree decomposable graphs

there is a fold from G to G[V \ {v;}]. It can be checked that G[V \ {v;}] is also
loop-chordal, so we apply the same argument to G[V \ {v;}] and so on, until we

end with only one vertex (with a loop). O

Figure 4.2: A chordal/tree decomposition.

We say that a constraint graph H = (V,E) has a chordal/tree decomposition

or is chordal/tree decomposable if we can write V= CUTUJ such that
1. H[C] is a nonempty loop-chordal graph,

2. T=T U---UT, and, for every 1 < j < m, H[T;] is a tree such that there
exist unique vertices r; € T; (the root of T;) and ¢/ € C such that {r;,c¢/} €E,

3. J=J,U---UJ, and, for every 1 <k < n, H[J;] is a connected graph with a
unique vertex ¢k € C such that {u,c*} € E, for every u € J;, and

4. E[T:J] =E[T}, : T;,] =E[Ji, : It,] = 0, for every ji # j> and ki # ko.

Notice that, for every k, the vertex c* € C is a safe symbol for H[{c*} UJy].
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4.5. UMC and chordal/tree decomposable graphs

4.5.2 A natural linear order

Given a chordal/tree decomposable constraint graph H, we define a linear order <

on V as follows:

e IfweJandt €T, thenw < t.

IfreTandceC,thent < c.

Ifwel,andw € Jp, forsome 1 <k <k’ <n,thenw < w'.

IfteTjandt € Ty, forsome 1 < j < j' <m,thent <1’

Given 1 < k < n, we fix an arbitrary order in Ji.

Given 1 < j<mandt,; € T}, then

— if dist(t, /) < dist(tp,7/), thent; < 1y,
— if dist(¢;,7/) > dist(t2,7/), then £ <, and

— for each i, we arbitrarily order the set of vertices ¢ with dist(¢,r/) = i.
e Ifcy,cp € C, then ¢ and ¢; are ordered according to Proposition 4.5.2.

Proposition 4.5.4. If a constraint graph H has a chordal/tree decomposition, then

H is dismantlable.

Proof. W.lo.g., suppose that [H| > 2 (the case |H| = 1 is trivial). Let ¢ be an
arbitrary board. In the following theorem (Theorem 4.5.6), it will be proven that if
H is chordal/tree decomposable, then Hom(%,H) satisfies the UMC property with
distance |H| — 2. Therefore, by Proposition 4.3.1, Hom(%¢, H) satisfies TSSM with
gap 2(|H| —2) + 1 and, in particular, Hom(%,H) is strongly irreducible with gap
2|H| + 1. Since the gap is independent of ¢, we can apply Proposition 4.2.1 to
conclude that H must be dismantlable. O

Proposition 4.5.5. If a constraint graph H has a safe symbol, then H is chordal/tree

decomposable.

Proof. This follows trivially by considering C = {s}, T =0 and J = V\ {5}, with
s a safe symbol for H. O
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4.5. UMC and chordal/tree decomposable graphs

We show that chordal/tree decomposable graphs H induce combinatorial prop-

erties on homomorphism spaces Hom(%,H).

Theorem 4.5.6. Let H be a chordal/tree decomposable constraint graph. Then,
Hom(¥,H) has the UMC property with distance |H| — 2, for any board 4.

Before proving Theorem 4.5.6, we introduce some useful tools. From now on,
we fix Hom(%,H) and xj,x,... to be an arbitrary order of . We also fix the
linear order < on V as defined above. For i € {1,...,[H|}, define the sets D; :=
{(®,0,x) € Hom(¥,H) x Hom(¥,H) X ¥4 :v; = w1 (x) < @»(x)}, and consider
D({) =", D;, for 1 </ < [H|, and D := D(|H|). Notice that D)y = 0. In addition,
given (@, @y,x) € D, define the set

N~ (op,x) :={yeNXx): @ (y) < o1(x)}, (4.49)
and the partition
N~ (@1,x) = NZ (01, 0,x) UNZ (@1, 0, x) UNZ (@1, 02, %), (4.50)

where

NZ (o, @,x) :=={y e N (@y,x) : 01 (y) < »n(y)}, 4.51)
NZ (@1, 0,x) :={y e N (o1,x) : @;(y) = @(y)}, and (4.52)
NZ(01,0,x) :={y e N (01,x) : 01 (y) = @(y) }. (4.53)

Let & : D — D be the function that, given (®;, @,,x) € D, returns
1. (o1,m,y), if NZ (o, m,x) #0,

2. (an,m,y), if NZ (@, ,x) =0 and N_(w;, @;,x) # 0, or

3. (@1, mn,x), if N (@, @n,x) = NZ (0, 0;,x) =0,

where y is the minimal element in NZ (@, a»,x) or N (@, @2,x), respectively.
Here the minimal element y is taken according to the previously fixed order of
7. We chose y to be minimal just to have & well-defined; it will not be oth-
erwise relevant. Notice that if (@;,@,,x) € Dy and & (@, @n,x) # (O, 0, x),
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4.5. UMC and chordal/tree decomposable graphs

then Z(w;,w,x) € D(¢ —1). This implies that every element in D; must be
a fixed point. Moreover, for every (@, a,,x) € D, the (|H| — 2)-iteration of &2
is a fixed point (though not necessarily in D)), i.e. & (@|H|*2(w1,a)2,x)) =
2H=2 (@, an,x).

We have the following lemma.

Lemma 4.5.7. Let (@, @,,x) € D be such that (@, @,,x) = (01, 02,x). Then,
there exists u € V such that @;(x) < u, and the point @, defined as

_Ju ify=x,
@ (y) = _ (4.54)
oi(y) ify#x,

is globally admissible. In particular, @) < @.

Proof. Notice that if (®;,®;,x) is a fixed point, N~ (@;,x) = NZ(w;, w2,x). We

have two cases:

Case 1: N~ (w;,x) = 0. If this is the case, then @;(y) = @;(x), for all y € N(x).
Notice that @ (x) < @2(x) = v}y, 50 @1 (x) < v}y|. Then we have three sub-cases:

Case l.a: @;(x) € J; for some 1 < k < n. Since {v,ck} € E for all v € J;, we can
modify @; at x in a valid way by replacing @ (x) € J; with u = c*.

Case 1.b: w(x) € T; for some 1 < j < m. Since w;(y) = @;(x), for all y € N(x),
but @;(x) € T; and T; does not have loops, we have @;(y) > w;(x), for all y €
N(x). Call t = @y (x). Then, there are three possibilities: ¢ = r/, dist(z,7/) = 1, or
dist(t,r/) > 1.

If t = 1/, then @, (y) = ¢/ for all y € N(x), where ¢/ = r/ is the unique vertex in
C connected with /. Since ¢/ must have a loop, we can replace @ (x) by u = ¢/ >
) (x) in @;.

If dist(,7/) = 1, then @; (y) = r/ for all y € N(x), and, similarly to the previous
case, we can replace @ (x) by u = ¢/ = @;(x) in 0.

Finally, if dist(¢,7/) > 1, then @ (y) = f = t, for all y € N(x), where f € T; is
the parent of 7 in the r/-rooted tree H[T;]. Then, since dist(z,/) > 1, there must

exist 4 € T; that is the parent of f, so we can replace @;(x) by u = h in @;.
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Case 1.c: ;(x) € C. If this is the case, and since ®;(x) < v}y, there must exist
1 <i <[C] such that ;(x) = ¢; and N(c¢;) N {cit1,.-.,¢|c|} is nonempty. Now,
w1 (y) = oi(x), for all y € N(x), so o1(y) € {ci} U (N(c;) N{cit1,...,¢|c(}). for
all y € N(x). Since H[{c;} U (N(c;) N{cis1,..-,¢)ci})] is a loop-complete graph
with two or more elements, then we can replace ; (x) by any element u € N(c¢;) N
{cit1,-- 50} in @

Case 2: N~ (my,x) # 0. In this case, @ (x) < @, (x) and, since
N~ (@;,x) #0 and N (@p,x) = NZ(o;,m,x), (4.55)

there must exist y* € N(x) such that @, (y*) < ®;(x) and w; (y*) = w2(y*). Notice
that in this case, ®;(x) cannot belong to T, because @;(x) < @,(x) and both are
connected to @ (y*); this would imply that, for some 1 < j < m, either (a) T;
does not induce a tree, or (b) more than one vertex in T; is adjacent to a vertex
in C. Therefore, we can assume that @;(x) belongs to C (and therefore, since
@, (x) = oy (x), also @, (x) belongs to C).

We are going to prove that, for every y € N(x), we have o (y) ~ @z(x), so we
can replace @;(x) by @»(x) in @;. Since @, (y) = @, (y), for every y € N~ (wy,x),
we only need to prove that @;(y) ~ @ (x), for every y € N(x) such that w; (y) =
o (x).

Take any y € NZ (@1, @,x). Then, @(y) = @1(y) < @1(x) and an(y) 3 @ (x),
so ®;(x) ~ an(x), since H is loop-chordal. Consider now an arbitrary y € N(x)
such that @;(y) = o (x). If @;(y) = ®;(x), we have o, (y) = @;(x) ~ @(x), so
we can assume that ;(y) > ;(x). Then, @;(x) 2 w(y) and w;(x) 3 an(x), so
o (y) ~ m(x), again by loop-chordality of H. Then, w;(y) ~ @, (x), for every
y € N(x), and we can replace @ (x) by u = w>(x) in @, as desired. O

Now we are in a good position to prove Theorem 4.5.6.

Proof of Theorem 4.5.6. Fix an arbitrary set A € ¥ and o € Z4(Hom(%,H)). We
proceed to prove the conditions (M1) (i.e. existence and uniqueness of a maximal
point @y) and (M2).

Condition (M1). Choose an ordering xj,x3,... of ¥\ A and, for n € N, define
Ap:=AU{xy,...,x,}. Let ap := a and suppose that, for a given n and all 0 < i < n,
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we have already constructed a sequence ; € Zj,(Hom(%,H)) such that o, , =

;-1 and B(x;) < 04(x;), for any B € £, (Hom(%,H)) such that B, == ai1.
Next, look for the globally admissible configuration o, such that | A, =

(Hom(%,H)) such that B, = .

Iterating and by compactness of Hom(¥, H), we conclude the existence of a unique

Oy and B (xXp41) = Ot 1 (Xps1), forany B € Zy, .
point & € ([,

We claim that @ is independent of the ordering xi,x2,... of ¥"\ A.

By contradiction, suppose that given two orderings of ¥\ A we can obtain
two different configurations @; and @, with the properties described above. Take
X € 7"\ A such that @, () # @ (x). W.Lo.g., suppose that @; (X) < @ (X). Then we
have that (@, @,x) € D and Q‘H‘*z((bl,@,f) is a fixed point for 2. W.lLo.g.,
suppose that ZH=2(@;, @,,%) = (@, @,,%), where £ € # \ A (note that £ is not
necessarily equal to X). By an application of Lemma 4.5.7, @; (%) can be replaced
in a valid way by a vertex u € V such that @;(X) < u. If we let n be such that
X = x, for the ordering corresponding to @;, we have a contradiction with the
maximality of @, since we could have chosen u instead of @ (x,) in the nth step
of the construction of @ .

Therefore, there exists a particular @ common to any ordering xj,x3,... of
7\ A. We claim that taking w, = @ proves (M1). In fact, suppose that there
exists @ € [a]¥ and x* € ¥\ A such that ®(x*) < ®(x*). We can always choose an
ordering of 7"\ A such that x; = x*. Then, according to such ordering, § = @|,,
for any B € £, (Hom(%,H)) such that B|, = a. In particular, if we take =
oW

(x}> We have a contradiction.

Condition (M2). Notice that if (@], ®},y) = Z(w;,®,,x), then x =y or x ~ y.
In addition, since the (|H| — 2)-iteration of &7 is a fixed point, if (@], ®},y) =
P2, @n,x), then dist(x,y) < |[H| —2. In order to prove condition (M2),
consider two configurations a;, 0, € Z4(Hom(%,H)), and the set Xy (g, , 0q, )-

We want to prove that
2’7/((006170)062) g J‘/|H|—2<ZA(a17a2>)' (456)

W.Lo.g., suppose that &; # o and take x € Xy (@q,, 0,) # 0. It suffices to
check that dist(x,Z4 (0, ) < |H| —2. Suppose for the sake of contradiction that
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dist(x,Za (a1, @)) > [H| —2 and let (@), , 0),.y) = ZM2(0q, , 0g,,x). Notice
that, by definition of 2, y also belongs to Xy (@, , g, ), and since dist(x,y) < |H|,
we have y ¢ X4 (0, o). Then, there are two possibilities: (a) y € A\ X4(0y, @),
or (b)y e 7 \A.

If y e A\Za(a1,00), then @y, (y) = ai(y) = oz (y) = @q, (y), and that contra-
dicts the fact that y € Xy (g, , @a, )-

If ye ¥\ A and, wlo.g., 0y (y) < @ (y), we can apply Lemma 4.5.7 to

contradict the maximality of @, . O

4.6 The looped tree case

A looped tree T will be called trivial if |T| = 1 and nontrivial if |T| > 2. We
proceed to define a family of graphs that will be useful in future proofs.

A

0 1 2 coon n+l

Figure 4.3: The n-barbell graph B".

Definition 4.6.1. Given n € N, define the n-barbell graph as B" = (V(B"),E(B")),
where
V(B ={0,1,....n,n+1}, (4.57)

and

EB") = {{0,0},{0,1},.... {n,n+ 1}, {n+1,n+1}}. (4.58)

Notice that a looped tree with a safe symbol must be an n-star (see Equation
(2.7)) with a loop at the central vertex, possibly along with other loops. The graph
Hy can be seen as a very particular case of a looped tree with a safe symbol. For

more general looped trees, we have the next result.

Proposition 4.6.1. Let T be a finite nontrivial looped tree. Then, the following are

equivalent:

(1) T is chordal/tree decomposable.

(2) T is dismantlable.
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(3) Loop(T) is connected in T and nonempty.

Proof. We have the following implications.

(1) = (2): This follows from Theorem 4.6.3, which is for general constraint
graphs.

(2) = (3): Assume that 7 is dismantlable. First, suppose Loop(7) = 0. Then,
in any sequence of foldings of 7', in the next to last step, we must end with a graph
consisting of just two adjacent vertices v,_; and v,, without loops. However, this
is a contradiction, because N(u) € N(v) and N(v) C N(u), so such graph cannot be
folded into a single vertex. Therefore, Loop(T) is nonempty.

Next, suppose that Loop(7') is nonempty and not connected. Then, 7 must
have an n-barbell as a subgraph, for some n > 1. Therefore, in any sequence of
foldings of T, there must have been a vertex in the n-barbell that was folded first.
Let’s call such vertex u and take v € V with N(x) C N(v). Then, v is another vertex
in the n-barbell or it belongs to the complement. Notice that v cannot be in the n-
barbell, because no neighbourhood of vertex in the n-barbell (even restricted to the
barbell itself) contains the neighbourhood of another vertex in the n-barbell. On
the other hand, v cannot be in the complement of n-barbell, because v would have
to be connected to two or more vertices in the n-barbell (¢ and its neighbours), and

that would create a cycle in 7. Therefore, Loop(T) is connected.

(3) = (1): Define C := Loop(T'). Then C is connected in 7 and nonempty.
Then, if we denote by T its complement V \ C and define J = 0, we have that V can
be partitioned into the three subsets C UT LIJ, which corresponds to a chordal/tree

decomposition. 0

Corollary 7. Let T be a finite nontrivial looped tree. Then, the following are

equivalent:
(1) T is chordal/tree decomposable.
(2) Hom(¥,T) has the UMC property, for every board 4.
(3) Hom(¥,T) satisfies TSSM, for every board 4.

(4) Hom(¥,T) is strongly irreducible, for every board 9.
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(5) T is dismantlable.

Proof. By Theorem 4.6.3, we have (1) = (2) = (3) = (4) = (5). The
implication (5) = (1) follows from Proposition 4.6.1. O

Sometimes, given a constraint graph H, if a property for homomorphism spaces
holds for a certain distinguished board or family of boards, then the property holds
for any board ¢. For example, this is proven in [17] for a dismantlable graph H
and the strong irreducibility property, when ¢ € {T;}sen. The next result gives

another example of this phenomenon.

Proposition 4.6.2. Let T be a finite looped tree. Then, the following are equivalent:
(1) Hom(¥,T) satisfies TSSM, for every board ¥4 ..
(2) Hom(Z?,T) satisfies TSSM.

(3) There exist Gibbs (Z*,T,)-specifications which satisfy exponential SSM
with arbitrarily high decay rate.

Proof. We have the following implications.
(1) = (2): Trivial.

(2) = (1): Let’s suppose that Hom(Z?,T) satisfies TSSM. If T is trivial, then
Hom(¥,T) is a single point or empty, depending on whether the unique vertex in 7
has a loop or not. In both cases, Hom(¥, T) satisfies TSSM, for every board ¢. If
T is nontrivial, then Loop(7') must be nonempty. To see this, by contradiction, first
suppose that 7 is nontrivial and Loop(7T) = 0. Take an arbitrary vertex u € V(T
and a neighbour v € N(u). Notice that Hom(Z?,T) is nonempty, since the point
" defined as

u ifx;+x =0 mod?2,
0" (x) = (4.59)

v ifx;+x =1 mod?2,

is globally admissible. Now, if we interchange the roles of « and v, and consider the
(globally admissible) point ®"*, we have 0*"((0,0)) = u and ®"*((2g+1,0)) =u,

for an arbitrary g € N. However, if this is the case, Hom(Z?, T) cannot be strongly
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irreducible with gap g, for any g (and therefore, cannot be TSSM), because

ZZ
[a’u’v|(o,0) wv’u|(2g+1,0) - =0. (4.60)

A way to check this is by considering the fact that both 7' and Z? are bipartite
graphs. Therefore, we can assume that Loop(7') # 0.

0 0(O0(O|[O|t|]O0|JOf[Of1|0Of[O]O]O
of1]01 010 1{fo/1]0
1 112112 11211 2101121
2 2131213 1 21312 te (312132
n-2 I n-2|n-1/n-2|n-1{ « ¢ < |n-2|n-1|n-2| » ¢ « |n-1n-2|n-1|{n-2
n-1 n-1{ n |n-1| n n-1{ n |n-1 n n-1/ n |n-1
n n |nt+l n |n+l n ntl| n ntlf n |ntl| n
ntlintlntlnt+l « ¢ « |ntlntlnt+l « ¢+ « ntln+ln+lntl

0(fo0ofO|[O|+t|OJOf[fOf-2|Of[O]JO]O
1foj1]0 1{0f1 0,101 1
2111211 21112 112(1]2 2
302132 epr 3|23t |2|3|2]|3 3
n-1/n-2/n-1/n-2| « ¢+ ¢« |n-1{n-2/n-1| « ¢+ « n-2/n-1{n-2|n-1 n-1
n n-1| n |n-1 n n-1/ n n-1/ n |n-1| n n
ntl n n+l n ntl| n |n+l n |n+l n |nt+l
|n+1 ntlntln+l < » « ntlntln+l « ¢+ « n+lnt+lntlntl n+l

Figure 4.4: A “channel” in Hom(Z?,T) with two incompatible extremes.

Now, suppose that Loop(T') # @ and Loop(T) is not connected in 7. If this
is the case, T must have an n-barbell as an induced subgraph, for some n > 1.

Then, we would be able to construct configurations in .%’(Hom(Z?,T)) as shown
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in Figure 4.4. Note that vertices in the n-barbell can reach each other only through
the path determined by the n-barbell, since T does not contain cycles. In Figure 4.4
are represented the cylinder sets [ao]?z (top left), [cB ]%2 (top right) and [or cr/ﬂ%2

(bottom), where:

1. o is the vertical left-hand side configuration in red, representing a sequence

of nodes in the n-barbell that repeats 0 but not n+ 1,

2. B is the vertical right-hand side configuration in red, representing a sequence

of nodes in the n-barbell that repeats n + 1 but not 0, and

3. o is the horizontal (top and bottom) configuration in black, representing

loops on the vertices 0 and n + 1, respectively.

It can be checked that [ac]?z and [of3 ]?2 are nonempty. However, the cylin-
der set [056[3]%2 is empty for every even separation distance between o and f3,
since o and 3 force incompatible alternating configurations inside the “channel”
determined by . Therefore, Hom(Z?,T) cannot satisfy TSSM, which is a contra-
diction.

We conclude that Loop(7T') is nonempty and connected in 7', and by Proposition
4.6.1 T is chordal/tree decomposable. Finally, by Proposition 7, we conclude that
Hom(¥,T) satisfies TSSM, for every board ¢.

(3) = (2): This follows from Theorem 4.2.6.

(1) = (3): Since Hom(¥,T) satisfies TSSM for every board ¢, Hom(%,T ) has
the UMC property for all board & (see Corollary 7). In particular, Hom(Z?, T has
the UMC property. Then, (3) follows from Proposition 4.4.2. O

We have the following summary.

Theorem 4.6.3. Fix a constraint graph H.

o Then,

H has a safe symbol <= Hom(¥ ,H) is SSF, for all 4

—> H is chordal/tree decomposable
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—> Hom(¥,H) has the UMC property, for all 4
—> Hom(¥,H) satisfies TSSM, for all 4
—> Hom(¥,H) is strongly irreducible, for all 4

<= H is dismantlable.

e Let Y a fixed board. Then,

Hom(¥,H) has the UMC property —> Hom(¥,H) satisfies TSSM
= Hom(¥,H) is strongly irreducible.

e Let 9 a fixed board with bounded degree. Then,

Hom(¥,H) has the UMC property = For all ¥ > 0, there exists a Gibbs
(¢,H, ¢)-specification that satisfies
exponential SSM with decay rate y
\
H is dismantlable —> For all 'y > 0, there exists a Gibbs
(9,H, ¢)-specification that satisfies

exponential WSM with decay rate 7.

Proof. The first chain of implications and equivalences follows from Proposition
4.1.2, Proposition 4.5.5, Theorem 4.5.6, Proposition 4.3.1, Equation (4.3), and
Proposition 4.2.1. The second one, from Proposition 4.3.1 and Equation (4.3). The
last one, from Proposition 4.4.2, Proposition 4.2.1, and the fact that SSM always
implies WSM. 0

4.7 Examples: Homomorphism spaces

Proposition 4.7.1. There exists a homomorphism space Hom(¥,H) that satisfies
TSSM but not the UMC property.

Proof. The homomorphism space Hom(Z?,Ks) satisfies TSSM (in fact, it satisfies
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SSF) but not the UMC property. If Hom(Z?, Ks) satisfies the UMC property, then
there must exist an order < and a greatest element @, € Hom(Z?,Ks) according to
such order (see Section 4.3). Denote V(Ks) = {1,2,...,5} and, w.l.o.g., assume
that 1 <2 < --- < 5. Then, because of the constraints imposed by Ks, there must
exist ¥ € Z? such that @, (¥) < ®.(x+ (1,0)). Now, consider the point @ such that
@(x) = o,(x+ (1,0)) for every x € Z2, i.e. a shifted version of @, (in particu-
lar, @ also belongs to Hom(Z?,Ks)). Then o(xX) < @.(x+ (1,0)) = @(x), which

contradicts the maximality of w,. OJ

Note 7. We are not aware of a homomorphism space Hom(¥ ,H) that satisfies the

UMC property with H not a chordal/tree decomposable graph.

Figure 4.5: A dismantlable graph H such that Hom(Z? H) is not TSSM.

Proposition 4.7.2. There exists a dismantlable graph H such that
1. Hom(Z?,H) does not satisfy TSSM.

2. There is no constrained energy function ¢ such that the Gibbs (Z>,H,¢)-
specification satisfies SSM.

3. For every board of bounded degree 4 and y > 0, there exists a constrained
energy function ¢ such that the Gibbs (¢4 ,H, ¢ )-specification satisfies expo-
nential WSM with decay rate 7.

Proof. Consider the constraint graph H= (V,E) given by V = {a,b,c,d}, and
E= {{a7a}7 {bvb}v {670}7 {a,b}, {a,c}, {b,d}, {C,d}} . (4.61)
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It is easy to check that H is dismantlable (see Figure 4.5).

By Proposition 4.2.1, we know that (3) holds. However, if we consider the
configurations o and 8 (the pairs bb and cc in red, respectively) and the fixed
configuration o (the diagonal alternating configurations adad - - - in black) shown
in Figure 4.6, we have that [ac]gz, [Gﬁ]ﬁz # 0, but [aoﬁ]ﬁz =0, and TSSM cannot
hold. This construction works in a similar way to the construction in the proof
((2) = (1)) of Proposition 4.6.2.
[a]

cld]
cC
C

o o]
oo

[=]

==z
[o]c o
efo el

Figure 4.6: Two incompatible configurations & and 3 (both in red).

Now assume the existence of a Gibbs (Z2,H, ¢ )-specification 7 satisfying SSM
with decay function f. Call A C Z? the shape enclosed by the two diagonals made
by alternating sequence of a’s and d’s shown in Figure 4.7 (in grey), and let x;
and x, be the sites (in red) at the left and right extreme of A, respectively. If we
denote by o the boundary configuration of the a and d symbols on dA \ {x,}, and
ay = b} and o = ¢}, it can be checked that [Goh]ﬁ, [G(Xz]g # (. Then, take
w € [oa]f, o € [co]f;, and call B= {x;} and B = bP.

Figure 4.7: A scenario where SSM fails for any Gibbs (Z?,H, ¢ )-specification.
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Notice that, similarly as before, the symbols b and ¢ force repetitions of them-
selves, respectively, from x, to x; along A. Then, we have that 73! (8) = 1 and
EX)Z (B) = 0. Now, since we can always take an arbitrarily long set A, suppose that
dist(x;,x,) > np, with ng such that f(ng) < 1. Therefore,

1=1-0] = |7y" (B) — m" (B)] (4.62)
< [B|f (dist(B,Zg4 (@1, @n))) < f(no) < 1, (4.63)
which is a contradiction. L]

Proposition 4.7.3. There exists a dismantlable graph H and a constant Yy > 0,
such that

1. the set of constrained energy functions ¢ for which the Gibbs (7>, H,¢)-

specification satisfies exponential SSM is nonempty,

2. there is no constrained energy function ¢ for which the Gibbs (Z*,H, ¢)-

specification satisfies exponential SSM with decay rate greater than Y,
3. Hom(Z? H) satisfies SSF (in particular, Hom(Z?,H) satisfies TSSM), and

4. for every v > 0, there exists a constrained energy function ¢ for which the

Gibbs (72 ,H, ¢)-specification satisfies exponential WSM with decay rate 7.

Moreover, there exists a family {H%},en of dismantlable graphs with these
properties such that |H?| — oo as g — oo.

Proof. By Theorem 3.6.1, we know that if 7 is such that Q(7) < p.(Z?), then &
satisfies exponential SSM, where p.(Z?) denotes the critical value of Bernoulli site

percolation on Z? and Q() is defined as
0(7) = maxdry <7r“’1 2 ) . (4.64)

o, {0}’ {0}

Given g € N, consider the graph H? as shown in Figure 4.8. The graph H? con-
sists of a complete graph K, and two other extra vertices a and b, both adjacent
to every vertex in the complete graph. In addition, a has a loop, and a and b are not

adjacent. Notice that H? is dismantlable (we can fold a into » and then we can fold
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every vertex in K, into a), and a is a persistent vertex for H?. Since HY is dis-
mantlable, by Proposition 4.2.1, for every ¥ > 0, there exists a constrained energy
function ¢ for which the Gibbs (72, H, ¢ )-specification satisfies exponential WSM
with decay rate 7.

Take 7 to be the uniform Gibbs specification on Hom(Z?,H) (i.e. ® = 0). The

definition of 7 implies that, whenever m, 0}( u) #0forueVv,

6

1
w
”{6}(”) < —q . (4.65)

<
q+2 -1

Notice that ﬂ{“’}( a) = 0 iff b appears in @], (- Similarly, n{‘%}(b) =0iffa
or b appear in a)|a{0}, and for u # a, b, ”{0}( u) =
|0{0}| = 4, at most 8 terms vanish in the definition of Q(7) (4 for each @;, i = 1,2).

Then, since [HY| =g+3 and g > 1,

0 iff u appears in |, (@) Since

drv (”ﬁ)}”{%) Z‘ oW~ Tg )‘ (4.66)

1

<8+q+ —>§6. (4.67)
2 q

q+2 -1

o oqtl

Figure 4.8: The graph HY, for g = 5.

Then, if g > 1+ %, we have that Q(7) < p.(Z?), so T satisfies exponential
SSM. Since p.(Z?) > 0.556 (see [10, Theorem 1]), it suffices to take ¢ > 12. In par-
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ticular, the set of constrained energy functions ® for which the Gibbs (Z?,HY, ¢)-
specification satisfies exponential SSM is nonempty if g > 12.

Now, let 7t be an arbitrary Gibbs (72, H4, ¢)-specification that satisfies SSM
with decay function f(n) = Ce™"", for some C and 7 that could depend on ¢ and ¢.
For now, we fix ¢ and an arbitrary ¢.

Consider a configuration like the one shown in Figure 4.9. Define V =V \
{0,a,b}, E = E[V], and let HY = H?[V]. Notice that HY is isomorphic to K.
Construct the auxiliary constrained energy function ¢ : VUE — (—oo, 0] given by
@ (u) = ¢ (u)+ ¢ (u,0)+ ¢ (u,b), for every u € V (representing the interaction with
the “wall” ---0b0b---), and ¢ = ¢|g. The constrained energy function ¢ induces
a Gibbs (Z,H4, §)-specification 7 that inherits the exponential SSM property from
7 with the same decay function f(n) = Ce™"". It follows that there is a unique (and
therefore, stationary) n.n. Gibbs measure y for 7, which is a Markov measure with
some symmetric g X g transition matrix M with zero diagonal (see [35, Theorem
10.21] and [21]).

0bO0b:b0bOb:b0boO
o~ [} [
bObO--0b0bO—-0bo0b

Figure 4.9: A Markov chain embedded in a Z? Markov random field.

Let 1 =4 > A, > --- > A, be the eigenvalues of M. Since tr(M) = 0, we
have that Y'7 | 4; = 0. Let A, = max{|A>|,|A,|}. Then, since A; = 1, we have that
1<Y?, Al <(g—1)A.. Therefore, A, > q]j.

Since M is stochastic, MI1=1 and, since M is primitive, A, < 1 (see [63,
Section 3.2]). W.l.o.g., suppose that [Ay| = A, and let 7 be the left eigenvector
associated to Ay (i.e. £M = A,f). Then £-1 =0, because 1,01 = (F-M)-1 =
0-(M-T)=0-1,50 (1—2)f-1=0. Then, [ € (¢, —&1,83—&1,...,8,— &1 ), 50
we can write / = Y/, ci(éx— &), where {€}{_, denotes the canonical basis of R
and ¢, € R. We conclude that 170 = - M" = Yick(@—é)-M"=Y!_, ci(M}, —

M¢,), where M}, is the vector given by the ith row of M.
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Consider j € {1,...,q} such that Zj > 0. Then, A =Y7_, %(M,?j —M’fj) and
J

My — My | = ) u ( jtor ‘ k{—n}) —u ( jtor ‘ 1{—n}> ‘ (4.68)
< ) I ( 1o} ‘ k{fn}) —u ( Jiu ‘ K=t 1{n}) ‘ (4.69)
n ‘ u (74 ‘ K1) j{O}‘l{fn}j k) ‘ (4.70)
) BT E D (RS
<3Ce ™, (4.72)

by the exponential SSM property of 7 and using that p (j{% [k{="}) is a weighted
average )., v U ( j0 ‘k{_”},m{”}) u (m{”} ‘k{_"}), along with a similar decompo-
sition of p (1% [1{="}). Therefore, A < 3C(q— l)m]flxl‘%j“e*”’. By taking loga-
rithms and letting n — oo, we conclude that y < —log A, <log(q — 1). Then, since
¢ was arbitrary, there is no constrained energy function ¢ for which the Gibbs

(Z*,H4,¢)-specification satisfies exponential SSM with decay rate greater than

1o :=log(g—1).
Finally, it is easy to see that if ¢ > 4, Hom(Z?,H) satisfies SSF. Therefore, by
Proposition 3.3.3, Hom(Z?,HY) satisfies TSSM (with gap g = 2). O
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Chapter 5

Entropy and pressure

In the context of Z shift spaces, we consider (fopological) pressure and its particu-
lar case, topological entropy. The two appear in several subjects and both somehow
try to capture the complexity of a given system by associating to it a nonnega-
tive real number. Furthermore, and as an additional motivation, sometimes these
quantities can help us to distinguish between systems that are not isomorphic (or

conjugate) in the sense described below.

5.1 Topological entropy

A natural way to transform one Z¢ shift space to another is via a particular class of

maps compatible with the shift action called sliding block codes.

Definition 5.1.1. A sliding block code between two 74 shift spaces Q1 C Jzilzd and
Q, C %Zd isamap J : Q) — Q) for which there is N € N and j: £, (Q1) —
such that

J(0)(x) = j( ()], ); (5.1)

for all x € Z¢ and @ € Q. A conjugacy is an invertible sliding block code, and
two 74 shift spaces Q1 and Q, are said to be conjugate (denoted Q1 = Q) if there

is a conjugacy from one to the other.

Example 5.1.1. Given N € N and a 7¢ shift space Q C 4%, a natural sliding
d
block code is the higher block code Jy : Q — (&7®¥ )Z defined by

In(0)(x) = or(@)[g, - (5.2)

We call the image Jy(Q), a higher block code representation of Q. Notice
that the alphabet of Jy(Q) is a subset of <7/®V.
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Two Z¢ shift spaces are often regarded as being the same if they are conju-
gate. Properties preserved by conjugacies are called conjugacy invariants. For
example, the property of being a Z¢ SFT is a conjugacy invariant: if a Z¢ shift
space Q is conjugate to an SFT, then Q itself is a Z¢ SFT. The topologically mix-
ing and strong irreducibility properties are invariants, too (see Subsection 3.2.1).
Another important invariant, and one of the main objects of study in this work, is

the following.

Definition 5.1.2. The topological entropy of a Z¢ shift space Q is defined as

h@) i inf OB D (@] Tog | %, (@)

— (5.3)
n Bl e Bl

Topological entropy is a conjugacy invariant, i.e. if Q; = Q,, then h(Q;) =
h(€2). The limit always exists because {|-Zg, (Q)|}, is a (coordinate-wise) sub-
additive sequence and a well-known multidimensional extension of Fekete’s sub-
additive lemma applies (see [5]). Notice that topological entropy can be regarded
as the exponential growth rate of globally admissible configurations on B,,.

It is important to point out that for every Z¢ SFT there is a Z¢ n.n. SFT higher
block code representation, which makes Z? n.n. SFTs a sufficiently rich family to

study. For this reason, from now on we restrict our attention to Z¢ n.n. SFTs.

Example 5.1.2 (TSSM is not a conjugacy invariant). Given o/ ={0,1,2} and the
family of configurations § = {00, 102,201}, consider the Z SFT Q = Qg. It can be
checked that Q is strongly irreducible with gap g = 3. However, Q is not TSSM. In
fact, given g € N, consider S = {x € Z: 0 < x < 2g,x odd} and the configurations
=05 o=109 and B = 2128} Then, [OCG]Q, [Gﬁ]g #+ 0, because 0.0 can be
extended with 1s in Z\ (SU{0}) and 6B can be extended with 2s in Z\ (SU{2g}).
However, [acB]? = 0, since the 1 in o forces any point in [ac]® to have value
1in ((0,2g)NZ)\ 'S, but the 2 in B forces any point in [6B]** to have value 2 in
((0,2g) NZ)\ S. Therefore, since g was arbitrary, Q is not TSSM for any gap g.

Now, if we define Q' := B,(Q), where By is the higher block code with N =1
(see Example 5.1.1), then Q' is a Z n.n. SFT conjugate to Q (Q = Q/), and therefore
strongly irreducible (which is a conjugacy invariant). Then, by Proposition 3.4.5,
we have that Q' is TSSM, while Q is not.
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This example can be extended to any dimension d by considering the con-
straints § in only one canonical direction. In other words, TSSM is not a conjugacy

invariant for any d.

When Q is a Z¢ n.n. SFT, there is a simple algorithm for computing ()
when d = 1, because h(Q) = log Ay, for Ay the largest eigenvalue of the adjacency
matrix M of the edge shift representation of Q [58]. However, for d > 2, there is
in general no known closed form for topological entropy. Only in a few specific

cases a closed form is known (e.g. dimer model [46], square ice-type model [54]).

Example 5.1.3. For Q(lp =Hom(Z,Hy), it is easy to see that h(Q(lp) =log @, where
Q= HT‘B =1.61803... is the golden ratio. On the other hand, for d > 2, no closed
form is known for the value of h(Q%).

For d > 2, one can hope to approximate the value of the topological entropy
of a Z¢ n.n. SFT, whether by using its definition and truncating the limit or by
alternative methods. A relevant fact to remember (see 3.4.2) is that, for d > 2, it is
algorithmically undecidable to know if a given configuration is in .Z(Q) or not. In
this sense, it is useful to define an alternative, still meaningful, set of configurations.
Given a set of n.n. constraints § and A € Z¢, we will denote éfj'a'(&) the set of
locally admissible configurations in A. Considering this, we have the following

result.

Theorem 5.1.1 ([29, 44]). Given a finite set of n.n. constraints §,

log |21 (F log |21 (§
h(Qz) = infig‘ 5 ()] _ lim tog |- 45 (8)] )‘, (5.4)
n By n—yeo By
i.e. the topological entropy h(Q) of the 7 n.n. SFT Q = Qg can be computed by

counting locally admissible configuration rather than globally admissible ones.

Since counting locally admissible configurations is tractable, it can be said that
Theorem 5.1.1 already provides an approximation algorithm for the topological
entropy of a Z? n.n. SFT. Formally, a real number # is right recursively enu-
merable if there is a Turing machine which, given an input n € N, computes a

rational number r(n) > h such that r(n) “\ h as n — e. Given Theorem 5.1.1 and
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the fact that such limit is also an infimum, we can see that 4(€) is right recursively
enumerable for any Z¢ n.n. SFT Q. In fact, the converse is also true due to the

following celebrated result from M. Hochman and T. Meyerovitch.

Theorem 5.1.2 ([44]). The class of nonnegative real right recursively enumerable

numbers is exactly the class of topological entropies of Z¢ n.n. SFTs.

A real number 4 is computable if there is a Turing machine which, given
an input n € N, computes a rational number r(n) such that |2 — r(n)| < 1. For
example, every algebraic number is computable, since there are numerical methods
for approximating the roots of an integer polynomial. This is a strictly stronger
notion than right recursively enumerable (for more information, see [50]). It can
be shown that, under extra assumptions (e.g. mixing properties) on a Z¢ n.n. SFT

Q, the topological entropy 4(2) turns out to be computable.

Theorem 5.1.3 ([44]). If a Z¢ n.n. SFT Q is strongly irreducible, then h(Q) is

computable.

Moreover, the difference |h — r(n)| can be thought as a function of n, intro-
ducing a refinement of the classification of entropies by considering the speed of
approximation. A relevant case for us is when the time to compute an approxima-

tion r(n) such that |h — r(n)| < 1 is bounded by a polynomial in 1

Example 5.1.4 ([67, 32]). The topological entropy h(Q%D) of the hard square shift

Q%p is a computable number that can be approximated in polynomial time.

In Example 5.1.4, which is basically a combinatorial result, the proofs from
[67] and [32] are almost entirely based on probabilistic and measure-theoretic tech-
niques. This motivates the following definition, which is a notion of entropy for

shift-invariant Borel probability measures.

Definition 5.1.3. The measure-theoretic entropy of u € # (<7 Z%Y is defined
u ;

as
h(u) = lim — Y p(a)log(u(a)), (5.5)

e ‘B | o€/ Bn

where 0log(0 = 0.
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A fundamental relationship between topological and measure-theoretic entropy

is the following.

Theorem 5.1.4 (Variational Principle [64]). Given a 74 n.n. SFT Q,

h(Q)= sup h(u)= max h(u). (5.6)
UEM 5(Q) UEM 6(Q)
Remark 11. The measure(s) that achieve the maximum are called measures of

maximal entropy (m.m.e.) for Q. Notice that if U is an m.m.e. for Q, then
h(Q) = h(u).

5.2 Topological pressure

Now we proceed to define fopological pressure of a continuous function f € € (Q),

which can be regarded as a generalization of topological entropy.

Definition 5.2.1. Given a Z n.n. SFT Q and f € € (Q), the topological pressure
of fon Qis

Pa(f)i=  sup @Wﬁﬂ@) 5)

KEM 6(Q)

In this case, the supremum is also always achieved and any measure y which
achieves the supremum is called an equilibrium state for Q and f. Notice that
in the special case when f = 0, and thanks to Theorem 5.1.4, P(0) coincides with
the topological entropy /(€2), and equilibrium states are the same as measures of

maximal entropy.

Note 8. The preceding definition is a characterization of topological pressure in
terms of a variational principle, but can also be regarded as its definition (see [70,
Theorem 6.12]). Informally, topological pressure can be thought as an exponential
growth rate, where the configurations are “weighted” by the given function f. This

idea is formalized for a more particular case in the next paragraphs.

We define the pressure of a shift-invariant n.n. interaction ® on a Z¢ n.n. SFT
Q.
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Definition 5.2.2. Given a Z¢ n.n. SFT Q and a shift-invariant n.n. interaction ®
on Q, the pressure of ® is defined as

1
——logZ§ . (5.8)

The pressure coincides (up to a sign) with the specific Gibbs free energy of P,
a more common name in statistical mechanics. We write P(®) (resp. P(f)) instead
of Po(f) (resp. Pq(f)) if Q is understood. If ® is induced by a Z lattice energy
function ¢, we can also define an analogous version Zl‘i of the partition function
Zg’n over locally admissible configurations in B,, rather than globally admissible

ones, by extending %‘f in the obvious way, i.e.

Zg,= ), o (=5(@). (59)
e L5 (3)

Notice that Zg’n > Zg)n. The following result (analogous to Theorem 5.1.1)
states that in the normalized limit, both quantities coincide.

Theorem 5.2.1 ([70, Theorem 3.4], see also [29, Theorem 2.5]). Given a set of
n.n. constraints §, a 7% lattice energy function ¢, and the corresponding 7% n.n.

SFT Qg and n.n. interaction ® on Qg,

Po, (@) = lim ‘Bln|log2‘§n. (5.10)

One can ask whether is necessary to take increasing sequences of n-blocks B,,

in the previous definitions instead of any other sequence of sets increasing to Z<.

Given a sequence of sets {A,}, with A, € Z?, we say that {A, }, tends to infinity

in the sense of van Hove, denoted A, e, if |A,| — o as n — oo and, for each
xeZ4,

n—yeo |An]

=0, (5.11)

where A denotes the symmetric difference. It is well-known (see [70, Corollary

3.13]) that for any sequence such that A, " oo, we can replace B, by A, in the
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definition of pressure, i.e.

1
P(®) = lim —

A,

logZy . (5.12)

In order to discuss connections between the definition of P(®) and topological
pressure for functions f € €(2), we need a mechanism for turning an interaction
(which is a function on finite configurations) into a continuous function on the
infinite configurations in . We do this for the special case of n.n. interactions &

as follows. Define the (continuous) function Ag : Q — R, given by

As(®) = —d)(m\{a}> —éq’@{da})- (5.13)

A version of the Variational Principle states that the pressure of an interaction
has a variational characterization in terms of shift-invariant measures. We state the

variational principle below for the case of a n.n. interaction ®.
Theorem 5.2.2 (Variational Principle [47, 64, 70]). Given a n.n. interaction ® on

a Z% n.n. SFT Q, we have that P(®) = P(Ag), i.e.

P(®)= sup (h(u)+/A¢du> . (5.14)
ue o(Q)

In particular, if ¢ is an equilibrium state for Ag, then

P(®) :h(u)+/Aq>du. (5.15)
The following property will be useful.

Definition 5.2.3. A Z¢ n.n. SFT Q satisfies the D-condition if there exist sequences
of finite subsets {A,},, {Sn}, of 74 such that A, / oo, A, C S, % — 1, and for
any a € £y, (Q), and B € L3(Q), with B € S, we have that [o]* N [B]? # 0.

Given a Z% n.n. SFT Q, a shift-invariant n.n. interaction ® on Q, and the
corresponding Gibbs (Q,®)-specification 7, we can relate equilibrium states for

Ag and shift-invariant n.n. Gibbs measures for w. In fact, if Q satisfies the D-
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condition,
M is an equilibrium state for Ap and Q <= p € §(n)NA16(R).  (5.16)

The “only if”” direction is always true in the n.n. case (see [70, Theorem 3]).

Another relevant consequence of the D-condition is the following.

Proposition 5.2.3 ([70, Remark 1.14]). Let Q be a Z¢ n.n. SFT, ® a shift-invariant
n.n. interaction on Q, and T the corresponding Gibbs (Q,®)-specification. If Q
satisfies the D-condition, then supp(l) = Q, for every u € §(m).

Note 9. Notice that strong irreducibility implies the D-condition. In [70, Remark
1.14] a property even weaker than the D-condition is shown to imply supp(it) = Q.

5.3 Pressure representation

We fix the following elements:
e A 7% n.n. SFT Q that satisfies the D-condition,
e a shift-invariant n.n. interaction ® on Q,
e the corresponding n.n. Gibbs (Q, ®)-specification 7, and
o ue§(m)NA Q).

Given a set S € Z4\ {0}, define py, 5 : Q — [0,1] to be

Pus(®):=p <w|{6}‘ w’g) . (5.17)

Notice that p, s(®) is a value that depends only on | e

When dealing with pressure representation, it is useful to consider an order
in the lattice. Recall the definitions of lexicographic order < and past & from
Subsection 2.1.2. Given n € N, define the set &, := £ NB,, and let

pu(®) :=lim py 5, (o), (5.18)

n—soo
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which exists p-a.s. by Lévy’s zero-one law (see [47, Theorem 3.1.10]). In other
words, p, is the p-probability of taking the value w(()) at the origin conditioned
on boxes growing to the lexicographic past &.

The information function I, is (i-a.s. defined as

Iy(w) :=—logpu (). (5.19)

It is well-known (see [35, p. 318, Equation (15.18)] or [51, Theorem 2.4, p.
283]) that the measure-theoretic entropy of t (in fact, this is true for any shift-

invariant measure, not necessarily an equilibrium state) can be expressed as
h(u) :/I“d,u. (5.20)
Therefore, since U is an equilibrium state for Ag, Equation (5.20) implies that
P®) = [ (L +Ac)du. (5.21)

so the pressure can be represented as the integral with respect to p of a function

determined by an equilibrium state pt and .

5.3.1 A generalization of previous results

For certain classes of equilibrium states and Gibbs measures, sometimes there are
even simpler representations for the pressure. A recent example of this was given
by D. Gamarnik and D. Katz in [32, Theorem 1], who showed that if in addition &
satisfies the SSM property and Q has a safe symbol s, then

P(®) =1, (sZ”) +Ag <sZ") . (5.22)
Here, s2' € o™ is the fixed point which is s at every site of Z¢. Notice that
I, (szd) +Ag <sZ"> - / (Ily + Ag)d8 s, (5.23)

where SSZd is the 8-measure supported on 527, They used this simple representa-

tion to give a polynomial time approximation algorithm for P(®) in certain cases
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(the hard-core model, in particular; see Example 5.1.4). Later, B. Marcus and R.
Pavlov [58] weakened the hypothesis and extended their results for pressure repre-

sentation, obtaining the following corollary.

Corollary 8 ([58]). Let Q be a Z¢ n.n. SFT, ® a shift-invariant n.n. interaction on
Q, and © the corresponding n.n. Gibbs (Q,®)-specification such that

o Q satisfies SSF, and

o T satisfies SSM.

Then,
P(®) = / (Iu+Ag)dv, (5.24)

foreveryv e ) 5(Q).

Corollary 8 relied on a more technical theorem from [58, Theorem 3.1]. To
review this theorem, we first need a couple of definitions.
We denote

li o 5.25
S;@,Pu,s( ) (5.25)

if there exists L € R such that for all € > 0, there is n € N (that may depend on w)
such that
PyCSe P = |pus(w)—L|<e. (5.26)

If such L exists, L = p,(®) by definition. In addition, given the equilibrium

state i, we define

= inf  inf 2
cu 5)293@2}\{ 6}17;1.5((9)7 (5.27)
and, for v € ) 5(Q),
c;(v):= inf _inf pus(o). (5.28)

wesupp(v)SeS

Recall from Equation 3.38 the definition of ¢,. It can be checked that ¢, (V) >

c

u = Cz- Considering all this, we have the following theorem.

Theorem 5.3.1 ([58]). Let Q be a Z¢ n.n. SFT and ® a shift-invariant n.n. in-
teraction on Q. Consider |1 an equilibrium state for Ao, and v € M) 5(Q) such
that
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5.3. Pressure representation

Al. Q satisfies the D-condition,
A2. limg_, » py s(@) = pu(®) uniformly over ® € supp(v), and
A3. ¢, (v)>0.

Then, P(®) = [ (I, + As)dVv.

Considering Theorem 5.3.1 and the TSSM property, we have the following
generalization of Corollary 8.

Corollary 9. Let Q be a 7% n.n. SFT, ® a shift-invariant n.n. interaction on £,
and T the corresponding n.n. Gibbs (Q,®)-specification such that

o Q satisfies TSSM, and
o 7 satisfies SSM.

Then,
P(®) = / (In+Ag)dv, (5.29)

forevery v € M s(Q).

Proof. This follows from Theorem 5.3.1: (Al) is implied by TSSM, since TSSM
implies the D-condition; (A2) is implied by SSM (see [58, Proposition 2.14]); and
(A3) is implied by TSSM (see Proposition 3.6.3), considering that ¢, (V) > ¢;. [

Corollary 10. Ler Q C 4% be a Z* nn. SFT, ® a shift-invariant n.n. inter-
action on Q, and T the corresponding n.n. Gibbs (Q,®)-specification. Suppose
that 7 satisfies exponential SSM with decay rate 'y > 4log|</|. Then, P(®) =
[ (Iu+Ag)dv, for every v € M) ().

Proof. This follows from Theorem 3.6.5 and Corollary 9. O

Notice that, in contrast to preceding results, no mixing condition on the support

is explicitly needed in Corollary 10.
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5.3.2 The function 7 and a new pressure representation theorem

With the exception of Theorem 5.3.1, all the previous pressure representation re-
sults involved the SSM property, and therefore they are bound to fail when there
is a phase transition (i.e. multiple equilibrium states). Here we show that in such
case, and assuming some extra conditions, the pressure can still be represented as
the integral of a function similar to I, + Ag, with respect to any shift-invariant
measure V. This will turn out to be useful for approximation of pressure when Vv is
an atomic measure supported on a periodic configuration (see Chapter 7).

Given a n.n. Gibbs (Q,®)-specification 7, for Q a Z¢ n.n. SFT and a shift-
invariant n.n. interaction @ on Q, we introduce some useful functions from Q to
R. First, given 0 € A € Z¢ and ® € Q, we define 14 : Q — [0, 1] to be

(o) := n/ﬁ"(a)|{6}). (5.30)

Recall that, for y,z € Z¢ such that y,z > 0, we have defined the set Qy; as
{x= 0: —y <x < z}. Now, given y,z > 0 and ® € Q, define Ty (@) = mg,.(0)
and, given n € N, abbreviate 7,(®) := 7;, 1, (®). Considering this, we also define
the limit #(®) := lim,_. 7,(®), whenever it exists. If such limit exists, we will
also denote I (@) := —log #(w), in a similar fashion as the information function
L.

It is not difficult to prove that under some mixing assumptions, namely the D-
condition and the SSM property, one has that the original information function I,
for an equilibrium state y coincides with I; in Q. This new definition provides a
generalization of previous results, since I, may not be defined in the same points
as I.

We say that

lim 7, () =7#(w), (5.31)

))’Z*)OO

if for all € > 0, there is k € N such that

y2> 1k = |m.(0) - #(0)| <e. (5.32)
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In addition, we introduce the bound

(V)= inf inf my(®). (5.33)
wesupp(v) feaezd

i)

Notice that, by shift-invariance, ¢, (V) = infyequpp(v) ¢z (@). We leave it to the
reader to verify that ¢, (V) > ¢, (v), forany u € §() N.#1 5(Q). In particular, by
Proposition 3.6.3, if Q satisfies TSSM, ¢, (v) > 0, for any v € .} 5(Q).

Definition 5.3.1. A Z¢ n.n. SFT Q satisfies the square block D-condition if there
exists a sequence of integers {r, } >1 such that " — 0 as n — o and, for any finite
set BEBS,, , o€ L, (Q) and B € L5(Q), we have that [a]* N [B]2 # 0.

This condition is a strengthened version of the D-condition. Notice that, as
for the standard D-condition, strong irreducibility also implies the square block the
D-condition.

The pressure representation results in [58, Theorems 3.1 and 3.6] are not ade-
quate for the application to the specific models we consider here (see Section 6).
Instead we will use the following result, whose proof is adapted from the proof
of [58, Theorem 3.1], as well as an idea of [58, Theorem 3.6]. In contrast to the
results of [58], this result makes assumptions on the Gibbs specification rather than

an equilibrium state.

Theorem 5.3.2. Let Q C &/ 2 be a 74 n.n. SFT, ® a shift-invariant n.n. interaction

on Q, and T the corresponding n.n. Gibbs (Q,®)-specification. Suppose that, for
ve Ml s(Q)

Bl. Q satisfies the square block D-condition,
B2. limy; . 7, (@) = (@) uniformly over @ € supp(v), and
B3. ¢ (v)>0.

Then,
P(®P) :/(In—i-Aq;)dV. (5.34)
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Proof. Given n € N, let r,, be as in the definition of the square block D-condition

and consider the sets B, and A, := B,,,,. We begin by proving that

1

ﬁ(logzﬁ” +logmy (0| )+ 4 (05 ) =0, (5.35)
n

uniformly in @ € Q. For this, we will only use the square block D-condition. We

fix n € N, o € supp(v), and let m, := |A,| — |B,|. Let C; > 1 be a constant such

that for any A € Z¢, the total number of sites and bonds contained in A is bounded

from above by C,|A|. Then,

ﬂx),,(w‘B,,) > ”X)n(wb\,,) (5.36)

ey (0ly) 55
Loy coxp(— 8 () |

eXP(*%T( w‘Bn) — Cymy@rmax ) (5.38)

>
B Zﬁean(Q) exp(—%f(ﬁ))’ﬂ|cdmn exp(cdmnq)max)

exp(— 2 (w
- u Z]?I:( |B,,)) exp(—Cany (2Pmax +log|<|)). (5.39)
B,

Now, if Tyax achieves the maximum of 7g (@[ 7) over T € & A\Bn then
n

(o)=Y w8 (ol 1) (5.40)
TE.of/ An\Bn
<||"my (©lg, Tmax) (5.41)
exp(—HL (0| Tmax
— || p( A%?I))( ‘B,, ax)) (5.42)
Ay,
exp(— 2 (o + Camy, Prax
o P(=A52(@h,) + Ca o) 5
Zﬁéfan (Q) CXp(—%n (B)) exp(_cdmnq)max)
exp(—2(w
< 2 21‘31:( ‘Bn))exp<cdmn(2q)max+10g|£{‘)), (5.44)
Bﬂ

where the square block D-condition has been used in Equation (5.43). Therefore,

0" < ngl(w\Bn)zg’n exp(%‘{j(wan)) <™, (5.45)
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where 0 := exp(Cy(2®Pmax +1og|#7])). Since B
(5.35). We use Equation (5.35) to represent pressure:

— 0, we have obtained Equation

) long) . lg B
P(®) = Jim S = tim [ S5 54
) —log 7y (a)|B,,) _%T(w’Bn)
= lim / - dv. (5.47)
1ogz§n

(Here the second equality comes from the fact that is independent of ,

B,
and the third from Equation (5.35).) Since v is shift-invariant, it can be checked

that

-2 (0
lim ﬁdv_ / AgdV, (5.48)
n—oo ‘B ’
and so we can write
log® (W
/ Agdv — lim g ’|‘B( B, )dv. (5.49)
n
It remains to show that
—log7m? (w
lim / ~logmy, (@ls,) / Lpdv. (5.50)
) T B

Fix @ € supp(v) and denote ¢ := ¢ (v). We will decompose 7 (g ) as a
product of conditional probabilities. By (B2), for any € > 0, there exists k = k(€)
so that for y,z > 1k, |m, (@) — #(@)| < € for all ® € supp(V). For x € B,_;, we
denote B, (x) := {y € B,—1 :y < x}. Then, we can decompose 7’ (@l ) as

77/((),1(“’|B,,):”/(€1<w|QB,> H my <w|{x} uaBn) (5.51)

:7[/(\0,1 <w|QBn> H ny(x).,z(x)(ax(a)))v (5.52)

x€B, 1

where y(x) := In+x and z(x) := In — x, thanks to the MRF property and station-
arity of the Gibbs specification.
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Let’s denote R,  :== B, \B,_¢. Then, B, = dB,UB,_;_1 UR,—1.k, and we have

c|2Bnl+IRu—14] H Ty () 2(x) (ov(w)) < 71,‘{’” ( a)\Bn) (5.53)
XGBn,k71
< JI e (ox(®@)). (5.54)
XGBn,k,1
Taking — log(-), we have that
0< _logﬂ/(i),,(w|Bn) - Z _logn—’(x),z(x)(gx(w)) (5.55)
xeankfl

< (|0Ba] + |Ru—14])log (¢ 7). (5.56)

So, by the choice of k, forx € B,,__1,
|7y(2) 20 (0:(@)) — A0 (@))| <&, (5.57)

and since 7y (y) () (0x(®)), #(0x(®)) > ¢ > 0, by the Mean Value Theorem,
}_log ny(x),z(x)(ax(w)) - Iﬂ(Gx(a)))‘ < ec . (5.58)

It follows from (B2) that & is the uniform limit of continuous functions on
supp(v). In addition, (@) > ¢ > 0, for all ® € supp(v). Therefore, we can

integrate with respect to v and obtain

<ec . (5.59)

’ / 108 Ty ) () (O(@))dV — / Iz(@)dv

We now combine the previous equations to see that

‘ / —logn? (g, )dv— / Ie(@)dV|By i1 (5.60)
< [By_i—t1lec™ + (|9Bu] + |Ruz14]) log (7). (5.61)
Notice that, for a fixed k, lim, .. 22 5=1tl — 0 and Jim, .. Bl =1,
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Therefore,

—log ”X)n(w’B,,)

+/In ®)dv < liminf dv
n—yeo By
—logn? (w
< limsup g A,l( ‘Bn)
n—soo By

< /In(a))dv +ec !

By letting € — 0, we see that

. —logmy (0|B
lim I;(@
) T Bl

completing the proof.

dv

(5.62)

(5.63)

(5.64)

(5.65)
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Chapter 6

Classical lattice models and
related properties

6.1 Three Z lattice models

In this chapter we introduce three families of classical lattice models (see also
Example 2.3.1). The first one will be the Potts model, which can be regarded as a
generalization of the Ising model by considering more than two types of particles.
The second one, the Widom-Rowlinson model, is also a multi-type particle system
but with hard-core exclusion between particles of different type. The third one is
the classical hard-core lattice gas model.

Recall the definition of Gibbs (¢, H, ¢)-specifications in the context of homo-
morphism spaces from Chapter 4, where ¢ denotes a board, H a constraint graph,
and ¢ a constrained energy function. In the context of Z? lattice models, besides
A, B, etc., we will sometimes use the uppercase Greek letters A, A, ® to denote

subsets of the lattice.

6.1.1 The (ferromagnetic) Potts model

Given d,q € N and B > 0, the Z¢ (ferromagnetic) Potts model with g types and
inverse temperature f3 is given by the Gibbs (Z¢ ,KEID, B¢tP)-specification mhF,

where
o™, =0, and 7 ({u,v}) = —Lpumyy- (6.1)

We will denote the alphabet V(K?) of the Potts model with ¢ types by o7p 4 =
{1,...,q}, Qpp = Hom(Z¢ ,K?) its support (assuming d and ¢ are understood),
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6.1. Three Z¢ lattice models

and ®p the induced n.n. interaction.

The Z? (ferromagnetic) Potts model is given by the Gibbs specification ngp =
{717[? ALOEQp,AC 74 }, where neighbouring sites preferably align to each other
with the same type or “colour”.

Notice that when g = 2, we recover the classical ferromagnetic Ising model.

Theorem 6.1.1 ([9]). For the Z* (ferromagnetic) Potts model with q types and in-
verse temperature 3, there exists a critical inverse temperature B.(¢q) :=log(1+
\/q) such that uniqueness of Gibbs measures holds for B < B.(q) and for B > B.(q)

there is a phase transition.

6.1.2 The (multi-type) Widom-Rowlinson model

Given d,q € N and ¢ > 0, the Z¢ (multi-type) Widom-Rowlinson model with ¢
types and activity { is given by the the Gibbs (Z¢ ,S?, —1log(&)WR)-specifica-
tion ﬂ?’R, where

OVR() = -1z, and VR =0. (6.2)

We will denote the alphabet V(S?) of the Widom-Rowlinson model with ¢
types by g 4 = {0, 1,...,q}, Qwr = Hom(Z¢, S,(]D) its support (assuming d and
g are understood), and @ the induced n.n. interaction.

The Z? (multi-type) Widom-Rowlinson model is given by the Gibbs specifi-
cation JIEVR = {xg’ AL OEQwWR,AE Zd}, where neighbouring sites are forced to
align to each other with the same type or “colour” or with the central symbol 0.

Theorem 6.1.2 ([71], see also [38]). For the Z* (multi-type) Widom-Rowlinson
model with g types and activity {, uniqueness of Gibbs measures holds for suffi-

ciently small § and there is a phase transition for sufficiently large .

6.1.3 The hard-core lattice gas model

Given d € N and A > 0, the Z¢ hard-core lattice gas model with activity A is
given by the Gibbs (Z?,Hy, ¢11°)-specification 7', where

¢C(0) =0, ¢HC(1)=—1, and ¢"¢| =0. (6.3)
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We will denote the alphabet V(H,) of the hard-core model by .a4ic = {0, 1},
Que = Hom(Zd,Hq,) its support (assuming d is understood), and &, the induced
n.n. interaction.

The Z? hard-core lattice gas model is given by the Gibbs specification n}fc =

{7[)‘5’_ AOE Que,A € 74 }, where neighbouring sites cannot be both 1.

Theorem 6.1.3 ([36, Theorem 3.3]). For the Z* hard-core lattice gas model with
activity A, uniqueness of Gibbs measures holds for sufficiently small A and there is

a phase transition for sufficiently large A.

In fact, a major open problem is the uniqueness of the phase transition point
for the Z? hard-core lattice model.

For both the Potts and Widom-Rowlinson models we will also distinguish a
particular type of particle or colour in the alphabet. W.l.o.g., we can take the type
q in fp 4 OF GANR 4 \ {0}, respectively. Given this colour, we will denote by y,
the fixed point qu. For the hard-core lattice gas model, we will consider the two

special points ®© and ®'?), given by

0 if Y. x;1is even,
' (x) := Li% (6.4)
1 if ¥,x; is odd,

and 0 = o, (0©).

Notice that the Potts, Widom-Rowlinson, and hard-core lattice gas models have
a safe symbol (any a € <fp 4, 0 € PR ¢, and 0 € e, respectively). In particular,
we have that the supports of the three models satisfy the square block D-condition,
and ¢, > O for 7 the corresponding n.n. Gibbs specification.

The Potts and Widom-Rowlinson models have interpretations in terms of a
random-cluster representation. The Potts model is related to a random-cluster
model on bonds (via the so-called Edwards-Sokal coupling), while the Widom-
Rowlinson is naturally related to a random-cluster model on sites.

From now on, when talking about Gibbs specifications for the Potts, Widom-
Rowlinson, and hard-core lattice gas models, we will distinguish them (in a slight
abuse of notation) by the subindex corresponding to the parameter 3, £, or A of the

model, i.e. ng’ A should be understood as a probability measure in the Potts model,
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6.2. The bond random-cluster model

71:2’_ A in the Widom-Rowlinson, and 71:;‘5’ A in the hard-core lattice gas model, and g,
7z and ; will denote the corresponding Gibbs specifications. Also, we will write
B
Ty,
notations when A = Q, or Q,; such as

7P , and Ig for the functions 7, &, and I in the Potts model, and short-hand

7 (0) = 78 o, (@ 5y)- (6.5)

The analogous notation will be used for the Widom-Rowlinson and hard-core

lattice gas cases, but using the parameters { and A, respectively.

6.2 The bond random-cluster model

We will make use of the bond random-cluster model. One the main results, Part 1
of Theorem 6.5.1, is proven using arguments based on this model. This model is
a two-parameter family of dependent bond percolation models (on a finite graph).
We are mainly interested in finite subgraphs of Z?.

Fix a set of sites A. Let &°(A) denote the set of bonds with both endpoints
in A (i.e. if e = {x,y} is a bond, then both x and y belong to A), and &'(A)
the set of bonds with at least one endpoint in A. We will consider configurations
w € {0, l}gi(‘\), for i = 0,1. We speak of a bond e as being open if w(e) = 1, and
as being closed if w(e) = 0.

We describe the model with boundary conditions indexed by i = 0,1. We will
give special attention to the case d = 2. A set A C Z? is simply lattice-connected

if A and A€ are both connected.

Definition 6.2.1. Given a finite simply lattice-connected set A, and parameters p €
[0,1] and g > 0, we define the free (i = 0) and wired (i = 1) bond random-cluster
distributions on & (A) (i= 0, 1) as the measures (pl(,l; A that to eachw € {0,1}%"(N)

assigns probability proportional to

. . #|(W) ;
wiiL,A(wV‘{ 1 pw<e>(1—p>“W(e)}qk“(W):(f,)) A, (66)

ee&i(A)

where #(w) is the number of open bonds in w, and kS (w) and k\(w) are the
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number of connected components (including isolated sites) in the graphs (A,{e €

EVA) :wle) =1}) and (72, 8%(Z>\A) U{e € &'(A) : w(e) = 1}), respectively.

Notice that when ¢ = 1, we recover the ordinary Bernoulli bond percolation
measure @p A, While other choices of g lead to dependence between bonds. For
given p and g, one can also define bond random-cluster measures (p,(,fz, on Z? as a

limit of finite-volume measures qol(;:)q A (E=0,1).

Theorem 6.2.1 ([36, Lemma 6.8]). For p € [0,1] and q € N, the limiting measures

Ppg=lime ", . i€{0,1}, (6.7)

exist and are shift-invariant, where {A, }, is any increasing sequence of finite sim-

ply lattice-connected sets that exhausts 7.

General bond random-cluster measures on {0, I}Z2 can be defined using an
analogue of the DLR equation (see [42, Definition 4.29]). For ¢ > 1, there is a
value p.(g) that delimits exactly the transition for existence of an infinite open
cluster for these measures. It is known (see [42, p. 107] and [24]) that for ¢ > 1

and p # pc(q), there is a unique such measure which we denote by ¢, ,, and that

coincides with (p,(j?q) and (pp(,}q). It was recently proven (see [9]) that p.(q) = %,

for every g > 1.

) (see [42]) is a

coupling between the free-boundary Potts measure ) and q)(?; A- The wired

A p
;14)17 A 18 a coupling between n;) !y and (plg};

Let p =1 —e B. The free Edwards-Sokal coupling P

Edwards-Sokal coupling P
that pe(q) = 1 —e (@),

These couplings are measures on pairs of site configurations and corresponding

A Notice

bond configurations. The projection to site configurations is the free-boundary/w,-
boundary Potts measure, and the projection to bond configurations is the free/wired

bond random-cluster measure, respectively.

Theorem 6.2.2 ([42, Theorem 1.13]). Let A € Z? be a finite simply lattice-connec-
ted set, g €N, and let p € [0,1] and B > 0 be such that p =1 — e P. Then:

1. Given w € {0,1}' W), the conditional measure IP’E}()IA (-|m/1:p7qA x {w}) on

,prp,q’\ is obtained by putting random colours on entire clusters of w not
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connected with 72 \ A (of which there are k\(w) — 1) and colour q on the
clusters connected with 72\ A. These colours are constant on given clus-
ters, are independent between clusters, and the random ones are uniformly

distributed on the set </gp .

2. Given a € ohp ;" the conditional measure PS,;,A (‘{(x} x {0,1}¢" (/\)> on
{0, l}gI (A) is obtained as follows. Consider the extended configuration 0 =
aq® and an arbitrary bond e = {x,y} € &'(A). If a(x) # 0(y), we set
w(e) =0. If o(x) = a(y), we set

1 with probability p,
wie) = P yp 6.8)
0 otherwise,

the values of different w(e) being (conditionally) independent random vari-

ables.

The couplings can be used to relate probabilities and expectations for the Potts
model to corresponding events and expectations in the associated bond random-
cluster model. A main example is a relation between the two-point correlation
function in the Potts model and the connectivity function in the bond random-
cluster model (see [42, Theorem 1.16]).

By considering a displaced version of Z2, namely %T + 72 (the dual lattice),
we can define a notion of duality for bond configurations w. Notice that every
bond e € &(Z?) (if we think of bonds as unitary vertical and horizontal straight
segments) is intersected perpendicularly by one and only one dual bond ¢* €
3 (%T + 7?), so there is a clear correspondence between &(Z?) and & (%T +72).
We are mainly interested in wired bond random-cluster distributions on the set of
sites B, := [—n+1,n]>NZ2. Given n € N, if we consider the set of bonds &' (B,,),
it is easy to check that there is a correspondence e — ¢* between this set and the set
of bonds from %T + 72 with both endpoints in [—7,1]> N ({f + ZZ) , which can be
identified with the set £°(B,). Then, given a bond configuration w € {0,1}¢" (8x)
we can associate a dual bond configuration w* € {0, l}go(B") such that w*(e*) =0

iff w(e) = 1. Considering this, we have the following equality.

117



6.3. The site random-cluster model

Proposition 6.2.3 ([42, Equation (6.12) and Theorem 6.13]). Given n € N, p €

[07 1]’ and q € N>
1 *
(pl(]7q)7ﬁll (W) - (p]g*s)qun(w )’ (69)
for any bond configuration w € {0, 1}5'(3,1), where B, = [—n+ 1,n]2 72 and

p* €1[0,1] is the dual value of p, which is given by

p :CI(I_p)' (6.10)

1—p* P

The previous duality result can be generalized to more arbitrary shapes and
it has also a counterpart from free-to-wired boundary conditions, instead of from

wired-to-free.

V4
1+/q
and, as mentioned before, is known to coincide with the critical point p.(g) for

The unique fixed point of the map p — p* defined by Equation (6.10) is

the existence of an infinite open cluster for the bond random-cluster model (see [9,

Theorem 1]). It is easy to see that p > p.(q) iff p* < pc(q).

6.3 The site random-cluster model

In a similar fashion to the bond random-cluster model, we can perturb Bernoulli
site percolation, where the probability measure is changed in favour of configura-
tions with many (for ¢ > 1) or few (for ¢ < 1) connected components. The resulting

model is called the site random-cluster model.

Definition 6.3.1. Given A € 72, and parameters p € [0, 1] and q > 0, the wired site

random-cluster distribution l;/l(j; A

each 0 € {0,1}* assigns probability proportional to

is the probability measure on {0, 1} which to

XEA

Ypa(0) = {H PP (1—p)'-0 } g () = gh @) g @), (6.11)

where § = (L, #,(0) is the number of 1’s in 6, and K(0) is the number of

connected components in {x € A : 0(x) = 1} that do not intersect dA.
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6.3. The site random-cluster model

The free site random-cluster measure 1//(?;_  1s defined as in Equation (6.11)

P
by replacing kx (0) with the total number of connected components in A. However,
we will not require that measure in this work. In any case, taking g = 1 gives the or-
dinary Bernoulli site percolation y), o, while other choices of ¢ lead to dependence

between sites, similarly to the bond random-cluster model.

Proposition 6.3.1. Given a set A € 72, and parameters { >0 and q € N, consider
the (multi-type) Widom-Rowlinson model with q types distribution and monochro-

matic boundary condition ng’i\ Now, let f: afyr, q/\ —{0,1}A be defined site-wise

as
0 if a(x)=0,
(f(a))(x) = . 6.12)
1 ifa(x)#0,
for a € QQKWR,,]A andx € A\, and let p = % Then,
o — yll 6.13)
f*ﬂC,A - p’%A? ( .

where f*ng)‘j\() = 7'[203\( f~Y(")) denotes the push-forward measure on {0,1}.

The requirement that k (-) does not count connected components that intersect
the inner boundary of A in the site random-cluster model, corresponds to the fact
that non O sites adjacent to the monochromatic boundary a)q‘ o 10 the Widom-
Rowlinson model must have the same colour g.

For g = 2, Proposition 6.3.1 is proven in [43, Lemma 5.1 (ii)], and the proof
extends easily for general g. Proposition 6.3.1 can be regarded as a coupling be-
tween 7172)"A and 1//1(71; A» because a push-forward measure can be naturally coupled
with the original measure.

It is important to notice that l//IEl; A
C, the inside and outside of € are generally not conditionally independent, because

is itself not an MRF: given sites on a “ring”

knowledge of sites outside C could cause connected components of 1’s in C to
“amalgamate” into a single component, which would affect the conditional dis-
tribution of configurations inside C (the same for the bond random-cluster model
(pl()}q)7 A)- The following lemma shows that in certain situations, when conditioning

on a cycle € labeled entirely by 1’s, this kind of amalgamation does not occur.
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6.3. The site random-cluster model

Lemma 6.3.2. Let 0 # ® C A € Z? be such that A° U@ is connected. Take
A = 0*@NA. Consider an event A € Fg and a configuration T € {0,1}*, where
LCA\ @, Then,

vl (A1) =yl (Ap120M). (6.14)

Proof. W.l.0.g., we may assume that A is a cylinder event [8] with 8 € {0,1}® (by
linearity) and £ = A\ o (by taking weighted averages).

Now, £ =A\ @ can be written as a disjoint union of x-connected components
Y =K U---UK,. For every i, 0*K; C A® U®” (in fact, 9*K; C AUA). Since
A°U®" is connected and A is finite, for every site in 0*K; there is a path to infinity
that does not intersect K;.

Then, by application of a result of Kesten (see [48, Lemma 2.23]), 0*K; is
connected, for every i. In addition, we have that A = ®@ UALY and 0*K; C A°UA.

We claim that

n
KA (V) = KA (V]g 140%) + Z{ K, (V[g,) = Ka(v]g 140%) + kx(7), (6.15)
i=
for any v € {0,1}* such that v|, = 1* and v|; = 7.

To see this, given such v, we exhibit a bijection r between the connected com-
ponents of v that do not intersect dA and the union of: (a) the connected compo-
nents of v[® 120* that do not intersect dA, and (b) the connected components of
V| that do not intersect dK;, for all i. Namely, if C C A is a connected component

of v, then r is defined as follows

cCNO" ifCne 0,
r(C) = (6.16)
c ifCCx.

In order to see that r is well-defined, note that if C intersects ®" and X, the
set CN O is still connected since 9*K; is connected and v|, = 1% To see that r
is onto, observe that if C’ is a connected component of v|g 140%, then there is a
unique component C of v such that C NO" =C, due again to the fact that J*K; is
connected. And r is clearly injective because two distinct connected components
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6.3. The site random-cluster model

cannot intersect.

Finally, we conclude from Equation (6.15) that

#1(0147) Kkp(0127)
¢ q (6.17)

(1) A
V,an(011°7) =
P ZDE{O,I}A: v =14,v|p=1 C#l(v)qKA(v)

C#l (012)+# (T)qKA(GlAOZ)JrK):(‘L')

. C#l(v(@)IA)Jr#l(r)qKA(v(G))lAOE)JrK);(r)

_ (6.18)
Yoe{0,1}A: v]g=

#(012) K\ (0150M®") .

' =y (8120, (6.19)

- Lic{o1ye CH1(814) gka (8140097

as we wanted. O

Figure 6.1: A x-connected set ® (in black), A = d*®@N A (in dark grey), and A° (in
light grey) for A = Q..

Remark 12. We claim that if 0 # ® C A € Z* are such that A is connected, ©
is %-connected and ® N A # 0, then A° uU®” is connected, which is the main
hypothesis of Lemma 6.3.2. This follows from the easy fact that the x-closure of a

x-connected set is connected.
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6.4 Additional properties

6.4.1 Spatial mixing properties
We now introduce some extra concepts related with spatial mixing.

Definition 6.4.1. ([4, p. 445]) A Z*-MRF u satisfies the ratio strong mixing
property for a class of sets € if there exists C,y > 0 such that for any A € €, any
A,® C Aand 8§ € /N with u(d) >0,
u(ANBIS) ~
supy | ———=—— — 1| A € Fp,B € Zo,u(AlS)u(B|6) >0
e (HOmIELS)
<Cc Y e (6.20)

XEA,ye®

Proposition 6.4.1. Let © be a n.n. Gibbs specification with Q = of 2 the Sull
shift. Consider u € G(m) that satisfies the ratio strong mixing property for the
class of finite simply lattice-connected sets. Then, T satisfies exponential SSM for

the family of sets {Qy,;}y.>0.

Proof. Fix y,z > 0 and the corresponding set A = Q,; € 7% Let BC A, B € <75,
and o, @, € Q. Consider

1. the sets @ := Xy, (w;,m) and A: =AU O,

2. an arbitrary point @ € Q such that @[5, = ®1|y4\0 (= @2|54\0):
3. the configuration 5= ®|,,, and

4. the events A := [f] € Fp and B, := [wj|g] € Fo, fori=1,2.

Notice that A is a finite simply lattice-connected set. Since supp(u) = o7 Zd,

we can be sure that (1 (o |,,)pu(@|4)p(8) > 0. Then,

| (B) — 7y (B)| = [ (Bl @ip4) — 1 (Bl @n54)] (6.21)
- ‘u (A)[S] mIB%l) —u (A‘[S] OIB%Q)‘ (6.22)
_|u(ANB[6) < s M(ANB,|5)
= ums) 1(A[6)+ u(AlS) T uB5) ‘ (6.23)
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RANBS) __H(ANBy|S) 6.24)
| u(B1|6)u(A]S) 1(B2|8)1(A[S)
<2 ) vty (6.25)
XEB,yc®
<|B2C Y e 1B, (6.26)
ye®

W.Lo.g., we can assume that |®| = 1 (see Lemma 3.1.1). Therefore, by taking
C' = 2C, we conclude that

|2 (B) — 7> (B)] < [B]2K Y e 1tBY) = |B|Te it BEam(@1.@)) (6,27
ye®

O]

Remark 13. The proof of Proposition 6.4.1 seems to require some assumption on
the support of U (in particular, for the existence of @ in the enumerated item list
above). Fully supported (i.e. supp(u) = o z? ) suffices, and is the only case in
which we will apply this result (see Corollary 11), but the conclusion probably

holds under weaker assumptions.

Given y,z > 0, we define the past boundary of Q, ; as J|Q, . :=dQ,.N ¥, i..
the portion of the boundary of Q, ; included in the past, and the future boundary
of Q, ; as the complement d;Q, ; := dQ, .\ Z. Clearly, dQ, ;. = d,Q, L dQ,..

Proposition 6.4.2. Let w be a Gibbs specification satisfying exponential SSM with
parameters C,y > 0. Then, foralln € N, y,z > Tn, anda € o,

78 @®) — 28 ()] <cem. (628)

uniformly over @y, @, € Q such that ®\| 5, = @] 4.

Proof. FixneN,y,zZTn,aeszi, and @y, € Q such that @;|, = @] 4. Then,

‘”3,1 (a!%) — 78" (a1%) } (6.29)
= mgi @™~ Y 78 ()7 (vlg o, (6.30)
ve[o)gs ]
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ve [@lgg]”
< X ch_yn”&(”‘Qy.z\Qn) =Ce™™, (6.32)
e[ o2]qg ]

Q
since for any v € [(DZIQC} , we have that £;¢ (@;,v) C 6;Q,, and

dist(0, 25, (01, v)) > dist (6,8¢Qn> —n. (6.33)

6.4.2 Stochastic dominance

Suppose that o7 is a finite linearly ordered alphabet. Then for any set L (in our
context, usually a set of sites or bonds), 27" is equipped with a natural partial
order < which is defined coordinate-wise: for 8;,60, € 7L, we write 6; < 6, if
61 (x) < 62(x) for every x € L. A function f : /L — R is said to be increasing if
f(61) < f(6,) whenever 6; < 6,. An event A is said to be increasing if its indicator

function 14 is increasing.

Definition 6.4.2. Let p and p, be two probability measures on </'“. We say that
p1 is stochastically dominated by p,, writing p1 <p pa, if for every bounded
increasing function f : /% — R we have p1(f) < p2(f), where p(f) denotes the
expected value By (f) of f according to the measure p.

Recall from Section 6.2 the bond random-cluster model on finite subsets of Z?
with boundary conditions i = 0, 1, and the bond random-cluster measure ¢, , on
72 (see page 116).

Theorem 6.4.3 ([36, Equation (29)]). Forany p € [0,1], g €N, and AC A € 7,

Opa <D Ppyn and 9L\ <o @)l o (6.34)

In particular, if p < pc(q), we have that, for any A € 72,

‘P,(;(,)q),,\ <D @pg =D (p[(aj(g,A’ (6.35)
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where <p is with respect to the restriction of each measure to events on &°(A).

Connectivity decay for the bond random-cluster model

The following result was a key element of the proof that 8. (¢) =log(1+/g) is the
critical inverse temperature for the Potts model. We will use this result in a crucial
way.

Recall that for p < pc(g), ¢, 4 is the unique bond random cluster measure with

parameters p and gq.

Theorem 6.4.4 ([9, Theorem 2]). Let g > 1 and p < p.(q) = %. Then, the

two-point connectivity function decays exponentially, i.e. there exist constants
0 < C(p,q),c(p,q) < o such that for any x,y € 7,

Ppqlx > y) < C(p,g)e P, (6.36)
where {x <> y} is the event that the sites x and y are connected by an open path

and || - ||2 is the Euclidean norm.

Stochastic dominance for the site random-cluster model
Lemma 6.4.5. Given A € Z¢ and parameters p € [0,1] and q > 0, we have that
for any x € A and any T € {0,1}"\0)

pi(g) < v L (8(x) = 1]7) < pa(g), (6.37)

where pi(q) := Wﬁp)qz" and py(q) == o7 +’Z'117p). In consequence,

1
Ypi(g).A =D W;,q),A <D Vp,(q).A- (6.38)
(Recall that ¥, 5 denotes Bernoulli site percolation.)

Proof. This result is obtained by adapting the discussion on [42, p. 339] to the
wired site random-cluster model case. See also [43, Lemma 5.4] for the case g =
2. O
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Stochastic dominance for the Potts model

As before, let g € %Rq denote a fixed, but arbitrary, choice of a colour. Let A € 74
and consider g : JZpr’qA — {+, —}" be defined by

gl =] eI (639
—  ifo(x) #gq.

The function g makes the non-g colours indistinguishable and gives a reduced
model (these models are sometimes called fuzzy Potts models). We say o ~ o/ if
g(a) = g(a). This relation defines a partition of .«7%p ,*, and unions of elements
of this partition form a sub-algebra of .op, qA which can be identified with the
collection of all subsets of {4, —}*. Let nﬁ A= 8 EE’ !\ be the push-forward mea-
sure, which is nothing more than the restriction (or projection) of T A 2 to {+,-}

Chayes showed that the FKG property holds on events in this reduced model.

Proposition 6.4.6 ([23, Lemma on p. 211]). Forall B >0 and A € 7Z*, LA

satisfies the following properties:

1. For increasing subsets A,B C {+,—}" w5, (A|B) > 7 A(A).
2. If A is decreasing and B is increasing, then 77: AAB) < E (A).

3. If AC A and A is an increasing subset of {+, —} then g dA(A) > EEA(A).
Proof.

1. This is contained in [23, Lemma on p. 211].
2. This is an immediate consequence of (1).

3. This is a standard consequence of (1): let B = [+72)%® . Since g~ !(B) is
a single configuration, namely ¢°®, we obtain from the Markov property of

ﬁ"A that 7y A A(A) = ﬂE,A (A[B). From (1), we have 75 , (A[B) > 75 dA(A).
Now, combine the previous two statements.

O

Remark 14. The preceding result immediately applies to ng !\ for events in fQ{FP,qA

that are measurable with respect to {+,—}*, viewed as a sub-algebra of .Qﬁ:p,qA.
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Volume monotonicity for the Widom-Rowlinson model with 2 types

For the classical Widom-Rowlinson model (¢ = 2), Higuchi and Takei showed that
the FKG property holds. In particular,

Proposition 6.4.7 ([43, Lemma 2.3]). Fixg=2and let AC A € Z¢ and £ > 0.
Then,
TE/%((DQ) < nf(wq). (6.40)

However, this kind of stochastic monotonicity can fail for general g (see [36,
p. 60]).

6.5 Exponential convergence of 7,

In this section, we consider the Potts, Widom-Rowlinson, and hard-core lattice
gas models and establish exponential convergence results that will lead to pressure
representation and approximation algorithms for these lattice models.

Recall that for the Potts model, n)ﬁ () = EEQ)-,Z(w’ {6}) and, in particular,
o (w) = ng’ o, o| {6})’ with similar notation for the Widom-Rowlinson and hard-

core lattice gas models.

6.5.1 Exponential convergence in the Potts model

Theorem 6.5.1. For the (ferromagnetic) Potts model with q types and inverse tem-
perature B > 0, there exists a critical parameter B.(q) > 0 such that for B # B.(q),
there exists C,7y > 0 such that, for every y,z > 1n,

mh (w,) — nfz(wq) <Ce ™. (6.41)

Proof. In the supercritical region 8 > B.(g), our proof very closely follows [22,
Theorem 3], which treated the Ising model case. We fill in some details of their
proof, adapting that proof in two ways: to a half-plane version of their result (the
quantities in Equation (6.41) are effectively half-plane quantities) and to the gen-
eral Potts case. For the subcritical region 8 < B.(¢), the proposition will follow

easily from [4, Theorem 1.8 (ii)].
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Part 1: B > B.(q). Let ‘P(;a" denote the event that there is a x-path of — from 0
to dQ,, i.e. a path that runs along ordinary Z? bonds and diagonal bonds where
the colour at each site is not g (in our context below, the configuration on the past
boundary of Q,, will be all g and thus a x-path of — from 0 to dQ, cannot terminate
on d;Q,). Note that CPgan is an event that is measurable with respect to the sub-
algebra {4, —1}%, for any finite set A containing Q,, introduced in Section 6.4.2
(recall that this sub-algebra corresponds to the reduced Potts model).

By decomposing TC}B -(®,) into probabilities conditional on P, and (P4 )¢,

aQ,
we obtain
() = () (6.42)
= x5, (6% — x5 (4"%) (6.43)
= @5 (28 @) - (@@173s)
(=750 (300 (150, ™) = my @ N(@5)%)). 644

We claim that the expression in Equation (6.42) is nonnegative. To see this,
observe that the events [q{a}], [¢°], and [¢°?+] may be viewed as the events
[+{6} ], [+99], and [+7Q+] in the sub-algebra {+, —}%= of the reduced model, as
discussed in Section 6.4.2. Now, apply Proposition 6.4.6 (part 3) and Remark 14.

We next claim that

T, (€ 71(P35)9) 2 1%, (41%)). (6.45)

To be precise, first observe that @ € (TP(;&I)C iff @ contains an all-g path in
Qu from 927 N{x; <0} to dZN{x; > 0}. So, (P )° can be decomposed into
a disjoint collection of events determined by the unique furthest such path from
0. Using the MRF property of Gibbs specifications, it follows that we can regard
each of these events as an increasing event in {4, —}2». Now, apply Proposition
6.4.6 and Remark 14. The reader may notice that here we have essentially used the
strong Markov property (see [37, p. 1154]).

Thus, the expression in Equation (6.44) is nonpositive. This, together with the
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fact that ﬂﬁ (q {0} 1P54,) = 0. yields

0 < 7P (o) =l (o) < 75k, (P36 )75, (4 o) < Ty, (Pag,):  (6:46)

So, it suffices to show that Supy 1, ﬁ Q ([P ) decays exponentially in n.

Fix y,z > Tn and let m > n such that Tm > V2. By Proposmon 6.4.6 (part 2 and
part 3) and Remark 14,

oo (P36,) < gl (Pas) (6.47)

5.0y
=755, (P30, l07) < g, (Pag,) < 75, (Pag,). - (648)

So, it suffices to show that sup,,., ng) B,
call the Edwards-Sokal coupling }P’;{;?Bm for the Gibbs distribution and the corre-
sponding bond random-cluster measure with wired boundary condition (pz(?B-,Bm
Section 6.2).

W.Lo.g., let’s suppose that n is even, i.e. n =2k < m, for some k € N. We

(P35, ) decays exponentially in 7. Re-

(see

consider the following two events in the bond random-cluster model, as in [23,
Theorem 3]. Let R, be the event of an open cycle in By \ By that surrounds By.
Let M, be the event in which there is an open path from some site in By to
dB,,. The joint occurrence of these two events forces the Potts event (P, )° in the
coupling: R, "M, ,, C (P aB") (here, technically, we are identifying these events
with their inverse images of the projections in the coupling).

Then, by the coupling property,

—*\¢ 1 —% \C
TCE)’%"! <(.:PaBn) ) = P;;Bm ((TaBn) ) (6.49)
- 1
>P, )5, ((?aén)C m) P g (RaNMom)  (6.50)

- (pl(%l;,Bm (:Rn A Mn,m) ) (651)

SO

T3 (Pon) < 1= 00 s (RaMoum) < 905 (RE)+ @005 (ME,). (652)
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Therefore,
% 1 1
sup gty (P55,) < Sup@)ip, (R) +5up@ip, (V). (653)

The first term on the right hand side of Equation (6.53) is bounded from above

as follows:
Prann(%5) < 005, () (6.54)
paq\,Bm n; — p;q,Bm+| n .
0

=) ‘P;(:*?q,BmH (x <> y) (6.55)

xeaBIHyEQBZk
< Y epglaey), (6.56)

x€JBy,y€dBy
where B, = [—m+ l,m]2 NZ? and p* denotes the dual of p and the inequalities

follow from Proposition 6.2.3 and Theorem 6.4.3.

If p > pc(q), then p* < pc(q), and by Theorem 6.4.4, the first term on the right
side of Equation (6.53) is upper bounded by 64C(p*, q)n* exp(—c(p*,q)n/4), since
|0By||dBox| < 64n? and ||x—y|» > k—1> %, for all x € IBy and y € dByy. So,
the first term on the right side of Equation (6.53) decays exponentially.

As for the second term, in order for M, ,, to fail to occur, there must be a closed
cycle in B,, \ By and in particular a closed path from L,, , :==B,, \ BN {x; <0,x, =
0} to Ry := B, \ By N {x; > 0,x, =0} in B,. Thus,

1 1
(pl(%q),Bm (M’(’:lm) S (p1(7$;7]§m+] (M;m) (657)
0
< L ‘P;(a*?q,BmH (x <> y) (6.58)
XELy n,yERm
< Y ey (6.59)
XELmn;YERm A

where the last inequality follows by Proposition 6.2.3 and Proposition 6.4.3. By
Theorem 6.4 .4, this is less than

R . 1 2
* —c(p*,q)(i+)) * —c(p*.q)n
Y, Crq)e <C(p",q) <e — ec(,,*yq)> (6.60)

i=n,j=n
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C(p*v Q) ef2c(p*,q)n
(1— efc(p*,q))2 ’

6.61)

Thus, the 2nd term on the right side of Equation (6.53) also decays exponen-
tially. Thus, sup,,., Jrg) ! (P55 ) decays exponentially in n. Thus, by Equation

(6.47), sup,,~, 7[;; ‘jn(fpgé ) also decays exponentially in n, as desired.

Part 2: 8 < B.(q). Recall from Section 6.4 the notions of strong spatial mixing

and ratio strong mixing property. We will use the following result.

Theorem 6.5.2 ([4, Theorem 1.8 (ii)]). For the Z? (ferromagnetic) Potts model
with q types and inverse temperature B, if 0 < B < B.(q) and exponential decay
of the two-point connectivity function holds for the corresponding bond random-
cluster model, then the unique |l € Q(EEP) satisfies the ratio strong mixing property

for the class of finite simply lattice-connected sets.

Corollary 11. For the 7% Potts model with q types and inverse temperature 0 <
B < B:(q), the Gibbs specification n'gp satisfies exponential SSM for the family of

sets {Qy,z }y.,ZZO-

Proof. This follows immediately from Theorem 6.4.4, Theorem 6.5.2, and Propo-
sition 6.4.1. O

Then, since exponential SSM holds for the class of finite simply lattice-connec-
ted sets when 8 < B.(g), the desired result follows directly from Proposition 6.4.2.
This completes the proof of Theorem 6.5.1. O

6.5.2 Exponential convergence in the Widom-Rowlinson model

Recall that for Bernoulli site percolation in Z? there exists a critical value p.(Z?)
(or just p.), known as the percolation threshold, such that for p < p., there is no
infinite cluster of 1’s Y, 72-almost surely and, for p > p., there is such a (unique)
cluster ¥, 72-a.s. Similarly, one can define an analogous parameter p; for the /e
lattice, which satisfies p. + p; = 1 (see [72]).

Theorem 6.5.3. For the Widom-Rowlinson model with q types and activity §, there
exist two critical parameters 0 < §1(q) < »(q) such that for § < £i(q) or { >
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82(q), there exists C,y > 0 such that, for every y,z > 1n,

7t (w,) - nﬁz(wq)( <ce ™ (6.62)

Proof. As in Theorem 6.5.1, we split the proof in two parts.

Part 1: { > {(q) i=¢° (157;0)' Fix n € N and y,z > Tn. Notice that, due to the

hard constraints of the Widom-Rowlinson model, and recalling Proposition 6.3.1,

~ . B
75%1(604) = ﬂg’,‘gy‘z(q{o]') = ;;,Q%Z(I{O})y (6.63)
where p = %, and the same holds for 73 (@y). Then, it suffices to prove that
1 0 1 3 o
Yol o, (1) =yl (10h| <cem, (6.64)

for some C,y > 0.
Notice that 0 € Q, C Q. =: A. Fix any ordering on the set A. From now
on, when we talk about comparing sites in A, it is assumed we are speaking of
this ordering. For convenience, we will extend configurations on Q, and A to
configurations on A by appending 1MQ: and 194, respectively.
(1) (1)

We proceed to define a coupling P, .. of ¥, 40, and 299%

of configurations (6,6,) € {0,1}* x {0,1}2. The coupling is defined one site at

defined on pairs

a time, using values from previously defined sites.

We use (7¢,7}) to denote the (incomplete) configurations on A x A at step ¢ =
0,1,...,]Q,|. We therefore begin with 7 = 1M\Q: and ) = 194, Next, we set
Tl = ‘E? and form 7} by extending rg to A\ Q,, choosing randomly according to
the distribution l//!()’lgr A (-‘I‘M). At this point of the construction, both 7] and 7,
have shape A\ Q,. In the end, (Tl‘Q”| , TiQ"‘) will give as a result a pair (6, 6,), both
with shape A.

At any step , we use W' to denote the set of sites in A on which 7! and 7}
have already received values in previous steps. In particular, W' = A\ Q,. At an
arbitrary step ¢ of the construction, we choose the next site x'*! on which to assign

values in ‘L'i“ and Té“ as follows:

(i) If possible, take x'*! to be the first site in *W' that is x-adjacent to a site
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6.5. Exponential convergence of T,

y € W for which (z}(x), 5(s)) # (1,1).
(ii) Otherwise, just take x'*! to be the smallest site in 0*W'.

Notice that at any step ¢, W' is a x-connected set, and that it it always possible
to find the next site x¥*! for any 7 < |Q,| (i.e. the two rules above give a well
defined procedure).

Now we are ready to augment the coupling from W’ to W U{x'*!} by assigning

()

7 oy and 2o, C1%)]

according to an optimal coupling of W

{xH1} p {x+1}

and w;}};yQ}gz(- | 5) 1y i.e. a coupling which minimizes the probability that,

given (71, 75), 6 (x' 1) # 6,(x' ). Since P, is defined site-wise, and at each
(Q,Qn (+|7}) in the first coordinate and l//ég’lez (-] )
0, and

step is assigned according to v,

in the second, the reader may check that it is indeed a coupling of W

P
W[(JIJHQ)./ The key property of P, . is the following.

Lemma 6.5.4. 6, (0) # 6,(0) Py c-a.s. iff there exists a path P of x-adjacent sites
from 0 10 dQ,, such that for each site y € P, (81(y), 6>(y)) # (1,1).

Proof. Suppose, for a contradiction, that 8;(0) # 6,(0) and that there exists no
such path. This implies that there exists a cycle C surrounding 0 (when we in-
clude the past boundary as part of ) and contained in Q,, such that for all y € C,
(61(y),02(y)) = (1,1). Define by I the simply lattice-x-connected set of sites in the
interior of € and, let’s say that at time 7y, X was the first site within / defined ac-
cording to the site-by-site evolution of P, .. Then, (7{°(x"), 7% (x")) cannot have
been defined according to rule (i) since all sites x-adjacent to x™ are either in / (and
therefore not yet defined by definition of x), or in € (and therefore either not yet
defined or sites at which 6; and 6, are both 1).

Therefore, () (x),0,(x")) was defined according to rule (ii). We therefore
define the set D := A\ W~! D I, and note that 0 and x* belong to the same

*-connected component @ of D. We also know that ’L'io_l ‘a = Téo_]
D

18*D

D
, otherwise some unassigned site in D would be x-adjacent to a 0 in either

to—1
or T,

T;o—l ’a*D ‘a*D’ and so rule (i) would be applied instead. We may now

apply Lemma 6.3.2 (combined with Remark 12) to ® and A in order to see that
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1//[(,71;7(2”( O1le ]Tio_l) and W;(J,lq),Qy‘z( o \Téo_l) are identical. This means that the op-

timal coupling according to which )’ (x*) and 7,(x0) are assigned is supported on
the diagonal, and so 7{’(x"0) = 7, (x), P, , -almost surely. This will not change
the conditions under which we applied Lemma 6.3.2, and so inductively, the same
will be true for each site in [ as it is assigned, including 0. We have shown that
6:(0) = 6,(0), IP,..y,.-almost surely, regardless of when 0 is assigned in the site-by-
site evolution of [P, , .. This is a contradiction, and so our original assumption was

incorrect, implying that the desired path P exists. O
Given an arbitrary time ¢, let

tey— D -1 ty e— D -1
pl() T Wp7q7Qn(.‘Ti ) () and pZ() T lljp_’q7A('|Ti ) () (665)
be the two corresponding probability measures defined on the set {0, l}{)‘j }. Note
that at any step within the site-by-site definition of P, , -, Lemma 6.4.5 implies that
qu3 < pl(1), where § = % and i = 1,2. Now, w.lL.o.g., suppose that p(0) >
pi(0). Then, an optimal coupling Q' of p| and pj; will assign Q'({(0,0)}) =

p1(0), '({(0,1)}) = 0, Q'({(1,0)}) = p3(0) = p1(0), and Q"({(1,1)}) = 1 -
p5(0). Therefore,

3

YUILDF) =ph0) < F s (6.66)

Next, define the map £ : {0,1}2 x {0,1}% — {0,1}2 given by

(h(61,62))(x) = , (6.67)

By Equation (6.66), h.[P, , . (the push-forward measure) can be coupled against
an ii.d. measure on {0,1}2 which assigns 1 with probability Ci—; and 0 with
probability ﬁ, and that the former is stochastically dominated by the latter. This,
together with Lemma 6.5.4, yields

Yoo, (1) =yl o (10| <P, ,.(6:(0) # 6:(0)) (6.68)
<y s (0+=09Q), (6.69)
C+t]3 :Qn
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where {0 <= dQ,} denotes the event of an open x-path from 0 to dQ,. Since

we have assumed { > ¢° (lf—“pc) and p. + pt = 1, we have qu3 < pg. Tt follows

by [2, 62] that the expression in Equation (6.69) decays exponentially in n. This
completes the proof.

Part 2: { < {i(q) := é (%) Observe that, by virtue of Proposition 6.4.2, it
suffices to prove that JIEVR satisfies exponential SSM. By considering all cases of

nearest-neighbour configurations at the origin, one can compute

WRY _ o 0 . CIC
o(m; ™) = o ,ggéWRdTV(ﬂ'g{a},ﬂg;{a}) = Thal (6.70)

By Theorem 3.6.1, we obtain exponential SSM when

1

c<o (1) =t 671)
g \1—pc

Uniqueness of Gibbs states in this same region was mentioned in [38, p. 40],

by appealing to [11, Theorem 1] (which is the crux of Theorem 3.6.1). O

Remark 15. In the case g =2, it is possible to give an alternative proof of Theorem
6.5.3 (Part 1) using the framework of the proof of Theorem 6.5.1 (Part 1). The
arguments through Equation (6.47) go through, with an appropriate redefinition of
events and use of Proposition 6.4.7 for stochastic dominance. One can then apply
Lemma 6.4.5 to give estimates based on the site random-cluster model. (In contrast
to Theorem 6.5.1 (Part 1), this does not require the use of planar duality). So far,
this approach is limited to q = 2 because we do not know appropriate versions of

Proposition 6.4.7 for g > 2.

6.5.3 Exponential convergence in the hard-core lattice gas model

Our argument again relies on proving exponential convergence for conditional
measures with respect to certain “extremal” boundaries on Q,, but these now will
consist of alternating 0 and 1 symbols rather than a single symbol (recall from Sec-
tion 6.1 that ©(?) is defined as the configuration of 1’s in all even sites and 0 in all
odd sites).
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Theorem 6.5.5. For the 7. hard-core lattice gas model with activity A, there exist
two critical parameters 0 < A < Ay such that for any 0 < A < Ay or A > A, there
exist C,y > 0 such that, for every y,z > n,

(0 — 1t ()| < Ce ™. (6.72)

Proof. As in the previous two theorems, we consider two cases.

Part 1: A > A, := 468. Our proof essentially combines the disagreement percola-
tion techniques of [11] and the proof of non-uniqueness of equilibrium states for the
hard-core lattice gas model due to Dobrushin (see [26]). We need enough details
not technically contained in either proof that we present a mostly self-contained
argument here. From [11, Theorem 1] and an averaging argument (as in the proof
of Proposition 6.4.2) on d;Q, induced by a boundary condition on Q, ;, we know

that for any y,z > 1n,

1 (0©)) — 1 (0 )‘ <Py (6 el aTQn> (6.73)

n V2

(0
Q)l n
P,y here, but instead note the following: a path of disagreement for the boundaries

for a certain coupling P, , ; of 73, and x)‘f’g) . We do not need the structure of
’ ’ INYZ

o' ‘ 20, and o) ’ 20, implies that in one of the configurations, all entries on the
path will be “out of phase” with respect to @(?), i.e. that all entries along the
path will have 1 at every odd site and O at every even site rather than the opposite
alternating pattern of (). Then, if we denote by .7, the event that there is a path
P from 0 to d:Q, with 1 at every odd site and O at every even site, it is clear that

- (0 0
Py (o e 8TQ,,> <120 (T + 700, (). (6.74)

Since y,z > 1n are arbitrary (in particular, y and z can be chosen to be 1n), it
w(")

suffices to prove that SUPy, > 1, T0Q,..

() decays exponentially with n. Define the

set

©,, = {6 € {0,1}%+: 6 is feasible and 6]5.q,, = @) |5-q,.}- (6.75)
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For any 6 € ©,;, we define X5(0) to be the connected component of
2q,.(0,0) = {x€Q,.: 0(x) # 0 (x)} (6.76)

containing the origin 0. Since ., C {Z5(0) N d;Q, # 0}, our proof will then be

complete if we can show that there exist C,y > 0 so that, for any n and y,z > 1n,
”;T’,g)\_z(ia(f)) NotQ, #0) < Ce ™. 6.77)

To prove this, we use a Peierls argument, similar to [26].

Fix any y,z > Inand for any 6 € Oy, define X;5(0) as above, and let K () to be
the connected component of {x € ?;Z 1 0(x) = ®%)(x)} containing 9*Q, .. Clearly,
X;(0) and K(0) are disjoint, K(6) # 0 and, provided 6(0) =0, X;(0) # 0. Then,
define I'(0) := X5(6) NIK(6) C Q.. We note that for any 6 € @, ; with 6(0) =0,
we have that 6| g) = 0'®), since adjacent sites in ¥;(0) and K(0) must have the
same symbol by definition of X;(6), and adjacent 1 symbols are forbidden in the
hard-core lattice gas model. Therefore, every x € I'(0) is even.

We need the concept of inner external boundary for a connected set ¥ € Z?.
The inner external boundary of ¥ is defined to be the inner boundary of the
simply lattice-connected set consisting of the union of ¥ and the union of all the
finite components of Z2\ ¥. Intuitively, the inner external boundary of ¥ is the inner
boundary of the set ¥ obtained after “filling in the holes” of X. Notice that the set
I['(8) corresponds exactly to the inner external boundary of X(6). In addition, by
[25, Lemma 2.1 (i)], we know that the inner external boundary of a finite connected
set (more generally a finite x-connected set) is x-connected. Thus, I'(0) C Q, ; is
a x-connected set C* that consists only of even sites and contains the origin 0, for
any 6 € O, with 6(0) = 0.

Then, for C* C Q,, ., we define the event E¢- := {0 € @, . : I'(0) = C*}, and will
bound from above n/{"g)y (Ee+), for every C* such that Ee- is nonempty. We make
some more notation: for every such a set C*, define O(C*) (for ‘outside’) as the
connected component of (C*)¢ containing 9*Q,, ;, and define 7(C*) (for ‘inside’) as
Q,:\ (C*UO(C)). Then C*, I(C*), and O(C*) form a partition of Gy}. We note

that there cannot be a pair of adjacent sites from /(C*) and O(C*) respectively,
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since they would then be in the same connected component of (C*)°. We also note
that for every 6 € Eg-, C* C X5(0) € C*UI(C*) and K(6) C O(C*), though the sets
need not be equal, since X5(6) or K(8) could contain “holes” which are “filled in”
in I(C*) and O(C*), respectively.

O O ]
re 1cnH o

(s

O~ O =0 =0 =0

origin

T U SN

Figure 6.2: A configuration 6 € Eg-. On the left, the associated sets X;(6) and
K(0). On the right, the sets I(C*) and O(C*) for I'(0) = C*.

Choose any set C* such that Ee« # 0. For each 6 € Ee« and x € C*, using the
definition of C* and the fact that K(6) C O(C*), there exists xo € {€],—¢€1,é2,—¢é2}
for which x —xp € O(C*). Fix an xo which is associated to at least |C*|/4 of the
sites in C* in this way. Then, we define a function s : Eex — {0, 1}@1 that, given
0 € Eg-, defines a new configuration s(6) such that

0(x—xp) ifxel(Cr),
0(x) ifx € 0(C"),
(5(8))(x) = (6.78)
1 ifx€ C*and x —xp € O(C),
0 ifxe C*and x—xp € I(C*).

Informally, we move all 1 symbols inside 7(C*) in the xo-direction by 1 unit
(even if those symbols were not part of X5(6)), add new 1 symbols at some sites in
C*, and leave everything in O(C*) unchanged.

It should be clear that s(6) has at least |C*|/4 more 1 symbols than 6 did. We
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make the following two claims: s is injective on Ee+, and for every 0 € Ee-, 5(0) €
®,.. If these claims are true, then clearly n,‘f’g) (s(Eex)) > €1/ 475/‘{’,(&‘1 (Ee+),
implying that

70 (Eer) < A7, (6.79)

Firstly, we show that s is injective. Suppose that 0, # 6,, for 0,0, € Ep-.
Then there is a site x at which 6;(x) # 6;(x). If x € O(C*), then (s(6;))(x) =
01(x) # 6:(x) = (s5(6>))(x) and so s(0y) # s(6,). If x € [(C*), then (s(6;))(x+
x0) = 61(x) # 62(x) = (5(62))(x+x0), and again s(6;) # s(6>). Finally, we note
that x cannot be in C*, since at all sites in €*, both 6; and 6, must have 0 symbols.

Secondly, we show that for any 6 € Ee-, s(0) is feasible. All that must be
shown is that s(6) does not contain adjacent 1 symbols. We break 1 symbols in

5(0) into three categories:

1. shifted, meaning that the 1 symbol came from shifting a 1 symbol at a site in
I(C*) in the xo-direction,

2. new, meaning that the 1 symbol was placed at a site x € C* such that x —xp €
0(C*), or

3. untouched, meaning that the 1 symbol was at a site in O(C*) (2 9*Qy,.).

Note that untouched 1 symbols cannot be adjacent to C*: 6 contains all 0
symbols on €*, and so since €* C X5(0), a 1 symbol adjacent to a symbol in C*
would be in X5(0) as well, a contradiction since X5(6) € €*UI(C*), and so X(0)
and O(C*) are disjoint.

Clearly, shifted 1 symbols cannot be adjacent to each other, since there were
no adjacent 1 symbols in 0 in the first place. All new 1’s were placed at sites in
C*, and all sites in C* are even, so new 1 symbols cannot be adjacent to each other.
Untouched 1’s cannot be adjacent for the same reason as shifted 1’s. We now
address the possibility of adjacent 1 symbols in s(6) from different categories. A
shifted or new 1 in s(0) is on a site in C*U(C*), and an untouched 1 cannot be
adjacent to a site in C* as explained above, and also cannot be adjacent to a site in
1(C*), since I(C*) and O(C*) do not contain adjacent sites. Therefore, shifted or

new 1’s cannot be adjacent to untouched 1’s. The only remaining case which we

139



6.5. Exponential convergence of T,

need to rule out is a new 1 adjacent to a shifted 1. Suppose that (s(0))(x) is a new 1
and (s(0))(x’) is a shifted 1. Then by definition, X' —xo € I(C*) and x —xo € O(C*).
We know that 1(C*) and O(€*) do not contain adjacent sites, so x — x and X’ — xo
are not adjacent, implying that x and x” are not adjacent. We’ve then shown that
5(0) is feasible and then, since d*Q,; C O(C*), s(0) € O, ., completing the proof
of Equation (6.79).

Recall that every set C* which we are considering is *-connected, occupies
only even sites, and contains the origin 0. Then, given k € N, it is direct to see
that the number of such C* with |C*| = k is less than or equal to k- #(k), where ¢ (k)
denotes the number of site animals (see [49] for the definition) of size k (the first k
factor comes from the fact that site animals are defined up to translation, and here
given a site animal of size k, exactly k translations of it will contain the origin 0).
We know that for every € > 0, there exists Ce > 0 such that #(k) < C¢(8 + €) for
every k, where & := limy_,.. (1 (k))"/* < 4.649551 (see [49]).

If £5(0) Ny Q, # 0, then X5(0) has to intersect the top, right, or bottom bound-
ary of Q,. W.Lo.g., we may assume that £;(8) intersects the bottom boundary of
Q. Then, every horizontal segment in the bottom half of Q,, must intersect 25(9)
and, therefore, at least one element of its inner external boundary, namely I'(0).
Then,

%5(0)N01Q, #0 = [T(0)| >n. (6.80)

Therefore, taking an arbitrary € > 0, we may bound n/{“(g (Z5(0)NQ, # 0)
»yz

from above:

10 (Z5(0)NaQu£0) < Y ATCVE< Y kC(5+e)F A7 (6.81)

Cx:|C*|>n k=n

which decays exponentially in 7 as long as 2 > (8 +¢)*, independently of y and
z. Since € was arbitrary, 1 > 468 > §* suffices for justifying Equation (6.77),
completing the proof.

Part 2: A < A; :=2.48. It is known (see [75]) that when d =2 and A < 2.48, 7}I€
satisfies exponential SSM. Then, by applying Proposition 6.4.2, we conclude. []
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Chapter 7

Algorithmic implications

In this chapter we combine previous results (in particular, pressure representation
theorems) in order to compute pressure efficiently.

By a poly-time approximation algorithm to compute a number », we mean
an algorithm that, given N € N, produces an estimate ry such that |r — ry| < ﬁ and
the time to compute ry is polynomial in N. In that case, we regard this algorithm
as an efficient way to approximate » and we say that r is poly-time computable.

One of our goals is to prove that, under certain assumptions on & and the

support Q, Po (®) is poly-time computable.

7.1 Previous results

First, we give some previously known algorithmic results related with pressure

approximation.

Proposition 7.1.1 ([32]). Consider the 7¢ hard-core lattice gas model with activity

A If
(2d —1)%!

A < Ae(Taq) = Wa

(7.1)

then, there is an algorithm to compute P(®, ) to within % in time poly(N).

Note 10. The value A.(T,;) corresponds to the critical activity of the hard-core
model in the 2d-regular tree Toy. This model satisfies exponential SSM if A <
Ac(Toq). It is also known that the partition function of the hard-core model with
A < A(Toq) in any finite board G of maximum degree A(%) < 2d can be efficiently

approximated (for these and more results, see the fundamental work of D. Weitz in

[79D).
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Proposition 7.1.2 ([58, Proposition 4.1]). Let Q be a Z* n.n. SFT, ® a shift-
invariant n.n. interaction on Q, and T the corresponding n.n. Gibbs (Q,®P)-

specification such that
o Q satisfies SSE, and
o T satisfies exponential SSM.

d—1
Then, there is an algorithm to compute Pq (®) to within % in time 0((ozN)™™"),

In particular, if d =2, Pq(®) is poly-time computable.

7.2 New results

The following result is based on a slight modification of the approach used to prove

Proposition 7.1.2, but we include here the whole proof for completeness.

Proposition 7.2.1. Let Q be a Z¢ n.n. SFT, ® a shift-invariant n.n. interaction on

Q, and © the corresponding n.n. Gibbs (Q,®)-specification such that
o Q satisfies TSSM, and
o T satisfies exponential SSM.

Then, there is an algorithm to compute Po(®) to within ~ in time ¢O((logN)""1)
In particular, if d =2, Pq(®) is poly-time computable.

Proof. Given € > 0 and the values of the n.n. interaction ®, the algorithm would

be the following:

1. Look for a periodic point @ € Q, provided by Proposition 3.4.3. W.l.o.g., ®
has period 2g in every coordinate direction, for some g € N. This step does

not need the gap of TSSM explicitly, and it does not depend on €.

2. Take v® the shift-invariant atomic measure supported on the orbit of @.

From Corollary 9, we have that

P(®) = / (Iu+Ag)dv (7.2)
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)y

x€[1,2g)14nze

(—log pu(0x(@)) + Aa(0x(®@))),

(7.3)

for any p an equilibrium state for . We need to compute the desired ap-

proximations of py (@), for all @ = 0,(®) and x € [1,2g]Y NZ4. We may

assume x = 0 (the proof is the same for all x).

Sy =0W,NZ and V,, = IW,,\ Z.

For n=1,2,..., consider the sets W, =R, \ &, and oW, = S, UV,,, where

4. Represent p, (®) as a weighted average, using the MRF property,

)y

(7.4)

1 (@l ols,8) n(d).

ded/Vn: u( g, 8)>0

Figure 7.1: Decomposition in the proof of Proposition 7.2.1.

5. Take § € argmaxg i <w|{6}‘ ol 6
over all § € &/*» such that u( ol

) and 6 € argming (“’|{6}’ ols, 5),
d) > 0 (or, since TSSM implies the D-

condition, such that o|g § € £(Q)). Then,

u <w|{6}

0l5,8) < pu(@) < p (ol ol 3).

(7.5)
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6. By exponential SSM, there are constants C,y > 0 such that these upper and
lower bounds on p,, (@) differ by at most Ce™"". Taking logarithms and con-

sidering that u (a)\ 6} ols, Q) > ¢, >0, a direct application of the Mean
Value Theorem gives sequences of upper and lower bounds on log py (®)

with accuracy e~ that is less than ¢ for sufficiently large n.

For § € o7V, the time to compute 1 <w‘{6}

olg 5) is 9" because this
is the ratio of two probabilities of configurations of size O(n?~!), each of which

can be computed using the transfer matrix method from [60, Lemma 4.8] in time

O(nd—l)

e . Thanks to Corollary 2, the necessary time to check if @[; § € Z(Q) or

not is ¢2""). Since |m/‘/n o(n'1)

lower bounds is e 0™") — ,0(n* ") <

=e , the total time to compute the upper and

Remark 16. In the previous algorithm it is not necessary to know explicitly the
gap g of TSSM or the constants C,7y > 0 of the decay function f(n) = Ce™ " from
exponential SSM.

Corollary 12. Let Q C of z? be a 7* n.n. SFT, ® a shift-invariant n.n. interaction
on Q, and 7 the corresponding n.n. Gibbs (Q,®)-specification. Suppose that 7
satisfies exponential SSM with decay rate y > 4log |/ |. Then, Po(®) is poly-time

computable.
Proof. This follows from Theorem 3.6.5 and Proposition 7.2.1. O

Notice that, in contrast to preceding results, no mixing condition on the support
is explicitly needed in Corollary 12.

Now we present a new algorithmic result for pressure representation, specially
useful when SSM fails. We make heavy use of the representation and convergence

results from the previous chapters.

Theorem 7.2.2. Let Q be a Z¢ n.n. SFT that satisfies the square block D-condition,
® a shift-invariant n.n. interaction on Q, and T the corresponding n.n. Gibbs
(Q,®)-specification. Let ® € Q be a periodic point such that c,(v®) > 0. In
addition, suppose that there exists C,7y > 0 such that, for every y,z > 1n,

|7, () — 7y, (0)] < Ce™ over w € O(®). (7.6)

144



7.2. New results

Then,

Pq (D) Z In )+ Ag (o), (1.7)
wEO

and, when d = 2, Po(®) is poly-time computable.

Proof. Notice that supp(v®) = O(@) C Q, since Q is shift-invariant and @ € Q.
Now, since |7, (®) — 7, .(®)| < Ce™" over @ € supp(v?), we can easily conclude
that limy ;e T, - (@) = (@) uniformly over @ € supp(v®). This, combined with
Q satisfying the square block D-condition and ¢, (v®) > 0, gives us

! Y lLi(o)+As(e), (7.8

Po(P / b A v
(@)= [ (I ) |Slle( )‘ ocsupp(v®)

thanks to Theorem 5.3.2.

For the algorithm, it suffices to show that there is a poly-time algorithm to
compute (@), for any @ € O(®).

By Equation (7.6), there exist C,y > 0 such that |7,(®) — ()| < Ce™ 7.
Since |dQ,| is linear in n when d = 2, by the modified transfer matrix method
approach from [60, Lemma 4.8], we can compute 7,(®) in exponential time KeP"
for some K, p > 0. Combining the exponential time to compute 7, (®) for the ex-
ponential decay of |m,(w) — (w)|, we get a poly-time approximation algorithm
to compute Pg(P): namely, given N € N, let n be the smallest integer such that
Ce 1+ < +. Then, 7, (@) is within 4, of #() and since 5, < Ce™"", the time
to compute 7,1 (@) is at most

Kep(n+l) _ (KePCP/Y) < (KepCp/y)Np/y, (7.9)

(Ce=rm)P/Y —
which is a polynomial in N. O
Corollary 13. The following holds:

1. For the 7? (ferromagnetic) Potts model with q types and inverse temperature
B >0,
Poy, (Pp) = 15 (w,) +2B. (7.10)
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2. For the 7 (multi-type) Widom-Rowlinson model with q types and activity

¢ €(0,81(q)) U(Ca(q),%),

Poy (D7) = I(@,) +log, (7.11)

where £1(q) =1 (125 ) and Ga(a) = ¢ (5 ).

3. For the 7? hard-core lattice gas model with activity A € (0,41) U (A2,0),

1 1
Pay (1) = 5 1z(0'”) +  logA, (7.12)

where Ay = 2.48 and A, = 468.

Moreover, for the three models in the corresponding regions (except in the case
when B = B.(q) in the Potts model), there is a poly-time approximation algorithm
for pressure, where the polynomial involved depends on the parameters of the mod-

els.

Proof. The representation of the pressure given in the previous statement for the
72 Potts model with g types and inverse temperature 8 # B.(g), the Z> Widom-
Rowlinson model with ¢ types and activity { € (0,&;(g)) U (£2(g), o), and the Z?
hard-core lattice gas model with activity A € (0,4;) U (A;,0), is a direct conse-

quence of Theorem 7.2.2, by virtue of the following facts:

e Recall that the corresponding Z? n.n. SFT Q for the Potts, Widom-Rowlin-
son, and hard-core lattice gas model has a safe symbol, respectively, so
satisfies the square block D-condition and ¢, (V) > 0, for any shift-invariant

v with supp(v) C Q, in each case.

e If we consider the 6-measure V% = &g, , both in the Potts and Widom-
Rowlinson cases (in a slight abuse of notation, since the Potts and Widom-
Rowlinson o-algebras are defined in different alphabets), and the measure
v =vo = %50)@) + %560(0) in the hard-core lattice gas case, we have that
in all three models, for the range of parameters specified, except for when

B = B.(q) in the Potts model, there exists C,y > 0 such that, for every
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y,z2> 1n,
|70 (@) — 7y (0)] < Ce™ ™, over @ € supp(V), (7.13)

thanks to Theorem 6.5.1, Theorem 6.5.3, and Theorem 6.5.5, respectively.
(Notice that I} (0)) = Ag(@(®)) =0.)

This proves Equation (7.10), Equation (7.11), and Equation (7.12), except in
the Potts case when § = B.(¢). To establish this case, first note that it is easy
to prove that P(®g) is continuous with respect to 8. Second, if B; < B, then
ok (wg) < my*(@wy). This follows by the Edwards-Sokal coupling (see Theorem
6.2.2) and the comparison inequalities for the bond random-cluster model (see [3,
Theorem 4.1]).

As an exercise in analysis, it is not difficult to prove that if a,, , > 0, and each
Amt10 < Amp and ay, pi1 < Ay, then limy, lim, a, , = lim, lim,,, a,,, ,, = a, for some
a>0.

1
. +1
Now, consider the sequence ay,, := nnC(q) m(

®,). By stochastic dominance
(see Proposition 6.4.6), a,,, is decreasing in n. By the previous discussion (i.e.
Edwards-Sokal coupling and comparison inequalities), it is also decreasing in m.
Therefore, and since a,,, , > 0, we conclude that lim,, lim, a, , = lim, lim,, a,, , = a,

for some a. Then, we have that

P(Cpﬁc(q)) = lingnp(q)BC(q)Jr%) (7.14)
(q)+1 1
= lim —loglim 2“7 (@,) +2 <[3¢(q) + ) (7.15)
m n m
1
= —loglimlim 7“7 (@,) + 2B (q) (7.16)
_ o Bl
= —loglimlim 7, (wg) +2B:(q) (7.17)
= —logliznnnc(q)(wq) +2Be(q) (7.18)
= Iz (@) + 2pe(g). (7.19)
: Be(@)+3n _ B9 : : :
(To prove that lim,, 7, () = m,*" (@) is straightforward.) Finally, the

algorithmic implications are also a direct application of Theorem 7.2.2. O
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Remark 17. The algorithm in Theorem 7.2.2 seems to require explicit bounds on
the constants C and v, so that given N € N, we can find an explicit n such that
Ce Vit < % Without such bounds, while there exists a poly-time approximation
algorithm, we do not always know how to exhibit an explicit algorithm. However,
for all three models, for regions sufficiently deep within the supercritical region (i.e.
B, &, or A sufficiently large), one can find crude, but adequate, estimates on C and
Y and thus can exhibit a poly-time approximation algorithm. This is the case for the
hard-core lattice gas model, where our proof does allow an explicit estimate of the
constants for any A > 468. On the other hand, in the regions specified in Corollary
13 within the subcritical region, all three models satisfy exponential SSM and then
using [60, Corollary 4.7], one can, in principle, exhibit a poly-time approximation

algorithm (even without estimates on C and ).
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Chapter 8

Conclusion

The current plan is to extend our research in the following directions:

1. We would like to develop a characterization of constraint graphs H for which
Hom(%,H) satisfies TSSM, for every board ¢4. In addition, it would be
interesting to understand the constraint graphs H for which, for every board
of bounded degree ¢, there always exist a constrained energy function ¢
such that the Gibbs (¢, H, ¢ )-specification satisfies (exponential) SSM.

2. We would like to make progress in determining regimes where SSM holds
in classical models. There is already some progress in this direction (see
[79, 39]), but not everything is completely understood. For example, it is not

known whether the uniform 5-colourings model in Z? satisfies SSM or not.

3. In [32], Gamarnik and Katz gave a representation theorem and an approx-
imation algorithm for surface pressure, which is a first order correction of
pressure. Their result relied on the existence of a (unique) Gibbs measure
satisfying SSM and a safe symbol. We plan to generalize their result, by
relaxing the combinatorial hypothesis and also extending both representa-
tion and approximation of surface pressure to the supercritical regime in Z¢

lattice models.

4. We would like to develop new pressure approximation techniques, by finding
more connections between pressure representation/approximation and recent
algorithmic developments for approximate counting. In particular, we would
like to explore alternative tools outside the scope of SSM and also SSM for
the case of non-binary models, where computational tree methods are not

well-understood.
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Chapter 8. Conclusion

5. It is not known any hard constrained model satisfying SSM, but not TSSM.
In which cases is TSSM a necessary condition for SSM to hold? In which
cases is TSSM a sufficient condition for the existence of a measure with
SSM?
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