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Abstract
Changes in tissue elasticity are correlated with certain pathological changes, such
as localized stiffening of malignant tumours or diffuse stiffening of liver fibrosis or
placenta dysfunction. Elastography is a field of medical imaging that characterizes
the mechanical properties of tissue, such as elasticity and viscosity. The elastography process involves deforming the tissue, measuring the tissue motion using an
imaging technique such as ultrasound or magnetic resonance imaging (mri), and
solving the equations of motion. Ultrasound is well suited for elastography, however, it presents challenges such as anisotropic measurement accuracy and providing two dimensional (2d) measurements rather than three dimensional (3d). This
thesis focuses on overcoming some of these limitations by improving upon methods of imaging absolute elasticity using 3d ultrasound. In this thesis, techniques
are developed for 3d ultrasound acquired from transducers fitted with a motor to
sweep the image plane, however many of the techniques can be applied to other
forms of 3d acquisition such as matrix arrays. First, a flexible framework for 3d
ultrasound elastography system is developed. The system allows for comparison
and in depth analysis of errors in current state of the art 3d ultrasound shear wave
absolute vibro-elastography (swave). The swave system is then used to measure
the viscoelastic properties of placentas, which could be clinically valuable in diagnosing preeclampsia and fetal growth restriction. A novel 3d ultrasound calibration
technique is developed which estimates the transducer motor parameters for accurate determination of location and orientation of every data sample, as well as for
enabling position tracking of a 3d ultrasound transducer so multiple volumes can be
combined. Another calibration technique using assumed motor parameters is developed, and an improvement to an existing N-wire method is presented. The swave
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research system is extended to measure shear wave motion vectors with a new acquisition scheme to create synchronous volumes of ultrasound data. Regularization
based on tissue incompressibility is used to reduce noise in the motion measurements. Lastly, multiple ultrasound volumes from different angles are combined for
measurement of the full motion vector, and demonstrating accurate reconstructions
of elasticity are feasible using the techniques developed in this thesis.
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Chapter 1

Introduction
1.1

Motivation

It is often desirable to gain insight into the inner workings of the human body. Several techniques have been developed to visualize internal anatomical structures or
pathology from measurements of tissue properties. One of the most commonly used
medical imaging techniques projects X-rays from one side of the body through the
other to create a two dimensional (2d) image of X-ray absorption. The X-ray source
and detector may also be rotated around the body to create a cross-sectional slice
which forms the basis of computed tomography (ct) imaging. The slice locations
may be translated to create a three dimensional (3d) ct image. In positron emission tomography (pet) and single-photon emission computed tomography (spect)
imaging, a gamma ray detector is rotated around the body to measure rays produced by an injected radioisotope designed to trace specific biochemical reactions.
magnetic resonance imaging (mri) measures the decay rate of proton spins as they
relax from an excited state to a lower energy state aligned with a strong magnetic
field. Ultrasound imaging measures high frequency acoustic waves reflected back
to a transducer caused by reflection of the waves by scatterers and interfaces of
different acoustic impedance [263].
Elastography is a branch of medical imaging techniques that provides measurements and images of the mechanical properties of tissue. Most commonly, elastography infers the elastic properties (i.e. Young’s modulus or shear modulus) of tissue.
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The elastic properties can vary over several orders of magnitude between different
types of tissue and between normal and diseased tissues [115]. Both relative and
absolute measurements of tissue elasticity have proven useful in several clinical applications such as improving breast cancer classification with Breast Imaging Reporting and Data System (bi-rads) [101, 147], targeting prostate cancer for biopsy
and focal therapy [239, 282], and liver fibrosis assessment and staging [53, 145],
among others. Quantifying the absolute elasticity values may be beneficial in characterizing tissue types, determining the different stages of a disease, or monitoring
the progress of a treatment [86].
The assessment of tissue elasticity in identifying disease is familiar in medicine.
Digital palpation is used in physical examinations to locate stiff tumours of the
breast and prostate. A related “mechanical imaging” technique measures the pressure at the tissue surface in order to quantify the sensation felt by the fingertips during palpation [94]. Instead, elastography determines the elastic properties of the
tissue by applying a force to the tissue, measuring the resulting internal motion of
the tissue, and solving the equations of motion derived from a continuum mechanics
model of the tissue behaviour relating the measured motion to the elastic properties.
Several approaches have been developed for each of these three steps. For providing measurements of internal tissue motion, the majority of elastography systems
rely on ultrasound, with some systems using mri, and a small number using optical
coherence tomography (oct) and X-ray. A number of ultrasound based systems,
described in Table 1.1, are currently commercially available from major manufacturers such as Siemens Healthcare (Erlangen, Germany), Philips Healthcare (Best,
Netherlands), GE Healthcare (Little Chalfont, United Kingdom), Echosens (Paris,
France), SuperSonic Imagine (Aix-en-Provence, France), Hitachi Medical (Tokyo,
Japan), BK Medical (Herlev, Denmark), Toshiba (Otawara, Japan), and Wuxi Hisky
Medical Technology (Beijing, China).
Standard medical ultrasound imaging has gained popularity due to its low cost,
portability, relatively high frame-rate, ease of use, and safety. Ultrasound uses compressional waves created by short pressure pulses on the surface of the tissue with
centre frequencies in the 1 MHz to 20 MHz range. The pressure wave propagates
into the tissue and the resulting echoes are recorded. An ultrasound transducer
converts between voltages and pressures using piezoelectric crystals. The crys2

Table 1.1: Commercially available ultrasound elastography systems.
Typea

Absolute
Measurement

Measurement
Location

Strain

No

2d Image

VTi

Amplitude

No

2d Image

VTq

Transient

Yes

Pointb

VTIQ

Transient

Yes

2d Image

Strain
Transient

No
Yes

2d Image
Pointb

Breast
Liver

Strain

No

2d Image

Breast

Transient

Yes

2d Image

Liver, Breast

Transient

Yes

Pointc

Liver

Transient

Yes

2d/3d Image

Liver, Breast

Strain

No

2d Image

Breast, Thyroid
Prostate, Pancreas

Strain

No

2d Image

Breast, Prostate

Strain

No

2d Image

Breast

Transient

Yes

2d Image

Liver

Transient

Yes

Pointc

Liver

System
Siemens
eSie Touch

Philips
Elastography
ElastPQ
GE
Elastography
Shear Wave
Elastography
Echosens
FibroScan
SuperSonic Imagine
ShearWave
Elastography
Hitachi
Real-time Tissue
Elastography
BK
Elastography
Toshiba
Elastography
Shear Wave
Elastography
Wuxi Hisky
FibroTouch
a

The different types of elastography are described in detail in Section 1.5.4.
Average over small 2d region of interest (roi).
c Linear regression along one dimensional (1d) line.
b
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Intended Clinical
Application
Liver, Breast,
Thyroid
Liver, Breast,
Thyroid
Liver, Breast,
Thyroid
Liver, Breast,
Thyroid

tals are grouped in an aperture and electronically pulsed in a timed sequence to
create a transmit pressure field. Inhomogeneities in the density and compressibility of the tissue cause the wave to scatter. The returning pressure waves (echoes)
are measured over an aperture, delayed, summed, and digitally sampled. The resulting collection of echo signal lines is processed to create a standard brightness
mode (b-mode) image [16, 69].
Due to the complex scattering pattern of ultrasound waves in biological tissues
and the highly anisotropic beam pattern, some ultrasound images may be difficult
to interpret. 3d ultrasound offers a number of advantages over conventional 2d ultrasound. One clear advantage is that the 3d spatial relationship between structures
in the imaging volume is already available in the volume image, in comparison to
mentally visualizing the 3d structures from a series of 2d cross-sections. From the
3d image, different 2d imaging planes can be “resliced” from the volume to provide
2d image orientations that would otherwise be impossible to acquire. Alternatively,
surface or volume rendered models can be created which may reveal pathology that
may be difficult to see in conventional ultrasound images [219]. Imaging in 3d can
provide more information on the geometry of anatomical structures and an accurate measure of their volume. 3d ultrasound can also help in needle localization
and guidance during biopsy [85].
Use of 3d ultrasound can also benefit elastography. The above mentioned advantages for 3d ultrasound in terms of easing the interpretation of the geometrical
relationships in the data and improving the accuracy of geometrical measures still
apply [36]. Further, since elastography involves solving the equations of motion
derived from a continuum mechanics model, measurement of the variation of the
motion over space can help reduce errors when a 2d planar model does not accurately describe the experimental conditions [96]. The most accurate approach
would include measurement of motion in all three directions over the volumetric
region of interest (roi) [343].
Since ultrasound is a highly anisotropic imaging modality, the motion measurements with ultrasound are most accurately computed in the axial direction, the
primary direction of ultrasound wave propagation. In the other two directions, lateral and elevational, motion measurements are typically an order of magnitude less
accurate due to lack of phase information [42], wider extent of the point spread
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function [167], and larger sampling intervals [187]. In contrast, magnetic resonance imaging elastography (mre) is able to measure motion accurately in all three
directions, which helps to reduce errors in the elasticity measurements.
One approach to improve ultrasound motion measurements is to move the transducer to different view angles so the accurate axial motion measurements from several directions can be combined [4, 32, 211]. In general this requires a spatial calibration to determine the translation and rotation between each view. The problem
of ultrasound spatial calibration has been studied extensively [143, 206], however
limited research has investigated 3d ultrasound calibration at accuracies required
for elastography applications.
In summary, elastography provides a means of measuring the elastic properties of tissues. Contrast in elastic properties is correlated with clinically relevant
pathology. Elastography requires a method of measuring internal tissue motion,
with most systems using ultrasound. The use of 3d ultrasound and quantitative
absolute elastography techniques may help improve visualization and specification
of physiological abnormalities. Improvements in 3d ultrasound spatial calibration
may enable more sophisticated methods of measuring 3d tissue motion vectors.

1.2

Hypothesis

The overall hypothesis is that a 3d approach to measurement can be used with ultrasound elastography to provide accurate measurements of tissue elasticity. To
examine this hypothesis, the following objectives are set:
• Develop a modular 3d elastography research platform that allows for flexible
use of different techniques and equipment for comparison and optimization.
• Test the 3d elastography research platform through simulations and experiments on tissue mimicking phantoms and ex vivo tissue.
• Develop highly accurate ultrasound calibration techniques that can be applied
to 3d elastography.
• Develop a method for measuring the full shear wave motion vector field over
a volume with 3d ultrasound and test on a tissue mimicking phantom.
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• Investigate the use of spatial calibration for combining multiple ultrasound
volumes from different views to determine the full shear wave motion vector
field over a volume through simulation.

1.3

Thesis Outline

The rest of this chapter is devoted to a detailed description of the background in the
fields of ultrasound, elastography, and ultrasound spatial calibration. This is meant
to provide sufficient information for the non-specialist to understand the rest of this
thesis and to provide a more thorough review of relevant literature.
Chapter 2 describes the design, development, and testing of a 3d elastography research platform. The details of the separate components of the system and
how they operate are described. Different methods of sampling tissue motion are
tested through simulation and experiments. It is shown that single frequency and
multi-frequency tissue motion can be recovered with acceptable accuracy using a
sub-Nyquist sampling rate, assuming consistent tissue motion, with reasonable assumptions of errors due to measurement jitter and uncertain frame rate, using a
range in the number of temporal samples acquired. An artefact from using the subNyquist sampling approach, appearing as a wave with a similar spatial frequency
to the waves induced by the applied excitation, is discovered and explained. It is
shown that the artefact is less prevalent when using a higher temporal sampling rate.
Measurements on a tissue mimicking phantom demonstrate the repeatability of the
elasticity measurements for repeated acquisitions and different excitation locations.
In Chapter 3 the 3d elastography research system of Chapter 2 is applied to
healthy ex vivo human placentas. Measurement of multi-frequency shear waves
over a band of 60 Hz to 200 Hz is demonstrated and the feasibility of estimating
placenta elasticity is shown. Viscoelastic parameters based on Voigt, Maxwell, and
Zener rheological models are estimated, showing a strong viscous dispersion.
In Chapter 4 a novel spatial calibration technique for 3d ultrasound is described.
The method makes fewer assumptions about the motor geometry than previous calibration techniques, and thus has the potential to reduce errors introduced through
inaccurate scan conversion of ultrasound data from transducer to Cartesian coordinates. The method is based on calibrating individual image slices across the volume
6

using an accurate 2D calibration technique. A best fit to a subset of slices is performed to decrease data collection time compared to calibrating all of the slices
making up the volume, and reduce the influence of random errors in individual calibrations. The method is compared to the widely used N-wire calibration technique.
A novel extension of the N-wire calibration is developed to incorporate more data
points that are typically discarded and contrasted with the traditional N-wire technique. Finally, another novel 3d ultrasound calibration technique is developed that
uses assumed motor geometry and planar calibration features. Experiments show
that the proposed multi-slice technique produces the smallest point reconstruction
error; at 0.82 mm, the method is the first sub-millimetre 3d ultrasound calibration
technique reported.
In Chapter 5 a solution for measuring dynamic motion on the order of hundreds
of cycles per second using 3d ultrasound is proposed based on synchronizing the
ultrasound acquisition with the mechanical exciter producing the tissue motion. A
novel regularization algorithm is developed using a physical constraint of tissue incompressibility to help reduce noise in the motion measurements. The elasticity
distribution of a tissue mimicking phantom containing a stiff sphere is estimated
using two algorithms; a local frequency estimator and a finite element solution.
The best elasticity estimate reaches within 1 kPa of the reference Young’s modulus value provided by the phantom manufacturer at the centre of the stiff sphere.
Mean elasticity measurements are compared to previous mre estimates, and are
shown to be within the variance of current elastography methods. It is shown that
using displacements after regularization results in more than a 2 dB improvement
in contrast-to-noise ratio (cnr) ratios of the elasticity images using either algorithm
compared to displacements before regularization.
In Chapter 6 the potential of combining multiple ultrasound volumes from different angles for measurement of the full motion vector over a volume is investigated. A method is presented to solve for 3D motion vectors from three volumes of
axial motion measurements, and the technique is verified through simulation. The
effects of scan conversion, interpolation, and calibration are modelled to study how
they affect the displacement and elasticity estimates. It is shown that the proposed
multi-view approach can reliably solve for dynamic 3D displacement vectors suitable for elasticity estimation. The error in elasticity increases by less than 8 % for a
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typical level of calibration error (< 1 mm and 2◦ ) compared to elasticity measured
with no calibration error.
In Chapter 7 the thesis is concluded by relating the results of the preceding
chapters to each other and placing the results in the context of the current state of the
field of elastography. The strengths and weaknesses of the research are discussed
and recommendations for future research directions are provided.
Seven appendices are included at the end of the manuscript. Appendix A provides some useful information on index notation which is used to describe the elastic
theory underlying elastography. In Appendix B a copy of the consent form used in
the placenta study described in Chapter 3 is provided. In Appendix C the difficulty
in determining the location of the edge points in the popular N-wire spatial calibration phantom is demonstrated using geometrical examples, and the particular
solution proposed in Chapter 4 is shown to demonstrate how that design leads to
the ability to determine the edge points. In Appendix D the exponential and logarithmic mapping to and from the dual quaternion manifold is explained, which is
used in the rotation fitting and interpolation used in Chapter 4. In Appendix E the
method for determining the direction of the best fit geodesic on the quaternion manifold used in Chapter 4 is described, it is proven that the distance metric used for the
geodesic fitting is independent of the choice of coordinate system, and the fitting
algorithm is compared in more detail to alternative approaches. In Appendix F a
simulation is described that evaluates the rotation fitting algorithm from Chapter 4.
In Appendix G a robust method for computing displacement gradients using linear
least squares, which is used in the elasticity estimation algorithm in Chapter 6, is
described.

1.4

Ultrasound Background

This section describes the physical processes, signal processing, and methods of
medical ultrasound imaging. A block diagram providing an overview of an ultrasound imaging system is shown in Figure 1.1.
An ultrasound transducer is applied to the body and is connected to an ultrasound scanner which controls the transducer, and interprets and processes the transducer measurements. A transducer creates acoustic pulses at the surface of the body
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Figure 1.1: A block diagram of an ultrasound system. The scan sequencer
controls the transmit (Tx) and receive (Rx) timing. The beamformed
received data is then processed for b-mode/Doppler display.
which transmit waves that travel into the underlying tissue. Echoes are produced by
the tissue and are measured by the transducer over time. The distance or depth of
the reflecting echoes are resolved, creating a spatial map of the acoustic properties
of tissue.
The depth, d, is determined from the time it takes for the ultrasound pulse to
travel to the target and back
t=

2d
,
c

(1.1)

where c is the speed of the ultrasound wave and the factor of 2 accounts for the
travel of the transmitted wave to the target and the travel of the reflection back to
the transducer, assuming a straight line of travel. Usually a constant speed of sound
of 1540 m/s is assumed which corresponds to an average value for tissues typically
imaged with ultrasound. Excluding fat, tissues that are usually imaged by ultra9

sound are within 5 % of this value [140]. Some scanners use a different assumed
speed of sound using presets depending on the tissue type selected by the user, or
will allow the user to set the value directly. This will correct for errors in depth
estimation from Equation 1.1, as well as errors in focusing which are discussed in
more detail in Section 1.4.4.
Echoes of the ultrasound waves are scattered or reflected by the tissue, where
scattering refers to the interaction between waves and particles smaller than the
wavelength, and reflection refers to the interaction between the waves and objects
larger than the wavelength. The echoes are caused by a combination of changes in
the tissue density and compressibility.

1.4.1

Reflection

Tissue structures with features larger than the wavelength, such as interfaces between organs, adipose tissue, cysts, and bone create prominent reflections. The
reflections are often described using the characteristic acoustic impedance [161]
Z = ρc,

(1.2)

where ρ is the mass density and c is the speed of the sound waves travelling in
the tissue. It is generally assumed that the propagation of an ultrasound wave in the
body can be modelled by a longitudinal wave propagating in a fluid under isentropic
conditions [73], resulting in a propagation speed of
c2 =

∂p K
= ,
∂ρ
ρ

(1.3)

where p is the pressure and K is the Bulk modulus.
At a boundary between two objects with impedances Z1 and Z2 , the ratio of the
reflected pressure of an incident wave normal to the interface is described by the
reflection coefficient [69]
R=

Z2 − Z1
.
Z2 + Z1

(1.4)

The received ultrasound signal is closely approximated as a convolution between the spatial distribution of the reflection coefficients of the tissue and the point
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spread function (psf) of the imaging system, with the assumptions of linear wave
propagation and weak scattering [208]. Typically the reflection coefficient is small
for soft tissues, meaning most of the energy of the wave is transmitted through the
interface. This is important as it allows echoes to return from structures deeper than
the first few reflecting interfaces. Large differences in acoustic impedance, which
result in large reflections, can cause a “shadowing” artefact, displaying a dark region
below the reflecting object. This is also the reason for using an acoustic coupling gel
between a transducer and the skin as there is a large impedance mismatch between
air and the body.

1.4.2

Scattering

Inhomogeneities in acoustic impedance of tissue on scales smaller than the wavelength result in scattered echoes. The scattered waves interfere constructively and
destructively depending on the relative phases of the waves. This leads to the familiar granular appearance of ultrasound images, also known as speckle. It has been
shown that despite its appearance as tissue texture, speckle is not a direct depiction of the underlying tissue structure, but instead carries information dependent on
the tissue, transducer, and point spread function [327]. However, the speckle pattern is deterministic, not random, and can be reproduced given the same imaging
conditions [306].

1.4.3

Transducers

The transducer is made up of several components, namely piezoelectric elements,
a backing layer, a matching layer, and an acoustic lens as shown in Figure 1.2. The
piezoelectric elements, commonly composed of lead-zirconate-titanate (pzt), are
connected to electrodes leading from the cable attached to the scanner and are used
to create the ultrasound waves by applying high voltage pulses (usually 50 V to
100 V), as well as to detect echoes from the body when the reflected waves apply
pressure on the transducer face. The backing layer is used to damp the vibrations of
the elements which helps to reduce the number of cycles in the pulse, and thus increase the bandwidth. The matching layer reduces the change in acoustic impedance
between the transducer and the body which would otherwise cause most of the wave
11
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Figure 1.2: The components of an ultrasound transducer.
to reflect before transmitting into the body as explained in Section 1.4.1. The acoustic lens functions to focus the acoustic beam in the elevational direction. The depth
of the elevational focus is usually fixed.
While an ultrasound transducer could be made using a single piezoelectric element and the components mentioned in the previous paragraph, only the anatomical
information along a single line would be measured. Most modern ultrasound transducers are composed of several piezoelectric elements arranged in a row, called
an array. A common configuration is the linear array in which the elements are
placed along a straight line, creating rectangular shaped images. Phased arrays use
fewer closely packed elements to create a smaller footprint, which allows access
to small windows of the body such as between the ribs, and sweep the ultrasound
beam across a large range of angles creating a fan shaped image (explained in Section 1.4.4). Curvilinear arrays place the elements along a curved surface, creating
an annular sector shaped image which can be useful for imaging large structures
such as organs in the abdomen. The layout of a linear array and the coordinate
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Figure 1.3: The layout of a linear array and the array coordinates. The axial
direction corresponds to the 0◦ direction of sound propagation and thus
the depth, the lateral direction (also referred to as azimuth) corresponds
to the width of the image, and the elevational direction the thickness of
the image. The spacing between the centre of the elements is called the
pitch.
system of the array used throughout this thesis is shown in Figure 1.3.
The voltage signal measured by the piezoelectric elements is referred to as an
radio frequency (rf) signal. When referring to the voltage from a single element
or channel, this would be called prebeamformed rf data. Most ultrasound systems
however do not save the channel data, but rather use hardware to combine data from
several elements in a process called beamforming.

1.4.4

Beamforming

Beamforming is the process of combining the acoustic energy from a group of elements, or an aperture, to create a beam in which the majority of the acoustic energy
is along the beam direction. The postbeamformed rf signal is used to create a line
in a b-mode image. By changing the location or direction of the beam, the multitude
of lines can be combined to form an image.
The beam is typically focused by combining the approximately spherical emissions from each element and controlling the pulse timing of each element so that the
13

Focal
zone
Time
delays

Shifted transmit
pulses

Wave fronts

Elements

Figure 1.4: Ultrasound transmit focusing is achieved using variable time delays.
waves converge to a focal zone as shown in Figure 1.4. The pulse timing may also
be adjusted to steer the beam to different angles. The delays for each element are
calculated based on geometry assuming straight line wave propagation as shown in
Figure 1.5. The time for the wave emitted by the element located at x to reach the
focal point at r at a steering angle of θ is
t(x) =


1 p 2
r + x 2 − 2r x sin θ − r ,
c

(1.5)

where c is the speed of sound. For a given aperture size, the maximum propagation
time can be calculated using Equation 1.5 and used to bias the time delays for each
location along the array so the element that is furthest from the focal point will have
a delay of zero [12]. Thus the time delay for each element is
τ(x) = t max − t(x).
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Figure 1.5: Ultrasound transmit focusing is achieved using variable time delays.
Simple receive beamforming essentially performs the reverse of the transmit
focusing. The signals across the aperture are aligned in time, using the principle of
coherence where coherent signals will add to create a large signal, and incoherent
signals will tend to cancel and appear as random low level signal [306]. The delays
are computed using geometry as in transmission. However, unlike transmission,
which can only use one set of fixed delays to create a physical wave pattern, the
receive delays can be changed dynamically. In dynamic receive focusing the delays
are adjusted as a function of depth so the entire image is focused. Usually a constant
f-number (ratio of the focal distance to the aperture size) is desired, so the number
of elements used in the summation is gradually increased with increasing depth.
The received signal can contain energy from directions other than the main
beam axis. The off-axis directions containing energy are referred to as side and
grating lobes. Apodization, which weights each element in transmit and receive,
can help to reduce the amplitude of these lobes with the trade-off of increasing the
15

Figure 1.6: Example of apodization weighting functions applied to the elements of an array.
width of the main lobe. Common apodiziation functions are box, Hanning, and
Blackman which are shown in Figure 1.6. To demonstrate the effect of apodization, the reflection from a point scatterer was simulated using Field II [148], a software for simulating the spatial impulse responses of ultrasound transducers, for the
apodizations mentioned. The magnitude of the received signal at the axial coordinate of the focus point plotted across the width of the transducer shows the effect
on the beam in Figure 1.7. The −6 dB width of the main lobe has increased from
about 0.5 mm to 0.8 mm, but the presence of the side lobes and grating lobes has
been greatly reduced.
The beamforming delays described in this section are based on the geometry of
the elements and the focus. Heterogeneities in the speed of sound cause a change
in the geometric time differences to reach to focus because the waves from each
16

Figure 1.7: Simulated response from a point scatterer located at the transducer’s focus for the different apodization weightings shown in Figure
1.6.
element travel through different paths. The heterogeneities also cause refraction,
bending the waves in different directions. These aberrations cause an increase in
beam width and decrease in amplitude [316].
An important consideration in ultrasound image formation is the attenuation
of the waves due to viscous and scattering effects. Attenuation is depth and frequency dependent and is usually on the order of 1 dB/(cm MHz) [140]. Because
the amount of energy lost is a function of how far the waves have travelled, a compensation based on the depth of the received signal is commonly applied in a process
called time gain compensation (tgc). The tgc is increased gradually with depth to
efficiently use the dynamic range of the analog-to-digital converter (adc) hardware
and to achieve uniform brightness along the depth.
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Figure 1.8: Block diagram of i/q processing.
The resolution of the beamformed ultrasound image is anisotropic and spatially
variant. The axial resolution is proportional to the transmit frequency and the fractional bandwidth of the system. The lateral and elevational resolution are also proportional to the transmit frequency, and are directly proportional to the f-number
(in the elevational direction the f-number is fixed). The axial resolution is usually
higher than the lateral and elevational resolution by factors of 3–8 and 10, respectively [17].
The frequency dependence of resolution and attenuation lead to a fundamental
trade-off: short duration, high frequency pulses allow clear separation of fine details
in the image; long duration, low frequency pulses allow waves to penetrate deep into
the body without images becoming dominated by noise.

1.4.5

Image Formation

The b-mode image formation process uses beamformed rf data and applies i/q
demodulation, envelope detection, log compression, and scan conversion processes
before final display. These processes are described in this section.
The beamformed rf data is an amplitude modulated signal. To retrieve the
tissue reflectivity information the carrier frequency is removed in a process called
18

(a)

(b)

(c)

(d)

Figure 1.9: The i/q demodulation process starts with beamformed rf data
shown (a) as a function of time and (b) frequency. (c) The spectrum is
shifted to the left after down mixing and (d) after low pass filtering the
signal only contains a band of energy that was originally centred around
the positive centre frequency of the rf signal.
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Figure 1.10: Example of an rf signal and its corresponding envelope.
i/q demodulation, shown schematically in Figure 1.8. First, the rf data is down
mixed which shifts the frequency spectrum down. This is commonly achieved by
multiplying the rf signal with cosine and sinusoid signals at the centre frequency,
or generating the quadrature component by sampling the rf signal with a delay
of 1/(4ω) (see [296] for a description of sampling strategies). This can also be
accomplished digitally by multiplying with a complex exponential

r (t)e−jωt = r (t) · cos(ωt) − jsin(ωt) = I (t) + jQ(t),

(1.7)

where r (t) is the rf signal, I (t) and Q(t) are the in-phase and quadrature i/q components, and ω is the centre frequency of the rf signal. After down mixing, the signal
is low pass filtered to remove the negative frequency spectrum of the real rf signal
and noise outside of the desired bandwidth. The spectrum of the signal during the
steps of the demodulation process is shown in Figure 1.9. For more efficient storage
and processing, the i/q data is usually downsampled because the sampling rate can
be reduced to twice the cut-off frequency of the low pass filter without introducing
aliasing. In addition to the b-mode image formation described below, the i/q data
is also used for Doppler motion detection as described in Section 1.4.6.
The amplitude of the i/q data, or the envelope, is given by
e(t) =

q

I 2 (t) + Q2 (t).

(1.8)

Figure 1.10 shows an rf signal and the corresponding envelope. Log compression
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follows envelope detection to ensure that the image has an appropriate dynamic
range for the display and for human visual perception.
To create a geometrically accurate image for display, the compressed envelope
data must be mapped from transducer coordinates to Cartesian coordinates in a process called scan conversion. This can be accomplished by creating a regular grid
in transducer coordinates for the envelope data points, a regular grid in Cartesian
coordinates for the display, computing the location of the Cartesian grid in transducer coordinates using the beam geometry, and finally using bilinear interpolation
to estimate the envelope for the Cartesian grid points.

1.4.6

Doppler

In diagnostic ultrasound, Doppler is used to detect and measure blood flow. First
described by Christian Doppler in 1842 in a study of the colour of light from stars, it
explains how the frequency of a wave is perceived to change relative to movement.
The premise of the Doppler effect is that the apparent frequency of a detected wave
will change when the source or receiver is moving.
The Doppler equation for ultrasound waves transmitted and received by a stationary transducer and interacting with a moving scatterer can be derived as follows.
Consider a scattering particle moving towards a transducer transmitting a wave with
a centre frequency of f 0 . The scatterer is acting as a moving receiver, increasing the
rate at which it receives the transmitted sound waves, causing an apparent increase
in observed frequency
fS = f0

c + v cos θ
,
c

(1.9)

where f S is the frequency experienced by the scatterer, v is the velocity of the scatterer, c is the speed of sound in tissue, and θ is the angle between the sound beam
and the scatterer. Now part of the sound is echoed by the scatterer back towards the
transducer. The scatterer is acting as a moving transmitter, causing an increase in
the frequency emitted by the scatterer
fR = fS

c
.
c − v cos θ

(1.10)

Substituting Equation 1.9 into Equation 1.10 and defining f R = f 0 + f D , where f D
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is the Doppler frequency shift measured by the transducer, we obtain
f0 + fD = f0

c + v cos θ
.
c − v cos θ

(1.11)

Considering the flow velocity observed in clinical Doppler examinations is typically
0.1 % of the value of the speed of sound in tissue, Equation 1.11 can be simplified
to
fD = 2 f0

v cos θ
.
c

(1.12)

Clearly in a real blood vessel in the body the received echo signal will not be
from a single scatterer moving at a single velocity, but from a collection of scatterers
at different velocities. This results in a spectrum of measured frequency shifts.
A number of blood flow measurement techniques based on the Doppler principle have been developed for ultrasound scanners. The different techniques and their
advantages and disadvantages are discussed in the following sections.
Continuous Wave and Pulsed Wave
Continuous Wave Doppler mode on ultrasound scanners continuously transmit sound
beam and receive the echoes from the beam. A specialized transducer containing a
transmit element and receive element may be used, or an array with separate apertures dedicated to each function. The detected echoes at the receiver undergo i/q
demodulation to shift the spectrum to the base band and remove the high frequency
components. The remaining signal contains the spectrum of Doppler shift frequencies, f D , in the region of the overlapping transmit and receive beams. In addition to
the signal due to blood motion, there are contributions from other structures such as
the vessel wall which typically have larger echo amplitudes and could overwhelm
the blood motion signals. These other structures typically move slower than the
blood so a high-pass filter, sometimes referred to as a “wall filter” or a “clutter”
filter, can remove these signals from the spectrum [140]. This unfortunately also
removes the signal from slow moving blood.
The resulting Doppler shift spectrum for physiological flows is typically in the
kHz range, and can be applied to a loudspeaker for audible feedback. Stereo speakers may be used to differentiate between positive and negative flow. The signal is
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Figure 1.11: Example of blood flow through the carotid artery as depicted by
Pulsed Wave Doppler. The horizontal teal lines indicate the gate location, and the angled teal lines indicate the estimated flow angle which
was manually set to approximately parallel to the vessel direction. The
waveform under the b-mode image shows the estimated velocity as a
function of time. In this case, a purely positive flow is measured (flow
towards the transducer), with a peak velocity of approximately 60 cm/s.
also often processed by a fast Fourier transform (fft) and plotted over time for visual
feedback. A broad spectrum often indicates abnormal or turbulent flow. Quantification of the velocity based on the fft is dependent on the relative angle between the
beam and the flow which can be difficult to correct for in Continuous Wave mode,
however the ratio between the peak-systolic and end-diastolic values is independent
of the angle and can be useful for characterizing the flow [169].
The continuous operation of the transmit and receive operations removes the
depth ranging ability of pulse echo ultrasound. This makes it difficult to localize
blood flow measurements from Continuous Wave Doppler. Localization may be
important for separating flow information from different vessels or to quantify different regions (e.g. turbulent and laminar regions) inside a single vessel. Pulsed
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Wave Doppler provides this feature by only providing Doppler shift measurements
from a small sample volume or “gate.” The transducer transmits a pulse and the
receive signal is ignored until enough time has elapsed for echoes from the start of
the gate to return and then is ignored again after the amount of time to reach the
end of the gate’s depth. Because the location of the gate is known, the angle of the
vessel can be estimated in the region of the gate and corrected for. The signal processing as well as the audio and visual feedback are similar to Continuous Wave.
An example of a Pulsed Wave Doppler image is shown in Figure 1.11.
The pulse repetition frequency (prf) is the effective sampling rate of the Pulsed
Wave Doppler signal, which limits the frequency range and thus the maximum velocity that can be measured according to the Nyquist sampling theorem
|v| ≤ c

f PRF
.
4 f 0 cos θ

(1.13)

For a deeply placed gate, the waiting time for the echoes to return from the gate
location can be long, which could severely limit the prf. Since the echoes before
the start of the gate do not need to be recorded, a high prf may be achieved by
transmitting additional pulses during the period of time before the first pulse returns
from the gate [276]. The disadvantage of the high prf approach is that if there is
any motion between the transducer and the gate there will be some ambiguity about
where the motion originated.
The number of samples, N, for the fft computation also puts a restriction on the
minimum velocity that can be measured with the Pulsed Wave mode, given by [280]
|v| ≥ c

f PRF
.
2N f 0 cos θ

(1.14)

Continuous Wave and Pulsed Wave may be combined in a duplex fashion with
conventional b-mode imaging to provide both Doppler measurements and information about the anatomical structures.
Colour Flow
Colour Flow mode displays measurements of the mean velocity along the beam direction from a number of gates in a region of interest as a 2d image overlaid on
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(a)

(b)

Figure 1.12: Example images of blood flow through the carotid artery as depicted by (a) Colour Flow and (b) Power Doppler imaging modes.
Rapid transitions from yellow to light blue in the Colour Flow image
likely indicate aliasing.
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a b-mode image as shown in Figure 1.12. The colour mapping typically presents
flow towards the transducer as red and flow away from the transducer as blue. The
gating process is analogous to the Pulsed Doppler gating, except Colour flow will
contain multiple different gates along a beam line. The same beam line is transmitted repeatedly at a prf similar to Pulsed Doppler until a defined number of lines
have been acquired, called an ensemble. Adjacent lines over the roi are acquired
sequentially after an ensemble for each line is collected.
Due to the limited number of ensembles causing variability in the fft output
and the computational cost of the fft operation on each gate across the roi, different
estimators were developed for measuring the mean frequency. Almost all modern
scanners use a phase-based estimator [102]. The most common technique is based
on the autocorrelation technique introduced in [158]. The technique relates the
mean frequency computed from the power spectrum
´∞
ω̄ =

ωP (ω) dω

−∞
´∞

(1.15)
P (ω) dω

−∞

to the autocorrelation function using the relationship expressed by the WienerKhintchine theorem [59],
ˆ∞
Γ (τ) =

P (ω) ejωτ dω.

(1.16)

−∞

Using Equation 1.15, Equation 1.16, and the derivative of Equation 1.16, it can be
shown
jω̄ =

Γ̇ (0)
.
Γ (0)

(1.17)

Representing the autocorrelation as
Γ (τ) = |Γ (τ)| ejφ(τ),

(1.18)

the mean Doppler frequency shift is the derivative of the phase of the autocorrela-

26

tion function which can be approximated as
ω̄ = φ̇ (0) ≈

φ (TPRF ) − φ (0) φ (TPRF )
=
,
TPRF
TPRF

(1.19)

where TPRF is the period between pulses.
Using the definition of the discrete autocorrelation at a single lag (TPRF ), if the
demodulated received signal is represented as a function of ensemble number i,
I (i) + jQ (i), then the autocorrelation over an ensemble length of N is
Γ (TPRF ) =

N
−1
X


I (i − 1) − jQ (i − 1) ,

(1.20)

NP
−1
Q (i) I (i − 1) − I (i) Q (i − 1) +
*.
//
−1 . i=1
φ (TPRF ) = tan .
// .
N
−1
. P
I (i) I (i − 1) + Q (i) Q (i − 1)
, i=1
-

(1.21)



I (i) + jQ (i)



i=1

and the phase

Note that the i/q signals used in Colour Flow processors are often integrated over
the depth of a gate, which reduces the samples along the gate to a single sample for
each pulse in the ensemble.
The presence of the arctangent function in Equation 1.21 limits the phase estimation to the interval (−π, π], which puts a restriction on the maximum velocity
that can be measured
| v̄| ≤ c

ω̄
π
f PRF
=c
=c
,
2ω0 cos θ
2ω0TPRF cos θ
4 f 0 cos θ

(1.22)

which is equivalent to the Nyquist limit from Equation 1.13.
The variance of the spectrum can also be computed with the autocorrelation
function
2

σ ≈

2
2
TPRF

!
|Γ (TPRF )|
1−
,
Γ (0)

(1.23)

but is less commonly displayed.
Since the flow direction typically varies across the 2d image, angle correction
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is often not applied to accurately estimate the actual velocity value. Instead, Colour
Flow is usually used to identify interesting flow regions which can then be quantified
in detail in Pulsed Wave mode [261].
Significant accuracy improvements can be made by estimating the centre frequency of the backscattered signal rather than assuming that the centre frequency
remains constant and is equal to the centre frequency of the transmitted pulse. Additionally, the estimation of both the Doppler shift and centre frequency shift can
be made for every sample along the depth of the gate, instead of integrating the
i/q signals. Representing the i/q signals as a function of ensemble number i and
gate sample k, the velocity estimate incorporating these two ideas can be obtained
from [194]
M
P NP−1

*

Q(i,k)I (i−1,k)−I (i,k)Q(i−1,k) +

, k=1

//
I (i,k)I (i−1,k)+Q(i,k)Q(i−1,k)
-

i=1
tan−1 .. k=1
M
P NP−1

v cos θ =

c
·
2TPRF

i=1

N
MP−1 P

// /2π +//
I (i,k)I (i,k−1)+Q(i,k)Q(i,k−1)
i=1
-

*
*
i=1
ω0 ..1 + tan−1 .. Mk=1
N
P−1 P
,

, k=1

(1.24)

Q(i,k)I (i,k−1)−I (i,k)Q(i,k−1) +

where M is the number of samples contained along the depth of the gate.
Power Doppler
Power Doppler images display the integrated power spectrum of the Doppler signal
instead of its mean Doppler frequency shift. While this does not provide quantitative measurements of velocity magnitude or direction, it is useful for detecting the
presence of small flow. The images are computed from the zero lag of the autocorrelation function, which is clear from setting τ = 0 in Equation 1.16,
ˆ∞
Γ (0) =

P (ω) dω.

(1.25)

−∞

The detection sequence is the same as used in Colour Flow imaging up to the point
of computing the autocorrelation. The value of the Power Doppler signal is related
to the number and size of the scattering particles, or blood cells, which is non28

linearly dependent on the blood flow velocity, shear rates, and hematocrit level [49,
277].
Compared to Colour Flow imaging, Power Doppler imaging provides several
advantages. One critical difference is the noise appears differently. In Colour Flow
imaging, the noise as a random process acts to introduce random phase angles into
the measurement which may then appear as a random hue. The noise has low power
compared to the desired Doppler signal, therefore, in a Power Doppler image, the
noise appears over a small range of hues which can easily be visually ignored. This
effectively allows the use of a larger gain without the Power Doppler image becoming dominated by noise. The greater sensitivity is useful for detecting small vessels
and vessels with low flow velocity, however . Power Doppler also has greater sensitivity when flow within the sample volume occurs in multiple directions, which for
Colour Flow will create frequency shifts that tend to cancel each other out when calculating the mean shift, while the Power Doppler integral will add the signal from
each shift. Another difference between Colour Flow and Power Doppler modes is
that the mean frequency of the Doppler signal will change as a function of the angle,
which changes the velocity measurement for Colour Flow, while the energy of the
signal does not depend on the angle and therefore does not affect the Power Doppler
measurement. The last major advantage is that Power Doppler does not alias like
Colour Flow, as the integral of the spectrum is the same whether the phase wraps
around or not [198].
The primary disadvantage of Power Doppler compared to Colour Flow is that
it does not provide measurements of direction or speed. The greater sensitivity of
Power Doppler also makes it more susceptible to motion artefacts such as contraction of the heart organ shift during breathing [213].

1.5

Elastography Background

A brief overview of Elastography was provided earlier in this chapter in 1.1. That
overview covered the basic concepts, clinical applications, available commercial
systems, and some of the current limitations. This section will go into more detail about the governing principles and the various techniques used to infer tissue
elasticity.
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1.5.1

Theory

Elastography relies on the field of continuum mechanics. The following section
describes how the motion of the material is related to the forces acting upon the
material and its material properties. This section introduces some new notation
that will be used throughout this thesis unless otherwise specified. Normal fonts
denote scalar parameters while vectors are shown in bold lowercase and matrices
in bold uppercase. In index notation, the Einstein summation convention is used
where repeated indices are summed over. A brief description of index notation is
provided in Appendix A.
There are two common descriptions of material motion; Lagrangian and Eulerian. The Lagrangian description studies the motion of a particle that is specified by
its initial position. The Eulerian description studies a particle that occupies a specified region of space. In elastography the two descriptions are considered equivalent
as the spatial fluctuations in displacement, stress, and strain, are much larger than
the amplitudes of the displacements [232].
A fundamental law governing the mechanics of motion is the conservation of
linear momentum over a volume V with surface S
˚
˚
¨
∂
∂u
T (n) dS,
ρ dV =
fdV +
∂t
∂t
V

V

(1.26)

S

where ρ is the mass density, u is the displacement, f is the body force per unit
volume, and T (n) is the traction on the surface with outward unit normal n.
The tractions acting on the surface of the volume can be described using the
stress tensor
Ti = σ ji n j .

(1.27)

The conservation of angular momentum implies that the stress tensor is symmetric,
reducing the number of independent stress components from nine to six.
Using Equation 1.27 and applying Gauss’s divergence theorem to Equation 1.26,
the equation of motion is obtained
ρüi = f i + σi j, j .
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(1.28)

The small deformations observed in elastography can be described in terms of
the infinitesimal strain tensor
ij =


1
ui, j + u j,i .
2

(1.29)

In a linear elastic material, the stress and strain are related through a generalization
of Hooke’s law
σi j = Ci jkl  kl,

(1.30)

where C is the fourth-order stiffness tensor. Due to symmetries in σ, , and C, the
number of independent components of C is reduced from 81 to 21. It is the goal of
elastography to identify the components of C. To simplify the problem, the tissue
is often modelled as an isotropic material, resulting in two independent material
parameters


Ci jkl = λδi j δkl + µ δik δ jl + δil δ jk ,

(1.31)

where λ and µ are the Lamé parameters, and δi j is the Kronecker delta (1 for i = j
and 0 otherwise). Using Equation 1.31, Hooke’s law for isotropic materials can be
written as
σi j = λ kk δi j + 2µ i j .

(1.32)

Young’s modulus, the ratio of tensile stress to extensional strain, and Poisson’s
ratio, the ratio of transverse strain to axial strain, are related to the Lamé parameters
as

µ (3λ + 2µ)
,
λ+µ

(1.33)

ν=

λ
.
2 (λ + µ)

(1.34)

µ=

E
,
2 (1 + ν)

(1.35)

νE
.
(1 + ν) (1 − 2ν)

(1.36)

E=
and

Conversely,

and
λ=

The adiabatic compressibility of tissues is determined primarily by the molecu31

lar content of the tissue and intermolecular interactions [287]. Most tissues imaged
by ultrasound are composed of 70 % to 80 % water. Consequently the hydration
of soft tissues leads to near incompressible behaviour. The implications of incompressibility on the mechanical properties are Poisson’s ratio is almost 0.5 (ν ≈ 0.5),
through Equation 1.35 Young’s modulus is almost three times the shear modulus
(E ≈ 3µ), and through Equation 1.36 λ  µ.
Combining the equation of motion described in Equation 1.28 with the definitions of the strain tensor in Equation 1.29 and Hooke’s law in Equation 1.32 results
in a description of the elastic response in terms of displacements
f 
g

ρüi = f i + µ ui, j + u j,i
+ λuk,k ,i .
,j

(1.37)

In a homogeneous region, where λ and µ are constant in space, Equation 1.37
can be written as
ρüi = f i + µui, j j + (λ + µ) u j, ji .

(1.38)

In the case of dynamic motion, it is often convenient to represent the motion in
terms of propagating waves. According to Helmholtz’s decomposition theorem, any
square integrable vector field in three dimensions can be resolved into the sum of
a divergence-free field and a curl-free field [161]. The divergence-free component
is often termed the distortion wave, transverse wave, or shear wave and consists of
the component
üi =

µ
ui, j j = cs2 ui, j j ,
ρ

(1.39)

where cs is the shear wave speed. The curl-free component is often termed the dilatation wave, longitudinal wave, or compression wave is consists of the component
üi =

λ + 2µ
ui, j j = c2p ui, j j ,
ρ

(1.40)

where cp is the compression wave speed [164]. For nearly incompressible materials,
such as soft tissues, the compression wave is orders of magnitude faster than the
shear wave. The shear wave is typically the component of interest in elastography
as it is both easier to measure due to its slower speed, and because its properties are
32

more directly related to the shear modulus (the compression wave includes the first
Lamé parameter).

1.5.2

Additional Modelling Considerations

The previous section provided theory for purely elastic materials because most elastography techniques measure quantities only related to linear elasticity. While in
many cases this description is adequate [286], in general soft tissue behaviour is
more complex and accounting for these differences can in some situations provide
additional information and a more accurate fit to the measurements [173]. Examples
of more complicated phenomena include viscoelasticity, anisotropy, and nonlinearity.
Viscoelasticity
Mechanical testing of soft tissue has demonstrated viscoelastic behaviour in which
there is a time or frequency dependence for stress and strain [111]. Research on
measuring viscosity using elastography techniques has suggested clinical relevance.
For example, measurements of the dynamic modulus (complex shear modulus)
demonstrated a power law behaviour as a function of excitation frequency in breast
lesions, with malignant lesions showing a tendency for larger power law exponents,
likely related to high vascularity and more liquid-like behaviour [293]. In addition,
the creep behaviour of malignant breast tumours is thought to be related to the pH
and collagen density of the tumour micro-environment [146].
In modelling viscoelastic solids, it is generally assumed that the elastic restoring forces are proportional to the displacement and the dissipative forces are proportional to the velocity. It is necessary to choose a tissue model to determine the
viscoelastic parameters. Common models include Maxwell (spring and damper in
series), Voigt (spring and damper in parallel), and Zener (spring and damper in series and in parallel with another spring) [111]. The appropriate model can depend
on the material and the excitation conditions. For example, measurements on ex
vivo bovine muscle and phantoms of agar gels using a transient planar shear wave
excitation showed a Voigt model fit the data better than a Maxwell model [54].
In contrast, a different study of in vivo brain and liver tissues undergoing multi33

frequency sinusoidal excitation found that a Maxwell model provided a better fit
compared to a Voigt model, while a Zener model provided the best fit [162].
Anisotropy
In soft tissues with highly organized structure, for example the alignment of muscle
fibres along particular directions, the mechanics of the material will also depend
on the direction of the organization. Measurements on human skeletal muscle have
shown shear modulus in the direction parallel to the muscle fibres is greater than
that measured perpendicular to the fibres [119]. Myocardial fibre orientation can
be mapped by determining the direction in which a shear wave propagates with the
greatest velocity, and could be used to detect myofiber disarray associated with cardiac pathologies such as postinfarction myocardial remodelling and hypertrophic
cardiomyopathy [181]. White matter tracts in the brain have been observed to
act as waveguides for propagating waves and can be modelled using a transverse
isotropic model, which has potential for improving accuracy when monitoring clinical changes in the brain [273]. Elastography measurements of the breast in two patients with fibroadenoma and invasive ductal carcinoma found regions of elevated
fibre organization corresponding to the two masses, however differentiation was not
possible [291].
Nonlinearity
The generalized Hooke’s law in Equation 1.30 assumes a linear relationship between stress and strain. However, this assumption only holds over a small range
of strains for most soft tissues. For example, the stress-strain relationship is sometimes approximated by three regions; two quasi-linear regions with a relatively low
elastic modulus at low stress and a relatively high modulus at high stress, and a
region between where there is a constant change in the gradient [89]. The actual
stress-strain relationship in real tissue is likely more complex.
There is significant diagnostic potential in differentiating tumours from measurements of nonlinear elastic properties. For example, compression tests of ex vivo
prostate tissue samples showed a twofold increase in elastic modulus for cancerous
tissue between pre-compression levels of 2 % and 4 %, while there was a negligible
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Figure 1.13: Example of an rf signal before and after tissue compression.
The data were collected from an Ultrasonix SonixTouch scanner with
a L14-5/38 linear array transducer while applying freehand compression with the transducer to a homogeneous polyvinyl chloride tissue
mimicking phantom.
change over the same range for normal tissue and benign prostatic hyperplasia [171].
Another study examining ex vivo breast tissue compared five hyperelastic models
and found almost all of the parameters corresponding to pathological tissues were
between two times to two orders of magnitude larger than those from normal tissue,
suggesting nonlinear elastography could distinguish between normal and pathological tissues with further potential to classify cancers, especially invasive lobular
carcinoma [228]. An in vivo imaging study of ten patients with benign and malignant masses demonstrated the potential of nonlinear elastography in distinguishing
between the two types, where no statistically significant difference was found between shear moduli for fibroadenomas and invasive ductal carcinomas, however a
significant difference was found in the exponential stiffening parameter of a reduced
Veronda-Westmann model describing the nonlinearity of the tissues [116].

1.5.3

Motion Measurement

Elastography uses measurements of tissue motion to infer the mechanical properties of tissues using the theory described in Section 1.5.1 and Section 1.5.2. The
following section describes the measurement of tissue motion using medical ultrasound.
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Speckle Tracking
As mentioned in Section 1.4.2, small scale acoustic inhomogeneities create speckle
patterns. If it is assumed that a group of scatterers produces a unique speckle pattern, and the motion of the tissue results in corresponding motion of this pattern,
then motion can be measured by matching the speckle pattern over successive signal acquisitions [130]. This assumption holds up well for uniform translation [43],
or for small deformations (stretching or compressing) [207], but does not hold for
general motion (e.g. for rotations greater than a few degrees [156]. For the motion
conditions usually encountered in elastography it has proven adequate.
Figure 1.13 shows an rf signal of tissue before and after undergoing static compression using the probe face to indent the tissue. The post-compression signal
clearly has a similar shape to the pre-compression signal. Looking at only a small
region of the signal, the change between the two signals can be modelled as a time
shift, or temporal translation. Dividing echo signals into small regions, or blocks,
and determining the translation between blocks from images captured at different
times by finding the best match is the basis of speckle tracking tissue motion measurement. Blocks are selected to be large enough to adequately capture the speckle
pattern, while small enough such that the change in the block between frames appears as mainly a shift, instead of a stretch which would change the shape of the
signal and make it difficult to match [74].
One method of determining the translation of a block between images is to
define a pattern matching function which is maximized/minimized by varying the
translation. The most commonly used method is maximizing the normalized crosscorrelation, which with the common assumption that the rf is zero mean is computed between two signals s1 and s2 by
B/2
P

maximize R(u) = s
u

i=−B/2
B/2
P

i=−B/2

s1 (i) · s2 (i + u)
s

s1 (i) 2

(1.41)
B/2
P

i=−B/2

s2 (i + u) 2

where i is the sample index, u is the integer sample translation, and B is the number
of samples in a block. The normalized cross-correlation has proven to be accu36

rate and robust, however it can be computationally expensive, creating difficulty in
tracking tissue motion at rates similar to the ultrasound frame rate. Also, the cyclical nature of the rf signals can lead to finding false matches, called “peak-hopping”
errors due to the highest correlation coefficient occurring at a secondary peak in the
correlation function [252]. Applying a spatial filter post-processing step can help to
reduce the random peak-hopping errors [270]. Starting the search with large blocks
and iteratively using smaller blocks (coarse-to-fine) is another approach to reduce
the peak-hopping error with a small increase in computational load [62]. Both the
speed and peak-hopping problems can be mitigated by bracketing the search region using the previously computed translation from the neighbouring block [345].
Speed can also be improved by using different matching functions with reduced
computational complexity, such as minimizing the sum of absolute differences or
sum of squared differences between signal blocks, where squared differences provide similar motion estimation precision to normalized correlation, while absolute
differences generally performs with less precision [326].
So far this section has discussed estimating motion to the nearest digital sample. For common system parameters of 40 MHz sampling rate and 1540 m/s speed
of sound, the spacing between samples computed using Equation 1.1 is 19.25 µm.
Often a finer precision is desired so interpolation is used. One option is to interpolate between the samples of the rf signals, however this becomes increasingly
computationally expensive for finer precision [253]. Alternatively, the peak of the
correlation function can be estimated using discrete computations of the correlation coefficient, either exactly using sinc interpolation, or more commonly using
parabolic or cosine interpolation between the three largest samples. Parabolic and
cosine interpolation methods are popular because they are computationally inexpensive, however they introduce cyclical bias errors [57].
A popular alternative to cross-correlation peak searching is phase-based tracking. If the rf signal, s(t), is represented analytically
ŝ(t) = s(t) − j s̆(t),

(1.42)

where s̆(t) is the one dimensional (1d) Hilbert transform of s(t), then the magnitude
of the complex cross-correlation between two acquisitions will contain the same
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maximum as the rf cross-correlation function, and the phase of the complex crosscorrelation will cross zero at the location of the maximum [196]. Alternatively, if
baseband i/q signals are used, the phase of the complex cross-correlation is proportional to the displacement at the location of the maximum [226]. The phase-based
methods attempt to find the shift that produces a phase angle of zero (for analytic
signals), or alternatively finds the phase angle between the two signals (for baseband signals). This second description is reminiscent of the phase-based tracking
in Doppler Colour Flow, but in this case only two images are used instead of the
several measurements making up a Colour Flow ensemble. Removing TPRF from
Equation 1.24 produces a measurement of displacement along the axial beam direction. Phase-based speckle tracking which operates on i/q data produces a mathematically equivalent result using analytic rf signals, and further, is mathematically
equivalent to cross-correlation speckle tracking if it is assumed that the phase varies
linearly and that motion produces only shifts of the rf signal [194]. For typical
signal-to-noise ratio (snr) in elastography imaging scenarios (≈ 30 dB) and small
displacements (<25 µm) the phase-based Doppler algorithms can provide similar
performance to normalized cross-correlation speckle tracking with the advantage
of approximately an order of magnitude increase in computation speed [254]. One
challenge of using the phase-based tracking method for elastography is aliasing
which will occur for any displacement exceeding (cπ)/(2ω0 ) which is typically
around 0.25 mm to 1.0 mm. Aliasing can be reduced by using the neighbouring
block’s displacement as an initial guess in an iterative Newton search for the root
of the cross-correlation phase [251].
While most speckle tracking methods assume that the speckle pattern does not
change due to motion, under large deformations it may be necessary to remove the
distortions in the pattern. One approach leads to a model that shows the reference
image is a filtered version of a motion corrected image, under the assumptions of a
linear image formation model and that acoustic impedance is not affected by motion.
The filter is dependent on the motion, and corrections for the speckle changes can
be applied by solving for an affine transform that minimizes the difference between
the filtered image and the reference image [202]. Companding is another approach
which warps the reference image by first applying a coarse 2d shift and stretch, then
a fine scale 2d shifting, before a final pass of correlation based motion tracking
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along the axial direction [60].
A different approach to speckle tracking is to track specific features detected
from the speckle patterns. Features of the rf signal such as the zero crossings can
be detected using linear interpolation [298], or the peaks using the zero crossings of
a wavelet transformed rf signal [95]. Instead of providing the motion measurement
for a block of the image, feature tracking methods provide a measurement for every
feature location. This generally leads to a higher spatial density of measurements,
although the spacing may be nonuniform. The feature tracking algorithms are less
susceptible to signal decorrelation due to stretching, however the algorithms can be
more sensitive to signal noise.
A continuous representation of the rf data, for example by fitting a piece-wise
cubic spline, allows for an analytical solution to the best match of the pattern matching function. Blocks of discrete data from the tracked frame can be compared to
the continuous reference frame, and the sum squared error between the two can be
minimized by finding where the derivative is zero [325]. This method provides low
bias and variance in the motion estimates, however finding the roots of the fifth
order polynomial representing the analytical derivative of the sum squared error
is generally more computationally demanding compared to other speckle tracking
techniques. The size of the signal block used to compute the squared error can be
reduced all the way down to a single sample, providing high resolution and comparable accuracy and precision to typical block sizes (on the order of 1 mm), with
the trade-off of greater sensitivity to signal noise [346]. Representing both the reference and tracked signals using splines improves accuracy and precision but is
computationally more expensive [253].
Speckle tracking methods can be extended to measuring 2d (adding lateral) and
3d (adding elevational) displacement vectors by extending the pattern matching
search to those directions, with the exception of phase-based methods because the
oscillations at the carrier frequency of the pulsed wave normally only occur along
the beam (axial) direction, which means that phase changes cannot be observed in
the non-axial directions. The best match (usually the peak of the cross-correlation
function) can be found independently in each direction [347], iteratively in each
direction [105], or interpolated by fitting a 2d/3d function to the correlation coefficients [67, 349]. The accuracy and precision of the estimates in the lateral and
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elevational directions are poor compared to the axial direction, which is in large part
caused by a larger sample spacing (typical element pitch is on the order of 300 µm
compared to digital sample spacing of 19.25 µm), poorer beam resolution in the
non-axial directions [195], and a typical lack of phase information in the non-axial
directions [42]. Additional rf lines in the lateral and elevational directions can be
interpolated to improve the sample spacing [165]. The resolution in the non-axial
directions can be improved using a synthetic aperture beamforming approach, however this requires a system that can save pre-beamformed received rf data for each
element [167]. Phase information can be introduced into the non-axial directions
to improve tracking accuracy. One approach introduced phase information in the
lateral direction synthetically by removing either the negative or positive half of
the lateral spectrum [66]. Another approach that several groups have investigated
is modifying the apodization weightings used in beamforming to introduce oscillations in the other directions [15, 149, 186, 302].
A different approach for estimating 2d and 3d motion vectors is to combine axial measurements from overlapping beams from different directions, often referred
to as angular compounding. This takes advantage of the superior measurement
accuracy of the axial speckle tracking and uses known geometry of the beams to
reconstruct the components of the motion vector mathematically. As only measurements along the beam are used, this technique can also be used with conventional
Doppler based velocity tracking and is termed Vector Doppler. The different axial
beams can be generated electronically by introducing beamforming delays and using multiple transmit and receive frames at different angles [125, 268], or a single
transmit and multiple receive angles computed digitally for a faster sampling rate
but poorer snr [170, 310]. Instead of electronic beamforming methods, multiple
angular frames can be created by moving a transducer. For example, a phased array or curvilinear array transducer can be mechanically translated laterally, where
each beam line in a conventional image can be rearranged to create an angled image from each translated location [313]. Another example is rotating a transducer
around the roi [211]. Multiple axial beam angles can also be acquired using multiple transducers directed towards the same roi [4, 33, 90]. An advantage of the
moving transducer and multiple transducer techniques over electronic beam steering is that larger inter-beam angles, and thus greater measurement accuracy, can be
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achieved. A disadvantage is that the moving and multiple transducer techniques require calibration to spatially align the measurement from each transducer location.
The geometry of electronic beam steering methods lends itself well to imaging superficial tissue, such as the carotid arteries, but not for deeper tissue such as liver.
The opposite is generally true for moving and multiple transducer methods.
Vibration Doppler
Conventional Doppler, as described in Section 1.4.6, measures the average velocity
of a steady and slowly varying flow, and is not suitable for measuring vibrating tissue. While Colour Flow algorithms can be modified to measure the displacement
through each gate or block between individual frames as described in the previous
section, this requires access to the unprocessed i/q data. It is still possible however to
estimate steady state vibrations using the output of the Doppler processing (i.e. the
Doppler spectrum). A vibrating tissue scatterer modulates the Doppler power spectrum, with harmonics spaced proportional to the vibrating frequency and weighted
by Bessel functions of the first kind [133]. The modulation parameter of the Bessel
functions is related to the vibration amplitude as
β=

2ξω0
,
c0

(1.43)

where ξ is the vibration amplitude along the ultrasound beam axis, ω0 is the centre
frequency of the ultrasound pulse, and c0 is the propagation speed of the ultrasound
pulse.
Estimating the modulation parameter, β, leads to an estimate of the vibration
amplitude. There are two common methods to do this; one based on estimating the
standard deviation of the power spectrum, and the other based on ratios of spectral
harmonics. The standard deviation of the Doppler power spectrum is related to the
modulation parameter through [144]
√ σ
β= 2 ,
ωe

(1.44)

where ωe is the frequency of the vibration.
The amplitude ratio of adjacent Bessel bands in the Doppler power spectrum
41

are related to the modulation parameter through [339]
Ji+1 ( β)
Ai+1
,
=
Ai
Ji ( β)

(1.45)

where Ai is the amplitude of the ith spectral band, and Ji is the ith order Bessel
function. The ratio can be computed as a function of β beforehand, and then used
to estimate β during the experiment.
The phase of the vibration can be estimated directly from the phase of the
Doppler spectra [339].

1.5.4

Elasticity Estimation

Methods for generating images depicting tissue elasticity have been in development
for over 20 years, resulting in a diverse set of techniques. The methods can be
roughly categorized by the type of tissue excitation applied (static/dynamic) and
the type of measurement provided (relative/absolute).
Strain
Under conditions of purely uniaxial compression, from Equation 1.32 and Equation 1.33, Hooke’s law reduces to
E=

σ11
.
 11

(1.46)

Thus, the problem of determining tissue elasticity is reduced to finding the ratio of
stress to strain in the direction of compression.
Strain can be computed from ultrasound based motion measurements (see Section 1.5.3) using the slope from a least-squares line fit over a small spatial window [155]. However, it is often difficult to measure the stress distribution in the
tissue. A common assumption is a uniform axial stress field. Using a large compressor area can help mitigate errors in this assumption. Since the magnitude of
the stress is usually not known, only a relative estimate of the elasticity is possible.
Commonly the strain is displayed instead of the relative Young’s modulus [233].
Instead of using an extra apparatus for applying compression, it is common to
use the ultrasound transducer face to apply quasi-static tissue compression [123]. In
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this situation, the pressure is generally higher near the transducer face compared to
deep tissue, resulting in a “hardening” artefact which increases apparent elasticity
with increasing depth [234].
The relation between strain and stress given in Equation 1.46 applies to the
case of uniaxial compression, but achieving this type of loading inside the body is
difficult in practice. More generally, the relation between axial strain and stress is
 11 =

1
(σ11 − νσ22 − νσ33 ) .
E

(1.47)

Poisson’s ratio is usually assumed to be approximately 0.5 because most soft tissues are nearly incompressible, leaving the three stresses and Young’s modulus as
unknown. It is possible to attempt to estimate the three components of stress using
an analytical model and knowledge of the boundary conditions and compressor geometry [256]. However, the stress concentrations caused by elastic heterogeneities
are difficult to predict because the underlying Young’s modulus distribution is unknown, and hence the 1d model of Equation 1.46 is usually assumed for strain
elastography.
The displacement estimation used for computing strain images produces several artefacts. For example, horizontal “zebra” stripes, caused by cyclical bias errors introduced by sub-sample interpolation in correlation based speckle tracking,
and smaller “worm” artefacts caused by large signal overlaps in speckle tracking
creating correlated noise patterns [235]. The mechanical compression of the tissue
also causes compression of the backscattered signal, meaning the block matching
can only match in a certain region of the block, where the location of the match
will be biased toward the higher amplitude region of the block [58]. This causes
errors in strain computation because the distance between displacement estimates
is assumed to be the distance between block centres. Methods to help mitigate this
location error include reducing the dynamic range of the echo signals [11], scaling
and shifting the pre-compression signal to improve coherence during block matching [60], or correcting for the location of the estimates [188].
In addition to inferring relative Young’s modulus distributions, strain imaging
has other clinical uses, such as using shear strain to assess mobility breast lesions
to help differentiate between malignant and benign lesions [314], or in measuring
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poroelastic behaviour [271]. Creep tests using strain imaging have been used to estimate time constants associated with the extracellular environment of breast lesions,
where a shorter time constant has been demonstrated for malignant masses [265].
Another class of elastography methods using strain measurements is directed
toward finding a relative distribution of the tissue elasticity based on solving partial differential equations. Starting with Equation 1.28 under conditions of static
compression and no body forces, the equation of equilibrium is obtained
σi j, j = 0.

(1.48)

Combining compatibility with Hooke’s law as in Equation 1.32, equations relating,
strain, spatial derivatives of strain, and spatial derivatives of shear modulus can
be obtained. One approach solves the equations under plane strain conditions to
find the spatial distribution of the relative shear modulus over 2d using finite differences [294]. A different approach solves the equations under plane stress conditions
for the gradient of the relative shear modulus in 2d and calculates the logarithm of
the relative shear modulus by integrating the gradient over a path using the relationship between the logarithm and its derivative [305]
∂ log

 g(x) 
g(x0 )

∂x

=

1 ∂g(x)
,
g(x) ∂ x

(1.49)

where g(x 0 ) represents a reference shear modulus value at location x 0 . Both of
these approaches suffer from requiring third order derivatives of noisy displacement
measurements.
An alternative approach that reduces sensitivity to derivatives is using a weak
formulation of the equations of motion and elasticity in a finite element method
(fem). The elasticity can be determined using an iterative approach to minimize a
functional summing the squared difference between the measured tissue displacements and the displacements computed by the fem using the current estimate of
elasticity [154]. While an initial guess is required for the elasticity, a spatially uniform value can be used and does not affect solution [86]. The elasticity is updated
for each iteration by computing the gradient of the functional with respect to the
unknown elasticity parameters (e.g. the Young’s modulus for every finite element),
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resulting in a Jacobian matrix. The columns of the Jacobian matrix, which correspond to the gradient of the functional with respect to a single elasticity parameter,
can be computed by solving the fem forward problem where the forcing function is
changed to the product between the current fem computed displacement field and
the partial derivative of the stiffness matrix with respect to the elasticity parameter.
This means the Jacobian takes N forward fem solutions, where N is the number
of elements, which is computationally demanding. Instead of the computing the
Jacobian, the gradient can be obtained more efficiently using the adjoint method
which only requires two forward problem solves per iteration independent of the
number of elasticity parameters [225]. Usually the iterative fem approaches ignore the lateral tissue displacement component because of the poorer displacement
measurement accuracy in this direction and the sensitivity of the inverse problem to
errors in displacement measurement. Regularization can be used to help solve the
equations to compensate for missing data and noise. Typically a plane strain model
is assumed to transform the elasticity problem to 2d to accommodate displacement
measurements obtained using 2d ultrasound. The fem problem can also be solved
directly by rearranging the equations in terms of the elastic parameters, since the
discretized system of equations is linear with respect to the elastic parameters [354].
A slightly different use of fem in an iterative approach has been proposed to
obtain a relative modulus distribution based on Equation 1.47 using strain measurements along the axial direction [255]. The method uses an initial guess for the
modulus distribution and uses a 3d fem to estimate stresses. The modulus is then
updated at every pixel location using the estimated stresses and the axial strain measurements, and the process is repeated until the modulus converges. The method
requires an assumption for the Poisson’s ratio which is typically assumed a constant
0.495.
There has been some work on creating absolute rather than relative measurements of Young’s modulus by also measuring the stress distribution over the area
of contact between the ultrasound transducer and the tissue. Pressure sensors can
be mounted around the outside of the transducer and used to improve estimating 3d
stress field [344]. Similarly, a thin film pressure sensor can be placed directly under
the transducer with a small reduction in ultrasound signal quality [318]. Instead of
using pressure sensors, a thin compliant layer with known elasticity can be placed
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between the transducer and the tissue. The strains can be measured in the compliant
layer in the same way as is done in tissue, but since the elasticity is known the stress
may be computed. This may be accomplished using Equation 1.46 and assuming
constant stress along each ultrasound beam line [201], or using a 3d fem model
of the compliant layer with some assumptions about the underlying tissue [160].
While these methods allow for quantification of elasticity values and to correct for
nonuniform pressure at the surface of the tissue, the methods cannot reliably predict
the stress concentrations caused by inclusions.
Amplitude
Similar to strain imaging, amplitude based elastography displays relative differences in tissue stiffness based on displacement measurements. These methods use
a dynamic excitation source as opposed to a static source in strain imaging, and the
maximum amplitude of the displacement over the measurement time is displayed at
each location. An increase in tissue stiffness results in a decrease in displacement
amplitude. For example, an inhomogeneity with an area 0.5 % of the surrounding
tissue with a Young’s modulus three times greater than the surrounding tissue can
be detected by a 20 % drop in shear wave vibration amplitude [113].
“Sonoelasticity” imaging, an amplitude based elastography method, applies
steady state vibrations over a band of about 20 Hz to 1000 Hz to the tissue. The
amplitude of the wave pattern is measured using the vibration Doppler technique
of estimating the power spectrum standard deviation as described in Section 1.5.3.
Sonoelasticity methods typically create shear waves in the tissue by applying vibrations on the surface that radiate like a point source such as using an acoustic horn
with a tapered cone [183] or a metal rod acting like a piston [312]. Standing waves
in the vibration field produce modal patterns with areas of increased or decreased
displacement which interferes with the detection of elastic inhomogeneities. To
reduce this effect, multiple excitation frequencies can be applied simultaneously
to excite a greater number of eigenmodes, which will tend to smooth the overall
displacement field [312].
An alternative to using vibrating sources to produce shear waves in tissue is
to use the acoustic radiation force (arf) to create impulsive excitations. High in-
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tensity acoustic beams are focused in the tissue using the same ultrasound transducer as used for b-mode imaging and displacement tracking, creating localized
displacements on the order of tens of microns over a volume approximately 1 mm3
in size [222]. Tissue displacements are typically tracked using correlation based
techniques [254]. The advantages of arf techniques are that the nonuniform stress
and modal artefacts seen in the stain and sonoelasticity methods respectively are
eliminated, the force can be applied anywhere the imaging system can focus, and
no extra equipment is required for applying the tissue excitation. The disadvantages
are risks of tissue heating, limiting the number of pushing pulses, and the requirements on the ultrasound scanner being able to produce the high voltages and beam
sequences to create the push pulses.
Transfer Function
Considering the tissue as a linear dynamic system, transfer functions of the tissue
motion can be used to describe its mechanical response as a function of frequency.
The tissue motion can be described by [319]
M

d2 u(t)
du(t)
+ Ku(t) = f(t),
+B
2
dt
dt

(1.50)

where u(t) and f(t) are vectors of tissue displacement and force as a function of
time, and M, B, and K are matrices representing the mass, damping, and stiffness
of the tissue. The matrices are dependent on the mechanical model, but do not
have to be specified if model parameters are not desired. The Fourier transform of
Equation 1.50 yields the transfer function at a specified location in the tissue
H (ω) =

u(ω)
1
=
.
2
f (ω) −ω m + jωb + k

(1.51)

From Equation 1.51 it is clear that at ω = 0 the transfer function contains information only about the compliance (inverse of stiffness) of the tissue. Similar to strain
imaging, the force is usually not known so a relative estimate of compliance can be
obtained by replacing the force with a reference displacement
f = kr ur .
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(1.52)

If the reference stiffness is set to unity, then the relative compliance between the
reference and the i th displacement location is [281]
ui (0)
.
ur (0)

Hri (0) =

(1.53)

The transfer function can be computed from the power spectral densities of
correlation speckle tracking measurements
Pri (ω)
,
Pii (ω)

Hri (ω) =

(1.54)

where Pri (ω) is the cross-spectral density between the reference and i th displacement, and Pii (ω) the spectral density of ui .
Usually it can be assumed that over a small band of low frequencies that the
magnitude of the transfer function is flat and therefore the stiffness estimate can
be averaged over this band to reduce errors due to measurement noise. A measure
of confidence can be used to weight the transfer function over the low frequency
band. The coherence function indicates what portion of the input energy from ur
at frequency ω appears at the output in ui at the same frequency [281]
Cri (ω)

=

Pri (ω)

2

Pii (ω)Prr (ω)

.

(1.55)

The coherence function covers the interval [0, 1], where a value close to 1 indicates
a linear system with high snr. The final weighted intensity value for display can be
computed via [210]

ω
´2

Ii =

ω1

Cri (ω) · Hri (ω) dω

(ω2 − ω1 )

ω
´2
ω1

,

(1.56)

Cri (ω)dω

where ω2 and ω1 are the upper and lower bounds of the frequency band. Typically
the excitation is band-pass filtered white noise (ranging from 1 Hz to 20 Hz), applied
either via the transducer or through a separate shaker. Compared to strain imaging,
transfer function images have demonstrated lower variance and greater accuracy
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which may be due to including more temporal and frequency information in the
estimation [319].
The magnitude and phase of the transfer functions over a broader frequency
range can also be used to estimate the viscoelastic parameters of a material model [97].
This is typically done using a mechanical vibration source. An alternative method
is to use the arf to generate a step response in the tissue. The temporal derivative of the step response is the impulse response, and the Fourier transform of the
impulse response is the transfer function between the applied force and tissue displacement [110].
Transient Shear Waves
As mentioned in Section 1.5.1, the behaviour of shear waves is directly related to
tissue elasticity. Transient techniques use a short duration, impulse-like excitation
to generate a shear wave. The propagation of the wave is measured using speckle
tracking techniques over time as the wave travels through the roi, and the speed
of the wave is inferred from the motion measurements. From Equation 1.39, the
shear wave speed is proportional to the square root of the shear modulus. Typical
shear wave speeds in soft tissue are between 1 m/s to 5 m/s, so the motion must be
sampled at a relatively high rate to capture the evolution of the wave over time. The
propagation speed of the ultrasound pulse is about three orders of magnitude greater
than the shear wave speed, so it is fast enough to sample the motion, however the
sequential nature of forming a 2d image results in a frame rate which is too slow to
sample the shear wave. Instead the wave can be tracked by using rapid interrogations
with a single beam line, repeated with different laterally spaced beam lines across
the roi [223]. Alternatively, full channel parallel receive beamforming hardware
can be used which can sample the entire roi using a planar transmit wave [310].
Mechanical excitation can be used to generate the shear waves, such as using
a single element transducer as a piston [283]. The shear wave speed is estimated
using linear regression on the phase of the wave as a function of depth, and can be
related to the shear modulus through Equation 1.39. The downside of the regression
technique is that spatial information is lost (i.e. elastic inhomogeneities which would
result in different shear wave speeds along the imaging depth are not captured). This
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approach is the basis for the commercial FibroScan and FibroTouch systems used
for liver fibrosis examination.
A similar approach is used for 2d imaging, where the shear wave is generated
by applying a short pulse using the face of a linear array or two rods on either side
of the array in the elevational direction, which creates a shear wave that propagates primarily along the beam axis and does not significantly diffract in the elevational plane [32, 284]. The 2d approach retains spatial information by estimating
the shear modulus algebraically using a simplified Helmholtz equation, based on
Equation 1.39, using only the axial component of motion and ignoring out of plane
derivatives. The simplified Helmholtz equation can be transformed to the frequency
domain, either to restrict the inversion to a specific band where the snr is high, or
to examine the complex wave field for viscoelastic parameter estimation [54].
Transient shear waves can also be created using the arf which creates a pointlike source that radiates in an approximately cylindrical shape [288]. The shear
modulus can be estimated using the same simplified Helmholtz algebraic inversion [221], however due to the sensitivity to noise when taking second-order derivatives in the algebraic Helmholtz approach, time-of-flight methods have become a
popular alternative. The time-of-flight methods assume lateral propagation of the
arf induced shear wave, and measure the time for the peak displacement to occur at
laterally spaced locations (adjacent beam lines) [241]. It is also possible to track the
shear wave propagation along the pushing beam axis, however it is more challenging as it can be difficult to track the motion along this path, and the time-of-flight
has a depth dependence and is affected by the spatial distribution of the arf, leading to greater variance in the elasticity measurements [329]. Another method for
generating transient shear waves is to apply the arf push at different depths in rapid
succession (faster than the speed of the shear waves). The constructive interference
of the shear waves from each source creates a planar shaped wave front with greater
amplitude, termed the “Mach cone” [34].
In most arf techniques, an image is constructed from repeated interrogations to
enable imaging a large field of view and to average measurements to increase snr.
A single focal arf excitation can enable measurement over an area approximately
2 cm × 2 cm [223], with the axial extent limited by the arf depth of focus and the
lateral extent limited by shear wave attenuation. A “Mach cone” type of excitation
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can enable a larger measurement region, however repeated interrogations are still
usually required as measurement along the push beam is unreliable because there
is no lateral wave front to track and it is still desirable to improve snr through
averaging [311].
In the transient arf techniques described thus far, each interrogation consists
of a single push beam and several tracking beams spaced laterally around the push
location to measure the time-of-flight. It is also possible to measure the shear wave
time-of-flight by using a single tracking beam at a fixed location and sequentially
moving the push beam laterally around the tracking location. This method has the
advantage of cancelling out position dependent speckle bias in the motion tracking
because the motion is always biased in the same way when the tracking beam is
fixed. The disadvantage is that several pushes need to be applied which generally
increases the acquisition time [134].
In an effort to increase acquisition speed for transient arf techniques, a pushing strategy that combines unfocussed arf beams from multiple small spaced subapertures is used to generate multiple shear waves throughout the roi, a technique
termed comb-push [295]. The resulting waves interfere in a complicated pattern
making shear wave speed estimation more difficult, however the tissue motion can
be directionally filtered to examine waves only propagating from left-to-right and
from right-to-left. The wave speed can be easily detected from each of these filtered
images and averaged to create a 2d elasticity image from a single arf interrogation.
In a technique specifically focused on measuring the frequency dependence
or viscoelastic properties of tissue, shear wave dispersion ultrasound vibrometry
(sduv) applies a narrow-band oscillatory arf by modulating the acoustic amplitude. Similar to time-of-flight measurements, the shear wave is interrogated at different laterally spaced locations, but speed is calculated using the known excitation
frequency and by measuring the phase change of the wave over the lateral distance
(i.e. the spatial frequency) [63]. This is typically repeated for different excitation
frequencies to measure the shear wave dispersion.
The sduv technique uses excitation at a known temporal frequency and measurements of the spatial frequency of the shear wave to determine the shear wave
speed. It is also possible to do the opposite by using an excitation of known spatial
frequency and measurements of the temporal frequency, a technique termed spa51

tially modulated ultrasound radiation force (smurf) [203]. In smurf, the arf is
modulated in the lateral direction, x, taking the form
F (x) = (1 + cos (k x)) ψ (x) ,

(1.57)

where ψ (x) is a smoothly varying, positive envelope function, such as a Gaussian.
The modulation can be created by weighting the transmit apodization with a pair of
laterally spaced Gaussians, intersecting two unfocussed (planar) beams at oblique
angles to each other, or by rapidly firing multiple push beams laterally. The resulting
axial velocity, which can be measured using speckle tracking techniques, takes the
form
u̇y (x, t) = (1 + cos (k x) cos (ωt)) ψ (x) .

(1.58)

After finding the temporal frequency, ω, from the axial velocity at any tracking
location, the shear wave speed can be calculated at the focus of the applied force
using
cs =

ω
.
k

(1.59)

By varying the spatial frequency of the force, several temporal frequencies can be
examined to observe the dispersion in a similar manner to sduv.
Steady-State Shear Waves
Steady-state elastography techniques use a continuous harmonic excitation to generate shear waves in tissue. Instead of directly measuring the shear wave propagation
speed as in transient techniques, steady-state techniques measure the shear wavelength or wave number (inverse of wavelength) to relate motion measurements to
elastic properties. The wave speed is related to the wave number as shown in Equation 1.59. From Equation 1.39, the wave number is inversely proportional to the
square root of the shear modulus.
The tissue is typically excited using vibrations applied to the tissue surface at
frequencies ranging from 10 Hz to 1000 Hz [138]. The cyclical nature of the excitation has made it popular amongst mre techniques as the acquisition can be synchronized with different phases of the excitation [214, 278]. For ultrasound elastography, tissue motion may be sampled using a sequence similar to Colour Flow
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Doppler and compensated using the known acquisition delays [21], or captured using full parallel receive hardware [205].
One class of elasticity estimation methods using steady state shear waves is algebraic inversion, which directly solves the partial differential equations describing
elastic wave motion for the elastic parameters. One approach is to measure and
model the full wave field, however this approach can be sensitive to tissue incompressibility since second derivatives of displacement are multiplied by a relatively
large value (see Equation 1.38) [290]. If it is assumed that the tissue is fully incompressible, then the motion field will only contain shear waves and the shear modulus
can be recovered by measuring only one component of the motion vector over a volume using Equation 1.39 [231]. Instead of ignoring compression waves, they can be
removed completely by applying the curl operator to the displacement field before
inversion, however this requires measurement of the full 3d vector field over a volume and results in taking third order spatial derivatives of measured displacement
for the solution [292].
Similar to the strain methods, the equations of motion can also be described
using a weak formulation and discretized using the fem. Again, a functional minimizing the squared error between the measured displacements and the displacements produced by the fem for the current elasticity estimate can be iteratively
solved [321]. The adjoint method can also be applied to conditions with steady
state harmonic excitation to reduce the computational load of the gradient calculation, as was demonstrated for a 2d plane stress condition [352]. The equations
of motion can also include viscoelastic parameters, however the solution of these
parameters can be more sensitive to noise [96].
Instead of solving an optimization problem iteratively, the fem problem can
also be solved directly by rearranging the equations in terms of the elastic parameters. The equations can be rearranged to directly solve for both Lamé parameters,
however this approach can be sensitive to noise for tissue that is nearly incompressible [274]. Instead, the tissue can be assumed to be nearly incompressible with
a guess for Poisson’s ratio which leaves Young’s modulus as the only unknown
(optionally also including viscosity) [99]. Another approach to dealing with near
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incompressibility is to introduce a pressure term
p = λuk,k ,

(1.60)

where λ is the first Lamé parameter and pressure is treated as an unknown quantity [243]. This pressure term can be substituted into Equation 1.37 and discretized
using the fem, avoiding the homogeneity assumption, which has been shown to
introduce artefacts into the elasticity estimation. Sparsity inversion has been proposed to help condition the problem with the additional unknowns introduced by
including the pressure term [135]. The pressure term can be eliminated to reduce
the number of unknowns by applying the curl operator. The curl can be applied directly to Equation 1.37 before being discretized, again avoiding the assumption of
local elastic homogeneity [136]. These methods generally require measurement of
the full motion vector over a volume. Alternatively, the compression and coupling
terms can be removed, while still avoiding the homogeneity assumption, resulting
in independent equations relying on only one component of the motion vector [137].
A different approach to determine the elasticity is to extract the wavelength from
the measured displacement data. The wave length can be determined by measuring
the length between peaks or troughs of the waves [20, 180, 339], fitting a sinusoid
along a profile of the displacement data [88, 337], or by computing the gradient of
the phase of the wave along a direction [184, 199]. The drawback of these methods
is that they assume that the shear wave is propagating locally as a plane wave and
they require an estimation of the propagation direction.
The local frequency estimation (lfe) algorithm estimates the wave number of
the measured displacement without the assumption of plane wave propagation. As
mentioned previously, under the assumptions of incompressibility and homogeneity, the tissue motion can be described with the Helmholtz equation taking the form
of Equation 1.39. Oliphant et al. [230] showed that the Helmholtz equation can be
solved using the ratio of two filters that are related through spatial differentiation.
The lfe algorithm makes use of a special case of these pairs of filters: lognormal
quadrature filters defined as the product between radial and directional components.
A series of filter pairs with different centre frequencies and bandwidths are used to
obtain a wideband estimate of the wave number [163, 214]. The lfe approach may
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use only a single component measured over a volume or a 2d plane if out-of-plane
spatial derivatives are assumed to be negligible. If all components of the motion
vector are measured, lfe can be applied to each direction and the results can be
averaged [199]. A disadvantage of the lfe approach is that the spatial resolution of
the estimate is dependent on the centre frequency and bandwidth of the filter pair
that best match the wave number.
While the lfe algorithm naturally contains directional filtering though its filter definition, the techniques based on a plane wave assumption can be improved by
adding a directional filtering preprocessing step which helps to reduce the complexity of the wave field from interfering wave fronts. Further, low-pass and high-pass
filters can be applied to reduce noise in the displacements and the effects of the
compression wave, respectively [200].
Instead of using a directional filter to remove the effects of interfering wave
patterns, a model can be designed that incorporates waves travelling in different directions. This approach is used in the Travelling Wave Expansion technique, where
the general solution to a Helmholtz decomposition of the displacement field is represented as an integral over a unit sphere [22]
‹
f (x) =

a (φ, θ) ejk (n(φ,θ) ·x) dφ dθ,

(1.61)

S

where this function represents waves with amplitude a and wave number k travelling in the direction n. The problem is solved by choosing values for a and k that
minimize the error between the model and the measured data over small regions
assumed to have constant mechanical properties.
In another technique, the centroid of a thresholded spatial Fourier transform
of the displacement field is used to determine the principal wave number in a region [204]. The advantage of this method is that it performs well in the presence of
noise in the displacement measurements compared to lfe. The disadvantages are
that location information is lost so the entire region must be assumed homogeneous,
and the region must be large enough to contain at least one wavelength.
The above techniques make use of both the magnitude and phase of the wave
motion. When only the amplitude of the waves is available, such as when measur55

ing motion using the vibration Doppler method described in Section 1.5.3, special
wave patterns proportional to the shear wavelength or speed can be generating using two vibration sources. When two sources are placed on either side of a roi and
driven at the same frequency and amplitude, the technique is referred to as the static
interference approach, and the amplitude of resulting interference pattern has a spatial period equal to half the shear wavelength, assuming plane waves are emitted by
the vibration sources. When the two sources are driven with a small frequency difference, one at ω and the other at ω + ∆ω, the pattern moves slowly towards the low
frequency source at a speed proportional to the shear wave speed
cpattern ≈

∆ω
cs .
2ω

(1.62)

Because a small frequency difference is used, the observed speed is less than the
true shear wave speed, resulting in the term crawling waves, and can be measured
without the special techniques used for transient shear wave measurement [338].
Time Reversal
Time reversal elastography measures tissue motion excited by a short transient excitation to obtain information about the impulse response of the tissue at a given
location. The technique makes use of principles used in Transfer Function, Transient Shear Wave, and Steady-State Shear Wave elastography methods. The time
reversal technique relies on two assumptions, namely time invariance and spatial
reciprocity. Time invariance is valid if there are negligible viscous losses, as u(t)
and u(−t) are both solutions to the elastic wave equation in Equation 1.37. Spatial reciprocity implies that the excitation source and measurement receiver can be
interchanged without a change in measurement, which again is valid for lossless
media. While these assumptions may not hold completely in soft tissues, the errors
introduced by their violation have proven to be small enough to allow estimation of
the elastic properties.
In an acoustic time reversal experiment, first a short excitation pulse is sent
through the medium. The scattered waves are recorded, time reversed, and reapplied to the medium from a secondary transducer surrounding all or part of the
medium. The opposite scattering propagation occurs through the medium, acting
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to refocus the waves toward the original excitation source [103]. A similar approach
is used for time reversal elastography, with an additional use of spatial reciprocity
to use the same excitation source in both steps to create a focusing of the elastic
wave at the measurement location.
The time reversal technique can be applied using either the active approach or
the correlation based approach. The active approach is most similar to the acoustic
time reversal process just described. In the active approach, first an exciter emits
one to two cycles of a sinusoidal signal, usually in the band 60 Hz to 150 Hz. The
tissue motion resulting from the excitation is recorded at a single point, xo , for a
length of time, T, usually on the order of 500 ms. The displacement along the axial
direction measured by ultrasound, ui , can be described in terms of the excitation
and the impulse response through convolution
ui (xo, t) = f n (xs, t) ⊗ hni (xs, xo, t) ,

(1.63)

where f n is the excitation applied along direction n at location xs , hni is the impulse
response between the excitation and measurement, and ⊗ represents the convolution
operation. Next, the exciter is programmed with a time reversed recording of the
measured motion from the last step. The axial displacement after time reversal is
uiTR (x, t) = ui (xo, T − t) ⊗ hni (xs, x, t) ,

(1.64)

which can be described in terms of the excitation using Equation 1.63
uiTR (x, t) = f n (xs, T − t) ⊗ hni (xs, xo, T − t) ⊗ hni (xs, x, t) .

(1.65)

Using the principle of reciprocity, if the excitation was applied at the measurement
location, xo , along the axial direction, the resulting displacement at the location of
the exciter, xs , along the excitation direction would be the same as the measured
displacement
ui (xo, t) = un (xs, t) = f i (xo, t) ⊗ hin (xo, xs, t) .

(1.66)

Since the exciter was programmed to use the time reversed measured displacement,
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Equation 1.66 can be substituted into Equation 1.64, resulting in
uiTR (x, t) = f i (xo, T − t) ⊗ hin (xo, xs, T − t) ⊗ hni (xs, x, t) .

(1.67)

The tissue motion at the same measurement location, xo , will now observe a focusing of energy at time T. The information about the mechanical properties defining
the resulting wave motion is contained in the impulse responses hin and hni , where
the observed field is filtered by the excitation [30].
The disadvantages of the active approach are that a fully programmable exciter
is required and the entire experiment must be repeated for every point in the roi.
The correlation based approach takes advantage of signal processing to effectively
achieve time reversal focusing without needing to re-apply the excitation. Similar
to the first step of the active approach, a short duration excitation is applied to the
tissue surface and the resulting displacement is measured over a period of time. The
temporal cross-correlation is computed
R (xo, x, t) = ui (xo, T − t) ⊗ ui (x, t) .

(1.68)

Using Equation 1.63 and Equation 1.66, the cross-correlation can be expressed in
terms of the excitation and impulse response
R (xo, x, t) = f i (xo, T − t) ⊗ hin (xo, xs, T − t) ⊗ f n (xs, t) ⊗ hni (xs, x, t) . (1.69)
Noting that the first, second, and fourth terms make up Equation 1.67,
R (xo, x, t) = uiTR (x, t) ⊗ f n (xs, t) ,

(1.70)

demonstrating that the cross-correlation field is the same as the time reversal field,
uiTR , filtered by the excitation [31].
The cross-correlation can be post-processed in the frequency domain to optimize the information obtained. Taking the Fourier transform of the cross-correlation
results in the cross-spectral density between xo and x. All of the frequency content
in the signal can receive equal weighting by dividing by the magnitude of the crossspectral density, resulting in
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P (xo, x, t)
= ej(φ(x,ω)−φ(xo,ω)) ej2ωT ,
|P (xo, x, t)|

(1.71)

where φ is the phase of the impulse response. The constant phase offset can be
removed and a band pass filter applied to limit the signals to the bandwidth of the
excitation.
Due to the complexity of the impulse response, or elastodynamic Green’s function, it is difficult to obtain a direct inversion for the shear wave properties from the
mix of both near and far field compression and shear wave terms [29]. However,
two simple methods based on wave length and wave speed estimation have proven
useful. The most widely used to date is the wave length based estimator, probably
due to its robustness to low snr, where it has been confirmed through simulation
and experiment that the −6 dB width of the displacement along the axial direction at
the focus time is approximately equal to the shear wave length [55]. The wave speed
can be determined using the phase as a function of x, divided by the frequency ω,
which provides the time of flight. The slope of a linear regression to the time of
flight provides the speed [31].
The time reversal technique works best in highly reflective and reverberant media, as the reverberation acts to increase the effective aperture, increasing the ability
to focus waves [104]. Alternatively, multiple uncorrelated random source can also
achieve the desired diffuse field [29]. Excitation can be applied through random finger taps, or through passive physiological processes such as arterial pulses to excite
the thyroid and brain, or a combination of arterial pulses, heart beats, and muscle
contractions to excite the liver [56, 112, 355]. However, the passive techniques typically result in low displacement snr in ultrasound which can limit the reliability
of the results.

1.6

Ultrasound Spatial Calibration Background

Ultrasound spatial calibration describes the problem of determining the position
and orientation of ultrasound images with respect to a sensor attached to the ultrasound transducer, which, in turn, is used to track the movement of the transducer
with a position tracking system. Most commonly this is used for “freehand 3d ultrasound”, which tracks the movement of a 2d ultrasound image so that multiple
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images can be reconstructed into a volume. The same general principles apply
when it is desired to track a 3d ultrasound transducer to collect multiple volumes
from different positions and orientations. Other applications include tracking needle trajectory in ultrasound-guided needle insertion procedures [218], or ultrasound
guided registration of surgical tools to preoperative ct [340].
The position tracking system provides measurements of the sensor mounted on
the ultrasound transducer, rather than the ultrasound image itself. Since the location
of the image origin and the orientation of the beam lines is not known relative to
the transducer casing, the calibration generally cannot be performed through direct
measurements of the position of the sensor with respect to the transducer casing.
Instead, ultrasound spatial calibration techniques have been developed based on
imaging an object of known geometry, also referred to as a calibration phantom. The
following sections provide some background on the various calibration techniques
as well as the position tracking systems used with them.

1.6.1

Calibration Methods

Many calibration techniques have been developed involving different phantom designs and algorithms. Most phantoms are constructed using a highly acoustically
reflective material such as metal, glass, nylon, or rubber, and are placed in a water
bath to enable transmission of the ultrasound energy between the transducer and
the phantom. Calibration algorithms may be iterative optimization techniques or
closed-form solutions, and can vary in the number of unknown parameters. Iterative methods can be sensitive to initial estimates and can result in sub-optimal
solutions located in local minima [93]. Iterative methods also typically require
more measurements to achieve the same level accuracy as closed-form methods.
Reducing the number of unknown parameters also reduces the number of required
measurements, and can improve accuracy because the parameters are often coupled
and errors in estimation can propagate through the solution.
All calibration methods are affected by the ability to localize image features.
The resolution of the ultrasound system, which is both anisotropic and spatially
variant causes distortion of the imaged shapes. Variations in speed of sound cause
further problems in inaccurate depth estimation and ultrasound beam refraction.
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Another related problem is that the ultrasound image is often modelled as a plane,
however the beam has a variable thickness. An example that illustrates the problem
is locating a point target which can persistently appear in the ultrasound image as
the transducer is moved in the elevational direction over several millimetres.
One of the simplest phantom designs is a fixed point target, which can be constructed with a small spherical bead [182], the crossing of two wires [82], or a
virtual point located at the centre of a sphere [47]. The point target is scanned from
several viewing angles and positions by moving the transducer. The point target
when segmented from the ultrasound image and transformed to either the tracker
or phantom coordinates should remain in a fixed position. Therefore, the unknown
calibration transformation can be found using an iterative optimization algorithm
to minimize the spread of the transformed point locations. To help reduce the elevational beam thickness problem in accurately locating the point, a solution using a
specialized miniature ultrasound transducer as a phantom that can detect when the
main transducer beams reach the phantom and actively send a pulse to locate this
point for the main transducer has been proposed [121].
Another simple phantom design is the planar phantom [262, 275]. Similar to
fixed point target, the tracked transducer is placed in several different positions. The
line feature detected where the planar phantom intersects the imaging plane when
transformed to the tracker or phantom coordinate system when using the correct
calibration matrix should be in the same plane. The planar method is attractive because it enables automatic segmentation, and unlike the point target, there is no need
to carefully align the transducer with the phantom. A solution for the elevational
beam thickness problem for planar phantoms has been developed where a transducer is mounted on a moving phantom consisting of a metal bar, with its top edge
centred with the axis of a wheel [262]. The wheel is placed on a flat surface and
can be translated or rotated to collect multiple images, while the metal bar remains
at a fixed height above the flat surface, creating a virtual plane that is detected with
ultrasound that is always aligned with the beam. Another planar based technique
that reduces the effect of beam thickness is using virtual planes created by pairs of
parallel wires [40, 77]. Planar phantoms using a pre-calibration step to determine
the location of the plane in tracker coordinates using a calibrated stylus has been
used to reduce the number of unknowns in the calibration problem [27], or to obtain
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a closed-form formulation [217].
Another method of spatial calibration that does not require knowledge of the
phantom location in the tracker coordinate system is the hand-eye calibration problem [35, 39, 41, 68, 176]. In this approach, the goal is to solve the matrix equation
AX = X B,

(1.72)

where A is the rigid transformation between two ultrasound images, B is the rigid
transformation between the sensor measurements for the two images, and X is the
unknown calibration transformation between the ultrasound image and the sensor.
The matrix B is easily computed by chaining together two measurements from the
position tracking system, and A can be determined either by registering the ultrasound images directly to one another, or by registering each image to the phantom
and chaining the two transformations together. In the case that A is found by registering images to each other, it is possible to achieve calibration without knowledge
of the phantom geometry.
Another straightforward approach to calibration is to generate a set of points
with known correspondence between the ultrasound and tracker coordinates. This
can be accomplished by imaging the tip of a tracked stylus [212]. A similar calibration approach is to use the stylus to locate point features on a phantom which is
imaged, resulting in the same corresponding point data [129, 168, 249]. The solution can be obtained iteratively, through geometry, or using a closed-form solution.
A proposed solution to the elevational beam thickness problem is to use two cones
that meet at a point along the stylus axis a known distance away from the stylus
pivot point. The decreasing radii of the cones help to guide the ultrasound plane to
the intersection point [142].
A popular phantom that uses known geometry in the tracker coordinate system and corresponding points is the N-wire (or Z-wire) phantom [65, 190, 238].
The N-wire phantom is scanned approximately perpendicular to the plane of the
three wires which results in three collinear lines appearing in the ultrasound image. Given knowledge of the end points of the wires in the tracker coordinates
through a pre-calibration using a calibrated stylus, the centre point along the diagonal of the N-shape can be determined in tracker coordinates using the geometrical
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lengths between the three points measured in the ultrasound image. This creates a
corresponding point between the ultrasound image and tracker coordinate systems
for each N-shape in each image. Similar to the tracked stylus calibration technique,
when at least three non-collinear points are identified the calibration transformation
can be solved either iteratively or in closed-form.
A few iterative techniques for more generic wire phantoms have been developed
as well, such as using an optimization algorithm to maximize the correlation between image intensities and a geometrical model of the wire pattern [259]. Another
example is using the iterative closest point algorithm to determine the calibration
matrix to match segmented points from ultrasound to a random collection of wire
targets [334]. Use of the virtual centre point of hollow tubes rather than wires has
been proposed to help improve automatic segmentation and line localization [61].

1.6.2

Position Tracking

Position tracking systems determine the position and orientation of a sensor mounted
on an ultrasound transducer and in some cases a calibration phantom as well. After
calibration, the ultrasound image pixels are mapped to the 3d coordinate system
of the tracking system using sensor readings during image acquisition. Optical or
electromagentic based tracking systems are commonly used. The following sections describe the two types of systems and Table 1.2 summarizes the technical
specifications of commonly used systems.
Optical Systems
Optical tracking systems use cameras to detect markers attached to the object(s) of
interest. The position of the markers is determined using triangulation techniques,
and the geometry of the marker placement can be used to determine the orientation of the object. A common camera configuration is two 2d cameras which are
oriented to view the same scene (i.e. stereo vision). These cameras can be videobased such as the MicronTracker (Claron Technology, Toronto, Ontario, Canada),
or infrared-based such as the Polaris (NDI, Waterloo, Ontario, Canada). Another
approach is to use three 1d image sensors, such as the infrared-based Certus (NDI).
Figure 1.14 demonstrates the triangulation process for both configurations (for more
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Figure 1.14: Triangulation configurations for determining 3d marker positions with optical tracking systems. (a) Stereo vision uses the geometry
of two calibrated cameras that have lens centres separated by a known
baseline, b, and known focal distances, f , to determine the 3d position
of P based on perspective projections onto the left and right cameras,
ple f t and pright . (b) A combination of three 1d cameras determines
the 3d position of P as the intersection between three planes defined
by the camera sensor readings (C1−3 ) and the calibrated relative geometry between the cameras.
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Figure 1.15: Markers for position tracking systems. From left to right, a video
contrast X-point, a retroreflective infrared sphere, an active ired, and a
electromagnetic sensor coil. Ruler shown for reference scale.
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Table 1.2: Technical specifications of common position tracking systems. Accuracy is expressed as root mean squared
errors. Fields for which data were not available from the manufacturer are listed as not reported (NR).
Tracking System
Optical
NDI Optotrak
Certus
NDI Polaris
Claron
MicronTracker
66

Electromagnetic
Ascension 3D
Guidance
NDI Aurora

Accuracy [mm]

Measurement
Rate [Hz]

Maximum
Distance [mm]

Minimum
Distance [mm]

Resolution [mm]

0.1

4600 1
N +1.3

7000

1500

0.010

0.25

60

2400

950

NR

0.35

20

2000

400

0.015

1.4

20–255 2

250–780 3

NR

0.5

0.7

40

660

50

NR

details see [335] for stereo cameras and [197] for 1d cameras). Some commonly
used markers are shown in Figure 1.15. Markers can be passive, such as intersecting
high-contrast regions creating an X-point marker or retroreflective infrared spherical markers, or active such as an ired. The advantages of active markers are that
they are less dependent upon lighting conditions affecting reflection and a unique
geometry is not required to identify a group of markers representing a single tracked
object. The disadvantages of active markers are that usually some time multiplexing
must be used to distinguish different markers and a wired connection to the tracking system is usually required. There is no statistically significant difference in the
accuracies of passive and active markers [336].
Electromagnetic Systems
Electromagnetic tracking systems track the position of sensor coils in an electromagnetic field generated by a source transmitter. The systems use the principle of
electromagnetic induction to measure the induced currents in the sensor coils due
to changes created by the source transmitter. If the position of the moving sensor
is described with respect to the transmitting source in spherical co-ordinates with
distance ρ, azimuth angle α, and elevational angle β, and the orientation of the sensor is described using the angles ψ, φ, and θ, then the output current of the sensor
coils, y, is related to the current of the source coils, x, through [266]
y=

M
−1
Rφ Rθ Rψ R−1
α Rβ SRβ Rα x
2π ρ3

(1.73)

where M is the magnetic moment of the coil, R is a rotation matrix for a given
subscripted angle, and
 1 0

S =  0 − 12

 0 0

0 

0  ,

− 12 

(1.74)

accounts for the scaling factor between radial and tangential magnetic coupling for
aligned source and sensor coils. Assuming that there are only small changes in
position and orientation between acquisitions, Equation 1.73 can be linearized and
solved using three independent transmission vectors [266].
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A line-of-sight is not required between the transmitting source and the tracked
sensor coils, which is the primary advantage of electromagnetic systems over optical systems. The primary disadvantage of electromagnetic tracking systems is
a sensitivity to environmental factors that alter the magnetic field. For example,
power supplies and other electronics generate their own magnetic fields that interfere with the field created by the source transmitter. Ferromagnetic materials
such as iron and steel affect the homogeneity of the transmitted magnetic field. For
transmitters using alternating current, the presence of conductive material such as
copper or aluminum will induce eddy currents causing field distortions. Another
disadvantage is the systems usually have a smaller working volume compared to optical systems. Most electromagnetic systems share the drawback of active optical
markers in that they require a wired connection between the tracked object and the
measurement system. The Calypso system (Calypso Medical Technologies, Seattle, WA, USA) provides wireless tracking by measuring the resonance response of
three tuned transponders with a planar sensor array that triangulates the transponder
locations [24].
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Chapter 2

Development and Analysis of a 3D
System for Absolute Elasticity
Measurement
2.1

Introduction

Many pathological conditions are associated with a change in the mechanical properties of tissue, such as increased elasticity in focal cancerous lesions [114] and arterial plaques [79], or diffuse diseases such as liver cirrhosis [108] or autoimmune
thyroiditis [297]. Elastography is an imaging tool that can depict these changes to
help identify, diagnose, monitor, and guide treatment for these conditions. Elastography uses an elastic model to relate the mechanical properties of tissue to its
motion in response to a force. The tissue motion is measured inside the body using an imaging modality to track changes over time, most commonly with either
ultrasound or mri.
As mentioned in Chapter 1, current commercial ultrasound elastography systems that produce images of the spatial variation in elastic modulus are based on
strain or transient arf techniques. Strain can be implemented with simple hardware and can acquire images continuously in real-time, however strain only provides relative measures of tissue elasticity. The arf based approaches require a
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cool-down time to limit tissue and transducer heating to safe levels [240], which
can limit the acquisition rate and ability to perform continuous acquisition. A further disadvantage is that arf methods are typically only offered on higher cost ultrasound scanners which have the hardware to provide the necessary power for the
push beam [205]. There is also a limit on the depth penetration for measuring the
arf induced transient shear wave. For example, the depth limit on a Siemens Acuson S2000 system is 5.5 cm [84].
Quantifying absolute measures of the elastic modulus, rather than relative measures of elasticity, can reduce dependence on operator skill and improve reproducibility [8, 52], and can be useful in determining the different stages of a disease [307]. In static or quasi-static low frequency deformation (<20 Hz) such as in
strain imaging, with the force boundary conditions unknown, the absolute values
of the elastic modulus cannot be obtained. Dynamic excitation produces inertial
forces inside the tissue and enables the calculation of the absolute values of elasticity. While the arf technique provides a convenient way of applying dynamic excitation integrated with the imaging system, external mechanical harmonic vibrations
can also be used for absolute elastography without the previously mentioned drawbacks of arf [214, 290, 339]. Of course, such methods also have disadvantages to
be explored later.
Measurement of dynamic tissue motion is challenging because acquisition rates
must be sufficient to capture the full spectral content of the motion, and acquisition
over a roi should describe a common motion state (i.e. the tissue deformation at
an instant in time should be captured). Under the assumption of consistent and
repeatable cyclical tissue motion, mre approaches solve this problem by using synchronization between a mechanical exciter and the mri scanning sequence [290].
For ultrasound measurement of transient arf propagation, a small imaging region
can be used to achieve a high effective temporal sampling rate, and repeated interrogations can be used to scan a larger roi [222]. Some ultrasound scanners can
receive data in parallel across all channels, allowing for ultrafast acquisition on the
order of 1000 Hz using planar transmit beams [34].
Conventional ultrasound measures 2d image planes, however tissue deformation is 3d in general. Measurement in 3d allows for a more accurate description of
tissue mechanics, which is one of the main advantages of mre over conventional
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ultrasound elastography [87]. Volumes of ultrasound data can be acquired using
motorized swept ultrasound transducers, or more sophisticated matrix array transducers. Measurements of motion over a volume can improve the precision of shear
wave time-of-flight measurements [331], reduce shear wave diffraction bias [343],
and enable characterization of anisotropic behaviour [330].
Transient arf elastography techniques have become well-known with many
commercial and research systems developed for a wide variety of clinical applications. These techniques are limited in measurement depth and fundamental compromises of tissue heating, transducer heating, and the size of the roi. mre systems
have the advantage of measuring the full 3d displacement vector over a volume of
interest, using steady state, low frequency vibrations that can penetrate deep into
tissue. However, mre has disadvantages in long acquisition time (usually several
minutes), and high cost of equipment relative to ultrasound. It is worth exploring
steady state excitation with 3d ultrasound to investigate the possible advantages and
determine the limitations of this type of elastography system.
Previously a 3d ultrasound elastography system was developed at UBC based
on repetitive acquisition of small sectors for a high effective frame rate of tissue
motion [23]. An alternative bandpass motion sampling technique that is compatible
with conventional ultrasound b-mode sequences was developed and implemented in
2d with an Ultrasonix scanner (Richmond, BC, Canada) [98]. The latter technique
was also adapted to work with a BK scanner (Herlev, Denmark) with a transrectal
ultrasound (trus) transducer mounted on a motorized cradle for 3d imaging [191].
The three systems described in the previous paragraph were developed for the
specific configuration used in the application. It is desirable to create a generic research platform that can flexibly adapt to different hardware and approaches. This
will allow for comparison between the different approaches, as well as selection
of the optimal tools for a given application. The focus of the work presented in
this chapter is to present a unified framework that combines the different techniques developed at UBC. The system has been termed shear wave absolute vibroelastography (swave), as it uses mechanical vibrations to generate shear waves
within the tissue to quantify absolute measures of elasticity. Details of the configuration options that have currently been developed are described, and an analysis of
the reliability of the system under expected experimental conditions are quantified
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through simulation and experiment on a tissue mimicking phantom.
Specifically, a modular software project is developed that implements the previously developed 3d sector based Ultrasonix system, the 3d bandpass based BK
system, and the 2d bandpass based Ultrasonix system. The flexibility of the system
is demonstrated by adapting the system for the first implementation of a 3d bandpass
based Ultrasonix system. A new motor control hardware unit is described which
can be used to interface with any swept motor 3d ultrasound transducer without
modification. A new triggering system is described which is used to synchronize
ultrasound acquisition with mechanical excitation. Methods for detecting complex
motion phasors from time harmonic displacement measurements are described and
simulations are used to investigate the sensitivity of the phasor detection in the presence of errors in frame rate and displacement measurement, as a function of the
number of temporal measurements. The ability to synchronize measurements of
tissue motion over the roi is tested experimentally for various configurations. The
repeatability of elasticity measurements is investigated using experiments comparing the measurements from bandpass based and sector based motion measurement,
and from different excitation geometry.

2.2
2.2.1

Methods
System Overview

The main components of the system are the ultrasound interface to the scanner
and transducer, the motor control of the ultrasound transducer to collect volumetric
data, the excitation control of the function generator and vibration shaker, and the
elastography processing sub-system that comprises motion tracking and elasticity
estimation. The components are controlled by a user through a graphical user interface (gui) on the scanner which also provides real-time display of b-mode, tissue
motion, and elasticity images, as well as data saving for offline use. Presets designed for specific hardware and measurement applications can by loaded by the
gui to initialize the different components to appropriate settings. The components
and their connections are shown in the block diagram in Figure 2.1.
The ultrasound component is used to interrogate the tissue over a period of
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Figure 2.1: Block diagram of the elasticity measurement system. In this diagram the ellipses represent physical objects and the rectangles represent programming modules, or classes. The elastography processing sub-system is
contained in the dashed box.

time while steady-state multi-frequency vibrations are applied to the tissue surface
by the excitation component. The ultrasound image is swept over a volume using a
customized motor control component. The tissue motion caused by the excitation
is estimated along the axial direction using correlation-based displacement tracking
from the collected ultrasound data. The temporal displacements are converted into
a phasor representation in the frequency domain and elasticity is estimated based
on the shear wavelength over the volume.

2.2.2

Software Design

The rectangular components shown in Figure 2.1 correspond to different classes or
collections of classes separated to achieve a specific task in the elasticity measurement process. Each component consists of a base class which defines a common
interface and typically contains multiple derived classes for different hardware or
software implementations. Configuration of software projects for different component combinations is controlled through CMake (Kitware Inc., Clifton Park, NY,
USA), a cross-platform open-source build system. Allowing CMake to include and
exclude certain components provides the advantage that a given system only requires the dependencies for the desired combination of components, rather than
needing to install the dependencies for every combination. Because each component uses a common interface, different configurations can easily be swapped and
new hardware can implemented without affecting the other components of the system.
Projects were developed with Microsoft Visual C++ (Redmond, WA, USA).
Processes for motion tracking, elasticity estimation, envelope detection, and scan
conversion were accelerated using the CUDA application programming interface
(api) to work with an NVIDIA 580 GTX GPU (Santa Clara, CA, USA) or greater.
The Ultrasonix scanner was modified to include this GPU and a larger power supply,
while the BK system used an external PC with the GPU installed.

2.2.3

Ultrasound Interface

The primary role of the ultrasound interface is to communicate with the scanner
to obtain rf or i/q ultrasound data as it becomes available and to record the time
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when the data is acquired. When possible, it also enables controlling acquisition
settings and timing. The interface has specific implementations to work with Ultrasonix and BK scanners in real-time. The Ultrasonix systems are primarily used
with hand-held swept motor 3d ultrasound transducers which can be used to scan
various organs such as the breast, liver, kidney, or thyroid. A longer term goal with
the Ultrasonix systems is to implement the system with the Sonix Embrace automated breast scanner. The BK scanner is used primarily with a trus transducer
with a sagittal array, mounted in a cradle driven by an external stepper motor for
acquiring 3d ultrasound volumes of the prostate.
The Ultrasonix interface actually has three implementations based on different apis offered and runs directly on the scanner. It is designed to work with the
current generation scanner, the SonixTouch, as well as the older MDP and RP models. The first Ultrasonix interface is based on the Porta api which provides access
to the imaging “engine backend.” It uses C-style callbacks to transfer rf data directly from the “cineloop” buffer and provides various functions for controlling the
scanner. The advantages of the Porta api are a lightweight interface for communicating with the scanner and access to the clinical exam b-mode images which are
computed using a proprietary algorithm and cannot be reproduced exactly from the
rf signals. The disadvantage of the Porta api is a lack of fine level control of the
scanner, such as sequence parameters. The second Ultrasonix interface is based
on the Texo api, which solves the limitation of Porta by providing access to the
sequencing and beamforming parameters of the scanner. Similar to Porta, it provides callbacks and functions to communicate with the scanner. However, the Texo
api only provides rf data. While this is the data of interest for elastography as an
input for motion estimation, it is difficult to use it in clinical settings because the
b-mode is computed from the rf by the research software and has not been approved for clinical use. The third Ultrasonix interface is based on the Ulterius api
which uses Transmission Control Protocol/Internet Protocol (tcp/ip) to stream rf
data from the Ultrasonix clinical exam software to a client application. The advantages of the Ulterius api are that the familiar clinical interface is available for
user to change ultrasound imaging settings, as well as the clinical exam b-mode
as with Porta. The disadvantages are shared with Porta, with additional problems
with dropped frames due to tcp/ip packet loss and increased CPU usage because
75

the clinical exam software. Acquisition timing information for all three Ultrasonix
interfaces is determined using a frame counter and interrogating the scanner frame
rate or frame period.
The BK interface is designed to work with the Pro Focus 2202 scanner equipped
with a research interface to stream i/q data to an external PC through a DALSA
Xcelera-CL PX4 frame grabber card (Teledyne DALSA, Waterloo, ON, Canada).
Settings may be controlled via the Grabbie api which communicates over tcp/ip,
however in practice the settings are often set manually on the scanner by the user.
Timing information for each frame is provided by time stamps from the frame grabber.
The system is capable of working with only 2d images (no motorized sweep),
but 3d is preferred for greater accuracy.

2.2.4

Motor Control

In a conventional 3d ultrasound scan, the scan plane is swept over the roi in the
elevation direction in slow steady motion. The sweeping rate is limited by the 2d
frame rate of the ultrasound system which in turn is limited by the amount of time
for the ultrasound waves to reach the imaging depth and back and the number of
beam lines across the 2d frame. The motor can either briefly pause at each motor
position while a 2d frame is acquired, or can move continuously but slowly enough
that the distortion caused by acquiring a frame while moving is negligible. This
results in a volumetric sample on the order of one volume per second.
In the development of the 3d ultrasound elastography research system, it was
desired to gain greater control over the motion of the scan plane during imaging.
Specifically, for measuring dynamic motion on the order of 20 Hz to 300 Hz, a reasonable sampling rate and number of samples can be achieved by stepping the motor
to a position, collecting several frames (for motion measurements), and then stepping motor to the next position in the sweep. The designed motor control box provides motor commands to the transducer without any modification to the transducer
or scanner. The motor control box is placed between the transducer and scanner
as shown in Figure 2.2. The motor control box passes ultrasound signals straight
through but intercepts motor signals from the scanner and provides its own motor
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Figure 2.2: A photograph of the motor control box connected to the Ultrasonix scanner and a motorized ultrasound transducer.
commands as directed by the software running on the PC. The motor control box
contains the same receptacle as the scanner for inserting the transducer. On the
other end of the motor control box, the same type of plug as the transducer is used
to connect the box to the scanner. From the scanner’s perspective, the transducer
appears as if it is normally connected.
The ultrasound signals are routed directly from the transducer receptacle to the
scanner plug on a 12-layer PCB. Finger stock gaskets are used to couple the transducer shield to the motor driver shield and the scanner chassis shield to limit noise
entering the system. A stepper motor driver circuit is placed on the same PCB as
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is connected to the transducer motor pins via the transducer receptacle. Any motor
signals from the scanner via the plug are left floating. The stepper motor circuit receives step and direction signals from two pins of the parallel port of the on-board
scanner PC which can be controlled from the developed software. An external 12 V
DC supply provides power to the motor driver circuit.

2.2.5

Excitation

Some previous elastography methods have applied vibrations to tissue using an exciter oriented in a transverse direction to the tissue surface in order to generate shear
waves [38, 46, 113, 173]. Conceptually this is the most straight forward way to generate shear waves, as the applied deformation is a shear at the surface. For simple
geometry, the resulting waves have a planar wave pattern, allowing for some simplifying assumptions in the elasticity inversion process. However, the wave penetration using transverse surface vibrations can be poor, limiting the available imaging
region, especially for larger depths. Alternatively, longitudinal vibrations applied
normal to the tissue surface can be applied which generally provide better wave
penetration into the body [290, 322, 339, 353]. These longitudinal vibrations will
still generate shear waves, since an incident elastic wave at the interface of two media can result in the reflection and refraction of both compression and shear waves,
regardless of the type of incident wave [164]. Further, the types of waves generated
by the excitation source are dependent on geometry. For example, a finite sized
rectangular strip or circular disk radiates both compression and shear waves [209].
To achieve deep tissue penetration, the swave system typically applies longitudinal
vibration to the surface of the tissue with a small circular disk at the end of a rod,
vibrating normally to the surface of the medium. Mode conversion results in shear
waves at depth.
Excitation signals are defined using a data array in software with each entry in
the array corresponding to a voltage at a specific time. The signals can be arbitrary, but are typically sinusoidal. Multi-frequency signals are created by adding
multiple sinusoids together. The excitation frequencies are usually picked within a
band of 20 Hz to 400 Hz, which balance a trade-off of greater wave penetration at
lower frequencies and finer elasticity resolution with higher frequencies. The sig-
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nal generating hardware is programmed with the excitation signal arrays over USB.
The current system supports three hardware signal generators: Agilent 33220A
and U2761A function generators (Santa Clara, CA, USA), as well as the Data Translation DT9812 digital-to-analog converter (dac) (Marlboro, MA, USA).
The output signal power of the signal generators is amplified before being sent
to the vibration shaker. Any amplifier with sufficient bandwidth and wattage can be
used.

2.2.6

Sampling Sequences

As mentioned in the previous section, the swave system requires measurement of
tissue motion within a band of 20 Hz to 400 Hz. The swave system has been designed to be able to switch between two ultrasound sequences capable of measuring
this motion. The first sequence, called sector-based scanning, divides the width of
image into small sectors which are repetitively scanned at a high effective sampling
rate [21]. The second sequence, called bandpass sampling, uses a conventional
b-mode sequence of single continuous scanning, and uses knowledge of the ultrasound frame rate and the excitation frequencies to reconstruct the amplitude and
phase of the motion while sampling at a rate lower than the Nyquist rate [98].
The ultrasound acquisition rate is determined by the time of flight of the ultrasound pulse to reach the imaging depth and reflect back to the transducer (Equation 1.1), and the number of beam lines across the width of the image. In a conventional b-mode sequence, the beam lines are acquired one-by-one starting with the
first line at one end of the array, and ending with the last line at the opposite end of
the array. This constitutes a single frame of data. For a typical image with 128 beam
lines, a depth of 5 cm, and a speed of sound of 1540 m/s, the maximum possible
frame rate is 120 Hz and therefore tissue motion measurements will be aliased.
The sector-based scanning method divides the image into sectors, typically containing between 1 and 16 beam lines, and changes the sequence in which the beam
lines are acquired such that each sector is repeated immediately for the desired number of temporal motion samples to increase the sampling rate over the sector region.
For example, if an image consisting of 128 beam lines is divided into sectors of 8
beam lines each, the effective sampling rate of each sector is 16 times greater than
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when acquiring entire image frames sequentially. However, the total acquisition
time remains the same as the same total number of beam lines are acquired in the
sequence. After motion detection, the phase of the motion measured within each
sector is aligned across the image using knowledge of the acquisition delays, which
is described in more detail in Section 2.2.9.
In the bandpass sampling method, because the sampling rate and the frequency
content of the excitation signal are known, the amplitude and phase of the tissue
motion can be reconstructed from the displacement time series without having to
satisfy the Nyquist sampling rate requirement of a sampling rate greater than twice
the highest frequency component in the signal. Given the excitation frequency and
sampling rate, the aliased motion signal will appear at a known frequency in the
measurable frequency band. The sampling requirement can be restated for a realvalued band-limited time-domain signal as requiring the sampling rate to be greater
than twice the positive spectral bandwidth of the signal. This will result in a replica
of the signal spectrum in the measurable baseband as long as the sampling frequency, f s , satisfies

2 f0 + B
2 f0 − B
≤ fs ≤
,
m+1
m

(2.1)

where f 0 is the centre frequency of the signal, B is the positive frequency bandwidth, and m is an integer corresponding to the minimum number of spectral halfshifts required to project the original signal to the baseband. While the excitation
is typically a single frequency signal, or a combination of widely spaced single frequency signals, a bandwidth of about 10 Hz around each frequency component is
usually assumed to account for the effect of finite-time windowing and distortion.
The aliased signal will have the same amplitude as the true signal, and the phase of
the signal will either match the true signal or be 180◦ out of phase depending on
the known number of spectral half shifts due to aliasing. The spectral shifting of
the spectrum to the baseband frequencies causes a decrease in snr proportional to
the number of shifts
SNR =

PS
,
(m + 1)PN

(2.2)

where PS and PN are the spectral power densities of the signal and white noise,
respectively. For multi-frequency excitation, one further note about the bandpass
sampling method is the sampling frequency should be chosen carefully to avoid
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overlap between the aliased spectral bands.

2.2.7

Motion Estimation

Tissue motion is estimated between sequences of rf data provided by the ultrasound
interface. In the cases when i/q data are provided by the ultrasound interface instead, the rf signals are reconstructed by reversing the demodulation process. The
rf data is divided into overlapping blocks of several data samples and the maximum
normalized cross-correlation is found along the beam axis for each block. Neighbouring blocks which have already been computed are used to bracket the search
region to improve speed and reduce errors [345]. Displacement shifts at sub-sample
resolution are obtained by estimating the cross-correlation peak using cosine interpolation on the discrete normalized correlation coefficients [57]. The output of the
motion estimation block is the displacement component along the beam axis for every block location and every acquisition of a given line. Every block represents the
tissue motion at the block’s location over the sampling time. Subsequent analysis
is carried out in the frequency domain as described in the following sections.

2.2.8

Phasor Fitting

To provide input data for the inverse elasticity algorithm the speckle tracking measurements which describe the displacement between ultrasound frames in time need
to be converted into displacement phasors at each excitation frequency. Given Ns
speckle tracking measurements, the displacement in the time domain at a given
location can be described by
u (t k ) =

Nf
X

Am cos (ωm t k + θ m ) ,

(2.3)

m=1

where t k represents a discrete time sample, k ∈ 1 . . . Ns , N f is the number of excitation frequencies used, ωm is the excitation frequency, and Am and θ m are the
amplitude and phase at a given excitation frequency. The displacements can also
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be described using the complex exponential by
u (t k ) =

Nf
X

(
)
< Am ejθm ejωm tk .

(2.4)

m=1

Replacing the complex exponentials with their trigonometric representations and
then taking the real part results in
u (t k ) =

Nf
X
m=1

A cos (θ ) cos (ωm t k ) −Am sin (θ m ) sin (ωm t k ) .
| m {z m}
| {z }
xr

(2.5)

xi

The two identified scalars, x r and x i , are calculated to find the best fit phasor to the
speckle tracking measurements.
The values of x r and x i are identified for each frequency by expressing Equation 2.5 in matrix form, Mx = u, where

 cos (ω1 t 1 ) sin (ω1 t 1 )
..
..
M = 
.
.



cos ω1 t Ns sin ω1 t Ns






cos ωNf t 1
sin ωNf t 1
1
..
..
.. 
.
.
. ,



 
. . . cos ωNf t Ns sin ωNf t Ns 1

...
..
.



 u (t 1 ) 
.
u =  ..  ,


u t Ns 
 x 
 r1 
 x i1 
 .. 
. 
,
x = 
 x r N f 


 x i N f 
 C 

(2.6)

(2.7)

(2.8)

where C accounts for a DC offset in the measurements. The solution is found in the
least squares sense
x = M| M

 −1
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M| u.

(2.9)

The phasor at a given frequency is
U (ωm ) = Am ejθm

(2.10)

= Am cos (θ m ) + jAm sin (θ m )

(2.11)

= x r + j (−x i ) .

(2.12)

To provide feedback on the goodness of the fit, a quality factor is computed
using the ratio of the signal energy of the fit and the summation of the energy of the
fit and the difference between the fit and the original data. This is expressed as
||M0 x|| 2
,
||M0 x|| 2 + ||Mx − u|| 2

(2.13)

where M0 is the same as M except the last column is set to zeros to remove the DC
component from the fit.

2.2.9

Phasor Compensation

It is the nature of ultrasound acquisition that leads to the sampling of each displacement signal to occur at different times dependent on spatial location. The finite
propagation speed of the ultrasound pulses means that points located deeper within
the tissue are sampled at a later time relative to the shallower depths. Typically
ultrasound scanners create a 2d image by sequentially scanning beam lines, meaning that each line is also separated in time. To use spatial information about the
measured motions and relate the information to tissue mechanics, the displacement
measurements should be synchronous. For periodic motions, under the assumptions
that the transducer does not move relative to the tissue and the ultrasound speed of
sound is constant through the roi, the time delays can be compensated in the frequency domain as described by Baghani et al. [21]. The technique corrects for the
acquisition delays by multiplying the phasors at each spatial location by a complex
exponential to shift the phase of the phasor proportional to the time difference from
the first measured phasor.
Ucomp (a, b, c) = Umeas (a, b, c)e−j2π fe ∆t
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(2.14)

where Umeas (a, b, p) is the phasor fitted to the temporal displacements at beam line
a and depth b in the pth 2d image plane, Ucomp (a, b, p) is the phasor after compensation, f e is the excitation frequency, and ∆t is the acquisition time difference
between the phasor at (a, b, p) and the phasor at the origin. The time difference can
be decomposed into intraline, interline, intersector, and interplane compensations.
The intraline compensation accounts for the time delay between acquiring ultrasound echo signals along the axial or depth dimension, which is the time for the
ultrasound pulse to reach the phasor at depth b and return to the transducer, where
the wave travels at a speed of c, resulting in
∆t intraline =

2b
.
c

(2.15)

The interline compensation accounts for the delay between the acquisition of each
beam line. Given the pulse repetition period, TPRF , which is typically the time for
the ultrasound pulse to reach the maximum depth in the image and back, 2d/c, then
the time delay between the ath line and the first is
∆t interline = TPRF (a − 1) .

(2.16)

The interplane compensation accounts for the delay between the acquisition of subsequent 2d phasor image planes, and is typically computed using the difference
between the time stamp of the first ultrasound rf frame used in the first phasor
computation, and the time stamp of the first ultrasound rf frame used for the pth
phasor image plane.
If a sector-based high frame rate sequence is used to sample the tissue motion,
then the interline compensation would be applied independently to each individual
sector using the first line in the sector as the reference, and a fourth compensation
would be applied to account for the delay between each sector acquisition. For L
lines in a sector, each scanned K times, the delay between the first line in the first
sector and the sth sector is
∆t sector = LKTPRF (s − 1) .
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Figure 2.3: Flowchart describing the synchronization between the ultrasound
acquisition and the excitation in the swave system.

2.2.10

Synchronization

Synchronization between the ultrasound acquisition and the excitation signal can
be used as a complement or replacement for the phasor compensation described in
the previous section. One option is to trigger the start of the acquisition of a defined
number of ultrasound frames for computing a phasor image, with each trigger occurring at a common excitation phase. This would remove the need for interplane
compensation, and might be more reliable than frame time stamps over long acquisition periods. Another option is to trigger the acquisition of each ultrasound frame.
In this case, triggers would need to shift to different phases over the excitation to
detect tissue motion between ultrasound frames. Synchronizing each ultrasound
frame also removes the need for interplane compensation, while providing finer
control over the exact motion phases that are measured rather than measuring mo85

tion phases depending on the ultrasound frame rate. Finally, each ultrasound beam
line can be triggered, again while shifting the phase of the trigger for subsequent acquisitions to observe motion. This final synchronization scheme removes the need
for interline compensation, and can enable tracking of all components of the motion
vector as discussed in more detail in Chapter 5.
The implementation of the synchronization for the Ultrasonix systems is described by the flowchart in Figure 2.3. A custom synchronization circuit is used to
output a trigger pulse to the ultrasound machine which collects the specified ultrasound data (one beam line, one frame, or a defined number of frames) in its standard
sequence after receiving the trigger. The synchronization circuit takes two inputs.
One input is a ready signal from the ultrasound machine which allows the program
to indicate when it would like to acquire a beam line which is realized through a
pulse sent through the parallel port of the ultrasound machine. Once the synchronization circuit has received the ready signal, it will wait for the function generator
to output a trigger pulse, which happens when the function generator reaches the
programmed phase. The synchronization circuit then outputs a pulse which is sent
to the ultrasound machine, and resets itself to wait for the next ready signal. The
synchronization circuit is realized using two flip-flop chips. The ultrasound scanner
transmits and receives as soon as the trigger pulse is received from the synchronization circuit. The process is repeated until all of the desired data are collected.

2.2.11

Elasticity Estimation

The linear elastic wave equation relating the displacement in the frequency domain
to the mechanical properties of the tissue is given by Equation 1.37, which for harmonic excitation at a frequency of ω is written in matrix form as
f 

g
∇ · µ ∇d + (∇d)T + λ (∇ · d) I = −ρω2 d,

(2.18)

where λ and µ are the Lamé parameters, ρ is the density, and d is the tissue displacement. The density of most soft tissue is close to the density of water, so ρ is
usually assumed to be uniformly 1000 kg/m3 . Tissues imaged in elastography are
often considered nearly incompressible (∇ · d ≈ 0), which implies the Poisson’s ratio, ν, is approximately 0.5 and the Young’s modulus is related to the shear modulus
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through
E = 2µ (1 + ν)

(2.19)

≈ 3µ.

(2.20)

To simplify the problem, the shear modulus is usually assumed to be locally
constant (i.e. homogeneity assumption) meaning that the spatial derivatives of the
shear modulus are negligible. These assumptions allow Equation 2.18 to be simplified to a Helmholtz equation
µ∇2 dγ = −ρω2 dγ,

(2.21)

which is independently satisfied by each orthogonal displacement component γ.
The shear modulus can be determined using a ratio of the output of two filters operating on the displacement [230]. This can be accomplished over a broadband range
of elastic wave spatial frequencies with a collection of lognormal quadrature filters,
defined as a product between radial and directional components [163]
qi (k) = ri (k)

X

n p (k) ,

(2.22)

p

where k is the spatial frequency variable, k = kkk is the wave number, and p is the
number of directions. The radial component is defined as
ri (k) = e

− 2 ln1 2 ln2



k
ki



,

(2.23)

where k i is the centre frequency of the filter. In this work, the filter banks consist
of 11 frequencies spaced an octave apart, with the highest frequency corresponding to a wavelength of two pixels. For a 200 Hz excitation frequency with 1 mm
pixel spacing, this results in the filter banks containing a centre frequency range
corresponding to Young’s modulus values of approximately 0.5 kPa to 500 MPa.
The directional component of the filters have a cos2 dependence in the halfspace of the selected direction, and zero in the other half-space, with selected directions corresponding to the positive and negative x, y, and z axes [200]. This
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filter design helps to separate interfering waves due to reflection and refraction so
they can be processed separately and combined.
Let s represent the result of the convolution between a quadrature filter and the
displacement; then, the frequency estimate for a pair of filters is
!
si+1 p
k̂ i = <
k i k i+1 .
si

(2.24)

The final local frequency estimate is a weighted summation of the estimates from
the pairs of filters

P N −1
k̄ = Pi=1
N −1

< (si ) k̂ i

i=1

< (si )

.

(2.25)

Once the local spatial frequency has been determined, the Young’s modulus can
be estimated

ω2
.
(2.26)
k̄ 2
This method has been used for mre inversion and has been termed lfe. In the swave
E = 3ρ

system, axial displacement phasor image planes are computed at each excitation
frequency for each motor position in the 3d sweep of the ultrasound transducer and
scan converted to a 3d Cartesian grid before applying the lfe inversion algorithm
to estimate elasticity over the volume. If the elasticity can be considered to be
independent of frequency, for example if the tissue is not significantly viscous, or if
the excitation frequencies are similar enough that dispersive effects are negligible,
then the elasticity can be averaged over each excitation frequency. This can help
reduce artefacts caused by low amplitude nodes in the tissue motion modal pattern,
as each frequency should produce a different pattern [312].

2.3

Simulations

Simulation was used to study the errors in the phasor calculation for common use
cases and expected errors in the system. Synthetic speckle tracking measurements
were generated for a single location in space by sampling a synthetic excitation
signal at a given frame rate for a given number of desired measurements, then adding
a random error to the displacement value representing jitter error.
The phasor calculation was first tested using a single frequency cosine signal.
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Figure 2.4: Simulated excitation signals for analysis of phasor fitting. (a) Single frequency excitation signal consisting of a cosine at 200 Hz with a
10 µm amplitude and 0◦ phase. (b) Multi-frequency excitation signal
created from the summation of the signal (a) and a second cosine signal at 240 Hz with a 8 µm amplitude and 30◦ phase. The true signal is
shown in black and the signal in the base band is shown in grey. The
circles represent 20 displacement samples acquired at a frame rate of
70 Hz.
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The signal had a frequency of 200 Hz, an amplitude of 10 µm, and a phase of 0◦ .
This is a typical excitation used with the elastography system. The chosen frequency
is low enough to provide adequate penetration into the tissue without substantial attenuation, and high enough such that the measured elastic wavelengths fit within the
region of interest and allow for identification of small scale variations in elasticity.
The amplitude is at a level typically observed in vivo and is measured accurately
with speckle tracking. The amplitude is small enough to limit observable nonlinear
effects in the Young’s modulus.
The number of samples acquired is limited by the amount of time to perform
the measurement and the number of scan lines that can be programmed in the ultrasound sequencer. The time to perform the measurement is ideally as small as possible to limit possible artefacts from patient motion as well as to provide results faster.
The scan lines are programmed in the ultrasound sequencer to acquire ultrasound
images for a given number of repetitions to provide the number of desired speckle
tracking measurements. The limit is typically somewhere between 1000 and 2000
lines. The transducers on the Ultrasonix machines have 128 elements. Although
the sequence does not necessarily have to program 128 lines, reducing the number
of lines also reduces either the field of view or the lateral spatial spacing of the
displacement samples. For most practical sequences the number of speckle measurements is limited to be between 10 and 30 samples. This study looked between
that range in increments of 5 samples.
A nominal frame rate of 70 Hz was used to sample the speckle tracking measurements. The maximum frame rate possible is limited by the time required for
the ultrasound acoustic pulse to reach the desired imaging depth and reflect back to
the transducer surface as described by Equation 1.1, and the number of beam lines
in a frame. For a conventional ultrasound sequence with depths between 6 cm and
15 cm and 128 beam lines across the image, the maximum frame rate is somewhere
between 30 Hz and 100 Hz. The frame rate is chosen to be below this limit to ensure
that no frames are dropped, but close to this limit to ensure a short acquisition time.
After an ultrasound sequence is programmed on the machine, the software requests the scanner to report the frame rate it is using. There is potentially a small
difference between the frame rate reported by the scanner and the actual frame rate.
The frame period is provided by the Ultrasonix apis at a resolution of 1 µs. The
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time stamps from the frame grabber used with the BK scanners are provided at a
resolution of 1 µs as well. At a frame rate of 70 Hz, an error in the frame period of
1 µs would result in a error in the frame rate of 0.05 dHz. Even though the resolution of the frame period is 1 µs, the error could potentially be larger. When setting
the frame rate on the Ultrasonix scanners, the maximum resolution is 1 dHz. The
error in the actual frame rate is likely much less than this, but it serves as an upper
bound for the expected error. This study investigated the frame rate error between
0 dHz and 0.2 dHz, in increments of 0.05 dHz.
The jitter error is expected to be under 4 µm for speckle tracking under typical
conditions [254]. The jitter was modelled as normally distributed with standard
deviations starting from 0 µm and incremented by 1 µm to 4 µm. The jitter was randomly sampled for each displacement measurement and added to the displacement
value. The error was randomly sampled 1000 times for each test case and the results
were averaged over the 1000 trials.
The simulation compared the phasor fit to the synthetic speckle tracking measurements to the known true signal. The difference between the phasor amplitude
and phase were computed, as well as the quality factor of the fit as computed by
Equation 2.13.

2.4
2.4.1

Experiments
Motor Attenuation

Placing the motor control box between the transducer and the scanner poses the
risk of attenuating the ultrasound signals by passing them through two additional
connectors and a few centimetres of copper trace (approximately 3 cm to 7 cm long,
0.2 mm wide, and 36 µm thick traces). The attenuation could reduce snr and limit
the depth of penetration of the ultrasound. To test whether the motor control box
causes significant attenuation, a 4DL14-5/38 motorized ultrasound transducer was
used to image a CIRS 040 general purpose multi-tissue phantom. The phantom
consists of Zerdine, a proprietary elastic polymer that mimics the mechanical and
acoustic properties of tissue. The phantom was measured by the manufacturer to
have a speed of sound of 1541 m/s and attenuation of 0.63 dB/(cm MHz). The
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phantom contains multiple nylon monofilament wire targets which appear as bright
point reflectors in ultrasound. A group of wires aligned along a vertical column and
spaced by 1 cm was imaged to examine the amplitude of the ultrasound signal as a
function of depth. Plots of the amplitude were used to compare the signal strength
with and without the motor control box.

2.4.2

Phasor Synchronization

While the phasor calculation simulation investigated the ability of the fitting algorithm to recover a phasor when the frame rate is unknown, it did not investigate the
errors introduced by the phase compensation when an incorrect frame rate is used.
To study how this might affect the phasor measurement, a transducer is fixed over a
tissue mimicking phantom and 2d image frames are collected over a period roughly
40–60 seconds long while steady-state harmonic motion is applied to the surface
of the phantom. Phasors are computed using every 20 consecutive image frames
and compensated according to Equation 2.14. Each computed phasor image in the
set should be the same after compensation, so the effect of an incorrect frame rate
can be observed by computing the root mean square (rms) error between the first
phasor image and each subsequent phasor image
v
u
u
u
u
Pr
t NPc N
URMS (i) =

a=1 b=1

(Ui+1 (a, b) − U1 (a, b)) 2
Nc Nr

,

(2.27)

where Uγ is the γ th phasor image, Nc and Nr are the number of columns and rows
in the roi, i ∈ 1 . . . Np − 1, and Np is the number of phasor images.
The study was done with the Porta and Texo Ultrasonix ultrasound interfaces
using a 4DL14/38 transducer on a CIRS 049 elastography phantom, and the BK
frame grabber interface using a 8848 trus transducer on a CIRS 066 prostate elastography phantom.
An estimate of any phase shift present in the phasor images due to systemic or
constant timing errors is quantified using an optimization to minimize the squared
difference between the first phasor image, U1 , and the k th phasor image, Uk , where
the k th phasor image is shifted by phase θ, amplitude weighted by A, and adjusted
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Figure 2.5: Front view of the CIRS 049 elastography quality assurance phantom with the experimental scanning regions indicated (not to scale).
for the DC component of noise η
minimize U1 − AUk ejθ − η
θ, A,η

2

.

(2.28)

The experiment was also repeated using the trigger described in Section 2.2.10
with the Texo ultrasound interface to synchronize each phasor image with the excitation (i.e. every 20th ultrasound frame was triggered). If there is a constant error in
the frame time stamps, then the synchronization should limit the error in the phasor
measurements.

2.4.3

Elasticity Repeatability

An important aspect of the system is the ability to reliably provide the same measurement of absolute elasticity over repeated tests. To test the repeatability of the
measurements, five volumes were acquired sequentially using an Ultrasonix SonixTouch scanner with a 4DL14-5/38 motorized linear transducer. The experiment
was repeated using both the Porta ultrasound interface with the bandpass sampling
method and Texo ultrasound interface with the sector-based scanning method. Note
that the bandpass sampling method can be implemented on either the Porta or Texo
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Figure 2.6: Diagram of the different exciter locations used to test the repeatability of the elasticity measurements as viewed from above the phantom.
The positions are shown for measuring the stiff inclusion. The exciter
positions were mirrored about the vertical when measuring the soft inclusion to keep them on the surface of the phantom.
interfaces, while the sector-based scanning method can only be implemented with
the Texo interface at this time. For clinical studies, the Porta interface would be
preferred as it can stream the clinically approved b-mode image from the scanner’s
exam software.
The transducer was placed over two regions of a CIRS 049 elastography quality
assurance phantom to capture data for the stiffest (62 kPa) and the softest (6 kPa)
spheres in the phantom, as shown in Figure 2.5. The mean elasticity within the
inclusions and in the surrounding background (29 kPa) was computed and compared for each volume. To study the effect of different boundary conditions, the
measurements were repeated using three different exciter placements as shown in
Figure 2.6.
Ultrasound images were acquired to a depth of 5 cm using a centre frequency
of 5 MHz for the transmit pulses. The phasors were fit using 25 displacement measurements at each location in the volume. The Porta interface, using the bandpass
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Figure 2.7: Example phasor fitting result to simulated noisy displacement
measurements.
sampling method, acquired each 2d ultrasound image, consisting of 128 beam lines,
at a rate of 72 Hz. The Texo interface, using the sector-based scanning method, divided each 2d ultrasound image into 8 adjacent sectors of 16 beam lines, and each
sector was acquired at a rate of 625 Hz. The 2d images were swept into a thin 3d
volume using 9 motor steps in 0.45◦ increments. Excitation was applied at 200 Hz.

2.5
2.5.1

Results
Phasor Fitting Results

An example of a phasor fitting result is shown in Figure 2.7. The fitted signal closely
matches the true simulated signal despite the presence of displacement measurement errors.
The first row of Figure 2.8 shows how the error in the magnitude of the phasor
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Figure 2.8: Error in the least squares fit of a simulated 200 Hz cosine excitation at 10 µm amplitude with varying number of displacement samples,
displacement jitter error, and frame rate error. The first row shows the
difference between the fitted phasor magnitude and the excitation reference, the second row the difference between the recovered phasor angle
and the excitation reference, and the third row the quality factor of the
fit as defined in Equation 2.13. The first column shows results with no
error in the frame rate. The second column displays the fitting results
using 20 displacement samples. The third column has a fixed jitter error
of 2 µm.
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changes with the number of displacement samples, the displacement jitter error,
and the frame rate error. The results show that for a fixed level of jitter error (2 µm),
the magnitude error varies from 3.9 % with 30 samples and no frame rate error,
to 6.7 % with 10 samples and 0.2 dHz frame rate error. For a fixed number of 20
samples, the magnitude error increases approximately linearly with jitter error from
0 to 9.9 %, while the frame rate error contributes to less than 0.4 % change in the
error varying from 0 dHz to 0.2 dHz. Looking at the error in estimating the phasor magnitude varying only the jitter error and number of samples with no frame
rate error, the magnitude error again increases approximately linearly with jitter error, while decreasing the number of samples increases the slope of the error line
exponentially.
In the second row of Figure 2.8 the phase angle error is analysed. The phase
angle error increases dramatically at large jitter error levels, especially with fewer
displacement samples. The phase angle error also generally increases with greater
error in the frame rate. At a level of 0.2 dHz frame rate error, the phase angle error
actually worsens when more samples are collected, from 4.3◦ at 10 samples to 4.8◦
at 30 samples. This is explained by the longer amount of time required to collect
the samples, allowing the error in frame rate to accumulate.
In the third row of Figure 2.8 it can be seen that the quality factor drops off as the
jitter error in the displacements increases. The quality factor does not seem to be
strongly affected by the level of error in the frame rate or the number of displacement
samples collected.
A second test was conducted for multiple frequencies by adding a second cosine
signal at 240 Hz with an amplitude of 8 µm and phase angle of 30◦ to the previously
described 200 Hz cosine signal. The signal is shown in Figure 2.4 (b). Of the 125
different cases using different combinations of displacement samples, displacement
jitter error, and frame rate error, the recovered 200 Hz signal was almost identical
to the single frequency case. The largest differences in magnitude and phase were
0.015 µm and 0.18◦ .
Experimental measurements applying the bandpass sampling technique showed
a wave pattern polarized in the horizontal direction of the image, regardless of the
excitation position. In fact, the pattern can be observed without any excitation force
and will be referred to as the phasor wave artefact. An example is shown in Fig97
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Figure 2.9: A demonstration of a phasor wave artefact observed in experimental bandpass sampled phasor images. The temporal displacements
measured from (a) a frame early in the acquisition and (b) a frame collected later in time show small shifts across the image. The fitted phasor
(c) before applying interline compensation shows a small uniform amplitude as a result from the temporal displacements, and (d) after applying
interline compensation shows a wave pattern across the horizontal dimension.
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Figure 2.10: A profile across the width of an image containing the phasor
wave artefact.
ure 2.9. The pattern is caused by fluctuations in the displacement tracking and the
interline compensation. The temporal displacement frames can contain random displacement shifts on the order of a micron either towards or away from the transducer
as shown in Figure 2.9 (a) and Figure 2.9 (b). This noise can cover a wide band,
and can therefore appear at one of the excitation frequency components, shown as
a mostly uniform displacement across the frame in the real part of the fitted phasor
in Figure 2.9 (c). This inaccuracy on its own should have little effect on the elasticity measurements because of its low magnitude and low spatial frequency which
is removed during the lfe processing. However, the interline compensation, which
is supposed to correct for the phase shift of the measured excitation wave pattern
caused by sequential line acquisition, when applied to this uniform shift introduces
a phase change across the lateral direction. Figure 2.10 shows a profile of the wave
pattern across the width of the image. Measuring the distance from crest-to-crest
and trough-to-trough gives an estimated wave length of approximately 13 mm. The
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significance of this length on the measurements and how it can be predicted is discussed in Section 2.6.

2.5.2

Motor Attenuation Results

The results from comparing the ultrasound signal strength with and without the
motor control box placed between the transducer and the scanner are shown in Figure 2.11. The b-mode shows the vertical column of strong point reflectors used for
the comparison. From top-to-bottom, the brightness increases as the focus depth is
reached, then gradually decreases as the signal is absorbed by the phantom material. Looking at just the rf envelope amplitude along the beam line intersecting the
vertical column, it is evident that the peak signal amplitude from each point target
with the motor control box inserted is within 2 % of the peak signal amplitude when
connecting the transducer directly to the scanner.

2.5.3

Phasor Synchronization Results

The results from measuring the same repeated motion over a period of 40–60 seconds using the Ultrasonix Porta and Texo interfaces on a CIRS 049 elastography
quality assurance phantom are plotted in Figure 2.12. The vibration was applied
at 200 Hz and was measured at a frame rate of 72 Hz, measuring a peak phasor
amplitude of 4 µm. The rms error when considering only the absolute part of the
phasor remains small in magnitude and flat over time, indicating that the same wave
amplitudes are being detected. There is a 0.41 µm jump over about 0.5 seconds for
the absolute phasor at around 35 seconds in the Porta dataset. A 0.17 µm jump is
also visible at around 42 seconds in the Texo dataset. These jumps were possibly
caused by someone walking near the apparatus during the acquisitions, or an accidental bump of the ultrasound scanner, transducer clamp, or phantom. The real
and imaginary parts of the phasor show a gradual increase in rms error over time,
indicating that the phase of the measurements is slowly drifting and causing a difference compared to the first detected phasor. There is a sudden increase of 0.59 µm
and 0.44 µm in the error for the real and imaginary components for the Porta measurements at around 25 seconds. The Porta timing is provided by a frame counter
and the frame rate, and the sudden increase occurs when the frame counter reaches
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(a)

(b)

Figure 2.11: Measurements comparing the ultrasound signal strength with
and without the motor driver between the transducer and the scanner.
(a) The b-mode image with a yellow dashed line indicating the line in
(b) which is used to plot the signal in both cases.
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Figure 2.12: Results of phase compensation measured with the (top) Porta
and (bottom) Texo ultrasound interfaces showing from left-to-right the
absolute magnitude of the phasor, the real part of the phasor, and a plot
of the phasor rms error over time for the absolute, real, and imaginary
components of the phasor. The magenta box indicates the region that
the rms is calculated over.
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Figure 2.13: Results of phase compensation measured with the BK ultrasound
interface showing from left-to-right the absolute magnitude of the phasor, the real part of the phasor, and a plot of the phasor rms error over
time for the absolute, real, and imaginary components of the phasor.
The magenta box indicates the region that the rms is calculated over.
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Figure 2.14: Estimated amplitude, noise, and time shifts to minimize the
squared error between the first phasor image collected and each subsequent compensated phasor image, corresponding to the Porta ultrasound interface measurements.
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Figure 2.15: Results of phase compensation using a trigger to synchronize the
start of each phasor image, using the Texo ultrasound interface, with the
excitation. From left-to-right are the absolute magnitude of the phasor,
the real part of the phasor, and a plot of the phasor rms error over time
for the absolute, real, and imaginary components of the phasor. The
magenta box indicates the region that the rms is calculated over.
its maximum allowable value (experimentally determined to be 16000) and starts
counting up again from zero. Since the maximum counter number is fixed it can be
detected and corrected for.
The test was also applied to the BK ultrasound interface, instead using a CIRS
066 prostate elastography phantom, resulting in the measurements plotted in Figure 2.13. In this case, the vibration was applied at 165 Hz and was measured at a
frame rate of 43 Hz, measuring a peak phasor amplitude of 78 µm. The roi in the
phasor images is smaller than in the previous results because the waves are only
measured properly within the ellipse shaped prostate mimicking region. Similar to
the results obtained with the Ultrasonix interfaces, the rms error of the absolute
part of the phasor remains flat over time, while the rms error in the real and imaginary parts increases with time. The magnitude of the error appears to be larger for
the BK measurements, but this might be partially explained by the larger phasor
amplitudes.
The larger phase drift in the BK measurements is confirmed in the results obtained by applying the optimization in Equation 2.28 to estimate the phase shift
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Figure 2.16: Example elasticity images of the (a) soft and (b) stiff inclusions
measured in the CIRS 049 elastography quality assurance phantom using the Porta ultrasound interface on an Ultrasonix scanner. These images are taken from the centre 2d image slice of the swept volume.
The dotted circles correspond to the inclusion location. Excitation was
applied at 200 Hz.
between phasor images. For the Porta interface, the estimated phase shift for each
plane to correct for the drift of the phasor images over time was 3.03 µs, after correcting for the discontinuity in the real and imaginary parts of the phasor due to
the frame counter roll-over. The Texo interface had an estimated shift of 2.07 µs,
and the BK interface 30.2 µs per phasor image. In all cases, the fit to Equation 2.28
produced amplitude weightings consistently close to unity, noise at a fraction of a
micron, and time delays that increased in magnitude linearly for each phasor image,
even in the BK case despite the curving in the rms error. An example of the fit for
the Porta interface is shown in Figure 2.14.
The rms error over time when triggering the ultrasound acquisition with the
exciter is shown in Figure 2.15. In this case, the error remains flat over time for all
of the absolute, real, and imaginary parts of the phasor.
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Figure 2.17: Repeated measurements of the mean elasticity in a (a) stiff and
(b) soft inclusion, in a moderately stiff background with different motion sampling techniques. Excitation was applied at 200 Hz.
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2.5.4

Elasticity Repeatability Results

Figure 2.16 displays example elasticity images of the soft and stiff inclusions in
the CIRS 049 elastography quality assurance phantom. The displayed images correspond to the centre image slice in one of the volumetric acquisitions using the
bandpass sampling technique with the Porta ultrasound interface. The location of
the inclusions was determined through manual segmentation of the b-mode ultrasound images, and are indicated with dotted circles in Figure 2.16. As expected,
the estimated elasticity values are lower within the soft inclusion region, and higher
in the stiff inclusion region, relative to the background. Some variation in the estimated elasticity is observed in regions expected to be homogeneous. This variation
is likely caused by regions of low displacement amplitude, or nodes in the wave
field, which result in poor estimation of derivatives and corrupt the elasticity measurements [136, 199].
The following repeatability results averaged the Young’s modulus values within
the segmented region to obtain a measure for the inclusion elasticity, and outside
of the segmented region for a measure of the background elasticity. The measurements of the mean elasticity of the stiff and soft CIRS inclusions and the background from five separate volumetric acquisitions using either bandpass sampling
or sector-based scanning are shown in Figure 2.17. The measurements of the background elasticity in the region near the stiff inclusion are consistent, all near 17 kPa
with a range of less than 0.5 kPa. The measurements of the background in the region near the soft inclusion are also consistent but are slightly larger in magnitude
at around 19 kPa, with a range of less than 1 kPa. Measurements of the stiff inclusion elasticity show the greatest variation in these results with the a range of 4 kPa
around a mean of about 31 kPa. The soft inclusion measurements show repeatability
similar to the background, with an average stiffness of about 9.5 kPa and a range of
values spanning less than 1 kPa. For all of these measurements there appears to be
no substantial difference between the bandpass sampling or sector-based scanning
methods.
The repeatability of mean elasticity measurements as a function of exciter position are shown in Figure 2.18. For the measurements around the stiff inclusion,
exciter positions 1 and 2 demonstrate similar results to the previous measurements
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Figure 2.18: Repeated measurements of the mean elasticity in a (a) stiff and
(b) soft inclusion, in a moderately stiff background collected using
sector-based scanning at three exciter positions. Excitation was applied at 200 Hz.
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both in terms of mean elasticity and spread and in both the inclusion and background. At exciter position 3, both the inclusion and background show increases
in mean elasticity by approximately 7 kPa and 2.5 kPa, respectively. The measurements however have a similar spread compared to the other exciter positions. The
measurements around the soft inclusion show a similar trend, with increased mean
elasticity of approximately 0.5 kPa and 2 kPa for the inclusion and background, respectively, again with a similar spread for repeated volume acquisitions.

2.6

Discussion

An important aspect of the system is the elasticity image frame rate. The total
computational time for motion tracking and elasticity inversion using a GPU-based
implementation is 71 ms [23]. The frame rate of the elasticity images is limited
by the rate of ultrasound data collection rather than computation time for typical
imaging settings. For example, an acquisition with an imaging depth of 6 cm and
128 laterally spaced beam lines, using 20 ultrasound frames to estimate the motion phasor, the 2d elasticity image could be updated at a rate of 5 Hz. Elasticity
measurements have shown improvements from 3d volumes with as few as 5 to 7
elevationally spaced planes, with a volumetric elasticity update every one to two
seconds [23]. To obtain a full volumetric sweep, using a 4DL14-5/38 motorized
linear array transducer with a default motor step of 0.45◦ , a total of 61 planes is
required which reduces the volumetric acquisition time to around 10–20 seconds.
In all cases, the acquisition can be repeated continuously for an indefinite time,
providing updated elasticity measurements during a procedure.
Care must be taken in selecting multi-frequency signals so that they do not overlap in the base band. For example, excitation frequencies of 200 Hz and 270 Hz
sampled at a frame rate of 70 Hz both appear at 10 Hz in the base band. In this
case the phasor calculation is no longer unique and therefore they cannot be reliably found. The solution to the least squares fit is no longer unique because the
matrix M defined in Equation 2.6 becomes rank deficient. Observing that the time
samples, t k , are taken at multiples of the sampling rate, and
ω1
fs

(mod π) =

ω2
fs
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(mod π),

(2.29)

it is clear that
cos (ω1 t k ) = cos (ω2 t k )

(2.30)

sin (ω1 t k ) = sin (ω2 t k ) .

(2.31)

and
The phasor fitting results in this chapter were presented by fitting a signal at
the excitation frequency, however the procedure can also be accomplished using
the base band frequencies instead. For the test cases mentioned in this section, the
difference between the results was close to the machine precision, indicating no
difference between the two methods.
In the phasor fitting results, it was revealed in Figure 2.9 that small random
shifts in the displacement estimates from experimental measurements resulted in a
phasor wave artefact across the lateral dimension of the phasor image. The wave
appearance is caused by the interline compensation which is used to shift the phase
of tissue motion collected at different times. Ignoring any motion induced by the
excitation, from Equation 2.14 the wave appears across the lateral coordinate as a
plane wave
Ae−j2π fe TPRF l+θ ,

(2.32)

where TPRF is the time delay between acquiring adjacent beam lines, l is the beam
line number, A is the amplitude of the phasor fitted to the random displacement
shifts appearing in the band at the excitation frequency, f e , and θ is a random phase
resulting from the phasor fit. For a linear array transducer, this will appear in Cartesian coordinates as a horizontally polarized plane wave. The elasticity measured
by the lfe algorithm can be predicted by computing the wave number from Equation 2.32
k=

dφ
f eTPRF
=
,
dx
∆x

(2.33)

where ∆x is the spacing between beam lines. For curvilinear transducers, the wave
will no longer appear purely as a plane wave in Cartesian coordinates, but will be
stretched with increasing depth, which would show as an increase in elasticity with
depth. For the example in Figure 2.9, the data was acquired with a linear array,
the excitation frequency was 210 Hz, the interline time was 110 µs, and the line
spacing was 0.3 mm, resulting in a wave number of 0.077 mm−1 which corresponds
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to a wave length of approximately 13 mm which matches the wave length estimated
from Figure 2.10. The elasticity, as computed from Equation 2.26 is 22 kPa, which
is within the range of soft tissue elasticity. This makes it difficult to filter the phasor
wave artefact from the phasor images because the spatial frequency is within the
band of the expected shear wave measurements, unlike the compression wave which
can be filtered due to its low spatial frequency away from the measurements. It may
be possible to apply a filter before applying the interline compensation. Further
investigation into whether this could affect the measured shear wave field would be
an interesting area of future research.
The phasor synchronization results show that the wave pattern can slowly drift
out of phase over time if it is not synchronized with the exciter. The fact that the
rms error does not increase over time for the absolute part of the phasor, but does
for the real and imaginary parts indicate that it is a timing issue. This is further
confirmed by the elimination of the increase in error with time when the acquisition
is triggered by the excitation module. The underlying cause is likely either an error
in estimating the frame time stamps, or clock skew caused by different clocks used
for the ultrasound scanner and excitation modules. The latter might be solved by
driving both by a master clock. If the master clock is sufficient for removing the
phase drift error, it may become the preferred method in most use cases compared
to the triggered synchronization proposed in this work, since there would never be a
lag introduced by waiting for a trigger pulse to start the next ultrasound acquisition.
The elasticity measurements of the CIRS 049 elastography phantom are slightly
different from the values reported by the manufacturer. For soft inclusion there is
an overestimation of the reported elasticity, and for the stiff inclusion and the background there is an underestimation of the reported elasticity. This is consistent with
previous measurements by our group at UBC using both ultrasound and mri based
elastography methods, with a variety of different inversion algorithms [22, 135–
137]. The reasons for this discrepancy could be the difference in temperature, excitation frequency, or changes of the material properties of the phantom over time.
The measurements done by CIRS were performed in a temperature controlled environment at 22 ◦C, using quasi-static compression, and at the time of manufacture
approximately 10 years before the measurements were collected for this work. In
this work, the temperature was at the ambient room temperature of the laboratory,
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and was not controlled or measured. The frequency dependence of the elastic modulus of the phantom is not known, however there could be substantial difference
between 0 Hz and 200 Hz.
The elasticity measurements at different exciter locations show a systemic increase in elasticity values for the third exciter location. This location is the furtherest from the transducer. The increase can be explained as a diffraction bias, where
the wave motion is no longer primarily along the axial direction, and therefore the
projected motion vector results in an underestimation of the wave number. The
decrease in wave amplitude due to the greater wave attenuation over the longer distance also likely contributes to greater error in the elasticity measurements for the
third location.

2.7

Conclusion

This chapter has described the design and analysis of a flexible research based elastography platform. The implementation details for several different ultrasound interfaces has been described. The system is generic and can be adapted to any ultrasound scanner that allows access to beamformed rf or i/q echo signals (using
the bandpass sampling method). Simulations demonstrated that a conventional
b-mode pulse sequence can be used to measure steady state shear wave motion,
and the phasor motion estimation is robust to speckle tracking jitter and errors in
estimating the frame time stamps or frame rate. A customized ultrasound motor
driver was developed that can interface with any motorized ultrasound transducer
without modification, which provides greater control over the ultrasound acquisition
without reducing ultrasound signal quality. Experimental measurements showed a
gradual shift in motion phase over long acquisitions. For most cases, the acquisition time should be short enough to safely ignore the error, but for large volumetric
acquisitions, or for combining multiple measurements over a long period of time, a
synchronization between the excitation and ultrasound scanner using a trigger can
eliminate the problem. The elasticity estimates are repeatable, but have a slight
dependence on excitation conditions.
The following chapter describes some initial measurements obtained by applying the system to ex vivo placenta tissue. The system is also being used concurrently
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by other researchers at UBC for studies of liver, kidney, and prostate elasticity.
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Chapter 3

Viscoelastic Characterization of
Ex Vivo Placenta Tissue Using
SWAVE
3.1

Introduction

The placenta is the organ connecting a developing fetus to the uterine wall, and is responsible for the exchange of oxygen, nutrients, and waste between the mother and
fetus. The fetal blood circulates through the umbilical cord to the placenta where it
branches into vessels and eventually a network of branching chorionic villi. Placental abnormalities, such as preeclampsia and intrauterine growth restriction (iugr),
can have long-term impacts on both maternal and fetal health. Preeclampsia is
a progressive hypertensive disorder of pregnancy, and is associated with approximately one third of severe obstetric morbidity [332]. iugr is the pathologic restriction of fetal growth due to adverse genetic or environmental factors, characterized
by an estimated fetal weight below the 10th percentile. The incidence of iugr is
estimated to be 5 % to 7 % of all pregnancies and results in an increased risk of
perinatal, childhood, and adult morbidities [48]. The etiologies of both conditions
are associated with placental factors such as poor uteroplacental perfusion, abnormal villous structure, and placental infarction [132, 285].
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Due to the vascular nature of the placenta, medical Doppler ultrasound serves
as a natural tool to assess placental function. The pulsatility index of the uterine
artery, which is a calculated as the difference between peak systolic and end diastolic flow divided by the mean velocity, is the most predictive Doppler measurement
for diagnosis of preeclampsia or iugr. The presence of a prediastolic notch in the
velocity waveform provides further predictive power [72]. However, the sensitivity of Doppler ranges from 20 % to 60 %, with a positive predictive values of 6 %
to 40 %, and therefore Doppler assessment alone has limited value as a screening
test [26].
Histology indicates that abnormal placenta microstructure is significantly different from normal placenta, and is suggested as a cause of significant differences
in elastic and viscous properties in mechanical testing [179]. Elastography offers
a non-invasive method of characterizing changes in mechanical properties in vivo.
Recently, a few studies have investigated applying elastography to the placenta in
both ex vivo and in vivo settings [51, 185]. Initial studies have shown promise
in identifying placental abnormalities. For example, Kılıç et al. [159] estimated
elasticity using arf induced shear wave speed measurements and found a significant difference in placental elasticity between women diagnosed with preeclampsia
and healthy controls for gestational ages between 28–35 weeks. Similarly, significant increases in elasticity have been found for measurements during the second
trimester of pregnancy using shear wave speed [70], and relative stiffness inferred
from strain [71]. A significant increase in shear wave speed for pregnancies diagnosed with either fetal growth restriction or pregnancy induced hypertension has
been observed [229]. Sugitani et al. [301] found a significant difference between
normal and growth restricted placental shear wave speed, but did not find a significant difference for pregnancy induced hypertension.
Elastography can also determine the viscous properties of tissue by examining
the frequency dependence of the shear waves [63, 81, 162]. Measurement of the
viscous properties of placenta tissue is limited, though a dependence on the deformation rate has been observed in mechanical testing [333]. A recent elastography
study of the placenta fit a power law rheological model to account for shear wave
dispersion over a band of 20 Hz to 80 Hz [51].
Most elastography studies of the placenta to date have been based on arf tran115

sient shear wave speed measurements at a single point on anterior placentas. The
application of arf to other placenta locations might be difficult due to depth limitations. For example, one study was unable to study placentas located at depths
greater than 8 cm [70]. The swave system uses longitudinal vibration which generates shear waves deep into the body. The placement of the excitation source can
also be selected by the operator, so it could be placed in a location optimized for
the placenta location without affecting the placement of the ultrasound transducer.
Elasticity is computed quickly over a large volumetric roi which can provide additional information about the spatial variability of placenta elasticity.
The purpose of this study is to obtain initial placenta data using the swave
system and to select appropriate experimental factors and swave parameters. The
swave system is used to measure the Young’s modulus of six placenta samples over
a band of 60 Hz to 200 Hz. The frequency dependence is observed and the viscosity
is quantified by fitting rheological models to the data. This is meant as a proof-ofconcept to demonstrate the swave system and start work on better understanding the
placenta, and not meant as a final diagnostic tool for a specific medical condition.

3.2

Methods

swave measurements were applied to six healthy intact placenta samples. The placentas were obtained after full-term delivery, and were measured approximately
4 hours after delivery on average, with a maximum delay of 10 hours after delivery. This study (H15-00974) was performed under written informed consent after
approval by the UBC Children’s and Women’s Research Ethics Board. The consent
form used for this study is provided in Appendix B. Study data were collected and
managed using REDCap electronic data capture tools hosted at BC Women’s and
Children’s Hospital [128].
Samples were stored immediately after delivery in a refrigerator at 4 ◦C, and
were heated to 37 ◦C to approximate in vivo temperature just before swave measurements by submerging the samples in a constant temperature water bath (ColeParmer, Montreal, Quebec, Canada). The maternal side of the placenta was placed
on over an acoustic absorbing pad to reduce reverberation artefacts, and both the
placenta and pad were placed on top of a steel plate and wrapped loosely in a mesh
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Figure 3.1: The experimental apparatus for placenta swave measurements.
The placenta (1) is submerged in the water bath after being placed on
a acoustically absorbent pad and a steel plate and wrapped loosely in a
mesh bag. The ultrasound transducer (2) is submerged in the water bath
and is imaging the fetal side of the placenta. The transducer is placed in
a holder and positioned using a flexible arm. The disk at the end of the
exciter (3) makes contact with the fetal side of the placenta to generate
shear waves.
bag to keep the placenta submerged and stationary in the water bath. The exciter
used to generate shear waves in the placenta was partially submerged into the water
bath to make contact with the fetal side of the placenta. The exciter consisted of a
3 cm diameter circular steel plate which was placed in contact with the placenta on
one end and at the other attached to a 10 cm long steel shaft threaded into a voice
coil actuator (LDS V203, Brüel & Kjær, Nærum, Denmark) which was held stationary above the water bath using a 3-prong clamp (Fisher Scientific, Waltham,
MA, USA). A 4DL14-5/38 motorized swept volume ultrasound transducer (Vermon, Tours, France) was placed in a custom made 3d printed case which was used
to attach the transducer to a flexible positioning arm (CIVCO Medical Solutions,
Kalona, IA, USA). The transducer face was submerged in the water bath and was
fixed by the positioning arm with light contact on the fetal side of the placenta or
with a small gap of less than a few millimetres. This placement was used to avoid
pre-compression effects which could potentially increase the observed elasticity.
The experimental apparatus is shown in Figure 3.1.
The ultrasound transducer was connected to a SonixTouch ultrasound machine
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(Ultrasonix Medical Corp., Richmond, BC, Canada). The swave system was configured with the Porta ultrasound interface, the Data Translation excitation generator, and the custom stepper motor driver for Ultrasonix machines to control the
volume acquisition, all described in Chapter 2. The ultrasound scanner transmitted pulses centred at 5 MHz, which corresponds to the recommended abdominal
transducer frequency for obstetric examinations by the American Institute of Ultrasound in Medicine [14]. The thickness of a full term placenta is expected to be
between 1.5 cm to 2.5 cm [157], so the scanner was set to a depth of 3 cm to capture the full thickness of all placentas and allow for a small water gap between the
transducer and placenta. Monochromatic harmonic excitation was used to generate
shear waves in the placentas. A single ultrasound volume was collected for each of
six excitation frequencies at 60 Hz, 80 Hz, 90 Hz, 100 Hz, 120 Hz, and 200 Hz. The
excitation frequencies were chosen to cover a wide range to examine the frequency
dependence of the elasticity measurements, to line up nicely within the baseband
so they could easily be differentiated, and to create at least one wavelength across
the depth of the placenta sample to ensure lfe algorithm reached the correct estimate because it requires a transition zone of half a wavelength into a region [199].
The scanner collected 2d rf image frames at a rate of 72 Hz, so the excitation frequencies were placed at −12 Hz, 8 Hz, 18 Hz, 28 Hz, −24 Hz, and −16 Hz in the
baseband. Using measurements of placenta elasticity from the literature [229],
the average healthy placenta has a Young’s modulus of approximately 5 kPa, so
the chosen excitation frequencies result in expected wavelengths of 2.2 cm, 1.6 cm,
1.4 cm, 1.3 cm, 1.1 cm, and 0.65 cm. Based on the simulations from Chapter 2,
a total of 25 ultrasound rf image frames were collected at each motor position in
the volume for measuring tissue displacement and accurately fitting phasors at each
excitation frequency. The motor was stepped to 10 positions, subtending an angle
of approximately 4.5◦ . This relatively thin motor sweep decreased the acquisition
time, which helped to limit the phase drift error described in Chapter 2, while still
covering enough distance in the elevation direction to fit at least a quarter of a shear
wavelength based on estimates of placenta elasticity from the literature and the excitation frequencies chosen in this study. The thin volume approach has produced
accurate results on phantoms in a previous study [23]. Shear wave motion was estimated along the axial direction of the transducer, and the Young’s modulus at each
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excitation frequency was computed from the scan converted motion phasors using
the lfe algorithm and Equation 2.26.
To ensure quality measurements, the phasor amplitude was monitored after
starting the excitation at 60 Hz to check that the amplitude adequately penetrated
the roi and had a magnitude between 5 µm to 50 µm which is in a range accurately
tracked by the cross-correlation speckle tracking algorithm. The accuracy of the
speckle tracking was monitored by observing images of the normalized correlation
coefficient and ensuring that the value was greater than 0.95 over the majority of the
roi. The phasor fit to the displacement measurements was monitored by ensuring
the quality factor, as computed by Equation 2.13, was greater than 0.8, averaged over
the entire image. Real-time display of the b-mode, phasor amplitude, and Young’s
modulus images during acquisition also provided quality control. Data were saved
for offline processing.
For each placenta sample the images were examined and an annular sector roi
was manually selected containing placenta tissue (avoiding regions in the ultrasound volumes that imaged outside of the placenta) with good wave amplitude (trying to avoid nodes in the wave pattern). This roi generally covered the majority
of the image volume. The mean and standard deviation of the Young’s modulus
was computed for each excitation frequency on each placenta sample. To help gain
insight into the frequency dependence of the results, viscoelastic models were fit to
the measurements as described in the following section.

3.2.1

Rheological Modelling

The viscoelastic properties of tissue can be determined by examining the frequency
dependence or dispersive behaviour of the shear waves. The frequency dependence
can be modelled by replacing the shear modulus with the complex shear modulus
µ∗ = µ + jµ0 .

(3.1)

The shear wave number also becomes complex
s
k∗ =

ρω2
.
µ∗
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(3.2)

The shear wave speed can be obtained from the real part of the shear wave number [227]
cs =

ω
.
< (k ∗ )

(3.3)

As mentioned in Section 1.5.4, the lfe algorithm provides measurements of the
wave number, so the swave system can easily convert its output to shear wave speed
using Equation 3.3. For this work, the mean wave number over the roi is used.
Using Equation 3.1 and Equation 3.2, the shear wave speed can be related to the
complex shear modulus using
cs =

v
u
u
u
u
u
u
t



2 < (µ∗ ) 2 + = (µ∗ ) 2
!.
q
2
2
∗
∗
∗
ρ < (µ ) + < (µ ) + = (µ )

(3.4)

The complex shear modulus can be related to the viscoelastic properties using rheological models. Commonly used models for biological soft tissues include
Voigt, Maxwell, and Zener [111]. A mechanical schematic representation of the
models is shown in Figure 3.2. To derive the complex shear modulus for these
models, it is convenient to use mechanical impedance, which measures how much
a structure resists motion. It is usually expressed as a ratio of force to velocity, but
in this chapter in order to relate impedance to continuum mechanics, shear stress
replaces force and shear strain rate replaces velocity, which in the frequency domain
results in
Z=

σ (ω)
.
jω (ω)

(3.5)

Since the shear modulus is the ratio of shear stress and shear strain, the shear modulus can be expressed in terms of impedance as
µ∗ = jωZ.

(3.6)

This makes it simple to determine the shear modulus from the schematic representations in Figure 3.2, and then obtain the shear wave speed from Equation 3.4.
The total impedance of components in parallel is the summation of the component
impedances. For components in series, the inverse total impedance is the sum of
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µ1
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(c)

Figure 3.2: A mechanical schematic of the (a) Voigt, (b) Maxwell, and (c)
Zener rheological models.
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the inverses of the component impedances. The impedance of a spring element
parametrized by µ is

µ
,
jω

(3.7)

Z = η.

(3.8)

Z=
and for a dashpot parametrized by η is

For the Voigt model, this results in a shear modulus of
µ∗ = µ + jωη,

(3.9)

and a shear wave speed of
v
t
cs =


2 µ2 + ω2 η 2
,

p
ρ µ + µ2 + ω2 η 2

(3.10)

where µ and η refer to the spring and dashpot parameters in Figure 3.2a.
For the Maxwell model, the shear modulus is
µ∗ =

jω µη
,
µ + jωη

(3.11)

and the shear wave speed
cs =

v
u
u
t

2µ
q
ρ 1+ 1+


µ2
ω2 η2

.

(3.12)

For the Zener model, the shear modulus is
µ∗ =

µ1 µ2 + jω (µ1 η + µ2 η)
,
µ2 + jωη
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(3.13)

and the shear wave speed
cs =

v
u
u
u
u
t



2 µ21 µ22 + ω2 η 2 (µ1 + µ2 ) 2
q


 .
2
2
2
2
2
2
2
2
2
2
2
ρ µ1 µ2 + ω η (µ1 + µ2 ) +
µ2 + ω η
µ1 µ2 + ω η (µ1 + µ2 )

(3.14)

To estimate the parameters in each of the models, a least squares fit over the
six excitation frequencies is found between the model and the measured shear wave
speed from swave
minimize
χ

6
X



cs ωi, χ − cˆs (ωi ) 2

i=1

(3.15)

subject to χ a ≥ 0, a = 1, . . . , n,
where χ is a vector of n rheological parameters, and cˆs (ωi ) is the measured shear
wave speed from swave at excitation frequency ωi . The lower bound constraint
was applied to avoid non-physical solutions for the rheological parameters. The
goodness of the fit is evaluated using the rms error
v
u
t
cRMS =

3.3

6



1X
cs ωi, χ − cˆs (ωi ) 2 .
6 i=1

(3.16)

Results

An example of the waves measured inside of a placenta sample is displayed in Figure 3.3. The b-mode image shows mostly uniform speckle through the imaging
region, with some bright reflections near the centre of the image likely caused by
a collagenous matrix encasing damaged villi (discussed further later). The acoustically absorbent pad is visible at the bottom of the image at a small angle to the
horizontal and a dark region in the top left of the image is created from waves passing through water where the exciter has depressed the tissue away from the face of
the ultrasound transducer. The real part of the complex motion phasor shows the
wave pattern at one phase of the excitation. The waves appear to be propagating
roughly from left to right. The wavelength appears to decrease with increasing ex123
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Figure 3.3: The 2d image plane from the centre of the volumetric ultrasound
sweep for placenta Sample 5. (a) The b-mode image shows the placenta,
with bright reflections near the centre of the image. The corresponding
real part of the complex motion phasor is shown at the excitation frequencies (b) 60 Hz, (c) 80 Hz, (d) 90 Hz, (e) 100 Hz, (f) 120 Hz, and (g)
200 Hz. All images have a depth of 3 cm and width of 3.8 cm.
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Figure 3.4: Mean Young’s modulus measurements as a function of frequency
for the six placenta samples (standard deviation shown as bars). The
plot markers are spread a small amount about each excitation frequency
to improve visualization—this does not correspond to actual variations
in the physically applied excitation frequency.
citation frequency. The region containing the damaged villi seems to change the
wave pattern slightly which is especially visible at higher frequencies.
Mean Young’s modulus measurements, as computed by the lfe algorithm and
Equation 2.26, as a function of excitation frequency for the six placenta samples are
plotted in Figure 3.4. All samples show a general trend of increasing elasticity with
increased excitation frequency as expected because Equation 2.26 does not include
a separate viscous term. The mean elasticity values between samples are similar
at each excitation frequency, with greater spread occurring at higher frequencies.
The variance of the elasticity within a sample also increases with frequency. This
may be partially explained by the decrease in excitation amplitude, as shown in
Figure 3.5, possibly leading to a poorer snr at high frequencies.
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Figure 3.5: The mean amplitude of the measured phasor for each placenta
sample over all excitation frequencies in the region where the mean elasticity was calculated. The solid line connects the median of the means
for each frequency, indicating that the general trend is decreasing phasor
amplitude with frequency.
Figure 3.6 shows the fits to the shear wave speed dispersion using the Voigt,
Maxwell, and Zener models. The viscoelastic parameters which correspond to the
fitted models for each sample and the rms error in the fits are provided in Table 3.1.
All of the models provide a similar fit to the measurements, with the Voigt and
Zener models providing an almost identical curve. For this data set the Voigt model
provides the best fit in terms of rms error.
Although most of each placenta appears as uniformly textured tissue in b-mode
images, some placentas did exhibit some heterogeneities which were also investigated. Measurements were repeated in three different locations on placenta Sample
4. The b-mode and Young’s modulus (computed at 120 Hz) images for the different regions are shown in Figure 3.7. The elasticity in the first measurement region
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(continued)
is mostly uniform with increasing elasticity with increasing depth. Computing the
mean Young’s modulus over the first 3 mm and last 3 mm depth quantifies the increase from 6.5 kPa to 16.4 kPa. The second measurement region contains a dark
circular region near the centre of both b-mode and elasticity images, likely corresponding to a blood clot. The third measurement region contains some bright
reflections near the bottom centre of the b-mode image, again likely caused by damaged villi as in Figure 3.3, and an increase in elasticity seems to correspond to this
area. The mean and standard deviation of the elasticity for each of these regions
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Figure 3.6: The shear wave speed dispersion relations found using the Voigt,
Maxwell, and Zener models for each of the placenta samples ((a)–(f)
correspond to samples 1–6).
over the full range of excitation frequencies is shown in Figure 3.8. For computing
the statistics, the second region did not include the blood clot, but the third region
did contain the damaged villi. Visually the mean elasticity measured in the first two
regions appears very similar, especially for frequencies ≤ 120 Hz, however there
is a statistically significant difference between the two regions over all frequencies,
using the Student’s t-test for comparison (p < 0.001). The third region shows an
increase in elasticity compared to the other two regions over all frequencies which
is likely due to the presence of the damaged villi.

3.4

Discussion

The elasticity values measured in this work can be compared with previous placenta
elastography studies. Figure 3.9 summarizes the range of mean Young’s moduli
from several studies. When necessary, measurements were converted from shear
wave speed to Young’s modulus using
E = 3cs2 ρ,
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Figure 3.7: The b-mode (first column) and Young’s modulus (second column)
image planes from the centre of the volumetric ultrasound sweep from
three different regions of placenta Sample 4. The Young’s modulus images shown here were computed from waves excited at 120 Hz.
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Table 3.1: Rheological model parameters and rms error corresponding to the
fits to the shear wave speed dispersion shown in Figure 3.6 for six placenta
samples. The final column shows the inter-sample mean of each quantity
(standard deviation in brackets).
Model

Sample

Mean

1

2

3

4

5

6

µ (kPa)

0.369

0.733

0.690

0.451

0.295

0.607

0.524 (0.179)

η (Pa s)

13.6

21.4

22.7

14.7

11.0

22.1

17.6 (5.05)

cRMS (m/s)

0.164

0.301

0.099

0.396

0.070

0.291

0.220 (0.129)

µ (MPa)

7.64

9.15

5.64

19.8

3.82

13.6

9.95 (5.89)

η (Pa s)

11.4

17.4

18.7

12.0

9.19

18.3

14.5 (4.12)

cRMS (m/s)

0.189

0.320

0.144

0.429

0.098

0.333

0.252 (0.128)

µ1 (kPa)

0.367

0.731

0.692

0.455

0.296

0.609

0.525 (0.179)

µ2 (kPa)

413

486

456

498

326

489

445 (65.9)

η (Pa s)

13.7

21.4

22.7

14.7

11.0

22.1

17.6 (5.07)

cRMS (m/s)

0.164

0.301

0.102

0.397

0.071

0.293

0.221 (0.129)

Voigt

Maxwell

Zener

where ρ was assumed to be 1000 kg/m3 , and the tissue was implicitly assumed to
be completely incompressible. The low frequency measurements from this work
correspond to the low end of the previously reported range, and some of the high
frequency measurements extend beyond the high end of the previously reported
range. Only the study by Callé et al. [51] used mechanical excitation, however
it used transient rather than steady-state excitation, and the reported speeds were
extracted from the spectrum at 50 Hz. The other studies used arf excitation, however the spectral content of the excitation for the commercial systems used is not
reported.
The repeated measurement of elasticity for a single placenta at different locations showed similar mean elasticity results but with a significant difference. Previ130
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Figure 3.8: Mean Young’s modulus measurements as a function of frequency
for placenta Sample 4, repeated at three separate locations (standard deviation shown as bars). The plot markers are spread a small amount
about each excitation frequency to improve visualization—this does not
correspond to actual variations in the physically applied excitation frequency.
ous studies have compared mean elasticity measurements from different regions of
the placenta with one finding differences [301], one not finding differences [185],
and one finding difference for abnormal placenta tissue but no difference for healthy
placenta tissue [159]. The results in this work are not directly comparable because
the difference in mean elasticity is compared within a single placenta sample, rather
than the differences between groups of mean elasticity as in the literature. The results here add additional insights that the particular structures in the roi can affect
the elasticity measurements.
Kılıç et al. [159] measured a larger maximum elastic modulus on the maternal
surface of the placenta than on the fetal surface. The maternal side corresponds
to the deeper region in our measurements, so the observation of increased elastic131
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Figure 3.9: The range of mean Young’s moduli reported in the elastography
literature for normal placenta, with the range of mean Young’s moduli
from this study at each frequency provided for comparison. The values
were extracted from Callé et al. [51], Cimsit et al. [70], Kılıç et al. [159],
Li et al. [185], Ohmaru et al. [229], and Sugitani et al. [301]. The Callé
et al. [51] work includes two transient excitation methods, the topmost
corresponding to arf induced shear waves, and the lower a mechanical
excitation.
ity with depth in Figure 3.7 seems to match the previous measurements. Further
research into the biophysical basis for differences in elasticity between the chorionic plate, intervillous space, and basal plate would be helpful for explaining these
observations. Based on our current understanding, our best explanation is the increased stiffness is caused by a collagenous layer separating the fetal and maternal
tissues. The placenta is organized into cotyledons that each correspond to a single
major fetal vascular unit. At term, the three dimensional organization of placental
cotyledons resembles an egg carton. The lateral and deep margins of each cotyledon are defined by a transition from fetal placental tissue to maternal decidual tissue
under and between each cotyledon. At the border of this transition the placenta exudes a contiguous layer of collagenous material which effective separates the fetal
and maternal solid tissues. Because this layer is solid and contiguous, this likely
represents areas of increased stiffness at the base of the placenta and intermittently
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where the lateral aspect of bordering cotyledons are included in the scanned area.
When placental villi are damaged, which occurs in all placentas including clinically normal placentas, a similar collagenous matrix is produced which encases the
damaged villi and frequently concatenates adjacent villi. This process is a likely explanation for focal areas of increased stiffness and density seen away for the basal
and lateral cotyledon margins. Occasionally these areas, particularly along the basal
aspect in placentas over 40 week gestational age, may calcify and this would contribute to increased echogenicity and stiffness (e.g. bright spots in Figure 3.3(a) and
Figure 3.7(e)).
The placenta elasticity measurements demonstrated a strong frequency dependence. This agrees with previous mechanical testing that concluded that the mechanical response of placenta tissue is dependent on strain rate [333]. It is difficult
to compare the results to previous elastography studies of the placenta as they have
not reported viscosity values. Comparing the mean viscosity of 17.6 Pa s using the
Voigt model for the placenta measurements from this work to other tissues reported
in the literature indicates that the placenta is highly viscous. For example, measurements of breast tissue have reported a much lower mean viscosity at 2.4 Pa s for
malignant cancer, 2.1 Pa s for fibroadenoma, and 0.55 Pa s for surrounding breast
tissue [292]. The mean viscosity for healthy brain and liver tissue is also lower at
6.7 Pa s and 5.5 Pa s, respectively [162]. The viscosity of the vastus medialis muscle
in the thigh when actively contracting is closer to but still smaller than the placenta
at 12 Pa s [80].
There are several limitations in the estimation of viscoelastic properties in this
work. These limitations include lower tissue displacement snr at higher frequencies, simplifications in the lfe inversion algorithm for determining the shear wave
number, lack of consideration for fitting attenuation, lack of spatial information,
and simplifications in rheological modelling. The tissue displacement snr affects
the viscoelastic parameter estimation in a similar way to the Young’s modulus estimation, where the low amplitude of the waves at higher frequencies leads to greater
uncertainty in the lfe output. The lfe inversion algorithm also includes simplifications which do not account for any dispersive effects, which likely leads to inaccuracies in the shear wave speed estimation. A more sophisticated inversion method
that can directly obtain the complex shear modulus or complex shear wave number
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directly would likely be more accurate. One possible approach to find the imaginary part of the complex wave number is to measure the phase angle between the
shear wave and the applied force [323].
The lack of spatial information in the viscoelastic results is due to using an
averaged wave number over a roi for the wave speed calculation. This was done to
simplify the fitting operation from applying it to many thousands of voxels for each
placenta sample to applying it just once per sample. This also made interpreting
the results simpler and easier to compare between rheological models and different
placenta samples. However, just as the spatial distribution of Young’s modulus
can contain interesting information as demonstrated in Figure 3.7, the change in
viscosity over space could provide some useful diagnostic information.
The rheological modelling was simplified by ignoring inertial terms. Elastography studies typically do not model inertial effects as the fits to experimental results
appear to be adequate without the need for adding an additional parameter. While
inertial effects could play a role, the strong effect of viscosity likely produces a
highly overdamped second order system [97, 246].
The different excitation frequencies applied in this work were applied in a sequential manner, with an independent volumetric ultrasound displacement measurement acquired for each frequency. This allowed complete isolation of each frequency component to help interpret the quality of acquisition of each component
and their influence on the system. For the ex vivo setting this was an acceptable
compromise, but for in vivo applications, the multiple acquisitions may not be able
to be matched sequentially due to motion of the mother or fetus between excitation
frequencies. A multi-frequency excitation approach, which combines the excitation signals of each desired frequency, is the recommended approach for in vivo
measurements in order to reduce acquisition time. This efficacy of the simultaneous multi-frequency approach has previously been demonstrated for in vivo prostate
tissue [191].

3.5

Conclusion

The feasibility of applying the swave technique to placenta tissue has been demonstrated. Measurement of six healthy placenta samples produced similar elasticity
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measurements over a band of excitation frequencies of 60 Hz to 200 Hz, with values
agreeing with previous elastography measurements in the literature.
This is the first study to apply Voigt, Maxwell, and Zener rheological models
to elastography measurements of placental tissue. Results indicate that all models
provide a similar fit, with the Voigt model providing the best fit by a slim margin
based on rms error. The results indicate the placenta is a very viscous organ, which
corroborates with its highly vascular structure.
Future work will compare elastic and viscoelastic measurements of placentas
from normal pregnancies to those diagnosed with preeclampsia or fetal growth restriction, to determine if there are differences that may be used to help detect disease. Applying the swave system in vivo should include a study optimizing the
exciter design and placement for sufficient generation of shear waves within the
placenta, but it would otherwise be straightforward to measure the placenta viscoelastic behaviour during pregnancy with this system. Increased accuracy in elasticity inversion could be obtained by measuring the full 3d displacement vector.
The following chapters describe methods for improving the accuracy in measuring
the full 3d displacement vector for swave.
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Chapter 4

Spatial Calibration of Swept 3D
Ultrasound
4.1

Introduction

Ultrasound has gained popularity because it is low cost, portable, safe, and has a
high frame-rate. While the majority of diagnostic ultrasound procedures use 2d
imaging, 3d imaging can provide significant advantages [85, 219]. For example,
different 2d imaging planes may be “re-sliced” from the 3d ultrasound volume to
provide 2d image orientations that would be otherwise impossible to acquire, such
as parallel to the skin surface. Additionally, surface or volume rendered models can
be generated which may reveal pathology that is more difficult to discern in conventional ultrasound images. Imaging in 3d can provide more information on the
geometry of anatomical structures and more accurate measures such as volume. 3d
ultrasound can also help in needle localization and guidance during biopsy [28]. In
this thesis, 2d imaging refers to planar cross-sectioned images produced by transducers such as linear, curvilinear, or phased arrays, and 3d imaging refers to ultrasound volumes produced from swept motor transducers.
3d ultrasound data can be especially beneficial in elastography. While inducing
low frequency vibration of the tissue, 3d ultrasound can observe the waves propagating in all 3 dimensions over a volume [260]. 3d measurements can reduce
overestimation of elasticity calculations by up to 60 % compared to 2d measure136

ments [23].
Typically a swept motor transducer relies on a model of the motor geometry to
calculate the location of 2d image slices with respect to another. In elastography,
the effect of uncertainty or error in the parameters, such as sweep angle, sweep step
size, scale of the voxels, and other geometry used by the ultrasound machine to reconstruct each sweep of image slices into a Cartesian volume, has not been studied
in detail. While most of these errors are generally not considered large enough to
pose a problem with 3d diagnostic ultrasound imaging, errors in the parameters
could be expected to contribute to elastography errors in two major ways. The first
is by incorrect geometrical placement of image data, which for swave techniques
would affect the apparent shear wavelength, resulting in misestimation of elasticity. The other contribution from errors in the parameters is errors in the assumed
direction of motion measurement. Previous work has demonstrated that assuming
a purely vertical measurement direction for motion that is actually measured in a
cylindrical coordinate system leads to underestimation of elasticity [137]. Some
form of calibration to solve for these parameters for an individual transducer may
help reduce these errors.
A further extension of applying 3d ultrasound to elastography is the possibility to combine multiple intersecting volumes tilted at different angles which would
allow for accurate measurement of the full 3d motion vector, rather than the 1d component of the motion vector that is typically measured with ultrasound [4]. A position tracking sensor can be attached to a swept motor transducer to allow tracking of
multiple 3d ultrasound volumes. Using the position tracking sensor measurements,
these volumes can be transformed to a global coordinate system and combined into
a composite volume. 3d ultrasound spatial tracking of this nature has other clinical
applications including intra-operative visualization [237], ablation guidance [19],
and spatial compounding [172], among others.
Generally, position tracking systems measure the pose of a sensor mounted on
the ultrasound transducer with respect to a fixed base; therefore, it is necessary to
calibrate the pose of the image with respect to the sensor to enable these tracking
techniques. Typically, this calibration is accomplished by collecting ultrasound images of objects, called phantoms, with known geometry and calculating the rotation
and translation parameters of the calibration that best match the image features to
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the geometry. Phantoms are typically constructed from spherical beads [182], nylon
wires [262], and planar surfaces [275].
Ultrasound calibration remains a critical factor in the overall system accuracy of
many ultrasound guided procedures [189]. The 2d ultrasound calibration problem
has been studied extensively, with reviews of many of the techniques published [143,
206]. However, it is generally not straightforward to extend 2d techniques to make
use of the extra data available in 3d ultrasound volumes. Various aspects of the
3d ultrasound calibration problem have been investigated. One study used a 2d
technique to calibrate a 2d transducer mounted on a motor to replicate the action of a
3d transducer [45]; however, in commercially available swept motor 3d transducers,
the array is enclosed in the transducer housing, so tracking the array location as
the motor is swept is infeasible. Tracking both the transducer and phantom has
shown greater accuracy compared to registering ultrasound volumes to each other,
as in hand-eye techniques [35]. Point phantoms have been used for 3d calibration,
and are easier to use in 3d compared to 2d because aligning the point phantom
precisely with the scan plane is not as difficult with many regularly spaced slices
in the volume [175, 259]. For wire phantoms, the intensities of the wire reflections
over the volume are iteratively matched to a reference model of the straight lines
matching the phantom geometry [35, 258]. A few techniques have also used planar
features, and are solved by either using intensity information to iteratively match a
reference, similar to the wire methods [177], or matching the zero component of
the reference model of the plane to points on the plane in the volume [27, 258].
As previously mentioned, a swept motor transducer relies on several geometrical parameters to calculate a volume based on the location of a set of 2d image
slices. Reliance on these parameters is considered to contribute to spatial calibration error [258]. It is a problem during calibration acquisition, since each volume
observing the phantom will incorrectly locate the phantom’s features. It further
becomes a problem after calibration when tracking the transducer, as not only are
the calibration transforms incorrect, leading to placing the volumes in the wrong
position and orientation in the global coordinate system, but each volume in the
collection is distorted with respect to the local transducer coordinates as well. Previous work has studied the distortions caused by errors in the sweep parameters
for an untracked swept motor transducer, where highly accurate measures of organ
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volume were desired, and a method was presented for estimating the parameters
assuming accurate alignment of the transducer with two specially designed phantoms [315].
The work presented in this chapter aims to reduce errors caused by uncertainty
in the motor parameters in tracked 3d ultrasound. This should help to reduce errors
in 3d elastography which relies upon these parameters, as well as provide improvement to 3d ultrasound spatial calibration which can be applied to advanced elastography methods and several other clinical application. Since recent techniques
developed for 2d calibration demonstrate very high accuracy, and, assuming motor
positioning is repeatable such that each image slice in a swept volume can be considered a 2d imaging source, a novel technique is proposed that calibrates multiple
individual 2d image slices along the sweep, instead of scan converting the slices
to a Cartesian volume and then performing a single 3d calibration. For example,
a study of a closed-form 2d calibration using differential measurements from inclined wedges reported a point reconstruction error under 0.3 mm [215]. While
it is difficult to compare calibration accuracy across the literature, sub-millimetre
point reconstruction accuracy has not been previously demonstrated in 3d calibration techniques.
Ideally, 2d calibration would be performed for each slice in the volume to achieve
ultimate accuracy. However, it is impractical and unnecessary to calibrate every
slice. Instead, a best fit path through calibration solutions calculated for a subset
of the images slices along the sweep is used. The fit will be used to determine the
calibration transforms between the calibrated slices. The fit can also reduce the influence of error in individual calibrations, analogous to a least-squares model fitting
to noisy linear data to reduce error of individual measurements.
In particular, a method for fitting calibrations is presented which separately fits
the translation and rotation parameters. The translation parameters are found by
fitting an arc to the origin of each calibration. The rotation parameters are found by
solving for the best fit geodesic on the quaternion manifold, with each calibration’s
rotation component representing one quaternion sample on the manifold. The fitting method presented in this work is general and would function to extend any 2d
calibration technique to a 3d swept motor transducer. The 2d differential wedge
technique is used in this work due to its high accuracy [215]. Since the technique
139

Figure 4.1: The coordinate systems used in the calibration procedure.
uses multiple 2d slices of the wedge phantom over a 3d volume, this technique is
labelled “W2D→3D ”.
The proposed multi-slice calibration approach is evaluated by comparing it to
several single-calibration (slice or reconstructed volume) techniques. One approach
is to use a 2d technique on a single slice in the volume, such as the well known Nwire (or Z-wire) [75, 238], and rely on the motor parameters to locate all other
points in the volume relative to the calibrated slice (“N2D ”). Since this calibration
technique ignores data at all locations along the sweep except one slice, there is potential for a lever arm effect to magnify errors when the motor is swept far from the
calibrated slice. To reduce the lever arm effect, a novel technique is developed to
extend the N-wire concept to a reconstructed volume (3d) by first scan converting
the segmented points into a 3d point cloud before solving for the calibration parameters (“N3D ”). A possible improvement to the general N-wire calibration concept
is also presented by solving for the outside edge points of the N-wire, in addition
Full ”), explained in detail later. The
to the centre point used in previous works (“N3D

N-wire technique provides the advantage of a closed form solution compared to an
iterative optimization, but has the disadvantage of providing sparse point features
compared to feature-rich planes [262]. For a final comparison, a novel closed form
planar-fitting calibration technique is presented that relies on scan converted 3d data
(“P3D ”). Details of these methods are provided below.
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4.2

Methods

This section describes the calibration problem and the five techniques used in this
chapter to solve it. An illustration of the components and coordinate systems for the
calibration is shown in Figure 4.1. The goal of calibration is to determine the fixed,
rigid rotation and translation relating the image coordinate system, I, and the coordinate system of the position sensor on the transducer holder, H . Here the position
sensor consists of markers on the holder that are tracked by a fixed optical camera
system, O, which also tracks markers mounted on the phantom body, M. Often it
is convenient to define the coordinate system of the phantom not at M, but with
respect to a geometrical feature that appears in the images. This coordinate system
is called P, and the fixed relationship between P and M is determined separately
a priori with tracked stylus measurements (using an optical tracking system with
0.02 mm mean error as explained later in Section 4.4).

4.2.1

Data Acquisition

All images were acquired on a SonixTouch ultrasound machine (Ultrasonix Medical Corp., Richmond, BC, Canada), equipped with a 4DL14-5 linear array swept
motor transducer, operating at a transmit frequency of 10 MHz and a depth setting of 45 mm. The transducer and phantoms were submersed in a solution of 9 %
by volume glycerol combined with distilled water to create a medium for the ultrasound waves to travel through at 1540 m/s to match the ultrasound machine’s
settings [224].
Based on data from the transducer manufacturer (Vermon, Tours, France), the
radius of the motor is 81 mm and has an angular travel of 0.45◦ between slices.
Both parameters were used for 3d scan conversion. To gain complete control over
the transducer’s stepper motor, an intermediate circuit was constructed and placed
between the transducer and the ultrasound machine (see Section 2.2.4). The circuit
passed the ultrasound signals directly through the connectors, but provided its own
stepper motor signals controlled by the parallel port on the SonixTouch.
The transducer and phantoms used for calibration had ired markers mounted
to their bodies which were optically tracked by an Optotrak Certus motion capture
system (Northern Digital Inc., Waterloo, Ontario, Canada). This provided both
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Figure 4.2: The 3d transducer, encased in a holder with ired markers.
position and orientation of coordinate systems defined using the markers on the
transducer and phantom bodies with respect to the Optotrak coordinate system. To
find the relationship between the ired markers on the phantom body and the image
features on the phantom, an Optotrak 4 Marker Digitizing Probe stylus with a known
1.5 mm radius ball tip was used to locate points in M with known correspondence
in P.
The transducer was placed inside a holder that was precisely manufactured to
match its outer dimensions with an Objet30 3d printer (Objet Inc., Billerica, MA,
USA) and held in place using constraining pins pushing against the top of the transducer. The ired markers were press fit into small circular bore holes in the holder,
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Figure 4.3: The phantom used for the planar and wedge calibration methods.
which was reinforced with a stainless steel frame to reduce the possibility of the
holder flexing and changing the markers’ positions. The holder was mounted on a
goniometer, a linear translation stage, and a rotary stage to allow fine adjustments
of the transducer pose, before being attached to a positioning arm (model 811-002;
CIVCO Medical Solutions, Kalona, IA, USA) to fix the assembly in space. The
phantoms were also attached to a positioning arm (model 244; Manfrotto, Cassola,
Italy) to keep the phantom fixed while recording data. The holder and one of the
calibration phantoms are pictured in Figure 4.2 and Figure 4.3.

4.2.2

Full )
N-wire Calibration (N2D , N3D , and N3D

In N-wire calibration, the geometry of the N shape is used to calculate the position
of the centre point, f~, based on measurements from an ultrasound image. Once
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Figure 4.4: The top view of one row of the N-wire phantom and the intersecting scan plane.
at least three non-collinear centre points have been found in both coordinate systems, the transform that best matches the points provides the calibration solution.
Multiple centre points can be obtained by acquiring an image with more than one
N-wire shape visible, or acquiring additional images after transducer motion. Both
techniques are used in this work to obtain an over-constrained set of points, with a
phantom containing three N-wire shapes, and a collection of 10 ultrasound volumes
from different positions and orientations.
The phantom was constructed with 0.3 mm nylon wire interwoven through six
holes (~h1−6 ) in a N shape, as shown in Figure 4.4. In total the phantom contained
three rows of N-wires, each spaced by 5 mm. The top row geometry had 30 mm
between ~h1 and ~h3 , 50 mm between ~h1 and ~h4 , and 20 mm horizontally between ~h2
and ~h5 . The middle row had the same dimensions, but the N shape was mirrored.
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Figure 4.5: A 3d view of the three N-wire rows. The ultrasound scan plane,
shown in grey, intersects each N-wire at three points, shown by the circles. A dashed line is shown connecting the intersection points in the
scan plane. Based on the same inter-point distances, the lines could be
mirrored to alternate orientations, shown as dash-dot lines.
The bottom row had the same orientation as the top, but ~h3 , ~h5 , and ~h6 were shifted
5 mm to the left. The holes were precisely located by manufacturing a rectangular
block with the 3d printer (0.028 mm resolution and 0.1 mm accuracy, as stated by
the manufacturer).
The geometry of the N-wire was defined by the points a~ , ~b, ~c, and d~ which
were identified in the phantom markers’ coordinate system, M, with a stylus and
the Optotrak system. The stylus measured the hole locations, ~h1...6 , and used the
known geometry to find the corners of the N shape. The corner a~ was located


some scalar distance ξ along the direction ~h1 − ~h4 from the point ~h1 . The scalar
distance was determined using the triangle formed by




ξ ~h1 − ~h4 + ξ ~h5 − ~h2 = ~h2 − ~h1 .
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(4.1)

Figure 4.6: A top view of the same N-wire phantom and scanning geometry
as presented in Figure 4.5. The N-shapes are omitted in this view, but
the intersection points are shown as hollow circles along the ultrasound
scan plane, shown in black. The dashed lines from Figure 4.5 all lie
within the scan plane and are occluded by the black line. Considering
only one N-wire row at a time, the inter-point distances could be created
by the scan plane being aligned along the dash-dot line for the top (pink),
middle (green), or bottom (blue) rows. Noting equal depth between each
dash-dot line into the page from this view, it would be impossible for the
scan plane to possibly pass through all three of the dash-dot lines at the
same time, or any combination of dash-dot and dashed (occluded by the
black) lines.
The other corner points were found in a similar manner.
The nine points in each slice in the ultrasound volume were automatically segmented by performing morphological opening operations to reduce speckle and
then searching for parallel lines of three collinear dots [65]. Using the segmented
points, the location of the centre point in the phantom marker coordinates was calculated
M

f~ =

M

a~ +

k I e~ − I f~k  M ~ M 
d − a~ ,
k I e~ − I ~g k

(4.2)

where M f~ and I f~ are located in the marker and image coordinate systems, respectively. The N3D technique used all of the segmented points, while the N2D only used
the points segmented in the centre slice. For each calibration technique, 10 volumes
were acquired.
The collection of points described in M can be transformed to H using Optotrak measurements. The calibration transform can be found by matching corresponding points between I and H . The translation vector is the difference between
the centroid of the two sets of points, and the quaternion describing the rotation is
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found by solving an eigenvalue problem [139].
The description thus far has only demonstrated how to estimate the location of
the centre point along the angled segment of the N-wire, as used previously in the
literature, ignoring the points on the parallel outside wires (~e and ~g in Figure 4.4).
Including the outside points could improve the corresponding point transformation
estimation. The reason that these points were ignored in previous works might be
the fact that the location of the outside points in the phantom’s coordinate system
is not unique when based only on the lengths from the ultrasound image used to
find the centre point. In fact there are two possible locations for the outside points,
mirrored about a line perpendicular to outside wires and passing through the centre
point as shown in Figure 4.5 and Figure 4.6. Considering only one N-wire at a time,
the ultrasound scan plane could pass through either the dashed line or the dash-dot
line in Figure 4.5 and still produce the same inter-point distances in the image.
However, it is possible to determine the correct line when considering all three
N-wires. Considering the three interior points in Figure 4.5, and all the possible
exterior points (intersections of dashed and dash-dot lines with exterior wires), there
are 23 = 8 possible sets of nine points that could lie on the ultrasound plane. In
general, only one of these sets lies in a plane. In Figure 4.6, it is clear that a plane
could not pass through any set of three lines that contains any of the dash-dot lines,
leaving the combination of the three dashed lines as the only possibility in this
example. To select the correct set of points in this work, a plane is fitted for each
case, and the plane with the smallest mean squared distance to the points is selected.
Further discussion on the ambiguity of transducer pose based on N-wire lengths
measured in ultrasound is explored in Appendix C.

4.2.3

Planar Calibration (P3D )

The method of planar calibration presented here is similar to a technique developed
for simultaneous localization and mapping (slam) [247]. The slam technique was
applied to a laser range finding sensor, mounted on a mobile robot, which obtained a
cloud of points to be segmented into planar surfaces. The planes were then matched
after a change in position or orientation of the sensor to estimate the motion of the
sensor. Our method does not match two sets of segmented data. Rather, it matches
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Figure 4.7: A rendering of the phantom used for the planar and wedge calibration methods, excluding the ired marker attachment. The phantom includes a grid of hemispherical indents for the stylus to measure the rigid
transformation between the phantom coordinate system and the mounted
ired markers.
planes segmented in ultrasound, I, to a mathematical model of the planes described
in the phantom coordinate system, P. Only one reconstructed ultrasound volume
is required. However, collecting additional volumes after transducer motion can
serve to reduce errors in calibration calculations via averaging. Our method uses a
phantom designed for ultrasound calibration, where the angles for the planes were
chosen to balance image quality and reliable feature extraction, while providing angles that reduce the sensitivity of the calibration to measurement errors [215]. The
calibration solution is found in two steps. First, the rotation is found by aligning the
normal vectors of the planes segmented in the ultrasound volumes to the mathematical model. Next, the translation is found using the rotation solved in the first step,
and by satisfying the planar equation in both the phantom and image coordinate
systems.
Previous studies using planar features in 3d swept ultrasound have not attempted
to detect planes using 3d data, instead using 2d data to create clouds of points
defined by maximum intensity gradients [177], Canny edge detection [259], and
2d Hough transforms [27]. These studies have used iterative methods to solve the
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calibration problem. The technique presented here uses total least squares to find
the best fit planes to 3d data and has a closed form solution. Based on research on
2d calibration, both aspects tend to provide more accurate solutions [216, 262].
The phantom was manufactured with the 3d printer, containing five planar surfaces as pictured in Figure 4.3. The phantom also contains a 6 × 5 grid of hemispherical indents, spaced 10 mm apart in each direction, pictured in Figure 4.7. The
location of the indents with respect to the planar surfaces is known to within the tolerance of the 3d printer, and the radius of the hemispheres matches the radius of
the stylus tip. The points are reliably located in both the phantom, P, and marker,
M, coordinate systems with a stylus. The rigid transformation between P and M
is determined with a corresponding point algorithm [139].
The lines produced by the phantom surfaces are segmented in each slice in the
sweep by finding the maximum intensity along each scan line. The user identifies
local regions where each unique plane is located in the image. Best fit planes are fit
to the collection of maximum intensity points using principal component analysis
(pca) to minimize the orthogonal distances of the points to the plane [153].
A plane can be described by the equation
~n · ~x = d,

(4.3)

where ~n is the unit normal of the plane and the distance to the origin is d. To find the
rotation from the ultrasound volume to the phantom, the dot product is maximized
between the normal vectors detected from the ultrasound volume and the normal
vectors of the planes known from the phantom’s manufactured geometry described
in the phantom coordinate system (i.e. the corresponding normal vectors are made
as close to parallel as possible). Using unit quaternions to represent rotation, the
algorithm finds the unit quaternion IP q that maximizes:
k 
X

P I
P ∗
I q ni I q



· P ni ,

(4.4)

i=1

where I ni is the i th normal vector in the ultrasound volume coordinate system,
f
gT
written as a purely imaginary quaternion 0, ~nTi , q∗ is the conjugate of q, and k is
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the number of planes in the volume. This equation is essentially the same as finding
the rotation in the corresponding point problem with quaternions. The difference is
using normal direction vectors instead of position location vectors. The quaternion
that maximizes Equation 4.4 can be determined by finding the eigenvector corresponding to the maximum eigenvalue of a 4 × 4 symmetric matrix composed of
sums of products of the elements of the normal vectors [139].
The next step is to find the translation vector from the ultrasound volume to the
phantom. Consider transforming a point from one of the planes in the ultrasound
volume coordinate system to the phantom coordinate system
P

p~ =

P I
~
IR p

+ IP~t,

(4.5)

where IP R is the rotation found from Equation 4.4, but expressed as a 3×3 rotation
matrix to simplify the notation, and IP~t is the translation to solve for between the
two coordinate systems. Using Equation 4.3, the translation vector is related to the
plane parameters via
P

d = P ~n · P p~


= P ~nT IP R I p~ + IP~t

T
= IP R I ~n IP R I p~ + P ~nT IP~t
= I ~nT I p~ + P ~nT IP~t
= I d + P ~nT IP~t .

(4.6)

Given three or more planes in the ultrasound volume, IP~t can be solved for in the
least squares sense
P~
It =



AT A

where


A = 



 −1

P~
nT1

..
.

P~
nTk
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~
AT d,

(4.7)
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(4.8)

and


 P
I
 d 1 − d 1 
..
 .
(4.9)
d~ = 
.


P
I
 d k − d k 
The five planes in the phantom used in this experiment already provide redun-

dant information with a single ultrasound volume. To match the other techniques,
ten volumes in total were acquired.

4.2.4

Wedge Calibration on 2D Slices and then Fitting (W2D→3D )

The methods described thus far rely upon knowing the geometry of the transducer
and motor precisely to determine where each of the 2d image slices in the ultrasound volume is located with respect to another to scan convert the slices into a
3d volume before identifying phantom features. To reduce errors introduced from
3d scan conversion, 2d calibrations are performed at multiple slice locations and
the best fit path through the 2d calibrations is found to link them together. Any 2d
calibration technique may be applied in this framework. For this work, a recently
developed highly accurate technique is chosen which uses slope measurements of
wedge features from the phantom in Figure 4.3 [215]. Calibrations on five slices
evenly distributed across the motor sweep are used to fit the 3d calibration path.
The trade-off of improving the best fit path with more calibrated slices is the time
required to collect data. The 2d wedge calibration typically requires at least ten
unique images and poses per slice for a reliable result. Collecting data for each
slice would require 10 × 64 = 640 unique images and poses compared to the 50
chosen to be collected here. Using the information from the 50 poses, the calibration transforms at intermediate positions are found by interpolating along the
best fit path. This method does not rely on the motor geometry, however in-plane
scan conversion is assumed to be correct (i.e. the piezoelectric element spacing is
known). In addition, it is assumed that the array travels along a circular arc and the
relative angular positions produced by the stepper motor are accurate and repeatable. The rest of this subsection describes the method of interpolating between 2d
calibrations.
The translation and rotation parts of the calibration interpolation are considered
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separately. The translation is found using the best fit circle to the individual translation samples from each slice calibration along the arc. In this work, circle fitting
is performed using a closed form algebraic fit, optimized to eliminate bias in the
estimation [10].
The rotation is found using the best fit geodesic on the unit quaternion manifold.
The advantages of parametrizing the rotation using quaternions are that they are intuitively and compactly described by a rotation axis and angle, and it is simple to
remove computational drift and restore a valid rotation through vector normalization. The quaternion manifold is a 3-sphere (S 3 ) sitting in four dimensional space.
A number of researchers have focused on the problem of interpolating rotations,
where the resulting path must pass through the set of control points. Examples
include spherical linear interpolation [289], acceleration minimizing cubics [245],
and spherical splines [50]. The problem of finding a best fit path through regression on the manifold is far less studied. One example attempts to find a geodesic on
S 3 using the analogous slope and intercept for linear regression in Euclidean space
with an optimization algorithm minimizing distances to the rotation samples [106].
The method presented here is similar, however the mean of the rotation samples is
used to locate the geodesic on the manifold, and only the direction of the geodesic
is optimized instead of solving for both quantities simultaneously. The method here
is only one such method of fitting the calibration methods. Other approaches are
discussed in Appendix E.
In Euclidean space, R3 , a best fit line can be parametrized by a point on the line
and a direction vector. The line passes through the centroid, or mean, of the sample
points, and the sum of the orthogonal distances between the samples and the line is
minimized. This line can be written as
~x = ~x m + t~v,

(4.10)

where ~x m is the mean point, ~v is the direction of the line, and t is the scalar parameter
of the line.
This same procedure can be extended to finding a best fit geodesic on a quaternion manifold. The direction of the line in Equation 4.10 can be interpreted as lying
in the tangent space at the mean point. On a quaternion manifold, some mapping is
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required to pull the tangent back to the manifold. This is called the exponential map,
which also has an inverse mapping from the manifold to the tangent space called
the logarithmic map. The correspondence between the two can be seen as follows.
A quaternion, q, describing a rotation around the normalized axis of rotation, u~, by
an angle, θ, can be written as [13]
!
!
1
1
q = cos θ + sin θ u~
2
2
1

= e 2 θ~u .

(4.11)

Taking the logarithm of Equation 4.11 results in
~v =

1
θ~u .
2

(4.12)

The logarithmic and exponential maps are explained in more detail in Appendix D.
The + operator in Equation 4.10 is replaced by the Lie group operator, which for
unit quaternions is multiplication. Therefore, the best fit geodesic on the quaternion manifold can be written using the mean quaternion, qm of the set of sample
quaternions, and a tangent vector at the mean quaternion, ~v

q = qm exp t~v .

(4.13)

The mean quaternion, is found using spherical averages by first calculating a
Euclidean average and projecting back to the 3-sphere, then iteratively mapping the
sample points to the tangent space at the current estimate of the mean, calculating
the Euclidean average in the tangent space, then mapping back to the sphere by the
exponential map until the iterations converge to a single point on the sphere [50].
The tangent vector at the mean quaternion, ~v , is found by solving a gradient
descent minimization problem, described in Appendix E. A simulation verifying
the efficacy of the algorithm is provided in Appendix F.
The interpolated rotation path is bi-invariant, which means that the result is
independent of the choice of coordinate system for the transducer holder (leftinvariance), H , as well as the image slices (right-invariance), I. See Appendix E
for a demonstration of the left- and right-invariance of the distance metric used
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for optimization. If all of the quaternion sample points were left multiplied by an
arbitrary quaternion, a, then the resulting path would be

q = aqm exp t~v .

(4.14)

Right multiplication of the quaternions would result in the path

q = qm exp t~v a.

(4.15)

In other words, if any of the axes of our co-ordinate systems were redefined,
the rotation describing the redefinition would be the same as the rotation between
the original and new solution paths. This is an intuitive and desirable property, but
it is not guaranteed in general for paths on the manifold. If bi-invariance was not
satisfied, the path would depend upon the definitions of the co-ordinate systems
which can be defined arbitrarily.

4.2.5

Validation of the Calibration Methods

Validation of the calibration methods was performed by assessing repeatability and
accuracy. Repeatability refers to how similar calibration solutions are to each other
given different input data—repeating calibrations with different images should ideally still give the same transform between I and H because it is fixed. Accuracy
refers to how close the calibration solution is to the true transform between I and
H . Since this is unknown, accuracy cannot be measured directly. Instead, accuracy
is inferred by reconstructing physical quantities with known location or dimension.
To evaluate the repeatability, the standard deviation of the six degrees of freedom can be calculated after calibration with multiple independent data sets [2, 39].
In this work, since 10 data sets were acquired for each technique, and each technique
can be solved using only one data set, the standard deviation for each technique is
calculated for 10 independent trials. In the case of W2D→3D , the standard deviation
is calculated after applying fits to 10 randomly selected unique combinations of the
10 calibrations at each of the five calibration locations.
Two point reconstruction tests were used to evaluate the calibration accuracy.
Point reconstruction tests calculate the difference between points with known lo154

cations and segmented points transformed to the same coordinate system using a
calibration solution. In both of the tests, all 10 data sets were used to solve for a
single least squares solution for each method.
The first point reconstruction test used a tracked stylus as the object to be imaged [258]. The stylus and transducer were both moved between each of 25 volume
acquisitions. The ball tip was manually segmented by finding the slice in each
volume with the strongest comet-tail reverberation, centring a line along the reverberation, and selecting the top of the bright intensity response of the tip [7]. The
bright response corresponds to the top of the sphere [122]; the centre of the sphere
was estimated by adding a distance equal to the radius along the direction of the
scan line. The point reconstruction error is calculated between the stylus tip, as
measured by the Optotrak system, and the tip segmented in the images and then
transformed into the Optotrak coordinates using the calibration solution
O
I
Tv H
x k,
Es (v) = k O ~x − H
IT ~

(4.16)

where the ~x is the stylus tip, T describes the rigid transformation operation, error is
calculated for the v th volume acquired of the stylus tip.
The second point reconstruction test used the N-wire phantom [215]. A single
volume of the phantom was acquired, distinct from the 10 used in the N-wire calibrations. Only the centre points of each N shape were used for evaluation with a
total of 78 centre points segmented in the volume. The centre points are known in
M from geometry as described in the Methods section. These points can be transformed to H using the Optotrak measurements. The same centre points in I can
be transformed to H using the calibration solution. The error is the magnitude of
the difference between these two sets of points
O −1 O
I
En (i, v) = k H
Tv M Tv M ~x i − H
x i k,
IT ~

where the error is calculated for i ∈ [1 . . . 3] centre points in each volume.
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(4.17)

-78

34

-80
32

-82

30

-84
-86

28

, [deg]

t x [mm]

-88
26
24

-90
-92
-94

22

-96
-98

20

-100

18

-102
16

2D
!
3D

3D

W

P

3DF ul
l

N

3D

N

2D

N

2D
!
3D

3D

W

P

3DF ul
l

N

3D

N

N

2D

-104

(a)

(b)
6

52

4

50

2
0

46

-2

44

-4

- [deg]

t y [mm]

48

42

-6
-8

40

-10

38

-12
-14

36

-16
34

-18

32

W

2D
!
3D

3D

P

3DF ul
l

N

3D

N

2D

W

N

2D
!
3D

3D

P

3DF ul
l

N

3D

N

N

2D

-20

(c)

(d)

(continued)

4.3

Results

The calibration results from each of the 10 data sets for all of the calibration methods
are plotted in Figure 4.8. The results are separated into six dof; translation from
the image to the holder (t x , t y , t z ) and Euler angles defined using the fixed image
coordinate axes and applying first a rotation by γ around the x-axis, followed by
a rotation by β around the y-axis, and finally a rotation by α around the z-axis.
It should be noted that these results cannot be used to assess the accuracy of the
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Figure 4.8: The translation and rotation parameter values plotted for ten independent tests (•), depicting the variation in the solutions. Note, N2D
results are converted to the same coordinates as the other methods (i.e.
the first slice of the sweep) using the assumed motor geometry. The parameters corresponding to a least squares solution () using all of the
data sets are also plotted.

Table 4.1: Standard deviations of the three translation dof (mm) and three
rotation dof (degrees) after 10 trials using a single data set for calibration.
N2D

N3D

Full
N3D

P3D

W2D→3D

tx

3.05

1.09

0.89

0.73

0.63

ty

2.72

1.35

1.00

0.80

0.44

tz

5.55

1.31

1.09

0.66

0.92

α

6.38

0.94

1.09

0.55

0.58

β

7.13

1.73

1.57

0.68

0.89

γ

7.96

1.16

1.08

0.51

1.54
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Figure 4.9: Point reconstruction error for the calibration techniques, using the
N-wire phantom as validation (En ) and the stylus (Es ). The bars indicate
the mean and the error bands indicate the standard deviation.
calibration methods, as the true calibration solution is unknown, however it does
provide a measure of the calibration repeatability. A calibration method is more
repeatable when the solutions are more closely spaced. Based on Figure 4.8, the
most repeatable methods are P3D and W2D→3D . This is quantified later in the results
section using standard deviation. The least squares solution using all of the 10 data
sets for each calibration method is also plotted. While a few points appear to be
outliers, the outliers do not correspond to each other across the six dof (e.g. an
outlier in t x does not correspond to an outlier in t y ). The least squares solution is
clearly not a mean of the individual solutions in each dof, and does not necessarily
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even lie within the spread of the individual solutions in each dof, because the least
squares solution fits all six degrees of freedom at once.
The standard deviations of the six dof for each of the calibration techniques are
presented in Table 4.1. A smaller standard deviation indicates that the solutions are
repeatable with a different input of transducer poses and images. This is desirable
as it demonstrates that the method is not sensitive to the exact motion of the transducer used to collect the images as well as the image quality. The most repeatable
calibration based on the standard deviation results is W2D→3D for t x and t y and P3D
for the remaining dof.
The mean and standard deviation of the point reconstruction error as calculated using both the N-wire phantom and stylus tip as validation tools are presented
in Figure 4.9. These results serve as an indirect measure of calibration accuracy.
Based on the mean error, W2D→3D is significantly the most accurate technique in
both the En and Es tests, where significance is found using the Student’s t-test (p <
0.01). All of the techniques are significantly more accurate than N2D .

4.4

Discussion

The stylus used in this study served two purposes; to measure the coordinate systems for the phantoms, and to provide points measured in the tracker’s coordinate
system for validation in the point reconstruction test. To understand how the stylus contributed to the errors in this study, a study of how well the stylus measures
known distances, as well as how much the stylus location varies at a measurement
point was done. The columns of the stylus grid on the slope phantom are 50 mm
in total length. Averaging over the five columns, the mean and standard deviation
of the absolute error in the distance measurement using the stylus were 0.02 mm
and 0.03 mm, respectively. To measure how much the stylus location varies, the
standard deviation of the stylus location at each of the 30 grid points was averaged,
resulting in a value of 0.11 mm. These results suggest stylus error has little effect
on calibration or the point reconstruction test.
Comparing the performance of the calibration methods studied in this chapter
to previous results produced by other research groups should be done with caution
due to differences in materials, equipment, and acquisition protocol. In addition,
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not all methods in the literature evaluate the calibrations using the same definitions of point reconstruction error. One study matched five tracked ultrasound volumes to a model of a phantom containing two egg-shaped 3d features to calibrate,
and simulating optical tracking errors found a mean point reconstruction error of
2.0 mm [176]. A study using only a single volume and four point fiducials for calibration measured rms point reconstruction errors of 5.1 mm and 5.5 mm, over two
cross-wire point measurements repeated 10 times each and located in tracker coordinates using a stylus [258]. A study comparing three calibration methods (IXIwire, cube, and stylus) found rms point reconstruction errors over 10 stylus validation points of 2.15 mm, 4.91 mm, and 2.36 mm, using one, one, and five tracked
ultrasound volumes, respectively [259]. Another study comparing separable and
combined hand-eye calibrations (the phantom is not tracked) as well as a tracked
phantom approach, all with a cross-wire phantom, calculated error between points
sets generated over a 503 mm3 volume spaced by 5 mm in each direction, and found
mean errors of 5.9 mm, 3.5 mm, and 3.3 mm, respectively [35]. To the best of our
knowledge, W2D→3D is the first 3d ultrasound calibration to demonstrate potential
for sub-millimetre point reconstruction accuracy with a mean of 0.82 mm with the
stylus validation, and 0.97 mm with the N-wire validation. To compare to the results in the literature reported as rms values, the rms error for the W2D→3D method
with the stylus validation was 0.93 mm, and 1.03 mm with the N-wire validation.
Full ) did not proIncluding the outside points for the full N-wire calibration (N3D

vide a significant improvement in accuracy compared to the traditional centre point
Full did provide a small improvement in reN-wire calibration (N3D ). However, N3D

peatability. It is important to remember that these results used multiple volumetric
sweeps over the phantom, resulting in thousands of corresponding points used for
calibration. In cases where the number of points may be more limited, for example
in the case of 2d calibration, the full N-wire technique may prove to be of greater
practical significance. Using a single 2d image for calibration, including the outside points reduced the standard deviation of the six dof (t x , t y , t z , α, β, γ) over
ten independent trials by 29 %, 11 %, 10 %, 28 %, 8 %, and 22 %, respectively.
The N-wire configuration used in this experiment enabled unique determinaFull . The edge points cannot be determined for all
tion of the edge points for N3D

possible N-wire configurations. For example, using only two rows of the config160

uration presented in this chapter allows the possibility of the plane tilting to pass
through two of the alternate lines shown in Figure 4.6. However, finding the common plane to the three row configuration presented in this chapter is not the only
method of determining the edge points. One possible alternative is to place two
N-wires side-by-side. In this configuration, the alternate line for one of the N-wires
would produce incorrect inter-point distances in the second N-wire. The trade-off
for the side-by-side configuration is a lower sensitivity because of a shallower angle
for the diagonal segments to fit the width of the image.

4.5

Conclusion

The process of scan conversion to convert swept ultrasound data into a Cartesian
volume relies on estimates of motor parameters which can introduce errors into
the calibration process. To overcome the reliance on motor parameters, a novel
approach was proposed in which multiple 2d calibrations are performed and a best
fit path through them is found (W2D→3D ). The proposed method can be used with
any 2d calibration technique, however a wedge phantom was chosen due to its high
accuracy in 2d. Four other techniques were developed to compare against the fitting
method. Three were based on extending the 2d N-wire calibration technique into
3d. The fourth (P3D ) used planar features for calibration, and is the first planar
technique to have a closed form solution for 3d swept ultrasound.
The repeatability of the calibrations was evaluated using the standard deviation of the six dof after multiple trials on independent input data, and it was found
P3D was the most repeatable. Overall accuracy was evaluated using two point reconstruction tests and W2D→3D demonstrated the highest accuracy in both tests. The
accuracy and repeatability of the N-wire phantom methods were improved by using
3d data compared to sweeping from a 2d calibration.
The fitted calibration approach, W2D→3D , was able to obtain sub-millimetre accuracy. Based on previous work, sub-millimetre tracking accuracy is required in
elastography applications to realize the benefits of multiple ultrasound views for
tissue motion measurements compared to beam steering methods [4]. This should
enable use of tracked swept motor ultrasound in elastography to improve 3d tissue
motion estimates. Future work will investigate the benefits of using tracked 3d ul161

trasound to measure tissue motion and calculate elasticity. In Chapter 5 the fitted
calibration parameters are used in the scan conversion process to convert 3d speckle
tracking displacement measurements from transducer coordinates to Cartesian coordinates. In Chapter 6 three ultrasound volumes are combined to compute 3d
displacement measurements and elasticity, with calibration errors simulated based
on the errors measured in this chapter.
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Chapter 5

Measurement of the Full Shear
Wave Motion Vector in SWAVE
5.1

Introduction

Elastography measures the mechanical properties of tissue and tissue elasticity (e.g.
Young’s modulus) is the most common quantity inferred from these measurements.
Determining tissue elasticity is clinically relevant because changes in tissue elasticity are correlated with certain pathological changes, such as stiff cancerous tumours
surrounded by soft normal tissue [236]. Elastography has found clinical applications in improving breast cancer bi-rads classification [101, 147], targeting prostate
cancer for biopsy and focal therapy [239, 282], and liver fibrosis assessment and
staging [53, 145], among others.
Tissue elasticity is determined by applying a mechanical excitation to the tissue,
measuring the resulting tissue displacements, typically with ultrasound or mri, and
reconstructing the elasticity distribution from the measured displacements by applying the laws of continuum mechanics [25, 308]. The mechanical excitation can
be quasi-static, where the strain computed from the displacements provides information on the relative elasticity distribution, or dynamic, where the inertial forces
in the tissue allow for calculation of absolute values of elasticity [135]. The swave
technique uses dynamic multi-frequency mechanical excitation to deform the tissue
and estimate absolute elasticity values. Quantifying the absolute elasticity values
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may be beneficial in characterizing tissue types, determining the different stages of
a disease, or monitoring the progress of a treatment [86].
One of the main advantages of mre over conventional ultrasound elastography is that displacement can be measured accurately in all three directions over
a volume [87]. Elasticity reconstructions based on the full 3d displacement field
measurements are more accurate than 2d or 1d approaches [299]. Conventional
ultrasound measures 2d image planes. Volumes of ultrasound data can be collected
with a swept ultrasound transducer that contains a stepper motor to sweep the 2d
image plane over a 3d field of view. Volumes may also be acquired with matrix
array transducers that contain multiple rows of elements [220].
Motion measurement, or speckle tracking, is typically measured in ultrasound
by dividing the echo signals into small regions or blocks and matching the blocks
between successive acquisitions, for example by maximizing the correlation coefficient between blocks [254, 326, 345]. Previous studies have demonstrated tracking
3d motion components over ultrasound volumes by extending block matching methods to 3d [67, 105, 317]. Most of these studies measure quasi-static compression
motion to generate strain images. In comparison, dynamic motion is a challenge as
each ultrasound beam line must be collected at a common motion state to allow for
block matching in 3d.
In most conventional ultrasound scanners, beam lines are scanned individually
from one side of the array to the other. For performing 3d measurements of dynamic motion, this presents two problems. First, the frame rate is limited by the
acoustic propagation speed of the ultrasonic pulses and the number of beam lines
in a frame. Second, within each frame as each subsequent scan line is acquired the
tissue scatterers will continue to move to different locations, making speckle pattern
matching across lines unreliable.
As a result of the first problem, in most imaging scenarios the motion must be
limited to under 50 Hz based on the Nyquist sampling criterion. For band-limited
periodic motion, the magnitude and phase of the displacement can be recovered
from the undersampled measurements in the baseband using knowledge of the excitation and sampling frequencies [98]. The frame rate can be increased by receiving a collection of lines, usually four, beamformed in parallel within the transmitted
beamwidth with minimal changes to conventional hardware, which has been used to
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measure motion in arf imaging [76]. In a 3d cardiac strain imaging study, a matrix
array was triggered to collect sub-volumes synchronized with an ECG, resulting in
a high frame rate relative to the heart rate [193]. For measuring periodic motion,
the effective sampling rate can be increased using a different sequence, similar to
color Doppler, acquiring a small sector of lines repeatedly before moving to the
next sector. After measuring displacement in one direction along the lines, the delays between each line and each sector can be compensated using the known delays
between acquisitions [21].
The second problem with measuring 3d dynamic motion, that of tissue scatterers being in different locations when each scan line is acquired, results in errors
in the speckle tracking process. The displacement measured from block matching
is the average motion of the scatterers of the block, ignoring biases towards higher
signal amplitudes [58]. If an entire block was acquired at the same time, most of the
scatterers would be expected to generally move in the same direction because the
shear wavelength is typically much larger than the block size. If a 3d block contains
lines acquired at different times, then the shear wave will have travelled between
acquisitions and the scatterers will no longer generally move in the same direction
across the block. In addition, the change in speckle pattern during the acquisition
of a frame caused by scatterer motion may cause biases because the speckle pattern
may match over a larger volume. A solution to the problem is to synchronize the excitation and ultrasound acquisition. One study triggered the start of a single element
ultrasound transducer acquisition with the start of harmonic tone burst excitations,
reaching an effective sampling rate of 10 kHz, and repeated the procedure at different locations to create a 2d image [91]. Similarly, a single element transducer
was used to visualize heart contraction by triggering the start of acquisition from
the R-wave peak of an ECG and recording the signal over several cardiac cycles before moving the transducer laterally and repeating to create a 2d image [250]. The
same concept has been used with a linear array by triggering the start of one beam
line with the start of a mechanical excitation, where additional beam lines were
collected subsequently in the same manner by electronically changing the position
of the beam centre with the linear array and repeating the mechanical excitation
to measure both harmonic and transient motions [131]. In a study measuring the
shear wave propagation from a vibrating needle, the start of acquisition of a small
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sector of lines was triggered by the actuator controller and, after a period of recording time, the procedure was repeated to collect additional sectors until the entire
image was collected [83]. A method that programs the ultrasound sequencer to use
a line repetition frequency that is an integer multiple of the excitation frequency,
and acquires one line per excitation period can achieve synchronization without a
trigger [350]. All of these methods ensure that, across the image, the motion was
measured at the same relative temporal sample points and could potentially be used
to match speckle patterns across lines for multi-dimensional motion measurement.
However, these studies only measured one component of the motion vector.
Combining ultrasound planar transmit (the pulse is applied to all array elements
at the same time) with hardware that receives and samples echoes on each element
channel individually in parallel results in very high frame rates by collecting an entire image in one transmit and receive event [309]. The lack of transmit focusing
results in a lower acoustic energy density and larger errors in displacement measurements, however coded pulses can be used to compensate for the loss in acoustic
energy [320]. Because all beam lines are active at the same time, they all measure
the motion at the same time and there is no need for additional synchronization
within an image. Extending this concept to a matrix array might allow synchronous
acquisition of a volume [264], however a swept ultrasound transducer would require synchronization between each motor position in the sweep. While not using
a packaged swept ultrasound transducer, a similar concept has been used to collect
volumes of ultrasound data with linear arrays mounted on stepper motors either
configured as two perpendicular arrays intersecting at a line [33], or with a single
array rotated around the circumference of a phantom [211], using plane wave transmission and parallel receive hardware to quickly measure several phases of motion
with synchronization to the excitation applied at each motor position. These works
were able to obtain measurements of the full vector shear wave motion field over a
volume, the same goal as this work, but used 1d displacement measurements from
different angles to reconstruct the motion vector.
In mre, the start of the motion sensitive gradient used to measure tissue displacements is triggered by the mechanical actuator at several different excitation
phase offsets for each motion encoding direction [199, 290]. Our work on ultrasound follows a similar approach by triggering each beam line with a function gen166

erator applying harmonic excitation. For successive frames, the phase of the excitation signal is shifted such that each frame measures a different phase of the motion.
This approach creates volumes of beamformed ultrasound data at common motion
states. The frame rate or effective temporal sampling rate is no longer an issue because the time to acquire a single line is almost negligible compared to the period
of excitation, and the temporal samples of the excitation signal are not related to the
line repetition rate, but are chosen by selecting the trigger offsets.
It should be noted that the motion measurements with ultrasound are most accurately computed in the axial direction, or the direction of ultrasound wave propagation. The other two directions, lateral and elevational, are typically an order
of magnitude less accurate due to lack of phase information [42], wider extent of
the point spread function [167], and larger sampling intervals [187]. It is desirable to mitigate the measurement errors in the other two directions, as elasticity
reconstruction methods are sensitive to noise [231]. The motion measurements can
be improved using special beamforming strategies such as introducing phase information in other directions through transverse oscillations [186], improving the
resolution of the point spread function using synthetic aperture techniques [167], or
electronically steering the ultrasound beam to combine axial measures in different
directions [267]. All require changes to standard b-mode imaging.
Alternatively the displacement measurements can be processed to reduce errors, for example through spatial filtering with a median filter [270], however such
a filter does not have a meaningful relationship to the physics of the motion. Applying a physical constraint on the motion using reasonable assumptions can be used
as an alternative to spatial filtering. A common physical constraint on the motion
to reduce displacement estimation error is continuity. For example, during block
matching the 2d displacement in a local neighbourhood was estimated by simultaneously minimizing the speckle decorrelation and a continuity penalty based on
sums of the derivative of the motion in each direction [151]. Other examples of
enforcing continuity on the displacement include using a cost function minimizing
the squared difference in the displacement measurement in adjacent samples in the
axial and lateral directions [272], or in a local neighbourhood [248], while minimizing the sum squared or absolute difference between images. Another regularization
penalty based on the strain energy in a deformable mesh has also been used [341].
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For vector measurements, regularization based on the divergence and curl of
the vector field has been proposed as a method to include every derivative-based
quantity that has a direct physical interpretation [18]. In the case of elastography, a
common assumption of tissue incompressibility can be enforced by minimizing the
divergence. In mre it is common to process the measured displacements to obtain
a divergence-free field, for example by applying the curl operator [292], performing Helmholtz-Hodge decomposition [291], or applying a high pass filter to remove
contributions from compressional waves and a low pass filter to remove noise [162,
200]. For quasi-static ultrasound elastography, an algorithm for reducing the variance in lateral displacement estimates based on an integral of the axial strain and an
average of the lateral displacement speckle tracking measurements in a plane strain
incompressible condition demonstrated signal-to-noise improvements in the lateral
displacement of a factor greater than 10 [195]. Under similar experimental conditions, a recent study applied a penalty on the divergence of the 2d displacement to
iteratively reduce noise in both the axial and lateral speckle tracking measurements
by up to a factor of 17 [120]. Displacement vectors in 3d after static compression
were estimated by simultaneously minimizing the squared intensity differences between two volumes, and penalties on the smoothness and divergence of the displacement, approximated using a finite element mesh [269]. A similar approach
has been used as a post processing step on mre displacement data, finding a new
displacement field that minimizes the difference between the new field and the measurements as well as the new field’s smoothness and divergence [243]. Our work
attempts to reduce noise in all three components of the displacement by applying
a regularization based on the divergence, with no assumption on the deformation
condition, and is solved directly based on a least squares formulation.
In summary, there is a need for full vector motion field measurement with standard 3d ultrasound to obtain absolute measures of elasticity. The goal of this chapter
is to develop a novel method that measures harmonic tissue motion vectors over a
volume with a standard swept b-mode ultrasound transducer, applies a novel regularization to the motion to improve measurements, and produces elasticity estimates
comparable to mre. The method is validated on measurements of a tissue mimicking phantom, and the results are compared to a previous mre study on the same
phantom. Elasticity is estimated using both the lfe method and a state-of-the-art
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fem based inversion algorithm to evaluate the effect of the inversion model on the
elasticity estimates. Several metrics are used to compare the inversion algorithms
and the difference between using the measured displacements and regularized displacements as inputs to the algorithms. This work also includes a study of how the
regularization parameter affects the displacement.

5.2
5.2.1

Methods
Synchronization

Analogous to mre, a steady-state mechanical excitation is applied externally to generate shear waves in the tissue. Beamformed ultrasound rf data are acquired over
a volume of tissue by collecting 2d frames of standard delay and summed channel
data at a given motor position for a period of time before stepping the motor to the
next position in the volumetric sweep. To enable displacement speckle tracking of
3d blocks of rf data shifted over a 3d volume, volumes of rf data at common motion states are acquired by synchronizing each ultrasound beam line in a 2d frame
with the mechanical excitation. Once a 2d frame is collected, the exciter is reprogrammed to synchronize at a phase shifted point along its cycle, and another 2d
frame is collected. When the motor is stepped to the new position, the exciter is
reprogrammed to the first synchronization phase used in the previous motor position. This is shown in Figure 5.1 and the pseudo-code provided in Algorithm 5.1.
It is assumed that the motion within the tissue is consistent across all cycles of the
excitation. Once the entire collection is complete the rf lines are rearranged into
volumes that were triggered at common phases. Displacements are then estimated
by comparing the volumes to each other, resulting in a complete volume of displacement vectors for each common excitation phase.

5.2.2

Displacement Estimation

Once the volumes of rf data at several excitation phases are collected, 3d speckle
tracking and scan conversion is used to find the 3d displacement vectors over the
volumes, as done in previous work on static 3d displacement tracking [260]. Blocks
of rf data approximately 1.2 mm × 1.5 mm × 2.25◦ in the axial, lateral, and eleva169

Figure 5.1: A schematic of the synchronization between the mechanical excitation and the volumetric ultrasound acquisition. At a given motor
position, each line in the 2d image plane is triggered sequentially at a
common excitation phase which is then repeated for a number of phase
offsets. After all phase offsets are collected, the motor is stepped to the
next position and the process is repeated. Once the collection is finished
for all motor positions, the data are reorganized into volumes that were
triggered at a common phase.
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Algorithm 5.1 Ultrasound pulse sequence to synchronize with excitation.
Start exciter
for φ ← −Φ to + Φ do
. for all motor angles
for θ ← 0 to Θ do
. for all phase offsets
for l ← 0 to L do
. for all beam lines
Send ready signal
Wait for next trigger
Acquire line l at phase θ and motor angle φ
end for
end for
end for
tional directions of the transducer were used for speckle tracking, and were overlapped by spacing the blocks by approximately 0.3 mm × 0.3 mm × 0.45◦ . Subsample displacement shifts in transducer coordinates are estimated by maximizing
the normalized cross-correlation in 3d. First, a coarse estimate of the axial shift is
estimated using a 1d search for the maximum correlation along an rf line, bracketed
by the previous block’s estimated shift to improve speed and reduce peak hopping
errors [345]. Next, the correlation is computed at the neighbouring sample points
in the axial, lateral, and elevational directions, resulting in a 3 × 3 × 3 volume of
correlation coefficients. A 23 coefficient 3d polynomial of the form
g (u, v, w) = a0 + a1 u + a2 v + a3 w + a4 uv + a5 uw
+ a6 vw + a7 u2 + a8 v 2 + a9 w 2 + a10 u2 v
+ a11 u2 w + a12 v 2 u + a13 v 2 w + a14 w 2 u
+ a15 w 2 v + a16 uvw + a17 u2 v 2 + a18 u2 w 2
+ a19 v 2 w 2 + a20 u2 vw + a21 v 2 uw
+ a22 w 2 uv

(5.1)

is fit to the correlation coefficients, and the maximum of the polynomial is computed
using Newton’s method, providing the sub-sample shifts in each direction [349]. All
correlations are computed using the volume triggered at zero phase as a reference.
The displacements in Cartesian coordinates are calculated by using scan conversion to compute the location of the blocks both before a displacement shift and
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after a displacement shift and taking the difference between these points. Usually
the scan conversion parameters can be obtained through the transducer manufacturer. To achieve greater accuracy, in this work the scan conversion parameters
were determined using the W2D→3D calibration technique described in Chapter 4.
Using a least squares fit, the multiple volumes of displacement measurements at
different excitation phases are converted to a single volume (for each measurement
direction) of complex phasors in the form Aejθ (see Section 2.2.8).

5.2.3

Displacement Regularization

As mentioned, the displacement measurements are often precise in the axial direction, but contain an order of magnitude larger variance in the lateral and elevational
directions. Generally, elasticity estimation algorithms are sensitive to this variance
so it is desirable to find a way to smooth the displacement field. While a spatial filter
could be used, a regularization of the displacements that uses a priori information
may be more appropriate. One possible constraint is assuming tissue incompressibility, which is applicable to most soft tissues due to the high volume fraction of
water, provided that the water does not diffuse out of the local tissue region during
mechanical excitation. The incompressibility constraint can be expressed mathematically as minimizing the divergence of the displacements. A displacement field,
d, that balances a fit to the displacement measurements, m, with minimizing the
field’s divergence can be found via
minimize kd − mk 2 + α 2 k∇ · dk 2 ,
d

(5.2)

where α is a regularization parameter. The displacement measurements in Cartesian coordinates in Equation 5.2 have been arranged in a single vector
 m x [0] 


 my [0] 
m =  mz [0]  ,


..
.


 m [N − 1] 

(5.3)

z

where mγ [i] is the measurement at the i th pixel in the γ direction, and N is the
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total number of pixels, resulting in m containing 3N entries. The pixel ordering
is organized to first traverse the x direction, then the y direction, and finally the z
direction. The divergence operator is approximated using finite differences
∂dx ∂dy ∂dz
+
+
∂x
∂y
∂z
≈ Ld

1
≈
Lx + Ly + Lz d,
h

∇·d=

(5.4)
(5.5)
(5.6)

where h is the pixel spacing (assumed uniform in each direction) and Lx , Ly , and
Lz are sparse arrays with difference kernels of
lx = [ 1 0 0 −1 ] ,

(5.7)



ly = 1 01×3N x +1 −1 ,

(5.8)



lz = 1 01×3N x Ny +2 −1 ,

(5.9)

and
starting at the first, second, and third columns of the arrays, respectively, and shifting by three columns for every row of the arrays. The kernels perform a simple
finite difference between adjacent pixels in the x, y, and z directions, with the zeros
in the centre of the kernels accounting for the three components in the displacement
vector and the number of pixels in each direction of the volume, denoted Nx , Ny ,
and Nz . Differences at the boundary are taken to be zero.
The minimization problem in Equation 5.2 can be solved by taking the derivative with respect to d and setting it equal to 0, resulting in

 −1
d = I + α 2 LT L m,

(5.10)

where I is a 3N × 3N identity matrix. This is equivalent to the least squares solution
to

"

I
αL

#
d=

m
0

,

(5.11)

where 0 is a 3N × 1 vector of zeros. The solution to Equation 5.11 can be computed
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directly using matrix factorization [127]. The uncertainty in the measurements can
be accounted for by applying the weighting

 1/σ x


1/σy
 ,
W = 


1/σz

. . 
.

(5.12)

where σγ is the standard deviation of the measurement in the γ direction. The
standard deviation values used in this work are taken from a planar motion test
in a previous study [260]. The least squares problem in Equation 5.11 with the
weighting applied becomes
"

W
αL

#

"
d=

Wm

#

0

.

(5.13)

The choice of the regularization parameter, α, affects how much influence the
divergence penalty is given. A small value will provide little influence and the result
will be very close to the displacement measurements and a value that is too large will
produce a result that does not resemble the displacement measurements. Several
values of α between 10−10 to 106 are tested and based on the results presented later
in this paper, the elasticity is reconstructed using a value of 102 .

5.2.4

Elasticity Reconstruction from lfe

As described in Chapter 2 in Section 2.2.11, under the assumptions that the elastic properties of the tissue are linear, isotropic, lossless, and locally constant, and
the tissue can be considered incompressible, the motion can be described with an
independent Helmholtz equation in each direction
µ∇2 dγ = −ρω2 dγ,

(5.14)

where λ and µ are the Lamé parameters, ρ is the density, ω is the frequency of
excitation, and γ is the chosen direction. The lfe inversion method uses the output
of the ratio of pairs of filters from a filter bank that spans a large range of spatial frequencies corresponding to the range of possible shear wave numbers. In Chapter 2,
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only axial displacement measurements were collected, so Equation 5.14 was solved
using only the axial component. With all three components of the displacement vector measured in this chapter, the final lfe reconstructions are averages of separate
reconstructions calculated from the x, y, and z displacement data sets [199].

5.2.5

Elasticity Reconstruction from shear-FEM

In the derivation of the Helmholtz equation in Equation 5.14 for the lfe reconstruction, one of the assumptions is that the spatial derivatives of the shear modulus are
negligible (homogeneity assumption). For heterogeneous media, this assumption
breaks down at the boundary of the two materials. In lfe, the spatial support of
the filters is proportional to the wavelength, and thus creates a transition zone in
the results where the elasticity gradually changes between the two materials with a
resolution of one-half of the wavelength [199].
It is also possible to formulate the inverse problem without this assumption.
Starting from Equation 2.18 and removing all coupling and compression terms results in


∇ · µ∇dγ = −ρω2 dγ .

(5.15)

This model for the tissue motion is discretized using the fem, and has been termed
the shear-FEM method [137]. The fem implementation uses linear shape functions
for the displacement and test functions, and piece-wise constant shape functions for
the shear modulus. The equations are arranged in terms of shear modulus so the
system of equations can be solved directly
Kµ = f,

(5.16)

where K and f are formed using any one of the displacement components. Since
all three displacement components are measured, the equations can be formed for
each and then stacked and solved simultaneously [138]
 Kx 
 fx 


 
 Ky  µ =  fy  .
 Kz 
 fz 
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(5.17)

Exciter Output
Trigger at Phase θ

Ready Signal

Synchronization
Circuit

Ready &
Trigger?

No

Yes
Ultrasound Trigger
In

Acquire Line

Figure 5.2: Flowchart of the synchronization between the ultrasound acquisition of each beam line and the excitation signal at multiple phase offsets
(extended from Figure 2.3).
The inverse problem is stabilized using sparsity regularization, choosing a truncated discrete cosine transform to approximate the solution [135]. The volume is
meshed using eight-node hexahedral elements, with a length of 1.5 mm which is
near the optimal element size to elastic wavelength ratio which balances the tradeoff in increasing inertial forces with decreasing derivative accuracy [138].

5.2.6

Phantom Experiment

To test the methods, ultrasound data were captured from an elastography quality assurance phantom (Model 049, CIRS Inc, Norfold, VA, USA). This phantom
was chosen because the manufacturer provides reference elasticity values based on
quasi-static compression tests on batch samples, and mre measurements of the same
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Figure 5.3: A b-mode image generated from the envelope of one of the rf
images. The hypoechoic circle in the bottom left shows a cross section
of the stiff inclusion.

Table 5.1: Manufacturer specifications for the CIRS Model 049 elasticity
quality assurance phantom. The background and measured inclusion
(stiffest of four inclusions) are tabulated.
Background

Inclusion

1545

1541

Attenuation [dB/(cm MHz)]

0.5

0.53

Elasticity [kPa]

29

62

Speed of Sound [m/s]
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phantom have been performed in a previous study [22]. The CIRS phantom is composed of an elastic tissue mimicking material called Zerdine, and contains two sets
(10 mm and 20 mm diameter) of four spherical inclusions constructed with elasticities ranging from soft to stiff. Images of the stiffest 20 mm diameter inclusion of the
phantom were acquired. The phantom specifications measured by the manufacturer
are provided in Table 5.1.
The images were acquired with a 4DL14-5 motorized linear array ultrasound
transducer connected to an SonixTouch scanner (Ultrasonix Medical Corp., Richmond, BC, Canada). Each beam line was synchronized with an exciter (33220A,
Agilent, Santa Clara, CA, USA) applying 200 Hz vibrations before reprogramming
the exciter to a total of 25 phases distributed evenly across the excitation period.
After collecting one 2d image frame for each exciter phase, the transducer motor
was stepped to the next position in the sweep. The sweep comprised a total of 31
motor positions, subtending an angle of approximately 14◦ .
The synchronization between the ultrasound acquisition and the excitation is
shown in more detail in Figure 5.2, which is a specialized version of the general synchronization scheme for the swave system in Figure 2.3. As shown in the flowchart,
a custom synchronization circuit is used to output a trigger signal to the ultrasound
machine which is programmed to collect one beam line in its standard sequence
after receiving the trigger. The ultrasound machine transmits and receives a beam
line as soon as the trigger pulse is received from the synchronization circuit. The
process is repeated until all of the data are collected as described in Algorithm 5.1.
The location of the stiff inclusion was determined using its known geometry
provided by the manufacturer and comparing it to features in corresponding b-mode
images. The inclusion appeared as a slightly hypoechoic circle in individual b-mode
slices through the volume as shown in Figure 5.3. The edges of the inclusion were
manually segmented in several slices, creating a cloud of points over the volume.
The centre of a 10 mm radius sphere was calculated by minimizing the distance
between the edge of the sphere and the point cloud. To reduce the influence of the
boundary artefacts, the background region was cropped 1 cm from the edges of the
volume.
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5.2.7

Reconstruction Performance Evaluation

The rms error can be used to compare the performance of the two elasticity reconstruction techniques, lfe and shear-FEM, using both the regularized displacements
and unprocessed displacements as inputs. It is defined as
v
u
t
ERMS =

N
1 X
(E − E ∗ ) 2,
N i=1

(5.18)

where E and E ∗ are the Young’s modulus values at each voxel in the volume estimated by the reconstruction technique and provided by the manufacturer, respectively, and N is the number of voxels.
It is also of interest to compare the elasticity reconstructions from the measured
motion from 3d ultrasound in this work to a previous study using mre measurements. Using rms error in this case would be difficult because it would contain
registration errors from aligning the two data sets. Instead the mean value in the
inclusion and background regions are compared and reported as a percentage, resulting in the mre error metric
EUS→MR =

|EUSE − EMRE |
× 100%,
EMRE

(5.19)

where EUSE and EMRE are the mean Young’s modulus values in a region computed
from ultrasound elastography and mre measurements, respectively.
The elastographic cnr is commonly used to quantify the detectability of an inclusions or inhomogeneity [37]. In this work it is computed from the reconstructed
Young’s modulus values

2
*. 2 Einc − Ebkg +/
C N R = 20 log10 .
/,
2 + σ2
σinc
bkg
,

(5.20)

2 and σ 2
where Einc and Ebkg are the mean moduli, and σinc
bkg the variance of the

moduli in the inclusion and background regions, respectively.
The elastographic snr can be used as a measure of how much variation or noise
is present in a homogeneous region [324]. In this work it is computed from the
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reconstructed Young’s modulus values in regions that should have a constant elasticity value
SN R = 20 log10

!
E
,
σ

(5.21)

where E and σ are the mean and standard deviation of the reconstructed Young’s
modulus values in the roi. The snr is computed for both the inclusion and background regions.
The contrast-transfer efficiency (cte) describes the efficiency with which levels
of true modulus contrast are converted into levels of contrast in the reconstructed
elasticity image. It is defined as the ratio of the observed contrast to the true contrast [257]. Expressed in decibels, it is given by
CT E = 20 log10

!
E∗
Einc
− 20 log10 * ∗inc + ,
Ebkg
, Ebkg -

(5.22)

∗ and E ∗
where Einc
bkg are the Young’s modulus values for the inclusion and back-

ground, respectively, provided by the manufacturer.

5.3

Results

The motion measured over the ultrasound volume in the x, y, and z directions are
presented in Figure 5.4. The figure displays the real part of the displacement phasor for both the speckle tracking measurements and the regularized displacement.
The regularized displacements show a reduction in variance, particularly in the x
and z directions, as these measurements are more influenced by the poorer speckle
tracking ability in the lateral and elevational directions, respectively.
The volumes of reconstructed elasticity using the lfe and shear-FEM methods
from both displacement measurements and regularized displacement are shown in
Figure 5.5. All of the elasticity images show a stiff inclusion in a homogeneous
background as expected. The location and size of the inclusion appears to agree
with the location estimated from segmenting the inclusion in b-mode images.
Profiles of the elasticity images through the centre of the inclusion in the x, y,
and z-directions are shown in Figure 5.6, using the b-mode segmentation to define
the inclusion centre. For the lfe reconstruction using 1d displacement, the peak
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.4: From left to right, slices through the volume of the displacements
measured in the x, y, and z directions. (a)–(c) The displacements estimated using speckle tracking alone, and (d)–(f) the displacements after
post-processing the displacement measurements with divergence regularization. The x, y, and z directions roughly correspond to the lateral,
axial, and elevational transducer coordinates.
elasticity reaches close to the manufacturer’s specification in each direction, with
the peak occurring a few millimetres off centre. The lfe reconstruction using 3d
displacement slightly underestimates manufacturer’s specification of the inclusion
elasticity, but the peak of the profiles appears more centred. The lfe reconstruction
using the regularized 3d displacement produces more of an underestimation, but the
profiles appear to maintain a more consistent elasticity value within the inclusion.
For the shear-FEM reconstruction with 1d displacement the inclusion elasticity is
mostly underestimated, however a large peak appears off centre along the x direction. The reconstruction with 3d displacement has a similar underestimation of
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.5: The estimated Young’s modulus volumes using the (top row) lfe
and (bottom row) shear-FEM inversion algorithms. The first column
uses only the displacement component along the y direction, the second
column uses all three displacement components, and the third column
uses all three displacement components after applying regularization.
The white dotted outline indicates the intersection between the edges
of the spherical stiff inclusion and the displayed cross-sectional planes.
The x, y, and z directions roughly correspond to the lateral, axial, and
elevational transducer coordinates.

182

x

y

z

70

60

60

50
40
30
20
10
0
-15

Young's Modulus [kPa]

70

60

Young's Modulus [kPa]

Young's Modulus [kPa]

true

70

50
40
30
20
10

-10

-5

0

5

10

0
-15

15

-10

30
20

-5

0

5

10

0
-15

15

(b)

x

y

50
40
30
20
10

Young's Modulus [kPa]

60

Young's Modulus [kPa]

70

60
50
40
30
20
10

-5

0

5

(d)

5

10

15

10

15

(c)

70

Distance [mm]

0

z

60

-10

-5

Distance [mm]

70

0
-15

-10

Distance [mm]

(a)

Young's Modulus [kPa]

40

10

Distance [mm]

true

50

10

15

0
-15

50
40
30
20
10

-10

-5

0

5

Distance [mm]

(e)

10

15

0
-15

-10

-5

0

5

Distance [mm]

(f)

Figure 5.6: Profiles of the reconstructed elasticity values passing through the
centre of the inclusion in the x, y, and z-directions using the (top row)
lfe and (bottom row) shear-FEM inversion algorithms. The first column
uses only the displacement component along the y direction, the second
column uses all three displacement components, and the third column
uses all three displacement components after applying regularization.
The “true” elasticity profile based on the manufacturer’s specifications
is shown as the solid line. The distance along the abscissae is measured
from the centre of the inclusion.
the inclusion elasticity, but without the large peak. The regularized displacements
produce a smooth bell shaped profile with a peak located in the centre of the inclusion that slightly overestimates the expected elasticity. A boundary artefact causes
the estimated elasticity values to rise rapidly toward the edges of the lfe plots in
the z-direction (bright edges in Figure 5.6(a), Figure 5.6(b), and Figure 5.6(c)).
Similarly, the values decrease to zero for the shear-FEM plots near the edges (dark
edges in Figure 5.6(d), Figure 5.6(e), and Figure 5.6(f)). The boundary effect appears larger for the shear-FEM and for this reason is also visible in the profile across
183

the x-direction.
The distribution of the elasticity values within the inclusion and outside of the
inclusion are shown for all of the methods in Figure 5.7. In all cases the median
values underestimate the manufacturer’s specification. For the lfe reconstructions,
the range of elasticity values decreases when changing the input from 1d to 3d displacements, and from 3d displacements to regularized 3d displacements. For the
shear-FEM reconstructions, the range of elasticity values decreases when changing
the input from 1d to 3d displacements, but increases from 3d displacements to regularized 3d displacements. Decreasing the variance is desirable since the regions
represented in these box plots are expected to have a single homogeneous elasticity.
However, a decrease in variance should not come at the cost of decreased accuracy
in the estimate. This balance is quantified in the performance measure presented
next.
The performance metrics for the lfe and shear-FEM methods using unprocessed 1d and 3d displacements, as well as regularized 3d displacements as inputs
for estimating the elasticity are summarized in Table 5.2. In terms of rms error, the
shear-FEM reconstruction using 1d displacements provided the best performance,
while lfe performed better in both 3d displacement cases. Using previous mre
measurements on the same phantom as a reference [22], the percent error for the
mean inclusion value was lowest (6.79 %) for the shear-FEM method using the 1d
displacements, closely followed by the shear-FEM reconstruction using the regularized 3d displacements (8.44 %). For the background, lfe with the regularized
3d displacements produced the lowest error (9.63 %). The reconstructions show
at least a 2 dB improvement in cnr from unprocessed 3d displacements to regularized displacements with both methods. Similarly, a 2 dB improvement in snr is
observed in the inclusion and 3 dB in the background for lfe from unprocessed 3d
displacements to regularized displacements, however there is drop in snr for the
shear-FEM method which seems to be caused by the larger variance as observed
in Figure 5.7. The cte shows that the shear-FEM method using the regularized
3d displacements does the best job of displaying the true contrast of the phantom
(−1.38 dB away from zero).
The effect of the regularization parameter, α, on the displacements is examined in Figure 5.8. Profiles of the real part of the displacement component along
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Figure 5.7: Boxplots describing the distribution of Young’s modulus in the (a)
inclusion and (b) background. Each plot is divided into three sections,
with the leftmost based on 1d displacement measurements, the middle
based on 3d displacement measurements, and the rightmost based on 3d
displacements after divergence regularization.
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Figure 5.8: (a) Plot of the real part of the displacement component along the
x-direction at y = 10 mm and z = 15 mm across the x-dimension of the
volume for different values of the regularization parameter, α. (b) The
balance between the divergence constraint and the measurement fit is
plotted for the same values of α.
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Table 5.2: Performance measures of the reconstructed elasticity values based on the measured and regularized displacements. The 1d displacement measurements correspond to the y component of motion. Some measures are specific
to the stiff inclusion (inc) or soft background (bkg) regions.

187

Measured 1d Displacement
lfe
shear-FEM
Measured 3d Displacement
lfe
shear-FEM
Regularized Displacement
lfe
shear-FEM

ERMS [kPa]

EUS→MRinc [%]

EUS→MRbkg [%]

cnr [dB]

snrinc [dB]

snrbkg [dB]

cte [dB]

14.4
13.8

16.5
6.79

10.9
10.4

12.7
12.9

12.4
13.3

16.0
15.7

-2.45
-2.74

14.5
19.5

16.6
32.3

11.0
29.1

12.4
6.54

12.4
11.1

14.8
14.1

-2.46
-2.98

14.7
16.8

21.2
8.44

9.63
24.7

14.6
8.63

14.4
9.30

17.8
9.53

-3.06
-1.38

the x-direction are shown in Figure 5.8(a) for several values of α, at the location
y = 10 mm and z = 15 mm in the volume. The regularization initially shows little
change in the displacement profile for increasing α, then starts to produce smoothing before dominating the solution and no longer fitting the measurements. There
is a visible change between the profiles at α = 10−4 and 10−6 . There appears to
be little change in the profiles between 10−2 and 102 , indicating that increasing the
regularization is not producing any further improvement. At very large values of α,
the regularization term dominates and a field with no displacement and thus zero
divergence is found. A common method to visualize the balance between fitting the
measurements and fitting the regularization term is to plot the norm of the residual
for each term against each other for different values of regularization [127]. This is
done in Figure 5.8(b) using the terms from Equation 5.13 with the divergence norm,
kLdk, along the ordinate, and the weighted difference between the solution and the
measurements, kWd − Wmk, along the abscissa. This plot confirms the findings
from Figure 5.8(a), with small values of α not affecting the divergence residual and
showing the measurement residual increases but remains small (measured in microns and summed across the entire volume in three displacement directions). The
point at α = 10−4 shows a change in the divergence residual, corresponding to the
start of visual smoothing in Figure 5.8(a). The divergence residual continues to decrease as α increases without change in the measurement residual until a very large
α is used, corresponding to the zero displacement solution.

5.4

Discussion

Compared to the values of elasticity reported by the phantom manufacturer, the
mean and median values of all reconstructions underestimate the inclusion (62 kPa)
and the background (29 kPa). This discrepancy was also observed in Chapter 2. A
previous mre study on the same phantom describes possible reasons for the discrepancy between the manufacturer’s values and the elasticity estimates, such as
differences in temperature, excitation frequency, or change in properties due to ageing [22]. The same reasons also apply to discrepancies between the elasticity estimates from the mre study and this study, with differences such as segmentation of
the inclusion also contributing.
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The lfe elasticity estimates based on the 1d displacement measurements are
similar to the measurements reported in Chapter 2. The mean Young’s modulus
computed in the inclusion is 36 kPa compared to 31 kPa in Chapter 2, and in the
background is 23 kPa compared to 17 kPa in Chapter 2. The data in this chapter
were acquired by triggering every beam line in the sequence, while there was no
triggering at all in the Chapter 2 data used for the elasticity comparison, so phasors
had to be compensated based on estimated timing. The volume sweep in this chapter is also more than three times larger than the sweep used in Chapter 2. Another
important difference is that while only a single component of displacement was
used in this chapter, the tracking was done in 3d. Tracking in 3d improves accuracy
by reducing signal decorrelation because the blocks of rf data can shift in more
than one direction to get the best match, and by improving snr by increasing the
amount of rf data in each block by extending it along each dimension [141]. The
y component of the displacement used in the 1d elasticity estimation in this chapter also corrects for geometrical errors caused by different motor angles creating a
different angle for the axial measurements across the volume.
The magnitude of the EUS→MR error reported in Table 5.2, comparing the inversions from the ultrasound data collected in this work to mre measurements from
a previous work, appears large in some cases. While closer agreement is desirable, the field of elastography has been challenged by the inability to obtain the
same quantitative elasticity measurements between different methods. For example, using the same mre measured motion field with the lfe inversion algorithm and
an algebraic inversion algorithm produced of a difference in mean Young’s modulus of 24.1 % [199]. A study comparing mre measurements and ultrasound comb
shaped arf elastography found a 15 % difference in modulus [295]. Another study
comparing different commercial ultrasound elastography methods found an error of
31.5 % comparing the 25th and 75th percentiles from modulus measurements using
a Philips system [124]. The same study found the percent error between Philips and
Siemens median modulus measurements was 12.4 %. The study also detected a dependence on transducer type and measurement depth. Despite these differences, for
a given modality, algorithm, and measurement protocol, valuable clinical data are
obtained which can be used for liver fibrosis staging [53] and breast cancer bi-rads
classification [101], among other applications.
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Using the regularized 3d displacements rather than the unprocessed 3d displacement measurements as an input to the shear-FEM algorithm improves the result in every metric except for snr. It does not provide as clear a benefit to the lfe
algorithm, where the cnr, snr and EUS→MR error in the background region all improve, but the rms error, cte, and EUS→MR error in the inclusion all worsen. The
same can be said for the lfe algorithm when comparing the 1d displacement to
the regularized 3d displacement. The shear-FEM inversion using 1d displacements
outperforms the regularized 3d displacements in all metrics except the cte. While
a better result is expected using 3d motion measurements, this indicates that there
are likely still errors in the x and z displacement components that are corrupting the
fem solution. This is further backed up by the inability of a full fem based inversion
with coupled displacement terms to produce a reasonable elasticity estimate (results
not reported). Ideally, all three components would have the best (axial) accuracy,
which is the goal of Chapter 6.
The method of regularizing the displacement field by minimizing the field’s
divergence presented in this work operates on a phasor representation of the displacements. It is also possible to apply the smoothing operation on each volume of
displacements, representing a measurement at different phase or time samples, and
then derive the phasor representation of the smoothed displacement measurements.
Based on the data collected in this work, there is no difference in the resulting phasor between the two methods up to about machine precision. The choice to apply
the smoothing on the phasor representation instead of the raw displacement measurements was made to reduce the computation time since the operation only needs
to be applied once instead of 25 times (number of phase offsets).
The regularization parameter, α in Equation 5.13, was chosen manually by starting with a small value and slowly increasing it until a visually smooth displacement
field was produced. The L-curve criterion can be used as an automated approach to
choosing the regularization parameter [127]. Figure 5.8(b) is a plot of the residuals,
however it does not display an L-shape for the values of α examined, suggesting it
may not be appropriate for picking the parameter in this case. In another work using
divergence regularization on the displacement field, it is suggested that minimizing
the divergence term should not be considered a true regularization term, but a constraint being enforced by a penalty, and it should be chosen as the largest value after
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which no improvement is observed in the displacement [269]. This is essentially
the manual approach used in this work.
Based on the displacement phasors shown in Figure 5.4, the regularization appears to have the greatest smoothing effect on the x-component of the displacement.
The x-component is based on the lateral speckle tracking measurements, while the
y- and z-components have spatially varying dependencies on the axial and elevational speckle tracking measurements. Since the axial component is measured most
accurately, the y- and z-components in Cartesian coordinates are expected to be
more accurate than the x-component. This is observed in a previous translational
motion tracking experiment of volumetric displacement components [260]. The
variances measured in that experiment are also used to weight the different components during regularization as described in Equation 5.13, meaning the measurements of the x-component contribute less to the final regularized solution of the
displacement vector field (the y- and z-components contribute 50 and 2.5 times
more to the solution, respectively).
The displacement measurement weighting matrix as defined in Equation 5.12
assumes spatially uniform variance in each of the vector components. However,
since the point spread function in ultrasound is spatially variant, better performance
might be observed using a spatially varying weighting [304]. Instead of using experimental translation motion tests to estimate the variances, which depend on the
transducer and imaging system characteristics, theoretical lower bounds on the estimation accuracy could be used [166], eliminating the need to repeat the experiments
for different imaging scenarios.
The synchronization between the mechanical excitation and the acquisition of
each beam line increases the total acquisition time compared to standard imaging
without synchronization. In standard ultrasound b-mode imaging, the minimum
time required to acquire a beam line is determined by the depth that the ultrasonic
pulse needs to travel to and back and the speed at which the pulse travels. For example, typical values of 5 cm depth and 1540 m/s speed of sound results in a time of
approximately 65 µs. The synchronization used in this work triggered a beam line
once every excitation period, which at 200 Hz is 5000 µs. For an acquisition with
31 motor positions, 25 frames in each position, and 128 beam lines in each frame,
the total acquisition time is 496 s with synchronization, compared to 6.45 s without
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synchronization. This is a worst case comparison as these timings do not account
for any pauses for motor movement, which is not a significant factor for the synchronized case because of the long time between beam line triggers, but would increase
the time for the case without synchronization. It is difficult to directly compare the
timing to mre since the acquisition is dependent on a number of factors such as the
mri sequence, echo times, volume dimensions and resolution, excitation frequency,
and number of phase offset measurements. The mre study used for comparison in
this work reported an acquisition time of 300 s, however the volume was thin and
wide compared to the ultrasound volume used in this work, and the number of phase
offsets was 8 compared to 25 [22].
The acquisition time could be improved by designing a new synchronization
sequence. For example, when a beam line is triggered, it could be repeatedly fired
with known delays between firing to collect all desired phase offsets before one excitation period is complete, and then the next line could be triggered at the start of
the next period. This would reduce the time in the above example by a factor of 25
(number of frames in each motor position) for a total acquisition time of approximately 19.8 s. This would be similar to the work sequence and synchronization used
in previous works of dynamic motion measurement [83, 91, 131, 250]. The spacing
between the phase offsets as determined by the line repetition time could also be set
such that the acquisition of subsequent lines is frequency-locked to the excitation
frequency, eliminating the need to trigger between each line [350], though some
form of synchronization would be required between motor positions to collect synchronous volumes. The disadvantage of this method is it requires reprogramming
of the pulse sequence which is possible on Ultrasonix machines, but not all others.
In the method used in this work, the only requirement is being able to trigger each
transmission; there is no modification to the standard ultrasound sequence. If full
channel parallel receive hardware is available such that all 128 lines could be received at the same instant, in combination with a planar transmit as in [309], entire
frames could be acquired in 65 µs and the trigger at the start of an excitation period
would only be necessary for each motor position, resulting in an acquisition time
of approximately 0.16 s, neglecting pauses for motor movement. It might also be
possible to eliminate the need for synchronization if tissue motion is constrained
to primarily the axial direction by applying compensation to the rf signals for the
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delay in acquiring subsequent beam lines, similar to previous work applying compensation for transducer motion [283].
Methods for the acquisition of the full 3d vector shear wave motion over a volume using ultrasound have been described before using a different approach [33,
211]. In these works a plane wave transmit and full channel parallel receive hardware was used to measure the motion at a high rate. These works use a linear array
mounted on a stepper motor to obtain a volume which is similar to a swept motor
ultrasound transducer but with the motor not integrated into the casing and cabling.
Synchronization between the exciter and pulse sequence is applied at each motor
position. Elasticity is estimated by applying the curl operator to the displacement
field and solving an Helmholtz equation algebraically which is similar in concept
to the lfe inversion used in this work. The main difference between the work described in this paper and these previous works is the previous works use 1d displacement tracking from multiple angles, obtained through both beamforming and
physical repositioning of the ultrasound array, and combine these 1d measures into
a 3d vector. This paper uses 3d displacement tracking to obtain the 3d vector directly. The advantages of 3d tracking over 1d are greater measurement accuracy
due to the ability to shift in multiple directions to reduce signal decorrelation and
the option to use signal blocks that span all three directions which should improve
snr, and the ability to use a single view angle for the full 3d displacement vector
which reduces system complexity and acquisition time. Combining multiple transducer view angles has the advantage of using axial displacement measures which
are more accurate than lateral and elevational measures and therefore the regularization used in this work to reduce noise is not as important [4, 5]. However, the
number of organs which multiple transducers may be applied is limited by geometry
and the need to surround the organ from different transducer viewing positions. It is
also important that the multiple transducers do not change the mechanical boundary
conditions (e.g. changing the areas of transducer contact with the patient) during
acquisition, otherwise the elastic wave field will change and it would be impossible to combine the measurements into a 3d vector. For these reasons, a specialized
breast scanner using a water bath between the transducer and tissue has been used
in the previous studies [33, 211].
Longer acquisition times, such as those caused by the synchronization used in
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this work, are more susceptible to errors caused by patient or transducer motion.
Some 3d ultrasound procedures might be able to restrict some undesired motions
such as an automated breast scan [351], or trus imaging of the prostate [281], so
such errors could be minimized.
The measurement of tissue motion in this work relies upon the assumption that
consistent reproducible motion is produced, and thus a snapshot of the motion can
be measured over a region at different acquisition times but identical mechanical
exciter states. In a clinical setting, patient motion (e.g. through breath or heartbeat)
breaks this assumption and would introduce error into the measurements. As mentioned in the previous paragraph, the long acquisition time for the method proposed
in this work is more susceptible to these errors, but certain clinical applications,
such as automated breast scanning, where motion is restricted may be able to reduce the magnitude of these errors. mre is susceptible to these same problems
but has been used in vivo [162, 290, 342]. Several ultrasound based tissue motion
measurement methods also use this assumption, for example for ex vivo liver [83]
and in vivo cardiac [250] measurements. Based on the success of tissue motion
sampling in these previous studies, it seems that error introduced by patient motion
can be managed to acceptable levels. There remains the question of whether the
proposed method can measure consistent reproducible motion in an ideal setting
when the patient does not contribute any additional motion. Forced harmonic vibrations approach steady state in exponential time for a nearly incompressible 3d
elastic body [152]. To quantify the time to reach steady state, a simplified analysis
of 1d damped forced vibration can be used as an approximation of tissue motion.
The solution to the differential equation governing a mass-spring-damper vibration
excited by a harmonic forcing function results in a transient term that oscillates at
the damped natural frequency of the system and decays exponentially, and a steadystate term that oscillates at the forcing frequency. The exponentially decaying term
takes the form

η

t

e− 2m t = e− τ ,

(5.23)

where η and m are the local lumped damping and mass parameters, τ is the time
constant of the exponential decay, and t is the elapsed time. A rough guideline is to
ignore transient effects when t/τ ≥ 5 (the exponential decay is less than 0.67 % of
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its original amplitude) [300]. To estimate the time constant, following the methodology of Turgay et al. [319], the ratio of viscous damping to the local lumped mass
is estimated to be 4000 Pa s/kg. This means that transient effects can be ignored
after 2.5 ms have elapsed. In this work care was taken to only start sampling ultrasound data a few seconds after starting the vibration source so a consistent and
reproducible steady-state motion should be expected in the phantom experiments.
Another potential change that could disrupt the assumption of consistent reproducible motion is thermal effects. Repeated acoustic pulses from the ultrasound
transducer may increase tissue temperature, changing the elastic properties of the
tissue and the speckle pattern used for motion tracking. Previous research has shown
these thermal effects to be small, with a temperature change under 2 ◦C and a shift
of under 5 % of a sample in the speckle pattern (under one micron) [78].
This study used monochromatic mechanical excitation. Multi-frequency vibrations have been measured in mre [162], so the synchronization presented in this
work should allow for ultrasound measurement of multi-frequency displacement
vector components over a volume. The multi-frequency data can mitigate measurement noise by changing locations of small displacement [242], and increasing the
number of the equations to improve the conditioning of the inverse problem [136],
or can also be used for spectral analysis [81, 97].

5.5

Conclusion

This study has demonstrated measurement of the full 3d harmonic motion vector
over a volume by adding a synchronization step to the tracking steps and adding
divergence-based regularization. Using a physical constraint consistent with soft
tissues, divergence regularization post-processing creates a smoother field of displacement vectors. The regularized displacements produce a more accurate volume
of elasticity estimates using the shear-FEM inversion method compared to using
the unprocessed 3d displacement measurements. The accuracy does not seem to
improve with lfe inversion using the regularized displacements, however improvements in cnr and snr are observed. It is difficult to determine which inversion
method is superior, however the profile of shear-FEM shows a symmetric and consistent profile in each direction with a peak at the centre of the inclusion that is
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within 1 kPa of the manufacturer’s specification. Results similar to mre are generated using either method.
Future work will investigate the use of more sophisticated elasticity estimation algorithms, measurements on tissue instead of phantom material, and improvements in acquisition speed. Investigating repeatability and sensitivity to different
boundary conditions and excitation modes are also of interest for particular clinical
applications.
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Chapter 6

Combining Multiple Views for
Increased Accuracy of the Full
Shear Wave Motion Vector in
SWAVE
6.1

Introduction

Images of tissue elasticity are formed by measuring tissue motion in response to a
mechanical stimulus. This field of medical imaging, called elastography, is commonly based on ultrasound measurements of tissue motion because ultrasound is
ubiquitous, non-invasive, safe, inexpensive, and portable.
High quality measurements of the full 3d displacement vector over a volume are
necessary to accurately solve the inverse problem for elastic parameters [96, 299].
Unfortunately, in the directions orthogonal to the ultrasound beam axis, the lack of
phase information, poorer resolution, and larger sample spacing leads to over an
order of magnitude increase in displacement measurement uncertainty compared
to measurements along the beam axis [42, 167, 187]. The measurement noise in
these directions can cause errors so large in the inversion process that replacing
the measurements with a false assumption of no motion in the orthogonal direc197

tions can lead to more accurate estimates of the elastic parameters [99]. In Chapter 5, a method for measuring 3d displacement vectors using cross-correlation based
speckle tracking on synchronized ultrasound acquisition with a motorized 3d transducer was proposed, and a technique for reducing noise in the displacement measurements using regularization based on tissue incompressibility was implemented.
However, the two inversion methods used in that study decoupled the displacement
components in the equations of motion, because inversion based on a fully coupled
3d motion model was not able to properly estimate elasticity.
One way to obtain multiple displacement components is to vary the ultrasound
beam angle to obtain different axial measurements. Angular compounding is a technique which electronically steers the ultrasound beam axis to different angles, and
combines the displacement measurements from each of these angles to compute
the displacement vector components [267, 348]. The angular compounding technique improves displacement estimates by using multiple accurate axial displacement measurements of the projected displacement vector, however the steering angle is usually limited to angles up to 15◦ to maintain acceptable image quality, and
even in special cases the angle is typically limited to 45◦ at most [126]. The maximum imaging depth becomes limited with increasing steering angles because the
vector components can only be estimated in the region where the beams from each
angle overlap.
An alternative approach is to use multiple transducer views with overlapping
beams crossing at different angles. This has been successfully used in a customized
Doppler instrument for measuring the blood velocity vector at a point in space [109].
A more recent work used multiple volumes collected by a hand held matrix array
to compute 3d velocity vectors in the heart [118]. There has been some research
interest in using this approach in elastography to improve displacement measurement accuracy in different directions. Some studies have used a transducer oriented orthogonal to the applied compression so that accurate axial displacement
measurements could be used to measure the strains transverse to the primary excitation direction [60, 303]. Another study used two coplanar and orthogonal linear
array transducers to measure 2d strains over a plane using axial displacement measurements from each transducer to obtain symmetric accuracy in the measurement
directions [150]. In my master’s research [4], I compared 2d displacement and
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strain measurement accuracy using 2d correlation speckle tracking, angular compounding, and two coplanar linear arrays with relative beam angles varied between
40◦ to 90◦ and investigated errors introduced by inaccurate calibration between the
two transducers.
A combination approach of multiple transducer views and angular compounding has been used in an elastography study measuring shear waves using two orthogonal linear arrays, oriented such that their image planes intersect along a line,
mounted on stepper motors to measure 3d displacements over a 3d grid [33]. A
similar approach is used by Muller et al. [211], using a single linear array mounted
on a rotating table to circle the roi from multiple view directions.
In this chapter it is proposed to combine axial measurements from different motorized 3d ultrasound transducers scanning the same volume from different angles,
or, alternatively, a single tracked motorized 3d ultrasound transducer sequentially
scanning a volume from different angles. It is the focus of this chapter to solve for 3d
motion vectors from three volumes of axial motion measurements, and to study the
effects of scan conversion, interpolation, and calibration on the displacement and
elasticity estimates. Practical issues of the possibility of applying the technique
clinically for breast cancer imaging are examined by simulating feasible scanning
geometry and realistic calibration errors based on the results of Chapter 4.

6.2
6.2.1

Methods
Finite Element Simulation

A 3d fem simulation was used to investigate the effectiveness of the proposed
multiple view method in a controlled and repeatable environment. The fem solution provided synthetic displacement data to generate simulated ultrasound speckle
tracking measurements and a ground truth for comparing the elasticity results. A
40 × 40 × 40 mm3 cube with a 5 mm radius stiff sphere was modelled using ANSYS
fem software (Cecil Township, PA, USA). The simulated phantom was meshed with
10-node tetrahedral elements (SOLID187) with a 0.5 mm nominal side length. The
stiff sphere was modelled with a Young’s modulus of 62 kPa, with the rest of the
cube modelled with a background Young’s modulus of 29 kPa. All elements were
199

modelled with a density of 1000 kg/m3 and a Poisson’s ratio of 0.495 to simulate
soft tissue. A 300 Hz harmonic excitation with an amplitude of 0.6 mm was applied
to the top surface of the cube in the normal direction of the top surface (longitudinal
vibration in the y direction). The bottom surface of the cube was constrained in its
normal direction (y), and constrained in the x and z directions along their respective
lines of symmetry. All other sides of the cube were left free to deform.

6.2.2

Simulating Displacement Measurements

Ultrasound volumes were modelled using the geometry of a 4DL14-5/38 transducer
(Vermon, Tours, France). Each volume contained 61 2d image slices swept over an
arc in 0.45◦ increments with a radius of 81 mm between the centre of rotation and
the start of the image. Each 2d image was 38.1 mm wide and 60 mm deep.
In total three ultrasound volume views were modelled to measure different components of the phantom motion vector using axial measurements from each ultrasound volume. To obtain the highest quality vector displacements from combined ultrasound axial displacement measurements, three orthogonal views should
be used such that each axial measurement corresponds to one component of the
vector. The volumetric sweep the 3d motorized ultrasound transducer changes the
direction of axial measurement as a function of motor position, making it difficult
to ensure the views are orthogonal over the full volume. Instead, it was decided to
make the central 2d image plane of the motor sweep from each view orthogonal,
while the other image planes would deviate slightly from the ideal measurement
geometry. To make the method easy to adapt to experimental and clinical settings,
it was desired to design the geometry such that the transducer views all generally
pointed downwards so that they could all be placed on the top surface of a water
bath, or flipped and placed under a prone patient. This geometry can be achieved
by orienting the axial direction of the centre image plane at an angle of 35.4◦ downward from the horizontal, and rotating the transducer about a vertical axis in 120◦
increments to obtain the three views. The geometry can be described as rotating
around the top face of a tetrahedron as depicted in Figure 6.1.
With respect to the fem model, the first transducer view was placed such that
the central 2d image plane had a 5 mm gap between the transducer face and the
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Rotation axis
Rotation path

View 1

View 3

View 2

Figure 6.1: The view geometry is described as a rotation about an axis (dashed
grey line) passing through a vertex of a tetrahedron and perpendicular
to the opposite face of the tetrahedron (shown here as the top face). The
views follow a 120◦ rotation along a circular path (grey dashed circle)
on the top face of the tetrahedron, with each view centred on one of the
tetrahedron edges and directed to the centre of the opposite edge (black
arrows and dashed lines). The three views intersect at a common point
and are orthogonal.
phantom, and the start of the image corresponded to the same height as the top of
the phantom. The second and third transducer views were obtained by rotating the
first view about the centre of the cube. The axes of the central image planes for each
of the three views around the phantom are shown in Figure 6.2. The geometry of
the sweep of the first view with respect to the phantom is shown in Figure 6.3.
Time-varying axial displacement measurements were generated by projecting
the fem solution onto the axial directional cosines of each image slice. Let u(x, t)
represent the displacements computed by ANSYS at position x at time t, and nγ (x)
represent the axial directional cosines of the γ th view, then the simulated axial dis201

-20

y

z

40
0
20
0

20

-20

-20
0

0
-20

0

20

x

x

20

20

(a)

z

(b)

40

y

y

40

20

20

0

0
-20

0

20

20

0

x

z

(c)

(d)

-20

Figure 6.2: Geometry of the mutiple view angles with respect to the phantom,
showing (a) top, (c) front, (d) side, and (b) isometric views of the simulation. The black lines indicate the edges of the phantom and the red,
green, and blue lines indicate the x, y, and z axes of the centre plane of
the volume for each view, respectively.
placement is computed as a dot product
a(x, t) = nγ (x) · u(x, t) + η(x, t),

(6.1)

where η represents jitter error in the ultrasound speckle tracking process. The jitter
error in the motion measurements was simulated by adding zero mean Gaussian
noise with variance equal to the Cramér-Rao lower bound for partially decorrelated
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Figure 6.3: The ultrasound axial measurement direction over the entire swept
volume (blue arrows) with an outline of the simulated phantom provided
for reference (black square).
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(6.2)

where c is the ultrasound pulse speed, f 0 is the centre frequency of the ultrasound
pulse, T is the displacement block length (measured in terms of echo time), B is the
fractional bandwidth of the ultrasound system, R is the normalized cross-correlation
coefficient, and snr is the ultrasound signal-to-noise ratio based on signal corruption due to electronic noise. The parameter values used in this study are shown
in Table 6.1 and were chosen to match the 4DL14-5/38 transducer and expected
experimental measurement conditions.
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Table 6.1: Parameter values used for simulating jitter error in the displacement measurements with Equation 6.2.

6.2.3

c

1540 m/s

f0

10 MHz

T

1.3 µs

B

0.7

R

0.98

snr

40 dB

Solving for 3D Displacement

The axial displacements from each volume were mapped to a common grid, covering the extent of the overlapping region of the volumes, using 3d linear interpolation. The grid was regularly spaced, with a resolution of 1 mm in each direction
chosen to achieve balance for the inversion algorithm in the element size trade-off
in increasing inertial forces with decreasing derivative accuracy [138]. The axial
directional cosines of each volume was also mapped to the common grid, and a least
squares solution, similar to beam steering methods [313], was used to calculate the
displacement vectors in terms of the fem coordinate system. The relationship between the unknown displacement, d, and the axial measurements is modelled as
Vd = a,
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(6.3)

where
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nγ [i] is the axial directional cosine vector for the γ th view at the i th grid location,
N is the total number of grid locations,



d = 


 d

d x [0]

z



d y [0] 

d z [0]  ,

..
.

[N − 1] 

(6.5)

d x , d y , and d z are the x, y, and z components of the displacement vector at each
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grid location,
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and aγ is the axial measurement for the γ th view at each grid location. The least
squares solution for d is computed as
d = V| V

6.2.4

 −1

V| a.

(6.7)

Simulating Calibration Error

The process of mapping each volume of data to a common grid requires knowledge
of the spatial transformations between each of the volumes. This requires a calibration procedure, which could consist of determining the transformation between
a transducer and a tracking sensor as described in Chapter 4, or could consist of
a registration to align ultrasound volumes scanning the same target from different
positions. In either case, some residual error in the translation and rotation parameters is expected. This will contribute to errors both in spatially aligning the data
from each volume, and in describing the measurement directions accurately in the
model as described by Equation 6.3.
Conceptually, the calibration error in this work models the situation where the
data are measured at the nominal locations and directions as described in Section 6.2.2, but the calibration provides the wrong measurement location and direction. Before calibration error is introduced, the axial displacement data are given by
Equation 6.1 at spatial location x0 . If the calibration error is described by a translation, sΛ , and a rotation, RΘ , then the axial displacement measurements from the
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γ th view are mapped to a new location
x = Rγ| RΘ Rγ x0 + Rγ sΛ,

(6.8)

where Rγ describes the rotation from phantom coordinates to the central image
plane of the γ th view. The application of Rγ in Equation 6.8 is to ensure the calibration error is the same for each of the three views in the local view coordinates.
In addition to mapping the data to a new location, the axial directional cosines are
modified
mγ [i] = Rγ| RΘ Rγ nγ [i],

(6.9)

where the matrix V in Equation 6.4 is now constructed using the modified directional cosines, mγ [i].
The calibration errors are composed of a magnitude and a direction. For the
translation, this is just a scalar distance, Λ, multiplied by a unit vector
sΛ = Λv̂Λ .

(6.10)

For the rotation, Rodrigues’ rotation formula is used to obtain the rotation matrix
from the rotation axis unit vector and rotation angle magnitude
RΘ = I + sin (Θ) [v̂Θ ]× + (1 − cos (Θ)) [v̂Θ ]2× ,

(6.11)

where I is a 3 × 3 identity matrix and [v̂Θ ]× is a skew symmetric cross product
matrix constructed from the components of the rotation axis unit vector
 0
−v̂Θ [2] v̂Θ [1] 


[v̂Θ ]× =  v̂Θ [2]
0
−v̂Θ [0] .


0 
−v̂Θ [1] v̂Θ [0]

(6.12)

To investigate the error in estimating elasticity as a function of calibration error,
Λ and Θ were tested at several values. The magnitude of calibration errors can be
difficult to estimate because there often is no gold standard to compare a calibration
result against. In Chapter 4, calibration error was quantified by calculating the the
point-to-point distance in mapping the tip of a tracked stylus to a global coordinate
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system using the calibration solution and position tracking measurements. Based
on the results of Chapter 4, the best calibration method, W2D→3D had an error reaching up to 1.0 mm (95 % confidence interval using the Student’s t-distribution). It
is also of interest to investigate the effect of larger calibration errors, so based on
the results of Chapter 4, and neglecting the N2D method as a naive approach for 3d
calibration, the worst calibration errors were observed with N3D , reaching 2.7 mm
(95 % confidence interval). Unfortunately this calibration error metric cannot separate errors in the the translation and rotation parameters, so instead the magnitude
of the translation error was assumed to vary up to 2 mm, and the rotation parameters caused a position error on the order of 0.7 mm to 2.7 mm, which corresponds
to approximately 1◦ to 3◦ for at an imaging depth of 60 mm. For the simulations, Λ
was tested at values of 0 mm, 0.5 mm, 1 mm, 1.5 mm, and 2 mm, and Θ at 0◦ , 1◦ ,
2◦ , and 3◦ . At each value of Λ and Θ, 50 random trials were simulated, each with
a unique translation direction, v̂Λ , and rotation axis, v̂Θ . These vectors were sampled uniformly over all directions using the direction defined by uniform random
quaternions [174].

6.2.5

Elasticity Inversion

Estimates of Young’s modulus were therefore obtained using a recently developed
direct (rather than iterative) inversion algorithm based on a dynamic displacementpressure fem, or mixed-fem, formulation with sparsity regularization [135]. The
mixed-fem technique uses a full volumetric model of 3d elastic deformation without assumptions about elastic parameter homogeneity, or material incompressibility. As a result of the more realistic model, this inversion algorithm has demonstrated high quality results when all three displacement components are accurately
measured, as in mre, with both phantom and patient data [279]. Since ultrasound
based displacement measurements using the multiple view approach should be of
similar accuracy, this inversion algorithm is well suited for this work.
Using the governing equation of motion for a linear isotropic elastic material
undergoing a time harmonic excitation (Equation 1.37), and defining the hydrostatic
pressure (as in Equation 1.60) as an additional unknown, the tissue mechanics are
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described by
f 

g
∇ · µ ∇d + (∇d)T + pI = −ρω2 d,

(6.13)

where µ is the shear modulus, p the pressure, d the displacement, ρ the density, and
ω the frequency of excitation. The density of most soft tissue is close to the density
of water, so ρ is assumed to be uniformly 1000 kg/m3 .
For the fem formulation, Equation 6.13 is written in weak form and discretized
using 8-node hexahedral elements, with piece-wise constant shape functions for the
shear modulus and pressure and linear shape functions for the displacement. The
inverse problem can be written in matrix form as
f

g  µ 
A C   = f.
 p 

(6.14)

Sparsity regularization is used to ensure that the problem is full rank, to improve
the condition number of the matrix, and to reduce the sensitivity of the solution to
noise. The shear modulus and the pressure are assumed to have a sparse representation in the discrete cosine transform (dct) domain, and can be represented using
the lower frequency part of the domain. In this work, the dct domain is truncated to
select 85 % and 90 % of the coefficients for the shear modulus and pressure, respectively. Let T µ and Tp represent the inverse truncated dct transforms for the shear
modulus and pressure respectively, then the regularized inverse problem becomes
 AT  | AT 
  µ  |  µ 
 CTp
AT µ

| 

AT µ
CTp 

| 

CTp
CTp 



   AT  | f 
 µ̃  =   µ  |  ,
 p̃   CTp f 

(6.15)

where µ̃ and p̃ are approximated dct transform domain shear modulus and pressure.
After solving Equation 6.15, the shear modulus is obtained via
µ = T µ µ̃.

(6.16)

In this work, the shear modulus values calculated by the inversion algorithm are
converted to Young’s modulus assuming fully incompressible tissue, resulting in a
simple scalar relation E ≈ 3µ.
To decrease the computation time, the roi is divided into several 13 × 13 × 13
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sub-domains and the solution is computed independently in each sub-domain. The
total computation time using Matlab (Mathworks, Natick, MA, USA) running on
a 3 GHz Intel Core2 Duo PC for a full elasticity volume was approximately two
minutes on average.
The inversion process is sensitive to errors introduced by taking derivatives of
noisy displacement measurements. A linear least squares fit in overlapping 3 ×
3 × 3 regions is used as a robust method to calculate the spatial gradient of the
displacements used in the inversion. This is described in more detail in Appendix G.

6.3

Results

The real part of the complex phasor motion field is shown in Figure 6.4 for both
the ANSYS solution and the displacement computed from three simulated axial
displacement volumes. All three components are recovered from the combination
of axial displacements and the wave pattern closely resembles the ANSYS solution.
The common overlapping volume of the three views is slightly smaller than full
phantom cube, so some regions close to the edges do not contain displacement in
the volumes computed from axial measurements.
Examples of estimated elasticity volumes and the difference between the estimates and the ground truth are shown in Figure 6.5. In all cases a stiff spherical inclusion is visible in a soft background. The difference images highlight the
largest errors near the border between the background and inclusion. The inclusion
appears to generally be underestimated, while the background appears to generally
be overestimated. There is a band of underestimated background values around the
boundaries of the roi which seems to grow in spatial extent with increased simulated calibration error.
The rms error in the estimated elasticity volumes is depicted in Figure 6.6. The
rms error is averaged over 50 randomized trials at each of the calibration error
settings to create one point on the plot. The rms error for the elasticity estimated
based on the ANSYS displacements is 3.50 kPa. Adding the steps of projecting the
displacements onto the axial directions, adding speckle tracking noise at a 40 dB
snr, interpolating displacements to a common grid, and computing the orthogonal
displacement components increases the mean rms error in the elasticity estimates
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 6.4: The real part of the complex displacement phasors over the volume shown in three orthogonal cross-sectional slices. The displacements in the x, y, and z directions are depicted from left to right, with
the top row displaying the fem solution computed by ANSYS, and the
bottom row showing an example of the displacements computed from
Equation 6.7 using three simulated axial measurements (with no calibration error applied).
to 6.22 kPa (with no calibration error applied). As expected, the error increases
with increasing calibration error in translation and rotation, both in isolation and
combined. For low calibration errors (< 1 mm and 2◦ ), the elasticity error increases
slowly (< 0.5 kPa) as calibration error increases. The last value on the 3◦ curve at
2 mm is beyond the range of the plot as the error increases greatly to 494 kPa.

6.4

Discussion

A significant source of the error in the elasticity estimates is caused by several types
of errors in the displacement measurements. Neglecting calibration and speckle
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 6.5: The (top row) estimated elasticity and (bottom row) difference in
elasticity from ground truth. The estimated elasticity volumes are shown
using input displacement (a) computed by ANSYS, and computed from
three simulated views with (b) no calibration error, (c) 1 mm and 1◦ calibration error, and (d) 2 mm and 3◦ calibration error. The difference
between the estimated elasticity and ground truth are shown in the same
order as the estimated elasticity. Positive values indicate overestimation
and negative underestimation in the difference images.
tracking noise, the displacements already accumulate errors from the three interpolation steps: (1) from the irregular tetrahedral fem mesh in ANSYS to a regular
grid in Matlab using the ANSYS element shape functions; (2) from the regular grid
computed in (1) to the irregularly spaced ultrasound measurement points (i.e. the
centres of each pixel after scan conversion from transducer to Cartesian coordinates)
using 3d linear interpolation; and (3) from the ultrasound measurement points to
the common regular grid for the overlapping measurements from each view using
3d linear interpolation. Due to the motor rotation to create the swept ultrasound
volume, the intersecting beam angles are not always orthogonal, so after adding
speckle tracking noise a spatially dependent projection error is created. This may
partially explain why the elasticity estimates are poorer towards the edges of the
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Figure 6.6: The mean rms error in the estimated elasticity computed over the
entire volume for all 50 trial randomized realizations of error, at each
calibration error setting ranging from 0 mm to 2 mm in translation and
0◦ to 3◦ in rotation.
volume. For low calibration error levels, the elasticity error seems to be dominated
by displacement snr, however as the calibration error increases the elasticity error
can grow by orders of magnitude.
Part of the elasticity error is also caused by differences between the inverse
model and the forward model, as evidenced by the error produced when the displacements from the ANSYS solution are used directly as the input for the inversion algorithm. These discrepancies include differences in the assumptions used to
derive the equations of motion, approximations used to discretize continuous quantities, mesh and element definitions, node placement and resolution, and algorithms
used to compute derivatives, integrals, and solve equations.
The results presented in Figure 6.5 demonstrate the elasticity error is higher in
regions where the elasticity suddenly changes from the soft background to the stiff
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inclusion. This error is partially caused by the mesh, where some elements span
the interface of regions of different elasticity. Since an element can only represent a
single value of elasticity, it will contain some mix between the two elasticities within
it. An optimized mesh adapted for the specific spatial distribution of elasticity,
which could be approximated from a quasi-static strain image, would reduce these
errors near the interface of the soft and stiff elasticity regions [117].
Inaccurate elasticity estimation, especially at the boundaries between regions of
different elasticity, is also caused by the sparsity regularization, where the truncated
dct causes ringing artefacts near step changes in elasticity [135]. Using a different
sparsity promoting transform, or a more intelligent method of choosing dct coefficients could help reduce the ringing artefacts. For example, if a quasi-static strain
image is available it can be used as an approximation of the spatial distribution of
the shear modulus for selecting the sparsity pattern [138].
For consistency, the same mesh was used for the elasticity inversion of the ANSYS solution was also used for all of the simulated ultrasound displacement measurements. This resulted in some of the nodes falling outside of the overlapping
region of the volumes. This might explain why the elasticity estimates for the simulated ultrasound measurements have a larger error towards the edges of the overlapping region. A special mesh designed for the irregular geometry of the overlapping
region might help to eliminate the edge error.
The error in ultrasound speckle tracking displacement measurements was modelled as voxel-wise additive Gaussian noise. However, the quality of displacement
measurements in real ultrasound signals is spatially dependent. Attenuation of the
ultrasound signal with depth causes the snr of the ultrasound signal and thus the
displacement measurement quality to decrease with depth. The psf of the ultrasound system also varies across the image plane, with the finest resolution located
near the transmit focus depth and poorer resolution in the shallow and deep regions.
The psf also is poorer toward the lateral edges of the image as the beam cannot be
properly focussed without array elements extending beyond the width of the image.
Finally, displacement estimates are also more strongly influenced by high amplitude
echoes in the rf signal.
The calibration error model used in this work kept the measured data constant
and introduced an error in the measurement location and direction. An alternative
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way to model the calibration error would be to fix the location and direction (i.e. the
calibration says there is perfect alignment), while the measured data is actually acquired at a different location at a different projection angle. Neither approach models the experimental conditions closer than the other, however there could be some
difference in simulated results. The approach used in this work changes the measurement direction matrix in Equation 6.4, and the alternative approach does not
modify the measurement direction matrix but changes the measured displacements
(a in Equation 6.1), while both approaches model misregistration of the volumes as
in Equation 6.8.
This study neglected errors caused by refraction of the ultrasound beam when
crossing between regions with different propagation speeds, and improper estimation of echo depth due to difference in the speed of sound used by the scanner and
the true propagation speed of the echoes. The nature of these errors is similar to the
calibration error that was modelled, however the errors would be spatially variant,
depending on the underlying tissue composition and structure. The magnitude of
the errors would likely be similar to the calibration error modelled in this work.
For example, in the breast with a subcutaneous layer of fat followed by glandular
tissue, the ultrasound speed can be expected to be 1480 m/s and 1580 m/s, respectively [92]. For an incident angle of 10◦ between the ultrasound beam and the transition layer between the fat and glandular tissue, the change in beam angle is 0.68◦ ,
and at 45◦ incidence the change is 1.7◦ . A previous study modelling the combined
misregistration caused by refraction and speed of sound depth misplacement in 2d
for orthogonal coplanar linear arrays estimated less than 1.0 mm error for breast
tissue for imaging depths up to 30 mm [4].
An implicit assumption in this work is that displacement measurements can
be acquired synchronously across all three volumes. The techniques described in
Chapter 2 should be sufficient, with either accurate time stamp information for each
ultrasound acquisition combined with phase compensation, or a trigger between the
excitation and ultrasound scanner.
A long term goal of this research direction is to apply this multi-view approach
clinically as a 3d elastography breast cancer system. An effort was made to design the transducer and view geometry such that it could be applied to the breast,
either through direct skin contact or through a water bath similar to other similar
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approaches [32, 211]. The elastic boundary conditions should not change between
view acquisitions, so for direct skin contact this system would probably be best realized using multiple transducers rigidly fixed together or a customized transducer
with multiple view directions [4]. For a water bath system, a single transducer could
be used instead and rotated to each view position.

6.5

Conclusion

This work simulated acquiring volumetric ultrasound axial motion measurements
of harmonically excited tissue from three different view points which are combined
to solve for the full motion vector. The modelled geometry could feasibly be used in
a clinical breast scanner for cancer imaging. Realistic calibration errors in spatially
aligning the three volumes were studied. The proposed three view method can reliably solve for high quality 3d displacement vectors suitable for elasticity estimation
based on an full 3d model of tissue mechanics.
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Chapter 7

Conclusion
7.1

Summary

In this chapter, a full analysis of the research and its conclusions is presented in
light of current research in the field. The contributions of the thesis are delineated
and the limitations of the approaches undertaken in this thesis are described. The
chapter is concluded with a description of possible future research directions.
In Chapter 2 the design and implementation of a 3d ultrasound elastography
system was described. This system realizes a generalized modular system based on
several previously developed specialized systems [23, 98, 191], and introduced the
first implementation of a 3d band pass based system with an Ultrasonix ultrasound
scanner. Simulations demonstrated the robustness of estimating motion amplitude
and phase as a function of the number of samples used, the uncertainty in sampling
rate, and errors in ultrasound speckle tracking based displacement measurements.
b-mode images collected on a quality assurance phantom showed no substantial
degradation of snr by introducing extra hardware for precise 3d ultrasound motor control. An analysis of experimental measurements of motion showed a gradual
drift in motion phase as well as a false wave pattern appearing from motion compensation, and methods for correcting for these errors were presented. Experimental
measurements of absolute elasticity values were collected on a CIRS 049 elastography phantom. Consistent elasticity measurements were produced from multiple
acquisitions and different excitation conditions. The elasticity values were in agree217

ment with previous measurements of the phantom [22, 135–137].
In Chapter 3 the 3d ultrasound elastography system developed in Chapter 2
was used to quantify the elasticity and viscosity of healthy ex vivo placenta tissue.
Measurements were collected from six placenta samples using vibrations over a
band of 60 Hz to 200 Hz. Mean measurements of Young’s moduli matched previously reported measurements of healthy placenta tissue in the literature [51, 70, 159,
185, 229, 301]. This chapter presented the first elastography research to fit Voigt,
Maxwell, and Zener rheological models to fit the placenta dispersion measurements.
The Voigt model provided the best fit to the measurements, agreeing with conclusions from elastography measurements of bovine muscle [54] and porcine liver [64].
The strong viscous behaviour measured in this chapter matches observations from
conventional mechanical testing of the placenta [333].
In Chapter 4, a novel calibration method, W2D→3D , is described for simultaneously calibrating the motor parameters of a 3d ultrasound transducer and determining the rigid transform from the ultrasound data to a tracked sensor. Previous 3d
ultrasound spatial calibration research has assumed that the motor parameters are
known a priori, however it has been suggested that this may contribute to errors in
the calibration result [258], and may be a reason that, prior to the results presented
in Chapter 4, no 3d ultrasound calibration technique has demonstrated calibration
error under 1 mm. The novel method uses accurate 2d ultrasound calibration at multiple locations along the motor sweep to fit the path of the ultrasound image. The
technique is general and can make use of the diverse set of 2d calibration methods
described in the literature. Chapter 4 also presents a novel 3d ultrasound calibration
method that uses assumed motor parameters and uses planar features and a closed
form solution. Finally, a method for extending the widely used N-wire technique to
add additional data points from the usually ignored edges of the N-shapes. Overall,
the W2D→3D method performed best. It improves the accuracy of 3d scan conversion
in general, which can help improve the accuracy of any 3d ultrasound elastography
technique using a swept motor ultrasound transducer, as well as any elastography
technique that uses a tracked 3d ultrasound transducer, such as the multiple view
method described in Chapter 6.
In Chapter 5 a novel method for measuring dynamic shear waves with volumetric ultrasound using a synchronization scheme was described. The method used the
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W2D→3D calibration from Chapter 4 for scan conversion to Cartesian coordinates.
This chapter reported the first results of measuring the full 3d displacement vector over a volume using a swept motor 3d ultrasound transducer for shear waves
generated using excitation frequencies on the order of hundreds of cycles per second. A novel method of regularizing the displacement measurements by applying an incompressibility constraint based on tissue motion physics was developed
which reduced noise in the displacement measurements without distorting the overall wave pattern. Elasticity measurements on a CIRS 049 elastography phantom
were calculated using two previously developed inversion algorithms (lfe [200],
and shear-FEM [137]) and 3d measurements (both regularized and unprocessed)
are contrasted with 1d measurements. The elasticity estimated using the shearFEM algorithm with 3d regularized displacement measurements provided the most
accurate depiction of the true elasticity contrast and expected elasticity profile.
In Chapter 6 a method for measuring the full 3d displacement vector over a volume was investigated using the axial displacement measurement from three approximately orthogonal ultrasound views, as a potentially more accurate measurement
method compared to Chapter 5. A simulation of a practical geometry for a clinical
breast scanning system was used to evaluate the proposed approach, with calibration errors added to study the effect of misalignment of the views. Based on the
level of calibration errors found in Chapter 4, accurate estimates of elasticity can
be obtained of a stiff sphere located in a soft background in a simulated phantom.
Previous work on using multiple views to improve ultrasound motion measurement
demonstrates promise for applying this approach clinically [33, 118, 211].
At this point, it can be stated that the primary objectives of the thesis have been
achieved. In particular,
• A modular 3d elastography research platform was developed and used to
compare and optimize parameter selection for different techniques and equipment.
• The 3d elastography research platform was tested through simulations and
experiments on tissue mimicking phantoms and ex vivo tissue.
• Two highly accurate ultrasound calibration techniques were developed that
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can be applied to 3d elastography.
• A method for measuring the full shear wave motion vector field over a volume
with 3d ultrasound was developed and tested on a tissue mimicking phantom.
• A method for combining multiple ultrasound volumes from different views
to determine the full shear wave motion vector field over a volume was investigated through simulation incorporating realistic modelling of spatial calibration.
In summary, the hypothesis of this thesis, that a 3d approach to measurement
can be used with ultrasound elastography to provide accurate measurements of
tissue elasticity, is confirmed through numerical simulations and experiments on
tissue-mimicking phantoms and ex vivo tissue.

7.2

Contributions

The contributions of this thesis are summarized as follows:
• A modular 3d ultrasound elastography research platform, swave, enabling
easy implementation of different algorithms and use of different hardware.
The systems allows for comparison of different elastography approaches and
can help in the development of new elastography techniques.
• Extending swave and implementing a technique for measuring the viscoelastic parameters in the first application of swave to placenta tissue. The technique uses longitudinal mechanical vibration and measures the wave pattern
within the placenta with a 3d ultrasound transducer using the band pass motion sampling technique. Elasticity estimates are consistent with previous
elastography measurements of placenta reported in the literature.
• A novel technique to calibrate a 3d swept motor ultrasound transducer without knowledge of the transducer’s motor parameters (called W2D→3D in Chapter 4). The technique fits a rigid transformation path through multiple 2d ultrasound calibration solutions obtained along the motor path. The technique
can use the solution from any 2d calibration method, and is implemented
with the closed form multi-wedge method [215].
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• A novel technique to calibrate a 3d swept motor ultrasound transducer using
closed-form solution based on planar image features (called P3D in Chapter 4). The solution uses the plane parameters fit to the segmented lines in
each 2d image slice along the motor sweep and calculates the pose of the
ultrasound volume with respect to the phantom’s coordinate system. The
closed-form solution, unlike iterative solutions, is fast to compute, not subject to sub-optimal local minima, and is not sensitive to initial estimates for
the calibration parameters.
• A novel extension of the N-wire ultrasound calibration technique to solve for
the location of the two edge points of each N-shape instead of ignoring them
Full
for the registration between the ultrasound and phantom points (called N3D

in Chapter 4). The conventional approach only uses the centre point from the
diagonal of the N-shape because its location in phantom coordinates can be
computed using only ratios from the ultrasound image, and in general there
can be ambiguity in determining the edge points in phantom coordinates. The
new approach uses a specific placement of multiple N-shapes to uniquely
identify the edge points by constraining all of the points from a given image
to be located on a plane.

• A novel technique to measure dynamic shear wave vectors with 3d ultrasound
for swave. The approach synchronizes the acquisition of each beam line with
the mechanical excitation that produces the shear waves. The trigger from the
exciter to the ultrasound scanner is shifted in phase relative to the excitation
signal such that multiple motion states are observed in the ultrasound data.
The displacement between synchronous ultrasound volumes is measured using 3d cross-correlation with polynomial fitting for sub-sample precision, and
scan conversion to convert from transducer to Cartesian displacements.
• A novel technique to apply regularization to 3d displacement measurements
of soft tissue motion for swave. The technique applies a divergence penalty
that encourages solutions with incompressible tissue motion which is expected in most elastography imaging scenarios. The solution can be computed directly using matrix inversion and has demonstrated a qualitative re221

duction in displacement measurement noise for 3d shear wave measurements.
• A code base to solve for the three components of a motion vector given three
overlapping volumes of motion measurements and the relative rigid transformations between each volume.

7.3

Limitations

The results reported in this thesis are very promising, however the proposed techniques suffer from some limitations which will pose challenges for adoption of the
techniques in clinical practice.
The methods in this thesis assume that the transducer is stationary during acquisition. For the experiments in this thesis, the transducer was always fixed using
a clamp. In a clinical setting, this would require the radiologist to hold their hand
steady for a few seconds while a volume is acquired. For the 3d vector motion measurement described in Chapter 5, where the acquisition time is significantly longer,
the transducer would likely need to be fixed.
Even with a perfectly fixed transducer, the in vivo setting poses new challenges.
Patient movement, breathing, and cardiac motion can all cause unwanted motions
in the measured displacement field. In the worst case, large motions can move the
tracked scatterers outside of the field of view, making it impossible to continuously
measure tissue displacements. For smaller motions, these can disrupt the excitation
wave field and destroy the repeatability of the excitation which is assumed by the
phase compensation algorithm.
Another practical consideration is the application of excitation to the tissue.
The design of excitation devices for generating waves in deeply situated organs is
a challenging task. Attenuation also constrains the range of excitation frequencies
that can penetrate the organ of interest. The ideal excitation frequencies are also
related to the elasticity of the tissue, as this affects the wavelength and resulting
resolution of the elasticity images. The ability to measure waves in the liver, created
by vibrations from a small disk applied to the surface of the body, with 3d ultrasound
has been demonstrated up to depths of 15 cm for excitation frequencies up to 60 Hz,
and to depths of 8 cm for excitation frequencies up to 100 Hz [23].
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For elasticity inversion, in this thesis the tissue has been modelled as linear and
isotropic, with a constant density equal to the density of water. Aside from the
dispersion analysis of the placenta measurements in Chapter 3, this thesis also assumes that the tissue is perfectly elastic with no viscous losses. The assumption
of linearity is reasonable because the magnitude of the deformations is on the order of microns of displacement. It should be noted that real tissue is expected to
behave in a nonlinear fashion for increasing levels of strain. This could affect the
repeatability of elasticity measurements as the level of pre-compression could differ
between measurements. While some tissues, such as liver, are close to isotropic on
the macro scale, other tissues such as muscle can have different elastic properties
in different directions, and the methods developed in this thesis may not properly
characterize these tissues. Most soft tissues imaged with ultrasound elastography
have a high water content and have a density close to 1000 kg/m3 , any deviation
from this density will cause errors in the elasticity measurement.

7.4

Future Work

The swave system could be enhanced by including other inversion algorithms, such
as a GPU accelerated fem inversion. The swave system could also be extended to
include angular compounding, similar to the 2d system described by Zahiri-Azar
et al. [348], which would provide 2d displacement vectors over a volume, allowing
for more sophisticated inversion algorithms to be used. Another extension to the
swave system could be to work with parallel received pre-beamformed data, for example by using the SonixDAQ add-on to the Ultrasonix systems. This would enable
shorter acquisition times and could be used to measure 2d displacement vectors using the transverse oscillation technique [186]. The use of matrix array transducers
with the swave system would also reduce the acquisition time by eliminating the
need to move a motor in the transducer, and could improve image quality with the
greater ability to focus acoustic beams. Matrix arrays may also allow for 3d angular
compounding for measurement of the full motion vector.
Further ex vivo measurements of placenta tissue, especially from pregnancies
diagnosed with preeclampsia and iugr would determine if the swave system is
capable of differentiating between normal and abnormal placenta tissue. The vis223

coelastic model fitting could be extended to produce high resolution spatial maps
of viscous properties over a volume. A careful comparison between viscoelastic
parameters, b-mode features, and histology would be useful in understanding the
biophysical basis for changes in the viscoelastic properties, and could help explain
any observed changes in abnormal placenta tissue. If the swave system proves to be
a useful tool for diagnosing placenta abnormalities, an in vivo study of the optimal
excitation design and placement would be valuable for creating a clinically viable
product.
The calibration methods developed in this thesis can be extended to work with
curvilinear transducers. The wedge phantom may need to be modified to optimize
the image quality for the different geometry of a curvilinear transducer. It would
be interesting to extend the W2D→3D method to also solve for the radius of curvature of the array and the element pitch and study if solving for these parameters
can reduce calibration errors as solving for the 3d motor parameters. A study of
the calibration error as a function of the number of 2d calibration solutions (each
at a unique motor position) used in the 3d calibration fitting procedure would be
of interest for determining the optimal number of calibrations to perform. Integrating the calibration algorithms into a powerful open-source toolkit, such as the
PLUS toolkit [178], would make it easier for other researchers to use and would be
beneficial by enabling the software to provide real-time feedback on the calibration
quality and full control and synchronization of the spatial tracker and ultrasound
scanner from a single interface.
The measurement of the full 3d shear wave motion vector could be tested with
different modulus contrast (e.g. with a soft inclusion) to further investigate its performance in comparison to 1d tracking and mre measurements with various inversion algorithms. With a goal of ultimately applying the technique in vivo, one
of the faster acquisition schemes described in Chapter 5 should be implemented.
To further decrease the acquisition time, the number of phase offsets might be reduced. A study of the displacement tracking error as a function of the number of
acquired phase offsets would be valuable for determining the minimum number of
offsets needed for a desired accuracy. Measurement of multi-frequency excitation
is a natural extension of the work, which should also help improve the accuracy of
the elasticity inversion.
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A dedicated apparatus for multiple view ultrasound acquisition should be developed for use in ex vivo and in vivo settings. The apparatus could be realized with
multiple 3d transducers fixed using a manufactured holder. A two view implementation providing 2d displacement over a volume could also be studied as it would
provide advantages in acquisition rate and cost. The two view implementation could
use a curl-based inversion such as the c-FEM [136]. It may also be possible to use
divergence regularization, such as the algorithm described in Chapter 5, to estimate
all three components of the vector from measurements of only two projections of
the vector.
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Appendix A

Index Notation
Index notation provides a useful tool for representing vector and tensor calculus.
The indices are written as subscripts to specify a component of a vector (e.g. ai ) or
a tensor (e.g. Akl ) in a Cartesian coordinate system.
The Einstein summation convention is used for repeated indices. For example,
the dot product between two vectors can be represented as
ai bi =

3
X

ai bi = a · b.

(A.1)

i=1

Similarly, the double dot product between tensors can be written
Ai j Bi j =

3
3 X
X

ai j bi j = A : B.

(A.2)

i=1 j=1

Two symbols which are commonly used are the Kronecker delta symbol,


0 i , j
δi j = 
,

1 i = j


(A.3)

if any of i, j, or k are equal,

(A.4)

and the Levi-Civita symbol
 i jk = 0

264

otherwise
 123 =  231 =  312 = − 321 = − 213 = − 132 = 1.

(A.5)

The Levi-Civita symbol can be used to represent components of the vector cross
product
 i jk a j bk = (a × b) i .

(A.6)

Spatial derivatives are represented using a comma between indices. For example
ui, j =

∂ui
.
∂xj

(A.7)

The following are representations of common vector calculus operators such as
divergence, curl, and the Laplacian in index notation
ui,i =

3
X
∂ui
= (∇ · u) i ,
∂ xi
i=1

 i jk uk, j = (∇ × u) i ,

ui, j j =

3
X
∂ 2 ui
j=1

∂ x 2j
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= ∇2 ui .

(A.8)

(A.9)

(A.10)

Appendix B

Placenta Study Consent Form
The consent form used for the placenta study in Chapter 3 is provided in the following six pages. Personal information, such as phone numbers and e-mail addresses,
has been redacted.
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Research Study Information and Consent Form
STUDY TITLE:

Shear Wave Absolute VibroElastography in Utero (SWAVE-U)
Phase 1: Definition of the Normal Placenta Elasticity

Principal Investigator:

Dr. Jeff Terry, Clinical Assistant Professor
Department of Pathology & Laboratory Medicine
University of British Columbia
Children’s & Women’s Health Centre of BC
Phone: XXX-XXX-XXXX, ext. XXXX
Email: xxxxxxxxxxxxxxx@xxxxxxxx

Co-Investigators:

Dr. Rob Rohling, Professor
Department of Electrical & Computer Engineering,
University of British Columbia
Dr. Denise Pugash, Clinical Professor
Department of Radiology,
University of British Columbia
BC Women’s Health Centre
Dr. Chantal Mayer, Clinical Assistant Professor
Department of Obstetrics and Gynecology
BC Women’s Health Centre
Dr. Christof Senger, Clinical Assistant Professor
Department of Pathology & Laboratory Medicine
Children’s & Women’s Health Centre of BC

1. BACKGROUND & INVITATION
The placenta (afterbirth) is a temporary organ that joins the mother and baby in the
womb. Many pregnancy related health problems are linked to the placenta. Ultrasound
is a safe, practical, and cost-effective method for examining the placenta. However it is
only useful for detecting large abnormalities. During ultrasound, high frequency sound
waves bounce off of tissues to create an image. Researchers have recently developed
a new system (Shear Wave Absolute VibroElastography (SWAVE)) which could be
used with ultrasound to create a different image which reflects the density and elastic
properties of the tissue. This could allow doctors to detect more subtle abnormalities
and lead to earlier disease diagnosis and treatments. In this study we will collect
placentas and examine them to learn what normal placentas look like using this new
system (SWAVE).
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You have been invited to take part in this research study because you are scheduled to
deliver your baby by caesarean section at BC Women’s Health Centre and no problems
are expected.
2. YOUR PARTICIPATION IS VOLUNTARY
Your participation is voluntary. You have the right to refuse to participate in this study. If
you decide to participate now, you may still choose to withdraw from the study at a later
date without any negative consequences to the medical care, education, or other
services to which you are entitled or are presently receiving. If you do not wish to
participate, you do not have to provide any reason.
If you wish to take part in this study, you will be asked to sign this form. Please take
time to read the information carefully and to discuss it with your family, friends, and
doctor before you decide.
3. WHO IS CONDUCTING THE STUDY?
The study is being conducted by researchers at the Children’s and Women’s Health
Centre of BC and at the University of British Columbia.
4. WHAT IS THE PURPOSE OF THE STUDY?
Currently, we do not know what placentas look like using the SWAVE device. This study
will determine what normal placentas look like using SWAVE. We can then use this
information as a reference for future studies, which will compare normal placenta
images with abnormal placenta images. Together, this knowledge will enable us to
determine if SWAVE can be used with ultrasound to detect subtle abnormalities in
pregnancy.
5. WHO CAN PARTICIPATE IN THIS STUDY?
You may participate in this study if you are pregnant, with no significant complications,
and are scheduled to deliver your child at BC Women’s Health Centre. No other
conditions need to be met to take part in this study.
You may have been invited to donate your cord blood to Canadian Blood
Services(CBS). You may participate in this study without any impact to your CBS
donation.
6. WHO SHOULD NOT PARTICIPATE INTHIS STUDY?
If your doctor has told you of an abnormality in your pregnancy, you might not be
eligible to participate. The study personnel will be able to determine if you are eligible if
you are unsure.
7. WHAT DOES THE STUDY INVOLVE?
Approximately 90 patients will take part in this study. If you agree to take part in the
study, we will collect your placenta and examine it using SWAVE. If any clinical
investigations of your placenta are needed, these will take place before your placenta is
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handed to the study team. Your placenta will then be examined under a microscope
and with an ultrasound wand using SWAVE. A small portion of your placenta will then
be examined to assess the flow of oxygen. After the study examination, small portions
of placental tissue will be kept for quality purposes for approximately 5 years after the
study. If you have consented to donate placental tissue to the BC Children’s Hospital
Biobank (BCCHB), a portion will also be sent there. Otherwise, the remainder of your
placenta will be destroyed according to usual hospital procedures.
We will also review your medical records for information about your age, any conditions
which might affect your pregnancy (e.g., smoking history, diabetes, high blood
pressure). We will also review medical records to collect information about your baby’s
health including gestational age, birth weight.
No new tests, procedures or visits to your doctor are required for the study. Your
participation in this study will not affect your care or your baby’s care in any way.
8. WHAT ARE MY RESPONSIBILITIES?
All information required for this study is already collected as part of clinical care. There
are no added responsibilities for you to participate in this study.
9. WHAT ARE THE POTENTIAL BENEFITS OF PARTICIPATING?
Neither you nor your child will directly benefit from participating in the study. However,
we hope that the results of the study will be useful for examining pregnant women in the
future.
10. WHAT ARE THE ALTERNATIVES TO THE STUDY PARTICIPATION?
Participating in this study is voluntary. You may choose not to participate in this study
without any affect on the care you receive.
There are also choices available to you when considering how your samples and
medical information will be handled at the end of this study. You may donate
specimens, including leftover placental tissue, to the BC Children’s Hospital Biobank for
use in future research. If you are interested in participating in the Biobank, a separate
consent form will be provided. Please indicate your choice below as to how you wish to
have your samples and medical information handled.

I have previously signed or would be willing to sign the consent form for the BC
Children’s Hospital BioBank and I wish to have my samples and medical information
deposited in the BC Children’s Hospital BioBank for use in future research.
I wish to have my samples and medical information destroyed at the end of the study.
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11. WHAT HAPPENS IF I DECIDE TO WITHDRAW MY CONSENT TO
PARTICIPATE?
You may withdraw from this study at any time without giving any reason. If you choose
to enter the study and then decide to withdraw at a later time, you have the right to
request the withdrawal of your information collected during the study. This request will
be respected to the extent possible. Please note however that there may be exceptions
where the data and/or samples will not be able to be withdrawn for example where the
data and/or sample is no longer identifiable (meaning it cannot be linked in any way
back to your identity) or where the data has been merged with other data. If you would
like to request the withdrawal of your data and/or samples, please let your study doctor
know.
12. WILL MY TAKING PART IN THIS STUDY BE KEPT CONFIDENTIAL?
Your confidentiality will be respected. However, research records and medical records
identifying you or your child may be inspected in the presence of the Investigator or her
designate and by members of the Children’s and Women’s Hospital Research Ethics
Board for the purpose of monitoring the research. No information or records that
disclose your identity will be removed or released without your consent unless required
by law.
Your full date and time of delivery will be collected in the study database in order that
we can measure the amount of time between delivery and SWAVE examination. This is
the only personal identifying information that will be collected in the study database, and
care will be taken not to share this information outside of the study team. You will be
assigned a unique study number as a participant in this study. This number will not
include any personal information that could identify you (e.g., it will not include a
Personal Health Number, SIN, name, etc.). This number will be used on any researchrelated information collected about you during the course of this study, so that your
identity as a participant in this study will be kept confidential. Information that contains
your identity will remain only with the Principal Investigator and/or designate. A list that
matches your name to the unique identifier that is used on your research-related
information will not be removed or released without your consent unless required by
law.
Your rights to privacy are legally protected by federal and provincial laws that require
safeguards to insure that your privacy is respected and also give you the right of access
to the information about you and, if need be, an opportunity to correct any errors in this
information. Further details about these laws are available on request to your study
doctor.

270

13. WHAT HAPPENS IF SOMETHING GOES WRONG?
By signing this form, you do not give up any of your legal rights and you do not release
the study doctor, participating institutions, or anyone else from their legal and
professional duties.
14. WHAT WILL THE STUDY COST ME?
There will be no cost to you for participating in the study.
15. WHO DO I CONTACT IF I HAVE QUESTIONS ABOUT THE STUDY DURING MY
PARTICIPATION?
If you have any questions or would like further information about this study, you can
contact Dr. Jeff Terry at XXX-XXX-XXXX, ext XXXX, or xxxxxxxxxxxxxxx@xxxxxxxx .
16. WHO DO I CONTACT IF I HAVE ANY QUESTIONS OR CONCERNS ABOUT MY
RIGHTS AS A PARTICIPANT?
If you have any concerns or complaints about your rights as a research participant
and/or your experiences while participating in this study, contact the Research
Participant Complaint Line in the University of British Columbia Office of Research
Ethics by e-mail at XXXX@xxxxxxxxx or by phone at XXX-XXX-XXXX (Toll Free: XXXX-XXX-XXXX).
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17. CONSENT TO PARTICIPATE
My signature on this consent form means:
 I have read and understood the participant information and consent form.
 I have been able to ask questions and have had satisfactory responses to my
questions.
 I understand that all of the information collected will be kept confidential and that the
results will only be used for scientific purposes.
 I understand that my participation in this study is voluntary and that I am completely
free to refuse to participate in this study at any time without changing in any way the
quality of care that I receive.
 I authorize access to my and my child’s medical record and placenta, as described
in this consent form.
 I understand that I am not waiving any of my legal rights as a result of signing this
consent form.
I will receive a signed copy of this consent form for my own records.
I consent to participate in this study.

Participant’s Signature

Printed name

Date

Signature of person
obtaining consent

Printed name

Date

Language of translation (if applicable):

Signature of translator

Printed name
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Appendix C

N-wire Ambiguity
This appendix demonstrates the ambiguity in the transducer orientation based on
inter-point distance measures of N-wire features in ultrasound images. The ambiguity makes it difficult to determine the location of the outside edge points of
the N-wire in phantom coordinates. One possible solution is presented in Chapter 4. The phantom geometry used in the paper is considered in this appendix while
considering different numbers and combinations of N-wires. The figures show renderings of a L14-5/38 linear array to simplify the understanding of each of the slices
obtained from the motorized 4DL14-5/38 transducer.
The phantom contains three rows of N-wires as described in the Section 4.2.
The inter-point distances (left/right) from the top N-wire to the bottom are 15/20,
21.6/13.4, and 13.1/16.1 mm, matching the distances in Figure 4.5.
First, consider only one N-wire at a time. Using the distances measured in the
ultrasound image, a line can be drawn across the N-wire model, where the angled
wire cuts the line into two segments with lengths matching the ultrasound measurements. There are two possible lines that can satisfy the measurements. The two
lines for each of the three N-wires are shown in Figure C.1. In Figure C.1(a)–(c),
the transducer is in the same pose. This happens to be the pose that satisfies the
inter-point distances for all three N-wires simultaneously. In Figure C.1(d)–(f), the
transducer translates slightly between N-wire choices, and is rotated compared to
Figure C.1(a)–(c). It should be noted that the transducer in Figure C.1 can be rotated about the a line’s axis and still satisfy the measurements. The transducer is
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(a)

(b)

(c)

(d)

(e)

(f)

Figure C.1: By observation of the inter-point distances for one N-wire at a
time, the transducer orientation can be constrained to rotate about an
axis. The inter-point distances allow for two possible axes for each Nwire. For simplicity, the transducer is shown only orthogonal to the
plane of the N-wire. The first set of possible axes (black) for the (a) top,
(b) middle, and (c) bottom N-wires, and the second set of axes for the
(d) top, (e) middle, and (f) bottom.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure C.2: By observation of the inter-point distances for two N-wires at a
time, the transducer orientation can be fully constrained. Only combinations of the axes for each N-wire (black) between two of the first row
of Figure C.1 or two of the second row of Figure C.1 are shown, as a
plane cannot be fit to two lines for combinations across the rows.
shown only orthogonal to the plane of the N-wires for simplicity. It is clear that
since there are multiple transducer poses that satisfy the measurements, the outside
edge points cannot be determined.
It is also illustrative to consider more than one N-wire at a time. If two N-wires
are considered, then there are 12 possible combinations of the axes from Figure C.1;
three choices in N-wires, and two possible axes for each N-wire (3 × 2 × 2 = 12).
However, only six combinations are coplanar. The non-planar combinations are
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Figure C.3: Observing the inter-point distances for all three N-wires at the
same time allows for only one coplanar solution.
not physically realizable because the image is planar. In Figure C.2(a)–(c), the
transducer is again in the same pose throughout, which is the correct pose to satisfy
all three N-wires simultaneously. In Figure C.2(d)–(f), the transducer clearly needs
to change pose to fit the different combinations of two N-wires and would not satisfy
all three simultaneously.
Finally, considering all three rows of N-wires at the same time results in only
one possible combination that remains coplanar. The solution is presented in Figure C.3. Now that the pose is uniquely defined the outside edge points can be located
in the phantom coordinates and included in the corresponding point algorithm for
calibration.
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Appendix D

Logarithm and Exponential
Maps of Dual Quaternions
This appendix describes how to find the logarithm of a dual quaternion of the form
1
q̂ = q +  tq,
2

(D.1)

and how to perform the inverse mapping from the tangent space back to the manifold
with the exponential mapping. Using Taylor expansion, it is found that Equation D.1
is equivalent to [44]
1

q̂ = q e 2 ~t.

(D.2)

The quaternion, q, defined by
q = cos

!
!
1
1
θ + sin θ u~,
2
2

(D.3)

describes a rotation around the axis u~ by an angle θ. This can be written in the form
[13]
1

q = e 2 θ~u .
Then taking the logarithm of Equation D.2
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(D.4)

 1
1
log q̂ = θ~u +  ~t .
2
2

(D.5)

Now the exponential mapping to the manifold is derived given a dual vector in
the dual quaternion tangent space
1
1
~xˆ = a~ +  ~b,
2
2

(D.6)

 
q̂ = exp ~xˆ .

(D.7)

Comparing Equation D.6 to Equation D.5, the components of the dual quaternion
can be found. Since u~ is a unit vector
θ = k~a k,

(D.8)

and
a~
.
θ

(D.9)

~t = ~b.

(D.10)

u~ =
The translation is simply

Now the quaternion can be constructed as in Equation D.3, and the dual quaternion
using Equation D.1.
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Appendix E

Solving for Geodesic Direction on
the Quaternion Manifold
This appendix describes the method for solving for the tangent vector that defines
the direction of the best fit geodesic on the quaternion manifold for the W2D→3D
calibration method described in Section 4.2.4. The tangent vector is found using a
gradient descent algorithm. The initial guess is the tangent vector from the mean
quaternion to the last quaternion in the set

∗
~v = log qm
qN .

(E.1)

The objective is to minimize the sum of the geodesic distances between the quaternion sample points and the best fit geodesic. However, since the sample points are
all located near the mean, the geodesic distance can be approximated in the tangent
space. The quaternions are mapped to the tangent space at qm
∗ 
p~i = log qm
qi .

(E.2)

Now we need to minimize the sum of the orthogonal distances between the p~i and
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the line described by ~v . The squared distance can be computed using
k~v × p~i k 2
k~v k 2
 T 2
k p~i × ~v k
=
,
k~v k 2

d i2 =

(E.3)

where × represents the cross product operator, and [·]× is a skew symmetric matrix. To minimize the distances, we require the gradient of (E.3). If we let h =
 
k p~i T× ~v k 2 , and g = k~v k 2 , then the familiar quotient rule results in
dh
dg
g−
h
d~
v
d~v .
=
g2

 
d d i2
d~v

(E.4)

The derivatives of h and g are given by

and

   
dh
= 2 p~i × p~i T× ~v,
d~v

(E.5)

dg
= 2~v .
d~v

(E.6)

It would be convenient to parametrize the geodesic in (4.13) such that the scalar
parameter t ∈ [0, 1], with 0 corresponding to the start of the geodesic path, 0.5 at the
mean quaternion, and 1 at the end of the path. However, ~v is arbitrarily scaled and
is located at qm . We can instead define a new scalar parameter, s, as a function of
t which uses the projections of the first and last quaternions mapped to the tangent
space onto ~v
s (t) = a + t (b − a) ,
where

(E.7)

a=

p~1 · ~v
,
k p~1 k k~v k

(E.8)

b=

p~ N · ~v
.
k p~ N k k~v k

(E.9)

and
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Now the best fit geodesic can be described by

q = qm exp s~v .

(E.10)

The distance metric, as described in Equation E.3, for solving for the direction
of the best fit geodesic is bi-invariant (i.e. independent of the choice of coordinate
system). For an arbitrary quaternion, a, left-invariance is shown by left multiplying
all of the quaternions by a and demonstrating that the distance is the same as without
a. The initial guess for the direction is given by

~v = log

aqm

∗

aqN




∗ ∗
= log qm
a aqN

∗
= log qm
qN ,

(E.11)

which is the same as in Equation E.1. Similarly, the quaternions mapped to the
tangent space at qm are

∗ ∗
p~i = log qm
a aqi

∗
= log qm
qN .


(E.12)

Since both ~v and p~i are the same, d i2 as defined in Equation E.3 must also be the
same.
Demonstrating right-invariance is more involved. The initial guess for the direction is now given by

~v = log

qm a

∗

qN a

∗
= log a∗ qm
qN a ,

and the tangent points by
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(E.13)


∗
p~i = log a∗ qm
qi a .

(E.14)

∗ and q is undergoing rotation by
Note, inside the logarithm the composition of qm
i
∗ q is unaffected by rotation,
a∗ . Since the magnitude of the angle described by qm
i

only the direction of the rotation axis changes, therefore

∗
∗ 
log a∗ qm
qi a = a∗ log qm
qi a.

(E.15)

Now the distance metric becomes
d i2 =

∗ q  a  × a ∗ log q ∗ q  a  k 2
k a∗ log qm
N
m i
.
∗ q  ak 2
ka∗ log qm
N

(E.16)

Recall for two vectors, ~x and ~y , their cross product is
~x × ~y = k~x k k~y k sin (θ) ~n.

(E.17)

Since the length of the vectors and the angle between them is unaffected by rotation,
applying a rotation with matrix R to the two vectors results in the following cross
product



R~x × R~y = k~x k k~y k sin (θ) R~n

= R ~x × ~y .

(E.18)

Therefore Equation E.16 can be rewritten as

d i2

∗ q  × log q ∗ q   ak 2
ka∗ log qm
N
i
=
 m2
∗
∗
ka log qm qN ak

∗
∗ q  k2
k log qm qN × log qm
i
,
=
∗ q  k2
k log qm
N

(E.19)

as desired.
For the fitting procedure used in Chapter 4 to interpolate between calibrations,
location and orientation were fit separately. It would seem natural to try to find a
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best fit through the rigid body motions described by the calibrations for different
slices. Unfortunately there are no bi-invariant Riemannian metrics for rigid body
motions in the group SE(3) [192]. Thus a compromise would be required, such
as choosing a left-invariant metric [244], or approximating SE(3) with the special
orthogonal group, SO(4), which contains bi-invariant metrics [100].
The method for finding the direction of the best fit geodesic relies on a linear
approximation of the manifold at the mean to calculate the objective function using
Equation E.3. The actual geodesic distance is


∗ 
qi · ~v k.
d i = k log qi∗ qm exp log qm

(E.20)

Calculating the gradient of this distance is significantly more complicated. The
linear approximation using the tangent space can be justified by the closeness of
the sample points to the mean. The total sweep angle is approximately ±15◦ from
the mean, and assuming good calibration results, the samples will lie within a few
degrees of the best fit geodesic. principal geodesic analysis (pga), which is a generalization of pca from Euclidean to manifold settings, uses the same approximation
with the same justification [107]. In fact, pga can be used as an alternative to the
gradient descent algorithm presented in this paper for finding the direction of greatest variance, which should correspond to the direction of the data. The algorithm
starts by finding the mean quaternion and the tangent points at the mean as before.
Then the covariance matrix is constructed with
C=

N
1 X
pi pTi .
N i=1

(E.21)

The tangent vector of the best fit geodesic is the eigenvector corresponding the
largest eigenvalue of C, which can be found using Singular Value Decomposition.
In practice, it was found that the tangent vector found using pga was equivalent to
the one found using gradient descent to the sixth significant figure after normalization, with the advantage of pga being 100 times faster to calculate.
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Appendix F

Simulation Test of Rotation
Fitting Algorithm
This appendix describes a simulation which was used to evaluate the rotation fitting algorithm from Chapter 4 for the W2D→3D calibration interpolation. A set
of n = 8 quaternions was generated, evenly spaced along a geodesic, starting at
the identity rotation, q1 = [1, 0, 0, 0]T , and following a rotation about the z-axis,
~ = [0, 0, π/4]T . Error for each quaternion was simulated with an isotropic Gausw
sian distribution, with standard deviation σ, in the tangent space, ~. Thus, each
noisy quaternion is described by


~ exp ~ ,
qi = q1 exp t i w
where i ∈ [1 . . . n], and
ti =

(F.1)

i−1
.
n−1

(F.2)

To evaluate the performance of the fit, an error metric was defined as the geodesic
distance between the last quaternion in the simulated set, and the same quaternion
using the best fit geodesic
E = k log

~
q1 exp w

∗

qm exp ~v



k.

(F.3)

The simulation was run for three different values of σ; π/32, π/16, and π/8. As
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Figure F.1: Plot of the mean and standard deviation of the best fit geodesic
error metric after taking the natural logarithm of the set to transform the
distribution closer to normal. The values are plotted for three different
levels of simulated Gaussian noise, with standard deviation σ, on the
eight quaternions used for fitting after 1000 simulation trials for each
noise level.
σ is increased, it is expected that the mean and standard deviation of E should also
increase. The Log-normal distribution of E provided the best statistical model fit
(based on the minimum information theoretical criterion estimate [9]). The mean
and standard deviation of E after 1000 simulations for the three different levels of
σ are shown in Figure F.1. To visualize the effectiveness of the proposed fitting
method in the presence of noise, axes indicating orientation defined by each quaternion are plotted for the noiseless, noisy, and estimated geodesic quaternions for one
of the simulations at σ = π/16 in Figure F.2. These results give confidence in the
proposed quaternion-based method.
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Figure F.2: A visual demonstration of fitting the rotation samples with axes
indicating the rotation orientation. The true rotations are equally sampled along a 90 degree rotation about the z-axis. The noisy rotations
have isotropic Gaussian noise (σ = π/16) applied to each sample. After fitting the best fit geodesic curve to the noisy samples, eight equally
spaced rotations are interpolated from the curve to provide the estimated
rotations.
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Appendix G

Linear Least Squares
Displacement Gradient
This appendix describes a method for calculating the gradient of a scalar field over
a small 3d region using linear least squares. This method is used in Chapter 6 for
the estimation of displacement gradients in the elasticity inversion algorithm.
Given one of the displacement components, uγ , along the γ th direction over a
small region of size n x × ny × nz , the spatial gradient is desired
 ∂uγ 
∂r x 
 ∂u
∇uγ =  ∂ryγ  ,
 ∂uγ 
 ∂rz 

(G.1)

where r represents spatial location, defined locally in the region. The derivatives
are modelled as partial slope coefficients which fit a hyperplane to the displacement
data
uγ = m x rx + my ry + mz rz + b,

(G.2)

where b is an offset parameter for the fitted hyperplane. The problem is stated in
matrix form as finding the least squares solution to
Ag = uγ,
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(G.3)

where
 b 
 
m x 
g =   ,
my 
 
 mz 

(G.4)

f
g
A = en x ny nz ×1 rx ry rx ,

(G.5)

and e is a vector of ones. Thus the linear least squares gradient over the region is
g = A| A

 −1
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A| uγ .

(G.6)

