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1.1 Main purpose of this work



1.1.1 Summary�of�contributions
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Chapter�2

Principles�of�surface�multiple
prediction�by�convolution



2.1 Exploration seismology
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2.1.1 The�recorded�wavefield



x t

x
x

p(x, t;x )

p

ω
p(x,ω;x )

2.1.2 Surface�multiples

2.2 A brief history of surface-multiple
removal



2.2.1 Predictive�deconvolution�filtering





2.2.2 Moveout�filtering



2.2.3 Beyond�filtering: prediction-subtraction�paradigms



2.3 Background on wavefield propagation
multiple prediction methods

2.3.1 Multiple�prediction�through�wavefield�convolution

⇤ =

Concatenation of raypath under convolution

=

Subtraction of raypath under cross-correlation

?



g(x,ω;x )
ω

pm
p(x,ω;x ) g

pm(x,ω;x ) =

∫

S
g(x,ω;x′)r(x,x′)p(x′,ω;x ) dx′.

S

x′

p g S

r
δ(x − x′)

−1

g
p

n n+1

p g

g
S

S
p g

po p
q po(x,ω;x ) = g(x,ω;x )q(ω)

g



⇤

=

Primary All surface multiples

multiple order
1 2 3 4 ... ∞

1 2 3 4 ... ∞

2.3.2 Propagation�based�on�estimated�subsurface�models

g



2.3.3 Propagation�based�on�recorded�data



2.4 Surface-related multiple elimination

g
p

2.4.1 Evolution�of�adaptive�subtraction�methods�for�SRME

ℓ2



2.4.2 3D SRME



2.5 Estimation of primaries by sparse
inversion

g

p

g
p

M(g, q; p)
g q

M(g, q; p) := F−1
ω

[
g(x,ω;x )q(ω) +

∫

S
g(x,ω;x′)r(x,x′)p(x′,ω;x ) dx′]

= po(x, t;x ) + pm(x, t;x )

= p(x, t;x ),



F−1
ω

2.5.1 Discretized�notation

g q

p
nt × nrcv × nsrc P nrcv × nsrc

M(g,q;p) = F−1
ω

[
Mω(G,Q;P)

]
,

Mω(G,Q;P) := GQ+GRP.

F−1
ω

GQ GRP

Q = q(ω)I
−1 R = −I
x

g
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g
g

g ℓ0

min
g, q
∥g∥0 f(g,q;p) ≤ σ,

f(g,q;p) := ∥p−M(g,q;p)∥2,

f(g,q;p)
M(g,q;p)

g
f(g,q;p)

2.5.2 Improvements�of�EPSI over�SRME
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2.5.3 The�EPSI formulation�and�its�relation�to�deconvolution

q

g

p = g ∗ q,

p q
∗



g q

q

g

−I

p = g ∗ q− g ∗ p
= g ∗ (q− p).

g ∗ q
g∗p



x w x ⇤ w

10x w/10 x ⇤ w

x w x ⇤ w

10x w/10 x ⇤ w

x w x ⇤ w

x(t+ .1) w(t� .1) x ⇤ w

x w x ⇤ w

x+ ⌘ w (x+ ⌘) ⇤ w

x w

ℓ1/ℓ2



50 100 150 200 250 300 350 400 450 500
-0.2

0

0.2

0.4

0.6
original signal (time domain)

5 10 15 20 25 30 35
-0.5

0

0.5

1
blur filter (time domain)

50 100 150 200 250 300 350 400 450 500
-0.4

-0.2

0

0.2

0.4

0.6
original observation (time domain)

g
q

p

(q− p) g

q
g

q
g p

g



50 100 150 200 250 300 350 400 450 500
-0.1

0

0.1

0.2

0.3
consistently scaled signal (time domain)

5 10 15 20 25 30 35
-1

0

1

2
scaled blur filter (time domain)

50 100 150 200 250 300 350 400 450 500
-0.4

-0.2

0

0.2

0.4

0.6
observation (time domain)

q
g p

g

q
g

2.6 Outline of the thesis
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Chapter�3

Robust�estimation�of�primaries
by ℓ1-norm�minimization



ℓ1

3.1 Motivation



ℓ1

3.2 EPSI in detail



ℓ1
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g(xr, t;x )

x x

g

g
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q(t)
p

q Q
Q = q(ω)I I

q(ω) R
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P = GQ+GRP.
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3.2.1 EPSI written�in�optimization�form

M
G Q

p = M(g,q;p)

M

M
p p = M(g,q)

M(g,q)
M

g q Mg̃

Mq̃ ∂M/∂q ∂M/∂g g̃
q̃

Mq̃g :=

(
∂M

∂g

)

q̃

g = M(g, q̃),

Mg̃q :=

(
∂M

∂q

)

g̃

q = M(g̃,q).

minimize
g,q∈Λ

∥p−M(g,q)∥2 ∥g∥0 ≤ ρ,

ℓ0 ∥g∥0 g
ρ

g̃ q̃
p M(g̃, 0)
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Λ q

q
t = 0 q(t) = 0 |t| ≥ T

q q

Q

g

M(g,q)
q

p
q

q
g

g̃ q̃

M(g,q)
g̃ q̃
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3.2.2 Optimizing�over�multiple�variables�in�the�EPSI algorithm

g
q

g q
q g

M(g,q)
fg̃(q) := 1

2∥p −Mg̃q∥22 fq̃(g) := 1
2∥p −

Mq̃g∥22

g̃k+1 ← argming fq̃k(g) ∥g∥0 ≤ ρ
q̃k+1 ← argminq fg̃k+1(q) q ∈ Λ
k ← k + 1
∥p−M(g̃k, q̃k)∥2

g̃k+1 q̃k+1

k

fq̃0(g) g̃ = 0
k = 1 q̃0 = 0

p ∥g̃∥0 ≤ ρ
S



ℓ1

g̃1 fg̃1(q)
q̃1

q̃ ∈ Λ

α β

g̃0, q̃0 ←
k ← 0

g̃k+1 ← g̃k + αS(∇fq̃k(gk))
q̃k+1 ← q̃k + β∇fg̃k+1(qk)

q̃k+1 q̃k+1 ∈ Λ
k ← k + 1
∥p−M(g̃k, q̃k)∥2 k = k

g̃
g̃ S

S
S

3.2.3 Unpredictable�nature�of�sparse�updates

S

∥g̃∥0 ≤ ρ
S ρ/ktot
g̃ ktot

ktot

ρ̃ ρ/ktot

S
ρ̃
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ρ̃
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g̃
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ρ̃ g̃

ρ̃
g̃
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ρ̃
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S

g̃

3.3 Robust EPSI
∥p−M(g,q)∥2

∥g∥0

ℓ1
g

q

ℓ1
g̃

q̃

g
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σ̃ p
g̃0 ←
q̃0 ← argminq ∥p−Mg̃0q∥22 q ∈ Λ
g̃0 ←

k ← 0 ℓ1 τ0 ← 0
SH SH = I

τk+1 ← σ̃ τk
x← argminx ∥p−Mq̃kS

Hx∥2 ∥x∥1 ≤ τk+1

g̃k+1 ← SHx
g̃k+1 sk+1

q̃k+1 ← argminq ∥p−Mg̃k+1q∥2 q ∈ Λ
g̃k+1 sk+1

k ← k + 1
∥p−M(g̃k, q̃k)∥2 ≤ σ̃

g̃k q̃k

3.3.1 Sparsity�via�basis�pursuit�(lines�7-15)

∥g∥0

∥g∥0
ℓ1 ∥g∥1

g̃k+1 ← argmin
g

∥g∥1 ∥p−Mq̃kg∥2 ≤ σ

q̃k+1 ← argmin
q

1

2
∥p−Mg̃k+1q∥

2
2 q ∈ Λ,

∥g∥1 σ
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ℓ0

q̃k+1

ℓ2
ℓ1

q
g

3.3.2 Key�insight�on�the�role�of�continuation�techniques�(line�8)



ℓ1

ℓ1 ℓ1

ℓ1

ℓ1

minimize
g

∥p−Mq̃g∥2 ∥g∥1 ≤ τ̃k,

τ̃k ℓ1
k
τ̃0 < τ̃1 < τ̃2 < . . . < τ̃k

τ̃k

τ̃k
ℓ1

τ̃ τ0 = 0

g̃
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�̃
⌧0 ⌧1 ⌧2 ⌧3

solution of Lasso problem
(used to improve q)

intermediate Lasso solutions

gradient update on g

Lasso problem

kp
�

M
q̃
g̃
k 2

⌧ := kg̃k1

g̃

σ̃ τ

g

τ̃k g̃k

q q
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3.3.3 Matching�for�the�source�wavelet�(lines�11-13)

g̃k

q

g̃

Λ
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g̃
p−M(g̃, 0)

q̃

Mq̃k

g̃k

τk+1

ℓ1 τ∗ σ̃

τ
Mq̃k τk+1

ℓ1
g̃k

ℓ1
g̃k

q
g̃k

g̃k sk
∥p−Mq̃k−1(skg̃k)∥2

ℓ1

sk =
g̃H
k MH

q̃k−1
p

∥Mq̃k−1 g̃k∥22
,



ℓ1

H

g̃k+1

sk τ
τ∗ sk

3.3.4 Incorporating�sparsifying�transforms�(lines�6, 9-10)

g̃

S

Mq̃

g̃ ℓ1

p g̃

SH

Mq̃

minimize
x

∥p−Mq̃S
Hx∥2 ∥x∥1 ≤ τ.



ℓ1

x̃k

g̃k = SH x̃k

q̃
A = Mq̃SH A = Mq̃

3.3.5 Initial�calibration�of�source�signature�(lines�2-4)

g̃
q̃0

p
g q̃ = 0

p

Mq̃k−1g =
M0g := M(g, 0)
s

M(g̃, 0)
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g g̃0
q̃0

q̃0

g̃ Λ
q q̃0

g̃0
g̃0 = 0

3.4 Numerical comparison with original
EPSI

√
ω Mq̃

g

S g̃
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S
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p̃ q̃

q
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±100

τ
ℓ2

p − M(g̃, q̃)

3.5 Additional numerical examples

3.5.1 Synthetic�Pluto�1.5�dataset
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3.5.2 Gulf�of�Suez�marine�data
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p −M(g̃, q̃)

M(g̃, 0)

3.6 Discussion

3.6.1 Robust�EPSI in�practice

g
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3.6.2 Computational�considerations

p M
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p

ℓ1

p

3.6.3 Other�future�extensions
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3.7 Summary
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Chapter�4

Mitigating�acquisition�gaps
using�scattering





4.1 Theory

4.1.1 Effects�of�incomplete�data�coverage

p

p

p p′ p′′

p p = p′ + p′′ p

p′ K

p′′ Kc := I − K

p = p′ + p′′ = Kp+Kcp.

A
G P A

P′ = KP := A ◦ P
P′′ = KcP

p p′
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Mω(G,Q,P′′;P′) := GQ+GR(P′ +P′′),



p′′

min
g, q, p′′

∥g∥1 f(g,q,p′′;p′) ≤ σ,

f(g,q,p′′;p′) := ∥p′ + p′′ −M(g,q,p′′;p′)∥2.

g p′′

p′′

G

p′′

g p′′

P′′ = KcP = Kc
[
GQ+GRP′ +GRP′′],

P′′ G
∂p′′/∂g

∂g/∂p′′ p′′

g ∂p′′/∂g ∂g/∂p′′

Q−1 q
p′′

g q p′

4.1.2 Deterministic�correction�of�surface�multiple�prediction�by
scattering�terms

p′′

M̃ p′′



M̃

M̃ω(G,Q;P′) = K
[
(GQ+GRP′)

+ GRKc(GQ+GRP′)
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Multilevel�acceleration�strategy
for�Robust�EPSI
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5.2 Low-pass filter, subsampling, and their
effects on EPSI
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5.2.1 Expected�computational�savings�due�to�subsampling
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5.3 A multilevel strategy for REPSI
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5.4 Numerical example
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6.2 Future research directions



q
R



Bibliography

→

→

→

→

→

→

→

→



→

→

→

→

→

→

→

→

→

→

→



→

→

→

→

→

→

→

→

→

→

→



→

→

→

→

→

→

→

→

→

→

→

→



→

→

→

→

→

→

→

→

→

→

→



→

→

→

→

→

→

→

→

→

→

→

→



→

→

→

→

→

→

→

→

→

→

→



→

→

→

→

→

→

→

→

→

→

→

→



→

→

→

→

→

→

→

→

→

→

→

→

→



→

→

→

→

→

→

→

→

→

→

→

→



→

→

→

→

→

→

→

→

→

→

→



→



Appendix�A

Pareto�root-finding�for�the
minimum ℓ1-norm�solution
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