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Abstract

The Cosmic Microwave Background (CMB) radiation, photons free-streaming

from their last scattering surface at z' 1090, is currently our main source of infor-

mation about the origin and history of the Universe. The vast recent advancement

in technology has led to new possibilities for gathering data especially detecting

the CMB with high accuracy. The goal of the two projects studied in this thesis is

to improve the cosmological perturbation theory to better test cosmology with the

upcoming data.

In chapter 4 we explore the effect of Rayleigh scattering on the CMB and cos-

mic structure. During and after recombination, in addition to Thomson scattering

with free electrons, photons also coupled to neutral hydrogen and helium atoms

through Rayleigh scattering. The frequency-dependence of the Rayleigh cross sec-

tion breaks the thermal nature of CMB temperature and polarization anisotropies

and effectively doubles the number of variables needed to describe CMB intensity

and polarization statistics, while the additional atomic coupling changes the matter

distribution and the lensing of the CMB. We introduce a new method to capture

the effects of Rayleigh scattering on cosmological power spectra. We show the

Rayleigh signal, especially the cross-spectra between the thermal (Rayleigh) E-

polarization and Rayleigh (thermal) intensity signal, may be detectable with future

CMB missions even in the presence of foregrounds, and how this new information

might help to better constrain the cosmological parameters.

In chapter 5 we study the Cosmic Neutrino Background (CNB). In addition to

the CMB, the standard cosmological model also predicts that neutrinos were de-
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coupled from the rest of the cosmic plasma when the age of the Universe was less

than one second, far earlier than the photons. We study the anisotropy of the CNB

and for the first time present the full CNB anisotropy power spectrum at large and

small scales both for a massless and massive neutrinos. We also show that how

presence of nonstandard neutrino self-interactions compatible with current cosmo-

logical data alters the CNB power spectrum.
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This thesis is partly based on one published paper and one manuscript that is

close to submission.

A version of chapter 4 has been published. Aside from calculating the Rayleigh

scattering cross section in the necessary limit (section 4.2) which was done by Kris
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made the plots and drafted the manuscript. Professor Sigurdson provided guidance

and comments on the manuscript. The Boltzmann code (CAMB) used in this chap-

ter was provided by Dr. Antony Lewis, however I heavily modified this code for

this project. Most of this chapter is contained in the following paper: E. Alipour,

K. Sigurdson, Ch. M. Hirata, Physical Review D, 91, 083520 (2015)
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Chapter 1

Introduction

We are now entering a golden era of cosmology. Recent advances in tech-

nology are opening up new possibilities for gathering data. Complementing that,

there has been a dramatic theoretical development in the last couple of decades. In

particular, comprehensive models, such as inflation, have emerged which describe

how the Universe evolved in its earliest stages and how galaxies and other struc-

tures began to form. Inflation predicts that the Universe exponentially expanded

just a short time after the Big Bang, and a scale-invariant spectrum of density fluc-

tuations was generated. These primordial perturbations evolved and grew through

time to form the distribution of large-scale structure that we see today. This theory

has numerous characteristic signatures that allow it to be tested by observational

data. One phenomenon which allows us to probe these signatures is the spectrum

of temperature and polarization anisotropies in the Cosmic Microwave Background

(CMB) radiation. The CMB is a form of polarized electromagnetic radiation filling

the entire Universe at a temperature 2.725K that is almost, but not quite, uniform.

The goal of my work is to improve cosmological perturbation theory in order

to be able to better test cosmology with the upcoming data. In the past decade

the Wilkinson Microwave Anisotropy Probe (WMAP) has provided us with precise

measurements of CMB anisotropies [3] and, complemented by next-generation

ground based experiments such as South Pole Telescope (SPT) [4] and Atacama

Cosmology Telescope (ACT) [5], the Planck satellite has now characterized the

microwave background anisotropies even to a higher precision [2]. Future mea-
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surements may even probe CMB anisotropies with more frequencies and higher

precision (e.g., Polarized Radiation Imaging and Spectroscopy Mission (PRISM)

[6] or The Primordial Inflation Explorer (PIXIE) [7]). This dramatic improvement

in the observations challenges theorists to improve the level of their calculations.

The focus of the projects in this thesis is to pursue this direction.

We begin the thesis by briefly reviewing some elements of the standard cos-

mology in section 1.1. In sections 1.2 and 1.3 we present an introduction to the

recombination and the cosmic microwave background respectively. Finally we

give a brief summary of each thesis chapter. Note that throughout this thesis we

use units in which

h̄ = c = kB = 1. (1.1)

1.1 The standard cosmological model
The current well accepted model of cosmology is called the standard model of

Big Bang cosmology also known as Lambda Cold Dark Matter model (ΛCDM).

This model describes an expanding Universe that on large enough scales, based on

cosmological principle, is both homogeneous and isotropic. A homogeneous space

is one that is translation invariant, or the same at every point. An isotropic space

is one which is rotationally invariant, or the same in every direction. According to

this model, supported by observations ([8], [9], [10] and [11]), only a small fraction

of the Universe consists of radiation and baryonic matter that we are familiar with

from our everyday experience. The dominant components of the Universe today

are cold dark matter and dark energy.

Cold dark matter is a form of matter that while gravitationally acts the same

way as normal visible matter, its particles interact very weakly with electromag-

netic radiation (they are dark) and are non-relativistic (they are cold). Dark energy

is the most accepted hypothesis to explain the observed acceleration of the expan-

sion of the Universe. The letter Λ in ΛCDM model stands for cosmological con-

stant, the constant energy density filling space homogeneously, which is a sample

proposed and often accepted form of dark energy.

This standard observationally consistent cosmological model still however has

some unsolved problems. The Universe appears to be statistically homogenous and
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isotropic at large scales. The observed CMB has the same temperature across the

regions on the sky separated by large enough distances that according to this model,

have never been in casual contact [12]. This homogeneity problem is often called

the horizon problem. Another problem is the flatness problem. The current energy

density of the Universe is observed to be very close to the critical value required to

make the Universe flat [13]. Since the total density departs rapidly from the critical

value with time, the energy density would have to be fine-tuned to be extremely

close to the critical density at the Big Bang.

Inflation was initially introduced to solve the problems mentioned above. Ac-

cording to the theory of inflation, the early Universe expanded exponentially fast

for a short time period after the Big Bang. Before this period of inflation, the entire

Universe could have been in causal contact and equilibrated to a common tem-

perature, giving the same initial condition everywhere. Widely separated regions

today were actually very close together in the early Universe, solving the horizon

problem. Additionally, an exponential expansion drives the Universe to flatness

resolving the flatness problem [14]. More importantly, inflation provides a mech-

anism for generating the observed density fluctuations observed today. Since it is

very difficult to test a theory based on energy scales far beyond the reach of the

accelerators, we can not be certain that inflation is the mechanism explaining the

initial condition of the Universe. However, it is by far the most plausible explana-

tion.

The evolution of the Universe before 10−10 seconds (1 TeV) is not well un-

derstood due to very high energy scales and therefore the physics of this era is

speculative. However, we know that we need a mechanism such as inflation in the

very early universe (∼ 10−34 seconds) to solve the horizon and flatness problems

and also to generate the seed for primordial fluctuations. We also need baryogene-

sis, a process that produced an asymmetry between baryons and antibaryons in the

very early universe, and also a mechanism to create dark matter.

The history of the Universe from 10−10 seconds to today is better understood

since it is based on tested physical theories like the standard model of particle

physics, general relativity and fluid dynamics. Here, we summarize the cosmic

history of the Universe after this time on the basis of Ref. [14].

Below 100 GeV, electroweak symmetry breaking occurs, the Z and W± bosons
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acquire mass and the weak interaction weakens as the temperature of the Universe

drops. Around 100 MeV, the temperature of the Universe is cool enough for quarks

to form hadrons. Around 1 MeV neutrinos decouple from the rest of the plasma.

As the temperature drops below the electron mass, 0.511 MeV, electron-positron

annihilation happens. Around 0.1 MeV, during Big Bang nucleosynthesis, protons

and neutrons begin to combine into atomic nuclei in the process of nuclear fusion.

The energy density of matter dominates over that of radiation at T ' 1 eV. As

the temperature falls below ∼ 0.1 eV, the neutral hydrogen atoms begin to form

and photons decouple. Therefore the relic photons travelling freely from this point

to us can tell us about the condition of the Universe when it was roughly 380000

years old.

1.2 Recombination
Hydrogen and helium atoms begin to form about 380000 years after the Big

Bang. Before this time they are ionized. As the Universe expands and cools down,

electrons get captured by the ions, forming electrically neutral atoms. This process

is known as recombination.

The cosmic ionization history is generally described in terms of the free elec-

tron fraction xe as a function of time:

xe =
ne

ne +nH
, (1.2)

where ne is the number density of free electrons and nH that of atomic hydrogen.

While the recombination process (p+H−↔H +γ) is fast compared to the expan-

sion of the Universe, the ionization fraction obeys an equilibrium distribution. The

equilibrium situation is described by the Saha equation [1]:

x2
e

1− xe
=

1
ne +nH

(
meT
2π

)3/2e−B/T , (1.3)

where me is the mass of electron, T is the temperature of plasma and B = 13.6 eV

is the binding energy.

Due to high photon-baryon ratio (109), at T = B = 13.6 eV, any produced hy-

drogen atoms will be instantaneously ionized. When the temperature drops below
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0.3 eV at redshift z = 1000, far below the binding energy, the ionization rate be-

comes too slow to keep the equilibrium since there are not enough photons in the

Wien tail to keep ionizing the hydrogen atoms.

The Saha equation is good for describing the initial departure from full ioniza-

tion, but the equilibrium breaks down shortly after recombination starts. Therefore

the full Boltzmann equation must be solved to find the evolution of the free elec-

tron fraction. The direct recombination to the ground state is not relevant since

photons emitted from direct recombination can easily re-ionize the nearby neutral

atoms. The only way for recombination to happen is via capture to one of the ex-

cited states of hydrogen. Photons emitted by electrons going from first excited state

to the ground state can escape re-absorption by redshifting out of the line, but the

probability for this is very low. The other way for electrons to move from the first

excited state to the ground state is through the 2s-ls two-photon transition. Photons

emitted by this transition can escape re-absorption. The exact solution and Saha

approximation for the free electron fraction are plotted in Figure 1.1.[1]

1.3 Cosmic Microwave Background
The Cosmic Microwave Background, photons free-streaming from their last

scattering surface at redshift z ' 1100, is currently our main source of informa-

tion about the origin and history of the Universe. The CMB has a thermal black

body spectrum at temperature of 2.725 K. Historically, the CMB was accidentally

observed first at 1964 by Penzias and Wilson who noticed excess noise in their

receiver while working on an antenna to detect radio waves bounced off metallic

balloons in the atmosphere [15]. In 1992, the Cosmic Background Explorer (COBE)

[16] observed small fluctuations of order one in 105 in temperature of the CMB.

Later, more advanced experiments such as WMAP [3] and Planck [2] have char-

acterized the anisotropies with higher accuracy. In Figure 1.2 we show the CMB

temperature perturbation map seen by Planck.

According to the inflationary cosmological model, the quantum fluctuations in

the inflation field provided seed for the density perturbations. Below a temperature

of ∼ 0.1 MeV, the early universe was made of a hot interacting plasma of photons,

electron and protons. The photons and electrons were tightly coupled by Thomson
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Figure 1.1: The exact solution and Saha approximation for the free electron
fraction as a function of redshift [1].

Figure 1.2: The Cosmic microwave background temperature perturbation
map as seen by Planck [2].
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scattering and since the mean free path of photons (the mean distance each photon

could travel before encountering an electron) was short, the plasma was opaque

to the electromagnetic radiation. As the Universe expanded and the temperature

dropped, the electrons and protons combined to form hydrogen atoms. At this

point, which is called recombination or the epoch of last scattering, the photons

stopped interacting with the electrically neutral hydrogen atoms and they travelled

through the Universe without interacting with matter. Hence, the Universe be-

came transparent. After photon decoupling, the Universe continued expanding and

cooling and therefore the wavelengths of photons have redshifted to roughly one

millimetre and their temperature has cooled down to∼ 2.725 K. These photons are

the CMB photons that we observe today.

Radiation pressure prevents photon anisotropies from growing due to gravi-

tational instability (in contrast to matter inhomogeneities), therefore the photon

perturbations remain small and their evolution falls almost entirely in the domain

of linear perturbation theory. They are only influenced a little by the non-linear

processes of galaxy formation and therefore we can compute them very precisely.

This makes the CMB an excellent source of information about the early Universe

since it basically gives a snapshot of the Universe when it was only 380000 years

old.

The CMB temperature map is close to a Gaussian random field and therefore

to the extent that it is Gaussian, the statistical properties of the temperature map

can be described by its power spectrum. The CMB temperature power spectrum

observed by Planck is shown in Figure 1.3 [2].

The temperature power spectrum has a series of peaks and troughs. This char-

acteristic peak structure arises due to the physics of the photon-baryon plasma in

the early Universe. The pressure of photons tends to erase anisotropies whereas

the gravitational attraction of baryons makes them tend to collapse. The compe-

tition between these two effects leads to the acoustic oscillations. The peaks and

troughs in the spectrum are a signature of this oscillations in the plasma. The peaks

come from waves at an extrema of their oscillation, either maximally compressed

or rarefied.

The peaks contain interesting physical information. The angular scale of the

first peak tells us about the curvature of the Universe [17], [18]. The first peak cor-
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Figure 1.3: The CMB temperature anisotropy power spectrum as a function
of angular scale l observed by Planck [2]. The red curve on the upper
panel shows the best fit ΛCDM theoretical spectrum and the residuals
with respect to this model are shown in the lower panel.

responds to the fundamental acoustic mode, the first mode that reached maximum

at the time of recombination. The physical scale of this mode is well understood so

the angular scale that we observe on the sky depends on the angular diameter dis-

tance to the last scattering surface which depends on the curvature of the Universe.

The ratio of the even peaks to the odd peaks can be used to determine the

baryon density of the Universe [17], [18]. Baryons load down the photon-baryon

oscillations which means the compressions in potential wells got enhanced over

rarefactions. This means that the amplitudes of the odd peaks are enhanced over

even peaks.

Another feature of the CMB temperature power spectrum is damping of the

oscillations at smaller scales, which is called Silk damping or diffusion damping.

Silk damping is caused by the finite thickness of the last scattering surface; since

photons move a mean distance during the decoupling, any perturbation on scales
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smaller than this distance will be washed out.

In addition to the intensity of the CMB, its polarization also gives to further

information. There are two types of polarization patterns: the E-mode (curl-free

component of the polarizations); and B-mode (curl component). The E-mode, sim-

ilar to the temperature fluctuations, reflects the recombination history. The detec-

tion of the B-mode polarization, which is not sourced by standard scalar type per-

turbations, can tell us about inflation and physics beyond the standard model of

particle physics.

Studying the CMB temperature and polarization anisotropy power spectra pro-

vides us with much information about many important cosmological parameters

such as the curvature of the Universe, the dark matter and baryon densities, the

amplitude and slope of the primordial power spectrum, and the number of rela-

tivistic species present at photon decoupling.

1.4 Outline of the thesis
This thesis is organized as follows:

In chapter 2 we briefly review the linear cosmological perturbation theory

which is a very powerful tool to describe how primordially-generated perturbations

in matter and radiation grow due to gravitational instability to form the structures

that we see in the Universe today. First we present the background equations gov-

erning the evolution of a homogenous and isotopic universe filled with radiation,

matter and dark energy. Then we derive the linearized governing equations for

a perfect fluid in a perturbed universe in synchronous and conformal Newtonian

gauges.

Chapter 3 presents an overview of the CMB anisotropy and the derivation of

its temperature and polarization angular power spectrum. We also discuss how

foreground contamination is an obstacle in detecting the CMB anisotropies. Fore-

grounds are any emissions that confuse the primordial CMB signal after the time

of last scattering.

In chapter 4 we study the effects of Rayleigh scattering on the CMB and cosmic

structure. Rayleigh scattering from neutral hydrogen during and after recombina-

tion causes the CMB anisotropies to be frequency dependent and alters the distri-
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bution of matter in the Universe. We introduce a new method to capture the effects

of Rayleigh scattering on cosmological power spectra. Also a discussion about the

detectibility of Rayleigh signal with future CMB missions even in the presence of

foregrounds has been given in this chapter.

In addition to the CMB, the standard model also provides us with cosmic neu-

trino background (CNB), the relic neutrinos which travelled to us freely from

when the Universe was only less than one second old. In chapter 5 we study

the anisotropy of the Cosmic Neutrino Background (CNB) and derive the full

CNB anisotropy power spectrum at large and small scales both for a massless and

massive neutrinos. We also discuss how presence of nonstandard neutrino self-

interactions which are compatible with the current cosmological data modifies the

CNB power spectrum.
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Chapter 2

The linear cosmological
perturbation theory

Linear cosmological perturbation theory is an extremely useful tool to describe

how primordially-generated fluctuations in matter and radiation grow to form the

structures that exist in the Universe today through gravitational instability. Linear

perturbation theory can be formulated since these fluctuations remain small for a

large part of cosmic history.

In this theory, to compute the growth of small perturbations in the context of

general relativity, one need to solve the Einstein equations linearized about an ex-

panding background. The use of general relativity introduces some complications

related to gauge freedom, i.e., the choice of coordinate system; Physical variables

must be independent of this choice. Lifshitz [19] pioneered the early work on per-

turbations. He adopted the synchronous gauge for his coordinate system which is

still used in many recent works due to the fact that equations in this particular gauge

are more numerically stable than in other gauges. However there are some com-

plications associated with using this gauge such as the appearance of coordinate

artifacts or gauge modes. One way to deal with this gauge problem is to carefully

keep track of physical and gauge modes. A different approach to this problem

was taken by Bardeen [20] by introducing gauge-invariant variables and therefore

removing the gauge artifacts. A thorough review of gauge-invariant perturbation

theory is given in Ref. [21].
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According to the decomposition theorem, linear perturbations to the homoge-

nous and isotropic metric can be divided into three types: scalar, vector and tensor.

This classification refers to the way each type transforms under spatial transfor-

mations. In this thesis we only follow the evolution of scalar perturbations and

since each of these types of perturbations evolve independently we do not need to

worry about the possible vector or tensor perturbations. For scalar perturbations,

the most convenient and common gauge to use is the conformal Newtonian gauge

in which the two scalar fields describing the metric perturbations are identical to

the gauge-invariant variables constructed by Bardeen.

In this section we present the Einstein, Boltzmann and fluid equations for the

metric and density perturbations in the two most common gauges: synchronous

gauge and conformal Newtonian gauge. We largely follow the notation and equa-

tions of Ref. [22].

2.1 Background equations
The metric describing the geometry of an isotropic and homogenous spacetime

is the Friedmann-Robertson-Walker (FRW) metric gµν [1]. The line element is

given by

ds2 = gµνdxµdxν =−dt2 +a2(t)γi jdxidx j, (2.1)

where t is the coordinate time, a(t) is a function that only depends on time and is

called the scale factor and γi j is the metric tensor on spatial hypersurfaces. Since

current observations are consistent with a flat or very nearly flat universe we adopt

this choice henceforth and write the line element as

ds2 =−dt2 +a2(t)δi jdxidx j, (2.2)

where δi j is the Kronecker delta. An important quantity characterizing the FRW

spacetime is the Hubble rate H which measures how rapidly the scale factor changes:

H =
da/dt

a
. (2.3)

The Hubble rate has unit of inverse time. The Hubble time (t ∼H−1) sets the scale

for the age of the Universe and the Hubble length (d ∼ cH−1) sets the size of the
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observable universe. The dynamic evolution of the scale factor a(t) is determined

by the Einstein equation:

Gµν = 8πGTµν , (2.4)

where the left-hand side Gµν is the Einstein tensor which denotes the curvature

of the Universe and is very straight-forward to obtain for a homogenous FRW

spacetime [1]. G is the the Newton’s gravitational constant and Tµν is the energy

momentum tensor.

For a perfect fluid the energy momentum tensor has the following form:

Tµν = Pgµν +(ρ +P)U µUν , (2.5)

where ρ is the energy density of the fluid, P is the pressure and Uµ = dxµ/
√
−ds2

is the four-velocity of the fluid.

The Einstein equations give the following evolution equations for the scale

factor which are called the Friedmann equations:

H2 = (
da/dt

a
)2 =

8πG
3

ρ (2.6)

d2a/dt2

a
=−8πG

6
(ρ +3P) (2.7)

The second Friedmann equation implies that in an expanding Universe with ordi-

nary matter (ρ + 3P > 0), d2a/dt2 < 0 which means there is a singularity in the

finite past (a(t = 0) = 0). This could be an indication of the breakdown of General

Relativity at high energy scales.

The two Friedmann equations can be combined to obtain the continuity equa-

tion
dρ

dt
+3H(ρ +P) = 0. (2.8)

Defining the equation of state parameter w = P/ρ , the continuity equation may be

integrated to give

ρ ∝ a−3(1+w), (2.9)
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and the scale factor evolves as

a ∝

{
t2/3(1+w) w 6=−1

eHt w =−1
(2.10)

Now we highlight the evolution of scale factor and the energy density in differ-

ent eras of the Universe. In a radiation dominated universe which is filled with

relativistic particles, the equation of state parameter is w = 1/3 which gives

ρ ∝ a−4 and a ∝ t1/2. (2.11)

The next epoch is the matter dominated era where the Universe is filled with non-

relativistic matter (w = 0). In this epoch:

ρ ∝ a−3 and a ∝ t2/3. (2.12)

The last epoch is dominated by cosmological constant (w =−1) which results in:

ρ ∝ a0 and a ∝ eHt . (2.13)

2.2 Metric perturbations
Now we allow for small perturbations in the flat FRW metric that break homo-

geneity and isotropy. It’s often convenient to use, instead of t, the conformal time

coordinate τ defined as dτ = dt/a. In synchronous gauge the line element is given

by

ds2 = a2(τ){−dτ
2 +(δi j +hi j)dxidx j}. (2.14)

In this gauge the g00 and g0i components of the metric are left unperturbed and

only the spatial part of it has perturbations hi j. Therefore τ defines proper time

for all comoving observers. In this section we will be working in Fourier space

with variable k. According to the decomposition theorem, the metric perturbation

hi j can be decomposed to scalar, vector and tensors modes. By introducing two

scalar fields h(~k,τ) and η(~k,τ) in k-space, we can write the scalar mode of hi j as a
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Fourier integral [22]:

hi j(~x,τ) =
∫

d3kei~k.~x{k̂ik̂ jh(~k,τ)+(k̂ik̂ j−
1
3

δi j)6η(~k,τ)}. (2.15)

Note that h is the trace of hi j. The drawback of this gauge is that it is not uniquely

defined by the synchronous gauge condition. There is still the freedom to make fur-

ther transformations and remain within the gauge since the spacelike hypersurface

at t = 0 can be chosen arbitrarily. This can introduce, in addition to the physical

modes, coordinate artifacts.

The line element in the conformal Newtonian gauge is given as

ds2 = a2(τ){−(1+2ψ)dτ
2 +(1−2φ)dxidxi}, (2.16)

where φ and ψ are two scalar potentials. The Newtonian coordinates and metric

perturbations in this gauge are defined uniquely, which means there are no gauge

modes in this gauge and all solutions are physical. This can also be realized by

noticing that the two scalar potentials in this gauge are equal to the gauge-invariant

variables ΦA and ΦH introduced by Bardeen in Ref. [20].

ψ = ΦA, φ =−ΦH . (2.17)

Another advantage of working in this gauge is that ψ plays the role of gravitational

potential in the Newtonian limit. Also since the perturbed metric in this gauge is

diagonal, calculations in this gauge are simpler.

2.3 Linearized Einstein equations
The background evolution equations for an homogenous and isotropic universe

are presented in section 2.1. In this section we derive the linearized governing

equations for a perfect fluid in a perturbed FRW universe in the synchronous gauge

and conformal Newtonian gauge.

To solve the linearized Einstein equations, we first perturb the energy-momentum

15



tensor of a perfect fluid given in 2.5 as

δT 0
0 = −δρ, (2.18)

δT 0
i = (ρ +P)vi,

δT i
j = δPδ

i
j +Σ

i
j,

where δρ and δP are the energy density and pressure perturbations respectively,

vi is the velocity perturbation and Σi
j is the anisotropic shear perturbation which is

the traceless component of T i
j .

We solve the Einstein equations in Fourier space k. The linearized Einstein

equations in both synchronous and conformal Newtonian gauges are given as [22]:

In synchronous gauge :

k2
η− 1

2
ȧ
a

ḣ = −4πGa2
δρ(Syn), (2.19)

k2
η̇ = 4πGa2(ρ +P)θ(Syn),

ḧ+2
ȧ
a

ḣ−2k2
η = −24πGa2

δP(Syn,)

ḧ+6η̈ +2
ȧ
a
(ḣ+6η̇)−2k2

η = −24πGa2(ρ +P)σ(Syn).

In con f ormal Newtonian gauge :

k2
φ +3

ȧ
a
(φ̇ +

ȧ
a

ψ) = −4πGa2
δρ(Con), (2.20)

k2(φ̇ +
ȧ
a

ψ) = 4πGa2(ρ +P)θ(Con),

φ̈ +
ȧ
a
(ψ̇ +2φ̇)+(2

ä
a
− ȧ2

a2 )ψ +
k2

3
(φ −ψ) = 4πGa2

δP(Con),

k2(φ −ψ) = 12πGa2(ρ +P)σ(Con).

The label “Syn” and “Con” is used to distinguish the components of energy-momentum

tensor in the two gauges from each other. Here, overdots denote derivatives with

respect to the conformal time τ . The variable θ is the divergence of the fluid ve-

locity θ = ik jv j and σ is defined as (ρ +P)σ =−(k̂ik̂ j− 1
3 δi j)Σ

i
j.
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2.4 Boltzmann equation
The Boltzmann equation gives us the evolution of the perturbed phase space

distribution functions. The phase space distribution of the particles gives the num-

ber of particles per unit volume in single-particle phase space. The equation relates

how the distribution function of each component evolves with time taking into ac-

count the interactions with other species. The Boltzmann equation states:

d f
dτ

=
∂ f
∂τ

+
∂ f
∂xi

∂xi

∂τ
+

∂ f
∂ pµ

∂ pµ

∂τ
=C[ f ]. (2.21)

The right-hand side, C[ f ], contains all possible collision terms, xi is the position of

particles and pµ is the proper momentum, the momentum measured by an observer

at fixed spatial coordinates. For convenience, we introduce the comoving momen-

tum qi = api and the comoving energy ε = a
√

p2 +m2 where m is the mass of the

particle. Moreover, we write the comoving momentum in terms of its magnitude

and its direction ~q = qn̂. Expanding the distribution function up to the first order

leads to:

f (~x,q, n̂,τ) = f0(q)[1+Ψ(~x,q, n̂,τ)], (2.22)

where f0(q) is the zeroth-order distribution function and Ψ(~x,q, n̂,τ) is the pertur-

bation to this distribution function. The function f0(q) for fermions is the Fermi-

Dirac distribution (positive sign in Eq. 2.23) and for bosons is the Bose-Einstein

distribution (negative sign in Eq. 2.23):

f0(q) =
1

eε/kBT0±1
, (2.23)

where kB is the Boltzmann constant and T0 = aT is the temperature of the particles

today. Using the geodesic equations, one can estimate ∂ pµ/∂τ in Eq. 2.21 in

the two gauges we are interested in. Then the Boltzmann equation leads to the

following evolution equations for the perturbation of distribution function in k-

space:

In synchronous gauge :

∂Ψ

∂τ
+ i

q
ε
(~k.n̂)Ψ+

dln f0

dlnq
[η̇− ḣ+6η̇

2
(~k.n̂)2] =

1
f0

C[ f ]. (2.24)
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In con f ormal Newtonian gauge :

∂Ψ

∂τ
+ i

q
ε
(~k.n̂)Ψ+

dln f0

dlnq
[φ̇ − i

ε

q
(~k.n̂)ψ] =

1
f0

C[ f ]. (2.25)

Since in the previous section we wrote Einstein equations in terms of the per-

turbations in energy-momentum tensor δT µ

ν , we need to find the relation between

δT µ

ν and the perturbation in the distribution function Ψ. The general energy-

momentum tensor written in terms of the distribution function is given by [22]:

Tµν =
∫

dP1dP2dP3(−g)−1/2 PµPν

P0 f (~x,~P,τ), (2.26)

where Pµ is the canonical momentum and g denotes the determinant of the metric

gµν . Using the perturbed distribution function, the components of the energy-

momentum tensor to linear order in the perturbations can be written as

T 0
0 = −(ρ +δρ) =−a−4

∫
q2dqdΩ

√
q2 +m2a2 f0(q)(1+Ψ), (2.27)

T 0
i = (ρ +P)vi = a−4

∫
q2dqdΩqni f0(q)Ψ,

T i
j = (P+δP)δ i

j +Σ
i
j = a−4

∫
q2dqdΩ

q2nin j√
q2 +m2a2

f0(q)(1+Ψ),

where dΩ is the solid angle associated with direction n̂.
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Chapter 3

The Cosmic Microwave
Background anisotropy

In this chapter we briefly review the physics and the statistical interpretation of

CMB temperature and polarization fluctuations.

3.1 Temperature anisotropies
Photons evolve differently before and after recombination. Before recombina-

tion, the rate of the Thomson scattering, which couples photons and electrons, is

much larger than the rate of the expansion of the Universe. As a result, photons

and baryons behave as a single tightly coupled fluid. The differential cross sec-

tion dσ/dΩ, defined as the radiated intensity per unit solid angle divided by the

incoming intensity per unit area, for Thomson scattering is given by [22]:

dσ

dΩ
=

3σT

16π
(1+ cos2

α), (3.1)

where σT = 0.6652× 10−24cm2 is the total Thomson cross section and α is the

scattering angle.

After recombination, the rate of the Thomson scattering becomes smaller than

the rate of the expansion of the Universe, photons travel almost freely and the

Universe becomes transparent.
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To quantify the evolution of the CMB temperature anisotropies, we expand the

photon distribution function about its zero-order Bose-Einstein value:

f (~x, p, n̂,τ) = [e
p

T (τ)[1+θI (~x,n̂,τ)] −1]−1, (3.2)

where~x, p and n̂ are the position, the magnitude of the momentum and the direction

of the momentum respectively. T (τ) is the temperature of photons and θI(~x, n̂,τ)

is the intensity or temperature perturbation. The temperature perturbation does not

depend on p since the magnitude of the photon momentum is virtually unchanged

during a Thomson scattering. The temperature perturbation θI is related to the

distribution perturbation Ψ in Eq. 2.22 by

θI =−[
dln f0

dlnp
]−1

Ψ. (3.3)

We solve the evolution of the temperature perturbation θI in Fourier k space. We

expand θI in Legendre series:

θI(~k, n̂,τ) =
∞

∑
l=0

(−i)l(2l +1)θIl(~k,τ)Pl(µ). (3.4)

The cosine of the angle between the wavenumber ~k and the photon direction n̂

is defined to be µ = k̂ · n̂ and Pl(µ) is the Legendre polynomial of order l. The

monopole of photon distribution θI0 correspond to l = 0, dipole θI1 to l = 1, etc.

Now we can write the Boltzmann equations for photons in both synchronous

and conformal Newtonian gauges which govern the evolution of photon tempera-

ture perturbations [1]:

In synchronous gauge :

θ̇I + ikµθI− (η̇− ḣ+6η̇

2
µ

2) = neσT a[θI0−θI +µvb−
1
2

P2(µ)Π]. (3.5)

In con f ormal Newtonian gauge :

θ̇I + ikµθI− φ̇ + ikµψ = neσT a[θI0−θI +µvb−
1
2

P2(µ)Π]. (3.6)
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h and η are the two scalar metric perturbations in synchronous gauge and φ and ψ

are metric perturbations in conformal Newtonian gauge, ne and vb are the proper

mean density and velocity of electrons, and Π is defined as

Π = θI2 +θE0 +θE2, (3.7)

where θE0 and θE2 are monopole and quadrupole of E-polarization perturbation.

3.1.1 Temperature power spectrum

To extract information about the Universe from the observational data, the Leg-

endre transformation of the two-point correlation function of the CMB fluctua-

tions, the CMB power spectrum, is often used. To connect the observed anisotropy

power spectrum to the θIl variable, we expand the temperature perturbation field

θI(~k, n̂,τ) in terms of spherical harmonics Ylm:

θI(~k, n̂,τ) =
∞

∑
l=1

l

∑
m=−l

almYlm(n̂). (3.8)

Since the spherical harmonics are a complete basis for functions on the surface of

a sphere, all the information in the temperature field is contained in the amplitudes

alm. The mean value of alm’s is zero but they have non-zero variance (angular

power spectrum) which is defined as:

Cl =
1

2l +1 ∑
m
〈alma∗lm〉, or 〈alma∗l′m′〉= δll′δmm′Cl. (3.9)

The angular power spectrum Cl is an important tool in the statistical analysis of the

CMB. This power spectrum gives the cosmological information contained in the

millions of pixels of a CMB map in terms of a much more compact data represen-

tation. The relation between Cl and θl is given by [1]:

Cl = 4π

∫
∞

0
k2dkPψ(k)|θIl(k,τ = τ0)|2, (3.10)

where Pψ(k) is the primordial potential fluctuation power spectrum which contains

information about the initial condition of the Universe.
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3.2 Polarization anisotropies
In addition to anisotropies in the CMB temperature, we expect the CMB to

become polarized via Thomson scattering. Thomson scattering allows all the radi-

ation transverse to the outgoing direction to pass through unimpeded, while stop-

ping any radiation parallel to the outgoing direction. If in the rest frame of the

electron, the incident radiation has the same intensity in every direction, then the

outgoing radiation remains unpolarized because orthogonal polarization directions

cancel out. Only if the incoming radiation field has a quadrupole component, the

outgoing incident will be polarized [1] and [23]. As before photon decoupling

the electrons and photons are tightly coupled, the photon quadrupole is relatively

small and we expect the polarization perturbations to be smaller than the tempera-

ture anisotropies.

Polarized light is usually described in terms of the Stokes parameters. Consider

a monochromatic plane electromagnetic wave with frequency ω0 propagating in the

z direction. Its electric field vector at any given point in space can be written as

Ex = Ax(t)cos[ω0t−φx(t)], Ey = Ay(t)cos[ω0t−φy(t)], (3.11)

where Ax, Ay and φx, φy describe the amplitude and phases in the x̂− ŷ plane re-

spectively.

The Stokes parameters are defined as [23]:

I = 〈A2
x〉+ 〈A2

y〉, (3.12)

Q = 〈A2
x〉−〈A2

y〉, (3.13)

U = 〈2AxAy cos(φx−φy)〉, (3.14)

V = 〈2AxAy sin(φx−φy)〉. (3.15)

The parameter I measures the intensity of radiation and is always positive. The

other three parameters describe the polarization state of radiation and can be either

positive or negative. Q and U quantify the magnitude of the linear polarization,

and V parametrizes the circular polarization. I is invariant under a rotation in x̂− ŷ

plane and therefore can be expanded in terms of scalar (spin-0) spherical harmonics
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Eq. 3.8. However Q and U transform under rotation by angle φ such that [14]

(Q± iU)−→ e∓2iφ (Q± iU). (3.16)

This implies that the linear combinations (Q± iU) are spin-2 quantities and we

need to expand them on a sphere in terms of tensor (spin-2) spherical harmonics

[14]:

(Q± iU)(n̂) = ∑
l,m

a±2,lm ±2Ylm(n̂). (3.17)

Instead of a±2,lm, it’s convenient to introduce their linear combination

aE,lm =−1
2
(a2,lm +a−2,lm), aB,lm =− 1

2i
(a2,lm−a−2,lm). (3.18)

Now instead of spin-2 quantities we define two scalar fields such that:

E(n̂) = ∑
lm

aE,lmYlm(n̂), B(n̂) = ∑
lm

aB,lmYlm(n̂). (3.19)

In analogy with electric and magnetic fields, these E and B field represent the

“curl-free” and “divergence-free” component of the polarization field and they

completely specify the linear polarization field [14].

3.2.1 Polarization power spectra

Analyzing both temperature and polarization anisotropies at the same time

leads to four types of non-vanishing correlations: the auto-correlation of tempera-

ture and E- and B-modes polarization perturbations and also the cross-correlation

of temperature and E-mode polarization fluctuations. The cross-correlation of B-

mode and temperature anisotropies and also B-mode and E-mode vanish due to

parity [14].

The angular power spectra are defined as before

CXY
l =

1
2l +1 ∑

m
〈a∗X ,lmaY,lm〉, (3.20)

where X and Y are I for intensity, E for E-mode polarization or B for B-mode
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Figure 3.1: The theoretical CMB power spectra. The blue (solid), red
(dashed), green (dotted) and purple (dot dashed) are for the temperature,
E-polarization, B-polarization and Temperature-E polarization cross-
correlation spectra respectively.

polarization. Figure 3.1 shows the theoretical prediction for these power spectra

calculated by CAMB [24].

The temperature and E-mode auto-correlation as well as T E cross-correlation

are dominated by the scalar perturbations, while the B-mode is only generated by

tensor perturbations. As discussed in section 1.3, analyzing the observed CMB

power spectra provides us with information about the early universe.

3.3 Foregrounds
One of the biggest challenges in observing CMB anisotropies are foregrounds,

which are any other sources of radiation in the path of CMB photons that also

emit at microwave frequencies. Dust, synchrotron radiation (relativistic electrons

in galactic magnetic field) and free-free or bremsstrahlung emission (electrons ac-
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celerated in ionized gas) from our galaxy as well as extragalactic point sources

could be potential problems in detecting the CMB anisotropies [25].

The understanding and removal of CMB foregrounds has become an important

topic in CMB data analysis. There are a couple of reasons why foregrounds can be

managed. Firstly the spectral shapes of all the foregrounds are different from one

another and from the black body shape of the CMB. For example dust emission

has a spectrum which rises with frequency, while free-free and synchrotron emis-

sion have falling frequency spectra. Therefore by observing the CMB at different

frequency channels we can extract the CMB signal from the foregrounds. Also the

foreground amplitudes are found to be smaller than the CMB amplitude in a fairly

wide frequency window. There are a number of papers such as Ref.[25], [26],

[27] and [28] which present a comprehensive treatment of foreground problem and

suggest an optimal way to remove foreground contamination from the CMB signal.
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Chapter 4

Effects of Rayleigh Scattering on
the CMB and Cosmic Structure

4.1 Introduction
Most descriptions of the Cosmic Microwave Background (CMB) anisotropies

assume that before recombination at z ' 1090, photons are tightly coupled to

baryons through Thomson scattering with electrons and afterwards free stream

from the surface of last scattering to us [21], [22],[23]. However, in fact pho-

tons were coupled not only to free electrons through Thomson scattering, but also

to neutral hydrogen and helium through Rayleigh scattering. The Rayleigh scatter-

ing cross section depends approximately on photon frequency to the fourth power

and, since it modifies the opacity near decoupling at the few percent level [29], has

been neglected in most of the literature to simplify the analysis. In this chapter we

revisit the impact of Rayleigh scattering on cosmological perturbations, quantify

its effects, and suggest potential ways that this effect may be detected in the future.

In the past decade the Wilkinson Microwave Anisotropy Probe (WMAP) has

provided us with precise measurements of CMB anisotropies [3] and, comple-

mented by next-generation ground based experiments (SPT [4], ACT [5]), the

Planck satellite has now characterized the microwave background anisotropies to

an even higher precision [30]. Future measurements may even probe CMB anisotropies

with more frequencies and higher precision (e.g., PRISM [6] or PIXIE [7]). With
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this dramatic improvement in experimental capability in mind it is timely to in-

clude the physics of Rayleigh scattering in cosmological perturbation theory both

to find accurate solutions and to forecast whether these effects might be measured

with proposed instruments.

A conceptually straightforward method to calculate the effect of Rayleigh scat-

tering on photon perturbations, as its cross section is frequency dependent, is to

consider separate Boltzmann hierarchies with different scattering sources and visi-

bility functions at each frequency of interest. While this captures the effects of the

extra opacity that photons experience, it does not account for either the momentum

transferred to the atoms nor the effect of spectral distortion on gravitational pertur-

bations. In order to model these effects, the photon perturbation at each frequency

must be integrated over to determine the photon density and momentum density

which influence gravitation perturbations and the photon-baryon coupling. Exist-

ing work has modelled the effect of Rayleigh scattering on CMB anisotropies but

has avoided determining the baryonic back reaction in detail [31, 32]. We intro-

duce here a new approach to solve this problem and accurately treat baryons and

frequency-dependent photon perturbations simultaneously, allowing us to quantify

the impact of Rayleigh scattering on matter perturbations for the first time. We also

validate the results of existing CMB anisotropy calculations. The key innovation

in our approach is to track perturbations in photon spectral-distortions rather than

photon perturbations at a particular frequency.

Rayleigh scattering changes the rate at which photons and baryons decouple

from each other, and extra photon drag modifies how baryon perturbations are in-

fluenced by photon perturbations. As we quantify below, this alters the shape of the

matter correlation function and makes a small shift to the Baryon Acoustic Oscil-

lation (BAO) scale. Like prior work on this subject we find that Rayleigh scattering

results in percent level frequency-dependent distortions to CMB power spectra.

These distortions break the thermal nature of CMB temperature and polarization

anisotropies so that primary CMB intensity and polarization patterns at different

frequencies are not perfectly correlated with each other. We show below that to a

very good approximation this effectively doubles the number of random variables

needed to completely describe the CMB sky, and determine for the first time the

set of intensity and E-polarization eigenspectra needed to capture this statistical in-
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formation. Finally, we forecast how well future CMB missions might detect these

eigenspectra and show that a PRISM-like experiment may be able to detect the

Rayleigh signal.

This chapter is organized as follows: In Section 4.2, the relevant Rayleigh scat-

tering cross sections for hydrogen and helium are presented. Section 4.3 reviews

the cosmological equations governing the evolution of perturbations in the pres-

ence of Rayleigh scattering and presents our new method to calculate the effect of

this additional frequency-dependent opacity. The effect of Rayleigh scattering on

the matter two-point correlation function and on the CMB power spectra is calcu-

lated in Section 4.4 and 4.5 respectively. In Section 4.6, we present the two sets of

variables needed to describe the CMB intensity and E-polarization statistics. Sec-

tion 4.7 investigates the possibility of detecting the Rayleigh signal and Section 4.8

concludes.

4.2 Rayleigh scattering cross section
An electron of charge e and mass m which is part of an atomic system acts like

a harmonic oscillator with frequency ν0, the characteristic transition frequency.

When this oscillator is subjected to a plane wave radiation of frequency ν which

is much smaller than ν0, the total energy radiated per unit time in all directions is

[33]:

P =
8π

3
(

e2

mc2 )
2 ν4

(ν2
0 −ν2)2 cU, (4.1)

where c is the speed of light, U = E2
0/4π is the energy density of the incident field

and E0 is the amplitude of the electric field. The scattering cross section is defined

as

σ =
P
U

=
8π

3
(

e2

mc2 )
2 ν4

(ν2
0 −ν2)2 . (4.2)

The corresponding quantum mechanical expression for the Rayleigh scattering

cross section is

σR(ν) = σT |S|2, (4.3)
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where σT is the Thomson cross section and the dimensionless scattering amplitude,

S, is given by [33]

S =
∞

∑
j=2

f1 j
ν2

ν2
1 j−ν2 . (4.4)

Here ν1 j is the Lyman series frequencies, and f1 j is the Lyman series oscillator

strength which expresses the probability of the absorption or emission of a photon

in transition between the ground state and excited states of an atom. Note that the

summation includes an implied integration over unbound states j.

At the time of recombination, when T ' 0.25 eV, typical photon frequencies

are much smaller than ν1 j and it is therefore appropriate to Taylor-expand the di-

mensionless scattering amplitude as

S =
∞

∑
k=0

a2k+2(hν)2k+2, (4.5)

where the coefficients are

a2k+2 = ∑
j≥2

f1 j(hν1 j)
−2k−2 +

∫
∞

EI

d f
dE

E−2k−2dE. (4.6)

Here we have written the integral over continuum states explicitly. The integral

starts at the ionization energy EI of the relevant atom. The Rayleigh scattering

cross section is then

σR = σT

∞

∑
k=0

b2k+4(hν)2k+4, (4.7)

where

b2k+4 =
k

∑
p=0

a2p+2a2(k−p)+2. (4.8)

The coefficients can be evaluated provided that the oscillator strength distributions

are known. For H, these are known exactly: for the discrete spectrum (1s→ np),

the oscillator strengths are [34]

f1s,np =
256n5(n−1)2n−4

3(n+1)2n+4 , (4.9)

with hν1s,np = (1− n−2)Ry. Above EI = 1Ry = 13.6 eV there is a continuous
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2k+4 H He
4 1.265625 0.120798
6 3.738281 0.067243
8 8.813931 0.031585
10 19.153795 0.014153
12 39.923032 0.006226

Table 4.1: The cross-section coefficients b2k+4Ry2k+4 for H and He in the
Rydberg-based units that we adopt for this work.

spectrum of oscillator strengths,

d f
dE

=
128e−4varctan(v−1)

3(E/Ry)4(1− e−2πv)
Ry−1, (4.10)

where v= (E/Ry−1)−1/2 is the principal quantum number of the continuum state.

Helium is a multi-electron atom, for which to show the angular momentum

quantum numbers we use the following term symbol:

2S+1L, (4.11)

where S is the total spin quantum number and L is the orbital quantum number in

spectroscopic notation which means L = 0 correspond to letter S and L = 1 cor-

respond to letter P. For He, the electric dipole selection rules allow the ground

1s2 1S state to have nonzero oscillator strength only with the 1P discrete and con-

tinuum states. We have taken the oscillator strengths and energies for the 1s2 1S→
1snp 1P transitions from Refs. [35, 36] for n ≤ 9 and used the asymptotic for-

mula of Ref. [37] for n > 9. For the continuum states we used the TOPbase cross

sections [38], which are trivially converted into oscillator strengths. The resulting

b2k+4 coefficients that we adopt for the rest of this work are shown in Table 4.1.

The radiative transfer equations also require the angular distribution and po-

larization of Rayleigh-scattered radiation. For scattering with initial and final

states of zero orbital angular momentum (S→ S), and neglecting spin-orbit cou-

pling, the scattering is of a pure “scalar” nature (in the language of Ref. [39] §61)
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and has the same angular and polarization dependence as Thomson scattering,

dP/dΩ ∝ 1+ cos2 θ . Near a resonance such as Lyman-α , fine structure splitting

makes the electron spin important, and the scattering by hydrogen takes on a differ-

ent form that is a combination of scalar, anti-symmetric, and symmetric scattering;

the full equations for the angular scattering distribution as a function of frequency

through the resonance can be found in e.g. Appendix B of Ref. [40]. The equations

in Appendix B of Ref. [40] show that the angular distribution approaches the scalar

case with corrections of order ∆ν2
fs/(νLyα −ν)2 as one moves away from the reso-

nance, where the fine structure splitting is ∆νfs ∼ 11GHz. For cases considered in

this paper (frequencies up to 857 GHz observer frame, or 0.52νLyα at z = 1500),

we are thus safely below the lowest resonant frequency, and the scalar angular dis-

tribution – already incorporated in the CMB Boltzmann hierarchy formalism – is

applicable.

4.3 Cosmological equations and proposed method
To include the effects of Rayleigh scattering on cosmological perturbations, we

must modify the evolution equations for photon temperature, photon polarization

and baryon velocity perturbations. We use synchronous gauge in this paper as it

is convenient for most numerical computations. The full cosmological evolution

equations in this gauge are given in a number of papers [22, 41], and therefore

we only explicitly show the equations that need modification. In particular, us-

ing the Boltzmann equation in this gauge we find the evolution equations for the
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temperature perturbation, ΘI , and E-polarization, ΘE , hierarchies are

Θ̇I0 = −kΘI1 +
ȧ
a

ν
∂ΘI0

∂ν
− ḣ

6
, (4.12)

Θ̇I1 =
k
3

ΘI0−
2k
3

ΘI2 +
ȧ
a

ν
∂ΘI1

∂ν

−κ̇[−ΘI1 +
1
3

vb], (4.13)

Θ̇I2 =
2k
5

ΘI1−
3k
5

ΘI3 +
ȧ
a

ν
∂ΘI2

∂ν
+

ḣ+6η̇

15

−κ̇[−ΘI2 +
1

10
Π], (4.14)

Θ̇Il =
k

2l +1
[lΘI(l−1)− (l +1)ΘI(l+1)]

+
ȧ
a

ν
∂ΘIl

∂ν
+ κ̇ΘIl l ≥ 3, (4.15)

Θ̇E2 =
2k
5

ΘE1−
k
3

ΘE3 +
ȧ
a

ν
∂ΘE2

∂ν

+κ̇(ΘE2−
2
5

Π), (4.16)

Θ̇El =
k

2l +1
[lΘE(l−1)−

(l +3)(l−1)
l +1

ΘE(l+1)]

+
ȧ
a

ν
∂ΘEl

∂ν
+ κ̇ΘEl l ≥ 3, (4.17)

where an overdot denotes derivatives with respect to conformal time τ , k is the

wavenumber of the perturbations, h and η are the synchronous gauge metric pertur-

bations, Π is the combination ΘI2+
3
2 ΘE2, a the scale factor and κ̇ is the comoving

opacity defined as

−κ̇ = −κ̇T − κ̇R

= neσT a+nHσ
H
R a+nHeσ

He
R a. (4.18)

Here ne, nH and nHe are respectively the number densities of free electrons, neutral

hydrogen and helium atoms. The comoving opacity for Rayleigh and Thomson

scattering as a function of conformal time is plotted in Figure 4.1 for a couple of

observed frequencies.
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Figure 4.1: The Comoving opacity as a function of comoving time. The black
(solid) line is for Thomson scattering while the blue (large dashed),
red (small dashed), green (dot dashed) and brown (dotted) lines are for
Rayleigh scattering at frequencies 857, 545, 353, and 217 GHz respec-
tively.

In standard case when opacity does not depend on frequency, the baryons

evolve according to equations

δ̇b =−kvb−
1
2

ḣ, (4.19)

v̇b +
ȧ
a

vb− kc2
s δb =

1
ρ̄b

∫ d3 p
(2π)3 (−pµ)C[ f (~p)]

=
4ρ̄γ

3ρ̄b
κ̇(−3ΘI1 + vb), (4.20)

where δb and vb are baryon overdensity and velocity, cs is the intrinsic baryon

sound speed, f (p) is photon distribution function, C[ f (~p)] = d f
dt is the collision

term in the Boltzmann equation for photon temperature perturbations, µ = p̂ · k̂,

and ρ̄γ and ρ̄b are the mean photon and baryon energy densities.
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Including Rayleigh scattering will make the opacity frequency-dependent, there-

fore the scattering term in the baryon velocity must be modified to

∫ d3 p
(2π)3 (−pµ)C[ f (~p)] =∫ d3 p
(2π)3 p2 ∂ f

∂ p
µκ̇(p)(ΘI0(p)−ΘI(p)+µvb). (4.21)

As discussed above, a straightforward method to solve the above system of

equations is to consider a separate Boltzmann hierarchy for each frequency of inter-

est, each with different scattering sources and visibility function, and then integrate

over each photon frequency bin to get the total baryon-photon coupling [31, 32].

However there is another computationally efficient method that can be used. If at

the times that atoms are present the typical CMB photon energies are much smaller

than Rydberg energy hν�Ry, then we can write ΘIl and ΘEl as Taylor series in the

comoving frequency aν where each term in the series describes spectral-distortion

perturbations that scale with increasing powers of frequency. Specifically we write:

ΘIl(ν) =
∞

∑
r=0

Θ
(2r)
Il

(
ahν

a∗Ry

)2r

, (4.22)

ΘEl(ν) =
∞

∑
r=0

Θ
(2r)
El

(
ahν

a∗Ry

)2r

. (4.23)

Note that only even powers of ν appear because the scattering cross section con-

tains only even powers of ν . We expanded the perturbations in terms of ahν/a∗Ry

because this ratio does not evolve with time for a given photon and a∗ = 0.001 is a

reference epoch for normalizing the coefficients in the series expansion (its value

has no physical consequences). Similarly we can write the opacity as

κ̇(ν) =
∞

∑
r=0

κ̇2r

(
ahν

a∗Ry

)2r

, (4.24)

where κ̇0 =−neσT a is the standard Thomson scattering rate, κ̇1 = 0 and

−κ̇2r = (nHbH
2r +nHebHe

2r )σT a
(a∗

a

)2r
. (4.25)
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Substituting these Taylor expansions into evolution equations for photon tem-

perature and polarization perturbations leads to the following evolution equations

for each Θ
(2n)
Il and Θ

(2n)
El terms:

Θ̇
(2n)
I0 = −kΘ

(2n)
I1 −

ḣ
6

δn,0, (4.26)

Θ̇
(2n)
I1 =

k
3

Θ
(2n)
I0 −

2k
3

Θ
(2n)
I2

−
n

∑
r=0

κ̇2r[−Θ
2(n−r)
I1 +

vb

3
δn−r,0], (4.27)

Θ̇
(2n)
I2 =

2k
5

Θ
(2n)
I1 −

3k
5

Θ
(2n)
I3 +

ḣ+6η̇

15
δn,0

−
n

∑
r=0

κ̇2r[−Θ
2(n−r)
I2 +

Π2(n−r)

10
], (4.28)

Θ̇
(2n)
Il =

k
2l +1

[lΘ(2n)
I(l−1)− (l +1)Θ(2n)

I(l+1)]

+
n

∑
r=0

κ̇2rΘ
2(n−r)
Il l ≥ 3, (4.29)

Θ̇
(2n)
E2 =

2k
5

Θ
(2n)
E1 −

k
3

Θ
(2n)
E3

+
n

∑
r=0

κ̇2r[Θ
2(n−r)
E2 − 2

5
Π

2(n−r)], (4.30)

Θ̇
(2n)
El =

k
2l +1

[lΘ(2n)
E(l−1)−

(l +3)(l−1)
l +1

Θ
(2n)
E(l+1)]

+
n

∑
r=0

κ̇2rΘ
2(n−r)
El l ≥ 3. (4.31)

To find the evolution equation for baryon velocity we first must calculate the fol-

lowing integral

In = − 1
4ρ̄γT n

∫
∞

0

dν

2π2 ν
n+4 ∂ f

∂ν

=
15

4π4 (n+4)!ζ [n+4], (4.32)
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where ζ is the Riemann ζ -function. Therefore the baryon velocity in the presence

of Rayleigh scattering evolves according to

v̇b = − ȧ
a

vb + kc2
s δb

+
4ρ̄γ

3ρ̄b

∞

∑
r=0

κ̇2r[−3
∞

∑
n=0

Θ
(2n)
I1 I2(n+r)

(
aT

a∗Ry

)2(n+r)

+vbI2r

(
aT

a∗Ry

)2r

]. (4.33)

As shown in Equation 4.4, the Rayleigh cross section blows up near the reso-

nant frequencies. Therefore photons with these frequencies remain tightly coupled

to baryons. Photons do not self interact so these resonant photons are unlikely to

change the CMB power spectrum. However they do enhance the pressure or sound

speed of baryons. There is typically of order 1 photon per baryon near the Lyman-

α line and since the photon energy is 10.2 eV, and the baryon mass is 1 GeV, the

baryon sound speed increases by roughly 10−8. This only alters perturbations at

very small scales below those of interest in this work.

Since metric perturbation evolution depends on the total photon overdensity

and velocity, the final modification is to calculate the change in the photon stress-

energy tensor in the presence of frequency dependent scattering. The fractional

photon energy density perturbation is

δγ = − 1
ρ̄γ

∫
ν

4dν
∂ f
∂ν

ΘI0(ν)

= 4
∞

∑
r=0

Θ
(2r)
I0 I2r

(
aT

a∗Ry

)2r

, (4.34)

and the photon momentum density is

Θγ = − 3k
4ρ̄γ

∫
ν

4dν
∂ f
∂ν

ΘI1(ν)

= 3k
∞

∑
r=0

Θ
(2r)
I1 I2r

(
aT

a∗Ry

)2r

. (4.35)

This appears to replace the problem of summing over many perturbations at dif-
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ferent frequencies with summing over many perturbations with different spectral-

distortion shapes. However, we find in practice that these sums rapidly converge

after including only a few of the spectral-distortion terms which allows the entire

system to be solved for efficiently and accurately.

For numerical computations we modified CAMB [24], a public Boltzmann

code for anisotropies in CMB which calculates the theoretical matter and CMB

power spectra given the cosmological parameters. We added the additional opac-

ity due to Rayleigh scattering to this code as well as the evolution equations for

spectral distortion terms Θ
(2n)
Il and Θ

(2n)
El .

4.4 Matter power spectrum
One of the physical effects of Rayleigh scattering is a change in matter two-

point correlation function. The matter correlation function is the excess probability,

compared with what expected from a random distribution, of finding a matter over-

density at a distance~r apart and its Fourier transform is the matter power spectrum,

ξ (~r) = 〈δ (~x)δ (~x+~r)〉=
∫ d3k

(2π)3 P(k)ei~k.~r. (4.36)

Rayleigh scattering increases the total baryon-photon coupling which delays

the time of recombination. As shown in Figure 4.2, the correlation function has

a peak near a radius of ∼ 150 Mpc, the BAO scale, which represents the sound

horizon at the time of recombination. This changes due to the delay in the time

of photon-baryon decoupling. The percentage change in the two-point correlation

function due to Rayleigh scattering is plotted in Figure 4.3. Adding Rayleigh scat-

tering to the opacity changes the correlation function by up to ∼ 0.3%. Unless

otherwise stated we show all results in a fiducial model where we adopt the best-fit

parameters from PLANCK [30].

Another way of visualizing how much the matter power spectrum is changed in

the presence of Rayleigh scattering is by looking at the evolution of a concentrated

matter over-density in real space. In Figures 4.4 and 4.5, the redshift evaluation of

a narrow Gaussian-shaped adiabatic density fluctuation in real space is displayed

for baryons (blue) and photons (red).
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Figure 4.2: The matter two-point correlation function, r2ξ (~r), as a function
of the distance between two over-densities for our fiducial cosmological
parameters.
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Figure 4.3: The percentage change in the matter correlation function due to
Rayleigh scattering for our fiducial cosmological parameters.
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At very early stages, when the photons and baryons were tightly coupled, panel

(a), the baryon-photon plasma density wave travels outward from the initial over-

density. Panel (b) shows a snapshot of the density waves at redshift z = 1050. At

this time the temperature is low enough that neutral atoms can form, therefore the

photons begin to decouple from baryons and the sound speed starts to drop. Thus

the baryon density wave slows down compared to the photon density wave. In

panel (c), the waves are shown at z= 500 when photons and baryons are completely

decoupled. The photon perturbation smooths itself out at the speed of light. But

because the sound speed is much smaller than speed of light the baryon density

wave stalls. Panel (d) present the late time picture. The photons free-stream until

now when we can observe them as the cosmic microwave background and the

baryon perturbation clusters around the initial over-density and in a shell of about

∼ 150 Mpc radius.

In Figure 4.6, the percentage change in physical baryon density fluctuations

in real space due to Rayleigh scattering is plotted at different redshifts. Note that

while ∆δ/δ is up to 0.6% at some points the percentage change in the location of

the peak in baryon density wave or the BAO scale due to Rayleigh scattering is less

than 0.01% in this example, and so the detailed effect of Rayleigh scattering is not

well modelled as a simple shift in the BAO scale.

4.5 Photon power spectra
To calculate the power spectra for both photon temperature and E-polarization

perturbations, we use the line of sight integration approach of Ref. [42]. In this

approach, the solutions of Eqs. 4.26 to 4.31 can be written as an integral over the

product of a source term and a geometrical term which is just the spherical Bessel

function,

ΘIl(τ0) =
∫

τ0

0
dτSI(k,τ) jl[k(τ0− τ)], (4.37)

ΘEl(τ0) =
∫

τ0

0
dτSE(k,τ) jl[k(τ0− τ)]. (4.38)
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Figure 4.4: The redshift evaluation of a narrow Gaussian-shaped adiabatic
density fluctuation in real space. The blue (solid) and red (dashed) lines
are respectively the baryon and photon density waves. Panel(a) shows
a snapshot at very early times when baryons and photons are tightly
coupled and their density waves travel together. In panels (b), redshift
z = 1050, photons begin to decouple from baryons and the baryon den-
sity wave slows down compare to photon density wave due to the drop
in the sound speed. 40
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Figure 4.5: Same as 4.4 but for later redshifts. Panel (c) shows the density
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decoupled. The late time picture is presented in panel (d). The photons
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Figure 4.6: The percentage change in physical baryon density fluctuations in
real space due to Rayleigh scattering at different redshifts. The blue
(solid), red (dashed), green (dot dashed) and brown (dotted) lines corre-
spond to redshifts 0, 100, 500 and 1050 respectively.

The source functions for temperature and E-polarization perturbations are given in

many previous studies [41, 42].

SI(k,τ) = e−κ [− ḣ
6
+

k
3

σ +
σ̈

k
] (4.39)

+g(τ)[2
σ̇

k
+ΘI0 +

v̇b

k
+

Π

4
+

3
4k2 Π̈]

+ġ(τ)[
σ

k
+

vb

k
+

3
4k2 2Π̇]+ g̈(τ)

3
4k2 Π

(0),

SE(k,τ) = g(τ)
3
4

Π
1

[k(τ0− τ)]2
, (4.40)

where σ = (ḣ+ 6η̇)/2k and g(τ) = −κ̇e−κ is the visibility function. In the pres-

ence of Rayleigh scattering the visibility function is frequency dependent and can

be written as a Taylor series in ahν/a∗Ry. The total visibility function for several

frequencies is plotted in Figure 4.7. Note that the total photon visibility function

shifts toward later time with increasing frequencies.

Substituting the Taylor expansions of visibility function and temperature and
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Figure 4.7: The total visibility function as a function of conformal time for
several frequencies. The black (solid), red (dotted), blue (dot dashed)
and green (dashed) lines are the total visibility function for frequencies
0, 545, 700 and 857 GHz respectively. The total photon visibility func-
tion shifts toward later times with increasing frequency.

E-polarization perturbations into the above equations gives the source functions for

each of the Θ
(2n)
Il and Θ

(2n)
El terms,

Θ
(2n)
Il (τ0) =

∫
τ0

0
dτS(2n)

I (k,τ) jl[k(τ0− τ)], (4.41)

Θ
(2n)
El (τ0) =

∫
τ0

0
dτS(2n)

E (k,τ) jl[k(τ0− τ)], (4.42)
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where

S(0)I = e−κ0 [− ḣ
6
+

k
3

σ +
σ̈

k
]+g0[2

σ̇

k
+Θ

(0)
I0 +

v̇b

k
+

Π(0)

4
+

3
4k2 Π̈

(0)]

+ġ0[
σ

k
+

vb

k
+

3
4k2 2Π̇

(0)]+ g̈0
3

4k2 Π
(0), (4.43)

S(4)I = e−κ0 [− ḣ
6
+

k
3

σ +
σ̈

k
](−κ4)+(g0(−κ4)+g4)

×[2 σ̇

k
+Θ

(0)
I0 +

v̇b

k
+

Π(0)

4
+

3
4k2 Π̈

(0)]+g0[Θ
(4)
I0 +

Π(4)

4
+

3
4k2 Π̈

(4)]

+(ġ0(−κ4)+g0(−κ̇4)+ ġ4)[
σ

k
+

vb

k
+

3
4k2 2Π̇

(0)]+ ġ0
3

4k2 2Π̇
(4)

+g̈0
3

4k2 Π
(4)+[g̈0(−κ4)+2ġ0(−κ̇4)+g0(−κ̈4)+ g̈4]

3
4k2 2Π

(0),(4.44)

S(6)I = e−κ0 [− ḣ
6
+

k
3

σ +
σ̈

k
](−κ6)+(g0(−κ6)+g6)

×[2 σ̇

k
+Θ

(0)
I0 +

v̇b

k
+

Π(0)

4
+

3
4k2 Π̈

(0)]+g0[Θ
(6)
I0 +

Π(6)

4
+

3
4k2 Π̈

(6)]

+(ġ0(−κ6)+g0(−κ̇6)+ ġ6)[
σ

k
+

vb

k
+

3
4k2 2Π̇

(0)]+ ġ0
3

4k2 2Π̇
(6)

+g̈0
3

4k2 Π
(6)+[g̈0(−κ6)+2ġ0(−κ̇6)+g0(−κ̈6)+ g̈6]

3
4k2 2Π

(0),(4.45)

S(0)E =
3

4[k(τ0− τ)]2
g0Π

(0), (4.46)

S(4)E =
3

4[k(τ0− τ)]2
(g0[Π

(4)+Π
(0)(−κ4)]+g4π

(0)), (4.47)

S(6)E =
3

4[k(τ0− τ)]2
(g0[Π

(6)+Π
(0)(−κ6)]+g6π

(0)). (4.48)

Here g2r =−κ̇2re−κ0 . The anisotropy spectrum can be obtained by integrating

over the initial power spectrum of the metric perturbation, Pψ(k):

CXY
l (ν ,ν ′) =

∫
∞

0
k2dkPψ(k)

(
ΘXl(ν ,k)ΘY l(ν

′,k)
)

(4.49)

=
∞

∑
r,r′=0

CXY (2r,2r′)
l

(
ahν

a∗Ry

)2r( ahν ′

a∗Ry

)2r′

,
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where

CXY (2r,2r′)
l =

∫
∞

0
k2dkPψ(k)(Θ

(2r)
Xl (k)Θ(2r′)

Y l (k)). (4.50)

We used the modified version of CAMB [24] to numerically calculate CT T (2r,2r′)
l

and CEE(2r,2r′)
l power spectra. These results are shown in Figure 4.8 and Figure 4.9.

Note that while Eq. 4.50 describes unlensed power spectra from the surface of last

scattering, here and elsewhere, these power spectra include the effect of gravita-

tional lensing from structure along the line of sight implemented in CAMB.

Using Eq. 4.50, the relative difference in the (lensed) scalar CMB power spec-

tra due to Rayleigh scattering is calculated for four different frequencies and pre-

sented in Figures 4.10 and 4.11. As expected, the relative difference in CMB power

spectrum is bigger for higher frequencies. In the limit of very low frequencies

the only modification in these power spectra arises from the increase in the total

baryon-photon coupling due to Rayleigh scattering which is of order 0.05%.

On small scales, Rayleigh scattering leads to damping of both temperature and

polarization anisotropies. Rayleigh scattering increases the rate of photon-baryon

interaction and hence it reduces the photon-diffusion length. Since the amplitude

of Silk damping depends on the integrated photon-diffusion length, it is also re-

duced by Rayleigh scattering. But there is another reason why the small-scale

anisotropies are more damped in the presence of Rayleigh scattering. The damp-

ing factor at a given wave number is weighted by the photon visibility function.

As we have seen above, adding Rayleigh scattering shifts the visibility function

toward lower redshifts where Silk damping is more important and as a result, the

anisotropy spectra at small scale decreases.

We also find Rayleigh scattering leads to a boost in large-scale E-polarization.

The reason for this is that the low-multipole polarization signal is sourced by the

CMB quadrupole. Since the visibility function is shifted toward later time, where

the quadrupole is larger, by Rayleigh scattering the low-multipole E-polarization

signal is increased. In contrast, the effect of Rayleigh scattering on the lensing B

modes is significantly smaller at low-multipole because these modes are produced

by the gravitational lensing of E modes from a wide range of scales, so the Rayleigh

contribution for them partly averages out.
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Figure 4.8: The cross correlation temperature power spectrum CT T (2r,2r′)
l of

the Θ
(2r)
Il and Θ

(2r′)
Il intensity coefficients for the ν0, ν4 and ν6 spectral

distortions.
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Figure 4.9: The cross correlation temperature power spectrum CEE(2r,2r′)
l of

the Θ
(2r)
El and Θ

(2r′)
El E-polarization coefficients for the ν0, ν4 and ν6

spectral distortions.
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Figure 4.10: Shown are a fractional measure, δCXY
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√
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l , of the

change δCXY
l in (lensed) scalar CMB anisotropy spectra due to

Rayleigh scattering. The blue (solid), red (dashed), green (dot-
ted) and purple (dot dashed) are for the temperature, E-polarization,
B-polarization from lensing and Temperature-E polarization cross-
correlation spectra respectively. The upper and lower panels are for
217 and 353 GHz frequency channels respectively.
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Figure 4.11: Same as 4.11 but for different frequency channels. The upper
and lower panels are for 545 and 857 GHz frequency channels respec-
tively.
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Another effect worth noting is that, the oscillations of δCl/Cl show that the

peaks in anisotropy spectra are shifted in the presence of Rayleigh scattering. Since

the photon cross section is frequency dependent, the location of the surface of last

scattering τR+T
∗ will depend on frequency too and the higher the frequency, the

bigger τR+T
∗ (k,ν). Therefore the sound horizon at the last scattering,

rR+T
s =

∫
τR+T
∗

0
csdτ, (4.51)

will be larger than the sound horizon at last scattering when we only include the

Thomson scattering rT
s and it will increase with increasing frequencies. The shift

in the location of the peaks will be

δ l/l = δk/k = 1− rR+T
s (τR+T

∗ )/rT
s (τ

T
∗ ) (4.52)

in the direction of decreasing l.

4.5.1 Convergence of the numerical code

We verify the convergence of the modified version of CAMB [24] by running

several computations with increasing accuracy i.e. by increasing the accuracy-

boost parameter in the code which decreases the time steps, affects the sampling,

etc. In addition we justify the number of spectral distortion terms that we need

to keep in Eqs. 4.22 and 4.23 by showing that keeping only the first five leading

terms in these expansions results in an error smaller than 0.1%. To show this con-

vergence, in 4.12 we plot the difference in the fractional change in the temperature

power spectra when we include up to νn in Eqs. 4.22 and 4.23 compared to when

we include up to νn−2 terms and as shown, by increasing the terms kept in the

expansion this difference becomes smaller and smaller.

4.6 Rayleigh Distorted Statistics
Since the terms in the expansion of temperature and E-polarization perturba-

tions, Eqs. 4.22 and 4.23, fall off quickly like (ahν/a∗Ry)2 only the two leading

terms play an important role at frequencies smaller than 800 GHZ. We therefore
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Figure 4.12: Shown are the difference in the fractional change, δCT T
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l in
(lensed) scalar temperature CMB anisotropy spectra due to Rayleigh
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are for when n = 4, n = 6, n = 8 and n = 10 respectively and they
justify the convergence of the expansions.

effectively need two sets of random variables to describe the statistics of tempera-

ture and E-polarization. In this section we find a compressed representation of the

power spectra for independent random variables. First we introduce the antenna

temperature which is defined as

Tant(ν) = 2πν f (ν), (4.53)

where f (ν) is the photon phase space distribution function and ν is the frequency.

For the CMB, the antenna temperature has the form

Tant(ν)

T
=

hν/kBT
ehν/kBT −1

+Θ
(hν/kBT )2ehν/kBT

(ehν/kBT −1)2 . (4.54)
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The first term is the monopole which does not interest us here and we ignore it. The

second term gives the spectral shape of CMB anisotropies. Keeping only the first

two non-zero terms in Eqs. 4.22 and 4.23, the antenna temperature for the CMB is

T X
ant(ν)

T
= Θ

(0)
X F(0)(ν)+Θ

(4)
X F(4)(ν), (4.55)

where F(0)(ν) = (hν/kBT )2ehν/kBT

(ehν/kBT−1)2 is the black body shape function and F(4)(ν) =

(hν

Ry )
4F(0)(ν) is the shape function for the Rayleigh signal and X is either I for

intensity perturbations or E for E-polarization perturbations. The angular power

spectrum covariance matrix for the antenna temperature is

CXX
l (ν ,ν ′) =CXX(00)

l F(0)(ν)F(0)(ν ′)

+ CXX(04)
l (F(0)(ν)F(4)(ν ′)+F(4)(ν)F(0)(ν ′))

+ CXX(44)
l F(4)(ν)F(4)(ν ′). (4.56)

This structure indicates that Tant(ν) and Tant(ν
′) are correlated to each other but

are not perfectly correlated like in the standard thermal case. We diagonalize the

anisotropy spectrum in frequency space for a given X ∈ {I,E} to obtain the two

uncorrelated eigenvalues:

λ
XX
1,2 (l) =

1
2
[CXX(00)

l G00 +2CXX(04)
l G04 +CXX(44)

l G44 (4.57)

±
√
(CXX(00)

l G00 +2CXX(04)
l G04 +CXX(44)

l G44)2−4((CXX(04)
l )2−CXX(00)

l CXX(44)
l )((G04)2−G00G44)],

where Gi j =
∫

F(i)(ν)F( j)(ν)dν . The two orthogonal eigenvectors are

vX
1,2l(ν) = NX

1,2[(C
XX(04)
l λ

XX
1,2 +CXX(00)

l CXX(44)
l G04 (4.58)

− (CXX(04)
l )2G04)F(0)(ν)+(CXX(44)

l λ
XX
1,2

− CXX(00)
l CXX(44)

l G00 +(CXX(04)
l )2G00)F(4)(ν)],
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where NX
1,2 is the normalization factor. If we expand the antenna temperature in

terms of spherical harmonics,

T X
ant(ν)/T =

∞

∑
l=1

l

∑
m=−l

aX
lmYlm, (4.59)

then we can write the coefficients aX
lm in the new basis spanned by the eigenvectors

{vT
1l(ν),v

T
2l(ν),v

E
1l(ν),v

E
2l(ν)},

aX
lm = α

X
1lmvX

1l(ν)+α
X
2lmvX

2l(ν). (4.60)

The covariance matrix in this new basis takes the compact form

Clδm,m′ =

(
CI

l CIE
l

CIE
l CE

l

)
δm,m′ = (4.61)


〈α I

1lmα I
1lm′〉 0 〈α I

1lmαE
1lm′〉 〈α I

1lmαE
2lm′〉

0 〈α I
2lmα I

2lm′〉 〈α I
2lmαE

1lm′〉 〈α I
2lmαE

2lm′〉
〈αE

1lmα I
1lm′〉 〈αE

1lmα I
2lm′〉 〈αE

1lmαE
1lm′〉 0

〈αE
2lmα I

1lm′〉 〈αE
2lmα I

2lm′〉 0 〈αE
2lmαE

2lm′〉

 .

Using this diagonalization, we reduced the number of power spectra needed to

describe the theoretical CMB covariance matrix from 10 to 8. These 8 non-zero

elements in the covariance matrix are shown in Figures 4.13 to 4.16. 〈α I
1lmα I

1lm′〉
and 〈αE

1lmαE
1lm′〉 are almost proportional to the primary thermal signal (no Rayleigh

scattering included) and we call them the primary temperature and polarization sig-

nal. The second eigenvalues of intensity and polarization spectra 〈α I
2lmα I

2lm′〉 and

〈αE
2lmαE

2lm′〉, which are due purely to Rayleigh scattering and uncorrelated to the

first eigenvalues, we call the Rayleigh intensity and E-polarization signal. Note that

since intensity and E-polarization perturbations must be separately diagonalized

their eigenvectors are not orthogonal to each other. Thus all possible temperature-

polarization cross-spectra are non-zero and present in Figures 4.15 and 4.16.
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Figure 4.13: The non-zero power spectra in the Rayleigh distorted CMB co-
variance matrix as a function of l. The upper and lower panels show
the first eigenvalues of intensity and polarization spectra respectively
which are almost proportional to the primary thermal signal.
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Figure 4.14: Same as 4.13 but for the second eigenvalues of intensity (upper
panel) and polarization (lower panel). Note that the second eigenvalues
are purely Rayleigh signals which are uncorrelated to the first eigen-
values.
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Figure 4.15: Same as 4.13 but for temperature-polarization cross-spectra.
The upper and lower panels present 〈α I

1lmαE
1lm′〉 and 〈α I

1lmαE
2lm′〉 as a

function of l respectively.
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Figure 4.16: Same as 4.13 but for temperature-polarization cross-spectra.
The upper and lower panels show 〈α I

2lmαE
1lm′〉 and 〈α I

2lmαE
2lm′〉 as a

function of l respectively.
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4.7 Detectibility
Measurement of the Rayleigh signal is very challenging since at high frequen-

cies that Rayleigh scattering becomes important, there are very few photons and

very high levels of foreground contamination including Galactic dust, and the Cos-

mic Infrared Background (CIB). Yet if many high frequency channels are measured

in future CMB missions, in principle, foregrounds can be removed. The reason for

this is that the spectral shape of foregrounds are different from one another and

from the spectral shape of the Rayleigh signal. In addition, the Rayleigh power

spectrum looks very different from all the foregrounds since it’s oscillatory and it

spans the full range of scales whereas most of the foregrounds are important either

at lower or higher l values. For example, the CIB and thermal Sunyaev-Zel’dovich

have small amplitudes at large scales but larger amplitudes at smaller scales, while

Galactic dust is important at lower l and is less so at higher l. A future CMB mis-

sion that could be a candidate for detecting the Rayleigh signal is one similar to the

proposed PRISM experiment [6], which has many high frequency bands with more

than 7000 detectors. In this section we take a PRISM-like experiment as an exam-

ple of what capabilities a next generation CMB satellite might have and explore

the detectibility of the Rayleigh signal with this experiment.

4.7.1 Signal to noise ratio of Rayleigh signal

Our goal is to find the signal-to-noise ratio for the 8 non-zero elements of the

CMB covariance matrix. As an example, we use the foreground removal method

described in Ref. [25] and closely follow its notation. In this method, the fore-

grounds are treated as an additional source of noise which is correlated between

frequency channels. If the frequency dependence, the scale dependence and also

the variation in frequency dependence across sky are known for each physical com-

ponent of foregrounds, this leads to a natural way of removing them.

Let’s say that our experiment has F frequency channels. The F-dimensional

vectors aI
lm and aE

lm, which are the measured multipoles at F different frequencies,

are assumed to be composed of signal plus noise:

ylm = Alxlm +nlm, (4.62)
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ylm =

(
aI

lm

aE
lm

)
, xlm =


α I

1lm

α I
2lm

αE
1lm

αE
2lm

 , (4.63)

Al =

(
vI

1l(ν) vI
2l(ν) 0 0

0 0 vE
1l(ν) vE

2l(ν)

)
. (4.64)

Al is the 2F × 4 scan strategy matrix for a given (l,m). nlm is the sum of detector

noise and K different foreground components such as Galactic dust, synchroton

emission or CIB. The covariance matrix for the noise is obtained by

Nl =

(
NI

l NIE
l

NIE
l NE

l

)
, (4.65)

where NX
l = ∑

K+1
k=1 CX

l (k) is a F×F matrix. CX
l (k = 1) is the covariance matrix for

detector noise, and CX
l (k) is the angular power spectrum for different foreground

components.

To see how accurately we can remove the foregrounds and measure the CMB

power spectra xlm, we need to invert the noisy linear problem of Eq. 4.62. It’s

shown in Ref. [43] that the minimum-variance estimate of the xlm is x̃lm = Wt
lylm

where

Wl = N−1
l Al[At

lN
−1
l Al]

−1

=

(
wI

1l wI
2l wE

1l wE
2l

wI′
1l wI′

2l wE ′
1l wE ′

2l

)
. (4.66)

wX
il are the F-dimensional weight vectors where

α̃
I
ilm = wIt

il a
I
lm +wI′t

il aE
lm,

α̃
E
ilm = wEt

il aE
lm +wE ′t

il aI
lm. (4.67)

The weight vectors are different for each l-value, so that at each angular scale, the

frequency channels with smaller foregrounds contribution have more weight.
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The estimated solution x̃lm is unbiased such that 〈x̃lm〉= xlm and the covariance

matrix of the pixel noise ε lm = x̃lm−xlm is Σlδm,m′ = 〈ε lmε t
lm′〉 where

Σl = [At
lN
−1
l Al]

−1 =

(
ÑI

l ÑIE
l

ÑIE
l ÑE

l

)
. (4.68)

Here ÑI
l , ÑE

l and ÑIE
l are 2×2 cleaned power spectrum matrices of the non-cosmic

signals. The covariance matrix of our estimate x̃lm is

C̃lδm,m′ = 〈x̃∗lmx̃t
lm〉=

(
C̃I

l C̃IE
l

C̃IE
l C̃E

l

)
δm,m′ , (4.69)

where C̃X
l = CX

l + ÑX
l is the total power spectrum in the cleaned maps. To find

how accurately we can measure any of the eight non-zero element of cosmic power

spectrum, we must compute the 8×8 Fisher matrix:

Flαβ =
1
2

Tr[C̃−1
l

∂ C̃l

∂α
C̃−1

l
∂ C̃l

∂β
], (4.70)

where α and β could be any of the 8 non-zero elements. Up this point, we have

used only one multipole xlm to calculate the Fisher matrix, but for each l-value

we have (2l +1) fsky independent modes where fsky is the fraction of sky covered.

Therefore the full Fisher matrix is (2l+1) fsky times what we calculated in Eq 4.70.

Inverting this matrix gives the constraints on the 8 non-zero elements of the cosmic

covariance matrix.

We compute this Fisher matrix for a PRISM-like experiment with the same

frequency channels between 30GHz and 800GHz as PRISM. For the noise, we

choose the resolution to be 1 arc min and the sensitivity to be 1nK for channels

with frequencies less than 500GHz and 10nK for channels with frequencies higher

than 500GHz. For the dominant foreground components, the temperature and E-

polarization power spectra of Galactic dust and the temperature power spectra of

CIB, we used the power spectra given in a series of Planck papers [44–47]. For

other foreground components which are subdominant for detecting the Rayleigh

signal, we used the power spectra given in Table 2 of Ref. [25]. The eight non-zero
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elements and their signal-to-noise ratio for each l value as well as accumulative

signal-to-noise ratio are plotted in Figures 4.17 to 4.20.

Since the power spectra 〈α I
1lmα I

1lm′〉, 〈αE
1lmαE

1lm′〉 and 〈α I
1lmαE

1lm′〉 are almost

the same as the primary thermal signal, their signal-to-noise ratio is huge. For

the auto correlation of the primary temperature and E-polarization, the signal-to-

noise ratio is almost equal to the cosmic variance limit up to l = 2000. Among the

remaining elements, 〈α I
1lmαE

2lm′〉 and 〈α I
2lmαE

1lm′〉 have larger accumulative signal-

to-noise ratios and these two are detectable for this PRISM-like experiment. The

accumulative signal-to-noise for 〈α I
1lmαE

2lm′〉 is almost 5.4 and for 〈α I
2lmαE

1lm′〉 is

around 5.2. If we do not include the Rayleigh scattering, these two signals are

zero. Detecting them to be non-zero would be an interesting and non-trivial cross

check of the CMB physics and the assumed cosmological model.

4.7.2 Constraints on Cosmological Parameters

There is independent information contained in the Rayleigh signal which might

help to better constrain the cosmological parameters. To show how much potential

information we can get from the Rayleigh signal, we consider an ideal experiment

with no foregrounds and negligible detector noise so that the signal-to-noise ratios

for both the primary and Rayleigh signals are cosmic-variance limited. To find the

constraints on seven cosmological parameters, Ωb,Ωc,τ,ns,As,H,Yp, we calculate

the Fisher matrix using the standard equation:

Fi j =
lmax

∑
l
(2l +1) fsky

1
2

Tr[C̃−1
l

∂ C̃l

∂ pi
C̃−1

l
∂ C̃l

∂ p j
], (4.71)

where pi and p j could be any of the seven cosmological parameters considered.

The constraints on cosmological parameters for the cosmic-variance limited exper-

iment are presented in Table 4.2. Note that in this calculation we only included

moments up to lmax = 2000. In principle the extra information contained in the

Rayleigh sky is quite powerful. For instance, adding the Rayleigh signal poten-

tially could help to improve the constraint on the helium fraction Yp by a factor

of four. Furthermore, the fundamental limit on ns from the CMB only is less than

10−3 which could be of interest for inflation studies.
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Figure 4.17: The first eigenvalues of intensity 〈α I
1lmα I

1lm′〉 and polarization
〈αE

1lmαE
1lm′〉 spectra (blue, solid) and their signal-to-noise ratio at each

l (red, dashed) as well as the accumulative signal-to-noise ratio for
the PRISM-like experiment. Note that the signal-to-noise ratio for
the temperature-polarization cross power spectrum can be negative at
some l values due to anti-correlation of the temperature and polariza-
tion. However the accumulative signal-to-noise, added in quadrature,
is always positive.
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Figure 4.18: Same as 4.17 but for the second eigenvalues of intensity
〈α I

2lmα I
2lm′〉 and polarization 〈αE

2lmαE
2lm′〉 spectra.
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Figure 4.19: Same as 4.17 but for the temperature-polarization cross-spectra
〈α I

1lmαE
1lm′〉 and 〈α I

1lmαE
2lm′〉.
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Figure 4.20: Same as 4.17 but for the temperature-polarization cross-spectra
〈α I

2lmαE
1lm′〉 and 〈α I

2lmαE
2lm′〉.
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parameter values Primary Primary+Rayleigh
Planck+WP CV Limited CV Limited

Ωbh2 0.02205 0.25657 0.10136
Ωch2 0.1199 0.3570 0.1149

τ 0.089 2.4033 1.0887
ns 0.9603 0.2623 0.0950
As 2.1955×10−9 0.4009 0.1829
H 67.3 0.2667 0.0870
Yp 0.24770 1.4288 0.3375

Table 4.2: The percentage constraints on cosmological parameters
(100σpi/pi) for a hypothetical cosmic-variance limited case with
and without accounting for the Rayleigh signal. Note that although
the Rayleigh signal is detectable with the PRISM-like experiment, this
signal doesn’t add much constraining power for cosmological parameters
as its accumulative signal-to-noise ratio is modest. The constraints on
parameters with the PRISM-like experiment are nearly identical to the
third (Primary CV limited) column in this table.

We also calculate how much of a constraint one can except for the PRISM-like

experiment. In this case, although the Rayleigh signal is detectable, the Rayleigh

signal adds very little constraining power for cosmological parameters as its accu-

mulative signal-to-noise ratio is small.

It’s also reasonable to ask how biased each cosmological parameter will be by

ignoring the Rayleigh scattering. These biases will move the central measured val-

ues of each parameter relative to their actual values. The observed power spectrum

is a sum of the primary power spectrum, Rayleigh power spectrum and generalized

noise (including foregrounds)

C̃l = CPrimary
l +CRayleigh

l + Ñl. (4.72)

To calculate the bias, we need to find the difference between expectation value

of the parameter estimator, 〈p̂i〉, and the true value pi, using

bi = 〈p̂i〉− pi = F(00)−1
i j B j, (4.73)
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where F(00)−1
i j and B j are Fisher matrix and bias vector respectively for the power

spectrum CP
l = CPrimary

l + Ñl

F(00)−1
i j =

lmax

∑
l
(2l +1)

1
2

Tr[CP−1
l

∂CP
l

∂ pi
CP−1

l
∂CP

l

∂ p j
], (4.74)

B j =
lmax

∑
l
(2l +1)

1
2

Tr[CP−1
l

∂CP
l

∂ p j
CP−1

l CRayleigh
l ]. (4.75)

The biases (relative to standard deviation) introduced by ignoring the Rayleigh

scattering for the PRISM-like experiment are

bi/σi = {−0.13,0.08,−0.06,−0.20,−0.02,−0.18,−0.28} (4.76)

for the set of parameters {Ωb,Ωc,τ,ns,As,H,Yp}. While these potential biases

are worrisome and Rayleigh scattering should be incorporated into future analysis,

they are still smaller than the forecasted constraints on each parameter.

The potential constraints that could be achieved using a cosmic-variance lim-

ited experiment, motivate us to consider how larger signal-to-noise measurements

might be made.

4.7.3 Improvements to signal to noise ratio

There are a few ways to improve the signal-to-noise ratio of the Rayleigh sig-

nal and bring it closer to the idealized cosmic-variance limit. One is to have a

more effective foreground removal method. The scheme we discussed assumes an

isotropic power spectrum for each foreground component and aims to detect the

signal in the presence of foregrounds using only this knowledge. Since Rayleigh

scattering is more important at frequencies higher than 300GHz and at high fre-

quencies the dominant foregrounds are Galactic dust and CIB, one might do a

better job at foreground removal by measuring Galactic dust and CIB maps at

very high frequency, (for example higher than 600GHz), and then extrapolating

their spectrum and removing them at the map level from lower frequencies such

as 300GHz or 400 GHz. While we will still be left with some residual foreground

power spectra they should have a smaller amplitude than the original foreground
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power spectra. Furthermore, as long as the Rayleigh signal in not limited by cos-

mic variance, instead of probing the whole sky one could concentrate observing

time on regions of the sky where foreground contamination is less.

Another way to enhance the signal-to-noise ratio is to improve the experiment.

To do so, we can either reduce the detector noise by having more detectors (better

sensitivity) or by including more frequency channels so that we can model fore-

grounds with higher fidelity and remove them more effectively.

To examine how sensitive the signal-to-noise ratio of the Rayleigh signal is

to each of these improvements, we study three cases: Case I. In the first case,

we keep the specification of the experiment the same as our PRISM-like experi-

ment but imagine a more effective foreground removal method. More specifically,

in this case, by measuring the foregrounds at very high frequencies or optimiz-

ing observation to low foreground region, we assume we can remove most of the

foreground contamination from lower frequencies and are left with only 5% of the

original foreground spectra as residuals. Case II. In the second case we use the

same normal foreground levels but improve the specification of the experiment.

For illustrating purposes we consider an extremely ambitious experiment with 50

frequency channels between 30 GHz and 800 GHz and a noise in each frequency

channel of 0.01 nK. Case III. The third case is the combination of I and II.

In Figures 4.21 to 4.24, we show the accumulative signal-to-noise ratios for the

all eight non-zero elements of CMB covariance matrix for these improved cases.

The blue, red, green and black lines are the signal-to-noise ratios respectively for

a PRISM-like experiment, Case I, Case II and Case III. For example, the accumu-

lative signal-to-noise ratio for the cross spectra between the primary temperature

signal and Rayleigh E-polarization signal which was around 5 for the PRISM-like

experiment, is amplified to 26 by improving the foregrounds removal method (Case

I), to 71 by decreasing the detector noise (Case II) and to 218 by combining Case

I and II (Case III). As can be seen from this graph, in Case III the accumulative

signal-to-noise ratio of all the power spectra are greater than 100 and could provide

us with valuable information about cosmological parameters.

The effects of improving the signal-to-noise ratio on cosmological parameters

are illustrated in Figures 4.25 and 4.26. In Figure 4.25 we plotted the 1σ and

2σ constraints on cosmological parameters using only the primary signal. Since
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Figure 4.21: Accumulative signal-to-noise ratios for the first eigenvalues of
intensity 〈α I

1lmα I
1lm′〉 and polarization 〈αE

1lmαE
1lm′〉 spectra. The blue

(solid), red (dashed), green (dotted) and black (dot dashed) lines are the
signal-to-noise ratios respectively for a PRISM-like experiment, for
Case I: improved foregrounds removal method, for Case II : improved
detector noise, and for Case III which combines Case I and II.
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Figure 4.22: Same as 4.21 but for the second eigenvalues of intensity
〈α I

2lmα I
2lm′〉 and polarization 〈αE

2lmαE
2lm′〉 spectra.

the signal-to-noise ratio for the primary signal is cosmic-variance limited in all

the cases considered here, the constraints on the parameters remain the same for

all cases. We also show the bias introduced by ignoring the Rayleigh signal in

this Figure. In almost all the cases (save for one) the bias for each parameter is

less than one sigma and only when the foreground contamination is large and the

detector noise is small, Case II, we are left with biases larger than two sigma for

some parameters.
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Figure 4.23: Same as 4.21 but for the temperature-polarization cross-spectra
〈α I

1lmαE
1lm′〉 and 〈α I

1lmαE
2lm′〉.
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Figure 4.24: Same as 4.21 but for the temperature-polarization cross-spectra
〈α I

2lmαE
1lm′〉 and 〈α I

2lmαE
2lm′〉.

In Figure 4.26, we plotted the two-sigma constraints on cosmological param-

eters using both the primary and Rayleigh signal and show that by improving the

PRISM-like experiment, as we go through Case I, II and III, the constraints on

parameters become smaller since the signal-to-noise ratio of the Rayleigh signal

becomes larger. For instance, the percentage error on Yp in case III is half the

constraint of the PRISM-like experiment.
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Figure 4.25: The biases and constraints on cosmological parameters that
could potentially occur if one ignores the Rayleigh signal. The blue
contours are the one-sigma and two-sigma constraints on parameters
using only the primary signal centred at the fiducial value of the pa-
rameters. The red, green, orange and black dots represent the bias in-
troduced by ignoring the Rayleigh signal respectively in PRISM-like
experiment, Case I (improving foreground removal), Case II (reducing
detector noise) and Case III (combination of both).
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Figure 4.26: The two-sigma constraints on cosmological parameters by con-
sidering both the primary and Rayleigh signal. The smallest and dark-
est contour represents the cosmic-variance limited case. The lighter
contours show the Case III, Case II, Case I and the PRISM-like exper-
iment respectively as we go from smallest-darkest to largest-lightest
contours. Note that the largest contours essentially delineate the con-
ventional (primary only) cosmic variance limit, and smaller contours
represent an improvement in parameter constraints beyond this limit.
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4.8 Conclusions
In this chapter, we have calculated the effect of Rayleigh scattering on CMB

temperature and polarization anisotropies as well as the impact on cosmic struc-

ture. We also have investigated the possibility of detecting the Rayleigh signal in

the CMB. A new method was introduced to account for the frequency-dependence

of the Rayleigh cross section by solving for a hierarchy of spectral distortion per-

turbations, which allows for an accurate treatment of Rayleigh scattering including

its back-reaction on baryon perturbations with only a few spectral-distortion hier-

archies. We have found that Rayleigh scattering modifies the distribution of matter

in the Universe at the 0.3% level.

Since the Rayleigh cross section is frequency-dependent, the CMB tempera-

ture and polarization anisotropies depend on frequency too. For each frequency of

interest, Rayleigh scattering reduces the Cl power spectrum at high l multipoles be-

cause the visibility function shifts to lower redshifts when the Silk damping is more

important. For reference, at 857 GHz, the highest frequency of the Planck experi-

ment, both temperature and E-polarization anisotropies decrease as much as 20%

near l ∼ 1000 and at 353 GHz they decrease as much as 0.6%. Low-multipole E-

polarization anisotropies increase because the visibility function shifts toward later

time when the CMB quadrupole is larger. The increase in E-polarization signal at

l ∼ 50 is 35% at 857 GHz and 0.8% at 353 GHz.

We showed that due to these distortions, the primary intensity and E-polarization

power spectra at different frequencies are not perfectly correlated with each other

like in standard treatments of the CMB. Furthermore we have found, to a very good

approximation, we need two sets of random variables to completely describe the

statistics of primordial intensity and E-polarization patterns on the sky we observe.

There is a second Rayleigh-distorted CMB sky beyond the primary CMB sky that

contains additional information. We have determined a compressed representation

of the joint power spectra of these two temperature/intensity and E-polarization

skies.

Detecting the Rayleigh signal is very challenging because at high frequencies

the number of CMB photons is low and the signal is contaminated by foregrounds.

However since both the spectral shape and power spectra of the Rayleigh sky are
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different from all the foregrounds, the Rayleigh signal might be detectable if many

high frequency channels are included in future CMB missions. We have shown that

with a PRISM-like experiment that has many frequency bands, and using a simple

power spectrum based foregrounds removal method, the cross spectrum between

the primary E-polarization and Rayleigh temperature signal and the cross spec-

trum between the primary temperature and Rayleigh E-polarization signal should

be detectable with accumulative signal-to-noise ratio of 5.2 and 5.4 respectively.

Measuring the Rayleigh signal could provide powerful constraints on cosmo-

logical parameters including the helium fraction and scalar spectral index. A more

ambitious experiment either observing in low foreground contaminated regions or

using a more sophisticated foreground removal method might detect the Rayleigh

CMB sky at high signal-to-noise. This would tighten CMB constraints on cosmo-

logical parameters beyond what was, even in principle, previously thought possi-

ble.

Furthermore, as the Rayleigh opacity is more prominent at high frequencies,

one may be able to use this signal to constrain other new physics such as dark

matter annihilation into Standard Model particles that inject energy into primordial

gas and/or distort the high energy CMB spectrum (e.g., Ref [48]). If these effects

alter the Rayleigh signal then detecting it may provide corroborating evidence for

such new physics. The detail of such effects and how the Rayleigh signal might

constrain them is an interesting topic for future studies.
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Chapter 5

Cosmic Neutrino Background
Anisotropy Spectrum

5.1 Introduction
Studying the Cosmic Microwave Background anisotropies provides us with

detailed information about the physical content of the Universe [2, 3]. These relic

photons have travelled to us from the last scattering surface at redshift z ' 1090

and thus they can inform us about the condition of the Universe when it was only

∼ 380,000 years old.

The standard model also predicts a cosmic neutrino background (CNB); relic

neutrinos which have free-streamed to us freely from when the Universe was only

∼ 1s old. Although the direct detection of the CNB is extraordinary challenging,

serious possibilities have been discussed in Ref. [49–52]. One of the recently pro-

posed methods is the process of neutrino capture on a tritium target [52]. In this

process, a relic neutrino is captured by a tritium nucleus, and an electron and a 3He

nucleus are emitted in the final state. This process can be distinguished from tri-

tium β -decay background by observation of electron kinetic energies emitted from

a tritium target that are above the β -decay endpoint by twice the mass of neutrinos

and so is sensitive to the CNB provided the energy resolution is comparable to mν .

Moreover in Ref. [53] a new method is proposed to use the annual modulation of

the CNB by the gravitational focusing of the sun to detect its dipole moment. If
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techniques like this prove successful in the future it might be possible to detect

CNB anisotropies. With this renewed interest in the detection of relic neutrinos, it

is interesting to consider the theory of the CNB, both in the standard model and in

theories with non-standard neutrino interactions.

The CNB started to form when neutrinos decoupled from the rest of the cosmic

plasma. In the standard model, neutrino decoupling is assumed to happen almost

instantaneously at the temperature 1-2 MeV. In this scenario, before decoupling

the neutrinos were in contact with the rest of the plasma through weak interactions

(Γ ∼ G2
FT 5) and they had a Fermi-Dirac equilibrium distribution function. After

decoupling, when the rate of the interactions became much smaller than the Hubble

rate (Γ� H), the neutrino distribution function maintained its equilibrium shape

with the temperature decreasing as the inverse of scale factor Tν ∼ 1
a(t) . The tem-

perature of electromagnetic plasma scaled in the same way until it reached the elec-

tron mass, Tγ = me ≈ 0.5 MeV. When pair annihilation occurred, the photons and

baryons were heated up relative to the neutrinos as the latter didn’t receive any sig-

nificant energy from the electron-positron pairs since they were already decoupled

and the ratio Tγ

Tν
increased to the well known asymptotic value Tγ

Tν
' (11

4 )
1/3 = 1.401

[1, 54].

However to calculate the CNB anisotropies properly, a more detailed study of

non-instantaneous neutrino decoupling is needed. It is well known that the neu-

trino plasma receives a small energy contribution from pair annihilation and its

final energy density is a bit higher than the instantaneous case. Since neutrinos

with higher momentum are heated more, then neutrino spectra have a momentum

dependent distortion. There have been a number of papers considering the effect

of non-instantaneous decoupling on the background energy density of neutrinos

and photons [55–57]. For example, in the most recent paper [56], the final ratio of

photon temperature to neutrino temperature is found to be Tγ

Tν
= 1.399.

The goal of this chapter is to study the impact of the non-instantaneous de-

coupling on the evolution of cosmological perturbations and specifically to cal-

culate the CNB anisotropy power spectrum. Some existing works have already

derived the massless [58] and massive [59] CNB power spectrum at only large

scales assuming neutrino decoupling takes place instantaneously. The main source

of anisotropies for the large scale modes is the Integrated Sachs-Wolf (ISW) effect
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which is caused by the gravitational redshift occurring between the last scattering

surface and the Earth. For massive neutrinos, the ISW effect is momentum de-

pendent and larger than for massless neutrinos as they don’t move at the speed of

light and are eventually nonrelativistic. Also the distance from the last scattering

surface to us is smaller for massive neutrinos [60]. Using a modified version of

CAMB [24], we rederive the low l part of the spectrum and show that for mass-

less neutrinos our result is similar to Ref. [58] but we find a different result than

Ref. [59] for massive neutrinos. We believe there are two main reasons for this

difference. First, for massive neutrinos the power spectrum is momentum depen-

dent and the method used in this work to average over all momenta to present the

total power spectrum, is different than the method used in Ref.[59]. Second, in this

work we include the effect of the variation of the distance from the last scattering

surface for massive neutrinos, which it appears was not included in Ref.[59]. We

discuss this further in section 5.6.

In addition to the low l part of the power spectrum, we write a numerical code to

solve the Boltzmann equations and calculate the small scale part for both massless

and massive neutrinos with allowing neutrinos to oscillate. At small scales, similar

to the CMB power spectrum, acoustic oscillations and silk damping are visible

in the CNB power spectrum. The smaller momentum-dependent distance from

the last scattering surface for the massive neutrinos leads to a shift in the power

spectrum toward lower l values and makes the spectrum depend on the momentum

of neutrinos.

A recent study [61] showed that the CMB data is compatible with a neutrino

self-interaction strength that is orders of magnitude larger than the standard Fermi

constant which can delay the neutrino free-streaming to a much later time. We

show how the presence of such strong self-interactions modifies the CNB power

spectrum.

This chapter is organized as follows: In Section 5.2 the set of the equations

evolving the neutrino anisotropies are presented. In Section 5.3, we derive the CNB

anisotropy power spectrum for massless neutrinos. The CNB anisotropy power

spectrum for massive neutrinos and a discussion on neutrino oscillation are given in

Sections 5.4 and 5.5 respectively. Section 5.6 presents a method for averaging over

momenta to get the total CNB power spectrum, Section 5.7 investigates the effect
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of nonstandard strong self-interactions on the CNB power spectrum and Section

5.8 concludes.

5.2 Evolution equations for neutrino anisotropies
As discussed above, since neutrino decoupling is non-instantaneous, neutri-

nos with higher momentum will receive more energy during pair annihilation and

therefore the neutrino distribution function has a non-thermal distortion. Tracking

this non-thermal distribution function makes the calculation rather complicated.1

Therefore in the first approximation, we assume that the distribution function of

neutrinos are still the thermal Fermi-Dirac distribution function:

f (~x, p, p̂, t) = [e
p

T (t)[1+θ(~x,p̂,t)] +1]−1, (5.1)

where ~x is the position, ~p is the momentum, T is the temperature and θ is the

temperature perturbation. We assume a Universe filled with neutrinos, photons,

electrons, positrons and dark matter. At the time of neutrino decoupling the pho-

tons, electrons and positrons were tightly coupled. Thus we can treat them as one

single perfect fluid with the energy density of ργe =
π2

15 T 4
γ (1+

7
4 χρ) and pressure

of Pγe =
π2

45 T 4
γ (1+

7
4 χp) [62]. χρ and χp are functions of temperature and electron

mass, they are equal to one when the temperature is much higher than the electron

mass and electrons and positrons are relativistic and they vanish as the tempera-

ture drops down and pair annihilation happens. Using the Einstein and Boltzmann

equations given in chapter 2, one can solve for the evolution of perturbations.

In this chapter the Newtonian Conformal gauge is used since variables in this

gauge are directly related to the physical quantities. The line element in this par-

ticular gauge is:

ds2 = a2(τ)[−(1+2ψ)dτ
2 +(1−2φ)dxidxi], (5.2)

where φ and ψ are the gravitational potentials, τ is the conformal time and

a(τ) is the scale factor. The phase-space neutrino distribution evolves according to

1For an example of how to proceed in such an energy dependent case see Chapter 4.
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the Boltzmann equation.
d f
dt

=C[ f (~p)]. (5.3)

The left-hand side of the Boltzmann equation is the full time derivative of the

distribution function and the right-hand side contains all possible collision terms.

The first order part of d f/dt in Newtonian Conformal gauge can be written as

d f
dt

= −p
∂ f 0

∂ p
[
∂θ

∂ t
+

ikµ

a
θ − ∂φ

∂ t
+

ikµ

a
ψ] (5.4)

−p(θ −ψ)
∂ (C0/p)

∂ p
,

where k is the wavenumber of the perturbations, µ = p̂ · k̂ and C0 is the zero order

collision term.

The right hand side or the collision term can be written as

C[ f (~p)] =
1

2E(p)

∫
dΠqdΠq′dΠp′ ∑

spin
|M|2(2π)4 (5.5)

×δ
4(p+q− p′−q′){ f (~q′) f (~p′)[1− f (~q)][1− f (~p)]

− f (~q) f (~p)[1− f (~q′)][1− f (~p′)]}.

In this equation, dΠq =
d3q

(2π)32E(q) is the Lorentz-invariant phase-space volume ele-

ment, δ 4(p+q− p′−q′) enforces the energy-momentum conservation and M is the

process amplitude. Calculating these integrals is extremely complicated especially

when we include the Pauli blocking terms. For simplicity, we assume that all the

particles involved in these interactions are massless and use Maxwell-Boltzmann

statistics for all particles during neutrino decoupling. With these assumptions we

can ignore the Pauli blocking terms while maintaining detailed balance. Note that

we only use Maxwell-Boltzmann statistics to obtain the collision terms which are

functions of only temperature. For the rest of the calculations we use the Fermi-

Dirac distribution function for the neutrino plasma.

Around the time of neutrino decoupling, the weak reactions that keep neutri-

nos in contact with the rest of plasma are scattering and annihilation processes with

electrons and positrons which heat up neutrinos, and also scattering and annihila-

tion processes involving only neutrinos which thermalize the neutrino distributions.

81



processes ∑ |M|2
νe + ν̄e→ e−+ e+ 8G2

F(bwt2 +awu2)
νe + ν̄e→ νi + ν̄i 8G2

Fu2

νe + e−→ νe + e− 8G2
F(aws2 +bwu2)

νe + e+→ νe + e+ 8G2
F(bws2 +awu2)

νe +νe→ νe +νe 8G2
Fs2

νe + ν̄e→ νe + ν̄e 8G2
F(4u2)

νe +νi→ νe +νi 8G2
Fs2

νe + ν̄i→ νe + ν̄i 8G2
Fu2

Table 5.1: The weak interactions involving electron neutrinos and their cor-
responding squared amplitudes.

processes ∑ |M|2
νi + ν̄i→ e−+ e+ 8G2

F(bwt2 + cwu2)
νi + ν̄i→ νe + ν̄e 8G2

Fu2

νi + ν̄i→ ν j + ν̄ j 8G2
Fu2

νi + e−→ νi + e− 8G2
F(cws2 +bwu2)

νi + e+→ νi + e+ 8G2
F(bws2 + cwu2)

νi +νe→ νi +νe 8G2
Fs2

νi + ν̄e→ νi + ν̄e 8G2
Fu2

νi +νi→ νi +νi 8G2
Fs2

νi +ν j→ νi +ν j 8G2
Fs2

νi + ν̄i→ νi + ν̄i 8G2
F(4u2)

νi + ν̄ j→ νi + ν̄ j 8G2
Fu2

Table 5.2: The weak interactions involving µ and τ neutrinos and their cor-
responding squared amplitudes.

All the relevant weak interactions and corresponding squared amplitudes involving

electron neutrinos and muon or tau neutrinos are displayed in Table 5.1 and 5.2

respectively [55].

The interactions involving µ and τ-neutrino are identical but different from

interactions involving electron neutrinos since electron neutrinos have both charged

and neutral current interactions. In our notation, GF is the Fermi constant, p is

the four-momentum of the incoming neutrino, q the four-momentum of the other
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incoming particle, p′ the four-momentum of the outgoing neutrino or lepton and q′

is the four-momentum of the other outgoing particle. s = (p+q)2 is the square of

the center of mass energy, u=(p−q′)2 and t =(p− p′)2 are the squares of the four-

momentum transfer. Also aw = (2sin2
θw +1)2 ' 2.13, bw = (2sin2

θw)
2 ' 0.212

and cw = (2sin2
θw−1)2 ' 0.292 where θw is the Weinberg angle.

We can rewrite the first order Boltzmann equation governing the neutrinos

anisotropies as

p
T
[−p

∂ f 0

∂ p
(
∂θ

∂τ
+ ikµθ − ∂φ

∂τ
+ ikµψ)− p(θ −ψ)

∂ (C0)

p
]

= 4G2
FT 5

ν a[p
∂ f 0

∂ p
θ(p̂)A(p)+B(p)+C(p)+D(p)]. (5.6)

Similar to Ref. [55], we categorize the terms arising from the expansion of

[ f (~q′) f (~p′)− f (~q) f (~p)] into four different types of terms in equation 5.6. The “A

terms” represent the disappearing of a neutrino of momentum p and arise from all

the processes, e.g., ν(p)+e−→ ν+e−. “B terms” come from all the processes that

just change the momentum of neutrinos from p to p′, e.g., ν(p)+e−→ ν(p′)+e−

and involve an integration over θν(p′). “C terms” are similar to B terms except they

arise from interactions of electron neutrinos with µ or τ neutrinos and vice versa,

e.g., νe(p)+ ν̄e → νµ(p′)+ ν̄µ . And finally “D terms” arise from interactions of

neutrinos with electrons or positrons which heat up the neutrinos and they involve

an integration over θe. These terms for electron neutrinos are:
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Ae(p) =
1

T 6
ν

∫
dΛ[ fe0(q)(aw +bw)(u2 + s2) (5.7)

+ fν0(q)(bwt2 +(8+aw)u2 +3s2)],

Be(p) =
1

T 6
ν

∫
dΛ[ fν0(p)q

∂ fν0

∂q
θνe(q̂)[s

2 +bwt2 +(aw +6)u2] (5.8)

−p′
∂ fν0

∂ p′
θνe(p̂′)[(aw +bw)(s2 +u2) fe0(p′)+(6u2 +3s2) fν0(p′)]

− fν0(p′)q′
∂ fν0

∂q′
θνe(q̂′)[s

2 +4u2]],

Ce(p) =
1

T 6
ν

∫
dΛ[ fν0(p)q

∂ fν0

∂q
θνµ

(q̂)[2s2 +2u2] (5.9)

− fν0(q′)p′
∂ fν0

∂ p′
θνµ

(p̂′)[2u2]− fν0(p′)q′
∂ fν0

∂q′
θνµ

(q̂′)[2s2 +4u2]],

De(p) =
1

T 6
ν

∫
dΛ[ fν0(p)q

∂ fe0

∂q
θe(q̂)[(aw +bw)s2 +(aw +bw)u2] (5.10)

− fe0(q′)p′
∂ fe0

∂ p′
θe(p̂′)[bwt2 +awu2]

−q′
∂ fe0

∂q′
θe(q̂′)[(aw +bw)(u2 + s2) fν0(p′)+(bwt2 +awu2) fe0(p′)]],

where dΛ = dΠqdΠq′dΠp′(2π)4δ 4(p+ q− p′− q′) is a nine-dimensional phase-

space volume element.

The µ− and τ−neutrino phase-space distribution functions are identical and

for them these four terms are:
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Aµ(p) =
1

T 6
ν

∫
dΛ[ fe0(q)(cw +bw)(u2 + s2) (5.11)

+ fν0(q)(bwt2 +(8+ cw)u2 +3s2)],

Bµ(p) =
1

T 6
ν

∫
dΛ[ fν0(p)q

∂ fν0

∂q
θνµ

(q̂)[2s2 +bwt2 +(cw +7)u2] (5.12)

−p′
∂ fν0

∂ p′
θνµ

(p̂′)[(cw +bw)(s2 +u2) fe0(p′)+(7u2 +3s2) fν0(p′)]

− fν0(p′)q′
∂ fν0

∂q′
θνµ

(q̂′)[2s2 +6u2]],

Cµ(p) =
1

T 6
ν

∫
dΛ[ fν0(p)q

∂ fν0

∂q
θνe(q̂)[s

2 +u2] (5.13)

− fν0(q′)p′
∂ fν0

∂ p′
θνe(p̂′)[u2]− fν0(p′)q′

∂ fν0

∂q′
θνe(q̂′)[s

2 +2u2]],

Dµ(p) =
1

T 6
ν

∫
dΛ[ fν0(p)q

∂ fe0

∂q
θe(q̂)[(cw +bw)s2 +(cw +bw)u2] (5.14)

− fe0(q′)p′
∂ fe0

∂ p′
θe(p̂′)[bwt2 + cwu2]

−q′
∂ fe0

∂q′
θe(q̂′)[(cw +bw)(u2 + s2) fν0(p′)+(bwt2 + cwu2) fe0(p′)]].

Evaluation of these terms Ai, Bi, Ci and Di are rather tedious and the details of

how to calculate them are presented in the Appendix A.

By Integrating the Boltzmann equation over p2d p and dividing it by
∫

p3d p f0(p),

we can write the evolution equation for temperature perturbations:

∂θν

∂τ
+ ikµθν −

∂φ

∂τ
+ ikµψ +(θν −ψ/4)

Qν

ρν

= 4G2
FT 5

ν a

×[−Âθν +
1
24

∫
∞

0
(B(z,µ)+C(z,µ)+D(z,µ))z2dz] (5.15)

where Â = 5 A
(p/Tν )2 is just a number and Qν ≡

∫
d3 ppC0(p) is the zero order energy

transfer. Expanding the angular dependence of perturbations in a series of Legen-

dre polynomials θν = ∑(−i)l(2l +1)θν lPl(µ), one can find an evolution equation

for each θν l by multiplying the Boltzmann equation by 1
(−i)l

∫ 1
−1

dµ

2 Pl(µ) and inte-
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grating:

θ̇νel + k
l +1
2l +1

θνel+1−
kl

2l +1
θνel−1− φ̇δl,0−

k
3

ψδl,1 +θνel
Qνe

ρνe

−δl,0
ψ

4
Qνe

ρνe

= 4G2
FT 5

ν a[−Âeθνel−
1

π3 [δl,0
4
3
((aw +bw +9)θνe0 +8θνµ 0 +4(aw +bw)r−4

θe0)

−δl,1
2
3
((aw +bw +9)θνe1 +8θνµ 1 +4(aw +bw)r−4

θe1)

+δl,2
2
15

((aw +bw +9)θνe2 +8θνµ 2 +4(aw +bw)r−4
θe2)]

+
1

384π3 [θνelcνe(l,r)+θνµ lcνµ
(l,r)+θelce(l,r)]], (5.16)

θ̇νµ l + k
l +1

2l +1
θνµ l+1−

kl
2l +1

θνµ l−1− φ̇δl,0−
k
3

ψδl,1 +θνµ l
Qνµ

ρνµ

−δl,0
ψ

4
Qνµ

ρνµ

= 4G2
FT 5

ν a[−Âµθνµ l−
1

π3 [δl,0
4
3
((cw +bw +13)θνµ 0 +4θνe0 +4(cw +bw)r−4

θe0)

−δl,1
2
3
((cw +bw +13)θνµ 1 +4θνe1 +4(cw +bw)r−4

θe1)

+δl,2
2
15

((cw +bw +13)θνµ 2 +4θνe2 +4(cw +bw)r−4
θe2)]

+
1

384π3 [θνµ ldνµ
(l,r)+θνeldνe(l,r)+θelde(l,r)]], (5.17)

where r = Tν

Tγ
is the ratio of neutrino temperature to photon temperature and cνe , cνµ

,

ce, dνe , dνµ
,de are functions of both l and r and they are defined in the Appendix.

The neutrino energy over-density δν , velocity θν and anisotropic stress σν are

related to the first three moments of temperature perturbation: θν0 = δν

4 , θν1 =
1
3k θν and θν2 = σν

2 [22]. Since the photon-electron-positron plasma is a perfect

fluid, we only need two variables to describe it: θe0 =
ργe

Tγ dργe/dTγ
δγe and θe1 =

1
3k θγe. The evolution equations for δγe and θγe is found using energy conservation.

These equations are similar to the ones for neutrinos except that the momentum-

energy conservation implies that the collision term for the l = 0 moment must be

multiplied by ρν

ργe
and for l = 1 must be multiplied by ρν+Pν

ργe+Pγe
where ρα and Pα are

the energy density and pressure density of α-fluid respectively .

Also note that the background energy-momentum conservation implies that
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Qν = Qνe +2Qνµ
=−Qγe [63]. To close this set of equations and solve them, one

need to include the zero order energy conservation equations for each fluid:

ρ̇α =−3H(ρα +Pα)+Qα . (5.18)

We solve this set of equations by writing a numerical code and utilizing the

LSODA solver from ODEPACK [64] library which implements a variety of solvers

for ordinary differential equations. The LSODA solver is based on the backward

differentiation formula method and automatically switches between nonstiff and

stiff solvers depending on the behaviour of the problem.

It’s interesting to first calculate the final value of ratio of neutrino temperature

to photon temperature Tν

Tγ
to see how much it differs from the well known value

( 4
11)

1/3 = 0.7138, i.e. how much neutrino energy density has increased due to

heating caused by the pair annihilation. We plot the ratio of neutrino temperature

to photon temperature as a function of conformal time in Figure 5.1. At early times

the neutrino temperature and photon temperature are the same, and as electron-

positron annihilation happens, the photons receive most of the energy and the ratio

of neutrino temperature to photon temperature decreases to the final asymptotic

value of Tν

Tγ
= 0.7161 which is a bit higher than ( 4

11)
1/3 since neutrinos share some

of the heat as well.

One can also express this increase in terms of an excess in the effective numbers

of neutrinos, Neff, which is defined as

ρν =
7
8
(

4
11

)4/3Neffργ . (5.19)

Therefore the effective number of neutrinos when we include the increase in neu-

trino energy due to pair annihilation is Neff = 3.0399 which is consistent with the

result of Ref. [56].

5.3 Neutrino power spectrum
To calculate the neutrino anisotropy power spectrum, we use the line of sight

integration approach [42]. In this approach, the temperature anisotropy can be

written as an integral over the product of a source term and a geometrical term.
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Figure 5.1: Ratio of neutrino temperature to photon temperature as a function
of conformal time. The final asymptotic value of this ratio is 0.7161
which is a bit higher that the value in instantaneous neutrino decoupling
scenario (( 4

11)
1/3) and shows that neutrinos receive some energy from

the pair annihilation.

Defining the opacity as κ̇ =−4G2
FT 5

ν a, we write the solution of Equation 5.15 as

θνe(k,µ,τ0) =
∫

τ0

0
dτ S̃e(k,µ,τ)eikµ(τ−τ0)−κ , (5.20)

where the source term is

S̃e = φ̇ − ikµψ− (
Qνe

ρνe

+ κ̇(1− Âe)) (5.21)

×
∞

∑
l=0

(−i)l(2l +1)pl(µ)θνel +
ψ

4
Qνe

ρνe

−κ̇
30

7π4

∫
∞

0
(Be(z,µ)+Ce(z,µ)+De(z,µ))z2dz].
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We can eliminate the angle µ in the integrand by integrating by parts, and then

drop the boundary terms since at τ → 0 it vanishes, and at τ = τ0 it doesn’t have

any angular dependence. Therefore we can replace µ with 1
ik

d
dτ

everywhere in the

integrand. Then by multiplying the equation by 1
(−i)l

∫ 1
−1

dµ

2 Pl(µ) and taking the

integral, we get the following evolution equation for each moment of the neutrino

temperature perturbation.

θνel(k,τ0) =
∫

τ0

0
dτSe(k,τ) jl[k(τ0− τ)]. (5.22)

The line of sight integration method helps us to have fewer coupled differential

equations since the geometrical term is just the Bessel function and the source

term, which depends on cosmological perturbations, can be calculated using a

small number of differential equations.

We can even simplify the source term further and move the time derivatives to

the Bessel functions by integrating by parts and then use the recurrence relations

of the Bessel functions. After simplification, the source function for the electron
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neutrino is

Se(k,τ, l) = e−κ(φ̇ + ψ̇) (5.23)

+ g(τ)[ψ− ψ

4
Qνe

ρνe κ̇
− 1

π3 [(9+aw +bw)(
4
3

θνe0 +
1
2

θνe2)

+ 8(
4
3

θνµ 0 +
1
2

θνµ 2)+4(aw +bw)r−4(
4
3

θe0 +
1
2

θe2)]

+ 2
1

π3 [(9+aw +bw)θνe1 +8θνµ 1 +4(aw +bw)r−4
θe1](−

l +1
x

+1)

− 3
2

1
π3 [(9+aw +bw)θνe2 +8θνµ 2](

(l +1)(l +2)
x2 − 2

x
−1)

+ (
Qνe

ρνe κ̇
+1− Âe)[θνe0 +3θνe1(−

l +1
x

+1)

− 5θνe2(−
3
2
(l +1)(l +2)

x2 +
3
x
+1)

+ 7θνe3(−
5
2
(l +1)(l +2)(l +3)

x3 +
5
2

l2 + l +6
x2 +

l +6
x
−1)+ ...]

+
1

384π3 [ f (0,r)+3 f (1,r)(− l +1
x

+1)

− 5 f (2,r)(−3
2
(l +1)(l +2)

x2 +
3
x
+1)

+ 7 f (3,r)(−5
2
(l +1)(l +2)(l +3)

x3 +
5
2

l2 + l +6
x2 +

l +6
x
−1)+ ...]].

In this equation, g(τ)=−κ̇e−κ is the visibility function, the probability density

function for the time at which neutrinos decoupled from the rest of the plasma and

f (l,r) = θνelCνe(l)+θνµ lCνµ
(l)+θelCe(l). (5.24)

There are two terms in the source function, one is proportional to the derivatives

of gravitational potentials and the other is proportional to the visibility function.

The visibility function is a very sharp function and it is only nonzero during a very

brief period around decoupling (∆τ/τ0 ' 10−7). The behaviour of this visibility

function is shown in Figure 5.2. After this short period, the only nonzero term in the

source function is the term proportional to φ̇ and ψ̇ which is called the Integrated

Sachs-Wolfe term.

Note that since the Universe is radiation-dominated at the time of neutrino
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Figure 5.2: The visibility function as a function of conformal time. The
peak of the visibility function occurs at τ = 5.75× 10−5Mpc or T '
1.48 MeV

.

decoupling, the gravitational potentials for the modes that enter the horizon at this

time evolve more dramatically compared to the modes that enter the horizon at the

time of photon decoupling. Therefore we expect the ISW term to play a larger role

for the neutrino power spectrum than for the CMB power spectrum.

As discussed earlier, the visibility function is sharply peaked during decoupling

and since during this time τ/τ0 is smaller than 10−7, the spherical Bessel function

jl[k(τ0−τ)] is a very smooth function compare to the visibility function. Therefore

θνel(k,τ0) = jl[k(τ0)]
∫

τ0

0
dτSe(k,τ, l) (5.25)

= jl[k(τ0)]Ŝe(k, l),

where the Ŝe(k, l) is just the time integral over the source function.

The anisotropy spectrum can be obtained by integrating over the initial power
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spectrum of the metric perturbation:

Cl = 4π

∫
∞

0
k2dkPψ(k)|θl(k,τ = τ0)|2 (5.26)

= 4πA
∫

∞

0

dk
k

Ŝ2
e(k, l) j2

l [kτ0]. (5.27)

In this equation Pψ(k) = Akns−4 is the primordial potential fluctuation power spec-

trum. For the power law index, we assumed a flat Harrison-Zeldovich spectrum

ns = 1. We anticipate the peaks of the power spectrum to appear at very small

scales (l > 108). In Ref. [65] it’s shown that for high Bessel index l, the integral in

Eq. 5.27 is equivalent to

Cl =
πA

(l +1/2)2

∫
∞

0

Ŝ2
e [

l+1/2
τ0

√
1+ y, l]√

y(1+ y)3
dy (5.28)

Similarly the same calculation can be done for µ and τ neutrinos:

θνµ l(k,τ0) =
∫

τ0

0
dτSµ(k,τ, l) jl[k(τ0− τ)], (5.29)
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where

Sµ(k,τ, l) = e−κ(φ̇ + ψ̇) (5.30)

+ g(τ)[ψ− ψ

4
Qνe

ρνe κ̇
− 1

π3 [(13+ cw +bw)(
4
3

θνµ 0 +
1
2

θνµ 2)

+ 4(
4
3

θνe0 +
1
2

θνe2)+4(cw +bw)r−4(
4
3

θe0 +
1
2

θe2)]

+ 2
1

π3 [(13+ cw +bw)θνµ 1 +4θνe1 +4(cw +bw)r−4
θe1](−

l +1
x

+1)

− 3
2

1
π3 [(13+ cw +bw)θνµ 2 +4θνe2](

(l +1)(l +2)
x2 − 2

x
−1)

+ (
Qνµ

ρνµ
κ̇
+1− Âµ)[θνµ 0 +3θνµ 1(−

l +1
x

+1)

− 5θνµ 2(−
3
2
(l +1)(l +2)

x2 +
3
x
+1)

+ 7θνµ 3(−
5
2
(l +1)(l +2)(l +3)

x3 +
5
2

l2 + l +6
x2 +

l +6
x
−1)+ ...]

+
1

384π3 [ fµ(0,r)+3 fµ(1,r)(−
l +1

x
+1)

− 5 fµ(2,r)(−
3
2
(l +1)(l +2)

x2 +
3
x
+1)

+ 7 fµ(3,r)(−
5
2
(l +1)(l +2)(l +3)

x3 +
5
2

l2 + l +6
x2 +

l +6
x
−1)+ ...]],

We numerically calculate the anisotropy spectrum for electron and µ or τ neutrinos.

The result is shown in Figure 5.3.

Similar to the CMB power spectrum, the acoustic oscillations and Silk damping

are visible in neutrino anisotropy spectrum. The acoustic oscillations arise from the

competition between gravitational collapse and neutrino pressure which tends to

erase the anisotropies. This competition leads to this pattern of peaks and troughs

in the power spectrum.

The Silk damping is caused by the finite thickness of the last scattering, since

neutrinos move a mean distance during the decoupling, any perturbation on scales

smaller than this distance will be washed out, which results in damping of higher

k modes, ie higher l values.

In contrast to the CMB power spectrum, in the CNB spectrum the height of the
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Figure 5.3: The anisotropy power spectrum for massless electron (blue) and
µ or τ (red) neutrinos. Similar to the CMB power spectrum, the acoustic
oscillations and Silk damping are visible in this plot.

peaks do not alternate because there is no non-relativistic particle during neutrino

decoupling to resemble baryons during photon last scattering.

The peaks show the characteristic structure of coherent oscillations and appear

at roughly lp = nπ
τ0
rs

where rs =
∫

τ

0 dτcs is the sound horizon at the time of decou-

pling.

Another feature worth noticing is that 3000 . l . 3× 108 values correspond

to the modes that were outside the horizon at the time of decoupling but entered

the horizon in the radiation-dominated era. For these modes the ISW term is the

dominant term which leads to an almost flat power spectrum.

5.4 Anisotropy spectrum for massive neutrinos
In the last section, we assumed that neutrinos were massless. Yet, based on

cosmological constraints and measured neutrino mass differences from neutrino

oscillation experiments, only one of the three species of neutrinos is potentially
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relativistic and the other two must have masses greater than 10−2 eV [66]. Thus

it’s important to also find the anisotropy spectrum for massive neutrinos.

We start by writing the evolution equation for temperature perturbations for a

massive neutrino:

θ̇ν +(ik
q
ε

µ− κ̇)θν = S̃(k,τ)+∆S̃(k,τ,m). (5.31)

We follow the notation of Ref. [22] where ε =
√

q2 +m2a2 and q is the comoving

momentum. In the above equation S̃ is the source term for massless neutrinos

and ∆S̃ is the difference in source between massive and massless neutrinos. Since

during the neutrino decoupling the temperature of the universe is much greater

than any mass allowed for neutrinos, all the three species of CNB neutrinos are

relativistic and the only difference between massive and massless neutrinos is in

the ISW term:

∆S̃ = (φ̇ − ik
ε

q
µψ)− (φ̇ − ikµψ), (5.32)

which is only nonzero for large-scale modes that entered the horizon at the time

when the neutrinos are un-relativistic.

Again we use the line of sight integration approach to find θν :

θν =
∫

dτ S̃(k,τ)eikµ(
∫

τ

0
q
ε

dτ ′−∫ τ0
0

q
ε

dτ ′) (5.33)

+
∫

dτ[ikµψ− ik
ε

q
µψ]eikµ(

∫
τ

0
q
ε

dτ ′−∫ τ0
0

q
ε

dτ ′).

Note that
∫

τ

0
q
ε
dτ ′ = χ(τ) is the comoving distance travelled by a massive neutrino

from big bang to τ and χ0 = χ(τ0). The distance from the last scattering surface to

us (χ0− χ(τdec)) depends on both the mass of neutrinos and their momentum. In

Figure 5.4. this distance is plotted as a function of mν for when the momentum of

neutrinos at present is 3Tν . Note that for masses above 10−4 eV, the last scattering

surface is much closer to us.

Following the same steps that we did for the massless neutrinos in Eq. 5.20 to
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Figure 5.4: The comoving distance travelled by a massive neutrino from the
last scattering surface to us as a function of mν for one value of the
neutrino momentum (3Tν ).

5.25 leads to

θν l(k,τ0,q) =
∫

dτ(S+∆S) jl[k(χ0−χ(τ))] (5.34)

= jl[k(χ0]
∫

dτ(S(k,τ)+∆S(k,τ)),

where

∆S(k,τ) =
d

dτ
(ψ

ε2

q2 )− ψ̇ (5.35)

= ψ̇(
ε2

q2 −1)+ψ
2m2aȧ

q2 .

First note that now θl is momentum-dependent, but we can still calculate the

neutrino angular power spectrum as a function of momentum.

For large values of l which correspond to the modes entering the horizon in the
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radiation-dominated era, all the neutrinos can be treated as massless and therefore

∆S for these modes is negligible. Thus, apart from neutrino oscillation, the only

difference for massive neutrinos would be that the distance from the last scattering

surface for massive neutrinos are smaller than for massless neutrinos which leads to

a shift in the angular power spectrum toward lower l values for massive neutrinos.

For l . 107 which correspond to the modes that entered the horizon long after

neutrino decoupling, the only relevant source is the ISW term. Using a modified

version of CAMB [24], the angular power spectrum at low l values is plotted for

three different neutrino masses in Figure 5.5 . In this chapter we assume the normal

hierarchy and the squared mass difference to be ∆m2
1,2 = 8×10−5 eV2 and ∆m2

2,3 =

2.5× 10−3 eV2. Assuming that the lightest neutrino is massless then m1 = 0 eV,

m2 = 0.00894 eV and m3 = 0.05894 eV. For low l values, in addition to a shift

toward lower l which is due to the fact that the distance from the last scattering for

massive neutrinos is smaller, we observe a boost because of the larger ISW effect

for massive neutrinos.

5.5 Neutrino oscillation
Neutrinos are produced and detected in flavor eigenstates but they propagate

in mass eigenstates. Since the unitary matrix that transforms from the mass basis

to the flavor basis is not orthogonal, in calculating the neutrinos anisotropy power

spectrum, we must take into account that neutrinos can oscillate.

We are primarily interested in the anisotropy power spectrum for an electron

neutrino at the detector. For a neutrino that is travelling in the m1 mass eigenstate,

we can define an effective visibility function or equivalently an effective source

function:

Seff
m1
(k,τ) = |Ue1|2Se(k,τ)+2|Uµ1|2Sµ(k,τ) (5.36)

where |Ue1|2 = |〈νe|ν1〉|2 is the probability that the m1 mass eigenstate has electron

flavour and |Uµ1|2 = |〈νµ |ν1〉|2 is the probability that it has muon flavour. Then

θ
eff,m1,p
l (k,τ0) =

∫
dτSeff

m1
(k,τ) jl[k(χ

m1,p
0 −χ

m1,p(τ))] = Ŝeff
m1
(k) jl[kχ

m1,p
0 ] (5.37)

Note that χm1,p(τ) depends both on the mass of neutrino m1 and momentum p
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Figure 5.5: The anisotropy power spectrum at low l values for three different
neutrino masses with momentum p = 0.0005 eV: m1 = 0 eV (blue,
solid), m2 = 0.00894 eV (red, dashed) and m3 = 0.05894 eV (green,
dotted). Since the ISW effect is larger for massive neutrinos, there is a
boost at low l angular power spectrum for these neutrinos.

of it at present. Using the a similar procedure as for the massless neutrinos we

can derive the equation to calculate the anisotropy power spectrum for a neutrino

travelling in one of the mass eigenstates.

Ceff,mi,p
l =

πA
(l +1/2)2

∫
∞

0
Ŝeff

mi
[
l +1/2
χ

mi,p
0

√
1+ y]

dy√
y(1+ y)3

(5.38)

The anisotropy power spectrum for the three mass eigenstates are plotted in Figure

5.6. As discussed previously, the distance from the last scattering surface is smaller

for massive neutrinos and the angular power spectrum for massive neutrinos are

shifted toward lower l values.

Neutrinos propagate in these mass eigenstates until they reach a detector where

they are detected in flavour eigenstates. The effective θl(k,τ = τ0) for an electron
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Figure 5.6: The anisotropy power spectrum for massive neutrinos with mo-
mentum p = 0.0005 eV before they are detected. The blue (solid), red
(dashed) and green (dotted) curves are the power spectra for m1 = 0 eV,
m2 = 0.00894 eV and m3 = 0.05894 eV mass eigenstates respectively.

neutrino at the detector is

θ
eff,e,p
l (k,τ0) = |Ue1|2θ

eff,m1,p0
l + |Ue2|2θ

eff,m2,p
l (5.39)

+|Ue2|2θ
eff,m2,p0
l .

Then the effective anisotropy power spectrum for an electron neutrino at the detec-

tor is

Ceff,e,pq
l = 4π

∫
dkk2P(k)(θ eff,e,p

l θ
eff,e,q
l ) (5.40)

=

4π ∑
3
i=1 |Uei|4

∫
dkk2P(k)|θ eff,mi,p

l |2, if p = q,

4π ∑i6= j |Uei|2|Ue j|2
∫

dkk2P(k)(θ eff,mi,p
l (k)θ eff,m j,q

l (k)), p 6= q.
.

To get the last line in the above equation, we use the completeness relation of
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the spherical Bessel functions [67]:∫
dkk2F(k) jl[kr] jl[kr′]' π

2r
δ (r− r′)F(

l
r
), (5.41)

where the assumption is that F(k) is a slowly varying function. Therefore :∫
dkk2P(k)(θ eff,mi,p

l (k)θ eff,m j,q
l (k)) (5.42)

= A
∫ dk

k
Ŝeff

mi
(k)Ŝeff

m j
(k) jl[kχ

mi,p
0 ] jl[kχ

m j,q
0 ]

∝ δ [χmi,p
0 −χ

m j,q
0 ].

This condition tells us that the cross spectra between the mass eigenstates are only

non-zero when p and q are such that χ
mi,p
0 = χ

m j,q
0 , in other words they are only

non-zero when the neutrinos with momenta p and q are coming from the same

distance.

In Figure 5.7 the anisotropy power spectra for an electron neutrino and a muon

neutrino at the detector, Ceff,e,p
l and Ceff,τ,p

l are plotted for p = 0.0005 eV. Since

the most massive mass eigenstate only contributes to µ or τ neutrinos, the effec-

tive distance from the last scattering surface for these neutrinos is smaller than for

electron neutrinos and thus the anisotropy power spectrum for these neutrinos is

shifted toward lower l values.

5.6 Averaging over momenta
We should emphasize here that the neutrino temperature perturbation is mo-

mentum dependent since the the comoving distance travelled by massive neutrinos

from decoupling surface to us and the late time ISW effect depend on momen-

tum. The CNB anisotropy spectrum plotted in Fig. 5.6 and 5.5 are the small-scale

and large-scale part of the mass eigenstates spectra for a neutrino with momentum

p = 0.0005 eV. If the momentum of the neutrino is lower then since the distance to

the last scattering surface becomes smaller for massive neutrinos, the spectra shift

toward even lower l values. Also lower momentum leads to larger late time ISW

effect which means the large-scale parts of the spectra enhance even more.

The total temperature perturbation for a neutrino travelling in a mass eigenstate
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Figure 5.7: The anisotropy power spectrum for an electron neutrino (blue,
solid) and a muon neutrino (red, dashed) at the detector. The neutrino
momentum is p = 0.0005 eV

θ
eff,mi
l (k) then is found by averaging over momenta at the present time:

θ
eff,mi
l (k) =

∫
d pp2 f0(p)θ eff,mi,p

l (k)∫
d pp2 f0(p)

, (5.43)

where f0(p) is the relativistic Fermi-Dirac distribution function. At the time of

decoupling, the neutrinos follow the relativistic Fermi-Dirac distribution and since

particle number is conserved after decoupling, this distribution hold even when

neutrinos become non-relativistic. Then the total angular power spectrum for a

neutrino travelling in a mass eigenstate is
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Figure 5.8: The total anisotropy power spectra for three mass eigenstates af-
ter averaging over all the momenta. The blue (solid), red (dashed)
and green (dotted) curves are the power spectra for m1 = 0 eV, m2 =
0.00894 eV and m3 = 0.05894 eV mass eigenstates respectively.

Ceff,mi
l = 4πA

∫ dk
k
|θ eff,mi

l (k)|2 (5.44)

=
4πA

(
∫

d pp2 f0(p))2

∫
d pp2 f0(p)

∫
dqq2 f0(q)

×
∫ dk

k
[Ŝeff

mi
(k)]2 jl[kχ

mi,p
0 ] jl[kχ

mi,q
0 ]

=
2π2A

l3(
∫

d pp2 f0(p))2

∫
d pp4 f 2

0 (p)
χ

mi,p
0

χ
′mi,p
0

[Ŝeff
mi
(

l
χ

mi,p
0

)]2.

To get the last line, we again used the completeness relation of the bessel functions

to carry out the integral over wave number k. χ
′mi,p
0 in here is the derivative of the

comoving distance with respect to the momentum.

The total effective anisotropy power spectra for the three mass eigenstates for
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Figure 5.9: The averaged anisotropy power spectrum over all momenta at
low l values for three mass eigenstates: m1 = 0 eV (blue, solid),
m2 = 0.00894 eV (red, dashed) and m3 = 0.05894 eV (green, dotted).
Averaging over all momenta leads to smaller amplitude for the power
spectra at smaller scales.

the small scales are plotted in Figure 5.8. The amplitude of the power spectrum

for the massive neutrinos are significantly smaller than for the massless one. The

reason for this is that the massive neutrinos with different momenta come from

different distances and if the range of the distances is much larger than the matter

correlation length (' 7Mpc) then the perturbations for different momenta are un-

correlated and their contribution partly averages out giving a significantly smaller

anisotropy power spectrum.

For the large-scale part of the power spectrum we used a modified version of

CAMB [24] to calculate the temperature perturbations for different momenta and

used Eq. 5.43 to average over all momenta to get the total power spectrum. The

result is shown in Figure 5.9. Similar to the small-scale part, averaging over all

momenta leads to a smaller amplitude for the power spectrum at smaller scales.
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The large-scale part of the anisotropy power spectra for massive neutrinos has

previously been calculated in Ref. [59] but our result is different than theirs. The

first reason for this difference is that using Eq. 5.43 we averaged over momenta at

the perturbation level, which we believe is the correct way to deal with this prob-

lem, but in Ref. [59], first the power spectra at different momenta are calculated

and then they are averaged over momenta. The second reason is that we have in-

cluded the effect of the variation of the distance from the last scattering surface for

massive neutrinos, which apparently was not included in Ref. [59], and as we dis-

cussed above, neutrinos with different momenta coming from different distances is

the main reason for having smaller power spectra at smaller scales.

We use Eq. 5.43 to evaluate the total power spectrum for an electron or tau

neutrino at the detector. For the small-scale part of the power spectrum, since the

amplitude anisotropy power spectrum for the massless neutrinos is much larger

than the massive ones, they contribute the most to the power spectrum for flavour

eigenstates. In contrast, for the large-scale part the amplitude of the massive neu-

trinos is significantly larger than the amplitude for the massless ones, therefore

the massive neutrinos contribute the most for flavour eigenstates. The results are

shown in Figures 5.10 and 5.11.

5.7 Extra neutrino interactions via an alternative Fermi
constant

In previous sections we assumed the only relevant interactions for neutrinos are

weak interactions in the standard model which results in neutrino free-streaming

from the last scattering surface at the weak decoupling epoch. But a nonstan-

dard neutrino self-interaction may delay the neutrino free-streaming until a much

later time. A recent study [61] showed that the CMB data allows for a neutrino

self-interaction strength Geff that is orders of magnitude larger than the standard

Fermi constant. In fact Geff . 10−5 MeV−2 has almost no impact on the CMB

and can delay the neutrino free-streaming until their temperature is as low as

∼ 200 eV. Even an alternative cosmology with strongly self-interacting neutri-

nos (Geff . 10−2 MeV−2) in which start free-streaming very close to the matter-

radiation equality is compatible with CMB.
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Figure 5.10: The small-scale part of the anisotropy power spectrum for an
electron neutrino (blue, solid) and a muon neutrino (red, dashed) at
the detector. Note that since the amplitude of the power spectrum for
massless neutrinos is significantly larger than for the massive ones,
they contribute the most.

To show how the neutrino anisotropy power spectrum can be affected by the

neutrino self-interaction strength, we evaluated it for a larger value of Geff which

is still compatible with the CMB data. The anisotropy power spectra for mass

eigenstates for when the self-interaction strength is Geff ' 10−5 MeV−2 are plotted

in Figure 5.12.

The stronger self-interactions delay the neutrino decoupling until T ' 240 eV

for Geff ' 10−5 MeV−2 which lead to a shift for the small-scale part of the power

spectrum toward much lower l values.

5.8 Conclusion
In this chapter, we have studied the anisotropies of the cosmic neutrino back-

ground for both massless and massive neutrinos. Assuming the normal hierarchy
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Figure 5.11: The large-scale part of the anisotropy power spectrum for an
electron neutrino (blue, solid) and a muon neutrino (red, dashed) at
the detector. Note that since the amplitude of the power spectrum for
massive neutrinos is significantly larger than for the massless ones,
they contribute the most.

for the neutrino masses, the CNB power spectrum is calculated with allowing neu-

trinos to oscillate and it’s shown that there is some resemblance between neutrino

power spectrum and the usual CMB spectrum as both have acoustic oscillations

and silk damping. The acoustic oscillations are due to the competition between the

gravitational collapse and pressure of relativistic neutrinos and the Silk damping

is due to the finite thickness of the last scattering surface. In contrast to the CMB

power spectrum, in the CNB spectrum the height of the peaks do not alternate be-

cause there is no non-relativistic particles during neutrino decoupling to resemble

baryons during photons last scattering.

The anisotropy power spectra of massless and massive neutrinos differ from

each other in a few ways: first the ISW effect for massive neutrinos is larger than

for the massless ones which leads to a boost in the large scales for massive neu-
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Figure 5.12: The anisotropy power spectrum for massive neutrinos with mo-
mentum p = 0.0005 eV with the self-interaction strength of Geff '
10−5 MeV−2. The blue (solid), red (dashed) and green (dotted)
curves are the power spectra for m1 = 0 eV, m2 = 0.00894 eV and
m3 = 0.05894 eV mass eigenstates respectively.

trinos. Also the distance from the last scattering surface for the massive neutrinos

is smaller which means that the power spectrum shifts toward lower l values for

them. Moreover since this distance depends on the momentum, the anisotropy

power spectrum for massive neutrinos are momentum-dependent. We also aver-

aged over all the momenta to get the total anisotropy power spectra for mass eigen-

states and showed that the amplitude of the power spectra for massive neutrinos

are much smaller than massless ones since the massive neutrinos with different

momenta come from different distances and because the range of the distances that

they come from is larger than the matter correlation length, they are uncorrelated

and their contribution partly averages out and gives a much smaller amplitude.

In addition we investigated the possibility of having strong nonstandard self-

interactions in neutrino sector which is compatible with the current cosmological

107



data and showed how these strong self-interactions delay the time of neutrino de-

coupling and therefore shift the small-scale part of the spectrum toward lower l

values. While detecting these anisotropies is far beyond any technology we can

imagine, in principle, detecting small-scale anisotropies in the CNB would put

very tight limits on new physics in the neutrino sector.
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Chapter 6

Conclusion

In this thesis we studied two projects in the pursuit of improving cosmological

perturbation theory and therefore our knowledge about the Universe around us. We

summarize the main results obtained in this two projects.

In chapter 4 we calculated the effect of Rayleigh scattering on CMB tempera-

ture and polarization anisotropies as well as the impact on cosmic structure. The

frequency dependence of the Rayleigh cross section breaks the thermal nature

of CMB temperature and polarization anisotropies and makes them frequency-

dependent. We introduced a new method to capture the effect of the frequency-

dependence of the Rayleigh cross section by tracking the spectral distortion pertur-

bations rather than photon perturbations at a particular frequency, which allows for

an accurate treatment of Rayleigh scattering including its back-reaction on baryon

perturbations with only a few spectral-distortion hierarchies. We have found that

Rayleigh scattering modifies the distribution of matter in the Universe at the 0.3%

level.

We displayed the effect of Rayleigh scattering on the CMB power spectra for

four different frequencies and showed that for each frequency of interest, Rayleigh

scattering reduces the Cl power spectrum at high l multipoles because the visibility

function shifts to lower redshifts when the Silk damping is more important. In

addition, the shift of the visibility function toward later times leads to a boost in

Low-multipole E-polarization anisotropies because the CMB quadrupole is larger

at later times. For reference, at 857 GHz, the highest frequency of the Planck

109



experiment, both temperature and E-polarization anisotropies decrease as much as

20% near l ∼ 1000 and the increase in E-polarization signal at l ∼ 50 is 35%.

We also investigated the possibility of detecting the Rayleigh signal in the CMB

and showed that with a future CMB mission with many high frequency channels

like a PRISM-like experiment the Rayleigh signal might be detectable. Measuring

the Rayleigh signal could provide powerful constraints on cosmological parame-

ters including the helium fraction and scalar spectral index. We also investigate

how more ambitious experiments either observing in low foreground contaminated

regions or using a more sophisticated foreground removal method might detect

the Rayleigh CMB sky at high signal-to-noise which would tighten CMB con-

straints on cosmological parameters beyond what was, even in principle, previously

thought possible.

In chapter 5, we studied the anisotropies of the Cosmic Neutrino Background

radiation. We derived the angular power spectrum for both massless and massive

neutrinos with allowing them to oscillate. Similar to the CMB power spectrum,

the CNB spectrum has the same peak structure which is due to the fact that radia-

tion pressure from the neutrinos resists the gravitational compression into potential

wells and sets up acoustic oscillations. Also due to the finite thickness of the neu-

trino last scattering surface, small scales in the power spectrum are damped.

We also studied the difference between the anisotropy power spectra for mass-

less and massive neutrinos and showed that since the last scattering surface for the

massive neutrinos is closer to us, the locations of the peaks in the power spectrum

shift to lower l values. Also the larger ISW term for massive neutrinos enhances the

large-scale part of the power spectrum. Moreover the anisotropy power spectrum

for massive neutrinos is momentum-dependent and averaging over all momenta

leads to a smaller amplitude for smaller scales since the range of distances that

massive neutrinos are coming from is larger than the matter correlation length, and

thus they are uncorrelated.

In addition, we discussed the effect of extra nonstandard neutrino self-interactions

and showed that the delay in the time of neutrino decoupling caused by these ex-

tra self-interactions which are allowed by the current cosmological data makes the

locations of the peaks in the power spectrum shift toward much lower l values.
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Appendix A

phase-space integration for
driving neutrino evolution
equations

In this Appendix, we calculate the terms Ai, Bi, Ci and Di in the Boltzmann

equations that govern the evolution of neutrino anisotropies, equation 5.6 in chapter

5.

One can evaluate some of the integrals in these terms very easily since portions

of the integrand in them are Lorentz-invariant and thus some part of the integration

can be carried out in the center of mass frame. These integrals are

∫
dΛs2 f0(q) = 3

∫
dΛt2 f0(q) = 3

∫
dΛu2 f0(q) =

p2T 4

π3 ,∫
dΛ f0(p)q

∂ f0

∂q
θν(q̂)s2 = 3

∫
dΛ f0(p)q

∂ f0

∂q
θν(q̂)t2

= 3
∫

dΛ f0(p)q
∂ f0

∂q
θν(q̂)u2

=−3p2T 4

π3 f0(p)(
4
3

θν0 +2iµθν1−
3µ2−1

3
θν2). (A.1)

For the rest of the integrals, one must carry out all of the integrations in FRW

frame. For these integrals, the following method can be used: First we use the
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momentum part of the energy momentum delta function to carry out the dΠq inte-

gration. Then dΛ can be expressed as:

dΛ =
1

256π5
d3q′

q′
δ (µ ′−µ0)d p′dµ ′dφ ′

|~p−~q′|
, (A.2)

where µ ′ = cosθ ′, θ ′ is the angle between ~p′ and (~p−~q′), φ ′ is the angle between

the plane defined by p and q′ and that defined by p′ and q, and µ0 is given by

µ0 =
−~p.~q′+ p′(p−q′)+ pq′

p′|~p−~q′|
. (A.3)

The limits of d p′ integration are p′− < p′ < ∞ where

p′− =
|~p−~q′|+(p−q′)

2
. (A.4)

Using this method, if we write Pl(η) = ∑
l
n=0 hn,lη

n, the following integrals can be

evaluated:

∫
dΛ fy0(p′)q′

∂ fx0

∂q′
θx(q̂′)u2 = (A.5)

−
p2T 5

y /Tx

16π3 Pl(µ)
∞

∑
l=0

(−i)l(2l +1)θel

l

∑
n=0

hn,lJ1(l,n,
p
Ty
,r),

∫
dΛ fy0(p′)q′

∂ fx0

∂q′
θx(q̂′)t2 = (A.6)

−
p2T 5

y /Tx

32π3 Pl(µ)
∞

∑
l=0

(−i)l(2l +1)θel

l

∑
n=0

hn,lJ2(l,n,
p
Ty
,r),

∫
dΛ fy0(p′)q′

∂ fx0

∂q′
θx(q̂′)ut = (A.7)

−
p2T 5

y /Tx

16π3 Pl(µ)
∞

∑
l=0

(−i)l(2l +1)θel

l

∑
n=0

hn,lJ3(l,n,
p
Ty
,r).

In here we define µ = p̂.k̂, z = p
Tν

, r = Tν

Tγ
and
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J1(l,n,z,r) =
∫ 1

−1
dη(1−η)2

η
n
∫

∞

0
dx

x4e−xr√
z2 + x2−2xzη

(A.8)

×Exp[−
√

z2 + x2−2xzη + z− x
2

],

J2(l,n,z,r) =
∫ 1

−1
dηη

n
∫

∞

0
dx

x2e−xr√
z2 + x2−2xzη

(A.9)

×([3− v2 +β
2(3v2−1)−4βv][y2 +2y+2]

+[2αβ (3v2−1)−4αv][1+ y]+α
2[3v2−1])e−y,

J3(l,n,z,r) =
∫ 1

−1
(1−η)dηη

n
∫

∞

0
dx

x3e−xr√
z2 + x2−2xzη

(A.10)

×[(1−βv)(1+ y)−αv]e−y,

where

α =
zx(1−η)√

z2 + x2−2xzη
, (A.11)

β =
z− x√

z2 + x2−2xzη
, (A.12)

y =
1
2
(
√

z2 + x2−2xzη + z− x), (A.13)

v =
z− xη√

z2 + x2−2xzη
. (A.14)

Finally we are able to evaluate all the terms Ai, Bi, Ci and Di:
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Ae(
p

Tν

) =
1

3π3 (
p

Tν

)2[4(aw +bw)(
Tγ

Tν

)4 +aw +bw +17], (A.15)

Be(
p

Tν

,µ) = −(aw +bw +9)
π3 (

p
Tν

)2 fν0(p)[
4
3

θνe0 +2iµθνe1−
3µ2−1

3
θνe2] (A.16)

+
( p

Tν
)2

16π3

∞

∑
l=0

(−i)l(2l +1)θνelPl(µ)
l

∑
n=0

hn,l[8J1(l,n,z,1)+5J2(l,n,z,1)

+8J3(l,n,z,1)+ r−10(aw +bw)(J1(l,n,z,r−1)+ J2(l,n,z,r−1)+2J3(l,n,z,r−1))],

Ce(
p

Tν

,µ) = − 8
π3 (

p
Tν

)2 fν0(p)[
4
3

θνµ 0 +2iµθνµ 1−
3µ2−1

3
θνµ 2] (A.17)

+
( p

Tν
)2

16π3

∞

∑
l=0

(−i)l(2l +1)θνµ lPl(µ)
l

∑
n=0

hn,l[(6J1(l,n,z,1))

+2J2(l,n,z,1)+4J3(l,n,z,1)],

De(
p

Tν

,µ) = −4(aw +bw)

π3 (
p

Tν

)2 fν0(p)[
4
3

θνe0 +2iµθνe1−
3µ2−1

3
θνe2] (A.18)

+
( p

Tν
)2

16π3 (aw +bw)r−4
∞

∑
l=0

(−i)l(2l +1)θelPl(µ)
l

∑
n=0

hn,l

[r−4(J1(l,n,
p
Tγ

,1)+
1
2

J2(l,n,
p
Tγ

,1))+ r( j1(l,n,z,r)+
1
2

J2(l,n,z,r)

+2J3(l,n,z,r))],
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Aµ(
p

Tν

) =
1

3π3 (
p

Tν

)2[4(cw +bw)(
Tγ

Tν

)4 + cw +bw +17], (A.19)

Bµ(
p

Tν

,µ) = −(cw +bw +13)
π3 (

p
Tν

)2 fν0(p)[
4
3

θνµ 0 +2iµθνµ 1−
3µ2−1

3
θνµ 2] (A.20)

+
( p

Tν
)2

16π3

∞

∑
l=0

(−i)l(2l +1)θνµ lPl(µ)
l

∑
n=0

hn,l[11J1(l,n,z,1)+6J2(l,n,z,1)

+10J3(l,n,z,1)+ r−10(cw +bw)(J1(l,n,z,r−1)+ J2(l,n,z,r−1)+2J3(l,n,z,r−1))],

Cµ(
p

Tν

,µ) = − 4
π3 (

p
Tν

)2 fν0(p)[
4
3

θνe0 +2iµθνe1−
3µ2−1

3
θνe2] (A.21)

+
( p

Tν
)2

16π3

∞

∑
l=0

(−i)l(2l +1)θνelPl(µ)
l

∑
n=0

hn,l[(3J1(l,n,z,1))+ J2(l,n, ,z,1)

+2J3(l,n,z,1)],

Dµ(
p
T
,µ) = −4(cw +bw)

π3 (
p

Tν

)2 fν0(p)[
4
3

θνe0 +2iµθνe1−
3µ2−1

3
θνe2] (A.22)

+
( p

Tν
)2

16π3 (cw +bw)r−4
∞

∑
l=0

(−i)l(2l +1)θelPl(µ)
l

∑
n=0

hn,l

[r−4(J1(l,n,
p
Tγ

,1)+
1
2

J2(l,n,
p
Tγ

,1))+ r( j1(l,n,z,r)+
1
2

J2(l,n,z,r)

+2J3(l,n,z,r))].

To get the Boltzmann equations governing the neutrinos anisotropies, we also
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need to define the following functions:

cνe(l,r) =
l

∑
n=0

hn,l[8I1(l,n,1)+5I2(l,n,1)+8I3(l,n,1) (A.23)

+r−10(aw +bw)(I1(l,n,r−1)+ I2(l,n,r−1)+2I3(l,n,r−1))],

cνµ
(l) =

l

∑
n=0

hn,l[6I1(l,n,1)+2I2(l,n,1)+4I3(l,n,1)],

ce(l,r) =
l

∑
n=0

hn,l(aw +bw)[r−9(I1(l,n,1)+
1
2

I2(l,n,1))

+r(I1(l,n,r)+
1
2

I2(l,n,r)+2I3(l,n,r))],

dνµ
(l,r) =

l

∑
n=0

hn,l[11I1(l,n,1)+6I2(l,n,1)+10I3(l,n,1)

+r−10(cw +bw)(I1(l,n,r−1)+ I2(l,n,r−1)+2I3(l,n,r−1))],

dνe(l) =
l

∑
n=0

hn,l[3I1(l,n,1)+ I2(l,n,1)+2I3(l,n,1)],

de(l,r) =
l

∑
n=0

hn,l(cw +bw)[r−9(I1(l,n,1)+
1
2

I2(l,n,1))

+r(I1(l,n,r)+
1
2

I2(l,n,r)+2I3(l,n,r))],

where

I1(l,n,r) =
∫

∞

0
z2J1(l,n,z,r)dz =

g10[l]+g11[l]r+g12[l]r2

r6 , (A.24)

I2(l,n,r) =
∫

∞

0
z2J2(l,n,z,r)dz =

g20[l]+g21[l]r+g22[l]r2

r6 , (A.25)

I3(l,n,r) =
∫

∞

0
z2J3(l,n,z,r)dz =

g30[l]+g31[l]r+g32[l]r2

r6 . (A.26)

Some of these coefficients,gi j, can be calculated analytically and the rest numeri-

cally. The result is shown in Table A.1.
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l l=0 l=1 l=2 l=3 l=4 l=5 l=6 l=7 l=8 l=9 l=10
g10 160 160 86.698 85.4802 55.1955 55.2245 38.4266 39.3688 28.3084 29.8438 21.6903
g11 384 -192 24.8824 -

112.902
-
7.34499

-
78.3898

-
11.5957

-
59.2652

-
10.7893

-
47.2298

-
9.04102

g12 0 0 40.1714 0 33.8388 0 27.3112 0 22.3304 0 18.5982
g20 960 960 914.817 872.476 830.967 792.751 757.999 725.744 696.718 669.492 644.982
g21 256 -128 -

277.308
-
359.741

-
412.057

-
438.336

-
458.874

-
465.633

-472.85 -
471.336

-
472.246

g22 0 0 81.2602 86.6739 123.392 122.681 142.786 139.207 151.415 146.591 154.511
g30 160 160 130.391 118.536 101.624 93.03 81.9376 75.8088 67.9416 63.4381 57.5606
g31 128 -64 -

60.4575
-
84.7234

-
75.4815

-
80.7843

-
72.2895

-
73.0258

-
65.9128

-
65.2953

-
59.4069

g32 0 0 81.2602 86.6739 123.392 122.681 142.786 139.207 151.415 146.591 154.511

Table A.1: Value of coefficients gi j for different values of l.
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