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Abstract

In the first part of this thesis we explore the entanglement structure of rela-
tivistic field theories in momentum space. We discuss a Wilsonian path in-
tegral formulation and a perturbative approach. Using perturbation theory
we obtain results for specific quantum field theories. These are understood
through scaling and decoupling properties of field theories. Convergence of
the perturbation theory taking loop diagrams into account is also discussed.
We then discuss the entanglement structure in systems where Lorentz invari-
ance is broken by a Fermi surface. The Fermi surface helps the convergence
of perturbation theory and entanglement of modes near the Fermi surface
is shown to be amplified, even in the presence of a large momentum cutoff.

In the second part of this thesis we explore the connection between en-
tanglement and gravity in the context of the AdS/CFT correspondence. We
show that there are certain thermodynamic-like relations common to all con-
formal field theories, which when mapped via the AdS/CFT correspondence
to the bulk are tantamount to Einstein’s equations, to lowest order in the

metric.
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Chapter 1

Introduction

The concept of entanglement and the oddities it entails were famously con-
sidered in a paper by Einstein, Podolsky and Rosen (EPR) [16]. Making use
of an entangled state they argued that a quantum mechanical description of
reality could not be considered complete. It was thus their view that even
though it accurately captured some aspects of physical reality, there were
others that it was in principle incapable of describing.

It wasn’t until 29 years later that Bell [4] studied what a completion of
quantum mechanics would imply. He termed a theory with completeness in
the sense demanded by EPR a local hidden variable model. Such a theory is
local so that spacelike separated events and observations are independent, it
has definite physical properties (some of which are “hidden” from quantum
mechanics) before measurement and furthermore these are unaffected by
the measurement. Using these assumptions he was able to show that a local
hidden variable model would give rise to experimental results inconsistent
with quantum mechanics. Interestingly, the difference in predictions was
entirely due to the possibility of entanglement in the quantum description.

Many experiments, e.g [2], have since been performed, excluding the
possibility of local hidden variable models. It would thus appear that en-
tanglement is a physical aspect of reality. This means that systems which
are far apart really can display “spooky action at a distance” E| whereby the
measurement of systems separated by incredibly large distances can “have
an effect” on each other. Furthermore, complete knowledge of the state
of a physical system does not in fact imply knowledge of the state of its
constituent subsystems.

Bizarre as its properties may be, entanglement has become a very im-

1 . . . N .
This sentiment was expressed by Einstein in a correspondence with Max Born.
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portant topic in physics in the last 20 years and has found many useful
applications. A few key areas where entanglement plays a fundamental role
are quantum cryptography [5], quantum teleportation [6], and in a very
general sense quantum information theory. It has been used as a tool for
understanding disordered systems with long ranged interactions [15], super-
conductivity [42], and properties of frustrated system ground states [13]. It
also serves as an order parameter in understanding quantum phase transi-
tions, see e.g. [43] and references therein.

The main motivation for the study of entanglement in this thesis, how-
ever, comes in the context of AdS/CFT. This will be discussed at the end
of the chapter after a brief review of some salient features of entanglement
and AdS/CFT. Throughout the thesis we use units where c =h =k = 1.

1.1 Entanglement

1.1.1 Quantum entanglement

Quantum mechanics as a theory is incredibly successful, however, it applies
to scales far outside the realm of human experience. As a result, it has
many counter-intuitive features such as quantization, superposition, tun-
nelling and summing over paths. Not least of these features is quantum
entanglement, which has no classical counterpart. To gain an understand-
ing of this consider a physical system which may be divided into multiple
(k) subsystems.

As a concrete classical example this could be k isolated boxes of identical
gas, each with number of particles ng. Then we can specify the classical state
of the system by giving the position and momenta of all the particles in each
box. So denoting the list of coordinates in box j as {;, pi};, the total state
of the system would be [{&,, Pi, }1, {is, Dio }2, s {@ir.» Pis, Ji)-

The quantum mechanical description of k£ subsystems will, however, be
quite different. Suppose that the j-th subsystem has a complete basis of

states |s(j )i>. Then because of the superposition principle an arbitrary state
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|¢) of the system may be written as:

6= > cirilsWi) @1sP5) @ @ |s®y). (1.1)
i1 yeeih

The first difference to note between the classical and quantum case is
that, for the classical case the total state is just a product of the states of the
subsystem. The quantum system will generally not be writable as a product
of states of the subsystem |¢) = |¢1) @ |p2) ® ... ® |pr). We are unsure about
the state of the subsystems, the state is entangled.

The second thing to note, which is closely related to the first, is that
in the classical system knowledge of the state of the larger physical system
implies knowledge of the state of the subsystems. In an entangled quantum
state, however, we run into the strange situation where complete knowledge
of the large physical system (i.e. specifying its state as in (1.1))) does not
imply knowledge of the states of the subsystems.

1.1.2 Measures of entanglement
Shannon entropy

The Shannon entropy is a classical entropy for a system with random vari-
ables X. Thus event X; occurs with probability p;, and the Shannon entropy

is defined as:

H(X) = —Zpi log p;. (1.2)

It measures the amount of information gained about X, on average, when an
event occurs. Equivalently, and this view of entropy will generally be more
useful to us, the Shannon entropy quantifies the uncertainty in X we have
before an event occurs. E| The statement that the Shannon entropy mea-
sures the average amount of information gained when we learn the value

of a random variable X can be heuristically “derived” from the following

2 A nice illustration to have in mind is a dice thrown under a box. The entropy measures
our lack of knowledge about what the dice will read when we lift the box.



1.1. Entanglement

arguments. First one demands continuity: we want a measure of gained
information G(p) to depend continuously on the probabilities of the random
variable. Second one wants additivity of information: the amount of in-
formation gained from knowledge of two independent events simultaneously
(with probability pip2) should be the same as the sum of the information

gained from individual events separately:

G(p1p2) = G(p1) + G(p2)- (1.3)

From this it follows immediately that G(p) = G(1) + G(p) so that G(1) = 0,
which is saying that the amount of information gained from an event certain
to happen is 0. Next, taking ps = ¢/p1 (where 0 < ¢ < p; is introduced to
keep p2 < 1) we have G(p) = —G(1/p). Making use of continuity we also

have

G'(p)dp =G(p + dp) — G(p) (1.4)
=G(1+ ij) (1.5)
=G(1) + G;El)dp (1.6)
IO (1.7)

Integrating both sides with G(1) = 0 gives G(p) = G'(1) log(p). Note that
it makes sense to gain more information from an unlikely event. To get the

average gain we simply weight each gain by the probability of it occuring;:

(G) = G'(1)Y pilog(p) (1)

Thus we see that the Shannon entropy is proportional to the average gain

in information when we learn a random variable.
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S(X) S(Y)

Figure 1.1: Diagram illustrating the mutual information.

Classical mutual information

Since mutual information deals with two sets of random variables X and
Y we define the joint probability p(z,y) (probability of obtaining both x
and y). Then the joint Shannon entropy (information gained on average by

obtaining a joint event) is simply:

H(X,Y)==> p(z,y)logp(x,y), (1.9)

the sum being over all possible events.
The mutual information between two random variables X and Y can
then be defined as:

I(X,Y)=H(X)+H(Y) - H(X,Y). (1.10)

Any information which is gained in the independent regions is canceled out
(counted twice in H(X) together with H(Y) and twice in H(X,Y)) and
any information gained in the mutual region is counted once in total (twice
in H(X) together with H(Y) and once in H(X,Y)). Thus the mutual
information is a measure of how much information is in common between X
and Y, see Figure [1.1}

To illustrate mutual information consider an example involving two 3-

sided dice.

1. The two dice are thrown independently. Then the probability distri-
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butions are independent p(x,y) = p(z)p(y) which means H(X,Y) =
H(X) + H(Y). Thus in this case the mutual information I;(X,Y)

vanishes.

2. The two dice are attached in such a way that they always come up with
the same value. In other words they are the “same”. The joint options
are (1,1),(2,2) and (3,3). In terms of probabilities, this is the same
as the individual options (1), (2) and (3), and so H(X,Y) = H(X) =
H(Y). We then have Io(X,Y) = H(X)=H(Y)=H(X,Y) = log(3).
Thus the mutual information in the case where the two random vari-
ables are perfectly correlated (and so are basically the same) is just

the total information.

3. The two dice are arranged in such a way that whenever a 1 is rolled
on one die, the other also rolls a 1. There are 5 options for the joint
distribution: (1,1),(2,2),(2,3),(3,2),(3,3). Then I3(X,Y) = H(X)+
H(Y)—- H(X,Y) = log(3) + log(3) — log(5) = log(9/5). Thus in the
intermediary case where the two dice aren’t independent but aren’t
completely correlated either, the mutual information is between that

of the two limiting cases: I} < I3 < Is.

Von Neumann entropy

In classical mechanics systems which are in a statistical mixture of classical
states = are described by a probability distribution p(z). Expectation values

of functions of these classical variables are simply obtained as:

(F(x)) = p(x)F (). (1.11)

The situation is different in quantum mechanics. Say a physical system
is in a mixture of quantum states |¢;) which form a complete basis, each
with probability p;. Then if O; is the expectation value of some physical
observable O in the state ¢, then its expectation value in the statistically

mixed state is:
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(0) :ZmOi (1.12)
:ipi<¢i|0|¢i> (1.13)
Zim«bi!Ol > In)(nlg:) (1.14)
=i<n\ Zpir;i><¢irown> (1.15)
:t:(PO) | (1.16)

where we have defined p = > pi|#;){(¢;|. Thus a quantum mixed state is
described by a density matrix p, which encodes the classical probability p;
of a system being in a quantum mechanical state |¢;).

We can associate an entropy to the mixed state, the Von Neumann en-

tropy:

S(p) = —trplogp = —Zpi log p;. (1.17)

Notice that in the eigenbasis, this is the Shannon entropy for the eigenvalues.
Thus in the eigenbasis of the density matrix, the Von Neumann entropy

quantifies how uncertain we are about which state the system is in.

Entanglement entropy

Consider a physical system which can be decomposed into two subsystems A
and its complement A, so that its Hilbert space is a product H = Ha @ H 4.
In such a case we can form a reduced density matrix pﬁ for degrees of
freedom in the subsystem A by tracing the full density matrix p, 5 over

degrees of freedom in the subsystem A:

ph=tripax (1.18)

Note that if p4 5 satisfies all the properties of a density matrix, then so will

pﬁ. Physically, pﬁ is the density matrix for an observer who only has access

7
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to degrees of freedom in A. [}

We are now ready to define the entanglement entropy. Assuming the full
system starts in a pure state |¢), so that p, 1 = [¢) (|, then the entangle-
ment entropy is the Von Neumann entropy for the reduced density matriz
pa = trg ) (Y]

As an example consider a system of two sites with spin 1/2. Prepare the

system in the one parameter family of states:

) =Vult) + V1-ulll), (1.19)

with w € [0,1]. Notice that at w = 0 and v = 1 the system is in a product
state and so is not entangled. At u = 1/2 each subsystem is equally likely
to be spin up or down and the system is maximally entangled.

Let us calculate the entanglement entropy. The reduced density matrix

(for either spin) is:

U 0
psl/g = (]‘20)
0 1—u
Thus the entanglement entropy is
S(psy5) = —ulogu — (1 — u)log(l — u) (1.21)

This is plotted in Figure The entanglement entropy vanishes for u = 0
and v = 1 and attains its maximum at v = 1/2, which is what we expected

from considering the entanglement in the original state.

Entanglement between mixed states

In order to discuss mutual information let us first discuss the concept of

entanglement between mixed states. Two subsystems A and B in mixed

3An example of such a scenario is an accelerated Minkowski observer. Due to the
acceleration there is an entire half of the space from which the observer may never receive
light signals, and as such the state is properly described by a reduced density matrix. This
has an observable consequence in the Unruh effect, where the observer detects radiation
at a temperature proportional to his/her acceleration [40)] .
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0.6

0.5

0.4+

0.3+

0.2

0.19

Figure 1.2: Entanglement entropy in a two spin system.
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states p4 and pp are said to be entangled with each other if we cannot write

the joint state pap as [23]:

pa =Y _pips ® pg, (1.22)

7

where p; are probabilities, and pf4 and piB are some density matrices for
degrees of freedom in A and B respectively.

This can be understood as follows [44]. Consider a system with Hilbert
space H = Ha ® Hp. An uncorrelated state is one where each subsystem is

in a state independent of the other, i.e.

p=pa®pB (1.23)

where p is the full state. An uncorrelated state has the property that ex-

pectation values of joint observables O = Oy ® Op factorize:

(O) =tr(p0O) (1.24)
=tr(pa04 ® ppOp) (1.25)
:<OA>A <OB>B (1.26)

We can create a situation where the states of the two subsystems are cor-
related. Simply have a random generator output numbers i = 1,...,n with
probability p;. When ¢ is generated, prepare the system in a state pf4 ® pﬁg.

In this situation the expectation for O should be:

(0) = sz‘ tr(plyOa) tr(pOp) (1.27)
Ztr(ZPincx ® pp 04 ® Op) (1.28)
=tr(p.0). (1.29)

10
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Thus we conclude the system is in a correlated state:

pe=>_Dips @ pi. (1.30)

i
The important point to note is that the device used is simply a classical
number generator (it could have been rolling a weighted n-side die) and
so these correlations are classical. Now we see why density matrices which
cannot be written as p. are entangled. Density matrices which can be written

as p. are termed separable.

Quantum mutual information

We are now ready to define mutual information. Take a system admitting a
Hilbert space H = Ha @ Hp ® Hc. Then the mutual information between
degrees of freedom in A and B is defined analogously to the classical case,

in terms of the entanglement entropy as:

I(A,B) = S(pa) + S(pp) — S(pan). (1.31)

Now, for any regions R and Ry for which entanglement entropy .S can be
defined, it satisfies certain inequalities, one of the more useful being strong
subadditivity which states that:

Sk, + Sk, > SR1UR. + SRiNR, (1.32)

from which directly follows subadditivity of the entropy

Sk, + SRy 2 SRiUR,- (1.33)

This last inequality implies that I > 0. It is also true that the mu-
tual information saturates the bound I = 0 iff pap = pa ® pB EL i.e. the

4This follows as a simple application of Klein’s inequality, which states that for two
density matrices p and d we have

trplogp —trplogd > 0, (1.34)
with the bound saturated iff p = d. To prove subadditivity set p = pap and d = pa ® p5B.

11



1.1. Entanglement

mutual information vanishes only when there is no classical correlation or
entanglement in the state pap. Thus the mutual information measures all
the correlations between A and B, both classical and quantum mechanical.

This has been shown rigorously in [19].
1.1.3 Entanglement in field theory

Normalized replica method

Consider an unnormalized density matrix p, the normalized density matrix

being p = p/ tr p. Then

d n 1 n
_(% —1)Intrp . = — tr tr(lnp p") . +Intrp (1.39)
:-tr(ﬁlnﬁ) (140)
We thus have J
)) = —(— — 1D Intrp” 1.41
§() = ~(g; ~ D] (1.41)

This is a very useful relation since it allows us to determine the entropy
of p from tr p™ (since we are differentiating with respect to n, we will need
this as a function of n). This is known as the replica method for computing
the entropy of a density matrix. Notice the other nice feature which is that
we need not worry about the normalization of the density matrix, since
the quantity in always computes the entropy for the corresponding

normalized state.

Then the Klein inequality gives

S(pap) < —trpaplogpa ® pp (1.35)
=—trpaplogpa —trpaplogps (1.36)
=—trpalogpa —trpplogps (1.37)
=S(pa)+ S(ps). (1.38)

Thus S(pa) + S(pB) > S(pap). The equality condition is p = d which yields pap =
pPA R pB-

12
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Let us now see how the ground state entanglement entropy between
spatial regions can be calculated using this method. Locality guarantees
that the Hilbert space factorizes for spatial regions. Consider for simplicity
a scalar field theory in one spatial dimension with some action S(p). The

system starts in the ground state:

p =10 Q. (1.42)

In position basis this is

P(®a, ob) = (@al D) {(Q|pp) - (1.43)

We can represent the transition amplitude as a path integral (after Wick

rotation to Euclidean space)

P (t=0,2)=pa(2)
(0l Q) = / D 5@ (1.44)
t

=—oc0

The total density matrix is thus a path integral over fields ¢ taking
values in R?, and with different boundary conditions at ¢ = 0 depend-
ing on wether we approach from below (¢(t =07,x) = @q(z)) or above
(p(t = 0%, x) = @p(x)). This is depicted in Figure

Now divide space into two regions A and A with x4 consisting of all
the points # € A and x5 consisting of all the points z € A. We obtain the
reduced density matrix for the region x4 by tracing out the fields in A. This
amounts to setting the fields equal on (¢t = 0,z 3) and integrating over them
in the path integral, see Figure This path integral can be written in

terms of functional delta functions as: [

p(ea(za), po(ra)) = /D905 (p(07,24) = pa(®4)) 6 (9(07,4) — pa(wa)) €.
(1.45)

5We need not keep track of the normalization by the vacuum partition function in this
case, since our expression for entropy is independent of the normalization.

13



1.1. Entanglement

Figure 1.3: Boundary conditions for the path integral representation of the
ground state density matrix.

Figure 1.4: Boundary conditions for the path integral representation of the
reduced density matrix.

14



1.1. Entanglement

Now in order to compute tr p; we need:

n
trp = /HD%-A (et o) (e, 03).p(wit, o). (1.46)
7

Each p(gpf‘, ‘Pﬁu) is a path integral on R?, and the total path integral
relates them by requiring that the upper (¢ = 07) boundary condition for
the j integral be the same as the lower (¢t = 07) on the j + 1 integral.

We can thus instead think of the full path integral as being over

a surface ¥,,, made up of n sheets, connected by these boundary conditions:

trp’jl:/Dcpe_S(“"). (1.47)
b

One important point to note is that if one were to stand at the region
separating A from A then one would need to travel in a circle n times to
come back to the original spot. There is thus a deficit angle of 27 — 27n at

such locations.

Area law

Entanglement entropy in local quantum field theory, between a connected
region A and its complement A is a divergent quantity, owing to the fact
that in any region, no matter how small, a field theory has infinitely many
degrees of freedom. If we cut off the theory in the UV by placing it on
a lattice with size a then one finds [8, 33| that the entanglement entropy
diverges proportionally to the area A bounding the region A:

Slpa) =k - i—f +0 (adl_l) (1.48)

where d is the spatial dimension of the theory ﬁ This result can be under-

stood heuristically as arising because the entanglement between two spatial

SNote that the mutual information is a nice quantity in this regard since it will in
general not suffer from this divergence. Recall that I(A, B) = S(A) + S(B) — S(AU B),
thus as long as the regions A and B don’t share any area in common and divergence
proportional to the area cancels out.
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1.1. Entanglement

regions is concentrated near the boundary region dividing them.

There is, however, a violation of this area law in 1+1 dimensional con-
formal field theory. There one finds a logarithmic dependence on the size of
the region A. If the region size is L then in a theory with central charge ¢
one has [9, 22]:

S = %log L/a. (1.49)

A nice scaling argument [38] which captures these features of the entan-
glement entropy exists. The idea is to add up all the contributions to the
entanglement entropy from each distance scale . Thus we start with a mi-
croscropic Hamiltonian at some cutoff scale H,, then we imagine changing
the scale of interest to x, under which the Hamiltonian renormalizes to H,.
The theory can be considered local for scales larger than the renormalizion
scale (i.e. for a lattice cutoff the theory is local at the lattice scale). Because
of locality the theory will be entangled accross the boundary, but because
we are considering scales larger than x this sets a minimum scale for degrees
of freedom. Thus the boundary may only contribute as dA%1 /z%~1 to the
entanglement. Couple this with the fact that in renormalization group the-
ory the canonical measure that always appears is du/p or dz/z one gets

that each scale contributes to the entropy as:

- 8Ad—1d£

as = .

(1.50)

The total contribution from all scales is then:

TIR Ad—l
S = / 87dd:c. (1.51)
TUuv r

Taking z7yv = a and xR large this reproduces the area divergence for d > 2.
It also reproduces the conformal result for d = 1 since in that case the only

available length scale (the system is infinite in extent) for zrp is L.
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1.2. AdS/CFT

1.2 AdS/CFT

Much of what is discussed in this chapter is based on excellent reviews such
as [1, 14, 29-31].

1.2.1 Holography

Although the specifics of the so-called AdS/CFT duality can be quite in-
volved, and the literature on the subject is already quite substantial and
ever growing, the basic idea is very simple. It states that a quantum theory
of gravity (on asymptotically Anti-de-Sitter spacetime) is exactly the same
as a regular quantum field theory (with conformal symmetry) on its bound-
ary. It relates a d + 1 dimensional gravitational theory to at d dimensional
field theory. As such it is an example of a more general idea called the holo-
graphic principle [35, 39]: that our physical universe is a “hologram” which
may in fact be described by a theory in one less dimension.

The canonical example of holography, AdS/CFT, is provided by string
theory. The logic of holography, however, does not rely on string theory. |Z|

The first motivation for holography comes from considering the entropy
of a black hole. Black holes were known to obey analogous laws to the four
laws of thermodynamics, but it wasn’t until Hawking [20] proved that black
holes radiate a thermal spectrum that they were shown to be more than just
an analogy; blackholes really were thermodynamic objects. Along with this
came the famous result for the black hole entropy, the Bekenstein-Hawking
entropy:

A

= 1.52
SBH Gy’ (1.52)

where A is the area of the black hole. Because this is a true entropy it
suggests that the degrees of freedom for a black holes scale with its area
instead of its volume.

Furthermore the Bekenstein-Hawking entropy is actually the maximum

"It should be noted that in practice all known examples of holographic dualities known
end up having interesting connections to string theory.
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1.2. AdS/CFT

S> Sgy S:SBH

form black hole

Figure 1.5: Diagram depicting Bekenstein-Hawking entropy as maximal.

entropy for a region X 4 delimited by a sphere of area A. To see this, assume
to the contrary that there is something else inside the spherical region ¥ 4
bounded by area A and which has entropy S > Sppy (Figure . The
starting configuration then cannot be a larger black hole since that wouldn’t
fit inside X4, it can only be a smaller black hole or something with less
energy. Thus since the starting configuration must have less energy than
the black hole of size ¥4, we can always just throw in energy until we
create the black hole which fits. This process, however, can only increase
the entropy, but since we end up with S = Spy this is a contradiction.

Then Spy = A/4GN gives the maximum entropy for a region, and so,
somewhat astoundingly, we conclude that the number of degrees of freedom
we need to describe a gravitating region ¥ 4 scales with its area rather than
its volume.

A second argument for holography can be given as follows [28]. Holog-
raphy relates fields in a bulk region to fields on the boundary of this region.
This on its own is perhaps not surprising since in order to describe what is

happening at point A Alice can send out light signals, which will eventually

18



1.2. AdS/CFT

*A °A

Figure 1.6: Diagram depicting some requirements for a holographic theory.

reach the boundary at point B |§| where Bob can be sitting to collect the sig-
nals. Bob can then account for the interactions with the signal on the way
to him to reconstruct Alice’s message. In this way we can write boundary
quantities in terms of bulk ones (this is depicted in the left side of Figure
16).

Holography, however, demands more than this. It demands that quanti-
ties in the bulk can be written in terms of quantities on the boundary at the
same time. This is because the boundary theory has its own Hamiltonian
Hp which can be used to write fields at later times in terms of earlier ones
(this is depicted in the right side of Figure [1.6]). Typical field theories will
certainly not have this stronger property ﬂ

Theories of quantum gravity, however, may have this property. This is
because the gravitational Hamiltonian Hgg is known to reduce to a bound-
ary term on shell. If this remains true in the full quantum gravity then the

stronger step required by holography is easily accomplished, we can simply

8This is of course except in the case where Alice is inside an eternal black hole. Since
we are assuming a unitary theory with no loss of information, even if Alice started in a
black hole, as long as it evaporates the information would escape.

9Classical theories of gravity won’t either since we can specify initial conditions on a
time slice, so that quantities on the boundary are independent of those in the bulk.
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1.2. AdS/CFT

take the observable at time ¢g where Bob was and map it back to an earlier

time ¢:

O(tg) = etfacts=) (1)~ Hoc(tz =) (1.53)

In this way one can relate boundary observables at any time to those at

time ¢.

1.2.2 Why AdS?

In this section we wish to further motivate the correspondence by asking
why it is anti-de-Sitter space in particular which is related to a conformal
field theory on the boundary. Given that the d + 1 dimensional CFT is in

Minkowski space, it has the Poincaré invariant metric:
dstpr = —dt* + di?. (1.54)
The most general higher dimensional metric (z being the extra dimension)
which respects the Poincaré symmetry is
dshas = f(2) (—dt* + d7?) + g(2)d2?, (1.55)

which after a coordinate redefinition can be written:

ds? 45 = c(2) (fdt2 +di? + sz) . (1.56)

Demanding that this be invariant under conformal transformations (¢, Z, z) —
A(t, %, z) (since z has dimensions of length it should transform along with
boundary coordinates) requires c(z) oc 1/22. Inserting a length scale L to
make ¢(z) dimensionless gives:

L2
dSidS = ? (—dt2 + d.’EQ + d22) 5 (157)

which is the metric for pure AdS spacetime in d + 2 dimensions. |E|

10This metric actually only covers the part of AdS spacetime visible to certain accel-
erated coordinates, which is termed the Poincaré patch. This is similar to the Rindler
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1.2. AdS/CFT

Another check that it is AdS which should correspond to the CFT is
that the symmetries of the theories match. In this case the isometries
(transformations which leaves the metric invariant) of pure AdSgys form
a SO(2,d + 1) symmetry, which is indeed the same as the conformal group
in one temporal and d spatial dimensions. E|

Also note that from we can immediately obtain the so-called
UV/IR correspondence in AdS/CFT which states that high energy exci-
tations in CF'T are related to length scales far away from the interior of
AdS (near the boundary). From (1.57) we have

1 1 1

~ — . 1.58
Epas 2z Ecrr ( )

Ecpr is scaling as 1/z so that approaching the boundary z — 0 corresponds

to higher energies in the boundary theory (and vice versa).

1.2.3 Matching degrees of freedom

In order for the AdS/CFT duality to be correct there must be a matching of
degrees of freedom between the two theories. Field theories boast infinitely
many degrees of freedom, however, and so one must impose an IR cutoff by
limiting the spatial extent of the system to R (i.e. we put the field theory
in a box of size R) and a UV cutoff by imposing a lattice cutoff a.

On the d + 1 dimensional field theory side the number of degrees of
freedom Ngpr is simply the number of lattice sites IV; times the degrees of
freedom per site c. [*2| Thus

Rd

N, =c- N =c - —. 1.
CFT =€ NI =€ g (1.59)

We can calculate the degrees of freedom in AdS by using the Bekenstein-

coordinates in flat spacetime.

"The conformal group in 3 + 1 dimensions consists of 15 symmetries. The Poincaré
group: 4 translations, 6 boosts and rotations, then the leftover conformal part has 1
dilation and 4 special conformal transformations.

12The nomenclature comes from the fact that in a conformal field theory the central
charge ¢ measures the number of degrees of freedom per site.
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1.2. AdS/CFT

Hawking entropy:

ABound
4Gy

where Apound is the area of the boundary of AdS. Using the metric (1.57)),

with the UV cutoff at z = a (since z is related to energy scales in the field

NAdS%SBH = (160)

theory) we have:

d d L de
ABound = /Z_ad $\/§: /d «Tﬁ =R ﬁ7 (161)

where the boundary coordinates were cutoff by the size of the box, R. Thus

up to overall constants, the matching Nopr = Nags requires

L4 rd

= _ 1.62
on = (1.62)

CcC =

where ¢p is the planck length.

A particularly important limit for us will be when the classical gravity
theory is a good approximation. This is the regime where general relativity
is valid, i.e. when the length scale of the spacetime is much larger than the
Planck length. This means that % > 1. Thus in the CFT, according to
this means that ¢ > 1. So classical gravity will be a good approxi-

mation when the number of degrees of freedom per lattice site in the CFT

is very large. |E|

1.2.4 Partition functions

One can package all the information in a quantum theory into its partition
function, and so it shouldn’t be surprising that a statement of the AdS/CFT
duality is [45]:

Zads = ZCFT- (1.63)

13Note that for an SU(N) gauge theory Norr = ¢ ~ N2, and thus classical gravity is
a good description at large N.
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1.2. AdS/CFT

More precisely, to every field ¢! |E| in the gravity side there corresponds an
operator O in the CFT which couples to the field ¢ at the boundary, as it
would to a source. In other words the presence of a field ' on the gravity
side with boundary conditions ¢'(x,z = 0) = () gives rise to a source
term [ 4 O; for the CFT. Thus

ZAdshou% = <€f SOf)oi>01?1“ = ZCFT[SDE]- (1.64)

We will be particularly interested in the limit where classical gravity
applies so that the gravity partition function is dominated by a saddle point,

and thus well approximated by its classical solution:

classical
SG

ZAd5|@i_>% = Z 96 v ¢ (1.65)

iyl
all fields| i o

So with (1.64) we now have a way to compute quantum correlation functions

in terms of a classical gravity action as

S .
(Ok(x1)...0j(zp)) = log Zcrr(eg) (1.66)
’ Spf (1) 8h (2) 0
) ) -
= Jpp— Geclassical . 1.67
Sk (1) S} (xn) ¢ il ( )

One should be careful when performing these manipulations since gener-
ically the gravitational action and the fields at the boundary are divergent.
To cure these divergences one typically adds a counter term action and ex-
tracts the finite part of the boundary behaviour of the fields. An example

of this is shown for a scalar field in the next section.

“We represent any index or set of indices under which the field ¢ transforms (such
as spinor or vector) as i, with inner product denoted by contraction between raised and
lowered indices.
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1.2. AdS/CFT

1.2.5 Scalar field on AdS

In this section we wish to calculate the expectation value of an operator O
in the CFT vacuum, dual to a scalar field ¢ in pure AdS;, o gravity (we will
use the Poincaré coordinates (1.57))).

The action for a free massive field in Euclidean AdSg4o is:

1

S:2

/dzdd+1x\/§ (Dupd*p + m2902) (1.68)

Since we are assuming ¢ to be a classical solution we may integrate by parts

and use the equations of motion to get a boundary term:

1
2

Sclassical —

/dd“fﬂx/ﬁ (pg™0.0),_. , (1.69)

where we have cutoff the boundary at z = €. In order to evaluate this one can
easily find the behaviour of the field ¢ near the boundary by considering the

equations of motion obtained from[1.68 at small z. After a Fourier transform

d+1y,
o(z,x) :/(;ir)dj:e’kxg)k(z) (1.70)

one finds that near the boundary z = 0 the field ¢ behaves as:

or(2) ~ C1(k) 212 4+ Cy(k) 22, (1.71)

where A = (d+1)/2 ++/(d + 1)2/4 + m2L2.
Substituting into (1.69) gives at z =€

Ld dd+lk,
9 (2m)d+1

Sclassical —

|G (41— A)YCy(~R)Ca (K) + (d + 1)C1 (~R)Ca(R)|
(1.72)

where the Cy(—k)Ca(k) term is of order 222~ (@+1) and so vanishes as z — 0

for scalar fields which satisfy the Breitenlohner-Freedman (BF) bound. |§|

®Since A = (d+1)/2 + /(d + 1)2/4 + m2L2, we have

2A — (d+1) =2/(d +1)2/4 + m2L2. (1.73)
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1.2. AdS/CFT

Now we notice that the expression for S€ssical diverges as e — 0. To
remedy this we should add a counterterm action S.. Like any good action
it should be local in the field ¢. Note that to cancel the divergence the
action must be a boundary action, and it must be quadratic in the field in
order to be able to cancel the term of the form C1C;. A natural guess for

the counter-term action is then

Set ~ /dd—’—lxﬁ @27 (175)

e being the induced metric for the z = € boundary. This action indeed
diverges as e~ 22~ (A1) 0y (—k)C1 (k), and so we just need to find the right
prefactor to cancel the divergence in S¢¢s5*@ This is

d+1—A
Set = — 57— /ddﬂxm 0. (1.76)

In this way we finally arrive at the finite piece of the action S™¢""™ =

Gelassical 4§ | evaluated on the classical solution:

d - d+1
grenorm _ L12A 2<d+1>> / (jﬂ)dflcl(mcz(k). (1.77)

So now to get the expection value, from (1.67) we need:

<O> — 7Sclassical' (1.78)

We already removed the divergences in S5 by using S7¢"™™  but there
is still the issue of the field ¢ diverging at the boundary.
From 1) we see that ¢ diverges as zt1~2 near the boundary, and so

we can remove this divergence (and the divergence in the action) by instead

This quantity is thus positive (or 0) whenever

2
m22_<d2+Ll> 7 (1.74)

which is known as the BF (Breitenlohner-Freedman) bound on the mass.
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using the expression:

5
(O(z)) = 5 (D g a) grenerm (1.79)

Then using (1.71), along with a Fourier transform we have

(O(k)) = 5(11((5—@5%%‘ (1.80)

Combining this with (1.77) we can finally find the expectation value of the
operator in the CFT to be 6]

(O(k)) = LY2A — (d 4 1))Co(k). (1.84)

Thus, for a scalar field in pure AdS, the expectation value of the dual
operator in the CFT is related to the subleading behaviour of the field at
the boundary.

If one similarly calculates the 2-point function, one finds

1

(O(21)0(x2)) ~ m-

(1.85)

This is precisely the result for correlation function between operators of
dimension A in a CFT.

'S Actually when one solves the equations of motion for the full solution ¢x(z) =
Ci1(k)fi(k,z) + C2(k) f2(k, 2z), one finds that demanding that it stays finite as z — oo
fixes the ratio Ci(k)/C2(k) = R(k). Thus when taking the functional derivative (1.80)
one has

5o | MO a)Cala) =Calh) + [ daCu(a) s 5 Calma) (181)

=Cq (k) + C1(k)R(k) (1.82)
=2C5(k) (1.83)
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zZ

Figure 1.7: Diagram illustrating the holographic dual of geometric entropy.

1.2.6 Geometric entropy in AdS/CFT
Ryu-Takayanagi formula

Suppose we divide up a d + 1 dimensional CFT into two spatial regions
A and A, with boundary between the two Ay. We can then calculate the
entanglement entropy S4 between degrees of freedom in A and A. In the
context of AdS/CFT a natural question to ask is “how do we compute Sy
in the dual gravity theory?”. Since we are working in the classical gravity
limit we may expect something geometric, which also satisfies a least action
(or saddle point) condition. The correct dual quantity is given by the area
A of the minimal surface whose boundary is given by Ag |7, see Figure |1.7.

The precise result, known as the Ruy-Takayanagi formula [32] is:

A

(1.86)

1"We will only be concerned with static metrics and entanglement entropies, thus we
can think everything taking place at a given time slice.
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The numerical factors are the same as in the Bekenstein-Hawking entropy,

as is required for consistency in the thermal state.

Sketch of proof

The formula (1.86) was proved in [27]. An outline of the proof can be given
as follows. We know from the discussion in section [1.1.3| that we should
compute the CFT partition function on a space ¥, composed of n sheets
of R glued together in the region A, and with deficit angles 27 (1 — n) at
the dividing surface Ay. To compute this partition function the holographic
duality states we need to compute the partition function of the corresponding
gravity solution. Assuming that the dual gravity solution turns out to be
one with a surface o4 ending on Ay which preserves the deficit angle (such
that o4 also carries a deficit angle of 2w(1 — n)). This can be shown to
induce a curvature singularity [17] on o4, R ~ 47(1 —n)d(o4). Since the
gravitational action integrates over the curvature R, this induces a term
proportional to the area of the surface o4, which will be the only term
which contributes to the entanglement entropy. |§| At this point we see that
since the area term appears in the action it should be minimal at the saddle
point, so that Area(o,) = A, the minimal area extending into the bulk with

boundary Ay. So we finally find

18The gravitational action with cosmological constant is

1 d+2
167TGN/d eVG(R+A), (1.87)

so R having a delta function singularity on some surface produces a term proportional to
the area of that surface. Also

Sprav =

Zn
trp”t = ==, 1.88
=7 (1.88)
where Z,, is the partition function on the n-sheeted space ¥,,. Thus any term in the total
partition function Z,, which is just n copies of single copy partition function cancels out.

This is why only the piece which comes from the deficit angle is important.
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d ~n
Sa = —%lntrp . (1.89)
d . Z
= ImZn (1.90)
dn Zl n=1
Z Ags(n
_ 4 Ads(r) (1.91)
dn ZAdS n=1
_ d 4n(1—n)Area(oa) (1.92)
~ dn 167G N et '
A
= 1.93

which is the Ryu-Takayanagi formula.

Consistency checks

Area law The first consistency check comes from our knowledge that in
a CFTy41 the geometric entropy obeys an area law divergence (see section
1.1.3):

Ap
Y

Sa~Fk- (1.94)

for some small distance cutoff a.

On the gravity side a small distance cutoff a corresponds to a cutoff on
the spacetime at z = a, see Figure 1.8, Set up d — 1 coordinates o; on the
boundary, such that the surface Ay is parameterized as z(o), with induced

metric on the surface d then

/ ¥ ovd = Ay, (1.95)
Ag

where we are using Ay to describe both the surface and its area. In the bulk
(with pure AdS metric (1.57)), however, on a slice of constant z the area is

modified by the induced metric h as well:
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A

zZ z;a z=0

Abulk(z) = / dd_l()'\/g\/}»b, (196)

Ag
Ld
== [ d"'eV4d, (1.97)
z Ag
Ld

Then near the boundary the contribution the the area A can be obtained by
integrating over the physical area Ap,x(2) close to the cutoff. The divergent

piece of this comes from the cutoff surface itself so that

e A
A~ / dzAbulk(z)NLdaTi, (1.99)

and so we have

i L4
4GN GNad_l.

Thus the Ryu-Takayanagi formula reproduces the known area law (1.94)) in

Sa=

(1.100)
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CFT.

Entropic inequalities It is also possible to check that the Ryu-Takayanagi

formula reproduces the strong subadditivity relation [21]:

Sa+Sp > Saus + Sanp- (1.101)

Denote the area of a holographic surface with boundary A as ¥4, if it is
minimal we’ll call it 4. Then from Figure [1.9]it is clear that

oA+ 05 =XauB + XAnB; (1.102)

>0AuB + 0ANB- (1.103)

In going from the first to second line we have gone from surfaces which
are not necessarily minimal to ones which are. Since the Ryu-Takayanagi

formula in this context simply states that
4Gy’
the area inequalities (1.103) imply strong subadditivity of the entanglement

entropy (1.101)).

Sa (1.104)

1.3 Motivation

As we have seen, AdS/CFT (see Section |1.2) relates a gravitational theory
on asymptotically Anti-de-Sitter (AdS) space to a conformal field theory
(CFT) on its boundary. Since our main interest lies in understanding the
interplay between geometry and entanglement, we will assume that we are
in a regime in the gravitational theory where the general relativistic space-
time picture is Validﬂ In this regime there is a very nice geometric way of
quantifying the entanglement between two complementary spatial regions -
A and A - in the CFT. This is captured by the Ryu-Takayanagi (RT) formula

19This is analogous to a regime in Quantum Electrodynamics where Maxwell’s equations
apply.
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Figure 1.9: Diagram used in strong subadditivity proof.

(see Section [1.2.6). A measure of how entangled degrees of freedom in A
and A are in a given state is computed by the entanglement entropy S (see
Section . The RT formula states that S4 is the area of a minimal surface
in the gravity theory (having as its boundary the region Ay separating A

and A), see Figure [1.10]:

A
4Gy

In this way a purely quantum mechanical phenomenon in one theory

Sa (1.105)

is related to an entirely classical quantity in another. Roughly speaking,
in Figure we can think of A as separating that region My in the
bulk corresponding to A on the boundary, from the region M 7 in the bulk
corresponding to A on the boundary. @

Now in AdS/CFT there is also a relation between the length scales on the
boundary and “radial” distance in the gravity, the so-called UV/IR relation
(see Section|[1.2.2)). It states that the physics of small length (large) scales on
the boundary CFT is understood by studying regions near (far away from)

the boundary in the gravity theory. This can actually be seen in the RT

20This correspondence was made more precise in [12].
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Figure 1.10: Diagram displaying the Ryu-Takayanagi surface A. The cylin-
der on the left is global AdS spacetime (with time running vertically). On
the right is a constant time slice where we consider the Ryu-Takayanagi
surface for Sy, separating spacetime into regions M4 and M ;.

formula (see Figure [1.11). If A is a small region, then the minimal surface
A stays relatively near the boundary. As we increase the size of A, A dips
deeper and deeper into the bulk and so probes longer and longer distance
scales in the gravity side.

A natural question then is: what region in the bulk (if any) corresponds
to degrees of freedom on the boundary CFT below or above a certain length
scale? Divide up the boundary into degrees of freedom below and above
a length scale ¢ as < (UV) and ¢~ (IR) and denote the corresponding
bulk regions as My< and M;>. Now we can think of M4 and M ; as
corresponding to A and A respectively, and M4 and M ; are obtained by
considering the entanglement between regions A and A. Thus we argue that
the regions My< and M,> should be related to the entanglement in the
CFT between UV and IR degrees of freedom.

Fortuitously field theories provide a natural basis of states to study one
measure of the UV /IR entanglement; the Fock basis. This basis of states can

be written as a product of occupation number n,, of modes with momentum
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1.3. Motivation

Figure 1.11: Diagram displaying a manifestation of the UV /IR connection
with RT surfaces.

pi below a certain scale p (IR) |p;| < p, and occupation np, of modes
with momentum P; above that scale (UV) |P;| > p. This gives us a way
to calculate the entanglement entropy S, between UV and IR degrees of
freedom. Studying the question in enough detail we may hope to find a
momentum space RT-like geometric picture in the gravity theory, depicted
in Figure |[1.12

The RT result also leads us to consider the “connectedness” of spacetime
regions M4 and M 7 in terms of the entanglement between A and A. This
was explored in [41]. Consider subregions a C A and @ C A. For a general
state correlation functions between operators at spacelike points z, and zg
are exponentially decaying; (0,0g) ~ e $(@ara)/& where s(iq,x3) is the
proper length of the minimal geodesic between x, and xz, and £ is some
length scale. A measure of the entanglement between degrees of freedom in
a and a is given by the mutual information I(a,a) (it also includes classical
correlations, see Section . This measure obeys a certain inequality [55]:

1 ({0a0a) )2
I(a,a) > = | ———F7~ 1.106

>3 ({1 (1109
for any operators O referring to regions a and a with vanishing expectation

value. Thus if the entanglement as measured by I(a,a) vanishes, so must
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1.4. Outline of thesis

Figure 1.12: Figure of possible momentum space Ryu-Takayanagi relation.

the correlations between operators O on these regions, and this implies that
the proper length between these regions diverges.

We thus arrive at the following picture (see Figure of what happens
as we remove the entanglement between A and A: the bounding surface A
separating M 4 and M jz shrinks in accordance with RT, and the boundaries
A and A get further and further away from each other as measure by the
proper distance or geodesics connecting them. So we get a situation where
M 4 and M j are pinching off from one another. From this it is apparent that
entanglement in the CFT is serving to hold the dual space-time together.
A natural question to ask is: precisely how do changes in the entanglement

(perhaps subject to certain conditions) affect the dual geometry ?

1.4 Outline of thesis

The structure of this thesis is as follows. In Chapter 2| we introduce and ex-
plore entanglement in momentum space. We begin by giving a path integral
description of the reduced density matrix for low momentum degrees of free-

dom. We then develop a perturbative approach for computing entanglement
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1.4. Outline of thesis

N

N

Figure 1.13: Diagram illustrating the separation of spacetime due to loss
of entanglement in the CFT.
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1.4. Outline of thesis

entropy and mutual information and apply these to example field theories.
Entanglement properties are understood in terms of scaling arguments and
related to properties of decoupling. Conditions under which our measures
are well defined in perturbation theory are also discussed.

We change gears from Lorentz invariant theories to exploring systems
with Fermi surfaces in Chapter |3 We study the entanglement between sin-
gle modes in a lattice theory and its continuum version. Surprisingly the
presence of a Fermi surface allows to compute the entanglement entropy in
dimensions where the Lorentz invariant version would have diverged. In-
teresting behaviour near the Fermi surface is shown not to depend on high
energy details.

In Chapter 4] we discuss how gravity “emerges” from certain thermodynamic-
like relations on the boundary in AdS/CFT. We show how one arrives at the
relation dS = dE in the CFT and explore the implications of each side of
this equation on the AdS gravity side. The equation of the two quantities on
the AdS side can be shown (under suitable conditions) to imply Einstein’s

equations.
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Chapter 2

Momentum-space
entanglement and

renormalization in quantum
field theory

2.1 Introduction

A quintessential property that distinguishes quantum mechanics from classi-
cal mechanics is the entanglement of otherwise distinct degrees of freedom.
When certain degrees of freedom are entangled with the rest of a quan-
tum system, it is not possible to describe them by a pure state. Rather,
the most complete description of a subsystem A at a particular time is via
the reduced density matrix obtained by tracing over the degrees of free-
dom in the complement, pg = tr;(|¥)(¥|), where |¥) is the state of the
entire system. The entropy constructed from the reduced density matrix,
S(pa) = —tr(palog(pa)), quantifies the amount of entanglement between
A and its complement. The entanglement entropies corresponding to re-
duced density matrices for diverse subsets of degrees of freedom provide a
rich characterization of the quantum state for systems with many degrees
of freedom 2!

In physical systems, we typically only have access to a subset of the de-

grees of freedom, namely the low-energy or long-wavelength modes that are

21For a basic review of density matrices, entanglement entropy, and related concepts,
see for example [68].
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2.1. Introduction

directly accessible to experiments. In an interacting theory, it will generally
be true that these degrees of freedom are entangled with the inaccessible
high-energy degrees of freedom. Thus, the long-wavelength modes will be
described by a density matrix. A more familiar description of low-energy
degrees of freedom is due to Wilson [47] — one carries out the complete path
integral over the inaccessible degrees of freedom, arriving at an effective ac-
tion capturing the dynamics of the remaining system. Here we will index
the degrees of freedom by their spatial momenta and consider integrating
out modes of high spatial frequency. We show that the resulting Wilsonian
prescription is compatible with the description in terms of a density matrix:
given a Wilsonian effective action (defined more precisely below) we can
canonically associate the corresponding density matrix via equation (2.5)
below.

For continuous physical systems described by interacting quantum field
theories, understanding the variation with scale of the Wilsonian effective
action Sy () provides key insights into the nature of the quantum field
theories, revealing a striking insensitivity of the low-energy physics to the
details of the ultraviolet description. Correspondingly, it is natural to con-
sider the variation with scale of the density matrix p(u) for the degrees of
freedom with momentum |p] < p and the associated entanglement entropy
S(p). To make our considerations concrete, we derive a formula for this
low-energy entanglement entropy in perturbative quantum field theory, and
apply it to scalar field theories with ¢™ potentials in various dimensions. The
scale-dependence of the entropy S(u) in such theories can be understood in
terms of the variation of the coupling and number of degrees of freedom with
scale.

To study entanglement between scales in greater detail, we can consider
the entanglement entropy associated with any subset of the allowed mo-
menta, or the mutual information between any two subsets of the allowed
momenta, for example between individual modes with momenta p and ¢.
These measures characterize the extent of entanglement between specific
scales in field theory, and we compute the rate at which this entanglement

declines as the scales separate. This fall-off may give an alternative charac-
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2.2. The low-energy density matrix

terization of the property of decoupling in quantum field theories. In theories
that do not enjoy the property of decoupling, e.g. noncommutative gauge
theories [48] and theories of gravity, the entanglement between degrees of
freedom at different scales may play an especially important role.
Entanglement entropy in quantum field theory has been considered pre-
viously, but almost all previous work has focused on entanglement between
degrees of freedom associated with spatial regions (e.g. [69, 70] ). The no-
tion of a density matrix for low-momentum modes or entanglement between
different momentum modes has appeared earlier in the context of cosmology
and condensed matter physics (e.g. [51, 53, 71]), but there is little overlap

with the present work.

2.2 The low-energy density matrix

A quantum system with many degrees of freedom has a Hilbert space of the
form H = H1®Ha®---. Given a subset of these degrees of freedom (A, with
complement A), we can write H = H 4 ®H 5 where H 4 is the tensor product
of Hilbert spaces for the degrees of freedom in A. If p is the density matrix for
the full system (which may be in a pure state), a reduced density matrix for A
is defined by tracing over A: p? = tr i(p) (or, given components in a specific
basis, pin = > n PmN.aN)- Expectation values of operators that act only on
A can be computed as tr (p (04 ® 1)) = tra(p?O4). If A is entangled with
its complement, p# will have a finite entropy: S = —tra(p?log p?) > 0.

In this construction, the Hilbert space can be be decomposed into a
tensor product in any convenient way. For example, the Hilbert space for
two identical oscillators could be decomposed either as a product of the
Hilbert spaces for the individual oscillators, or as a product of the Hilbert
spaces of even and odd normal modes. A reduced density matrix could be
computed in either case — good choices of decomposition are dictated by the
structure of the interactions and restrictions on which degrees of freedom
are accessible to measurements.

In quantum field theories, locality makes it natural to associate inde-

pendent degrees of freedom with disjoint spatial domains. Hence, given a
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2.2. The low-energy density matrix

spatial region A (and complement A), one can decompose the Hilbert space
as H = Ha ® Hj and trace over A to derive the reduced density matrix
of A. But since the Hamiltonians of free field theories are diagonalized by
modes of fixed momentum, it is in many ways more natural to use the Fock
space decomposition, H = ®;Hz, where Hj is the Hilbert space of modes
of momentum ﬁ.@ While this decomposition is motivated by considering
the case of free field theory, it applies equally well once we turn on interac-
tions, and is indeed the standard setting for computations in perturbative
quantum field theory@

In free field theory, the vacuum state is a tensor product of the Fock space
vacuum states for each independent field mode — there is no entanglement
between the field modes at different momenta. But in an interacting theory,
the full vacuum state will be a superposition of Fock basis states — hence the
modes of different momenta will generally be entangled. In this case, the
reduced density matrix corresponding to a subset of the degrees of freedom
(A) will necessarily have a finite entropy, indicating that A is effectively
in a mixed state if the rest of system is traced over. Now, one is most
often interested in the physics of the “infrared” degrees of freedom that
are accessible to experiment, i.e., the degrees of freedom with momenta
below some scale p. The present discussion shows that tracing over the
ultraviolet, i.e. degrees of freedom with momenta above u, should lead to
an infrared effective description in terms of a low-momentum density matrix

corresponding to a mixed state with finite entropy.

22Here, it is clearest to define the field theory as a limit of a theory on finite volume
so that the tensor product is over a discrete set of allowed momenta. For a general field
theory, the factors would be labeled by field type and spin/polarization in addition to
momentum.

ZThere is a formal sense in which turning on interactions takes one out of the original
Hilbert space. However, by placing a cutoff at some energy scale much higher than any
scale of interest, the Hilbert space structure of the interacting theory will be the same as
that of the free theory, and a density matrix for low-momentum modes can be precisely
defined. Furthermore, as we will see later, various observables related to the spectrum of
the density matrix have a well-defined limit as we take the cutoff to infinity.
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2.2. The low-energy density matrix

Relation between low-energy density matrix and low-energy

effective action

The standard way of studying the low-energy theory is through the Wilso-
nian effective action. How is this quantity related to the low-energy density
matrix? To begin, consider a bare action Sy defined with a cutoff A such
that |p| < A. Associated to this, we have a Hamiltonian Hp, which will have
some ground state |UQ) and corresponding density matrix p§ = |¥Q)(P?|.
This density matrix can be written as a Euclidean path integral by taking

the T" — 0 limit of the finite temperature density matrix

r=8/2)=
<$y|ﬂ£|¢y> = %<§£y|€75HA|¢y> = ;/d)( e Do(T) e 5K , (2.1)
(r=—PB/2)=0y
where {¢,} is a basis of field configurations indexed by y, § = 1/T is the
inverse temperature, Sf is the Euclidean action, and Z is the partition sum
that normalizes the path integral.

Given a subset of degrees of freedom A (with complement A) and the
tensor product structure of the Hilbert space, we can split the parameter
y which indexes the basis states as y = (a,a), and a pick a basis with
by = ¢a X ¢a. To define a reduced density matrix for A by tracing over A

we write

. . 1 [%4(8/2)=a
Glohlon) = [ Péx Gutilolondh) = 7 [ Do) Do)
' (2.2)

In the last expression, the fields ¢ ; are periodic in the range [—/3/2, 3/2],
which is implied after substituting into the trace in the middle expres-
sion.
Now define a conventional thermal effective action for the the subsystem
A:
oS (0a) — / D 5(7) e 5E(04:0a) (2.3)
—B/2<7<p/2
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2.2. The low-energy density matrix

In terms of this, the density matrix for A is

A

A bA(B/2)=¢a ba(r=0T)=¢,
(balPhlda) = 1 / D a(r) e W (9a) = 1 / Dpa(r) e Sw(da) |
¢ ¢

A(=B/2)=¢a Z Jpa(r=0")=6a

(2.4)
In the last expression we translated time to put the discontinuity in the
integral at 7 = 0% and the fields are taken to be periodic at 7 = +/3/2. The
reduced density matrix for A in the ground state |¥Q) for the entire system
is extracted by taking 8 — oo.

We now specialize to the case where A is the subset of degrees of free-
dom with spatial momenta |p| < p for any scale p which is lower than the
ultraviolet cutoff A. The reduced density matrix pj,|<, obtained by tracing
over the degrees of freedom with momenta in the range p < |p| < A is thus

given by:

1 ¢’\pl<u(7':0+):¢3lp\<u

(Dpl<ulopi<ulOpi<u) = - Dojpl<p€

] —Sw(@pi<u(2.5)
D1pl<u(T=07)=|p|<p

where now (having taken 5 — o0,) Sy is a Wilsonian effective action ob-
tained by integrating out the degrees of freedom with large spatial mo-
mentaiZ4]

e*SW(¢|p\<u) — /D¢p|>u(7_) 6*3E(¢|p\<u7¢\p|>u) X (26)

Equation (2.5) is our final result for the low-energy density matrix. In

241n relativistic quantum field theories, it is perhaps more common to define a Wilsonian
effective action by performing the Euclidean path integral over all field variables ¢(p”)
with |p”py| > p. This is convenient, since it leads to an effective action that is manifestly
Lorentz invariant. However, the remaining variables in the path integral correspond to a
restricted set of frequencies for each field mode ¢(p). Hence, this Wilsonian action does
not represent the full effective action for a particular subset of degrees of freedom, but
rather the action for a restricted set of configurations of a subset of degrees of freedom.
In our case, while the path integral is still Euclidean, we are integrating out all modes
with spatial momenta |p] > p and leaving all modes with |p] < p, regardless of frequency.
The result is an effective action that describes all possible configurations of a subset of
degrees of freedom for the theory, the field modes with |p] < u. This type of Wilsonian
action is more commonly discussed in field theories without Lorentz invariance, such as
those describing condensed matter systems (see, for example, [54]).
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2.3. Measures of entanglement

particular, if O is an observable built out of the low-momentum modes at
7 =0, it follows from (2.5) that

A 1

tx(0p) = 5 [1d61y,)06 5w O (27)

so the standard calculation using the effective action is equivalent to a cal-
culation using the density matrix. Of course, the full Wilsonian effective
action contains more information than the density matrix associated with
the vacuum state of the field theory. The former is a functional of time-
dependent field configurations, while the latter depends only on a pair of
time-independent field configurations.

The description of low-energy degrees of freedom via a density matrix
may seem unfamiliar and one may ask why we cannot simply associate
a pure vacuum state to the low-energy degrees of freedom based on the
effective action. The reason is that Sy will typically contain terms with
higher time derivatives, so there is no way to associate to Sy a Hamiltonian
H,, expressed exclusively in terms of the low-momentum variables and their
conjugate momenta. Thus, there is no canonical way to associate a pure
state of the low-momentum part of the Hilbert space to the full ground
state of the theory. As we have seen, the object that can be canonically
associated to a Wilsonian effective action for these low-momentum degrees

of freedom is a density matrix.

2.3 DMeasures of entanglement

What observables quantify the amount of entanglement between the de-
grees of freedom in different ranges of momenta? In this section we begin by
discussing such quantities in generality and conclude by constructing per-
turbative expressions for such observables in weakly coupled field theories.

First, for any density matrix p, the von Neumann entropy

S(p) = —tr(plog(p)) (2.8)
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2.3. Measures of entanglement

measures the classical uncertainty associated with the mixed state described
by p. When p represents a microcanonical or canonical ensemble, the von
Neumann entropy gives the thermodynamic entropy. When p is the reduced
density matrix describing a subsystem A of a quantum system that is in a
pure state, S quantifies the entanglement between A and its complement
(A). In this case the entanglement entropy of A is equal to that of A, a fact
that follows from a stronger result that the spectrum of eigenvalues of p4
matches the spectrum of eigenvalues of pj.

When the Hilbert space for the theory can be decomposed into a tensor
product with three or more factors, the quantum entanglement and classical
correlations between pairs of these subsystems are jointly quantified by the
mutual information. For instance, if the Hilbert space is of the form H =
HaiRQHB® He ® -+, the mutual information between A and B is defined
as

I(A,B) =S(A)+ S(B) - S(AUB) . (2.9)

where S(X) is the von Neumann entropy of the reduced density matrix of
subsystem X. Mutual information is always greater than or equal to zero,
with equality if and only if the density matrix for the AB subsystem is a
tensor product of the reduced density matrices for subsystems A and B. In
other words, mutual information is zero if and only if there is neither any
entanglement nor any classical correlation between the two subsystems.@
Mutual information provides an upper bound on all correlators between the
two regions: for any bounded operators O4 and Op, acting only on the

subsystems A and B, we have [55]

((040p) — (04)(OB))?
2|04[?|Op[? '

I(A,B) > (2.10)

If the Hilbert space consists of three factors H = Ha @ Hp ® He and

25The systems A and B are said to be entangled if and only if the density matrix for
the AB subsystem cannot be written as ZipipiA ® p. Separable density matrices of
this form represent states which have no quantum entanglement, but may have classical
correlations. The mutual information for such a state can be nonzero.
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2.3. Measures of entanglement

the complete system is in a pure state it follows from the definitions that
I(AUB,C)=1(A,C)+ I(B,C) . (2.11)

But if A, B, and C together comprise only a part of the system, another
interesting observable is the tripartite information which quantifies the ex-
tent to which the mutual information between A U B and C is determined
by the pairwise mutual informations I(A, B) and I(B, C):

I(A,B,C) = I(AU B,C) — I(A,C) — I(B, C). (2.12)

In general, this quantity can be positive, negative, or zero. For a pure state
of the full system, I(A, B,C) is symmetric between the four subsystems
A,B,C,and AUBUC.

2.3.1 Entanglement observables in perturbation theory

For weakly coupled quantum field theories, we can use perturbation theory
methods to calculate the entanglement observables described in the previous
section. To begin, it is useful to derive a set of perturbative results that apply
more broadly.

Consider a general quantum system whose Hilbert space may be decom-
posed into a tensor product H = Hy ® Hp, and start with a Hamiltonian
of the form

H=Hs1+1® Hp. (2.13)

Denote the energy eigenstates of H 4 by |n) and the energy eigenstates of Hp
by |N), with energies E,, and En respectively. Before adding interactions,
the ground state is

|0,0) =10) ®|0) . (2.14)

Now, perturb the Hamiltonian by an interaction AH 4p, where X is a small

parameter. The perturbed ground state may be written (before normaliza-
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tion) as

) =10,0) + Y Auln,0) + Y By[o,N)+ Y Cunln,N),  (2.15)
n#0 N#0 n,N#0

where A,B, and C are coefficients starting at order A that may be com-
puted in perturbation theory. To normalize, we should multiply by 1/N %,
where N =1+ Y |A4,> + X |Bn|* + X2 |Cnn|? - Now, the density matrix

corresponding to the subsystem A is

1 1+|B)> At + BCT
C LHJAR+[BRP+ICP \ a4 cBt AAT +ccCt

PA ) (216)

where the elements of this matrix correspond to |0)(0[,|0)(n|,|m)(0],|m)(n|
terms respectively. By a symmetry transformation p — MpM~!, we can

simplify the form to

) 1—[C]* 0 5
pA = +0(\) (2.17)
0 cct

where we are using the fact that A, B, and C start at order \. (See below
for why this is possible.)

Up to corrections of order A3, the eigenvalues of this matrix are A\%a; and
1 — A2 a;, where {a;} (normalized to be of order \°) are the eigenvalues

of the matrix CCt/\2. Thus, the entanglement entropy is

Sa=—tr(palog(pa)) = —(1— A2 a;)log(l — A2 a;) — > Aa;log(N\2a;)
= —A21og(A\?) Y a; + A2 Y ai(1 — loga;) + O(A3(2.18)

Now, an explicit expression for the C matrix using standard perturbation

theory is
N|H 4p|0,0
oy = A NHa5]0,0) + 0O\ (2.19)
FEy+ Ey— E, — EN

Using this, the leading term in the entanglement entropy for small X is
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explicitly

|(n, N|Hap|0,0)[?
(E() + FEy — E,, — E'N)2

Sa=-Nlog(X?) Y +0O(\?). (2.20)

n#£0,N#£0

Interestingly, the entanglement entropy is not analytic in A at A = 0. Also,
the leading order perturbative result (up to order A? terms which are not
written explicitly) depends only on matrix elements of the interaction Hamil-
tonian between the vacuum and states with both subsystems excited. This
follows since can be written as

) = (10)+) Au[n))@(0)+ > B|0,N)+ > (Cpn—AuBy)[n)®|N) .
n#0 N#0 n,N#0 (2 21)

In this expression, the entanglement would be zero without the second term,
and in this term, C,n starts at order A while A, By starts at order A2.
The A and B coefficients do appear in the order A3 contributions to the

entanglement entropy.

Mutual information

By a similar calculation, starting from a pure state in a theory with H =
Ha® Hp @ Hc, the leading contribution to I(A, B) in perturbation theory

1S

3 (N4, Ng, Nc|Hint|0,0) 2
(Eo — En,)?

(2.22)

Similarly, when H = Ha @ Hp @ Hc ® Hp, at leading order in perturbation

theory, the tripartite information I(A, B, C) is

I(A,B) = —A\%log(A?) { 2 > +
Na#0,Np#0,Nc=0 Na#0,Np#0,Nc#0

Na, Ng,N¢, Np|Hint 0, 0)?

I(A,B,C) = +A2 10g(>‘2) Z i (Eo — En., )2

N;i#£0

+ O(\?)

(2.23)
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While I(A, B,C) can in general be positive, negative or zero, we see that
the leading perturbative result for I(A, B, C) is always less than or equal to

zero. This implies that to leading order in perturbation theory,
I(AUB,C)<I(A,C)+ I(B,C) . (2.24)

This result is not true for general systems@ Note also that if the matrix
element of the interaction Hamiltonian between the free vacuum and states

with all four subsystems excited is zerﬂ then we will have
I(AUB,C)=1(A,C)+I(B,C) . (2.25)

to leading order in perturbation theory. In this case, the leading order con-
tribution to mutual information between any two subsystems is completely

determined from the mutual information between any pair of minimal sub-
systems.@

2.3.2 Entanglement observables in quantum field theory

For all of the observables discussed above, the essential quantities we have to
compute are the reduced density matrices of the various subsystems. Given
these quantities, we can compute the associated von Neumann entropies and
mutual informations. In local quantum field theory, recent discussions of en-
tanglement have focused on the density matrices associated with bounded
spatial regions. These are well-defined because (by locality) there are in-
dependent degrees of freedom in disjoint spatial domains, so the Hilbert
space factorizes as required. The associated spatial entanglement entropy
is typically divergent, even in free field theory, because in the continuum
limit any spatial region contains an infinite number of degrees of freedom at

arbitrarily short wavelengths. These divergences require regularization (e.g.

26In particular, if A and B are completely uncorrelated, pap = pa ® ps, the opposite
inequality, I(AUB,C) > I(A,C)+1(B, C) follows from strong subadditivity of entangle-
ment entropy.

2TIn field theory, this will be true for theories with only cubic interaction terms.

28In field theory, such minimal subsystems will be the Hilbert spaces associated with
modes at a single momentum.
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by including an ultraviolet cutoff) and some care is needed to extract finite
regularization-independent data [70].

Now, as discussed above, it is often more natural in quantum field theory
to organize degrees of freedom by momentum (or wavelength). Correspond-
ing to any bounded subset of momenta in a field theory there are a finite
number of degrees of freedom per unit spatial volume.@ As a result, the en-
tanglement entropy associated with such a subset should be finite for a finite
volume system, increasing with the volume considered. For a translation-
invariant state, we expect that the momentum space entanglement entropy
will be an extensive quantity with a finite density S/V. We will verify this
below.

What observables can we compute? We can define the entanglement
entropy S(P) associated to any subset P of the allowed momentalﬂ, the
mutual information I(P, Q) between any two subsets of momenta, or the
tripartite entanglement I(P,Q, R) for any three subsets of momenta. We

will focus on

e S(u), the entanglement entropy between all degrees of freedom with

momenta above and below the scale pu.

o S([u1,u2]), the entanglement entropy for a shell of momenta pu; <
Ip| < pa.

e S(p), the entanglement entropy for a single mode with momentum p.

o I({lp| < m}, {lp| > p2}), the mutual information between degrees of
freedom with momenta below a scale p; and degrees of freedom above

the scale po.

e I(p,q), the mutual information between modes with momenta p and

—

q.

29For a field theory at finite volume there will be a finite number of degrees of freedom
in a bounded range of momenta. In the infinite volume limit, the set of allowed momenta
becomes continuous. While there are now an infinite number of degrees of freedom with
momenta in a finite region of momentum space, the number per unit spatial volume
remains finite.

3%More generally, P could represent a subset of the allowed single particle states.
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These quantities probe the strength and extent of entanglement in momen-
tum space.

In free field theory, the Hamiltonian does not couple degrees of free-
dom with different momenta and thus all these measures of entanglement in
momentum space should vanish. Adding a weak interaction term that cou-
ples degrees of freedom with different momenta modifies the ground state
and should introduce a small amount of entanglement between the various
field modes. We can characterize this entanglement in perturbative quan-
tum field theory by adapting the general results derived above. For the
calculation of entanglement entropy, the two subsystems correspond to two
complementary subsets A and A of the allowed momenta. The eigenstates
|n, N) of the unperturbed Hamiltonian are elements of the Fock space basis
[{n;}, {N1}), where n; and Ny are occupation numbers for particle states in

the two subsets. The interaction Hamiltonian takes the form
H; = /ddxHI(x)

for some local Hamiltonian density #H(x) that is polynomial in the fields

and their derivatives. The matrix elements
({ni}, {N1}|H1]0,0) (2.26)

may be computed by expanding the interaction Hamiltonian density in terms
of creation and annihilation operators. The sum in is now over all
states with at least one particle having momentum in the subset A and at
least one particle having momentum in the subset A. The nonzero matrix
elements in the sum involve states with at most k momenta, where
k is the number of fields in the interaction, and the momenta must add to
zero since translation-invariance of the interaction Hamiltonian leads to a
momentum-conserving delta function.

The leading contribution to the entanglement entropy can be
rewritten in terms of a projected two-point correlator of the interaction
Hamiltonian (see Appendix . Below we will work directly with the
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2.4. Scalar field theory: entanglement between scales

expression (2.20)).

2.4 Scalar field theory: entanglement between

scales

To develop some concrete examples of the general formalism, we will cal-
culate momentum space entanglement entropy in d 4+ 1 dimensional scalar

theories with action:

1 1 A
S = /dd+1x(2(8ugz$)2 — §m2¢2 - 0" (2.27)

For ease of formulation, we will first take the theory to be defined in a box
of size L with periodic boundary conditions, and assume a UV cutoff at a
scale A.

We will compute the entanglement entropy S(u) of degrees of freedom
with momenta |p| < p with the high-momentum modes. Denoting by p; and
P; the allowed momenta below and above u, the Fock space basis elements
are written as [{n,,}) ® |[{np,}). To use the general formula for the
leading contribution to the entanglement entropy, we need matrix elements
of the interaction Hamiltonian between the free vacuum and the states with
both low and high momenta excited. Recall that the fields can be expanded

in terms of creation and annihilation operators as

ape P 4 a;r)eip'w) (2.28)

1 1
P(z) = ngp:\/m(

where w, = y/p? + m2. The nonzero matrix elements for the interaction

Hamiltonian between the Fock space vacuum and states with n particles
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2.4. Scalar field theory: entanglement between scales

excited®l are

_ 1 5p1+-~'+pn

From (2.20]), we then have

S0t
S(p) = =M\ log(\2 Pt tpn O\ (2.30
() og( ){pz_}ju T P e o TORY (230)

where the sum is over distinct sets of spatial momenta such that at least
one momentum is below the scale p and at least one momentum is above
the scale y. More generally, the entanglement entropy for the field modes
with momenta in some set A is given by the same formula with the sum
over distinct sets of momenta such that at least one momentum is in a set
A and at least one momentum is in A.

It is straightforward to take the limit of infinite volume. By the usual

() [ e () e

2

replacements

we find that the entanglement entropy density S(u)/V has a well-defined

limit:

1 5(p1+ -+ pn)
L= —»%1 )\2/ d4p; A2) .

(2.31)

Here, the integral is again over distinct sets of momenta such that at least

one momentum is below the scale p and at least one momentum is above

the scale pu.

31'We are only interested in matrix elements between the vacuum and states with at
least one low-momentum particle and at least one high-momentum particle. For ¢® and
¢* field theory, the only such non-zero matrix elements have 3 and 4 particles excited
respectively. For ¢™ theory with n > 4, matrix elements with n — 2k > 3 particle states
can also contribute, but for these theories we must also include ¢™~2* counterterms in the
action. For now, we focus on the case of ¢> and ¢* theory.
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2.4. Scalar field theory: entanglement between scales

In practice, it is often simplest to calculate the derivative dS/du, since
the p-dependence comes only in the domain of integration, and this domain

for S(p+ dp) is almost the same as for S(u). In the difference

S(p+dp) — S(p)

the only contributions that don’t cancel between the two terms are a positive
contribution in which one momentum is in the range [u, p + dp] and all the
other momenta have magnitude larger than u, and a negative contribution
in which one momentum is in the range [u, u+dp] and all the other momenta

have magnitude smaller than pu.

2.4.1 The ¢® theory in 141 dimensions

The simplest example is the ¢ theory in 1+1 dimensions@ From (_2.31)),

+ p2 + ps3)
S(u)/V = —Mlog(\?) / dp;— 1 + o2
)/ os( 327T2 (pi} H " wiwaws (w1 + wa + w3)2 (X%
_ 2 2
= —\I I .
Letting
1
J(p1,p2, ps) = 2.32
(p1,p2,p3) orwawa(@n & wa + wa)? (2.32)
we find that
1dI o0 0
- = dp J(p,p, —p — p) — dp J(p,p, —p — 1) - (2.33)
2 d:UJ © —1/2

32We work with a massive ¢® theory, so the theory is perturbatively stable. We can
assume higher order interaction terms ¢>" which stabilize the theory non-perturbatively
but do not affect our leading-order perturbative calculations.
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2.4. Scalar field theory: entanglement between scales

Evaluating the right hand side analytically for large and small u, we find

that>?|

Lr-88r—4)  p<m
1

12,8 {ﬁ+1n(ﬁ)} p>m

As discussed further below, the linear behaviour for small p is related to

() — (2.34)

the linear growth in the number of degrees of freedom below scale u, while
the falloff at large u is related to fact that a ¢3 interaction is relevant in
141 dimensions so that the physics at large scales approaches that of the
free theory, for which there is no entanglement between modes at different

momenta.

Order \? terms

Above we computed the O(A?1log(A\?)) term in the entanglement entropy
that dominates at infinitesimal A\. At small, but finite \, the O(\?) term in
could compete with this. To calculate this term we must determine
the eigenvalues (and not just the trace) of the matrix CCT/)\?, where

A IS p+2 P
o Pty by 2.35
P 08 (S wp + S we) /T wm [on, 25

and the sets {p;} and {P;} must have either one and two elements or two

and one elements. Thus the matrix M = CCT/A\? has nonzero elements of

the form My, and My, p)) (q1,4.)- We have

Op+P+Q
. 2.36
Mpq = pQSLprwap (wp +wg +wp)? (2:36)

Thus, for each p with |p| < u we have one eigenvalue

! OptP+Q . (2.37)

ap = == 5
wywpwo (w, + w w
|P|>u,|Q>p P P Q( pTwpt Q)

3370 find I(u) we evaluate the expression for dI/du and then integrate with respect to
. The constant of integration is fixed by requiring that the entanglement entropy vanish
as u — 0.
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The remaining block of the matrix M has entries

*
5P1+p2¢11 +q2 1

p17p2}y{q17q2} /W Ware (W 1 U e W w. —|— . + w + w w W —+
pP1¥p2¥rq1¥¥q2*p1Tp2 ( p1 p2 p1Tp2 ) ( q1 q2 p1Tp2 )

where §* indicates that we must have |p; + pa| > p for a nonzero result. To
find the remaining eigenvalues, we put M in block diagonal form, with one
block for each P with |P| > p, where p; + p2 = g1 + g2 = P. For the block
labeled by P, we can label the matrix entries by p; and ¢1, with

1 1

Vp1)V(q)

P1,q1 —

8L \/wme—plwme—me(wm +wp—p, +wp)(wg +wWp—g, +wp)

where )
Vp) = . (2.38)
VWpWp—pWp (wp + wp—p +wp)

A matrix of this form has only one nonzero eigenvalue, equal to

1 Op+q+P
ap = — . 2.39
PTRL wpwawp (wp + wy + wp)? (239)

Ipl<mlgl<p

We have one such eigenvalue for each P with |P| > p.

Having found all the eigenvalues of CCT/A2, we can use to write
an expression for S(p) including the order A? term. Recall that S(u) =
A%(1—log (M%) Y a; — A*Y a;log(a;). Taking L — oo,

o= [P (2.40)

and

> aitog(a)/L = [ P2 1(1) los(T(p) (2.41)

where

I(py) = / dpadps d(p1 + p2 + ps3)

. 2.42
167 w1w2w3(w1 + wo + w3)2 ( )

Here, the asterisk indicates that po < ps3, and that po and p3 must have

magnitude less than u if p; has magnitude greater than u, while po and ps3
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0.1
0.08
0.06
0.04 4 / T

0.02// T~

Figure 2.1: Leading contributions to S(u) for ¢ theory in 141 dimensions.
Full result for S(u) is proportional to A?(log(1/A?)+1) times bottom function
plus A\? times top function.

must have magnitude greater than p if p; has magnitude less than p.

We have plotted the two leading contributions and in figure
We see that the two terms have a qualitatively similar behavior. In
detail, the term falls off slightly more slowly for large u, behaving
as 1/p?log?(p?/m?) compared with 1/u3log(u?/m?) for . Thus, for
fixed A and sufficiently large u (of order m/)), the O(A\?) term will be larger
than the O(A2log()\?)) term, although the qualitative behavior is similar.
In this work, our focus is on the physics in the limit of small A, so in the
remainder of the discussion we will concentrate on O(A\? log()\?)) terms which
dominate as long as we stay below the parametrically large energies of order

1/ relative to the mass.

2.4.2 The ¢? theory in higher dimensions

In general dimensions, the entanglement entropy for the modes below scale

@ in the ¢3 field theory is given by

d(p1 + p2 + p3)

S()/LY = —A*log(X?) d*p1d’pad’ps

7,
8(27‘(’)2d {pi}u
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2.4. Scalar field theory: entanglement between scales

(B)

Figure 2.2: (A) Integration regions for ¢ theory in 2+1 dimensions. (B)

The function F(x) appearing in the entanglement entropy for ¢* theory in
1+ 1 dimensions.

= -\ 1og(A2)wId(u) .

It is more convenient to compute

1 dly )
oo T /B - /A>d2pJ<<u, 0), 5, —(11,0) — §) (2.44)

where J is defined in (2.32)), and A and B are the regions shown in Fig. 2.2A
(symmetric between the vertical axis shown and the directions not depicted

in the case d > 2). Here wy = 2r(@t1/2/T((d 4+ 1)/2) is the volume of the
unit d-sphere.

Explicitly, we have

1 dl /0 / #o=(pertin)? a2
- = - _ dp dprwi—opy ~J (Pas PT
wd,lud—l d,u _% T 0 T ( T )
+/u dpx /OO dewdf2pd_2J(pCC7pT)
N !

+
ﬁ
=

. / dprwi—opt 2T (pz, pT) (2.45)
0
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where
1

Vi +m2\/p% +p7 +m2\/(u+px)2 +p7 +m?

1
( u2+m2+\/p§+p2T+m2+\/(u+px)2+p%+m2)2

J(pxapT) -

We find that in 2 + 1 dimensions, the entanglement entropy decreases with
[ as
(2.46)

when p > m, while in 341 dimensions, we have

I(n) — 2x*(In(4) — L

for © > m. We interpret the the 3 + 1 dimensional result as saying that
in this case the p® growth in the number of degrees of freedom below scale
p overwhelms the 1/p falloff of the effective dimensionless coupling. These
expressions are exact (and finite) as m — 0. For 4+1 dimensions and higher,

(2.45) diverges — we will discuss this divergence below.

2.4.3 ¢* theory

Finally, consider the ¢ field theory in 1+1 dimensions. From (2.31),

+ - +p4)
SV = —Alog(A?)—— / dop; p1 O\
1
= —Alog(\? I(p) .
og( )16(27r)3 (M)
Thus, we study I(u) = [, 1, @p1dpadpsdpa 6(p1+pa+ps+pa) J(p1, p2, p3, pa),

where J(p1,p2, p3, p4) U= wywowsws(wy + wa + w3 + wg)?. It is again more

convenient to evaluate

1dI > P & s

=5 = / dp1/ dps +/ dpl/ dp2 ¢ J(p1, P2, b, —P1 — P2 — [4)
2dp 1 1 1 -
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n p1tu
3

_ 1 1
- / dpl/ dpa J(p1, D2, ph; —P1 — P2 — 1) = — F(p/m) .
—H p1 m
A numerical integration determines F', giving the final result
S(u)/V = =X log(\?) L /M/md F(z) (2.47)
=—-X1lo — xF(x) . :
a SN38am3 m3

The function F(z) is plotted in Fig. [2.2B. By analyzing (analytically) the
behavior of F for large and small z, we find that the entropy S(u) behaves

as pu/m* for small p and as
L.y
S ~ Eln (u/m)

for large p. As for the ¢3 theory, the decay at large p is related to the fact
that the ¢* theory in 1+1 dimensions is free in the UV.

The leading perturbative contribution to the entanglement entropy S(1u)
of ¢* theory can be similarly evaluated in 241 dimensions. The integrals
there are more difficult to evaluate numerically, but are convergent. For 3+1
and higher dimensions, the integral expression for the leading contribution
to S(p) in the ¢* theory has a UV divergence, which we discuss further

below.

2.4.4 General remarks

Massless limits:  We found above that in two and higher space dimen-
sions, the entanglement entropy S(u) has a finite limit as we take the mass
to zero. However, in 141 dimensions, the results for both ¢ theory and ¢*
theory diverge in the massless limit. These divergences suggest that S(u) is
not an “infrared-safe” quantity for a massless scalar theory in 1+1 dimen-
sions. However, the ratio S(u)/S(po) has a finite limit if we hold p and pg

fixed as we take m to zero. The result is

S(1)/S(mo) = (no/n)’* (2.48)
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Thus, while it may not be sensible to talk about S(u) directly for m = 0
and infinite volume, the ratio for different scales appears to be well-defined

even in 1 + 1 dimensions.

General understanding of large i behavior:  The results above agree
with the following heuristic derivation of the power law behavior of S(u) for
large . The behavior is influenced by two significant effects. First, the
number of degrees of freedom per unit volume below a momentum scale p
grows like p¢. All else being equal, we expect S to scale like the number of
degrees of freedom (for example, it is extensive). However the interactions
in a general field theory depend on the scale, and this scale dependence also
contributes to the behavior of S(u). The dimensionless effective coupling

d+1=n(d=1)/2 " Since S goes like

for a ¢™ interaction at scale u behaves as 1/u
A% (plus logarithmic corrections), we can estimate that S(u) should behave

as

1 2 1
d _
S~ pt X <Md+1n(dl)/2> = a1

up to possible logarithmic corrections. This is consistent with our results.
At a technical level this scaling arises in the integrals for entanglement en-
tropy from two sources: (a) the measure factors (i.e. the density of modes),
and (b) the energy denominators in the interaction terms. These are the
same ingredients that affect the scaling of physical observables during renor-

malization.

Divergences: In various specific case considered above, we found that
the leading perturbative contribution to S(u)/V is finite in the limit where
the IR and UV cutoffs are removed. However, for the ¢3 theory in 4+1 and
higher dimensions or the ¢* theory in 3+1 and higher dimensions, the inte-
gral expressions for the leading perturbative contribution to S(u) diverge.
The divergence is associated with the sum over states in , or in the
sum or integral over the momenta in or respectively. The lead-
ing divergence comes from the sum over states where one momentum has

magnitude less than p while the rest have magnitudes greater than . The
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divergence is proportional to a power (or logarithm) of the UV cutoff A.
Of course, ultraviolet divergences are commonplace in quantum field the-
ory. Typically, they are associated with integrals over momenta that appear
beyond the leading order in perturbative calculations, and are dealt with by
expressing the results in terms of renormalized (physical) parameters rather
than bare parameters. However, here the divergences appear in leading or-
der perturbative results. Since the bare and renormalized parameters are
the same at leading order in perturbation theory, the divergences will not be
eliminated by expressing the results in terms of renormalized parameters.@
Such divergences in leading order expressions indicate a breakdown of
perturbation theory for the specific quantity that is diverging. To see this,
note first that similar divergences appear even in fermionic theories, for
example fermions in 141 dimensions with a (1/¢)? interaction (see Appendix
for details). Furthermore, the divergence is present even at finite volume,
since it is associated with the infinite number of high-momentum modes
which are still present with an IR regulator. But for a theory of fermionic
fields at finite volume, the Hilbert space associated with degrees of freedom
with momentum below a scale p is finite-dimensional. In this case, there is an
upper bound S(p) < log(N), where N is the dimension of the Hilbert space.
Now, consider the theory with a UV cutoff A. The leading perturbative
expression for S(u) will be finite for any finite A. But since this expression
diverges as A is taken to infinity, there will be some finite A above which
this leading contribution to S(u) is larger than the bound log(N). Here, A
is still finite, so S(u) is clearly well-defined, and the correct result for S(u)
must certainly be less than log(N), so the only possibility is that the leading
perturbative expression is not a good approximation to the correct result.
Our conclusion should not be particularly surprising: regardless of how
small the coupling parameter of a theory is, there will always be quantities

that cannot be computed in perturbation theory. Here, the breakdown of

34We do expect the standard divergences to appear in higher order perturbative correc-
tions, even for quantities whose leading order result is finite. These divergences should be
cured in the usual way by expressing results in terms of physical parameters, or by using
renormalized perturbation theory with the appropriate counterterms.
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2.5. The extent of entanglement between scales

perturbation theory seems to be associated with computing the entangle-
ment entropy between a finite set of modes with the infinite set of degrees of
freedom above scale ;1. We will see below that in cases where perturbation
theory breaks down for this quantity, it is still possible to perturbatively
calculate less inclusive quantities, such as the mutual information between
degrees of freedom associated with two finite regions of momentum space.
We will also encounter a case where the exact result is know but perturba-
tion theory fails. In cases where no divergence appears at leading order, the
finite leading-order perturbative result should be reliable so long as subse-
quent terms in the perturbative expansion (after renormalization) are small
compared to the leading terms.

aaaaaaaaaadaadaadaadd

2.5 The extent of entanglement between scales

So far, we have considered the entanglement between modes in a field theory
above and below some scale p. In this section, we ask about the entangle-
ment entropy associated with a single mode of the field theory, or the mutual
information between two individual modes. A version of the former observ-
able has been considered previously in the condensed matter literature (see
e.g. [71]). We will first consider the entanglement entropies of bounded
regions of momentum space. These sorts of observables are useful for two
reasons: (a) they can be finite even when the entanglement entropy for the
low-energy density matrix diverges, (b) they are a much more sensitive and
clear probe of the extent of entanglement since they don’t sum over the

entire tower of UV modes.

2.5.1 An aggregate measure of the range of entanglement

The quantity S(u) measures entanglement between the complete set of de-
grees of freedom below the scale 1 and the complete set of degrees of freedom
above the scale . Is this entanglement largely between modes just above

and below the scale u, or is the entanglement “long-range” in momentum
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2.5. The extent of entanglement between scales

space?

One way to address this question is to consider the entanglement en-
tropy for the annular region py < |p| < p2 in momentum space. If the
entanglement is short-range, then for ps > pi, the entanglement entropy
S([u1,p2]) = S(p1 < |p| < p2) should be dominated by entanglement be-
tween modes just above and below the scales p; and ps. In addition, these
separate contributions to the entanglement entropy should be well measured

by S(u2) and S(p1). Thus, for short-range entanglement we would expect

S(lp1, pa]) = S(p) + S(p2) 2 > p (2.49)

Alternatively, consider the mutual information between the degrees of free-

dom with |p| > po and |p| < pq:

(p1, p2) = S(u) + S(pz) — S([ur, o)) (2.50)

For short-range momentum space entanglement we expect . Hence,
when po > 1 we expect that I(u1, ug) ~ 0. The rate of falloff of I'(uz, p1)
as 2/ increases from 1 is a characterization of the extent of entanglement.

In ¢* theory the infinite volume expression for I(u1, ui2) is (using (2.22))

(2m)45(p1 + p2 + p3 + pa)
w1 + wa + w3 + wy)2wiwawswy
(2.51)

where the asterisk indicates that we integrate over momenta such that at

d,,.
S([p1, pa])/V = =N log(AQ)zlj /H 2?27?)d (

least one |p| is in the range [u1, uo] and at least one |p| is not in this range.
For simplicity, we specialize to d = 1 and take the mass m = 1. It is simplest

to first evaluate the quantity

d?s
dpadps

(2.52)

We can see that the only contribution to this will be from regions of the

integral above where one momentum is at u; and another momentum is at
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2.
This is equal to the integral above with p; = £us, p2 = £u1, and the
remaining |pls either both inside or both outside the interval [u, u2]. The

distinct choices of momenta satisfying these constraints are

= H2 p2 = 1 p3 € (=00, =22 — p1] U [=2p1 — p2, —%(M + p2)]
pr=p2  pr=—p  p3€ (=00, =2+ pu1] U[—p, 3 (1 — p2)]

or momenta obtained from these via p; — —p;, where in all cases, p4 is

determined by the delta function constraint. Thus, we have

1 d*S 1 2
- — —A )\2 - H2—pH1 dp J o o
Vv dUIdMQ ( )12 16(27‘(’) { f—oo p (/-1/27 H1, P, =P — K1 M2)

+pz)

+f 2,11,1#1;/,2#2 dp J(:U'Qnulvpa —pP— _M2)
2p2+

+ [T dp J (2, —p,p, —p + i — pa)

IQ(‘“ “2) i T (s — 1, po—p + 11 — 12)}

where
1

(w1 + wo + w3 + wq)2wiwowswy

‘](pl’anp?np‘l) =

To determine S(pi, pe2) from this expression, we can use S(u,p) = 0,
S(0, ) = S(u), and 6S (0, p) = dS( ). From these, we have

s

a8 # d’s
- , = di [l , + — 2.53
B (11, p2) /0 K1 dpndps (fi1, p2) i (112) ( )

and

12 12 1 2
S(pr, p2) = /#1 dm;j (1, fi2) = /ﬂ1 dﬂz/o din dii@ (111,/12)+/#1 du2fli(ﬂ ) -
(2.54)
Here, S(u) is the quantity that we evaluated in previous sections.
To investigate whether the entropy S(u1, p2) is dominated by entangle-
ment between degrees of freedom close to p1 and ps, we can vary us and ask

whether the variation of S(u1,u2) is well approximated by the variation of
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Figure 2.3: Ratio of first and second terms in (2.53)) vs u = (p2 — p1)/m for
(A) p1 =1 and (B) py = 4. This is a measure of the range of entanglement
in ¢* theory in 1+ 1 dimensions. We have taken the mass to be m = 1.

S(u2) (these variations would be equal if S(puy, p2) = S(u1) + S(p2)). From
, the difference between the variations is equal to the first term on the
right hand side, so we ask whether this term is small compared with the
other term. In Fig. we plot the ratio of these terms as a function of
p = (o — p1)/m. The ratio declines as 1/1In u increases and approaches a
finite value as (u2 — p1)/m — 0.

The slow rate of decline is surprising given that the ¢* theory in 141
dimensions enjoys the property of decoupling. Note however, that the quan-
tity we are computing integrates over all of the UV modes. Thus it is an
aggregate measure of entanglement. A more refined way to ask about the
range of entanglement in momentum space is to consider the mutual infor-
mation between individual modes at two different momenta p and g as we
do below. We will see that this mutual information falls off as a power law

with |g| when |q] > |p|.

2.5.2 Single mode entanglement

In this section, we calculate the entanglement entropy for a single mode with
momentum p. This measures the entanglement between a single mode and
the rest of the field theory. The leading result for a ¢™ scalar field theory

66



2.5. The extent of entanglement between scales

follows immediately from (2.30)):

1)
S(5) = —A%log(\? e + O
7 ) {pz;pn} Q”Ld("*z)WpUJQ rwn(wp e+ wp)? >

(2.55)
where the sum is over all distinct sets of (n — 1) momenta{*| In the infinite
volume limit, this gives

n

+ O(\?)

0'(p+p2+ -+ pn)
S = —A%1 )\2/ dp; -
) ol )2"(27r)d(n_2) {p2,spn} ZH2 g wpwy -+ wn(wp + -+ + wn)?
s1([p1) -

By rotational invariance, the result is a function only of |p]. All explicit
factors of the volume have canceled out without dividing by volume on the
left side.

A natural interpretation of this finite quantity is that it gives the en-
tanglement entropy density for degrees of freedom in an infinitesimal range
dp around the momentum p. The number of modes in the box d%p is pro-
portional to spatial volume, so if the entanglement entropy for one mode
has no explicit volume dependence, the entanglement entropy for the set of
modes in the box should be proportional to volume. This entropy is also
proportional to the momentum space volume d%p (if this is infinitesimal),
so the entanglement entropy associated with an infinitesimal volume d%z in
position space and volume d%p in momentum space takes the form

d$ d
45(5) = T (7 (256)

It is interesting that the phase space volume appears naturally here@

As an explicit example, we have plotted s1(p) for ¢ theory in two, three,
and four spacetime dimensions in Fig. In the figure, the entropies are
normalized by their value at p = 0. For 1+ 1, 2+ 1, and 3 + 1 dimensions,

35For 7= 0, we have the further restriction that not all momenta are zero.
36Note that while this entropy is spatially extensive, it is not extensive in momentum
space. That is, it is not true that S(R)/V = [, dpf(p).
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0.8+ \

0.6
0.4+

0.2+ \

Figure 2.4: Single-mode entanglement entropy vs magnitude of mode mo-
mentum for ¢3 field theory in 1+1 (bottom), 2+1 (middle), and 3+1 (top)
dimensions. The entropies are normalized by their values at p = 0.

the entanglement entropy decreases like 1/p*,1/p®, and 1/p? respectively.
Thus we see that in this case the entanglement of a single mode with the
rest of the theory declines as power-law of the momentum, even though
we found above that the integrated entanglement between modes above and
below scales ps and w1 only declines logarithmically. The slow decay in the

latter case is arising from the sum over modes.

2.5.3 Mutual information between individual modes

It is also interesting to investigate the mutual information between two spe-
cific field theory momenta. In the large volume limit, the natural quantity
to consider is the mutual information between degrees of freedom in an in-
finitesimal range d%p around some momentum p and degrees of freedom in
an infinitesimal range d%q around some momentum ¢. Starting from the ba-
sic formula , only contributions from the second term in curly brackets
survive the large volume limit. These involve matrix elements between the
vacuum state and states where one particle is excited in each of the regions

d% and d%q, and the remaining particles lie outside these regions. The re-
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2.5. The extent of entanglement between scales

sulting mutual information is proportional to d% and d%g and to spatial

volume, so we have:

1(5,q))V = dpd*qZ(p,q); . (2.57)

For ¢™ scalar field theory in d 4+ 1 dimensions, the leading contribution
to Z is

n

+0O(\?)

Z(p,q) = _)\210g()\2)_/ dp; Sp+q+p3+ -+ pp)
202D J oy it P s wn(wy + - wn)?
(2.58)
where the integral is over distinct sets of n —2 momenta. For ¢ theory, this
is
1 1

8(27)% wpwqwp+q(wp + wq + Wptg)?

(P, q) = —A%log()\?) +0(\?) (2.59)
Thus, the mutual information is enhanced when p, ¢ or (' + ¢) are near
zero, and for fixed p, the mutual information falls off as 1/|q|* for large q.
While this expression gives the formal leading order result in any number of
dimensions, we will see below that it should only be trusted as an accurate

approximation to the exact result for d < 4 space dimensions.

2.5.4 Convergence and validity of leading order expressions.

As for the entanglement entropy S(u) considered in the previous section, the
integrals in the leading order contributions to the mutual information and
entanglement entropy of single modes can contain UV divergences. As we
argued in Sec.[2.4.4, such divergences indicate a breakdown of perturbation
theory for the quantity in question. In this subsection, we classify the scalar
field theories for which the perturbative calculation of single-mode quantities
s1(p) and Z(p, q) gives sensible results.

We begin with the expression for the single mode mutual infor-
mation of ¢™ scalar field theory in d + 1 spacetime dimensions. Naively, this

will converge (i.e. there are enough powers of momenta being integrated
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2.5. The extent of entanglement between scales

over in the denominator) if

3
n—3°

d<1+ (2.60)

Thus, we have convergence in any dimension for n = 3 for d < 3 for n = 4,
for d < 2 for n = 5, and only for d = 1 for any higher n.

Since higher order interactions (i.e. interactions with more powers of the
field) are more likely to lead to divergences, we should be concerned that
such higher order interactions generated in the quantum effective action will
produce divergences at higher orders in perturbation theory. In ¢? theory we
get an effective ¢” vertex at order A" from a one loop diagram. As a function

2n—d—1 a9 these momenta are

of the external momenta, this scales like 1/p
taken large. The contribution to I(p,q) from such a vertex will naively be

convergent if

3

n—1"

d <5+ (2.61)

This is satisfied for any n so long as d < 5, but leads to a divergence in 6 and
higher space dimensions. Thus, it appears that I(p,q) can be computed in
perturbation theory for ¢3 theory in d < 5 (the same dimensions for which
the theory is renormalizible).

For ¢* theory, the effective action contains effective ¢*" interactions
coming from one-loop diagrams at order A™. These scale with external
momenta like 1/p?*~9~1. The contribution to I(p, q) from such a vertex will

naively be convergent if
1

d<3
+2n—1’

which is satisfied for any n as long as d < 3. Thus, it appears that I(p, q) is
a well defined quantity for ¢* theory in d < 3 (again, the same dimensions
for which the theory is renormalizible).

An almost identical analysis shows that the mutual information between
degrees of freedom in any two finite region of momentum space converges
whenever I(p,q) converges. Note that it would be incorrect to suppose
from the considerations above that the leading order I(p,q) is necessarily

well defined for every renormalizable theory. For example, according to
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2.6. Entanglement in the Thirring model

Theory | Dimensions where I(A, B) converges | Dimensions where S(A) converges
¢? d<5 d<3

¢ d<3 d<?2

»° d<?2 d=1

6 d=1 d=1

Table 2.1: Spatial dimensions where momentum space mutual information
and entanglement entropy converge. The results apply for any bounded
regions A and B in momentum space.

, the leading order I(p, q) diverges for the renormalizible ¢% theory in
3 dimensions.

We can also ask when the entanglement of a single mode (or a finite
region of momentum space) with the rest of the field theory is well defined.

For ¢™ theory, we find convergence for

3
d<l4+— 2.62
Rl (2.62)
This result extends to entanglement entropy of any finite region of momen-

tum space.

2.6 Entanglement in the Thirring model

In this section we wish to explore the entanglement structure of a 141
dimensional fermionic interacting field theory, known as the Thirring model.
The reason is that powerful techniques have been developed to study such a
theory. In fact this theory is known to be equivalent to a scalar field theory
[11]. It is an example of a more general principle known as bosonization
[18, 34], we will briefly review this concept and use it to obtain the exact
ground state in the massless Thirring model, which we will then use to

discuss the entanglement entropy of the theory.
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2.6. Entanglement in the Thirring model

2.6.1 The correspondence

The Lagrangian for the massless Thirring model is:

Lp = —iTy 9, + gﬂuﬂ, (2.63)

where J# = U~*WU. Here v* are the usual gamma matrices in 1 + 1 dimen-
sions.

Bosonization gives us a correspondence between correlation functions in
a free bosonic theory and a free fermionic theory [18,34]. At the level of fields
this correspondence can be written in terms of bilinears in the Fermi theory
and scalars in the bosonic theory, in particular we have: J* =2 —e‘“’ﬁ&,qﬁ.
Thus adding the term J? in the fermionic theory should be equivalent to
adding the term %(8(;5)2 Thus this interaction simply rescales the free boson

action to:

Lo = 33 (00, (2.64)

where g =1+ g/m.

2.6.2 The ground state
Boson ground state

Now if we wish to find the exact ground state of the Thirring model what
we need to do is find the exact ground state of the free bosonic model and
“refermionize” it.

The free boson ground state |2) can be written in path integral form by

going to position basis:

s = [ po oo (< [J0or).  eo

—0o0

(2.66)

Change the path integration variables from ¢ — ¢5 + d¢ where ¢; is a
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2.6. Entanglement in the Thirring model

solution of the equations of motion with boundary condition ¢5(0,z) = f(z).
Then using 0%¢s = 0 and integrating the action by parts with 6¢(0,z) = 0
it can be seen that the path integral factorizes into a piece that depends on
f(x) and one that does not.

i = "7 po e (<3 [ §007). (2.67)
_ / ii(o’z)zo D6 exp (—g ( / % (06, +a<s¢)2>> , (2.68)
_ /(Z(O’I):O Dé¢ exp <—g (/;(8&;5)2 +/; (6%)2))7
s o o (2.69)
= [ s e (< [ 5 @50 ) exp (3 [ oy (@000,
(2.70)
—coxp (3 [ doy (7(@00.0.0))) @11)

So we just need to find ¢4. This is easy to do once we have the Green’s
function (satisfies the delta function equation and vanishes on the boundary)

since we have:

os(t,x) —/dt’d;c’%(t/’ )OPG(t, x;t 2 = /, (8£(¢;62'-G) — (%gb;(%G) ,
(2.72)
tboundary /
_ / dA; (6,2G) — / (926G + 2UD5.Q)),  (2.73)

_ / Ao (' = 0, )0y Gt 7', 7)o (2.74)

where the plus sign in the last line comes from the fact that dA; is the out-
ward normal, which points in the +t¢ direction. In general we only know the
solution to the translation invariant equation %g(t —t',x—2') = 6(t—t', 2 —

2’) and we use this to satisfy the boundary condition for G(t, z;t',2’). De-
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2.6. Entanglement in the Thirring model

manding G vanish at the boundary can be achieved by setting G (¢, z;t',2’) =
—g(t+t,x—2')+g(t—t',x — ') (this satisfies the Green’s equation as well
since t and ¢’ must always be negative, thus we only get one delta function
when we take the Laplacian).

Thus we can swap derivatives by ¢,z with negative derivatives by ¢/, 2/,
and since G satisfies Laplace’s equation (on the boundary the ¢ function
does not contribute) we can swap second derivatives by ¢,t' by negative
second derivatives by x,z’. Then our vacuum state Eq. becomes:

in{f (@I = 5 [ do (F@)0104(0.2) (2.75)

§/dﬂ?d$/; (f (@) f(2")D0p G (¢, 1 2, ") |1=0,11=0) (2.76)

=g [ dods'] (1) £)0D0 (9t ~ i = a') = glt + ', = ) o)
(2.77)

=g [ dods'3 (1) $()0F (~glt ~ 50— ') = glt + £~ ) imor—0)
)

(2.78
= ~/ala:dx'; (f(z)f(2")0229(0; 2 — 2')) (2.79)
:_@/mmumﬂ@@jwmmm—fn (2.80)

For flat D = 2 space the Green’s function is just a logarithm of the

distance m Correctly normalized

g(t—t’,x—x’):—%ln\/(t—t’f—i—(x—x’)? (2.81)

2.6.3 Thirring ground state

Using the correspondence between bosons and fermions mentioned at the

beginning we can now go back to the fermion variables via J# =2 —eu”ﬁﬁyqb.
Thus —0, f(x) = —0,¢(x) = /7J° = /mp(x) = V7T (2)¥(z).

37TThe electrostatic potential in 2D is ~ log |r|.
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2.6. Entanglement in the Thirring model

So using these relations in Eq. ([2.80) with (2.81) we finally have that

the ground state in fermionic variables is

Q[, U'] = exp <—§/dmda:' (\I/T(x)\ll(a:)ﬂg(o,a; - :c’)\I/T(a:’)\II(x’))>
(2.82)

— exp (g / dwda’ (qﬁ(g;)\y(x) In |z — f\@*(f}@(f))) (2.83)
Two interpretations of this ground state will be explored:

e Q[U, Uf] gives a probability of Grassman configurations of bilinears,

to be interpreted in the path integral sense over the grassman fields
v,

e O[T, UT] = Q[p(z)] gives the probability of the bosonic configuration
p(xz) = ¥i(z)¥(z). The probability has meaning on its own, and the
path integral should be taken over the bosonic fields p(z).

We will investigate both of these possibilities and the extent to which they
differ.

Note that for the bose kinetic term to have the correct sign we have
g > 0. Then from Eq. configurations with two well separated lumps

are more probable than two lumps side by side.

2.6.4 Checks

In this section we check that the ground state obtained is reasonable. The
first quantized ground states that we will find from (2.83)) have been explored
in [36, 37].

Particles in R?

To check that describes the ground state let us check that, in first quan-
tization, § = 1 does indeed produce the ground state for the free theory. To

do this go to fixed particle number subspace. Then J° = UT¥ = p and for n
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2.6. Entanglement in the Thirring model

particles we have p = > | 6(z—x;). We can think about this as integrating
all configurations in 1) with the constraint § (UT(z)¥(z) — > 6(z — 2;)).
This gives

O =[] lwi — ;1% (2.84)
1<J

Particles at the same position do not appear. This would have been true
even with a UV regularization of the Green’s function due to the Grass-
man statistics, implementing the Pauli exclusion principle. In the bosonic

interpretation this is nothing but the removal of the self energy.
This state has come out with the wrong statistics. This is what we
should expect though since in first quantized form one must impose the

correct statistics by hand. Adding the proper statistics we have:

Q, = H |2 — 2j]9sgn(x; — x;). (2.85)
1<j
So now we search for a first quantized Hamiltonian for which this wave

function is an eigenfunction. Computing the kinetic term we find

3 _(f;nn __ 22(9@‘929”. (2.56)

Thus choosing the 1/r% potential V (z; — 2;) = ———~5 we have that €,

(wi—xj)
is an eigenfunction of

H=p"+25(5—1)> Ve —xj), (2.87)

i<j

with energy ¥ = 0. Since H is positive for g > 1, ), is the ground state.
Thus we now see that for g = 1, €2, becomes the ground state for the free

Hamiltonian.
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2.6. Entanglement in the Thirring model

Particles in R x 5!

To investigate the theory on the cylinder one simply makes the conformal
transformation z = x — it — expiz. Since the free bosonic theory is confor-
mally invariant we simply have G(z —y) — G(exp(iz) — exp(iy)) and so the

ground state becomes:

1 . .
0w 1) = exp (5 [ oy (W1 (2)2() | explia) ~ exp(i) ¥ (0)0(1) )
(2.88)
Then going to the n particle subspace again we have

Q;fl = H | exp(iz;) — exp(iz;)|9, (2.89)
1<j
This product is nothing but a Vandermonde determinant, and so for

g =1 we have:

05 = | det(exp(ikiz;))], (2.90)
— exp(ip) det(exp(ik;x;)). (2.91)

with k; = 0,1, ..,n— 1, which is the quantization we would expect for modes
on a circle. In going from line 1 to line 2 we have imposed the correct Fermi
statistics, and noted that in so doing there is a phase ambiguity. This phase
can depend on the coordinates, so long as it doesn’t mess up the statistics.
In fact choosing ¢ = —p > ;" | x; will shift the momenta k; by —p |§| With

38This is easily seen by writing
det(exp(ikiz;)) = Z sgn(o) exp(i Z kjzs;) (2.92)
o J

where o is a given permutation. Then the shift on the momenta follows from writing
P=—pYi T =P To,.
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2.6. Entanglement in the Thirring model

such a choice the free Hamiltonian acting on this state gives:

=D =D (ki) (2.93)

i=1 i=1

Thus Q5" is a free eigenstate, and it is in fact the ground state since the
proper choice of phase will give it minimal energy. The proper choice is of
course the center of mass frame, achieved when p = (N —1)/2.

2.6.5 Scaling

In what follows we will use some simple scaling arguments to find the entan-
glement entropy for the massless Thirring ground state at any coupling. The

result is the same whether we use the bosonic or Grassman interpretation
of (2:53).
Position space I

Consider how an interval of length L is entangled with its complement. We
split up the fields U(z) = ¥(z)< 4+ ¥(x)~ into pieces inside (<) and outside
(>) L. Then the reduced density matrix is:

pr({UF, Wi}, {5, wlsy) = (2.94)
/ DU ()" DW(x)> Q{UF, ¥i<}, {0, vYo[{ws, wi<), (>, vi>}].
(2.95)

Then
Tr pf = /HD‘I’i(x)>TD‘I’i(x)>PL(1a2)PL(273)"-PL(717 1). (2.96)
=1

To give finite results this should be regulated in the UV by a lattice
spacing a. The measure splits up into degrees of freedom living on each site.
Let us also put the system in a box of size B (B >> L).
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2.6. Entanglement in the Thirring model

Now consider the effect of local field rescalings (note we are not making
a conformal transformation, as we are leaving the position fixed). Under
U> — VET> we have pr, — k(B=L)/2pk (where we have indicated that the
new density matrix has some dependence on k). Under U< — VEAU< we
have Tr p} — k(nL)/a Ty (p%)™. Thus under both rescalings ¥ — VEY, we

simply have

Tr p = k"B/e v (p'z)n, (2.97)

where B/a is simply the total number of sites. Now using Eq. (1.41) the

overall factor disappears and we have

Tr prInpr, = Tr pk Inph. (2.98)

If we choose the arbitrary parameter k to be 1/ G'/? then the RHS of this
last equation becomes independent of g. This means that the entanglement
entropy for the Thirring model with arbitrary coupling g is the same as the
free theory with g = 0 (§ = 1). The entanglement entropy for the free theory

has been well studied and the result is (for B — o)

L
S = Stee = %ln = (2.99)

a
Position Space 11

Another way to get this same result is as follows. Birrell and Davies [7]
have shown that the conformal anomaly in curved space is independent of

the coupling so that

1
TH >= ——R. 2.1
<71y > 247rR (2.100)

Thus the Thirring model is conformal invariant and so we must have

), L
6 a’

where we have noted that the only possible way that the dimensionless cou-

S = (2.101)
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2.6. Entanglement in the Thirring model

pling g can now enter is through the central charge. We know, however,
that the central charge counts some physical degrees of freedom in the sys-
tem. Thus starting from the free theory and adiabatically turning on the
coupling, the physical degrees of freedom cannot continuously change, and

so we are left with the same result as before:

S = gln L (2.102)

a
Momentum space

The calculation of momentum space entanglement entropy is basically the
same as in position space. Consider the entanglement between modes in an
interval of length p in momentum space and its complement. The Fourier
transform of the ground state is denoted: |§|

iy, P1] = exp <g/;liG(p)\/gf_w,t+p¢k\2> . (2.105)

Again splitting fields into those with support inside the p interval and

those outside, 1) = ¥< + 1~ the reduced density matrix for modes inside is:

P05 U)ol D) = [ DU7 Dz QU UIEY (7 o NS U (07
(2.106)
Impose a UV cutoff in momenta denoted A and put the system in a box
of size V (A >> 1/V).
Now under ¢~ — k¢~ we have p, — k(A_“)V/”pl]j . Under y< —
VEY< we have Tr Py — kreV)/m Ty (pﬁ)" Thus under both rescalings

39In what follows the Fourier transform requires regularization. In the IR this can be
accomplished by adding a mass term. For small mass one uses

In (mAyy) = Ko (mAgy) (2.103)

1
:/dpﬁe
N/

Ko being the modified Bessel function of the second kind.

phoy, (2.104)
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¥ — Vk, we simply have

Te g = KM/ T ()" (2.107)

Again using Eq. (1.41)) the overall factor disappears and we have

Tr pyInp, = Tr pﬁ In pﬁ. (2.108)

So again if we choose k to be 1/§1/2

the entanglement entropy at any
coupling is the same as in the free theory, which must vanish. Thus the
entanglement between modes in the massless interacting Thirring model

must vanish identically.

2.6.6 Direct calculation
Grassman way

In this section we will directly calculate the momentum-space entanglement
of the ground state. We put the system in a box of length L with anti-
periodic boundary conditions for the fermions. We will consider for simplic-
ity the single mode entanglement.

We regulate the Green’s function in the IR by adding a small mass term.
Then since our definition of the entanglement is independent of normaliza-

tion, we multiply by the infinite constant @

Q —det™2(G,)0 (2.109)
1 g
:/Duq exp <_L ZGq‘UqF) exXp (2113 ZGp|Z ¢£+p¢k|2>
q p k
(2.110)

1 V23
:/Duqexp _ZE Glugl® — T;]E Ol Gk | (2.111)
q k,m

49The mass also removes the zero mode in the determinant, det ™' G, = [[, vVP*+m?=
I1, V(2r/L)? n2 +m?2.
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2.6. Entanglement in the Thirring model

where in going from line 2 to 3 we have made the shift u, — ug++/g/2L* >, ¢L+q¢k

(k is half-integer moded and ¢ is integer).

Then one finds for the reduced density matrix:

o5, 0R) = [ DU DUz oIz v I0lu7. ) (2.112)
1 2q
:/Dus det (Z MS>>> exp | =7 ZGq| (us), 2 | exp <g¢g<M§§/¢§/>
S q,S
(2.113)
Ysfs=fo+fr
Dug = Dur,Dug
(M$)gem = Gr—m (US)g_p,
<< <<
MSS = Mpp Mpg
Mzr Mz
-1 -1
[ Mt Mp T (S MgT) M My = (s Mg~) Mg~
My > (S Mg>) " Mz < M=+ M55 > (Sg M3>) ™ M7=
(2.114)

Now we wish to compute Tr p". However, this is a fermionic path
integral which can require non trivial boundary conditions, as in the stan-
dard case of the thermal partition function where the Fermi fields are anti-
periodic. The boundary conditions in position space have been investigated
in [10, 25] where it was found that there is an extra minus sign coming in
between each cut. This comes from considering the way spinors rotate. In
momentum space we will consider both periodic and anti-periodic boundary
conditions, i.e. T/JiR = eimwgl, periodic and anti-periodic being recovered
for « = 0,1. We will find that the result is independent of our choice of
boundary conditions. Note that we cannot consider wg = eimwfl since

these fields do not transform in the same way.
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2.6. Entanglement in the Thirring model

Using these boundary conditions we arrive at:

Tr p" :/f{ Dufs exp —% qz,squ' (u@q [* | det (25: (MZ>§>> detn (M (UJS» ’
(2.115)

;/HDUZ’ det,, (M <uJS)) : (2.116)

where

Mg +Mp, €™ Mpp 0 e 0 eTHTOMR,
fiﬂaMl Ml + M2 iﬂaMZ 0 L. 0

€ RL RR LL € LR

0 e_imM%%L M%%R + MgLL
det,, (M (u})) = det .

0

MY 0 Mz + My,

(2.117)

and where we have defined
{Mig = M55 (vl u). (2.118)

Notice the extra factor of e*™@ that comes in between the first and last
entry, due to the fermion statistics.

Now consider the parity of d(u , ul) = det (ZS (Ml)§>) in Eq. (2.115).
With a cutoff A = (27/L) Nz such that |k| < A then
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2.6. Entanglement in the Thirring model

dim (M?);” =2dim (A) — dim (), (2.119)
=2Npmaz — Ny, (2.120)

with u denoting the length of the interval we are entangling with the rest of
the system. This implies that

d(—ul, —uy) = (=1)™ d(u’, ul). (2.121)

We are considering the single mode entanglement and so the determinant
is odd, d(—ul, —ub) = —d(u},uk).
It then follows that

Tr p" :/HDUi dety, (M (ufs)) : (2.122)
—/HDUZ’ <2HM’RR+ ) . (2.123)

=2 </DUjM§%R> + [ei(""H)O”T </DUJM§R> —|—c.c} . (2.124)

=2a" + [ei("ﬂ)‘”bn + c.c.} , (2.125)

e TT MY + .

which gives for the entropy

_alna+cos(2ra)blnb — (1 + a)msin(2ra)b

S =1In (a + cos(2ra)b) a + cos(2ma)b

+In 2.

(2.126)
This actually only depends on the ratio r = b/a, and for the usual

fermion boundary conditions where o« = 0,1 we find:

+1n2. (2.127)

Thus we find S is bounded between In2 (for » — oo or r — 0) and In4
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(for r = 1), which is the maximum entropy for a single mode of a relativistic

fermion.

Bosonic way

In this approach we treat p(z) as the fundamental field variable. Whether
p is a density matrix or fermion density should be clear by its argument.
Then

Qlp(z)] = exp <‘;] /d:z:d:n' (p(z)In|z — m'|p(x’))) . (2.128)

This is diagonal in k-space

Qfp(k)] = exp (g i’jGwp(k)p*(k)) , (2.129)

so that the integration over large modes k simply produces an overall nor-

malization, which can be dropped. The reduced density matrix is

Being diagonal, the traces in the replica trick simply factorize

Zn = (Z1)", (2.131)

and so we simply have
S =0. (2.132)

This is the result we argued for in the scaling section. These consider-
ations suggest that the Thirring ground state makes sense in terms of

density profiles rather than Grassman configurations.
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2.7 Comments

We have obtained a number of results for the scaling of entanglement en-
tropies and mutual informations with the upper bound on a momentum
interval. At a technical level, these results all follow from the density of
modes (measure) in the integrals over momenta, and the energy denomina-
tors in the interactions. These are the same ingredients that lead to the
decoupling property of local quantum field theories. Indeed, decoupling is
usually understood simply as the power law suppression of higher dimen-
sion operators in a low energy effective theory. This suppression means that
high momentum degrees of freedom have weak effects on the dynamics of
low-momentum degrees of freedom other than renormalizing the interaction
strengths and wavefunctions. Our study of entanglement between degrees of
freedom with different momenta, and the resulting entanglement entropies
and mutual informations, refines this understanding of the influence between
momentum scales.

In more detail, “decoupling” between UV and IR physics implies that
starting from a generic action S™(g;) at scale A, that depends on an infinite
number of parameters gy, the Wilsonian effective action at a much lower
scale p will be very close to some action Sﬁ,(gi) in a family parameterized
by a small number of physical parameters g;. In other words, the operation
of integrating out degrees of freedom to successively lower scales results in
a flow in the space of effective actions that converges to a low dimensional
subspace at scales u < A. Now, according to , our effective action S{/‘V
at scale p completely determines the reduced density matrix p(u) for the
degrees of freedom with |p| < p. Thus we conclude that for the ground
state of a generic field theory defined at scale A, the reduced density matrix
for the degrees of freedom below some much lower scale p will be very
close to some family of density matrices p(u,g;) that depend on a small
number of physical parameters g;. Consequently, knowing the state of the
low-momemtum degrees of freedom tells us relatively little about the details
of the state at much higher scales.

The paucity of information about UV physics contained in the low-
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momentum density matrix should be reflected in some of the measures of
quantum information we have discussed. Specifically, it seems likely that
there is a connection between the decoupling behavior of field theories and
the power-law fall off in mutual information observed in Sec. It would

be interesting to make this connection precise.

Relation to AdS/CFT: In the context of gauge-theory / gravity dual-
ity (the AdS/CFT correspondence) [82], there is now evidence that certain
measures of entanglement in quantum field theory carry geometrical infor-
mation about the dual spacetime. For field theories with a weakly curved
dual gravity description, Ryu and Takayanagi have proposed that the
entanglement entropy for a spatial region A is proportional to the area of
the minimal surface A in the bulk space whose boundary coincides with the

boundary of A,

S(A) = Area(A) '

Given the holographic interpretation of position-space entanglement en-
tropy, it is natural to ask whether the momentum-space quantities consid-
ered in this chapter have some simple dual geometrical interpretation for
field theories with gravity duals. As an example, the quantity S(u) mea-
sures the entanglement between degrees of freedom above and below the
scale u. Since energy/momentum scale in holographic field theories corre-
sponds to radial position in the dual geometry, we might guess that S(u)/V
is related to the area (per unit field theory volume) of a surface separating
the IR region r < r(u) of the dual geometry from the UV region r > r(u).
For the dual geometry to a translation-invariant field theory state, this area
function is a well-defined observable@ However, we currently have no way
to check whether this or some similar observable corresponds to momentum-
space entanglement entropy, since we cannot calculate this entropy for any

strongly coupled field theory with a gravity dual@

“11f the spatial part of the dual metric is dr? + f(r)dz?, the area of the surface at radius
r(u) per unit field theory volume is proportional to a power of f(r(u)).

425(p) will probably not always correspond in a simple way to the specific area ob-
servable mentioned, since that area would be well-defined even for gravity duals of 0+1
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Relation to DMRG and MERA: Here we have explored various as-
pects of entanglement in quantum field theory and the connection to renor-
malization theory. In the condensed matter literature, the ideas of entangle-
ment and renormalization have come together previously in various schemes
for approximating the ground state of many-body systems [64, 65]. While
the focus and details of that work are rather different from the present dis-
cussion, it may be useful to briefly review those ideas here.

Consider a quantum many-body system described by some lattice of
degrees of freedom, for which the Hilbert space decomposes as a tensor
product of Hilbert spaces for the individual sites. The dimension of the full
Hilbert space is d"¥ where d is the dimension of the individual Hilbert spaces
and N is the number of sites. A general state (and in particular, the exact
ground state of the system for a given Hamiltonian) can be represented
exactly by a tensor 7%~ that gives the coefficient of the basis state |i1) ®
e® ‘Z N>-

A general numerical determination of the ground state is impractical due
to the large number d” of independent coefficients. For certain systems, usu-
ally in 141 dimensions, an efficient variational approach to approximating
the ground state is to consider tensors T that can be decomposed into con-
tractions of lower-rank tensors. For example, the “Matrix Product State”
(MPS) decomposition corresponds to

TN = (M) ay (M2) ey - (MN)a, -
In practice, one uses this decomposition as a variational ansatz, varying the
individual matrices M? to arrive at the best approximation to the ground
state. If the dimension of the matrices M? is large enough, any tensor 7’ can
be represented in this way, so the variational method gives an exact result.
However, for a wide class of systems, it has been found that the ground
state can be well approximated by matrices of much lower dimension. In

this case, the matrix product ansatz represents a truncation of the Hilbert

dimensional field theories, for which there is no way to divide up the degrees of freedom by
spatial momentum, and therefore no way to define S(u). Of course such low-dimensional
gauge/gravity dualities (e.g. AdS2/CFT;) also have many other special features [62, 63]).

88



2.7. Comments

space to a subspace of lower dimension, and in cases where it is effective,
the true ground state is close to the ground state in this subspace.

It turns out that the success of this method is related to the entanglement
properties of the ground state. The optimal method of truncating to a lower-
dimensional Hilbert space is to retain as much of the entanglement entropy
for the various subsystems (blocks of sites) as possible@ The procedure
works most efficiently (i.e. for smallest matrices M) when there is limited
entanglement between the subsystems corresponding to blocks of sites. For
systems with a highly entangled ground state, the method is much less
efficient.

Another approach that is more successful in cases with long-range entan-
glement is the “Multiscale Entanglement Renormalization Ansatz” (MERA
[65]). In this approach the tensor T is represented by an iterative proce-
dure. The tensor is first written in terms of a “disentangled” tensor 7T using
unitary matrices U:

Ty ™ = O O Ty ™

and then T is represented in terms of a lower rank tensor using “projectors”

P:

Ty = (PP (PR T

The latter step can be understood as a “coarse-graining” of the system,
though the dimension of the index space I is not necessarily the same as
that of the original index space ¢. The original tensor 7(y) is thus represented
by the individual matrices (Ui(n))z:?j, and (Pi("))ilj which are the variational
parameters used to approximate the ground state.

The introduction of the U matrices is motivated by the observation that
coarse graining works most efficiently when there is little entanglement be-

tween the adjacent blocks. The unitary matrices U can remove short-range

“3This idea arose first in the “Density Matrix Renormalization Group” (DMRG) [64] an
iterative renormalization procedure on the state of the system that truncates the Hilbert
space in each step while retaining as much entanglement entropy as possible. The DMRG
is now understood to give results equivalent to this MPS variational method.
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entanglement between adjacent blocks before coarse graining. In this way,
the matrices U(,) encode the entanglement between sites at the nth level,
which corresponds in the original picture to blocks of 2" sites. Thus, in
the MERA representation of a ground state the unitary matrices U encode
entanglement at different scales. This information is certainly related to the
scale-dependent entanglement entropies considered in this chapter, though
the MERA entanglements would seem to be more closely related to posi-
tion space entanglement. Also, the original MERA applies only to discrete
systems, though an extension to continuum quantum field theories has been
recently proposed in [66]. An interesting connection between MERA and
the AdS/CFT proposal above has been given in [67].
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Chapter 3

Momentum-space
entanglement for interacting

fermions at finite density

3.1 Introduction

The physics of finite density systems of interacting fermions plays a crucial
role in our understanding of a wide variety of condensed matter systems,
from ordinary materials to nuclear matter in a neutron star. To understand
even crude macroscopic properties of these systems, quantum mechanics
(e.g. the Pauli Exclusion Principle) is essential. Nevertheless, our theo-
retical investigations often focus on classical observables such as thermody-
namic quantities, correlation functions, and response functions, since these
quantities are simpler to access via experiment. In this chapter, we instead
introduce and investigate some intrinsically quantum observables in simple
examples of finite-density fermion systems.

One of the key features that distinguishes quantum systems from clas-
sical systems is the possibility of entanglement between different degrees
of freedom. This entanglement can be quantified: given any subset A of
degrees of freedom, the von Neumann entropy S4 = —tr(palogpa) of the
density matrix pg = tr 7 |¥)(¥| provides a measure of the entanglement be-
tween A and the rest of the system A. This is known as the entanglement
entropy of the subsystem A (for a review, see [68]). Entanglement entropy
and related observables have been studied extensively in quantum field the-

ory and many-body systems over the past several years (see, for example
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[69-71, 73]), but these studies typically choose A to be the subset of degrees
of freedom inside a particular spatial region. In this work, we study the
entanglement entropy for even simpler subsystems: we take A a subset of
momentum space, focusing on the simplest possible subset consisting of a
single field theory mode (i.e. a single allowed momentum). In the context of
spin systems, similar momentum-space entanglement observables have been
studied for example in [72].

Momentum-space entanglement entropy in quantum field theory sys-
tems was investigated in Chapter 2. There, it was emphasized that en-
tanglement entropy in momentum space vanishes in the ground state of
non-interacting systems and remains finite in the continuum limit, in con-
trast to the position-space entanglement entropy which is non-zero for non-
interacting systems and diverges in the continuum limit. The work [74]
showed further that in the presence of weak interactions, the momentum-
space entanglement entropy can often be computed in perturbation theory,
as we review in Sec. 2. The goal of this chapter is to carry out such per-
turbative calculations of the entanglement entropy for the simplest possible
interacting finite-density fermion systems, a gas of free non-relativistic or rel-
ativistic fermions in one dimension perturbed by a four-fermion (two-body)
interaction.

We focus on two quantities in particular: the single-mode entanglement
entropy S(p), and the mutual information I(p,q) = S(p) + S(q) — S(p,q)
that measures entanglement and correlations between two individual modes
at distinct momenta. In the non-relativistic case, for either lattice fermions
(Sec. 2) or continuum fermions (Sec. 3), we show that the leading perturba-
tive expression for S(p) diverges logarithmically in |pr — p| as p approaches
the Fermi momentum from above or below. The logarithmic divergence
also indicates a breakdown of perturbation theory when the momentum is
within e~¢/** of the Fermi momentum, where ¢ is some A-independent con-
stant. For continuum fermions, we also calculate the leading perturbative
contribution to the mutual information between any two modes, both in the
non-relativistic case and (in Sec. 5) for Dirac fermions with a (¢1)? interac-

tion. This quantity shows discontinuities when either of the momenta cross
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the Fermi surface and is largest when both momenta are near the Fermi
point.

The renormalization group picture of such interacting fermion systems
(see [75] for a review) suggests that the low-energy physics of the systems we
consider should be described by a scale-invariant Luttinger liquid system.
Luttinger liquids correspond to stable renormalization group (RG) fixed-
points, so the low-energy physics should be largely insensitive to the details
of physics for modes far from the Fermi surface. As a check of this, we show
that the behavior of the entanglement entropy for modes near the Fermi-
surface is the same in a theory with a cutoff ||k| — kp| < A. As discussed
n [74], there may be a direct connection between the behavior of systems
under renormalization group flows and the momentum-dependence of en-
tanglement observable; investigating this further is an interesting question
for future work.

The results in this chapter represent a preliminary exploration of momentum-
space entanglement observables in the simplest interacting fermion systems.
The fact that our results show a striking momentum dependence for the
single-mode entanglement with a sharp peak at the Fermi point gives new
insight into the entanglement structure of the ground state away from the
free limit and suggests that perhaps single-mode entanglement can be used
more generally as a new signature of the Fermi surface for interacting sys-
tems. The results motivate the study of this observable for more strongly
interacting systems and for systems in higher dimensions. As a particular
application, it may be interesting to study the the entanglement between
modes in trapped cold-atom systems. In this case, the experimental system
is such that the interaction strengths can be varied in a controlled way, and
the occupation of particular modes can be observed experimentally. Thus,
it may be possible to experimentally investigate observables similar to those
studied in this chapter@

44We thank Kirk Madison for discussions on this point.
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3.2. Momentum-space entanglement in perturbation theory

3.2 Momentum-space entanglement in

perturbation theory

In this section, we review the general result found in Chap. 2| for entangle-
ment entropy at leading order in perturbation theory and its application to
the calculation of various measures of entanglement for subsystems corre-
sponding to subsets of modes in momentum space. Although this chapter
is concerned with a perturbative calculation of mode entanglement we em-
phasize that the observable can be defined via a path integral for general
field theories [74] and in particular does not assume that the theory under

consideration includes particle or quasiparticle states.

General result for entanglement entropy in perturbation theory

Consider any quantum system with Hilbert space H = H 4 ® Hp and Hamil-
tonian H = Hy ® 1 + 1 ® Hg + AHap. Letting |n) and |N) be energy
eigenstates of Hy and Hp respectively, a state |n) ® |[N) (an energy eigen-
state of the A = 0 Hamiltonian, e.g. the vacuum state) has no entanglement
between the subsystems. Turning on the interaction, the perturbed eigen-
state may be calculated using ordinary quantum-mechanical perturbation
theory. From this, we can compute the density matrix for subsystem A and
the associated entanglement entropy S4. As shown in ([74]), the leading

order perturbative expression in the non-degenerate case is @

3 |(n', N'|Hapn, N)|?

Sy = —Nlog(\? _ /
4 X (En+ Ex — Ey — Eni)?

+0(\%). (3.1
n'#n,N'#N

This involves a sum over matrix elements of the interaction Hamiltonian
between the original state and states for which both subsystems A and B
have been changed. @ In Appendix we present a simple application of

“5Note that this perturbative result is perfectly valid for systems with degeneracy, so
long as the state about which we are perturbing is itself non-degenerate.

4%Tn cases where the coupling X is dimensionful there is a corresponding dimensionful
quantity entering the log which serves to make it dimensionless. The details of this
quantity affect the result only at O(/\Q) so we do not write it explicitly.
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this result, and as a demonstration that this leading perturbative expression

is reliable in a case where the exact answer is known.

Entanglement entropy for a region of momentum space in

quantum field theory

For quantum field theory, we can start at finite volume so that the the
Hilbert space has a discrete Fock-space decomposition H = ®,H, and the

unperturbed Hamiltonian is a sum of terms

Hy = E E ,aa;gjaap’a ,
P

each acting on a single factor of the tensor product. Here, « labels the
species of particle if there is more than one, and E,, is the energy of a
particle of species o with momentum p. This may include the contribution
of a chemical potential added to give a ground state with finite density

W) = [ [ @f,.00l0) - (3.2)

DiQq
i
We can take A to be some subset of the allowed momenta for the theory,
i.e. all modes with a particular set of allowed wavelengths, and consider the
entanglement entropy of the modes in region A for the state . Taking
the large volume limit with the region A of momentum space fixed, we find
[74] that the formula gives an entanglement entropy for modes in the

region A that is extensive (i.e. proportional to spatial volume), with

sa/v = =105 Y [ ] Lbe omyis(ps - py0E o0
! f (2m)¢ PP E - E) ‘
(3.3)
Here, the matrix element M; is defined by
(U HiW;) = (20)78(ps — pi)Msi(p1, -, o) (3.4)

where |V ) are occupation number basis elements of the form a;r,hal e a;r%an |0).
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The sum and integral are over the possible states |V ;) appearing in the ma-
trix element. Specifically, the sum is over the possible number of particles of
each type present in the state |Uy), while the integral is over the momenta
pa of the particles that have been added/removed from the initial state |¥;)
to produce |W¥¢), with the constraint that we have added/removed at least
one particle with momentum in the region A and at least one particle with

momentum in the complementary region A.

Single-mode entanglement entropy in quantum field theory

In the case where A corresponds to a single mode, the entanglement entropy
is finite and volume-independent in the large volume limit (since we are no
longer keeping the momentum-space volume of the the region A fixed in the
limit). We find

2
S(p) = —A\2log(A\2) Z/ H dp" (2m) %5 (p; —pz)(E’Mf’EL) L O0).

(3.5)
where now in the sum/integrals over the basis state |¥s) the constraint is
that the occupation number of the mode with momentum p is different than
for |[¥;), and the occupation number of at least one mode with some other
momentum has changed.

For the special case of spinless fermions, the Hilbert space associated
with a single mode is only two-dimensional, and this allows us to give an
explicit result for the order A\? terms in the entanglement entropy in terms

of the order \?log(\?) piece. From equation (18) in [74], we see that for
S(p) = —Alog(A\?)a + O(N\?),
we must have
S(p) = —X2log(A\H)a + Na(1 —log(a)) + O(\3),

Below, we will write explicitly only the leading O(A\?log(\?)) terms.
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Mutual information between modes in quantum field theory

Finally, we will consider the mutual information between two modes with
momentum p and ¢. Letting A, and A, represent subsets of momentum
space corresponding to infinitesimal volumes d%p and d%q about momenta p
and ¢, we find that the mutual information I(A,, A;) = S(4p) + S(44) —
S(A, U Ay) is proportional to volume in the large volume limit, and also

proportional to d?p and d%q. If we define Z(p, q) by

d d
I(Ap? Aq)/V = (i}f)gd (;iﬂ_(idz(pv Q) ) (36)
then we find
* d |2
2(0) = 10508 Y [ TL iyt 2) 800 — ) e L3 + 00%),
f ;o

(3.7)
where now the state [¥y) in the matrix element is required to differ from
the state |¥;) in the occupation numbers of modes p and ¢ and at least one

other mode.

3.3 Entanglement entropy for lattice fermions

with nearest neighbor interactions

We now study the entanglement between modes in several models of fermions
at finite density, starting with a systems of spinless fermions on a lattice in
one spatial dimension with nearest neighbor interactions.

We choose a Hamiltonian?]

1

1 1
H = =3 3 (35 + ) + A D (8 — )@ — 3)
J

J

4"Here, we have rescaled H to be dimensionless. To restore the physical dimensions,
we can multiply by 1/(a®m), where a is the lattice spacing and m is the effective particle
mass, so that excitations with momentum p < 1/a about the unfilled state have energy

p°/(2m).
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for which the ground state has half-filling and an exact particle-hole sym-

metry [75]. We define the momentum-space modes 1, by
b= VA gy=va [y
p ; J J 27 p

such that
{1p, ¥} = (2m) 62 (p — ) .

a delta function with period 27 /a, where a is the lattice spacing.
The Hamiltonian becomes

= / P~ cos(pa)) + 5 — A / P i+ A (38)

where

a

Hr=—g=

" dPdQdpdqd(P + Q — p — ) pvbipee @ L (3.9)
The third term in represents an adjustment to the chemical potential
such that the state remains at half-filling in the presence of the interaction.

For A = 0, the mode energy — cos(pa) is negative for |p| < 7/(2a), so
the ground state is

1wy =[] »hlo).
lpl<zg

We can now calculate the entanglement entropy of a single mode with mo-
mentum k/a using (3.5). In this case, all states |¥y) for which the matrix
element is nonzero have the same number of particles as |¥;), with two
particles removed inside the Fermi surface (at momenta p and ¢), and two
particles added outside the Fermi surface (at momenta P and @). Denoting
such a state by |¥;; P, @, p, q), we have

(W; P, Q. p, q| Hi| ;) = —a(2m)5(P+Q—p—q)(¢/@ 0% i(@p)e_ci(P=a)e y oi(Pp)e)
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so that the squared matrix element appearing in (3.5)) is
IM(P,Q,p,q)* = a®|(’" — T (e — )2 .

When the momentum k/a is inside the Fermi surface, we can take p = k/a
and then integrate over all ¢ inside the Fermi surface and (P, Q) outside
the Fermi surface. Performing the @ integral using the delta function sets
@ = k/a+ q — P in the integrand and the remaining integral is over all
possible ¢ inside the Fermi surface and P outside the Fermi surface such
that @ = k/a 4+ q — P is also outside the Fermi surface. The result is that

the leading perturbative contribution to the entanglement entropy is

1 4(cos(P — k) — cos(P — q))?
Sin(k) = _47712)\2 log(*") /31 dad? (cos(q) + cos(k) — cos(P) — cos(k + ¢ — P))*’

where the region of integration is
T
RlZ{*kSQS§;*W+7§P§*

and we have absorbed a factor of a into the integration variables.
Similarly, when the momentum k/a is outside the Fermi surface, we can
take P = k/a, and integrate over @) outside the Fermi surface and (p,q)

inside the Fermi surface. The result is

B 1, 5 4(cos(p — k) — cos(p — Q))?
Sout (k) = _R)\ log( >/RQ dQdp (cos(Q) + cos(k) — cos(p) — cos(k + Q — p))?’
where
Ry = {gsczg;—g <p< Q;k —w}u{—wﬁQS—k‘;—g =ps k;Q}
T k+Q T
H{-k<Q<-5i——<p<3}.

It is straightforward to show that Syut(k) = Sin(7/2—k); thus, the entangle-
ment entropy is exactly symmetric about the Fermi surface, a consequence

of particle-hole symmetry.
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Figure 3.1: Leading perturbative contribution to single mode entanglement
entropy S(k) as a function of mode momentum for lattice fermions at half
filling. This diverges logarithmically at the Fermi points k = +7/2.

The function S(k) is plotted in Fig. 3.1l We see that this leading per-
turbative expression diverges at the Fermi momentum; the divergence is
logarithmic in |k — kp| and remains if we include a cutoff |k — kp| < €

restricting to momenta near the Fermi surface. In this case, we find

S(k) = —— X2 log(A?) log <6> +C(e) + Ok — k),
472 |k — kp|
where C is a momentum-independent constant of order €.

Since the Hilbert space for a single mode is two-dimensional, the exact
mode entanglement entropy is bounded by log(2). Thus, the divergence in
our leading perturbative expression indicates a breakdown in perturbation
theory when the momentum is taken too close to the Fermi surface. Specifi-
cally, we expect that the perturbative result is reliable only if it is much less
than one. This requires that |k — kr| > e~ 1/¥,

In the exponentially small region |k — kp| < e/ A2 non-perturbative
effects are important. One expects on general grounds that an exact cal-
culation would smooth out the singularity in this region, giving a finite

entanglement entropy. Outside this exponentially tiny region, our results
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are reliable and demonstrate that modes become sharply entangled with the

rest of the system as the mode momentum approaches the Fermi surface.

3.4 Entanglement entropy for continuum

non-relativistic fermions

We now consider the continuum limit of the previous model, obtained by
taking the lattice spacing to zero and adjusting the chemical potential so
that states up to some fixed momentum (independent of ) remain occupied.

Restoring the overall factor of 1/(a?m) in the Hamiltonian, we can rewrite

the interaction (3.11) as

1 a A A o
/ _ dPdQdpdqd(P+Q—p—q)bhulyupthg (¢4 =) (1" —P) .

(3.10)

H=——
I 32m3am

In the limit @ — 0, this gives

__e [t ot
M= 5am5m / _ dPdQdpdgd(P +Q = p — Q)Y pigtnte(Q — P)a —p) -
(3.11)

Rescaling A — A\/(am) so that the Hamiltonian is independent of a in the

limit, we finally obtain

H = Hy+ \H;
where ] ,
_ [T g P
Ho = /Oo 5 Uptp(5 = 1) (3.12)
and
1 - i
= gome /OO dPdQdpdqs(P + Q — p — )¢ ptutpte(Q — P)(q — p) -

(3.13)
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Figure 3.2: Leading perturbative contribution to single mode entangle-
ment entropy S(prk) as a function of mode momentum (as a fraction of
the Fermi momentum) for weakly interacting continuum non-relativistic
fermions. This diverges logarithmically at the Fermi points.

We now follow the same steps as in the previous section to obtain results

for the single mode entanglement entropy. For 0 < k£ < 1, we find

Ai@@f:4ﬁw{/‘@/(w+/ @/(w} Pzgiféw

For 1 < k < 3, we find

Sprk) _ 1} ! - S (k- Q22— k- Q)
vlogw)‘zlwziﬂ{/ @ de+/ . de/ } (0 k20— QP

For k > 3, we have

2 2-k k9 2
299 — kb —
A?log(X?)  dm*m? 2k —k)?(p - Q)
In each case, we have rescaled the integration variables by a factor of pg

(the Fermi momentum) to make them dimensionless. All of these integrals
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may be evaluated analytically to obtain

2
___Pr o 2
S(ka) - 47T2m2)\ 10g()\ )f(k)
where
—(k+1)%log(1 — k) — (1 — k)?log(1 + k) + k* (X! + 21og(2)) + 2 + 21og(2)
0<k<1
f(k) =9 —(k+1)*log(k — 1) + (k + 1)* (5 +10g(2)) = F(k+1) + F — 5575
1<k<3,
3(k126—1) 3<k
(3.14)

The results for £ < 0 are obtained using S(—k) = S(k).

The single-mode entanglement entropy S(prk) is plotted in figure
. It diverges logarithmically at £k = +1 with the behavior on either side
described by

f(k) = —4log|l — k| + ?Sgn(l — k) +4log(2) + O(1 — k).

At k = 3, the function f(k) and its first, second, and third derivatives are

all continuous, with a discontinuity appearing only in the fourth derivative.

3.4.1 Mutual information between modes

We can also look at the entanglement structure in more detail by calculating
the mutual information between individual modes with momenta pgpk and
prl. Specifically, we calculate the function Z(ppk, prl) defined in (3.6).

The mutual information Z(ppk, ppl) satisfies

Z(prk,prl) = I(prl,prk) = Z(—prk, —prl) ,

so we can restrict to the region {k > 0, || < k} and find Z for the other
values using the symmetries. For each choice of k and [, the integral in (3.7))

is over distinct pairs of momenta such that together with the momenta ppk
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Figure 3.3: Regions of (k,1) space with different behaviors for Z(k,[). Re-
sults for the unshaded regions may be obtained from the results for the
shaded regions using the indicated symmetries of Z.

and ppl, we have two momenta inside the Fermi surface and two momenta
outside the Fermi surface (otherwise the matrix element in (3.7) vanishes).
Performing one integral using the delta function, we are left with a single
integral in each case. For the various regions depicted in figure we find

the following results:

e Region A: {0 <k < 1,[l] <k}

-1 2 2
o aupr [TUdP(k—1)22P—k—1)
Z(prk,prl) = —A"log(A )mg/oo I (P—k)2(P -1

1+ k E—D2(k+14+2
g s (L) )

e Region B: {{ < —-1,-l<k<2-1}

I(kaval) = _/\QIOg(AQ) 2 2 2
Pl O e T

_ 2 _
- —/\210g(/\2)27]:;2 {2(l—’f)10g(,1_i> * (k(kl—)l(;g(;r—l 1)2)}

pp/l dp (k —1)2(2p — k — 1)?
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e Region C: {-1<i<l,1<k<2+1}

k—1-1 12 2
Torkprd) = Vo2 [ L
_ PF (k—1)3 1(k+1)3 - (1+1)3
— —)\2 10g(A2)27Tm2 {(kﬁ—f—l)(l—l—l) g (k‘—l)2 _

e Region D: {-1 << 1,k>2+1}

1 _1\2 2

I(prk,prl) = =X’ log(AQ)% /_1 gi (p(k lﬂ S?k(k fz)zl)
T(k+13 —(k—1)3  2(k—1)2
- X log()\Q)Z:f;Q {3( : ()k—l()2 ! ;2_1)

Region E: {k > 1,l > 1} U{k>3,2—-k<l< -1}
Z(prk,prl) =0 .

The function Z(ppk, prl) is plotted in figure with plots for specific values
of k given in figure [3.5. We see that this leading-order contribution to Z is
generally discontinuous as one momentum crosses =pg and diverges when
both momenta approach one of the Fermi points, unless the two momenta

are equal.

3.5 Entanglement entropy for relativistic

fermions

In this section, we consider Dirac fermions with a four-fermion interaction,

described by the action
5= [ @ {iirr 00— miv - Mwiv}

This reduces exactly to the non-relativistic model in the previous section
(with A = A/2) if we take chemical potential . = m + i with i < m and

consider observables related to energy scales small compared to m so that
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3.5. Entanglement entropy for relativistic fermions

Figure 3.4: Mutual information Z(pgk, prl) between individual modes for

non-relativistic fermions with Fermi momentum pg.
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Figure 3.5: Mutual information Z(prk, prl) vs [ for non-relativistic fermions
with & = 0 (top left), & = 0.75 (top right), & = 0.95 (bottom left), and
k = 1.25 (bottom right). The overall scale for Z is arbitrary
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3.5. Entanglement entropy for relativistic fermions

the particle number is fixed and antiparticles decouple.

Here, we consider general values of the chemical potential u and the
corresponding ground state |u) for which all particle states with energy less
than p are occupied (and none of the antiparticle states are occupied).

The field may be expanded as usual in terms of creation and annihilation

operators as

)= | — ag ug e —f—bvelx). 3.15
vie) = [ 5r e (awn f o (3.15)
where a; and by respectively annihilate a particle and antiparticle with mo-
mentum k.

For the calculation of any of the entanglement observables in Sec. [3.2,
the non-vanishing matrix elements are those between the ground state and

states obtained by

1. adding two particles and two antiparticles, corresponding to the oper-

ator combinations a'bfafb! in the expansion of [ dx (Pah)?;

2. adding two particles and removing two particles, corresponding to

ataa’a; or

3. adding two particles, removing one particle and adding an antiparticle,

corresponding to a'aa’d! and afblala.

Particles can only be added outside the Fermi surface and can only be re-
moved inside the surface; antiparticles can be added anywhere, but cannot
be removed without annihilating the ground state.

Using , we can write the relevant terms in the interaction Hamilto-
nian in terms of the momentum-space creation and annihilation operators

as

= / {H 27:3{;%} (ke Ju(kz)u(ks v (k4)ak bT ‘123%4(2”)5(]?1 + ko + ks + kq)
Hy = 2/{ 271'\/%} a(k1)v(ka)u(ks)u (k:4)ak1be aksak4(27r)5(k;1 + ko + ks — ky)
Hy = /{H QWW} a(kr)u(k2)u(ks)u (k4)azla,13ak2ak4(2w)5(kl + ks — ko — ki)
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3.5. Entanglement entropy for relativistic fermions

Using these, we can calculate the matrix elements appearing in the calcu-
lation of entanglement observables. As an example, consider the matrix
element of H; between the ground state |u) and a state |, p1pe2; psps) where
two particles with momenta p; and po and two antiparticles with momenta

p3 and pg have been added to the ground state. We find

(1 prps: paps| i 1) = %2@@1)v(pz)U(pg)v(m)—U(pl)v(m)U(ps)v(pz))
(3.16)

so that from , we get

|Mpipspapal” 1 |a(p1)v(p2)u(ps)v(ps) — a(p1)v(pa)u(ps)v(p2)]?

(AE)? dwiwawzws (w1 + wo + w3 + wy)?
(p1 - ps — m?)(p2 - ps — m?)

w1w2w3w4(w1 + wo + w3 + W4)2

J1(p1,p2, 3, P4)

Similarly, we can calculate the matrix element of Hy between the ground
state and the state |u,pipspe;ps) where two particles and an antiparticle
have been added with momenta p;, ps and ps respectively, and a particle
with momentum ps has been removed. We find
Mpipspopal” 1 Ja(py)v(pa)t(ps)u(pz) — @(ps)v(pa)a(p1)u(pe)|”

(AE)Q 4w wowswy (W1 + w3 —wo + UJ4)2

(p1-ps —m?)(p2 - pa +m?)
w1w2w3w4(w1 + w3 —wo + W4)2
Ja(p1, p2, p3, pa) -

Finally, we have

Mprpapopa” 1 |alpy)ulpa)alps)u(ps) — t(ps)u(pa)a(pr)u(ps) |
(AFE)? At wowgwa (w1 + w3 — wo — wy)?
(p1 - p3 —m?)(p2 - ps — m?)
W1WQW3W4(LU1 -+ W3 — Wy — CU4)
J3(p1, p2, p3, pa)

2

for the matrix element of Hs between the ground state and the state |, p1p3p2pa)
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3.5. Entanglement entropy for relativistic fermions

where particles have been added with momenta p; and p3 and particles with

momenta p2 and ps have been removed.

Single-mode entanglement

To calculate the entanglement entropy for a single mode with momentum p,
we use the expression , taking the sum over the three types of final states
discussed above. However, we find that the integrals in the terms involving
H; and H, diverge. Thus, as noted in Chapter 2| for the case without
chemical potential, the leading perturbative expression for the single-mode
entanglement entropy in this model is ill-defined. Since the exact answer is
necessarily less than log(2), this must indicate a breakdown of perturbation
theory, as discussed in more detail in section Thus, for this model, we
focus on the mutual information between modes, which can be computed in

perturbation theory.

Mutual information between modes

To calculate the mutual information between modes, we use . In each
case, Z(p, q) is calculated using matrix elements for which the occupation
number of the particle modes with momenta p and ¢ have been changed
relative to the ground state and for which occupation numbers for two other
particles or antiparticles (with momenta P and @) have been changed.

When p and ¢ are both inside the Fermi surface, we have:
I(p.q) = —Nlog(N)o— |5 [ dP | dQS(P+Q—p—q)J3(P.p,Q.q)|,
2m |2 Js N

where f> and | - indicates that the integration variable ranges outside and
inside the Fermi surface, respectively.

When p is inside, and ¢ is outside:

Tna) = i)y | [ ap [aQa(P+Q v+ )l R0

+/>dp/<dQ5(P—Q—p+q)J3(q,p,P,Q) -
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3.5. Entanglement entropy for relativistic fermions
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Figure 3.6: Mutual information Z(p,q) vs ¢ for relativistic fermions with
p = 10m and p = 0 (top left), p = 7.5 (top right), p = 9.5 (bottom left),
and p = 12.5 (bottom right). Momenta are given in units of m, so the Fermi
points are at +10. The overall scale for 7 is arbitrary.

This also covers the case when p is outside and ¢ is inside, since I(p,q) =

I(q,p)-
Finally, when both p and ¢ are outside:

I(p,q) = —AQlog(AQ)% B/dP/dQ5(P+Q+p+q)J1(p,P,q,Q)
+/ dP/d@é(—P+Q+p+q>J2<p,P,q,Q>
<

1
+5 [ aP [ dQ8(-P-Q+p+0)(pP.a.Q)
< <
All these integrals are straightforward to perform numerically. We find

behaviour qualitatively similar to the non-relativistic case, with discontinu-

ities at the Fermi momenta and the largest mutual information when both
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3.5. Entanglement entropy for relativistic fermions

=
e

Figure 3.7: Mutual information Z(p, q) as a function of p and ¢ for relativistic
fermions with © = 0. Momenta are given in units of m.

modes are close to the Fermi point. As an example, in figure the mu-
tual information Z(p, q) at u = 10m is plotted as a function of ¢ for several
fixed values of p. These may be compared with the non-relativistic results
in figure |3.5

For comparison, we plot in Fig. the mutual information Z(p, q) vs ¢
for several values of p in the case with zero chemical potential, where the
unperturbed ground state is the Fock-space vacuum. Here, we find smooth
behavior with the largest mutual information between pairs of momenta of
opposite sign and momenta of order the mass scale. The mutual information
falls off as 1/q for fixed p.

112



3.6. Discussion

3.6 Discussion

In this chapter we have investigated the entanglement between modes in
both finite density and relativistic weakly interacting fermi systems. In par-
ticular the entanglement entropy S(p) is an observable which measures the
degree of entanglement between a degree of freedom of a given wavelength
(corresponding to p) and the rest of the system. It should be stressed that
while a correlation function in momentum space also measures classical cor-
relations, S(p) is a measure of purely quantum mechanical correlations.

At finite density we found a sharp amplification in quantum correlations
as we approach the Fermi surface: degrees of freedom near the fermi surface
are the most strongly entangled with the rest of the system. This is in
line with the intuition that fermi surface physics dominates the low energy
behaviour.

This interesting structure for the quantum correlations in the pertur-
bative regime motivates the study of these observables in more strongly

coupled theories, where the Luttinger model is sure to be important.
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Chapter 4

Gravitational Dynamics
From Entanglement

“Thermodynamics”

4.1 Introduction

Since the first connections between gravity and thermodynamics were real-
ized in the study of black hole physics [76-78], various attempts have been
made to derive Einstein’s equations from the thermodynamics of some un-
derlying degrees of freedom, starting with Jacobson’s intriguing paper [79]
(see also [80, 81]). With the AdS/CFT correspondence [82, 83], the underly-
ing degrees of freedom for certain theories of gravity with AdS asymptotics
have been explicitly identified as the degrees of freedom of a conformal field
theory. It is thus interesting to ask whether the Einstein’s equations in the
gravitational theory can be derived from some thermodynamic relations for
the CF'T degrees of freedom.

In this note, following [84-88] we demonstrate that at least to linear
order in perturbations around pure AdS, Einstein’s equations do follow from
a relation dF = dS closely related to the First Law of Thermodynamics, but
where the entropy S is the entanglement entropy of a spatial region in the
field theory, and E is a certain energy associated with this region. A key
point is that dS and dF can be defined and the relation dS = dE shown to
hold for arbitrary perturbations around the vacuum state; thus, the relation
is more general than the ordinary first law which applies only in situations

of thermodynamic equilibrium.
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4.1. Introduction

The specific relation we employ, which we write as
5S4 = OEYP (4.1)

was derived recently by Blanco, Casini, Hung, and Myers in [88]. Here A
represents a ball-shaped spatial region, 654 represents the change in entan-
glement entropy of the region A relative to the vacuum state, and 6Egyp
represents the “hyperbolic” energy of the perturbed state in the region A,
the expectation value of an operator which maps to the Hamiltonian of the
CF'T on hyperbolic space times time under a conformal transformation that
takes the domain of dependence of the region A to H? x time. We review
the derivation of this relation in the next section.

For holographic conformal field theories, each side of has an inter-
pretation in the dual gravity theory. Assuming that the perturbed state |¥)
corresponds to some weakly-curved classical spacetime, the entanglement
entropy S4 may be calculated (at the leading order in the 1/N to which
we work) via the Ryu-Takayanagi proposal [84] and its covariant general-
ization [85] as the area of an extremal surface in the bulk, as we review in
Sec. In Sec. 4.3.2, we recall that the energy dE4 can be calculated
from the asymptotic behavior of the metric. Thus, the field theory relation
054 = 6Efflyp translates to a constraint on the dual geometry.

In section 4, we show that this constraint is precisely that the bulk metric
corresponding to |¥) must satisfy Einstein’s equations to linear order in the
perturbation around pure AdS (the geometry corresponding to the CFT
vacuum state). That solutions of Einstein’s equations satisfy §54 = 5Egyp
has already been shown in [88] (see also the related earlier work [87, 89, 90]).
For completeness, we provide an alternate demonstration of this in section
4.2. In section 4.3, we go the other direction, showing that any perturbation
to pure AdS satisfying 6S4 = 6Eﬁyp must satisfy Einstein’s equations. This
requires more than simply reversing the arguments of section 4.2 (or of
[88]). In particular, demanding that 654 = 6Ezyp for all ball-shaped spatial
regions A in a particular Lorentz frame only places mild constraints on

the metric, determining the combination H,, + H,, in terms of the other
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4.2. Entropy-energy relation

components. It is only when we demand that §S4 = (5E2yp in an arbitrary
Lorentz frame (i.e. for ball-shaped regions on arbitrary spatial slices) that
the full set of linearized Einstein’s equations is implied.

In Appendix [C.1}, we give an alternative proof that Einstein’s equations
imply 654 = 5E2yp that is perhaps more straightforward, but assumes that
the metric is analytic.

We conclude in section 5 with a discussion.

4.2 Entropy-energy relation

In this section, we review the relation 654 = 5Ezyp , derived by Blanco,
Casini, Hung, and Myers in [88] as a special case of an inequality that

follows from the positivity of relative entropy.

General expression for variation of the entanglement entropy

Consider a CFT on R%! in some state |¥). Choosing a spatial region A,
define p4 to be the reduced density matrix associated with this region for
the state |¥),

pa = trg|¥)(P].
From this, we can define the modular Hamiltonian H 4 by

pa=e A,

For general states, this modular Hamiltonian is not related to the usual
Hamiltonian, and cannot be written as the integral of a local density. We
now consider an arbitrary variation of the state |¥). The change in entan-

glement entropy S4 for the region A is given by

054 = 06(—tr(palogpa))
—tr(dpalogpa)
tr((SpAHA)

= 6(Ha)
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4.2. Entropy-energy relation

where we have used the fact that tr(dpa) = 0, a consequence of assuming
that the density matrix has a fixed normalization. In the last line, H4 is
the original modular Hamiltonian associated with the density matrix pa for

the original state. Thus, we have the general relation
6Sa=0(Ha), (4.2)
valid in any spatial region A for arbitrary perturbations of an arbitrary state.

“Thermodynamic” relation for perturbations around the vacuum

state

We now specialize to the case where |¥) is the vacuum state, and the re-
gion A is a ball of radius R. In this case, the domain of dependence of
the ball-shaped region@ can be mapped by a conformal transformation to
hyperbolic space times time. As shown in [86], such a transformation maps
the vacuum density matrix for the region A to the thermal density matrix
e PHnup for the hyperbolic space theory, where the temperature is related to
the hyperbolic space curvature radius Ry by 3 = 2w Ry,,. In this case Hy,,
is the integral of the local operator T}?gp
back to the ball-shaped region of Minkowski space, it follows [86] that the

modular Hamiltonian can be written as

over hyperbolic space. Mapping

HY = 2 / gt 10 =7 oo
N 2R

where T is the energy density operator for the CFT and r is a radial
coordinate centered at the center of the ball.

In this case, we have

R2 o 7,,2 L
S(H,) = 27r/Addm2R5T00 = 0B, (4.3)

i.e. the variation in the expectation value of the vacuum modular Hamilto-

48The domain of dependence of A is the set of points p for which all inextensible causal
curves passing through p also pass through A.
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nian H%% under a small perturbation away from the vacuum state is equal
to the change in the “hyperbolic” energy of the region. Thus, the general

relation (4.2) gives
5S4 =SB (4.4)

reminiscent of the First Law of Thermodynamics. We emphasize however
that the entanglement entropy S can be defined for any state, in contrast
to the usual thermodynamic entropy which applies to equilibrium states.
Thus, represents a much more general result.

4.3 Gravitational implications of dS = dFE in

holographic theories

Let us now consider the case of a holographic conformal field theory on
Minkowski space, whose states correspond to asymptotically AdS spacetimes
in some quantum theory of gravity. In this case, each side of the relation
0S4 = 5Ef1yp has a straightforward gravitational interpretation. As we
review below, the left side may be calculated using the Ryu-Takayanagi
proposal [84, 85], while the right side can be calculated from the asymptotic
form of the metric. The equality of these quantities represents a constraint
on the gravitational dynamics implied by the dual field theory. In the next
section, we show that this constraint is precisely equivalent to Einstein’s

equations linearized about AdS.

4.3.1 Gravitational calculation of dS

According to the Ryu-Takayanagi proposal [84] and its covariant generaliza-
tion [85], the entanglement entropy S4 for a state with a geometrical gravity
dual is proportiona]@ to the area of the extremal co-dimension two surface

A in the bulk whose boundary coincides with the boundary of the region A

“9Here, we are working to leading order in 1/N. See the discussion section for comments
on 1/N corrections.
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4.3. Gravitational implications of dS = dFE in holographic theories

on the AdS boundary,

Area(A)

Sa = 4Gx

The surface A is an extremum of the area functional

A(G, X py) = / dlo/g

where UK X
g = det(gab) = det(G“'j)ﬁW .
Starting from pure AdS, with metriﬂ
1
ds® = G, dadz” = ;(—dtQ + d2* + di?) (4.5)

the extremal surface ending on the spatial boundary sphere of radius R is

described by the spacetime surface
P24 22 =R2. (4.6)
We now consider a small variation
G =G, + 060G . (4.7)
In this case, the extremal surface changes, and the new area is

A(Go +6G, X2, 4+ 6X)

ext

where the variation § X will be of order §G. Since the original surface was

extremal, we have
A(GO? Xgart + 6X) = A(G()v Xgact) + O((SXZ) :

Thus, the variation of the surface gives rise to changes in the area that start

at order dG?. To find the order 0G variation of the area, we need only

S0Throughout this chapter, we set the AdS radius to one.

119



4.3. Gravitational implications of dS = dFE in holographic theories

evaluate

A(Go +6G, X2 ,) — A(G, X2 )

ext ext

expanded to linear order in dG. We find that

1
SA = / ddaiﬁggbégab, (4.8)

where we have used lower-case letters to represent pullbacks to the extremal
surface. Thus, for field theory state |¥) close to the vacuum state with
dual geometry described by , the change in the entanglement entropy
for region A relative to the vacuum state is given by an integral of the
metric perturbation over the original extremal surface A. Using the explicit
metric and parameterizing the extremal surface by the boundary
coordinates z, we have finally that
R 1
2

4.3.2 Gravitational calculation of dF
General asymptotically AdS spacetimes with a Minkowski space boundary
geometry may by described using Fefferman-Graham coordinates by a metric
1
ds? = ;(dZQ + dayde” + 27 Hy, (2, 2)dztdz”) . (4.10)

where pure AdS, dual to the CFT vacuum, corresponds to H,, = 0. With
this parametrization, the expectation value ¢,, of the field theory stress-

energy tensor is simply related to the asymptotic metric by [91, 92]

d+1
t#y(l‘) = mHuy(z = O,ZL') .

Thus, we may write the change in the hyperbolic energy (4.3) relative to the

vacuum state as

d+1 RZ — 2
hyp _ d
SEWP = e /Ad T §Hoo(0,z) . (4.11)
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This is an integral of the boundary value of H over the region A.

4.4 Derivation of linearized Einstein’s equations
from dE = dS

We are now ready to demonstrate that using the holographic dictionary re-
viewed in the previous section, the CFT relation 054 = (5Ezyp is equivalent
to the constraint that the metric corresponding to the perturbed CFT sat-
isfies Einstein’s equations to linear order. For clarity, we focus on the case
of 241 dimensional conformal field theories, corresponding to gravitational
theories with four non-compact dimensions. However, the result can also be
proven for general higher-dimensional theories.

Using the results and , the CFT relation §S4 = 5Ezyp implies
that for a disk of any radius R centered at any point (xg, yo) on the boundary,
the integral

5S = / dxdy{HZ‘a}(\/ R2_xg_y27t7x+w07y+y0)(R2_12)
Dpg

+Hyy( V R? — 22 — yzath‘ + 2o,y + yO)(R2 u y2)
_2ny( V R2 - 1’2 - 3/2, ta T+ Zo,Y + yo)l“y} (412)

over the bulk extremal surface must equal the integral

-3
5B =5 [ dedy(B — o P Ha0.t 0 40y +u0) (413)
Dr

over the z = 0 surface, where we have absorbed a factor of 1/8GNR to
define 0S(R, o, yo) and (R, xo,yo) (we drop the hats from now on). We
will now show that this equality is true for all disks in all Lorentz frames if
and only if the bulk metric satisfies Einstein’s equations to linear order in

H. As shown in [88], these are equivalent to the set of equations
1
Hy,”=0 O H" =0 —0.{2"0.H,, }+0°Hyy = 0 (4.14)
z
that arise by plugging the Fefferman-Graham form of the metric (4.10) into
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4.4. Derivation of linearized Einstein’s equations from dE = dS

the 2z, zu, and uv components of Einstein’s equations
1
W = Ry — §9WR -39 =0,

respectively and using the fact that H is regular at z = 0. In (4.14]), the last
equation is equivalent to saying that each component of z3H must satisfy

the Laplace equation on the AdS background.

4.4.1 Proof that 6S = §F for solutions of Einstein’s
equations

We begin by showing that solutions of the linearized Einstein’s equations

obey the equality 65 = 0 E. This has already been checked in Sec. 3.1 of [8§]

by demonstrating the result for a complete basis of solutions to the equations

. In this section, we offer an alternative proof that does not require

using an explicit basis of solutions. A third proof that is perhaps more

straightforward but assumes a series expansion of H is given in Appendix
Using the equations , we have:

8t2Htt = 8752(Hm + Hyy)

Ou(0pHyt + OyHyr) = 0 (Hyy + Hyy)

8§Hm + 8§Hyy + 28waway = 8?(Hm + Hyy)

02H oy + 02Hyy + 20,0y Hyy = (02 + 02)(Hag + Hyy) + 50.(240. (Hao + Hyy))
20,0y Hyy = 02Hyy + 92 Hyy + 50.(220. (Hyw + Hyy))

¢l

(4.15)
We would like to use the last equation to eliminate H,, from . How-
ever, we have H,, rather than 0,0,H,, in . To make progress, we
begin by differentiating 65 by z¢ and yy (the coordinates of the center of
the boundary disk). This gives

Oro0y0S = / dzdy {8$8yHm(\/R2 — 2?2 —y2 t,x+ 20,y + yo)(R2 — x2)
Dgr
+az8yHyy( V R2 - xQ - y27 ta T+ o,y + yO)(R2 - y2)
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20,0y Hyoy(V/RZ — 22 — 12, 4,2 + 20,y + yo):vy(]sl.16)
Now, using , we have
DnyDyo0S = /D dzdy { 0,0y Hyw (R — 2°) + 0,0, Hyy (R* — )
R
—zy <8§Hm + 3§Hyy + ;1483(2432(Hm + Hy@(m>7}

It is straightforward to check that this expression is equal to the integral
over the extremal surface of an exact form dA, where A is defined for all

(z,y,z2,t) as

A = (—xzasz —3vH,, + 228xHyy) dx
+ (zzﬁyHm — Y20, Hy, — SyHyy) dy
+ (—yz0yHyy — x20,Hyy) dz . (4.18)

By Stokes theorem, this equals the integral of A over the boundary of the

extremal surface, so we have

D2y 0ys0S = / A
8Dg

= -3 (xHppdx + yHyydy)
oDg

where we have used the fact that all other terms in A vanish for z = 0.

Similarly, we find that d,,0,,0F may be written as

3
OaOyo8E = / dwdyy Oy, Hir (0,1, 2 + w0,y + y0) (R — 2% — y?)
Dg

3
= 5 / d$dyaxay(wa(07 t> T+ xo,y + yO) + Hyy(07 ta T+ Zo,Y + yO))(R2 - ZIS‘2 - y2)
Dgr
3 .
_ 3 / A
2 Jpg
where we can choose

A= (=2zHuy + (R* — 2 — y?)0, Hyy) do+(—2yHyy + (R? — 2% — y*)9y Hyy) dy .
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Again, using Stokes theorem, this reduces to the integral of (3/2)A over the

boundary, so

OOy 0E = 3/ A
2 Jopg

= —3/ (xHppdx + yHyydy)
O0Dg
= 0300y,05

We conclude that for any H satisfying Einstein’s equations,
55(1.07 Yo, R7 H) - 5E(3§'0, Yo, R7 H) - Cx(x(b R7 H) + Cy(fUOa R7 H) )

where C, and Cy are some functionals linear in H that do not depend on
1o or xg respectively. Now, consider the class of functions H that vanish for
sufficiently large 22 + y2 at the time ¢t = 0 where we evaluate 65 and JE.
In this case, fixing any zg and taking y9 — oo or fixing any gy and taking
xg — 00, the left side must vanish. For this to be true on the right side, both
C, and Cy must be constant (as functions of zy and yp), with C, + C,, = 0.
Thus, the right side vanishes for any H that vanishes as x3 + y3 — oco. But
more general H can be written as linear combinations of such functions,
and since the right side is a linear functional in H, it must vanish for all H.
This completes the argument that §54 = 6E2yp for solutions of Einstein’s

equations.

4.4.2 Proof that S = §F implies the linearized Einstein’s
equations

In this section, we go the other direction to show that the relation §5 = §F
implies that the metric satisfies Einstein’s equations to linear order, i.e. that
the equivalence of and implies the relations (4.14).

Given the boundary stress tensor t,,, let H ﬂ,E be the corresponding
metric perturbation that follows from Einstein’s equations, i.e. the solution
of |) satisfying HEVE(O, t,x,y) = (167Gn/3)tw. We will show that
there is no other H with these boundary conditions for which §S = §F in
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4.4. Derivation of linearized Einstein’s equations from dE = dS

all frames of reference.

Suppose there were another H for which §5 = JF for all disk shaped
regions in all Lorentz frames. Then the difference A = H — HPF must
satisfy

Ay (z=0,t,z,y) =0, (4.19)

and
22
0 = / dxdy {Am(\/R2 — 22—yt z+ 20,y +y0)(1 — —5)
Dr R ,
/ Yy
+Ayy( R2—$2—y2,1}+$07y+y0)(1_ﬁ)
x
—20gy(VR? — 2 =y, x + @0,y + yo)R%} (4.20)
for arbitrary R, xg, and yg, and in an arbitrary Lorentz frame.
Let us first see the consequences of demanding this result in a fixed

frame. To begin, we note that (4.20) may be expanded in powers of R using

the basic integral

n
/ dIdy(R2 o $2 o y2) > $2mzy2my — Rn+2mz+2my+21n,mm,my ,
Dpg

where . .
r )T )02 +1
L moimy = (ms +n2) (my +5)T( +1) . (4.21)
: L(5 +mg +my +2)
Defining
o
Ap(zm,y) =Y 2"A (2,y) (4.22)
n=0
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we find that (4.20) becomeﬂ

0= Z Rn+2mz+2my+2{ @) (me)'82m182myAg(m (t o, yo)(In mamy — In,mz+1,my)
2
+ (zmz)l(z ) 32mza myA?(Jy (t xOyQO)(In Mg, My In,mz,myﬂ)

(4.23)

(2mx+1)!(2my+1)l
The vanishing of the terms at order RN*?2 implies that

Ao+ A ) =3 Omnegal

(mz7my)7é(070)
N,mgz,my 42m, a2my A (N—2mgz—2my)
ny 837 ‘ ay Ayy

+Cé\£’,mz,my6§mm_18§my—lA§3]?>f—2mz—2my) :
where the C' coefficients can be read off from (4.23). As examples, the first

few equations give

Agt(:)c) <t7 Zo, yO) + Ag(/[g),/) (ta o, Z/O) -
A:(BQ (t7 o, yO) + Ag(/? (ta xo, yO) =
1
AZ)(t x0,90) + AR (fw0,50) = —(FFAL(E,20,90) + ZAL)(E, 20, 90))
3
—%(@%A(m) (t,w0,50) + D2 AN (£, 20,10))
1
+£0:20 , AL (t, %0, 30)
1
ALt w0,90) + AR (E.20,30) = — 5 (OAL) (170, 30) + OFA) (t 20, 30)
1
6(6§A( )(t o, yO) + 8§Ag(/y) (t o, yO))
1
+50a0,A0) (1. 20, 40) (4.24)

We see that this set of equations completely determines the combination
Agz + Ayy at each order in z in terms of the lower order terms in the ex-
pansion of A. However, apart from the constraint (4.19) on the boundary

behavior (equivalent to Al l,) = 0), the remaining elements of A,, are com-

51Here, we are assuming that the function A is analytic. It would be useful to find a
derivation of our result that holds more generally.
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pletely unconstrained.

To constrain A, further, we need to use the requirement that the rela-
tion should hold in an arbitrary Lorentz frame. Thus, for each choice
of reference frame, we will have equations analogous to . Specifically,

consider a general boost

ol B By
2 2
A= 16, 1+ ﬁi# BuBystt
2 2
By BuBydm 1+ BS#

In the equations for a general frame of reference obtained by such a boost,
the left sides in (4.24) will be replaced by

AN A + AP ASA
Up to an overall constant factor, this gives
2 1 1 2
Nii + 28 0i + B (Ay — QAM) + (BiBj — 5%’5 JIAT

Now, consider the general version of the second equation in (4.24) (the first
equation already holds by (4.19)). This requires the vanishing of

1 1
AP +2880 + B2(A - SAL) + (88 — 505874

For a fixed xg and g9, this is a polynomial in 5; that must vanish for all
values of B;. Thus, the polynomial must be identically zero. At order 8°,
this gives
1) _
Aii (t,9507?/0) =0

as we had before. At order 5, we get

Agtl)(t,u’l?o,yo) =0.
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At order 32, this gives

1
Ag)(t»xoayo) = §A;~1)(75,$0,y0) =0

and
1

1 1
Aij)(tu Zo, yO) - §A’L]A](€k) (t7 xo, yO) =0.
Thus, we have A,(}l,) = 0. We can now continue to analyze the remaining
equations in 1) in turn. Supposing that we have shown Agf,) = 0 for
k < n, the general version of the nth equation in (4.24)) requires the vanishing
of 1 1
AP + 28,05 + gAY - §A§?)) +(Bibi — 5 BaHAL
since the right hand side in (4.24)) will be zero. Repeating the analysis above,
we conclude that A/(ff,) = 0. By induction, this holds for all n, so we have

shown that A, = 0, completing the proof.

4.5 Discussion

In this chapter, we have seen that to linear order in perturbations about the
vacuum state, the emergence of gravitational dynamics in the theory dual
to a holographic CFT is directly related to a general relation satisfied by
CFT entanglement entropies on ball-shaped regions. This relation is closely
related to the First Law of Thermodynamics, but is more general since it
applies to arbitrary perturbations of the state rather than perturbations for
which the system remains in thermal equilibrium.

While the CFT relation (1) is an exact equivalence, we have made use
of this relation only at the leading order in 1/N where the entanglement
entropy maps over to the extremal surface area. This corresponds to work-
ing in the classical limit in the bulk. According to [93], 1/N corrections
to the CF'T entanglement entropy correspond to bulk quantum corrections
including the entropy of entanglement of bulk quantum fields across the ex-
tremal surface. It will be interesting to understand the implications of the
CFT relation (1) beyond the classical level in the bulk, but we leave this for
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future work.

The derivations in Sec. were written specifically for the case of four-
dimensional gravity. However, the proof given in [88] that Einstein’s equa-
tions imply 05 = 0 F, and our method of proof in section 4.2 that 45 = 0F
implies the linearized Einstein’s equations work for general dimensions@

The linearized Einstein’s equations we derived are for the metric com-
ponents in the field theory directions and radial direction of the bulk. Any
additional fields in the gravitational theory, including metric components
in any compactified directions, are not constrained by the CFT relation we
have considered. At linear order, the equations for these fields decouple from
the linearized Einstein’s equations for the metric in the non-compact direc-
tions. Thus, we can say that the universal relation 0.5 = J F is equivalent to
the universal sector of the linearized bulk equations.

Our results do not imply that all holographic theories are dual to gravi-
tational theories whose metric perturbations satisfy Einstein’s equations. In
this chapter, we assumed that entanglement entropies are related to areas
via the usual Ryu-Takayanagi formula, and that the stress-energy tensor in
the dual field theory is related to the asymptotic form of the metric. In more
general theories, the entanglement entropy may correspond to a more com-
plicated functional of the bulk geometry and the relation between the stress
tensor and asymptotic metric may be modified. In these cases, we expect
that the bulk equations will be different, for example involving o’ correc-
tions with higher-derivative terms. However, it may be possible following
the methods in this chapter to derive the linearized version of these more
general equations given a particular choice for the holographic entanglement
entropy formula and the holographic formula for the stress tensor.

It will be interesting to see whether the first non-linear corrections to
Einstein’s equations in the bulk are equivalent to some simple property of

entanglement entropies.

28pecifically, Eq. (20) becomes 0 = IDR dc(Ay — zx;/R%Ay;); expanding this in
powers of R using the generalization of Eq. (21) yields at each order in R an equation
that relates Aj;(n) to quantities calculated from A at lower orders in n. The steps in the
proof are as before.
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Finally, we comment on the relation to the work of Jacobson [79], which
partly motivated our investigations. Jacobson realized that Einstein’s equa-
tions could be derived from the assumption that the energy flux through a
part of any bulk Rindler horizon gives rise to a proportional local change
in area of this horizon. Interpreting the area as an entropy, such a relation
looks like the first law of thermodynamics. However, in Jacobson’s work, it
was not clear why areas of segments of an arbitrary bulk Rindler horizon
(not necessarily associated with any black hole) should correspond to an
entropy, so the origin of the thermodynamic relation remained mysterious.

In our case, the “thermodynamic relation” dS = dF is an exact quantum
relation (i.e. not really thermodynamics) derived to hold for the underlying
fundamental degrees of freedom associated with our gravitational system.
Thus, while our final result (in contrast to Jacobson’s work) applies so far
only at the linearized level, the starting point is well understood. In detail,
the bulk interpretation of our dS = dF relation is somewhat different that
Jacobson’s starting point (the bulk surfaces/horizons we deal with are global
rather than local and the energy has a different interpretation), but the two
relations were similar enough to motivate the question of whether Einstein’s

equations could be derived from the first law of [88].
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Chapter 5

Outlook

There are many interesting questions which are left open in the work of this
thesis. In fact one of the questions asked in the introduction by way of mo-
tivation was left unanswered: does momentum-space entanglement entropy
correspond to some simple geometric quantity in the gravity theory? Because
of the UV/IR connection in AdS/CFT which relates a radial coordinate r to
a CFT energy scale p it is tempting to speculate that the the entanglement
entropy between modes above and below some scale p is related to the area
of a gravitational radial slice at r(u), i.e.
2 Area(r(p
() £ AT, (5.1)
We have been confined mainly to results in perturbation theory, where our
expressions are valid for small coupling. To answer this question we would
require a better understanding of the strong coupling behaviour, where the
gravity side is classical. There is, however, a consistency check: the area of
a radial slice should be proportional to the field theory volume and we do
indeed find that the momentum-space entanglement entropy scales with the
volume in our calculations. 2
We have shown how to obtain a reduced density matrix for low momen-
tum modes and it would be interesting to investigate how quantities in field
theories compare when computed via low momentum effective actions ver-
sus the usual low energy Wilsonian effective actions which show up in the
renormalization group. Also, as mentioned earlier, there is a possibility that

the types of quantities we have been discussing can be measured in the lab

53This is related to the fact that the number of modes below a scale p to entangle is
proportional to the volume of the system, and so this result should be true outside of
perturbation theory.
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Chapter 5. Outlook

providing a possible experimental validation of the results presented.

We have been able to give one specific answer to the question: how
entanglement in a CFT can affect the gravitational structure of its dual?
Changing the amount of energy in a ball in the CFT incurs a change in
the amount of entanglement in that region, and in the dual theory this is
precisely tantamount to the Einstein equations. This was carried to linear
order in the metric, however, and it would be interesting to investigate
what non-linear contributions to Einstein’s equations correspond to in the
CFT, and if in particular these are related to some simple properties of
entanglement.

It would be unbearable to end this thesis without pointing out an amus-
ing irony which it entails. Einstein’s great achievement was his theory of
General Relativity. This classical theory stood in stark contrast to quan-
tum mechanics, which Einstein did not accept as a complete theory of na-
ture, and in particular pointed to entanglement as one of its quintessentially
bizarre and counterintuitive features. As we have seen though, holography
(AdS/CFT specifically) indicates to us that General Relativity is the way
it is, and in particular Einstein’s equations are obeyed, precisely due to the
quantum mechanical phenomenon of entanglement. Thus an anachronistic
student of holography, finding themself in one of Einstein’s lectures, may
have dared to raise their hand and say: Finstein, be not afraid of action at

a distance, for your very theory depends on its existence!
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Appendix A

A.1 Momentum-space entanglement and

correlators

Starting with the general expression (2.20) for the leading order perturbative
contribution to entanglement entropy, we can now specialize to the case of
quantum field theory. We find that

[(n, N|Ha4p[0,0)|”

S(P) = —Xlog(\?) - ——— + O(\?)
n;é%\/;é[] (EO + FEy— E, — EN)2
— Xlg?) Y / dr7(0, 0| Hy n, NyeEoo~En )™ (. NIH;|0,0) + O(A2)
n#0,N#£0"0
= —X\log(\?) Z / dr7(0,0|eo” Hye 07 |n, N'Y(n, N|H/|0,0) + O(\?)
n#0,N#£0“0

— —/\210g()\2)/ dr7(0,0lefoT Hye 1071 4 Hf|0,0) + O(N\?)
0

— —)\210g()\2)/00 drr(H(—it)II4H;(0)) + O(\?)

0
= —/\210g(/\2)/ dTT/d3xd3y<H1(—iT,x)HAH1(0,y)>+(9()\2)
0

—V\? 1og(A2)/oo dTT/d3x(H1(—ir,x)HAH1(O,0)) +0O(\?)
0

Here, we use the standard definition of time-dependent operators in the

“Interaction picture”:
Hi(t) = ot fy o —iHot

The operator II is projects to intermediate states with at least one par-
ticle having momentum in the subset P and at least one particle having

momentum in the complementary subset of momenta.

142



A.2. Entanglement entropy in a fermionic system

The factor of volume in the last line comes from the y integral in the
previous line, which is trivial since the correlator in that line can depend
only on the combination  —y. The entropy per unit volume S(P)/V will

have a finite limit, so that S(P) is an extensive quantity.

A.2 Entanglement entropy in a fermionic system

Here we calculate the entanglement entropy in a fermionic theory with a
(¢1))? interaction. Consider for definiteness the renormalizable theory in

141 dimensions. The fermion fields are expanded as

1 1

Y(z) = Z E\/ij

p

(apu(p)e_ipx + b;)v(p)eipx) . (A.1)
As a straightforward application of (2.20) the entanglement entropy is

2
* <{p7t}17"'7{p7t}4 (djw)Q 0)
Sy = =N’ log(X’) Z Z ’ (w1 + w2 + w3’+ w4)2‘ ‘

+0(\?), (A2

where t indicates the type of fermion (i.e. particle or antiparticle). The star
indicates that the sum over momenta is restricted to the set where at least

one momentum is above and at least one momentum is below the scale pu.

Substituting the expansion (A.1) into (A.2))

2412 » (Ziwpi)2niwpi

Sp = —A*log(A\?) |@(p1)v(p2)(ps)v(ps) — w(p1)v(pa)ulps)o(p2)|*,

(A.3)
where 6 is the number of ways or choosing 2 particles and 2 antiparticles.
Using 141 dimensional spinor and gamma matrix identities, and passing to
the infinite volume limit we are left with

* . pa — m2 s 2
Su/L = —X*log(X?) /dpl...dp45(2pi)(p1 p3 —m)(p2 - ps —m)

6
(2m)? (> Wpi)Q [L; wp,
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A.2. Entanglement entropy in a fermionic system

In the region where three momenta are taken to be large this integral diverges

linearly.
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Appendix B

B.1 Two qubit system example

In order to elucidate the essential features of the type of entanglement we
consider in this thesis, this section will be concerned with detailing a simple
and explicit example. As a simple model for a system with multiple fermionic
degrees of freedom, consider a system of two spins with Hamiltonian (units

are chosen so that h = 1):

e )

Hyp = ®]1+]1®%, (B.1)

Our notation here for spin up is |u > and for spin down it is |d >. These
are defined by o,|u >= |u > and o,|d >= —|d >.

The ground state has both spins pointing down, |0 >= |d,d > with
energy -1. This state is separable and there is no entanglement between the
spins.

Now imagine adding some interaction which generates entanglement,

Hipy =0V @ 0, (B.2)

so that

H = Hy + AH;p. (B.3)

We first consider |A\| << 1 so that we may get a perturbative solution
for the ground state. One can easily see that to O(A3) this state is simply
given by |s >=|d,d > —5|u,u > since we have

®#n our notation we have o.|d >= |u > and ou|u >= |d >.
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B.1. Two qubit system example

H|s >:Hf|8 > +AHjnt|s >, (B.4)
A
=—|d,d> —§]u,u > A u,u > —N|d, d >, (B.5)
)\2
=—(1+3)ls> +0(\3). (B.6)

Thus up to O(A3?) the ground state is proportional to |s > with energy
—(1+ A2/2). The correctly normalized ground state is

1

I+

The corresponding density matrix is then

A
|Q >= (\d,d > —§|u,u >> +0(\3). (B.7)

p = ><Q, (B.8)
A2 A A2 5
=(1- T |d,d ><d,d| — 5 (lu,u >< d,d| + |d,d >< u,ul) + Z|u,u >< u,ul + O(X).
(B.9)

Note that to this order Tr p =1 as it should.
The reduced density matrix for the first spin (or the second) is obtained

by tracing out the second (or the first),

oM =Tr @p, (B.10)

A2 A2 5
= 1—Z ]d><d!+z|u><uy+0(/\ ) (B.11)

Thus the density matrix is diagonal to this order and the entanglement

entropy is easily calculated:
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B.1. Two qubit system example

S =— Tr pMlogp, (B.12)

A2 A2 A2 A2
—_ (12 2 ) = Lo & 3 B.1
<1 1 ) log <1 1 ) g+ O(N°), (B.13)

1 1+ 2log2
= — ZAQIOgAQ‘F&

A2+ 0N log \%). (B.14)
Now let us calculate the lowest order term in the entanglement entropy
of the ground state by using our general formula Eq. (3.1)

N|Hine|0)]?
S = _)\210g()\2) Z |<7’L,~ | t| >|~
n#£0,N#0 (E() +Ey— E, — EN>

5 +O0(\?). (B.15)

Let us quickly recall what is meant in this formula. Consider a Hilbert space
which decomposes into the tensor product of two factors H = HV @ H3).
Then Eq. applies to any Hamiltonian which is the sum of free and
interacting pieces H = Hy + AH;,;, with the free Hamiltonian being given

by a sum acting on each factor separately, i.e.
Hi=HY@1+10H?, (B.16)

Then the states |[n > and [N > are the energy eigenstates of H(1) and H(?)

respectively, and the energies F, and En their corresponding eigenvalues.

Now specializing to our qubit system (Eqgs. (B.1) and (B.2)) the free
ground state was |d,d >, and thus this state corresponds to 0,0 > in Eq.

(B.15). Then from the free spin hamiltonian Eq. (B.1) we have Ey = Ey =
—~1/2 and E, = E,, = +1/2. Since the sum in Eq. (B.15)) exludes n = d and

N = d it reduces to a single term:
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B.1. Two qubit system example

‘<u,u! (03(31) ® 0'5(52)) |d, d>‘2

- —— + O(\?), (B.17)
(Ed +Ey—E, — Eu>

S = — Xlog(\?)

_ ?2 log(A2) + O(A\2), (B.18)

in agreement with what we found in Eq. .

Now of course this system is exactly solvable and so we can check these
results.

The eigenvalues of H = H+AH;y,; are found to be VIFAZ N =\ —V1+ A2
Thus for any finite A, —v/1 + A2 is the lowest energy with corresponding
eigenvector |d,d > —ﬁm, u > as one can easily check. Then the

exact ground state of this model is simply,

1/2
(1+vi+R) )
= d,d > ——————=|u,u > | . B.19
| 21/2 (1 4 \2)Y/4 (' 1+V1+ A?’ > (B.19)
Then one finds for the reduced density matrix
oM =Tr @p, (B.20)
1+ V14 A2 A2
:% |d >< d| + slu><ul |, (B21)
2(1+ X2 (1 + m)
a+1 a—1
= d d — : B.22
(2a>\ >< \+<2a)\u><uy (B.22)

where we have defined the constant a(\) = v/1+ A2. Then one arrives at
the following simple result for the entanglement entropy between the two
qubits,

a+1 a-—1 a—1

= I .
S og 90

a+1
— log

B.2
2a 2a 2a (B.23)
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B.1. Two qubit system example

Thus as we expect, the system is unentangled at A = 0 (e = 1) and becomes
maximally entangled as A — co (a — 00). Expanding (B.23)) to O(\? log A3)

we have

1+ log4

1
S = 7N log A’ + A2+ 0(Xlog A?). (B.24)

This is in agreement with Eq. (B.14), and with Eq. (B.18) obtained from
the general formula (B.15).
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Appendix C

C.1 Alternative derivation of linearized

Einstein’s equations from 6F =S

In this appendix, we offer an alternative proof that solutions of Einstein’s
equations satisfy 654 = 5Eflyp . This proof replaces 654 = 5Eflyp with the
infinite set of relations obtained by matching the terms in the power series
expansion of this relation in R, the radius of the disk A, as we did in section
4.2.

C.1.1 Expansion of 6F =4S in powers of R

To begin, we expand both (4.12)) and (4.13)) in powers of R. Defining

Hy (2,2, 9) ZZ"H " (g (C.1)
we have
3
(SE - 5 Z R2+2mx+2my I2,mz7WLy aimx 62myH(0) (t’ :EOa yO) (C2)
Mg, My =0
while

0SS = Z Rn+2mx+2my+2{ W@mea%nyf[;x (t zo, yO)(In,mE7my o In,mz—i-l,my)
+ Wfﬂm a2myH§y (t xOvyO)(In,mz,my - In,mz,my—i-l)

_9 R2 82m +182my+1H§y) (t7x07y0)_[n7mw+1,my+1}
(C.3)

(2mz+1)'(2m +1)!

where I was defined in (4.21)).
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C.1. Alternative derivation of linearized Einstein’s equations from 0FE = .5

C.1.2 Checking that solutions of Einstein’s equations
satisfy 05 =0F

Using these expansions, it is straightforward to verify that any solution of
the linearized Einstein’s equations (4.14) satisfies JE = 0.5, as was done

originally in [88] and by another alternative approach in section 4.

Using the expansion (C.1)), the equations (4.14)) become

Hy = HU + H) (C.4)
OHY = 0.H + 0,H) (C.5)
OHY = 0,H +0,HY (C.6)
OHY = 9,H +9,H (C.7)

HY = M(af—ai—aj)ng’;‘Q) n>2  (C8)

HYD = 0. (C.9)

nv

Starting with (C.4)) and then using (C.5), (C.6), (C.7), and finally (C.8)), we
find:

ORHL = OR(HL + H)

(0, HY + 0, Hyy)) = OF(HL + Hyy)

O2HY + 02H) + 20,0, HY) = 02 (HYY + Hyy)

O2HY + 02HYY + 20,0,HY) = 02(HE + HL)

2HL) + O2HY,) +20,0,HL) = (02 + 02) (HEY + Hiy) + (n+2)(n + 5)(HA T + Hy ™)
20,0, HYy) = O2HLY + 02Hiy) + (n+2)(n + 5)(H? + Hy ™)

¢$ el

Using this last equation, we can eliminate H;EZ) from 1} This gives

noTem m 1 My 52Mm n TT
08 = Y RriEmet y+2{W8§ =0 HW (t, 20, 90) C2%,
1 2mg q2m n
T i@ % YHG (1,00, 40) Clt, m, | (C.10)

151



C.1. Alternative derivation of linearized Einstein’s equations from 0FE = .5

where for n > 2 we have

- _ I 2my I n(n + 3) I
nMg, My n,mg,my — Inmgz+1lmy — m nmg+1my — (sz n 1)(2my n 1) n—2mgz+1,mqy+1
=0
2m n(n + 3)
cY = 1 — Inm, — " Lim, — I,_
T, Mg, My Onvmocvmy N, Mg, My+1 2my 4 1 n,Mg,my+1 (2m7; + 1)(2my + 1) n—2,mqg+1,my+1

while for n = 1 and n = 0, we have

a 2my, 4

Lmesmy = A1memy = Lime+1m, — 1 111,m$+1,my = 5 3mam,
T

vy 2my 4

1mg,my = Il,mz,my - Il’mammy'i‘l - om + 1 1Img,my+1 = g 3,Mz, My
Y

and
2m 3

0 = I(Jm-m _IOm +1,my — Y IOm-—i—lm :*IQm-m

0,mg,my M, My yMa+1,my 2m:r; 41 MeT Ry 9~ &M,y

Yy _ 2my 3

= IO,mz,my - IO,mz,my-l—l -

0,mz,my 0,mz,my+1 — 5[27m17my .

2my + 1

In each case, we have made simplifications using the definition (4.21)) of I.
Using these results together with (C.9), we find that (C.10|) simplifies to

m. m 1 M., 02M 3
08 = ZRQ o y+2W8§ Iay y(H:g?c)(tax()ayO)+H1§2)(t7x0ay0))(§ 2,mx,my)
2 )} y):
3 2mz +2my+2 2my 2m (0)
— L G 20w e
= J0F

Thus, we have verified that 65 = JF for linearized solutions of Einstein’s

equations, providing an alternate argument to the one in [8].
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