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Abstract

The classifying space BG of a topological group GG can be filtered by a se-
quence of subspaces B(q,G), ¢ > 2, using the descending central series of
free groups. If G is finite, describing them as homotopy colimits is convenient
when applying homotopy theoretic methods. In this thesis we introduce nat-
ural subspaces B(q,G), C B(q,G) defined for a fixed prime p. We show
that B(q,G) is stably homotopy equivalent to a wedge sum of B(q,G), as
p runs over the primes dividing the order of G. Colimits of abelian groups
play an important role in understanding the homotopy type of these spaces.
Extraspecial p—groups are key examples, for which these colimits turn out to
be finite. We prove that for extraspecial p—groups of rank r > 4 the space
B(2,G) does not have the homotopy type of a K(m, 1) space thus answering
in a negative way a question which appears in [1]. Furthermore, we give a
group theoretic condition, applicable to symmetric groups and general linear
groups, which implies the space B(2,G) not having the homotopy type of a
K(m, 1) space. For a finite group G, we compute the complex K—theory of
B(2,G) modulo torsion.
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Introduction

The classifying space BG is an important object in algebraic topology with
applications to bundle theory and cohomology of groups. When G is discrete,
it is homotopy equivalent to an Eilenberg—Maclane space of type K(G,1).
A key property of BG is that it classifies principal G-bundles; there is a
bijection between the set of isomorphism classes of principal G-bundles over
a CW-complex X and the set of homotopy classes of maps X — BG. In
this thesis we study certain subspaces of the classifying space BG.

In [1] a natural filtration of the classifying space BG of a topological

group G is introduced:
B(2,G)C---C B(q,G) C --- C B(oo,G) = BG.

For a fixed ¢ > 2, let T'Y(F,) denote the ¢-th stage of the descending cen-
tral series of the free group on n generators. Then B(q, G) is the geometric
realization of the simplicial space whose n-simplices are the spaces of homo-
morphisms Hom(F,, /T'Y(F,),&). In this thesis we study homotopy-theoretic
properties of these spaces.

In Chapter 1 we introduce the spaces B(q, G) and describe them as homo-
topy colimits. Furthermore, we define a subspace B(q, G), C B(q,G) which
captures information specific to a prime p. Let G be a finite group and p a
prime dividing its order. Consider the free pro-p group P,, the pro-p com-
pletion of the free group F,,. As noted in [1], the geometric realization of the

simplicial set n — Hom(P, /T'%(P,),G) gives a natural subspace of B(q, G),



and is denoted by B(q, G),. We prove that there is a stable homotopy equiv-

alence:

Theorem. Suppose that G is a finite group. There is a natural weak equiv-
alence

\/ YB(¢,G), — XB(q,G) for all ¢ > 2
pllGl

induced by the inclusions B(q, G), — B(q, G).

Let N(q, @) denote the collection of subgroups of nilpotency class less
than ¢ and G(q) = /C\/?hg; A. The key observation in [1] is the following
q,
fibration

hocolim G(q)/A — B(q,G) — BG(q),
Qcolim (a)/ (¢,G) (9)

which can be constructed using the (homotopy) colimit description of B(q, G).

This raises the following question of whether they are actually homotopy

equivalent appears in [1].

Question. [1, page 15] If G is a finite group, are the spaces B(q, G) Filenberg-
Mac Lane spaces of type K(mw,1)?

One of the objectives of this thesis is to show the existence of a certain
class of groups for which B(2,G) does not have the homotopy type of a
K(m, 1) space. In Chapter 2 we address this question, and study the colimits
G(q) more closely. The following theorem is used to show that extraspecial

p-groups are examples of such groups. Let G denote the kernel of the map

G x G — G/|G,G] given by (z,y) — zy[G, G].

Theorem. Let S) denote an extraspecial p-group of rank 2r > 4 then

m(B(2,5,)) = Ac/(ozlzgnr) A= TQE.



Indeed for the central products Dg o Dg and Dg o g, that is r = 2, the
higher homotopy groups are given by
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m(B(2,53)) = mi(\/ $?) fori> 1.

The point here is to detect torsion elements in the kernel 7'(2) of the natural
map ¢ : G(2) — G. This is enough to conclude that the space B(2,G) is not
a K(m, 1) space. We give a group theoretic condition, applicable to the class
of symmetric groups ¥; and general linear groups GL,(FF,) over a finite field
of characteristic p. More precisely, the kernel 7'(2) has a torsion element for
symmetric groups X; and general linear groups GL,,(F,) when k£ > 8 and
n > 4. In particular for these groups B(2,() is not a K(m, 1) space. To
state the theorem we need a definition. We call a sequence of non-identity

elements {g; }?", a symplectic sequence if the following conditions are satisfied
L. [9i, gipr] # 1 for 1 <4 <r and [g;, g;| = 1 for any other pair,

2. [9is Givr] = [gj,ngrT] forall 1 <i,5 <.

Theorem. Suppose that G is a finite group which has a symplectic sequence
{g:}2", for some r > 2. Then the kernel T'(2) has a torsion element of order
p for each prime dividing the order of ¢ = |gi, giyr|. Moreover, the space
B(2,G) is not a K(m,1) space.

Another natural question is to compute the complex K-theory of a homo-
topy colimit. The main tool to study a representable generalized cohomology
theory of a homotopy colimit is the Bousfield-Kan spectral sequence whose
FEs-term consists of the derived functors of the inverse limit functor. In
Chapter 3 we address this problem for the homotopy colimit of classifying
spaces of abelian subgroups of a finite group, that is, for B(2,G). First we
study higher limits of certain functors from the poset dn of proper subsets

of {0,1,--- ,n} ordered by inclusion to the category Ab of abelian groups.



Theorem. Let R :dn — Ab be a pre-Mackey functor then lim®> R* =0 for
—

s> 0.

This theorem can be used to conclude that the Es—term of the spectral
sequence consists of torsion groups. The Atiyah—Segal completion theorem

along with this observation implies the following result.

Theorem. There is an isomorphism

Qe @By Q@" ifi=0,
0

Q@W@@ﬂ»g{ fi

where ny, is the number of (non-identity) elements of order a power of p in

G.

Torsion groups can appear in K!'(B(2,G)). An explicit example is the

case of S2, there is an isomorphism

Z®73 ifi=0,

K'(B(2,53)) = { (z/2)° ifi=1.

In Chapter 4 we give more examples which illustrate the theorems. An

appendix on some properties of simplicial sets is added at the end.



Chapter 1

Classitying spaces and

homotopy colimits

1.1 Filtrations of classifying spaces

1.1.1 Preliminaries

Let A be the category whose objects are finite non-empty totally ordered

sets n, n > 0, with n 4+ 1 elements
0=1—=2—=---—=n

and whose morphisms 6 : m — n are order preserving set maps or alterna-

tively functors. The nerve of a small category C is the simplicial set
BC,, = Homgat(n, C).

For instance, the geometric realization of the nerve BG, of a discrete group

G (regarded as a category with one object) is the classifying space BG. An



equivalent way of describing this space is as follows. The assignment
n=0313...%n)— F,

where F,, is the free group generated by {ej,es,...,e,}, defines a faithful
functor F': A — Grp injective on objects. Then the classifying space of G

is isomorphic to the simplicial set

BG, : A —  Set
n — Homgp(Fy,G).

Note that this can be regarded as a functor B : Grp — S via the assignment
G — Bd,.

A generalization of this construction to certain quotients of free groups
is studied in [1]. We recall the constructions and describe some alternative

versions.

Definition 1.1.1. For a group Q define a chain of groups inductively: I''(Q) =
Q, T(Q) = TUQ),Q]. The descending central series of @ is the normal

series

1C--CcI(Q)CcTQ)C - CT*Q) cTHQ) = Q.

Now take @) to be the free group F,,. For ¢ > 0, the natural maps
F, — F,/T'Y(F,) induce inclusions of sets

Homeyp (F, /TU(F,),G) C Homgep(Fp, G).

Furthermore, the simplicial structure of BG, induces a simplicial structure

on the collection of these subsets.

Definition 1.1.2. Let GG be a discrete group. We define a sequence of sim-



plicial sets Bo(q, G), ¢ > 2, by the assignment
n — Homg,p(F,/TY(F,), G)

and denote the geometric realization | B(q, G)| by B(q, G). Define B,(00, G) =
BG, and B(oo, G) = BG by convention.

As in [1] this gives rise to a filtration of the classifying space of G
B(2,G) Cc B(3,G)C---C B(¢,G) C B(¢g+1,G) C --- C B(oo,G) = BG.

This construction of a filtration can be generalized to any functor P : A —
Grp with a natural transformation A : F' — P, where F' is the faithful functor
n — [, introduced at the beginning. Consider the functor Bp : Grp — Top
defined by sending G to the geometric realization of the simplicial set defined
by n +— Hom(P(n), G), and the natural transformation Bp — By induced by
A. Choosing P(n) as the quotients F,, /T'Y(F},) recovers the spaces B(q,G). In
the next section we will consider another example of this construction where
P(n) is the pro-p completion P, of the free group F,, and A is the completion
map A : F,, = P,. One can also work in the category of topological groups
and simplicial spaces. In this case the sets Hom(P(n),G) can be given a
topology by the transformation A induced from Hom(F,,, G) regarded as the
n—fold product G x --- x G. A useful property of these functors Bp is that
<

n times

they preserve finite products.

Proposition 1.1.3. There is a natural homeomorphism Bp(Gy x G3) —
Bp(G1) x Bp(Gs) induced by the projections m; : Gi X Gy — G;.

Proof. At the simplicial level there are natural maps
Hom(P(n),G; x G3) — Hom(P(n),G1) x Hom(P(n), Gs)

induced by the natural projections. This map is a bijection by the universal

7



property of products, and compatible with the simplicial structure. The
result follows from the fact that the geometric realization functor preserves

products. O

1.1.2 p-local version

We discuss an alternative construction which is obtained by replacing the
free group F, by its pro-p completion, namely the free pro-p-group P,, see
9] for their basic properties. It can be defined using the p-descending central

series of the free group

P, = liin F,/T4(F,)
where I'?(F,) are defined recursively:
F;(Fn) = F, and T2 (F,) = [CU(F,), B (TL(F,))P.

The group P, contains F;, as a dense subgroup. Observe that each quotient
F,/T4(F,) is a finite p-group.

Let TGrp denote the category of topological groups. We consider con-
tinuous group homomorphisms ¢ € Homrgep(Fp, G) where G is a discrete
group. The image of ¢ is a finite p-subgroup of G. This follows from the fact
that P, is compact and if K is a subgroup of P, of finite index then |P, : K|
is a power of p by [9, Lemma 1.18]. Then there exists ¢ > 1 such that ¢

factors as

Pn%‘b(}

|~

Fo/THF,).
This implies that Homrgrp(P,, G) C Homgyp(F,, G) and also there is a
simplicial structure induced from BG,.
We remark that a theorem of Serre on topological groups says that any

(abstract) group homomorphism from a finitely generated pro-p group to



a finite group is continuous [9, Theorem 1.17]. This implies that when G
is finite any (abstract) homomorphism ¢ : P, — G is continuous. More
generally, as a consequence of [22, Theorem 1.13] if every subgroup of G is
finitely generated then the image of an abstract homomorphism ¢ is a finite

group, hence in this case ¢ is also continuous.

Definition 1.1.4. Let p be a prime integer and G a discrete group. We
define a sequence of simplicial sets Be(q, G),, ¢ > 2, by

n — Homrgrp (P, /TY(P,), G).

Define B,(00,G), to be the simplicial set n — Homrgrp (P, G) and set
B(o0, G)p = |Ba(00, G)yl-

Let us examine the simplicial set Bs(00, G),. There is a natural map

¢ : lim Hom(F, /T'}(F,),G) — Hom(P,, G)
%
induced by the projections P, — F,/I'J(F,). This map is injective since it
is induced by injective maps and surjective since ¢ : P, — G factors through
F,/T4(F,) — G for some g > 1, as observed above. Therefore 6 is a bijection

of sets.

Definition 1.1.5. Let p be a prime integer and G a discrete group. We
define a sequence of simplicial sets Bo(q, G, p), ¢ > 2, by

n— HomGrp(Fn/Fg(Fn>v G)

and denote the geometric realization |B(q, G, p)e| by B(q,G,p).

The facts that colimits in the category of simplicial sets can be con-
structed dimension-wise and the geometric realization functor commutes with

colimits imply the following.



Proposition 1.1.6. Suppose that G is a discrete group then 6 induces a

homeomorphism
lim B(q, G,p) = B(00, G),.
%

q

1.2 The case of finite groups

We restrict our attention to finite groups. Note that the following collections
of subgroups have an initial object (the trivial subgroup), and they are closed
under taking subgroups and the conjugation action of GG. Define a collection

of subgroups for ¢ > 2
N(q.G) = {H € G| T(H) = 1}.

These are nilpotent subgroups of G of class less than ¢. Observe that N/ (2, G)
is the collection of abelian subgroups of G.

Denote the poset of p-subgroups of G by S,(G) (including the trivial
subgroup) and set

N(g, G)p = S(G) NN (g, G)

when ¢ = 2 this is the collection of abelian p-subgroups of G.

1.2.1 Homotopy colimits

In [1] it is observed that there is a homeomorphism

colim BA — B(q, G)
N(g,@)

and furthermore the natural map

hocolim BA — colim BA
N(g,G) N(g,G)

10



turns out to be a weak equivalence. A similar statement holds for the spaces
B(q,G),.

Proposition 1.2.1. Suppose that G is a finite group. Then there is a home-
omorphism

B(q,G), %ﬁ&ligg BP

and the natural map

hocolim BP — colim BP
N(q7G)P N(QvG)P

15 a weak equivalence.

Proof. There is a natural bijection of sets

colim Homgyp(F, P) — Homeyp (P, /T4 P,), G).

N(g,G)p
The image of a morphism P, /T'(P,) — G is a p-group of nilpotency class less
than q. Conversely, if P C G is a p-group of nilpotency class less than ¢ then
F,, — P induces a map P,, — P by taking the pro-p completions, and factors
through the quotient P, /I'?(P,). This induces the desired homeomorphism

B(q,G), = A(}(othl;gl BP. The natural map from the homotopy colimit to the
G )p

ordinary colimit is a weak equivalence since the diagram of spaces is free
(Appendix). O

Remark 1.2.2. For the homotopy colimits considered in this thesis, it is
sufficient to consider the sub-poset determined by the intersections of the
maximal objects of the relevant poset. More precisely, let My, Mo, ..., M}
denote the maximal groups in the poset N(¢, G) and M(q, G) = {N,;M;| J C
{1,2,...,k}}. The inclusion map

M(q,G) = N(q,G)

11



is right cofinal and hence induces a weak equivalence ([28, Proposition 3.10])

hocolim BM — hocohm BA.
M(q,G) N(g,G

A similar observation holds for N (¢, G),.

Proposition 1.2.3. Let Z denote the intersection of the mazximal objects in

N(q,G). Then there is a commutative diagram of fibrations

hocolim GJA —— hocolim G /A
M(q,@) M(q,G)

BZ —— B(q,G) —— hocolim BA/Z
M(q,G)

BZ —— BG — BG/Z.

Proof. Only the right hand column and the middle row fibrations are unclear.
Both follows from an application of the Theorems of Puppe [14, Appendix
HL]. The first one is a homotopy colimit of a diagram of fibrations over a
fixed base and the second is a diagram of fibrations whose fibers are homotopy
equivalent to BZ. We prove the first one, the other is similar to the fibration
in the middle column which was discussed before. Note that every object in

the poset contains Z, and the diagram

BN —— BM

J l

BN/Z —— BM/Z

induced by the inclusion BN/Z C BM/Z is a pull-back diagram which is
identity on the fibre BZ. The fiber of the homotopy colimit is the common
value BZ by the Theorem of Puppe. n

12



1.2.2 A stable decomposition of B(q, G)

Recall that a finite nilpotent group N is a direct product of its Sylow p-

subgroups

N = [ Noy-
PIIN]

For a prime p dividing the order of the group G, and N € N(q, G) define

N, if p||N
1 otherwise .

Lemma 1.2.4. The inclusion map i, : N(q, G), — N(q, G) of posets induces

a weak equivalence

hocolim BP — hocolim Bm,(A).

N(g,G)p N(a.6)
Proof. By freeness (Appendix) it is enough to consider ordinary colimits. Let
B : N(q,G), — Top denote the functor P — BP. The map 7, : N(¢,G) —
N(q,G), defined by A — 7,(A) induces an inverse to the map induced by ¢,
on the colimit

colim BP — colim B,(A).
N(a,G)p N(g,G)

This follows from the fact that 7, o ¢, and ¢, o m, induce the identity on
BP — Bm,(P) = BP and Bm,(A) = Bi,m,(A) = Bry(A). O
Theorem 1.2.5. Suppose that G is a finite group. There is a natural weak

equivalence

\/ YB(q,G), — XB(q,G) for all ¢ > 2
pllG|

induced by the inclusions B(q, G), — B(q, G).

Proof. First note that the nerve of the poset N (q,G) is contractible since
the trivial subgroup is an initial object. Note that for A € N (¢, G) each BA
is pointed via the inclusion B1 — BA.

13



Let J denote the pushout category 0 <— 01 — 1. Define a functor F' from
the product category J x N(q, G) to Top by

F((0, 4)) = pt, F((01,4) = BA and F((1, 4)) = pt.
Commutativity of homotopy colimits ([5, 4.5.20]) implies that

hocolim hocolim F' = hocolim F' = hocolim hocolim F.
J N(q,G) I %xN(¢,G) N(q,G) J
The nerve of NV (¢, G) is contractible, in which case we can identify the ho-

motopy colimit over J as the suspension and conclude that the map

Y (hocolim BA) — hocolim 3(BA) (1.1)
N(q,G) N(q,G)
is a homeomorphism. The natural map induced by the suspension of the
inclusions BA,) — BA

\/ SBA) — ©BA

pllA]|

is a weak equivalence. This follows from the splitting of suspension of prod-

ucts:
Y(BA) x BAy)) = 5(BAy) V E(BA) V E(BAy) A BA)

and from the equivalence ¥(BA,) A BA(y)) ~ pt when p and ¢ are coprime.
The latter follows from the Kiinneth theorem and the Hurewicz theorem
by considering the homology isomorphism induced by the inclusion BA,) V
BAq) = BAg) x BA.

Invariance of homotopy colimits under natural transformations which

induce a weak equivalence on each object, the homeomorphism (1.1) and

14



Lemma 1.2.4 give the following weak equivalences
Y(hocolim BA) = hocolim X(BA)
N(q,G) N(q,G)

~ hocolim Y(BA
Qeolir \é (BAwp)

12

Y (hocolim Bmy,(A
V Slhggetin Bm(4)
pllG]|

\ ( hocohm BP).
el

12

When commuting the wedge product with the homotopy colimit, again an
argument using the commutativity of homotopy colimits can be used similar

to the suspension case. Note that the wedge product is a homotopy colimit.
[

This stable equivalence immediately implies the following decomposition

for a generalized cohomology theory.

Theorem 1.2.6. There is an isomorphism

n*(B ~ [ (B ) for all ¢ > 2
el

where h* denotes a reduced cohomology theory.

Therefore one can study homological properties of B(q,G) at a fixed
prime. In particular, this theorem applies to the complex K-theory of B(q, G)
and each piece corresponding to B(q, G), can be computed using the Bousfield-

Kan spectral sequence [6].

1.2.3 Homotopy types of B(¢,G) and B(q, G),

We follow the discussion on the fundamental group of B(g, G) from [1], similar

properties are satisfied by B(q, G),. Let N be a collection of subgroups of a

15



finite group G. We require that A is closed under taking subgroups. Note
that the trivial group is the initial object. In particular, it can be taken
as N(q,G) or N(q,G),. The fundamental group of a homotopy colimit is
described in [13, Corollary 5.1]. The trivial group is the initial object in N
and its classifying space B1 is regarded as a base point of the spaces in the

diagram. Therefore there is an isomorphism
71 (hocolim BA) = colim A
N N

where the colimit is in the category of groups. We will study colimits of
(abelian) groups in the next section in more detail.
For each A € N, there is a natural fibration G/A — BA — BG and

taking homotopy colimits one obtains a fibration
hocjg)/lim G/A — hoc/\(}hrn BA — BG. (1.2)

This is a consequence of a Theorem of Puppe, see [14, Appendix HL]. The
point is that each fibration has the same base space BG. Associated to this

fibration there is an exact sequence of homotopy groups

1 — mi(hocolim G'/A) — i (hocolim BA) % m(BG)
— Wg(hoc/?[hm GJ/A) — 0 (1.3)

where v is the natural map Wl(hOCAC}hm BA) = cojl\}m A — G induced by the

inclusions A — G since the diagram

hocjg)/lim BA — BG

t

BA

commutes for all A € M. Note that if N contains all cyclic subgroups of G

16



then hocj\oflim G /A is connected. Since in this case, the commutativity of

colim A w% G

N /
{9)
implies that ¢ is surjective.

We point out here that for N' = N(g, G) the homotopy fibre hocjg)[lim G/A

is homotopy equivalent to the pull-back of the universal principal G-bundle

E(q,G) —— EG

! !

B(q,G) —— BG

and this pull-back F(q,G) can be defined as the geometric realization of a

simplicial set as described in [1]. It can be identified as a colimit
E(q,G) = colim G x4 EA
(G = s ¢

and there is a commutative diagram

hocolim G x4 EA —~— hocolim G/A
N(a,G) N(a,G)

colim G x4 EA —— colim G/A
N(q,G) N(g,G)

induced by the contractions FA — pt, and the weak equivalences as indi-

cated. The exact sequence (1.3) becomes
0—T(q) = G(q) 4G =0, (1.4)
where G(q) = m(B(q,G)) and T'(q) = m(E(q, G)).

17



—~—

Consider the universal cover B(q, G) of B(¢q, G). Again using the Theorem
of Puppe, it can be described as the homotopy fibre of the homotopy colimit
of the natural fibrations G(q)/A — BA — BG(q) ([1, Theorem 4.4])

—_—

B(q, G) = hocolim G(q)/A — B(q,G
(g, G) = hocolim G(g)/ (4:G)

BG(q).

The question of B(g,G) having the homotopy type of a K(m, 1) space is
equivalent to asking whether the classifying space functor B commutes with
colimits

B(q,G) = colim BA — B(colim A).
N(g,G) N(a,@)

The difference is measured by the simply connected, finite dimensional com-

—_——

plex B(q, G), or equivalently by the values of the higher limits

Hi(B(q,G);Z) = lim' Z[G(q)/A]

N(4,G)

as implied by the Bousfield-Kan spectral sequence.

18



Chapter 2

Finiteness of G(2) and
homotopy type of B(2,G)

The fundamental groups of B(2,G) and B(2,G), are isomorphic to the col-
imits of the collection of abelian subgroups and abelian p-subgroups of G,
respectively. Therefore it is natural to study the colimit of a collection of
abelian groups in greater generality to determine the homotopy properties of
these spaces. Then we turn to a closer study of the colimit G(2) of abelian
subgroups. We give a group theoretic condition on G which implies the exis-
tence of torsion elements in the kernel 7°(2) of the natural map ¢ : G(2) — G.
This allows us to conclude that B(2,G) is not a K (m, 1) space for the groups
satisfying this condition. Extraspecial p—groups of rank r > 4 are such ex-

amples. For further examples see Chapter 4.

2.1 Colimits of solvable groups

Let A denote a collection of solvable finite groups closed under taking sub-

groups. We consider the colimit of the groups in \A. This can be constructed
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as a quotient of the free product [] of the groups in the collection

co}imA% (H A)) ~
AcA

by the normal subgroup generated by the relations b ~ f(b) where b € B
and f : B — A runs over the morphisms in A. We need a definition from

group theory.

Definition 2.1.1. A chief series of a group G is a series of normal subgroups
1=NyCN,C..CN,=0G

for which each factor NV;,;/N; is a minimal (nontrivial) normal subgroup of
G/N;. Let d(G) denote the number of indices i = 1,2, ..., k such that N;/N;_;

has a complement in G/N;_4

For r > 0 define a sequence of sub-collections A, = {4 € A| d(A) < r}.
The main result of this section is the following isomorphism of colimits, which

reduces the collection A to the sub-collection As,.

Theorem 2.1.2. Let A be a collection of solvable finite groups closed under

taking subgroups. The natural map

colim A — colim A
Asg A

induced by the inclusion map Ay — A is an isomorphism.

The proof follows from the homotopy properties of a complex constructed
from the cosets of proper subgroups of a group. We review some background
first.

The coset poset

Consider the poset {xH| H C G} consisting of cosets of proper subgroups of
G ordered by inclusion. The associated complex is denoted by C(G) and it

20



is studied in [7]. This complex can be identified as a homotopy colimit

C(G) ~ hocolim G/H,
HEeP(G)

where P(G) = {H C G}. The identification follows from the description of
this homotopy colimit as the nerve of the transport category of the poset
{H C G} which is precisely the nerve of the poset {xH| H C G}.

When G is solvable, C(G) has the homotopy type of a bouquet of spheres
of dimension d(G).

Proposition 2.1.3. [7, Proposition 11] Suppose that G is a solvable finite
group and
1=NyCN, C..CN,=G

be a chief series then
C(G) ~\/ 54~
for some n > 0, where d(G) is the number of indices i = 1,2, ...,k such that

N;/N;_1 has a complement in G/N;_;.

We are interested only in the dimensions of the spheres. An immediate

consequence of this result is the following.

Corollary 2.1.4. Let G be a finite solvable group such that d(G) > 3, and
P(G) denote the poset of proper subgroups {H C G}. Then the natural map

B:colimA— G
P(G)

s an isomorphism.

Proof. Observe that the fiber of the natural map hog(oé)im BA — BG is
the coset poset C(G) =~ hog(ocl)im G/A, and it is homotopy equivalent to

\/" SUE)=1 by Proposition 2.1.3. The result follows immediately from the

associated exact sequence of homotopy groups. ]
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Proof of Theorem 2.1.2. We have a sequence of inclusions
A, —- A3 —> ... A - A 1—...— A

which can be filtered further as follows
Ai=AogCA1C...CA,;C...C A

where A;; = {B € A;41| P(B) C A;j_1} for j > 0. For ¢ > 2 and j > 0,
each of the maps

A : colim A — colim A

g Aij+1

has an inverse induced by the following compositions: Let Q € A, j11

-1
Q 7, ~colim A 2 colim A
P(Q)NA;,; Aij

where P(Q) is the poset of (all) subgroups of Q, 3 is the map in Corollary
2.1.4, and the map 6 is induced by the inclusion P(Q) N A; ; — A, ;. This is

a consequence of the commutativity of

colim A L> colim A

4,5 A1
T T
~colim A BN Q.
P(Q)NA; ; =

Hence each inclusion map A;; — A; 41 induces an isomorphism on the

colimits. n

2.2 Elementary properties of G(2)

Recall that the groups G(q) are defined to be m(B(q,G)) and comes with a
natural map ¢ : G(q) — G. For a fixed q it is described as the colimit of the
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collection N (g, G) of nilpotent subgroups of class less than ¢g. The reduction

theorem 2.1.2 simplifies this description.

Proposition 2.2.1. G(q) is isomorphic to the colimit of the groups in the
sub-collection No C N(q,G) consisting of p—groups of rank at most 2 and
products P x @ of a p—group with a g—group both of rank equal to 1, where
p and q are distinct primes. Here the rank of a p—group is the rank of its

Frattint quotient.

Proof. By Theorem 2.1.2, the colimit is determined by the subgroups N such
that d(N) < 2. Since N is nilpotent it is isomorphic to the product [ N,
of its Sylow p—subgroups. Note that for a p-group P the number d(P) is at
least the rank of the group, since the Frattini quotient P — P/®(P) can be

refined into a chief series. O

Also one can give a presentation of G(2):

G(2)=((9)l g € G, (g)(h) = (gh)if [g,h] =1in G) (2.1)

as a quotient of the free group F(G) generated on the set of elements of G.
To see this, note that the homomorphism F(G) — G(2) induced by sending
(g) to the image of g under the natural map (g) — G(2) factors through the
relations given in the presentation. There is also a map G(2) — F(G)/R
induced by the inclusions A — F(G)/R of abelian subgroups A of G where
R is the normal subgroup of F(G) generated by the relations given in the
presentation. These two maps are inverses of each other. In this presentation
the natural map G(2) — G corresponds to (¢g) — g¢. By adding further
relations to this presentation G(q) can be described as a quotient of the free

group as well. Then there is a sequence of surjective group homomorphisms
G2 —-—Gg—-1)—=G(q) — - — G(x) =G.
Proposition 2.2.1 suggests that the group G(q) is closely related to the
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free product of the groups G(q), = m(B(q, G),) which is a colimit over the
collection N (¢q, G), of p-subgroups of nilpotency class less than ¢g. There is a
natural map G(¢), — G(q) induced by the inclusion N (¢, G), C N(q, G) for
each prime p which divides the order of the group. Furthermore 2.2.1 implies
that the kernel of the map

[T ¢, = Gl

plG

is generated by the commutators of coprime order subgroups in G, hence is
contained in the kernel of the natural map [[G(q), — [[ G(q),. Therefore
there exist a map G(q¢) — [[G(q), which splits via the natural maps as

shown in the following diagram

[1,Gla)p, —  Glg)

T l (2.2)

G(q)p <— [1G(9)p

Proposition 2.2.2. The natural map G(q), — G(q) is an inclusion, and it
splits.

Proof. The splitting is given by the composition of the map G(q) — [[ G(q),
in 2.2 with the natural projection [[ G(q), = G(q),- O

There is a nicer interpretation of the splitting in the case of G(2). First

observe that sending an element to its n-th power defines a map of spaces
wy: B(2,G) — B(2,G)

at the simplicial level. This is induced by the map (g1, -+, gx) — (97, -+ , %)
which is well-defined and respects the simplicial structure maps since g;
commutes with each other. The induced map on the fundamental groups

will also be denoted by the same symbol. Writing the order |G| of the group
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as a product of distinct primes [[p;" and defining ¢; = |G| /p;", one can see
that the image of
wy, : G(2) = G(2)

is isomorphic to G(2),,. Moreover, the composition wy ow,,, where ¢; = 1/¢;
mod p}, restricted to G(2),, gives a splitting of the natural inclusion map
G(2),, = G(2). There are other useful properties one can deduce using the
maps w, which we discuss next.

A natural question is to ask when G(2) is equal to G. This can be

answered by considering the automorphism w_; of G(2) of order 2.

Proposition 2.2.3. GG is an abelian group if and only if the natural map

¥ G(2) — G is an isomorphism.
Proof. Consider the diagram

Gae) % a@)

S

If ¢ is an isomorphism then the composition 1) o (=1) o™ : G — G is an
isomorphism, that is the inversion map g — ¢g~! is an isomorphism. Then G

is abelian. The converse is clear from the definition of G(2). O

Corollary 2.2.4. The natural map B(2,G) — BG is a homotopy equivalence

if and only if G is an abelian group.

2.3 Finiteness of G(2)

We denote the commutator subgroup by G’ and the quotient G/G’ by Gp.
In this section we discuss certain class of (non-abelian) finite groups for which

G(2) is a finite group. First we introduce a finite group which is a sort of

25



intermediary between (G(2) and G. Consider the group homomorphism
$:6@2) = GxG. (9) = (.97
and denote its image by G. Clearly, this image is in the kernel of
m:GxG— Ga, (91,92) — g192G,

and we claim that G = ker(m). First note that as a set ker(m) is the disjoint
union [ [/ 9G' < g~ G” hence has order |G||G'|, whereas @ is isomorphic to
the quotient of G(2) by the intersection I = ker(y)) Nw_;(ker(¢))). Therefore
it suffices to show that the index | ker(v) : I| is equal to |G’|, which is also
equal to the index |w_j(ker(¢))) : I]. Observe that if [g1,g2] # 1 in G then
(97 (g5 1) (g2g1) is in the kernel of 1 but not contained in I. Therefore
(91)(92)(g291) 7" is in w_q (ker(¢))) and the subgroup generated by the images
of such elements under @/Z)\ contains G’. This proves the claim. Moreover there
is a commutative diagram ~
G(2) LG

- .

G,

where m; is induced by projecting onto the first coordinate.

Proposition 2.3.1. The commutator subgroup (@)’ of G is 1somorphic to

the pull-back of
G/

|

G —— GG, G
under the natural projections. Moreover, G' C Z(G) if and only if (@)’ is
the diagonal subgroup A(G') ={(g,9)| g € G'}.

Proof. The commutator (@)’ is a characteristic subgroup of G , hence normal
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in G x G. Therefore any commutator of the form [(¢,1),[(g,g7'), (h,h™1)]] =
([t, [g, Rh]], 1) lies in (CAJ)’ for all ,g,h € G. Furthermore, the group G is
invariant under the swap map (z,y) — (y, ) which implies that the product

~

|G, G'] x [G,G"] is contained in (G)’. There is a commutative diagram

GG x[G,G] — (GY — (

H (l}

G, x[G,G'| ——

where @) denotes the quotient G/[G,G']. Note that it suffices to prove the
last part of the proposition for @), which satisfies Q' C Z(Q). Recall that
Q) is generated by (9,971, g € Q, in Q x Q. Then for all g,h € Q we
have [(g,97"), (b, k™) = ([9, ), [97". h™*]) = ([g, 7], [g, h]) which proves one

~

direction. For the converse, assume that (Q) = A(Q’). The commutator

~

(Q)" is normal in Q x Q, i.e. (1,9)(¢",¢)(1,97%) € A(Q') for all g € Q and
g eq). H

Proposition 2.3.2. Let 0 : G — H be a surjective (injective) group homo-

morphism. Then there is a commutative diagram

ker({/z\g) y G > G
U
ker(vy) > H H,

where all the vertical maps are surjective (injective).

Proof. Recall that G is the kernel of G x G — G/G' the composition of the
abelianization map with the multiplication map. Therefore the conclusion
of the proposition holds for the middle vertical arrow. The kernel ker {/J\G is
the product 1 x G’ since @G is the projection m; onto the first factor. The
first vertical arrow between the kernels is the map between the commutators

1 x G"— 1 x H', hence it is surjective (injective) if the initial map G — H

27



is surjective (injective). O

In the next sections we will consider certain classes of p—groups where
QZ turns out to be an isomorphism. The following observation justifies our

restriction to p—groups.

Proposition 2.3.3. Assume G is a finite group. If G(2) is a finite group
then G is nilpotent, i.e. isomorphic to the product of its Sylow p—subgroups.

Proof. Assume that G(2) is finite, we will prove that G is nilpotent. Note
by 2.2.3 each G(2),, p||G|, is also finite. If G is a p-group then there is
nothing to prove. So assume G has composite order. In this case we will
show G is isomorphic to the product of its Sylow p—subgroups. In other
words, any two elements of coprime order commutes. Let p and ¢ be distinct
primes which divide the order of G. Assume the contrary that there are
non-trivial elements g and h in G of order a power of p and ¢ respectively
such that [g, h] # 1. The product (g)(h) has infinite order in the free product
[1,c G(2), since it is cyclically reduced ([25, 1.3, Proposition 2]), where (g)
and (h) denotes the corresponding generators in G(2), and G(2),. Assume

that its order in G(2) is n. From 2.2 we obtain the diagram

G2),[[62), —— G2

x i
G(2), [ [ G2,

where (g)(h) maps to ((g9),(h)) in the product. Therefore the order n of
the image of (¢)(h) in G(2) is divisible by the order p of g and the order
q of h. Now the product ((¢g)(h))" can be written in G(2) as a product of

commutators as follows




which is assumed to be in the kernel of G(2), [[ G(2), — G(2). This kernel
is also a subgroup of the kernel of @ which is a free group whose basis con-
sists of the commutators [z, y] of elements in G(2), and G(2),, see [25, 1.3,
Proposition 4]. Therefore there is a consecutive pair of commutators which
are inverses of each other. This implies [(g), (k)] = 1, hence [g, h] = 1, which

is a contradiction. O

2.3.1 Extraspecial p—groups

We will restrict attention to central extensions of the form
Z/p<P5V

where V' is an elementary abelian p-group, which can also be regarded as
a vector space over Z/p. Let p denote a representative of the class of the
extension. There is a bilinear form associated to p defined by b = p + p
where p'(z,y) = p(y,x). In this case b : V x V — Z/p is given by b(v,w) =
(77 (v), 77 (w)]. In particular, b is skew symmetric b(v,w) = —b(v,w). We
further assume that this bilinear form is non-degenerate. This is equivalent
to having Z(P) = Z/p. Hence by standard results [12, Chapter I] in the
theory of bilinear forms (V) b) is isometric to an orthogonal sum rH_; of r
copies of the hyperbolic plane. In particular the dimension of V is even,
dim(V') = 2r. A group of this type is called an extraspecial p-group. At a
fixed r there are two types up to isomorphism. One can choose a symplectic

basis {e;}1<i<2r Where b(e;, e;4,) = 1 and for any other pair b(e;, e;) = 0.

Definition 2.3.4. Let b be a bilinear form on a vector space V over a field
of prime characteristic and Z(b) denote the collection of isotropic subspaces

W, i.e. the restriction b|y is the zero form. Define the following group

V(b) = colim W

WeZ
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as a colimit in the category of groups. Here W is regarded as an elementary

abelian p—group.

Note that by Proposition 1.2.3 there is a central extension
L]p — P(2) - V(b),

which will be used in the next result. A presentation of V'(b) similar to 2.1

can be given as
((v) € V[ (v)(w) = (v + w) if b(v, w) = 0).

The subgroup Sp(V,b) of linear automorphisms Aut(V') which leaves b in-
variant, i.e. a € GL(V') such that b(a(v), a(w)) = b(v, w), acts on the group
V(b) via the automorphism (v) — (a(v)).

Theorem 2.3.5. Let P be an extraspecial p-group. Then the map zZ : P(2) —
P in 2.8 is an 1somorphism if and only if r > 2.

Proof. When r = 1 the group V(b) is the free product of its cyclic subgroups
hence P(2) is infinite. We assume r > 2, and observe that the conclusion of
the theorem holds for P if and only if V(b) has order | P|. Choose a symplectic
basis {e;}?7, for V. Given i # j in {1,---,7} the following equations hold
in V(b)

ei)(ej — ej)(eipr)(e) " ejr — ejyr)(Cigr) ™!

(e)(eirr)(er) " eirr) ™ = (e
(e)(ei)(—ej + e ) (—€i + ejpr) (€ir) T (—€jr)
(¢;)(
(€5)(

ej)(ei)(—ei + ejir) (=€) + eirr)(€itr) " (—€j4r)
ej)(ejrr)(es) (ejr) 7

where we make use of the identity (v)™! = (—v). The key step is the obser-
vation that b(—e;+e;1r, —€; +€1,) = —b(—e;, €i4,) +b(—¢€j, €4,) = 0. This

shows, in particular, that the commutator [(e;), (e;1,)] is central. Here we
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use the fact that an element (v) for some v € V' can be written as a product
[T;;(cie; + Bieivy) in V(b).

Now any pair v, w € V with b(v, w) # 0 can be mapped to the hyperbolic
pair e;, €;4, after renormalizing w to w such that b(v,w) = 1 by sending v, w
to e;, ;1. By Witt’s Lemma [3, pg. 81] the isometry (v,w) — (e;, €;4,)
extends to a map « € Sp(V,b). Hence [(v), (w)] is also central as well as the
commutator [(v), (w)] since (w) = (b(v, w)w). We see that the commutator
of V(b) is cyclic of order p and its abelianization is an elementary abelian

p—group of rank 2r. This proves that V (b) has the same order as P. ]

Observe that Proposition 2.3.1 can be used to prove that P sits in a

central extension
Z/p<aP — (Z/p)* ' x T if podd,

where T = Z/p?* if the exponent of P is p?, and T = (Z/p)? otherwise, and
for p =2
72 <4 P — (Z)2)* .

We can extend our consideration to an arbitrary b not necessarily non-—
degenerate without difficulty. Writing b = b’ L 0|+ where b’ is non—
degenerate and V+ denotes the radical of b, one has V(b) = V (b') x V.

Corollary 2.3.6. Let P be a (non-abelian) group which fits in a central
extension Z/p < P — V where V' is an elementary abelian p—group. Then
P(2) = P if and only if dim(b’) > 4, where b is the bilinear form associated

to the commutator and b’ is its non—degenerate part.

2.4 Homotopy type of B(2,G)

In this section we generalize some ideas used in Theorem 2.3.5 to detect
torsion in the kernel 7'(2) of the natural map ¢ : G(2) — G. This enables us
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to decide whether B(2,G) is a K (m, 1) space by the following result.

Proposition 2.4.1. If the natural map B(q,G) — BG(q) is a homotopy
equivalence then the kernel T'(q) of the natural map G(q) — G s torsion

free.

Proof. Recall that the fiber of the map B(q,G) — BG is a finite dimen-
sional complex. If a finite dimensional complex is a K (m, 1) space then its
fundmental group is torsion free. This follows from the fact that the coho-
mological dimension of 7 is less then or equal to its geometric dimension,

and 7 is torsion free if its cohomological dimension is finite, see [8, Chapter
VIII). O

Definition 2.4.2. Let G be a finite group. We call a sequence of non-identity

elements {g;}2", a symplectic sequence if the following conditions are satisfied

L. [9i, gitr] # 1 for 1 <i <r and [g;, g;| = 1 for any other pair,

2. [gi, Girr) = [9j; gjur] for all 1 <45 < 7.
The pair (g;, gi1r) is called a symplectic pair.

Denote the subgroup of G generated by the elements {g;}?, by S. An
immediate observation, which follows from commutator identities, is that the
element ¢ = [g;, gi1,] is central in S, and its order n divides the orders of g;
for all i. Moreover the derived subgroup S’ is cyclic of order n and there is

a central extension

Z|n — S — A,

where A is an abelian group of rank 2r generated by the images g;. The
bilinear form b associated to the extension class p € H%(A;Z/n) is non-zero
on the images of the symplectic pairs b(g;, g;+r) # 0. Let p be a prime divid-
ing n, and S) denote an extraspecial p-group of rank 2r with a symplectic
sequence {e; }?",, one can take a lift of a symplectic basis in the central quo-

tient. We claim that the map S — S; defined by g; — e; is a surjective group
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homomorphism. First note that there is a surjective homomorphism S — S,
where S, is the central quotient of S by the subgroup of index p in Z/n.
Hence it sits in a central extension Z/p — S, — A. The associated bilinear
form is the composition of b with the projection Z/n — Z/p. With respect
to this bilinear form the symplectic sequence {g;} in S maps to a symplectic
sequence in S,. We still denote this sequence by {g;}, and its image in A by
{g;}. This means that the restriction of the extension class p € H*(A;Z/p)
corresponding to S, to the subgroup generated by the image of a symplectic
pair (g;, gi+r) in A is non-zero. Therefore, p divides the order of g; for each
1 < i < 2r. Choose a surjective homomorphism 7 : A — V = (Z/p)*". The
induced map on 7 : H*(V;Z/p) — H*(A;Z/p) is also surjective since the
p-rank of A is the same as the p—rank of V. Then there exists a class py
mapping to p. The extension corresponding to py is an extraspecial p-group
of rank 2r, that is an extension Z/p — S, — V. Moreover, there is an

isomorphism between the pull-back E in the diagram

FE — A

Lo

S, — V

and S, since they have the same extension class. Hence we proved the fol-

lowing

Proposition 2.4.3. Let {g;}", be a symplectic sequence in G, and S de-
note the subgroup generated by the elements g;. Then there is a surjective
homomorphism m, : S — Sp which factors through the central quotient S,
for each prime p dividing the order of ¢ = [g;, gi1+r]. The induced map on the
quotient ™ : A — V sends the image of the symplectic sequence {g;}3~, onto

a symplectic basis {e;}?", of V where e; = m(q;).

Lemma 2.4.4. Suppose that {g;}?", is a symplectic sequence in G and r > 2.
Then the equation [(g:), (gi++)) = [(65), (g5+)] holds in G(2) for all1 < i,j <
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r. Moreover, the element t = [(g:), (girr)|([gis Ginr]) ™" has finite order in
G(2).

Proof. The proof is mainly the same as in Theorem 2.3.5, a direct compu-
tation using the presentation of G(2). For 1 < i # j < r the following
equations hold in G(2)

(9:)(9:9; ) (Gir) (90) ™ (Gj40 9500 ) (Girer) !
(95)(9: )(g] "9ie) (95 ) (Givr) T (970
= (9)(9)(9: " 95+r)(95 " isr) (gir) ™ (955)
(95)(gj+r)(95) " (gj4r) ™

(95)(Gitr)(91) " (Gier)

gj-H“) )

where we make use of the identity (¢)~! = (¢~!). The key step is the observa-
tion that [g; ' girr, 9; ' Gar] = 97 GisrllGitrs 9] = 195> Gjan) G5 Ginr) = 1.
This shows, in particular, that the element ¢ = [(¢;), (gi++)] commutes with

([, girr])~*. Hence t™ =1 for large enough m. O

Theorem 2.4.5. Suppose that G is a finite group which has a symplectic
sequence {g;}2*, for some r > 2. Then the kernel T'(2) of the natural map
¥ : G(2) = G has a torsion element of order p for each prime dividing the
order of ¢ = [g;, gi+r]. Moreover, the space B(2,G) is not a K(m,1) space,
that is the natural map B(2,G) — BG(2) is not a homotopy equivalence.

Proof. By Proposition 2.4.1 it suffices to show that the kernel T'(2) of ¢ :
G(2) — G has a torsion element. By Lemma 2.4.4 the element

t =[(9:), (i) (93, 9ir]) T € T(2)

is a torsion element, it suffices to show that ¢ # 1. This will follow from the
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commutative diagram
L

s tsq
% A N
w9153

A A
N/r ¥s e

SH(2) < 5(2) = G(2)

where Proposition 2.3.2 implies the surjectivity (injectivity) of the relevant
maps. Regarding g; € GG as an element of S we see that there is an element

ts in S(2) which maps to t. Now the lower part of the diagram gives

t, 4 ts s
| o o
t, < ts y t

where ¢, # 1 since it generates the kernel of EZ — Sy. Then tg # 1 which
implies £ # 1 since i is injective. Therefore we obtain the desired result that
t # 1, and also p divides the order of ¢. n

Corollary 2.4.6. If G has a subgroup isomorphic to S} for some r > 2 then
B(2,G) is not a K(m,1) space.

Remark 2.4.7. Note that having a subgroup generated by a symplectic se-
quence 1is stronger than just having a sub-quotient isomorphic to S,. Con-
sider the group Dg x Dg which surjects onto a S5 but B(2,Dg x Dg) =
B(2, Ds) x B(2, Ds) by Proposition 1.1.3, and it is a K(m,1). The quotient
must be a quotient of a subgroup S generated by a symplectic sequence in G
1.e.

S, « S = G where 1> 2.
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Chapter 3

Complex K—theory

3.1 Higher limits

As the higher limits appear in the Fy-term of the Bousfield-Kan spectral se-
quence, in this section we discuss some of their properties. The main theorem
of this section is a vanishing result of the higher limits of the contravariant
part of a pre-Mackey functor R : dn — Ab where dn denotes the poset of
non-empty subsets of {1,...,n} ordered by reverse inclusion.

Let C be a small category and F' : C — Ab be a contravariant functor
from C to the category of abelian groups. Ab® denotes the category of

contravariant functors C — Ab. Observe that

lim F' = Homap(Z,lim F') = Hom e (Z, F).
— —

Definition 3.1.1. Derived functors of the inverse limit of F' : C — Ab are
defined by
lim’ F' = Extlyc(Z, F).
A projective resolution of Z in Ab® can be obtained in the following way,
for details see [27]. First note that the functors F, : C — Ab defined by
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F.(¢) =Z Hom¢(, ¢) are projective functors and by Yoneda’s lemma
Hom p,c(F., F) = F(c).

Let C\ — : C — S denote the functor which sends an object ¢ of C to
the nerve of the under category C \ ¢. The nerve B(C \ ¢) is contractible
since the object ¢ — ¢ is initial. Then we define a resolution P, — Z of the
constant functor as the composition P, = C, o C\ — where C, : S — Ab is
the functor which sends a simplicial set X to the associated chain complex

C.(X) = Z[X.]. At each degree n, there are isomorphisms
Hompyo(Py, F) = Hompe( € Fo . F) = [ Flaa)
T Tn TOT1— 4 Tn

Differentials are induced by the simplicial maps between chains of morphisms.

The following result describes them explicitly.

Lemma 3.1.2 ([23]). lim' F = H(C*(C; F),d) where
<—

C"(CiF)= ] Flan)

TO—T14— 4 Tn

for all n > 0 and where for U € C™(C; F)

S(U) (2o <= 21 4= -+ 4= T & Tpsr) = Xn:(—niU(azo B e T
)R U 0 < e ).

A useful property of higher limits, which allows the change of the indexing

category, is the following.

Proposition 3.1.3. [19, Lemma 3.1] Fiz a small category C and a con-

travariant functor ' : C — Ab. Let D be a small category and assume
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that g : D — C has a left adjoint. Set g*F = Fog : D — Ab then
H*(C;F) = H*(D; g*F).

Assume that the indexing category C is a finite partially ordered set
(poset) whose morphisms are i — j whenever i < j. We consider an appro-

priate filtration of F' as in [17].

Definition 3.1.4. A height function on a poset is a strictly increasing map
of posets ht : C — Z.

A convenient height function can be defined by ht(A) = —dim(|Cs.4l)
where Cs 4 is the subposet of C consisting of elements C' > A. Let N =
dim(|C|) then it is immediate that lim" I’ vanishes for i > N. The functor

%

F' can be filtered in such a way that the associated quotient functors are

concentrated at a single height. Define a sequence of subfunctors
FNC"'CFQCF1CFQ

by F;(A) = 0 if ht(A) > —i and F;(A) = F(A) otherwise. This induces a
decreasing filtration on the cochain complexes hence there is an associated

spectral sequence whose Fy-term is

Eé’j — CZ‘H((}; F,/Fiq) = H HomZ(C¢+j(|CzA’, |C=4l), F(A))
A€eC|ht(A)=—i

with differentials dy : C*(C; F;/Fiy1) — CH(C; F;/Fiy1). Ej-term is the
cohomology of the pair (|Csal,|Csal) in coefficients F/(A) that is

B =[] H™((Cxal,[Csal); F(A)). (3.1)
AEC|ht(A)=—i

Fix A and let A’ > A such that ht(A") = ht(A) + 1, then differential d; can
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be described as the composition

F(A<A/
(4549 H*((|Cs 4, |Cs A neznt(a)+2]); F(A))

L H*'((|Csal, |Csal); F(A))

H*((ICxu], |Csn]); F(A))

where 0 is the boundary map associated to the triple

(|CZA’7 |C>A|7 |C>A,ht2ht(A)+2|>-

We now consider higher limits over specific kinds of diagrams. Let dn
be the category associated to the non-degenerate simplexes of the standard
n-simplex, the objects are increasing sequences of numbers oy, = [ig < -+ <
ix] where 0 < 4; < n and the morphisms are generated by the face maps
di(fig < - <ip]) =[io < ---<i; < - <iy] for 0 <j<k.

Proposition 3.1.5. For any contravariant functor F' : dn — Ab the spectral
sequence (3.1) collapses onto the horizontal axis hence gives a long exact

sequence

0= [[F(o0) = [[Flo1) = - = [] Flon-1) = Flon) =0 (32)

On—1

and where for U € C-Y(F) = [, , Flok-1),

SN U) o) = ) (~1) I F(d)U(dy(0n).

J=0

Proof. For a simplex o}, € dn, let dn>; be the poset of simplices 0 > oy,
and dn.; denote the poset of simplices o > o;. Observe that the pair
(|dnsl, [dnsg|) is homeomorphic to (|JA¥|,|0A*|) where A* is the standard
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k-simplex with boundary dA*. The spectral sequence of the filtration has

By =TT ((ldnz, dnsil); F (o).

Ok

Therefore F-term vanishes unless 7 = 0, and otherwise

= [T 2*((ldnss], |dnsg)); F HF (o%)

Ok

hence collapses onto the horizontal axes, resulting in a long exact sequence.
The differential is induced by the alternating sum of the face maps d; (o) for
0>j5>k. O

In some cases, it is possible to show that the higher limits vanish. The
next theorem is an illustration of this instance. First let us recall the defini-
tion of a pre-Mackey functor in the sense of Dress [10]. Let M : C — D be a
bifunctor, that is a pair of functors (M*, M,) such that M* is contravariant,

M, is covariant and both coincide on objects.

Definition 3.1.6. A pre-Mackey functor is a bifunctor M : C — D such
that for any pull-back diagram

XlLXQ

all 52J
X3 L} X4

in C the diagram

M ﬁl
M(Xy) =P ar(x)

M*(WI)T M*(ﬁ?)T

M, (as
M(X3) Ahtoa), M(X,)

commutes.
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We give a direct proof of the following theorem, which can also be deduced

from an application of [19, Theorem 5.15] to the category dn.

Theorem 3.1.7. Let R : dn — Ab be a pre-Mackey functor then lim® R* =
fi
0 for s > 0.

Proof. We do induction on n. The case n = 0 is trivial since the complex

(3.2) is concentrated at degree 0. There are inclusions of categories
to:dn—1— dn

defined by [i; < ... <ig] — [i1+ 1 < ... < i+ 1] and
t1:dn—1 — dn

where [i1 < ... <]+ [0 <i;+1 < .. <ip+1]. Let C}, denote the complex
Cin(R) in (3.2) that is C§, =[], R(ow). Define a filtration C*, C Cj C C§,
such that
ci= JI R
orp=[0<i1<...<ig]

and C*, = CF for k > 0 and C°; = 0. Then by induction H!(C3,/Cs) =
H(C%, {(Row))=0fori>0and H(C*,) = H YC}, (Ro)) =0 for
¢ > 1. And short exact sequences associated to the filtration C*; C C§ C Cj,
implies that it suffices to prove H!(Cg) = 0.

For a simplex 0 = [0 < i < ... < j] and morphisms «; : 0 — [0 < 7] and
a; 0 — [0 <j]in dn, set ¢, = R.(a;)R*(cv).

For a fixed i, define a map ®; : R([0 < i]) — R([0]) by

= Y (=DFI'R(d])¢, where d]:[0< j] — [0],

o=[0<i<...<j]

where |o| denotes the dimension of the simplex ¢. Combining these maps for
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all 1 <i <n define @ : [[}", R([0 < ]) — R([0]) by

b = zn: q)iﬂ'i,
=1

where m; denotes the natural projection [, R([0 < ]) — R([0 < i]) to the
it" factor.

We need to show that if U is in the kernel of §', then 6°®(U) = U or
equivalently R*(d})®(U) = m;(U) for all 1 < i < n. Fix k, and compute the

composition

R = Y Y ()RR (),

i=1 o=[0<i<...<j]

= mtd (Y CVTREHR(E)

i=1 \o|kco£0<k]

+ ) ()R (A Ru(d) s

olk¢o

in the second line first use the identity R*(d¥)R.(d})do<x = 7). then separate
the summation into two parts such that it runs over the simplices which
contain {k} and do not contain {k}. Suppose that 0 = [0 < i < ... < j] does
not contain {k} and & denote the simplex obtained from o by adjoining {k}.

There are three possibilities for @

O<i<..<k<..<j] iti<k<y,
0D<i<..<j<k if j <k,
0<k<i<..<j] if k <.

S|
Il

The corresponding terms of the first two cases cancel out when o and & are
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paired off in the summation, since the following diagram commutes

R@) +«— R(0<d) % R)

l R*(%’)l
R0 < K) &9 Raop &Y R(o < )

and the corresponding terms become equal with opposite signs. So the equa-

tion simplifies to

R(dH® = m+ Y (D)IHR(A)RAd) b — R (dF)Ro(d])daro)

o=[0<k<i<...<j]

where the sum runs over the simplices starting with {0 < k}. The maps
O'i>[0<k‘<i],0'£>[0<k’] and also the two face maps [0<i]<d—1[0<k:<

q A [0 < k] in our indexing category dn give a commutative diagram

R(0<i) 9% Rio<k<i) 9 R(0)

1 o

R(do) —— R(0<j]) DR pio < k),

Hence we can write

R(dN® = m+ > (D) ITR.@)R0) (R (d2) — B (dy)).

o=[0<k<i<...<j]

Now suppose that U is in the kernel of §' : C§ — C2, the summation above
vanishes since (R*(dy) — R*(dy)) (U) = 0. Therefore R*(d¥)®(U) = m(U),
which implies that H'(Cg) = 0. O
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3.1.1 Higher limits of the representation ring functor

Let G be a finite group and p be a prime dividing its order. Let My, ..., M,
denote the maximal abelian p-subgroups of GG. Consider the contravariant
functor R : dn — Ab defined by o — R(M,) where M, = N;c,M; and R(H)
is the Grothendieck ring of complex representations of H. Note that Q ® R
is a pre-Mackey functor: If o : 0 = o' set A = Nie,M; and B = Njcer M;
then (Q ® R*(«),Q ® R.(«)) = (resp,a, |B—%A|indA73). Hence Theorem 3.1.7

implies the following.

Corollary 3.1.8. If R : dn — Ab defined as above then lim’ Q ® R* = 0
—

for s > 0.

Proof. We give an alternative proof which is specific to the representation
ring functor. Let U : Grp — Set denote the forgetful functor which sends a
group to the underlying set. The isomorphism C® R(M,) = Homget(M,,C) =
H°(U(M,); C)) induces an isomorphism ligls C®R(M,) = ligls H(U(M,);C).

Note that U(M,) is a finite set of points. Consider the space hO%olim U(M,)

and the associated cohomology spectral sequence

Eyt =1lim®* H'(U(M,);C) = HSH(ho%ohm U(M,);C).
— n
dn
Now, the diagram dn — Top defined by o +— U(M,) is free (Appendix), con-
sists of inclusions of finite sets. Therefore the natural map ho%olirn U(M,) —
co(}im U(M,)=U(G) is a homotopy equivalence, note that the latter is a fi-

[

nite set. The spectral sequence collapses at Ey-page and gives lim* H°(U(M,); C) =
—
H*(hocolim U(M,); C) which vanishes for s > 0. O

dn
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3.2 K-theory of B(2,G)

In this section, we assume that G is a finite group. We study the complex

K-theory of B(q,G) when ¢ = 2. Theorem 1.2.6 gives a decomposition

K*(B(2,G)) = P K*(B(2,G),),

plGl

of the reduced K-theory of B(2,G). For each such prime p recall the fi-
bration hocolim G/P — B(q,G), — BG from §1.2. Furthermore, the Borel

N(q,G)p
construction commutes with homotopy colimits and gives a weak equivalence

B(q, @), ~ (hocolim G/P) xg EG.
(4.G)y = (hgeolin G/P) g
There is the Atiyah-Segal completion theorem [4] which relates the equivari-

ant K-theory of a G-space X to the complex K-theory of its Borel construc-
tion X xg EG.

Equivariant K-theory

Complex equivariant K-theory is a Z/2-graded cohomology theory defined
for compact spaces using G-equivariant complex vector bundles [24]. Recall

that
R(H) ifn=0,

Ke(G/H) = { 0 iftn=1

where H C G and recall that R(H) denotes the Grothendieck ring of complex
representations of H. Note that in particular, K(pt) & R(G) and K}(X)
is an R(G)-module via the natural map X — pt.

Let X be a compact G-space and I(G) denote the kernel of the augmen-
tation map R(G) = Z. The Atiyah-Segal completion theorem [4] states that
K*(X x¢ EG) is the completion of K(X) at the augmentation ideal I(G).
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In particular, taking X to be a point this theorem implies that

R(G) n=0,

K"(BG) = {
The completion R(G)" can be described using the restriction maps to a Sylow
p-subgroup for each p dividing the order of the group G. Let I,(G) denote
the quotient of I(G) by the kernel of the restriction map I(G) — I(G(y)) to

a Sylow p-subgroup. There are isomorphisms of abelian groups

Z® By q Ly @ I(G) n =0,

K (BG) = { 0 n=1

see [21]. Note that if G is a nilpotent group, equivalently G = Hp| | G
the restriction map I(G) — I(G(p)) is surjective and

K°(BG) = 1(G)" = P 7, ® I(G). (3.3)

pl |G|

We also use the fact that the completion of R(H) with respect to I(H) is
isomorphic to the completion with respect to I(G) as an R(G)-module via
the restriction map R(G) — R(H).

3.2.1 K-theory of B(2,G),

The Es-page of the equivariant version of the Bousfield-Kan spectral sequence

[20] for the equivariant K-theory of hj\o/g:o(l;i)m G/P is given by
q, P

lim* R(P) iftis even,
Ey' = lim® K4L(G/P) = { ~xaoy (3.4)
N@Gp 0 if ¢ is odd,
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and the spectral sequence converges to K, g(hogzocl;i)m G/ P) whose completion
9,&)p

is K* (hA(;(coCl;i)m BP). We will split off the trivial part of 5" and consider
4.&)p

E3' = lim* I(P) for t even.
N(;,_G)p

Note that the splitting R(P) = Z @ I(P) gives lim* R(P) = lim*® I(P)
N @ Gp N@Gp
for s > 0 since the nerve of N (g, G), is contractible. The following result

describes the terms of this spectral sequence for the case ¢ = 2.

Lemma 3.2.1. Let R : N(2,G), — Ab be the representation ring functor
defined by P — R(P) then lim® R are torsion groups for s > 0. Furthermore,
—

lim’* R = Z™*! where n, is the number of (non-identity) elements of order
+“—

a power of p in G.

Proof. Let M; for 0 < i < n denote the maximal abelian p-subgroups of G.
Define a functor g : dn — N (2,G), by sending a simplex [ip < i1 < ... < ]
to the intersection ﬂl?zo M;.. Then g has a left adjoint, namely the functor
¥ J

P—N m:pear, Mi sending an abelian p-subgroup to the intersection of max-
imal abelian p-subgroups containing it. By Proposition 3.1.3 we can replace
the indexing category N(2,G), by dn and calculate the higher limits over
the category dn. Then the first part of the theorem follows from Corollary
3.1.8.

For the second part note that lim® R = lim R is a submodule of a free
— —

Z-module, hence it is free. Then it suffices to calculate its rank. Tensoring

with C gives an isomorphism

C® lim’ R(P) = Homget(Up2,a), P C).

e
N(2,G)p

Recall that NV (2, G), is the collection of abelian p-subgroups of G. The result
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follows from the identity | Up2,a), P| = n, + 1 where n, is the number of

(non-identity) elements of order a power of p in G. [

Theorem 3.2.2. There is an isomorphism

QO D, Q" ifi=0,

Q@Ki(B(QaG))g{ 0 ifi=1

where n, is the number of (non-identity) elements of order a power of p in

G.

Proof. By the decomposition in Theorem 1.2.6 we work at a fixed prime p
dividing the order of G. Then K*(B(2,G),) is isomorphic to the completion

of K@(hj\?&o(l;i)m G/P) at the augmentation ideal I(G) by the Atiyah-Segal

completion theorem. Since R(G) is a Noetherian ring the completion —®p(q)
R(G)" is exact on finitely generated R(G)-modules, hence commutes with

taking homology. Moreover, (3.3) gives
R(P) ®pre) R(G)" = R(P)" 2 Z ® I(P) ® Z,.
This isomorphism induces
B @) [(G)" 2 E¥' ®,Z, forr>2,
which gives an isomorphism between the abutments. For ¢ even and s > 0,

E‘;’t are torsion by Lemma 3.2.1. After tensoring with Q, the spectral se-

Y

quence collapses onto the vertical axis at the Ey-page and Q@ K°(B(2, G),) =
Q ® Z,* whereas Q ® K*(B(2,G),) vanishes. O
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Chapter 4

Examples

4.1 Homotopy type of B(2,G)

Extraspecial p-groups S are key examples we considered in the previous
sections, and they turn out to be useful in determining torsion in the kernel
of ¢ : G(2) — G for other classes of groups. We start with a discussion of
some properties of B(2, &) for the extraspecial p-groups of rank 4, and then
we discuss torsion in 7°(2) for symmetric groups and general linear groups.
We want to determine the universal cover B@Eg) of B(2,572), which is
homotopy equivalent to the universal cover Y of F(2, Sg). Recall that there
is an extension Z/p<1S; — V = (Z/p)*. As we know from the description of
the poset Z(b) of isotropic subspaces of V' the maximal ones has dimension
2. Cohomology groups of the universal cover Y can be calculated from the

chain complex

I ziveyw.)— [ zv /Wlﬁﬂz b)/Wo]  (4.1)

Wo+Wi+Wo Wo+—W1

where W; € Z(b) are of dimension 0 < i < 2. The space Y is a simply

connected 2-dimensional complex, in particular its cohomology is torsion

49



free. Therefore there is an isomorphism

d
m(B(2,52)) \/S2 ) for i > 1 for some d > 0.

The dimension d can be computed from the Euler characteristic, for example

in the case of p = 2 we have

B(2,82)) = —|{0cW,cCW. W, C W. W
W(BES) = SH0CWe CWa = S0 ({10, C W+ i)
64 64 64 64 64 64
= s (L5 2 s+ D542
45 (4 5+230)+(8 54 5+2>
— 152,

therefore d = 151. In 4.1 the group V(b) = (Z/2)° has order 64/2 (§2.3.1),
and the number of flags can be counted inductively. See [26] for a counting
of the number of flags in the symplectic space 2H = ((Z/2)%, b).

Next we give some class of groups which satisfy the conclusion of Theorem
2.4.5, and therefore contain torsion in the kernel of the natural map v :
G(2) — G. We refer the reader to the relevant sections in [2] for the group

theoretic facts used below.

1. The general linear group GL,(F,), n > 4, over the finite field F, of
characteristic p has a symplectic sequence given by the elementary ma-

trices

{91 = FEi12,90 = F13,93 = Fap, s = E3n}

where E;; has 1’s on the diagonal and in the (i, j)-slot. It follows eas-
ily from the commutation relations of elementary matrices that this
sequnce satisfies the required commutation relations of a symplectic
sequence. The commutator Ey, = [g1, g3] has order ¢, hence by Theo-
rem 2.4.5 the kernel of GL,(F,)(2) — GL,(F,) has a torsion element
of order p.
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2. Next we consider the n—fold wreath product Wy,(n) = Z/pt---1Z/p
~— ———

for n > 3. Regarding linear transformations of an n dimensionauiZ vector
space V over I, as the permutations of a set of cardinality p" gives an
inclusion

t: GL,(p) = Zpn.

Consider the case of n = 4, and the images of the elements in {g;}}_,
under this embedding. The elements in V' fixed by all g; for 1 < <4
is given by the subspace {(z,0,0,0)| z € F,} whose cardinality is p.
Hence the images land inside the symmetric group ¥,:_, C ¥4 under
the inclusion . The p-Sylow subgroup S = []7 (W,(3) x W,(2) x
Wy (1)) of ¥4, contains the image of the symplectic sequence. There-
fore there is a p torsion in the kernel of ¥g : S(2) — S. Note that the
isomorphism (G x H)(2) = G(2) x H(2) for the product of any given two
groups GG and H induces an isomorphism ker ¢g. g = ker g X ker ¢g.
Since S is a product of wreath products, the kernel ker ¢y, (3) which
corresponds to the largest wreath product contains a p torsion. This
torsion element comes from the symplectic sequence {m(g;)}i, where

7S — W,(3) is the natural projection.

3. Sylow p-subgroups of the symmetric group ¥,, on n letters is described
by the p-adic expansion of n. For example Syl (¥,) is the k-fold
wreath product *Z/p. The previous example implies that ¥, with
n = 221 a;p" where 0 < a; < p — 1 contains a p torsion in ker vy,

when m > 3. This is a consequence of the inclusion ™Z/p C 3,,.

One can say the same thing for the alternating group A,. For an odd
prime p both have the same Sylow subgroups Syl,(A,) = Syl,(X,), and
the case p = 2 can be settled by the isomorphism GL4(FFy) = As.
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4.2 K—theory

We consider the class of groups called TC—groups, these groups are studied
in [1]. A group G is called a transitively commutative group (TC-group) if
commutation is a transitive relation for non-central elements that is [z, y] =
1 = [y, 2] implies [z, z] =1 for all z,y,z € G — Z(G). Any pair of maximal
abelian subgroups of G intersect at the center Z(G).

We want to discuss the complex K-theory of B(2,G) for this class of
groups. Let My, ---, M} denote the set of maximal abelian subgroups of G.
Higher limits of the representation ring functor R : M'(2,G) — Ab fit into

an exact sequence

0 — lim° R = R(Z(G)) & @ R(M)) 5 P R(2(G)) — lim' R =0

i=1 =1

where 0(z,m1,...,mi) = (2 — resy, z(@)M1, ..., 2 — TS, z(c)Mk). The map
0 is surjective since the restriction maps R(M;) — R(Z(G)) are surjective.

Therefore no higher limit occurs, i.e. lim' R = 0. The same conclusion holds
+—

for the restriction of the functor R to N (2,G), C N(2,G). Therefore the

spectral sequence in (3.4) collapses at the Es-page and after completion

K(B(2,6)) = { 0 ifi=1.

For extraspecial p—groups of rank 2r > 4, non-vanishing higher limits of
the representation ring functor occur in the Bousfield-Kan spectral sequence.
In the case of S a calculation in GAP [15] shows that

Z32 7 = O,
ligi RS (7)2)?° i=1,
N(2,53) 0 otherwise.
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Therefore the spectral sequence in (3.4) collapses at the Fy-page and after
completion
Z®73 ifi=0,

Ki(B(Q,ng)) = { (Z/2)9 ifi=1.

At the prime p = 3 on the other hand one has

Z®722 ifi=0,

K'(B(2,53)) = { (Z/)VT if i = 1.

Note that the K-theory computation also confirms that B (Sg, 2), for p =2
and 3, is not homotopy equivalent to B(S2), as the latter has K'(B(S2)) = 0

as a consequence of the Atiyah-Segal completion theorem.
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Appendix

We review some definitions about simplicial sets especially homotopy colim-
its. We refer the reader to [16] and [11].

The category of simplicial sets S and the category of topological spaces
Top are closely related. Given T a topological space there is a functor
Top — S called the singular set defined by

Sing(T") : n+— Homrep(|A"|,T)

where |A"| is the topological standard n-simplex. Conversely a simplicial set
X gives rise to a topological space via the geometric realization functor given

by the difference cokernel
1X| = liin{ [T x. x1am =[] X. x |A”|}
0:m—n n
where (z,p) — (z,0.(p)) and (x,p) — (0*(x), p), see [28]. There is an adjoint
relation between these two functors

.| : S & Top : Sing.

Note that |.| preserves all colimits in S since it has a right adjoint.
Let I be a small category, and i € I an object, the under category I\ i is
the category whose objects are the maps ¢ — 79 and morphisms from i — iy

to ¢ — i; are commutative diagrams

1 ——=> 1

N

0.

Let F': I — Top be a functor. The homotopy colimit of F' is the topological
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space described as a difference cokernel

hocolim F' = lim B(I\i) x F(j) = B(I\i) x F(i
ﬁ\{f:]j_ln‘(\) (4) ]7[(\) ()}
where (b,y) — (B(f)(b),y) and (b,y) — (b, f(y)), see [28]. If one wants to
work in the category of simplicial sets, given F' : I — S one can use the
simplicial set B,(I\ 7) instead.

From the definition we see that there is a natural map to the ordinary
colimit

hocolim F' — colim F

obtained by collapsing the nerves B(I \ i) — pt. This map is not usually
a weak equivalence. In general, it is a weak equivalence if the diagram F' :
I — S is a free diagram ([14, Appendix HC]). A diagram of sets I — Set
is free if it is of the form [[, F* for a collection of subobjects of I where
each diagram F* : I — Set is defined by F*(j) = Homy(4,5). A diagram of
simplicial sets is free if in each dimension it gives a free diagram of sets. More
precisely, a diagram F': T — S is free if there exists a sequence {S°, S*,---}
of diagrams S™ : I° — Set such that S™(i) C F(i),, s'(S™(i)) C S"*1(i)
for each degeneracy map s’, and for ¢ € F(i), there exists a morphism
v:j — iinTand 7 € S*(j) such that F(y)(r) = o ([18, 14.8.4]). The
morphism ~ and the n-simplex 7 are supposed to be unique. Here I° denotes
the discrete category which consists of the same objects as I and only the
identity as morphisms. In particular, a poset of simplicial sets which is
closed under taking subsets and partially ordered by inclusion gives a free
diagram of simplicial sets. Let F' : I — S be such a diagram. In this case set
S™(1) = F(i)n —Usyij<i F'(7)(F(j)n). Then given o € F(i),, choose j such that
F(j3) = Noerw), F'(k), such a j exists since we assume the diagram is closed
under intersections. The unique morphism ~ : j — ¢ gives F(vy)(1) = 7.

Throughout the thesis we use diagrams indexed by a collection of groups
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closed under intersections, and after applying the classifying space functor
this gives a diagram of simplicial sets closed under intersection. Hence those
kind of diagrams are free.

A standard example of a homotopy colimit is the Borel construction. Let

X be a G-space and consider G the category associated to the group then
hocolim F' ~ X xqs EG

where F' : G — Top sends the single object to X. The most important
property of homotopy colimits is that a natural transformation F' — F’ of
functors such that F(i) — F'(i) is a weak equivalence for all 7 € I induces a
weak equivalence

hocolim F — hocolim F”.

Another useful property we use in the thesis is the commutativity of homo-
topy colimits. We refer the reader to [28] for further properties of homotopy

colimits.
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