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Abstract
In this thesis, we investigate the use of biosensor arrays for detection of molecular species in
dynamical fluid systems. First, we construct dynamical models for the transport of target
molecules in a fluid over an array of surface-based biosensors. Using multiple time and
length scales in the system dynamics, we develop a novel approximate model for the system.
The derived model is an extension of the two-compartment model, which is used in the
analysis of mass-transfer binding experiments. Then, we investigate how measurements of
multiple biosensors can improve the estimation of target molecule concentration in a mass
transfer system. The estimation problem is solved as a nonlinear least squares problem
based on the derived model. The properties of the finite-sample estimator is investigated
by deriving analytic expressions and Monte Carlo simulations. As an example, the results
are illustrated for a protein-based biosensor. Second, we address the problem of detecting
minute concentrations (nano to pico-molar) of target molecules with a single sensor. It is
shown that substantial improvements in the response rate can be obtained by distributing
the sensing surface area to form an array of spaced smaller sensors while the total sensing
area remains fixed. The output signals of the individual sensors in the array are combined
to form a single output signal for measurements. Formulas are derived for quantifying
the improvement of the array response and for optimizing the size of the sensors. The
analytical results are compared with experimental data for a protein-based biosensor and
a surface plasmon resonance biosensor. Finally, we construct a mathematical proof for the
accuracy of the two-compartment model, which is the basis of most of our analyses.
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Chapter 1
Introduction
Biosensors are analytical devices that incorporate a biologically derived material or biomimetic
component to interact with the chemical constituent under study. Detection of target
molecules with a biosensor involves a biochemical mechanism, which is transformed into a
measurable signal. The measured signal is then processed to infer the value of an unknown
quantity such as the target molecule concentration. Biosensors have a wide range of applications in medical and clinical diagnosis, environmental monitoring, and water treatment
facilities for detection of target molecules [5, 6, 7]. A common example of a commercial
biosensor is the blood glucose biosensor [8], which uses an enzyme to break down blood
glucose. In this thesis, we deal with surface-based biosensors. A surface-based sensor is
one in which target molecules in solution are captured at a two dimensional surface arising
from collision and binding between the target molecules in solution and receptors coated
on the surface.
There is a recent trend to miniaturize the biological sensing systems. The parallelism
made through such miniaturization is of great interest. Scaling enables integration of more
components and detection sites on the same platform, which increases the throughput of
the analysis [9]. Biosensor arrays have been fabricated using silicon nitride, silicon carbide,
and glass substrates [5]. The assembly and measurement of biosensors are supported by
a top microfluidic layer that could take a variety of forms including fluidic channels or
fluidic reservoirs that are filled and emptied by a robotic fluid delivery system. Integration of biosensor interfaces, on-chip electrodes and packaging structures can revolutionize
1
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high throughput drug screening [10] and simultaneous measurement of multiple target concentrations in clinical diagnosis and environmental monitoring [5, 11, 12]. Simultaneous
measurement of target molecule concentration also permits onboard calibration to correct
for systematic variations that can occur across the array and to correct for electrode-toelectrode variation between different sensors. One consequence of using a biosensor array
to measure the target species concentration rather than a single biosensor of comparable
area is the improvement in the quality of estimating the response rate [5].
Biosensors can be used for characterization or estimation of any unknown parameter
corresponding to the location, emission rate, concentration, or temporal properties of a
molecular source.
There are two main approaches for studying the motion and spreading of particles in a
fluid; The macroscopic approach is based on the assumption that the fluid can be treated as
a continuum. In order that a fluid can be modeled as a continuum, all of its kinematic and
transport properties should be continuous. Based on an approximate analysis for liquids,
the length scale at which a continuous behaviour is expected is about 10 nm [13]. When
the target molecules in a continuous fluid are closely packed relative to the length scale of
the flow, rather than treating and tracking individual target molecules, one can describe
collections of individual target molecules statistically. This approach yields a concentration
field that represents an ensemble average of the stochastic behaviour of individual target
molecules. This ensemble average is produced by concentrated solutions. In order to have
concentration as a continuous point quantity, the number of target molecules in the experimental window should be large enough to get reasonably stationary statistics [13]. In this
case, the concentration field evolves with time and space according to a partial differential
equation (PDE) which follows the continuity equation in physics [14]. In a continuum approach, the biochemical interactions between fluid and the biosensor can be described by

2
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differential equations which are determined by reaction rate theory. Continuity assumption is reasonable even at microscopic length scales, when there are many thousands of
molecules within the length scale of interest. Continuum approach in liquid flows is the
scope of this work where the number of fluid molecules, target molecules, and biosensor
molecules are orders of magnitude larger than one thousand in the experimental window.
When the continuum assumption fail, for example, when the length scale is much smaller
than 10nm in liquid flows, a molecular approach accounts for the dynamics of the flow and
biosensors. One of the main molecular fluid techniques which is used primarily for liquid
flows is molecular dynamics (MD). The MD technique is a straightforward application of
Newton’s second law, in which the product of mass and acceleration of each molecule is
equated to the forces on the molecule that are computed according to a model, quite often
the Lennard-Jones model [13]. The technique begins with a collection of molecules distributed in space with random velocities with Boltzmann distribution. The intermolecular
forces at each time step are computed and used to evolve the particles forward in time [15].
Theoretically, MD can be be used for all molecular systems including continuous systems.
However, the MD technique is highly computationally intensive. The Newton’s second
law and the Lennard-Jones forces should be computed excessively to evolve the molecules
through time. In a continuum fluid, there are billions of molecules, which can take the MD
technique years to solve the system. In this thesis, we take a macroscopic approach to the
transport of target molecules over biosensors.
Identification of an unknown parameter in a mass-transport and dispersal model involves solving an estimation problem in an infinite dimensional dynamical system, also
known as distributed parameter system, which is governed by either a deterministic or
stochastic differential equation. Here, we focus on the deterministic transport models where
a deterministic PDE describes the dynamics of the concentration field as the average be-

3
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haviour of molecules in a variety of transport phenomena. There are many theoretical and
numerical challenges in solving parameter estimation problems in distributed parameter
systems, which will be described later in this chapter.
This work is focused on analyis and modeling of biosensor arrays. Dynamical models are developed for analysis of biosensor arrays in advection-diffusion systems. We use
our developed models for two main purposes; estimating molecular concentration in a
mass-transport system and enhancing molecular detection by improving the geometry of
biosensors. We shortly refer to ”target molecule” by the term ”analyte”, which is used in
clinical chemistry and refers to the substance that is the subject of an analytical procedure.
The recognition event on a biosensor is based on surface capture, which is governed by both
chemical reactions on the surface and transport of analytes by advection and diffusion. We
illustrate our results in this thesis for two real life biosensors, a protein-based biosensor
and a surface plasmon biosensor, whose structures and operations are described in this
chapter.
In the next section, we describe the general concepts and underlying challenges towards
solving parameter estimation problems in distributed parameter systems. In Section 1.2,
we review current literature on estimation problems in mass-transport systems and explain
our directions in this work. Section 1.3 explains the physics of the flow of analytes on a
reactive biosensor. In order to describe the dynamics of the biosensors and the analyte
concentration in a mass-transport system, we need to investigate different binding kinetic
conditions on a biosensor surface as a result of interplay between mass-transport and
reactions. Section 1.4 outlines the structure and operation of the biosensors for which our
results in this thesis are illustrated. We then outline our contributions in this work in
Section 1.5.

4
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1.1

Estimation in Distributed Parameter Systems:
Basic Concepts

In this section, the problem of parameter estimation in distributed parameter systems
(infinite dimensional dynamical systems) is described. The mathematical literature on
parameter estimation can be divided into theoretical and numerical work. The predominant
part of the theoretical work is devoted to developing concepts of uniqueness of solutions
[16] and continuous dependence of the identified parameter on the observed data. These
concepts are regarded as parameter identifiability and stability in the literature, which will
be briefly explained in this section. The numerical works are concerned with developing
efficient algorithms to solve the estimation problem.
In the following, a general parameter identification problem in a distributed parameter
system is formulated. An expression of the form
L(D k u(x, t), D k−1u(x, t), . . . , Du(x, t), u(x, t), x, q) = 0,

(1.1)

for x ∈ Ω ⊂ Rn can represent a general form of a k-th order PDE with the required
boundary condition, where L is a vector function and
D k u(x, t) =

(

k

∂ u(x, t)
. . . ∂ αn xn

∂ α0 t∂ α1 x1 ∂ α2 x2

n
X
i=0

αi = k

)

.

Here q is the set of parameters in the model, which are fully or partially unknown. The state
space model of the form (1.1) describes the dynamics of a physical, biological, etc., process
Γ and is obtained by a priori knowledge of the process. We introduce the observation
operator C which maps the state trajectory u(x, t) to the observation space M. We can
formulate an idealized identification problem, in order to identify the parameter q in the
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model, as finding a parameter q ∗ such that

m = Cu(x, t; q ∗),

(1.2)

where m is the measurement of the process Γ. An idealized identification problem has
an unrealistic nature because, first, model equations such as (1.1) only approximately
describe the process Γ of interest and secondly m 6= Cu due to measurement errors.
Considering these circumstances in addition to the fact that we cannot expect to solve
(1.2) explicitly even in an error free model, turns our attention to an estimation problem,
where we consider parameter estimation problems as optimization problems. We consider
the problem of minimizing an error criterion J(u(·, ·; q), m, q) subject to u satisfying the
dynamics specified in (1.1). There are two types of error criteria: The equation error
criterion and the output error criterion. The equation error criterion is only applicable
when the entire state can be observed, i.e. where C = I. Given the state model (1.1), the
equation error criterion is given by

Jeq (m, q) =

Z

0

τ

Z

Ω



L(D k m(x, t), D k−1m(x, t), . . . , Dm(x, t), m(x, t), x, q)

2

dxdt.

An advantage of the equation error criterion is that it is essentially quadratic in the parameters if L is linear in q. However, it can be rarely used in practice since it requires
observation of the entire space. The output error criterion is given by
Jout (u, m, q) = |Cu(·, ·; q) − m|2M ,

(1.3)

which is minimized subject to u satisfying the PDE model (1.1) to obtain q ∗ . The output
error criterion can be used in a wide scope even if only a minimal data set is available. The
estimation problem is generally ill-posed as it can be the case where there is no solution
6
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q ∗ or one may have multiple solutions for q ∗ [17]. Even if a unique q ∗ satisfying (1.2)
exists, this q ∗ might not depend continuously on the observations m. Since there are
inherent errors in the observation process, the absence of continuous dependence is quite
undesirable from a practical point of view. The above mathematical aspects of parameter
estimation problems are investigated in theory under the title of parameter identifiability.
There are slight variations in different notions of identifiability [17], although parameter
identifiability can be loosely defined as the injectivity of the map from the parameter set
to the observation space. Consider the parameter to output mapping

Φ : Q −→ M,
with Φ(q) = Cu(q), where C is the observation map described in 1.2. Due to the model
and measurement errors, the actual observation m does not lie in the output space M. For
determination of the best parameter q ∗ , we use the output least squares method where the
output error criterion is minimized;
q ∗ = arg min |Φ(q) − m|2M .
q∈Q

Here, the output least squares method can be divided into two steps; first, finding a
projection mpr of the actual observation m onto the space M, and secondly finding a
preimage q ∗ of mpr in Q such that Φ(q ∗ ) = mpr . For the parameter q to be identifiable,
it is required to have the uniqueness of the projection of m onto M as well as injectivity
of Φ at q ∗ , i.e. Φ(q) = Φ(q ∗ ) for some q ∈ Q implies q = q ∗ . Parameter identifiability
has been widely investigated in literature, where sufficient identifiability conditions are
established for various classes of partial differential equations on bounded and unbounded
spatial domains (see [18, 19, 20]).
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If the unknown parameter in the formalized estimation problem does not depend continuously on the observation data, small perturbations in the data can lead to large deviations
in the solution leading to instability of the solution. Solving such problems requires special
numerical methods called the regularization methods. Tikhonov regularization, also known
as ridge regression in statistics, is the most commonly used method of regularization of
ill-posed problems. In this method, a regularization term is added to the output error
criterion (1.3) to make the solution stable (For details see [21, 22]).
There are two main approaches to solving parameter estimation problems. Most commonly, a discrete state-space model is used as a result of space discretization of the PDE
model. The most common discretization methods include the finite-difference method
[23], the finite-element method, modal analysis [24], spline approximations [17] and spectral methods [25]. Dealing with a large order of the state-space system in contrast to a
small number of measured states is a disadvantage of these approaches [26]. In the rare
cases where the PDE model is analytically tractable, methods with continuous models use
analytical solutions to solve the estimation problem.

1.2

Estimation of Molecular Concentration in
Advection-Diffusion Systems

In this section, we describe the challenges that exist in solving an estimation problem
in mass-transport system using multiple biosensors. We compare our work with current
literature on estimation and molecular source identification problems in mass-transport
systems.
The physical process of the flow of target molecules is described by an advectiondiffusion equation [27]. We avoid turbulence and consider only molecular diffusion in our
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model because the Reynolds number is small and viscous forces are dominant.
Using our developed dynamical models, we investigate estimation of target molecule
concentration in a fluid flow using an array of surface-based biosensors. This is a highly
challenging array signal processing problem due to three non-standard features:
Firstly, measurements can affect the system state through boundary conditions. This
is unusual since in most statistical inference problems, observation does not change the
system state. Each sensor can affect the measurement of other sensors by grabbing the
target molecules.
Secondly, the PDE system is analytically intractable and a discrete state-space model
should be used to solve the estimation problem numerically. Conventional discretization
methods lead to high-dimensional nonlinear models, which should be solved in several
iterations.
Thirdly, the large order of the state-space system in contrast to the small number of
measured states can lead to an unidentifiable parameter estimation problem.
Many environmental applications of fluid dynamical models involve state or parameter
estimation in an advection-diffusion PDE system (see [17, 28, 29, 30, 31]). Nehorai et al
[32]-[33] proposed several methods for localization of biochemical point sources, both static
and dynamic. In [32], the authors use a maximum likelihood method for localizing a chemical point source in two cases of infinite and closed environments. The solution of diffusion
equations with ordinary boundary conditions in both cases are analytically derived. In
the close environment, the solution is obtained by interpreting it as a superposition of the
actual source and an infinite number of mirror images. The detection problem is a binary
hypothesis testing, where the solution is obtained by a modified generalized ratio test. The
Cramer-Rao lower bound for the unbiased estimate of parameters is also derived. In [33],
a single moving sensor is examined for localization by exploiting spatial and temporal di-
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versity in an array of stationary sensors. Since the cases correspond to either conventional
boundary conditions or an infinite environment with no boundaries, the solution to the diffusion equation can be derived analytically resulting in low computational complexity and
forthright methods. Matthes et al [34] used an analytical solution to the advection-diffusion
equation in conjunction with a least-squares approach to estimate the source location. In
[35], Bayesian inference is applied to solve a chemical source determination problem, where
the posterior joint distribution of location, intensity, and temporal properties of a point
source is obtained by a Markov chain Monte Carlo method. The authors develop a dual
problem for the advection-diffusion equation using adjoint dispersion equations. The total
number of the dual problems that need to be solved is equal to the product of the number
of detectors by the number of samples. It apparently requires significantly less amount
of computations compared to resolving the main equation for every source term. In this
work, a advective flux is assumed on the boundary. Chow et al [36], Kosovic et al [37]
and Rapley et al [38] recognized that source reconstruction may be undertaken using a
combination of Bayesian inference and MCMC methods but did not implement adjoint
dispersion equations for quickly computing source receptor relationships. As a result, their
calculations were computationally intensive.
The above works directly use point-wise target molecule concentration values at the
sensor location as the measurements to solve the estimation problem. This implies that
sensors do not change the state of the system in the above systems whereas in this work,
biosensors affect the system state through their measurements by absorbing the target
molecules and imposing unconventional boundary conditions on the system. Therefore,
the biosensors measurements are not straightforwardly related to the target molecule concentration at the biosensor location. Measurements complicate the estimation problem
by affecting the target molecule concentration in the flow and by introducing new state
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variables to the system.

1.3

Diffusion, Advection and Reaction on
Surface-Based Biosensors

As well as estimating molecular concentration, the developed dynamical models in this work
are utilized for improving detection of low molecular concentrations. We investigate how
a biosensor array, compared to a single biosensor, can improve detection of low molecular
concentrations. We take a physical approach based on the analysis of advection-diffusion
models on surface-based biosensors to show how an array of multiple biosensors can enhance
target molecular detection. Next section provides the literature for understanding the
physics of mass-transport and reaction on a biosensor surface. This section describes
different binding kinetics and mass-transport conditions in the transport of molecules over a
reactive biosensor surface. In Section 1.3.1 different binding kinetic regimes are introduced,
which classify the operation region of the sensor based on the interactions of mass-transport
and reactions on the sensor. Section 1.3.2 explores the effect of different conditions of
advection and diffusion (mass-transport conditions) on the concentration flow profile and
the diffusion rate of target molecules on the sensor surface.

1.3.1

Mass-Transport and Reaction Interplay

We describe the effect of mass-transport (advection and diffusion) and reaction through a
paradigmatic model in Fig.1.1. The solution containing target molecules with concentration A∗ flows, with volumetric flow rate Q, through a channel of height h and width wc .
A biosensor of width ws is embedded in the channel floor. The biosensor length along the
flow direction is L. The binding site concentration on the biosensor is θ per unit area.
11
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Different binding kinetic regimes compare the effects of mass-transport and reaction
rate on binding kinetics. When the transport rate of analytes to the surface by advection
and diffusion is much slower than the intrinsic reaction rates on the surface, the analytes
binding rate is mass-transport limited. In this regime, once a molecule is transported to
the surface, it binds to the binding sites instantaneously. The binding kinetic regime is
determined by the dimensionless Damkohler number Da which is the ratio of the reactionrate limit to the transport (diffusive) limit on the analyte binding rate [1, 39]. In the
system of Fig.1.1, the Damkohler number Da is defined as

Da =

Lkon A∗ θws
,
Jd

(1.4)

where L is the length of the sensor, kon is the forward reaction rate, θ is the total binding
site concentration, and Jd is the initial diffusive flux, which will be computed later in
this chapter under different mass-transport conditions. When Da is sufficiently large,
the kinetics are mass-transport influenced and they become mass-transport limited when
Da >> 1. When Da << 1, the reactive flux is much smaller than the diffusive flux and
the binding kinetics are reaction-limited [39].

1.3.2

Mass-Transport Phase Diagram

The binding kinetics regime indicates the extent of mass-transport effect on the binding
rate of analytes by comparing the initial reactive flux and the diffusive flux Jd in (1.4).
The diffusive flux Jd is the rate at which mass-transport brings analytes to the biosensor
surface in Fig.1.1 and depends on the concentration profile in the flow chamber. In this
section, we will describe how the flux Jd is computed in the flow chamber of Fig.1.1. In the
model system of Fig.1.1, the fluid flow is laminar with a parabolic fully-developed velocity
profile v(z) defined by
12
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kon koff

Analytes

wc

ws
h

L

Figure 1.1: Solution with target molecule (analyte) concentration A∗ flows with volumetric
flow rate Q through a flow chamber of height h and width wc over a biosensor of length
L and width ws . The biosensor is functioning with θ receptors per unit area. The kinetic
rate constants for the first-order binding reaction are kon and kof f . The analyte diffusion
constant is γ. The dimensionless Damkohler and Péclet numbers are obtained by (1.4) and
(1.6).
6Q 
z
v(z) =
,
z 1−
wc h2
h

(1.5)

at the height z above the biosensor. Here, Q is the total volumetric flow rate in the flow
chamber. The concentration profile and the transport rate of analytes to the surface, in
a advective flow is determined by the values of the dimensionless Péclet number and the
dimensionless length of the biosensor defined as λ =

L
h

[1]. The Péclet number is defined

as the ratio of the time it takes the analyte to diffuse across the channel to the time it is
swept away the same distance by advection [1];

Pe H =

Q
,
γwc

(1.6)

where γ is the analyte diffusion constant, Q is the volumetric flow rate as described in
(1.5), and wc is the width of the flow chamber. Consider the biosensor as an infinite
sink, where analytes bind immediately upon encountering the biosensor surface. In other
words, the biosensor is operating in a transport-limited regime, where the Damkohler
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number is infinite. This causes formation of a depletion region above the biosensor, where
the analyte concentration on the biosensor surface remains zero. When the transport of
analytes in the flow chamber is purely diffusive, the depleted region grows infinitely with
√
the thickness δ = γt along the flow chamber [1]. When advection is added and the
flow velocity is too small, the depletion region still expands along the flow chamber, i.e.
δ >> h, until advection halts its growth when the diffusive flux Jd =

γA∗ wc h
δ

balances

the advective flux QA∗ . This equilibrium gives the thickness of the depletion region as
δ =

hwc γ
Q

=

h
PeH

. The initial assumption that the depletion region is extended along the

channel requires that δ >> h or equivalently PeH << 1. When the Péclet number is too
large PeH >> 1, the diffusion on the biosensor surface cannot keep up with the input
advective flux. The concentration profile changes and a thin boundary layer forms above
the biosensor. Figure 1.2 shows a phase diagram [1], where mass-transport conditions are
categorized into different regions based on the values of the Péclet number PeH and the
sensor dimensionless length λ. In each region, the thickness of the depletion regionand
the mass-transport limit on the analyte collection rate has a different formulation in terms
of λ and PeH . Region (i) in the diagram corresponds to the full collection regime, where
the analyte collection rate on the sensor is equal to the input advective flux. The focus
of this thesis is on region (ii) where PeH >> λ and PeH >> 1/λ2 . In this region, the
mass-transport limit Jd on the steady-state binding rate on the biosensor surface is equal
to [1, 40]

Jd = A∗ ws γF,

F ≈ 1.47Pe1/3
λ2/3 .
H

(1.7)

In the computation of (1.7), it is assumed that the biosensor has infinite capacity and
analyte instantaneously binds to the binding sites once it encounters the surface. This
implies that the analyte concentration on the surface remains zero during the experiment.
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Figure 1.2: A typical mass-transport phase diagram for the binding kinetics of a biosensor
[1]: Region (i) corresponds to full collection regimes, where the analyte binding rate on
the biosensor is equal to the input advective flux. In region (ii), the depletion region on
the biosensor surface is thin compared to both the height of the flow chamber and the
biosensor length. In this region, the mass-transport limited analyte binding rate, at the
steady state, is obtained by (1.7). The depletion region in region (iii) is much thinner
than the height of the flow chamber but comparable to the biosensor length itself. The
mass-transport limited analyte binding rate, in this region, is computed by Ackerberg et
al [2]. Region (iv) has not, to our knowledge, been studied thus far.

However, in practice the reaction rates are finite and the analyte concentration near the
biosensor surface increases with time resulting in slower analyte diffusion rate towards
the biosensor. The corresponding analysis relates directly to the two-compartment model
widely used in modeling a variety of binding experiments [41, 42, 43, 44], which is described
in the next chapter. When the binding kinetics are reaction-limited, the entire flow chamber
achieves equilibrium at the constant concentration A∗ very quickly and there is no depletion
region.
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1.4

Two Case-studies

In this section, the structure and operation of two types of biosensors, a protein-based
biosensor, namely the ion channel switch (ICS) biosensor and a surface plasmon resonance
biosensor are described. We use these biosensors to illustrate our results in practice.

1.4.1

Ion Channel Switch Biosensor

Ion channel switch (ICS) biosensor was originally developed by Cornell et al [3]. It is a
generic biosensor that can detect low molecular weight drugs, large proteins and microorganisms [5, 45] with concentrations as low as 1 pM [3, 46, 47].
Biological ion channels are water-filled sub-nanosized pores formed by protein molecules
in the membranes of all living cells [48, 49]. They play a crucial role in living organisms
by selectively regulating the flow of ions in and out of a cell thereby controlling the cell’s
electrical and biochemical activities. ICS biosensor is a surface-based biosensor, which
incorporates artificial ion channels built out of Gramicidin A peptides in a synthetic lipid
bilayer. The conductance of the ion channels is switched by the analyte recognition event.
The inner lipid layer is tethered to a gold substrate. The ion channels within this layer are
tethered whereas the ones in the outer layer diffuse freely. Applying a small alternative
potential between the gold substrate and a reference electrode in the test solution, as
shown in Figure 1.3, generates a charge at the gold surface. The flow of ions through a
channel occurs when a mobile channel in the outer layer aligns to a fixed channel in the
inner layer to form a conducting dimer. Therefore, the conductance of the biosensor is
proportional to the number of conducting dimers. The arrival of target molecule crosslinks antibodies attached to the mobile outer layer channels, to those attached to tethered
lipids. This anchors the channels distant, on average, from their inner layer partners as
shown in Figure 1.3. The expected number of dimers is thus decreased which results in
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the reduction of the conductance of the biosensor. Reduction in the electric current in
the external circuit indicates analyte recognition. The time variations of the biosensor
conductance can be recorded as the biosensor response. Fig.1.4 shows a clinical prototype
of ICS biosensor embedded in a digital impedance reader device.
The ICS biosensor provides an interesting example of engineering at the nano-scale.
It is significant that the functionality of the device depends on approximately 100 lipids,
and a single ion channel modulating the flow of billions of ions in a typical sensing event
of approximately 5 minutes. Since the gramicidin channels (each with conducting pore
of diameter 0.4 nm and length 2.8 nm) move randomly in the outer lipid leaflet of the
membrane (1.4 nm thick), we can view the biosensor as a fully functioning nano-machine
with moving parts . Indeed, each individual gramicidin channel diffuses randomly over
an area of order 1 µm2 . Furthermore, the 4 nm thick lipid bilayer is tethered 4 nm away
from the gold surface by hydrophylic spacers thereby allowing ions to diffuse between the
membrane and gold. This permits a flux in excess of 106 ions per second to traverse each
channel [5].
The fabrication of the ICS biosensor has several interesting properties that make it an
appealing case study. The ICS biosensor incorporates a self assembled monolayer providing
enhanced stability. The tethered bilayer permits two-dimensional diffusion of gramicidin
channels which provides a remarkable gating mechanism. Since gramicidin has a terminal
ethanolamine group which permits a range of chemistries, the biosensor may be prepared
for use with a wide range of receptors to detect many different analytes. The ICS sensing
mechanism does not require washing (unlike an ELISA assay), provides large transduction
amplification (millions of ions for every channel dimerization) and a high detection sensitivity since a single channel can diffuse and identify analyte molecules bound to many
capture sites [5].
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Figure 1.3: Example: Ion Channel Switch Biosensor [3]. When analyte binds to the
antibodies, the conducting dimer is split into non-conducting channels.

Figure 1.4: An Ion Channel Switch (ICS) biosenor embedded in an impedance meter device.

The resistance of the ICS biosensor, when no analyte is present, is approximately 60kΩ.
This can be reconciled with the 1011 Ω per channel resistance of gramicidin A as follows.
Since there are 108 gramicidin channels per cm2 , each electrode of area 0.03cm2 contains
approximately 3×106 channels with approximately half of them dimerized. So the effective
resistance of all the dimerized ion channels (which act as parallel resistors) is approximately
60kΩ. The measured current is the average effect of the formation and disassociation of
thousands of dimers and is approximately continuous-valued [45]. More details on the
construction and operation of this biosensor can be found in [5, 45].
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1.4.2

BIACORE: A Surface Plasmon Resonance Biosensor

Surface plasmon resonance (SPR) is a phenomenon that occurs during optical illumination of a metal surface and it can be harnessed for biomolecular interaction analysis [50].
It is best described as a charge density oscillation at the interface between two media
with oppositely charged dielectric constants. A surface plasmon can be excited by light
as demonstrated in Fig.1.5. Experimentally, resonance is achieved either by varying the
incident light wavelength at a fixed angle at or above the critical angle or alternatively by
varying the angle at a fixed wavelength [4]. At the surface plasmon resonance angle, the
photon energy and momentum of the incident optical field coincide with the charge density
wave along the metal-dielectric interface [51]. The photon energy is then transferred to
the charge density wave. This phenomenon can be observed as a concomitant decrease
or a sharp attenuation in the reflected light intensity as shown in Fig.1.5. Interaction of
contaminant material (e.g. bacterial cell or toxin) with specific antibody immobilised on
the surface results in a change in mass at the surface, which in turn causes a change in
refractive index. This correspondingly alters the resonance state and is recorded as a shift
in the angular position of the reflectance minimum (I to II, Fig.1.5) [4]. Surface plasmon
resonance occurs in the visible region in so-called free electron-like metals such as silver and
gold. Furthermore, the thickness of the metal film should be a fraction of the wavelength.
The pioneers of commercial SPR-based biosensing were Pharmacia BiosensorAB, now
BIAcoreAB, who launched in 1990 the original BIAcore system, the world’s first SPRbased analytical instrument for studying biomolecular interactions [4]. This was one of
the first commercial SPR biosensing devices widely used to investigate the kinetics of a
variety of molecular interactions [52, 53, 54]. Unlike ICS biosensor, where analyte binding
initiateS several chemical reactions on the surface, in the BIACORE system, a single
chemical reaction occurs between the analyte and the immobilized reactant on the sensor
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Figure 1.5: Diagrammatic illustration of the surface plasmon resonance principle [4]

chip. As mentioned, analyte detection is based on the SPR phenomenon, where a shift in
the angular position of the reflectance minimum is caused by the change in mass due to
analyte binding [55, 56].

1.5

Contributions and Results

This thesis is focused on modeling and analysis of surface-based biosensor arrays for detection of target molecules. We consider the applications where ”concentration” as a macroscopic variable can describe the dynamics of target molecules in the fluid. Current research
on modeling of biosensors is mainly focused on modeling and analysis of a single biosensor
[1, 41]. We develope a white box PDE model for the dynamics of a biosensor array. We
then develop an approximate model which is used for estimation of molecular concentration. The estimation problem is different from its relevant estimation problems in current
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literature since it considers measurement effects on the system. We also take a novel approach in discretizing the system for solving the estimation problem. The approximation
method is based on the two-compartment model used in the analysis of mass-transport
influenced binding experiments [1]. The approximate model yields an ODE system with
the number of states much less than that obtained by conventional discretization methods
mentioned in Section 1.2. We use a nonlinear least squares method for solving the problem. The variations of estimation bias and variance versus the number of biosensors are
investigated by deriving analytic expressions.
The Reynolds number is very small, on the order of 10−4 and viscous forces are much
stronger than inertial forces. Therefore, the flow is laminar and in the absence of turbulence, advection-diffusion equation governs the variations of target molecule concentration.
The diffusion constant for biomolecules in aqueous solutions ranges from 10−11 to 10−9 m2 /s
[57]. For flow rates in the order of µL/min and flow chamber dimensions less than few
millimetres, the Péclet number is large. Based on our case-studies, we consider the biosensors that are operating in region (ii) of the mass-transport phase diagram in Fig.1.2 which
spans a wide range of applications in binding experiments. We consider the most general
binding kinetics regime which is the mass-transport influenced regime.
After solving the estimation problem, we investigate distributed placement of sensing
surfaces for improving analyte detection by using an array of small biosensors instead of
a single biosensor of the same total sensing area. Then, the size of the biosensors in the
array is optimized using our approximate ODE model to achieve maximum response rate.
Our contributions in this thesis are organized as follows:
1. In Chapter 2, an advection-diffusion PDE model is constructed for modeling concentration variations of target molecules that flow past a linear array of biosensors.
To facilitate estimation of the target molecule concentration, a multi-compartment
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approximation method is developed to describe the dynamics of the problem by a
system of ODEs. The ICS biosensor, described in Section 1.4, is used as an actual
example to illustrate our results. The PDE and ODE models for this biosensor are
specified and solved numerically. We show how the PDE model and ODE approximations can satisfactorily model this novel biosensor.
2. In Chapter 3, We use the measurements of a biosensor array to estimate the injection analyte concentration in a flow chamber. In this configuration, biosensors are
implanted on separate substrates connected to different electrodes. The estimation
of analyte concentration is posed as a parameter estimation problem in the derived
ODE model of Chapter 2. The estimate is computed numerically for the ICS biosensor array via the nonlinear least squares method. The finite-sample variance and bias
of the estimator is approximated by deriving analytic expressions. The attainable
improvement in the estimate based on the number of biosensors is evaluated using
the results from the ODE model and the derived expressions. One of the main results
is that the measurements from N biosensors can yield a smaller estimation variance
compared to the estimate obtained by N independent measurements. The work in
Chapter 2 and Chapter 3 is published in [58, 59, 60].
3. Chapter 4 addresses the problem of detecting minute concentrations (nano to picomolar) of analyte in a fluid flow chamber using an array of surface-based sensors. It
is shown that in the mass-transport influenced case, when the Damkohler number
Da defined in (1.4) is not too small, substantial improvements in the response rate
can be obtained from an array of spaced small sensing surfaces relative to a single
large sensor. The measurements of individual sensors in the array are combined to
form a single output signal for measurement. Formulas are derived for quantifying the improvement in the detection performance. Also, the size of the sensors is
22

Chapter 1. Introduction
optimized to achieve the maximum detection response. The results of the model
are compared with experimental data obtained for the ICS biosensor and a surface
plasmon resonance biosensor. The work in this chapter is published in [61].
4. We construct a mathematical proof for the two-compartment model. The proof
provides an upper bound for the modeling error in the approximation of the immobilized species concentration. This approximation error is important because eventually
modeling the dynamics of these species is our goal in the analysis of the biosensor
response.

1.6

Thesis Organization

In Chapter 2, the PDE model for the dynamics of the flow of target molecules over an array
of biosensors is described. We then derive the multi-compartment ODE model for solving
the concentration estimation problem. To illustrate the accuracy of the derived model,
the PDE model and multi-compartment model are compared numerically for an array of
ICS biosensors. Using the derived model, the least squares estimate of the target molecule
concentration is obtained in Chapter 3. The properties of the finite-sample estimator is analyzed by deriving analytic expressions for the variance and bias of the estimate. Then, the
example of ICS biosensor array, given in Chapter 2, is used again to illustrate our estimation results. Based on the analysis of Section 1.3.1 and Section 1.3.2, a formula is derived
for characterizing the improvement of multiple biosensors compared to a single biosensor of
the same total sensing area in Chapter 4. Using the formula, the size of individual biosensors in the array is optimized to achieve maximum analyte collection rate. To validate our
predictions, numerical studies and experimental data are compared. The results for two
case-studies, an ICS biosensor and a surface plasmon resonance biosensor, are provided. In
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Chapter 5, a detailed mathematical model is constructed for the two-compartment model.
Finally, Chapter 6 contains discussions of the main results, conclusions, and proposals of
future research directions.
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Multi-Compartment ODE model:
Analysis
Current work on modeling and analysis of biosensors mainly focus on a single biosensor
whereas, in this thesis, we develop models to describe the dynamics of an array of biosensors. To our best knowledge, analysis of biosensor arrays in current literature is limited
to reaction-limited regimes where depletion regions are small and biosensor effects on concentration are negligible. However, our developed models in this work are not limited to
any kinetics regime and are applicable to both reaction limited and mass-transport limited
regimes. We first construct a PDE model to describe the system dynamics. Then, we
propose a method based on the two-compartment approximation [62] in order to convert
the PDE to a lumped-parameter system of ODEs. The two-compartment model is used in
modeling a variety of binding experiments, influenced by diffusion and mass transport, to
study and characterize the kinetic properties of biomolecular interactions in a single biosensor [42, 55]. By developing the existing two-compartment model, a new multi-compartment
model is derived to describe the dynamics of a linear array of multiple biosensors in a flow
chamber. In this model, the PDE model is approximated by a system of ordinary differential equations. We use the developed multi-compartment model for parameter estimation
in Chapter 3 and improving biosensor response rate in Chapter 4. Fig.2.1 presents the
main contributions of this chapter which are stated as follows:
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Figure 2.1: The physical dynamics is first described by a PDE model, which is converted to a
multi-compartment ODE model for further analysis.

1. An advection-diffusion PDE model is constructed to model the variations of the concentration of analytes that flow past a linear array of biosensors. This model is based
on a similar PDE model, which accurately describes the dynamics of a single biosensor [63]. To facilitate estimation of the analyte concentration, an approximation
method is developed to describe the dynamics of the problem by a system of ordinary differential equations (ODEs). The proposed multi-compartment ODE model
is derived by exploiting the multiple-scale behaviour of the system, together with the
divergence theorem.
2. The ICS biosensor is used as an actual example to illustrate our results. The PDE
model for this biosensor is specified and solved numerically using the Comsol multiphysics finite element analysis software. We show how the PDE model and ODE
approximations can satisfactorily model this novel biosensor.
The use of the multi-compartment model in the analysis of biosensor arrays has the
following advantages:
(a) The model provides an insight to the behaviour of the system, which is significantly useful for designing and optimizing the parameters.
(b) Not only is the multi-compartment ODE model an insightful model, but it
can also be used in estimating unknown quantities by converting the infinitedimensional system to a finite-dimensional one. In the conventional discretiza-
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tion techniques for solving estimation problems in PDEs such as the finitedifference method and the finite-element method, the number of derived ODEs
is larger compared to the derived multi-compartment model. In our given example in this chapter, the number of ODEs in the finite element solver is of the
order 1000. On the other hand, in the multi-compartment approximation, the
PDE equation inside the domain is converted to exactly N ODEs where N is
the number of biosensors. Still, it is shown in Section 2.3 that the model yields
an excellent approximation.
(c) More importantly, with the aid of this model, the variance and bias of the
estimator are evaluated. This model allows us to explain the variations of estimation variance with the number of biosensors. The variations of the estimation
bias can be explained using the derived analytic expression.
The organization of this chapter is as follows: In Section 2.1, the PDE model for the
flow of analytes over a biosensor array is described. The PDE model can be generally used
for any type of reactive surface other than biosensors. Then, the multi-compartment ODE
model is derived in Section 2.2. Section 2.3 presents the estimation results for an example
of ICS biosensors introduced in Chapter 1.

2.1

PDE Model for Analyte Flow Over a Biosensor
Array

The aim of this section is to estimate the analyte concentration in a flow system where the
dynamics are described by an advection-diffusion PDE model. Consider a flow chamber
with a rectangular cross section where analytes flow past multiple surface-based biosensors.
There are N identical biosensors forming a linear array along the flow direction on the
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chamber floor. We introduce three-dimensional Cartesian coordinates (x, y, z) with the
x-axis along the flow direction and the z-axis along the height of the flow chamber and
perpendicular to the surface of the biosensors as shown in Fig.2.2 for N = 3. Biosensor
i, for i ∈ {1, . . . , N}, is located in the range [xi,1 , xi,2 ] along the x-axis and [0, w] along
the y-axis. In this system, the flow chamber and the biosensors have the same width w
(wc = ws = w). The inlet of the flow chamber lies in the y − z plane. The system is
symmetric about the y-axis since the ratio of the height to the width of the flow chamber
is selected to be less than 1/20 [64]. The dimensions of the flow chamber and biosensors
are:

Flow chamber: Height = h,
Biosensors: Length = L,

Length = l

Width = w,

Width = w,

(2.1)

Spacing = d,

Biosensor i is located at x ∈ [xi,1 , xi,2 ] and y ∈ [0, w].
When analytes in the solution arrive at the biosensors, chemical reactions are initiated
resulting in a change in impedance that is translated to a change in the measured current.
Below, an advection-diffusion PDE is used to describe the spatio-temporal evolution
of analyte concentration in the flow chamber. It is coupled with a set of ODEs on the
boundary, which describes the adsorption of analytes on the biosensors as a result of
chemical reactions.
Fluid flow dynamics: The analyte concentration in the flow chamber (2.1), denoted
by A(t, x, z) is governed by an advection-diffusion PDE [45]
∂A
=γ
∂t



∂2A ∂2A
+ 2
∂x2
∂z



− v(z)

∂A
,
∂x

x ∈ (0, l),

z ∈ (0, h).

(2.2)

Here γ is the diffusion constant of the analyte and v(z) is the flow velocity in x direction
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Figure 2.2: An equally spaced linear array of three biosensors in a rectangular flow chamber. The
fluid containing target molecules (analytes) enters from the left side. The analyte concentration
at the inlet of the flow chamber is A∗ as expressed in the boundary condition (2.4).

with total volumetric flow rate Q. The Reynold number is small and the flow is laminar
due to the small cross-section area of the flow chamber. In our experimental examples,
the Reynold number is of the order of 10−4 . Since viscous forces are strongly dominating
inertial forces, surface roughness such as biosensor edges cannot cause turbulence in the
system. The flow is fully developed with a parabolic velocity profile v(z), defined by
(1.5) in Section 1. Here, wc is replaced by w. The parabolic velocity profile requires the
assumptions that the edges of the biosensors are sufficiently far from the entry and exit
ports and also small ratio of the height to the width of the flow chamber [14]. Initially,
the flow chamber is empty and the concentration inside the flow chamber is zero. So the
initial condition is written as

A(0, x, z) = 0,

x ∈ (0, l),

z ∈ (0, h).

(2.3)

The boundary conditions for PDE (2.2) are specified as follows: The concentration at
the inlet of the flow chamber is constant during the estimation process and equal to A∗ . At
the outlet of the flow chamber, it is assumed that the exit of analytes is due entirely to the
flow [55]. Therefore, there is no diffusive flux at the outlet of the flow chamber. There is
insulated boundary condition at z = h since no molecules can travel across the boundary.
The gaps between the biosensors on the chamber floor, at z = 0, are also insulated. These

29

Chapter 2. Multi-Compartment ODE model: Analysis
boundary conditions are described as

A(t, 0, z) = A∗ ,

∂A
∂A
(t, l, z) = 0,
(t, x, h) = 0,
∂x
∂z

(2.4)

∂A
(t, x, 0) = 0, x ∈
/ ∪N
i=1 [xi,1 , xi,2 ].
∂z
Chemical dynamics: On the surface of each biosensor, the diffusive flux of analytes is
equal to the rate of consuming analytes by the reactions [45]. This statement is translated
into the following boundary condition on biosensor i for i ∈ {1, 2, . . . , N}. According to
(2.1), it can be expressed that

γ

∂A
(t, x, 0) = R(A(t, x, 0), ui (t, x)), x ∈ [xi,1 , xi,2 ],
∂z

(2.5)

where the vector ui (t, x) contains the concentration values of the immobilized species on
biosensor i at time t and location x. R(A, ui ) is the rate at which the chemical reactions consume analytes per unit area on the biosensor surface. This rate depends on the
concentration of analytes and immobilized species on the biosensor.
The order of A and ui in the consumption rate R(A, ui ) depends on the type of the
recognition mechanism. Biosensors function based on either a biocatalytic or a bioaffinity recognition mechanism [65]. In the former, the recognition mechanism is based on a
reaction catalysed by macromolecules. The glucose biosensor is an example. Biocatalytic
reaction rates are often chosen to be first order dependent on the target molecule concentration [65]. The biosensors with bioaffinity recognition mechanism are based on the
interaction of target molecule with macromolecules. Protein receptor and antigen-antibody
based biosensors such as ion channel-based biosensors [3] and surface plasmon resonance
biosensors [4] fit into this category. Binding and dissociation kinetics on this type of biosensors can be modeled using first order reactions [66]. When the target molecule is a first
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order reactant on the biosensor, the rate R(A, ui ) can be expressed as [67]

R(A, ui ) = ARf (ui ) − Rb (ui ),

(2.6)

where Rf (·) and Rb (·) are functions which are specified by the rate law of reactions on the
biosensor. Here, ARf (ui ) and Rb (ui ) respectively refer to the association and dissociation
rate of target molecules. The association rate ARf (ui ) is linear in the analyte concentration
A on the biosensor surface. The dynamics of the immobilized species of biosensor i at
location x ∈ [xi,1 , xi,2 ] are described by a system of ODEs as [68, 69]
dui (t, x)
= F(ui (t, x), A(t, x, 0)),
dt

ui (0, x) = u0 .

(2.7)

Here, F(·) is a vector function whose elements describe the dynamics of the concentration
ui (t, x) of immobilized species on the biosensor, in terms of the elements of ui (t, x) and the
target molecule concentration A(t, x, 0) at the surface of the biosensor. It is determined
by the rate law of reactions on the biosensor. The constant u0 is the initial concentration
of immobilized species on each biosensor.
Aim:

The aim is to estimate the concentration A∗ at the inlet of the flow chamber,

which appears in the boundary conditions (2.4). After describing the biosensor array model,
statistical estimation algorithms are given in Section 2.2 and Section 3.2 to estimate A∗ ,
given noisy measurements from the biosensors.
Measurement equation: Finally, the measurement equation is specified. The biosensor translates the changes in the concentration quantities ui , on biosensor i, to a corresponding electrical signal denoted by gi (A∗ , t). The notation emphasizes on the fact that
the response is an implicit function of the concentration A∗ at the inlet of the flow chamber.
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The response gi (A∗ , t) of biosensor i can be written as

gi (A∗ , t) = G (ūi (t)) ,

ūi (t) =

R xi,2
xi,1

ui (t, x) dx

xi,2 − xi,1

.

(2.8)

Here, G(·) is the transducer function and ūi (t) denotes the surface average of the concentration vector ui (t, x). In Section 2.3, we give a specific example of an actual biosensor
where G(·) models the conductance of the biosensor. For biosensor i, the measurement
sampling points are denoted by ti,k for k ∈ {1, . . . , S}. It is a general notation that allows
independent selection of sampling time points for different biosensors. Considering the
PDE model (2.2)-(2.7), the measurement taken at biosensor i at time ti,k , denoted by mi,k ,
is
mi,k = gi,k (A∗ ) + ni,k , i ∈ {1, . . . , N}, k ∈ {1, . . . , S},

(2.9)

where ni,k is the corresponding measurement noise and gi,k (A∗ ) refers to the response
gi (A∗ , t) at time t = ti,k . In (2.9), S is the number of measurement samples taken at
each biosensor. The noise samples ni,k for i ∈ {1, . . . , N} and k ∈ {1, . . . , S} are independent normally distributed with zero mean and finite variance σ 2 . Here, ni,k captures the
measurement noise in the measurement circuit, which is widely assumed to have normal
distribution.

2.2

Multi-Compartment Model Approximation

Given the measurement equation (2.9) and the PDE model of Section 2.1 defined by (2.2)(2.7), the aim is to estimate the concentration A∗ at the boundary in (2.4). The PDE is
coupled with a set of ODEs through the boundary conditions (2.5) and is highly unlikely
to be analytically tractable. Asymptotic analysis of the advection-diffusion equation on a
single flat plate in current literature [1, 40, 70, 71] endorses this statement. Even when the
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Figure 2.3: Formation of a depletion region above the biosensor surface in the flow chamber: The two-compartment model can describe the dynamics of the system in this flow
profile. The analyte concentration in the outer compartment is constant, equal to the
concentration at the inlet whereas the concentration in the depletion inner compartment
is slowly varying.
target molecule concentration is constant in the flow chamber, reactions on the biosensor,
which are described by a set of nonlinear ordinary differential equations (ODEs), cannot be
solved analytically [67]. Reaction-diffusion problems have been widely solved numerically
[41, 42, 68, 72]. To estimate A∗ in (2.4), a multi-compartment ODE model is introduced
that approximates the PDE by a system of ODEs. The introduced model is an extension of
the existing two-compartment model [55] and is derived based on the multi-scale behaviour
of the system and applying the divergence theorem. After reviewing the two-compartment
model in Section 2.2.1, the multi-compartment model is derived.

2.2.1

Review of the Two-Compartment Model

Consider a flow of molecular species over a single surface-based biosensor, as shown in
Fig.2.3, where the molecules wander through solution and bind to the receptors immediately upon encountering the surface. As discussed in Chapter 1, in a mass-transport
influenced regime, a depletion region forms above the biosensor surface. We consider the
case where the time it takes the sensor to achieve equilibrium is much greater than the
time for the depletion region to form. In this case, the concentration profile achieves a
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quasi-steady state [1]. As described in Chapter 1, the thickness of the depletion region and
the flow concentration profile are determined by the values of two dimensionless parameters in the system; the Péclet number and the dimensionless ratio λ = L/h, where L and
h are respectively the biosensor length and the height of the flow chamber [1]. In region
(ii) of the mass-transport phase diagram in Fig.1.2, when the Péclet number is sufficiently
large, i.e. PeH >> λ and PeH >> 1/λ2 , the depletion region is thin compared to the height
of the flow chamber and the biosensor length [1], as shown in Fig.2.3. When the Péclet
number is large, the PDE equation (2.2) is singularly perturbed. By non-dimensionalizing
the PDE and performing some asymptotic analysis, two characteristic length scales are distinguished along the dimension perpendicular to the flow direction [73, 74]. The formation
of a thin depletion region on the biosensor surface is due to this two-length scale behaviour
as well as a two-time scale behaviour in the system. The two time-scale behaviour occurs
because the time it takes the sensor to achieve equilibrium is much greater than the time
for the depletion region to form [1]. In this case, we ignore the initial fast variations of
analyte concentration in the flow chamber and obtain the slow-time scale solution or the
quasi-steady solution of the system, where the depletion region evolves quasi-steadily. In
the quasi-steady state, the analyte concentration above the depletion region is at equilibrium, equal to the inlet concentration A∗ , and the analyte concentration in the depletion
region is slowly varying. The steady-state diffusive flux on the biosensor is obtained as
J = γLws ∇A, where the gradient on the surface is approximated by ∇A =

A∗ −a(t)
.
δ

Here,

δ is the thickness of the depletion region and a(t) is the time-varying analyte concentration
in the depletion region. The thickness of the depletion region is approximated as [1]
h
δ=
1.47



λ
Pe H

1/3

.

(2.10)
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Thus, the diffusive flux on the biosensor is obtained by

J = (A∗ − a(t)) ws γF,

F ≈ 1.47Pe1/3
λ2/3 .
H

(2.11)

In the mass-transport limited case, when the biosensor acts as an infinite sink, the analyte concentration on the biosensor surface remains zero and the analyte diffusive flux is
obtained by (1.7) as described in Chapter 1.
The two-compartment model approximates the quasi-steady solution of the PDE model
(2.2)-(2.7), based on (2.11). Since the dynamics of the immobilized species occur in the
slow time, the two-compartment model approximates the concentration variations of these
species accurately. As shown in Fig.2.3, the flow chamber on top of the biosensor is
divided vertically into two compartments, the outer compartment and the inner compartment, where the latter encompasses the depletion region. The PDE model (2.2)-(2.7) is
approximated by a set of coupled ODEs, which models the quasi-steady response of the
system by ignoring the brief transitions before the outer compartment concentration falls
or rises to the concentration at the inlet of the flow chamber. Consider a single biosensor
in the flow chamber (2.1), where the biosensor length is equal to the length of the the flow
chamber as shown in Fig.2.3. In this model, the concentration in the outer compartment,
denoted by A1 , is equal to the concentration A∗ at the inlet of the flow chamber. The dynamics of the spatial average of analyte concentration in the inner compartment, denoted
by a1 (t), is described by [43]

δ

where

γ
da1 (t)
= (A1 − a1 (t)) − R (a1 (t), ū1 (t)) , a1 (0) = 0,
dt
δ
γwh2 L
δ = 0.7
Q


1/3

(2.12)

(2.13)
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Figure 2.4: Multi-compartment model for two successive biosensors in the array.

is the height of the inner compartment or the depletion zone and is obtained by replacing
PeH by (1.6) and λ =

L
h

in (2.10). Here, γ is the diffusion constant, h and w = ws = wc are

the height and width of the flow chamber, L is the biosensor length, and Q is the volumetric
flow rate defined in (1.5). The first term on the right-hand side of (2.12) accounts for the
transport of analytes from the outer compartment to the inner compartment obtained by
replacing a(t) with a1 (t) in (2.11) whereas R(·, ·) is the rate at which the analytes bind
to the biosensor surface. Therefore, the difference between these two terms determines
the rate of change of the inner compartment concentration. The average concentration
of immobilized species on the biosensor, denoted by ū1 (t), depends on a1 (t) through the
following set of ODEs, which is coupled with (2.12):
dū1 (t)
= F(ū1 (t), a1 (t)),
dt

2.2.2

t > 0,

ū1 (0) = u0 .

(2.14)

The Multi-Compartment Model

In this section, the PDE model (2.2)-(2.7) is approximated by a system of ordinary differential equations. The flow chamber is partitioned into a series of two-compartment blocks,
which are connected by middle compartments as shown in Fig.2.4. For each biosensor,
the response can be described by an individual two-compartment model with a different
outer compartment concentration. We apply the divergence theorem to the advection36
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diffusion PDE of (2.2) in the outer compartment associated with each biosensor to find the
concentration at the inlet of the next biosensor.
The following multi-compartment characterization is the main result of this section.
Consider the flow of analytes over an equally spaced linear array of N identical biosensors
in the flow chamber (2.1). Assume that PeH >> 1/λ2 and PeH >> λ. Suppose the
analyte concentration at the inlet of the flow chamber is constant and equal to A∗ . The
concentration of analytes and immobilized species are described by the PDE model (2.2)(2.7). Assume that the binding rate R(A, u) on each biosensor is of the form (2.6). Then,
the dynamics of the surface average concentration of immobilized species on biosensor i,
denoted by ūi (t), can be approximately described by

δ

γ
dai (t)
= (Ai − ai (t)) − R(ai (t), ūi (t)), t > t̃i
dt
δ
dūi (t)
= F(ūi (t), ai (t)), t > t̃i
dt

ai (t̃i ) = 0, ūi t̃i = u0 , i ∈ {1, . . . , N}.

(2.15)
(2.16)

Here, Ai is the outer-compartment concentration above biosensor i, which is obtained by
the following recursion for i ∈ {1, . . . , N − 1}:
Ai+1 = αAi−1 , α = 1 −

wγLDa
, A1 = A∗ ,
Qδ (1 + Da )

(2.17)

where Da is the Damkohler number obtained as

Da =

δRf (u0 )
.
γ

(2.18)

Here, Rf is defined in (2.6).
In (2.15), ai (t) denotes the spatial average of analyte concentration in the inner com-
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partment of biosensor i. The height of the inner compartment above each biosensor is
denoted by δ, which is obtained by (2.13). The time t̃i , defined as

t̃i =

wxi,1 h
, i ∈ {1, . . . , N},
Q

(2.19)

approximates the time when the flow reaches the near end of biosensor i. The accuracy of
the above model is evaluated for an array of ICS biosensors in Section 2.3.
Derivation of the multi-compartment model (2.15)-(2.19): We use an inductive
construction described as follows: Assume that the ODE set (2.15)-(2.16) with concentration Ai describes the dynamics of biosensor i. Then, we derive (2.15)-(2.16) for biosensor
i + 1, where Ai+1 is obtained by (2.17). For i = 1, the ODE set (2.15)-(2.16) represents
the well-known two-compartment model for the first biosensor.
Assume that (2.15-2.16) is accurate for biosensor i and that the associated outer compartment has the concentration Ai . The aim is to compute the outward flux that is
indicated by Fi,out in Fig.2.4 at the outlet of the outer compartment above biosensor i.
By applying the divergence theorem to (2.2) in the region inside this compartment, the
total outward flux through this volume is obtained as zero. Hence, Fi,out is obtained by
subtracting the flux towards the inner compartment from the inward flux Ai Q at the inlet
of the compartment:

Fi,out = QAi −

Lwγ
(Ai − ai (t)) .
δ

(2.20)

We then estimate the concentration in the middle compartment between biosensors i and
i + 1 by

Ai+1 =

R

∆t

Fi,out dt
,
Q∆t

(2.21)
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where ∆t is the time it takes the flow to traverse the middle compartment obtained as

∆t =

hwd
,
Q

(2.22)

where d is the spacing between the biosensors. Using (2.20), (2.21) can be written as

Ai+1 = Ai



Lwγ
1−
Qδ



Lwγ
+
δQ∆t

Z

ai (t) dt.

(2.23)

∆t

In order to compute the above integral, we exploit the two-time scale behaviour of the
ODE set (2.15)-(2.16). In the ODE system (2.15)-(2.16), ai (t) is fast varying compared
to ūi because of the small coefficient h0 of the derivative dai (t)/dt [55, 73]. For high flow
rates, ∆t has a small value that lies within the transit time response of ai (t). During this
time, the slow variable ūi (t) is roughly constant and equal to its initial value. By replacing
R(A, u) with (2.6) and ūi (t) with the constant u0 , a linear ODE for the variations of ai (t)
is obtained by (2.15), which is solved as



γ + δRf (u0 )
γAi
1 − exp −
t
.
ai (t) =
γ + δRf (u0 )
δ2

(2.24)

For the given binding rate R(·, ·) in (2.6), the Damkohler number Da is obtained by (2.18).
Considering the definition of the Damkohler number Da in (2.18), (2.24), and (2.22),
(2.23) can be rewritten as

= Ai 1 −


wLγDa
Ai+1
Qδ(1 + Da )



γhwd
Ai Lδ
1 − exp − 2 (1 + Da )
−
.
δ Q
dh (1 + Da )2
Since δ is small, the second term on the right-hand side of the above equation is negligible
and therefore Ai+1 can be approximated as (2.17). The concentration Ai+1 is obtained
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as the concentration at the inlet of biosensor i + 1. Therefore, biosensor i + 1 acts like a
single biosensor in the flow chamber with constant concentration at the inlet. Thus, the
ODE set (2.15)-(2.16) with the concentration Ai+1 in the outer compartment can be used
to describe the variations of ui+1 on biosensor i + 1.

2.3

Case-Study: Ion Channel Switch Biosensor

In this section, the multi-compartment model of Section 2.2.2 is evaluated for an array of
ICS biosensors introduced in Chapter 1. The PDE model of Section 2.1 is specified for this
biosensor by describing the corresponding chemical reactions and measurement equation
in Section 2.3.1. Comparison between the responses of the multi-compartment model and
the PDE model in Section 2.3.2, shows that the multi-compartment model describes the
system accurately.

2.3.1

Dynamics of Analyte Flow on Ion Channel Switch
Biosensor

In this section, the PDE model of Section 2.1 is constructed for a linear array of ICS
biosensors by specifying the reaction equations and boundary conditions on the biosensor.
As described in Section 1.4.1 in Chapter 1, binding of analytes to the capture sites on
the ICS biosensor reduces the average formation of conducting dimers on the biosensor.
In this process, seven chemical reactions with eight immobilized species are involved [45].
The primary species include binding site b with concentration B, free moving ion channel
c with concentration C, tethered ion channel s with concentration S, and dimer d with
concentration D. Initially, free moving ion channels c, tethered channel s, dimers d are
in equilibrium through a reversible chemical reaction. The arrival of analytes initiates six
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other reactions and the equilibrium shifts towards decreasing the dimer concentration. The
analyte binds to the primary species to form complexes w, x, y, and z with concentrations
W , X, Y , and Z according to the following chemical reactions:
a+b

f1
r1

c+s

f5
r5

w
d

a+c

f2
r2

a+d

f6
r6

x
z

w+c

f3
r3

y

x+s

f7
r7

z

x+b

f4
r4

y

(2.25)

Here, fj and rj for j ∈ {1, 2, . . . , 7}, respectively denote the forward and backward reaction
rate constants. The corresponding rate equations for the reactions (2.25) are
R1 = f1 AB − r1 W R2 = f2 AC − r2 X R3 = f3 W C − r3 Y
R5 = f5 CS − r5 D

R6 = f6 AD − r6 Z

R4 = f4 XB − r4 Y

R7 = f7 XS − r7 Z.

The vector u = [B, C, D, S, W, X, Y, Z]T contains the concentration values of the immobilized species. Here, (·)T denotes transpose. Define f (u, A) = [R1 , R2 , R3 , R4 , R5 , R6 , R7 ]T ,
where (·)T denotes transpose. The concentration vector of the species on biosensor i at
position x is denoted by ui (t, x) and its dynamics is described by [62]
dui (t, x)
= Mf (ui (t, x), A(t, x, 0)) for t > 0,
dt

ui (0) = u0 ,

(2.26)

where M is a 7×7 constant matrix whose elements are 0, 1 and −1 and is derived from the
reactions in (2.25) [62]. From the reactions (2.25), the binding rate of analytes to the surface
of biosensor i can be written as R(A, ui ) = f1 ABi + f2 ACi + f6 ADi − r1 Wi − r2 Xi − r6 Zi .
Thus, the corresponding boundary condition in (2.5) can be expressed as

γ

∂A
∂z

z=0

= Aq T ui − pT ui ,

i ∈ {1, 2, . . . , N},

(2.27)
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where the vectors q and p are defined as q = [f1 f2 f6 0 0 0 0 0]T and p = [0 0 0 0 r1 r2 0 r6 ]T .
Applying a small alternative potential between the gold substrate and a reference electrode
in the test solution generates a charge at the gold surface, which causes electrons flow
through ion channels. By measuring the current in the external circuit, we can record the
variations of biosensor conductance, which is proportional to the surface average dimer
concentration. Denoting the average dimer concentration of biosensor i by D̄i (t), the
observation equation, on biosensor i, can be written as mi (t) = D̄i (t) + ni (t), where ni (t)
is a white Gaussian noise. In the analysis of patch clamping of ion channels using hidden
Markov models, it is justified that the noise in the measured current of ion channels can
be considered to be Gaussian [75].

2.3.2

Illustration of the Accuracy of the Multi-Compartment
Model

This section considers a uniform biosensor array comprising four identical ICS biosensors.
The aim is to show that the multi-compartment model of Section 2.2.2 yields an excellent
approximation to the flow dynamics. The height and width of the flow chamber are h =
0.1 mm and w = 3 mm. The biosensor length and array spacing are respectively L = 2 mm
and d = 1 mm and the diffusion constant is γ = 10−6 cm2 /s. For the given example, the
accuracy of the multi-compartment model is validated for the concentration A∗ in the
range 10−11 ∼ 10−8 Mol/m3 and the flow rate in the range 10 ∼ 100µL/min. The notation
Mol/m3 stands for mole per meter cube.
The response of biosensors obtained by the multi-compartment model (2.15)-(2.19) is
simulated and compared with the response of the PDE model (2.2)-(2.4), (2.26)- (2.27).
The Comsol multi-physics simulation software is used to solve the PDE via the finite
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element method.

†

The relative error tolerance of the solution is less than 0.001. The

ODE set (2.15)-(2.19) is solved using the ode23s ODE solver in the MATLAB ODE suite
[77]. This solver is based on the Rosenbrock methods [78] for stiff differential equations
that contain multiple characteristic time scales.
Since the measured output of the biosensor is proportional to the average dimer concentration, define the normalized error between the ODE and PDE responses as
ei (t) = D̄i (t) − D̄iODE (t) /D̄i (t),

i = 1, . . . , N,

(2.28)

where D̄i (t) is the average dimer concentration on biosensor i, obtained by the PDE
model (2.2)-(2.4), (2.26)-(2.27). D̄iODE (t) is the corresponding response from the multicompartment model (2.15)-(2.19). Fig.2.6 shows the normalized error (2.28) versus time
for the values A∗ = 10−11 and A∗ = 10−8 Mol/m3 of the concentration at the inlet of the
flow chamber. It can be seen that the error during 400 seconds of simulation time is less
than 0.007% for A∗ = 10−11 Mol/m3 and less than 4.5% for A∗ = 10−8 Mol/m3 for all the
biosensors.
Fig.2.7 shows the normalized error (2.28) for different flow rates for A∗ = 10−8 Mol/m3
and A∗ = 10−11 Mol/m3 . There are four biosensors in the flow chamber but the results are
illustrated for only the biosensor which has the maximum range of variations in the error.
The figure shows that by increasing the flow rate to 100µL/min, the multi-compartment
model (2.15)-(2.19) remains accurate within 4.5% error.
In order to validate the accuracy of the multi-compartment method, one should validate
the convergence of the finite element solution to the exact PDE solution. According to
†

The predefined convection and diffusion application mode in Comsol is used to define the governing PDE in the domain. The ODEs on the boundary are defined through the weak form boundary
setting. There are 2947 triangular elements in the finite element solver. The PDE system is converted to
algebraic equations, which are solved by a multifrontal massively parallel sparse direct solver (MUMPS)
[76]. MUMPS is a solver for large sparse systems of linear algebraic equations, which is based on parallel
computing and distributed memory [76].
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[79], stability and consistency of the finite element solver imply the convergence of the
solution. The underlying finite element discretization method in COMSOL Multiphysics is
the Galerkin method [80]. When discretizing (2.2), the numerical scheme becomes unstable
for a large Péclet number, which is the case in our problem. However, stabilization methods
exist to take care of this problem. In our case, Comsol uses the streamline-upwind/petrogalerkin (SUPG) method, which is a consistent stabilized method [80, 81]. In SUPG, an
artificial diffusion is added to the numerical scheme while keeping it consistent [82]. A
powerful way to investigate the convergence of the finite element solution is to confirm
that [83]
ku(·, t) − u∆ (·, t)kL2 (Ω) ≤ C∆λ ,

(2.29)

as ∆ → 0. Here, u(·, t) denotes the PDE solution at time t, u∆ (·, t) is the finite element
solution with the mesh size ∆, and λ > 0 is the convergence order of the finite element
method. The constant C is independent of λ. If the PDE solution is not available in
analytic form, the convergence study can still be carried out by using the finite element
solution on the finest mesh as the so-called reference solution. This is the standard approach
in the case that the PDE solution is not available [83]. For the PDE model (2.2)-(2.7),
(2.29) translates to

kA(t, ·, ·) − A∆ (t, ·, ·)k +

N
X
i=1

kui (t, ·) − ui,∆ (t, ·)k ≤ C∆λ ,

(2.30)

where A(t, ·, ·) and ui (t, ·) are the reference solutions of the PDE model and are obtained
for the finest mesh size selected as ∆ = 10−5 m. One way to visualize (2.30) is a log-log
plot of the error on the left-hand side of (2.30) versus the reciprocal of the mesh spacing,
1/∆ [83]. Fig.2.5 show plots of this type for different time points. The plots are obtained
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Figure 2.5: Convergence studies of the finite element solution of the PDE model (2.2)-(2.7):
Convergence studies are performed by investigating (2.29). For the PDE model (2.2)-(2.7),
(2.29) is formulated as (2.30), where A(t, ·, ·) and ui (t, ·) are the reference solutions of the
PDE model obtained for the finest mesh size ∆ = 10−5 m. The convergence order is
obtained as λ ≈ 1.
by post processing the solution data in MATLAB. In order to compute the L2 norm of the
difference between the reference solution and a solution on a lower refined mesh, we use
interpolation on the reference finest mesh. The results of Fig.2.5 show that the convergence
order is λ ≈ 1.

2.4

Summary

In this chapter, we constructed the PDE model (2.2)-(2.7) to describe the dynamics of the
flow of analytes over a linear array of reactive surface-based biosensors in a flow chamber.
The PDE model is general in the sense that it is applicable to any type of capture sur-
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Figure 2.6: The normalized error (2.28) between the multi-compartment ODE model (2.15)(2.19) and the PDE model (2.2)-(2.7) for A∗ = 10−8 Mol/m3 (a) and A∗ = 10−11 Mol/m3 (b).
The flow rate is Q = 10 µL/min. There are N = 4 biosensors with the length L = 2 mm and
spacing d = 1 mm in the flow chamber.
face. The PDE model is then approximated by the multi-compartment model (2.15)-(2.19),
which is derived by extending the two-compartment model using asymptotic analysis and
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Figure 2.7: The normalized error (2.28) between the multi-compartment ODE model (2.15)(2.19) and the PDE model (2.2)-(2.7) for different flow rates for A∗ = 10−8 Mol/m3 (a) and
A∗ = 10−11 Mol/m3 (b) for the second (a) and forth (b) biosensor. There are N = 4 biosensors
in the flow chamber in each case, but the results are illustrated for only the biosensor with the
maximum variations in the error. The biosensor length and spacing are respectively L = 2 mm
and d = 1 mm.
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the divergence theorem. The multi-compartment model provides an insight to understanding the dynamics of a biosensor array. We use this model in the next chapter for
estimation of injection concentration in the flow chamber. In Chapter 4, we utilize this
model to improve biosensor response.
The approximate multi-compartment model predicts the response of the ICS biosensor array accurately for the injection analyte concentrations between 10−11 Mol/m3 and
10−8 Mol/m3 . The prediction error remains less than 7% during 400 seconds of simulation time. As mentioned in Section 2.2.1, the approximate model describes the system
accurately in the quasi-steady state before the biosensors achieve equilibrium. Thus, the
modeling error grows with time as the biosensor reactions approach equilibrium. However,
the model is accurate within the time range required for analyzing the dynamics of analyte and biosensor interactions and estimation of the injection analyte concentration in
the flow chamber. In this model, the entire infinite dimensional state space PDE system is
converted to only a few dimensional ODE system. The derived ODE system does involve
even less state space variables than those obtained by applying conventional discretization
methods such as the finite element method.
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Estimating Molecular Concentration
in Fluid Flows
Using the multi-compartment model, derived in Chapter 2, this chapter deals with estimating the concentration of target molecules that flow past multiple biosensors in the flow
chamber (2.1). This is a parameter estimation problem in the advection-diffusion-reaction
PDE model (2.2)-(2.7). The PDE model comprises a parabolic PDE coupled with Dirichlet
and Neumann boundary conditions [84, 85, 86].
The problem involves estimation of the injection concentration at the inlet of the flow
chamber, which is one of the boundary conditions in the parabolic PDE (2.2). The PDE
is coupled with ODEs on the boundary and cannot be solved analytically. Therefore,
numerical methods should be used to solve the estimation problem. Modal approximation method, spline methods, and operator factorization methods are some of conventional
numerical methods, which involve approximating the infinite dimensional space with a
finite dimensional space of functions [17]. These approximation methods result in solving a high-dimensional system, which is nonlinear in most problems including our case.
Instead of using these approximation methods, we use the multi-compartment model developed in Chapter 2 to convert the system description from a distributed-parameter into
a lumped-parameter form. Using the multi-compartment model to solve the estimation
problem significantly reduces the amount of computation in each step of the solution. This
conversion results in a system of a few ODEs, which is used to estimate the analyte con49
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centration in this chapter. The infinite dimensional parabolic PDE is exactly converted to
N ODEs, where N is the number of biosensors in the array. These ODEs are coupled with
the ODE sets on the boundary. The model is derived by extending the well-known twocompartment model, which has been widely used for studying binding kinetics of molecular
species [41, 55, 68, 87, 88, 89]. In this chapter, we develop the two-compartment model
to a multi-compartment model applicable to an array of biosensors. We use the derived
model to estimate the analyte concentration using a biosensor array. As mentioned earlier
in Chapter 1, this is a non-standard estimation problem since the measurement process affects the system state. Each biosensor grabs analytes and changes the concentration of the
flow over the successive biosensors. The aim of this work is to investigate how the number
of biosensors affects the error in the estimation of the initial target molecule concentration. The multi-compartment model provides an insight to the dynamical behaviour of
the system, which is used to explain the variations of estimation variance with the number
of biosensors. Based on the multi-compartment model, analytic expressions are derived
to evaluate the estimation variance and bias. The variations of the estimation bias and
variance can be justified through the derived expressions.
The main contributions of this chapter are stated as follows:
1. Estimation of analyte concentration is posed as a parameter estimation problem in
the derived multi-compartment ODE model of Chapter 2. The estimate is computed
numerically for an ICS biosensor via the nonlinear least squares method.
2. The main result is the derivation of analytic expressions for the finite-sample variance and bias of the estimator based on the multi-compartment model. Using these
expressions, the attainable improvement in the estimation bias and variance can be
quantitatively predicted. The results are justified through the multi-compartment
model.
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3. It is shown that there is an extra improvement to the estimation error compared
to the conventional case of multiple-sensor measurements. By extra improvement,
we mean that the estimation variance can be reduced to less than 1/N by using N
biosensors. This unusual result can be explained using the derived expression for
the variance and the saturating behaviour of the biosensor response. An analytic
expression is derived for the maximum number of biosensors for which this result is
valid.
In Section 3.1, the concentration estimation problem is formulated as an output least
squares problem and solved using the multi-compartment model of Section 2.2. The properties of the finite-sample least-squares estimator is analyzed in Section 3.2.

3.1

Least Squares Estimator of the Initial
Concentration

With the multi-compartment characterization of the analyte concentration, developed in
Chapter 2, this section deals with estimating the concentration A∗ at the inlet of the
flow chamber. The estimation is formulated as a least squares problem for the multicompartment ODE model (2.15)-(2.19).
The concentration A∗ at the inlet of the flow chamber is estimated using nonlinear
regression. Using N biosensors and S time samples at each biosensor, the estimate of A∗ ,
denoted by Â∗ , is obtained as

Â∗ = arg minS −1
A∈R+

PN PS
i=1

k=1

(mi,k − g̃i,k (A))2 ,

(3.1)

where mi,k is the measurement of biosensor i at time ti,k , and g̃i,k (A) = g̃i (A, ti,k ) is the
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response of biosensor i at time ti,k obtained by the approximate multi-compartment ODE
model (2.15)-(2.19) with the initial concentration A1 = A. Here, g̃i (A, t) in the multicompartment ODE model is the counterpart of the PDE response (2.8). Considering (2.8),
g̃i (A, t) is obtained as

g̃i (A, t) = G(ūi (t)),

(3.2)

where ūi (t) satisfies the multi-compartment ODE model (2.15)-(2.19). According to (2.9),
the measurement mi,k , at time ti,k on biosensor i, for i ∈ {1, . . . , N} and k ∈ {1, . . . , S},
can be expressed as

mi,k = g̃i,k (A∗ ) + ei,k (A∗ ) + ni,k ,

(3.3)

where ei,k (A) refers to the difference between the ODE response g̃i,k (A) and its corresponding PDE response gi,k (A). The least squares estimate Â∗ is the solution of the optimization
problem defined by (3.1)-(3.2), where ūi (t) satisfies the multi-compartment ODE model
(2.15)-(2.19) and the measurements are given by (3.3). The Gauss-Newton method [90] is
used to solve the least squares problem.
In order to solve the optimization problem (3.1), the model is first non-dimensionalized.
Since the system dynamics in our example change in a very small range of values, nondimensionalization reduces the effect of numerical errors on the convergence of the algorithm.
Consider the multi-compartment ODE model (2.15)-(2.19) with the parameter δ given
in (2.13). Denote τ =

γt
,
h2

βi =

ūi
(1) ,
ū0

β0 =

ū0
(1) ,
ū0

τ̃i =

γ t̃i
,
h2

and h1 = hδ , then the ODE model
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(2.15)-(2.19) can be rewritten as

h1


 h 
dai
1
(1)
αi−1 A∗ − ai − R ai , ū0 βi ,
=
dτ
h1
γ


2
h
dβi
(1)
=
F βi ū0 , ai , τ > τ̃i
(1)
dτ
γ ū0

ai (τ̃i ) = 0,

βi (τ̃i ) = β0 ,

τ > τ̃i

(3.4)

i ∈ {1, . . . , N}.

(1)

Here, ū0 denotes the first element of the vector ū0 .
Using (3.2), (3.1) can be rewritten as

Â∗ (S)

= arg min
A∗ ∈R+

N X
S 
X
i=1 k=1

mi,k −

(1)
G(ū0 βi (τi,k ))

2

,

(3.5)

where βi (τ ) for i ∈ {1, . . . , N} satisfies (3.4). The optimization problem (3.4)-(3.5) is a
one-dimensional optimization problem, which is solved by the Gauss-Newton method.

3.2

Analytic expressions for the variance and bias of
the estimate Â∗

Using the multi-compartment model, the variance and bias of the estimator Â∗ can be
approximated as


2
E Â∗ − E(Â∗ ) ≈ PN

2i−2
i=1 α

σ2

2,
∂g̃
i−1 A∗ , t̃ )
(α
i,k
k=1 ∂A

PS

 PN PS αi−1 e (A∗ ) ∂g̃ (αi−1 A∗ , t̃ )

i,k
i,k
k=1
i=1
∗
∂A
E Â∗ − A ≈ P
P
2
S
N
∂g̃
2i−2
i−1 A∗ , t̃ )
i,k
k=1 ∂A (α
i=1 α

(3.6)

(3.7)
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σ2
−
2

∂ 2 g̃
i−1 ∗
3i−3 ∂g̃
(αi−1 A∗ , t̃i,k ) ∂A
A , t̃i,k )
2 (α
∂A
,
P

PS
2 2
N
∂g̃
2i−2
i−1
∗
A , t̃i,k )
k=1 ∂A (α
i=1 α

PN PS
i=1

k=1 α

where g̃(A, t) = F (ū1 (t)) is the response of a single biosensor, obtained by the twocompartment model (2.12)-(2.14), when the initial concentration is A1 = A and the sensor
edge is positioned at the inlet of the flow chamber. The derivatives
∂ 2 g̃
(αi−1 A∗ , t̃i,k )
∂A2

∂g̃
(αi−1 A∗ , t̃i,k )
∂A

and

are respectively the values of ∂g̃/∂A(A, t) and ∂ 2 g̃/∂A2 (A, t) at A =

αi−1 A∗ and t = t̃i,k . Here t̃i,k denotes the time difference t̃i,k = ti,k − t̃i . Time variations
of ∂g̃/∂A and ∂ 2 g̃/∂A2 depend on the variations of the first and second derivatives of the
concentration vector ū1 with respect to the initial concentration A1 = A. By taking the
first and second derivatives of the system of ODEs (2.12) and(2.14) with respect to A1 ,
other sets of ODEs are obtained, which describe the time variations of the derivatives of
the concentration vector ū1 with respect to the initial concentration A1 . The new sets of
ODEs can be solved numerically to obtain the values of ∂g̃/∂A and ∂ 2 g̃/∂A2 in (3.6) and
(3.7). In the experiments involving the ICS biosensor, the approximations (3.6) and (3.7)
are used to explain how the variance and bias of the estimator vary with the number of
biosensors. In the following, the derivation of (3.6) and (3.7) is explained.
Derivation of (3.6) and (3.7): Denote the derivative of the objective function in
(3.1) by U(A, m), where the vector m contains all the measurements mi,k for i ∈ {1, . . . , N}
and k ∈ {1, . . . , S}. The derivative is obtained as
U(A, m) = 2S −1

X ∂g̃i,k
i,k

∂A

(A) (g̃i,k (A) − mi,k )

(3.8)

For the estimate Â∗ , the derivative is zero:

U(Â∗ , m) = 0,

(3.9)
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which indicates that Â∗ is an implicit function of m. In the following, Â∗ is approximated
by the third order Taylor series expansion at mi,k = g̃i,k (A∗ ) for all i ∈ {1, . . . , N} and
k ∈ {1, . . . , S}. The first term in the expansion is the value of Â∗ obtained at error free
measurements mi,k = g̃i,k (A∗ ). From (3.8) and (3.9), Â∗ is equal to A∗ at this point. For
P
P PS
β
β ∗
simplicity, N
k=1 is denoted by
i=1
i,k and the value of the derivative ∂ Â /∂mi,k at
β
the point mi,k = g̃i,k (A∗ ) and Â∗ = A∗ is denoted by ∂i,k
Â∗ in the rest of this section. The

third order Taylor series expansion yields

Â∗ = A∗ +

X

(ni,k + ei,k (A∗ )) ∂i,k Â∗

(3.10)

i,k

+
+

1X
2
(ni,k + ei,k (A∗ ))2 ∂i,k
Â∗
2 i,k

X

1X
3
(ni,k + ei,k (A∗ ))3 ∂i,k
Â∗ +
O (ni,k + ei,k )4 .
6 i,k
i,k

Here, O(f (x)) as x → 0 is the big ’O’ notation, which denotes the set of all functions h(x)
such that |h(x)| ≤ c |f (x)| for |x| < δ for δ > 0 and c > 0 [91]. Denote e = max(|ei,k (A∗ )|)
for i ∈ {1, . . . , N} and k ∈ {1, . . . , S}. According to (3.10), the bias of the estimator can
then be expressed as
 X

X σ2
2
ei,k (A∗ )∂i,k Â∗ +
E Â∗ − A∗ =
∂i,k
Â∗
2
i,k
i,k
+

X e2i,k (A∗ )
2

i,k

+

X1
i,k

6

2
∂i,k
Â∗ +

X σ2
i,k

2

(3.11)

3
ei,k (A∗ )∂i,k
Â∗

3
e3i,k (A∗ )∂i,k
Â∗ + O(σ 4) + O(σ 4 )O(e) + O(σ 2)O(e2 ) + O(e4 )

The variance of the estimator can be expressed as

2
2 

2
∗
∗
∗
∗
∗
∗
E Â − E(Â ) = E Â − A
− E(Â − A )
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Expanding the above terms by using (3.10) and (3.11) yields

2 X
E Â∗ − E(Â∗ ) =
σ 2 ∂i,k Â∗

2

(3.12)

i,k

+ O(σ 4) + O(σ 2e) + O(e5 ).

According to (3.11), the bias of the estimator can be expressed as

 X
X σ2
2
∂i,k
Â∗
ei,k (A∗ )∂i,k Â∗ +
E Â∗ − A∗ =
2
i,k
i,k

(3.13)

+ O(e2 ) + O(σ 2e) + O(σ 4)

2
In the following, the values of ∂i,k Â∗ and ∂i,k
Â∗ that appear in (3.12) and (3.13) are obtained

by taking the first and second derivatives of (3.9) with respect to mi,k and evaluate them
at Â∗ = A∗ and mi,k = g̃i,k (A∗ ) for i ∈ {1, . . . , N} and k ∈ {1, . . . , S}. Taking the first
derivative of (3.9) with respect to mi,k yields
∂U ∂ Â∗
∂U
+
=0
∂ Â∗ ∂mi,k ∂mi,k
Using (3.8), the derivatives

∂U
∂ Aˆ∗

and

∂U
∂mi,k

at Â∗ = A∗ , mi,k = g̃i,k (A∗ ) are obtained as

∂U
∂ Â∗
∂U
∂mi,k

= 2S
Aˆ∗ =A∗ ,mi,k =g̃i,k (A∗ )

Aˆ∗ =A∗ ,mi,k =g̃i,k (A∗ )

−1

X ∂g̃i,k
(A∗ )
∂A
i,k

= −2S −1

2

∂g̃i,k ∗
(A ),
∂A
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which yields

∂i,k

Â∗

=P

∂g̃i,k
(A∗ )
∂A

∂g̃j,l
∗
j,l ∂A (A )

2.

(3.14)

Thus, (3.12) can be written as

2
E Â∗ − E(Â∗ ) ≈ P

σ2
i,k

∂g̃i,k
(A∗ )
∂A

2

For identical biosensors in the array, the multi-compartment model comprises similar sets
of ODEs on the biosensors, described by (2.15)-(2.16), where the only distinction among
them is the input concentration Ai . Therefore, for all the biosensors, the response is the
same function of the corresponding outer compartment concentration. The response of
biosensor i at time t for the concentration A1 at the inlet of the flow chamber can be
expressed as

g̃i (A1 , t) = g̃(Ai , t − t̃i ),

(3.15)

where g̃(Ai , t) is the response of a single biosensor with concentration Ai in its associated
outer compartment obtained by (2.12)-(2.14). Recall that the time shift t̃i in (2.19) is
the response delay of biosensor i. Using (3.15) and the recursion (2.17), the finite sample
variance using N biosensors and S time samples is obtained as (3.6). Similarly by taking
2
the second derivative of (3.9) and using (3.14), ∂i,k
Â∗ is obtained as

(A∗ ) ∂ 2 g̃

∂g̃

2
∂i,k
Â∗

(A∗ )

i,k
2 i,k
∂g̃i,k (A∗ )
∂A2
−
3
=  ∂A

∂A
P ∂g̃j,l (A∗ ) 2 2

j,l

∂A

2

∂g̃j,l (A∗ ) ∂ 2 g̃j,l (A∗ )
∂A
∂A2


P ∂g̃j,l (A∗ ) 2 3
j,l
∂A

P

j,l
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By substituting the derivatives from (3.14) and using the above equation, (3.13) can be
rewritten as


E Â∗ − A∗ = O(e2 ) + O(σ 2 )O(e) + O(σ 4 )
∗
P ∂g̃ (A∗ ) ∂ 2 g̃i,k (A∗ )
P
∗ ∂g̃i,k (A )
σ 2 i,k i,k∂A
i,k ei,k (A )
∂A
∂A2
−
+ P
 .

2
∗
∂g̃i,k (A )
P ∂g̃i,k (A∗ ) 2 2
i,k
2
∂A
i,k
∂A
Using (3.15) and the recursion (2.17), the bias is derived as (3.7).

3.3

Estimation Results for an Array of Ion Channel
Switch Biosensor

In this section, the multi-compartment model of Section 2.2.2 is used to estimate analyte
concentration in the example of the ICS biosensor array given in Chapter 2. Numerical
examples for estimating the concentration A∗ are provided. Here, the analytical results
of Section 3.2 for the ICS biosensor array is compared with the corresponding simulated
results. The attainable improvement in the estimate based on the number of biosensors is
also evaluated.
The variance and bias of the finite-sample estimator Â∗ (3.1) are estimated by Monte
Carlo simulations and then compared with the values approximated by (3.6) and (3.7). The
standard deviation and bias of Â∗ for different number of biosensors are shown in Table
3.1. The estimate is obtained with S = 300 time samples with sampling rate 1 sample/s.
The actual value of the initial concentration is A∗ = 10−8 Mol/m3 . The noise variance σ 2
is set at σ 2 = 0.1D̄(0), where D̄(0) is the initial dimer concentration. Table 3.1 shows that
the estimation variance, is decreasing faster than 1/N as N increases. The reason is that
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2
P
the variance in (3.6) can be written as E Â∗ − E(Â∗ ) = σ 2 / N
i=1 di , where
di = α2i−2

S
X
∂g̃ i−1 ∗
(α A , ti,k − t̃i )
∂A
k=1

2

(3.16)

is increasing with i for i ∈ {1, . . . , N}. In order to justify this, the variations of the
response g̃(A, t) = F (ū1 (t)), obtained by the two-compartment model (2.12)-(2.14) with
A1 = A, is investigated here. Fig.3.1 illustrates the response of ICS biosensor g̃(A, t) versus
the concentration A of target molecules in the outer compartment. It can be seen that
the response curve has the form of the sigmoid function and saturates for low and high
concentration. As a result, there exists a concentration Ac (t) for each time instant t such
that in the range A > Ac (t), the response g̃(A, t) is convex in A. Therefore, the derivative
∂g̃(A, t)/∂A is increasing. Since ∂g̃(A, t)/∂A is negative, [∂g̃(A, t)/∂A]2 is decreasing in A
for A > Ac (t). Assume that the sampling time points ti,k for each biosensor are selected
such that the time difference t̃i,k = ti,k − t̃i in (3.6) is constant with i and is equal to tk
P
for i ∈ {1, 2, . . . , N}. Define H(A) as H(A) = Sk=1 [∂g̃(A, tk )/∂A]2 . Then, there is a
concentration A∗c such that in the range A > A∗c , H(A) is decreasing. Then, di , defined in
(3.16), can be written as di = α2i−2 H(αi−1 A∗ ). If A > A∗c , due to the decreasing behaviour
of H(A) in A, di has the possibility to be increasing in i. In order to explain the ascending
behaviour of di in the results of this section, H(A) and α2 H(αA) are compared in Fig.3.2
for the given example. From the experimental values of the parameters, α in (2.17) is
obtained as α = 0.82. The number of time samples in computation of H(A) is S = 300
and the sampling rate is 1 sample/s. Fig.3.2 shows that there exist a range (Am , An ) such
that for A ∈ (Am , An )
2

α H(αA) > H(A),

H(A) =

S
X

[∂g̃(A, tk )/∂A]2 .

(3.17)

k=1
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If A∗ , αN −2 A∗ ∈ (Am , An ), then, according to (3.17), it can be written that di+1 > di for
i ∈ {1, . . . , N}. Therefore, based on the expression (3.6) for variance, using N biosensors
decreases the estimation variance to less than 1/N of the variance obtained with a single
biosensor.
If A∗ ∈ (Am , An ), depending on the values of α, A∗ , and Am , there exists an integer
N ∗ such that for 2 ≤ N ≤ N ∗ , we have αN −2 A∗ ∈ (Am , An ). Since A∗ ∈ (Am , An ), the
maximum threshold N ∗ exists and is greater than or equal to 2. An expression for N ∗ can
be obtained as


Am
N = logα ∗ + 2,
A
∗

(3.18)

where Am is defined in (3.17), A∗ is the concentration of target molecules at the inlet of
the flow chamber, and α is defined in (2.17). In (3.18), bxc is the floor function that maps
x to the largest integer that is not greater than x. For the given value of Am in Fig.3.2,
the initial concentration A∗ = 10−8Mol/m3 , and α = 0.82, the value of N ∗ is obtained as
N ∗ = 4. From what described above, if A∗ ∈ (Am , An ), using 2 ≤ N ≤ N ∗ biosensors
decreases the estimation variance to less than 1/N of the variance obtained with a single
biosensor.
The results for the estimation bias in Table 3.1 show that the magnitude of the bias is
increasing with N for N = 1, 2, 3 biosensors and then it decreases at N = 4. This behaviour
can be explained by tracking the changes of the two separate terms in the evaluation of bias
in (3.7). The first term on the right-hand side of (3.7) depends on the deterministic error ei,k
between the PDE response and the response of the multi-compartment model, whereas the
second term depends on the variance σ 2 of the random measurement noise. For the given
example, the values of these terms are evaluated separately for N = 1, 2, 3, 4 in Table 3.2.
As it can be seen, the second term in (3.7) is positive and decreasing with the number of
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biosensors. The second term is positive because, as explained earlier, the first derivative
∂g̃(A,t)
∂A

is negative and the second derivative

∂ 2 g̃(A,t)
∂A2

is positive due to the convexity of the

response g̃(A, t). The denominator of the second term is increasing with the number of
biosensors, as explained before, and it is increasing much faster than the numerator. The
first term on the right-hand side of (3.7) is negative. In order to justify its variations,
the deterministic error ei,k should be evaluated. The sampled error ei,k = ei (ti,k ) is the
absolute error between the PDE and the multi-compartment responses at time samples ti,k .
The variations of the absolute error ei (t) = D̄i (t) − D̄iODE (t) are plotted in Fig.3.3. Since
the value of ei (t) for the biosensors i = 1, 2, 3 is positive and the first derivative

∂g̃(A,t)
∂A

is

negative, the first term in (3.7) is negative for N = 1, 2, 3. For i = 1, 2, 3, the error ei,k
have the same sign and are increasing in magnitude. Therefore, they add to the magnitude
of the first term in (3.7). The error e4 (t) and its time samples e4,k , on the other hand, is
negative in some parts. This results in reducing the magnitude of the first term in (3.7).
It can also be seen than the first term dominates the second term in (3.7) for N = 2, 3, 4.
With the above explanation, it can be concluded that the estimation bias depends tightly
on the multi-compartment approximation error. The bias can fluctuate due to the change
in sign and magnitude of this error.

3.4

Summary

In this chapter, we estimated the injection analyte concentration A∗ at the inlet of the flow
chamber (2.1 using multiple surface-based biosensors embedded in the flow chamber. The
dynamics of analyte flow and the surface capture of analytes along with the other reactions
on the biosensors are described by the PDE model (2.2)-(2.7). We use the approximate
multi-compartment ODE model, developed in Chapter 2, to solve the estimation problem.
The results of this chapter can be summarized as:
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Table 3.1: Comparison between the simulated and approximate values for the variance and bias of
the estimate Â∗ obtained by (3.1): The simulated and analytical values of the standard deviation
and normalized bias for S = 300 time samples are shown. The sampling rate is 1 sample/s. The
target molecule concentration at the inlet of the flow chamber is A∗ = 10−8 Mol/m3 . The noise
variance is set at σ 2 = 0.1D̄(0), where D̄(0) is the value of the response at t = 0.
r 
2
E Â∗ − E(Â∗ ) /A∗
Simulated
N=1
N=2
N=3
N=4

0.095
0.064
0.05181
0.043

Analysis
(3.6)
0.094
0.065
0.05185
0.044



E Â∗ − A∗ /A∗

Simulated
0.002
-0.022
-0.028
-0.0267

Analysis
(3.7)
0.003
-0.021
-0.029
-0.0270

Table 3.2: The variations of the first and second terms on the right-hand side of (3.7) for the
results of Table 3.1.

N=1
N=2
N=3
N=4

First term
in (3.7)
-0.004
-0.024
-0.031
-0.028

Second term
in (3.7)
0.007
0.003
0.002
0.001

Total bias
(3.7)
0.003
-0.021
-0.029
-0.027

1. The initial concentration A∗ at the inlet of a flow chamber can be estimated with the
ICS biosensor array using the multi-compartment model. According to the results for
the estimation bias and variance in Table 3.1, using an array of four sensors reduces
the estimation error from 10% to 5% in terms of the root mean squared error. The
estimation is based on 300 measurement samples on each biosensor during the first
300 seconds of the response.
2. When the initial concentration A∗ is in a certain range, the estimation variance can
be reduced to less than 1/N by using N biosensors. This nonlinear effect is not
specific to the given example and can occur in any estimation problem using a sensor
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Figure 3.1: The response g̃(A, t) = F (ū1 (t)) of a single biosensor, obtained by the twocompartment model (2.12)-(2.14) with A1 = A, is insensitive to low concentrations of target
molecules. By increasing the concentration of target molecules, the sensitivity of g̃(A, t) (the
magnitude of the derivative ∂g̃(A, t)/∂A) initially increases and then decreases to zero for large
values of concentration. The response is plotted for a time horizon of 300s.

array, where the sensor response is nonlinear in terms of the unknown quantity. Due
to the measurement effect on the system state or time and space variations of the
process under measurement, identical sensors in an array can function in different
operating points with different sensitivities. Consider a single sensor in such a system.
If another sensor is added such that it operates with a higher sensitivity compared
to the previous one, the estimation variance is reduced to less than half.
3. The measurement error in the developed multi-compartment model comprises a white
noise, which includes the PDE modeling error and the measurement noise, and a
deterministic error between the responses of the multi-compartment model and the
PDE model. According to (3.12), the contribution of the deterministic error to the
estimation variance is insignificant compared to the random noise. The estimation
bias is however dependent on both the deterministic error and the noise variance. The
deterministic error is a result of the multi-compartment approximation. This error
is due to discretization and is inevitable in numerical methods for solving estimation
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Figure 3.2: The ascending behaviour of di , defined in (3.16), is investigated by comparing H(A)
and α2 H(αA) (a), where H(A) is defined in (3.17). The plot in the interval A ∈ (Am , An ) is
magnified (b). For the value of A in this interval, we have α2 H(αA) > H(A). In our example
of the estimation problem, the concentration at the inlet of the flow chamber A∗ = 10−8 Mol/m3
belongs to this interval. Using N ≤ N ∗ = 4 biosensors, for N ∗ obtained by (3.18), the variance
of the estimation is decreased to less than 1/N of the variance obtained by a single biosensor.
problems in PDE models.
4. The estimation bias is mainly influenced by the multi-compartment approximation
error. The bias can fluctuate with the number of biosensors if the magnitude and
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Figure 3.3: The absolute error ei (t) = D̄i (t) − D̄iODE (t) between the responses of the PDE model

(2.2)-(2.7) and the multi-compartment ODE model (2.15)-(2.19) for A∗ = 10−8 Mol/m3 . The
flow rate is Q = 10 µL/min. The number of biosensors is N = 4. The biosensor length and
spacing are respectively L = 2 mm d = 1 mm.

sign of this error fluctuate with the number of biosensors.
5. Using the developed multi-compartment ODE model provides an insight into the
dynamical behaviour of the biosensors and significantly reduces the amount of computation for the estimation problem. Using this model enables the evaluation of
estimation bias and variance via an analytic expression, which can also determine
how the parameters in the system influence these values.
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Chapter 4
Improved Analyte Collection Rate by
Using Multiple Sensors
In the previous chapter, we solved the concentration estimation problem and investigated
the estimation improvement based on the number of biosensors used for measurements.
Using an array of biosensors, the estimation improvement depends on the sensitivity of
individual biosensors to the input concentration. We investigated how the biosensor sensitivity to the injection concentration changes with the biosensor position in the array along
the flow direction. In this chapter, we focus on improving the detection of target molecules
rather than estimating their concentration. We combine the measurements of multiple
sensors to form a response that is stronger than that of a single sensor with the same total
sensing surface area. The stronger output response improves detection probability of small
target molecule concentrations.
Consider a single surface-based sensor for detection of analytes in the flow chamber.
When the binding kinetics are mass-transport limited, the capture rate of analyte at this
surface is faster than passive diffusion can replenish. Most of the analyte molecules are
captured close to the entry port of the flow chamber. If a single large sensing surface is used,
depletion of analyte occurs downstream within the flow chamber. At these downstream
areas, capture of analyte at the sensor surface is delayed until the analyte depletion near the
entry port is saturated. This results in the sensor response rate slower than determined by
the analyte-receptor reaction rates at the sensor surface. Fig.4.1(a) illustrates the depletion
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effect for a flow chamber of capillary height h and analyte concentration A∗ (the sensor
and its parameters are specified in Section 4.2 for an ion channel switch biosensor). This
chapter proposes replacing a single surface-based sensor by an array of spaced smaller
sensors with the same total sensing surface area for detection of minute concentrations
(nano to pico-molar) of analyte in a fluid flow chamber. A minute analyte concentration
(MAC) is defined as a concentration where the intermolecular spacing of the analyte is
greater than the passive diffusion distance undergone by the analyte during the sensor
response time. It is shown that in the mass-transport influenced case, when the transport
rate of analyte is comparable to or smaller than the intrinsic reaction rates at the sensor
surface, substantial improvements in the response rate can be obtained from the array
relative to the initial single large surface. Formulas are derived to support our hypothesis
for quantifying the improvement in performance and optimal size of the sensors in the
array. We present a quantitative design in which the sensor response rate is optimized at
MAC levels of analyte by replacing a single sensor of area A with an array of N sensors
of area

A
.
N

The space between the sensors permits analyte to be replenished between the

individual elements in the array (as shown in Fig.4.1(b)). When optimized, the analyte
capture rate per unit area on the array is substantially improved. The results of our
analysis are compared with experimental data obtained for an ICS biosensor and a surface
plasmon resonance biosensor. A sensing array can enhance the total analyte collection rate
by mitigating the mass-transport limitations on the binding kinetics of a reactive surface
outlined in Chapter 1. As described in Chapter 1, Squires et al have explored the masstransport effects on the kinetics of a surface-based sensor [1]. Based on this analysis, an
explicit expression is derived in this chapter to quantify the total analyte collection rate
on multiple sensors. Based on the constructed PDE model in Chapter 2, we validate our
analytical results using the numerical solutions of the PDE.
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Table 4.1: Maximum attainable improvement in analyte collection rate, defined in (4.4), for
two real-life biosensors; The ion channel switch biosensor (a) and the BIACORE biosensor
(b). The improvement is obtained by replacing a single sensor with a uniform array of
N smaller sensors of similar type. The analyte injection concentration is A∗ = 1pM (a)
and A∗ = 25nM (b). The total length of the sensors in each array is L = 2mm (a)
and L = 1mm (b), which is equal to the length of the initial single sensor. The sensor
spacing is considered to be sufficiently large in each case to allow the analyte concentration
to reach its maximum value in the gaps between the sensors. (Parameters are specified
in Section 4.2 and Section 4.3 and their values for the initial single sensor are given in
Table 4.2 and Table 4.3.)
(a)

N =2
N =4
N =5

Sensor

Damkohler

length
(mm)

number Di
(for sensor i)

1
0.5
0.4

1.82
1.44
1.34

Collection
rate improvement


PN
−1
J
−
1
(%)
J
i
i=1
compared to one sensor
Numerical Analysis (4.4)
11.86
11.78
24.20
25.07
27.94
29.55

(b)

N =2
N =5

Sensor

Damkohler

length
(mm)

number Di
(for sensor i)

0.5
0.2

2.41
1.77

Collection
rate improvement


PN
−1
J
J
−
1
(%)
i=1 i
compared to one sensor
Numerical Analysis (4.4)
15.50
17.85
35.67
44.23

The main results of this chapter are stated as follows:
1. In Section 4.1, a formula is derived for characterizing the improvement of multiple
sensors compared to a single sensor in the mass-transport influenced case.
2. Numerical studies and experimental data are compared to validate the predictive
model. The results for two case-studies, an ICS biosensor and a surface plasmon
resonance biosensor, are illustrated in Table 4.1. The results show that using multiple
sensors can increase total analyte collection rate by more than 11% in these examples
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The color map for normalized analyte concentration

Flow
direction

h
L=2mm sensing surface

Depletion region

(a)

Flow
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h
L1=1mm

L2=1mm
(b)

Figure 4.1: Depletion in analyte concentration along a sensor. (a): The analytes are
bound close to the entry to the flow chamber causing a depletion in analyte concentration
for subsequent binding sites and an overall slowing of the sensor response. (b): Replacing
the sensor with two spaced out half-sized sensors allows analyte to be replenished between
the individual sensors.
compared to a comparable single sensing area. Also the tables show that the formula
we derive for predicting the performance improvement fits remarkably accurately to
the actual performance improvement. By analyte collection rate on a sensing surface,
we mean the surface integral of inward analyte diffusive flux on the surface.

4.1

Multiple-Sensor Array can Mitigate
Mass-Transport Limits

Binding kinetics on a sensor are influenced by finite reaction rates and the transport rate of
analytes to the surface. Due to mass-transport limitations, a depletion region is formed on
the sensor surface which hinders the analyte transport to further parts on the sensor. Using
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an array of multiple smaller sensors can change the mass-transport limitations on total
analyte collection rate. Section 4.1.1 specifies the mass-transport and kinetics conditions
where the total analyte collection rate can be higher on an array of multiple sensors than a
single sensor with the same total sensing surface area. Then, in Section 4.1.2, the analyte
collection rate on a single sensor is compared to a multiple-sensor array, where the total
sensing area is fixed. A formula is derived for the attainable improvement in analyte
collection rate.

4.1.1

Binding Kinetics in the Mass-Transport Phase Diagram

Based on the classification of mass-transport conditions and different binding kinetics conditions introduced in Chapter 1, this section specifies those conditions where multiplesensor array can improve analyte collection rate.
Recall the classification of different binding kinetics based on the value of the dimensionless Damkohler number in Chapter 1. When Da << 1, the reactive flux is much
smaller than the diffusive flux and the binding kinetics are reaction-limited. When Da
increases to values greater than 1, the kinetics start to become mass-transport influenced.
The kinetics become mass-transport limited when Da >> 1 [39]. In order to benefit from
splitting the sensing area, the kinetics conditions should be mass-transport influenced,
i.e. the Damkohler number Da should be sufficiently large. Using multiple sensors in the
reaction-limited regime is irrelevant because distributed placement of the sensing surfaces
can only influence the transport rate of analyte to the sensor.
While the Damkohler number determines the binding kinetics regime, the mass-transport
condition is determined by the Péclet number and the dimensionless length of the sensor.
Different mass-transport regions are classified in Fig.1.2 in Chapter 1, based on these values. When the Péclet number is too small or the sensor is too long, the sensor grabs all
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the analytes delivered by the flow. Region (i) in the phase diagram in Fig.1.2 corresponds
to this full collection regime, where the analyte collection rate on the sensor is equal to the
input advective flux. This region is not interesting to the method of splitting the sensing
area since the collection rate is already at its maximum level and cannot exceed the input
advective flux.
Using an array of multiple sensors can increase total analyte collection rate in region (ii)
and (iii) in the phase diagram in Fig.1.2. Region (iii) is not in the scope of this thesis. We
focus on region (ii) in the phase diagram since the experimental values of the parameters
in our case-studies (Section 4.2 and Section 4.3) belong to this region.
Consider the flow chamber (2.1) described in Chapter 2 with only a single sensor in
the chamber. As described in Chapter 2, the steady-state diffusive flux on a sensor with
length L and width ws is approximated as J = γLws ∇A, where γ is the analyte diffusion
constant. Here, the analyte concentration gradient ∇A on the surface is approximated
by ∇A =

A∗ −a(t)
δ

where δ is the thickness of the depletion region and a(t) is the analyte

concentration just above the sensor surface in the depleted region. For the mass-transport
conditions in region (ii) of the mass-transport phase diagram in Fig.1.2, δ is obtained by
(2.10). In the mass-transport limited regime, it is assumed that the sensor has infinite
binding capacity. Therefore, the region above the sensor is completely depleted yielding
a(t) = 0. The mass-transport limited diffusive flux is thus obtained as (1.7). For finite
reaction rates on the sensor, the two extremes on the analyte collection rate given by the
mass-transport limit and the reaction-rate limit balance the steady-state analyte collection
rate to [1, 61]

J = A∗ wγF

Da
,
1 + Da

F ≈ 1.47Pe1/3
λ2/3 ,
H

(4.1)

where A∗ is the analyte injection concentration as described in (2.4), w is the width of the
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sensor, and γ is the diffusion constant. In the computation of F , the Péclet number PeH
is defined in (1.6), and λ = L/h is the ratio of the sensor length to the height of the flow
chamber. Using (1.4) and (1.7) in Chapter 1, the Damkohler number Da is obtained as

Da =

Lkon θ
,
γF

(4.2)

where kon is the forward reaction rate, θ is the total binding site concentration on the
sensor, and F is obtained in (4.1).
Note that by ”steady-state analyte collection rate”, we mean the analyte collection rate
at the time when the depletion zone on the sensor evolves quasi-steadily. The quasi-steady
state occurs if the time it takes the sensor to achieve equilibrium is much greater than the
time for the depletion region to form [1]. Throughout this thesis, it is assumed that the
depletion region on the sensor achieves a quasi-steady state. The provided examples also
satisfy this condition.

4.1.2

Improving Analyte Collection Rate Using Multiple
Sensors

This section demonstrates that mass-transport limits on analyte collection rate can be
mitigated by using an array of multiple sensors instead of a single sensor of the same total
sensing surface area. Firstly, an expression is derived for the total analyte collection rate
on each individual sensor in a linear array of surface-based sensors. Then, having the total
sensing area fixed, the sum of collection rates on all the sensors is maximized versus the
size of the individual sensors.
Consider a linear array of N sensors with dimensionless lengths λ1 , λ2 , . . . , λN along the
flow direction in the flow chamber described in Section 2.1 of Chapter 2. The sensors are
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operating in region (ii) of the phase diagram in Fig.1.2, under a mass-transport influenced
condition. It is assumed that the sensors are sufficiently spaced out in the flow chamber
such that the quasi steady-state analyte concentration in the gaps between the sensors
achieves its maximum.
Maximum attainable improvement in the steady-state analyte collection rate
based on multiple-sensor measurements:
Consider replacing a single sensor with the array described above while the total sensing
surface area is fixed. The sensors have the same width w equal to the width of the flow
chamber. The total dimensionless length of the sensors in the array can thus be written as
PN
i=1 λi = λ, which is equal to the length of the initial single sensor. The following results
will be derived:

Result I: The steady-state analyte collection rate Ji on sensor i for i = 1, 2, . . . , N can
be obtained as
Dai
Ji ≈ wγAi Fi
,
1 + Dai


Ai = 1 −

Fi−1 Dai−1
PeH (1 + Dai−1 )



Ai−1 ,

(4.3)

where w is the width of the flow chamber, γ is the diffusion constant, and PeH is the Péclet
number obtained by (1.6). The dimensionless flux Fi on sensor i is obtained by replacing
λ with λi in (4.1). Similarly, the Damkohler number Dai of sensor i is obtained by (4.2)
for the corresponding length Li and dimensionless flux Fi . Here, we define F0 = 0, and
A0 = A∗ , where A∗ is the analyte injection concentration defined in (2.4).
Result II: The improvement in analyte collection rate, obtained by replacing a single
P
sensor with an array of spaced sensors, can be defined as J −1 N
i=1 Ji − 1, where J is the

analyte collection rate on the initial single sensor obtained by (4.1). The maximum value

of the defined improvement with respect to the values of the length of the array sensors is
obtained as
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λ1 ,...,λN ,

max
PN

J
λ
=
λ
i=1 i

−1

N
X
i=1

1 + Da 1 + Da
Ji − 1 ≈
−
kDa
kDa


N
N −2/3 kDa
− 1,
1 − 1/3
N + Da

(4.4)

where k is defined as
k = 1.47Pe−2/3
λ2/3 ,
H

(4.5)

and Da is the Damkohler number of the initial single sensor obtained by (4.2).
Derivation of (4.3) and (4.4): According to (4.1), examining the validity of (4.3)
for the first sensor (i = 1) is straightforward. Its derivation for i = 2, 3, . . . , N is based
on induction. The steady-state analyte concentration A2 above the second sensor can be
computed by deducting the analyte collection rate J1 on the first sensor from the input
advective flux JC = A∗ Q. It is assumed that the sensors are sufficiently spaced out such
that analyte can be replenished between the individual sensors. Therefore, the analyte
concentration A2 above the second sensor is obtained as A2 ≈ Q1 (A∗ Q − J1 ). Using (1.6)


1 Da1
. Similarly,
and (4.3) to compute J1 , A2 can be obtained as A2 ≈ A∗ 1 − Pe F(1+D
a1 )
H

the expression (4.3) for the steady-state analyte collection rate on any sensor in the array
is derived by deducting the total collection rate on the previous sensors from the input
convective flux. From (4.3), the flux Ji on sensor i can be obtained as
J1 = J 1 + Da−1




−1

J i = J 1 + Da

α1
1/3
α1

+ Da−1
αi

1/3

αi

+ Da−1

,

1−k

(4.6)
αi−1
αi−1 + Da−1



... 1− k

α1
1/3

α1 + Da−1

!

,

i ≥ 2,

where Da is the Damkohler number on the original sensor defined in (4.2), and k, obtained
by (4.5), is the ratio of the collection rate of the single sensor to the input convective
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flux. In (4.6), αi is the ratio of the length of biosensor i to the total length L, obtained
P
as αi = λi /λ, where N
i=1 αi = 1. It can be proved that there is a set of values for αi or
P
equivalently for λi such that the function J −1 JT = J −1 N
i=1 Ji is greater than 1, which
means that the total collection rate JT on the sensor-array is greater than the collection
PN
rate J on the single sensor. The total collection rate JT =
i=1 Ji is symmetric with

respect to αi or λi for i ∈ {1, 2, . . . , N}. If it can be proved that the function J −1 JT is
unimodal with respect to 0 ≤ αi ≤ 1, J −1 JT will be greater than 1, under the constraint
PN
−1
JT is maximized at the
i=1 αi = 1, for all values of αi . Also it can be concluded that J
center of symmetry, where αi = 1/N. In this case, J −1 JT is greater than one for all values

of λi . The proof of J −1 JT being unimodal is complicated. In fact, the simulation results
show that the function would be unimodal for a certain range of k, defined in (4.5). It
can be proved that for N = 2 and Da >> 1, the function J −1 JT is concave in the region
α1 + α2 = 1 for k ≤ 3−1 22/3 ≈ 0.53. Simulations show that for N > 2 and Da >> 1,
this upper bound for k relaxes as N increases. Please note that k cannot exceed 1 since,
from the definition, it is the ratio of the collection rate of the single sensor to the input
convective flux.
For a large set of experimental values of PeH and λ in region (ii) of the mass-transport
phase diagram in Fig.1.2, the value of k belongs to the desired range. Thus, the maximum
improvement in analyte collection rate is attained at the point where the sensors in the
P
array have equal length. At this point, the total collection rate JT = N
i=1 Ji is a finite

geometric series with the common ratio 1 −

N −2/3 kDa
,
N 1/3 +Da

where Da is the Damkohler number

for the initial single sensor and k is defined in (4.5). The maximum value of the defined
improvement in (4.4) is then obtained by computing the value of the derived geometric
series.
Taking the limit of (4.4) as Da goes to infinity yields the maximum attainable improve-
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Figure 4.2: The variations of maximum improvement in analyte collection rate in the
mass-transport limited regime, as defined in (4.7): The improvement is based on replacing
a single sensor with N sensors while the total sensing area is fixed. The parameter k,
defined in (4.5), is the ratio of the analyte collection rate on the single sensor to the
input advective flux. By increasing the value of k, the attainable improvement in analyte
collection rate reduces.

ment in analyte collection rate in a mass-transport limited regime denoted by g(k, N):

g(k, N) = k

−1

−k

−1



k
1 − 2/3
N

N

− 1.

(4.7)

Here k is defined in (4.5) and N is the number of sensors in the array. Fig.4.2 shows how
g(k, N) changes with the number of sensors N for different values of k. The results show
that for a fixed number of sensors, the improvement in analyte collection rate increases as
k decreases.
In the above discussion, the sensors are assumed to be sufficiently spaced out to allow
the quasi-steady analyte concentration to achieve its maximum in the gaps between the
sensors.
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4.2

Case-Study I: Ion Channel Switch Biosensor

In this section, the PDE model of Section 2.1 together with the analysis of Section 4.1
are used to predict the behavior of an ICS biosensor. The PDE model and the reaction
equations for an array of ICS biosensors are described in Section 2.3.1. We provide numerical results that quantify the improvement obtained by using multiple ICS biosensors
compared to a single biosensor. Numerical values of the improvement in analyte collection
rate are compared with the analysis in (4.4). Numerical results are obtained by solving
the PDE model (2.2)-(2.7) using the COMSOL multi-physics simulation software. In order
to demonstrate that the PDE model (2.2)-(2.7) is an accurate model, the single biosensor
response predicted by the PDE model is compared with the one generated by a computer
model, called Sensim, that is included in the ICS analysis package. This model simulates
the binding experiments on the ICS biosensor.
The experimental parameter values for streptavidin-biotin interaction on a single ICS
biosensor are given in Table 4.2 [43]. The values of the Péclet number and the dimensionless
length of the single sensor belong to region (ii) in the mass-transport phase diagram in
Fig.1.2. The value of the Damkohler number Da = 2.29 is obtained by (4.2), where
kon = f1 and θ = B ∗ + C ∗ . Since this value is greater than one, the biosensor operates in
a mass-transport influenced regime. The single biosensor in the flow chamber is replaced
with a linear array of multiple biosensors while the total sensing surface area is fixed. The
biosensors are connected in parallel in the external circuit such that the measured output
current is the sum of the currents of all biosensors. The variations of total conductance of
the biosensors are recorded as the array response.
Table 4.1(a) illustrates the improvement in analyte collection rate defined in (4.4). The
numerical results are compared with the analytical expression (4.4) for uniform arrays of
N = 2, N = 4, and N = 5 biosensors. The total length of the biosensors in the array is
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Table 4.2: Parameter values for streptavidin-biotin interaction on ICS biosensor
Chamber and biosensor dimensions
Sensor length L (mm)
Chamber width W (mm)
Chamber height h (mm)
Primary species concentration
Binding site B ∗ (molecules/cm2 )
Free monomers C ∗ (molecules/cm2 )
Tethered monomers S ∗ (molecules/cm2 )
Reaction rate constants
f1 = f2 = f6 (M−1 s−1 )
f3 = f4 (cm2 molecule−1 s−1 )
f5 = f7 (cm2 molecule−1 s−1 )
r1 = r2 = r3 = r4 = r6 (s−1 )
r5 = r7 (s−1 )
Diffusion constant γ (cm2 s−1 )
Flow rate Q(µL/min)
Dimensionless parameters
Péclet number PeH
Dimensionless sensor length λ = Lh
Damkohler number Da
k: Ratio of the collection rate
to the input flux

2
3
0.1
1 × 1011
1 × 109
1 × 1010
8 × 106
5 × 10−9
1 × 10−10
1 × 10−6
1.5 × 10−2
1.5 × 10−6
10
370.37
20
2.29
0.21

fixed and equal to the length of the single biosensor in Table 4.2. The sensor spacing is
selected as five times the length of each biosensor in the array. Experiments show that this
value allows the analyte concentration to reach its maximum value in the gaps between
the biosensors. The analyte injection concentration is A∗ = 1pM. The results show that
the total analyte collection rate improves with the number of biosensors. Note that the
kinetics conditions are transport-influenced because the values of the Damkohler number
for each sensor is greater than one.
Fig.4.3(a) compares the responses of the single biosensor and the multiple-biosensor
arrays studied in Table 4.1(a). For a multiple ICS-biosensor array, the response is charac-
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terized as the variations of normalized total conductance of the sensors, denoted by

G(t)
.
G0

G0 denotes the initial conductance of the single biosensor, which is equal to the initial total conductance of the biosensor array. As mentioned earlier, the biosensors are connected
in parallel in the external circuit. Therefore, their total conductance is measured in the
external circuit. The selection of the parameter values in Table 4.2 together with the low
analyte injection concentration A∗ = 1pM result in a linear sensor response. The response
rate is proportional to the total analyte collection rate. Fig.4.3(b) shows similar results
for the analyte injection concentration A∗ = 10pM. The response is nonlinear with time
because of higher analyte concentration.

4.3

Case-Study II: BIACORE Biosensor

In this section, a single BIACORE biosensor is replaced with a uniform linear array of
BIACORE biosensors to quantify the improvement in analyte collection rate. BIACORE
biosensor is an optical biosensor where the changes in the index of refraction is monitored
as the analytes bind to the surface [92]. When there are multiple BIACORE sensors, one
can take the average of the individual sensor responses. It will be shown that the average
response of multiple BIACORE sensors is higher than the response of a single BIACORE
sensor with the same total sensing surface area. The response of SPR-based biosensors
are measured in resonance units (RU). One RU is approximately equivalent to a change of
10−10 g/cm2 in mass on the surface when the analyte is a protein [88]. The experimental
results for a single BIACORE biosensor are extracted from a work by Myszka [88]. The
binding data corresponds to an antigen-antibody interaction where the antigen is a soluble
form of the human T-cell receptor (DID2) that attaches to a monoclonal antibody from
IgG1 called mAb CE9.1 [53]. Analytes (the antigens) flow past a BIACORE biosensor
with the parameter values given in Table 4.3. Table 4.1(b) compares the corresponding
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Figure 4.3: The response of a uniform array of N ICS biosensors for different values of N.
The total sensing surface area is fixed. All the biosensors have the same width and their
total length is L = 2mm. Other parameter values are given in Table 4.2. The analyte
injection concentration is A∗ = 1pM (a) and A∗ = 10pM (b). The sensor spacing d = 5L
N
is five times the length of individual sensors in the array.
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Table 4.3: Parameter values for the BIACORE biosensor
Chamber and biosensor dimensions
Sensor length L (mm)
Chamber width w (mm)
Chamber height h (mm)
Receptor surface density
Monoclonal antibody mAb CE9.1 (RU)
Reaction rate constants
kon (M−1 s−1 )
kof f (s−1 )
diffusion constant γ (cm2 s−1 )
Flow rate Q(µL/min)
Dimensionless parameters
Péclet number PeH
Dimensionless sensor length λ = Lh
Damkohler number Da
Ratio of the collection rate
to the input flux k

1
3
0.2
1400
1.2 × 106
2.9 × 10−4
1 × 10−6
60
3.33 × 103
5
3.04
0.02

analytical and numerical results for the attainable improvement. The numerical results are
compared with the analysis in (4.4) for uniform arrays of N = 2 and N = 5 sensors. The
sensor spacing is selected as approximately twice the length of each sensor in the array.
Experiments show that for the given flow rate (60µL/min), this distance allows the analyte
concentration to reach its maximum value in the gaps between the sensors. Due to higher
flow rate in this example compared to the ICS biosensor in Section 4.2, the required sensor
spacing is smaller here. The analyte injection concentration is A∗ = 25nM [88].
Fig.4.4 compares the responses of the BIACORE biosensor arrays studied in Table 4.1(b).
The response of a sensor-array is characterized as the average of the responses of the individual sensors measured in resonance units. As mentioned earlier, the SPR response is
used to detect changes in the index of refraction caused by mass changes on the sensor
surface. The rate of change in the index of refraction is proportional to the change in the
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Figure 4.4: The response of a uniform array of N BIACORE biosensors for different
values of N. The total sensing surface area is fixed. The total length of the biosensors
is L = 1mm. Relevant parameter values are given in Table 4.3. The analyte injection
concentration is A∗ = 25nM. The sensor spacing is d = 2L
.
N
mass surface density. Denoting the total analyte collection rate on a BIACORE biosensor
by J, the response rate is thus proportional to
of sensor i is proportional to
PN

N Ji
.
L

J
.
L

In an array of sensor, the response rate

The rate of the average response is thus proportional

J

i
to i=1
. Because of higher total collection rate on multiple sensors than a single sensor
L
PN
( i=1 Ji > J), the response rate is higher in a sensor array than a single sensor.

4.3.1

Effect of Flow Rate on Analyte Collection Rate

In this section, the improvement in analyte collection rate, defined in (4.4), is obtained
and compared for different flow rates on the BIACORE biosensor. The results quantify
the effect of flow rate on analyte collection rate.
The improvement in analyte collection rate is obtained by replacing a single BIACORE
biosensor with a uniform array of two biosensors while the total sensing surface area remains
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Table 4.4: The maximum improvement in analyte collection rate for different flow rates:
The improvement, as defined in (4.4), is obtained by replacing a single BIACORE biosensor
with a uniform array of two BIACORE biosensors. The total sensing surface area is fixed.
The total length of the biosensors in the array is L = 1mm, which is equal to the length
of the single biosensor. Other parameter values are given in Table 4.3. The sensor spacing
is considered to be sufficiently large in each case to allow the analyte to replenish between
the individual sensors.
Flow rate
Q(µL/min)

Damkohler
number Da

60
200
1000

3.04
2.03
1.19

The
Collection rate improvement
ratio
(J −1 (J1 + J2 ) − 1) (%)
k (4.5)
compared to one sensor
Numerical Analysis (4.4)
0.02
15.50
17.85
0.009
14.98
15.85
0.003
11.38
12.57

fixed. The parameter values are given in Table 4.3. Table 4.4 compares the numerical
results with the analytical results obtained by (4.4). The results in this table show that
increasing the flow rate results in lower improvement in analyte collection rate. This is
due to the reduction of the Damkohler number, which indicates that the binding kinetics
move towards the reaction-limited regime. The value of k in (4.5) is decreasing with the
flow rate. Although, lower values of k yield higher improvements in (4.4) for fixed values
of Da and N (as shown in Fig.4.2), the effect of Damkohler number is dominating. Fig.4.5
compares the responses of the single BIACORE biosensor and the two-BIACORE biosensor
array of Table 4.4 for different flow rates. For the given parameters, the response changes
non-linearly with the collection rate.

4.4

Summary

This chapter demonstrates that with a fixed sensing surface area, using an array of multiple
small sensors instead of a single sensor can substantially improve analyte collection rate,
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Figure 4.5: Comparison between the responses of a single BIACORE biosensor and a
uniform array of two biosensors for different flow rates Q. The solid lines correspond
to the single biosensor response and the dashed lines illustrate the responses of the twobiosensor arrays. The total sensing surface area is fixed. Relevant parameter values are
given in Table 4.3. The analyte injection concentration is A∗ = 25nM. The maximum
sensor spacing is d = 2L
for Q = 60µL/min.
N
which results in higher response rate and detection sensitivity. Table 4.1 demonstrates
this for two real-life biosensors. It is shown that for sufficiently spaced-out sensors in the
array, maximum analyte collection rate can be obtained by setting the size of all sensors
equal. The derived expression (4.4) for the maximum improvement in analyte collection
rate depends on the number of sensors N, the Damkohler number Da defined in (1.4),
and the ratio k defined in (4.5). Here is a summary on how these parameters affect the
improvement in analyte collection rate:
1. According to (4.4), when the kinetics condition approaches to mass-transport limited
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(higher Damkohler number Da ), multiple sensors improve the collection rate more
significantly. This is also verified by intuition due to the fact that distributing the
sensing surface along the flow direction can only affect the mass-transport limit on
the analyte collection rate. In the mass-transport limited regime, the maximum
improvement (4.4) increases to g(k, N) in (4.7).
2. In the reaction-limited regime (Da << 1), multiple sensors cannot improve analyte collection rate. The expression (4.4) is not valid in this regime. The analyte
concentration, everywhere in the flow chamber, achieves the injection concentration
A∗ . In this case, the collection rate Ji on sensor i is obtained by (4.3) and (1.4) as
Ji = A∗ kon θwLi , which is equal to the reactive flux on the sensor. Thus, the total
collection rate is equal to the reaction-limited collection rate of a single sensor.
3. Increasing the value of k reduces the improvement (4.4) in analyte collection rate.
This effect can be justified by the physical interpretation of k. The value of k is the
ratio of the collection rate of the single sensor to the input convective flux that is the
maximum attainable analyte collection rate. When k increases to 1, we can expect
that multiple sensors yield less improvement in analyte collection rate until k hits
the full collection region.
4. The results in Section 4.4 show that increasing the flow rate reduces the attainable
improvement in analyte collection rate that is obtained by mutiple-sensor measurements. The reason is that the binding kinetics change towards the reaction-limited
regime.
In Section 4.3, it was shown that splitting the sensing area yields higher improvements in
the response of BIACORE biosensor compared to the ICS biosensor in Section 4.2. The
reasons are the higher value of Damkohler number and smaller value of k for the BIACORE
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biosensor.
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Chapter 5
On the Accuracy of the
Two-Compartment Model
The analyses of our previous chapters relies on the accuracy of the two-compartment model
(2.12)-(2.14). In this chapter, we construct a mathematical proof for the two-compartment
model and derive an upper bound for its approximation error.
The two-compartment model (2.12)-(2.14) is based on the asymptotic solution of advectiondiffusion in a fluid flow in the classical Graetz problem. The Graetz problem involves mass
transfer to the walls of a round tube from a fluid in a laminar flow with parabolic profile.
The wall of the tube downstream of a certain point is maintained at a constant concentration. The two-compartment model derivation is based on the approximation of the mass
flux to the wall of the tube. Although, this flux is obtained under the constant boundary
condition, the results have been used in the form of the two-compartment model, where the
boundary concentration is time and space varying. To our best knowledge, there is not a
rigorous mathematical proof for the accuracy of the two-compartment model in the current
literature. Therefore, we construct a mathematical proof for the two-compartment model
in this chapter. We derive an upper bound for the modeling error in the approximation of
the immobilized species concentration on the reactive surface.
Graetz [40, 71, 93] treated the mass transfer problem in a round tube by the method of
separation of variables by neglecting the axial diffusion under the condition that the Péclet
number is large. In 1928, André Lévêque observed that convective heat transfer in a flowing
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fluid is affected only by the velocity values very close to the surface [70]. For flows of large
Prandtl/Péclet number, the heat/mass transition from surface to the free stream takes
place across a very thin region close to the surface. Lévêque solved the Graetz problem
near the wall downstream the tube close to the near end of the mass-transfer section. In
this region (diffusion layer), the velocity distribution can be linearly approximated. Also
the effect of cylindrical geometry disappears and Lévêque found that the solution of the
approximate differential equation depends only on a combined variable, which is the ratio of
the distance from the wall surface to the cube root of the axial distance from the beginning
of the mass-transfer section. Then, the rate of mass transfer (the mass flux) towards the
tube wall was obtained. The Lévêque solution is also applicable to the problem of mass
transfer to a flat plate. The two-compartment model relates to the Lévêque solution.
After a brief review of the Lévêque solution, we will describe how the two-compartment
model can be derived by making a simplifying assumption in Section 5.1. We do not
resort to this simplistic derivation of the two-compartment model and construct a detailed
mathematical proof in Section 5.2, where the order of accuracy of this model compared to
the PDE model is derived.

5.1

The Two-Compartment Model Based on the
Lévêque Solution

In this section, derivation of the two-compartment model based on the Lévêque solution
is described.
Lévêque derived the solution of the concentration in the boundary layer of a laminar flow
with parabolic profile in a round tube. In a similar mass-transfer problem on a flat plate,
the boundary layer concentration is obtained by the same formula. Here, we directly derive
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Figure 5.1: The fluid containing analytes enters from the left side of the flow chamber.
The analyte concentration at the inlet is A∗ as expressed in the boundary conditions in
5.6.
the Lévêque solution, which is an asymptotic solution, for the advection diffusion equation
(2.2) in a tube with rectangular cross section and then derive the two-compartment model.
Consider the flow chamber (2.1) with only a single sensor as shown in Fig.5.1. The sensor is fitted to the flow chamber with the same length and width. Consider the advectiondiffusion PDE model (2.2)-(2.7) for this system:

At = γ(Azz + Axx ) − v(z)Ax

(5.1)

A(x, z, 0) = A0 (x, z)
A(0, z, t) = A∗
Ax (l, z, t) = 0
Az (x, h, t) = 0
γAz (x, 0, t) = R(u(x, t), A(x, 0, t)),

coupled with

ut (x, t) = F(u(x, t), A(x, 0, t))

(5.2)

u(x, 0) = u0 ,

In (5.1)-(5.2), t denotes time, γ is the target molecule diffusion constant and v(z) describes
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the fully developed velocity profile in the flow chamber defined by (1.5). The concentration
at the inlet of the flow chamber is constant equal to A∗ . The rate of grabbing analytes on the
sensor is denoted by R(u(x, t), A(x, 0, t)), where u(x, t) is the surface vector concentration
of immobilized chemical species at point x and time t on the biosensor. Here, each chemical
reaction that occurs on the sensor has the form

B+C

D,

(5.3)

where each one of B and C is either the analyte or one of the immobilized components and
D can only be one of the immobilized components. By merging the concentration vector
of immobilized species u to the concentration a(x, t) = A(x, 0, t) into one big vector V,
the reaction law for the i-th component of V, denoted by V(i), has the form
M
N
dV(i) X X
=
km,n V(m)s V(n)p ,
dt
m=1 n=1

(5.4)

n>m

where p, s ∈ 0, 1 and km,n ∈ R corresponds to the reaction rate constants. In (5.4),
km,i , ki,n < 0. This is due to the fact that aggregation of each reactant on one side of a
reaction increases the reaction rate towards the reverse direction causing the reduction of
that reactant. The analyte on the surface, which binds to the immobilized components
on the sensor, is always on the left-hand side of the reaction of the form (5.3). Thus,
considering (5.4) for the rate of change of the analyte concentration A(x, 0, t) in the reactions, A(x, 0, t) only appears in bilinear terms with negative coefficient. For example,
R(u(x, t), A(x, 0, t)), which is the negative of the rate of change of analyte in the reactions,
can have the form

R(u, A) = A(f1 u(1) + f2 u(2) + f3 u(3)) − r1 u(4) − r2 u(5) − r3 u(6),

(5.5)
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Without loss of generality about our assumptions, we take this form for R for simplicity
in our proof in the next section.
Here, we use a general form of initial condition A(x, z, 0) = A0 (x, z). We first nondimensionalize the model. Denote q =
u(X, Z, τ ) =

A(x,z,t)
,
A∗

β(X, τ ) =

u(x,t)
,
u0 (1)

h
,
l

=

and β0 =

γw
6Q

=

u0
,
u0 (1)

1
,
6PeH

τ =

γt
,X
h2

=

x
,Z
l

=

z
,
h

where u0 (1) is the first element

of the vector u0 . Then
uτ = uZZ + q 2 uXX +

qZ(Z − 1)
uX


(5.6)

A0 (x, z)
A∗

u(X, Z, 0) =

u(0, Z, τ ) = 1
uX (1, Z, τ ) = 0
uZ (X, 1, τ ) = 0
uZ (X, 0, τ ) = R(β, a),

coupled with

βτ (X, τ ) = F (β, a)

(5.7)

β(X, 0) = β0 ,

where a(X, τ ) = u(X, 0, τ ), R(β, a) =

h
R(u0 (1)β, A∗a)
γA∗

and F (β, a) =

h2
F(u0 (1)β, A∗ a).
γu0 (1)

For a high Péclet number,  is small and asymptotic expansions can be used to obtain approximate solutions. Using asymptotic expansion technique [74], the inner solution (in the
region near the surface of the sensor but not close to the end points) can be written as the
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following asymptotic series:
∞
X
Z
Z
u(X, Z, τ ) = u0 (X, α , τ ) +
un (X, α , τ )nη ,


n=1

Z << 1,

(5.8)

where η, α > 0. Here, the thickness of the boundary layer is of order α . The values of α
and η are obtained by finding the dominant balances. By substituting (5.8) in the PDE
(5.6) and balancing the leading order terms, we obtain α = 1/3 and

u0ζζ = qζu0X ,

where ζ =

Z
,
1/3

(5.9)

u0ζζ is the second order derivative of u0 with respect to ζ and u0X is the first

order derivative of u0 with respect to X. The solution to (5.9) is obtained by a similarity
transformation, which yields

u0 (X, ζ, τ ) =

Z

ζX −1/3
0

 q 
K1 (τ ) exp − ν 3 dν + K2 (τ ).
9

(5.10)

Assuming that on the boundary u0 (X, 0, τ ) = ũ(τ ), then we obtain K2 (τ ) = ũ(τ ). By
matched asymptotic method, another boundary condition is given as u0 (X, ζ, τ ) → 1 as
ζ → ∞ [40]. Therefore, the dominant term of the inner solution is obtained as
−1/3

u0 (X, Z

 q 1/3 1 − ũ(τ ) Z Z(X)−1/3
 q 
, τ) =
exp − ν 3 dν + ũ(τ ).
9
Γ(4/3) 0
9

From (5.8) and (5.11), the derivative

∂
u(X, 0, τ )
∂Z

(5.11)

on the sensor surface can be approxi-

mated as
 q 1/3 1 − ũ(τ )
∂
u(X, 0, τ ) ≈
.
∂Z
9X
Γ(4/3)

(5.12)
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Converting (5.12) back to dimensional form and setting l = L, we obtain the surface
average diffusive flux on the sensor surface as
γ
L

Z

L

0

(9/4)1/3
∂
A(x, 0, t) dx ≈ γ
∂z
Γ(4/3)



Q
γwh2 L

1/3

(A∗ − ā(t)) .

(5.13)

Therefore, the surface average diffusive flux on the sensor surface is obtained as γδ (A∗ − ā(t)),
where δ is obtained by (2.13). Then, the time variations of the analyte surface concentration a(t) is obtained by deducting the analyte grabbing rate on the surface:

δ

da(t)
γ
= (A∗ − a(t)) − R (ū(t), a(t)) , a(0) = 0,
dt
δ

(5.14)

Here, δ is interpreted as the thickness of the diffusion layer and ū(t) is the surface average
of u(t). In (5.14), the derivative

da(t)
dt

is multiplied by the thickness δ because the total

mass transport per unit length across the diffusion layer changes the total mass along δ.
The time variations of ū is governed by the following ODE system:

ūt = F(ū, a),

ū(0) = u0

(5.15)

The assumption that the concentration u0 (X, 0, τ ) = ũ(τ ) on the boundary is spaceinvariant is the simplifying assumption in this derivation. In the next section, we construct
a more rigorous proof for the accuracy of the two-compartment model, where we obtain
the order of its approximation error.
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5.2

Proof of the Accuracy of the Two-Compartment
Model

The above derivation of the two-compartment model is based on the assumption that the
analyte concentration on the sensor surface is only a function of time, which is not a wellsupported assumption. Also, the order of approximation is not determined in the above
derivation. In this section, we construct a rigorous mathematical proof to derive an upper
bound on the approximation error of the two-compartment model.
We use the following assumptions:
1. The derivatives uτ , uX , and uXX of (5.6)-(5.7) are bounded.
2. There is h0 = O(1/3 ) such that the derivative uZZ is bounded for h0 = O(1/3 ) ≤
Z ≤ 1 − h0 .
−1/3
), uZZ (X, Z, τ ) = O(h0 ), uZ 3 (X, Z, τ )
3. For Z = O(h0 ), uZ (X, Z, τ ) = O(h−1
0 ) = O(

= ∂ 3 u/∂Z 3 = O(1), and the highest order of magnitude for uZ n = ∂ n u/∂Z n , n ≥ 4
is O(h−1
0 ).
4. The solution u and β of (5.6)-(5.7) is non-negative.
The above assumptions are justifiable through asymptotic analysis and numerical analysis.
Based on asymptotic analysis and numerical experiments, the time derivative and the
derivatives in X direction along the flow direction are bounded. Therefore, assumption (1)
is a reasonable assumption. The region h0 ≤ Z ≤ 1 − h0 in assumption (2) consists of two
regions; the region h0 << Z << 1 − h0 far from the surface, where boundary layers along
Z direction forms and Z = O(h0) or 1 − Z = O(h0 ) are in the boundary layers. In the
region outside the boundary layers, the derivatives with respect to Z are bounded. In the
regions inside the boundary layers, i.e. Z = O(h0 ) or 1 − Z = O(h0 ), the derivatives can be
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unbounded. However, taking the second derivative of (5.11) with respect to Z, shows that
uZZ (X, Z, τ ) for Z = O(h0 ) is bounded. Similarly, we can show this for 1 − Z = O(h0 ).
Assumption (3) can be justified by taking the derivatives of (5.11) with respect to Z. It is
assumed in assumption (4) that the solution of (5.6)-(5.7) is non-negative. This is based
on the principle that the PDE accurately describes the variations of concentration, which
is a non-negative physical quantity.
Theorem 1 Assume system (5.6)-(5.7) has a solution (u, β) such that u ∈ C 1,2,3 ((0, T ) ×
(0, 1) × (0, 1)). Assume that  << 1, h0 = O(1/3 ) and Z < h0 . Then, based on the
assumptions (1) to (4), β could be approximated by the solution of the following ODE
system

ũτ (X, Z, τ ) =

2
2
(1 − ũ(X, Z, τ )) − R(β̃(X, τ ), ũ(X, Z, τ )),
h0 (h0 − Z)
h0

(5.16)

ũ(X, Z, 0) = A0 (X, Z)/A∗
β̃τ (X, Z, τ ) = F (β̃(X, Z, τ ), ũ(X, Z, τ ))
β̃(X, Z, 0) = β0 ,

where
Z

1

0

|β̃ − β|2 dX ≤ O(1/3 ).

Remark 2 Using the definition of the dimensionless variables and parameters in (5.6)(5.7), the non-dimensional form of the two-compartment model (5.14)-(5.15) is obtained
as

ũτ =

1
1
(1 − ũ) − R(β̃, ũ),
2
∆
∆

(5.17)
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ũ = 0
β̃τ = F (β̃, ũ))
β̃ = β0 ,
where ∆ is obtained as ∆ = 1.23( q )1/3 using (2.13). This model is also obtained by choosing
h0 = 2∆, Z = h0 /2, and A0 (X, Z) = 0 in (5.16). In this case, h0 = O(1/3 ) and Z < h0 ,
which satisfy the conditions in Theorem 1.
Proof For h0 ≤ Z ≤ 1 − h0 , system (5.6) could be approximated by
ũX (X, Z, τ ) = 0,

(5.18)

ũ(0, Z, τ ) = 1,

which means that ũ(X, Z, τ ) = 1. In fact, put ū(X, Z, τ ) = ũ(X, Z, τ ) − u(X, Z, τ ). Then
ūX (X, Z, τ ) =




uτ (X, Z, τ ) − uZZ (X, Z, τ ) − q 2 uXX (X, Z, τ ) = O(η1 ) + O(η2 )
qZ(1 − Z)

(5.19)

ū(0, Z, τ ) = 0,

which implies that ū = O(η1 ) + O(η2), with η1 =


qh0

and η2 =

q
.
h0

Here, we use the

assumption that uτ , uXX , and uZZ are bounded according to assumptions (1) and (2).
Consider the following PDE system:
q
ûτ = q 2 ûXX + Z(Z − 1)ûX + ûZZ + G(X, Z, τ ),


0 < Z < h0

(5.20)

û(X, Z, 0) = A(X, Z, 0)/A∗
û(0, Z, τ ) = 1
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ûX (1, Z, τ ) = 0
û(X, h0 , τ ) = 1
ûZ (X, 0, τ ) = R(β̂, û(X, 0, τ ))

(5.21)

β̂τ (X, Z, τ ) = F (β̂(X, Z, τ ), û(X, Z, τ )) = F (β̂(X, Z, τ ), û(X, 0, τ )) + O(Z)

(5.22)

β(X, Z, 0) = β0 ,

where

G(X, Z, τ ) = O(

Z
+ h0 ).
h0

(5.23)

Define the error between the system (5.6)-(5.7) and (5.20) by ŭ = u − û. The error ŭ
satisfies the following PDE system:
q
ŭτ = q 2 ŭXX + Z(Z − 1)ŭX + ŭZZ + G(X, Z, τ )


0 < Z < h0

(5.24)

ŭ(X, Z, 0) = 0
ŭ(0, Z, τ ) = 0
ŭX (1, Z, τ ) = 0

(5.25)

ŭ(X, h0 , τ ) = u(X, h0 , τ ) − 1

(5.26)

ŭZ (X, 0, τ ) = R(β, a) − R(β̂, â)

(5.27)

β̆(X, Z, τ )τ = F (β, a) − F (β̂, â) + O(Z)
β̆(X, Z, 0) = 0.

Here, â = û(X, 0, τ ).
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We obtain
Z h0 Z 1
Z h0 Z 1
1 d
2
ŭ dX dZ =
ŭŭτ dX dZ
2 dτ 0
0
0
0
Z h0 Z 1 h
i
q
=
ŭ q 2 ŭXX + Z(Z − 1)ŭX + ŭZZ dX dZ

0
0
Z h0 Z 1
+
ŭG(X, Z, τ ) dX dZ.
0

(5.28)

0

For the first term in the above integral, we use integration by parts as follows:
Z

h0
0

1

Z

2

q ŭŭXX dX dZ =

0

Z

h0

0

= −q

2

q
Z

ŭŭX ]1X=0

2

h0

0

Z

1

0

−

Z

0

h0

Z

0

1

q 2 |ŭX |2 dX dZ

(5.29)

|ŭX |2 dX dZ

Here, we used the boundary conditions (5.25) and (5.26). The second term in the integral
(5.28) can be written as
Z

0

h1

Z

0

1

q
Z(Z − 1)ŭŭX dX dZ =

=

Z

h1

0

Z

0

h1

 1
q
Z(Z − 1) ŭ2 X=0 dZ
2
q
Z(Z − 1)ŭ2 (1, Z, τ ) dZ.
2

(5.30)

We then approximate ŭ2 (1, Z, τ ) using the first order taylor expansions as
ŭ2 (1, Z, τ ) = ŭ2 (1, h0 , τ ) + 2ŭ(1, h0 , τ )ŭZ (1, h0 , τ )(Z − h0 ) + O (Z − h0 )2



Equation (5.30) can thus be expressed as
h0

1

Z h0
q
q
Z(Z − 1)ŭŭX dX dZ =
Z(Z − 1)ŭ2(1, h0 , τ ) dZ
2
0
0 
0
Z h0


q
Z(Z − 1) ŭ(1, h0 , τ )ŭZ (1, h0 , τ )(Z − h0 ) + O (Z − h0 )2 dZ
+

0

Z

Z
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h30 h20
−
3
2
4
hq
+ O( 0 )

q
=
2





2

ŭ (1, h0 , τ ) + ŭ(1, h0 , τ )ŭZ (1, h0 , τ )

Z

h0

0

q
Z(Z − 1)(Z − h0 ) dZ


According to assumption (3), the term ZuZ (1, h0 , τ ) is bounded. Since, the PDE (5.20)
has the same structure as (5.6)-(5.7), the term Z ûZ (1, h0 , τ ) is also bounded. Therefore
ŭZ (1, h0 , τ ) is also bounded. Using the boundary condition (5.27) and boundedness of
Z ŭZ (1, h0 , τ ), (5.30) can be written as
Z

h0
0

Z

1

0

q
Z(Z − 1)ŭŭX dX dZ = O




qh20
(η1 + η2 )




= O(h0 )

(5.31)

For the third term in the integral (5.28), we have
Z

h0

Z

1

Z

1

0
[ŭŭZ ]hZ=0

Z

1

Z

h0

dX −
|ŭZ |2 dZ dX
0
0
0
0
0
Z 1
Z 1 h
i
=
ŭ(X, h0 , τ )ŭZ (X, h0 , τ ) dX −
ă R(β, a) − R(β̂, â) dX
0
0
Z 1 Z h0
−
|ŭZ |2 dZ dX,
0

ŭŭZZ dX dZ =

(5.32)

0

where ă = a − â = u(X, 0, τ ) − û(X, 0, τ ). Using (5.5) for the second integral in (5.32), it
can be expressed that
h
i
− ă R(β, a) − R(β̂, â)

(5.33)

hu0 (1)
(−f1 ă(au(1) − âû(1)) − f2 ă(au(2) − âû(2)) − f3 ă(au(3) − âû(3)))
γ
hu0 (1)
(r1 ăŭ(4) + r2 ăŭ(5) + r3 ăŭ(6))
+
γA∗

hu0 (1)
−f1 ă2 u(1) − f1 âăŭ(1) − f2 ă2 u(2) − f2 âăŭ(2)
=
γ
hu0 (1)
K
+
(r1 ăŭ(4) + r2 ăŭ(5) + r3 ăŭ(6)) ≤ Kλ|ă|2 + |β̆|2 ,
∗
γA
λ
=
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where λ > 0 in the Cauchy inequality is chosen arbitrarily and 0 < K < ∞ is a constant.
Throughout the proof K = K + 1. Here, we use assumption (4), where the solution β to
the original system (5.6)-(5.7) is assumed to be nonnegative. Using assumption (3), we
obtain
Z

1

0

ŭ(X, h0 , τ )ŭZ (X, h0 , τ ) dX = O(h−1
0 (η1 + η2 )) = O(h0 )

Using (5.32), (5.33), and the above equation, we have
1

Z

0

Z

h0

ŭŭZZ dZ dX ≤ Kλ

0

Z

1

0

K
|ă| dX +
λ
2

Z

1
2

0

|β̆| dX −

Z

0

1

Z

0

h1

|ŭZ |2 dZ dX

(5.34)

+ O(h0 )

Based on the Cauchy inequality and (5.23), we can write the last term of (5.28) as
Z

0

h0

Z

1
0

ŭG(X, Z, τ ) dX dZ ≤
≤

Z

h0

0

Z

0

h0

Z

Z

1
2

ŭ dX dZ +
0

Z

0

1

h0

Z

1

G2 (X, Z, τ ) dX dZ

(5.35)

0

ŭ2 dX dZ + O (h0 )
0

According to (5.29), (5.31), (5.34), and (5.35), we have
1 d
2 dτ

Z

0

h0

Z

0

1
2

2

h0

Z

Z

1

2

Z

1

|ŭX | dX dZ + Kλ
|ŭ| dX dZ ≤ −q
|ă|2 dX
0
0
0
Z 1
Z 1 Z h0
K
|β̆|2 dX −
|ŭZ |2 dZ dX
+
λ 0
0
0
Z h1 Z 1
+
ŭ2 dX dZ + O (h0 )
0

0

100

Chapter 5. On the Accuracy of the Two-Compartment Model
Based on the Trace theorem [94], there exists a C > 0 such that
Z

0

1
2

|ă| dX ≤ C

1

Z

0

Z

h0
0

2

|ŭ| dZ dX +

Z

1
0

h0

Z

Z

2

|ŭX | dZ dX +

0

1
0

Z

0

h0

2

|ŭZ | dZ dX



Therefore,
1 d
2 dτ

Z

h0
0

Z

0

1
2

2

h0

Z

Z

1

1

Z

2

Z

h1

|ŭX | dX dZ + Kλ
|ŭ|2 dZ dX
0
0
0
0
Z 1 Z h0
Z 1 Z h1
2
+ Kλ
|ŭX | dZ dX + Kλ
|ŭZ |2 dZ dX
0
0
0
0
Z
Z 1 Z h1
K 1 2
|β̆| dX −
|ŭZ |2 dZ dX
+
λ 0
0
0
Z h1 Z 1
+
ŭ2 dX dZ + O (h0 )

|ŭ| dX dZ ≤ −q

0

(5.36)

0

For β̆ we have
1 d
2 dτ

Z

1
2

0

|β̆| dX =

Z

1
T

β̆ β̆τ dX =

0

Z

1

0



β̆ F (β, a) − F (β̆, ă) + O(Z)

Based on our discussion on (5.4), our derivation in (5.33) and the positivity of a and β as
the solutions of the original PDE (5.6)-(5.7), we can similarly obtain
Z


β̆ F (β, a) − F (β̆, ă) ≤ K λ̂

1

T

2

|ă| dX +

0

K
λ̂

Z

0

1

|β̆|2 dX.

(5.37)

Using the Cauchy inequality, we also have
Z

1
2

0

β̆O(Z) dX ≤ K λ̂O(Z ) +

K
λ̂

Z

0

1

|β̆|2 dX
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Hence, based on the Trace theorem, we have
1 d
2 dτ

Z

1
2

0

|β̆| dX ≤ K λ̂
+ K λ̂

Z

1

0
Z 1
0

Z

h0

0
Z h0
0

2

|ŭ| dZ dX + K λ̂
2

|ŭZ | dZ dX +

K
λ̂

Z

1
0

Z

0

1
0

Z

h0

|ŭX |2 dZ dX

(5.38)

|β̆|2 dX + O(h20 λ̂)

We choose λ and λ̂ such that Kλ + K λ̂ − 1 ≤ 0 and Kλ + K λ̂ − q 2 ≤ 0. Then, the sum of
(5.36) and (5.38) yields
Z 1 Z h0
Z 1

 Z 1 Z h0
1 d
1 d
2
2
|β̆| dX ≤ Kλ + K λ̂ + 1
|ŭ| dZ dX +
|ŭ|2 dZ dX (5.39)
2 dτ 0 0
2 dτ 0
0
0
Z 1

K K
+
|β̆|2 dX + O(h0 ) + O(h20 λ̂)
+
λ
λ̂
0
Using the Gronwall’s inequality, for a bounded compact interval of time, we have
Z

0

1

Z

0

h1

2

|ŭ| dZ dX +

Z

0

1

|β̆|2 dX ≤ O(h0) + O(h20λ̂)

(5.40)

Now consider the solution û(X, Z, τ ) of (5.20) for 0 < Z < h0 . Using the Taylor series
expansion and assumption (3), it can be expressed that

û(X, h0 , τ ) = û(X, Z, τ ) + (h0 − Z)ûZ (X, Z, τ ) +

(h0 − Z)2
ûZZ (X, Z, τ ) + (h0 − Z)3 O(1)
2

and

û(X, 0, τ ) = û(X, Z, τ ) − Z ûZ (X, Z, τ ) +

Z2
ûZZ (X, Z, τ ) + Z 3 O(1)
2
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Therefore, by adding the above two equations, we obtain


û(X, h0 , τ ) − û(X, Z, τ ) û(X, 0, τ ) − û(X, Z, τ )
h0
+
= ûZZ (X, Z, τ )+ (h0 − Z)2 + Z 2 O(1)
h0 − Z
Z
2
Using (5.22), assymption (3), and the first order Taylor expansion, we have
û(X, 0, τ ) = û(X, Z, τ ) − ZR(β̂(X, τ ), û(X, 0, τ )) + Z 2 O(1)
= û(X, Z, τ ) − ZR(β̂(X, τ ), û(X, Z, τ )) + Z 2 O(1).
Therefore, according to (5.21) we have
h
i
2
1 − û(X, Z, τ ) − (h0 − Z)R(β̂(X, τ ), û(X, Z, τ ))
h0 (h0 − Z)
2 [Z + (h0 − Z)2 + Z 2 ] O(1)
+
h0
h
i
2
=
1 − û(X, Z, τ ) − (h0 − Z)R(β̂(X, τ ), û(X, Z, τ ))
h0 (h0 − Z)
Z
− O( + h0 )
h0

ûZZ (X, Z, τ ) =

(5.41)

Thus, the solution of the PDE system (5.20) is equal to the solution of the following
PDE system:
q
ûτ = q 2 ûXX + Z(Z − 1)ûX

h
i
2
+
1 − û − (h0 − Z)R(β̂, û)
h0 (h0 − Z)

(5.42)
0 < Z < h0

û(X, Z, 0) = A0 (X, Z)/A∗
û(0, Z, τ ) = 1
ûX (1, Z, τ ) = 0
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coupled with

β̂τ = F (β̂, û),

β̂(X, Z, 0) = β0 .

(5.43)

There, (5.40) is valid for the difference ŭ between the solutions of (5.6)-(5.7) and (5.42)(5.43).
Define the error between the system (5.6)-(5.7) and (5.42)-(5.43) by ŭ = u − û. The
solution of (5.42)-(5.43) is equal to the solution of the following PDE system for Z < h1 <
h0 : Now consider the system
h
i
2
ũτ =
1 − ũ(X, Z, τ ) − (h0 − Z)R(β̃, ũ) ,
h0 (h0 − Z)

0 < Z < h1 ≤ h0 , (5.44)

ũ(X, Z, 0) = A(X, Z, 0)/A∗

coupled with

β̃(X, Z, τ )τ = F (β̃(X, Z, τ ), ũ(X, Z, τ ))

(5.45)

β̃(X, Z, 0) = β0

Define the errors ū = û − ũ and β̄ = β̂ − β̃ between the solutions of (5.42)-(5.43) and
(5.44)-(5.45) for 0 < Z < h1 ≤ h0 . The errors ū and β̄ satisfy
i
2 h
2
R(β̂, û) − R(β̃, ũ)
−
h0 (h0 − Z) h0
q
+ q 2 ûXX + Z(Z − 1)ûX , 0 < Z < h1 ≤ h0 ,


ūτ = −ū

ū(X, Z, 0) = 0
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coupled with

β̄τ = F (β̂, û) − F (β̃, ũ)
β̄(X, Z, 0) = 0

Then, we obtain
i
2
2 h
1 d 2
|ū| = ūūτ = −ū2
− ū R(β̂, û) − R(β̃, ũ)
2 dτ
h0 (h0 − Z) h0
+ ūW (X, Z, τ ),

where
q
W (X, Z, τ ) = q 2 ûXX (X, Z, τ ) + Z(Z − 1)ûX (X, Z, τ ),

is bounded according to assumption (1). Similar to (5.33), we can show that
h
i
K
−ū R(β̂, û) − R(β̃, ũ) ≤ Kλ1 |ū|2 + |β̄|2 .
λ1

(5.46)

by proving the positivity of the solution β̃ of (5.44)-(5.45) [95]. Using the Cauchy inequality,
we have

ūW (X, Z, τ ) ≤

1 2
ū + λ2 W 2 (X, Z, τ )
λ2

Hence we obtain
1 d 2
|ū| ≤
2 dτ



2
1
−
λ2 h0 (h0 − Z)



ū2 +

Kλ1 2
ū
h0

(5.47)
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+

K
|β̄|2 + W 2 λ2
λ1 h0

Using the same argument we used in (5.37), it can be expressed that
K
1 d
|β̄|2 ≤ Kλ3 |ū|2 + |β̄|2 .
2 dτ
λ3

(5.48)

We use the positivity of solution of (5.44)-(5.45) to obtain (5.48). Adding up the two inequalities (5.47) and (5.48) and based on the Gronwall’s inequality, for a compact bounded
interval of time we have
|ū|2 + |β̄|2 ≤ O(q 4 λ2 ) + O(

q 2h21
q 3 h1
λ
)
+
O(
λ2 )
2
2


(5.49)

From (5.40) and (5.49), we have
Z

1

0



2

|β̆| + |β̄|

2



dX ≤ O(q 4λ2 ) + O(

Z

1

q 3 h1
q 2h21
λ
)
+
O(
λ2 ) + O(h0) + O(h20 λ̂).
2
2



(5.50)

Thus,

0

q 2h21
q 3 h1
|β − β̃| dX ≤ O(q λ2 ) + O( 2 λ2 ) + O(
λ2 )


2

4

(5.51)

+ O(h0 ) + O(h20 λ̂)
Here, we pick h1 = h0 and λ2 small enough such that the first three terms on the righthand side of (5.51) is smaller than the other terms. The value of λ̂ is also small enough to
neglect O(h20 λ̂). Thus, 5.51) can be expressed as
Z

0

1

|β − β̃|2 dX ≤ O(h0 ) = O(1/3 )
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The variable Z < h0 in (5.44)-(5.45) behaves as a parameter in an ODE system. Since
h1 = h0 , the system (5.44)-(5.45) is equivalent to (5.16).

5.3

Summary

In this chapter, we derive the two-compartment model (2.12)-(2.14) using asymptotic analysis that is based on the existing Lévêque solution for the corresponding PDE. This derivation is contingent on the assumption that the analyte concentration on the binding surface
is not spatially varying, which is not a well-supported assumption. Therefore, we prove
the accuracy of the two-compartment model, by deriving a tight bound on the difference
between the two-compartment solution and the PDE solution. The proof is based on the
Trace theorem and the Gronwall’s inequality.
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Chapter 6
Conclusions and Discussion
In this chapter, we first conclude the thesis in Section 6.1 by summarizing our results and
highlighting the contributions. We then discuss different aspects of this work that require
further research, where we also suggest several topics for future work in Section 6.2.

6.1

Research Contributions

This thesis develops dynamical models for modeling and analysis of biosensor arrays. It
proposes methods to improve molecular detection and concentration estimation in dynamical fluid flow systems by using arrays of surface-based sensors. The contributions are
mainly divided into three parts. The first part corresponds to developing PDE and ODE
models. In the second part, the developed ODE model is used for estimating the concentration of target molecules in a flow chamber with a biosensor array. These results can be
summarized as follows:
1. In Chapter 2, we construct the PDE model (2.2)-(2.7) to describe the dynamics of
analytes flowing over a linear array of surface-based biosensors. The PDE model
is a generic model that describes the dynamics of mass transport over multiple
binding surfaces. We then construct the multi-compartment ODE model (2.15)(2.19) to approximate the PDE model and solve the parameter estimation problem.
The multi-compartment model approximates the asymptotic solution of the PDE
system. We derive the multi-compartment ODE model by extending the existing
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two-compartment model using the divergence theorem. We specify the range of
experimental parameters, in terms of dimensionless physical quantities, where the
multi-compartment model is valid. The accuracy of the derived model is illustrated
for an ICS biosensor array as an actual example. The structure and operation of ICS
biosensors are described in Chapter 1. The PDE and ODE models for this type of
biosensor are specified and solved numerically. We show how the PDE model and
ODE approximations can satisfactorily model this novel biosensor. In the multicompartment ODE model, the entire infinite dimensional PDE system is converted
to only a few dimensional ODE system. The derived ODE system involves even
less state space variables than those obtained by applying conventional discretization
methods such as finite difference, finite element, or modal analysis. Not only does the
multi-compartment model significantly reduce the computational complexity of the
concentration estimation problem, but it also provides an insight into the dynamical
behaviour of the system.
2. In Chapter 3, the estimation of analyte concentration is posed as a parameter estimation problem in the multi-compartment ODE model (2.2)-(2.7) derived in Chapter 2.
The estimate is computed numerically for the ICS biosensor example of Chapter 2 via
the nonlinear least squares method. Using the results of the ODE model, analytic
expressions are derived for the finite-sample estimation bias and variance. Then,
the attainable improvement in the estimation based on the number of biosensors is
evaluated. One of the main results is that the measurements from N biosensors can
yield less than 1/N estimation variance compared to the measurements of a single
biosensor. This result is not specific to the given example and can be generalized
to any estimation problem using biosensor arrays, when the biosensors have a saturating behaviour similar to the sigmoidal form illustrated in Fig.3.1. Due to this
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nonlinear saturating behaviour, the sensitivity of the biosensor may increase in lower
concentrations although the response may decrease.
In the third part of the thesis, we improve target molecule detection of low concentrations by splitting a sensing surface into multiple smaller surfaces that are spaced out in
the flow direction. In other words, we investigate the detection improvement obtained by
replacing a single sensor by an array of the same total sensing area. Unlike the measurement technique used in Chapter 3, we combine the measurements taken by the individual
sensors for detection. The corresponding results in Chapter 4 demonstrate that with a
fixed sensing surface area, using an array of multiple sensors instead of a single sensor can
substantially improve analyte collection rate, which results in higher response rate. The
results are illustrated for two real-life biosensors; the ICS biosensor and the BIACORE
surface plasmon biosensor. The results of Chapter 4 can be summarized as follows:
1. Distributing the sensing surface along the flow direction affect the mass-transport
limit on the analyte collection rate. When the kinetics condition approaches to the
mass-transport limited regime (higher Damkohler number), multiple sensors improve
the collection rate more significantly. On the other hand, in the reaction-limited
regime, multiple sensors cannot improve analyte collection rate.
2. It is shown that for sufficiently spaced-out sensors in the array, the analyte collection
rate is maximized when the sensors have equal size.
3. An explicit formula for the maximum attainable improvement in analyte collection
rate is obtained in (4.4), which relates the maximum attainable improvement ratio
to the total length of the sensing surface in the array, the height of the flow chamber,
the Damkohler and Péclet numbers, and the number of sensors. Using the derived expression, we also discuss the effect of changing these parameters on analyte collection
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rate and provide their physical interpretation.
In the last part of the thesis, we construct a mathematical proof to derive a tight upper
bound for the modeling error of the two-compartment model. This error bound is of the
−1/3

order of O(PeH ), where PeH is the Péclet number.

6.2

Discussion and Future Work

In the following, we consider several interesting possibilities for application and extension
of the current work:
1. The developed multi-compartment model is an insightful model, which can be used
for design purposes where certain parameters such as binding site concentration,
biosensor size, flow chamber dimension, and etc. can be optimized.
2. The developed models in this work can fit in the broad context of transport-binding
experiments. For example, they can be used for analysis of thin film deposition
processes to study thin film deposition rates.
3. The multi-compartment model derived in Chapter 2 can be generalized to a twodimensional array of surface-based sensors. The fundamental idea behind the multicompartment model is the boundary layer formed on the sensor surface due to the
large value of the Péclet number. Using the same basics, we can consider twocompartment blocks above sensors in a two-dimensional array. It is possible to derive
a similar approximate model with asymptotic analysis.
4. An interesting future work is adaptive sensor scheduling for concentration estimation, where on/off switching of the sensors is adaptively controlled to minimize a
cost function of estimation errors and measurement costs. As described previously,
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taking measurements affects the governing advection-diffusion system. Not only does
sensor switching affect the system state, but it also changes the measurement process on other sensors. Adaptive sensing in this case is a special case of active control
problems, where the actions control both the system and the measurements. Besides,
the system is partially observed and the optimal switching policy is difficult to obtain analytically. By discretizing the PDE system in time and space, the state and
measurement equations can be expressed as

xk+1 = f (xk , uk , wk )
zk = hk (xk , uk , vk ),

where xk is the state at time k, uk is the action at time k, which can be considered
a vector of zeros and ones in our case (The values 0 and 1 respectively refer to ”off”
and ”on” states for each sensor). Here wk and vk respectively refer to the system
noise and the measurement noise. The vector of measurements of all sensors at time
k is denoted by zk . The active control problem in this case can be formulated as
minimizing a performance criterion of the form

J =E

(

T
X
k=1

)

lk (xk , uk ) ,

where the expectation (denoted as E) is taken with respect to the random variable
xk . In the above equation, T denotes the time horizon over which the performance
is optimized. This is a control problem in a hidden Markov model, where the actions
affect both the states and the measurement process. Optimal and suboptimal algorithms are presented in [96, 97] for the scheduling of sensors for (finite-state) hidden
Markov models using a stochastic dynamic programming framework. However, the
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sensor switching does not change the underlying Markov process in [96, 97], whereas
in our case, one should consider the effect of sensor switching on the system state.
Similar to our problem, the state transition and observation are both adaptively controlled in the work presented in [98]. In this work, the state actions and measurement
actions are independent, whereas in our case, one set of actions affect both the state
and the measurement. The cost function in [98] has a quadratic form.
5. The multi-compartment model and the results of Chapter 2 and Chapter 3 correspond
to the cases where the ratio of the length of the sensor to the height of the flow
chamber is not too small (PeH >> 1/λ2 ) [1]. In the future, similar analysis can be
performed for sensing surface strips which are much narrower than the height of the
flow chamber. By small ratio of the sensor length to the height, we mean sensors
operating in region (iii) of the phase diagram in Fig.1.2.
6. In Chapter 4, we derive the optimal size of the sensors in the array for maximum
analyte collection rate. We assume the sensor spacing provides uniform analyte
concentration in the space before the sensors. Computing the required distance can
be suggested as an extension to this work. It should be noted that in addition to the
boundary layers formed above the sensors, there are interior boundary layers along
the flow direction. These boundary layers are formed inside the PDE domain, at
the sensor edges in the flow chamber. The thickness of these boundary layers can
approximate the required distance between two sensors.
7. The identifiability and stability of the solution of the concentration estimation problem can be investigated in future. Converting the PDE model to the multi-compartment
ODE model can make the proof of identifiability and stability easier. However, proving the continuity and injectivity of the nonlinear output least squares is complicated
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in general.
8. The proof of the two-compartment model in Chapter 5 can be extended to derive the
order of accuracy of the entire multi-compartment model.
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[18] G. Chavent, “Local stability of the output least square parameter estimation technique,” Matematica Aplicada e Computacional, vol. 2, pp. 3–22, 1983.
[19] , “Identifiability of linear systems in hilbert spaces,” SIAM J. Contr. Optim., vol. 21,
pp. 501–530, 1983.
[20] M. Courdesses, M. G. Polis, and M. Amouroux, “On the identifiability of parameters
in a class of parabolic distributed systems,” IEEE Trans. Automat. Contr., vol. AC-26,
pp. 474–477, 1981.
[21] C. Groetsch, The theory of Tikhonov regularization for Fredholm equations of the first
kind, ser. Research notes in mathematics. Pitman Advanced Pub. Program, 1984.
[22] A. Tikhonov and V. Arsenin, Solutions of ill-posed problems, ser. Scripta series in
mathematics. Winston, 1977.
[23] T. Chung, Computational Fluid Dynamics. Cambridge University Press, 2002.
[24] T. Bader, A. Wiedemann, K. Roberts, and U. D. Hanebeck, “Model-based motion
estimation of elastic surfaces for minimally invasive cardiac surgery,” in Proc. of IEEE
International Conference on Robotics and Automation (ICRA), Rome, April 2007.
[25] G. E. Karniadakis and S. Sherwin, Spectral/hp Element Methods for Computational
Fluid Dynamics. Oxford University Press, 2005.
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