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Abstract 

 

 The recent trend in display technology is to provide the viewer with an artificial three-

dimensional (3D) experience using lenses or aides, however the number of viewers and 

resolution of the display is limited.  To remedy these problems, an array of prisms can be placed 

over the display redirecting the projected light at specific angles in a time-multiplexed fashion 

and at full resolution.  The difficulty in this approach is that the angle of the prism needs to be 

adjustable with accurate and fast control.   

 This thesis presents the theory, development, and analysis of a novel adjustable prism 

coined an electro-hydrodynamic micro prism (EHMP).  An EHMP consists of an elongated 

conducive water droplet with pinned contact lines using hydrophobic surface patterning. By 

applying a voltage between the droplet and an offset electrode above it, the shape of the droplet 

is deformed into a triangular prism where the angle of the prism is dictated by the strength of the 

applied voltage. 

 A numerical model of an EHMP was developed using finite element analysis and 

smoothed particle hydrodynamics to model the electro-hydrodynamics of the system.  The 

numerical model was qualitatively verified using the collapsing square and oscillating droplet 

tests, and then used to predict an operating voltage range of 400 – 550 V for a 200 µm droplet, 

and that the leading edge of the electrode dictates the final deformation of the drop. 

 To fabricate a prototype EHMP, a microcontact printing technique was developed to 

pattern polytetrafluoroethylene nanoparticles onto an indium tin oxide coated glass slide creating 

the hydrophobic patterning.  A prototype 1 mm diameter prototype EHMP was fabricated and 

tested in the 1.5 – 2 kV range.  It was found that there was minimal droplet deformation before 
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failure due to electrospray formation.  Though not useful for 3D displays, the results from these 

large-scale experiments experimentally validate the numerical model. Model simulations showed 

ideal EHMP deformations can occur under the right conditions, however its performance under 

current conditions is limited due to dielectric breakdown failure and a fill factor of only 0.66 thus 

proving not to be a practical solution to automultiscopic displays. 
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Chapter 1: Introduction 

1.1 Motivation 

Three-dimensional (3D) displays use some combination of stereoscopic viewing and motion 

parallax to convince the brain that the planar image being displayed is in actuality a 3D scene 

[1].  Stereoscopic viewing is where each eye receives a different perspective of the same scene 

(figure 1.1a). 

 

Figure 1.1 Stereoscopic vs. Motion Parallax Viewing.  a) Stereoscopic view where each eye receives separate 

views of the same scene, b) motion parallax where the user experiences different views of the same scene from 

different viewing areas 

This provides the viewer with false depth perception creating a 3D experience for the viewer.  

Conversely, motion parallax is the ability to experience changing perspectives of a scene as the 

viewer moves around the same scene (figure 1.1b).  An important artifact of motion parallax is 

that objects closer to the viewer move faster than further away objects as the viewer traverses the 

scene [1].  Using these techniques 3D displays produce a more realistic rendering of a scene than 

a standard 2D display.  This realistic rendering has been the basis for a push in the movie and 

personal entertainment industries to develop the best solution to creating a realistic 3D viewing 

experience.  Though entertainment is the driving force behind developing 3D display technology, 

there are applications in the CAD design and medical imaging industries as well. 
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 The simplest 3D displays only take advantage of stereoscopic viewing.  One of the 

original methods of producing this effect is through color anaglyph [2].  Typically two images 

were projected from a single screen where each image was either partially or fully a specific 

color.  The viewer would then wear a pair of glasses that had color filters to filter out one of the 

projected images.  In this way, each eye would receive separate images creating the stereoscopic 

effect.  However, one downfall of this is that each eye is receiving different color ranges [2]. 

 To improve on the color anaglyph method, Infitec developed a method that rather than 

having two separate color filters, one for each lens in the glasses, each lens has three narrow 

bandwidth filters for each of the primary colors [3].  Each of the primary colors has a bandwidth 

of several hundred nanometers, so by choosing two narrow bandwidth filters, one for each eye, 

for each of the primary colors then two separate images can reach each eye while maintaining 

full color ranges.  Though there are still slight color discrepancies between each eye, they are 

significantly less than traditional color anaglyph methods [3]. 

 Another technique for producing stereoscopic imaging is to implement time sequential 

imaging [2].  In this technique, rather than displaying two images at the same time and later 

filtering out one image at the eye, the display switches between two different views sequentially.  

The glasses then provide some filter mechanism to allow only one view for each eye.  The 

simplest implementation to conceptualize is to have fast electronic shutters on the lens of the 

glasses for the viewer [4].  These shutters are then synchronized with the alternating views from 

the display.  If synchronized properly, only one shutter will be open at a time corresponding to a 

single view being projected from the display. 

 The most popular technique for stereoscopic viewing is a time sequential technique called 

RealD that is used in cinema [5].  As mentioned previously, the projector alternates between two 
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different views.  However, rather than having active shutters to filter the images at the glasses, 

RealD uses polarization.  By using polarizing optics in front of the projector, each of the 

projected views is either left or right circular polarized.  The user then wears glasses with 

polarization filters to ensure only one of the polarized images reaches each eye [5]. 

 The disadvantage of all of the stereoscopic techniques mentioned so far is that the viewer 

is required to wear a pair of glasses to ensure only one of the stereo images reaches a particular 

eye.  To overcome this drawback, various techniques have been devised to create auto-

stereoscopic or automultiscopic displays [2].  These displays have been coined ‘auto’ because 

they provide stereoscopic effects without the need for gasses or other filters.  The general 

operation for these displays is that different views are projected at different angles from the 

display (figure 1.2). 

 

Figure 1.2 Automultiscopic display general operation.  Multiple cameras collect different viewing angles from 

the same scene and automultiscopic display projects those multiple views in their respective angles. 

If the viewer stands in the correct zone, then separate images will reach each of the eyes 

providing the auto-stereoscopic effect. In addition, if more views are projected in the 

automultiscopic displays then the user can experience motion parallax. 

 Two common methods for achieving both auto-stereoscopic and automultiscopic displays 

are lenticular lenses and parallax barriers (figure 1.3a/b respectively) [6].  Lenticular lenses are 
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cylindrical lenses that are usually aligned in repeated arrays.  Traditionally, to achieve auto-

stereoscopic viewing these arrays were aligned vertically over a display with each individual half 

cylinder covering two pixels (figure 3a).  The cylinder would redirect light from each of the two 

pixels in separate directions.  If positioned correctly, both horizontally and a specific distance 

from the screen, the viewer would have the left projected pixels in one eye, and the right 

projected pixels in the other. In contrast, parallax barriers are essentially transparent slits that are 

aligned between the pixels.  The slits are positioned so that light from a single pixel is blocked in 

one direction while unobstructed in the other.  In doing so this achieves the same stereoscopic 

effect as the lenticular lens arrays described above [6].   

 

Figure 1.3 Commercial techniques for automultiscopic displays.  a) Lenticular lens b) Parallax barrier [7] 

 Both of these techniques have also been extended to automultiscopic displays by slanting 

the orientation of the barriers or lenses with respect to the pixels [2].  In doing so, multiple views 

are projected from a single display.  For both techniques, slanting of the orientation has allowed 

commercial products to have on the order of seven to nine different projected views [2]. The 

newest development for lenticular lenses is to increase the width of the lenses producing a 

prototype with 60 views [8], or to mechanically oscillate the lenses allowing all of the pixels to 

be projected in each direction [9].  For parallax barriers, the newest developments have been 

using double screens to create a dynamic parallax barrier display that is capable of projecting 

every pixel on the screen in each viewing direction [10]. 
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 Both lenticular lens and parallax barriers have considerable drawbacks that hinder the 3D 

effect.  In both of these technologies, there are very specific viewing positions where 

stereoscopic/multiscopic viewing is possible [2].  If the viewer is not in one of those positions 

the view in each eye is a mix of the views.  In addition, only a portion of the pixels are being 

projected for each unique view so effective resolution of the display decreases with increasing 

number of views.  There are ways to over come this limitation, however advanced mechanical 

systems are required [9]. Finally, in the case of the parallax barriers the brightness of the display 

is greatly reduced since the barriers block transmitted light [2]. 

 Though there are other techniques for producing automultiscopic displays such as head 

tracking [11], and multiple projectors [12], the ideal automultiscopic display would be a single 

full resolution screen that had no limitations on number of viewers and their positions.   

1.2 Device Concept 

To overcome the limitations of the techniques described above, this thesis proposes the technique 

outlined in figure 1.4.  Half cylinder conductive water droplets are confined in an array on a 

surface using hydrophobic/hydrophilic patterning surrounded by oil (figure 1.4a).  These droplets 

are grounded via electrodes on the substrate surface, while electrodes positioned above the 

droplets provide a method to deform the droplets into prisms (figure 1.4b).  If there was no 

hydrophobic patterning, when a voltage is applied between the droplet and an electrode the 

droplet would slide along the substrate surface and center itself underneath the electrode to 

minimize the volume, and thus the energy, between the droplet and the electrode.  However, due 

to the hydrophobic patterning the contact lines of the droplet are pinned and it cannot slide along 

the substrate surface.  In this case, the droplet will deform into a shape similar to a triangular 

prism since it is still drawn towards the electrode and minimizing the volume/energy between 
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them (figure 1.4b).   Using different ratios of voltages between the two electrodes different prism 

shapes can be achieved. 

 

Figure 1.4 Automultiscopic display concept. a) Droplet deformation due to off center electrodes.  Blue: 

V1=V2=0 Green: V1=V2>0 Red: V1>0 and V2=0 b) Confined half cylinder droplets (blue) on a surface using 

hydrophobic patterning  c) Array of prisms aligned vertically over display 

 To create the automultiscopic display, the array of droplets would be positioned vertically 

over pixels in a display (figure 1.4c).  The display would implement time sequential imaging for 

however many views are available in the video stream.  The droplets would be synchronized 

with this sequential imaging so that the prisms would be actuated to redirect the light from the 

display in the direction corresponding to whatever view is being displayed.  The advantages of 

this technique for an automultiscopic display are that it maintains full resolution while providing 

both stereoscopic as well as motion parallax cues for any number of viewers regardless of viewer 
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position.  In addition, since the system is analog the number of views is limited by the refresh 

rate of the screen, not the number of angles the prisms can form. In addition, as is the case with 

all automultiscopic displays there is a danger of cross talk between different projected views 

limiting the distance the viewer can be from the display.  However, increasing the angular 

resolution of the projected images as well ensuring the display light is collimated can mitigate 

this.  Therefore, the angular resolution, and thus the region of possible viewing, is limited solely 

by the number of camera angles and refresh rate of the screen. 

 To develop these arrays, coined electro-hydrodynamic microprism (EHMP) arrays, a 

numerical model of the electro-hydrodynamic system has been developed as well as a method to 

accurately pattern hydrophobic surfaces.   

1.3 Background 

1.3.1 Numerical Modeling 

1.3.1.1 Numerical Modeling of Electro-Hydrodynamics 

Having an accurate numerical model of the system allows for the identification of general trends 

between the influence of electrode and droplet geometries on the final prism shapes as well as 

confirm the driving forces of the physical system.  To achieve this, the underlying physics of the 

electro-hydrodynamics needed to be investigated.  Due to the length scale of the system the 

Reynolds number of the flow puts the hydrodynamics in the Stokes regime.  In this regime, 

inertial forces are dominated by viscous forces and can be neglected allowing for the physics of 

the system to be simplified.  In this case, the hydrodynamics reduce to a flow governed by 

pressure, surface tension, and viscous forces.  Within microfluidics there is an area of research, 

electrowetting, that focuses on the electro-hydrodynamics within the Stokes regime.  Initially, 

electrowetting was first described by Lippmann who was researching the effect of applying a 
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voltage across mercury electrolyte interfaces [13].  The difficulty with Lippmann’s approach is 

that the conductive fluids were directly exposed to electrodes so that the model he developed 

only worked for the few millivolts before current begins to flow [13].   

 To overcome this limitation, researchers have developed electrowetting on dielectrics 

(EWOD) that places a thin dielectric layer between the conductive fluid and electrode to prevent 

this current [13].  With applications to precision optics and digital microfluidics, precise 

translational control of microliter droplets using electrowetting, it was essential for an accurate 

model of electrowetting to be developed so that these applications could be optimized 

analytically rather than experimentally [13].  When analyzing an EWOD system, one can model 

it by assuming that the fluid is a perfect conductor so that the electrical energy of the system is 

determined by the capacitance between the fluid and the electrode [13]-[16].  By using this 

simplification the Young-Lippmann relationship can be used to describe the contact angle ! 

found in an EWOD system [13]-[16] (figure 1.5) as 

cos! = cos!Y +
"o" r
2d

U 2  

where ! is the final contact angle, !Y is the zero voltage contact angle, "r is the relative 

permittivity of the dielectric, d is the thickness of the dielectric, and U is the voltage applied 

between the droplet and electrode.  As can be seen, this equation signifies that there is a local 

contact angle change that depends on the applied voltage.  This implies that the surface energies 

themselves are voltage dependent [13]. 

 Though this model accurately depicts the electrowetting phenomenon at low voltages it 

drastically looses this accuracy at higher voltages [13],[17].  This simple model shows that 

theoretically the contact angle will continue to decrease to zero as long as the voltage continues 
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to increase.  However, experimentally it has been shown that there is a contact angle saturation 

after a certain threshold voltage [13],[17].   

 

Figure 1.5 Basic EWOD system for a sessile droplet. The solid line represents an applied voltage U=0, and the 

dash line represents U>0. 

After this threshold voltage the contact angle will not change regardless of whether or not the 

voltage is increased.  Since the Young-Lippmann approach to electrowetting was not able to 

accurately predict the contact angle saturation researchers looked for a more accurate model of 

electrowetting.  One approach is the electro-mechanical model using the Maxwell stress tensor 

[17]-[19].  This model focuses on the fact that a perfectly conductive fluid in an electric field will 

experience a local pressure across the fluid interface that is proportional to the local external 

electric field leading to [18] 

!" + #o# rE
2

2
+ $p = 0

,
 

where # is the surface energy of the fluid, " is the local surface curvature, E is the electric field 

strength, and ! p is the local pressure drop across the interface.  Essentially this equation states 

that the Laplace pressure balances an electric pressure that is derived from the Maxwell stress 

tensor.   
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 In this model, it states that the local curvature can be distorted by electric fields, however 

there is no change in surface energies due to the applied voltage [13],[17].  Therefore, for 

EWOD systems there is only an apparent contact angle change not a local contact angle change 

as described in the Young-Lippmann equation.  This arises due to fringe field effects near the 

contact line that create non-negligible electric fields.  These fields become balanced by an 

increase of curvature around the contact line that leads to an apparent increase in wetting of the 

liquid on the substrate surface.  Mugele and Buehrle, [19], performed a series of experiments 

where they were able to directly confirm that there is an apparent contact angle change 

demonstrating that indeed this is the more accurate of the models.  Though the Maxwell stress 

approach to modeling electrowetting seems to be the more accurate model of the physics, it still 

is not able to predict or explain the contact angle saturation.  Though there have been some 

attempts to explain the contact angle saturation there has yet to be any conclusive models [17]. 

 Using both the Young-Lippmann and Maxwell stress formalizations researchers have 

created various numerical modeling techniques for EWOD systems. There have been a number 

of numerical models using only the Young-Lippmann equation to model digital microfluidics 

and drop dynamics in those systems [20]-[25].  The simplest model used COMSOL Multiphysics 

[20] and Mathematica [21] to calculate the voltage across and capacitance of a drop in an EWOD 

device.  After obtaining the voltage and capacitance, the Young Laplace equation was used to 

determine the direction and force on the drop.  For more advanced modeling of the digital 

microfluidic systems, finite element [22], volume of fluid [23], and level set [24],[25] techniques 

have been implemented.  In all these cases, the respective modeling techniques were used to 

model the fluid dynamics and electric field distribution of a 3D droplet.  The electric field 

distribution calculated for each iteration was used to dictate the contact angle of the next iteration 
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using a modified version of the Young-Lippmann equation.  The draw back of these modeling 

techniques is that they are strictly for drop dynamics based on contact angle change and contact 

line travel.  In the case of modeling EHMPs, the contact lines are pinned so contact angles will 

not be the main driving force behind the deformations. 

 For the modeling of EHMPs it is important to incorporate the interaction of the electric 

field along the entire fluid interface thus the Maxwell stress technique is more applicable.  Using 

the Maxwell stress tensor formalism various models have been developed to incorporate this 

interaction.  Initial research into the Maxwell stress model was done by numerically investigating 

the interface profile around the contact line of a droplet in an EWOD system in hopes of 

explaining contact angle saturation [26]. A differential equation was solved using numerical 

techniques that balanced the Laplace pressure and the Maxwell stress.  Though the results were 

not conclusive in respect to contact angle saturation they demonstrated the idea that there was 

only an apparent contact angle change [26].  In similar fashion, a modified axisymmetric drop 

shape analysis was used to solve the differential equations to determine the interface of a 

standard sessile droplet electrowetting experiment [27].  The draw back of using direct numerical 

solutions to the differential equations is that there are limits to either have axis symmetry or only 

a partial fluid interface. 

 To implement the Maxwell stress model on a full droplet of arbitrary shape there have 

been attempts using volume of fluid [28] and level set [29] techniques.  The volume of fluid 

technique was used to model the time variations in movement of a 2D digital microfluidic drop.  

Though capable of producing accurate results of droplet movement, the technique was limited in 

not being able to pin contact lines [28].  The level set technique was used to model the retraction 

of oil in an electrowetting display.  Though the model was tuned to match experimental results, 
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the technique takes advantage of the smoothed interface between the two liquid phases when 

calculating the Maxwell stress [29].  Since the width of this boundary is user defined it is 

difficult to use this technique to predict voltages without having any experimental results to first 

tune the model to. 

1.3.1.2 Smoothed Particle Hydrodynamics 

The numerical models presented so far have not been able to accurately model the interface 

interaction with the electric field.  Either there have been limitations with controlling the contact 

line, or accurately representing the interface of the droplet.   One numerical method that allows 

direct control of contact line interactions, has strict interface representation for surface tension, 

and intrinsically conserves volume is smoothed particle hydrodynamics (SPH) [30].  SPH is a 

meshless particle modeling technique that can be used for various applications from 

astrophysics, solid mechanics, and fluid dynamics.  The general formalization of the technique is 

to have a medium with continuous physical functions (pressure, velocity, etc.) throughout the 

domain of interest.  These functions are discretized using the standard SPH formulation 

f (xi ) !
mj

" j

W (xi # x j ,h) f (x j )
j
$  

where f is a continuous function, m and $ are the mass and density of the particles respectively, 

W is a smoothing function, and h is the smoothing length [30].  Essentially the method takes a 

weighted average of the function f around a given point xi by incorporating only the neighboring 

particles within the smoothing length h.  W, which typically takes the form of a Gaussian or 

cubic spline curve that decreases to zero a distance h from the point xi, determines the weight of 

each neighboring particle. Intrinsically SPH conserves the mass of the system by keeping the 

number of particles and their masses constant.  This conservation of mass can then be translated 
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into conservation of volume by implementing an equation of state with an exponential 

dependence between pressure and particle density.  These equations of states are called pseudo 

incompressible and allow for efficient simulations of incompressible flow [30]. 

 Within SPH fluid interfaces can either be modeled using two phase, or free surface flows.  

For two phase flows there are particles that belong to either of the phases and to distinguish them 

they are each assigned a color value of either zero or one depending on the phase they belong to 

[31],[32].  Using these color values, an intermediate weighted average color value for each 

particle is calculated using the smoothing function.  This intermediate value is only used for 

calculating interface properties during a given time step, and does not replace the original 

particle color value of zero or one. Far from the interface this weighted average is either zero or 

one depending on which phase the particle is in.  However, along the interface the weighted 

average experiences a smooth transition between zero and one.  By calculating the gradient of 

this weighted average in that transition zone the normal to the interface as well as the curvature 

of the interface can be calculated. Once the curvature of the interface is found, it can simply be 

used to input into Young-Laplace’s equation as an additional force to model surface tension 

[31],[32].  Though capable of tracking the interface and modeling surface tension, the color field 

technique lacks accuracy due to the interface being calculated through the smoothing of the field. 

 The other option for fluid interfaces and surface tension is to model a free surface flow 

[33]-[36].  In these models it is unnecessary for the whole domain to be filled with particles.  In 

this case there will be fluid particles that are not fully surrounded by other fluid or boundary 

particles.  One difficulty with free surface flow is that the traditional method of calculating 

density 
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!i = mjW (xi " x j ,h)
j
#  

results in a decreased density near the free surface [33]-[36].  This is purely an artifact from the 

reduced number of neighboring particles within the smoothing length of a surface particle.  

There have been a number of solutions to overcome this artifact.  One solution is to normalize 

the density of the boundary particles based on the densities calculated of the neighboring non-

boundary particles [35].  In essence, this technique uses the average of the neighboring particles 

as the density for all boundary particles. This reduces the edge effect due to the free surface, 

however it does not completely remove it.  Another solution that completely removes this artifact 

is to apply the SPH generalization to the continuity equation.  This allows the density to be 

initialized at the start of a simulation, and then as the particles rearrange themselves the density 

is reduced or increased based on relative velocities [36].  That is to say, as particles move closer 

to each other due to pressure and other forces their density increases, and as they move apart 

their density decreases. 

 There are two main techniques for modeling surface tension in free surface flows, 

attractive forces [33],[34] and direct curvature measurement [35].  The attractive force method 

adds an additional force term into the momentum equation that is an attractive force between 

particles that is inversely proportional to distance between particles.  Though this is an elegant 

method of modeling surface tension as it directly models the physical process of surface tension, 

the attractive forces need to be calibrated to accurately represent a specific surface tension.  To 

over come this calibration, a more direct approach directly measures the curvature of the free 

surface and applies Laplace’s equation to calculate surface tension [35].  Within the model, the 

surface particles are determined, and for each particle a polynomial is fit to the local surface 
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particles within its smoothing length.  From this polynomial the curvature and normal can be 

determined.  Though a more computationally intensive method, it is a direct representation of 

surface tension as defined by Laplace’s equation and is the most accurate method of modeling 

surface tension in free surface flows. 

 Though SPH has many benefits there are a few numerical instabilities that have proven 

troublesome for accurate results.  The biggest instability has been coined the tensile instability 

and arises when using a non-absolute equation of state [37]-[41].  The tensile instability 

manifests itself by particles pairing up and aggregating together during the simulation.  Initially 

the instability was researched by using perturbation analysis and traveling sound waves in an 

infinite array of particles [37]-[39].  From this analysis it was discovered that under compression 

the particles remained in a stable state, however under tension the particles would collapse 

together.  The difficulty with this is that due to the nature of the derivative of the smoothing 

function, which usually has a negative region and is used to calculate the pressure field, as well 

as a non-absolute equation of state it is difficult to avoid a tensile state [37],[38].  To overcome 

this a short range artificial pressure term has been added to the momentum equation to create a 

sharp repulsive term to counteract the collapse [39],[40].  However, the problem with this is the 

function used for artificial pressure is arbitrary and it doesn’t completely remove the instability.  

A recent solution to the tensile instability was to create a hyperbolic smoothing function that had 

a positive derivative over the whole smoothing length [41].  This completely removes the tensile 

instability in Van der Waals simulations, however when used in SPH the relative equation of 

state still creates the tensile regions. 

 There has been one case of modeling electrowetting using SPH to study the oscillation of 

sessile droplets when exposed to periodic electric potentials [42].  In this study the electric field 
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was calculated by applying a moving least squares approximation to the Laplace equation.  The 

surface tension of the model was calculated using the color field technique, and the coupling 

between the electric field and fluid flow was with the Maxwell stress tensor.  Though the 

technique was successful it had limitations in requiring a large number of particles for the 

moving least squares as well as suffering the disadvantages of the color field technique described 

above [41]. 

1.3.2 Hydrophobic Patterning of Surfaces 

For the EHMP arrays it is necessary to have a fast, reproducible, and accurate fabrication 

technique for patterning hydrophobic surfaces to pin the droplet contact lines.  There are a 

number of techniques to pattern hydrophobic surfaces such as selective plasma treatment of 

Parylene C films [43], surface modification of silicon oxide and perfluoropolymer films [44], 

and UV treatment of titanium oxide fluoroacrylic composites [45].  The problems with these 

techniques are that they either result in non-transparent substrates, or are elaborate and time 

consuming.  One technique that overcomes these issues is a nanocomposite of SU-8 photoresist 

and polytetrafluoroethylene (PTFE) nanoparticles [46],[47].  The nanocomposite maintains the 

photopatternability of the photoresist while the surface energy and roughness of the nanoparticles 

provide a superhydrophobic surface.  The nanocomposite is spray deposited onto a substrate and 

patterned like any other photoresist.  The exposed substrate is then hydrophilic providing a sharp 

contrast in surface energy between itself and the nanocomposite. The main difficulty with this 

technique is that scattering from the nanoparticles limits the possible line resolution along 

features in the developed nanocomposite. 

 There are other techniques for patterning nanoparticles that have no limits on resolution, 

aside from the actual size of the nanoparticle, and are fast and reproducible.  In particular, 



17 

 

microcontact printing has been shown to be an accurate technique for patterning nanoparticles 

for applications of selective nanotube growth [48]-[52].  In microcontact printing there are two 

important aspects to consider that will directly influence the transfer of the particles, the inking 

of the stamp and the surface affinity of the nanoparticles to the stamp and substrate.  The inking 

of the stamp needs to leave a uniform layer of nanoparticles on the stamp so that when 

transferred the nanoparticles will create a uniform layer on the substrate.  In addition, the surface 

affinity of the nanoparticles to the substrate needs to be higher than that of the stamp to facilitate 

the transfer of nanoparticles to the substrate [48]-[52]. 

 Traditionally the inking step was performed by mixing the nanoparticles into ethanol and 

depositing the solution on to the stamp via a dropper [48],[49].  Ethanol was chosen as the 

suspending medium because it has a high evaporation rate and is readily absorbed into 

polydimethylsiloxane (PDMS), which can be used as the stamp material.  This allowed for 

regions of uniform deposition of nanoparticles on the stamp.  However, other inking techniques 

have been devised to provide uniform monolayers of nanoparticles over the entire stamp.  In 

particular, gold nanoparticles were added to the surface of a water droplet where they formed a 

uniform monolayer [50].  The stamp was then passed over the droplet where the nanoparticles 

transferred to the stamp retaining their uniformity.  Another inking technique that has single 

particle accuracy uses surface tension of a thin film to deposit the nanoparticles into features on 

the stamp [51],[52].  This technique provides the highest accuracy, down to single particle, of 

inking techniques, however it requires process specific equipment to deposit the nanoparticles on 

to the stamp. 

 PDMS has been adopted as the most common stamp material for two main reasons [51].  

The first was mentioned previously in that ethanol is readily absorbed into PDMS allowing for 
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the ink solution to dry quickly leaving behind the nanoparticles.  Secondly, when exposed to 

oxygen plasma PDMS drastically changes its surface energy.  This allows for the surface affinity 

of the stamp to be tailored to the particular nanoparticle that is being used so that there is low 

affinity between the two. However, in some cases it is necessary to pattern nanoparticles on 

substrates that have low affinity with the particles.  In these cases an adhesive such as 

Poly(methyl methacrylate) (PMMA) can be added to the substrate to help promote transfer [51]. 

1.4 Thesis Outline 

This thesis covers the design and fabrication of an EHMP.  In particular, the second chapter will 

focus on the design and implementation of a hybrid finite element SPH numerical model for 

predicting the deformations of the EHMP.  The third chapter will introduce a microcontact 

printing technique that patterns PTFE nanoparticles on SU-8 coated indium-tin oxide (ITO) glass 

slides.  The fourth chapter will focus on the testing and characterization of a single EHMP as 

well as the experimental validation of the numerical model.  The fifth and final chapter will 

conclude the project with a review of the results as well as potential directions for future work. 
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Chapter 2: Hybrid FEM and SPH Numerical Model for an EHMP 

 

When developing a prototype system for any application, it is important to have an analytical or 

numerical model that predicts the performance of the system.  This allows for optimization of 

various parameters in the system to maximize the desired performance without having to 

continuously fabricate prototypes for testing.  In the case of the EHMP, it is important to 

understand the influence of electrode geometry on the final deformation so that the electrodes 

can be optimized to create the optimal prism shape.  In addition, the operation of the EHMP 

requires voltage potentials to deform the droplets into prism shapes.  Depending on the 

magnitude of these potentials different equipment is required for operation and testing so it is 

desirable to be able to predict these voltages.  From these two concerns of electrode geometry 

and voltage prediction, the first step in designing the EHMP was to develop a hybrid FEM and 

SPH numerical model that accurately modeled the system.  

 Figure 2.1 provides a schematic of the forces and regions that need to be modeled.  In 

particular, there are three different regions that need to be modeled; the bulk flow within the 

droplet, the contact line, and the droplet interface.  As mentioned in the introduction, due to the 

length scale of the system the Reynolds number of the flow puts the hydrodynamics in the Stokes 

regime.  In this regime inertial forces are dominated by viscous forces and can be neglected 

allowing for the physics of the system to be simplified.  In this case, the bulk flow 

hydrodynamics within the droplet reduce to a flow governed by pressure and viscous forces.  In 

addition, the flow can be simplified further when considering the application of the problem; 

steady state equilibrium droplet deformations.  Since the model is being designed to solve for 

equilibrium deformations viscosity is unnecessary since the time scale of the deformation 
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evolution is irrelevant.  Therefore the bulk flow hydrodynamics can be simplified even further to 

only include pressure forces. 

 

Figure 2.1 Forces and regions that need to be taken into account when modeling an EHMP.  P and #  are 

pressure and viscosity within the bulk flow region of the drop respectively.  Fe and Fs in the right inset 

represent the electric and surface tension forces along the drop interface region respectively. Fgl, Fgs, and Fls 

in the left inset represent the liquid-gas, gas-solid, and liquid-solid surface energy forces acting around the 

contact line region respectively. 

 The contact line region of the droplet is an important region to model since the pinning of 

the contact line is crucial to ensure deformation into a prism shape.  Without a pinned contact 

line, the droplet would simply shift along the substrate surface until it is centered under the 

electrode. Physically, the contact lines are pinned by a discontinuity in the surface energy along 

the surface of the substrate.  When the contact line of the droplet becomes pinned at this 

discontinuity it must overcome the change in surface energy before it can be unpinned.  This 

force of overcoming the surface energies manifests as the contact angle of the droplet.  Both the 

hydrophilic and hydrophobic surfaces have a corresponding Young’s contact angle.  If the 

contact angle of the droplet either exceeds the Young’s angle of the hydrophobic region, or 

decreases below the angle for the hydrophilic region then the contact line will become unpinned 

and the droplet will move [53]. 
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 To accurately model the physics of pinning the contact line, it would be necessary to 

model the surface energies along the substrate. However, the physical mechanisms that relate the 

surface energies to whether or not the contact line remains pinned is a complicated and difficult 

problem in numerical simulations and occupies its own field of research. In the case of the 

EHMP, if the contact line does not remained pinned then the device will fail.  As discussed 

above, due to the hydrophobic surface patterning the contact line will remain pinned as long as 

the contact angle is between the corresponding contact angles on the two surfaces. That means 

that as long as the contact angle in the simulation is in this range, the contact line will be pinned. 

Using this knowledge, the model was simplified by manually forcing the contact lines to be 

pinned within the simulation regardless of the contact angle.  If the final equilibrium contact 

angle lies outside the range of 18 – 152 °, the range created by the hydrophobic patterning 

technique described in chapter 3, then it can be determined that the device will fail due to contact 

line slipping. 

 The final region to model is the droplet interface.  Along the interface there are two 

forces acting, surface tension and the electric force.  It is well accepted that surface tension is 

modeled using the Young-Laplace equation 

!P ="#                     2.1 

where $P is the pressure drop across the interface, " is the surface curvature, and % is the surface 

energy of the liquid.  The electric force is derived from the Maxwell stress tensor.  When a 

perfectly conductive fluid is exposed to an external electric field, it experiences a stress along its 

interface of the form [29] 

Tik = !0! r EiEk "
1
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where &0 and &r are the vacuum and relative permittivities respectively, i and k are the principle 

axes, E is the electric field strength, and 'ik is 1 when i=k and zero elsewise.  Taking the 

divergence of this stress tensor gives the force acting along the interface of the fluid.  This force 

can be simplified to a pressure of the form [29] 

Pe =
1
2
!0! r E

2 .  2.3 

Using this simplified electric pressure, the physics of the interface become a simple balance of 

pressures produced from surface tension and the electric field.  When focused on a point along 

the interface these pressures become forces with surface tension acting normal to the interface 

towards the bulk of the droplet, and the electric force acting normal to the interface away from 

the droplet. 

 Knowing the forces within the model and what simplifications to take, an algorithm was 

developed that is outlined in figure 2.2. 

 

Figure 2.2 Numerical model algorithm flow chart. 
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An initial geometry for the droplet is created and imported into COMSOL Multiphysics to 

calculate the initial electric pressure distribution along the interface.  Once calculated, the 

electric pressure values are exported into Matlab where the SPH model was coded.  Using 

Matlab, the droplet is deformed into an equilibrium shape using SPH and the initial electric 

pressure distribution.  This equilibrium shape is then exported back to COMSOL where the 

electric pressure is recalculated.  This cycle of calculating an electric pressure and finding a new 

equilibrium shape is continued until there is less than 0.5% change in the magnitude of the 

electric pressure between two cycles. 

2.1 Calculating the Electric Pressure using COMSOL 

To calculate the electric pressure it was necessary to numerically solve the electric field 

distribution generated by the electrode and grounded droplet.  Though it is possible to use SPH 

for this calculation [42], it requires modeling the air domain between the droplet and the 

electrode making the problem a multiphase flow rather than free surface.  To maintain a free 

surface model and simplify the coding process, COMSOL was used to calculate the electric field 

using FEM techniques based on the free surface interface geometry calculated using SPH. 

 Figure 2.3 outlines a flow chart of the process for calculating the electric pressure using 

the electrostatics module in COMSOL.  Once an equilibrium shape is reached using SPH, the 

coordinates of the surface particles are exported to a text file in two columns of data, the x and y 

coordinates.  Using the interpolation curve option in COMSOL, the x and y coordinates are read 

from the text files and recreate the equilibrium shape in the COMSOL model (figure 2.4). As 

will be explained in more detail later in this subsection, a second curve is imported from Matlab 

that is offset by the minimum node spacing in COMSOL, 1 µm, along the normal of the interface 

away from the droplet to aide in the calculation of the electric pressure (figure 2.4 inset). 
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Figure 2.3 Electric pressure calculation process flow chart. 

 

Figure 2.4 COMSOL interpolation curve for surface of droplet.  Inset: Close up view of the double 

interpolation curves spaced by 1 µm. 

 With the geometry imported into COMSOL, the next step is to create the boundary 

conditions and mesh for the domain.  Initially, all exterior boundaries in the COMSOL domain 

are set to the boundary condition of zero charge.  The ground plate is created simply by using an 

electric potential boundary condition and selecting all of the bottom boundaries in the domain 
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while setting the voltage to zero (figure 2.5 blue line).  The electrode boundary condition is first 

created in the geometry by creating a single Bezier polygon segment along the top of the domain 

in the desired location (figure 2.5 red lines).  Similar to the ground plate, a second electric 

potential boundary condition is created selecting the Bezier polygon segment and setting the 

voltage to any desired value.   

 With the boundary conditions set the materials for the domain are chosen.  The interior of 

the equilibrium shape is set to water with a relative permittivity of 80.  The top rectangle is set to 

glass with a relative permittivity of 4.7.  The rest of the domain, including the space between the 

two interpolation curves is set to oil with a relative permittivity of 2.2.  Finally, the domain is 

meshed using a free triangular extra fine mesh (figure 2.5).  This allows for a minimum node 

distance of 1 µm. 

 

Figure 2.5 COMSOL boundary conditions and mesh.  Left: COMSOL model with boundary conditions.  

Right: COMSOL model mesh.  Red represents the electrode boundary condition at voltage V, and blue 

represents the ground boundary condition at zero voltage. 
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 Using the boundary conditions, and material properties explained above, the electric field 

distribution is calculated.  Once the electric field is determined, the electric pressure as defined 

by equation 2.3 is calculated in the whole domain (figure 2.6).  Using this calculation, the 

electric pressure is plotted along the length of the second interpolation line that is displaced 1 µm 

from the actual interface of the droplet (figure 2.6f).  The electric pressure is measured along this 

curve instead of the actual interface because the electric field along the interface is essentially 

zero due to the boundary conditions and material properties.  This electric pressure plot is 

exported to a text file and promptly imported back into Matlab where it is applied as a force to 

the interface particles in the SPH simulation (figure 2.7). 

 As can be seen in figure 2.6f, the initial calculation of the electric pressure is not as 

directional as desired (figure 4.20b/f).  The directionality of the electric pressure is critical to 

achieve maximum deformation, and as evidenced by the blue curve in figure 2.6f the peak of the 

electric pressure is situated near the apex of the droplet.  To redirect the electric pressure towards 

the side of the droplet, an additional ground electrode was added to the simulation centered 

above the droplet (figure 2.6c).  This additional ground electrode drastically reduces the electric 

pressure directly above the droplet ensuring that the directionality is enforced.   As can be seen in 

figure 2.6f, the directionality of the electric pressure distribution shifts towards the positive 

electrode side of the droplet as the width of the additional ground electrode increases.  It was 

determined that a minimum width of 50 µm was required to achieve enough directionality in the 

electric pressure to ensure adequate deformation. 

 The consequence of the additional ground electrode, as evidenced by figure 2.6f, is that 

the maximum electric pressure is reduced as the electrode width increases. In the case of the 
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50 µm wide ground electrode (figure 2.6d), the decrease in electric pressure is only influenced by 

the addition of the ground electrode.   

 

Figure 2.6 Electrical model for the ideal EHMP with encapsulating glass slide above droplet. a) Initial 

geometry with 50 µm wide positive electrode (red) above the droplet contact line and the only ground below 

the droplet (blue).  b) Electric pressure distribution for 50 µm wide positive electrode with no additional 

ground. c) Updated electrode geometry with additional 50 µm wide ground electrode above droplet (blue). d) 

Electric pressure distribution for the 50 µm wide positive and ground electrodes. e) Electric pressure 

distribution for a 25 µm wide positive and 100 µm wide ground electrodes.  f) Electric pressure distribution 

along the surface of the droplets.  Blue represents the no ground case in b, green represents the 50 µm ground 

case in d, and red represents the 100 µm ground case in e. 

However, as the ground electrode widens for the case in figure 2.6e, the positive electrode width 

is reduced leading to a further decrease in the maximum electric pressure.  This decrease in 
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electric pressure is counterproductive in terms of the deformation experienced by the EHMP 

since the amount of deformation is dependent on this magnitude.  The only method to counter 

this reduction in electric pressure is to increase the applied voltage.  However, increasing the 

applied voltage with the additional ground electrode introduces the potential of dielectric 

breakdown. 

 

Figure 2.7 Electric pressure force acting on only surface particles in Matlab SPH simulation.   

 With the additional ground electrode is added, the shortest path between the applied 

voltage and ground is the distance between the positive and ground electrodes above the droplet 

rather than between the electrode and droplet.  This shortened path significantly increases the 

gradient of the electric field and the chance of dielectric breakdown.  Using COMSOL, the 

electric field gradient was calculated for different gaps between the positive and ground 

electrodes to test whether dielectric breakdown would occur.  From figure 2.6, it is seen that a 

ground electrode of at least 50 µm is required to achieve directionality of the electric pressure.  

As the width is increased to 100 µm, the added directionality is limited in comparison to the 

decrease in maximum electric pressure.  To remove the effect of reduced electric pressure due to 

the shortening of the positive electrode its width was fixed at 50 µm.  The COMSOL simulation 
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was then run for a range of ground electrode widths between 50 and 80 µm, accounting for a 

dielectric breakdown path length of 10 to 25 µm between the two electrodes. 

 Figure 2.8b-e presents the results for a 25, 20, 15, and 10 µm wide gap between the 

ground and positive electrodes respectively at an applied voltage of 450 V.  In these figures, the 

blue line represents the ground electrode, and the red line represents the positive electrode.  

 

Figure 2.8 Investigation of dielectric breakdown based on the gap between the positive (red) and ground 

(blue) electrodes.  Color scale clipped at 1.5x107 V/m to show breakdown path of oil. a) White rectangle 

represents the region of interest between the electrodes that the following sub figure will focus on. b) 

Gradient of electric field for a 25 µm gap.  c) Gradient of electric field for a 20 µm gap.  d) Gradient of 

electric field for a 15 µm gap.  e) Gradient of electric field for a 10 µm gap. 

It was determined that dielectric breakdown would occur if a continuous path between the 

electrodes could be drawn such that the gradient of the electric field along every point of this 

path exceeded 15 MV/m, which is the dielectric breakdown of the oil.  Any field gradients larger 
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than 15 MV/m were not important since breakdown would still occur.  Therefore the color scale 

was set to clip at 15 MV/m to demonstrate the breakdown path in the oil.  Since the focus of the 

test is on the breakdown within the oil, the paths could only be drawn below the electrodes since 

the region above is glass.   

 As can be seen in figure 2.8b, for a gap of 25 µm the gradient of the electric field does 

not exceed 15 MV/m along a continuous path between the electrodes allowing the conclusion to 

be drawn that dielectric breakdown would not occur.  In figure 2.8c, for a gap of 20 µm again the 

gradient does not exceed 15 MV/m for a continuous path.  However, there is only a small section 

(<1µm) that does not exceed 15 MV/m so it would not be recommended to operate under these 

conditions since small fluctuations could easily cause dielectric breakdown.  As seen in figures 

2.8c/d, for any gap smaller than 20 µm the gradient exceeds 1.5x107 V/m and dielectric 

breakdown will occur.  Therefore the optimal electrode configuration is 50 µm wide positive 

electrode and ground electrodes with a gap of 25 µm.  This configuration maximizes the 

magnitude and directionality of the electric pressure without dielectric breakdown. 

 The final test is whether the electric pressure distribution is independent of the mesh size 

of the COMSOL model.  The electric pressure was tested for both ‘extremely fine’ and ‘coarse’ 

mesh sizes in COMSOL with the results presented in figure 2.8.  As can be seen in figure 2.9, 

there is less than 2 % decrease in electric pressure between the different mesh sizes.  This 

demonstrates that indeed the electric pressure calculation is mesh size independent. 

2.2 SPH Simulation of the EHMP Deformation 

As explained in the beginning of this chapter, there are three main regions that need to be 

modeled; the bulk flow, contact line, and interface.  Within these regions there are only three 
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forces that need to be explicitly modeled; electric pressure, pressure, and surface tension. Though 

many techniques can easily model the pressure forces within the bulk flow, SPH is well tuned for 

modeling the electric pressure and surface tension due to its ability to model free surface flows. 

 

Figure 2.9 Mesh size dependence of electric pressure  

2.2.1 Governing Equation in SPH 

The basis for SPH is centered around the ability to find the value of a continuous function f(x) at 

xi by [30] 

f (xi ) = f (x)! (x " xi )
"#

#

$ .    2.4 

This can be approximated by [30] 

f (xi ) = f (x)W (x ! xi ,h)
!"

"

# ,    2.5 

where the delta function has been replaced by a smoothing function W which has a smoothing 

length h.  The smoothing function W often has a bell curve shape and acts as a delta function in 

that when integrated over the whole domain it is normalized to 1.  However, rather than having 

no width such as the delta function, it has a finite width that is defined as the smoothing length. 
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 In a domain where the continuous function f(x) is represented by a finite number N of 

particles each with an individual mass and volume this calculation can be approximated by [30] 

f (xi ) !
mj

" j

W (xi # x j ,h) f (x j )
j=1

N

$ ,    2.5 

where m is the mass of each particle, and ( is the density of each particle calculated by [30] 

!i = miW (xi " x j ,h)
i=1

N

# .   2.6 

Essentially, the value f(xi) is being approximated by a weighted average of all of the values f(xj) 

within a distance h from xi where the weight is determined by the smoothing function W.  In 

addition the derivative of f(x) can be approximated by [30] 

!" f (xi ) = #
mj

$ j

f (x j ) "!W (xi # x j ,h)
j=1

N

% ,    2.7 

where 

!W (xi " x j ,h) =
xi " x j
rij

#W (xi " x j ,h)
#rij

   2.8 

and rij is the distance between xi and xj.  The approximations 2.5 and 2.7 are the basis for SPH, 

and how the governing equations for SPH numerical models are derived. 

 There are many different smoothing functions that have been used in SPH simulations.  

The forms range from Gaussian functions [30], to splines (cubic and higher) [30], as well as 

hyperbolic [41].  Each of these functions follows a few basic rules [30]: 

1. The function must be normalized over the whole domain so that W (x ! xi ,h)dxi = 1
!"

"

#  

2. For distances greater than the smoothing length, h, W=0 
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3. The function is always positive, smooth, decreases in magnitude as the distance from the 

particle of interest increases, and is symmetric 

4. The function obeys lim
h!0

W (x " xi ,h) = # (x " xi )  

Due to its wide use and simplicity, a cubic spline in the following form  

W =

6q3 ! 6q2 +1 0 " q " 1
2

2(1! q)3 1
2
" q "1

0 q >1
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is used as the smoothing function for the SPH simulations. Using 2.5 and 2.7 the following 

momentum equation was developed to model the EHMP 
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dt

= ! mj
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where v is the particle velocity, p is the particle pressure, n is the surface normal, ' is the inverse 

of the particle spacing, A and B are scaling constants, and rij is the distance between particles i 

and j.  Essentially, 2.10 equates the acceleration of particle i to four different forcing terms that 

will each be described individually. 

2.2.1.1 Pressure Force Term 

The first forcing term in 2.10 is the SPH derivation of the pressure term in the Navier Stokes 

equation [30].  There are different forms of the derivation, however this particular representation 

is symmetric and conserves momentum between two particles.  To calculate the pressure for a 

given particle the Tait equation is used as the equation of state 
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where (0 is a reference density, ) is a constant set to 7, and D is a scaling factor based on the 

speed of sound c in the fluid calculated by [33] 

D = !0c
2

"
.  2.12 

By setting ) to 7, pressure becomes strongly dependent on the difference between (i and (0.  

Small fluctuations between the densities magnify into large fluctuations in the pressure field.  

These pressure fluctuations rearrange the particles so that particle densities remain constant and 

close to (0 throughout the simulation mimicking an incompressible flow.  Therefore, the Tait 

equation is commonly used in SPH hydrodynamic simulations to force pseudo-incompressibility 

with minimal computational expense [33]. 

2.2.1.2 Electric Pressure Force Term 

The second term in 2.10 is the electric pressure force term.  This term is only applied to surface 

particles since the droplet is assumed to be a perfect conductor and the Maxwell stress and thus 

the electric pressure only affects the interface.  The magnitude of the force is calculated using 

COMSOL as explained in section 2.1, and the direction of the normal is calculated using the 

technique outlined in the following sub-section. 

2.2.1.3 Surface Tension Force Term 

The third term in 2.10 is the surface tension force term.  As mentioned in the introduction there 

are many different techniques for modeling surface tension in SPH simulations.  One of the more 

accurate techniques is the polynomial fitting technique described in [35].  In this technique the 

surface particles are found using a spoke technique outlined in figure 2.10.  In this technique 
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each particle is individually tested using the spoke technique to see if it is in fact a surface 

particle.  For each particle, a circle of radius h is drawn around them, and then split into a finite 

number of spokes (blue lines in figure 2.10).  For a given set of spokes, if there is a spoke that is 

further away than h from all other particles in the simulation (red particle in figure 2.10) then the 

corresponding particle is labeled as a surface particle.  For a given set of spokes, if each spoke 

has at least one particle within h of it (green particle in figure 2.10) then the corresponding 

particle is an interior particle and does not get labeled. 

 

Figure 2.10 Spoke technique for finding surface particles.  Left: Spoke technique centered around surface 

particle (red). Upper left spoke is further than h away from all other particles. Right: Spoke technique 

centered around interior particle (green).  All spokes are within h of at least one other particle. 

 Once the surface particles are labeled, each particle and its neighboring surface particles 

are fitted with a polynomial as described in figure 2.11.  For each surface particle, the centroid of 

it and any other neighboring surface particles within a distance h is calculated by 

xc =
xi
Ni

!   2.13 

yc =
yi
Ni

!   2.14 
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where xc and yc are the coordinates of the centroid, and N is the number of surface particles 

within the smoothing length including the particle of interest.   

 

 

Figure 2.11 Surface curvature calculation technique.  Left: Surface particle of interest (red) with all 

neighboring surface particles (blue) within a distance h (circle).  Right: Surface particle of interest and 

neighboring surface particles in new coordinate system with origin at center of mass and particle of interest 

on y-axis. 

 A new coordinate system is then defined with this centroid as the origin, and the particles 

are rotated about that so that the surface particle of interest is on the y-axis.  The required angle 

of rotation is calculated by 

! =
2" # cos#1(ry / r) if rx > 0

cos#1(ry / r) if rx $ 0
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&
''
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  2.15 

where rx = xi ! xc , ry = yi ! yc , r = rx
2 + ry

2 , and (xi ,yi) is the position of the surface particle 

of interest.  Within the new coordinate system, a polynomial is fit to the particles using the 

Matlab function polyfit that produces the coefficients for a N-1 order polynomial P(x). With P(x) 

calculated, the local curvature and normal can be calculated by 
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in the original coordinate system respectively.  With the local curvature and normal calculated 

for every surface particle, the surface tension force can be calculated by using the modified 

Young-Laplace equation seen as the third term on the right hand side in 2.10.  This modified 

equation is just the standard Young-Laplace equation seen in 2.1 with a scaling factor to counter 

changes in pressure and particle spacing. 

2.2.1.4 Exponential Repulsive Force Term 

The fourth and final term in 2.10 is a short-range repulsive force in the form of an exponential.  

It is included to combat the tensile instability.  It has been found that while using a relative 

equation of state such as the Tait equation (2.11) that a numerical instability arises in the form of 

particles aggregating together [37]-[41].  When using a generalized momentum equation such as 

dvi
dt

= ! mj
Si
"i
2 +

Sj
" j
2

#

$%
&

'(
) *Wij    2.18 

where S represents the stress state of the fluid and is a summation of force terms that can include 

pressure and viscosity it was found that a stability criterion for the tensile instability is [41] 

W ''S > 0 .   2.19 

 Analyzing this stability criterion shows that the simulation can become unstable when 

W’’ and S have opposing signs.  As mentioned above, due to using a relative equation of state, S 
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can transition between negative and positive multiple times in a single simulation.  In addition, 

figure 2.12 shows the form of a cubic spline smoothing function W and its first derivative. 

 

Figure 2.12 Cubic spline smoothing function W and its derivative W’ over a smoothing length h. 

From figure 2.12 it is apparent that inherently there is a transition distance where W’’ passes 

from negative to positive.  Though figure 2.12 is a graph of the cubic spline used in this thesis, 

the same transition occurs in all Gaussian and higher order spline smoothing functions [41]. Due 

to the transitions in both W’’ and S it is difficult to avoid the tensile instability. 

 The first solution to combat the tensile instability was to include an additional term in the 

stress state S of the form [39] 

g(xi ) =
W (xi ! x j ,h)
W ("x,h)

#
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   2.20 

where $x is the average particle spacing around xi, and n is a constant set to 4.  By including g(x) 

in the summation of the stress state, it will act as an artificial short range pressure to counter the 

particle aggregating by forcing S to remain positive [39].  Though this solves half of the 

instability criteria, it still only works in the range of W’’ that is positive. 
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 A more recent technique to combat the tensile instability uses a hyperbolic smoothing 

function that has a positive second derivative over the whole range of distances [41].  This solves 

the other half of the instability criteria, and works well in Van der Waal simulations where the 

equation of state is absolute and the tensile instability can be completely removed [41].  

However, when using the standard SPH equations and its pseudo incompressible equation of 

state there is still the issue of a negative stress state causing the instability. 

 In the case of this thesis, the only force acting in the stress state S is pressure thus giving 

the first term in 2.10.  In equation 2.8, it is seen that *W is directly proportional to W’ so that the 

pressure term in 2.10 is directly proportional to W’.  As shown in figure 2.10, W’ drops to zero 

as the distance between particles converges to zero causing unphysical pressure forces.  It would 

be expected that as the distances between particles converge to zero the pressure force would 

become infinite rather than zero.  In order to combat the tensile instability as well as unphysical 

pressure forces a short range repulsive force term was added outside of the stress state.  Within 

numerical chemistry, it is common to use exponential terms to model short-range repulsive 

forces between molecules [54] so it was decided to use an exponential term to create a 

comparable physical force. 

 In essence, by adding the exponential repulsive term the pressure force has been broken 

up into two different terms, a macroscopic and microscopic term. At long ranges within the bulk 

flow of the fluid, the exponential term will have minimal effect and the macroscopic pressure 

force term as defined by the SPH representation of Navier Stokes will dominate the forces.  

However, if two particles come within the range that the SPH representation starts to become 

unphysical and converges to zero, the microscopic term in the form of the exponential repulsion 

becomes dominant.  The now dominant microscopic repulsive force will then force the particles 
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away from each other back into a range where the macroscopic SPH representation is physical.  

In addition to making the pressure force more physical, the exponential repulsive force directly 

combats tensile instability by preventing particles from collapsing onto each other. 

2.2.2 Time Advancement of the Particles 

With the governing equations of the simulation identified the last step is to have a technique for 

advancing the particles through time.  A common technique for time advancement of particles is 

the predictor corrector scheme that uses the following equations to advance the particles [38] 

 
v!
1/2

= v0 + !t
2
a0    2.21 

 
x!
1/2

= x0 + !t
2
v0    2.22 

 !
1/2 = !(x!
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)     2.23 
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1/2
,v!
1/2
,!1/2 )    2.24 

v1/2 = v0 + !t
2
a1/2    2.25 

x1/2 = x0 + !t
2
v1/2    2.26 

x1 = 2x1/2 ! x0     2.27 

v1 = 2v1/2 ! v0     2.28 

where a=dv/dt and ( are calculated using 2.10 and 2.6 respectively.  The amount of time the 

simulation progresses through in a single time step, $t, is calculated at the beginning of each step 

by [38] 

!t = 0.25min(!tcv ,!t f )     2.29 
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for all i and j.  $tcv is a time step that measures the relative velocities of particles with respect to 

each other and ensures that the time step reduces as these relative velocities increase.  $tf  is a 

time step that measures the maximum forces of each particle and reduces the time step based on 

an increase in forces acting on the particles.  Depending on whether the maximum forces or 

relative velocities are dominating, 2.29 takes this into account to ensure that the time step is 

small enough to allow convergence.  Any time step greater than this will cause the simulation to 

diverge and have particles ejected from the droplet, while any time step smaller than this will 

produce the same results but at a cost of computational efficiency. 

2.2.3 Boundary Conditions 

The last consideration in forming the SPH model is the boundary conditions for the problem.  In 

the case of modeling an EHMP, the boundary conditions are the pinned contact lines, and the 

interface forces.  To pin the contact lines, an initial geometry for the system is formed as outlined 

in figure 2.13.  A random distribution of N particles is disbursed at a minimum spacing of h0/2 in 

a circular region where h0 is an arbitrary starting smoothing length.  This random distribution is 

run through the SPH simulation outlined above until it comes to an equilibrium distribution.  

This distribution is then linearly scaled and centered around the origin so that the radius of the 
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drop is as desired for the EHMP simulation (figure 2.11).  The surface particles are searched for 

the pair with the greatest distance between them, and the droplet is rotated so that this pair aligns 

with the x-axis (green particles figure 2.13).  If need be there is additional minor translations to 

ensure that this pair of particles is on the x-axis and will represent the contact lines in the 

simulation. 

 

Figure 2.13 Initial particle distribution. a) Initial random distribution of particles for simulation. b) Particles 

in equilibrium after being scaled to desired dimensions with the contact line particles highlighted in green. 

 This particular technique of aligning a pair of particles at the contact lines provides an 

initial contact angle of 90°.  To achieve other contact angles, the center of the droplet can be 

translated vertically with respect to the x-axis until the desired angle between the droplet and x-

axis is achieved.  Once translation is complete, it is necessary to determine the distance between 

the new contact lines along the x-axis, xcl.  With that distance, the same technique as above can 

be used to rotate and translate the droplet to ensure a pair of particles corresponds to the contact 

lines.  However, instead of finding a pair separated by the furthest distance, a pair with a 

separation equal to xcl is used. 

 After the geometry is scaled, the constants within the model need to be scaled so the 

forces remain in equilibrium and physical.  The smoothing length, h, is scaled linearly the same 
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amount as the geometry so that each particle keeps the same number of neighboring particles.  

The mass can be scaled by 

m =
W (xi0 ! x j0,h0 )"
W (xi ! x j ,h)" m0

   2.32
 

where the subscript 0 denotes values before the linear scaling. Using this scaling ensures that the 

density remains the same after the scaling so that the pressure force remains physical during the 

scaling.  Finally, the scaling factor A in the repulsive term in 2.10 is scaled down by the same 

ratio of smoothing functions that is used to scale the mass to ensure that the repulsive force 

occupies the same fraction of a particle’s total force as it did in the initial simulation. 

 After scaling, the final step before simulation is to apply the boundary conditions.  To pin 

the contact lines a no slip boundary condition is applied by fixing the particles on and below the 

y-axis.  In doing so, the contact lines (green particles in figure 2.13) are inherently pinned.  This 

technique is not strictly physical in the sense that it does not take into account a half circle 

droplet on a planar substrate surface, which the EHMP is.  Instead, it assumes the fixed substrate 

surface is curved and only exists below the droplet.  However, if a planar substrate were to be 

used then there would be a sharp angle between the surface particles of the droplet and the 

surface particles of the substrate.  This sharp angle would cause poor polynomial fitting when 

measuring the curvature of the droplet surface near the contact line.  Instead, by continuing the 

curved interface below the contact line, the surface tension calculations will remain accurate 

along the whole surface of the droplet while maintaining a no slip boundary condition and 

pinning the contact lines.  The final boundary condition is to apply the electric pressure acting 

around the interface of the droplet using the method outlined in section 2.1 and specifically 

figure 2.7. 
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2.3  Validation Tests 

The first step in testing the model is to validate that it works as expected from the physics of the 

problem.  When modeling free surface flows using SPH there are two standard tests to determine 

whether the model is working appropriately, a collapsing square [33], [35], [40], [41] and an 

oscillating ellipse [33], [34], [41].  In the collapsing square test (figure 2.14) the particles are 

evenly spaced on a square grid and released from rest. 

 

Figure 2.14 Sequence of collapsing square test through time. 

From the initial square position, the particles are allowed to oscillate and rearrange eventually 

coming to equilibrium in a circle.  The flow is modeled as described previously with surface 

tension and pressure as the main forces acting on the particles.  However, for the simulation to 

evolve into an equilibrium state viscosity needs to be implemented so particle kinetic energy can 

be dissipated.  In the case of this test, a standard SPH viscosity term was added to equation 2.10 

in the form of [34] 

 

dvi
dt

= 2µ mj

(vi ! vj )
"i" j (ri ! rj )

2 (ri ! rj ) i#W (ri ! rj ,h)
j=1

N

$   2.33 
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where µ is the dynamic viscosity. 

 Though there are no quantitative results to draw from this test, there are a number of 

qualitative notes.  The expected collapse of the square under surface tension is for the corners to 

initially round due to the high curvature, and for the particles to oscillate into a diamond shape.  

Though the dominant shape will be the diamond, the corners will have rounded due to viscous 

dissipation.  As time progresses the overall shape of the drop will oscillate between a square and 

diamond all the while having the corners continue to round more due to dissipation.  Eventually 

the oscillations will stop and the particles will come to rest in a circular shape.  As can be seen 

from figure 2.14 this particular trend of oscillations is evident in our simulation showing that the 

physics of the model is working as expected. 

 Another conclusion to draw from figure 2.14 is in regard to the exponential term and 

tensile instability.  At t=5.3 ms in the simulation it is quite evident that the corner particles have 

been shot into the inside of the drop due to high surface tension forces and have ended up very 

close to other particles.  Due to the tensile instability these particles and their nearest neighbor 

should have remained physically close for the rest of the simulation unable to escape proximity 

to the other.  However, as can be seen throughout the rest of the simulation the particles are 

forced apart and return to an even spacing due to the exponential term. 

 The final qualitative result from this test is the final equilibrium shape of the drop.  

Ideally for an incompressible fluid, the density would remain the same over the whole drop 

domain where the magnitude of the pressure is dictated by the strength of the surface tension.  

This constant density ensures that there are no internal flows due to a pressure gradient and that 

steady state equilibrium can be achieved.  To accomplish this with a free surface simulation it is 

necessary to have a higher number of particles with tighter packing near the surface to ensure 
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there is no decrease in density near the surface.  As can be seen in the final frame of figure 2.14, 

the final equilibrium shape of the simulation has a higher packing of particles near the free 

surface to ensure that the density remains the same across the whole drop to counter the surface 

tension force.   

 The final equilibrium drop shape from the collapsing square experiment leads directly 

into the oscillating ellipse drop test.  When studying liquid streams, Rayleigh determined that an 

incompressible inviscid 2D oval drop would oscillate under surface tension with a period [33], 

[34], [41] 

! = 2" R3#
6$

    2.34 

where R is the radius of a 2D droplet with the same area as the ellipse.  This oscillation would 

occur due to the imbalance of curvature along the major and minor axes.  The higher curvature 

along the major axis would draw the transverse diameter inward forcing the conjugate diameter 

outward along the minor axis.  Eventually the axis would flip due to this movement so that the 

major axis would become the minor and vice versa.  Due to no viscous dissipation this transition 

would eventually reverse creating the oscillation that Rayleigh predicted.   

 In SPH, it has become customary to test surface tension models using this technique.   An 

equilibrium circular drop would be transformed into an ellipse via the transformation [33], [34], 
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where e is the eccentricity and is set to 0.55.  This ellipse is then released from rest and the 

oscillation period is tracked.  If the period calculated from the model is in agreement with the 

expected period from equation 2.35 then it is a good indication that surface tension has been 

modeled correctly.   

 The technique of polynomial fitting to model surface tension has already been shown to 

be accurate in [35].  In the case of this thesis, the oscillating drop is a test of whether the 

exponential term has an adverse effect on the movement of the particles beyond keeping them 

from collapsing onto each other.  A number of different drops with different number of particles 

and radii were tested for their oscillation period.  A sample oscillation can be seen in figure 2.15.  

 

Figure 2.15 Sample oscillations of the x and y radii. The ellipse radius had a radius of 0.9m, density of 1200 

kg/m3, and %=100,000 N/m. 

Equation 2.34 predicts a period of 0.24 sec based on a radius of 0.9 m, density of 1200 kg/m3, 

and %=100,000 N/m.  The unrealistic surface tension was chosen to ensure a fast oscillation for a 

roughly 1 m droplet for computing purposes.  As can be seen in figure 2.15 the major and minor 
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axis oscillate between the x and y axes at a period of 0.255 sec that is within 6% of the 

theoretical prediction.  All other particle concentration and radii tests fell within the same error 

as the above example.  From these tests it is evident that the physics modeling the motion of the 

droplet is accurate.  In addition, it shows that the exponential force has no impact on the motion 

of the droplet beyond keeping the particle ordered. 

 It should be noted that theoretically an inviscid drop should have no dissipation of energy 

meaning the amplitudes of the oscillations in figure 2.15 should not decrease.  However, as seen 

in the figure there is a significant decrease in oscillation amplitude signifying a dissipation of 

energy.  This effect is an intrinsic artifact in particle simulations and has been well studied before 

[34].  In short, the discretization of a continuous domain using a particle method creates an 

artificial viscosity within the simulation without a specific viscosity term in the governing 

equation.  This viscosity will dissipate energy, which is what is seen in figure 2.15.  Increasing 

the number of particles in the simulation can minimize the effect, however that comes at a cost of 

requiring more processing power [34]. 

2.4 EHMP Numerical Results 

With the numerical model of the hydrodynamics validated, the final step is to simulate an 

EHMP.  As mentioned in the introduction, the EHMP consists of an elongated droplet 

surrounded by oil with an electrode positioned lengthwise along the elongated contact line.  For 

the numerical simulation, the cross-section of the droplet is used as the domain consisting of a 

half circle droplet with a surface tension of 0.031 N/m between the water and oil.  In addition, 

the relative permittivity of the oil is 2.2 for the electric pressure calculations.  Using the initial 

particle distribution and boundary conditions outlined in section 2.2.3 as well as the optimum 
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electrode geometry found in section 2.1 a 200 µm diameter droplet was tested over a wide range 

of voltages. 

2.4.1 Low Voltage Results 

Figure 2.16 reveals the results of the numerical simulation at low voltages. 

 

Figure 2.16 Surface deformations of a 200 µm diameter EHMP for different electrode voltages.  The 

electrode is a line placed between -100 and -50 µm in the x direction and at 175 µm in the y direction (not 

shown). 

In this case the positive electrode is a placed between -100 and -50 µm on the horizontal scale 

and at 175 µm on the vertical scale. The ground electrode is between -25 and 25 µm on the 

horizontal scale and 175 µm on the vertical scale.  As can be seen, the deformation of the droplet 

is as expected with the droplet deforming into a triangular prism shape with the free vertex 

pointing towards the electrode.  In addition, the prism edges become straighter and the vertex 

more defined as the voltage increases.  In addition to testing various voltages, the input was 
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tested with a step and ramp input (figure 2.17).  For the step input, the droplet started from the 

initial circular distribution, and a high voltage was applied from the start.  From this voltage an 

equilibrium deformation was found (blue curve figure 2.17).  For the ramp input, an equilibrium 

deformation was found at 25 V increments on the way to the final desired voltage.  Theoretically, 

there should be no difference between a ramp and step input in the model, and this can be 

witnessed in figure 2.17.  This test ensures that large initial deformations do not find a local 

equilibrium deformation. 

 

Figure 2.17 Equilibrium shapes of step (blue) and ramp (red) inputs. 

 The final analysis of the EHMP numerical results is a prediction of the performance of 

the prism with respect to automultiscopic displays.  In particular, there are two parameters that 

will be used to judge the performance, the fill factor and the average curvature along the 

interface.  The ideal case for the EHMP is to have a high fill factor and a low average curvature.  

This shows that the prism is projecting a high amount of the incoming light at the correct angle 

with minimal blurring for a given voltage.  These values will be unique for a given voltage and 
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equilibrium deformation, and it is expected the best results will be at the higher voltages due to 

the sharper deformation.  Though there will be a range of values, the fill factor and average 

curvature will provide important information on the viability of the device with respect to 

automultiscopic displays. 

 The fill factor is a measure of what fraction of the display light is projected at the correct 

angle due to the prisms. This can be measured as the fraction of the interface that is at the correct 

prism angle for a given voltage.  A simple calculation for this is to consider the horizontal 

position, xp, of the peak, tallest point, along the interface measured from the center of the droplet 

base.  The fill factor, eff, then can be calculated by 

eff =
1
2
+
xp
xd

   2.36 

where xd is the cross sectional diameter of the droplet at the substrate.  As the peak approaches 

the contact line and thus xp approaches xd/2, then eff approaches one or a perfect fill factor. For 

the 450 V profile in figure 2.16 a fill factor of 0.66 is achieved meaning approximately 66% of 

the display light will be projected at the desired angle.  However, this calculation assumes that 

the angle of the interface is constant from the peak until the contact line.  As seen in figure 2.14 

this is not the case, and thus the fill factor is over calculated for a given profile. 

 In addition to reducing the actual fill factor, the curvature of the interface also acts as a 

lens blurring the projected image. This blurring is undesirable, and will affect the viability of the 

EHMP with respect to automultiscopic displays since the ability to maintain a displays resolution 

will be defeated if the projected image is blurry.  Therefore, a second calculation is performed to 

determine the average curvature of the interface between the peak and contact line of the droplet.  
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As the average curvature increases, so does the blurriness, allowing this calculation to be a 

measure of the quality of the projected image.  

 In the case of the 450 V profile in figure 2.14, as mentioned before the fill factor is 0.66 

and the average curvature is 6.2 ± 1.7 mm-1.  This indicates that though the interface curvature 

has reduced by almost a factor of two from its initial curvature of 10 mm-1, there still is 

significant curvature along the interface.  This leads to the conclusion that the actual fill factor 

will be less than predicted and the projected image will be blurred.  The initial results from figure 

2.14 indicate that the EHMP may not have much viability with respect to automultiscopic 

displays, however it is still essential to create and test a prototype to confirm these results with 

experimental data. 

2.4.2 High Voltage Results 

The low voltage simulations demonstrated that it is possible to deform the cross section of the 

droplet into a triangular shape by applying a voltage between the droplet and an anti-symmetric 

electrode.  In addition, it was concluded that the leading edge of the electrode controls the 

direction and amount of deformation experienced by the droplet.  However, as the voltage of the 

system was increased to 500 V it was found that the simulation fails to find an equilibrium 

deformation (figure 2.19).  At 500 V it was found that the force from the electric pressure was 

too great for the surface tension to compensate for, and surface particles were pulled away from 

the bulk of the droplet.  As holes formed behind the surface pressure forces could not react by 

drawing particles up from the bulk of the droplet.   

 Though no specific failure mechanism was designed in the model, it is understandable 

that there would be an electric pressure that would be too strong for the particle nature of the 

method to compensate for.  As the vertex becomes more pronounced fewer particles can occupy 
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the space just inside of the vertex and thus the model will break down physically.  This effect 

was present regardless of the size of the time step chosen.  From these experiments it can be 

shown that at voltages below 500V for a 200 µm droplet the numerical model can produce 

physically reasonable results for the system and reach an equilibrium deformation.  However, at 

higher voltages the model breaks down and should not be used to predict deformations. 

 

Figure 2.18 Failure of SPH model at 500 V. Left: Simulation just before failure. Right: Simulation just after 

failure when surface particles pull away from the bulk drop. 
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Chapter 3: Hydrophobic Patterning of Surfaces using Microcontact Printing 

 

One of the most important design considerations of an EHMP is how to pin the contact lines of 

the water droplet in order to allow for the deformation of the droplet into a prism shape.  If the 

contact lines were not pinned and a single electrode was powered then the droplet would center 

itself under the electrode while maintaining an axisymmetric cross-section.  Similarly, if two 

electrodes were powered, the droplet would center itself equidistance between the two electrodes 

to maintain a symmetric electric field distribution along the surface of the droplet. However, with 

pinned contact lines and an off center electrode for actuation the droplet may deform into a shape 

similar to a triangular prism.   

 As discussed in chapter 2, the difference between the contact angles of the hydrophilic 

and hydrophobic regions determines the strength of the contact line pinning.  The larger the 

difference the stronger the pinning is.  Therefore it is essential to ensure that the difference 

between the surface energies, and thus the contact angles, is maximum to ensure the contact line 

remains pinned during deformation.  As detailed in the introduction, currently the methods for 

accurate, quick, and repeatable patterning of electrodes are limited for the required transparency 

and line resolution.   

 One technique that overcomes a number of these limitations is microcontact printing 

[48]-[51].  Microcontact printing is very similar to standard stamping techniques where a stamp 

with a pattern cut into it is evenly coated in ink.  Once inked, the stamp is placed in uniform 

contact with the substrate to be stamped and the ink is transferred from the stamp to the 

substrate.  However, wherever the pattern had been cut out of the stamp the ink does not transfer 

since the indented stamp surface does not come into contact with the substrate.  Thus, a negative 
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pattern of the cut out pattern in the stamp is printed onto the substrate with ink.  In microcontact 

printing the patterns that are being stamped typically are on the micrometer scale so the stamp is 

fabricated through micro fabrication techniques such as soft lithography [48]-[51]. 

 Currently research in microcontact printing has looked at using nanoparticles as the ink in 

the stamping process [48]-[51].  This allows for nanoparticles to be precisely patterned onto a 

substrate for various applications such as controlled nanotube growth [48]-[51].  However, the 

implementation of an EHMP requires the patterning of hydrophobic surfaces. To achieve this a 

microcontact printing technique was developed to deposit polytetrafluoroethylene (PTFE) 

nanoparticles that create patterned hydrophobic surfaces (figure 3.1). 

 

Figure 3.1 Process flow chart. Prior to starting the ink is prepared by mixing dry 300 nm diameter PTFE 

nanoparticle powder into ethanol at a 1:50 weight ratio. a) Initial airbrush deposition onto PDMS (10:1 base 

to hardener) stamp, b) additional particle thickness added with additional coatings, c) stamp air dried, d) 

1 µm SU-8 layer spun onto glass, e) SU-8 heated to 100°C for 2 minutes, f) uniform contact made between 

stamp and SU-8 for 10 seconds, g) stamp is removed and device is cooled, h) SU-8 cured through backside 

exposure, i) sample is heated to 130 °C for 20 min to reflow the coating on the PTFE nanoparticles 

 In detail, an airbrush is used to disperse an even coating of PTFE nanoparticles 

(Microdispers – 200, Polysciences Inc.) onto a PDMS (Sylgard 184) stamp by atomizing a 

solution of PTFE nanoparticles dispersed in ethanol (figure 3.1a).  Multiple passes with the 
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airbrush allows for a thicker layer of particles to transfer to the substrate (figure 3.1b).  Once the 

stamp is inked, a 1 µm thick layer of SU-8 (Microchem, SU-8 3005) is spin coated onto the 

desired substrate and heated to 100 °C (figure 3.1d/e).  While the substrate is held at 100 °C, the 

stamp is brought into uniform contact with the SU-8 layer (figure 3.1f).  No additional force is 

required to transfer the particles beyond slight pressure to ensure that there are no air pockets 

trapped between the stamp and substrate.  The stamp is held in uniform contact for 10 seconds 

before removal after which the substrate is removed from the heat source and let cool (figure 

3.1g).  After cooling, the newly patterned surface is exposed to ultra violet light to crosslink the 

SU-8 increasing its durability, and subsequently heated to 130 °C to reflow the dispersion 

coating on each of the PTFE nanoparticles (figure 3.1h/i) [46],[47]. 

3.1 Inking PTFE Nanoparticles onto a PDMS Stamp 

The inking step is crucial since the order and uniformity of the particles on the stamp directly 

controls the order and uniformity of the final particle layer on the substrate.  As mentioned 

previously in the introduction, there have been various inking techniques devised to provide the 

highest packing density and uniformity of nanoparticles on the stamp [48]-[51].  However, in all 

of the previous applications of the transferred nanoparticle patterns it was desirable to have a 

single monolayer of particles.  This desire led to highly specialized inking processes that are only 

able to produce single monolayers of particles [48]-[51]. Through initial testing of different 

inking processes it was determined that it is actually necessary to have multiple layers of PTFE 

nanoparticle to increase the hydrophobicity of the final nanoparticle layer.  From this finding it 

was evident that previous inking techniques were not suitable for the application of PTFE 

nanoparticles to patterning hydrophobic surfaces. 
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 To produce a uniform coating of PTFE nanoparticles that was multiple layers thick an 

airbrush was used to ink the PDMS stamp.  The airbrush was fabricated in house that allowed for 

various parameters to be adjusted that controlled the atomization of the PTFE nanoparticle and 

ethanol solution (figure 3.2).   

 

Figure 3.2 In house fabricated airbrush.  a) Schematic of airbrush fabricated from a pressure chamber and 

concentric needle tips.  The inner diameters are 0.2 mm and 0.8 mm for the inner and outer needles 

respectively.  Stream atomization is controlled through the input air pressure (Pin), the distance between the 

inner and outer needle ends (d), ink flow rate (Q), and the distance from the substrate (L). b) In-house 

fabricated airbrush disassembled. c) In-house fabricated airbrush assembled. 

By controlling the parameters outlined in figure 3.2 the size of the atomized droplets could be 

controlled so that the ethanol would be evaporated by the time the droplets reached the PDMS 

surface.  With no pooling of ethanol on the surface the nanoparticles pack randomly along the 

PDMS surface while also being deposited multiple particle layers thick.  Though the airbrush 

does not provide tightly packed layers of nanoparticles, it does rapidly deposit an average 

uniformly thick layer onto the stamp.  In addition, the randomness of the nanoparticle deposition 
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increases the roughness of the nanoparticle surface that in turn increases the hydrophobicity of 

the final nanoparticle layer [46],[47]. 

3.2 Transferring PTFE Nanoparticles to an ITO Coated Substrate 

When transferring nanoparticles from the stamp to a substrate using microcontact printing the 

biggest concern is the surface affinity between the nanoparticles and the different surfaces [48]-

[51].  Ideally the surface affinity between the nanoparticles and the stamp is lower than the 

affinity between the nanoparticles and substrate.  However, in general the surface affinity 

between the nanoparticles and the substrate is fixed based on the process and application.  

Therefore it is desirable to have a stamp material where the surface affinity can be tuned based 

on the nanoparticles and substrate being used.  PDMS has become a standard stamp material 

because exposure to oxygen plasma can alter its surface energy.  Initially PDMS has a low 

surface energy, however after exposure to oxygen plasma the surface energy drastically 

increases.  Using this technique its surface affinity to nanoparticles can be tuned [48]-[51]. 

 The difficulty in transferring PTFE nanoparticles to an ITO coated substrate is that the 

surface energy of the nanoparticles is quite low where as the surface energy of ITO is quite high.  

Therefore there is little surface affinity between the nanoparticles and the ITO substrate.  This 

poses a problem when using PDMS as the stamp substrate because neither energy state of the 

PDMS has significantly lower surface affinity with the nanoparticles than the nanoparticles have 

with ITO.  In the case of the non-treated PDMS with low surface energy, the surface affinity 

with the nanoparticles is considerably higher than that of the ITO so the transfer percentage of 

nanoparticles is negligible.  However, the transfer percentage of particles does not increase much 

with a plasma treated PDMS stamp because the increase in surface energy only matches that of 

ITO. 
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 To overcome this difficulty PMMA has been used in the past as an adhesive to promote 

transfer of nanoparticles to surfaces with low affinity [50].  PMMA was chosen due to a low 

glass transition temperature so that it would retain some viscosity when heated to help promote 

the transfer of particles.  However, PMMA is not a durable adhesive due to being readily 

dissolved in various liquids such as acetone [50].  To overcome the issue of durability, the 

current work substituted SU-8 photoresist for the PMMA as the adhesive.  Once the SU-8 is 

cross-linked it is considerably more durable than PMMA both to physical and chemical 

exposure. 

3.3 Process Optimization and Characterization 

With the fabrication process developed it was necessary to characterize the process based on its 

repeatability.  Ideally between different fabrication batches the process will be able to 

consistently pattern the desired features using the nanoparticles. In addition, it should be able to 

provide consistent particle film thickness, and thus contact angle, between the different 

fabrication batches.  To ensure repeatability the process can be broken into two separate 

characterizations, inking and stamping. 

3.3.1 Inking Process    

3.3.1.1 Parameter Optimization 

The first step in the characterization of the inking was to optimize the operational parameters of 

the airbrush.  As mentioned in section 2.1 there are four different parameters that directly 

influence the deposition process; the input air pressure Pin, distance between the inner and outer 

needle ends d, ink flow rate Q, and the distance from the substrate L.  In addition to these four 

parameters the concentration C of PTFE nanoparticles in the ink solution impacts the deposition.  

Optimization of these parameters allows inking where the ethanol evaporates before the 
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nanoparticles reach the surface so there is no pooling of ink on the substrate.  Without pooling of 

ink, the nanoparticles can deposit in multiple layers since there are no fluid flow fields and 

diffusion to rearrange them.  To optimize the parameters a simple test was set up where the 

airbrush was held stationary above a substrate, and deposition occurred for five seconds.  The 

input pressure, nozzle height, and flow rate were all changed in subsequent experiments, while 

the concentration was held constant at a weight ration of 1:50 PTFE to ethanol.  Since both 

concentration and flow rate dictate the number of particles deposited in a given time frame it 

would be redundant to adjust both so concentration was held constant due to the ease of adjusting 

the flow rate. In addition, it was found that the distance d influenced the size of the atomized 

droplets, which could also be controlled by varying Pin and Q. Therefore, to simplify the 

optimization even further, the distance between needle tips is fixed at d = 1 mm. The results from 

the test can be seen in figure 3.3.  Pin was controlled via a standard pressure regulator attached to 

the building high-pressure air supply, L was controlled by fixing the airbrush on an adjustable 

stand, and Q was controlled using a syringe pump. 

 Each parameter influences the deposition process in distinct ways.  Pin influences the 

velocity of the atomized droplets traveling from the airbrush to the substrate. As can be seen in 

figure 3.3, if Pin is increased for a given L and Q there is less time for the ethanol to evaporate 

increasing the chance of pooling.  In similar fashion, as L increases there is further distance to 

travel allowing more time for the ethanol to evaporate.  Therefore, as see in figure 3.3, for a fixed 

Pin and Q there is less chance of pooling as L increases.  Finally, as Q increases there is more 

liquid present in the air stream so for a given Pin the size of the atomized droplets will be larger 

meaning more time is required for the ethanol to evaporate.  Therefore, as Q increases for a fixed 

Pin and L than there is a higher chance of pooling.   
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Figure 3.3 Pooling test results for Pin = 5/10/15 psi, Q = 10/20/30 mL/hr, and  L = 2/3.5/5 cm.  Filled circles 

represent pooling, and open circle represent no pooling. 

 Though there were a number of combinations that didn’t develop pooling, initially it was 

determined that Pin = 15 psi, L = 5 cm, and Q = 20 mL/hr was ideal.  Beyond pooling, the 

amount of particles deposited as well as the inking area were also taken into account in the 

optimization.  The larger Pin allowed for a higher Q meaning the particles could be deposited at a 

faster rate reducing inking time.  In addition, the higher the nozzle was from the substrate 

increased the inking area also reducing the inking time.  However, described in detail in the next 

chapter a linear stage is used to move the airbrush at a constant velocity along the stamp.  This 

added velocity altered the optimization by reducing pooling by spending less time inking a given 

spot on the substrate. Increasing Pin and L while decreasing Q compensated for this.  It was 

found that Pin = 20 psi, L = 5.5 cm, and Q = 15 mL/hr were optimal while using the linear stage. 
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3.3.1.2 Inking Uniformity 

To be a repeatable process the airbrush needed to be able to consistently ink a uniformly thick 

layer of nanoparticles over a large area.  Assuming that all of the airbrush parameters are held 

constant as determined in section 2.3.1, a uniform layer can be deposited by ensuring that the 

airbrush spends equal time inking each region of the substrate.  To achieve this, the airbrush 

would is attached to a linear stage that moves it in a straight line.  Using a constant velocity on 

the linear stage ensures that there will be uniform inking along a line parallel to the direction of 

travel.  To uniformly coat large areas it is then as simple as inking multiple parallel straight lines 

over the surface.  If spaced properly then the final layer will be uniform over the whole area. 

 The first step in characterizing this inking technique is to ensure that the inking along the 

lines using the linear stage is indeed uniform.  In addition, it is necessary to ensure that the 

thickness of the lines is repeatable over multiple inking runs.  To test this the airbrush was 

attached to the linear stage and lines were inked separately onto multiple glass slides.  The 

opacity, defined as the fraction of incident light on a surface that is either absorbed or reflected, 

of the particle layer was measured for each test line and was used as a representation of particle 

layer thickness.  As the particle layer increased in thickness more light would get reflected and 

scattered increasing the opacity of the layer.  Though the exact correlation between particle layer 

thickness and opacity of the film is unknown, it is unnecessary in terms of characterizing the 

repeatability and uniformity of the process.  In particular, it is assumed that two layers with the 

same thickness will have the same opacity allowing repeatability and uniformity to be 

characterized by comparing relative opacity between the samples. 

 To measure the opacity of the samples a test apparatus was designed as outlined in figure 

3.4.  A white laptop screen was used as a white light source to backlight the sample while a 
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LaVision Imager Pro camera was used to capture an image of the sample.   The sample was 

removed and a second image captured the background light distribution.  Finally, a normalized 

opacity image (figure 3.5a) was created by taking the ratio of pixel values between the sample 

image and the background light distribution image.  This normalized opacity image consisted of 

pixel values ranging from one for completely opaque, total light reflection/absorption, and zero 

for completely transparent.  Using the normalized opacity images for each of the samples, cross 

section opacity profiles of the lines (figure 3.5b) were calculated by averaging the opacity of the 

lines along the direction of travel from the linear stage (along the arrow in figure 3.5a).  It was 

found that for a given sample the standard deviation of opacity along the direction of travel was 

less than 10% for each sample.  In addition, as can be seen from figure 3.5b the average 

maximum opacity for each trial is 0.19 ± 0.025, while the average full width half max (FWHM) 

is 7.67 ± 0.67 mm.  Through this analysis it was shown that there was repeatable uniformity in 

layer thickness along the direction of travel of the linear stage within 13%.   

 

Figure 3.4 Opacity test apparatus.  White light produced from laptop screen passes through a sample and 

into a LaVision Imager Pro camera. 

 Having shown the repeatability of the airbrush spray, the final step in characterizing the 

inking process was to ensure that multiple parallel lines could provide a uniform particle layer 

over a larger area.  Using the FWHM of the single line profiles calculated above as a starting 

point, four parallel lines were inked onto glass slides at 7, 8, and 9 mm spacing (figure 3.6). 
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 As seen in figure 3.6, each of the samples provides a definite plateau in opacity between 

the parallel lines.  In addition, as the spacing decreases the peaks from the individual lines 

becomes less defined, as expected.  For each sample, the opacity variation remained below 10% 

along the length of the line continuing the repeatability of the inking defined above.  From the 

above tests, a final spacing of 8 mm was determined as the ideal spacing because it optimized the 

fluctuations in opacity between the lines allowing for large areas of substrate to be covered in a 

uniform layer of PTFE nanoparticles. 

 

Figure 3.5 Sample single pass opacity measurements. a) Sample normalized opacity image; the arrow 

indicates the direction of airbrush displacement. Black line represents profile cross-section that is plotted in 

(b). b) Multiple single coating straight-line opacity curves. 

3.3.2 Stamping Process 

The next step in characterizing the fabrication process is to analyze the stamping process.  In 

particular, it is important to characterize the percentage of particles transferred from the stamp to 

the substrate, the contact angle of the final particle layer, and the resolution of the stamping 

process.  As mentioned in section 2.1, it was determined that multiple layers of particles were 

necessary to create a patterned film with a high contact angle that led to the use of the airbrush to 
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ink the stamp.  However, in the inking characterization all of the tests were run with only a single 

pass with the airbrush.  To ensure that the final film does have enough particle layers to give an 

adequately high contact angle, all of the stamping characterization tests were run for different 

number of coatings, or passes, with the airbrush. 

 

Figure 3.6 Opacity curves of four single coating straight lines with spacing 7 mm (blue), 8 mm (green), and 9 

mm (red) between them. 

3.3.2.1 Particle Transfer 

To analyze the percentage of particles transferred, five blank stamps without structure were 

inked each with a different number of coatings.  These stamps were then run through the 

stamping process as outlined in figure 2.1.  It was decided that again the actual thickness of the 

particle layers was unnecessary to know, so opacity measurements were made of the stamp after 

inking, the stamp after transfer, and the final deposited film (figure 3.7).  For 100% particle 

transfer, the opacity of the stamp after inking would match the opacity of the deposited film. This 

would leave the stamp after transfer to have zero opacity since there would be no more particles 
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left on the stamp.  As seen in figure 3.7, for a single coating the particle transfer is as expected 

for near perfect transfer.  However, as the number of coatings increases a peculiar trend occurs 

where the opacity of the deposited film is higher than the initial inked stamp.  In addition, the 

stamp after transfer has a non-negligible opacity so there are still particles left on the stamp. 

 

Figure 3.7 Opacity measurements of a stamp before and after a coating as well as the opacity of the deposited 

film vs. the number of coatings in the inking process. 

 At first glance this might seem to indicate that there is an increase in the number of 

particles during the stamping process.  However, the assumption of relative opacity only applies 

when the packing of the nanoparticles remains constant across the samples being compared.  In 

the case of the stamping process, the particles initially have loose packing due to the random 

deposition process from the airbrush.  It is hypothesized that when transferred via pressure the 

particles rearrange into tighter packing when applied to the film.  This tighter packing has a 

higher opacity since light will be more readily scattered when travelling through the film even 

though not all of the particles transferred to the substrate. 
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 This hypothesis is supported by looking at the error bars in figure 3.7 which represent the 

variability in opacity across a single sample.  As can be seen in figure 3.7, in all cases the error 

bars of the deposited film are significantly less than those of the inked stamp.  If the particles 

were indeed rearranging into tighter packing then it would be expected that the particle order in 

the film would be less random than when applied by an airbrush.  This would cause more 

uniformity in the opacity across the sample resulting in smaller error bars as seen in the plot.   

3.3.2.2 Contact Angle 

In addition to characterizing the particle transfer percentage it is necessary to measure the contact 

angle of each of the deposited films.  As seen in figure 3.8 the contact angle of the deposited film 

increases with more coatings and thus more particle layers as evidenced by the fact that the 

additional particle layers can be brushed off with a wipe or finger. 

 

Figure 3.8 Contact angle of water on deposited film vs. the number of coatings in the inking process. 

This is expected because the larger number of particle layers ensures that there is no exposed 

SU-8 that the water can wet.  Needing multiple particle layers is a consequence for this particular 

method due to the randomness of the deposition by the airbrush.  If the particles were perfectly 
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packed then only two layers would be needed to cover any exposed SU-8.  However, the 

randomness of the airbrush deposition prevents perfect packing thus multiple layers are required 

to achieve maximum SU-8 coverage.  However, one advantage of the multiple particle layers is 

that the randomness increases the roughness of the surface due to particle agglomerations.  The 

increase in roughness of the surface will provide higher contact angles than what can be achieved 

with a flat PTFE surface [46],[47]. 

 The final step of characterizing the patterned film is to compare the contact angle 

difference between exposed SU-8 and the PTFE nanoparticle film.  As mentioned before, the 

magnitude of this difference corresponds to the strength of the contact line pinning.  The greater 

the difference, the more force on the surface of the droplet is required to unpin the contact line.  

By exposing the sample to oxygen plasma the SU-8 drastically reduces its contact angle while 

the PTFE maintains it contact angle allowing for an even greater difference.  As seen in figure 

3.9, after plasma exposure it is possible to get a contact angle difference of 134°. 

 

Figure 3.9 Contact angle measurements.  Water droplet on plasma exposed SU-8 (left) with contact angle 18°  

and microcontact printed PTFE nanoparticle surface (right) with contact angle 152° .  Five coatings were 

used in fabricating the nanoparticle surface. 

3.3.3 Resolution Characterization 

The final test of the fabrication process is to test the resolution of the stamping process.  From 

the data collected in section 2.3.2.2 it was decided that five coatings was necessary to ensure a 
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maximum contact angle on the final film.  As can be seen in figure 3.10, minimum features of 

30 µm were readily achieved using five coatings during the inking process. 

 

Figure 3.10 PTFE minimum features: a) line, b) spot, and c) hole respectively. Scale bar is 30 microns for all 

images. 

These features match the corresponding mask and PDMS stamp in that their features were also 

30 µm.  However, as can be seen there is some roughness along the edges of the features seen in 

figure 3.10.  This can be attributed to the randomness of the deposition as well as particles 

sticking to the PDMS stamp and not transferring. 

 As mentioned in the introduction, previous microcontact printing techniques have been 

able to have single particle resolution [50],[51].  However, due to the randomness of the inking 

from the airbrush, and the multiple particle layer requirement it is expected that the resolution of 

the PTFE nanoparticle process would be considerably lower. It has been shown experimentally 

that the ideal aspect ratio of the stamp features is on the order of 1:2 height to width [50],[51].  

This is due to buckling of features in the stamp during the stamping process. Thus to have a 

resolution of 1 µm the depth of the features on the stamp would be 0.5 µm.  However, the PTFE 

nanoparticles have a diameter of 200-300 nm so it would take on average three layers of particles 

to fill the features in the stamp thus preventing the features from being patterned.  It is currently 

unknown how many particle layers a single coating creates; however it is known that a single 
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coating creates multiple layers.  Therefore, it is understandable that due to this process requiring 

five coatings the limit for resolution would be around 30 µm. 



71 

 

Chapter 4: Results 

 

Discussed in chapter two, a numerical modeling technique was developed using FEM and SPH 

to predict deformation voltages for an EHMP as well as determine the dependence of the 

deformation on electrode geometry.  In the developed model, COMSOL is used to initially 

calculate the electric pressure along the surface of the droplet being modeled.  Once calculated, 

this electric pressure is exported to Matlab where it is used as a forcing term in a SPH fluid 

dynamics simulation that deforms the droplet.  After an equilibrium deformation is achieved 

based on the electric pressure distribution, the geometry is exported back to COMSOL 

completing a single iteration.  Through multiple iterations, a final equilibrium deformation is 

achieved for a given initial geometry and voltage.  The model was used to predict deformations 

for a 200 µm diameter droplet in the voltage range of 400-550 V, as well as determine that the 

position of the leading edge of the electrode influences the final deformation of the droplet.   

 Discussed in chapter three, a modified microcontact printing technique was developed to 

pattern hydrophobic surfaces using PTFE nanoparticles.  An airbrush was used to deposit a 

mixture of PTFE nanoparticles and ethanol onto a PDMS stamp.  By optimizing the parameters 

of the airbrush, the ethanol would evaporate shortly after deposition onto the PDMS surface 

leaving a dry uniform layer of PFTE nanoparticles.  Due to surface affinities, a 1 µm thick layer 

of SU-8 was spun on to the substrate to promote the transfer of nanoparticles from the stamp.  

This printing technique was readily able to achieve 30 µm resolution as well as provide a 134° 

contact angle difference between the PTFE nanoparticles and oxygen plasma exposed SU-8. 
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4.1 Prototype Fabrication 

 The initial goal for the prototype fabrication was to create a single EHMP and test the 

feasibility of the concept for automultiscopic displays.  Since the prototype was to be used for 

feasibility experiments, the design of the test apparatus was focused on simplicity and 

minimizing fabrication time.  Based on this goal, it was essential to develop a simple droplet 

formation technique that does not require advanced tools. Using the microcontact printing 

technique a prototype 200 µm x 1.5 cm hydrophilic slit was fabricated on a 25 mm x 75 mm 

glass microscope slide to test various formation techniques of the elongated droplet in an EHMP 

(figure 4.1).   

 

Figure 4.1 Elongated droplet formation techniques.  a) Pipette technique. b) Dip technique. c) Rolling drop 

technique. d) Atomization technique. 

 The first technique tested was to use a pipette to dispense a small (<2 µL) droplet of 

water onto an area of the exposed hydrophilic slit (figure 4.1a) with the intention that the surface 

energy would draw the liquid into the hydrophilic area.  However, it appeared that the surface 

tension of the droplet was too strong and the volume of the drop too large to allow the droplet to 



73 

 

draw into the hydrophilic area.  Instead, the drop would maintain its spherical shape while being 

pinned on the substrate surface due to the hydrophilic slit. 

 The second technique tested for the droplet formation was the dip technique (figure 4.1b).  

In this technique, the sample is dipped into a beaker of water and drawn out slowly at a shallow 

angle.  As the sample is drawn out of the beaker, ideally the hydrophobicity of the PTFE surface 

prevents water from wetting the surface wherever the PTFE is covering.  In regions where there 

is no PTFE nanoparticles, such as the slit of exposed SU-8, water would wet the surface due to 

its hydrophilic nature.  Once the sample is fully removed from the beaker, water will have only 

wetted the exposed SU-8 slit creating the elongated droplet.   

 In practice water would wet the PTFE surface as well as the exposed SU-8 creating a thin 

layer of water over the whole sample surface.  Upon further testing, it was found that while the 

PTFE nanoparticle surface had a high hydrophobic contact angle it also had a high roll off angle.  

This means that as a horizontal PTFE surface with a water drop on it is tilted towards vertical a 

large angle of tilt is needed before the droplet rolls off of the surface.  This is attributed to the 

randomness of the PTFE deposition technique using the airbrush.  On a macro scale the 

deposited PTFE layer is quite uniform in thickness as demonstrated in chapter 3.  However, on a 

micro scale the uniformity decreases dramatically creating small regions where there will be 

exposed SU-8 that the water can wet.  As the sample is drawn out of the beaker in the dip 

technique, these small regions of exposed SU-8 provide various points of wetting for the water 

on the surface allowing a thin film of water to form over the whole sample surface preventing the 

formation of an elongated droplet.   

 In an attempt to overcome the steep roll off angle, a third technique was devised coined 

the rolling drop technique (figure 4.1c).  In this technique, the sample is held at an angle steeper 
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than the roll off angle and a drop is applied to the surface using a pipette.  Once released from 

the pipette, the drop rolls down the surface without wetting the PTFE covered areas.  As the drop 

passes over the exposed SU-8 slit a small amount of water wets the SU-8 and is left behind while 

the bulk of the droplet continues to roll off the sample.  Though this technique successfully 

wetted a small region of the SU-8 slit, it could not fully wet the slit with a single droplet.  In an 

attempt to fully wet the slit, multiple drops were rolled over the sample.  However, as a rolling 

droplet would make contact with an already wetted region of the slit it would actual draw the 

water from the slit back into the droplet and reverse any wetting that was achieved previously. 

 The final technique that was tested was the atomization technique (figure 4.1d).  In this 

technique the airbrush that was built in chapter 3 was used to atomize water creating a region of 

high-density mist that the sample was inserted into.  The aim of the technique was similar to the 

dip technique described above where the atomized water droplets in the mist would only wet the 

exposed SU-8 surface and not the PTFE surface.  However, similar to the dip technique the 

atomization technique failed because the atomized water droplets would wet the small regions of 

exposed SU-8 in the patterned PTFE nanoparticles leading to a film of water forming over the 

whole sample. 

 Based on the limitations of the PTFE surface and the various droplet formation 

techniques, the dimensions of the slit were increased to 1 mm x 1.5 cm so that it could readily be 

wetted using a 2 µL pipette by hand.  Though these dimensions for the prototype EHMP are 

significantly larger than the 200 µm originally planned, they will still provide meaningful results 

to demonstrate the concept of an EHMP and validate the numerical model.  

 The main worry of scaling the system is that as the forces scale a failure mechanism will 

either appear or disappear after scaling.  From the initial results in chapter 2, it became evident 
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that one of the major potential failure methods will be dielectric breakdown.  The voltages 

required to achieve adequate deformation  (500 – 550 V) are near the border of dielectric 

breakdown in the oil between the droplet and electrode. For the dimensions in the model the 

maximum potential gradient while deformed is around 14 MV/m, which is close to the 15 MV/m 

breakdown voltage of the oil.  Therefore, it is important to know how scaling the prototype 

dimensions will affect the potential failure of dielectric breakdown. 

 As described in chapter 2, the balance of the electric pressure with surface tension 

dictates the deformation of the droplet.  From equation 2.3, it is shown that Pe +E2 where Pe and 

E are the electric pressure and electric field respectively.  A simple scaling of the electric field is 

E+Vd-2 where V and d are the applied voltage and the distance between the electrode and droplet 

respectively.  For surface tension, equation 2.1 shows that PL+r-1 where PL and r are the Laplace 

pressure across the droplet interface and radius of the droplet respectively.  The scaling of d and r 

will be on the order 1:1, therefore we can see that as the dimensions of the EHMP are scaled up 

the ration of Pe to PL will decrease.  This means that as the dimensions are scaled up it will take a 

higher applied voltage to achieve the same amount of deformation as a smaller system.  Since the 

breakdown voltage can be approximated as Vbd+ Vd-1, it can be deduced that if dielectric 

breakdown does not occur in the 1 mm x 1.5 cm prototype than the smaller scale EHMP should 

not experience breakdown either. 

4.2 Experimental Apparatus 

With the droplet formation technique developed, the final step was to develop an experimental 

apparatus and test a prototype EHMP.  One of the major difficulties in designing an experimental 

apparatus was how to image the deformation of the droplet.  However, with the scaling to a 1 

mm diameter droplet a stereoscope can provide the adequate magnification to capture the 
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deformation of the droplet.  Using the stereoscope requires that the droplet be backlit so that its 

profile is easily distinguished.  This creates a problem with the original EHMP design when 

using oil as a surrounding medium to the drop since the back lighting will have to travel through 

an oil and air interface on either end of the droplet.  If this interface is not perpendicular to the 

plane of the PTFE patterned sample then it will cause distortions in the lighting and imaging.  

One way to overcome this problem is to create a completely enclosed sample with viewing 

windows for the droplet to be illuminated and imaged.  However, this would require extensive 

design and fabrication work to get an apparatus built where, as stated before, the main goal of the 

prototype is to simply test the concept of the EHMP using a simple apparatus. 

 To simplify the prototype EHMP test apparatus air was used as the surrounding medium 

instead of oil. While solving the problem of imaging, using air as the surrounding medium 

causes a few changes in how the system will behave.  As seen in equation 2.3, Pe+"r.  For the 

silicone immersion oil initially intended to be used as the surrounding medium, "r = 2.2.  

However, for air "r is essentially unity causing a decrease of about half in the electric pressure for 

a given voltage.  This leads to higher voltages being required to get the desired deformation from 

the droplet.  As mentioned in the previous section, there is concern that the voltages required to 

achieve adequate deformation are on the edge of dielectric breakdown while using oil.  This 

increase of voltage, coupled with the fact that the dielectric breakdown of air is 5 time less (3 

MV/m ) than oil, only increases that concern. 

 In addition to increasing the concern of dielectric breakdown, using air as the surrounding 

medium also introduces the problem of evaporation. In this configuration the surrounding air will 

be at the relative humidity of the lab that will certainly be less than 100 % relative humidity.  In 

this case there will definitely be evaporation of the droplet meaning the elongated droplet will 
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have to be continually refilled to maintain a constant volume.  This will cause error when using 

the experimental results to validate the numerical model since the cross sectional area of the 

droplet will be constantly changing due to evaporation.  This error can be minimized since a 

2 µL pipette can be used to reform the droplet for each experiment.  Though these changes do 

bring drawbacks to using air, the benefit of having a simple system that can easily be tested 

outweighed the drawbacks mentioned above.  If an open-air system is able to achieve 

deformation and show that the EHMP is a feasible concept than using oil will only improve the 

performance.  

  Figure 4.2 depicts the final design of the open-air system that was designed to test the 

prototype EHMP. 

 

Figure 4.2 Front and side view of the experimental apparatus to test the prototype EHMP. V is the voltage 

applied between the electrode and droplet. 

The system consists of two 25 mm x 75 mm ITO coated glass slides.  One of the slides is 

patterned using the microcontact printing fabrication technique with the 1 mm x 1.5 cm slit.  The 

fabrication process was altered slightly when the SU-8 was initially spun onto the ITO glass 

slide.  A piece of Scotch tape was used to cover a small area of the ITO slide before the SU-8 
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was applied.  Once spun, the scotch tape was removed revealing a region of uncoated ITO that is 

used later as the electric connection to ground the water droplet. 

 The second ITO glass slide is unchanged and used as the anti-symmetric electrode above 

the droplet.  When a voltage is applied between this slide and the droplet deformation occurs.  

Each of these is attached to a 25 mm x 75 mm microscope glass slide using a cyanoacrylate 

adhesive (Krazy Glue, KG585)  These microscope slides are arranged so that the ITO slides are 

facing each other as seen in figure 4.2.  The spacing between the ITO slides is dictated by 

stacking 150 µm thick glass coverslips between the two 25 mm x 75 mm glass slides.  Exact 

spacing between the two ITO slides is measured using image analysis techniques and is 

discussed later in section 4.3.3. 

 This apparatus is situated between a desk lamp and the stereoscope (Fisher Scientific, 

model 12-562-6). The desk lamp provides the back illumination while a camera (Nikon Digital 

Sight DS-U1) is used to capture images through the stereoscope.  To provide the electric 

potential between the electrode and droplet, a 0-30 kV power supply (Gamma High Voltage 

Research, model ES30P-10W) is connected to the two ITO slides with the ground connector 

attached to the PTFE patterned slide and the positive connector attached to the blank ITO slide. 

4.3 Results 

In order to adequately test the feasibility of the EHMP, there are three main experimental tests 

that need to be performed.  The first experiment is to test the low voltage regime where 

deformation occurs and characterize the deformation versus voltage.  The second experiment is 

to test the high voltage regime where failure occurs to determine what the failure mechanism of 

the system is. The third experiment is to test how well the EHMP can deflect light to determine 

its feasibility for an automultiscopic display.  In addition to the following experiments, it is 
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necessary to validate the numerical model with the low voltage deformation results.  Finally, 

using the validated numerical model, and the knowledge gained from the different experiments, a 

final numerical simulation can be performed on an accurate to scale model of an EHMP that can 

be used as a final conclusion about the feasibility of the EHMP for an automultiscopic display. 

4.3.1 Low Voltage Results 

The first test of the EHMP was to test the deformation of the droplet in the low voltage regime.  

To test this regime, the EHMP was formed using a premixed 0.85 % weight/volume sodium 

chloride and water solution (LabChem Inc., Catalog number LC23450-2) using the pipette 

method.  Using the testing apparatus described in section 4.2, the voltage between the droplet 

and electrode was slowly ramped from 0 V to 1800 V while the stereoscope and Nikon camera 

captured cross sectional images of the droplet.  Figure 4.3 presents a selection of cross sectional 

images of the droplet deformed at various applied voltages. 

 

Figure 4.3 Images of the droplet cross section under different applied voltages.  a) 0 V, b) 1500 V c), 1800 V. 

As can be seen in figure 4.3, the deformation of the droplet is minimal even at voltages up to 

1800 V.  This minimal deformation prevents the peak of the droplet from displacing far from the 

center of the base leading to a small fill factor.  In addition, there is still significant curvature 

along the surface of the droplet meaning any projected light would experience significant 

divergence. The hydrophobic patterning using PTFE nanoparticles has successfully pinned the 

contact line of the droplet ever under significant electric fields.  In addition, the deformation of 
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the droplet occurs such that the droplet is drawn towards the electrode where if the deformation 

were more pronounced it would create a prism shape. 

4.3.1.1 Validation of Numerical Model 

With the initial low voltage experimental results collected, it became possible to validate the 

numerical model developed in chapter 2.  As discussed in section 4.1, there are a number of 

changes to the experimental EHMP system that differ from the initial numerical model presented 

in chapter 2.  Most notably, the replacement of oil with air as the surrounding medium will cause 

the electric pressure to be reduced by a factor of 2.2 in the COMSOL calculation, and the surface 

tension will increase to 0.071 N/m. In addition, the size of the droplet has been scaled up to 

1 mm in diameter from 200 µm. The factor of 2.2 can be easily changed in the electric pressure 

calculation set up of COMSOL, while the change in droplet size and surface tension can be 

corrected using the scaling technique that is described in section 2.2.3. Figure 4.4 presents the 

updated numerical results taking into account the new dimensions, relative permittivity, and 

surface tension for the applied voltages in figure 4.3. 

4.3.1.1.1 Error Calculation  

 In order to accurately validate the numerical results, shape analysis is required to measure 

the similarity between the experimental profile of the droplet and the one calculated using the 

numerical model.  Traditional shape analysis methods center around the Procrustes analysis 

where a shape in question is rotated, scaled, and translated to match a master shape [55].  To test 

the shape matching during the Procrustes analysis a comparison function such as 

   (4.1) p = (ui ! xi )
2 + (vi ! yi )
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is used where (ui,vi) and (xi,yi) are the coordinates of the shape in question and the master shape 

respectively, and p is a measure of the similarity between the two shapes.  If p=0, it can be said 

that through rotation, scaling, and translation the shape in question is identical to the master 

shape.  As the two shapes diverge from being identical p becomes a relative measure of the 

similarity [54]. 

 

Figure 4.4 Updated numerical results to match the experimental EHMP using air as the surrounding medium 

and a 1 mm diameter. 

 In the case of comparing the EHMP experimental and numerical results, the traditional 

Procrustes analysis of rotating, scaling, and translating prevents the comparison of results from 

providing the desired information.  As mentioned previously in chapter 2, the main purpose of 

the numerical model is to predict the deformation of a droplet for a given electrode geometry and 

applied voltage.  If transformations are required to achieve accurate results with the numerical 

model, it shows that the model does not accurately represent the physical system and should not 

be used for predicting deformations. Therefore, in order to test the validity of the numerical 

model, and thus use it to predict deformations using different electrode geometry and voltage 
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combinations, the initial transformation techniques used in the Procrustes method are ignored 

and only the similarity calculation is used.   

 Though useful to optimize the transformations used in the Procrustes method and to 

compare multiple shapes with a master, the major drawback of using the similarity equation 4.1 

is that the value calculated is an unintuitive measure of similarity.  The value p is similar to the 

root mean square of the system in that it gives a length representing the distance between the 

points in the master shape and the shape to be compared.  However, rather than the mean it is a 

measure of the root of the total lengths between the two sets of points.  A more intuitive and thus 

useful calculation is to calculate the error, e, in the cross-sectional areas via 

   (4.2) 

where $A is the non-union area of the two droplet profiles and A0 is the total area of the droplet. 

Figure 4.5 graphically shows the areas in equation 4.1, with the error being the ratio of the grey 

shaded regions in figure 4.5c to the black shaded region in figure 4.5b.  Intuitively, this error 

represents the percentage of area that is mismatched between the numerical and experimental 

profiles.  As the numerical profile approaches the experimental profile the $A will tend towards 

zero decreasing the error with it. Experimental Profile Extraction 

 For the technique of measuring the error between the numerical and experimental results 

in the previous subsection it is imperative that the cross-sectional areas of both profiles are the 

same.  Without equal areas, the error would be increased significantly since $A would also 

include the difference in cross-sectional areas.  To ensure equal area, the first step is to 

accurately extract the experimental droplet profile from the captured images so that the droplet 

e = !A
A0
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cross-sectional area can be measured.  Figure 4.6 outlines the steps required to accurately extract 

the profile of the drop using image analysis techniques in Matlab.   

 

Figure 4.5 Numerical model validation error calculation. a) Droplet profiles to be compared, b) Black shaded 

region is the total area A0, c) grey shaded region is the non-union area $A. 

 In detail, the original image of the droplet cross-section is converted into a grey scale 

image with pixel values ranging between 0 (black) and 255 (white) (figure 4.6a).  An initial 

binary mask is calculated by applying a threshold Boolean operation on the grey scale image 

(figure 4.6b).  Any pixel greater than 100 intensity was set to 0 and any pixel less than that was 

set to 1.  In some instances, there was some light reflection in the upper right edge of the droplet 

that caused difficulty in thresholding the whole droplet.  The areas of reflection would have pixel 

values greater than 100 causing those regions to be labeled 0 in the binary mask.  In these cases, 

the droplet was separated into regions, those with reflections and those without, and separate 

thresholds were applied to each region.  The region without reflection maintained the 100 pixel 

intensity threshold.  However, the threshold for the regions with reflection was dropped to 80. 
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Figure 4.6 Technique to extract the experimental droplet profile from the captured images. a) Original image 

is converted to a grey scale image. b) Initial binary mask calculated using thresholds. c) Smoothing of binary 

mask using Gaussian kernel and convolution. d) Final binary mask achieved through second threshold 

calculation. e)-g) Images of 0 V, 1500 V, and 1800 V overlaid with extracted profiles (green) respectively. 

 After the initial binary mask is calculated, a 10 x 10 pixel Gaussian kernel with a 

standard deviation of 10 is created using the fspecial command in Matlab.  This kernel is then 

convolved with the initial binary mask to smooth out the mask edges (figure 4.6c). The purpose 

behind this smoothing is to create a mask that maintains the overall shape of the profile while 

reducing single pixel discrepancies caused by the initial threshold calculation.   

 The smoothed mask is now a black and white image with brightness scaling from 0 to 1. 

A final binary mask is created from this smoothed mask by applying a second threshold 

calculation (figure 4.6d).  The threshold is set so that any pixel in the smoothed mask greater 

than 0.3 is set to 1 and anything less than that is set to 0.  Difficulty arose in the final threshold 

calculation due to the edge effects of the convolution. The function conv2 used in Matlab to 
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perform the convolution pads the edges of the image with 0 value pixels to be able to produce an 

output image that is the same size as the input image. As can be seen in figure 4.6c, the bottom 

edge of the droplet drops to zero in pixel values due to the padded edges.  To overcome this drop 

in pixel values near the contact lines, the initial binary mask (figure 4.6b) is used to create the 

mask near the contact line regions while the smoothed mask threshold calculation is used to 

create the mask for the bulk of the droplet. 

 With the final binary mask produced (figure 4.6d) the profile was extracted by tracking 

the transition boundary between 0 and 1 valued pixels.  To accomplish this, each column of 

pixels was examined individually and the position of the transition from pixel values of 0 to 1 

was measured.  With the transition position for each column measured, an outline of the profiles 

could be produced (green line figure 4.6e-g).   

 The final step in producing the experimental droplet profiles was to scale the profile 

curves from pixel units to millimeters.  Knowing that the distance between the contact lines of 

the droplet are 1 mm due to the fabrication process and the pinning of the contact lines, the 

profiles were scaled simply by  

   (4.3) 

where xpixel is the profile data points in units of pixels, xmm is the profile data points in units of 

millimeters, and n is the number of pixels between the two contact lines. 

 

4.3.1.1.2 Numerical Results Area Matching 

With the profiles of the experimental results extracted from the captured images, it is 

straightforward to measure the cross-sectional area of the droplets using the polyarea function in 
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Matlab.  It was found that the cross-sectional areas of the different captured droplets varied by 

10%.  This was expected since inevitably there would be some variability in the areas due to 

evaporation during the image capturing and adjusting of the applied voltage.  However, as 

mentioned above, the error calculation using equation 4.2 is highly dependent on discrepancies 

between the total areas of the experimental and numerical profiles.  This poses problems for the 

initial conditions of the simulation since it had been planned to run one droplet configuration at 

the different voltages to produce the numerical results.  Since the model does not take into 

account evaporation and is pseudo incompressible the area would be fixed between the different 

voltage results.  Therefore, for a given initial droplet configuration in the model, the voltage 

results could only be compared to a single experimental profile. 

 Due to the varying cross-sectional areas in the experimental data, a different numerical 

simulation with independent initial conditions would be used for each of the applied voltages.  

This ensured the area of the numerical profile would always match that of the experimental 

profile it was being compared to.  To accomplish this a technique needed to be devised so that 

the initial area of the droplet in the numerical simulation could be adjusted.  As outlined in 

chapter 2, the numerical model has specific initial conditions where a full circular droplet is 

translated to center around the origin, and rotated so that there are particles at each of the contact 

lines.  These initial conditions force a specific cross sectional area for the droplet that does not 

equal any of the particular experimental results. 

 It was also mentioned in chapter 2 that the initial contact angle could be adjusted by 

translating the center of the droplet along the y-axis.  In addition to changing the initial contact 

angle, this translation is also a simple solution to adjust the area of the numerical droplet. By 

controlling the distance the droplet is translated, the area of the simulation droplet can be tuned 
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to match the experimental area that it will be compared to.  There are two problems that arise 

from this translation; there is no guarantee there will be particles at the contact lines after 

translation, and the initial contact angle of the droplet may not match between the simulation and 

experiments.  Since the particles within the numerical simulation have arranged themselves into 

equilibrium through the hydrodynamics of the system, there will be no guarantee that as the 

droplet is translated there will be particles at the contact line.  This proves detrimental to the 

simulation because the contact lines cannot be pinned without a particle representing the contact 

line. 

 In order to ensure the contact lines are pinned, the droplet not only needs to be translated 

but also rotated.  This ensures that the areas of the numerical and experimental solutions will be 

matched while maintaining particles at the contact lines.  Figure 4.7 outlines the technique to 

determine the amount of rotation and translation required to match the areas.  In detail, the 

surface particles of the original centered droplet are combined into all possible pairs, and for 

each pair the area created by their circular segment is calculated.  Based on the calculated areas, 

a pair of particles is found that has the closest circular segment area to the predetermined area 

from the experimental results (figure 4.7a).  The droplet is then rotated and translated so that this 

pair of particles lie on the y-axis and is symmetric around the origin (figure 4.7b).   

 As mentioned above, the drawback of this particular method of translation and rotation 

for matching the areas is that the initial contact angle of the simulation is predetermined and may 

not match the experiment.  In general this would not be a problem if the simulation technique 

allowed for freely changing contact angles during deformation.  This would allow for the final 

deformation to be independent of the initial contact angle, which it should be.  However, in the 

SPH technique developed for the numerical model, the contact angles cannot freely change over 
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a wide range due to the boundary conditions of the model as well as the method of measuring the 

surface curvature of the drop.  

 

Figure 4.7 Simulation area matching technique. a) Pair of surface particles (green) found that provide the 

desired sector area. b) Circle is rotated and translated so that the pair or surface particles represent the 

contact lines of the droplet.   

 With the model described in detail in chapter 2, the main problem arises due to the 

boundary condition where the particles below the y-axis are fixed.  Two consequences occur due 

to this boundary condition; the surface tension and pressure calculations are incorrect near the 

contact line during deformation.  Since the particles below the substrate surface, x-axis, are 

fixed, during deformation the curvature remains the same below the substrate surface.  However, 

above the substrate the curvature will either increase or decrease depending on the deformation. 

Outlined in figure 4.8, this creates a discontinuity in the physical surface curvature near the 

contact line.  When the curvature is calculated for particles near the contact line, the fitted 

polynomial will encompass particles on either side of this discontinuity.  In doing so, the 

calculated curvature will have a smooth transition rather than a discontinuity between the above 
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and below substrate regions.  This smooth transition causes errors in the transition zone, which is 

a smoothing length distance on either side of the contact line. 

 In the case of the EHMP, during deformation the surface curvature near the contact lines 

is decreasing causing the calculated curvature to be greater than the physical curvature. 

Ultimately this leads to an unrealistically high surface tension force on the particles near the 

contact line. This unrealistic increase in force will prevent the curvature near the contact line 

from decreasing too much, thus introducing error into the deformation simulation. 

 

Figure 4.8 The effect of fixing particles below the y-axis. a) Initial conditions where the curvature is 

continuous near the contact line where !1=!2. b) Particles under deformation where the curvature is not 

continuous and !1!!2 

 The second consequence of the boundary condition is that as the droplet is deformed and 

the contact angle changes, particles near the surface of the contact line are forced inward and 

downward towards the y-axis.  This movement creates an increase in particle density, and thus 

pressure that should be countered by the particles and their neighbors rearranging themselves.  

However, since their movement is directed towards fixed particles the rearrangement is limited.  

Similar to the surface tension effect above, this limited rearrangement causes an increase in 

density and pressure that works to counter the change in contact angle introducing error in the 

deformation simulation.  
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 These errors end up being magnified when area matching occurs since as discussed 

before a side effect of the translation is a decrease in initial contact angle, and the errors become 

more pronounced as the initial contact angle of the simulation decreases. A decrease in contact 

angle causes a larger discontinuity in curvature during large deformations increasing the error in 

the simulation.  In addition, the decreased contact angle redirects the particle rearrangement 

more towards the fixed particles again increasing the error in the simulation. Though it is 

difficult to quantify how large of an error these effects will have on the results, they will manifest 

themselves by increasing the curvature of near the contact lines leading to an overall rounder 

shape. 

4.3.1.1.3 COMSOL Electric Field Model Refinement 

 Since the experimental system is open air with the glass slide ending at the edge of the 

electrode, it was tested whether the system could be modeled with a no charge boundary 

condition in place of the air and glass side corner. Figure 4.9 outlines the change in electric field 

when the glass slides are taken into account.  As can be seen, by modeling the additional air gap 

above the droplet the electric field distribution changes drastically.  Figure 4.9c shows that the 

electric pressure distribution along the surface of the droplet not only increases in magnitude 

when modeling the glass, but also the peak of the magnitude is shifted towards the center of the 

droplet and its distribution is much wider. This reduces the deformation of the droplet into the 

desired prism shape since there will be a significantly higher fraction of the total forces as a 

vertical component.  With this improved model of the electric field distribution, the accuracy 

from the numerical simulation improves dramatically, which can be seen in the next sub-section. 
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Figure 4.9 a) Electric field distribution while modeling only the air gap between the electrode and droplet.  b) 

Electric field distribution while including the glass slides in the model. c) Comparison of the electric pressure 

along the surface of the droplet between including the glass slides (blue) in the model and not (green). 

4.3.1.1.4 Validation Results 

With the cross-sectional areas matched and the electric field distribution modeling improved, the 

final step in validating the numerical model is to run it for the different experimental results.  For 

each experiment there are three variables that will affect the equilibrium deformation predicted 

using the model (figure 4.10a).  In particular, the overlap of the electrode, %x, over the droplet, 

the height, he, of the electrode over the ground plate, and the applied voltage will all affect the 

final equilibrium shape.  Through numerical experiments, the effect of each of these variables on 

the final shape follows the expected trends.  For a given applied voltage, increasing %x causes a 

decrease in the gap between the electrode and the nearest point on the droplet.  
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Figure 4.10 a) Geometric variables that will effect the outcome equilibrium shape in the numerical model. he 

is the height between the electrode and ground plate, and "x is the overlap between the electrode and droplet. 

b) Effect the electrode overlap, "x, has on the final equilibrium shape. c) Effect the applied voltage has on the 

equilibrium shape. d) Effect the height, h, between the electrode and ground plate has on the final 

equilibrium shape. 

This decrease in distance will increase the divergence of the electric field and thus increase the 

electric pressure along the surface of the droplet causing greater deformation.  In addition, as %x 

increases more of the droplet experiences significant electric pressure which will also increase 

the electric pressure.  This trend in increased deformation can be seen in figure 4.10b when 

running tests with the numerical model. 
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 Increasing the voltage and decreasing the gap, he, have similar effects on the final 

deformation.  For a given geometry, an increase in voltage will increase the divergence of the 

electric field leading to a higher electric pressure and more deformation.  For a given applied 

voltage, if he is decreased then there is an increase in the electric field divergence again leading 

to an increase in electric pressure and deformation.  Likewise, if the voltage is decreased or he is 

increased there will be a decrease in the divergence of the electric field leading to less 

deformation.  As can be seen in figure 4.10c and 4.10d these trends are again witnessed by 

running tests with the numerical model.  The overall effect of a change in voltage or a change in 

he is less than that of increasing %x.  However, each of these variables can affect the accuracy of 

the simulation. 

 Errors arise in each of these variables due to the inaccuracies in measuring them.  The 

dimensions for he and %x are both extracted from the experimental images using image analysis 

techniques similar to the scaling used in equation 4.3.  The difficulty in using this particular 

technique is that the resolution of a single pixel is 20 microns.  Therefore, an error of a single 

pixel in the measurement will already affect the accuracy of the numerical simulation.  In 

addition, the power supply used only permitted manual voltage adjustment through an analogue 

dial.  The minimum tick mark on the voltage control is 60 V leaving a potential 30 V error.  

These errors are inherent to the system leaving ranges of possible values for the different 

variables in the system.  Within the simulation, these variables can then be altered within their 

ranges of error to ensure the best result within expected error. 

 It was found that for all cases the overlap of electrode over the droplet was 100 microns.  

However, the gap between the electrode and base varied between the different applied voltages.  

This change in gap is expected because there is an inherent electric force between the base plate 
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and the electrode since they essentially act as charged parallel plates.  Flexibility in the glass 

slides and lack of support near the droplet allow this force to bend the slides towards each other 

reducing the gap between the electrode and base plate.  This force will increase with the applied 

voltage again reducing the gap. This is evidenced in each of the experimental images where the 

gap, h, reduces from 730 µm to 710 µm and 690 µm for 0 V, 1500 V, and 1800 V respectively. 

 Table 4.1 presents the numerical validation results with the error calculated via equation 

4.2 as well as the values for the variables described above used in the simulation.  In addition, 

figure 4.11 visually presents the validation results.  As evidenced by the calculation results in 

table 4.1, the error in the simulation is less than 5 % when under an applied voltage and is just 

over 6 % while at 0 V.  It should be noted that the values for the applied voltage, electrode gap, 

and electrode overlap parameters in table 4.1 were determined through optimization using the 

simulation.  For each droplet, simulations were run for gaps of 680 - 720 µm, overlaps of 50 - 

150 µm, and ± 30 V around each of the experimental voltages. In each case, the final results 

presented in table 4.1 are the combination of the parameters that provided the smallest error.  

However, in each case the error from the least optimized parameters was no more than 8%.  

Therefore, the results were not significantly improved by choosing specific parameter values. 

The 0 V results are a bit redundant in that there is little useful information to help validate the 

model since the simulation does not need to be run to calculate them.  However, the increase in 

error for the 0 V case, can be explained as an effect of the area matching technique.  

 As mentioned previously, the initial contact angle of the simulation is fixed for a given 

area.  In addition, the initial curvature of the droplet is uniformly circular.  These limitations in 

the initial conditions cannot compensate for the external factors in the experimental setup, in 

particular the hydrophobic patterning technique.  As mentioned earlier, there are exposed areas 
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of SU-8 within the printed PTFE surface.  In addition to creating a high roll off angle, these 

regions create a non-uniform edge along the printed slit causing the contact lines, and thus the 

contact angles along the slit to be non-uniform as well.  Since the initial contact angles are not 

equal on either side of the droplet the initial cross sectional area is not a perfect circle like the 

simulation creating error between the experiment and simulation. However, as the drop deforms 

under an applied voltage, the main determining factor for the overall shape switches from the 

contact angles to the electric pressure.  Since the electric pressure distribution is the same for 

both the experiment and numerical simulation it is expected that there would be a decrease in 

total error as the applied voltage increases, which is what is seen in table 4.1.  

Table 4.1 Numerical model validation results and parameters 

Experimental 

Voltage (V) 

Relative Cross 

Section Error 

Numerical 

Voltage (V) 

Electrode Gap 

(µm) 

Electrode 

Overlap (µm) 

0 0.062 0 730 100 

1500 0.041 1500 710 100 

1800 0.041 1800 690 100 

  

 Upon examination of figure 4.11b and c, the first trend noticed is that the maximum 

height of the numerical simulation is always less than that in the experiments.  In addition, to 

compensate for this lack in height the outer edges of the numerical profile are always wider than 

the experiment.  This arises because the overall shape produced through the simulation is more 

rounded than the experiment and the edges of the droplet cannot achieve the straighter edges 

seen in the experiment.  As mentioned earlier in section 4.3.1.1.3, this is an artifact of the 
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boundary conditions of the model in that the surface tension and pressure forces resist the 

deformation of the surface near the contact line. 

 

Figure 4.11 Visual representation of experimental and numerical results validation. a)-c) Extracted 

experimental profile vs. numerical profile for 0 V, 1500 V, and 1800 V respectively. d)-e) Corresponding 

experimental images overlaid with numerical profile for 0 V, 1500 V, and 1800 V respectively.  

 Beyond the artifact described above, there are other sources of error that should be 

considered when analyzing the results.  As mentioned previously, it was difficult to extract 

dimensions of the experimental setup from the images since a single pixel discrepancy in the 

measurement produces a 20 µm error.  Compounding with this error is the orientation of the 

camera with respect to the experiment setup.  To the best of the user’s ability, the camera was 

positioned perpendicular to the length of the droplet.  However, any angle discrepancy in this 

alignment will cause additional error in the dimension measurements.  Due to the design of the 

experiment, there is no quantitative way to test the alignment of the testing apparatus thus there 
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will be inherent error in the dimension measurements.  These errors will manifest themselves as 

described by figure 4.10, however the magnitude of the error is immeasurable. 

 In similar vein, error is also introduced into the comparison through the extraction of the 

experimental profile from the collected images. As mentioned above, a single pixel inaccuracy 

will create a 400 µm2 inaccuracy in the area measurement.  Though a single pixel has little effect 

on the total area calculation, ~0.001 to be exact, there are factors that have the potential to cause 

multiple pixel errors.  In addition to causing error in the dimension measurements, alignment 

issues can cause errors in the extraction of the droplet.  The focusing plane of the stereoscope is 

ideally centered in the middle of the droplet, and perpendicular to the length of the droplet.  Any 

angular misalignment will cause an increase in the measured cross-sectional area. 

 Beyond misalignment error, there is additional area error from the profile extraction 

technique described in figure 4.6.  In that technique there are two thresholding steps where the 

threshold value was calculated by trial and error.  Though each analysis was examined closely to 

ensure a good extraction, there was no quantitative measure of accuracy in the method.  In 

addition, as can be seen in figure 4.11a-c the extracted profiles are considerably jagged.  This is 

an artifact of the thresholding technique, and using pixels to represent a curve. The convolution 

smoothing step described in figure 4.6c was an attempt at minimizing this effect, however it was 

not able to remove it completely.  This jagged profile adds additional area error to the 

comparison calculation. 

 The final source of error in the numerical simulation is that the layer of SU-8 between the 

droplet and ground electrode was not taken into account when calculating the electric field.  This 

means that in the experiment the droplet was not fully grounded due to the layer of SU-8, where 

in the model it was directly grounded.  Using COMSOL it was shown that the value of the 
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electric pressure varies less than 1% at any given point along the surface when including the 

layer of SU-8.  Therefore, the error introduced by omitting the layer of SU-8 is negligible. 

 Considering the error discussion above, and the number of errors present in the modeling 

and comparison techniques, it is concluded that the numerical model can be validated using these 

results, and is thus an accurate simulation of the system.  Calculation wise, the error between the 

numerical and experimental results is less than 5 % and shows significant correlation between 

the two profiles.  In addition, by visually analyzing the shapes of the profile there are two major 

sources of error in the profiles.  The first noticeable error arises from a more rounded shape in 

the numerical profile.  As discussed above, this is expected and is a known limitation of the 

modeling technique.  The second noticeable error is in the jaggedness of the experimental 

profile.  This is a limitation of the resources of the project, and could be corrected with more 

advanced equipment and techniques.  It would be expected that a corrected smoothed profile 

would have little impact on the final results since the technique presented captures the bulk 

profile of the droplet. 

4.3.2 High Voltage Results 

As mentioned in section 4.1, it was initially thought that the failure mechanism would be 

dielectric breakdown of the surrounding medium since the electric potential required for 

adequate deformation was on the order of the breakdown voltage.  Through dimensional analysis 

it was shown that if full operational deformation was achieved in the 1 mm EHMP prototype 

before dielectric breakdown, then it could be concluded that dielectric breakdown would not 

occur in the 200 µm EHMP.  Using the same parameters and apparatus as the low voltage tests, 

it was found that as the voltage reached 2100 V small atomized droplets would eject from the 
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bulk droplet towards the upper electrode.With no spark or visible light emission characteristic of 

dielectric breakdown, the failure due to atomization displayed properties of electrospray.   

 The traditional tip-streaming electrospray apparatus is depicted in figure 4.12 with 

important parameters highlighted. 

 

Figure 4.12 Standard electrospray apparatus where he, r, V, and !   are the distance between the emitter and 

the ground plate, radius of the emitter, applied voltage, and slope of the Taylor cone respectively. 

An ionic fluid is supplied through a capillary tube with radius r called the emitter [56].  When an 

electric potential, V, is applied between the emitter and a base plate the ions travel to the liquid 

gas interface.  As the applied voltage is increased, force on the ions cause the interface of the 

fluid to deform into a Taylor cone.  If the applied voltage exceeds the threshold voltage 

Vspray =
r! cos(" )
2#0

ln 4he
r

$
%&

'
()    (4.2) 

an electro spray forms and atomized droplets are ejected from the Taylor cone [56].  In equation 

4.2, r is the radius of the capillary emitter, ! is the slope of the liquid interface, % is the surface 

tension, and he is the distance between the emitter and the ground plate.   
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 The values representative of the EHMP in figure 4.13 r = 0.5 mm, % = 0.071 N/m, h = 

0.69 mm, and ! = 66°, yield a critical voltage of Vspray = 1586 V. 

 

Figure 4.13 Electrospray parameters used for the EHMP critical voltage calculation. r is the radius of the 

droplet, !  is the contact angle of the droplet, and h is the distance between the ground plate and electrode. 

This result is considerably lower than the experimental results where electrospray on set was at 

2100 V.  However, it is expected that this calculation would produce a result that is lower than 

the actual critical voltage.  In the electrospray apparatus in figure 4.12, the voltage is applied 

directly between the droplet and a ground plate significantly larger than the droplet.  This would 

be equivalent to an EHMP where the electrode completely overlapped the droplet (figure 4.14b).  

In this case, the electric pressure along the surface of the droplet is significantly larger (figure 

4.14c).  As can be seen in figure 4.14c, the maximum electric pressure for a completely 

overlapping electrode is on the order of three times larger in magnitude than the electric pressure 

expected in the actual experimental geometry.  Due to this significantly decreased electric 

pressure in the EHMP geometry, it would be expected that a higher voltage be required to induce 

electrospray. 
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Figure 4.14 a) EHMP electrode placement in experimental apparatus. Red represents the positive electrode, 

and blue represents the ground.  b) Electrode placement equivalent for theoretical electrospray calculation. c) 

Electric pressure along the surface of a droplet for geometries in (a) (blue) and (b) (green).  The applied 

voltage is the 1586 V that was calculated using the electrospray theory. 

 In addition, the EHMP geometry introduces other errors in the electrospray critical 

voltage calculation.  The traditional electrospray apparatus in figure 4.12 has an axisymmetric 

droplet formed from a circular opening allowing for straightforward measuring of the droplet 

radius, r, and fluid interface angle, !.  For the EHMP, due to the rectangular droplet base there is 

no strict definition of the drop radius due the rectangular base, and anti-symmetric droplet 

deformation.  For the purpose of the calculation above, half the width of the droplet base was 

used for the radius. However, the other possibility to use for the drop radius, r, is the curvature of 

the droplet closest to the electrode.  In this case, the radius of curvature of the droplet closest to 

the electrode is 225 µm which gives Vspray = 1561 V.  From this it is seen that though there is 

some dependence on the radius of the droplet, within the limitation of the EHMP deformations it 

will not affect the critical voltage as significantly as the overlapping electrode. 

 The deformation of the drop into an anti-symmetric triangular prism shape introduces 

another error into the calculation when measuring the liquid interface angle !.  In the case 
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presented in figure 4.13, the contact line closest to the electrode was used to measure !.  

However, if the other contact line is used, ! becomes 56° and Vspray =1885 V. Another possibility 

is to treat the peak of the droplet as the Taylor cone and ! will become the average of the two 

contact angles giving ! = 61°  and Vspray = 1704 V.  As can be seen the critical voltage relies 

heavily on the angle of the interface, which will decrease as the droplet becomes more deformed 

just before failure. 

 Based on the analysis of the different parameters of the electrospray theory in the 

previous paragraphs, as well as the experimental evidence with atomized droplets, it is concluded 

that the failure mechanism for the prototype EHMP is becoming an electrospray and not 

dielectric breakdown.  From the analysis in section 4.1, this result can be extrapolated to 

conclude that dielectric breakdown between the droplet and electrode will not occur in the 

desired micro scale EHMP.  In addition, adjusting the parameters of the droplet to r = 100 µm, h 

= 175 µm, and % = 0.031 N/m to match the desired micro scale EHMP dimensions presented in 

chapter 2 yields a critical voltage of Vspray = 519 V, or for !=61° Vspray = 567 V. From the above 

analysis showing that the experimental critical voltage is significantly above the theoretical 

voltage, as well as the results in chapter 2 demonstrating a maximum operational voltage of 

550 V, it is concluded that the ideal 200 µm EHMP will not fail due to electrospray in its 

operational range.   

4.3.3 Light Deflection Results 

Having validated the numerical model using the experimental results, the final test for the 1 mm 

prototype EHMP is to experimentally test the viability of the device with respect to 

automultiscopic displays.  These tests will determine whether there needs to be revisions to the 
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design of the EHMP to increase its viability, or if the current configuration is adequate.  The 

viability will be critiqued via two different variables: the amount of blurring of the original 

projected light after passing through the EHMP, and the number of degrees that the light can be 

deflected.  As mentioned in chapter 2, a curved surface will act as a lens for the projected light 

defocusing or blurring the projected light (figure 4.15a).   

 

Figure 4.15 a) Non-ideal and ideal blurring of projected light due to surface curvature.  b) Experimental 

apparatus to test the image deflection and blurring of the prototype EHMP.  h is the height that the 

cardboard backing is suspended above the EHMP. 

For the ideal automultiscopic display there would be minimal blurring of the projected light 

while being deflected at a particular angle (figure 4.15a).  In addition, ideally the range of angles, 

as well as the precision of angles that the light is deflected is high to allow for a large display 

viewing area. 

 To test these two variables the prototype EHMP test apparatus was altered to what is seen 

in figure 4.15.  A handheld laser pointer (McCoy, MC40004RP), was positioned below the 

EHMP so that the laser light would project through the prototype simulating the projected light 

of a pixel.  A cardboard backing suspended a height h = 6.5 cm above the EHMP and at an angle 

so that the stereoscope and camera combination used to collect the low voltage results could 
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capture the projected image after traveling through the EHMP.  If the camera position is fixed, 

the amount of deflection can be calculated by using image analysis to measure the physical 

distance the projected image has been displaced.  The angular deflection can then be calculated 

by the arctangent of the ratio between the measured displacement and the height, h. 

 Initially the laser was unaltered so that the EHMP was illuminated using the full laser 

spot.  However, as can be seen in figure 4.16 the blurring of the laser spot is significant.  This 

result is expected since the cross-section of the EHMP is circular and acts as lens.  Assuming the 

cross-section of the EHMP is a half circle of radius 0.5 mm, the EHMP will act as a lens with a 

focal length of 0.25 mm until deformed.  This proves difficult to capture focused light due to the 

electrode ITO glass slide and supporting slide having a combined thickness of 2 mm above the 

EHMP.  Therefore, the projected image is captured a significant distance beyond the focal point 

and is expected to have diverged considerably.  The divergence is expected to only occur in the 

direction perpendicular to the length of the EHMP, which is the along the arrow in figure 4.16.  

As can be seen, the divergence of the projected images is acting as expected for the given shape 

of the EHMP. 

 In order to limit the divergence of the projected light, the incoming laser spot needs to be 

reduced in diameter to be on a scale smaller than the radius of the EHMP.  In order to achieve 

this, a 0.6 mm diameter hole was punched in a thin cardboard card using a Harris Uni-Core 0.5 

hole punch.  This card was used to block the majority of the laser spot, reducing its diameter to 

the order of the EHMP.  As can be seen in figure 4.16, the projected laser spot is still blurred 

along the horizontal direction, however the full spot is still visible.  Though ideally for an 

automultiscopic display the whole EHMP will be illuminated, using the decreased spot size 

allows for easier measurement of deflections once a voltage is applied. 
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Figure 4.16 Divergence of laser spot after traveling through the EHMP with the arrow representing the 

direction perpendicular to the length of the EHMP and the direction of expected divergence.  a) Full laser 

spot without the EHMP.  b) Full laser spot with the EHMP.  c) 0.6 mm laser spot without the EHMP.  d) 0.6 

mm laser spot with the EHMP.  

 To test the deflection capabilities of the prototype EHMP, the gap between the electrode 

and base plate was increased to 800 microns to allow for an increased range of applied voltages 

before the onset of electrospray.  Figure 4.17 presents the results of the deflection test in the 

voltage range of 1.5 – 2.4 kV.  As can be seen, there is minimal deflection of the laser beam with 

a max deflection of 2.44° achieved. In section 4.3.1, it was shown that little deformation of the 

EHMP was achieved before failure due to electrospray. The deflection results coincide with 

those results since large deflections would require significant deformation.   

The next test was to use two electrodes to deform the EHMP into a rectangular cross 

section similar to the ideal case in figure 4.15a.  As explained in chapter 1, for two electrodes 

positioned with one over each of the contact lines, it was theorized that the EHMP would deform 

into a rectangular shape when equal voltages are applied between each of the electrodes and the 
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droplet.  This rectangular shape would produce a fluid interface that would be parallel with the 

plane of the display preventing any blurring or divergence of the projected light.   

 

Figure 4.17 Deflection of the laser spot through the EHMP for applied voltages of a) 0V, b) 1500 V, c) 1800 V, 

d) 2100 V, e) 2400 V with the vertical lines representing a 1°  displacement. f) Plot of the angular deflection vs. 

applied voltage. 

 As seen in figure 4.18, there is some deformation at 2400 V, however it is opposite of 

what was theorized.  Instead of deformation into a rectangular shape, it is deformed into a 

triangular shape.  The electric pressure distribution for the double electrode configuration was 

investigated using COMSOL, and the results explain what is seen in the experiment.  As can be 

seen in figure 4.18c, the intensity of the electric pressure does not dissipate between the two 
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electrodes but forms a bridge between them.  This creates a semi parabolic electric pressure 

along the surface of the droplet (figure 4.19d). 

 

Figure 4.18 Equal voltage double electrode results for a) 0V and b) 2400 V.  c) COMSOL simulation of the 

electric pressure distribution for double electrodes.  d) Electric pressure profile along the surface of the 

droplet for double electrodes. 

 Though there is a reduction of the electric pressure near the apex of the droplet, the 

reduction is not enough to allow the horizontal forces of the electric pressure to dominate the 

deformation.  Instead, the net vertical force has a larger magnitude pulling the apex of the droplet 

upward towards the electrodes. Since the cross-sectional area must be conserved the droplet 

edges deform into a triangular shape. 
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 The results presented in this section offer little viability for the 1 mm prototype EHMP 

with respect to automultiscopic displays.  The inability of the drop to deform into a shape with 

flat interfaces prevents light to be projected through the EHMP without significant divergence.  

Therefore an image projected through an array of EHMPs would be blurry.  Even the theorized 

electrode placement, double electrodes, to provide the least divergence proved to be wrong, and 

instead made the divergence worse by increasing the surface curvature.  In addition, with a 

voltage range up to 2400 V before failure, the maximum deflection achieved was only 2.44°.  

This small deflection range would make it difficult to produce an autostereoscopic display and 

near impossible to provide the motion parallax for an automultiscopic one. 

 Though the overall results are negative from the experiments, there are a few positive 

ones to be found.  Firstly, though the viability of the 1 mm droplet is low, the experimental 

results have proven to be quite useful in validating the numerical model of the EHMP.  With a 

validated model it is easy to test different geometry and material configurations without the need 

for fabricating another prototype for each combination.  In addition, when considering the 

discussions in sections 4.2 and 4.3.2, the experimental results show promise for the concept of 

the EHMP in general.  The ability for the 1 mm EHMP to significantly deform into a prism is 

hindered by the use of air as a surrounding medium and increasing the diameter of the drop to 

1 mm.  In particular, the magnitude of the electric pressure is decreased by a factor of 2.2 

requiring a higher voltage to achieve deformation.  Coincidentally, this higher voltage induces 

failure by electrospray due to the instability along the surface of the droplet.  The relative voltage 

for this failure to occur decreases as the diameter of the droplet increases.  Therefore, higher 

relative voltages and stronger electric pressures could be used if the prototype was returned to its 
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intended diameter of 200 µm with oil as a surrounding medium.  These effects would allow for 

greater deformation potentially increasing the range of angular deflection. 

 Looking at the images in figure 4.17 in detail, it is seen that as the applied voltage 

increases the width of the laser spot in the horizontal direction decreases.  This is a promising 

result since this shows the peak of the droplet that contains the highest curvature is deformed out 

of the path of the laser light.   Since the laser is being projected through less curvature, the 

divergence is decreased.  As discussed in the previous paragraph, it is expected that the amount 

of deformation will increase by using a smaller EHMP surrounded by oil.  Extrapolating the 

results seen from figure 4.17, it can be concluded that the increased deformation will also reduce 

the amount of divergence experienced by the projected light while being deflected. 

 The final promising result is seen in figure 4.17f.  It can be seen that there is a roughly 

linear relationship between the applied voltage and angle of deflection.  This is the ideal case for 

the EHMP since this would reduce the complexity of the system when trying to calculate the 

required voltage for a desired angle of deflection.  At the moment this is merely speculation 

based on the data points available.  There are many factors that could influence this curve and it 

is unwise to try and extrapolate the relation.  However, the initial results show promise for future 

testing. 

4.3.4 Prediction of Miniaturized System Performance 

As discussed in the previous section, the experimental results of the prototype 1 mm EHMP have 

little viability for an automultiscopic display.  However, this can largely be attributed to the size 

of the droplet and the surrounding medium.  Through the analysis of the results and theory it has 

been shown that there is still potential for the EHMP concept if the droplet cross-sectional size 

was reduced and the surrounding medium was switched to oil.  Having validated the numerical 
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model in section 4.3.1.1.5, it is possible to use it to predict the performance of the miniaturized 

ideal EHMP.  

 Using the results from the numerical model presented in section 2.1, the ideal EHMP 

parameters are a 200 µm diameter droplet surrounded by oil, a 50 µm wide positive electrode 

aligned above the contact line of the droplet, a 50 µm wide ground electrode centered above the 

droplet, and a gap of 25 µm between the ground and positive electrodes.  The maximum 

achievable applied voltage before dielectric breakdown occurs is 450 V.  Using these parameters 

the numerical simulation was run to predict the performance of the ideal EHMP with the results 

presented in figure 4.19.  Figure 4.19a demonstrates the deformation of the ideal EHMP at 450 

V. 

 As discussed in section 2.1, it was determined that 450 V was the maximum voltage 

possible before failure due to dielectric breakdown.  Therefore the deformation seen at 450 V in 

figure 4.22a is the maximum possible.  Analyzing both the experimental results and the ideal 200 

µm results using the fill factor and average interface curvature as described in section 2.4.1, it is 

evident that in its current configuration the viability of the EHMP with respect to 

automultiscopic displays is low.  For the experimental results the fill factor and average 

curvature are 0.59 and 1.60 ± 0.19 mm-1 respectively.  Where as the fill factor and average 

curvature for the ideal 200 µm EHMP are 0.66 and 6.2 ± 1.7 mm-1 respectively.  As can be seen 

there is an increase in fill factor that improves its viability for an automultiscopic display.  

However, even with the improvement, the fill factor shows that 34% of the display’s light will be 

projected at the wrong angle, which is still not very viable.   
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Figure 4.19 a) Maximum deformation of the ideal EHMP using a single 50 µm wide electrode and ground 

electrode. b) Maximum deformation of the ideal EHMP using two 50 µm wide electrodes and one 50 µm 

ground electrode.  

 In addition, as can be seen from the calculations there is a significant increase in average 

surface curvature in the ideal case.  This can be expected since the starting curvature is 

significantly higher in the ideal case, 10 mm-1, compared to the experimental case, 2 mm-1.  For 

the ideal EHMP this means the interface will need to deform significantly more to account for 

the initial curvature.  However, even at the maximum deformation, the ideal EHMP will distort 

the image significantly more than the 1 mm experimental EHMP. 

 The final simulation run introduced an additional positive electrode above the second 

contact line to test the EHMP’s ability to create a flat horizontal interface equivalent to the 

experimental tests in section 4.3.3.  The results from the simulation can be seen in figure 4.19b.  

In an attempt to quantify the change in the interface, the average curvature between -50 and 

50 µm as seen in the plot was calculated for the before and after deformation curves.  Before the 

deformation, the average curvature is 10 mm-1 where as after deformation it is 9.3 ± 1.4 mm-1.  

From these values, it can be seen that there is not a significant decrease in surface curvature and 

the projected image will still be significantly distorted. 
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Chapter 5: Conclusions and Future Work 

 The thesis presented in the previous chapters focuses on the work performed to develop 

an EHMP with applications to automultiscopic displays.  In theory, the EHMP is a controllable 

water droplet micro prism that when positioned over a light source can deflect incoming light at 

a desired angle.  The deflection angle is determined by the shape of the prism, which is 

controlled by applying a voltage between the droplet and an electrode positioned above it.  The 

strength of the applied voltage dictates the amount of deformation in the droplet, thus increasing 

the deflection of the incoming light.  If multiple electrodes are used, the prism can deflect 

incoming light with high accuracy and a large deflection range. 

5.1 Conclusions 

 There are a few key potential advantages the EHMP has over other techniques for 

creating automultiscopic displays.  At the moment, there are three major limitations in current 

research; in passive techniques the deflected images reduce the effective resolution of the 

display, and the number of viewers is limited since there are only particular regions where the 

3D cues are active.  In active techniques, the resolution is maintained while allowing for 

unlimited viewers, however the mechanisms are complicated to operate.  Like other active 

techniques, the design of the EHMP inherently solves both of the passive limitations.  However, 

it significantly simplifies the mechanism to project the images over other active techniques.  In 

particular, if an array of the EHMPs are positioned over a display, all of the display’s pixels are 

deflected in the same direction allowing the native resolution of the display to be used for the 3D 

images. In addition, the EHMP is able to provide stereoscopic and motion parallax cues to 

unlimited viewers in any position within the deflection range.  The main limiting factor of the 
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EHMP is that the display that synchronizes with the array, needs to have a fast enough refresh 

rate to accommodate all off the projection angles. 

 In order to develop a prototype EHMP, a numerical model needed to be developed for the 

system as well as a method of patterning hydrophobic surfaces.  Current modeling techniques for 

the electro-hydrodynamics of the system focus generally on two governing equations: the 

Young-Lippmann equation and the Maxwell stress tensor.  The Maxwell stress tensor approach 

is a more accurate representation of the physics in the system since it incorporates the effect of 

the electric field on the interface of the droplet rather than just the contact angle. In addition, 

current research has only focused on the effect of the Maxwell stress tensor near the contact line 

of droplets, and does not model a complete droplet. 

 It was found that many of the current modeling techniques make use of FEM to model 

the hydrodynamics of the system.  The disadvantage of using FEM is that there is not a strictly 

defined droplet interface causing difficulty when calculating the magnitude of the Maxwell stress 

tensor. The modeling technique developed in chapter two, builds on the theory of current 

Maxwell stress tensor methods by using SPH to simulate a complete droplet with a strictly 

defined interface. This is possible to achieve since SPH can model free surface flows that 

provide strict interfaces of the droplet.  

 The difficulty with SPH is that there is a common instability called the tensile instability 

that causes accuracy problems.  Current research on fixing the tensile instability has focused on 

adding artificial pressure terms to the stress state of the governing equations.  However, these 

techniques leave the system with an unphysical pressure response when two particles near each 

other.  A novel technique was implemented in this research to counteract the tensile instability 

while still maintaining a physical pressure response.  To achieve this an exponential repulsive 
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force was added to the governing equation to mimic short-range molecular forces.  This allowed 

the Navier-Stokes macroscopic pressure to govern the fluid flow on large scales, however when 

two particles came close to each other the repulsive force would become dominant forcing the 

particles apart. 

 Since the SPH code was developed in house using Matlab, COMSOL was used to model 

and calculate the Maxwell stress tensor for the system simplifying the SHP code.  Using these 

techniques a hybrid FEM and SPH model for the EHMP was developed.  The hydrodynamics of 

the model including the exponential term was validated using qualitative results from a 

collapsing square test, and quantitative results from an oscillating droplet test.  Using the 

validated model the performance of the EHMP was predicted and it was determined that the 

leading edge of the electrode would determine the final shape of the deformation.  In addition, it 

was shown that though deformation occurred the fill factor and interface curvature would be 

limiting factors on the performance of the EHMP. 

 The next step in fabricating a prototype EHMP was to develop a technique to pattern 

hydrophobic surfaces.  Current techniques focus on etching deposited hydrophobic films, or 

altering the surface energy of the film using plasma or ultra violet light.  In all of these 

techniques there was issues with not meeting the requirement for transparent surfaces or the 

techniques were complicated.  To meet the requirements of the EHMP fabrication process, a 

microcontact printing technique was developed to pattern PTFE nanoparticles.  The advantage of 

this technique is that once the initial PDMS stamp is fabricated the process is fast and simple to 

fabricate a patterned hydrophobic surface. 

 Currently there are many techniques to pattern nanoparticles using microcontact printing.  

However, in all of the current applications in research it is desirable to have a single layer of 
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nanoparticles deposited in a pattern.  To achieve this, many different stamp-inking techniques 

were developed. Through initial tests of these inking techniques it was found that a single layer 

of PFTE nanoparticles did not provide adequate hydrophobicity for the EHMP application.  

Therefore, an in-house fabricated airbrush was used to ink the stamp.   

 The advantage of the airbrush for inking purposes is that if the parameters of the airbrush 

are adjusted correctly then the particles are deposited dry onto the stamp.  This allows for 

multiple layers of particles to be transferred during the printing step increasing the 

hydrophobicity of the final deposited film.  The technique was tested for its ability to repeatedly 

produce uniform films of PTFE nanoparticles.  Using opacity measurements it was shown that 

the technique can repeatedly produce uniform films with a contact angle of 152° and a contact 

angle contrast between the pattern PTFE and exposed substrate of 134°. 

 Using the patterning technique stated above, a prototype EHMP was fabricated.  To 

simplify the test apparatus as well as the droplet formation, the surrounding medium was 

switched to air as well as the droplet diameter increased to 1 mm.  The initial tests proved to be 

less than promising in that there was minimal deformation before failure of the droplet occurred.  

However, they were used to successfully validate the numerical model. Using the theory of 

electrospray it was demonstrated that the failure mechanism was electrospray and not dielectric 

breakdown of the air.  The minimal deformation was able to deflect a laser beam 2.44°, and 

using two electrodes did not provide a flat interface, but rather drew the droplet up between the 

electrodes.  From these results it was evident that the initial prototype EHMP was not well suited 

for use in an automultiscopic display. 

 Though the initial prototype is not a viable solution for automultiscopic displays, it was 

shown using dimensional analysis that if oil were used as the surrounding medium and the 
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diameter of the droplet was reduced to 200 µm then failure due to electrospray would not occur, 

and it would be expected that the deformations would be more pronounced.  Using the 

experimentally validated numerical model, the ideal EHMP was simulated in an attempt to 

quantify the improvement in the performance.  Immediately problems with enclosing the EHMP 

in glass became apparent and a ground electrode was added to provide directionality to the 

electric field.  The addition of this ground electrode reintroduced the failure mechanism of 

dielectric breakdown in the oil limiting the applied voltage to a maximum of 450 V.   

 Upon the analysis of the 450 V ideal EHMP simulation results it was evident that there 

was little improvement in performance over the experimental results. The fill factor improved by 

about 0.1, however even with this improvement 35% of the incoming light is not redirected at the 

desired angle.  In addition, the reduction in droplet size means that the deformation would have 

to be significantly more to compensate for the higher initial interface curvature.  The limitation 

of 450 V prevents adequate deformation to compensate for this, so the ideal EHMP will actually 

diverge the projected light more than the 1 mm prototype.  This means that an imaged projected 

through an array of 200 µm EHMPs would be blurrier than the same image projected through an 

array of 1 mm EHMPs.   

 To summarize the contributions of this thesis, it presented: 

• A new numerical modeling technique that combined both FEA and SPH to accurately 

model the electro-hydrodynamics of the EHMP. 

• A new short range repulsive force into the SPH governing equation to counter the effect 

of the tensile instability. 

• A modified micro contact printing technique that utilized an airbrush to ink the PDMS 

stamp to pattern PTFE nanoparticles creating hydrophobic patterning. 
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• A demonstration of the theory and experimental results of a new electro-hydrodynamic 

micro prism. 

Considering everything presented in this thesis, it can be concluded that an EHMP in its current 

design of either a 1 mm or 200 µm elongated droplet surrounded by air or oil respectively is not 

viable with respect to automultiscopic displays.  In addition, due to its inability to deform into a 

shape with straight interfaces, these EHMPs also have little applicability to beam deflection 

applications.  

5.2 Future Work 

As discussed previously, it has been concluded that the EHMP in its current design has little 

viability with respect to automultiscopic displays.  To improve on the design, it is necessary to 

alter the geometry and materials of the device to maximize the ratio of electric pressure to 

surface tension force.  If the geometry is kept, a simple technique to achieve this is to find two 

immiscible fluids to act as the droplet and surrounding medium that have a large difference 

between their relative permittivities with the surrounding medium having the greater of the two.  

This will maximize the electric pressure acting on the surface.  In addition, the two fluids need to 

have a small interfacial surface tension constant between them.  This will ensure that the surface 

tension force will be minimized.  Finally, the dielectric breakdown voltage of the surrounding 

fluid needs to be high to minimize the risk of dielectric breakdown. 

 If two fluids cannot be found that achieve this, it is recommended to investigate ultra low 

voltage electrowetting [57] with respect to the EHMP.  In the case of ultra low voltage 

electrowetting, there are immiscible ions in both the water and surrounding oil.  This provides a 

double double-layer that has been shown to significantly decrease the required voltage for 

electrowetting applications [57].  This decrease in applied voltage has potential to allow the 
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EHMP to deform more before failure increasing its fill factor and decreasing average curvature.  

However, first the effect of the additional ions in the oil needs to be investigated on how it 

affects the dielectric breakdown voltage of the oil as well as the potential for electro spray 

formation. 

 If either of these options can be achieved then it would be worthwhile to fabricate the 

ideal EHMP with a diameter of 200 µm.  If fabrication does occur, it should be noted that a new 

droplet formation technique needs to be developed.  As mentioned previously, one of the reasons 

for adopting a 1 mm diameter droplet was because all of the formation techniques tried were not 

able to create a 200 µm droplet.  For this formation to occur it is recommended to try using a 

micro printer that is capable of depositing 100-200 µm diameter droplets. 

 To create the actuation electrodes for the EHMP, the ITO can be patterned using 

hydrochloric acid as a wet etchant and SPR 7.0 photoresist as a etch mask.  In addition, SU-8 

2075 can be used to create a wall around the array device to provide accurate spacing between 

the droplet and electrodes to contain the surrounding medium.  Using these techniques it should 

be possible to fabricate the ideal EHMP if it is deemed appropriate by the research into ideal 

fluids or ultra low voltage electrowetting. 

 If neither of these options are viable then it will be necessary to devise a new geometry 

for the EHMP.  The elongated shape is the ideal droplet geometry since the curvature of the 

surface is reduced due to the infinite radius of curvature along the length of the droplet.  For a 

given length scale of a droplet, this will minimize the surface tension force acting on the surface.  

Therefore, the redesigning should be focused on the electrode geometry.  The most important 

consideration for the electrode geometry is to maintain directionality of the electric pressure 

along the surface of the droplet.  As shown in chapter 4, this can be achieved by strategic 
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placement of ground electrodes.  However, as also shown in chapter 4 this raises the risk of 

dielectric breakdown in the oil. 

 The simplest planar electrode, the one chosen for the 200 µm EHMP simulations, was 

demonstrated to suffer from failure due to dielectric breakdown.  More complicated planar 

electrode patterns would suffer from the same drawbacks as the design presented in this thesis.  

One potential solution is to decrease the distance between the electrode and ground plate.  This 

would allow a lower voltage to provide the same electric pressure decreasing the chance of 

dielectric breakdown between electrodes. 

 



120 

 

References 

[1]  Dodgson, N. A. "Autostereo Displays: 3D without Glasses." EID (1997): 18-20.  

[2]  Holliman, N. S., N. A. Dodgson, G. E. Favalora, and L. Pockett. "Three-Dimensional 

Displays: A Review and Applications Analysis." IEEE Transactions on Broadcasting 57.2 

(2011): 362-71.  

[3]  Jorke, H., and M. Fritz. "Advanced Stereo Projection Using Interference Filters." SPIE 6044 

(2006). 

[4]  Divelbiss A., D. Swift, and W. Tserkovnyuk. “3D Stereoscopic Shutter Glass System”  

US Patent Application 6727867, 27 Apr, 2004. 

[5]  Sharp, G. D., and M. G. Robinson. "Enabling Stereoscopic 3D Technology." SPIE 6490 

(2007). 

[6]  Dodgson, N. A. "Analysis of the Viewing Zone of Multi-view Autostereoscopic Displays." 

SPIE 4660 (2002). 

[7]  "Lenticular Lens." Wikipedia. Wikimedia Foundation, Web. 06 Mar. 2015. 

[8]  Im, H., B. Lee, H. Hong, and H. Shin. "Auto‐stereoscopic 60 View 3D Using Slanted 

Lenticular Lens Arrays." Journal of Information Display 8.4 (2007): 23-26. 

[9]  A. F. Zerrouk, "Volumetric three-dimensional display architecture.”  US Patent Application 

6487020, 26 Apr 2002. 

[10]  Peterka, T., R.l. Kooima, D.j. Sandin, A. Johnson, J. Leigh, and T. A. Defanti. "Advances 

in the Dynallax Solid-State Dynamic Parallax Barrier Autostereoscopic Visualization Display 

System." IEEE Transactions on Visualization and Computer Graphics 14.3 (2008): 487-99. 

[11]  Woodgate, G. J., D. Ezra, J. Harrold, N. S. Holliman, G. R. Jones, and R. R. Moseley. 

"Autostereoscopic 3D Display Systems with Observer Tracking." SPIE 3012 (1997). 



121 

 

[12]  Takaki, Y. "Super Multi-view Display with 128 Viewpoints and Viewpoint Formation." 

SPIE 7237 (2009). 

[13]  Mugele, F., and J. Baret. "Electrowetting: From Basics to Applications." Journal of 

Physics: Condensed Matter 17.28 (2005): R705-774. Print. 

[14]  Welters, W. J. J., and L. G. J. Fokkink. "Fast Electrically Switchable Capillary Effects." 

Langmuir 14.7 (1998). 

[15]  Krogmann, F., W. Monch, and H. Zappe. "Electrowetting for Tunable Microoptics." 

Journal of Microelectromechanical Systems 17.6 (2008): 1501-512. 

[16]  Lee, J., H. Moon, J. Fowler, T. Schoellhammer, and C.-Jin Kim. "Electrowetting and 

Electrowetting-on-dielectric for Microscale Liquid Handling." Sensors and Actuators A: 

Physical 95.2-3 (2002): 259-68. 

[17]  Mugele, F. "Fundamental Challenges in Electrowetting: From Equilibrium Shapes to 

Contact Angle Saturation and Drop Dynamics." Soft Matter 5.18 (2009): 3377. 

[18]  Adamiak, K. "Capillary and Electrostatic Limitations to the Contact Angle in 

Electrowetting-on-dielectric." Microfluidics and Nanofluidics 2.6 (2006): 471-80. 

[19]  Mugele, F., and J. Buehrle. "Equilibrium Drop Surface Profiles in Electric Fields." Journal 

of Physics: Condensed Matter 19.37 (2007): 375112. 

[20]  Sohail, S., D. Das, S. Das, and K. Biswas.  "Electrowetting-on-dielectric Induced Droplet 

Actuation in MxN Array of Electrode." COMSOL Conference (2011). 

[21]  Bahadur, V., and S. V. Garimella. "An Energy-based Model for Electrowetting-induced 

Droplet Actuation." Journal of Micromechanics and Microengineering 16.8 (2006): 1494-503. 



122 

 

[22]  Walker, S. W., B. Shapiro, and R. H. Nochetto. "Electrowetting with Contact Line Pinning: 

Computational Modeling and Comparisons with Experiments." Physics of Fluids 21.10 (2009): 

102103. 

[23]  Arzpeyma, A., S. Bhaseen, A. Dolatabadi, and P. Wood-Adams. "A Coupled Electro-

hydrodynamic Numerical Modeling of Droplet Actuation by Electrowetting." Colloids and 

Surfaces A: Physicochemical and Engineering Aspects 323.1-3 (2008): 28-35. 

[24]  Cahill, B. P., A. T. Giannitsis, G. Gasttrock, M. Min, and D. Beckmann. "A Dynamic 

Electrowetting Simulation Using the Level-Set Method." COMSOL Conference (2008). 

[25]  Walker, S. W., and B. Shapiro. "Modeling the Fluid Dynamics of Electrowetting on 

Dielectric (EWOD)." Journal of Microelectromechanical Systems 15.4 (2006): 986-1000. Print. 

[26]  Buehrle, J., S. Herminghaus, and F. Mugele. "Interface Profiles near Three-Phase Contact 

Lines in Electric Fields." Physical Review Letters 91.8 (2003). 

[27]  Bateni, A., S. S. Susnar, A. Amirfazli, and A. W. Neumann. "Development of a New 

Methodology To Study Drop Shape and Surface Tension in Electric Fields." Langmuir 20.18 

(2004): 7589-597. 

[28]  Ahmadi, A., J. F. Holzman, H. Najjaran, and M. Hoorfar. "Electrohydrodynamic Modeling 

of Microdroplet Transient Dynamics in Electrocapillary-based Digital Microfluidic Devices." 

Microfluidics and Nanofluidics 10.5 (2011): 1019-032. 

[29]  Dannenberg, J. F., J. Brinkert, and E.A D. Lamers. "On The Modelling of Electrowetting in 

COMSOL MultiPhysics." COMSOL Conference (2010). 

[30]  Liu, G. R., and M. B. Liu. Smoothed Particle Hydrodynamics: A Meshfree Particle 

Method. Singapore: World Scientific, 2003. 



123 

 

[31]  Das, A.k., and P.k. Das. "Equilibrium Shape and Contact Angle of Sessile Drops of 

Different Volumes—Computation by SPH and Its Further Improvement by DI." Chemical 

Engineering Science 65.13 (2010): 4027-037. 

[32]  Breinlinger, T., P. Polfer, A. Hashibon, and T. Kraft. "Surface Tension and Wetting Effects 

with Smoothed Particle Hydrodynamics." Journal of Computational Physics 243 (2013): 14-27. 

[33] Becker, M., and M. Teschner. "Weakly Compressible SPH for Free Surface Flows." 

Eurographics (2007): 1-8. 

[34]  Tartakovsky, A., and P. Meakin. "Modeling of Surface Tension and Contact Angles with 

Smoothed Particle Hydrodynamics." Physical Review E 72.2 (2005). 

[35]  Zhang, M.. "Simulation of Surface Tension in 2D and 3D with Smoothed Particle 

Hydrodynamics Method." Journal of Computational Physics 229.19 (2010): 7238-259. 

[36]  Monaghan, J. J. "Simulating Free Surface Flows with SPH." Journal of Computational 

Physics 110.2 (1994): 399-406. 

[37]  Morris, J. P. "A Study of the Stability Properties of Smooth Particle Hydrodynamics." Publ. 

Astron. Soc. Aust. 13 (1996): 97-102. 

[39]  Morris, J. P. Analysis of Smoothed Particle Hydrodynamics with Applications. Thesis. 

Monash University, 1996. 

[39]  Monaghan, J. J. "SPH without a Tensile Instability." Journal of Computational Physics 

159.2 (2000): 290-311. 

[40]  Meleán, Y., L. G. Sigalotti, and A. Hasmy. "On the SPH Tensile Instability in Forming 

Viscous Liquid Drops." Computer Physics Communications 157.3 (2004): 191-200. 

[41]  Yang, X., M. Liu, and S. Peng. "Smoothed Particle Hydrodynamics Modeling of Viscous 

Liquid Drop without Tensile Instability." Computers & Fluids (2014). 



124 

 

[42]  D. WeiB, A. Greiner, J. Lienemann, and J. G. Korvink.  “Electrowetting droplets 

investigated with smoothed particle hydrodynamics and moving least squares.”  IEEE NEMS 

(2012). 

[43]  Trantidou, T., C. Rao, H. Barrett, P. Camelliti, K. Pinto, M. H. Yacoub, T. Athanasiou, C. 

Toumazou, C. M. Terracciano, and T. Prodromakis. "Selective Hydrophilic Modification of 

Parylene C Films: A New Approach to Cell Micro-patterning for Synthetic Biology 

Applications." Biofabrication 6.2 (2014): 025004. 

[44]  Kobayashi, T., K. Shimizu, Y. Kaizuma, and S. Konishi. "Novel Combination of 

Hydrophilic/hydrophobic Surface for Large Wettability Difference and Its Application to Liquid 

Manipulation." Lab on a Chip 11.4 (2011). 

[45]  X. Zhang, M. Jin, Z. Liu, D. A. Tryk, S. Nishimoto, T. Murakami, and A. Fujishima.  

“Superhydrophobic TiO2 Surfaces: Preparation, Photocatalytic Wettability Conversion, and 

Superhydrophobic-Superhydrophilic Patterning.”  J. Phys. Chem. C 111 (2007): 14521-29. 

[46]  Hong, L., and T. Pan. "Photopatternable Superhydrophobic Nanocomposites for 

Microfabrication." Journal of Microelectromechanical Systems 19.2 (2010): 246-53. 

[47]  Hong, L., and T. Pan. "Surface Microfluidics Fabricated by Superhydrophobic 

Nanocomposite Photoresist." IEEE (2010). 

[48]  Ding, L., W. Zhou, H. Chu, Z. Jin, Y. Zhang, and Y. Li. "Direct Preparation and Patterning 

of Iron Oxide Nanoparticles via Microcontact Printing on Silicon Wafers for the Growth of 

Single-Walled Carbon Nanotubes." Chemistry of Materials 18.17 (2006): 4109-114. 

[49]  Ding, L., C. Li, W. Zhou, H. Chu, X. Sun, Z. Cao, Z. Yang, C. Yan, and Y. Li. "Patterning 

Nanoparticles by Microcontact Printing and Further Growth of One-Dimensional 

Nanomaterials." European Journal of Inorganic Chemistry 2010.27 (2010): 4357-362. 



125 

 

[50]  Santhanam, V., and R. P. Andres. "Microcontact Printing of Uniform Nanoparticle Arrays." 

Nano Letters 4.1 (2004): 41-44. 

[51]  Kraus, T., L. Malaquin, E. Delamarche, H. Schmid, N. D. Spencer, and H. Wolf. "Closing 

the Gap Between Self-Assembly and Microsystems Using Self-Assembly, Transfer, and 

Integration of Particles." Advanced Materials 17.20 (2005): 2438-442. 

[52]  Kraus, T., L. Malaquin, H. Schmid, W. Riess, N. D. Spencer, and H. Wolf. "Nanoparticle 

Printing with Single-particle Resolution." Nature Nanotechnology 2.9 (2007): 570-76. 

[53] Bostwick, J.  Stability Of Constrained Capillary Interfaces.  Thesis.  Cornell University.  

2011. 

[54] Johnson, J. K.  Numerical Methods in Cheistry.  New York, N. Y.: Dekker, 1980. 

[55]  Dryden, I. L., Mardia, K. V.  Statistical Shape Analysis.  New York, N. Y.: J. Wiley 1998. 

[56]  Ashgriz, N.  Handbook of Atomization and Sprays: Theory and Applications. New York: 

Springer, 2011. 

[57]  Kornyshev, A. A., Kucernak, A. R., Marinescu, M., Monroe, C. W., Sleightholme, A. E. S., 

Urbakh, M. “Ultra-Low-Voltage Electrowetting.” J. Phys. Chem. 114 (2010):  14885–14890


