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Abstract
Significant improvements that are based on quantization can be made in the area of
lossy image compression. In this thesis, we propose two effective quantization based
algorithms for compressing two-dimensional RGB images. The first method is based
on a new codebook generation algorithm which, unlike existing VQ methods. It
forms the codewords directly in one step, using the less common local information in
every image in the training set. Existing methods form an initial codebook and update
it iteratively, by taking the average of vectors representing small image regions.
Another distinguishing aspect of this method is the use of non-overlapping hexagonal
blocks instead of the traditional rectangular blocks, to partition the images. We
demonstrate how the codewords are extracted from such blocks. We also measure the
separate contribution of each of the two distinguishing aspects of the proposed
codebook generation algorithm. The second proposed method, unlike all known VQ
algorithms, does not use training images or a codebook. It is implemented to further
improve the image quality resulting from the proposed codebook generation
algorithm. In this algorithm, the representative pixels (i.e. those that represent pixels
that are perceptually similar) are extracted from sets of perceptually similar color
pixels. Also, the image pixels are reconstructed using the closest representative pixels.
There are two main differences between this algorithm and the existing lossy
compression algorithms including our proposed codebook generation algorithm. The
first is that this algorithm exploits the image pixel correlation according to the
viewer’s perception and not according to how close it is numerically to its neighboring
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pixels. The second difference is that this algorithm does not reconstruct an entire
image block simultaneously using a codeword. Each pixel is reconstructed such that it
has the value of its closest representative pixel.
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Chapter 1

Introduction
The process of storing and transmitting images by modifying them is referred to as
image coding. For such purposes, an image is coded such that it is represented by
fewer number of bits than the original image. This is done to satisfy the memory and
transmission channel constraints. This type of image coding is called image
compression. The thesis is primarily centered on digital image compression. We
develop two innovative image compression algorithms. We first explain the nature of
two-dimensional (2D) digital images in Section 1.1. Next, we explain the types of
digital images that we use in this thesis. Section 1.2 discusses the correlations within
an image that we exploit to develop the two algorithms. Section 1.3 outlines the
results that we aim to achieve along with the expectations related to the performance
of the two algorithms. Section 1.4 lays out the principles that steer our research
towards achieving those results. Section 1.5 provides an outline of the thesis.

1.1

Digital images
A 2D digital image is represented by a matrix consisting of a finite set of

pixels (picture elements) along its rows and columns. Such a digital image is
derived from the real image. The real image is a continuous 2D signal. In order to
digitize this image, its values at a fixed number of locations are measured (spatial
sampling). The measured values represent pixel intensities in the digital image.

11

These intensities are quantized such that they are limited to a fixed set of values.
Let R denote the number of rows in an image and C denote the number of
columns, then the 2D image can be represented in the form of a matrix 𝐼(𝑖, 𝑗),
where 0 ≤ 𝑖 ≤ 𝑅 − 1 and 0 ≤ 𝑗 ≤ 𝐶 − 1 and 𝐼(𝑖, 𝑗) represents pixel value
(intensity) in row 𝑖 and column 𝑗.
The number of pixel values measured from the real image determines the
image resolution. The image resolution defines the amount of spatial detail that an
image has. This is represented in terms of the number of pixels in an image matrix
row and an image matrix column. For example, an image matrix consisting of 512
pixel values in each row and 64 in each column has an image spatial resolution of
512x64.
Images are categorized by the type of information a single pixel represents,
within an image. This information is called bit depth or color depth. Bit depth is
defined by the number of bits used for representing a single image pixel. An image
consisting of ‘b’ bits per pixel (bpp) is called a b-bit image. Furthermore, the number
of possible values stored by that image would be 2𝑏 . For example, each pixel within a
simple binary black and white image is represented by only 1 bit. Hence, this gives
rise to 21 = 2 possible colors i.e., 0 (white) and 1 (black). Furthermore, an 8-bit
image stores 28 = 256 possible colors. Hence, the relationship between image
resolution and bit depth is such that the bit depth determines the image resolution.
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On the basis of bit depth, an image can be classified as a bi-level image, a
grayscale image or a color image. However, we only describe the second and the third
image types below. This is because we use these image types in our thesis.
Grayscale images: Each pixel within a grayscale image is represented by 8 bits. That
is, the image consists of varying gray values ranging from 0 to 255. In one of our
proposed methods, RGB images are used (where an RGB image consists of Red,
Green and Blue component channels). Each of these three color components is
considered as an 8-bits grayscale image. The algorithm is applied on these channels
separately, after that they are merged. This simplifies the image coding process to a
great extent. Numerous techniques have been developed for reconstruction of
grayscale images in lossy and lossless fashion [1-9].
Color images: In our thesis, we use true color image. Each pixel within a true color
image consists of 24-bits. The bits in such an image are divided into three groups: 8
bits for Red channel, 8 bits for Green channel and 8 bits for Blue channel. And so,
there are 16,777,216 possible colors that could be stored within such an image. True
color images are typically processed by decomposing them into different channels.
Different color spaces have different characteristics. Depending on these
characteristics, algorithms use the color spaces according to their images coding
scheme. In our thesis, RGB and CIEL*a*b* color spaces are used.
More specifically, this thesis is centered on color image compression. We
design two novel color compression algorithms. One of them is implemented on the
RGB color space. The other is implemented on the CIEL*a*b* color space.
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1.2

Perceptual and numerical redundancies in images
The prime focus of a compression technique is to reduce any redundancy

within the image. There are different forms of image redundancies. The type of
redundancy that is targeted depends on the application requirements. We will first
outline these requirements. We will then explain the redundancy types that can be
exploited to satisfy the requirements.
The two common requirements in any image compression application are 1)
the time taken to encode the image, and 2) the quality loss that occurs when the
encoded image is reconstructed. Most recent applications are designed to minimize
the second requirement. However, the main challenge comes when both requirements
need to be minimized. This is challenging because it is difficult for an algorithm that
takes minimal encoding time to provide a high reconstruction accuracy (and vice
versa). In this thesis, we intend to have a good compromise between the image quality
and the encoding time.
Keeping the two requirements in mind, two types of image redundancies can
be exploited: numerical and perceptual.
Numerical redundancy is based on the numerical correlation of a pixel with its
neighboring pixels. For example, when a pixel value is close but NOT necessarily the
same as the pixel values within its immediate neighborhood, then this value can
represent the neighboring pixel values. Please note that this redundancy is based on
numerical values only. The perceptual significance of any of these pixel values are not
taken into consideration. This could affect the image quality to a certain extent.
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However, the exploitation of such a redundancy can reduce the encoding time
significantly. On the other hand, when the correlation among neighboring pixels are
carefully exploited, it can result in lossless compression. Lossless compression
guarantees no numerical difference between the original and the decompressed image.
This is useful in medical imaging applications where minute details can contain
crucial information.
Perceptual redundancy is based on the observer’s ability to perceptually
differentiate between the original and another image e.g. the reconstructed image.
That is, certain changes in small parts of the image do not affect the viewer's
perception. Such redundancy is exploited by keeping only the perceptually significant
pixel values. The image is reconstructed using only those values. It is highly likely
that an image can have millions of colors out of which few thousand color pixels are
selected as the representative color pixels. The process of representing those million
colors using a few thousand color pixels can be very exhaustive. Hence, there is a
possibility that the reconstructed image that looks subjectively the same as the original
image might suffer from increased computational time. Furthermore, taking advantage
of the perceptual correlation results in lossy compression. That is, there is a numerical
difference between the original and the compressed image. This is useful in case of
web images or live sport series transmission. In these cases, the transmission time is
more critical than the quality, provided that no major glitch occurs during the
transmission or within the image being displayed. It should be noted that the
perceptually significant pixel values are extracted from a set consisting of pixel values
that are perceptually close but NOT necessarily the same. Such a set is formed based
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on some special metrics which are designed to compute the perceptually similar pixels
in a numerical manner. In this case, one can say that the perceptual redundancy is a
special case of the numerical redundancy.
In this thesis, our first compression algorithm exploits the numerical
redundancy and is implemented on RGB color space. In this algorithm, a large image
data set is mapped into a small image data set and groups of image data are encoded
together. Such a quantization scheme is called vector quantization (VQ). Our second
algorithm is implemented on CIEL*a*b* color space. It takes advantage of the
perceptual redundancy in images. However, this algorithm does not follows the
traditional vector quantization technique. Each of these algorithms is implemented
such that a suitable compromise between image quality and encoding time is
achieved. VQ is one of the popular lossy image compression schemes. There are four
such popular schemes. These include DCT transform coding, wavelet based image
compression and fractal compression. Each of them will be further explained in
Chapter 2.
In summary, our thesis is primarily focussed on lossy color image
compression using two novel VQ algorithms. The first technique takes advantage of
the numerical correlation between image pixels. This technique includes the use of
training images and VQ codebook. This technique can be applied to either grayscale
images or color images. The second method takes advantage of the perceptual
correlation between color image pixels. This technique does not include the use of
codebook. Additionally, it can only be applied on color images. This is because
perceptual similarity is computed between color pixels only. This will be further
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explained in Chapter 4, Section 4.2.

1.3

Research goals
By carefully considering the numerical as well as perceptual redundancies for

color images, we formulate two lossy color image compression techniques. We aim
that each of these techniques should
1.3.1. result in reconstructed images with minimal artifacts
1.3.2. achieve a suitable balance between the computational time and the image
quality
Each of these two methods directly extracts and transmits meaningful image
information. Using this information, we examine if the above two conditions are
satisfied. Our expectations are as follows.
1.3.1.1. With regards to Section 1.2, we expect the proposed algorithm that exploits
numerical redundancy, to result in a better encoding time than our algorithm that
exploits perceptual redundancy.
1.3.1.2. We expect our algorithm that exploits the perceptual redundancy to result in
better image quality compared to our codebook generation algorithm.
1.3.1.3. Overall, we aim to design compression methods that have a better
compression performance compared to existing lossy compression algorithms.
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1.4

Proposed underlying principles
With the ongoing research and several benchmarked lossy compression

algorithms, our area of work is quite broad. Our research began with the following
goals, which steered our course of work.
1.4.1. Review process of existing methods
Our approach should build upon the existing benchmarked quantization algorithms.
Hence, we began with understanding the limitations within existing methods. The
novelty in our approach should lie in improving the existing shortcomings.
1.4.2. Robustness
The compression scheme should give good performance for several classes of color
images. It should also have the potential of real time imaging / video transmission.
Therefore, in such cases, existing algorithms that manually tune the parameters will
not be considered.
1.4.3. Usefulness
As mentioned above, our approach should find a suitable compromise between the
reconstructed image quality and the computational time. Thus, existing algorithms
that extensively compromises one of these two will not be reviewed.
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1.5

Thesis outline

Chapter 2 provides a brief background on the existing lossy image compression
techniques. These include vector, quantization, DCT transform coding, wavelet based
image compression and fractal image compression. Chapter 3 explains the limitations
within existing vector quantization methods. Our innovative codebook generation
algorithm is then explained. The experimental results are demonstrated as well.
Chapter 4 explains the limitations within the algorithm proposed in Chapter 3 suggests
few improvements. The second proposed algorithm is then explained along with the
experimental results. Chapter 5 provides a summary and conclusion to this thesis.
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Chapter 2

Literature review
As mentioned in Chapter 1, the two main requirements in any image
compression application are image quality and encoding time. While image quality is
almost always the most important requirement, in some applications, one needs to
achieve an efficient balance between image quality and encoding time. There are
numerous algorithms in which an efficient balance between the two has been
achieved. Compression algorithms fall in two domains: lossless and lossy image
compression. In this chapter, we only review the existing literature that falls within the
domain of lossy image compression.
In this chapter, the four most active lossy image compression schemes are
discussed. These include vector quantization, DCT transform coding, wavelet based
image compression and fractal image compression.

2.1

Vector quantization
Quantization is a method of representing a large set of discrete image points

by a much smaller set. This implies that the image could be approximated while
maintaining its usefulness. The performance of VQ methods depend on the way the
image signals are quantized. The quantization of image signals, in turn, is dependent
on the choice of a codebook, the design of which is computationally demanding.
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VQ methods partition each image within the training image set into R nonoverlapping rectangular blocks. To construct a VQ codebook, assume the training
image set consists of M images. Each rectangular block in an image consists of N
pixels. Each of these blocks is converted into a vector t of length N. The collection of
all the image vectors forms the training vector set, 𝑇 = [𝑡1 , 𝑡2 , 𝑡3 , … , 𝑡𝑃 ]𝑇 where 𝑡
represents the vector of the rectangular block and P=MxR. The length of each vector
is N, 𝑡𝑖 = (𝑒1 , 𝑒2 , 𝑒3 , … , 𝑒𝑁 ) where 𝑒 represents each element within the vector 𝑡𝑖 . The
influence of the size of training set on the quantization performance has been
demonstrated quantitatively in [21]. From the training set, L vectors are extracted to
form the initial codebook of size L i.e. 𝐶 = [𝑐1 , 𝑐2 , 𝑐3 , … , 𝑐𝐿 ]𝑇 where 𝐶 represents the
codebook of size 𝐿𝑥𝑁 and 𝐿 < 𝑃. Each vector 𝑐𝑖 within the codebook is called a
codeword. There are different ways to form the initial codebook. Some of these ways
are explained later in this section. Once the initial codebook is formed, the codewords
within the codebook are iteratively updated to form the final codebook. Different VQ
algorithms follow different optimization processes to form the final codebook. Some
of these optimization processes are explained later in this section. Such an
optimization process requires several number of iterations. After each iteration, the
distortion between the previous and the newly updated codebook is measured 𝐷 =
1
𝑗

2

∑𝑗𝑘=1‖𝑐𝑘 − 𝑐𝑘(𝑛𝑒𝑤) ‖ . If the difference between the current and the previously

measured distortion is greater than a pre-defined threshold

𝐷𝑝𝑟𝑒𝑣 −𝐷𝑐𝑢𝑟𝑟
𝐷𝑝𝑟𝑒𝑣

> 𝜖, the

codebook is continued to be updated. Otherwise, the current codebook is set to be the
final codebook. Once the final codebook is designed, the image is compressed and
reconstructed as explained in the paragraph below.
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The final codebook is placed at the encoder and at the decoder. To compress
and reconstruct a test image 𝐼𝑀, this image is partitioned into non-overlapping
rectangular blocks of size √𝑁𝑥√𝑁. Each block is converted into a vector 𝑖𝑚 where
𝑖𝑚 = 𝑁. Hence, the test image 𝐼𝑀

consists of several vectors, 𝐼𝑀 =

[𝑖𝑚1 , 𝑖𝑚2 , 𝑖𝑚3 , … , 𝑖𝑚𝑖 ]. The difference between the first image vector 𝑖𝑚1 and each
codeword [𝑐1 , 𝑐2 , 𝑐3 , … , 𝑐𝐿 ]𝑇 within the final codebook 𝐶 is computed using the
Euclidean distance measure. The index j of the codeword 𝑐𝑗 that yields the minimum
distance from 𝑖𝑚1 is transmitted to the decoder. Using the index j, the decoder
extracts the codeword 𝑐𝑗 from the codebook and reconstructs the image block
corresponding to 𝑖𝑚1 as 𝑐𝑗 . The same process is repeated for each test image vector. It
is evident from above that the test image block is reconstructed using the codeword in
the codebook that is closest to the vector corresponding to that block.
Numerous efficient codebook design approaches have been developed. A
comprehensive review of different vector quantization algorithms and comparison
between them have been reported in [19]. There are two classical codebook design
approaches that have been usually used as benchmarks. These are the K-means [17]
and the LBG algorithms [18]. Both algorithms have the same codebook updating
approach but differ in the way the initial codebook is formed. The LBG algorithm
provides better reconstruction accuracy than the K-means algorithm.
Another classical approach that has shown better performance than the LBG
algorithm is Kohonen's neural network algorithm [19]. A quantitative comparison
between the two algorithms has been shown in [20]. The Kohonen's algorithm
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attempts to incorporate essential biological mappings. The main difference between
the two algorithms is that the Kohonen's algorithm can achieve good results regardless
of how the initial codebook is formed. Another difference is their dependency on the
number of training set vectors. The Kohonen's algorithm achieves good result using a
smaller number of training set vectors than the LBG algorithm. This reduces the time
for codebook generation in the Kohonne's algorithm.
Two recent VQ state-of-art approaches have been proposed [42]-[43]. These
are the Kekre's Fast Codebook Generation algorithm (KFCG) [42] and the Kekre's
Error Vector Rotation algorithm using Walsh sequence (KEVRW) [43]. Both
algorithms significantly reduce the compression error compared to the K-means and
the LBG methods. These algorithms employ a codebook design approach that is
completely different. Also, the KFCG algorithm does not use the Euclidean distance
measure. Few variations to the KFCG algorithm that reduce the computational cost
have been proposed. These include the nearest neighbor search algorithm [44] and
Partial Distortion search [45]. The KEVRW algorithm is completely different from
the aforementioned algorithms, in terms of the codebook design and relies on the
Walsh sequence to optimize the codebook, as will be explained later in this Section.
There are few papers that use similar ideas as KFCG and KEVRW. These include the
Hartley transform matrix [46], the Haar sequence [47], Slant transform [48] and Quick
Sort [49].
The above VQ algorithms exploit numerical redundancies in an image. There
are some quantization algorithms that exploits perceptual redundancies as well. One
such algorithm [63] initiates with the conversion of an image from the RGB color
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space into the CIELab color space. This image is partitioned into small areas. Each
small area consists of perceptually identical color pixels. From each such area, a
representative pixel is selected. The set of selected representative pixels is then
reduced by only keeping the representative pixels based on the number of pixels in the
area to which they belong to and distance between the areas. Once the representative
pixels are selected, the approximation error is reduced using a clustering algorithm.
This is done to refine the position of those representative pixels.
The KFCG and KEVRW algorithms along with the K-means and the LBG
algorithms are explained below in detail.

2.1.1. K-means algorithm
Assume m images are available in the training set. The algorithm divides
each image into n non-overlapping rectangular blocks, and converts each block into a
vector. The set of all resulting mxn vectors forms the training set [𝑡1 , 𝑡2 , 𝑡3 , … , 𝑡𝑃 ]𝑇 ,
where t refers to a vector in the training set and P=mxn. The length of each vector is
N, where N<<m. The length N and the number of codewords L (in the LxN
codebook) are determined by the user. The design of the codebook starts by finding
an initial codebook. The formation of the initial codebook is common to the majority
of existing methods. To generate the initial codebook [c1, c2, c3, …, cL] T, where c
refers to a codeword and L<P, each of these L codewords is formed by selecting a
random vector from the training set. This is followed by the codebook optimization
process. This process is comprised of two steps. In the first step, the Euclidean
distance between each codeword, cv belonging to the initial codebook and each image
vector in the training set tg, g∈{1,2,…,P} is found. The vector t with the minimum
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distance from cv is categorized as belonging to cv. The vector t is then deleted from the
set tg. This process is repeated for every codeword cv. This whole process is repeated
until T training vectors are categorized as belonging to each codeword.
In the second step, the average of the vectors belonging to each codeword cv
in the initial codebook is computed. The codeword cv is then replaced by this average
vector. In this way, the initial codebook is updated. After this process, the difference
between the initial and the newly updated codebook is computed. If the difference is
negligible, the algorithm is terminated; otherwise the whole process is repeated.
Please note that each codeword in the codebook is an average of some vectors.

2.1.2. LBG algorithm
This algorithm is an extension of the K-means algorithm with a careful
approach to initialization. In this algorithm, a splitting method is used to generate the
initial codebook. This method is used so as to have a set of codewords within the
initial codebook that are close to one another. This is followed by a codebook
optimization process that is similar to K-means. The algorithm is initiated by the
formation of a training set as described earlier. Once the training set is formed, the
(1)

initial codeword, c1

is first generated by taking the average of all the training
(1)

vectors. This forms a one-level codebook, comprised of only one codeword c1 . This
(1)

codeword c1

is split to obtain two new codewords as follows. A fixed perturbation

vector, є which is between 0 and 1 is introduced in this method. The two new
(2)

(1)

(2)

(1)

codewords are obtained as follows: c1 = c1 + є and c2 = c1 − є. These two
codewords are not added to the initial one-level codebook. The two newly generated
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codewords form an initial two-level codebook, comprised of two codewords.
(2)

(2)

Similarly, each of the newly generated codewords, c1 and c2 are split into two new
codewords and four new codewords are generated. These four codewords forms the
initial four-level codebook. The same process is repeated for each of these four
codewords and an initial eight-level codebook is formed. This process is repeated till
an initial L-level codebook, cb0 of size L is formed. Now that we have an initial
codebook, the codebook optimization step of K-means algorithm as described earlier
is followed. This begins with the first step where the Euclidean distance is computed
between each codeword cj in cb0 and each training set vector ti. This is repeated until
T training set vectors belonging to each codeword in cb0 are found. The average
vector of the T vectors belonging to each codeword cj in cb0 is computed. This
average replaces each old codeword and thus a new codebook cb1 is formed. The
average distortion between cb0 and cb1 is computed. If the difference between the two
is less than a pre-defined threshold, the algorithm terminates; otherwise, the whole
process is repeated. Therefore, in the K-means and LBG algorithms, each codeword
within final codebook is average of those vectors which are closest to the previous
corresponding codeword.

2.1.3. KFCG algorithm
In the K-means and LBG algorithms, each codeword in the final codebook is
formed as an average of T vectors in the training set. In the KFCG method the
codewords are formed as averages of different numbers of training vectors. The
training set is formed as described in Section 2.1.1. The first codeword c1 in KFCG is
taken as the average of all P vectors in the training set. The second and third
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codewords are formed as averages of smaller subset of the P vectors. The fourth, fifth,
sixth and seventh codewords are obtained as averages of even smaller subsets than
those forming the second and third codewords and so on.
To obtain the second and third codewords, the training set is divided into two
sets as follows: every first element ti1 of each ti vector, where i ∈ {1,2, … , P}, in the
whole training set is compared with the first element c11 of the codeword c1. If c11 > ti1,
then ti is placed in a set G1 otherwise it is placed in a set G2. The averages of the
training vectors in G1 and also of those in G2 are obtained. These averages form the
second and third codeword respectively.
The above process is repeated for vectors in G1 and then in G2. That is, within
the group G1, compare the second element of the second codeword c21 with the second
element of each t vector in G1 and divide these vectors in two subsets G3 and G4
depending on whether or not c21 > ti2. Similarly G2 is divided into two smaller sub-sets
G5 and G6. Now four groups, G3, G4, G5, and G6 are formed. The codeword for each
group is computed as the average of all vectors within that group. Each of these
codewords is stored within the codebook. The aforementioned process is repeated for
each group and more groups are formed. Updated codewords from those newly
formed groups are stored within the codebook and the process is repeated until a
codebook of user-specified size is reached.
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2.1.4. KEVRW algorithm
This algorithm implements a concept in error correction whereby a sequence
of redundant vectors, called error correcting sequence is arithmetically applied (e.g.
by adding/subtracting) on an input vector, such that each element of the input vector
can be recovered even if a number of errors are introduced during transmission or
storage . Some error correcting sequences include Pseudo-Noise sequence [69], M
sequence [60], Gold code [61] and Kasami code [62]. The error correcting sequence
used in this algorithm is the Walsh sequence. These are generated from Walsh
functions. A Walsh function of order N is defined as a set of orthogonal basis of the
square-integrable functions denoted by {𝑊𝑗 (𝑡); 𝑡 ∈ (0, 𝑇), 𝑗 = 0,1, … , 𝑁 − 1}, such
that 𝑊𝑗 (𝑡) takes the values {+1, -1}. Sampling a Walsh function at the center of the
interval (0, T) generates n Walsh sequences when a codebook of size 2n is required.
Walsh sequences are error correcting sequences that encode input codewords into
orthogonal codewords. In [43], Walsh sequences are used to split codewords to
generate new codewords. The distance between the newly generated codewords and
the training vectors are further used to generate another set of new codewords. This
results in accumulation of error by the time the last codewords are generated. So even
though the Walsh sequences can be used for Forward Error Correction (FEC), in this
approach, they are used to generate codewords that represent error vectors. The first
eight Walsh sequences are given as follows,
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1
1
1
1
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1
1
1
1

1
1
1
1
−1
−1
−1
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1
1
−1
−1
−1
−1
1
1

1
1
−1
−1
1
1
−1
−1

1
−1
−1
1
1
−1
−1
1

1
−1
−1
1
−1
1
1
−1

1
−1
1
−1
−1
1
−1
1

1
−1
1
−1
1
−1
1
−1

In this algorithm, the average of all vectors within the training set is taken as
the first codeword, c1. For codebook of user-specified size L=2n with length N, n
Walsh sequences are generated.
In the first iteration, the first Walsh sequence is arithmetically added to c1 to
generate a second new codeword, 𝑐11. The Euclidean distance is computed between
each vector in the training set, [t1, t2, t3, … , tP] T and 𝑐11 to generate a new set of
distance vectors represented by [t𝑐11, t𝑐21, t𝑐31 , … , t𝑐𝑃1 ]T. The distance vectors are
placed into a new group, G1. Similarly, the first Walsh sequence is arithmetically
subtracted from c1 to generate a third new codeword, 𝑐12. The Euclidean distance is
again computed between each vector in the training set and 𝑐12 to generate another set
of new distance vectors represented by [t𝑐12, t𝑐22, t𝑐32, … , t𝑐𝑃2]T. These distance vectors
are placed into another group, G2. Both groups G1 and G2 have the same number of
vectors.
The averages of the vectors in groups G1 and G2, are taken as the new
codewords, c2 and c3. The second Walsh sequence is then added to c2 to generate
another new codeword, 𝑐13 . The Euclidean distance is computed between c13 and each
vector in G1, [t𝑐11, t𝑐21, t𝑐31, … , t𝑐𝑃1 ]T to form a new set of distance vectors that forms
another group G3. Similarly, the second Walsh sequence is subtracted from c2 and the
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process is repeated where another group, G4 is formed. The averages of the vectors in
G3 and G4 form the new codewords c4 and c5, respectively. Similar process is repeated
for the group G2 to form groups G5 and G6 and more codewords are stored within the
codebook. This process is repeated until a codebook of size specified by the user is
achieved.

2.2

DCT transform image coding
Transform coding represents an image as a linear combination of basis

images along with their corresponding linear coefficients. The transform encoding
process, in general, consists of three steps. These steps are forward transformation,
lossy quantization, and entropy coding.
Popular transform coding algorithms include Karhunen Loeve Transform
(KLT) [50], [51] and Discrete Cosine Transform (DCT) [52]. An ideal transform
coding algorithm should optimally decorrelate the image signals and should be
computationally inexpensive. KLT algorithm achieves high decorrelation, however,
the decorrelation process is computationally expensive. Due to the high computational
cost, the KLT method is rendered impractical in many applications. This problem can
be avoided by using an approximation for the KLT algorithm. DCT being
computationally inexpensive is one such approximation whose performance efficiency
reaches that of KLT. DCT is used in the Joint Photographic Experts Group (JPEG)
[53] image compression standard which is described below.
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2.2.1. JPEG
The RGB color image is converted into YCbCr color space. The Y channel
represents pixel brightness. The Cb and Cr channels represents the chrominance
information. Next, the Cb and Cr channels are downsampled by a factor of two in the
horizontal and the vertical direction. This is because a human eye is more sensitive to
change in brightness rather than change in color. Taking this sensitivity into
consideration, the chrominance channels are downsampled. Then each of the
following three steps are applied on each channel separately: the preprocessing step,
the transformation step, the quantization step and the encoding step. In the
preprocessing step, an image of size NxN is taken and partitioned into nonoverlapping rectangular blocks of size MxM. A block of size 8x8 is commonly used.
The value 127 is subtracted from each pixel value in each block. This centers the pixel
values around 0. This is done because DCT works better on the pixel values ranging
from -128 to 127 rather than 0 to 255. This is followed by the transformation step.
The transformation step is the key component in JPEG Image Compression
Standard. In the transformation step, DCT is used. This step is applied on each image
block. The underlying idea of DCT is to concentrate the large values within the image
block to the upper left corner of that block. And the rest of the pixel values within the
block will have small values (most of those values are close to zero).
This transformation begins with selecting an image block. A DCT coefficient
matrix U is then applied on that block as follows
𝐵 = 𝑈𝐴𝑈 𝑇

(1)
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Here, U is the DCT coefficient matrix, A is the image block and B is the
resultant DCT block. The size of the matrix U and the matrix A are the same. The row
values within the DCT coefficient matrix U are spaced by evaluating the cosine at
each value. Hence, the resultant DCT matrix B represents the image pixel values in
terms of the weights of cosine functions at different frequencies. The reason behind
using a matrix consisting of cosine components is that the cosine transformation does
not consist of imaginary components. It also represents the frequencies that makes the
image signal. For example, if the image signal is sharper, the weights with high
frequencies will be more dominant. In the same manner, if the image signal is smooth,
the weights with low frequencies will be more dominant.
In equation (1), matrix A is first multiplied with the DCT matrix U i.e.
C=UA. This product is simply an application of U to each column of A. The resultant
matrix is then multiplied by the transpose of the DCT matrix i.e. 𝐵 = 𝐶𝑈 𝑇 . Here, C is
applied to each column of 𝑈 𝑇 . Next, we observe that the resultant DCT matrix B tends
to store all the pixel values in few values and concentrates (pushes) them to the upper
left-hand corner of the matrix. The remaining values are either zero or close to zero.
The DCT step is invertible due to the knowledge of the coefficient matrix at the
decoder. The image block can be recovered as follows, 𝐴 = 𝑈 𝑇 𝐵𝑈. The resultant
matrix B consists of irrational values (since the DCT coefficient matrix consists of
irrational values). In order for these values to be efficiently encoded by Huffman
algorithm, they need to be represented as integers. Hence, in order for the values
within the matrix B to be represented as integers, a quantization step is implemented
as follows.
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The quantization step uses a quantization matrix. This matrix is of the same
size as the resultant DCT matrix B. The quantization matrix consists of predefined
values that are gives different weights to different coefficients. These weights are set
according to the desired compression ratio. Each element within the DCT matrix is
divided by the corresponding element within the quantization matrix. The quantization
matrix scales down the coefficients within the matrix B to small values. However, the
scaled down values are still irrational. These are converted to integer values as
follows. The quantized irrational values within the matrix that are closer to 0 are
converted to 0. The rest of the irrational quantized values are rounded to the nearest
integers. This (quantization) step represents the block values with lower-precision
approximations such that only few large coordinates are present and the rest are
converted to zero. This step makes JPEG coding process not correctly invertible. This
is because the quantized values can be recovered but the quantized values that are
converted to zero and rounded cannot be recovered. This is followed by entropy
coding (using the Huffman code) the resultant quantized image block using Huffman
algorithm.
In order to reconstruct the image, the elements (encoded by Huffman
algorithm) are first decoded. Each decoded quantized values is then multiplied with
the corresponding element within the quantization matrix. This is followed by
applying inverse DCT. Next, 127 is added to each element within the matrix. As the
last step, the downsampled Cb and Cr channels are interpolated to their original size.
These interpolated channels are then passed through a low-pass filter to smoothen the
image. the three image channels are then merged to obtain the decompressed color
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image. A problem with JPEG compression technique is that, partitioning the image
into rectangular blocks results in blocky artifacts. Due to this, the image quality
significantly starts deteriorating when the compression ratio goes higher than 25:1.
This issue has been addressed in many studies [31-33]. However, images compressed
using wavelets have resulted in better image quality even at high compression ratios.

2.3

Wavelet based image compression
The aim behind wavelet transform is to convert the image from spatial

domain to frequency domain. The wavelet based image compression is comprised of
the same steps as transform coding. The main difference lies in the transformation part
where an invertible wavelet transform is used. The wavelet transform refers to image
analysis at different scales and different resolutions. The image scale refers to the
image size. As the image scale increases, the image shrivels (tightens). As the image
scale decreases, the image expands. The image resolution refers to the frequency of
the image. As the resolution increases, more amount of high intensity image
information becomes visible. As the resolution decreases, the visibility of high
intensity details decreases. Hence, the image decomposition involves two waveforms:
one to represent the high intensity changes called the wavelet function Ψ and the other
to represent the low intensity changes called the scaling function ∅.
One of the most popular wavelet transform is the Discrete Wavelet Transform
(DWT) [54-57]. It has three basic architectures [34]: level-by-level, line-based and
block-based. DWT is used within the lossy JPEG2000 Image Compression Standard
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[58]. Like JPEG, this technique also consists of preprocessing, transformation,
quantization and encoding steps. These steps are described as follows.

2.3.1. JPEG2000
JPEG2000 converts an image in the RGB color space into the YCbCr color
space. Like JPEG, the two chrominance channels, Cb and Cr, are downsampled by a
factor of two in the horizontal and vertical direction. Next, each of the above
mentioned three steps are applied on each channel separately. In the preprocessing
step, the number 127 is subtracted from each pixel value within the image matrix.
This is done for the same reason as mentioned earlier in case of JPEG. This is
followed by the transformation step.
In the transformation step, the Discrete Wavelet Transform with Daubecheis
9/7 filter is used. In this step, the image is first passed through a high-pass filter
(H.P.F.) and a low-pass filter (L.P.F.), simultaneously, as shown in Fig. 2.1. Both
filters are applied along the image columns. In this process, the image signal is split
into two image sub bands, 𝑠𝑏1 and 𝑠𝑏2 . The first sub band 𝑠𝑏1 is the high-pass filtered
version of the original image. The second sub band 𝑠𝑏2 is the low-pass filtered version
of the original image. The spatial bandwidth of each of these sub bands is half as
compared to the original image. Both sub bands are then subsampled by a factor of 2
along the columns, as shown in Fig. 2.1. This results in 𝑠𝑏1′ and 𝑠𝑏2′ . Sub sampling by
a factor of 2 means that, out of two consecutive pixel values, we keep only one of
them and discard the other. This is done because both sub bands consist of redundant
pixel values, and hence, one does not lose information significantly by removing
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alternate pixel values. After this, the high-pass and the low-pass filters are applied
along the rows of 𝑠𝑏1′ and 𝑠𝑏2′ , as follows.
The sub band 𝑠𝑏1′ is passed through high-pass filter (𝐻. 𝑃. 𝐹.1′ ) and low-pass
filter (𝐿. 𝑃. 𝐹.1′), simultaneously, as shown in Fig. 2.1. Both filters are applied along
the sub band rows. This results in two new sub bands, 𝑠𝑏3 and 𝑠𝑏4 . Each of the two
sub band has half the resolution as compared to 𝑠𝑏1′ . This means that these resultant
sub bands have one-fourth the resolution as compared to the original input image. The
same step is repeated for 𝑠𝑏2′ . This results in two sub bands, 𝑠𝑏5 and 𝑠𝑏6 , each of
which has half the resolution as compared to 𝑠𝑏2′ . Hence, there are four resultant sub
bands, 𝑠𝑏3 , 𝑠𝑏4 , 𝑠𝑏5 , 𝑠𝑏6 . Each of these sub bands are further downsampled by a
factor of 2. This results in sub bands HH, HL, LH and LL. The nature of each
resultant sub band is as follows. The first resultant sub band, HH, is derived by high
pass filtering along the image column followed by high pass filtering along the rows
of 𝑠𝑏1′ . Thus it extracts the diagonal image edges. The second resultant sub band, HL,
is derived by high pass filtering along the image columns followed by low pass
filtering along the rows of 𝑠𝑏1′ . This means that the vertical image edges are extracted.
The third resultant sub band, LH, is derived by applying low pass filter along the
image columns followed by applying high pass filter along the rows of 𝑠𝑏2′ . Thus the
horizontal image edges are extracted. The fourth sub band, LL, is derived by applying
low pass filter along the image columns followed by applying low pass filter along the
rows of 𝑠𝑏2′ . Hence, LL consists of the low frequency image content. These four sub
bands, HH, HL, LH, LL, are obtained in one iteration.
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During the second iteration, similar sub band partitioning can be applied by
taking any of the four sub bands as input image. However, further partitioning is only
done on the LL sub band. This is because this sub band consists of the maximum
image content compared to other sub bands. Hence, depending on the number of user
specified iterations, at each iteration, the LL sub band can be further be partitioned
into four new sub bands. This way of partitioning the LL sub band is called dyadic
partitioning.
The underlying physical concept in DWT is that, at each iteration, smooth
image information gets removed from the input sub band. This implies that the sub
bands resulting from each next iteration are coarser as compared to the input image /
sub band. Further, on each sub band, the quantization function is applied. For each sub
band, different quantization step size is computed. Like JPEG, the resultant quantized
irrational values are either rounded off or converted to zero. These values cannot be
recovered. The quantized values are further entropy coded. In the entropy coding step,
EBCOT (Embedded Block Coding with Optimized Truncation) [37] scheme is used.

Figure 2.1. Discrete wavelet transform image decomposition

27

Other wavelet based image compression algorithms consists of the Embedded
Zerotree Wavelet (EZW) [35], Set Partitioning In Hierarchical Trees (SPIHT) [36]
and EBCOT. Of these, the EZW algorithm generates the image bits in order of their
importance resulting in a sequence of binary decisions. This is one of the most
efficient compression algorithm which exploits the concept of self-similarity within
images to predict the significant information.

2.4

Fractal image compression
The underlying concept of this method is to find whether or not if one big

part of an image when transformed becomes similar to a smaller part of the same
image. If similarity is found, then at the decoder, the large image part can be made to
transform into the small image part. The underlying reason in such cases is that, if
similarity is found, this means that the information content within the small image part
is redundant. Hence, fractal compression exploits image redundancy through selftransformability. The compression and reconstruction scheme builds on the
partitioned iteration function system (PIFS). This is the underlying theory of fixed
point and collage theorems [38].

The fractal compression process starts by partitioning the image of size
𝑁𝑥𝑁 into large non-overlapping blocks of size 𝐷𝑥𝐷. These blocks are called
domain blocks. The domain blocks are further divided into four non-overlapping
small blocks of size 𝑅𝑥𝑅. These blocks are called range blocks. The size of each
domain block is larger than the size of the range block. The number of range
blocks is equivalent to (𝑁/𝑅)2. And the number of domain blocks is equivalent to
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(𝑁 − 2𝑅 + 1)2. Now, the first range block is selected. Each domain block is affine
transformed. Affine transform means that the block is rotated, skewed, stretched,
translated and scaled. Also, the size of the transformed domain block is reduced to
match the size of the range block. Next, each transformed domain block is compared
with the selected range block (search block). When a particular transformed domain
block closely resembles that range block, that transformed block is selected to
represent the selected range block. The transform parameters are then quantized and
encoded. The same process is repeated for each range block. Hence, the algorithm
mainly consists of image partitioning into domain and range blocks, finding the best
range block match for each transformed block, quantization and encoding of the
transform parameters.
This compression technique results in exhaustive search for the best match
between the transformed blocks and the search blocks. In order to speed up this
process, several algorithms have been developed. One such approach [39] categorizes
the search blocks. In this manner, instead of searching the entire set of search blocks,
only a subset is searched. Another approach speeds up the algorithm by arranging the
search blocks in a tree structure to direct the search [40]. The algorithm has also
shown improvement when the transformed blocks are approximated [41]. This
completely eliminates the need to search for an approximation.
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Chapter 3

Codebook design for vector
quantization using local image
information
In Chapter 2, we discussed the four popular lossy image compression
schemes. Out of the four methods, VQ has the ability to exploit statistical correlation
between neighboring vectors [87], [19]. On the other hand, the extent to which the
neighboring transform coefficients are correlated, is complex and depends on the
image data [30]. Also, VQ has the potential to achieve good quality reconstruction at a
high compression ratio [84]. As observed in Chapter 2, the VQ methods heavily
depend on the codebook employed. While reviewing the existing VQ algorithms, we
came across certain drawbacks in their codebook generation procedures which
motivated us to propose an improved VQ codebook generation algorithm.
Our main aim behind designing a new VQ codebook generation algorithm is
to reconstruct an image such that it is not only similar to the original image but also
appears sharper comparatively, even at high compression ratios. Out of the four
popular lossy compression schemes (described in Chapter 2), we propose an improved
algorithm that is based on VQ because of the following reason. In VQ, several aspects
(that are implemented) are employed in the formation of an efficient codebook.
Existing codebook generation algorithms have utilized most of these aspects in certain
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ways to achieve the desired result. While going through the existing VQ algorithms,
we found that there are still several ways to empirically modify these aspects in order
to form a codebook, such that it results in a better reconstruction quality, even at a
high compression ratio. We will first explain the limitations of existing VQ
algorithms. We will then explain the main differences between our proposed VQ
algorithm and the existing VQ algorithms.
Within the existing VQ methods (discussed in Chapter 2), the final
codewords are formed by taking the averages of specific vector groups. For example,
in the K-means and the LBG algorithms, each codeword is repeatedly updated until
the termination condition is satisfied; the updated value is the average of the vectors
with the shortest Euclidean distances to the codeword. In the KFCG algorithm, a
codeword is updated, until the termination condition is satisfied, such that its value is
the average of specific vector groups that belong to a subset of a group originating
from the training set. In the KEVRW algorithm, a codeword is updated, until the
termination condition is satisfied, such that its value is the average of the difference
between each vector within the training set and the codeword. This does affect the
image quality to a certain extent. In this Chapter, we propose a new codebook
generation algorithm that reconstructs the image more accurately from the beginning,
without having to use iterative updating. This is the main novelty in our approach.
That is, the image is partitioned into blocks and each element of the codeword is
extracted directly from each block to form the codeword. This implies that a single
codeword is formed from one image block. In the rest of the Chapter, we refer to
‘each element of the codeword’ as a ‘representative pixel’. These pixels represent the
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less commonly occurring information within the image block, from which they are
extracted. Thus, unlike existing methods, the codebook is formed directly without the
use of an initial codebook and in a non-iterative fashion. There are three differences
between the proposed codebook generation algorithm and the existing VQ algorithms.
Those three differences (which include the one explained above) are as follows:
1) In our proposed VQ algorithm, the image is partitioned into hexagonal blocks
instead of traditional rectangular blocks. This is because it has been qualitatively
demonstrated in [85] that the LBG vector quantization algorithm yields less artifacts
when hexagonal instead of rectangular blocks are used. In this Chapter, we
demonstrate this quantitatively. The use of hexagonal blocks yields less artifacts
compared to when rectangular blocks are used, due to the following reason. When
hexagonal blocks are used, the resulting lower perceptual significance of the artifacts
is due to the fact that the receptors of the human eyes follow a hexagonal structure
[86]. More specifically, rods and cones on the retina are densely packed such that the
shape of each cone cell and rod cell resembles that of a hexagon. So when looking at
an image, the image signal corresponds to hexagonal cells as it reaches the retina [64].
Thus the artifacts that occur as a result of hexagonal partitioning are less significant to
the human eye than those resulting from rectangular partitioning.
2) Our proposed algorithm extracts representative pixels directly from each hexagonal
block. Thus unlike the existing VQ methods, we do not convert each hexagonal block
into a vector and iteratively update it. The manner in which the representative pixels
are extracted will be elaborated in Step 3.
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3) In our proposed VQ algorithm, a training image block is much larger in size
compared to a test image block. This is unlike the existing methods, where the size of
a training image block is equal to the size of a test image block. This is not the case
with our proposed method due to the following reason. Our main aim is to reconstruct
the image such that it appears shaper than the original image. This implies that we
want the reconstructed image to exhibit a high contrast. In a high contrast image, the
intensity difference between any two adjacent pixels is higher compared to an image
with a low contrast. In order to have a high intensity difference between two adjacent
pixels, the (representative) pixels are extracted from a large image block. Within this
block, each of these pixels is extracted from a set of pixels. The set of pixels represent
less commonly occurring image information. The rationale behind it, is that when the
representative pixels are extracted from a set of pixels (belonging to a large image
block), such that each of these extracted

pixels represents the less commonly

occurring image information, it becomes "highly likely" that the intensity difference
between any two adjacent (representative) pixels will be high. Also since the
representative pixels are extracted from a large training image block and those pixels
are used to reconstruct a small test image block, the contours of the original image are
preserved. This, unfortunately, results in the image details not being preserved. This is
one of the drawbacks of our proposed VQ method which will be taken into
consideration for improvements in Chapter 4. The above has been further explained
and a mathematical proof of the same has been provided in Section 3.1.
Hence, the proposed codebook generation algorithm is explained below in the
following three steps.
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Step 1: In this step, the image is partitioned into non-overlapping hexagonal blocks.
In the following steps, one codeword will be extracted from each block. Each element
of this codeword will be a pixel that represents the pixels covered by a small window
within the block. This small window slides insides the hexagonal block.
Step 2: In this step, the size of the sliding window is determined. The window is slid
such that it divides the hexagonal block into small overlapping areas. Unlike the
traditional sliding window, which slides by one pixel in the horizontal direction and
then in the vertical direction, this window slides by more than one pixel in the
horizontal direction.
Step 3: At each location of the sliding window, a pixel that represents the unusual
image features is extracted. This is based on the mean of all pixels within the sliding
window and the median of a subset of these pixels.
The details of these steps are now explained:
Step 1:
This step describes how to obtain the area of the hexagonal blocks.
The proposed algorithm partitions every image in the training set into nonoverlapping hexagonal blocks. Let the total number of training images be Z and the
total number of all the hexagonal blocks in all the training images be J. The hexagonal
blocks are oriented as shown in Figure 3.1.
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Fig. 3.1. Image partitioned using hexagonal blocks

The area Ahex of the hexagonal block we used (with side length of lhex pixels),
is similar to the area of the rectangular block Arect used in existing methods.
Traditionally, a rectangular block of size 16x16 has been adopted (Arect=256). Hence,
we used a hexagonal block with side length lhex=10 pixels and area Ahex=260.
Due to the shape of the hexagonal blocks, four out of the six sides of each
hexagon are oriented diagonally. Thus, any artifacts that may result from such a
partitioning would be diagonally oriented. Such artifacts are perceptually less
significant than those resulting from rectangular partitioning [64]. However, an issue
that arises due to the hexagonal shape of the block is related to the uncovered regions
(e.g. regions 1, 2, 3 & 4 in Fig. 3.1) along the boundary of the “test” image that do not
belong to any hexagonal block. Such regions are reconstructed at the decoder which
will be explained later in this Section.
Step 2:
This step describes how the size of the sliding window is selected.
Once the image is partitioned into hexagonal blocks, a kxk window is slid
across each block so that it covers the maximum number of pixels in the block. The
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window is slid horizontally by more than one pixel as this will affect the compression
rate favorably.
We will show how the window is slid in the top half of the block i.e. how the
sliding window covers the pixels in the top half; covering the pixels in the lower half
of the block will be done in a similar fashion. As shown in Fig. 3.2a and Fig. 3.2b,
the window starts at the top-left corner of the block, slides horizontally along the first
row, once the end of that row is reached, the window then starts at the leftmost pixel
in the nearest adjacent row in the block, and so on. As soon as the window reaches the
middle row(s) of the block, it will not be able to cover the two corner pixels (shaded
regions 1 & 2), unless the window size is one pixel only.
At each position of the window inside the block, one representative pixel is
extracted from the window. The set of these pixels forms a codeword that represents
this hexagonal block. The length of the codeword is thus equal to the total number of
windows that can fit inside the block. The number of windows is in turn related to two
aspects: 1) the size of the sliding step as the window moves horizontally i.e. the
number of pixels that would belong to the region that gets overlapped by two
consecutive horizontal windows, and 2) the window size.
With regard to the first aspect, as the window slides horizontally, we need to
achieve a good compromise between the image quality (which suffers if the number of
pixels that belong to the overlapping consecutive windows is small) and reconstruct a
sharp image (which would not be possible if this number is large). For this purpose,
we (empirically) fixed the number of pixels so it would be equal to or less than half
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the window size in pixels. Once the window is slid horizontally and reaches the end of
the first row within the block, the window slides vertically by one pixel only to the
next row. The rationale is to have every pixel (or as many as possible) that lies at a
hexagonal block boundary to belong to at least one window. This makes the
codewords longer, but overall the resulting rate will be favorable as will be seen from
the results in Section 3.2.
In terms of the window size, a smaller window size would result in a long
codeword and thus affect our goal of reconstructing a sharp image. On the other hand,
when the window size is large, three issues arise that negatively affect the image
quality. First, in each window, it will be difficult to find one pixel that can well
represent this large number of pixels within the window. Second, the number of
windows that a pixel, which is close to a hexagonal block boundary, belongs to would
be less than the number of windows that the rest of the pixels would belong to. As a
representative pixel is extracted from each window, this would result in a more
accurate reconstruction of the areas near the block center compared to those near the
block boundaries. This affects the image quality. It should be noted that the number of
windows a pixel would belong to increases as the window size increases. This
particular issue is related to the first aspect mentioned above. Third, there are some
pixels within the hexagonal block that would not belong to any window. This also
degrades the image quality. In order for the sliding window to cover the maximum
number of pixels in the hexagonal block it is slid within, the length of the window
side in pixels is set to be an even number, if the length in pixels of the hexagonal
block side is even, as shown in Fig. 3.2a. Also, the side length of the window in pixels
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Fig.3.2.a Movement of sliding window within hexagonal block with even pixels side length

Fig.3.2.b Movement of sliding window within hexagonal block with odd pixels side length

is set to be odd if the block side length is odd as shown in Fig. 3.2.b. In terms of the
window size, we empirically found that a good compromise between the two window
sizes is to have the window side length in pixels to be equal to or less than half the
hexagonal block side length in pixels i.e. to have k ≤ lhex/2 as is the case in Figs. 3.2a.
and Fig. 3.2b.
For illustration purpose, two cases are presented in Fig. 3.2a. and Fig. 3.2b. In
our experiments, however, the side of the hexagonal blocks used was lhex=10 pixels.
Figures 3.2a. and Fig. 3.2b. represent hexagonal blocks with an even and odd

38

number of pixels on each side respectively. Each cell in both the Figures represents
one pixel. We determine k using the above k ≤ lhex/2 rule. In case of Fig. 3.2a.,the 𝑘 =
8
2

= 4(𝑒𝑣𝑒𝑛) i.e. window size is selected to be 4x4. In case of Fig. 3.2.b, 𝑘 has to be

less than 4.5, which is a fractional value and hence not acceptable. Taking into
consideration the fact that the block length in pixels is odd, the window length in
pixels is reduced till an odd and acceptable window size i.e. 3x3 is reached. In case of
Fig. 3.2.a., the window is slid by 2 pixels horizontally. The same also applies to Fig.
3.2b in this case. In both cases, the window slides by one pixel in the vertical
direction.
Step 3:
This step describes the proposed codeword extraction procedure.
From each hexagonal block, one codeword is extracted. Each element in the
codeword is extracted from each location of the sliding window. The codeword is of
length K+2 (114+2=116 in our algorithm) where K is the maximum numbers of
possible sliding windows that can fit inside the hexagonal block, and the other 2
elements in the codeword are to represent the pixels at the two corners of the
hexagonal block, that cannot be covered by the sliding window.
In order to determine the representative pixel at each location of the sliding
window, we aim to select a pixel (in each such window) that best represents the less
common image features within the window. These features are usually represented by
high intensity changes such as sharp transitions between two regions of different
intensities or image edges. Hence, a representative pixel is defined as a pixel that is
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NOT similar to the majority of the pixels in the window it belongs to. There are two
reasons behind selecting these image pixels. The first reason stems from the
sensitivity of the human visual system to the position of high intensity changes within
the image [65]. The second reason is that, as mentioned in the beginning of this
Chapter, since these pixels exhibit high contrast, hence, when these pixels are selected
to reconstruct any given test image, the reconstructed image is expected to be sharp
then the original image. This has been mathematically proved in Section 3.1.
To find such a pixel, we obtain the mean of the pixels within each window.
The pixels are then divided into two classes, those whose intensities are higher than
the mean and those whose intensities are lower than the mean. The pixels in the class
with less number of pixels are denoted as the representative pixels of the window (this
is because they are less similar to the majority of the pixels in that window). Then a
single representative pixel v is obtained from the set of representative pixels. In our
implementation, we selected the median of the set of representative pixels, to
represent the window. The median is selected because the sum of the distances
between the median and the other pixels within the set is minimum. This implies that
the median pixel is more similar to the pixels present within the set.
The above process is repeated for each sliding window in each hexagonal
block hl. The collection of these median values in hl forms a codeword c1 in the
codebook. In other words, the codeword c1 is a concatenation of the K median values
Due to the hexagonal shape of the block, the two shaded regions of the
training blocks as shown in Fig. 3.2a. and Fig. 3.2b. at the horizontal left and
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horizontal right corners of the block are not covered by the sliding windows. At each
of these two corners, the median of the uncovered pixels are computed. These two
medians are concatenated with the K representative pixels. Hence, the number of
pixels in each codeword is K+2. The whole process is repeated for each hexagonal
block hl in the training set and hence J codewords are generated, [c1, c2, c3, … , cJ]T.
The collection of these codewords forms the Jx(K+2) codebook, where J represents
the total number of all the hexagonal blocks in all the images in the training set i.e. the
size of the codebook.
In order to examine the improvement offered by using the hexagonal blocks
only (i.e. had we used hexagonal blocks with a traditional VQ method), we apply the
LBG algorithm but with instead of using the conventional rectangular blocks, we
partition the image into non-overlapping hexagonal blocks. The hexagonal blocks are
converted into vectors to form the training set and the codebook is formed in the same
way as in the LBG algorithm described earlier.
We then study the improvement offered by our proposed codeword formation
approach only, but now using rectangular blocks instead of hexagonal ones to
partition the images. Each such block is partitioned into kxk overlapping rectangular
windows and the proposed codeword formation step is applied to the windows.
Once the codebook is generated, encoding and decoding of the “test” image
in our algorithm differs from the existing methods in two aspects only. First, at the
encoder, as mentioned earlier in this Chapter, the hexagonal block size used for
partitioning the “test” image is not the same as the size used when the “training”
images were partitioned. The test image block size is equal to the length of a
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codeword. Since the length of the codeword is 116, the hexagonal block size of the
test image in our algorithm has a side length of 6 pixels. Hence, at the decoder, a
codeword reconstructs a hexagonal block of size 116. Second, due to the hexagonal
block shape, certain portions along the test image boundary would not belong to any
block. Our algorithm does not encode these regions. They are simply extrapolated
from the reconstructed image using the corresponding regions within the nearest
hexagon. For example, in our experiments, each such region is divided into smaller
regions as shown in the inset of Fig. 3.1 for region 3. All the pixels belonging to a
specific row (in a sub-region represented by orange, black, red or green color) or a
specific column (in the blue sub-region) are assigned the same value. This value is the
median of the pixels belonging to the same row or column of the immediate
neighboring hexagonal block. As long as these regions are small in size, it was found
that the aforementioned reconstruction approach does not have any significant
negative affect on image quality. For this purpose, we empirically found that the
image quality is not significantly affected if the hexagonal block lhex ≤ 14 pixels.

3.1

Quantitative proof as to why the representative

pixels give good results
As mentioned earlier, it is highly likely that the consecutive representative
pixels exhibit high contrast. Hence, if we place them together, we expect the image to
appear sharp than the original image. A sharp image exhibits high contrast. Ideally,
the contrast should be high such that the contours within the image appears more
pronounced. It should not be so high so that the image content appears unnatural. We
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now demonstrate why the selected representative pixels reconstructs the image at the
decoder in a sharp manner. We carry out the demonstration using the image of the girl
shown in Fig. 3.3. We place the extracted representative pixels (obtained as described
in our proposed VQ algorithm) together as shown in Fig. 3.4. We compare this Figure,
in terms of its sharpness, with three other Figures of the same size. The pixels in those
three Figures represent 1) average of every three consecutive pixels (in the horizontal
direction) computed from the original image, as shown in Fig. 3.5, 2) first of every
three consecutive pixels (in the horizontal direction) extracted from the original
image, as shown in Fig. 3.6, and 3) median of every three consecutive pixels (in the
horizontal direction)s extracted from the original image, as shown in Fig. 3.7.

TABLE 3.1
COMPARISON OF THE FOUR IMAGES WITH REPRESENTATIVE PIXELS PLACED TOGETHER, IN TERMS OF AVERAGE CONTRAST PER PIXEL

Images where pixels represent
Less common image information
Median
First of three every three consecutive pixels
Average

Average Contrast per pixel
10.7604
9.5139
9.1168
8.5518

Fig.3.3. Original image
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Fig.3.4. Each pixel within this
image is the representative pixel
(as described in our VQ
algorithm)

Fig.3.5. Each pixel within this
image represents the average of
every three consecutive pixels
computed from the original
image

Fig.3.6. Each pixel within this
image represents the first pixels of
every three consecutive pixels
extracted from the original image

Fig.3.7. Each pixel within this
image represents the median of
every three consecutive pixels
extracted from the original image

We measure the sharpness of an image in terms of average contrast per pixel
as follows. An image pixel is selected. The summation of differences between that
pixel and its immediate neighboring pixels is computed. The resultant summation is
divided by the number of immediate neighboring pixels. This gives the average
difference between an image pixel value and its immediate neighboring pixel values.
In this manner, the average difference between each image pixel value and its
immediate neighboring pixel values is calculated. This is followed by taking the
average of all the resultant average differences.
From Table 3.1, one can conclude that Fig. 3.4 is the sharpest. Fig. 3.7 is less
sharp than Fig. 3.4 but it is sharper than Fig. 3.5 and Fig. 3.6. This is followed by Fig.
3.6 and then Fig. 3.5. Now, we will explain this difference in image sharpness.
Fig. 3.4: As mentioned earlier, when the average of the set of pixels within a sliding
window is taken, that value represents the balance between the large values and the
small values within the window. The values falling above the average forms one class
and the values falling below the average forms the other class. The representative
pixel is then extracted from the class that consists of less number of pixels. The
extracted representative pixel will then be the one that occurs less commonly within
that window. Now, when we extract the representative pixel from a consecutive
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window, that representative pixel will also be the one that occurs less commonly
within that window. Since the two consecutive representative pixels occur less
commonly within the two consecutive windows, it becomes highly likely that there
will be a high contrast between these two pixels. If there is high contrast between
consecutive pixels, the image appears sharp.
Fig. 3.5: In this Figure, the original image is downsampled by taking the average of
every three consecutive pixels. The resulting downsampled image appeared the most
blurred compared to the other three downsampled images. This is because the average
value represents the balance between the large and the small values within the set of
values from which the average is computed. Since the average value represents a
balanced value (which is usually a new resultant value), the resulting image is
expected to be blurred. Also, the average does not deal well with pixel values that
vary extremely.
Fig. 3.6: In this Figure, the image is downsampled by selecting the first pixel out of
every three consecutive pixels. The image is blurred but not as compared to Fig. 3.5.
The only reason would be because Fig. 3.6 is reconstructed using pixels extracted
directly from the image. This is unlike Fig. 3.5 where the pixels are average values.
These average values, more often, might not be equal to any of the pixel values within
the set of values from which the average is computed.
Fig. 3.7: In this Figure, the original image is downsampled by taking the median of
every three consecutive pixels. The resulting image is quite sharp compared to Fig.
3.5 and Fig. 3.6. The median value is the value in the middle of the dataset. That
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means this value would represent the commonly occurring values and does not get
affected by the values that vary extremely within the set. The only concern when
using the median pixel as a representative pixel from the complete set of pixels would
be that the high intensity pixel values that a significant infrequently occurs might get
ignored.

3.2

Experimental results
The proposed algorithm is implemented using MATLAB R2013a on Intel

Core i7-4500U, 2.40 GHz, 8.00 GB RAM. The aforementioned codebook generation
algorithms are tested on six different classes of RGB images. These images are
categorized as follows. The Mandrill1 image consists of dense texture and frequent
high intensity changes. The foreground and background in the Bear2 image consist of
high amount of texture and lighting variations. Brandy Rose3 consists of gradual
changes in most part. This is the same as in the Peppers1 image which consists of
uniform intensity in most parts and variations in lighting. Lena1 consists of dense
texture, gradual and sharp intensity changes. Pills4 mostly consists of uniform
intensities along with few abrupt intensity changes. Each of these images is of size
256x256x3. Each class has a set of four training images.
The comparison of the seven methods 1) K-Mean 2) LBG, 3) KFCG 4)
KEVRW 5) the proposed algorithm 6) the LBG algorithm that uses hexagonal blocks
and 7) the proposed codeword formation but using rectangular instead of hexaogonal
blocks are shown in Tables 3.2, 3.3, 3.4 and 3.5 for codebooks of size 64, 128, 256,
1

Courtesy of the Signal and Image Processing Institute at the University of Southern California
Copyright photos courtesy of Robert E. Barber, Barber Nature Photography (REBarber@msn.com)
3
Copyright photo courtesy of Toni Lankerd
4
Copyright photo courtesy of Karel de Gendre
2
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and 512 respectively, on color images. The aim is to compare the methods in terms of
the MSE and the computational time for the same compression rates. However it is
extremely difficult to compress the images so that the same exact compression rate is
obtained for all seven methods. Therefore the compression rates corresponding to the
seven methods were very close for each codebook size. For example, for codebook
size 128, the rates were 73.9% 75.5%, 75%, 75.6%, 76.1%, 73.3% and 74.1% for the
1) K-Mean 2) LBG, 3) KFCG 4) KEVRW 5) proposed algorithm 6) LBG using
hexagonal blocks and 7) the proposed codeword formation using rectangular blocks.
It can be observed that the compression rate for the proposed method was selected to
be the highest, yet despite this fact, this method yielded the best MSE.
For methods 1, 2, 3, 4 and 7, the images were divided into non-overlapping
rectangular blocks of size 16x16(area =256). Methods 5 and 6 used hexagonal blocks
with lhex = 10 pixels (area =260). The sliding window inside each hexagonal block in
methods 5 and 7 was of size 4x4.
From the tables, one can conclude the following:
1) the MSE and the computational time are the highest for Bear image while MSE is
the lowest (best) for Brandy Rose and the computational time is the lowest (best) for
Lena.
2) the MSE and the computational time are the highest (worst) for K-means and the
lowest (best) for the proposed algorithm. This is regardless of whether it used
hexagonal or rectangular blocks.
3) the use of hexagonal blocks reduces the MSE but increases the computational time.
4) the proposed codeword formation algorithm contributes more towards reducing the
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MSE and the computational time than the use of hexagonal blocks.
Hence it can be concluded that in terms of MSE and computational time, the
use of hexagonal blocks results in better performance than rectangular blocks (as
demonstrated by the performance of LBG and our method). It can also be deduced
that computing the codewords by directly extracting the local image information
improves the reconstruction accuracy as well as reduces the computational time (as
demonstrated by the performance of the proposed method whether it uses hexagonal
blocks or rectangular ones).
Table 3.6 shows the average percentage improvement in terms of MSE and
computational time brought about by three methods: the proposed algorithm, the LBG
algorithm with hexagonal blocks and the proposed codeword formation method using
rectangular blocks over existing methods: the K-means, LBG, KFCG and KEVRW
algorithms. The overall average percentage is computed by averaging the values of all
the methods across the six images and across the four codebook sizes. From this table,
we conclude that the LBG algorithm with hexagonal blocks is better than LBG with
rectangular blocks in terms of MSE. Also the codeword formation process (in the
proposed algorithm) contributes more towards the better performance than the
contribution offered by hexagonal blocks. Even though the images compressed by the
proposed algorithm had the highest compression rates, this method still provided the
most improvement compared to existing methods, in terms of MSE and computational
time.
Figure 3.8 and Fig. 3.9 show the variations in the MSE and the computational
time respectively, for similar compression rates, using one test image, for each of the
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six image classes, for all seven methods and for varying codebook sizes: 64, 128, 256,
and 512. From Figure 3.8, we conclude that the MSE is highest for the K-means
algorithm and lowest for the proposed method. Also, MSE is the highest for
codebooks of size 64 and lowest for codebooks of size 512. From Figure 3.9, it can be
concluded that the computational time is the highest for the K-means algorithm and
the lowest for the proposed method. It is also the lowest for codebooks of size 64 and
reaches the highest value for codebooks of size 512.
Figure 3.10 shows the six test images5, which are also of size 256x256x3.
Figure 3.11 shows the training images5 used to obtain the codebook of the
“Face” images class. This codebook is used for the test image (Lena). Please note that
the number and content of training images have been experimentally determined such
that the resulting codebook generates good reconstruction quality.
Figure 3.12 shows the original and the reconstructed Lena image (test image).
This image is used to compare K-Means, KFCG, and the proposed algorithm for a
codebook of size 512, along with their MSE respectively.

5
Images
obtained
from
the
University
http://sipi.usc.edu/database/database.php?volume=misc
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of

Southern

California

Image

Database:

TABLE 3.2
COMPARISON OF THE EIGHT METHODS IN TERMS OF MSE AND COMPUTATIONAL TIME FOR SIX RGB IMAGES, FOR CODEBOOK SIZE: 64

Mandrill

Codebook size 64
Brandy rose

Bear

Lena

Peppers

Pill

Parameters

K-Means
LBG
KFCG
KEVRW
Proposed
LBG with
hexagonal
blocks
Proposed
method with
rectangular
blocks

MSE

time

MSE

Time

MSE

time

MSE

time

MSE

time

MSE

time

118.95
101.32
90.69
83.25
65.13

1.12
0.93
0.88
0.72
0.43

121.32
106.48
98.56
81.21
68.42

1.36
1.01
0.66
0.54
0.57

92.50
81.85
79.93
66.55
47.94

1.17
1.02
0.86
0.52
0.46

113.48
94.54
81.29
77.71
51.12

0.84
0.71
0.65
0.50
0.37

99.66
83.78
79.17
72.35
59.86

0.91
0.84
0.63
0.52
0.46

95.12
82.53
78.88
63.09
46.19

1.13
1.04
0.87
0.66
0.47

92.40

0.94

103.06

1.07

77.91

1.08

91.24

0.76

78.35

0.92

77.70

1.10

79.08

0.60

73.85

0.52

58.14

0.48

65.45

0.43

65.56

0.49

55.84

0.51

TABLE 3.3
COMPARISON OF THE EIGHT METHODS IN TERMS OF MSE AND COMPUTATIONAL TIME FOR SIX RGB IMAGES, FOR CODEBOOK SIZE: 128

Mandrill

Codebook size 128
Brandy rose

Bear

Lena

Peppers

Pill

Parameters

K-Means
LBG
KFCG
KEVRW
Proposed
LBG with
hexagonal
blocks
Proposed
method with
rectangular
blocks

MSE

time

MSE

time

MSE

time

MSE

time

MSE

time

MSE

time

93.56
87.43
78.81
71.78
59.55

1.66
1.07
0.90
0.75
0.51

119.31
98.75
86.80
73.29
63.68

1.75
1.43
1.31
0.97
0.62

80.34
76.89
68.77
54.06
43.48

1.44
1.29
0.95
0.89
0.62

98.73
87.87
75.33
64.82
40.19

1.05
0.91
0.82
0.53
0.41

96.83
83.03
74.44
69.95
56.85

1.07
0.93
0.85
0.62
0.51

83.58
79.81
71.22
60.73
43.80

1.49
1.32
1.30
1.05
0.77

83.70

1.09

89.22

1.45

72.31

1.32

81.35

0.97

72.88

0.98

74.86

1.37

66.11

0.58

68.85

0.71

50.35

0.66

53.25

0.47

61.90

0.58

52.98

0.80
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TABLE 3.4
COMPARISON OF THE EIGHT METHODS IN TERMS OF MSE AND COMPUTATIONAL TIME FOR SIX RGB IMAGES, FOR CODEBOOK SIZE: 256

Mandrill

Codebook size 256
Brandy rose

Bear

Lena

Peppers

Pill

Parameters

K-Means
LBG
KFCG
KEVRW
Proposed
LBG with
hexagonal
blocks
Proposed
method
with
rectangular
blocks

MSE

time

MSE

time

MSE

time

MSE

time

MSE

time

MSE

time

85.98
73.56
70.85
62.81
44.92

1.89
1.22
1.35
0.80
0.73

104.26
91.83
82.60
65.42
50.29

1.92
1.76
1.52
1.02
0.85

71.29
68.19
55.30
43.73
32.22

1.61
1.44
0.98
0.82
0.63

85.30
76.53
67.46
55.48
36.85

1.31
1.11
0.70
0.65
0.54

85.60
74.90
67.51
66.23
49.89

1.34
1.16
1.08
0.97
0.62

76.64
75.85
69.00
52.72
38.24

1.65
1.41
0.76
0.73
0.62

70.33

1.26

83.54

1.78

63.87

1.48

64.50

1.20

65.87

1.27

70.77

1.49

57.98

0.78

58.23

0.91

38.84

0.72

43.29

0.58

58.55

0.69

47.57

0.68

TABLE 3.5
COMPARISON OF THE EIGHT METHODS IN TERMS OF MSE AND COMPUTATIONAL TIME FOR SIX RGB IMAGES, FOR CODEBOOK SIZE: 512

Mandrill

Codebook size 512
Brandy rose

Bear

Lena

Peppers

Pill

Parameters

K-Means
LBG
KFCG
KEVRW
Proposed
LBG with
hexagonal
blocks
Proposed
method
with
rectangular
blocks

MSE

time

MSE

time

MSE

time

MSE

time

MSE

time

MSE

time

69.51
65.60
58.82
54.83
35.55

2.33
2.06
1.60
1.34
0.98

95.28
85.10
74.78
57.47
38.89

2.25
2.06
1.72
1.31
1.10

54.48
50.36
43.26
35.88
21.56

2.17
2.02
1.71
1.66
1.19

74.94
60.83
53.36
48.54
29.87

1.87
1.56
1.43
1.27
0.88

72.85
63.19
55.34
49.72
37.05

2.02
1.95
1.78
1.39
1.00

69.16
56.85
45.70
36.59
25.86

1.94
1.78
1.55
1.35
0.92

61.02

2.11

79.41

2.13

45.67

2.12

51.52

1.61

58.01

1.98

52.29

1.82

46.69

1.05

49.58

1.16

27.33

1.24

40.48

0.93

42.39

1.07

29.46

1.04
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TABLE 3.6
THE AVERAGE PERCENTAGE IMPROVEMENT OF THE PROPOSED ALGORITHM; THE LBG ALGORITHM WITH HEXAGONAL BLOCKS, THE PROPOSED ALGORITHM
WITH RECTANGULAR BLOCKS OVER K-MEANS, LBG, KFCG, AND KEVRW, IN TERMS OF MSE AND COMPUTATIONAL TIME FOR SIX RGB IMAGES

Improvements of proposed algorithm over

K-Means

LBG

KFCG

KEVRW

MSE

49.62%

42.98%

36.33%

25.94%

computational time

56.41%

49.25%

39.29%

24.44%

MSE

18.38%

7.61%

-3.06%

-16.66%

computational time
Improvements of proposed codeword formation
with rectangular blocks over

10.90%

-3.60%

-19.42%

-35.25%

MSE

40.16%

32.27%

24.37%

12.03%

computational time

52.56%

44.78%

33.93%

17.78%

Mean Square Error between
original and reconstructed image

Improvements of LBG with hexagonal blocks over

120.00
100.00
80.00
codebook size: 64

60.00

codebook size: 128

40.00

codebook size: 256
20.00

codebook size: 512

0.00
K-Means
LBG
LBG with
KFCG
KEVRW
Compression Compression hex. Blocks Compression Compression
rate:73.9% rate:75.5% Compression rate:75%
rate:75.6%
rate:73.3%

Proposed
Proposed
algorithm
algorithm
with rect. Compression
Blocks
rate:76.1%
Compression
rate:74.1%

Fig. 3.8. Comparison of the eight methods in terms of MSE tested on six RGB images for varying codebook size
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Computational time for image
reconstruction

2.25
2.00
1.75
1.50
codebook size: 64

1.25

codebook size: 128

1.00

codebook size: 256

0.75

codebook size: 512

0.50
0.25
0.00
K-Means
LBG with
LBG
KFCG
KEVRW
Proposed
Proposed
Compression hex. Blocks Compression Compression Compression algorithm
algorithm
rate:73.9% Compression rate:75.5% rate:75% rate:75.6% with rect. Compression
rate:73.3%
Blocks
rate:76.1%
Compression
rate:74.1%

Fig. 3.9. Comparison of the eight methods in terms of computational time tested on six RGB images for varying codebook size

Mandrill

Peppers

Bear

Lena

Brandy rose

Pills

Fig. 3.10. Six original color test images, each of size 256x256x3
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Fig. 3.11. Training images used to obtain codebook that was
then tested using the Lena image

Original image (Zoomed)

K-Means, MSE: 74.94

KFCG, MSE: 53.36

Proposed Algorithm, MSE: 29.87

Fig. 3.12. Original and reconstructed Lena image (test image) for Kmeans, KFCG and the proposed method for codebook of size 512
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Chapter 4

Color image quantization using
perceptual information
In Chapter 3, we presented a new vector quantization compression method
which we call the codebook generation algorithm. From the many aspects of this
algorithm, there are three, which if modified or replaced by different procedures,
would further improve the image quality. These three aspects relate to: 1) the set of
infrequent pixel values from which a representative pixel is selected, 2) the use of
codewords to reconstruct the image, 3) the use of training images to form the
codebook. These three aspects along with the manner in which they can be modified
or replaced with better ones, are discussed as follows:
1)

In constructing the codewords for our codebook generation algorithm, a

representative pixel is selected (from a small region) that represents the less
commonly occurring information in this region. This information is used to
reconstruct the image. This results in reconstructed images that appear sharper than
the original image. This, however, has the disadvantage that the image details are not
well preserved. The image quality can be further improved if the “information”
represented by the pixels selected from within the set is modified. We can modify this
information such that the reconstructed image is truer to the original image. The
information is modified such that the set would consist of pixels that are similar, as
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determined from a particular point of view (this particular point of view is based on
how the image is perceived and will be explained later in this Section). This set would
not be biased towards a particular image region (image region exhibiting high or low
intensity changes). The selection of a representative pixel from the set consisting of
similar pixels basically implies that the pixels that are redundant, as determined from
a particular point of view, are not coded.
2)

At the decoder of our codebook generation algorithm, the codeword which is

nearest to a particular test image vector, is selected to reconstruct the test image region
corresponding to that vector. This means that the particular image region is
reconstructed using a codeword that is “approximately” equal to that region. This
implies that not each pixel value within that region might be similar (equal or very
close) to the corresponding pixel value within the codeword. This still results in an
overall good image quality. However, if each image pixel value within the small
image region is reconstructed with a value that is similar to the former pixel value, the
image quality would improve even further. More specifically, we do not have to
reconstruct the small image region using an approximately equivalent vector. We can
reconstruct each pixel within that region using a representative pixel that is similar, as
determined from a particular point of view, to the pixel being reconstructed. Such a
technique eliminates the use of training images and codebook i.e. it is not a VQ
method in the traditional sense.
3)

In case of our proposed codebook generation method, in order to obtain a

good result, we need to carefully select the training images such that the brightness of
most of those images is the same as the brightness of the test image (that is being
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compressed and transmitted). The reconstruction quality would be adversely affected
otherwise. This problem of taking the image brightness into consideration can be
solved by eliminating the use of training images. This implies that instead of forming
a codebook from the training images and further using that codebook to compress and
reconstruct a test image, the test image can be reconstructed using the information
extracted from the same image.
We aim to incorporate the above two modifications to form a new
compression algorithm, that is also lossy. This is done to improve the image quality
compared to that resulting from the codebook generation algorithm proposed in
Chapter 3. There are five differences between the proposed codebook generation
algorithm and the newly proposed algorithm. Those five differences (which include
the two aspects explained above) are as follows:
1) The method proposed in this Chapter is implemented on the CIEL*a*b* color
space instead of the RGB color space used in the former method. We will explain in
Section 4.2 as on why we use a different color space.
2) This method divides the image into non-overlapping rectangular blocks instead of
non-overlapping hexagonal blocks which is used in Chapter 3. This difference will be
further elaborated in Section 4.5.
3) In this algorithm, a representative pixel represents a set of pixels that are redundant
as determined from a particular point of view. This particular point of view is the
human perception. Hence, the redundant pixels are “color pixels” which are
perceptually similar to one another. Perceptual similarity of color pixels will further
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be explained in Section 4.1. This is unlike the former method where the representative
pixel represents a set of less common image information.
4) In the present method, as mentioned above, we also deal with “color” pixels. This
means that at each stage of this method, the three channels are processed for every
pixel, in a sequential manner. This is unlike the former method, which like the
traditional VQ algorithms, forms a separate codebook for each image channel (color).
Each codebook then encodes the corresponding test image channel. Using the encoded
information, each test image channel is then reconstructed at the decoder. The three
reconstructed image channels are then merged.
5) In the former algorithm, an index of the codeword that is closest to a test image
region is transmitted. The codeword corresponding to that index is then used to
reconstruct that image region. This is unlike the present method, where the following
three information items that are related to a block are transmitted and used for
reconstruction. The representative pixel values that are selected from an image block
are transmitted. The index of the block from which these values are selected is also
transmitted. The index of pixel values within that block from which the representative
pixels are selected, are transmitted as well. At the decoder, the pixel values
corresponding to the sent indices are reconstructed using their representative pixel
values. This will be explained in Section 4.6.
The latter method is however similar to (but not the same as) the former
method in terms of how the representative pixel is extracted. This will be explained in
Section 4.5.
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4.1

Key idea
The key idea behind our newly proposed algorithm is to compress the image

by removing “perceptual color redundancies”. The perceptual color redundancies are
removed by transmitting the minimal number of pixels that represent perceptually
similar color pixels. Two pixels are said to be perceptually similar if the human eye
perceives the color information (e.g. luminance, chrominance) of both pixels to be the
same or very close to one another. Also, if any color information within a pixel is
changed by a certain amount, the human eye should perceive that change by the same
(corresponding) amount. The perceptual similarity between two pixels can
mathematically be determined only in a perceptually uniform color space.
The term perceptually uniform and the choice of color space is explained in
Section 4.2. In Section 4.4, we discuss the metric that will be used to mathematically
determine the perceptual similarity between two color pixels. In Section 4.5, our
proposed compression algorithm is explained. This algorithm does not require the use
of a codebook.

4.2

Perceptually uniform color space
Perceptual uniformity in a color space has a similar definition as perceptual

similarity. A color space is said to be perceptually uniform if the perceived difference
between two color pixels in a color space is proportional to the Euclidian distance
between them. Also, in a single color pixel, small changes in one parameter, such as
brightness, should be perceived proportionally by the human eye [81].
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In RGB color space, the difference between two color pixels is
mathematically not proportional to how the human eye perceives the difference [66].
This is true for CMYK and HSV color spaces as well [76]. The color space which
exhibits perceptual uniformity is the CIEL*a*b* color space [76], [77]. Hence, the
algorithm we propose In this Chapter is processed in the CIEL*a*b* color space.

4.3

CIEL*a*b* color space
The CIEL*a*b* color space consists of three channels L*, a*, and b*. The L*

channel corresponds to the perceived brightness. Its value ranges from 0 (black) to
100 (white). The a* channel corresponds to green-red values. And the b* channel
corresponds to blue-yellow values. The two colors within the a* and the b* channels
oppose each other. So, both the color channels are based on the facts that colors
cannot be both green and red or both blue and yellow. Each channel ranges form
positive to negative values. Within the a* channel, the positive values indicate the
amounts of red and negative values indicate the amounts of green. Similarly, within
the b* channel, the positive value indicate the amounts of yellow while the negative
values indicate the amounts of blue. For both the channels, zero indicates a neutral
gray color. Both the channels range from either −100 𝑡𝑜 + 100 or −128 𝑡𝑜 + 127.
However, in our implementation, instead of the traditional channel ranges as stated
above, the range for each channel varies from 0 (L*: black, a*: green and b*: blue) to
255 (L*: white, a*: red and b*: yellow). This is because we implemented our
algorithm in MATLAB. In MATLAB, the channel values are represented using
unsigned bit integer value. This, by definition, cannot be negative [88]. The asterisk
after each channel is placed to distinguish this color space from the Hunter’s Lab

60

color space [82]. These channels are related to the X, Y, Z trichromatic values [71] as
follows:
𝑌
𝐿 = 116 𝑓 ( ) − 16
𝑌𝑛
𝑋
𝑌
𝑎 = 500[𝑓 ( ) − 𝑓 ( )]
𝑋𝑛
𝑌𝑛
𝑌
𝑍
𝑏 = 200[𝑓 ( ) − 𝑓 ( )]
𝑌𝑛
𝑍𝑛
3

Here, 𝑓(𝜇) = {

√𝜇
16
7.787𝜇 + 116

𝜇 > 0.008856
𝜇 < 0.008856

where 𝑋𝑛 = 0.95047, 𝑌𝑛 = 1.00000 and 𝑍𝑛 = 1.08883 are the XYZ trichromatic
values representing the reference white light.

4.4

Metric to determine the perceptual similarity
The perceptual similarity between two colors is computed using a metric that

is specific to the CIEL*a*b* color space.

Some of the customized CIEL*a*b*

metrics includes CIE76, CIE94, CIEDE2000 and CMC metrics [68]. Numerous
studies have been conducted to demonstrate how accurately the different metric
systems, specific to CIEL*a*b* color space, perform in determining whether one
color pixel is perceptually similar to another color pixel [69], [78], [79], [80]. One
such study [4] carried out a visual data comparison for the different CIEL*a*b* color
space metrics. In this study, the CIEDE2000 color metric [78] outperformed the other
metrics in terms of its accuracy in characterizing the perceptual color similarity. It
performed slightly better than the Color Measurement Committee (CMC) metric [72].
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However, the CIEDE2000 metric is computationally complex while the CMC metric
is computationally simpler. Hence, taking into consideration the computational
complexity, the CMC color difference model is used in our algorithm. CMC is the
Color Measurement Committee of the Society of Dyers and Colourists (UK) widely
used in the textile industry to match bolts of cloth [83].
The base formula of the CMC (l:c) metric used in our algorithm which
determines if two color pixels (𝐿∗1, 𝐴1∗ , 𝐵1∗ ) and (𝐿∗2, 𝐴∗2 , 𝐵2∗ ) are perceptually similar is
given by ∆𝐸 ∗ as follows:

∆𝐻 ∗ 2
∆𝐿∗ 2
∆𝐶 ∗ 2
∆𝐸 ∗ = √( ̅̅̅ ) + (̅̅̅̅̅ ) + (̅̅̅̅̅̅ )
𝑆ℎ
𝑙. 𝑆𝑙
𝑐. 𝑆𝑐
Two color pixels in CIEL*a*b* color space are determined to be perceptually
similar if the ∆𝐸 ∗ value of the two pixels is less than one [67]. Here, ∆𝐶 ∗ is the
chroma difference:

∆𝐶 ∗ = √𝐴1∗ 2 + 𝐵1∗ 2 − √𝐴∗2 2 + 𝐵2∗ 2
∆𝐿∗ is the lighting difference:
∆𝐿∗ = 𝐿∗1 − 𝐿∗2
∆𝐻 ∗ is the hue perceptual difference:

∆𝐻 ∗ = √2(((√𝐴1∗ 2 + 𝐵1∗ 2 ) (√𝐴∗2 2 + 𝐵2∗ 2 )) − ((𝐴1∗)(𝐴∗2)) − ((𝐵1∗ )(𝐵2∗ )))
𝑙 and 𝑐 are weight factors that can be changed to vary the effect of lightness and
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chroma, respectively. Usually 𝑙 = 1 and 𝑐 = 1, then CMC (l:c) is written as CMC
(1:1). In case the lightness and chroma are varied, the values should be such that the
𝑙: 𝑐 ratio is equal to 2:1. In this case, CMC (l:c) is written as CMC (2:1). 𝑆ℎ, 𝑆𝑙 and 𝑆𝑐
are semi-axes corresponding to hue, chroma and lightness represented as follows.
0.040975𝐿∗1
𝑆𝑙 = {1 + 0.01765𝐿∗1
0.511

𝑆𝑐 =

𝐿∗1 ≥ 16
𝐿∗1 < 16

0.0638√𝐴∗2 2 + 𝐵2∗ 2
1 + 0.0131√𝐴∗2 2 + 𝐵2∗ 2

+ 0.638

𝑆ℎ = 𝑆𝑐(𝐹𝑇 + 1 − 𝐹)

Here, 𝐹 = √

(√𝐴∗2 2 +𝐵2∗ 2 )4
(√𝐴∗2 2 +𝐵2∗ 2 )4 +1900

and

0.56 + |0.2 cos(168 + ℎ∗ )|
𝑇={
0.36 + |0.4 cos(35 + ℎ∗ )|

164𝑜 < ℎ∗ < 345𝑜
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐵∗

where, ℎ∗ = tan−1(𝐴2∗ )
2

The ∆𝐸 equation corresponds to an ellipsoid shape of equal perceptual
distances which represents a difference in color sensation [7]. The accuracy of the
CMC metric in representing the average perceived color difference is about 65% [70].
This means that there is 35% chance that the two color pixels that are determined to
be (or not to be) perceptually similar to one another, is not true. The representative
pixel is computed by taking this error bar into consideration as explained in Section
4.5.
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We again mention that two color pixels are “perceptually similar”, then both
the pixel values are perceptually equal or very close to one another. That is, two
perceptually similar color pixels might appear the same or slightly different.

4.5

Proposed compression algorithm
As discussed at the start, the proposed algorithm in this chapter mainly differs

from the proposed method that uses a codebook, in two aspects. The two aspects are
1) a representative pixel is selected from a set of perceptually similar pixels instead of
a set of less common pixels, and 2) instead of reconstructing the whole pixels of the
small image region simultaneously using a codeword from a codebook, each pixel
value within the small image region is reconstructed using a representative pixel. As
mentioned in Chapter 2, vector quantization is one of the many popular lossy image
compression techniques. Some of the other commonly used lossy compression
techniques includes JPEG, JPEG2000, and fractal compression. The proposed
algorithm in this Chapter does not use a codebook. Its performance is compared with
these three methods along with proposed method (in Chapter 3) that use a new
codebook generation algorithm. Below, we briefly summarize the discussions in
Chapter 2 on each of these three techniques and highlight the step within each that
makes them lossy.
In case of JPEG, an image is partitioned into small non-overlapping image
blocks. For each image block, DCT is applied as follows, 𝐵 = 𝑈𝐴𝑈 𝑇 where 𝑈 is DCT
coefficient matrix and 𝐴 is the small image block. Since the DCT coefficient matrix 𝑈
is known, this step becomes reversible. However, the values of the coefficients within
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the resultant DCT matrix 𝐵 are mostly irrational. In order for these coefficients to be
efficiently encoded, they need to be quantized and entropy encoded (by Huffman
coding). The values are quantized. In the quantization step, each value within the DCT
matrix is divided by a predefined value. The resultant irrational quantized values
within the matrix that are closer to zero are converted to zero. The rest of the irrational
quantized values are rounded to the nearest integers. Hence, the values near zero that
are converted to zero and those rounded to the nearest integers cannot be recovered.
This quantization step is similar to that used in JPEG2000 lossy compression
algorithm. In JPEG2000, the entire image tile is transformed into a number of
different image sub bands using Daubechies 9/7 filter. Each image sub band is
quantized in a similar manner as described above. As in JPEG, the resultant irrational
quantized values are converted to zero and rounded to the nearest integers which
cannot be recovered.
In case of fractal compression, an image is partitioned into non-overlapping
rectangular blocks (domain blocks). These blocks are further partitioned into four
non-overlapping small blocks (range blocks). A range block is selected. Next, each
domain block is affine transformed. Each transformed domain block is then compared
with the selected range block to see if a particular transformed domain block closely
resembles a range block. The address of the range block that closely resembles that of
the transformed domain block is transmitted along with the domain block and the
affine transform components. At the decoder, the range block is reconstructed using
the corresponding transform block pixel values.
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As observed from the above, the numerical format of the resultant quantized
image matrices in case of JPEG and JPEG2000 are changed so that they can be easily
encoded. Such a change (the rounding of pixel values or conversion to zero) cannot be
reversed. Hence, these values forever lose their true identity. This leads to a loss in
image content thus affecting the image quality. In case of fractal compression, a
transform block that is closest to a range block reconstructs that range block. In this
case, each pixel value within the transform block may or may not be equal to the
corresponding pixel value within the block being reconstructed. Such an approximate
reconstruction process does affect the image quality to a certain extent. Hence, in our
proposed algorithm, we reconstruct each image pixel using a representative pixel that
is perceptually similar to that pixel. This is explained below in the following steps.
Step 1: The image is divided into non-overlapping rectangular blocks. Each image
block is converted into a vector.
Step 2: In every vector, the CMC (1:1) metric is used to determine the perceptually
similar color pixels. Based on the results obtained from this metric, this vector is
divided into a number of sub vectors (groups). Each sub vector consists of
perceptually similar color pixels. The number of sub vectors is equal to the number of
perceptually dissimilar color pixels present in that vector.
Step 3: From each sub vector of each block, a representative pixel is extracted. The
representative pixel is extracted in a similar (but not the same) manner as that
extracted in our codebook generation algorithm in Chapter 3.
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Step 1:
The test image (of size NxN) is converted from the RGB color space to the
CIEL*a*b* color space. Each image channel i.e. L*, a* and b*, is partitioned into
non-overlapping rectangular blocks of size MxM. Unlike our codebook generation
algorithm, we do not divide the image into hexagonal blocks due to the following
reason. In the proposed codebook generation algorithm, all pixel values within a small
hexagonal image block are reconstructed together using a codeword. Such a
reconstruction may result in artifacts at the boundaries of the hexagons. Diagonal
artifacts have the advantage of not being as significant to the human eye as compared
to vertical or horizontal artifacts. However, in our newly proposed algorithm, the
pixels are reconstructed separately. Such a reconstruction would not result in
partitioning artifacts. Hence, there is no need to divide the image into hexagonal
blocks as there will not be diagonal artifacts (that are not significant to the human eye)
to take advantage of. So for simplicity, we divide the image into rectangular blocks
instead of hexagonal ones. Also, we divide the image into small sized blocks instead
of large sized block. This is because when the information is formed from small
blocks, we save more number of bits as will be explained in Section 4.6.
Once the test image of size NxN is divided into rectangular blocks of size
MxM, as shown in Fig. 4.1, the total number of blocks into which the image is
partitioned will be J where J = N*N/M*M. During the partitioning of the image into
rectangular blocks, we ensure M to be a multiple of N so that the total number of
image blocks in a particular row or a particular column i.e. N/M, is an integer. Each
image block is composed of three image block channels i.e. L*, a* and b* channels.
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Fig. 4.1. Illustration of image dimension, block index and pixel index

Each such block is assigned an index bl where bl∈{1,2,…,J} as shown in Fig. 4.1. This
index bl is assigned for reconstruction purposes as will be explained in Section 5. The
total number of pixel values within each such block is s such that s = M*M.
Furthermore, each pixel within each image block is assigned an index pl where
pl∈{1,2,…,s} as shown in Fig. 4.1. This index pl is also assigned for reconstruction
purposes as will be explained in the Section 4.6. For each channel, each image block
is converted into an image vector. This implies that each block within each channel is
converted into a vector. Hence, for each image channel, we have J vectors. This
implies that for each image, we have 3*J i.e. 3*((N/M)*(N/M)) vectors (‘3’ because
one image has 3 channels). For each of these 3*J image vectors, the CMC (1:1) metric
is used to determine the perceptually similar color pixels.
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Step 2:
We will first provide an overview of this Step. The detailed implementation
will be provided next.
For each image block, the CMC (1:1) metric is used to determine the
perceptually similar color pixels. Based on the results obtained from the metric,
numerous groups, each consisting of perceptually similar color pixels, are formed
from each block. From each group, a representative color pixel is extracted. The
extraction of the representative color pixel will be explained in detail in Step 3.
We now explain this Step in detail. The first image (color) vector is selected.
Each pixel within this vector is assigned a label 1. The first image (color) pixel from
the vector is selected. Please note that each image pixel consists of three pixels
corresponding to L*, a*, b* channels. The selected image (color) pixel becomes a
reference pixel. The label of the reference pixel is changed to 0. Next, the perceptual
similarity between the reference image pixel and the rest of the (color) pixels within
the first image vector is determined using the CMC (1:1) metric. If any of the image
pixels is determined to be perceptually similar to the reference image pixel, the label
of that particular image pixel is changed to 0. Next, within the first image vector, only
those image pixels whose labels are 0 are selected and placed together in a new image
sub vector (group). Also, these image pixels are deleted from the first image vector.
The size of the newly formed image group is equal to the number of image pixels that
are perceptually similar to the reference image pixel.
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In the same manner, the above process is repeated again and a new group is
formed where each pixel is perceptually similar to a newly selected reference pixel.
More new groups are formed from the first image vector until all image pixels are
deleted from that vector. The number of newly formed groups from the first image
vector is equal to the number of perceptually dissimilar image pixels present within
that vector. In the same manner, groups are formed from each image vector
corresponding to each image block. Hence, one can safely conclude from this Step
that the algorithm is exhaustive and the resultant computational time is quite high.
Step 3:
So far, the image is divided into vectors J and every vector is divided into a
group of pixels. Each group is an image sub vector where every pixel is represented
by three entries corresponding to its three (L*, a* and b*) components. We then
extract a representative pixel from each group. There are two conditions for selecting
this representative image pixel. We first outline these two conditions and then explain
the process of extracting the representative pixel.
The two conditions are as follows. First, as mentioned before, there is 35%
chance that any two image pixels that are determined to be perceptually similar, might
not be true. This implies that each pixel in a group would be 1) an image pixel that is
perceptually the same as the reference image pixel; 2) an image pixel that perceptually
differs by a small amount from the reference image pixel, or 3) an image pixel that is
not perceptually similar to the reference image pixel (it happens to be in the group due
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to 35% error probability). We do not want the representative vector to belong to those
mentioned in the third class above.
The second condition is as follows. The representative pixel is a “color”
pixel. This means, a representative pixel must have three components, one from each
L*, a* and b* channel. If for each channel in every group, we select a representative
pixel but these selected pixels do not correspond to the same image pixel, then the
combination of the three channel pixels would result in a different color. Hence, in
this algorithm, the representative pixel is extracted from the L* channel only. Once
the representative pixel is extracted from the L* channel, the a* and the b* entries
corresponding to the L* value will be selected. The representative pixels are selected
based on the L* channel since our eyes are more sensitive to changes in brightness
rather than changes in color [73], [74], [75].
The representative image pixels are selected as follows. Within a group, the
entries corresponding to the L* channel are sorted. The average of the sorted L*
values is computed. The pixel values above the average form one class and the pixel
values below the average form another class. The number of pixels in each class is
computed. The class having the larger number of pixels is selected to be the set of
pixels from which the representative pixel is selected. The class we selected in this
algorithm is different from the class selected in our codebook generation algorithm.
This is why we mentioned earlier that the representative pixel extraction approach we
use in this method is similar “but not the same” as the one used in our codebook
generation algorithm in Chapter 3. Here, we select the class with the larger number of
pixels because we do not want the representative pixel to belong to the third class
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mentioned earlier in this Step. Since such pixels occur less frequently i.e. there is 35%
chance of their occurrence, they are more likely to fall within the class having a
smaller number of pixels.
It is highly likely that the class with the higher number of pixels might consist
of color pixels that perceptually differ from one another by a small amount. Hence, we
select the representative pixel value as follows. From the class having the larger
number of pixels, the pixel value that corresponds to the median within the L* channel
is selected as the representative pixel of the group. Thus, the values within the a* and
b* channels corresponding to the selected value within the L* channel are
automatically chosen. As mentioned in Chapter 3, we select the median pixel value
since it is more similar to the pixels that are present within the class. In the same
manner, the representative image pixel from each group is extracted. We mention
again that the number of representative image pixels is equal to the number of
perceptually dissimilar color pixels within an image block. This significantly affects
the computational time but is much favourable in terms of the image quality as can be
observed in Section 4.7. Other than an increased computational time, there are two
other drawbacks of this method. The first drawback is that, as mentioned above, it is
highly likely that a pixel (that happens to be in a group due to 35% inaccuracy of the
metric) would fall within the class consisting of less number of pixels. This implies
that there still a (small) "possibility" that such a pixel would fall within the class
consisting of large number of pixels. If this happens, there is a chance that this pixel
could be selected as a representative pixel. The reconstruction of image using such a
representative pixel would adversely affect the image quality. The second drawback is
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that, there is also a possibility that an image content which is large and perceptually
significant is reconstructed using the pixels that are not the same as the pixels that are
being reconstructed. This also does affect the image quality in a negative manner to
certain extent. Once the representative color pixels are extracted, they are indexed,
transmitted and the image is reconstructed as described in the Section below.

4.6

Image reconstruction
As mentioned earlier, each image block is assigned an index bl that identifies

the location of the block in the image. Within an image block, each pixel is assigned
an index pl that identifies the location of each pixel within a block. Each image block
is converted into a vector. Each pixel within this vector is represented by three entries
corresponding to the three image channels (L, a*, and b*). The vector of each image
block is then divided into many image groups. Each group consists of perceptually
similar color pixels. From each group, a representative image pixel is extracted. The
indices bl and pl of the representative image pixel and its three values are then
transmitted (or stored) as follows.
For the first group within an image block, the index bl of the block is first
transmitted. The “number of color pixels” in the first group is sent next. This is
followed by transmitting the index pl of every pixel in that group. Then the three
channel values of the representative pixel of the group is transmitted. In the same
manner, the same information is transmitted for the second group and so on until the
last group within that image block is reached. For the last sub vector for the same
image block, only its representative image pixel value is transmitted. Please note that
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for the last sub vector, the number of pixels within the last sub vector and the index of
those pixels are not transmitted. This is because once the indices of all the color pixels
from the previous sub vectors within a particular block are transmitted, the pixel index
within the last sub vector will be known as they are the only ones left. Hence,
transmitting only the representative pixel value would take care of those pixels. In this
manner, we save space by not transmitting the number of pixels and the indices of
those pixels for the last group. As mentioned earlier, this has an advantage when small
sized blocks are used instead of large sized blocks. For example, the number of bits
transmitted from a block of size 16x16 would be much less compared to the number
of bits transmitted from a block of size 64x64.
We illustrate the above process as follows. Assume an image is divided into
two blocks and each block consists of nine pixels. Assume the first block consists of
two image sub vectors, each consisting of perceptually similar color pixels. This
means there will be two representative image pixel values for this block. The first
color sub vector consists of 4 pixels of index 2, 3, 4, 8 and the representative “image”
pixel value (110, 116, 108) corresponding to L*, a* and b* channels, respectively.
The second sub vector belonging to the first block consists of 5 pixels, indexed 1, 5, 6,
7, 9 and a representative image pixel value (26, 22, 27). The second block consists of
two image sub vectors. This means there will be two representative image pixel

Fig. 4.2. Example indexing of blocks and pixels belonging to that block
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values. The first sub vector belonging to the second block consists of 4 pixels of index
2,6,7,8 and a representative image pixel value (39, 160, 209) corresponding to L, a*,
and b* channels. The second sub vector belonging to the second block consists of 5
pixels, each indexed 1, 3, 4, 5, 9 and a representative image pixel value (80, 63, 106).
The information would be transmitted as shown in Fig. 4.2.

4.7

Experimental results
The proposed algorithm is implemented using MATLAB R2013a on Intel

Core i7-4500U, 2.40 GHz, 8.00 GB RAM. This algorithm is tested on the same six
RGB images as the one used to test the method using codebook in Chapter 3:
Mandrill6, Bear7, Brandy Rose8, Peppers1, Lena1 and Pills9. Each of these images is of
size 256x256x3.
This method is compared with our proposed codebook generation algorithm
(in Chapter 3) along with the three popular lossy image compression algorithms: 1)
JPEG, 2) JPEG2000, and 3) Fractal compression. The results are shown in Tables 4.1,
4.2, 4.3 and 4.4 for compression ratios 5:1, 8:1, 10:1, and 16:1 respectively. The aim
is to compare the methods in terms of PSNR, SSIM and computational time for the
same compression rates.
For JPEG and fractal compression methods, the images were divided into
non-overlapping rectangular blocks of size 16x16 (area =256) (we refer to domain
block size in case of fractal compression). For JPEG2000, we applied three iterations
of DWT using Daubechies 9/7 filter. The resulting image consisted of 1 blur block + 9
6

Courtesy of the Signal and Image Processing Institute at the University of Southern California
Copyright photos courtesy of Robert E. Barber, Barber Nature Photography (REBarber@msn.com)
8
Copyright photo courtesy of Toni Lankerd
9
Copyright photo courtesy of Karel de Gendre
7
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detail blocks = 10 blocks. In the proposed VQ algorithm of Chapter 3, we used
hexagonal blocks with lhex = 10 pixels (area =260). The sliding window inside each
hexagonal block in this method was of size 4x4.
From the tables, one can conclude the following:
1)

In terms of algorithm performance, the PSNR, the SSIM and the

computational time are the highest (best) for the algorithm in this Chapter and the
lowest (worst) for JPEG.
2)

In terms of image type, the PSNR and the SSIM are the lowest (worst) for

Bear image. This is closely followed by Mandrill image. This is because in both
images, it can be observed that the pixel values change frequently from one pixel to
the next, compared to other images. On the other hand, the PSNR and the SSIM are
the highest (best) for Pills image. This is because Pills image mostly consists of
uniform intensities. For the same reason, the computational time is the highest (worst)
for Bear image and the lowest (best) for Pills image.
Table 4.5 shows the average percentage improvement in terms of the PSNR,
the SSIM and the computational time of the proposed algorithm (without codebook)
over the proposed codebook generation algorithm in Chapter 3 and the existing
methods: JPEG, JPEG2000, Fractal compression. The overall average percentage is
computed by averaging the values of all the methods across the six images and across
the four compression ratios. From this table, we conclude that the method proposed in
this Chapter is highly exhaustive. It does not only has the highest computational time
but the computational time difference between this method and any of the four
methods is significantly large. However, for the same compression rate, this method
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provided the most improvement compared to existing methods and the proposed
codebook generation algorithm, in terms of PSNR and SSIM.
Figures 4.3, 4.4 and 4.5 show the variations in the PSNR, the SSIM and the
computational time, respectively, for each of the six image classes, for all five
methods and for varying compression ratios: 5:1, 8:1, 10:1, and 16:1. From Figure
4.3, 4.4, and 4.5, we conclude that the PSNR, the SSIM and the computational time is
the highest for the proposed algorithm and the lowest for JPEG method. Also, the
same measures are the highest for compression ratio 5:1 and the lowest for
compression ratio 16:1.
Figure 4.6 shows the six images5, which are of size 256x256x3.
Figure 4.7 shows the original and the reconstructed Lena image. This image is used
to compare JPEG, JPEG2000, JPEG, fractal compression, the proposed codebook
generation algorithm and the proposed algorithm without codebook of compression
ratio 5:1, along with their PSNR, respectively.
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TABLE 4.1
COMPARISON OF THE FIVE METHODS IN TERMS OF PSNR, SSIM AND COMPUTATIONAL TIME FOR SIX RGB IMAGES, FOR COMPRESSION RATIO 5:1

PSNR

time

Lena
SSIM

time

PSNR

Peppers
SSIM

time

PSNR

Pill
SSIM

time

Parameters

PSNR

Proposed algorithm

57.44

0.95

3.35

52.16

0.91

3.12

66.54

0.97

2.95

70.19

0.98

2.02

70.19

0.98

2.79

76.58

0.99

1.16

Proposed VQ
algorithm
JPEG 2000
Fractal compression
JPEG

55.62
45.66
39.81
35.50

0.90
0.90
0.86
0.87

1.30
0.98
0.94
0.84

48.77
41.08
36.63
31.19

0.88
0.85
0.82
0.81

1.36
1.10
1.02
0.96

59.13
51.27
48.97
41.54

0.97
0.95
0.91
0.87

1.20
1.19
0.80
0.67

65.33
55.02
50.04
43.81

0.95
0.92
0.90
0.87

1.23
0.88
0.83
0.70

65.33
55.02
50.04
43.81

0.97
0.95
0.92
0.87

0.99
1.00
0.77
0.63

68.00
59.81
53.67
47.55

0.98
0.96
0.91
0.89

0.94
0.92
0.70
0.59

time

Bear
SSIM

Compression ratio 5:1
Brandy Rose
PSNR
SSIM
time
PSNR

Mandrill
SSIM

TABLE 4.2
COMPARISON OF THE FIVE METHODS IN TERMS OF PSNR, SSIM AND COMPUTATIONAL TIME FOR SIX RGB IMAGES, FOR COMPRESSION RATIO 8:1

PSNR

time

Lena
SSIM

time

PSNR

Peppers
SSIM

time

PSNR

Pill
SSIM

time

Parameters

PSNR

Proposed algorithm

49.27

0.90

2.64

49.11

0.95

2.40

57.98

0.96

2.38

51.82

0.93

1.89

67.14

0.96

1.83

70.04

0.97

1.95

Proposed VQ
algorithm
JPEG 2000
Fractal compression
JPEG

40.81
37.63
32.18
29.50

0.88
0.85
0.82
0.80

0.84
0.73
0.77
0.70

38.76
35.07
28.74
24.44

0.84
0.82
0.80
0.78

0.91
0.85
0.80
0.75

47.33
45.05
40.45
39.13

0.94
0.90
0.89
0.88

0.70
0.63
0.50
0.39

43.41
40.19
36.66
32.24

0.92
0.88
0.85
0.82

0.78
0.54
0.52
0.43

60.03
51.12
46.61
39.88

0.94
0.93
0.89
0.87

0.66
0.62
0.46
0.33

64.98
53.21
48.74
42.10

0.96
0.94
0.91
0.91

0.66
0.62
0.42
0.31

time

Bear
SSIM

Compression ratio 8:1
Brandy Rose
PSNR
SSIM
time
PSNR

Mandrill
SSIM

TABLE 4.3
COMPARISON OF THE FIVE METHODS IN TERMS OF PSNR, SSIM AND COMPUTATIONAL TIME FOR SIX RGB IMAGES, FOR COMPRESSION RATIO 10:1

PSNR

time

Lena
SSIM

time

PSNR

Peppers
SSIM

time

PSNR

Pill
SSIM

time

Parameters

PSNR

Proposed algorithm

43.52

0.89

2.43

43.72

0.87

2.12

50.13

0.95

1.76

47.62

0.92

1.62

54.29

0.95

1.89

66.80

0.97

1.76

Proposed VQ
algorithm
JPEG 2000
Fractal compression
JPEG

38.87
35.21
29.85
24.14

0.86
0.83
0.81
0.79

0.75
0.51
0.46
0.41

40.44
35.55
30.16
26.43

0.82
0.81
0.77
0.76

0.84
0.62
0.60
0.54

44.69
43.12
39.02
36.22

0.93
0.91
0.86
0.85

0.45
0.62
0.40
0.31

40.86
37.54
32.43
27.65

0.90
0.88
0.84
0.83

0.60
0.41
0.42
0.34

49.73
46.03
41.59
39.00

0.94
0.91
0.87
0.86

0.41
0.51
0.40
0.29

59.37
50.24
43.33
40.19

0.95
0.93
0.90
0.88

0.62
0.77
0.35
0.25

time

Bear
SSIM

Compression ratio 10:1
Brandy Rose
PSNR
SSIM
time
PSNR

Mandrill
SSIM

78

TABLE 4.4
COMPARISON OF THE FIVE METHODS IN TERMS OF PSNR, SSIM AND COMPUTATIONAL TIME FOR SIX RGB IMAGES, FOR COMPRESSION RATIO 16:1

PSNR

time

Lena
SSIM

time

PSNR

Peppers
SSIM

time

PSNR

Pill
SSIM

time

Parameters

PSNR

Proposed algorithm

33.79

0.80

1.87

33.43

0.77

2.00

39.87

0.88

1.23

37.15

0.83

1.31

44.72

0.90

1.10

54.23

0.94

0.90

Proposed VQ
algorithm
JPEG 2000
Fractal compression
JPEG

29.81
20.22
16.85
16.29

0.78
0.75
0.72
0.69

0.56
0.43
0.35
0.21

30.87
22.52
20.70
18.43

0.74
0.70
0.68
0.67

0.73
0.57
0.40
0.37

36.81
30.11
21.44
18.12

0.85
0.82
0.80
0.77

0.37
0.46
0.20
0.15

33.41
26.99
19.48
16.65

0.83
0.79
0.74
0.71

0.48
0.37
0.23
0.18

40.85
33.90
24.12
20.39

0.88
0.85
0.82
0.81

0.40
0.46
0.18
0.16

49.84
44.32
39.81
34.88

0.94
0.91
0.87
0.86

0.32
0.47
0.15
0.14

time

Bear
SSIM

Compression ratio 16:1
Brandy Rose
PSNR
SSIM
time
PSNR

Mandrill
SSIM

TABLE 4.5
THE AVERAGE PERCENTAGE IMPROVEMENT OF THE PROPOSED ALGORITHM OVER PROPOSED CODEBOOK GENERATION ALGORITHM, JPEG2000, FRACTAL
COMPRESSION, JPEG , IN TERMS OF PSNR, SSIM AND COMPUTATIONAL TIME FOR SIX RGB IMAGES

Improvements
of proposed
algorithm over

Proposed
algorithm
with
codebook

PSNR

11.76%

28.98%

47.78%

66.71%

SSIM
Computational
Time

2.22%

5.75%

9.52%

12.20%

-169.33%

-197.06%

-281.13%

-359.09%

JPEG2000

Fractal
compression

JPEG

PSNR between original a nd
reconstructed image

70.00
60.00
50.00
Compression ratio 5:1

40.00

Compression ratio 8:1
30.00

Compression ratio 10:1
Compression ratio 16:1

20.00
10.00
0.00
Proposed
algorithm

Proposed VQ
algorithm

JPEG 2000

Fractal
compression

JPEG

Fig. 4.3. Comparison of the five methods in terms of PSNR tested on six RGB images for varying compression ratios
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Structural Similarity Index between
original and reconstructed image

1.20
1.00
0.80
Compression ratio 5:1
0.60

Compression ratio 8:1
Compression ratio 10:1

0.40

Compression ratio 16:1

0.20
0.00
Proposed
algorithm

Proposed VQ
algorithm

JPEG 2000

Fractal
compression

JPEG

Fig. 4.4. Comparison of the five methods in terms of SSIM tested on six RGB images for varying compression ratios

Computational time for image
reconstruction

3.00
2.50
2.00
Compression ratio 5:1
1.50

Compression ratio 8:1
Compression ratio 10:1

1.00

Compression ratio 16:1

0.50
0.00
Proposed
algorithm

Proposed VQ
algorithm

JPEG 2000

Fractal
compression

JPEG

Fig. 4.5. Comparison of the five methods in terms of computational time tested on six RGB images for varying compression ratios
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Mandrill

Bear

Peppers

Brandy rose

Lena

Pills

Fig. 4.6. Six original color test images, each of size 256x256x3

Original image (Zoomed)

Fractal compression, PSNR: 50.04

JPEG2000, PSNR: 55.02

JPEG, PSNR: 43.81

Alg. without codebook, PSNR: 70.19

Alg. with codebook, PSNR: 65.33

Fig. 4.7. Original and reconstructed Lena image for the proposed
codebook generation algorithm JPEG, JPEG2000, fractal compressions,
proposed algorithm using codebook for compression ratio 5:1
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Chapter 5

Summary and Conclusion
We propose two new quantization algorithms for color image compression.
The first proposed algorithm has two steps: 1) dividing the training images into
hexagonal blocks and 2) extracting the representative pixels from a set of less
commonly occurring pixels within these blocks to form codewords. Thus, unlike
existing methods which takes the average of certain training vector groups as
codewords and use many iterations to update them, we form the codewords directly
from the image blocks without using iterations. This is done by extracting pixels that
represent infrequent (unusual) information in each block in the image. This is the
main aspect that differentiates our proposed algorithm from existing VQ methods.
This method can be used for compression and reconstruction of grayscale or color
images. This method is compared with two prominent and two recent codebook
generation algorithms. The second proposed method improves the image quality
compared to that resulting from the first proposed algorithm. The following two main
changes are incorporated in the second proposed method: 1) the representative pixels
are extracted from a set of “perceptually” similar color pixels instead of a set of less
commonly occurring pixels and 2) the image pixels are reconstructed using the closest
representative pixels instead of constructing an entire small image region
simultaneously using codeword. Since the representative pixels are extracted from a
set of perceptually similar color pixels, this method only applies to compression and

82
82

reconstruction of color images. This method is compared with our proposed codebook
generation algorithm along with three prominent lossy image compression algorithms.
From the experimental results, one can conclude that the proposed codebook
generation algorithm gives the best results amongst all methods compared to. The
improvements are 49.62%, 42.98%, 36.33% and 25.94% over the K-means, LBG,
KFCG and KEVRW algorithms respectively, in terms of the MSE for similar
compression rates. Also a significant reduction in the computational time is observed.
The proposed algorithm reduces the computational time by 56.41%, 49.25%, 39.29%
and 24.44% compared to these algorithms, respectively. For the proposed algorithm
that does not use a codebook, one can conclude that this method has better
performance compared to the former algorithm and JPEG, JPEG2000 and fractal
based algorithms. The improvements are 11.76%, 28.98%, 47.78% and 66.71% over
proposed codebook generation algorithm, JPEG2000, fractal compression and JPEG,
in terms of the PSNR for similar compression rates. However, this algorithm is
computationally expensive compared to the rest. The proposed algorithm increases the
computational time by 169.33%, 197.06%, 281.13% and 359.09% compared to the
aforementioned algorithms, respectively. For all methods, it is observed that the
reconstructed image of ‘Bear’ is the most distorted amongst the test images. This
implies that images with high texture or having frequently occurring high intensity
changes tend to have the highest error rates.
In order to demonstrate the effectiveness of each of the two aspects of our
proposed codebook generation algorithm (i.e. the use of hexagonal blocks and the
proposed codeword extraction procedure), we tested the contribution of each of these
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aspects in terms of compression error and computational time. The first test used
hexagonal blocks but varied the codeword formation process and the second test used
the proposed codeword formation process but varied the type of the blocks. The
proposed algorithm (using hexagonal blocks and the proposed codeword extraction
procedure) yielded better results than 1) the LBG method that used hexagonal blocks
and 2) the proposed codeword extraction procedure that used rectangular blocks
(where both types of blocks had similar sizes). From the results obtained by the LBG
method using hexagonal blocks, one can conclude that dividing the image into
hexagonal blocks (instead of rectangular blocks) improves the performance of the
LBG algorithm by 7.61% in terms of MSE. However, the computational time is
increased by 3.60%. When the proposed method used rectangular blocks instead of
hexagonal ones, the improvements over existing methods also increased but to a lesser
degree than when hexagonal blocks were used. The improvements here ranged from
40.16% to 12.03% over the K-means and KEVRW algorithms respectively, in terms
of MSE; and from 52.56% to 17.78% for the same methods in terms of the
computational time. Thus the proposed codeword extraction procedure plays a more
important role than that of using hexagonal blocks, in terms of reducing the error rate
and the computational time. Also, we show why the representative pixels selected
from the set of less commonly occurring pixels reconstructs the image with better
contrast. We placed the extracted representative pixels together. We compare this
image with the three other images, in terms of contrast per pixel, where representative
pixels are computed using three different statistical methods. It was observed that the
average contrast per pixel for the image using representative pixels (extracted in our
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proposed codebook generation algorithm) is the highest compared to the other three
images, thus, implying that the selected representative pixels reconstructs sharper
looking images. The image reconstructed by the second proposed method however
yield images that are truer to the original ones.
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Appendix A

Underlying Mathematical
Principles
In this chapter, we review the underlying mathematical concepts related to
image compression and, in particular, lossy image compression.
The area of image compression belongs to the domain of signal coding.
Signal coding is a generalized area of study whose foundation lies in information
theory. Information theory is a mathematical framework related to communication
laid down by Claude E. Shannon in his paper [10]. More specifically, in this chapter,
we first briefly review the information theory concepts: information source and
entropy of a source in Section A.1. We then explain them in terms of lossless image
compression, briefly. In Section A.2, we discuss the Rate-Distortion theory where
lossy image compression will come into light.

A.1. Information Source and Entropy
According to source coding theory, a sequence of data 𝑑0 , 𝑑1 , … , 𝑑𝑖 that is
encoded, is emitted from an information source. In this context, the each data point
within the above sequence can mean each pixel with an image. Also, the term
information, related to some event, represents the probability of occurrence of that
event. In other words, according to information theory, the occurrence of a data point
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𝑑𝑖 gives 𝑙𝑜𝑔2

1
𝑝𝑖

bits of information. This implies that the information we get from a

data is inversely related to the probability of its occurrence. This means that the
occurrence of data that has already been predicted gives us no new information. And
hence, the occurrence of data that is least predicted gives a lot of information. In the
intermediate case where the occurrence is equally likely and unlikely to happen, we
1

receive 1 bit information when the data occurs. More specifically, we do get 𝑙𝑜𝑔2 𝑝

3

bits of information when 𝑑3 occurs. This means that the average number of bits of
1

information we obtain from observing 𝑑3 is ∑3𝑖=0 𝑝𝑖 𝑙𝑜𝑔2 . This quantity is called
𝑝𝑖

entropy of a source, denoted by 𝐻. It was proposed by Shannon in 1948.
Definition given a source that outputs data 𝑑0 , 𝑑1 , … , 𝑑𝑖 with probabilities
𝑝0 , 𝑝1 , … , 𝑝𝑖 respectively, the entropy of a source is defined as
𝑀

𝐻 = ∑ 𝑝𝑖 𝑙𝑜𝑔2
𝑖=0

1
𝑝𝑖

In this manner, the significance of the information source lies in entropy. The
significance of entropy in turn lies in coding the data that are emitted from a source. In
simple terms, entropy represents the average number of bits required to encode the
data emitted from a source. This implies that the particular source will be represented
by atleast 𝐻 number of bits. These bits will be unique such that they are decodable at
the reconstruction end. Since entropy is the measure of uncertainty, the more random
the consecutive data values are, the higher will be the entropy. Hence, now the
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question is, how the unpredictability, within a sequence, can be modelled so as to
reduce the entropy.
Realistically, the sequence of data that occurs is time varying and
unpredictable. In case the data is predictable, the transmitter would not even bother
sending it to the user. Such an unpredictability is modelled by assuming that the data
is received according to some probability distribution. Encoding an image is one such
example where each data represents the occurrence of a pixel value. The model in this
application would be to assume that each image pixel ranging fom 𝑑0 , 𝑑1 , 𝑡𝑜 𝑑255 , has
an associated probability of occurrence, 𝑝0 , 𝑝1 , … , 𝑝255 . The unpredictability
modelling of the pixel value based on such probability distribution gives way to the
concept of information source [11] that emits data from a set called alphabet 𝒜. Only
finite alphabet of length 𝑛 is considered in this thesis since digital images consists of
finite alphabets.
Definition The discrete alphabet 𝒜 consists of a sequence of data. These data are
random variables 𝑋 = {𝑋}𝑛𝑖=1 = {𝑋1 , 𝑋2 , … } where {𝑋}𝑛𝑖=1 ∈ 𝒜. The emission of
successive variable within a sequence is based on their probabilities in relation to the
previous variable. 𝑋 is associated with the probability space (𝒜𝑛 , 𝔉, 𝑃𝑋 ), where 𝔉 is
𝜎-field and 𝑃𝑋 is probability measure on (𝒜𝑛 , 𝔉). 𝑃𝑋 measures the probability of a
particular variable of alphabet 𝒜𝑛 within 𝜎-field based on the previous variable. Since
the outcomes are represented by a random variable, the probability is characterized by
joint distribution where 𝑥1𝑛 ∈ 𝒜𝑛 :
𝑃𝑋 (𝑋1𝑛 = 𝑥1𝑛 ) = Pr(𝑋1 = 𝑥1 , 𝑋2 = 𝑥2 , … , 𝑋𝑛 = 𝑥𝑛 ) = 𝑝(𝑥1𝑛 )
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Here, 𝑝(𝑥1𝑛 ) is the probability of the occurrence of variables. The probability
intersection of 𝑛 variables is defined based on which the source output can be
predicted.
Now we will explain the information theory concept in terms of lossless
digital image compression. In image processing, due to spatial smoothness of the
image, we expect the pixel values to be similar to the pixel values within its
immediate neighborhood. Hence, the dependency of a certain variable on the previous
variable could be learnt. In this manner, the variables can be predicted in the future.
This results in lower entropy since its future occurrence gives no information to the
user. Such a technique that uses previous pixel value to reduce the information of the
current pixel and lower the entropy is called predictive coding. This technique enables
lossy as well as lossless compression. An example of lossy predictive coding scheme
is Differential Pulse Code Modulation (DPCM). In case of 2D image compression, a
lossless predictive coding technique is raster-scan order that is used to generate
analog television.

Figure A.1. Without prediction: The entropy of the pixel values is close to the
original data size

Figure A.2. With prediction: Prediction using the previous pixel value results in
reducing the entropy measure
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Once the unpredictability of the data distribution is modelled, transmission
becomes the point of concern. Over the years, various lossless data coding techniques
have been developed for efficient data transmission. The first method that has been
widely used is the Variable Length Codes [12]. In this algorithm, the shortest possible
code is selected for data that occurs frequently and slightly longer codes for data that
do not occur frequently. Another coding technique, Huffman coding [13] is built on
the same line as Variable Length Codes. This is entropy coding scheme. This scheme
is based on probabilities and predictive models can be built using Huffman coding
block as an entity. Hence, Huffman coding scheme cannot be for predictive modelling
without using additional algorithms. However, it is designed to assign optimal length
integer codes. Around 1970s, another entropy coding scheme was developed in IBM,
called Arithmetic coding. This made coding process easier by removing the integer
coding constraint. Like Huffman coding, Arithmetic coding can also be adapted to use
a predictive model. Continuous research is still being done to further ease the
compression algorithm as documented in [14], [15].

A.2. Rate-Distortion Theory [16]
Rate is defined as the number of bits required to represent each variable
emitted from the source. And distortion is defined as the measured difference between
the input and the output images. This theory gives an analytical expression of how
much a data sequence can be compressed at an acceptable level of distortion. In case
of lossless compression, there is no distortion between the variables at the
transmission and the reconstruction end. However, in certain cases, the predicted
variable at the reconstruction end might not be exactly the same as the one at the
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transmission side. This results in lossy compression. This type of compression is nonlinear, non-invertible and hence lossy. In lossy compression, distortion in the data has
to be allowed in order to satisfy the rate constraint. That is, the distortion is introduced
in the data to allow us to lower the number of bits required. It is quite reasonable to
have the distortion level low enough provided that the output image is still of
perceptual importance. The level of distortion is computed in terms of a distortion
measure. Within the alphabet 𝒜, the distortion measure assigns a non-negative
number 𝑑(𝑥, 𝑥̂) ≥ 0 between any two letters 𝑥 and 𝑥̂, where 𝑥 is the original variable,
𝑥̂ is the approximated variable and 𝑑(𝑥, 𝑥̂) is the distortion between 𝑥 and 𝑥̂. Hence,
the rate-distortion theory states that for a given source and a given distortion measure,
there exists a rate-distortion function 𝑅(𝐷).
Definition The rate-distortion function 𝑅(𝐷) of a source 𝑋 is the infimum of
the distortion of any source-coding scheme which satisfies the rate constraint. Hence,
for a discrete source whose distortion measure does not exceed the maximum average
distortion threshold, the rate-distortion function is represented as follows:
𝑅(𝐷) =

inf

𝑓𝑥̂|𝑥 :𝑑(𝑥,𝑥̂)≤𝐷

𝐼(𝑥, 𝑥̂)

Here, 𝑑(𝑥, 𝑥̂) ≤ 𝐷 is the distortion criterion and 𝐼(𝑥, 𝑥̂) is the mutual

Figure A.3. Rate-distortion function
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information between 𝑥 and 𝑥̂. Mutual information is the average information that
variables 𝑥 and 𝑥̂ convey about each other. For example, one variable may convey the
reduction in uncertainty about the other variable. The above definition implies that
𝑅(𝐷) is the lowest attainable rate needed for the reconstruction of variable 𝑥 with the
given distortion 𝐷. The function 𝑅(𝐷) basically gives a theoretical bound for the rate
required to encode the variable emitted from a source with the maximum distortion D.
The rate-distortion function is a convex and monotonically non-increasing function of
𝐷 represented in Figure A.3.
In Figure A.3, lossless coding is performed when 𝐷 = 0, that is, when the
curve touches the y-axis at 𝑅(𝐷). On the other hand, lossy compression is a trade-off
between rate and distortion. The compressed image would not yield perfect
reconstructed due to distortion. 𝑅(𝐷) = 0 implies the occurrence of maximum
distortion.
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