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Abstract

One of the main results of “Order-Based Cost Optimization in Assemble-to-Order
Systems” [1] by Y. Lu and J-S. Song, Operations Research, 53, 151-169 (2005) is Proposition 1
(c), which states that the cost function of an assemble-to-order inventory system satisfies a

discrete convexity property called L*-convexity. Based on this result, Lu and Song proposed two
types of L*-convex minimization algorithms for finding the optimum policy. We construct a
simple assemble-to-order system for which the cost function fails to satisfy L*-convexity. Using

a similar system, we further show that the cost function may not enjoy a more general notion of
discrete convexity property called D-convexity. Yet, because of some other properties of the cost
function, one can still solve the cost optimization problem using other methods from the

literature.



Preface

This thesis is edited based on helpful comments from Tom McCormick, Tim Huh and
Maurice Queyranne. Chapter 3 is based on a model used by Y. Lu and J-S. Song in “Order-
Based Cost Optimization in Assemble-to-Order Systems” [1] , Operations Research, 53, 151-169
(2005). | have been the main contributor and responsible for developing the mathematical
analysis. This thesis has benefited from insightful comments suggested by Kazuo Murota. A

version of chapter 3 will be submitted for publication in academic peer reviewed journals.
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Chapter 1: Introduction

1.1 Inventory Management

Inventory management is the practice of efficiently administrating the flow of items into
and out of an existing inventory. This procedure generally includes scheduling the assignment of
units in order to keep the inventory level from becoming unnecessarily high, or becoming too
low; two situations which could threaten the operation of the whole supply chain. Proficient
inventory management also looks for methods to lower the costs associated with the inventory,
both from the perspective of the total holding costs of the goods involved and the liability

generated by the goods that are ordered but are not fulfilled in a reasonable time

A successful inventory management pays attention to two main facets of any inventory
system: lead times and buffer stocks. How long does it take for their suppliers to process their
orders and complete deliveries? Inventory management also needs to establish an understanding
of how long it will take for those items to transfer out of the inventory and satisfy the customer’s
demand. Recognizing these two types of lead times makes it possible to identify how many units

must be ordered and when to place these orders to have a smooth manufacturing process.

Buffer stock is another important issue in inventory management. Basically, buffer stock
is known as extra units kept in the inventory in order to hedge against different kinds of

variability in the system such as production levels. For example, the manager may think that it is
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not a bad idea to keep some additional units of a given machine part on hand, in case an
unpredictable flow of demand arises. Generating this buffer aims to lower the chance of stockout

in the whole supply chain.

Inventory managers usually face a trade-off between holding costs and stock-out costs. If
the inventory on-hand becomes too high, the manager may pay an unnecessary amount of money
in order to hold the excess inventory on shelves. On the other hand, if the inventory levels
become too low, the company will lose revenue because of a lack of customer satisfaction due to
stockouts. Efficient inventory management requires an optimum ordering plan which ensures
that items are in stock when they are needed and also an allocation policy for existing inventory

on hand.

In the base-stock policy there is an initial amount of inventory. Once a new demand for a
product arrives, a replenishment order is immediately sent to the suppliers of corresponding
components. For each particular component it takes an amount of time- called component’s
replenishment lead time- that the component arrives at inventory system. This lead time depends
on the corresponding supplier’s characteristics and is often assumed to be a random variable

independent from other components’ lead times.

Tracking stock levels is a vital part of inventory operations for any business. There are
two commonly used ways of tracking stock levels in inventories: Periodic review and continuous
review. In inventory operations, periodic review means to track and manage inventory at
particular times. For example, under this policy a retailer gathers data and makes replenishment
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decisions at the end of each week. On the other hand, in a continuous inventory review policy,
the current level of each item is documented and updated each time that item is removed from
inventory. In retail stores where purchases are recorded using bar code scanners, the inventory
level of each item can be updated immediately after its bar code is scanned and a continuous

review scheme can be implemented.

Providing a periodic review scheme is easier and involves lower monitoring costs than a
continuous review scheme, yet it may lead to inaccurate inventory decisions especially when the
managers face high-variability sales. On the other hand, continuous review enables real-time
control of inventory levels, which allows mangers to determine accurately reorder times of
required items in order to replenish inventory. This scheme also improves the accuracy of
accounting, given that the inventory system is able to track real-time costs of retailed products.
However, the key drawback of this scheme is the implementation cost such as providing bar-

code scanners, computer systems, etc.

1.2 Assemble To Order Systems

One of the challenging types of multi-item inventory systems is for assemble-to-order
production systems, in which each product is assembled only after all required components are
received. In an assemble-to-order (ATO) system generally there are several components and
several final products. Customers, order only final products, however, the inventory system holds
only components. Each final product is assembled from a specific subset of components, where

several units of some components may be required. The assembly time is often assumed to be



insignificant, whereas the production-delivery time of components is often assumed to be
considerable.

Computer manufacturers: The assemble-to-order structure can be useful in industries where a
number of components can be placed together immediately to form a final product. For example,
in the computer industry, as soon as the main components (mother board, hard drives, CPU, etc.)
are available in one point, the final product (a desktop or laptop) can be manufactured quickly by
assembling these components. At the beginning, computer industries were controlled under a
make-to-stock® framework. Yet, as soon as Internet started to play a role as a sales medium, the
assemble-to-order approach became more popular. One of the best-known assemble-to-order
systems is Dell Industries. Dell allows customers to choose among different type of CPUs,
mother boards, hard drives, etc. Obviously, the possible number of final products could be very

large.

E-retailers: Consider an online retailer who holds inventories of several items in her stock.
Customers order various collections of these items through an online intermediary. The assembly
system corresponding to this example assumes, on one hand, the items in stock as components
and on the other hand, the various collections of these items, which could be ordered by

customers, as products.

! Make-to-stock: A manufacturing strategy that uses a buffer stock of final products in order to decouple demand
variability from production and matches production levels with customer demand forecasts. In this method the
manufacturer tries to satisfy customer orders as soon as possible using products that are already produced and
stocked in the inventory.
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Automobile industries: It is not hard to realize that ATO systems can be implemented in
automobile industries. The Economist in 2001 stated that ATO systems could reduce costs of
automobile industries by $80 billion annually. Business Week reported that Ford is looking

forward to implementing ATO systems in its manufacturing line [2].

The analysis and management of ATO systems are normally complicated, as we can
interpret these systems as a hybrid between assembly systems and distribution systems each one
with different aspects of complexity [3]. In other words, before implementing such systems two
essential questions should be answered: First, is there any underlying coordination among the
components, and second how should these components be allocated among the end products?

The complexity of ATO systems is partly due to facing these two questions at the same time.

There are other important questions to answer before start managing an ATO system: Is it
efficient to backlog unsatisfied demands or to lose them? If backlogging is preferred then at any
time that only part of the required components of a demand request are on hand, how should we
deal with those components- whether it is better to ship them as partial-shipment or put them
aside as committed inventory and wait for the remaining part of demand to arrive? If a
component arrives, should we assign it to a recent demand or a backlogged one? These are trivial
questions in handling single-product and single-component systems, while finding the answers in
systems with several products —made up by overlapping subsets of components, is what makes

the analysis and management of these systems complicated.



One of the other facets of complexity in ATO systems is due to the replenishment
leadtimes, as any decision for a replenishment order at one time may impact the inventory levels
for a long time in the future. In the cases that the components are fundamentally different (in
terms of their required materials, suppliers, etc.) the leadtimes for each of them is different from
that of other components, which makes the model more complicated, especially when the lead

times are uncertain.

One of the other reasons that make multi-item ATO systems complicated is the
correlation among items demands. In an ATO system, it is common to have orders for different
products that are placed at the same time, while these products consist of components that are
manufactured by separate suppliers. This process causes correlation among the orders at

suppliers.

The main focus of this research is on a paper of Lu and Song [1]. They modeled a
continuous review ATO inventory system with random demands and lead-times in order to find
an optimal base-stock policy with an order-based approach. To reiterate the model, suppose that
different products require different -but not necessarily disjoint- subsets of items in order to be
complete. The customer orders that cannot be fulfilled completely (once they were placed) are
backordered. In their model, there is a cost involved with un-fulfilled orders, called backorder
cost, and finally there is no cost associated with placing an order. They used two different
approaches in finding an optimum base-stock policy: (i) proposing algorithms that find exact
solution and (ii) obtaining closed-form approximations. In this thesis we will show that their

proposed algorithm for finding exact solution does not necessarily give an optimum policy. We
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will demonstrate that the inventory model used in their work does not satisfy the necessary

conditions required for that algorithm to work properly.

1.3 Literature Review

Single-product assembly systems with deterministic leadtimes have triggered many
researches since the 1980s. Rosling [4] found that the optimal policy of a single product ATO
system is equivalent to that of a serial system, which was established earlier by Clark and Scarf
[5]. Schmidt and Nahmias [6] studied an inventory system with two components (with non-
identical stochastic lead times) and one end product (with stochastic demand). Gallien and Wein
[7] considered a single-product, make-to-stock inventory system where different components
have non-identical stochastic lead times. They suggest a formulation for minimizing the
inventory cost (holding and backorder) of such system over pre-specified replenishment policies.
Cheng et al. [8] move from a make-to-stock system which is concentrated around end products to
an assemble-to-order inventory system which does not consider stocking end-products. They
give a constrained nonlinear optimization model to find an optimal inventory-service trade-off
where each constraint describes the service level of one segment of market. They also give an

exact algorithm for a special case in which every demand has a unique component.

Despite the single-product case, for ATO systems with multiple products the structure of
an optimal policy is not easy to capture. Baker et al. [9], considering a single-period, two-product
inventory model, study the effects of component commonality on optimal safety stock levels.
They try to minimize system safety stock subject to a service level constraint. In a single-period
model, the additional products that remain unsold at the end of each period are not held for being

7



sold in the next period. However, these additional items may be sold at a salvage value for other
purposes. We can effectively analyze single-period inventory systems with a static structure. In
other words, in such systems each time period may be studied solely in its level and controlled
separately from other periods. One of the best known examples of single period inventory
operations is the classic newsvendor problem?. In this problem we do not need to consider

replenishment lead-times as well as backorders.®

Song and Zipkin [3] have a nice literature reviews on ATO operation systems. It covers

technical issues, analytical aspects and managerial insights gained in this field of research.

Our main focus is on Lu and Song [1] that analyze a multi-period model of an ATO
system with component commonality. As we discussed earlier in section 1.1, one of the factors
that makes the analysis of ATO systems complicated, especially when there is uncertainty in the
customer orders and item replenishments, is component commonality. Such commonality which
causes correlation among the orders at component suppliers, is ignored in many inventory
models in the literature; i.e. the demands for different items are assumed to be independent of

each other. Lu and Song [1] call this attitude in analysis of ATO systems as item-based approach.

% The newsvendor problem is an order quantity decision problem used for modeling inventory scenarios
of perishable products that have a limited lifetime, an uncertain demand and lost sales. This classical
problem is a cornerstone of inventory models under uncertain demand. In its basic characterization, there
are two types of cost involved with the model: over-stocking cost which is unit cost of excess demand and
under-stocking cost which is the unit cost of lost sales.

® Instead, in a multi-period model, all the unsold items at the end of each period are being held in
inventory for the next period. As we consider the connection between different periods the model
becomes more complicated. In a dynamic approach, any final state of a single period should be
considered as the initial state of the next period.



Instead, when the joint distribution of the product demand is considered, the resulting order-

based [1] models become much more complicated.

There are several approaches to analyze the correlated demand across different
components in a multi-item system. Xu [10]studies the impact of this correlation on a various
measures of system performance. In this work, the arrival of demand types is modeled as Poisson
process, where the number of order units of each product is picked independently from an
arbitrary distribution. Agrawal and Cohen [11] study the performance of an inventory system
with commonality in the demands. They analyze the effects of different inventory policies on

final delays due to backorders and use the results to find an optimal base stock policy.

Song [12] presents a generalization of the notion of correlated demand. Similar to Xu
[10], demand arrivals are modeled as a Poisson process with possibly several units of a particular
item in each customer order. On the other hand, Song [12] has no independence assumption for

batch size of a particular product.

The concept of component commonality is considered mostly for periodic-review
models, in the literature, while the model discussed by Lu and Song [1] assumes a continuous
review scheme. An interesting example of periodic review ATO system with component
commonality is analyzed by Akcay and Xu [13]. Their model considers a predefined response
time interval (time window) for each product and if the demand for that product is fulfilled
within the corresponding time interval (time window) the system receives a reward. They study a

9



two-stage stochastic integer programming model to find the optimal base-stock policy and also
the optimal component allocation policy for the ATO system. Furthermore, they prove that the
problem of finding optimal component allocation is a multidimensional knapsack problem
(MDKP) and is therefore NP-hard. In addition, Hausman et al. [14] study a base-stock periodic-
review multi-item inventory system in which orders are modeled by a general multivariate
normal distribution (independent demands as a special case) and demands are filled under First-
Come-First-Serve® (FCFS) rule. They find the joint demand fulfillment probability within a pre-

defined time window.

In many studies, component commonality is considered for systems with zero lead times.
Gerchak and Henig [15] present a general multi-period model of an assemble-to-order system
with component commonality and investigate the behavior of optimal policies. They consider a
storage constraint and assume a zero lead time. With such considerations, they conclude that the
optimal levels of components can be lower in an assemble-to-order system than in a
corresponding make-to-stock system. Yet, Song and Zhao [16] consider a model for a
continuous-review system in which lead times are not necessarily zero. They observe that the
effect of component commonality on optimal inventory costs depends on components lead times
and the allocation policy. Based on this relationship they give a modified version of FCFS rule
and evaluate the performance of the inventory system under this rule. They also talk about the
different scenarios for which component commonality may be or may not be beneficial for the
performance of the inventory system. In the model discussed by Lu and Song [1] the lead times

are not necessarily zero.

* ECFS is a service policy in which customer demands fulfilled in the order the demands have arrived.
10



Lu and Song [1] develop a comprehensive analysis on a multi-period model of an
assemble-to-order inventory system with order-based approach. They assume that there is a cost
involved with inventory holding and backorders, and the inventory is controlled under a
continuous review scheme. They derive a cost function with respect to holding and backorder
costs, and based on it, they try to minimize the expected cost by finding optimum base-stock
levels. There are some other related works in the literature on evaluating or optimizing base-
stock policy. Song et al [17] study a base-stock policy for a multi-item, multiproduct ATO
inventory system, where each component is independently produced by a supplier. This study
gives a class of performance measures, such as order fulfillment probability, in order to assess a
given base-stock policy. Lu et al. [18] analyze the dependence structure in a multi item ATO
system controlled by a base stock policy. This study results in closed-form expressions of mean
and variance-covariance, of the problem variables which gives some useful approximations and
bounds for the order fill rates- a system performance measure. Based on this, Cheng et al. [8]
present an algorithm to find an optimum base-stock policy, subject to a fill rate constraint. A
similar work by Zhou and Chao [19] develops a Stein-Chen approximation and its error-bound
for order-based fill rate for a multi-item ATO system with random leadtimes of components

replenishment.

There are some alternatives, in the literature, for assumptions of Lu and Song [1] such as
FCFS allocation rule. Although FCFS allocation rule is very common among those papers which
assume continuous review scheme in evaluating and optimizing the base stock policies [12] [17]
[18], Lu et al [20], adopt a class of common-component allocation rules, called no-holdback
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(NHB) rules, in continuous-review ATO systems with positive lead times. NHB rule allocates a
component to a final product only if it yields immediate fulfillment of the product demand. They
compare key performance measures under this rule with those of FCFS. Plambeck and Ward
[21] suggest alternatives for FCFS policies in a model based on a multidimensional Brownian
approximation. In addition, while most of the researches on ATO systems concentrate on the
assembly part, Plambeck [22] considers inventory at component suppliers and in transit line as
well as at the assembly facility. Moreover, instead of assuming a homogenous and memory-less
process such as Poisson, Lu [23] assumes that the demand process of each product is a renewal

process in approximating key performance measures of her multi-item ATO system.

Compared to those considered by Lu and Song [1], there may be other important factors
in modeling an ATO system, such as returns. DeCroix et al. [24], consider a multi-period ATO
system, managed under a base-stock policy, which experiences not only stochastic demands but
also stochastic returns. These returns are also subsets of components that can be used to satisfy
demands. They study several ways in which returns increase the complexity of different order-
based performance metrics of the system such as average backorders. A different approach for
finding the average inventory cost of a general class of ATO systems is introduced by Reiman
and Wang [25]. They use a multi-stage stochastic program to provide a lower bound on the long

run average cost for systems with deterministic lead times.

There are two approaches in Lu and Song work [1], (i) finding exact solution and (ii)
finding closed-form approximations. In general, finding exact solutions in such systems is
computationally demanding. In a similar study, Fu et al., [26] suggest two approximation

12



methods in order to give bounds for several performance measures such as fill rate, average
waiting time, and average number of backorders of the proposed system. Horng and Yang [27]
have offered an ordinal optimization-based evolutionary algorithm to find a good enough target
inventory level of an ATO system in reasonable computation time. Hong and Nelson
[28]proposed an algorithm to solve an ATO system containing 8 components and 5 products via

a stochastic and discrete-event simulation.

To achieve exact solutions for optimal base-stock levels, Lu and Song [1] try to show that

the cost function has some properties, such as submodularity and L*-convexity, which lead to use

a steepest descent method. Several types of discrete convexity have been considered in the
literature. Discretely convex functions were first proposed by Miller [29]. Next, Favati and
Tardella [30] suggested the integrally-convex functions. The concept of M-convex functions and
L-convex functions were introduced by Murota [31,32]. Based on these concepts two other types

of convexity over integer lattice points were proposed later; M"-convexity by Murota and

Shioura [33] then L"-convexity by Fujishige and Murota [34].

L’-convexity has recently had some applications in the inventory literature. Lu and Song
[1] is one of the earliest papers in this field that introduced the notion of L*-convexity in the
literature. They claim that the cost function for their inventory system enjoys L’-convexity and

based on that they propose a steepest descent algorithm to find an optimum base-stock policy,

using the fact that local optimality guarantees global optimality for L*-convex functions. Zipkin
[35] presents an approach to the structural analysis of the standard, single-item lost-sales

13



inventory system with a positive lead time. It is shown that, the optimal cost function possesses
L*-convexity with respect to a transformed space. This allows to describe the behavior of the
optimal policy and conclude that the optimal order is monotone in the transformed state
variables. Huh and Janakiraman [36] use the concept of L*-convexity for single stage systems, to
find properties of the optimal policy in serial systems. Pang et al. [37] consider a joint inventory-
pricing control problem for a periodic-review, single-stage inventory system with backorder
costs. They demonstrate that the profit function, with respect to a transformed variable, is L"-
concave which guarantees any local maximum to be a global maximum. They conclude that the
optimum order quantity and demand rate for their system can be found using an ascent algorithm
applied to the profit function. Lu et al. [38], focusing on the N-System, study the optimal
inventory control policy for ATO systems with non-identical lead-times (In N-Systems, there are
two products, one of which requires only component 1, and the other requires components 1 and

2). They use L*-convexity in order to show that the cost function in particular cases has unique

minimum.

Ui introduced a more general notion of convexity [39], called D-convexity in discrete

space considering an arbitrary neighborhood for points. It is shown in [39] that all of the

previous concepts are special cases of this latter one.
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Ang et al. [40] consider single-item (r,q)5 and (s, T)¢ inventory systems with discrete
demand processes. They come up with the fact that, despite the continuous approximations,

convexity properties do not hold in discrete space, at least in the sense of L*-convexity.

1.4 Contributions and Structure

This thesis, partly shows that L*-convexity does not hold for the cost function presented
in Lu and Song [1] which casts doubt on using the greedy algorithms such as the steepest descent
method that Lu and Song [1] used for finding the optimum policy. It also shows that the ellipsoid
method that Lu and Song [1] proposed for solving the minimization problem may not return an
optimum point, since the correctness of this algorithm relies on L*-convexity [41]. However, the
cost function still has nice properties which make it possible to adopt a pseudo-polynomial

algorithm to find a global minimum.

Chapter 2 gives an overview of required mathematical background. We introduce different
notions of convexity in discrete space and based on that we will reiterate related algorithms for
minimization of classes of functions such as L*-convex and Coordinatewise-convex submodular
functions. In Chapter 3 we will explain the inventory model used in Lu and Song [1], in more
details. We will show that their model is not D-convex at all (it is not L*-convex as a special

case). Yet, we will demonstrate that their cost function is a coordinatewise-convex submodular

function and its minimum point can be found using an algorithm in Chapter 2.

5 (1, q) is a type of policy in a single-item continuous review inventory system where 7 is the reorder point
and q is the order quantity.

6 (s, T) is a type of policy in a single-item periodic review inventory system with a Poisson demand, where
T is the reorder interval and s is the order-up-to level.
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Chapter 2: Mathematical Background

2.1 A Brief Review on Discrete Convexity Analysis

Discrete Convexity Analysis is a new approach for analyzing optimization problems on
discrete or combinatorial structures using the ideas of convexity and convex functions from
continuous optimization. In this chapter we want to review the concepts that are most relevant to

our topic.

An Optimization Problem has the following standard form
Minimize f(x) subjecttox € S (2-1)

Solving such problem is either to find x that has the minimum value of the given function
f among the members of the given set of S or to report that such x does not exist. The function
f S — Ris called the objective function and the set S is called the feasible set. In continuous
optimization, a convex program refers to an optimization problem in which S is a convex set and
f is a convex function. S is convex when all the points on the line segment joining any two
points x; and x, in S are contained in S. Mathematically

Vx, €S,x, €S: Vae(01) ax;+(1—a)x, €S (2-2)

The function f defined on the convex set S is convex when for any two points x;and x, in S and

for any scalar « € (0,1) the following inequality holds

17



af (x) + (1 —a)f(xx) = flax; + (1 — a)xy) (2-3)
One of the most important properties of convex programs is that the local optimality guarantees
global optimality. This property makes it possible to find the solution of the optimization

problem using descent algorithms.

Again consider (2-1). When some of the variables in an optimization problem must take
their values from a discrete set or when an optimization problem is defined on a combinatorial

structure we are confronted with a discrete optimization problem.

2.2 L*/M"/D-convexity
In this section we review L’-convexity and M*-convexity in more detail. Then we revisit

D-convexity and its relationship with the former definitions.

First of all we need to introduce some basic definitions. Let N ={1,2,..,n}. The
characteristic vector of a subset S € N is denoted by xs € {0,1}™ and is defined as

1 ifies (2-4)
0 otherwise

xs(@) = {
Note that x; := xy;; for an integer j € N.
In the following dom f for a function f:Z"™ +— R is the subset of Z™for which the value of
function f is finite. In other words

dom f ={x € Z"| f(x) < o} (2-5)

For a vector u € R™, we define[u] as the vector obtained by rounding up the components of u to

the nearest integer. In other words [u] € Z™ is such that

18



[al; = [u;] 1<i<n (2-6)
where index i represents the i**component of the vectors. Similarly |u] is equal to a vector in Z™
obtained by rounding down the components of u to the nearest integer, i.e.,

lul; =u; | 1<i<n (2-7)
Last of all, the positive support of a vector v € Z™, denoted by supp™ (v), is the set of all indices
for which the corresponding component is positive. In other words

supp™(v) = {i € Z,| v(i) > 0} (2-8)
Similarly we define the negative support as follows

supp™(v) = {i € Z,| v(i) < 0} (2-9)

Now it is time to introduce M"-convex functions. A function f:Z"™ — R is an M*-convex

function if for any x,y € dom f and for any i € supp*(x —y) the following inequality holds

FOO+ ) = min{f(x—x)
(2-10)
@ +x),  min (=) + F(yHx - x;)}
Roughly speaking, this property does not allow any point which is not a global minimum to be
locally minimal. In other words, for any candidate point in dom f, we can choose a point in its
neighborhood which is closer to the global minimum and has a smaller value of fthan that of the
candidate point. To get a better sense, if we form the inequality (2-10) for any candidate point in

dom £, such as x’, and the global minimum x* then there is always a point, neighbor to x’, of the

form x" — x; or x’ — x; + x; for some i and j, that is closer to x*and enjoys a smaller value of f.

More precisely, it is shown in [32] that for an M*-convex function f, if x € dom f is such that
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fx+x) forall i€N.

fx+x—x) foralli,j €N. (2-11)

o |

then f(x) < f(y)for any y € Z". In other words in an M*-convex function, local optimality with
respect to this particular neighborhood, is equivalent to global optimality.
Another interesting type of convexity is L"-convexity. A function f:Z"™ — R is an L"-

convex function if for any pair of points the discrete midpoint property holds: for all x,y €

dom f following inequality holds

o+ =1 () +r (3 (212

There is an equivalent characterization of L*-convexity ( [32] Theorem 7.7) which is more useful

for the purpose of this section: A function f:Z™ +— R is an L*-convex function if for all x,y €
dom f with supp*(x —y) # @ the following inequality holds

fR+fE) = fE—xs)+fy+Xxs) (2-13)
where S = arg max;ey{x(i) — y(i)}. For an L"-convex function local optimality (for a particular
neighborhood) guarantees global optimality. More precisely, if f:Z™ +— R is an L"-convex
function and x € dom f, for which

X <f(xxxs) (VSEN) (2-14)

then f(x) < f(y) forally € Z™. ([32], Theorem 7.14).

If we pay attention to the definition and optimality criteria in M°-convexity and L°-
convexity we find out that in each of them there is a particular concept of locality. In an M"-

convex function for point x to be the global minimum it suffices that the value of function be at

most equal to those values at points in Dy(x) = {xx x;|i € NJU{x+x; — x;li,j E N}. A
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similar case happens for an L"-convex function with D, (x) = {x + x5|S € N, S # @}. It gives us
the idea of defining neighborhood in such a way that we can reach a more general definition of

convexity on lattice space. Ui [39] introduces a nice generalized definition of neighborhood for

this purpose and gives a general notion of convexity based on that locality.

Let’D € {~1,0,1}"\{0} be such that {x;|1 <i<n}<SDand for all d € Dwe have
—d € D.Now for any x € Z™, letD(x) = {x+ d| d € D}. The subsets Dy, = {xx;| 1 <i <
nU{x; —x;11<ij<n}and D, ={xxs|SESN,S=+0@}are two examples of such
neighborhoods that lead to D,,(x) and D, (x), respectively.
For x,y € Z" define R(x,y) ={z € Z"|xAy <z <xVy},where for eachi € N,we have
xAy)(@) = min{x(i), y(i)} and (x v y) (i) = max{x(i),y()}.
A function f: Z™ — R is a D-convex function if for all x,y € dom f with x # y the following
inequality holds

fO+fy) =, min f(x)+ in _f(y) (2-15)

X' € DE)NR(xy) y'e DOHNR(KY)
If f:Z™ +— R is a D-convex function then x € dom f is a D-local minimum of f:Z"™ +— R if
and only if x is a global minimum of f. In other words
fO<fy (vveD®) (2-16)
then f(x) < f(y) forall y € Z™. ([39], Proposition 1)
As we mentioned in section 1.3, Ui [39] characterized L -convexity as a special case of

D-convexity under the setting D equal to D, = {+xs|S S N, S # @}. Furthermore D —convex

7 The vector in Z™ with all components equal to zero is denoted by 0.
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functions may be the most general known class of discretely convex functions, for which the

local minimum points are guaranteed to be global minimum.

2.3 Computational Importance of Discrete Convexity

There are two types of algorithms for minimization of L -convex functions; one is due to
Favati-Tardella [30] and runs in pseudo-polynomial time [42], the other is a steepest descent
algorithm developed by Murota [43] which also runs in pseudo-polynomial time. The later finds
a local minimum of the L"-convex function in a greedy approach. One simple sketch of this

minimization algorithm is as follows:

Algorithm SDLMIN

Steepest Descent algorithm for L*-convex function f: Z™ — R

Step 0: Start from an arbitrary vector x € Z™.

Stepl: Find a € {—1,1} and nonempty S S N which minimize f(x + axs).
Step 2: If f(x + axs) = f(x), then return x as the minimizer of fand stop.
Step 3: Substitute x := x + a) and go to Stepl.

If we have an upper bound X on the solution to the minimization problem, in other words we
have X > x* where x*is the minimum point of function f, then a simpler version of this

algorithm can be used [1], which is:

Algorithm MSDLMIN

Modified Steepest Descent algorithm for L -convex function f starting from an upper bound X
Step 0: Start from an upper bound vector X € ZV.

Stepl: Find a nonempty S N which minimize f(x — xs).

Step 2: If f(x — x5) = f(x), then return x as a minimizer of fand stop.

Step 3: Substitute x := x — x5 and go to Stepl.
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It is not hard to check that these algorithms terminate and return the minimizer of an L’-
convex function £, by using the alternative definition for L*-convex functions in the previous

part. The running-time discussion can be found in Murota [32].

A function f:Z™ — R is a submodular function if for all x,y € dom f the following
inequality holds
R+ =zfExAy) +fxVy) (2-17)
Let B be an arbitrary set and 2B denote the set of all subsets of B. A function g: 2B +— R is a
submodular set function if for all X, Y € B following inequality holds
gX)+g(Y) = g(XnY)+gXuY) (2-18)
Submodular set functions are special cases of submodular functions. For example, for a
submodular function f if we define
98 =fxs) (VSEB) (2-19)

then g will be a submodular set function.

Given that an L-convex function is also submodular [34] Step 1 in SDLMIN and

MSDLMIN is indeed a submodular function minimization problem. McCormick [44] has is a
nice review on the algorithms in the literature for this problem. Lu and Song [1] for this
minimization problem, have suggested using the polynomial algorithm developed in Iwata [45]
which leads to a running time of O((n®.EO +n”)logn), where EO is an upper bound on the

time-complexity of evaluating f.Lu and Song [1] showed that the overall complexity of the
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modified algorithm with an upper bound X is of O(M(n’.EO + n®)logn), where M denotes
max;{X(i)}. Based on submodularity of f, if we use the algorithm developed in Orlin [46] the
time-complexity of Step 1 will be 0(n®. EO + n®). Therefore the overall complexity is of
0(M(n6.EO + n7)). Apparently, EO depends on the method we use to find the value of the
function f. Furthermore, it is obvious that we need to find an upper bound for the optimum point
as good as possible because its size directly affects the efficiency of the algorithm that we
implement. Because of the dependence of running time on M, the algorithm is pseudo-
polynomial. Similar greedy methods can be designed for minimization of D-convex functions.

These methods may use the local optimality criteria we discussed earlier in section 2.2.

There is also another algorithm proposed by Favati-Tardella [30] for minimization of L*-
convex function, which is pseudo-polynomial in the worst case [41] but can be implemented
easily. The algorithm takes a L*-convex function f: [g, )‘(]Z — R (where x and x are given lower

bound and upper bound for the minimum point of f with x < X) and is guaranteed to return a

global minimum of the function [41].

Algorithm FTLMIN
Favatti-Tardella algorithm for L*-convex function f over an interval [x, JZ]Z

Step 0: Start from an upper bound vector X € Z"and lower bound vector x € Z" setl = x,u = X
Step 1: For each i (1 <i <n)find a € [0,u; — [;]; which minimizes f(1 + ae;) and update
1=1+ ae;

Step 2: For each i (1 <i <n)find a € [0,u; — [;]; which minimizes f(u — ae;) and update
u=u-—ae;

Step 3: Find a nonempty S € N which minimizesf(1+ xs); if f(1+xs) = f(1) return las a
global minimum; otherwise update 1 =1+ x

Step 4: Find a nonempty T < N which minimizes f(u — xr); if f(u —xr) = f(u) return uas a
global minimum; otherwise update u = u — ¥ and go to Step 1.
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As we see through these four steps, at any time, the algorithm tries to reduce the size of
the current searching domain in which an optimum point exists. This reduction in size of the
domain takes place by increasing the lower bound 1and decreasing the upper bound u at each
step through a minimization of f on either an edge of the searching domain (Step 1 and 2) or on
a unit-size hypercube, contained in the searching domain, around the endpoints of that domain
(Step 3 and 4). The size reduction of the searching domain is done in such a way that it always

contains at least one global optimum of the function from the initial searching domain.

In the next section we will discuss a modification of this algorithm, which is useful for

minimization problem for a larger class of functions.

2.4 Coordinatewise-Convex Submodular Functions

A function f:X € ZV - Ris discretely convex in each variable if it satisfies the
midpoint property in any coordinate direction; i.e. for each i (1 <i <n),if{x+ 2e;,x+
e;, x} € X we have

f(x+2e)—-2f(x+e)+f(x)=0 (2-20)

A coordinatewise-convex submodular (CCS) function f:X € ZV —» Ris a function which
enjoys two properties: (1) discrete convexity in each variable; (2) submodularity. L’-convex
functions form a subclass of CCS functions [41]. As we said in the previous section, there is a
modification of FTLMIN algorithm for CCS function which does not necessarily find the global
minimum of the CCS function but outputs an integer interval which is guaranteed to contain a
global minimum [41]. In the following section we describe the modified algorithm to reduce the

search interval to which a global minimum of the CCS function belongs.
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2.4.1 Reduction Algorithm

The modified algorithm proposed by Favati-Tardella [30] and revisited by Murota [41]

takes an interval X = [x, )‘(]Z and returns a reduced interval X® = [, u]; which contains a global

minimum of a submodular function f:X € Z™ — R. Murota proves the correctness of the

algorithm [41].

Algorithm RDCSUB
Reduction algorithm for submodular function f over an interval [x, ],

Step 0: Start from an upper bound vector X € Z"and lower bound vector x € Z" setl = x,u =X
Step 1: For each i (1 <i <mn)find a € [0,u; — [;]; which minimizes f(l1 + ae;) and update
=1+ ae;

Step 2: For each i (1 <i <n)find a € [0,u; — [;]; which minimizes f(u — ae;) and update
u=u-—ae;

Step 3: Find a nonempty S < N which minimizes f(1 + xs) and update 1 =1+ ¥

Step 4: Find a nonempty T € N which minimizes f(u — x;) and update u = u — ¥

Step 3: If S = T = @ then output X® = [1, u], and stop. Otherwise, go to step 1.

Obviously if the submodular function f is also CCS, step 1 and step 2 are simply univariate
convex optimization problems, which can be solved easily using a binary search. Moreover,
steps 3 and 4 are submodular set function minimization problem that, as we discussed in section
2.2, can be done in polynomial time using submodular set-function minimization algorithms
[44]. Now we need to find a global minimum of the submodular function f in a shrunk interval
XR found by RDCSUB algorithm. In the next section, in order to find a global minimum in this
interval, we present a transformation method which reduces the problem of minimizing a

submodular function over an interval to a minimization problem of a submodular set function
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over a ring family. The later problem is well-known in the literature and there are efficient

algorithms for solving it [44].

2.4.2 Transformation Method
For a finite set V, a ring family F is a collection of subsets of V, closed under intersection
and union. In other words, F < 2V such that for any X;,X, € Fthen X; UX, € FandX; N X, €
F.If Lu e Z" wherel < u then [l,u]; := {x € Z™:1 < x < u} is a bounded integer interval. For
each i(1 <i <n)andforeach; (1 <j <wu; —[;) letdefine v;; =1+ je; . Now take
V={vl1<i<ni<j<u-13} (2-21)
Note that the size of V is |lu — 1||; = X1, lu; —1;|. Also for any x € [, u]; define
V) ={vll<i<ni<j<x -1} (2-22)
We claim that F = {V(x)| x € [l,u];} is a ring family over the finite set V. To see this, suppose
that x,y € [l,u]; then we have V(xAy)=V&) NnV(y) and V(xVvy) =V(x)UV(y). But
x Ayand xVyare both in [I,u];. Now for a submodular function fover the integer interval
[1, u], define the function fover the finite set V as follows:
fV®) =fx® x€[lulg (2-23)
£, is a submodular set function, since for any x,y € [1, u]; we have
fFV@)+f(V®) =fOO+fy) = fxVy) +fxAy)
=f(vixvy)+f(VxAay)
=f(v@uVm)+7/VE nV(y) (2-24)
The only inequality in this expression holds since f is submodular. Simply the set of minimizers
of fwithin [1, u]; corresponds to the set of minimizers of f over V through relationship (2-23).
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2.4.3 Proposed Algorithm

So far we have reduced the CCS function minimization problem to a minimization
problem for a submodular set function over a ring family, which can be solved using well known
algorithms in the literature [44]. Based on what we have seen earlier in this section, the following

algorithm can be used to find the minimum point of a CCS function [41].

Algorithm CCSMIN

Algorithm for minimizing CCS function f over an interval [x, X]

Step 1: Apply Reduction Algorithm for submodular function f over an interval [g, )‘(]Z to get a
reduced integer interval X® = [1,u],

Step 2: Transform fover X® = [1,u]; to f over the ring family F

Step3: Minimize fover F, using any minimization algorithm for submodular set function over a
ring family

Step 4: Return corresponding x € [1, u]; as a minimizer of fover X® = [1,u],

We expect that X* is significantly smaller than [g )‘(]Z , although there is still no theoretical basis
for it [41]. At the end we need to emphasize that the running time of this algorithm is polynomial
influ—11l, = X%, lu; — 1.

To sum up, in this chapter we briefly reviewed notions of discrete convexity with a focus on L’-
convexity. Then we studied two different algorithms for L°-convex minimization from the

literature. In the next chapter we are going to study the inventory model described in Lu and

Song [1] and we will show that their conclusion about L’-convexity of the cost function is not

correct. However, they refer to MSDLMIN and FTLMIN algorithms to find the optimum point

of their cost function under the assumption of L’-convexity. Thus we cannot expect that these
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proposed algorithms, for finding the optimum policy, are able to work correctly for their cost
function. Fortunately, we will see that their cost function is a CCS function and therefore

CCSMIN algorithm can be used to find its optimum point.

29



Chapter 3: Order-Based Inventory System

3.1 Model Specification

In the inventory model that Lu and Song [1] consider, the set of items is denoted by
3 = {1,2, ..., m} and the set of order-types is denoted by K. Each order K € K is a subset of items
(i.e.K < 3) required for fulfillment of that order type. Naturally &; is defined as the set of all
order-types which require itemifor their fulfillment, i.e. & ={K € K:i € K}. We have
assumed that each order type requires at most one unit from each item. A fixed probability gX is
assigned to each order-type, showing the likelihood of each order to be of type K;; Obviously
Y g% = 1. We assume that the arrival times of each order follow a Poisson process of rate
A, and thus the arrival times of order-type Kfollow a Poisson process of rate AX = A gX. If

A; denotes the item i’s rate of arrival then ; = Yxeq, A

The inventory is controlled under continuous review. If an order arrives and all of its
required items are in stock then the order will be satisfied. Otherwise, if there is not enough
inventory on-hand of some of the items then the remaining items will be set aside as committed
inventory, until those missing items arrive. In other words, if an order-type K arrives and the
items in subset K,,; are not in stock, the other items, say K;,, = K\K,,; , would be set aside
until all of the items in K, arrive. Consequently, these items cannot be used in fulfilling other

order-types, even if they can completely fulfill an order-type which arrives later. In other words,
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these items are “ecarmarked”® so that they can complete only the order-type to which they are
assigned. As we said in section 1.3, this type of order fulfillment is known as First-Come-First-
Served (FCFS) and is assumed in the Lu and Song [1] model, yet one may adopt other policies to
get better results [20]. We also assume that the assembly time for every order-type is

insignificant, thus each order is fulfilled immediately after all of its items are in stock.

The replenishment times for item i is denoted as L;. Lu and Song [1] assume that L; are
i.i.d. random variables each with time invariant pdf g; and cdf G;. At time ¢, item i has X;(t)
units on order. Based on our assumptions for replenishment time and order arrivals, we can
assume that each X;(t) forms an M;/G;/o queue with a demand process identical to order
arrivals of item i. The random process X(t) = (Xl(t),Xz(t), ...,Xm(t)) is defined as the vector
of joint demands on order. Lu et al. [18] show that X converges to a vector X and derive a nice
formula for the probability generating function of X as follows

(2, ..., Zy) = €Xp Z AK jw 1_[ [c;j(u) +2 (1 - Gj(u))] —1|du (3-1)

Kes 0 \jex

The inventory on hand of item i, IH;, is the number of units of item i that are in stock and not
backlogged for any demand. These items can be assigned to any order type that require item i to
be fulfilled. Similarly, B; denotes the number of backorders assigned to itemi. The inventory
position of item i is derived from the following formula [1]

IPi:IHi+Xi_Bi (3'2)

8 Lu and Song [3] refer to these items as backlogged items
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and is controlled by a base-stock policy: When a demand arrives, order s; — IP; units of
item i if IP;is less than s;, and order nothing, otherwise. In the following proposition we will see

that the inventory position is always equal to s;, if it is set to this number at the beginning.

Proposition 1. Because of the base stock policy, if IP; is set to s; at the beginning, then it always
equals to s;.

Proof. A direct consequence of the policy is that the inventory position never goes below s;. We
can also show that this quantity never goes above s;. Clearly, at any instance of time, at most one
of the two variables IH; and B; is nonzero. Moreover, at every replenishment of itemi (i.e. a
unit decrease in X;) either the inventory on hand increases by one unit, or the number of
backorders decreases by one. Therefore at any replenishment IH; + X; — B; is unchanged. In
addition, let’s consider an instance of time when IP; = s;. If an order type including item i is
placed, either there is at least one unit of item i in stock which is immediately backlogged, or
there is nothing on hand. The former case leads to one unit decrease in [H; and the latter leads to
one unit increase in the number of backorders, B;. Clearly, IP; decreases by one unit in both
cases, leading to an order placement of item i which makes IP; equal to its previous value

through adding one unit to X;. Therefore IP; is always equal to s;. m

Proposition I1. The number of backorders and inventory on hand at any time is derived from the
following formulas: [1]
IH; = [IP; — X;]* (3-3)

B; = [X; — IP]* (3-4)
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Proof. To show this, we again use the formula (3-2) and the fact that at any time both of
nonnegative variables IH; and B; cannot be positive simultaneously. If IP; —X; > 0then
B; = 0; therefore setting B; to zero in the formula yields IH; = IP; — X;. Similarly, if IP; — X; >
0 then B; = X; — IP;. Finally the trivial case IP; — X; = 0 forces Band IH; to be zero, because

they cannot be positive at the same time. m

The steady state levels of IP;,IH; and B; are denoted by IIP;, IH; and B;, respectively.
Propostion Il implies that IIP; = s;. Since X; converges to X; thus in steady state [1]
IH; = [s; — X;]* (3-5)
B; = [X; — s;]* (3-6)
Each backorder of item i is due to an unsatisfied demand of a particular order-type. Similar to [1]
we define for each item i

vK = {1 if the j*"backorder of item i belongs to an order — type K
Yoo otherwise (3-7)

It is worth mentioning that the sequential order of the index jthat we use to label unit
backorders here, corresponds to the time order of different order-types. In other words, because
of the FCFS scheme, the j** demand of item i belongs to the jt" arrived order-type in the pile of
orders that are waiting for item i. Obviously, in the pile of items that are placed but have not
arrived yet, the last s; units are those not assigned to any backlogged order and placed only in
order to fill the base-stock level. Now we can define, for item i, the number of backorders due to

order-type K denoted by BX as follows [1]
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[X;—si]*

]
BE= Y v (3-8)
=

The number of unfulfilled demands of type K at any time is the maximum among the number of
backorders due to each of its required items. In other words, as in [1]

BX = rglea}(x{Bf} (3-9)

Example 1. We consider an inventory system with two products {P, Q}, where the demand for
product P follows a Poisson process with rate A” and the demand for product Q follows another
Poisson process with rate A%. There are two types of components denoted by {1, 2}, where
product P requires both components 1 and 2 while product Q requires only component 1.
Assume that the replenishment times through all components are identical and equal to the
constant L. Let’s find the backorders due to item P for six different base stock policies (sq,s,) €

{0,1,2} x {0,1}. These policies are the lattice points on the rectangle shown in Figure 1-1.

(p.1) (1.1) (2.1)

;0 (1,0) (2,0

Figure -1 sample lattice points in evaluation of expected backorders for different policies

First of all based on the notations provided in [1]
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[X,1* [X2]*
BP(0,0) = max(Bf (0), BY(0)} = max{ Y V£, > ¥, (3-10)
=1 =1

At any time we have:

X1
Y vh=x, (3-11)
=1

Since each of the components in an order-type P has to wait the same amount of time to be
replenished, they come to the outstanding orders queues at the same time. They also leave at the
same time. Each unfulfilled order of type P adds exactly 1 to both sides of the equation above,
while each order of type Q adds zero to both sides. In the case of X; = 0 there must be neither P
order nor Q waiting to be satisfied, therefore X, = 0 when X; = 0 and again the above equation

holds. On the other hand, as we have only two items and item 2 only comes with order P

Xz—a]+

[
B} (a) = z Yy, =[X;—alt Va€eL (3-12)
k=1

Note that X; = 0 thus X; = [X;]* and we get

[x1]* [x]*
BP(0,0) = max{BF (0), BZ (0)} = max Z Yr, Z v, b= x, (3-13)
=1 =1

—alt
In order not to get confused about the summations of the form Zgﬁ ol Yfll, let’s state a simple

but important proposition.
Proposition I1l. For any integer a and for any index i and order-type K the equality below
holds:

Bf(a) = Bf (a + 1) + Y[y, g+

(3-14)

Where Y5 2 0 (Vi, K).
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Proof.

[Xi—al* [X;—a-1]*

0 Xi<a
K(q) — BK = K _ K — o
Bi(a) —B;(a+1) Z Yii Z Yii {Yifg(i—a a+1<X;
=1 =1
S A (3-15)

Therefore setting a = 0 we get

[x,-1]* [x.]* X1
Bf 1) = z Yfz = 2 Yfl - Y1I,J[X1]+ = Z Y1I,)l - fol = X; — fol
=1 =1 =1 (3-16)
<X,

Which means BF(1,0) = X,. Also BY (2) < BF(1) thus BP(2,0) = X,. Now consider (s;,s,) =
(0,1). Using the results we obtained above
B*(0,1) = max{B5 (0), B; (1)} = max{X,, [X, — 1]*} = X, (3-17)

BP(1,1) = max{B (1), B (1)} = max{X, — Y/, [X, — 1]*} = [X, — ¥/y,]" (3-18)

And finally Bf (2) = X, — Y{x, = Y[y _;+ and
BP(21) = max{X, = ¥ly, — ¥y (X, — 111} (3-19)

As the final point of this example, we see that the Bernoulli random variables YP(}B are not
probabilistically independent from BZ. For example, set s, = 0. If B = 0 then with probability
one ij = 0 for any j. Yet in the case of BY > 0 the probability of ij = 1 is nonzero at least for

some of the j's. It seems that such implicit assumption of independence, among parameters of
different components, has caused one of the gaps in the proof of Proposition (1.c) of Lu and

Song [1]. We will discuss this issue in more detail in section 3.4m
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3.2 Cost Function and Optimum Policy

One of the key assumptions in Lu and Song’s model [1] is that the inventory holding
costs and backorder costs are linear. For each order-type K we define bX as the cost of a
backlogged unit of order-type K. Similarly, for each item i we define h; as unit inventory holding
cost. We should consider that the inventory holding costs are due to
(1) Committed inventory (CI;) : items that are earmarked and put aside to take part in a
backlogged order-type.
(2) Uncommitted Inventory (IH;) : items that are currently in stock and not committed to any

order. We already knew these items as inventory on hand of item i.

Proposition IV. At any time, the committed inventory of item i is derived from [1]
cl, = Z BX | — B, (3-20)
KER;
Proof. Consider an order-type K which includes item i, i.e. K € &;. Among BXbackorders of this
order-type, BXunits are waiting for item i, and the remaining, say CI/ are waiting for some items
other than i. Therefore CI} = BX — BX. The total amount of committed inventory of item i can
be derived from adding up all CIX among the order-types containing item i. Thus

Cl; = z CIf = z (BX —Bf) = z B¥ | — Z Bf (3-21)

KEeR; KEeR; KEeR; KEeR;
B; . . .
But Yxeq, B = Xkes; XL, Yiy = Bi since for each K and i the term Y/ is 1 for one and only

one j.m
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If CI; denotes the steady state committed inventory of item i, then the expected inventory
level of item i will be [1]

E{IH; + CI;} = E{ [IP; — X; + B;] + z BX | - B;
KEeSK;

=E{s;—X; + 2@5 =si—1E[xi]+IE21Bsf (3-22)
KER; KEeSR;

To sum up, the expected total cost can be written as in [1]

C(s) = 2 hE[TH, + CI,] + Z bR E[BK]
i K

= Z his; — Z h; E[X;] + Z h; Z E[BX] |+ z bKE[BX] (3-23)

KeR; K
We can rewrite [1] the third term by interchanging sums as follows:
Do Y BB =) WEBT =) Y hEBL (3-24)
i KEeR; i KeRf; K i€eK
In order to get a nice expression for expected cost let define bX = bX + ¥,k h;, which implies

that ¥ Yicx hi E[BX] + Y bXE[BX] = ¥, bXE[BX]. The cost function becomes [1]

C(s) = Z hys; + Z BKE[BK] + C, -

where C, = —Y; h; E[X;]. We think of E[X;] as a constant with respect to vector s, since as we

said earlier in (3-1), X = (X, X, ..., X,,) is independent from base stock levels.

The objective is to find a nonnegative vector s* = (sg,s3, ..., S;,) Of base stock levels

which minimizes the expected total cost C(s). In general, such integer programming problems
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are not easy to solve. Yet, finding some nice characteristics may help solving this problem more

efficiently.

Lu and Song [1] claim that C(s)is a L*-convex function. They give a proof of the

discrete midpoint property for the cost function and conclude that the global optimum can be
found by either the MSDLMIN algorithm or FTLMIN algorithm that we discussed in the
previous chapter. But I will show that the proposed proof of the discrete midpoint property is not

valid.

To show that C(s) may not be L°-convex, suppose s’ = (0,0),s" = (2,1), and b? =

h, = h, = 0. It suffices to show the following inequality:
E[BP(0,0)] + E[B?(2,1)] < E[B?(1,1)] + E[B?(1,0)] (3-26)
As in Example I, assume that the replenishment times through all components are identical and
equal to constant L. From the results of that example we have E[BF(0,0)] = E[B?(1,0)] =

E[X,]. Now, we compare E[BF(2,1)] and E[B?(1,1)]. Clearly, E[B?(2,1)] < E[BP(1,1)].

We now proceed to show that this inequality is strict. Fix time t, and suppose that there is
no demand in the interval (t — 2L,t — L] and the demand realization during the interval (t —
LT,t] is one unit of Q followed by one unit of P. Clearly, the event occurs with a strictly
positive probability. Furthermore, conditioned on this event, the system managed with the base
stock vector (sq,s,) = (2,1) has no backorder at time t, whereas the system managed with
(s1,52) = (1,1) has one unit of P backordered at t (this happens because a unit of component 1

is used to satisfy demand for Q before another unit can be used for P by the FCFS allocation
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policy). It follows that E[BF(2,1)] < E[B?(1,1)]. Putting these results together, we obtain the
required inequality, which implies that C(s) is not always L*-convex.® This leads to a barrier for
using a steepest descent algorithm such as MSDLMIN that Lu and Song [1] have used to find the
optimum policy for the inventory system under discussion. Indeed, the algorithm may return a

local optima which is not the global optimum of the cost function.

Now let’s check the M’-convexity of the cost function. Consider again the inventory
system described above. Set x = (2,1), y = (0,0) and y; = (1,0). The strict inequality in (3-26)
suffices to make sure that C(s) is not always M’-convex, since supp~(x —y) = @. Therefore,

C(s) is not always M-convex either.

The simple inventory system we defined above, with a little change, can also show that
the cost function may have no type of D-convexity. Assuming that b° = h; = 0, h, > 0 and,
without loss of generality, ignoring the constant C,, we get

C(s) = h,s, + (b? + hy)E[BP] (3-27)

Before going further we need some preliminaries. The following proposition gives an
intuition about the relationship between the steady state backorders caused by adopting policies
that are due to adjacent lattice points. In other words, we seek a meaningful relation between

E[BF] for two policies s’and s” where ||s’ —s”'||; = 1.

9 The reader can refer to section 3.5 to see that this non-convexity occurs infinitely many times in the cost function
of the simple 2-component system described above. More precisely, for an arbitrary policy s,, we will find
sufficiently large s;, where the midpoint property does not hold for the pair (s’,s"") where s’ = (s4,s,) and
s"=(s;+2,s,+1)

40



Proposition V. Let w be a random variable and A,Band a be integer functions of
o where a(w) € {0,1}.

§(w) = max{A(w) + a(w), B(w)} — max{A(w), B(w)} (3-28)
Then E[§ (w)] = Pr{é(w) = 1} = Pr{a(w) = 1 and A(w) = B(w)}
Proof. If a(w) = 0, obviously § = 0. Otherwise, if we assume a(w) = 1, then

1 A=B

5(‘”)={o A+1<B (3-29)

Therefore § is a binary random variable with a mean equal to Pr{6(w) = 1} = Pr{a(w) =

1, A(w) = B(w)}.m

As a straight-forward consequence of this proposition
+
E[X,] — E[X, — Vx| =Pr{¥fx, = 1,X, — Yy, =0} =Pr{Yfy =1,X, > 1} (3-30)

Let p: = Pr{l/{f’x1 =1,X, = 1}. If we assume that L > 0then p is greater than zero. We can

choose h, > 0 and b” > 0 such that - ’fbp = p. In this case
2
(hy + DMIE[X,] = (hy + bPIE[X, — ¥Py,]” = hy (3-31)

Thus €(1,0) = €(1,1) and €(2,0) = C(1,1). Furthermore, based on what we had in example 1 it

is not hard to check that
€(0,1) = (hy + b")E[X,] + hy > (hy + bP)IE[Xz - Y1I,JX1]Jr +h, =C(1,1) (3-31)
We will use these results in finding a pair of points which shows that the cost function is not

D —convex. Consider the lattice points on the rectangle with the x = (2,1) and y = (0,0) as its
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upper-right-most point and lower-left-most point, respectively. For any permitted D C

{—1,0,1}? containing {(+1,0), (0, +1)} we have

D)NR(x,y) € {(1,0),(1,1),(2,0)} (3-32)
Now simply
x,ED(%inr}e(x'y) C(x") 2 min{C(1,0),€(1,1),C(2,00} =C(1,1) (3-34)
y'eD(rBinnﬂz(x,y) C(y") 2 min{€(1,0),€(1,1),€(0,1)} = C(1,1) (3-35)
We want to show that
h,

E[B?(0,0)] — E[BP(1,1)] — < E[BP(1,1)] — E[BP (2,1)] (3-36)

h, + b?
This strict inequality, if holds, shows that for any arbitrary permitted D < {—1,0,1}? the
inequality

CO0O+Cc2<Cc+ca1) <

C(x") + in C(y") (3-37)

min m
xr€D(x)NR(x,y) y'€D(x)NR(x,y)

holds and thus the cost function is not D-convex.

Use the results of example | and (3-30) to get E[BF(0,0)] — E[BP(1,1)] = E[B?(1,0)] —
E[BP(1,1)] = p. So the left-hand-side of (3-36) is zero.

On the other hand, using the fact that Zf;l Y{, = X, and the above lemma we get

[x1-2]*
E[B”(1,D)] — E[B" D] = Pri ¥/, =1, > Vi [ - 1]
=1

=Pr{X, > 2,Y{x 1 = 1Y =0} +Pr{X; 22X, =0,Y/ _; =1} (3-38)
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But the second term is zero since Y{y _; < Y12, Y[, =X, thus if X, = Othen Yy , =
0. Therefore

E[B"(1, 1] - E[B*(2,D)] = Pr{X; 2 2, Yy, ; = L, Y]y, = 0} (3-39)
If we choose L sufficiently large then the event {X; > 2, Yix,-1=1,Yx = 0} occurs with a

positive probability. Thus the right-hand-side of (3-36) is positive and our proof is complete.

Since we disproved the D-convexity property of cost function for a general choice of
D, we conclude that the cost function does not obtain any known type of convexity in discrete
space such as M"-/L"-/M-/L-convexity. As a result, we should not expect the steepest descent
algorithms to find the optimum policy, because these greedy algorithms may find the local

optima of the cost function yet there is no guarantee that these optima are globally optimum.

3.3 Cost Optimization Algorithm

So far we have realized that the MSDLMIN algorithm is not sufficient for exact
minimization of the cost function. This is one of the algorithms proposed in Lu and Song [1] for
finding the optimum policy under the misunderstanding that the cost function is L°-convex. They
also propose another algorithm similar to FTLMIN algorithm for L°-convex function
minimization that we discussed in chapter 2. Since the cost function is not L’-convex this

algorithm is not appropriate for cost optimization of the model, as well. Fortunately, the cost

function is a CCS function through the following propostion.

Proposition V1. (a) The cost function C(s)is coordinatewise convex.
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(b) The cost function C(s)is submodular.
Proof. ( [1], Proposition 1, (a, b) )m
Given that the cost function is CCS we can find an optimum policy using an algorithm similar to

CCSMIN in chapter 2.

3.4 Gaps in The Proof

In this part, we want to show the gaps in the proof of L*-convexity of the cost function

C(s) in Lu and Song [1]. Based on equation (5) in Lu and Song [1], if order-type K consists of
four components then we have
B (s1, 52,53, 54) = E[max{B{ (s1), B (s2), Bf (53), B} (54)}] (3-40)
It is claimed in the proof of Proposition 1(c) of Lu and Song [1] that in order to show the L*-
convexity it suffices to show for a four-component order type K that
BX(sy,55,53,8,) — BX(s; + 1,5, —1,83,5, — 1) >
BX(s; + 1,5, — 1,53+ 1,5,) —BX(s; + 2,5, — 2,53+ 1,5, — 1) (3-41)
For verifying this inequality the following reasoning has been used by the authors:
BX(sy,55,83,8,) — BX(s; + 1,5, — 1,55,5, — 1)
> BX(s; +1,5,,53,5,) —BX(s; + 2,5, — 1,55,5, — 1)
> BX(s; + 1,5, — 1,53,5,) — BX(s; + 2,5, — 2,53,5, — 1)
>BX(s; +1,5,—1,55+1,5,) —BX(s; +2,5,—2,55+1,s,—1) (3-42)
Let’s assess these inequalities one by one, in our words. For the first inequality, it suffices to say

that
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BX(s1,52,53,54) — B¥(s1 + 1,55, 53,54)
> BX(s; + 1,5,,53,54) — BX(s; + 2,55, 53,54)
> BX(s; + 1,5, — 1,83,5, — 1) —BX(s; + 2,5, — 1,83,5, — 1) (3-43)
The validity of first step is due to coordinatewise convexity of BX. The second step is equivalent

to

Pr {Y1I,<[Xi—sl—1]+ = 1, B (s; + 2) = max{Bj (s;), Bf (s3), 5(54)}}

> Pr {Yll,{[Xi—sl_l]+ 1; ]Bi((sl + 2) = maX{]BI;(SZ - 1); ]BI3<(S3); ]BE(S‘L — 1)}} (3_44)

But this holds since max{BX (s,), BX (s3), B (s,)} < max{BX (s, — 1), B (s3), B (s, — 1)} due to

the monotonicity.

Although the first inequality in (3-42) is true, the method used in Lu and Song [1] to
verify it is not valid. Indeed, it is claimed in Lu and Song [1] that
E[max{B{ (s1), B (s2), Bf (s3), B (s4)}]
— E[max{B{ (s; + 1), B} (s2), B (s3), B (s4)}]
= Pr{¥ (e = 1} PriBf (51 + 1) = max(BY (s2), B (s5), B (s1)}} (3-45)
The true version of this equation is as follows

E[max{B{ (s1), B} (s2), B (s3), B (54)3]
— E[max{B{ (s; + 1), Bf (s,), BY (s3), B (s4)}]
= Pr{Vi e = 1B G+ 1) 2 max(BE s2), BY (50), B (5)) 346)
If both (3-45) and (3-46) hold, the event {Y(l) + = 1} must be independent from {BX (s, +

K![Xi_sl]

1) = max{BX(s,), BX (s3), BX (s,)}} which is not true in general. It seems that Lu and Song [1]
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have derived this statement based on the independence of Bernoulli random variables Y. Even
though Y, are independent across k (different slots in a single pile) they are not necessarily

independent from the parameters of other piles such as BX(s;), i # 1. In Example 1 we saw a
simple system for which the independence assumption in deriving (3-45) from (3-46) is not true,

which shows one of the gaps in the Lu and Song’s proof [1] of the first inequality in (3-42).

So far we have seen that the first inequality in (3-42) holds with a different reasoning
from what we have in the proof of Proposition 1(c) of Lu and Song [1]. More importantly, we
will see in Example Il that the second inequality of (3-42) does not always hold. The second
inequality is equivalent to

BX(s; + 2,5, — 2,83,5, — 1) — BX(s; + 2,5, — 1,83,5, — 1)
> BX(s; + 1,5, — 1,83,5,) — BX(s; + 1,5, 53,54) (3-47)

Simplifying both sides based on the propositions 111 and V from previous parts we get

Pr{YK + = 1,B (s, — 1) = max{B{ (s; + 2), B5 (s3), B (s4 — 1)}}

2,[X,—5,+2]

> Pr{Yz’f[XZ_SZ+1]+ =1, B5(s,) = max{B (s, + 1), B§(s5), Bf (54)}} (3-48)
To show the possible flaw in this inequality the following example is useful.
Example Il. Let K denote the four-component demand type described above. Consider
insignificant replenishment times for components 1 and 3, say constant replenishment times
close to zero (L, = Lz = 0). Then we can simplify the system to a smaller one consisting of two
items 2 and 4. Now assume that items 2 and 4 have identical and constant nonzero (sufficiently

large) replenishment time (L, = L, = T > 0). Furthermore, assume that there is only one other
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demand type Q' in this system which consists only of component {2}. A similar scenario to

Example I holds in this example. Set s, = 2 and s, = 1. Similar to Example | we have
Pr{Y, o vape = 1BE(s; — 1) = max{Bf (s, + 2), BE (s,), B (54 — 1}

= Pr{vf},, = LBE(1) 2 Bf(0)} = Pr{vfy, = 1,[X, — v, ] = x,}

= Pr{rfy, = 1,X, =0} =0 (3-49)
The second equation is because Yfl =1 (VI < X,)since every outstanding demand for

component 4 is due to demand-type K. In addition similar to the discussion in Example | we have

X4 X2
B(0) = Y ¥l =) ¥l =X, (3-50)
=1 =1

And BX(1) = [X4 - YZIfXZ]Jr. The last event has probability zero since with probability one

X3

X4_ = Z YZI'(I 2 Y21,<X2 = 1 (3'51)
=1

On the other hand

2, XZ—52+1]+

Pr{¥/ = 1L,B(s;) = max(B{ (s, + 1), B (s3), B{ (5,))}

= Pr{yzﬁxz—1]+ =1,B5(2) = ]B%f(l)}
+
= Pr {YZ’_{[XZ_11+ =1, [X4 - Y, - Yz’f[Xz_l]+] > [X, — 1]+}

K +
=Pr {Yz,[xz—1]+ =1, [X4 - Y, — 1] > [X, - 1]+} (3-52)
We want to show that this probability is greater than zero. Consider the events

Q ={X, =27 =15 =0Xx,=1} (3-53)

= {YZI,{[XZ—I]J' =1[X, - ¥, - 1]+ 2 [Xs = 1]+} (3-54)
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Obviously Q, takes place with positive probability (Consider first demand of type K and the
second demand of type Q"). On the other hand Q, € Q, and thus Pr(Q,) = Pr(Q;) > 0. =

As we saw in this example, there might be some cases in which the second inequality in
(3-42) does not hold. Unfortunately Lu and Song [1] does not provide any proof for this part. It is
only stated that this inequality could be shown with a similar reasoning to that of the first

inequality.

3.5 A Remark on L*-Convexity of The Cost Function

In example 1, we considered an inventory system of two components. Next, we observed
in (3-26) that by setting b° = h; = h, = 0, the cost function of this system does not satisfy the
midpoint property at least for the points s’ = (0,0),s” = (2,1). In this part we want to show that
for any choice of s, there is at least one s; where s; > s, and the cost function fails to satisfy the
midpoint property for the points s’ = (s;,s,) and s” = (s; + 2,5, + 1). It is a means to make
sure that the non-convexity observed in the cost function is not limited to a finite set of base
stock policies and might be resolvable for sufficiently large inventory policies. In other words,
the midpoint property does not hold for infinitely many pairs of points even for the cost function
of this two-component inventory system. First of all, suppose s, > 0 and let s; > s, + 1. Similar
to (3-26), we want to show that
E[BP(s;,s,)] + E[BP(s; + 2,5, + 1)] < E[BP(s; + 1,s, + D] + E[BP(s; + 1,5,)] (3-55)
Which is equivalent to
E[BP(s1,s,)] —E[BP(s; +1,s,)] <E[BP(s; +1,s, + 1)] —E[BP(s; + 2,s, + 1)] (3-56)

Using Propositions V and 111, we simplify the above expression into
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=1
(3-57)
[X1—-s1-2]*
<Pr Yllr([Xl_Sl_l]+ =1 Z Y = [X;—s, —1]*
=1
Instead of this, we can show for any N;, N, € N
(1) (2) -
Pr(0y)y,) < Pr(Q$),) (3-58)
Where
[Ny—s;—-1]*
AP =V e =1, Z Y, > [N, — 5] Xy = Ny, X, = N, (3-59)
=1
[Ny—s;—2]*
QP = =1, Y, = [N, —s, — 1]*|X; = N;, X, = N, (3-60)

=

=

Note that we need to consider only N; = N, since almost surely X; > X,. In order to prove
inequality (3-58), we proceed with a combinatorial interpretation of the events QI(Vll),NZ and 91(\/21),1\/2

which gives us an easy way to compute the corresponding probabilities.

Event {X; = N;,X, = N,} says that we have exactly N, orders of type P = {1,2} in the pile of
outstanding orders of either item (as the replenishment lead times are assumed to be identical).
The remaining N; — N, outstanding orders of item {1} are due to order type Q = {1}. It is not

surprising that every outstanding order of item {2} is due to order type P = {1,2}. There are
(%2) different possible arrangement of orders which results in {X; = N;,X, = N,}and all of

them is seen with the equal probability. We claim that
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(1) _ Zi”Vi&;—sz(l\ll—%_l) (Nz—r 1)
Pr(QNl'NZ) = N
(Nz)

To verify this, assume that there are (Nl":l"l) (szlr_1) arrangements in which r outstanding

(3-61)

orders of type P will be received (and have been put) before the (N; — ;)" item in the pile of
item {1}and also the (N; — s;)" item in this pile is of type P. Obviously the remaining N, —
r — 1 order-type P among outstanding orders of item {1} will be received after the (N, —
s,)t"item. Since for outcomes in Q(l)N we want at least N, — s, order-type P among the first

N; —s; — 1items of pile {1} and given that there is no prevalence in the order of receiving the

corresponding demands, we sum all the terms for possible values of r and end up with (3-61).

Similarly
NZ 1 (N1_51 2) s1+1
PI‘(.QI(VZB‘NZ) _ r Nz—s3—-1 o (Nz—r—l) (3-62)
(Nz)

We need only to show that

Ny—1 Np—1

X OIS Z (T e

r N, —r—1 T N, —r—1
T=N2—52 T=NZ—SZ—1

Letting r’ = N, — r in the left hand side and "' = N, — r — 1 in the right hand side, we have the

following form of the above expression

S2 S2

Z (N1_51_1>( Sl )< Z <N1_81_2><Sl+1) (3_64)
4 N, — 71’ r'—1 el N, —r" =1 r"
T =

r'=1

Now use Pascal’s formulas (N}V;ilrjl) = (Z;il,:i) + (NzleSl 2) and (51+1) (1) +() to

get
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r’'=1 r’'=1
(3-65)
2N 2 2N 2
151~ S1 z<1—51— )51
<
z <N2 -7’ — 1) (r” - 1) + N,—r"—1 (r”)
=0 rT=0

Note that in the Pascal’s formula we assume conventionally (fll = 0 for s; > 0 and therefore

we can cancel the first terms from both sides and end up with

S2 S2
Nl_sl_z 51 N1—51—2 Sl
3-66
Zl( N, — 7' )(r’ — 1) < Zo (Nz -1’ — 1) (r”> ( )
r = r'=

Now use "' = r' — 1 again

S2 N 2 52+1 N 2

1~ 51~ 51 Z( 1~ 51~ ) S1 3-67
Zl( NZ—T" >(T’—1)< = NZ—T" (T"—l) ( )
T = r'=

Cancelling out repeated terms in both sides will give us
(v—a s3>0 (59
which holds when s; > s,. This completes the proof of our claim (3-56).
In this section we showed that the midpoint property for a simple cost function does not
hold for infinitely many pairs of points, which makes us sure that even with removing any
bounded subset of lattice points, the cost function will not become L*-convex for the remaining

part of its domain.
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Chapter 4: Conclusion

The main focus of this study was on the inventory model described in Lu and Song [1]
work. Based on this model they derived a cost function for an assemble-to-order system in a
continuous-time review scheme. In order to find the optimum policy they proposed two

algorithms, the correctness of both of which relies on L*-convexity of the cost function. One of

the algorithms is MSDLMIN and the other is FTLMIN.

However, they were, mistakenly, assuming that their cost function is L*-convex. In this
study we have shown why the cost function may not necessarily be L*-convex. Therefore the
MSDLMIN may not work properly. More generally, we have shown that the cost function is not
D —convex for any arbitrary notion of locality; a result which implies that such steepest descent

algorithms that try to find a local minimum may not give a global minimum for this cost function

at all.

Another algorithm, FTLMIN, developed by Favati-Tardella [30], is also not appropriate
for minimization of this cost function, since its correctness depends on L*-convexity. Yet, there is
a modification of the FTLMIN algorithm, called RDCSUB, which can be used to reduce the size
of the minimization problem. We discussed this modified algorithm and then showed that how
one can solve the minimization problem using submodular set function minimization in pseudo-

polynomial time.
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