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Abstract
The phase coherent properties of electrons in low temperature graphene are
measured and analyzed. I demonstrate that graphene is able to coherently
transport spin-polarized electrons over micrometer distances, and prove that
magnetic defects in the graphene sheet are responsible for limiting spin transport over longer distances. It is shown that these magnetic defects are also
partly responsible for the high decoherence (phase loss) observed at low
temperature, and that another (as yet unknown) non-magnetic mechanism
is required to explain the remainder.
Similar measurements are used to probe and characterize the size scales
of the roughness of the graphene sheet. The effects of an in-plane magnetic
field threading through the rough graphene sheet are analogous to the effects of the built-in strain; I argue that the observed large valley-dependent
scattering rates are a consequence of this built-in strain.
I also describe an original, robust technique for extracting coherence information from conductance fluctuations. The technique is demonstrated
in experiments on graphene, used to efficiently detect the presence of magnetic defects. This new approach to studying phase coherence can be easily
carried over to other mesoscopic semiconducting systems.

ii

Preface
This thesis describes work associated with the following publications:
• [1]Lundeberg, M. B. and Folk, J. A., Spin-resolved quantum interference in graphene. Nature Physics 5, 894 (2009). [Chapter 5]
• [2]Lundeberg, M. B. and Folk, J. A., Rippled Graphene in an In-Plane
Magnetic Field: Effects of a Random Vector Potential. Phys. Rev.
Lett. 105, 146804 (2010). [Chapter 6, Sec. 8.1, Sec. 8.2]
• [3]Lundeberg, M. B., Renard, J., Folk, J. A., Conductance fluctuations
in quasi-two-dimensional systems: A practical view. Phys. Rev. B 86,
205413 (2012). [Secs. 8.3, D.3.1, Appx. H]
• [4]Lundeberg, M. B., Yang, R., Renard, J., Folk, J. A., Defect-mediated
spin relaxation and dephasing in graphene. Phys. Rev. Lett. 110,
156601 (2013). [Chapter 7]
The initial direction of research (leading to Ref. [1]) was identified by
my supervisor, Prof. Folk, and after that I identified the research directions
leading to Refs. [2–4].
I developed the graphene fabrication procedure and built the graphene
devices used in all three experiments[1, 2, 4]. I helped design and built the
low temperature electrical filtering and wire cooling modules used in the final
experiment[4]. I performed all of the data taking in the first two experiments.
In the third experiment[4], J. Renard had been taking preliminary data
around that time but these ended up not being published; I acquired the
first half of the published data, and R. Yang the second half.
The theoretical publication, Ref. [3], grew out of discussions with J. Renard. The derivations and numerical simulation work were done by me.
For all four publications, I performed the data analyses and developed
the interpretations/conclusions. The drafts were prepared by me, and these
were edited together with the listed coauthors.

iii

Table of Contents
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ii

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

iii

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . .

iv

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ix

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1

Abstract
Preface

List of Tables

2 Principles of electronic transport in graphene . . . . . . .
2.1 Hamiltonian of an electron in ideal graphene . . . . . . . .
2.1.1 Chemistry and lattice . . . . . . . . . . . . . . . . .
2.1.2 The tight binding model . . . . . . . . . . . . . . .
2.1.3 Linear dispersion and the valley approximation . .
2.1.4 Isospin, pseudospin, and spin . . . . . . . . . . . . .
2.1.5 Minor terms . . . . . . . . . . . . . . . . . . . . . .
2.1.6 Energy spectrum of a graphene sheet . . . . . . . .
2.2 Potentials and disorder . . . . . . . . . . . . . . . . . . . .
2.2.1 Electric potentials (smooth) . . . . . . . . . . . . .
2.2.2 Magnetic fields . . . . . . . . . . . . . . . . . . . . .
2.2.3 Valley-coupled disorder . . . . . . . . . . . . . . . .
2.2.4 Spin-coupled disorder . . . . . . . . . . . . . . . . .
2.3 Graphene as a two-dimensional electron gas . . . . . . . . .
2.3.1 Electron transport at the Fermi surface . . . . . . .
2.3.2 Graphene doping and gating . . . . . . . . . . . . .
2.4 Semiclassical scattering, diffusion, and resistivity . . . . . .
2.4.1 Einstein relation (Kubo conductivity) . . . . . . . .
2.4.2 Semiclassical scattering-diffusion . . . . . . . . . . .
2.4.3 An example: scattering from a weak scalar potential

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

4
5
5
6
8
11
12
14
15
15
17
19
20
22
23
24
26
27
28
30
iv

Table of Contents
2.4.4
2.4.5

What is the main source of scattering in graphene? .
Pseudospin and spin relaxation . . . . . . . . . . . .

31
32

3 Theory of coherent effects . . . . . . . . . . . . . .
3.1 Basics of mesoscopic theory . . . . . . . . . . . . .
3.1.1 Ensemble averages . . . . . . . . . . . . . .
3.1.2 Diffusons and the Diffuson approximation .
3.1.3 Cooperons and quantum crossings . . . . .
3.1.4 Dephasing . . . . . . . . . . . . . . . . . .
3.1.5 Geometry dependence and dimensionality .
3.2 Weak localization (WL) . . . . . . . . . . . . . . .
3.2.1 Sensitivity to perpendicular magnetic fields
3.2.2 Formulas for quasi-2D case . . . . . . . . .
3.2.3 Formulas for quasi-1D case . . . . . . . . .
3.3 Conductance fluctuations . . . . . . . . . . . . . .
3.3.1 General two-conductance correlations . . .
3.3.2 General many-conductance correlations . .
3.4 Coherence with spin, isospin, and pseudospin . . .
3.4.1 Isospin and pseudospin dephasing . . . . .
3.4.2 Spin dephasing . . . . . . . . . . . . . . . .

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

34
35
35
36
38
39
40
41
42
42
44
44
45
48
49
50
51

4 Introduction to experiments . . . . . . . . .
4.1 Sample preparation . . . . . . . . . . . . .
4.2 Low-temperature measurement setup . . .
4.3 Electrical measurements . . . . . . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

52
52
54
55

5 Experiment: Spin-splitting . . . . . .
5.1 Experimental setup . . . . . . . . .
5.2 Direct observation of spin splitting .
5.3 Autocorrelation analysis of splitting
5.4 Minimum density of states . . . . .
5.5 Hints of ripples in graphene . . . . .
5.6 Retrospective . . . . . . . . . . . . .
5.7 Conclusion . . . . . . . . . . . . . .

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

57
57
58
60
63
64
66
67

6 Experiment: Ripples and random vector potentials
6.1 Experimental setup . . . . . . . . . . . . . . . . . . .
6.2 Dephasing effect of in-plane field . . . . . . . . . . . .
6.3 Semiclassical scattering from in-plane field . . . . . .
6.3.1 Other sources of in-plane magnetoconductance

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

68
69
70
74
76

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

v

Table of Contents
6.4
6.5
6.6
6.7

Extraction of ripple size . . . . . . .
Analogy to strain-related dephasing
Retrospective . . . . . . . . . . . . .
Conclusion . . . . . . . . . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

77
77
78
78

. . .
. . .
. .
. . .
. . .
. . .

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

80
81
82
85
86
88

8 New theoretical results . . . . . . . . . . . . . . . . . . . .
8.1 Anisotropic magnetoresistance. . . . . . . . . . . . . . . .
8.1.1 Comparison to literature . . . . . . . . . . . . . .
8.2 Random-strain dephasing in graphene . . . . . . . . . . .
8.3 Analysis of quasi-2D conductance fluctuation correlations
8.3.1 How correlations are probed in experiment . . . .
8.3.2 Theoretical quasi-2D correlation . . . . . . . . . .
8.3.3 Field and energy correlation lengths . . . . . . . .
8.3.4 Statistical errors in autocorrelations . . . . . . . .
8.3.5 Multiple dephasing modes . . . . . . . . . . . . .
8.3.6 Notes on the quasi-1D case . . . . . . . . . . . . .
8.3.7 Comparison to literature . . . . . . . . . . . . . .

.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.

90
90
92
93
94
95
96
99
101
104
107
108

9 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
9.1 Mysteries . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
9.1.1 Large anisotropy factor . . . . . . . . . . . . . . . . .
9.1.2 Wide energy correlations at low temperature . . . . .
9.1.3 Late turn-off of magnetic decoherence at low temperature . . . . . . . . . . . . . . . . . . . . . . . . . . .
9.1.4 Non-magnetic decoherence saturation . . . . . . . . .
9.2 Ideas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
9.2.1 Other ways to extract coherence information . . . . .
9.2.2 Controlling decoherence . . . . . . . . . . . . . . . . .

110
110
110
110

7 Experiment: The limits of coherence . . .
7.1 Experimental setup . . . . . . . . . . . . .
7.2 Dephasing of conductance fluctuations (CF)
7.3 Differences in dephasing for CF and WL .
7.4 Dephasing of weak localization (WL) . . .
7.5 Conclusions . . . . . . . . . . . . . . . . . .

10 Conclusion

.
.
.
.

.
.
.
.

111
112
112
112
116

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

vi

Table of Contents
A Non-magnetic disorder in graphene . . . . . . . . . . . . . . 126
A.1 On-site energy variations . . . . . . . . . . . . . . . . . . . . 126
A.2 Hopping energy variations (strains) . . . . . . . . . . . . . . 128
B Experimental details . . . . . . . . . . . . . . . . .
B.1 Sample preparation . . . . . . . . . . . . . . . .
B.2 Measurements . . . . . . . . . . . . . . . . . . .
B.2.1 Field alignment . . . . . . . . . . . . . .
B.2.2 Conductance measurement . . . . . . . .
B.2.3 Device overheating by bias . . . . . . . .
B.3 Low-temperature apparatus . . . . . . . . . . . .
B.3.1 RC filter boards . . . . . . . . . . . . . .
B.3.2 Shield . . . . . . . . . . . . . . . . . . . .
B.3.3 Microwave attenuator . . . . . . . . . . .
B.3.4 Cold finger . . . . . . . . . . . . . . . . .
B.3.5 Magnetic heating of cold finger materials

.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.

130
130
131
131
132
132
136
137
138
138
139
141

C Detailed interpretation of Chapter 7 data . . . . . . . . . .
C.1 Background subtraction . . . . . . . . . . . . . . . . . . . . .
C.2 Correspondence between inflection point and decoherence rate
147
C.3 Quasi-2D CF correlations in an in-plane magnetic field . . .
C.4 Spin-orbit interactions . . . . . . . . . . . . . . . . . . . . . .

146
146
149
154

D Computation of conductance fluctuation correlations
D.1 The effect of thermal smearing . . . . . . . . . . . . . .
D.2 Decomposition into dephasing modes . . . . . . . . . .
D.3 Zero-temperature correlations (single-mode) . . . . . .
D.3.1 Quasi-2D case . . . . . . . . . . . . . . . . . . .
D.3.2 Quasi-1D case . . . . . . . . . . . . . . . . . . .
D.4 Time-correlations and measurement averaging . . . . .

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

157
158
159
160
160
162
162

E Spin/pseudospin dephasing modes . . . . . .
E.1 Internal-state dephasing (general) . . . . . .
E.1.1 Internal-state dephasing of Diffusons
E.1.2 Internal-state dephasing of Cooperons
E.1.3 Dephasing and coherent precession .
E.2 Spin dephasing (low field) . . . . . . . . . . .
E.2.1 Modelling random spin rotations . . .
E.2.2 Spin-orbit interaction . . . . . . . . .

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

164
164
166
166
167
167
167
168

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

vii

Table of Contents
E.2.3 Other spin-orbit mechanisms . . . . . . .
E.2.4 Unpolarized magnetic defects . . . . . . .
E.3 Isospin and pseudospin dephasing . . . . . . . .
E.3.1 Isospin dephasing . . . . . . . . . . . . .
E.3.2 Pseudospin dephasing . . . . . . . . . . .
E.4 Dephasing in high magnetic fields . . . . . . . .
E.4.1 Polarized dynamic magnetic defects . . .
E.4.2 Polarized ‘static’ magnetic defects . . . .
E.4.3 Ripples/random magnetic field dephasing

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

169
170
171
171
172
172
172
173
174

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

175
175
176
176
177
178

G Generating correlated random data . . . . . . . . . .
G.1 General matrix method . . . . . . . . . . . . . . . . .
G.2 Stationary processes (Fourier method) . . . . . . . . .
G.2.1 A technicality—periodic boundary conditions
G.3 Simulating mixed Cooperon and Diffuson correlations
G.4 Semi-stationary processes . . . . . . . . . . . . . . . .
G.5 Adding on more data . . . . . . . . . . . . . . . . . .

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

179
179
181
182
183
184
185

F Digamma function reference . . .
F.1 Definitions . . . . . . . . . . . .
F.2 Occurence . . . . . . . . . . . .
F.3 Properties and identities . . . .
F.4 Specific values . . . . . . . . . .
F.5 Approximation and computation

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

H Theory of statistical errors in autocorrelation functions . 187
H.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
H.2 Background subtraction (type 2) errors . . . . . . . . . . . . 188
H.3 Random (type 3) errors . . . . . . . . . . . . . . . . . . . . . 190

viii

List of Tables
6.1

Device parameters. . . . . . . . . . . . . . . . . . . . . . . . .

8.1

Asymptotic field and energy correlation lengths.

72

. . . . . . . 101

B.1 Curie constants for various cryogenic materials. . . . . . . . . 143
E.1 Dephasing rates and eigenmodes due to spin-orbit interaction. 169
E.2 Dephasing rates and eigenmodes due to unpolarized magnetic
defects. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
E.3 Dephasing modes with polarized magnetic defects. . . . . . . 173

ix

List of Figures
2.1
2.2
2.3
2.4

Graphene lattice structure. . . . . . . . . . . .
Electron dispersion relation of graphene’s π and
K and K’ points of graphene. . . . . . . . . . .
Filling of electronic states in doped graphene. .

. .
π∗
. .
. .

. . . . . .
electrons.
. . . . . .
. . . . . .

5
7
9
25

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9

Paths contributing to the product Ψ ∗ Ψ . . . . . . . . . . . . .
Graphical definition of the Diffuson correlation. . . . . . . . .
The Diffuson approximation. . . . . . . . . . . . . . . . . . .
Example of a non-identical path pair that contributes to Ψ ∗ Ψ .
Graphical definition of the Cooperon correlation. . . . . . . .
Outline of CF diagrams. . . . . . . . . . . . . . . . . . . . . .
The four diagrams contributing to CF correlations. . . . . . .
Histogram of experimental conductance fluctuations. . . . . .
Value of weak (anti-)localization correction for graphene a in
magnetic field. . . . . . . . . . . . . . . . . . . . . . . . . . .

36
37
37
38
38
46
47
48

4.1
4.2
4.3
4.4

Optical microscope images of graphene device. . . . . . . . .
Photograph of chip carrier. . . . . . . . . . . . . . . . . . . .
Cross-sectional view of low-temperature measurement setup. .
Two-terminal and four-terminal conductance measurements. .

53
53
54
55

5.1
5.2
5.3
5.4
5.5
5.6
5.7

Experimental setup. . . . . . . . . . . . . . . . . . . . .
Zeeman effect in graphene. . . . . . . . . . . . . . . . . .
Autocorrelation extraction of spin splitting. . . . . . . .
Magnetic field- and gate-dependence of spin splitting. .
Reproduction of spin-splitting effect in a second device.
Minimum density of states near Dirac point. . . . . . . .
Loss of time reversal symmetry due to in-plane field. . .

.
.
.
.
.
.
.

58
59
60
62
63
64
65

6.1
6.2

Simulation of a rippled graphene sheet. . . . . . . . . . . . . .
Experimental setup. . . . . . . . . . . . . . . . . . . . . . . .

68
69

.
.
.
.
.
.
.

.
.
.
.
.
.
.

50

x

List of Figures
6.3
6.4
6.5
7.1
7.2
7.3
7.4
7.5
7.6
7.7
8.1
8.2
8.3
8.4
8.5
8.6
8.7

Weak localization magnetoconductance measured at different
in-plane fields. . . . . . . . . . . . . . . . . . . . . . . . . . .
Increase in dephasing rate from Bk . . . . . . . . . . . . . . . .
Anisotropic in-plane magnetoresistivity. . . . . . . . . . . . .
Experimental setup. . . . . . . . . . . . . . . .
Conductance fluctuations and autocorrelations.
−1
Dependence of τCF
on temperature. . . . . . .
−1
Dependence of τCF
on rms total magnetic field.
−1
Dependence of τmag on carrier density. . . . . .
Weak localization as a function of temperature.
−1
on Bk2 . . . . . . . . . . . . .
Dependence of τWL

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

Dephasing rate dependence of several characteristic scales of
the quasi-2D CF correlation function in magnetic field. . . . .
Mapping of several energy correlation lengths to dephasing
rate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Example of statistical errors in CF autocorrelation. . . . . . .
Guidelines for minimum total scan length in CF experiments
Guidelines minimum background field-smoothing length in
CF experiments . . . . . . . . . . . . . . . . . . . . . . . . . .
Effect of suppressed dephasing modes on CF correlations. . .
Effect on field correlation’s inflection point from the combination of two CF modes. . . . . . . . . . . . . . . . . . . . . .

71
73
75
81
82
83
84
85
86
87
100
102
103
104
105
106
107

9.1

Energy autocorrelations of CF at very low temperature. . . . 111

B.1
B.2
B.3
B.4

Bias overheating effect as seen in CF variance . . . . . . . . .
Electron-electron interaction contribution to conductivity . .
Energy autocorrelations of CF. . . . . . . . . . . . . . . . . .
Signal filtering topology for each sample wire in the cryostat.

133
134
136
137

C.1 Simulated conductance fluctuation correlations. . . . . . . . . 152
−1
C.2 Comparison of the experimental τCF
rate with simulation. . . 153
−1
C.3 Theoretical dependence of τWL on Bk with various forms of
spin disorder. . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
G.1 Example of correlated data extrapolation. . . . . . . . . . . . 185

xi

Chapter 1

Introduction
Graphene is the two-dimensional crystalline form of carbon, its atoms arranged in a honeycomb lattice. Since 2004, when it was first experimentally isolated and electrically characterized[5], graphene has attracted the
attention of a wide segment of the condensed matter physics community.
Theoretically, the low kinetic energy electrons in graphene are interesting in
that they behave as massless Dirac fermions, analogous to hyper-relativistic
electrons or positrons[6]. The electronic phenomena in graphene therefore
gain unusual features compared to the massive Schrödinger particles seen
in ordinary semiconductors. Practically, graphene is a transparent highmobility semiconductor with potential applications in high-speed analog
transistors[7, 8], touch screens[9], light detectors[10], among other things.
A major theme in graphene research has been understanding and controlling disorder. In particular, it was expected that electrons in graphene
should maintain their spin orientation for a long time: the low atomic number of carbon and symmetry of graphene results in a small spin-orbit interaction for mobile electrons[11, 12], and the interactions between electrons
and nuclear spins are extremely weak.[13] For this reason, an exciting future application of graphene would be as a medium for spintronic circuits,
where information is carried by the spin of an electron. The fact that real
graphene devices turned out to have significant spin relaxation was therefore
a surprise.[14, 15]
Measurements of phase coherent transport have long been used to characterize disorder in semiconductors and metals[16–19]. Research in graphene
has continued this tradition with detailed studies of coherent localization[20–
33] and coherent conductance fluctuations[34–37]. These studies have revealed important information about the way in which disorder couples to
the special symmetries of electrons in graphene, such as their ‘valley’ degree
of freedom (also known as pseudospin).
My thesis work falls within this program of using experimental measurements of phase coherent effects to analyze disorder in graphene. Two main
types of disorder are examined: disorder related to the ripples (roughness)
of the graphene sheet, and disorder related to the spin of the electrons. I
1
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investigated how the ripples can be quantified by coherence experiments in
magnetic fields, and how ripple-induced strains in the graphene have a significant symmetry-breaking effect. I also demonstrated conclusively that,
although spin-orbit interactions do not play a significant role in graphene
spin physics, there are magnetic defects in graphene that are responsible for
the spin relaxation. At the moment, these magnetic defects pose a significant
roadblock to spintronic and coherent devices in graphene.

Structure of this thesis
After this introduction, the first two chapters review the basic physics of
electronic transport in graphene. Chapter 2 starts with a derivation of the
quantum “equation of motion” (Hamiltonian) of a delocalized electron inside
graphene. I describe the relevant ways in which environmental factors induce disorder that disturbs the electron’s motion. Standard concepts from
semiconductor physics (band structure, doping, Fermi level, etc.), are reviewed insofar as they apply to graphene. To give a first understanding of
electrical conduction, the electrical conductance of graphene is derived in a
classical approximation.
Chapter 3 delves deeper into the physics that determine electrical conductance, introducing the phase coherent effects that give corrections to
the classical approximation. This chapter reviews two such phase coherent
effects that appear unmistakably in the electrical conductance—weak localization (WL) and conductance fluctuations (CF)—and remarks on basic
principles and symmetries that are relevant to experiments. Weak localization and conductance fluctuations are used as tools to probe disorder in the
following experiments.
The experiments in this thesis involved measurements of electrical conductance (G) of microfabricated graphene flakes that were capacitively coupled to a backgate (voltage VBG ), over a range of very low temperatures (T )
and under the influence of a tilted magnetic field (vector B, consisting of
in-plane Bk and out-of-plane B⊥ components). Chapter 4 introduces the
experimental portion of this thesis by reviewing the experimental apparatus
used to produce the low temperatures and magnetic fields (common to all
three experiments) and describing the electrical measurements.
The first experiment, Chapter 5, was a study of the evolution of conductance fluctuations in the presence of an in-plane magnetic field, focussing
on the direct coupling of the magnetic field to the electron spin. This study
demonstrated the possibility of interferometric spin transport in graphene
2

Structure of this thesis
devices, at least over the micron scale.
Chapter 6 documents the follow up experiment, looking at effects of the
in-plane field on weak localization due to the coupling of the field to the
electrons’ motion (rather than their spin). This coupling is only possible
due to the rippled texture of real graphene devices (where the graphene
is on a rough substrate), and so this study yielded information about the
roughness of the graphene sheet.
The last experiment, described in Chapter 7, was a precision study of
the phase coherence lifetime of electrons in graphene, using both weak localization and conductance fluctuations as probes. This experiment provided
conclusive evidence that there are magnetic defects in graphene that cause
spin flips in the mobile electrons, as well as showing that these magnetic
defects are (at least partly) responsible for the lack of long phase coherence
times in very low temperature.
Associated with these experiments are several new theoretical results,
discussed in Chapter 8. The majority of Chapter 8 is concerned the proper
statistical analysis of conductance fluctuations, which enables experiments of
the type in Ch. 7. Also discussed are short but important derivations relating
to the interpretation of Ch. 6: modelling the anisotropic scattering from a
random magnetic field, and correctly computing the symmetry-breaking rate
from random strains.
Chapter 9 gives an outlook on prospects for future research along these
lines.

3

Chapter 2

Principles of electronic
transport in graphene
We begin by describing the Hamiltonian of an electron in an ideal graphene
sheet (Sec. 2.1), which can be quickly derived from basic microscopic considerations. As a consequence of the graphene lattice symmetry, the electrons
in graphene effectively behave as massless particles and gain two spin-like
characteristics—isospin and pseudospin—in addition to their ordinary spin.
These three internal spin characteristics, combined with their associated
symmetries, make phase coherence in graphene a complex and interesting
subject (more on this in the next chapter).
The graphene devices studied in this thesis are disordered, mostly due
to effects from the environment around the graphene. Section 2.2 discusses
the ways of classifying disorder in graphene (namely, by its coupling to
isospin/pseudospin/spin), and describes the microscopic mechanisms that
can generate these different types of disorder. The distinctions between
these disorder classes will be seen clearly in the coherent effects described
in later chapters.
Graphene is an example of a two-dimensional electron system (2DES),
akin to the active areas of the field effect transistors in conventional silicon
and gallium arsenide structures. Section 2.3 describes the usual 2DES properties (carrier density, Fermi level, etc.) as they appear in graphene, and
how they can be controlled by a gate voltage. As a result of the linear dispersion relation in graphene, some of these properties differ from traditional
2DES.
Finally, Sec. 2.4 describes how the disorder in graphene gives rise to
scattering and resistivity. A simple semiclassical view is presented, leading
towards the coherent effects that will be described in the following chapter.
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r + a1

B

A
B

r − a2 + aŷ
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circles, and nearest-neighbor bonds as thick lines. The dashed rhombus is
the boundary of the unit cell at location r.

2.1
2.1.1

Hamiltonian of an electron in ideal graphene
Chemistry and lattice

Graphene is the planar (two-dimensional) allotrope of carbon. The crystal
structure of graphene can be represented as a Bravais lattice by placing two
carbon atoms in the unit cell (Fig. 2.1). The lattice vectors are
√
√
3
3
3
3
a1 =
ax̂ + aŷ,
a2 = −
ax̂ + aŷ,
(2.1)
2
2
2
2
where a = 0.142 nm is the spacing between carbon √
neighbours. The distance
between adjacent unit cell centers is |a1 | = |a2 | = 3a = 0.246 nm.
With this bonding structure, the carbon atom’s outer orbitals {2s, 2p3 }
are hybridized into a {2sp2 , 2pz } configuration. Each atom contributes four
electrons to these outer orbitals: one electron for each of the three sp2
orbitals and one electron to the pz orbital. Neighbouring carbon atoms in
graphene form a strong σ covalent bond due to the symmetric combination
of their sp2 orbitals. Since each neighbour contributes one electron to the
5
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bond, these σ bonds are filled and do not transport charge.1 This leaves
one pz orbital and one free electron per carbon atom; the neighbouring pz
orbitals hybridize to form π and π ∗ bonds. The electrons in the pz orbitals
transport charge and are responsible for the electrical properties of graphene.

2.1.2

The tight binding model

The simplest Hamiltonian for modelling mobile electrons in graphene is
found by constructing a state-space consisting of only two states per carbon
atom: spin-up and spin-down in pz . We then allow for hybridization between
the pz orbitals of adjacent atoms, to represent the π and π ∗ bonding. For
brevity we omit the spin degree of freedom in the derivation below. Each
unit cell in the Bravais lattice (labelled by its position r) contains two pz
orbital states, |r, Ai at the A atom, and |r, Bi at the B atom (four states
total, once spin degeneracy is included).
We begin the derivation of band structure by defining two candidate
lattice plane waves, built out of the orbital states |r, Ai and |r, Bi:2
|k, Ai =

X 1
r

√

N

eik·r |r, Ai ,

|k, Bi =

X 1
r

√

N

eik·(r+aŷ) |r, Bi ,

(2.2)

where N is the number of unit cells in the graphene. Here, the notation r
indicates a summation over all unit cells, labelled by their position r. The
plane waves here are not energy eigenstates, but they do make a convenient
basis to represent the eigenstates.
Next, we allow for the electrons to hop from atom to atom, due to the
overlap of the pz orbitals of nearby atoms. This is modelled simply by
considering a hopping term −t between nearest-neighbor pz orbitals. Since
each atom has three nearest neighbours, each of which is in the opposite
sublattice, the Hamiltonian is
P

H0 = E0 − t

X
r

|r, Ai hr, B| + hr − a1 , B| + hr − a2 , B| + h.c.




(2.3)

The magnitude of this hopping term is about t ≈ 3 eV. Here E0 is the
potential energy which is influenced by the orbital binding energy as well as
externally induced electrostatic potentials, discussed further in Sec. 2.2.1.
The antisymmetric σ ∗ band is high energy and hence unfilled.
In some literature a different basis, without the + aŷ term in the |k, Bi state, is used.
This gives subtly differences expressions for some operators, so one should be careful when
mixing calculations from different bases.[38]
1

2
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Figure 2.2: Electron dispersion relation of graphene’s π and π ∗ electrons,
(2.7), plotted over k space. The transparent plane indicates E = E0 , which
is the energy of the Dirac point.
From translational symmetry we have hk, i|H|k0 , ji = 0 when k 6= k0 (i
and j here each refer to either sublattice A or B). This means that we can
diagonalize this Hamiltonian in the momentum basis, as
H0 =

X

Hij (k)|k, iihk, j|.

X

(2.4)

k ij∈{AA,AB,BA,BB}

From (2.2) and (2.3), these matrix elements are
HAB (k) = hk, A| H0 |k, Bi

√

= −t[eiky a + e−iky a/2+i

3kx a/2

√

+ e−iky a/2−i

√

3kx a/2

]
(2.5)

= −t[eiky a + 2e−iky a/2 cos( 3kx a/2)]
√
HBA (k) = −t[e−iky a + 2eiky a/2 cos( 3kx a/2)]

HAA (k) = HBB (k) = E0 .

From this momentum space representation we can easily find the energy
eigenvalues of H0 , by diagonalizing the 2 × 2 matrix at each k:
E(k) = E0 ± |HAB (k)|
q

= E0 ± t 1 + 4 cos2

(2.6)
√

3
2 kx a



+ 4 cos

√

3
2 kx a



cos

3
2 ky a



.

(2.7)
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This expression is the idealized dispersion relation of the pz electrons in
graphene, and is plotted in Fig. 2.2. There are two symmetrical bands:
one with positive energy (π ∗ -bonding), and the other with negative energy
(π-bonding).
Although we have found the dispersion relation for a large range of energy, transport experiments are in fact only concerned with the properties
of electrons very near the Fermi level. Where does the Fermi level lie in
graphene? When the graphene is charge neutral, each carbon atom contributes one electron and one pz orbital. Each orbital has two available
spin states, however, and so the electrons fill precisely half of the available
states. Looking at the states in Fig. 2.2, we see that this will fill all states
with energy below E0 , leaving the positive energy states unfilled. Thus, at
charge neutrality we have E0 equal to the Fermi level. Although we can
vary E0 by use of a gate voltage (more on this in Sec. 2.3.2), in practice the
difference EF − E0 is never more than 0.3 eV or so (small compared to the
|t| ≈ 3 eV scale of (2.7)). Thus, we are only concerned with the properties
of electrons for small energies |E − E0 |  |t|. This sets the stage for the
low-energy approximation described in the next section, which will be used
in the remainder of this thesis.

2.1.3

Linear dispersion and the valley approximation

At certain points in graphene’s dispersion relation, the positive and negative
energy bands meet at an energy level known as the Dirac point (E = E0 ).
The locations in k-space where this meeting occurs are referred to as the K
points. The collection of states nearby the K points (near the Dirac point)
are known as valleys, a term borrowed from conventional semiconductors.
Since the Fermi level never moves very far from the Dirac point, transport
in graphene is exclusively concerned with electrons that are in the valleys.
How many distinct K points are there? Due to lattice periodicity, the
states at k are identical (at least, up to phase) to the states found at k + G1
2π
√2π
and k + G2 , where G1 = √2π3a x̂ + 2π
3a ŷ and G2 = 3a x̂ − 3a ŷ in graphene. To
avoid recounting identical states we can mark out a Brillouin zone, a shape
which can be tiled to cover k-space by shifts G1 and G2 . The Brillouin zone
includes each distinct k value exactly once. Figure 2.3 replots the dispersion
relation (2.7) over a Brillouin zone centered away from the origin. As can
be seen, there are in fact two distinct K points, which are called K and K’.
Although distinct, the K and K’ points look quite similar—a symmetry that
we will explore in more detail in this section.
To examine the physics in the valleys, we can rewrite the matrix elements
8
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Figure 2.3: K and K’ points of graphene. Solid lines are a contour plot of
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zone shape centered away from zero; this area contains each unique k exactly
once. The locations of the K and K 0 vectors, defined in (2.9), are noted.
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(2.5) for momenta p defined with respect to the valley centers. To do so,
we define a new basis of plane waves based on the states in the valleys. We
define these in both bra-ket and matrix notation (both are convenient) to
represent the valley and sublattice freedom of these states:
1
0
0
0

|pi ⊗
|pi ⊗

|pi ⊗

0
1
0
0

0
0
1
0

|pi ⊗

= |p, KAi =

0
0
0
1

= |p, KBi =
= |p, K Bi =
0

= |p, K Ai =
0

X ei(K+p/~)·r
r

√

N

|r, Ai

X ei(K+p/~)·(r+aŷ)

√

r

N

X ei(K 0 +p/~)·(r+aŷ)

√

r

N

X ei(K 0 +p/~)·r
r

√

N

|r, Bi

(2.8)

|r, Bi

|r, Ai

where p is the electron momentum defined with respect to the valley center,
and K and K 0 are reciprocal space vectors of the K and K’ points respectively. Throughout this thesis, we fix the locations of the K and K 0 vectors
to be3
1
4π
K = (G1 + G2 ) = √ x̂
3
3 3a
(2.9)
8π
0
K = 2K = √ x̂.
3 3a
We can Taylor expand the matrix elements (2.5) in this new basis, for
small |p|  ~/a, to obtain a linearized low-energy Hamiltonian,
E0
px − ipy
0
0
p + ip

X
E
0
0


y
0
H0 = v
|pi ⊗  x
 ⊗ hp| , (2.10)


0
0
E
−p
+
ip
0
x
y
p
0
0
−px − ipy
E0




to first order, where we have defined the number v = 23 ta/~ ≈ 1.0 × 106 m/s.
The eigenvalues of the low-energy Hamiltonian are simply
E(p) = E0 ± v|p|.

(2.11)

This is the famous linear (massless) dispersion relation of low-energy electrons in graphene. The meaning of the constant v is clear here: it is the
speed (group velocity) of the electrons.
3
Note: due to our choice of B sublattice phase in (2.2), some operators may be
expressed differently if we make a different choice of K and K 0 [38].
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The eigenstates of (2.10) are easily obtained. For positive energies E =
E0 + v|p| we have eigenstate |p, K+i and |p, K0 +i at the K and K’ points
respectively:
|p, K+i =

|p, K0 +i =



√1 e−iθp /2 |p, KAi + eiθp /2 |p, KBi
2


√1 e−iθp /2 |p, K0 Bi − eiθp /2 |p, K0 Ai
2

(2.12)

where θp is the direction of p, such that p = |p|(cos θp x̂ + sin θp ŷ). For
negative energies E = E0 − v|p| we have similarly
|p, K−i =

|p, K0 −i =



√1 e−iθp /2 |p, KAi − eiθp /2 |p, KBi
2


√1 e−iθp /2 |p, K0 Bi + eiθp /2 |p, K0 Ai .
2

(2.13)

We will be using this linearized approximation as the standard point
of view throughout this thesis. It is worth noting that our interpretation
of position r will be taking on a slightly relaxed meaning. Up until this
point, r was a discrete lattice quantity corresponding to the location of the
A atom in a unit cell (Fig. 2.1), however now that we have taken |p|  ~/a
we cannot localize our wave functions down to individual unit cells. As a
result, we will take the attitude that r is effectively a continuously varying
quantity, though keeping in mind that its literal meaning is the location of
a unit cell in the tight binding model.

2.1.4

Isospin, pseudospin, and spin

It is common in the literature to represent (2.10) in short form as H0 =
V
L
vσzV σ L · p, where σx,y,z
and σx,y,z
are Pauli matrices defined on the valley
(K,K’) and sublattice (A,B or B,A) spaces, respectively. This Pauli matrix
structure gives the first hint of spin-like properties, however in the Hamiltonian the two matrices are mixed together and it is not obvious whether σ V
or σ L represent actual degrees of freedom.
The spin-like properties of the Hamiltonian are clarified by defining matrix sets Σ (isospin) and Λ (pseudospin), given by:[21]
Σx =
Λx =

"

"

0
1
0
0

1
0
0
0

0
0
0
−1

0
0
1
0

0
0
0
−1

1
0
0
0

0
0
−1
0

#

0
−1
0
0

#

, Σy =
, Λy =

"

"

0
i
0
0

−i
0
0
0

0
0
i
0

0
0
0
−i

0
0
0
−i

−i
0
0
0

0
0
i
0

#

0
i
0
0

#

, Σz =

, Λz =

1
0
0
0

0
−1
0
0

1
0
0
0

0
1
0
0

"

"

0
0
1
0

0
0
−1
0

0
0
0
−1

0
0
0
−1

#

,

#

(2.14)

.
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The matrices Λx,y,z and Σx,y,z form mutually commuting Pauli algebras:
[Σi , Λi ] = 0, [Σi , Σj ] = 2iijk Σk , and [Λi , Λj ] = 2iijk Λk . With these new
matrices, the Hamiltonian becomes simply
H0 = E0 + v(Σx px + Σy py ) = E0 + vΣ · p.

(2.15)

The isospin (representing A,B sublattice freedom) is thus locked to the
direction of momentum: Σ parallel to p for states with positive kinetic energy, and Σ antiparallel to p for negative kinetic energy. The isospin leads
to some unusual physics for electrons in graphene. Electrons that travel in
a simple loop must rotate their isospin by ±360◦ (a unitary transformation
of eiπΣz = −1), thereby acquiring a geometric phase π. This phase shift
modifies coherent effects such as weak localization (Sec. 3.4), and the formation of Landau levels[39]. Another feature of isospin is that it inhibits
direct back-scattering from smooth scalar potentials (Sec. 2.4.3).
The pseudospin Λ (representing K, K’ valley freedom) on the other hand
does not appear in the idealized Hamiltonian (2.15) at all. Pseudospin is
thus a true degree of freedom for an electron, analogous to its real spin;
electrons can be pseudospin up (|Ki), down (|K0 i), right ( √12 (|Ki + |K0 i) superposition), and so on. The pseudospin plays an important role in the phase
coherent properties of graphene, because of the prevalence of pseudospincoupled disorder: intervalley scattering (pseudospin-flips) counteracts the
antilocalization from isospin, leading to the appearance of ordinary localization at low magnetic fields (Sec. 3.4).
The real spin, of course, is another degree of freedom in the electrons,
represented by σ—a third Pauli algebra, orthogonal to Σ and Λ. Pseudospin and spin together give a 4-fold degeneracy to a state at a given E, p.
How does the pseudospin differ from the real spin? Most importantly,
• Spin is associated with a magnetic moment and thus couples directly
to magnetic fields (Sec. 2.2.2), whereas pseudospin is a non-magnetic
degree of freedom.
• Although pseudospin is unaffected by ordinary smooth disorder, it
does couple to certain types of microscopic disorder that turn out to
be common in real graphene devices (Sec. 2.2). Disorder that affects
the real spin is much weaker (Chapter 7).

2.1.5

Minor terms

Though the idealized Hamiltonian of graphene electrons, H0 = vΣ · p, captures the primary intrinsic characteristics of graphene, we have omitted other
12
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terms that can become important in some situations. This section briefly
describes non-disorder terms that appear in the full Hamiltonian. In real
devices, the effects of these additional terms are usually overwhelmed by
disorder, the topic of the next section.
• At high momenta, the small-p Hamiltonian starts to lose accuracy.
Expanding the tight-binding matrix element (2.5) to the next higher
order in p gives the trigonal warping Hamiltonian term[21]
Hw = −

va
Λz [Σx (p2x − p2y ) − 2Σy px py ] + O(p3 ).
4~

(2.16)

These higher order terms gradually change the constant-energy contour of graphene from a circle to a triangle, as can be seen in Fig. 2.3.
Note the presence of Λz , meaning that these terms affect the two valleys oppositely: one valley becomes a ‘left’ triangle, and the other a
‘right’ triangle (Fig. 2.3). These distortions play a minor role in a
transport experiment, since for |E − E0 | . |t|/10 the valleys differ in
kinetic energy by less than 1.5%.
• Another high-energy inaccuracy comes from the neglect of next-nearest
neighbor hopping (from A to A, or B to B). The main effect of this
extended hybridization is to raise somewhat the energy of k = 0 states
(far away from the K points), both in the π and π ∗ bands. Near the
K points, the effect is quite minor: including this hopping (with the
1
appropriate hopping integral, tnnn ≈ − 10
t = 0.3 eV) adds a quadratic
term[40]
p2
2~2
0
H0 =
,
where
m
=
,
(2.17)
2m0
9tnnn a2
in the small-p approximation. For states relevant to transport (with
|E − E0 | . 0.1|t|), this only results in a energy shift < 1%. Including further hopping terms (next-next-nearest, next-next-next-nearest,
etc.) will simply adjust the effective values of v and m0 by a small
amount.
• A weak spin-orbit coupling is expected to exist in graphene. Kane
and Mele[11] noted that graphene symmetry admits the existence of
spin-isospin (effectively, spin-orbit) couplings of the form
Hso = λI Σz σz + λBR (Σx σy − Σy σx ).

(2.18)

where λI and λBR are constants at small p. The first term can exist
intrinsically (λI ) in graphene, while the latter (λBR , Bychkov-Rashba)
13
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can be generated extrinsically by breaking the out-of-plane (z/−z)
symmetry of graphene. Recent studies indicate that the strongest contribution to λI comes from a slight hybridization of carbon d orbitals
into the π molecular orbitals, rather than from the intrinsic spin-orbit
interaction of the pz orbital itself[12]. The resulting λI = 25 ∼ 50 µeV
is still fairly weak. As for the extrinsic spin-orbit, it can be created
by applying an out-of-plane electric field, however it is expected that
λBR < 50 µeV for realistic electric fields (< 1 V/nm).

2.1.6

Energy spectrum of a graphene sheet

How many distinct eigenstates are there at a given energy? We can deduce
the energy spectrum for a large, clean graphene sheet by counting up the
possible momentum states (which are finely spaced when the graphene has
large dimensions), and using the dispersion relation (2.7) [or (2.11) at low
energy]. For the ideal system with a periodic lattice, each energy eigenstate
can be assigned to a particular momentum value. Each distinct momentum
value occupies a p-space ‘area’ of ∆2p = (4π 2 ~2 )/Ω, where Ω is the real-space
area of the graphene.
For a circularly-symmetric dispersion relation [as in (2.11)], the magnitude of the momentum is a function of the state energy, |p| = p(E) with
group velocity v(E) = 1/(dp/dE). Therefore, the set of states between E
and E + dE lie within a thin circular shell in momentum space, with radius p(E) and with thickness dp = 1/(v(E))dE. This shell has an area of
2πp(E)dp; dividing this by the per-momentum area ∆2p and normalizing by
the area of the system, we arrive at the density of momentum states per
unit energy, per unit area:
ν0 (E) =

p(E)
.
2π~2 v(E)

(2.19)

This holds for any circularly symmetric dispersion, not just in graphene.
In Sec. 2.1.3 we saw for graphene that for each p, E there are four
possible internal states for the electron (spin gs = 2 and pseudospin gv = 2).
Also, recall that we found linear dispersion, meaning v is a constant with
|E − E0 | = vp. Thus, the total density of states (per unit energy, per unit
area) in an ideal large graphene sheet is
p(E)
|E − E0 |
= gs gv
.
(2.20)
2
2π~ v
2π~2 v 2
In reality, there are large-scale inhomogeneities in the potential energy
in real graphene devices, so that the magnitude of an electron’s momentum
ν(E) = gs gv ν0 (E) = gs gv
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changes from place to place (as kinetic energy is traded for potential energy).
The eigenstates of graphene do not correspond to precise momentum values.
As a result, the actual density of states is different than indicated in (2.20),
especially for low momentum. We will see experimentally in Chapter 5 that
(2.20) is fairly accurate for highly doped graphene, but not for low doping:
unlike in (2.20), the density of states never actually falls to zero.

2.2

Potentials and disorder

The Hamiltonian of an electron in a realistic graphene device is not strictly
a function of momentum p, but also varies from place to place depending
on position r. Such variations can be created intentionally (e.g., applying
a magnetic field), or can originate from inhomogeneities in the graphene’s
environment. These disorders and potentials appear as a position-dependent
term HV (r) adding to the ideal free Hamiltonian (2.15):
H = vΣ · p + HV (r).

(2.21)

Naturally, the presence of a spatially-varying potential means that p is not a
good quantum number for the energy eigenstates. In other words, there will
be mixing between momentum states. This section describes how potentials
and disorders arise, and how they appear in the Hamiltonian for an electron.
The primary effect of these disorders, scattering, will be examined in Sec. 2.4.
Disorder in graphene can come from many sources: remote electric fields,
hybridization with adatoms, changes in carbon-carbon hybridization due to
strains, carbon vacancies or substitutions, etc. It may be simple to write
down a microscopic (lattice) Hamiltonian for these effects, but to understand these potentials and disorders in the framework of the small-p regime
they need to be rewritten in terms of their coupling to isospin (sublattice),
pseudospin (valley), and spin.
This section also includes the effects of two uniform fields (electric field
from gating, and the external magnetic field), since they also appear as
additive terms independent of p and thus can be included into the potential
HV (r).

2.2.1

Electric potentials (smooth)

The most important potential for electrons in graphene is the ordinary, scalar
electric potential. As shown in Appendix A, if the electric potential varies
smoothly from atom to atom, then it appears in the small-p approximation
15
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as:
H = vΣ · p + E0 (r),

(2.22)

in other words, by giving a position-dependent value of the energy offset E0
that was already introduced in (2.3).
Since the first term vΣ · p can be understood as the kinetic energy
component of the electron’s energy, then E0 (r) can be understood as its
potential energy, now dependent on position r.4 As shown in Appendix A,
the value of E0 (r) is determined by the average of the on-site energies of
the A atom and B atom inside the unit cell at r. Empirically, as long as the
graphene surface is clean, the value of E0 is 4.6 eV lower than −eφvac , where
φvac is the electrostatic potential in the vacuum just outside the graphene
surface.[41]5
As with any other conductor, the electron potential energy E0 in the
graphene can be directly controlled by simply applying a voltage through
attached electrodes. The electrode sets the Fermi level (chemical potential
of electrons), and E0 follows the change in Fermi level. The value of E0 is,
however, also sensitive to environmental factors that aren’t necessarily in
direct electrical contact with the graphene. Significant factors include:
• Voltages applied to gate electrodes around the graphene (capacitive
coupling).
• Electric charge imbalances in the dielectric substrate, from trapped
charges, unsatisfied internal bonds, or leaking-out polar crystal potentials.
• Contaminants adsorbed on the graphene or adsorbed on the substrate
surface.
For these environmental factors, screening within the graphene itself plays
a large role in determining the eventual E0 (r) profile.[42] Screening refers
to the collective tendency in an electron gas for the electrons to collect
in regions of lower potential energy and avoid regions of higher potential
Of course, the actual electrostatic potential contains large periodic subatomic-scale
variations from atom to atom, plus a disorder landscape of ambient electric fields which add
smoother potential gradients that vary from atom to atom. The potential E0 (r), roughly,
is the average electrostatic potential over the unit cell at r, plus various offsets due to
orbital kinetic energy, dynamic electron-electron screening pseudopotential, etc. These
offsets are approximately constants but might vary slightly with strain, doping, dielectric
environment, etc. To avoid these complications, we just take E0 (r) to be defined by (2.22).
5
The parameter −eφvac −E0 is known as electron affinity, in semiconductor terminology.
4
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energy; this redistribution of charge electrostatically modifies the potential
landscape and tends to smooth out the potential variations.6
The screening is not perfect: graphene only has a small finite density of
states which means that the existence of a static screening charge requires
a significant local shift in E0 (r) (the local charge density depends on band
filling, as will be described in more detail in Sec. 2.3). The requirement of
consistency between band filling and electrostatics means that the ambient
electric environment will leave a significant residual imprint in E0 (r).7 As
a result, the mobile electrons in the graphene still feel effects from remote
charges, even when they are located nanometers away from the graphene. By
contrast, in a highly conductive metal such as gold (high density of states)
the screening of a remote charge only requires in a tiny shift in internal
potential, and so it does not result in a noticeable change of the metal’s
electronic properties.
The sensitivity of E0 (r) to environmental factors is important since it
allows control over the electronic properties of the graphene (doping and
gating, see Sec. 2.3.2). Unfortunately it also means that the graphene is sensitive to random disorderly charges in the substrate, and so in real graphene
devices there are large variations in E0 (r) that result in microscopic scattering (see discussion in Sec. 2.4.4) as well as macroscopic inhomogeneities[43].

2.2.2

Magnetic fields

The magnetic field B modifies the Hamiltonian in two ways. First, the field
couples to electron motion in the usual way, by replacing the momentum
operator p with p − qA(r), where A(r) is the magnetic vector potential
at location r, and q = −e is the charge of the electrons. Second, the field
couples directly to the electron’s magnetic moment as associated with its
spin. Thus the Hamiltonian in magnetic field is
H = vΣ · (p + eA(r)) + µe σ · B

= H0 + evΣ · A(r) + µe σ · B,

(2.23)

6
Technically the screening is a dynamic phenomenon, however in this thesis we will
almost always consider screening in the meanfield (static) sense, as is often done in semiconductor physics. This neglect of dynamic electron-electron correlations is what allows
us to use the single electron picture described in this chapter.
7
This same self-consistency relation is used to explain band bending in semiconductors.
It also leads to the quantum capacitance effect wherein the work function of a non-metallic
conductor varies with applied electric field—an effect observed in graphene.[41]
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where µe is the electron magnetic moment and σ its spin Pauli matrix.8
Note that the vector potential here must be written in a gauge where the
out-of-plane component is zero, Az (r) = 0.
The appearance of the charge-coupling to magnetic field is somewhat
unusual in graphene since it appears as just a single additive term that is
independent of p (this can be compared compared to the usual two-term
1
1 2
e
coupling for the nonrelativistic free electron, 2m
(p + eA)2 = 2m
p +m
p·
e
2
A + 2m A ). We will use the charge-coupled magnetic term later on in
two contexts: to include a uniform perpendicular magnetic field B⊥ , and
also to express the effective “random magnetic field” disorder due to the
combination of a rippled graphene sheet and a uniform in-plane magnetic
field Bk . Taking these fields together we have[18]
A(r) = (B⊥ rx − Bk z(r))ŷ

(2.24)

or equivalently (by gauge freedom)
A(r) = (Bk z(r) − B⊥ ry )x̂

(2.25)

where z(r) is the height field of the graphene sheet. The perpendicular and
in-plane field components have distinct effects, as discussed theoretically in
more detail in Sec. 8.1 and Ref. [18].
The µe σ · B coupling of the magnetic field to the spins of the graphene
electrons is of central importance in understanding the results of experimental Chapter 5 and plays a small role in Chapter 7. For now we note that,
neglecting other spin effects, the effect of the spin-coupling would be simply
to split the kinetic Hamiltonian (2.15) apart into two copies, differing in
energy by the Zeeman splitting 2µe |B|. One band (for electrons with σ · B
eigenvalue of +|B|, corresponding to spin aligned with magnetic field) has
a reduced Hamiltonian of
H↑ = vΣ · p + E0 + µe |B|,

(2.26)

and the other (for electrons with σ · B eigenvalue of −|B|, corresponding to
spin pointing opposite to magnetic field) has
H↓ = vΣ · p + E0 − µe |B|.

(2.27)

(Note: though the two bands differ in energy, they share the same Fermi
level.)
8

The Pauli matrix is defined as usual so that the electron spin operator is s = ~2 σ.
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In the experiments in this thesis, the energy scale of the spin coupling is
2µe |B| ∼ 0.001–1 meV (|B| ∼ 0.01–10 T). This scale is small to intermediate
since, at high field, it is large enough to exceed the thermal broadening at
100 mK temperature (kT ≈ 0.01 meV), however it is much smaller than the
typical disorder variations in E0 which are of order 100 meV. As a result,
for most effects one expects the spin-up electron population and the spindown electron population to behave in nearly the same way (yet we percieve
unmistakably their energy difference in Chapter 5).

2.2.3

Valley-coupled disorder

In an ordinary conductor, non-magnetic potentials can be effectively represented simply as variations in E0 like in (2.22)—local shifts of the band,
upwards and downwards. Graphene is not quite so simple, as the pseudospin
Λ is a non-magnetic degree of freedom, tied to the lattice. Non-magnetic
potentials could couple to Λ in which case they cannot be understood as
changes in E0 . These same potentials also couple to Σ, a consequence of
time reversal symmetry.
Considering all combinations of {Σx , Σy , Σz } and {Λx , Λy , Λz }, there are
up to nine possible potentials of this type, which (combined with E0 ) gives
a total of ten non-magnetic potential terms:[21]
H = vΣ · p + E0 (r) +

X

Σs Λl Vsl (r).

(2.28)

s=x,y,z
l=x,y,z

where Vsl (r) represents the local strength of that potential. The ten potentials can be grouped into three classes based on their coupling to Λz .
In a practical device, the most important disorder potential is the scalar
potential E0 (r), as it dominates the scattering and the overall conductivity. The second strongest class, of valley-distinguishing potentials, are the
three potentials coupling to Λz . The weakest class, of valley-mixing potentials, is made up of the six potentials coupling to Λx and Λy . The relative strengths of these three classes are easily observed in weak localization
experiments[21, 23].
Appendix A describes how all ten non-magnetic disorder terms may be
generated from just two kinds of microscopic disorder: variations in the
onsite energy of the pz orbitals, or variations in the interatom pz -pz hopping
energy. Based on this we can construct microscopic pictures as to how the
different classes may arise:
• Local variations in electric potential—from nearby charges in the substrate or weakly attached adatoms—may generate an atomically smooth
19
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electric potential in the graphene (E0 ) without generating other nonscalar terms. They are however subject to screening (see previous
discussion in Sec. 2.2.1).
• If the graphene is placed on a rough substrate we will see the creation
of local strains and changes in the hopping energies. These variations
generate valley-distinguishing terms Λz Σx and Λz Σy [44]. The quantitative effect of these is discussed in Sec. 8.2.
• If the graphene is placed on a crystalline, lattice-matched substrate
such as hexagonal silicon carbide or hexagonal boron nitride, we will
see preferential effects that distinguish one sublattice over the other
(e.g., A over B). This will generate a valley-distinguishing term Λz Σz ,
that corresponds to the creation of a band gap at the Dirac point[45].
If the substrate is crystalline but is not lattice matched (or is rotated),
then we will see Moiré pattern variations in the magnitude of the Λz Σz
term.[46]
• One can imagine carbon atoms missing from the graphene, or adatoms
bonded to random carbon atoms in the graphene. These cause an
atomic-scale variation in on-site and hopping energies. Sharp interfaces in the graphene, such as lattice grain boundaries and atomically
rough edges, will also cause sharp energy variations. These sharp
atomic-scale disorders generate contributions to all ten disorder potentials, but most importantly they are the only source of the valleymixing potentials (Λx Σx , Λx Σy , Λx Σz , Λy Σx , Λy Σy , Λy Σz )[21].

2.2.4

Spin-coupled disorder

The experiments in Chapter 7 are concerned with spin-coupled disorders in
graphene. How do these disorders appear in the electronic Hamiltonian?
Similar to the pseudospin-coupled disorder discussed in the previous section, spin disorders can take the form σi Σj for some indices i, j. These are
spin-orbit interactions, as they couple the electron’s spin (σ) to its direction
of motion (Σ). Spin-orbit interaction disorders tend to fall into one of two
classes:9
• Out-of-plane spin-orbit disorder has the form of the intrinsic spinorbit interaction σz Σz (Sec. 2.1.5) but is enhanced by disorder such
If the spin-orbit disorder is associated with an atomically sharp scatterer, it may
of course also generate σi Λj terms (mixing valley and spin); a term such as σi Λj Σk is
however not possible since spin-orbit interactions must respect time reversal symmetry.
9
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as adatoms[47]. It is the only possible type of spin-orbit interaction
when the z ↔ −z symmetry of the graphene is preserved.

• In-plane spin-orbit disorders, of the form σx Σj or σy Σj , can be created
by a variety of mechanisms that break the z ↔ −z symmetry of the
graphene. This includes out-of-plane electric fields[12], curvature of
the graphene (ripples)[48], adatoms[47], and so on.
The primary microscopic mechanisms for these spin-orbit disorders are the
hybridization of the carbon pz orbitals with other orbitals—orbitals within
the graphene itself, or orbitals within adatoms. Fortunately, it is generally
possible to derive effective tight-binding models on the graphene lattice, that
capture the essential physics of these hybridizations. These effective models lead to the above simple representations in the small-p approximation
(σi Σj ).[12, 47] For the most part these spin-orbit terms are quite small, however it has been suggested that adatoms in particular may lead to detectable
spin-orbit interaction.[47]
There is another type of spin disorder which has no analogue in pseudospin: The electronic spin can couple to other spins in the graphene (e.g.,
the spins in magnetic defects, impurities, and even in atomic nuclei). The
simplest model of coupling of this type is a contact dipole-dipole coupling,
Hs = Jδ(r − rs )σ · S/~,

(2.29)

where S is the spin operator of the magnetic defect, J is the coupling constant (units of energy times area), and rs is the location of the magnetic
defect. This coupling term can be used to model both remote dipole-dipole
coupling and direct exchange interactions with electronic magnetic defects.10
In practice a significant value of J is only obtained with exchange interactions (magnetic defects directly inside or adsorbed on the graphene).
In principle, the interaction of an electron with a defect spin is a manybody effect (as many electrons simultaneously interact with the defect spin)
and can lead to nontrivial results such as the Kondo effect[49] and interesting
coherent transport physics[50]. It turns out that, at least for the purposes
of the graphene devices studied in this thesis, the coupling of electrons to
the magnetic defect is weak enough that a highly simplified model suffices:
we may think of the defect spin S as a quasi-static classical moment (a fixed
vector) which causes a spin-dependent elastic scattering of electrons.[50]
Although the remote interaction and exchange interaction seem very different, they
give the same type of interaction Hamiltonian because the electrons are fundamentally
indistinguishable.
10

21

2.3. Graphene as a two-dimensional electron gas

2.3

Graphene as a two-dimensional electron gas

We have derived the single particle physics of an electron, but in fact a piece
of graphene contains numerous electrons. How do these many electrons work
together to determine measurable properties such as electrical resistivity?
For the most part, the electrons in graphene interact with each other in
the mean field sense, without strong quantum correlations. In other words,
electron-electron interactions are a significant contribution to the static potential E0 (r) (e.g., in screening), but dynamic energy exchanges between
electrons are a perturbation. Given this, the electrons can be considered
to live in independent single-particle states, to fair accuracy. Therefore,
graphene is a textbook solid state material (like a semiconductor) in that the
electrons fill up the available single-particle eigenstates that can be obtained
from the single-particle Hamiltonian. (Note that, since the Hamiltonian itself is influenced by electrostatic effects, the eigenstates change somewhat
depending on the filling of the band structure, in a self-consistent manner.)
The Pauli exclusion principle allows at most one electron to occupy each
single-particle eigenstate, and so the electrons find their lowest total free
energy configuration by filling the available energy levels roughly up to an
energy level EF , known as the Fermi level, or total chemical potential for
electrons.11 The probability f (E) of a single-particle state at E being occupied is given by the Fermi-Dirac function,
f (E) =

1
1 + exp



E−EF
kB T

,

(2.30)

where T is the absolute temperature and kB is the Boltzmann constant.
Energy levels that are more than a few kB T above EF are never occupied,
and states more than a few kB T below EF are always occupied.
The thermodynamic meaning of a body’s EF is the work required to
reversibly add an electron to it, while it is in contact with a reservoir, taking
the electron from a distant state with zero energy. At equilibrium EF is
everywhere constant throughout the graphene and its electrodes, regardless
of inhomogeneities and other details.
This is the semiconductor physicist’s definition of the term “Fermi level”, and should
not be confused with the Fermi energy of metal physics, usually defined as the largest
kinetic energy of a fermion in a disorder-free Fermi gas at absolute zero.
11
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2.3.1

Electron transport at the Fermi surface

The Fermi level EF is directly connected with electronic transport, as variations in EF are responsible for the flow of electrons. We can directly control
the EF of electrodes by applying a voltage from a battery or other power
supply; without loss of generality we can define voltage as V = −EF /e.12
If a conductive path is provided between the electrodes, then charge will
flow from the higher to the lower voltage, i.e., electrons will flow from low
voltage to high voltage.
If the voltage difference is small, then we can describe the device as
being in quasi-equilibrium. Quasi-equilibrium means that it is possible to
accurately describe the local population of energy levels with a local value
of EF and T , though these values may vary from location to location. In
a classical quasi-equilibrium resistive device, there is a smooth, monotonic
gradient in EF and the electrical current is simply determined by Ohm’s
law:
J = σ∇EF /e,
(2.31)
where σ is the local conductivity and J is the current. Here it is assumed
that T is a constant in the device so that thermoelectric effects can be
neglected.
Importantly, although there are many electrons in the graphene, only
those with energy near EF contribute to conductivity. The reason is that
the lower and higher energy levels are either always filled or always empty
(|E − EF |  kB T ), and hence they do not exchange charge with their surroundings. The energy levels near EF on the other hand can give and take
electrons from the various electrodes. Quantitatively, if we associate a conductivity σ(E) to electrons at energy level E, then the measurable Ohm’s
law conductivity is given by a thermal average[51, 52]
σ=−

Z

dE

df (E)
σ(E) =
dE

Z

dE f (E)(1 − f (E))σ(E),

(2.32)

for f (E) as defined above. This function df (E)/dE is peaked at EF , with a
width of order kB T . We will see later that the averaging in (2.32) plays an
important role in the statistics of conductance fluctuations (Sec. 8.3). To
first approximation the conductivity varies smoothly with energy, however,
so the typical conductivity is given by σ ≈ σ(EF ).
This ‘voltage’ is distinct from the electrostatic potential E0 , but note that differences
in V (not E0 ) are what drive electric current. When a voltmeter is attached to two points,
it measures precisely the difference in V between those points.
12
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2.3.2

Graphene doping and gating

The number of electrons in the graphene can be controlled by shifting the
band structure relative to the Fermi level. As in semiconductors, this control of the electron number is referred to as doping or gating (although in
the graphene community these two terms are used almost interchangeably).
Given (2.30) and the density of states in the graphene, ν(E), we can compute the sheet carrier density ns of the graphene, relative to some reference
density n0 :
Z
ns =

∞

−∞

dE f (E)ν(E) − n0 .

(2.33)

We choose n0 to be equal to the electron density in a charge-neutral graphene
(exactly one electron per carbon atom in the π band). Thus, the meaning
of ns is the per-area number of extra conduction electrons in the graphene,
relative to charge neutrality. Similar to a semiconductor, ns in graphene can
be tuned into be positive or negative. When ns > 0 the graphene is said
to be electron-doped whereas it is hole-doped when ns < 0. The integral in
(2.33) is illustrated in Fig. 2.4.
The carrier density is something that we can directly control in experiment, by capacitive gating. The graphene rests on an SiO2 dielectric with
a conductive silicon substrate (called the backgate) underneath. When we
apply a voltage difference VBG between the backgate and graphene, then we
have a parallel plate capacitor and13
ns =


(VBG − V0 )
ed

(2.34)

where  is the permittivity of the SiO2 and d its thickness. The offset V0 is
introduced phenomenologically, representing the voltage necessary to cancel
the built-in contamination charge of the graphene.
Since VBG (and hence ns ) is the experimental knob, it’s important to
understand how theoretically relevant variables such as E0 , p, etc., relate
to ns . To first approximation, the energy spectrum of graphene is given by
13
Note the approximation here that the graphene fixes the local electrostatic potential,
as if it were a metal plate. This is valid since the oxide is so thick, and so the work
function of graphene only changes slowly with respect to VBG .[41] To draw a connection
to the earlier discussion of screening in the graphene, note that the process of charging
the graphene necessarily involves E0 shifting with respect to EF . Since the electrostatic
potential outside the graphene is locked to E0 (with a 4.6 eV offset) this means that the
electrostatic potential just outside the graphene also shifts slightly (by less than a volt)
under the influence of a gate. The electric field between the graphene and the backgate is
therefore a little less than VBG /d. This small correction is known as quantum capacitance
and for simplicity we neglect it.
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Figure 2.4: Filling of electronic states in doped graphene. Upper: Plot of
density of states in clean graphene [(2.20), as solid line] with shaded curves
showing density of filled levels, f (E)ν(E), at 300 K and for various levels of
doping: EF − E0 = −0.2 eV, EF − E0 = 0, EF − E0 = 0.2 eV. Lower: The
same plot, using a more realistic density of states for a graphene device with
inhomogeneous E0 (r). In the axis, E0 refers to the average or typical value
of potential energy E0 (r).
In both plots, the left red curve shows the case of negatve ns , commonly
called p-doped, and the right blue curve shows positive ns (n-doped). The
center green curve shows the charge neutral case. While the p-doped and
n-doped cases appear more or less similar in ideal and disordered graphene,
the charge neutral case is distinct since the density of states does not go to
zero in disordered graphene.
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the disorder-free density of states (2.20), whoseR offset is determined by a
E0
uniform potential energy E0 . In this case, n0 = −∞
dE ν(E) so that ns = 0
when EF = E0 . We define the quantity
µ = EF − E0 ,

(2.35)

known as the internal chemical potential.14 At moderate or high levels of
doping, |µ|  kB T , the state population is much like that in a metal or
degenerately doped semiconductor since f (E) changes faster with energy
than ν(E) does. We can approximate f (E) ≈ Θ(EF − E), a step function,
and so in (2.32) we have simply σ ≈ σ(EF ). For the sheet carrier density
we get a straightforward result:
ns ≈

Z EF
E0

dE ν(E) =

µ2
sgn(µ).
π~2 v 2

(2.36)

and we can also define the Fermi momentum pF :
q

pF = |µ|/v = ~ π|ns |.

(2.37)

When µ = 0 the graphene is said to be undoped or charge neutral
(ns = 0). There are many theoretical predictions regarding unusual behaviour in graphene when it is undoped, as in this case there would only be
a small number of thermally excited electrons above E0 and holes below E0
(Fig. 2.4). Unfortunately, in real graphene devices there is a significant level
of contamination so that there are large-scale variations in E0 (and hence
µ) of order 100 meV, giving rise to the appearance of “charge puddles”—
variations in the local charge density from place to place.[41] In the average
density of states, this appears as a smearing out of the Dirac point (Fig. 2.4).
By uniform gating, it is only possible to make |µ| ≈ 0 in a minority of the
graphene. As a result, special undoped-graphene physics are rarely observed
unless they involve energy scales larger than these potential variations (an
example of this is the anomalous quantum hall effect of graphene[5]).

2.4

Semiclassical scattering, diffusion, and
resistivity

Ultimately what we want to find from theory is the electrical conductivity
of graphene, to compare with experiments. The electrical conductivity as a
14
In the literature this µ is sometimes simply called the ‘chemical potential’, despite the
fact that it is not constant at thermal equilibrium.
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scalar was introduced in Sec. 2.3.1. More generally, the conductivity σ is a
matrix relating the current vector J and the local vector gradient in Fermi
level, ∇EF :
#
#"
" # "
σxx σxy ∇x EF
Jx
,
(2.38)
=
σyx σyy ∇y EF
Jy

or J = σ∇EF /e for short. We can also define the resistivity matrix ρ = σ −1 .
Graphene devices are full of disorder, and as a result the electrons cannot
travel very far before being scattered. In a typical device the mean free path
is ltr ≈ 0.1 µm whereas the device size is more than a few µm. Thus the
electrons do not neatly fly across the graphene but instead diffuse, scattering
thousands of times as they move from electrode to electrode. Although the
electrons scatter frequently, they travel for at least a few wavelengths before
their momentum is changed (pltr  ~). This is the weak disorder limit of
quantum scattering. In this limit, we can think about electronic motion
in semiclassical terms, where the electrons move in a particle-like manner,
occasionally experiencing random and independent scattering events. Phase
correlations thus play a minor role in determining the resistivity (see Chapter
3).

2.4.1

Einstein relation (Kubo conductivity)

The Einstein relation gives the electrical conductivity tensor in terms of the
diffusion of electrons[52]
σij = e2 νDij

(2.39)

where ν is the density of states per unit energy, per unit area, [see (2.20)
for its value in ideal graphene], and Dij is the diffusion tensor for electrons
at equilibrium. The diffusion tensor is calculated from the time evolution of
an electron’s velocity components vx and vy , as it randomly diffuses:
Dij =

Z ∞
0

hvi (t)vj (0)i dt,

(2.40)

The average h· · · i indicates an average over all possible starting positions
and headings. An alternative
but equivalent definition involves tracking the
Rt 0
electron’s position, r(t) = 0 dt v(t0 ). At very large times the position is
described by the covariance relation
hri (t)rj (t)i = 2Dij t,

for t  τtr ,

(2.41)

which shows that the electron’s probability spreads diffusively; thus, the
naming of D as diffusion tensor. The next few sections will explore how to
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calculate the way in which an electron’s velocity becomes randomized over
time, and ultimately Dij .
In a broader context, the Einstein relation (2.39) is an example of a Kubo
formalism, relating the non-equilibrium linear response of a system (e.g., current per unit electric field) and its fluctuations at equilibrium (e.g., charge
diffusion). This is a powerful idea, and convenient since non-equilibrium
properties can be difficult to analyze directly (requiring, say, a full Boltzmann scattering formalism). Most importantly, the semiclassical conductivity (2.39) has a close quantum counterpart known as the Kubo-Greenwood
formula, which fully includes coherent effects. The coherent effects (described in the next chapter) can be interpreted as corrections to ν and D.

2.4.2

Semiclassical scattering-diffusion

The semiclassical physics of electrons diffusing in a weakly disordered environment can be described by the rate of scattering Γpα→p0 β from an initial
state (p, α) to a final state at (p0 , β). These states are energy eigenstates of
the unperturbed Hamiltonian; α and β indices represent the internal states
of the electron (pseudospin and spin). Neglecting coherent effects, each
scattering event is independent of the others.
Once Γpα→p0 β has been computed (an example is shown in the next
subsection), we can use it to predict the statistical evolution of velocity and
calculate Dij . In graphene, the velocity is tied to the direction of the momentum p, and due to the circularly-symmetric dispersion relation we actually
only need to keep track of the electron’s heading θ. We define a differential
angular scattering rate by integrating out the non-angular variables
S(θ, θ0 )dθ0 =

X

X

Γpα→p0 β

β p0 near θ0

Z ∞

Ων0 v X
0
0
=
dp Γpα→p β dθ0 ,
2π β
0

(2.42)

where ν0 is the density of momentum states (2.19). The value of S(θ, θ0 )dθ0
is the rate of scattering from an initial state p = (pF , θ) to all final states
(any momentum) travelling in a direction between θ0 and θ0 + dθ0 .
Now, consider an electron launched in a direction θ0 at time t = 0. At
a later time t, the probability that the electron’s direction is between θ and
θ + dθ is represented by the distribution P (θ, t)dθ. Since the scattering
has no long-term memory, we can write an evolution equation for P due to
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scattering S:
scattering into θ

∂
P (θ, t) =
∂t

z
Z

scattering from θ

}|

{

dθ S(θ, θ )P (θ , t) −
0

0

0

zZ

}|

{

dθ S(θ , θ)P (θ, t) .
0

0

(2.43)

This equation conserves the total probability 1 = dθ P (θ, t). The initial
condition (travelling in a direction θ0 ) is that P (θ, 0) = δ(θ − θ0 ). Now, the
problem is: how to compute the diffusion constant matrix D (2.40) from
this evolution equation?
R

Isotropic scattering
If S(θ, θ0 ) only depends on the difference between θ and θ0 , then the scattering is isotropic (it has no preferred axes). In this case we can use (2.43)
to obtain a simple expression for the diffusion constant in terms of S.
We define the function S(φ) = S(θ, θ0 ) where φ = θ − θ0 . Since S must
be 2π-periodic and even-symmetric, we can expand it as a Fourier series:
P
S(φ) = 21 s0 + ∞
n=1 sn cos(nφ). It is then straightforward to show that
(x)

(y)

the functions Pn (θ, t) = e−γn t cos(nθ) and Pn (θ) = e−γn t sin(nθ) for all
n ≥ 0 are eigensolutions of (2.43), where γn = π(s0 − sn ). Any solution of
(2.43) can be represented as a superposition of these eigensolutions. The two
modes with n = 1 are the only modes contributing to transport, however.
This leads to a well-known equation for the diffusion constant Dij = Dδij
in an isotropic 2D medium:
v2
D = τtr , where τtr = γ1−1 =
2

Z 2π
0

−1

dφ (1 − cos φ)S(φ)

(2.44)

This time τtr is called the transport time, and its meaning is the lifetime
of momentum.15 It corresponds directly to the electron mean free path via
ltr = vτtr . The conductivity in this case is simply σ = 21 e2 νv 2 τtr .
15

Note that τtr is not the same as the average time between scattering events,
τel =

Z

2π

dφ S(φ)

−1

(2.45)

0

(this is called the elastic time, and may be much shorter than τtr ). The distinction is
between τtr and τel is important: it is possible for an electron to ‘scatter’ (receiving, say, a
phase shift or a spin rotation) without changing direction at all. Such forward scattering
events do not contribute to τtr but they do affect τel . The time τel plays a role in some
transport properties[53] which are not the main focus of this thesis.
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2.4.3

An example: scattering from a weak scalar potential

Assuming that the disorder potential is a weak perturbation HV , the Fermi
golden rule gives the average scattering rate (the notation · · · is an average
over disorder configurations) as
2π 0
|hp , α| HV |p, βi|2 δ(Ep − Ep0 ).
~

2π 0
=
|hp , α| HV |p, βi|2 δ |p| − |p0 | .
~v

Γpα→p0 β =

(2.46)

Note that (2.46) cannot be used to compute scattering rates from strong
potentials: for example, short-range resonant scatterers effectively cause
multiple correlated scattering events. Also, strong longer-ranged potentials
(such as the charge puddles in graphene) actually ‘curve’ the electron’s trajectory gradually instead of causing single scattering events.
Consider a scalar potential HV = E0 (r) which is random, and which
can be characterized by a correlation function E0 (r 0 )E0 (r) = CV (r − r 0 ).
Using (2.46) with the small-p energy eigenstates(2.12), the scalar potential
is found to cause no scattering between valleys, and a scattering rate within
each valley of:
ΓpK→p0 K =


θp − θp 0
2π
C̃V (q) cos2
δ |p| − |p0 | ,
Ω~v
2

(2.47)

where q = (p − p0 )/~ and we have introduced the disorder power spectrum
C̃V (q), which is defined from the disorder correlation function as
C̃V (q) =

Z

drx dry e−iq·r CV (r).

(2.48)

The angular scattering function (2.42) is then found to be
S(θ, θ0 ) =

ν0
θ − θ0
C̃V (q) cos2
.
~
2

(2.49)

In this case, q is defined by its magnitude, q = (2pF /~) sin θ−θ
2 , and direction
1
0
2
θq = 2 (π+θ+θ ). Note that cos term in (2.49) is not present in ordinary 2D
electron systems. This term prevents direct back-scattering (θ − θ0 = ±π),
and is a manifestation of the Klein tunnelling effect for Dirac electrons[54].
By symmetry, one would expect the correlations of the disorder to be
isotropic, in which case we can assume that C̃V (q) = C̃V (q). This means
that we can use relation (2.44) and obtain the momentum relaxation rate:
0

τtr−1 =

ν0
2~

Z π
−π

dφ [1 − cos2 φ]C̃V

 2p

F

~

sin

φ
2

(2.50)
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and, via (2.39), a contribtion to resistivity
2
1
ρ = 2 2 τtr−1 =
e v ν
gs gv e2 ~v 2

Z π
−π

dφ [1 − cos2 φ]C̃V

 2p

F

~

sin

φ
.
2

(2.51)

In the next section we compare this result to the actual resistivity in graphene.

2.4.4

What is the main source of scattering in graphene?

The dependence of graphene’s resistivity on doping gives insight into what
sort of disorder is the primary cause of scattering. Recall that we can control
the carrier density in graphene by capacitively gating it. At high carrier
densities where |ns | rises above the charge-puddling level, we can expect
relation (2.37) to hold, meaning that the current-carrying electrons
(those
p
at the Fermi level) all have momentum with magnitude pF = ~ π|ns |.
From (2.51) we can consider two approximate regimes for the correlations
in weak disorder:
• Short range: For disorder with rapid spatial variations (compared to
~/pF ), we have C̃V (q) approximately constant with respect to q, so
the integral in (2.51) is then dominated by φ ≈ π/2.
ρ≈

√
π
C̃V ( 2pF /~)
2
2
gs gv ~e v

(2.52)

In this case the resistivity ρ does not depend on directly on pF . For
very short range disorder we would have simply ρ ∝ p0F .

• Long range: In the opposite limit, of a smooth disorder with fluctuations longer than ~/pF , the integral in (2.51) is dominated by small
values of φ. As an approximation, we have in this case φ ≈ ~q/pF :
ρ≈

~2
gs gv e2 v 2 p3F

Z pF /~
0

dq q 2 C̃V (q).

(2.53)

For very smooth potentials the upper limit can be set effectively to ∞,
predicting that ρ ∝ 1/p3F .

In fact, experiments typically observe the following dependence on Fermi
level, at high carrier density (see for example Figs. 5.1, 6.2, 7.1 in the experimental sections):
1
1
ρ∝
∝ 2.
(2.54)
ns
pF
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This would seem to be inconsistent with the (pF )0 and (pF )−3 relationships
above.
To generate a ρ ∝ p−2
F dependence we can simply take a potential that
behaves as C̃V (q) ∝ 1/q 2 for values of q of order pF /~. This falls between the
short-range and long-range cases. It turns out Coulomb potentials from random charges nearby the graphene sheet (whose exact nature is not known),
combined with screening, would produce this kind of medium-range potential. In other words, as we change the value of pF in the graphene, it is
better able to screen the disorder and so E0 (r) and C̃V (q) actually change
with the doping ns . This Coulomb-scattering model has been studied in
great detail, and is successful in explaining the ρ ∝ n−1
s dependence as well
as the saturating behaviour of the resistivity near the Dirac point.[42, 55] It
also describes the experimentally observed effects of adding more Coulomb
scatterers to the graphene[56].
It is worth mentioning that an alternative model exists to explain the
ρ ∝ 1/p2F dependence: resonant scattering.[57] If the disorder consists of
short-ranged but very strong local potentials, then the golden-rule scattering
rate (2.52) is not accurate. Instead of constant resistivity (as for weak
short-range scatterers), these strong resonant scatterers give a resistivity
dependence quite close to ρ ∝ p−2
F , as seen in experiment.
The debate about the source of the scalar potential in graphene (resonant
scattering vs. screened electrostatic disorder) continues to this day, and there
is little certainty about what exactly is the environmental source of the
disorder.[53, 55, 58–60] Fortunately, the interpretation of the experiments
in this thesis do not rely on the exact nature of the scattering, and merely
rely on the fact that transport in graphene is diffusive over the micron length
scale.

2.4.5

Pseudospin and spin relaxation

Scalar disorder relaxes the momentum but it does nothing to the electron’s
internal degrees of freedom (pseudospin and spin). When we consider the
valley-coupled and spin-coupled disorders (Secs. 2.2.3 and 2.2.4), we can
also compute rates of scattering between different internal states. Given a
disorder Hamiltonian, we can compute spin-scattering rates and pseudospin
scattering rates, which give the rate of scattering from spin (pseudospin)
sensitive disorder. These are not simply described by one rate: given the
planar symmetry of the graphene, it is important to distinguish in-plane and
out-of-plane degrees of freedom.
We define the out-of-plane spin scattering rate as the total rate of scat32

2.4. Semiclassical scattering, diffusion, and resistivity
tering (to any final state) from terms including σz , and the in-plane spin
scattering rate as that from terms including σx (by symmetry, the same rate
as from σy ). These rates appear in coherence dephasing modes (Sec. 3.4)
and also correspond closely to the spin-flip rate. Similar rates are defined for
pseudospin disorder, though labelled instead as intravalley (terms including
Λz ) and intervalley (terms including Λx and Λy ) rates.
For example, consider an electron interacting with a classical magnetic
spin S as in (2.29). From the Fermi golden rule (2.46) we have for a collection
of such magnetic defects16
−1
τzs
=

π
ν0 J 2 Sz2 nd ,
~

−1
τxs
=

π
ν0 J 2 Sx2 nd
~

(2.55)

where nd is the number density of these spins (assumed to be randomly
placed). This type of analysis is useful to compute, for example the expected
spin relaxation from hyperfine (electron-nucleus) interaction. For 13 C atoms
(S = 1/2 with 1% concentration or nd ≈ 1 nm−2 ), the expected hyperfine
interaction constant is of order J ≈ 1 × 10−7 eV nm2 .[13] Given a typical
density of momentum states in graphene, ν0 = 0.1 eV−1 nm−2 , we therefore
only expect an electron spin flip rate of order τs−1 ≈ 1 s−1 due to hyperfine
interactions, an extremely low rate!

Compared to ordinary systems,[50] this is lower by a factor of two in graphene since
the Hamiltonian (2.29) is unable to cause backscattering, as explained near Eq. (2.49).
The prefactor becomes larger when the magnetic defect is atomically sharp, as it can start
to also couple to Σ, Λ.
16
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Chapter 3

Theory of coherent effects
The last chapter concluded with a discussion of how the scattering of electrons in graphene causes resistivity, from a semiclassical viewpoint. A critical assumption was made that the electron’s phase plays no role; this is
equivalent to assuming that the phase becomes totally and unpredictably
randomized after only a few scattering events. While this is true at temperatures of order 100 K or above (due to frequent electron-electron interactions),
the assumption becomes invalid as temperature is reduced.
At low temperatures, almost all scattering events are elastic processes,
where the electron scatters off a static potential. In such an event, the electron’s phase is changed ‘randomly’ but repeatably, and so it may form stable
interference patterns. To be accurate, then, we should consider the electron
as a diffusing wave rather than diffusing particle. Interference complicates
matters, of course: the phase correlations prevent us from treating every
scattering event as independent. How important is it that we include these
phase coherent correlations? It turns out that, even for a system with perfect coherence, the relative difference in resistance between the semiclassical
and quantum calculations tends to be of order ~/(pltr ), which in graphene
is about 1% to 10%. We can therefore think of the semiclassical conductance (resistance) as a ‘background level’ that becomes slightly perturbed
by coherence.
This chapter describes the two ways in which coherence manifests in
transport measurements: weak localization (WL) and conductance fluctuations (CF). The two effects (WL and CF) are closely related and the same
theoretical tools are used to describe them. It is not in the scope of this
thesis to fully describe the theories behind weak localization and conductance fluctuations. Rather, this section provides a brief introduction to the
established framework, insofar as is necessary to explain experimentally relevant formulas (for chapters 5, 6, 7), and motivate the discussion in Sec. 8.3.
For those interested in the complete mathematical details, I recommend
the book Mesoscopic Physics of Electrons and Photons[52], which gives an
in-depth and consistent treatment.
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3.1

Basics of mesoscopic theory

Before looking into the specific predictions, we will first look at some of
the basic concepts that underlie mesoscopic theory. The theory is built on
the notion of ensemble averages, as the calculation of average quantities
turns out to be much simpler than calculating the unaveraged counterpart.
In order to include the effects of diffusion, two mathematical objects (the
Diffuson and Cooperon correlations) are introduced. These allow a simple
diagramatic expression for quantities such as average conductance, conductance correlations, and so on. The concept of dephasing is introduced, and
the importance of geometrical regime is stressed.

3.1.1

Ensemble averages

As a first attempt to calculate the conductivity of a quantum system, we
might use the semiclassical relationship (2.39), σij = e2 νDij , but calculate
the diffusion constant Dij using a quantum approach: the diffuson constant
can be obtained from the growing size of the probability cloud that is associated with a wave packet evolving in the disorder potential.
Specifically, we start with a wave packet Ψ (r, 0) that is localized near a
position r = 0 at time t = 0, and then evolve it using Schrödinger’s equation
(let’s examine the scalar particle case for the moment). We measure its
location at a later time (described by the probability distribution |Ψ (r, t)|2 ),
and plug it into formula (2.41) to get the diffusion constant:
2Dij t = hri (t)rj (t)i =

Z

dr ri rj |Ψ (r, t)|2 .

(3.1)

This approach is conceptually simple but unfortunately difficult to realize.
The Schrödinger equation provides no easy solution in a random potential,
and we must integrate (3.1) in which the integrand fluctuates over small spatial scales. If we average our result over many possible disorder realizations,
however, the problem becomes much more simple. To calculate the average
conductivity σij , all we need is the average probability P (r, t) = |Ψ (r, t)|2 , a
function that is much smoother and easier to integrate than its unaveraged
form.
Throughout this thesis, the notation X (overbar) will be used to represent the ensemble average of a quantity X, i.e., the value of X averaged
over all disorder configurations. Theories of mesoscopic physics are able to
make sense of a highly complex problem (wave evolution in a random potential) by directly computing such averaged quantities without all the work of
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Ψ
Ψ∗

Ψ
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Figure 3.1: Paths contributing to the product Ψ ∗ Ψ . Left: Example of a path
pair that would contribute to Ψ ∗ Ψ but not to its average, Ψ ∗ Ψ . The phase
of this contribtion to Ψ ∗ Ψ would be highly sensitive to the length difference,
(L2 +L3 )−(L1 +L4 ), which depends sensitively on the disorder configuration.
Right: Example of a pair of identical paths, that do contribute to Ψ ∗ Ψ .
examining individual disorder realizations. For instance, mesoscopic theory
allows us to directly calculate P (r, t) (and thereby the average conductivity) without needing the messy details of un-averaged |Ψ (r, t)|2 . The theory
also allows calculations of higher-order statistics, such as the variance of
2
conductance G2 − G , conductance correlations GA GB , and so on.

3.1.2

Diffusons and the Diffuson approximation

How exactly do we go about computing these ensemble averages? We can
express Ψ (r, t) as a superposition of many Feynman paths all starting at 0
and leading to location r; it may visit any number of scatterers along the
way. To calculate the product Ψ (r, t)∗ Ψ (r, t) we should therefore consider
superpositions of two paths: one for Ψ and one for Ψ ∗ . The two paths
may be completely unrelated, visiting different scattering locations, or may
overlap partially, or may be completely identical (Fig. 3.1).
The types of paths can contribute the ensemble-averaged probability,
Ψ (r, t)∗ Ψ (r, t), are restricted. As shown in Fig. 3.1, two paths that travel
along different tracks will acquire a disorder-dependent phase difference.
Their contribution to Ψ (r, t)∗ Ψ (r, t) will therefore be zero on average. On
the other hand, we could consider the same path for both Ψ and Ψ 0 (Fig. 3.1,
right panel); these paths will contribute positively to Ψ ∗ Ψ since the phase,
whatever it is, must be identical for the two paths. In order to add up
the contributions from all such identical pairs of paths (which may involve
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r2
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r1 , r2

r1

r0

r2

Figure 3.2: Graphical definition of the Diffuson correlation (darkened wavy
area) connecting scattering events at r1 and r2 . The Diffuson compares the
phases of two waves which traverse the same path, in the same direction.
This allows a generalization of the random walk of Fig. 3.1. The Diffuson
is defined recursively: it adds together the contributions to Ψ ∗ Ψ from one
scattering event (where r1 = r2 ), or arbitrarily many scattering events in
series, considering only pairs of identical paths in between.
P (r, t) = Direct propogation + Indirect propogration
r2
r1
r

or
r

Diffuson

Figure 3.3: The Diffuson approximation: an ‘equation’ for calculating the
ensemble-averaged probability to be in position r at time t, in terms of the
Diffuson. The electron can either reach its destination without scattering
(first term), or travel in an indirect path made up of one or more scattering
events (second term). The first term only contributes for small times t . τel .
any number of scattering events), we define a mathematical object called
the Diffuson (Fig. 3.2), which explicitly only considers identical paths for Ψ
and Ψ ∗ . Figure 3.3 graphically depicts the process used to calculate P (r, t);
mathematical details can be found in Ref. [52].
It turns out that the evolution of the Diffuson is essentially a diffusive
process, described by the semiclassical diffusion constant Dij [52]. The contribution of the Diffuson to the average conductivity is precisely the same
as was found semiclassically, in (2.39). So, what have we gained in this
quantum diffusion picture? The limits of the semiclassical result are clear:
it corresponds to only considering identical paths for Ψ and Ψ ∗ (neglecting
the Cooperon-type paths described in the next section). The procedure also
introduces a new mathematical object—the Diffuson. Although we used it
here to calculate a probability, more generally the Diffuson is a tool that we
can use to calculate two-wave correlations Ψ1∗ Ψ2 , even when the two ampli37
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r

Ψ
Ψ∗

Figure 3.4: Example of a non-identical path pair that contributes to Ψ ∗ Ψ .
Even though the two paths are not identical, they have the same phase.
r2
r1

+

=
r1 , r2

r1

r0

r2

Figure 3.5: Graphical definition of the Cooperon correlation. It adds together the contribution of just one or more scattering events encountered
in opposite order. The Cooperon compares the phases of two waves which
traverse the same path, but in opposite directions. This allows a generalization of the looping part of the random walk in Fig. 3.4. Compare to the
Diffuson definition, Fig. 3.2.
tudes do not come from the same wave function.

3.1.3

Cooperons and quantum crossings

The Diffuson does not capture all paths that contribute to Ψ ∗ Ψ . Figure 3.4
shows a a pair of non-identical paths that actually do contribute to Ψ ∗ Ψ . The
first path crosses itself, and therefore it contains a loop. The second path is
identical except the looping part is reversed. These two paths have identical
lengths, and they visit the same scattering sites, thus they will each have the
same phase (as long as the Hamiltonian preserves time reversal symmetry).
To describe these types of paths in general, we introduce two new mathematical objects. One new object is called the Cooperon, which compares
the phase for counter-propagating paths (Fig. 3.5). It is just like the Diffuson except one path is reversed. The other new object we introduce is the
quantum crossing, a.k.a. Hikami box, where we connect together four paths
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(involving eight amplitudes). When we take into account Cooperons when
computing P (r, t), we encounter weak localization (Sec. 3.2).

3.1.4

Dephasing

When we compare two wave amplitudes (Ψ1 , Ψ2 ) in the form Ψ1∗ Ψ2 we obtain
coherent objects that extend over arbitrarily long distances—the Diffuson
and Cooperon correlations. The Diffuson and Cooperon by design are able
to persist after many random elastic scattering events, giving them a lifetime
much longer than τel or τtr .
Diffuson and Cooperon correlations are limited not by τel but by they
are limited by dephasing processes, which are defined as any processes that
induce a difference in phase between the two paths. Dephasing causes Ψ1∗ Ψ2
to approach its semiclassical value, suppressing coherent contributions. For
instance, magnetic fields cause dephasing of the Cooperon by introducing
an Aharonov-Bohm phase difference between the counter-propagating paths.
Other types of dephasing will appear as we go along: inelastic dephasing due
to many-body interactions, symmetry-breaking disorders, dynamic defects,
and more.
For a very simple picture of dephasing we could consider ‘total phase
randomization’ events that could occur at any time or place. The coherent
part of Ψ1∗ Ψ2 would then decay exponentially as a function of time t, as
exp(−t/τφ ). We refer to this exponential time constant τφ as the coherence
lifetime. Its inverse, τφ−1 , is the dephasing rate—the rate at which these
phase loss events occur. Not all dephasing mechanisms lead to this simple exponential decay in time, however. For example, the Aharonov-Bohm
phase acquired from a perpendicular magnetic field depends not on time
but on the area enclosed by the path, so small-area paths are dephased very
slowly by the field. As another example, with disorder coupling to spin
and pseudospin we also see the appearance of dephasing modes, giving a
multi-exponential decay of coherence.
It is worth clearing up a point of semantic confusion here, as there exist
a variety of definitions of the terms “dephasing” and “decoherence”. To be
consistent I will follow the definitions seen in the Akkermans and Montambeaux book[52] and Boris Altshuler’s KITP talk[61]:
• The term dephasing will apply to a situation where a coherent effect
is suppressed, for any reason. This can include scattering differences
due to the waves’ internal states (spin, pseudospin, etc.), time reversal
asymmetry (for Cooperon), or a difference in the environment seen
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by the two waves (even when the difference is intended by the experimenter). Not all types of dephasing can be described by a dephasing
rate.
• The term decoherence (a subset of dephasing) is restricted to those
types of dephasing which arise from irreversible and uncontrollable
dynamic changes in the environment. A static system would have no
decoherence but may have other types of dephasing. Decoherence is
typically microscopic in origin so we generally can model decoherence
as a dephasing rate.
• The term inelastic dephasing (a further subset of decoherence) describes cases where the diffusing particle leaves an imprint on its environment. This may include some energy transfer between the particle and its environment, although the energy transfer is not essential.
Only this last type of dephasing (inelastic) is connected with the deeper
questions about decoherence: entanglement between a particle and its
quantum environment, notions of wave function collapse, etc. Inelastic dephasing occurs with the interactions of electrons with phonons,
magnetic defects, and even with other electrons. A full description
of inelastic dephasing is not trivial since it involves many-body and
thermodynamic considerations[50, 52, 62]. Fortunately, in many cases
it can be effectively represented by a simple dephasing rate.

3.1.5

Geometry dependence and dimensionality

Phase coherent effects rely on the existence of quantum crossings between
diffusive paths, and it is quite important to establish how likely are these
crossings. Even classically, the probability of diffusive trajectories intersecting each other depends strongly on the dimensionality of the medium. For
instance, a particle diffusing in three dimensional space has a large phase
space to explore and it typically never returns to its origin point. In a narrow wire, by constrast, diffusion is constrained so that a particle returns to
its origin repeatedly. Two dimensional samples are a special case where the
number of returns is only a few, growing logarithmically with time.
The relevant cut-off time for coherent diffusion is the dephasing time (τφ ).
It is crucial to establish whether the diffusion is significantly constrained by
the sample boundaries during this time. This leads to a natural classification
for 2D devices that are rectangular with length L between contacts, and with
a width W between the un-contacted edges. We determine the dimensional
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class by comparing L and W to the characteristic coherence length Lφ =
Dτφ . There are two cases which are particularly interesting for graphene:17

p

• Two-dimensional (2D or quasi-2D) regime: ltr  Lφ  L, W .

• Dirty quasi-one-dimensional (quasi-1D) regime: ltr  W  Lφ  L.

My experiments were typically within the 2D regime or at the edge of this
regime, so this thesis will focus on 2D results. I will also include theoretical
details about the dirty quasi-1D case as graphene samples of this type could
be easily made. Hereafter it will be assumed that ltr  L, W , so that
“quasi-1D” always refers to the dirty quasi-1D regime.

3.2

Weak localization (WL)

By taking into account only Diffusons in the diagrams for average conductance, we get precisely the same average conductance as found semiclassically. Including the Cooperon gives a phase coherent effect: a correction to
the semiclassical average conductance Gsc known as weak localization.
G = Gsc + GWL

(3.2)

2
where (2.39) Gsc = W
L e νD.
Theoretically, weak localization can be understood from a few different
viewpoints:[52]

1. An enhancement of the probability to return to origin. Given full time
reversal symmetry, the probability of return to origin will be double
the semiclassical value, as all loops will interfere constructively with
their reversed counterparts.
2. A suppression of the probability to propagate to remote points. Mathematically we must renormalize the Diffuson by including Cooperon
perturbations.
3. An enhancement of back-scattering in momentum space. This viewpoint lends itself naturally to optical experiments on diffusive media,
where the coherently enhanced backscattering is directly observed.
All of these viewpoints are mathematically equivalent: 1 and 2 must agree in
order to conserve probability, whereas 3 is simply a momentum-space version
of 1. In essence, weak localization modifies the semiclassical conductivity
e2 νD by modifying the diffusion constant D.
17
Other dimensional classes do exist with their own special considerations, not mentioned here[17].
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3.2.1

Sensitivity to perpendicular magnetic fields

The weak localization correction depends on the existence of the Cooperon
correlation, which is suppressed by magnetic fields. Thus, weak localization is strongest at zero magnetic field, and it becomes suppressed as the
magnetic field is turned on. Weak localization is particularly sensitive to
the application of perpendicular magnetic fields B⊥ , and it is instructive to
consider why this is so.
Qualitatively, the effect of a perpendicular field can be understood as introducing a new cutoff for coherent diffusion, in this case an cutoff area given
by L2B = ~/(eB⊥ ). Trajectories enclosing this area receive an AharonovBohm phase of order 1. This cutoff becomes relevant when it is comparable
to the phase coherent area, L2φ in 2D (or W Lφ in quasi-1D). The fieldinduced cutoff starts to affect weak localizaction when it is comparable to
the phase coherent area. For a typical 2D device with Lφ ≈ 1 µm (typical
at temperatures around a Kelvin), this already occurs for B⊥ ≈ 1 mT!

3.2.2

Formulas for quasi-2D case

Let’s look at the quantitative results for a two dimensional sample with dephasing rate τφ in the presence of a perpendicular magnetic field B. For now
we will consider ordinary electrons (with spin but no pseudospin/isospin),
and without spin disorder. The case of graphene’s Dirac particles and/or
spin relaxation adds some further complications to the result, as discussed
in Sec. 3.4.
The 2D weak localization contribution to conductance is[52]
W e2
~
1
GWL (B) = −
+
ψ
L πh
2 4eDBτtr
" 



1
~
−ψ
+
2 4eDBτφ


#

.

(3.3)

Here, ψ(z) is the digamma function (Appx. F). Note that the τtr appearing in (3.3) is an artifact of a short-time cut-off that was introduced in
the derivation—it may be that 2τtr or 12 τtr , for example, would be more
appropriate.
We can consider a few limits in magnetic field by selectively expanding
the digamma functions into their asymptotic form, ψ(z) → ln z (for z  1):
• At zero field we have

G(0) = Gsc −

e2 W
ln(τφ /τtr ).
πh L

(3.4)
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Since τφ is usually temperature dependent, this expression gives a
temperature-dependent conductance. In practice this temperature dependence at zero magnetic field is difficult to distinguish from another
effect (electron-electron interaction density of states anomaly) which
also gives a conductance contribution of order (e2 /h) ln T [52].
• For intermediate and low fields [B  ~/(eDτtr )] we can write the
field-dependent part (called magnetoconductance) as:
Bφ
e2 W
ln
G(B) − G(0) ≈ −
πh L
B






1 Bφ
−ψ
+
2
B




(3.5)

where we have defined
Bφ = ~τφ−1 /(4eD).
Remarkably, this expression can be characterized entirely by one field
scale Bφ and it does not depend on the approximate cutoff time τtr .
Hence, (3.5) is suitable for obtaining τφ by fitting low-field conductance
data.
• Alternatively, for intermediate and high fields, B  Bφ , the conductance is independent of τφ :
G(B) ≈ Gsc −

1
~
e2 W
ψ
+
πh L
2 4eDBτtr
 



−ψ

1
2

 

.

(3.6)

The Cooperon here is primarily suppressed by the magnetic field, so
that the coherence time is irrelevant. This fact is useful for probing
temperature- and field- dependent effects other than weak localization,
as (3.6) provides an easily subtracted background conductance.
• At very high fields, B & ~/(eDτtr ), we have G(B) → Gsc , meaning
that weak localization has been completely suppressed and the semiclassical value is restored. We therefore expect conductance to reach a
plateau at high field. Once the field is increased too far, however, we
will start to see conductance changes from strong field effects such as
Shubnikov-de Haas oscillations[39] which start around B ∼ ~/(eDτel ).
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3.2.3

Formulas for quasi-1D case

The WL correction in a 1D system (with spin degeneracy, but no pseudospin/isospin) takes the form[52]
GWL (B) = −

e2



1
(Dτφ )−1 +
hL

e2 B 2 W 2
3~2

!−1/2



− ltr  .

(3.7)

Like the quasi-2D case, the appearance of ltr here is approximate. It is
interesting that unlike the quasi-2D case, the effect of magnetic field simply
appears in addition to the dephasing rate in equation (3.7).
It is important to note that (3.7) is only valid for small fields. Even if
the device starts out in the quasi-1D regime at zero field, it transitions to
the quasi-2D regime for fields of order B & ~/(eW 2 ). At these high fields,
the effective phase coherent length has been reduced to the point where it
is smaller than the channel width, and so we should use expression (3.3)
instead.

3.3

Conductance fluctuations

Experimentally, what we measure is the conductance G of a particular device, with a particular potential landscape. This conductance is by no means
an ensemble average, and it depends on un-averaged probabilities Ψ ∗ Ψ that
are sensitive to the potential landscape. What we can say with certainty
is that the measured conductance can be decomposed into two parts: an
ensemble average (G) part, and a device-dependent part (δG). These contributions δG are known as conductance fluctuations:
δG ≡ G − G

(3.8)

The value of δG not only varies from device to device, but it also is
highly sensitive to externally-controlled parameters such as magnetic fields
and gate voltages. When we scan one of these experimental parameters,
take magnetic field for example, we obtain a trace which appears to contain
random noise (see Figs. 5.1, 5.3, 5.7, 7.2, for experimental examples). The
conductance fluctuations are however quite unlike noise: as long as the
device does not contain slow instabilities, rescanning the same field range
will produce exactly the same fluctuation pattern.
Analysis of conductance fluctuations forms an important part of this
thesis (Sec. 8.3, Chs. 5,7) Mesoscopic theory can provide predictions about
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the nature of δG, as long as we ask for something expressed as an ensemble
average:
• What is a typical magnitude of q
δG? Quantitatively, this is probed by
the rms fluctuation amplitude, (δG)2 .
• How sensitive is δG to changes in the magnetic field? To probe this we
compute a correlation function, δG(B1 ) · δG(B2 ). Similar correlation
functions exist for other parameters (such as VBG ).
• How does δG change over time in an unstable device? This too is
characterized by a correlation function, δG(t) · δG(t + δt), in time t.

• What is the probability distribution of δG—are the fluctuations Gaussian? This can be answered by computing the variance and higherorder moments: (δG)2 , (δG)3 , (δG)4 , and so on.
As can be seen, fluctuations are associated with many more statistical metrics compared to the single characteristic G of weak localization. From
this one might expect that fluctuations present many more opportunities
to extract useful information. In practice, not all metrics yield useful information, and only a few metrics can be easily measured to the required
precision. (more on this in Sec. 8.3)

3.3.1

General two-conductance correlations

The studies of conductance fluctuations in this thesis all involve quantities
that can be written as δGA · δGB , comparing two conductance fluctuations
measured under different circumstances which we label A and B. Not only
can we express the variance δG2 = δG · δG in this form but also correlations
in magnetic field δG(B A ) · δG(B B ), gate voltage δG(VBG A ) · δG(VBG B ), time
δG(tA ) · δG(tB ), and so on. We can even look at correlations where two
parameters differ, e.g., δG(B A , VBG A ) · δG(B B , VBG B ). Any of these twoconductance correlations can be calculated using a general procedure, though
it is technically involved (Appx. D). Here we will examine briefly how these
conductance correlations appear in mesoscopic theory.
Recall that to determine a conductance (probability) we consider many
different path pairs that travel from point ri to point rf . When we compare
two conductances GA and GB , then, we must consider four paths: two paths
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riA

rfA

?

riB

rfB

Figure 3.6: Outline of CF diagrams. To calculate the average product
GA · GB , we need to consider all possible diagrams in the obscured region.
going from riA to rfA , and two from riB to rfB . Note the relation
δGA δGB = GA − GA GB − GB
h

ih

= GA GB − GA · G B .

i

(3.9)

Any diagram in which particle A’s path is unrelated to B’s path will appear
in both terms, and thus be cancelled out. Therefore, δGA δGB includes only
diagrams where the paths overlap for some length. It turns out that there
are four dominant contributions to δGA δGB , each involving two quantum
crossings (Fig. 3.7).
The diagrams in Fig. 3.7 can be classified by whether the shared paths
are Cooperons or Diffusons, and whether the shared paths are self-returning
loops or they propagate between distinct locations. The field dephasing
of Cooperon diagrams depends on the sum B A + B B , whereas the Diffusion diagrams depend on the field difference B A − B B ; other than this,
the Diffuson and Cooperon diagrams behave similarly. If we interpret conductivity as (2.39) σ = e2 νD, then roughly speaking the looping diagrams
represent fluctuations in the density of states (δν), while the non-looping
diagrams represent fluctuations in the diffusion constant (δD). The δD diagrams generally are more robust to dephasing by thermal effects and energy
differences, compared to the δν diagrams.
Unlike weak localization, there is no analytical expression for conductance correlations at finite temperature. Given the wide variety of differences that could exist between circumstances A and B, there are many
factors that go into determining δGA δGB : temperatures, magnetic fields,
kinetic energies, and dephasing rates. We can however come quite close to
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riA

rfA

riA

rfA

riB

rfB

riB

rfB

(a) Diffuson δD term

(b) Cooperon δD term

riA

rfA

riA

rfA

riB

rfB

riB

rfB

(c) Diffuson δν term

(d) Cooperon δν term

Figure 3.7: The four diagrams contributing to CF correlations. Filling in
the obscured region from Fig. 3.6, we arrive at the four dominant kinds
of path correlation that contribute to conductance fluctuation correlations
δGA δGB .
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Figure 3.8: Histogram of experimental conductance fluctuations, taken from
a portion of the data contributing to the T = 200 mK, Bk = 0 data point in
Fig. 7.4, showing Gaussian behaviour. (Note: conductance measurements
were correlated due to oversampling, so the counts’ noise is larger than
Poissonian)
an analytic result in quasi-1D and quasi-2D cases: theory is able to provide
an analytic form for zero-temperature, single-mode correlation functions F0
(Diffuson) and C0 (Cooperon). These zero-temperature correlation functions can be used as building blocks for the computation correlations in
a more complicated situation (finite temperature and multiple dephasing
modes). Appendix D describes the detailed process of computing conductance correlations.

3.3.2

General many-conductance correlations

It turns out that in weakly disordered samples (pF ltr  ~) the fluctuations
are normally distributed.[52] This is the case in the experiments of this
thesis (see Fig. 3.8 for an example). This means that we can rewrite higherorder correlations δGA · δGB · · · δGn in terms of the two-point correlation
function described in the last section, using the Isserlis theorem (a.k.a. Wick
theorem). For example, the three-conductance correlator vanishes,
δGA · δGB · δGC = 0,

(3.10)
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whereas the four-conductance correlator divides into three terms
δGA · δGB · δGC · δGD = δGA · δGB




+ δGA · δGC


+ δGA · δGD


δGC · δGD



δGB · δGD





(3.11)

δGB · δGC .





The non-Gaussian contributions to these higher-order terms tend to be
of order (pF ltr /~)2 times smaller than the typical Gaussian value, as they
necessarily involve at least two more quantum crossings[52].

3.4

Coherence with spin, isospin, and pseudospin

So far in this chapter, we have focussed on coherence for scalar particles.
In graphene however it is absolutely necessary to consider isospin, and with
practical devices we must also account for the effects of pseudospin-coupled
disorder. The spin freedom also comes into play in Chapters 5 and 7, complicating manners even further.
Appendix E shows how dephasing modes naturally arise when we try to
generalize wave correlations Ψ1 Ψ2∗ to include the evolution of internal state
(spin, isospin, or pseudospin). Each dephasing mode is associated with a
dephasing rate and may have an energy offset. The final expression for weak
localization conductance GWL = G − Gsc appears as a sum over these modes
GWL = GWL-1 + GWL-2 + · · · + GWL-N
where each mode GWL-i can be written in terms of the scalar solution, such
as (3.3). The conductance fluctuation correlation δGA δGB also breaks apart
into distinct modes:
AB
δGA δGB = F1AB + C1AB + F2AB + C2AB + · · · + FNAB + CN

and likewise each term is written in terms of the scalar solution (Appx. D).
When we consider spin, isospin, and pseudospin together, we potentially
have (2 × 2 × 2)2 = 64 dephasing modes. Fortunately, the isospin is not an
actual degree of freedom (it is locked to momentum) and so at most we have
N = gs2 gv2 = 16 modes. Sixteen modes is still unwieldy, so we first focus on
pseudospin alone (at most gv2 = 4 modes).
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Figure 3.9: Value of weak (anti-)localization correction for graphene in a
magnetic field. These curves were computed from (3.12) or (3.3) for a 2D
device with aspect W/L = 1, using Bφ = 0.05 mT and Btr = 90 mT in each
case. Field scales are defined as Bi = ~/(4eDτi ) for i = {φ, iv, zv, tr}. The
upper curve corresponds to no pseudospin disorder (Bzv = Biv = 0), while
the solid curve has Bzv = 30 mT, Biv = 1 mT.

3.4.1

Isospin and pseudospin dephasing

The fact that isospin is locked to momentum has an important consequence
for weak localization[21]: it changes the sign of weak localization from localization (GWL < 0) to antilocalization (GWL > 0, though see discussion
of pseudospin below). In order to back-scatter, the isospin must be reversed, but the phase of the final result depends on whether the isospin was
rotated by π (counterclockwise) or −π (clockwise). Therefore the counterpropagating loops determining weak localization (Cooperons) gain a sign of
−1; this sign indicates destructive (rather than constructive) interference
for backscattering. As a result, the probability of return to origin is reduced
compared to the semiclassical value. The rate of diffusion (D) is increased,
as is the conductance (Fig. 3.9).
Pseudospin-coupled disorder (Sec. 2.2.3) changes the story yet again. Including pseudospin disorder, the expression for the weak localization conductance contribution separates into four dephasing modes (two are identical)[21]
−1
GWL (B) = G1 (B, τφ−1 ) − G1 (B, τφ−1 + 2τiv
)

−1
−1
− 2G1 (B, τφ−1 + τiv
+ τzv
)

(3.12)
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where G1 is the single-mode WL conductance seen in Sec. 3.2 [e.g., (3.3) for
the 2D regime]. The sign change from isospin is incorporated into (3.12).
−1 ) strongly
Valley-distinguishing disorder (associated with scattering rate τzv
suppresses the intrinsic antilocalization, and intervalley scattering disorder
−1
(rate τiv
) causes the return of weak localization. The weak localization dip
is limited in its sharpness only by τφ−1 , the rate of time reversal symmetry
breaking. Figure 3.9 shows how weak localization appears in graphene for
realistic values of the scattering rates. Note that at low magnetic fields the
magnetoconductance shape is quite similar to the ordinary localization case.
For conductance fluctuations, the isospin and pseudospin give less dramatic effects, as there is no sign change. Like weak localization, there are
−1
−1 , one mode by
+ τzv
four modes; two modes are suppressed by τφ−1 + τiv
−1
−1
, and the last mode is only suppressed by τφ−1 . The rates τzv
τφ−1 + 2τiv
−1
and τiv
have exactly the same values as in weak localization, however τφ−1
may be different[34, 35]. The pseudospin-dephased modes are suppressed
and their fluctuations are slow in magnetic field. Due to thermal smearing
effects, however, these modes can still give a significant contribution to the
fluctuation variance and so they can only be ignored in certain circumstances
(see discussion in Sec. 8.3.5).

3.4.2

Spin dephasing

The inclusion of the real spin in weak localization and conductance fluctuation is considerably more complicated than pseudospin. For small magnetic
fields, we should consider spin-orbit interactions and magnetic defects[16,
63]. Kondo effects can suppress the magnetic defect dephasing at low
temperature[49]. At high magnetic fields we also need to consider Zeeman
splitting of the energy levels for the mobile electrons, as well as the polarization and precession of the magnetic defects[33, 50]. Because of all these
effects, there are a number of subtleties in spin dephasing, too complex to
describe in this section—they will be discussed in remainder of the thesis as
they become relevant.
Fortunately, it is generally possible to treat spin dephasing separately
from pseudospin dephasing. Due to the strong pseudospin disorder, the
pseudospin-related dephasing modes play a minor role, and so the spin
physics in graphene are much like those in an ordinary electron gas without pseudospin or isospin.[33] Thus, it is possible to model the effects spin
dephasing in graphene using the established theories regarding conventional
semiconductors.
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Chapter 4

Introduction to experiments
The following three chapters will describe a series of experiments on graphene,
carried out at UBC in the Quantum Devices laboratory. The apparatus and
measurements were very similar in all of these experiments, and so this
chapter will give a short and basic description of the common measurement
details. Appendix B goes into further technical detail about the experimental setup.

4.1

Sample preparation

We fabricated graphene devices using the famous Scotch tape exfoliation
technique—the same technique that was used to make the very first graphene
samples.[5] Graphenes were exfoliated onto dies cut from Si wafers with
an outer ∼280 nm layer of SiO2 (this is the most common substrate for
graphene devices). This type of substrate performs two roles: the SiO2 thin
film provides a good background to allow the identification of the graphene
layers in an optical microscope, and the conductive Si substrate allows us
later to capacitively control the graphene charge carrier density ns (recall
Sec. 2.3.2).
After exfoliation and once we had identified a suitable graphene monolayer (Fig. 4.1(a)), we used electron beam lithography with poly(methyl
methacrylate) resist to deposit CrAu films in a designed wire pattern. These
metal films form Ohmic electrical contacts to the graphene where they overlap it. For the last device (Chapter 7) a further step of electron beam lithography was used to mask the graphene for an oxygen plasma etch step, which
allowed us to shape the graphene into a well-defined channel (Fig. 4.1).
Once the dies were prepared, we bonded them into chip carriers (Fig. 4.2),
allowing the graphene device to be easily inserted into corresponding sockets
in our measurement equipment. Typically, before measuring we annealed
the graphene device at 200◦ C in air to evaporate water and other volatiles.
The later device was also annealed before measurement, at 400◦ C in a reducing atmosphere to remove resist residue.
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(a)
SiO2

10 micron

Graphene
Graphite
(b)
Etched gaps

10 micron

AuCr ﬁlm

Figure 4.1: Optical microscope images of graphene device, (a) before and (b)
after lithography (metal film deposition and plasma etching). This device
(specifically, the smaller channel on the right) was measured in the final
experiment (Chapter 7).

Figure 4.2: Photograph of chip carrier with die mounted and wire bonded,
penny for scale. Wire-bonding pads are visible as rows on the die.
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Mixing chamber (20 mK)
Boiling helium (4.2 K)
Vacuum can
Low freq. ﬁlter module
High freq. ﬁlter module
Wire cooling module
Radiation shield
Device (chip carrier)
Large magnet (B||)
Small magnet (B )
T

~ 8 cm

Figure 4.3: Cross-sectional view of low-temperature measurement setup (diagram is not drawn exactly to scale). The measurement wiring path and
the locations of the superconducting magnet coils are indicated.

4.2

Low-temperature measurement setup

The primary measurements were all carried out with the graphene device inside an Oxford Instruments 3 He:4 He dilution refrigerator. Figure 4.3 shows
the low-temperature part of the measurement setup. After inserting the
device, the initially warm refrigerator is covered in a vacuum can and together the assembly is cooled in a boiling 4 He bath. The bath contains a
large superconducting magnet which supplies a vertical magnetic field component (Bk , up to 12 T); this is approximately in the plane of the graphene
since the device is oriented vertically. A secondary, smaller superconducting
magnet is glued to the vacuum can and supplies a horizontal magnetic field
component (B⊥ , up to 200 mT), aligned to the normal of the device plane.
The small magnet was used to correct the alignment of the larger magnet
(see Sec. B.2.1).
Dilution refrigerators are able to reach temperatures below 0.02 K. Ensuring that the device is able to reach that temperature, however, is not
trivial since the device needs to be connected to the outside world in some
way in order to perform measurements. We have engineered a series of wiring
filters and an electromagnetic radiation shield (Fig. 4.3) to block high frequency interference and thermal noise that threaten to overheat the device,
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T = 300 K T < 1 K

T = 300 K T < 1 K
Rs1

Rs1
+

Rs2

G−1
Rs2

Vbias

Ibias

I

V

Rs3

G−1

Rs4
(a) Two terminal

(b) Four terminal

Figure 4.4: Two-terminal and four-terminal conductance measurements.
Black filled circles (•) indicate the Ohmic contacts to the graphene flake,
which is represented by the rightmost resistor.
described in further detail in Sec. B.3. Since the device is cooled entirely
through its wiring, all of the measurement wires pass through a wire cooling
stage just before connecting to the device. These were designed to optimize
the dissipation of heat from, e.g., eddy currents and magnetocaloric heating
due to magnetic field sweeps (see Sec. B.3.5).

4.3

Electrical measurements

The experimental data set presented in this thesis consists of measurements
of conductance under various conditions (fields, temperatures, bias voltages,
gate voltages). We used two different approaches to measure the conductance.
One approach to measure conductance is the two-terminal setup (Fig. 4.4):
A voltage Vbias was applied to one of the device terminals, and another terminal was grounded through a current meter that observes the current I.
The other device electrodes, if present, are left floating. Although this immediately yields a conductance, I/Vbias , the result depends on the resistance
of the sample wiring plus the contact resistance. If we know these series resistances (total Rs ) then we can compensate to obtain the conductance of
the graphene itself: G = (Vbias I −1 − Rs )−1 . The problem in this approach is
that the device’s contacts add an intrinsic contribution to Rs which cannot
be separated from the graphene resistance, and so typically one can only
make an educated guess as to the value of Rs .
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More often a four-terminal approach was used (Fig. 4.4); this allowed
us to measure a specific segment of the graphene without the measurement
being affected by the series resistance. A current Ibias is forced into one of
the device terminals, and comes out of another terminal that is grounded.
A voltage meter is used to measure the voltage difference V between two
other terminals in the same device. The conductance in this case is defined
as G = Ibias /V . (In fact, sinusoidal biases were applied to avoid certain
electrical errors, see Sec. B.2.2).
The overall doping of the graphene (Sec. 2.3.2) was controlled using a
backgate. The backgate voltage VBG ∼ −80 V · · · +80 V was applied through
one of the sample wires that had been bonded to the conductive Si substrate.
To study temperature dependences, an electrical heater was used to heat
up the mixing chamber of the dilution refrigerator, and we used the vendorsupplied RuO2 resistance thermometer to measure the resulting temperature
of the mixing chamber. It was assumed that the sample holder would thermalize to the mixing chamber; for the temperature of the graphene itself,
it was necessary to correct for the local heating of the graphene by Joule
heating from the electrical biases (see B.2.3).
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Chapter 5

Experiment: Spin-splitting
This chapter describes my first successful experiment in graphene, involving
spin-splitting of conductance fluctuations in graphene.[1]
At the time of this experiment (late 2008) the spin properties of graphene
were starting to be explored for the first time.[14] We were keen to use our
magnet setup to observe spin physics in mesoscopic phenomena. These types
of experiments had been successfully carried out in metals and semiconductors previously,[64–66] and were something that my supervisor had previous
experience with[67]. There was also the possibility of significant band structure changes induced by the in plane field, an effect that had been predicted
long before the realization of graphene devices[6].
The experiment described in this chapter gave a pleasant surprise: not
only did we see the usual effect on conductance fluctuations, a decrease in
their amplitude, but we also saw the direct Zeeman splitting of the conductance fluctuations. This splitting had never been seen before in other
materials. The predicted upward conductance shift from band structure
changes was not visible, a result of the large amount of disorder. Instead
we saw a weak decrease in conductance due to the graphene’s ripples, an
effect that we investigated more carefully in a subsequent experiment (see
next chapter).
The following text is adapted from Ref. [1], an article published by the
Nature Publishing Group.

5.1

Experimental setup

The overall experimental setup is described in the previous chapter (Chapter
4). At this point in time, the filtering and wire cooling stages had not been
installed into the refrigerator, and we were not especially careful about bias
overheating. As a result, although the dilution refrigerator temperature was
20 mK, the temperature of the device may have been significantly higher
(100–300 mK); in any case, the heightened temperature was not relevant to
the present study.
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Figure 5.1: Experimental setup. (a) Schematic of single-layer graphene
device, showing orientation of magnetic fields Bk and B⊥ . (b) Two-terminal
conductance, G, measured as a function of backgate voltage VBG at 20 mK,
showing the Dirac conductance minimum. Inset: a sample of conductance
fluctuations over a narrow range of gate voltage and B⊥ = Bk = 20 mT.
The conductance was measured in a two-terminal configuration assuming
a series resistance Rs = 3.2 kΩ. This value of series resistance was chosen
such that the conductance increased linearly for VBG < 0 (Fig. 5.1b), as that
is the normal behaviour for graphene. It can be seen in Fig. 5.1b, however,
that the conductance did not increase symmetrically for electron and hole
doping. This is a natural consequence of the pinning of carrier density under
the contacts, leading to a variation in contact resistance[68]. In any case, the
exact value of conductance was not important to this study, as the effects
were normalized and thus insensitive to Rs .
The primary device (called device A) and field orientation are sketched in
Fig. 5.1a. As can be seen in Fig. 5.1b, the conductance showed a rich pattern
of fluctuations (on top of the semiclassical background conductance) as the
gate voltage was changed. As was described in Sec. 3.3, these fluctuations
are a random interference pattern, appearing universally in small diffusive
conductors. These conductance fluctuations are the subject of this study.

5.2

Direct observation of spin splitting

The electrical conductance G of graphene includes contributions from spinup and spin-down carriers. In the absence of spin flips, each electron maintains its spin so we can decompose the conductance into spin-up and spindown parts like so: G = G↑ + G↓ . The fluctuations in G↑ and G↓ do not
depend directly on VBG but rather on on the Fermi wavelengths, and therefore the carrier densities, of the spin-up and spin-down electron populations
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Figure 5.2: Zeeman effect in graphene. (a,b) Diagrams of spin-splitting effect. A simulated conductance trace at zero field (b) splits into two offset
contributions from spin-up and spin-down at finite field (a), giving doubled
features in the total conductance. (c,d) Two examples of conductance fluctuations spin-splitting in an in-plane field, taken over two ranges of gate
voltage (B⊥ = 80 mT). For both images, a smooth background was subtracted to highlight fluctuations. The offset (indicated by dashed lines as
guides to the eye) due to spin is larger around −6 V compared with −2 V
because density of states increases with density: the dashed lines correspond
to ν values of (c) 12 × 109 and (d) 7 × 109 cm−2 /meV.
respectively (Sec. 3.3). At zero field, spin-up and spin-down carriers have
the same density n↑ = n↓ , and we expect G↑ = G↓ (Fig. 5.2b).
Applying a magnetic field partially polarizes the graphene—it induces
a difference between spin-up and spin-down carrier densities. The total
density ns = n↑ + n↓ = α(VBG − V0 ) is set by the backgate voltage; the
difference in the densities n↑ − n↓ = 21 νgµB B is set by the magnetic field,
where ν is the density of states and gµB B is the Zeeman energy. Together
these yield
n↑/↓

α
=
2

V offset
VBG − V0 ± BG
2

!

,

offset
where VBG
=

1
νgµB B
α

(5.1)

As a result, spin-up and spin-down conductance contributions at finite field
offset , leading to Zeeman splitting of interferare offset in gate voltage by VBG
ence features in a gate voltage trace G(VBG ) (Fig. 5.2a).
Zeeman splitting of experimental graphene conductance fluctuations can
be seen in Figs. 5.2c and 5.2d. The ‘V’ shapes in the data correspond to spinresolved conductance: left-moving (right-moving) arms reflect interference
for a particular density of spin-down (spin-up) carriers. Although conductance fluctuations have been observed for several decades in a wide variety
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Figure 5.3: Autocorrelation extraction of spin splitting. (a) Features are
doubled in an image of conductance fluctuations at Bk = 8 T. (b) Autocorrelations of the windows indicated in (a) show that the spin-split offset (the
offset = 0.22 V at
location of the autocorrelation side-peak) changes from VBG
offset
VBG = −16 V, to VBG = 0.19 V at VBG = −12 V. The autocorrelation
offset .
function is symmetric, so side-peaks appear at ±VBG
of materials, a direct measurement of their Zeeman splitting has never before been reported. Several factors must conspire to make this effect visible:
a low density of states enhances the visibility of conductance fluctuations
and reduces the gate voltage offset between spin-split features; a small spinorbit interaction is required for the approximation of two independent spin
populations to be valid; atomic-scale flatness and precise alignment of the inplane field reduce the effective Aharanov-Bohm flux entrained by an in-plane
magnetic field. The first three factors are naturally present in graphene; the
fourth was enabled by a two-axis magnet (see Sec. 5.5, Sec. B.2.1).

5.3

Autocorrelation analysis of splitting

A statistical analysis of the spin-split offset at particular values of Bk was
obtained using an ensemble of traces, δG(VBG ), collected for a range of
out-of-plane fields, 3 mT ≤ B⊥ ≤ 120 mT ( Bk ). The offset is somewhat
visible in the raw conductance data (Fig. 5.3a), but can be seen more clearly
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by computing an autocorrelation f (∆VBG ) = hδG(VBG )δG(VBG + ∆VBG )i.
offset (Fig. 5.3b) reflect simSide-peaks in the autocorrelation at ∆VBG = ±VBG
ilar features offset in the conductance traces (Fig. 5.3a) due to the difference
in spin-up and spin-down carrier densities.
The side-peaks shifted outward with increasing Bk (Fig. 5.4a), while the
height of the central peak (f (0), the variance of the fluctuations) dropped
by a factor of two (Fig. 5.4b). The drop in f (0) reflects a suppression of
conductance fluctuations when the Zeeman energy, gµB B, exceeds energy
broadening due to temperature or dephasing. This effect has been used to
characterize spin degeneracy in other systems[64–67], where splitting could
not be observed directly. The suppression factor of two indicates that spin
degeneracy was intact at zero field, after taking into account broken time
reversal symmetry due to the small out-of-plane field. The shift of the sideoffset , with B was expected from Eq. (5.1)—a statistical
peak location, VBG
k
confirmation of the linear spin-splitting seen in Figs. 5.2c,d.
Using Eq. (5.1), the density of states can be extracted directly from
offset at a given field. We take g = 2 for graphene[69–71] and the value
VBG
α = 8.05±0.05×1010 cm−2 /V determined from quantum Hall measurements
offset (V
of our device. VBG
BG ) was recorded over the full gate voltage range by
computing the autocorrelation f (∆VBG ) within a sliding window in VBG
(Fig. 5.4c). The resulting square-root lineshape can be compared to the
density of states expected from graphene’s dispersion relation (see (2.20)
and Sec. 2.3.2)
p
2 α/π q
ν(VBG ) =
|VBG − V0 |,
(5.2)
~vF
with a Fermi velocity vF that would be independent of density for an ideal
Dirac band structure.
offset can be determined very accurately from f (∆V
Because VBG
BG ), spinsplit fluctuations provide an accurate measure of vF . Experimental error
bars were typically one or two percent of the measured value (Fig. 5.4d),
dominated by uncertainty in the charge neutrality point, V0 .18 Both devices
showed vF > 9×105 m/s away from the Dirac peak, with vF > 1.05×106 m/s
throughout most of the gate voltage range for flake A (Fig. 5.4d) and for
the electron-doped gate-voltage range of flake B (see Fig. 5.5). These values
are similar to those reported elsewhere[43, 72, 73] but considerably larger
than the expected vF ≈ 0.8 × 106 m/s from non-interacting band structure
The value of V0 , which is the gate voltage VBG required to dope the graphene to
charge neutrality (Sec. 2.3.2), was determined from the minimum of the conductance
vs. VBG curve (Fig. 5.1).
18
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calculations[74]. Enhancements in vF have been predicted due to many-body
effects[75–77].
On the other hand, differences in the Fermi speeds for devices A and B
suggest that the apparent Fermi speed in realistic graphene samples also depends strongly on disorder and other sample details. Larger values of vF are
observed in Fig. 5.4d at lower densities, similar to a report of infrared spectroscopy measurements[73], but in flake B the trend was reversed, providing
further evidence for sample-to-sample variations in Fermi speed.

5.4

Minimum density of states

Figure 5.6 shows the behaviour of the side-peak near to the Dirac point.
offset ≈ 0.04 V,
Throughout this region we can see a side peak appearing at VBG
corresponding to ν ≈ 3.5±0.4×109 cm−2 /meV. These side peaks are not an
artifact of the analysis: in the same region we can directly see the splitting
of conductance fluctuations (Fig. 5.6b). The scanning probe experiments
in Ref. [43] observed a very similar ν ≈ 3 × 109 cm−2 /meV near the Dirac
point.
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Figure 5.6: Minimum density of states near Dirac point. (a) Sliding-window
autocorrelations (like Fig. 5.4c) for data from flake A near the Dirac point,
with a 0.2 V window, show a side peak signal at the Dirac point. (b)
Visible splitting of conductance fluctuations with increasing Bk , near the
Dirac point; the dashed line corresponds to the ν implied by (a).

5.5

Hints of ripples in graphene

In order to observe V’s like those shown in Figs. 5.2c,d, interference features
must shift, but not otherwise change, as a function of in-plane field. In
other words, the primary influence of the magnetic field on the interference
must be through its effect on the densities of spin-up and spin-down carriers,
rather than a change in Aharonov-Bohm (AB) flux. The alignment of Bk
was monitored using weak localization (WL), the coherent enhancement of
backscattering associated with time-reveral symmetry at B⊥ = 0. This was
used to correct the values of B⊥ (see Sec. B.2.1).
In addition to shifting, the WL dip also decreased in magnitude with Bk ,
by a factor of two at 1 T and below detectable levels above 4 T (Fig. 5.7ab).
The complete collapse of the WL dip, over a field range where the variance
of conductance fluctuations decreases only by a factor of two, implies that
time-reversal symmetry is broken even by an in-plane field[78, 79]. The
disappearance of symmetry in g(B⊥ ) ↔ g(−B⊥ ) at finite Bk (Fig. 5.7cd)
provided further evidence of time-reversal symmetry breaking[79]. Similar
phenomena have been observed in semiconductor 2D electron gases, and
have been associated with finite thickness and nanometer-scale undulations
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in the 2DEG[78], allowing Bk to thread an AB flux through the conductor.
The Bk -scale of WL collapse in graphene corresponds to an effective thickness of ∼ 1 nm,19 in agreement with previous measurements of the intrinsic
ripple size in graphene sheets[80, 81].

5.6

Retrospective

Since this experiment I have gained a greater understanding about what
determines the autocorrelation function of conductance fluctuations in this
type of experiment (see Sec. 8.3, Appx. D, Appx. E). Besides the basic
picture described in the preceding text, there are a few more details to
consider:
• Spin-orbit interactions and/or magnetic defects will cause spin-up electrons to behave differently from spin-down electrons. This causes dephasing of the side-peak correlation terms[50], especially at high magnetic fields when the magnetic defects have been polarized. Thus the
magnetic disorder detected in graphene (Chapter 7) may explain why
the side peak height in Fig. 5.4b is weaker than expected.
• In this experiment, the background subtraction procedure was quite
aggressive, which helped to clear up some of the long-range random
fluctuations in Figs. 5.4ac, 5.5. Background subtraction unfortunately
causes biases that shift the autocorrelation downwards (Sec. 8.3), giving another reason for the reduced height of the side peaks in Fig. 5.4b.
• In Fig. 5.4 and Fig. 5.6 the side peaks disappear nearby the charge
neutrality point. In Fig. 5.5 they seem to be completely absent at
charge neutrality. It is possible that spin disorder is stronger at low
carrier densities, but a more likely explanation is that the electrostatic
disorder pattern changes strongly with gate voltage in this region. As
carrier densities become lower, the electrons’ ability to screen disorder
is reduced. Thus, when VBG is changed in this region, it does not
result in a uniform shift in the potential landscape E0 (r) across the
graphene. Since the fluctuations are so sensitive to disorder, they
could randomize on a shorter VBG scale than the spin-splitting. The
screening effect may also reduce the side peak height even at higher
backgate voltages.
This 1 nm number was calculated using a crude approach. A more careful analysis of
the same data will be shown in the next chapter.
19
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5.7. Conclusion
• Polarized magnetic defects generate a mean-field exchange, which modifies the Zeeman energy that determines the location of the side peaks[50].
This means that at high fields (saturated defect polarization) we expect the Zeeman energy to be
EZ (Bk ) = gµB Bk + Em .

(5.3)

The data in Fig. 5.4a essentially measures this dependence EZ (Bk ).
The linearity of the side peaks’ position with Bk indicates that Em
plays a minor role. It is possible that Em is a significant fraction of
EZ for low fields (Bk . 1 T), but certainly not at higher fields.

5.7

Conclusion

The ability to distinguish conductance fluctuations associated with spinup transport from those associated with spin-down transport, using the
magnetic field dependence of their position in gate voltage, may enable the
development of interference-based spin filters in graphene. The maximum
spin polarization of current injected through such a device is set by the ratio
of conductance fluctuation amplitude to the conductance itself. Although
this ratio was typically < 10% in the devices measured here, it could be
increased by using constrictions or alternate device geometries to decrease
the overall conductance, while the amplitude of conductance fluctuations
remains large as long as the device size does not exceed the phase coherence
length.

67

Chapter 6

Experiment: Ripples and
random vector potentials
During the course of the 2008 experiment we noticed that the in-plane magnetic field was causing the loss of time-reversal symmetry in our graphene
device, evident as a significant suppression of weak localization (Fig. 5.7).
At the time we did not know precisely how to analyze this effect, although
we attributed it to the graphene not being flat, allowing the in-plane field
to couple to the electrons’ orbital freedom (such an effect was seen before in
rough 2DES such as Si inversion layers[78]). It was known that graphene devices, though smooth on the atomic scale, have a significant nanometer-scale
roughness called ‘ripples’[80–82]. Devices such as ours inherit the roughness
from the SiO2 substrate[83].
Figure 6.1 shows a visualization of the ripples and the orbital coupling
of the in-plane field. The uniform field Bk , applied in the average plane
of the graphene, has a perpendicular component δB⊥ that varies randomly
from place to place, depending on the local slope. This field δB⊥ can be
described by a random vector
potential[18]; the electrons are able to gather
H
Aharonov-Bohm phase ~e d` · A from this random vector potential, which
would be zero if the graphene were flat.

Figure 6.1: Simulation of a rippled graphene sheet with a correlation length,
R, ten times its rms height, Z. The uniform in-plane field Bk , applied to
the rippled topography of graphene, leads to a random surface-normal field
δB⊥ . The Z/R ratio shown is exaggerated compared to real graphene.
[ c American Physical Society[2]]
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Figure 6.2: Experimental setup. (a) Schematics of graphene devices A (left)
and B (right), showing orientation of applied fields Bk , B⊥ , and electrical
measurement setups (two-probe for A, four-terminal for B). Unused/broken
electrodes are indicated by dashed edges. Scale bars are 5 µm. (b) Conductance G(ns ) for B=0, flake B. [ c American Physical Society[2]]
We set out in 2009 to look more carefully at the ripple-related effects of
an in-plane field, with measurements on a second device (called flake B). By
taking precise measurements of the weak localization magnetoconductance
curve, we were able to confirm the theoretically expected effect[18]: that
the loss of time-reversal symmetry from Bk can be described by an effective
dephasing rate τk−1 ∝ Bk2 .
We had also noticed that the conductivity would generally decrease at
high Bk , though by a small amount. This too could be attributed to the
random magnetic field, in this case semiclassical scattering by the random
Lorentz forces. This motivated a careful study of the theoretically expected
effect, where it was found that the change in conductivity should depend on
the angle between the in-plane field and the current (Sec. 8.1). A final followup measurement confirmed that this anisotropy does occur. Interestingly,
by combining the two measurements (dephasing and scattering), we could
arrive at specific values of Z and R—the ripple height and ripple length
(Fig. 6.1).
This chapter describes results that we published in Physical Review Letters[2].
Much of the following text is c American Physical Society. The text has been
adapted to fit in with the overall thesis.

6.1

Experimental setup

The experimental setup in this experiment was identical to the previous
chapter (Chapter 5). The data comes from the same two graphene devices
(called A and B), and we re-analyzed the device A data from Fig. 5.7.
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Figure 6.2 shows the measurement setup.
In this case we were interested in obtaining precisely the value of G, the
ensemble-average conductance. By definition the conductance fluctuations
do not appear in G, however it is not practical to actually prepare and
measure a large ensemble of devices with similar amounts of disorder. We
instead averaged the conductance over a number of different gate voltages
(i.e. carrier density). The data consisted of a number N of traces Gi (B)
measured at gate voltage VBG = Vi , so the gate-averaged conductance is
hG(B)i =

N
1 X
Gi (B).
N i=1

(6.1)

Some residual conductance fluctuations do appear in hGi due to finite N .
In this chapter we have chosen to use the sheet carrier density ns ,
ns =

cBG
(VBG − V0 )
e

(6.2)

rather than backgate voltage VBG since the different measurements had different contamination offsets V0 . Using ns allows an easier comparison between the different measurements. The conversion factor (capacitance) was
cBG = 8.0 × 1010 e/cm2 /V.

6.2

Dephasing effect of in-plane field

Figure 6.3 shows typical hGi(B⊥ ) curves for Bk = 0 as well as Bk = 4 T.
Before we discuss the fitting of these curves, it’s important to point out
what is the ‘background’ semiclassical conductance level and what is weak
localization. The average conductance can be separated into semiclassical
and weak localization contributions (Sec. 3.2),
G(B⊥ ) = Gsc + GWL (B⊥ ).

(6.3)

The dominant contribution to this sum is the first term (2.39),
Gsc =

W 2
e νD,
L

(6.4)

where W
L is the device aspect ratio, ν is the density of states, and D =
1 2
v
τ
is
the diffusion constant. We note two properties of the semiclassical
2 F tr
conductance: First, Gsc dominates the conductance so we can use G to
estimate D, a number that will be needed later on. Second, Gsc does not
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Figure 6.3: Weak localization magnetoconductance measured at different inplane fields. Shown are measurements of flake B at low density and various
in-plane fields: zero (+), −4 T (), +4 T (). Two fits to (6.5) are shown
as solid lines. Applying the in-plane field dulls the central dip and decreases
overall conductance. These are attributed to dephasing and scattering by
the random δB⊥ . [ c American Physical Society[2]]
change significantly for small values of B⊥ , so the B⊥ -dependence of G(B⊥ )
comes entirely from weak localization.
As explained in Sec. 3.2.2, in order to extract dephasing rates from weak
localization we examine the change in conductance G(B⊥ ) − G(0) for small
values of B⊥ . This removes various offsets that are not known precisely. For
diffusive, spin-degenerate graphene in the quasi-2D limit, the WL magnetoconductance has been calculated to be (Sec. 3.4, Sec. 3.2.2):[21]
G(B⊥ ) − G(0) = GWL (B⊥ ) − GWL (0)

 τ −1 


τ −1
W e2
=
F B−1 − F −1 B −1
L πh
τφ
τφ + 2τiv


− 2F




τB−1
,
−1
−1
−1
τφ + τiv + τzv


(6.5)

where F (z) = ln(z) + ψ( z1 + 12 ) for digamma function ψ(x). Equation (6.5)
−1 −1
depends on four rates {τB−1 , τφ−1 , τiv
, τzv } characterizing different mechanisms that suppress WL. The diffusive accumulation of Aharonov-Bohm
phases from uniform B⊥ gives τB−1 = 4DeB⊥ /~. The time-reversal symme−1
try breaking rate (τφ−1 ), inter-valley scattering rate (τiv
), and intra-valley
−1 ) each originate from scattering processes that each break
scattering rate (τzv
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Parameter
Units
ns
1011 /cm2
W/L
D
m2 /s
τφ−1
109 /s
−1
τiv
109 /s
−1
τzv
1012 /s

Hole
−13...−5
2.4 ± 0.8
0.03 ± 0.01
11 ± 1
70 ± 50
5.3 ± 0.4

Flake B
Low density
−2...2
2.0 ± 0.7
0.025 ± 0.01
35 ± 8
170 ± 70
2.7 ± 0.5

Electron
5...13
1.6 ± 0.6
0.03 ± 0.01
11 ± 1
120 ± 80
2.1 ± 0.4

Flake A
Hole
−5...−3
0.7 ± 0.3
0.05 ± 0.02
11 ± 2
20 ± 10
4.0 ± 0.3

Table 6.1: Device parameters. D and rates are extracted from hGi(B⊥ , Bk =
0) at 40 mK (e.g. Fig. 6.3), the conductance averaged over the specified
density ranges. [ c American Physical Society[2]]
path-reversal symmetry in a different way.[21]
The WL scattering rates were extracted from measured hGi(B⊥ ) curves
by fitting to Eq. (6.5), and are listed in Table 6.1 for the Bk = 0 case. Values
of D (used to scale τB−1 ), as computed from Gsc ≈ hGi, were the primary
20 The
systematic error since the aspect ratio W
L was difficult to determine.
longest time-scale, τφ , may have been saturated by the device dimensions
p
at high doping, with Lφ = Dτφ ∼ 2 µm. The other characteristic lengths
Li ∼ 600 nm, L∗ ∼ 100 nm, and vF τtr < 100 nm, were not influenced by the
sample geometry.
Adding an in-plane field, Bk = 4 T, changed hGi(B⊥ ) in two distinct
ways (Fig. 6.3). First, the dephasing rate was increased, visible as a suppression of the WL dip at small B⊥ . Second, Gsc was reduced, causing an
overall downward shift in the conductance at large B⊥ . These effects can
both be attributed to the ripple-induced random vector potential.
The additional dephasing effect of an in-plane field due to Gaussiancorrelated ripples was calculated in Ref. [18]. Whereas a uniform B⊥ affects
WL through the diffusive rate τB−1 , the random vector potential affects WL
as a micro-scattering rate (τφ−1 ) since the ripples are uncorrelated beyond
short distances (R  vF τtr ∼ 100 nm):
√
τφ−1 → τφ−1 + π(e2 /~2 )vF Z 2 RBk2 .
(6.6)
Eq. (6.5) was fit to multiple hGi(B⊥ ) − hGi(0) curves at finite Bk , allowing
only τφ−1 to change from the Bk = 0 fits [Fig. 6.4(a,b)], in order to extract
20
As can be seen in Fig. 6.2, the devices were not shaped to control the path of the
current, leading to the considerable uncertainty in W
.
L
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Increase in dephasing rate from Bk .
(a,b) B⊥ magnetoconductance for small B⊥ , at various values of Bk . Fits to Eq. (6.5)
were computed assuming τiv , τzv , and D are independent of Bk (as in Table 6.1), while τφ−1 was a free parameter. (a) and (b) correspond to the low
density (Fig. 6.3) and hole-doped regions, respectively. (c) For both devices,
extracted values of τφ−1 increase in proportion with Bk2 , as predicted from
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from W
L . [ American Physical Society[2]]

73

6.3. Semiclassical scattering from in-plane field
the Bk effect. Figure 6.4(c) confirms the ∆τφ−1 (Bk ) ∝ Bk2 dependence in
Eq. (6.6), with a density-independent Z 2 R = 1.7 ± 0.5 nm3 extracted for
devices A and B (Fig. 6.4); the uncertainty is dominated by uncertainty in
W
L.
Although the WL rate τφ−1 is commonly associated with inelastic scattering and loss of phase information, in this case it is enhanced by elastic
scattering from the random vector potential which only scrambles phase
information deterministically. The distinction can be seen in conductance
fluctuations, which are softened by decoherence but only scrambled by elastic scattering. As reported in Chapter 5, the fluctuations were scrambled by
Bk , and only decreased by 12 in variance due to broken spin symmetry.

6.3

Semiclassical scattering from in-plane field

Besides suppressing localization, Bk caused an overall downward shift in the
B⊥ -magnetoconductance trace away from zero field (Fig. 6.3). This shift
indicates a change in the semiclassical conductance Gsc ; it was isolated from
the dephasing effect by examining the Bk -magnetoconductance for values of
|B⊥ | > 50 mT (Fig. 6.5), where the total WL correction GWL is essentially
unaffected by the changes in τφ−1 (see Sec. 3.2.2). The effect of random
vector potential on semiclassical conductivity can understood as a decrease
in D due to scattering by the random Lorentz forces (Fig. 6.5(a)). A similar
random-field resistivity has been observed in 2DES subject to random vector
potentials originating from nearby magnetic particles or superconducting
vortices[84–86].
This effect is most conveniently measured as a change in resistivity
(rather than conductance). The expected magnetoresistivity ∆ρ(Bk ) =
W
L [1/G(Bk ) − 1/G(0)] for Gaussian ripples due to Lorentz forces from the
random vector potential can be calculated by a Boltzmann approach, assuming kF R  1 (high doping):
∆ρ(n, θ, Bk ) =

sin2 θ + 3 cos2 θ
1
Z2 2
B ,
4
~|ns |3/2 R k

(6.7)

where θ is the angle of the current flow relative to Bk . Equation (6.7) is
derived in Sec. 8.1.
The density dependence, ∆ρ(n) ∝ |ns |−3/2 , predicted from Eq. (6.7) can
already be seen in the unaveraged experimental data (Fig. 6.5(b)), on top of
conductance (resistance) fluctuations due to the in-plane field (Chapter 5).
The resistivity saturated for |ns | . 1012 cm−2 , perhaps due to the breakdown
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of classical scattering when kF R . 1. In order to get a clean measurement
of (6.7), we minimized fluctuations by measuring at 4 K and averaging the
quantity ~|ns |3/2 ∆ρ(n, θ, Bk ) over ns = (−3.5 . . . −1) × 1012 cm−2 . The
results of these averages are shown in Figures 6.5(c,d). It was confirmed
that the magnitude of the effect did not change from 4 K down to 40 mK,
though the amplitude of the fluctuations increased at low temperature as
expected.
These averages allowed us to probe the θ-dependence implied by (6.7).
Flake A was measured with two current paths along θ ≈ 20◦ and 70◦ . The
device was then re-cooled in a 90◦ -rotated orientation, to change θ → θ+90◦ .
Fits of magnetoresistance curves to Eq. (6.7) gave a range Z 2 /R ∼ 0.05–
0.2 nm for flake A (Fig. 6.5cd). The measured anisotropy ∆ρ(70◦ )/∆ρ(20◦ )
was approximately 0.13±0.01 for one current path (Fig. 6.5c) and 0.26±0.03
for the other (Fig. 6.5d), whereas Eq. (6.7) predicts 0.44. In the single
measurement of flake B, Z 2 /R ≈ 0.02–0.04 nm.

6.3.1

Other sources of in-plane magnetoconductance

The in-plane field couples to spins as well, leading to the possibility of spinrelated effects on transport. We can compare the ripple-related magnetoresistance (6.7) and dephasing (6.6) to the expected spin effects.
• Zeeman splitting of the band structure implies altered populations of
spin-up and spin-down electrons (see Chapter 5). In ideal graphene
this would split the Dirac point and greatly reduce resistance for low
carrier density.[6] In disordered graphene the situation is more complicated. At the usual carrier densities, the spin-up and down populations screen charged impurities less efficiently, leading to an increased
resistance[87]
ρ(Bk )/ρ(0) ≈ (2 × 105 cm−2 T−2 )Bk2 /|ns |

(6.8)

for densities larger than the impurity broadening. Quantitatively, this
effect is too small to be observed in our measurements.
• Spin-flip scattering off magnetic impurities can lead to decoherence,
adding to τφ−1 . This effect would be field dependent, as B & Bi will
freeze impurities[88], disabling spin-flip dephasing at Bi ≈ kB T /g ∗ µB ≈
100 mT. Such an effect would show up as a peak in τφ−1 at zero field
in data such as Fig. 6.4(c). A peak is not observed here, however, see
Chapter 7 where the peak is observed.
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• Magnetic impurities may also generate an random vector potential by
their localized magnetic fields, but the strength of this potential (and
hence its contribution to τφ ) would be extremely weak and anyway
would not change when the impurities align to Bk .

6.4

Extraction of ripple size

Using the value Z 2 R ≈ 1.7 nm3 from the analysis in Fig. 6.3 and the range
of values of Z 2 /R reported above, we have
Z = 0.6 ± 0.1 nm,

R = 4 ± 2 nm

(6.9)

assuming Gaussian-correlated rippling of device A (the spread in Z 2 /R is
incorporated into uncertainties for Z and R).
The values for Z and R in (6.9) can be compared to values obtained from
atomic force microscope (AFM) measurements on our own device as well as
other reported devices in the literature. After the measurements described
above, AFM scans were performed on device A using an Asylum MFP3DSA, after annealing the device at 400◦ C in a low pressure N2 /H2 gas mixture
to remove resist residues[81]. These measurements gave Z = 0.13 ± 0.02 nm
and R = 10 ± 5 nm; limitations of vibration and drift prevented more accurate measurements. AFM measurements on similar devices (graphene/SiO2 )
in Ref. [81] gave Z = 0.19 nm and R = 32 nm. These would imply much
smoother ripples than seen in (6.9); see the Retrospective section below for
an explanation of this diagreement.
Scanning tunnelling microscope (STM) measurements are able to probe
the ripples with atomic resolution, and observe a higher roughness compared
to the above AFM measurements. The ripples observed in Ref. [82] gave
Z = 0.35 nm, R ≈ 5 nm,21 whereas Ref. [83] saw Z = 0.37 nm, R ≈ 5 nm.
These observations are closer to what we see in (6.9).

6.5

Analogy to strain-related dephasing

Finally, we turn to an important analogy that can be drawn between the
effects of an in-plane field and those of strain due to ripples. Since both the
in-plane field and ripple strain generate random vector potentials that are
21

These values are extracted from data provided by the authors of Ref. [82].
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directly correlated with ripple topography[18, 20], similar effects can be expected. In particular, strain is expected to suppress weak anti-localization[21],
but there is disagreement about how to estimate the magnitude of the
effect.[20, 22, 23] In Sec. 8.2 it is argued that the suppression occurs through
a short-range dephasing process much like that in Eq. (6.6), and that straininduced dephasing can fully explain the observed suppression of anti-localization
−1 ).
(the large value of τzv

6.6

Retrospective

At the time of this experiment, it was confusing why the observed magnetoresisistance (Fig. 6.5) was so large—orders of magnitude more than
expected given the AFM measurements of the day. It turned out that the
AFM measurements were probably all under-resolved[83], and that STM
measurements were more accurate. Our own AFM measurements, for instance, were likely influenced strongly by lateral vibrations of the AFM
probe. At this point all reliable measurements of graphene ripples on SiO2
indicate a high roughness, Z ∼ 0.4 nm and R ∼ 5 nm.[2, 82, 83] For future quantitative studies of the effects of the rippling, the actual correlation
shape (non-Gaussian) of the ripples should be taken into account, to give a
closer comparison.
As a side note, this convergence of results lends support to the conclusion that strain is the reason why antilocalization is highly suppressed in
graphene (Sec. 8.2).
It is curious that in Fig. 6.4 we see a monotonic increase in τφ−1 (Bk ),
whereas later measurements (in Chapter 7) saw the low-field non-monotonic
signature of magnetic defects (Fig. 7.7). It could be that in Fig. 6.4 the
magnetic scattering rate was not significant for those carrier densities, or
that a difference in the treatment of the devices may have resulted in fewer
magnetic defects.

6.7

Conclusion

Transport measurements of graphene flakes in an in-plane magnetic field
showed effects due to the magnetic flux threaded through the ripples. The
use of an auxiliary out-of-plane field allowed two distinct effects to be separated: weak localization suppression (by dephasing) and overall anisotropic
magnetoresistance (by Lorentz-force scattering). Besides allowing a determination of the ripples’ typical height and length scale, these measurements
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provide insight as to how other short-range random vector potentials (such
as that due to ripple strain) might affect transport in graphene.
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Chapter 7

Experiment: The limits of
coherence
Around the time after the last experiment, it had become clear that there
were some mysteries surrounding decoherence and spin relaxation in graphene.
Weak localization experiments had been showing a saturation in the electron phase coherence time at low temperature,[24] and (non-coherent) spin
current experiments were detecting significant spin relaxation[14, 15]. Spin
relaxation has significant effects in weak localization[16], and so it was expected that there was likely one common cause for both decoherence and
spin relaxation: either spin-orbit interactions, or magnetic defects.
Spin-orbit interactions, though purely elastic, can mimic decoherence in
weak localization if they only couple to the out-of-plane spin component[16,
33]. The intrinsic spin-orbit term in graphene is of this type, but it is expected to be extremely weak (Sec. 2.1.5). To obtain a sufficiently strong spinorbit interaction would require either unusual adatoms[47] or, more likely,
strong in-plane electric fields near scattering sites (Elliot-Yafet scattering).[89]
The problem of coherence saturation in graphene is akin to that in metals. Over a decade ago, the electron coherence time was observed to saturate
in pure metals such as Cu, Ag, Au[19, 90]. It was eventually found that very
dilute magnetic impurities (e.g., Fe or Mn) were responsible for the coherence saturation in these metals. It would be quite strange if such transition
metal impurities consistently appeared on graphene devices, but graphene
could possess a more general kind of magnetic defect such as an unpaired
spin due to an unsatisfied bond, or some other form of odd-electron localized
state.
We decided to sort out this issue of spin-orbit vs. magnetic defects by
reexamining the conductance fluctuations, for which spin-orbit interactions
cannot mimic decoherence.[52] Once the dust had settled, it was clear that
magnetic defects were the main cause of spin relaxation. Surprisingly, we
also found evidence of a second decoherence saturation mechanism that is
seemingly non-magnetic.
This chapter describes results that we published in Physical Review Letters[4].
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Figure 7.1: Experimental setup. (a) Simplified device geometry and measurement setup. Purple regions are graphene, gold indicates leads, and lightshaded regions have been etched away. (b) Conductance as a function of
gate voltage; the shaded region indicates the studied interval. [ c American
Physical Society[4]]
Much of the following text is c American Physical Society. The text has been
adapted to fit in with the overall thesis.

7.1

Experimental setup

The experimental setup, again, was as described in Chapter 4. Prior to these
measurements, we built the filtering and wire cooling modules (see Chapter 4) and installed them into two fridges; these ensured that the observed
saturating physics were not an artifact of an overheated device. Some of the
data come from a second cooldown of the same device in a different, but
basically equivalent, cryostat.
In this experiment it was particularly important to be careful about overheating by bias current (Sec. B.2.3). In the first cooldown, overheating had
its greatest relevance for the lowest temperatures T = {110 mK, 220 mK, 310 mK}
of the CF B⊥ -correlation data set discussed in Chapter 7; these temperatures
were achieved by applying Ibias = 20 nA with Tcryostat = {13 mK, 190 mK, 290 mK}.
At higher temperatures we used higher currents (up to 45 nA). Similar bias
currents were used for the WL measurements (except for the 110 mK data,
which used 10 nA). Similar bias currents were used in the second cooldown.
In this case, the graphene flake had been etched into a long conducting channel with narrow graphene channels contacting it along the edge
(Fig. 7.1(a)). This eliminated the confusion about aspect ratio (a source of
uncertainty in the previous experiment), and allowed us to measure G of
the graphene alone: By measuring conductance G in a four-terminal configuration (Fig. 7.1(a,b)), we ensured that the result was not influenced by
the gold contacts. The conductance background subtraction procedure is
81

7.2. Dephasing of conductance fluctuations (CF)

2

G (e /h)

42

(a)

310 mK, B||=0, VG=0

41.5
41
40.5
80

100
B⊥ (mT)

110

(b)

310 mK, B||=0

4

2

f ( B) (e /h )

0.2

90

0.1
BIP = 0.45 mT

d

0
-1

0

1

2

3

4
5
dB (mT)

6

7

8

9

Figure 7.2: Conductance fluctuations and autocorrelations. (a) A typical conductance trace in perpendicular field. (b) A typical autocorrelation
function (solid curve) and its derivative (dotted curve, no vertical scale plotted). The vertical spike in the derivative at δB = 0 corresponds to the noise
peak in the autocorrelation. The dashed line indicates the inflection point,
used as a measure of coherence through Eq. (7.1). [ c American Physical
Society[4]]
described in Sec. C.1.

7.2

Dephasing of conductance fluctuations (CF)

As explained in Sec. 8.3.3, conductance correlations in field contain information about dephasing, but correlations in gate voltage do not. Thus, whereas
in Chapter 5 we looked at the conductance fluctuations in gate voltage
δG(VBG ), this time we examined the fluctuations in perpendicular magnetic
field δG(B⊥ ) (Fig. 7.2(a)). We measured conductances from ∼ 50 mT to
∼ 150 mT, for several values of VBG over a narrow VBG range (Fig. 7.1),
and computed autocorrelations (Sec. C.1). Fig. 7.2(b) shows a typical autocorrelation in perpendicular magnetic field, f (δB) (Fig. 7.2(a,b)). The
inflection point of f (δB) provides a robust metric of the conductance fluctuation decoherence rate (Secs. 8.3.3, C.2):
−1
τCF
≈

2eDBIP
d2 f
, where
3~
dδB 2

δB=BIP

= 0,

(7.1)
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[ c American Physical Society[4]]

where D = 0.03 m2 /s is the diffusion constant that was calculated from G.
−1
As seen in Fig. 7.3, the temperature dependence of τCF
is linear over
the range T = 0.1 · · · 1.4 K with a slope that is close to the value predicted
for electron-electron interactions[23, 62], and a nonzero extrapolated offset
−1
τCF
(T =0) that implies a low-temperature saturation of the dephasing rate.22
−1
The finite τCF
(T =0) observed in this experiment indicates the presence of
dynamic degenerate defects, that is, defects that do not freeze into a single
state as temperature is decreased. The remainder of this work probes the
nature of these degenerate defects: are they magnetic, and how strongly do
they interact with the conduction electrons (how fast do they change state)?
Performing the CF measurement with an in-plane magnetic field shows
clearly that some of the defects are magnetic: dephasing is reduced at Bk =
6 T (Fig. 7.3), indicating that the magnetic moments have been polarized
−1
to a static configuration and no longer contribute to τCF
. Quantitatively,
−1
−1 ≈
the net change in τCF with large Bk is the magnetic scattering rate, τmag
4.7 ± 0.5 ns−1 . This rate is, in itself, an important finding, as it corresponds
to the spin-flip rate for conduction electrons due to unpolarized magnetic
p

−1
The corresponding length
DτCF
(T =0) = 1.7 µm is much smaller than the flake
dimensions [Fig. 7.1(a)], confirming that the quasi-2D interpretation (7.1) is correct.
22
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defects.[52] The data in Fig. 7.3 thus prove that magnetic defects induce
sufficient spin relaxation to explain previous spin transport measurements
in monolayer graphene.[14, 15, 89]
The crossover to full defect polarization was analyzed in a second cooldown
of this device (Fig. 7.4). The field required to turn off the dephasing grows
with temperature, as expected for the thermodynamics of free magnetic
moments. We obtain the theoretical curves in Fig. 7.4 by applying the def−1
inition of τCF
in Eq. (7.1) to numerically simulated CF with spin- 12 defects
(Appx. C.3). At high temperatures the behaviour is consistent with the defects having the free electron magnetic moment. A significant departure is
seen at 200 mK and below, indicating the need for a more careful theoretical
treatment of the magnetic defects as quantum objects.[49, 50]
−1
Figure 7.5 shows the carrier density dependence of τCF
. The low-to-high
−1
−1
field decrease in τCF , corresponding to τmag , is observed to be approximately
linear in ns .
−1
The fact that τCF
(T =0) does not go to zero at high field indicates an
additional saturation mechanism that is apparently non-magnetic, with de−1
phasing rate τCF
(T =0, Bk =6 T) ≈ 6(4) ns−1 [Figs. 7.3(7.4) for the first(second)
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cooldown]. The data presented so far do not allow us to say more about this
non-magnetic mechanism. Is it merely device flicker noise that limits CF? Is
it a more fundamental inelastic mechanism, such as the two-channel Kondo
dephasing that was predicted for metals a decade ago?[91] Along the same
lines, it is difficult to ascertain from the CF data whether the magnetic dephasing results from a Kondo-type interaction of a few defect spins strongly
coupled to the electron gas, or from a large number of slowly fluctuating
magnetic moments. To address these questions we compare the CF results
to an analogous measurement based on WL.

7.3

Differences in dephasing for CF and WL

−1
,
We should be precise about the meaning of the CF decoherence rate τCF
and how it may relate to WL. Conductance fluctuations are dephased by
any degrees of freedom in a conduction electron’s environment that change
−1
faster than the measurement bandwidth (hertz); see Sec. D.4. The rate τCF
thus represents the sum of conduction electron scattering rates from uncontrollable dynamic sources. At low temperatures, the dominant contributions
−1
to τCF
are from other conduction electrons and dynamic defects (magnetic
or non-magnetic) in the device. Electron-phonon interactions appear only
at much higher temperatures[26].
Weak localization too measures a ‘decoherence rate’, but this rate de-
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scribes time reversal symmetry (TRS) breaking (whereas CF probes the
unreliability of interference at different times). Like CF, weak localization
may be dephased by a dynamic environment, but only when those dynamics occur faster than the dephasing timescale—a cutoff time nine orders of
magnitude shorter than the analogous timescale for CF. Unlike CF, weak
localization can be dephased by a totally static environment, if the environment does not preserve time-reversal symmetry (e.g., magnetic fields, or
spin-flip processes from unpolarized magnetic moments). Spin-orbit interactions do not break time reversal symmetry, however a spin-orbit interaction
that only couples to out-of-plane spin effectively appears as time reversal
symmetry breaking, since each spin population is independent.[16]

7.4

Dephasing of weak localization (WL)

Graphene’s magnetoconductance (Fig. 7.6(a)) is typically fit to a WL theory[21]
that includes only non-magnetic dephasing mechanisms, but the CF data
demonstrate that graphene also suffers from significant magnetic dephasing. If the magnetic defects vary slowly, they distinguish the spin-singlet
and -triplet channels of the WL correction,[16, 52, 63] which complicates
the fitting. The dephasing can be more reliably characterized by extracting
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−1
the zero-field magnetoconductance curvature to obtain a single rate τWL
,
defined as
!− 1
2
eD 3π h L d2 G
−1
τWL ≡
,
(7.2)
2
~
4 e2 W dB⊥ B⊥ =0
L
where W
= 1.05 is the device aspect ratio and G is the average conductance.
For slow unpolarized magnetic defects (B = 0),[16] one expects
−1
τWL
≈



3
2

−1
−1
τTRS
+ 23 τmag

−2

−

1
2

−1
−1
τTRS
+ 2τmag

−2 − 12

(7.3)

−1 is defined the same as for CF and τ −1 is the summed dephasing
where τmag
TRS
rate from other scattering mechanisms that break time reversal symmetry.
−1
For fast magnetic defects, on the other hand, τWL
is simply the sum of rates
−1
−1
≈ τTRS + τmag .[63]
−1
Similar to the conductance fluctuations, τWL
is seen to increase with
temperature, and a zero-temperature offset is clearly observed (Fig. 7.6(b)).
This confirms the saturation in weak localization dephasing that has been
seen in many studies[24, 30, 32]. The common slope with respect to T reflects
the equal effect of electron-electron interactions on weak localization and
conductance fluctuations[62]; this confirms that definitions (7.1) and (7.2)
are not miscalibrated.
The effect of an in-plane field on WL (Fig. 7.7) is more complicated
than the analogous measurement for CF (Fig. 7.4) due to graphene’s rip-
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ples, which convert the uniform in-plane field to a random vector potential
−1
(see Chapter 6). This breaks time reversal symmetry,[18] giving τTRS
(Bk ) =
−1
−1
τTRS
(0) + βBk2 , where τTRS
(0) is the inelastic dephasing rate from nonmagnetic sources and β describes the ripple geometry (c.f. Chapter 6). In
−1
the data τWL
increases sharply from 0 to 50 mT, which can be explained
by the suppression of two WL channels by Zeeman splitting and the resul−1
−1
−1 .[50] Above 50 mT,
tant transition from Eq. (7.3) to τWL
= τTRS
+ 23 τmag
−1
τWL
decreases at first as the magnetic defects polarize and their dephasing
effect vanishes.23 For much higher fields (Bk > 0.5 T) the defects are fully
−1
−1
polarized and τWL
has collapsed to τTRS
, giving the Bk2 dependence seen
Fig. 7.7.

7.5

Conclusions

Taking CF and WL data together, we can draw several conclusions about the
mechanisms of spin relaxation and low temperature dephasing in graphene
(Appx. C discusses these in more detail):
−1 = 5 ns−1 .
1. Scattering from magnetic defects induces a spin flip rate τmag
−1
This is seen directly as the field-induced suppression of τCF
(Fig. 7.4).
−1
−1
The smaller field-induced suppression of τWL (∼ 2 ns , Fig. 7.7) is
−1 to τ −1 for slow magconsistent with the weaker contribution of τmag
WL
netic defects, i.e., those that change slowly on the dephasing timescale
but fast enough to dephase CF.

2. Spin-orbit interactions can be excluded as a significant contribution
to spin relaxation in graphene. Spin-orbit coupling would generate
−1
either antilocalization at Bk = 0 or a much larger decrease in τWL
for
small Bk , depending on the spin-orbit symmetry[33] (see Sec. C.4 for
a visualization of the effects of spin orbit interactions); moreover the
−1
temperature dependence τCF
(T ) would be nonlinear (see Sec. 8.3.5).
None of these effects are observed.
3. WL and CF each indicate a non-magnetic component to the saturation in dephasing. For the second cooldown, the non-magnetic rate
−1
for WL dephasing was τTRS
(T =0) ≈ 3.5 ± 1 ns−1 after subtracting
With CF the magnetic dephasing vanishes because the moments freeze. With WL
the dephasing vanishes for a different reason: once the magnetic defects are aligned to a
single axis, their induced spin rotations commute and preserve TRS.[50] The behaviour
of WL with changing Bk is described in more detail in Sec. C.4.
23
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the contribution from electron-electron interactions, identical to the
corresponding rate for CF, τsat (T =0, Bk =6 T) ≈ 3.8 ± 0.2 ns−1 . This
indicates that the non-magnetic source breaks time-reversal symmetry,
and must therefore change rapidly on the dephasing timescale. For the
first cooldown, the CF rate was higher (τsat (T =0, Bk =6 T) ≈ 6.2 ± 0.3
−1
ns−1 ) while the WL rate was τTRS
(T =0) ≈ 3.5 ± 1 ns−1 ; the higher
CF rate may be attributed to defects with dynamics too slow to break
time reversal symmetry.
Both magnetic and non-magnetic dephasing mechanisms limit coherence
in graphene below 1K. The magnetic scattering rate is too large to be explained by remote magnetic moments, requiring instead that the magnetic
defects are electronically coupled to the graphene. Recent WL data[32] suggests that the magnetic defects may be midgap states at the Dirac point,
formed at vacancies or edges. For the non-magnetic dephasing, we can rule
out bistable charge systems in the SiO2 substrate; their broadly-distributed
level splittings would produce a rate proportional to T .[91] The data instead
suggest a class of nearly degenerate non-magnetic defects in the graphene
itself, whose microscopic origin is yet to be determined.
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Chapter 8

New theoretical results
During the course of the my experimental work it was necessary at times
to build some theory to accurately model the behaviour of the graphene. A
few of these theoretical results turned out to be useful and original enough
to merit publication and mention in this thesis:
1. A scattering formalism quantifying the resistance increase due to the
in-plane magnetic field threading through the ripples, predicting an
anisotropic resistivity.
2. A remark on the rate of valley-dependent scattering events due to the
strain in graphene’s ripples (these may be the dominant reason why
antilocalization is suppressed in graphene).
3. An in-depth numerical investigation showing how to accurately measure coherence times from conductance fluctuations, in quasi-2D systems.
The majority of this chapter is concerned with the third topic, which was
published as its own paper.

8.1

Anisotropic magnetoresistance induced by an
in-plane field

This section is based on work that was published as a supplement to Ref. [2].
Chapter 6 describes an experiment probing the orbital effects of an magnetic field Bk x̂ applied in the plane of a rippled graphene device. This field
appears effectively as a random vector potential,[18]
A(r) = −Bk z(r)ŷ

(8.1)

where z(r) is the height of the graphene sheet at position r. This vector
potential appears in the Hamiltonian as a potential term (Sec. 2.2.2)
Hk (r) = −evΣy Bk z(r).
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The ripples z(r) themselves are statistically characterized by a correlation
function Cz (r − r 0 ) = z(r)z(r 0 ), and a power spectrum:
C̃z (q) =

Z

drx dry e−iq·r Cz (r)

(8.2)

Here we briefly derive the correct form of the resistance change due to scattering by this random potential (these results are published in the supplement of Ref. [2]).
We use the basic semiclassical diffusion formalism described in Sec. 2.4.
It is assumed that the disorder is relatively weak, and so we use the Fermi
golden rule (2.46) with the eigenstates (2.12). The angular scattering rate
(2.42) due to Bk evaluates to:
Sk (θ, θ0 ) = Ων0 v ·

 θ + θ0 
2π
C̃z (q)
sin2
e2 v 2 Bk2
~v
2
Ω

(8.3)

Here, q is defined by its magnitude, q = (2pF /~) sin θ−θ
2 , and direction
θq = 21 (π + θ + θ0 ), where pF is the Fermi momentum controlled by doping
(Sec. 2.3.2). Note that this is anisotropic scattering, since we cannot write
it in terms of θ − θ0 alone. As a result, we cannot directly use the isotropic
result (2.44) and must examine how Sk affects the probability evolution
equation (2.43). This is not a trivial problem to solve in general since the vx
and vy velocity components in (2.40) no longer necessarily decay as simple
exponentials.
To first order, we can look at the effect of (8.3) as a perturbation on the
much stronger ordinary isotropic scattering that exists in graphene. The
∂
equation (2.43) can be seen as the linear equation ∂t
P (θ, t) = S[P ](θ, t),
where S is a linear operator on these probability functions:
0

S[P ](θ) =

Z

dθ0 S(θ, θ0 )P (θ0 ) − S(θ0 , θ)P (θ) .




(8.4)

The two important transport modes from the isotropic scattering case are
√
√
represented as Px (θ) = cos(θ)/ π and Py (θ) = sin(θ)/ π. Technically
speaking, the anisotropic scattering in (8.3) mixes these modes with other
modes (e.g., cos(2θ)). We neglect these other modes, however, and examine
the S operator (now a 2 × 2 matrix) in the
reduced basis of just Px and Py .
R
−1
These matrix elements are rates τij = dθPi (θ)S[Pj ](θ). The elements of
the inverse diffusion tensor are then given by [D−1 ]ij = v 2 τij−1 /2, leading to
the resistivity tensor (2.39) ρij = [D−1 ]ij /(e2 ν).
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Here we examine only the case of isotropic ripples C̃z (q) = C̃z (|q|),
for which the off-diagonal restivities ρxy , ρyx remain zero. After some calculation (using various changes of variables in the angular integrals), the
anisotropy is found to be exactly threefold:
ρxx = ρ0 + 32 ρk

ρyy = ρ0 + 21 ρk ,

(8.5)

where ρ0 is the zero-field resistivity, and ρk may be written as a real-space
integral of the height correlator:
ρk =

πBk2 Z
~

0

∞

dr rW (kr)Cz (r),

(8.6)

where k = pF /~,and where we have defined the function
W (z) =

Z 2π
0

φ
φ
dφ J0 (2z sin ) sin2 .
2
2

(8.7)

Note that the procedure above (considering only Px and Py modes) is
somewhat arbitrary. We have however confirmed the threefold anisotropy of
relaxation by simulating a classical charge moving in the x-y plane with outof-plane magnetic field B = −Bk dh
dx ẑ, for random isotropic z(r). Simulation
and experiment in Ref. [85] also show ∆ρxx = 3∆ρyy .
We next consider special cases of (8.6), based on the typical ripple correlation length R as compared to the reduced electron wavelength, 1/kF ,
which is controlled by carrier density. The function W (z) is approximately
constant for z  1, and so ρk ∼ (ZRBk )2 /~ at low densities where kF 
1/R. At higher density (kF  1/R), the oscillatory W (z) may be integrated out via a Hankel transform. This yields the classically-expected
dependence ρk ∝ kF−3 . For ripples with a Gaussian correlation function,
Cz (r) = Z 2 exp(−r2 /R2 ), we have
ρk =

1
Z2 2
B .
2~|n|3/2 R k

(8.8)

This concludes the derivation.

8.1.1

Comparison to literature

The threefold anisotropy derived above was observed in a GaAs 2DEG when
in-plane field lines were rippled by nearby ferromagnets[85]. In that case,
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each individual magnetic ripple included equal parts positive and negative
magnetic flux, oriented to the in-plane field. The resulting random vector
potential had essentially the same qualities as rippled graphene with an inplane field. At that time, simulations were used to explain the anisotropic
resistance, and the effect was explained in terms of the formation of ‘snake
states’ induced by channeling of electrons along zero-field contours. As
shown by the above derivation, however, the threefold anisotropy occurs
even in the weak scattering limit.
Recently, in Ref. [92], our derivation was extended and investigated in
more theoretical detail, obtaining exact results (for all k) for two types
of correlation shape: the Gaussian correlation Cz (r) = Z 2 exp(−r2 /R2 ),
and exponential correlation Cz (r) = Z 2 exp(−r/R). The factor of three
anisotropy was found to indeed be a general feature of this effect.

8.2

Random-strain dephasing in graphene

This section elaborates on a short discussion published in Ref. [2].
As derived in Appx. A, random variations in the hopping energy of the
graphene sheet create a disorder potential of the form
HV = Σx Λz Vxz (r) + Σx Λz Vyz (r).

(8.9)

Comparing to (2.23), we can see that (8.9) behaves just like the vector
potential from a magnetic field, except that it acts oppositely on the two
valleys (as evident by the Λz term). We can write HV = evΛz Σ · A∗ , where
the effective vector potential here is A∗ = (Vxz (r)x̂ + Vyz (r)ŷ)/(ev).
Since graphene tends to be rippled in a real device, we can expect local
strains that stretch and bend the bonds. This changes the overlap between
atomic orbitals, which in turn changes the hopping energies. Thus, ripples are a likely source of the hopping-disorder potential in (8.9). A fully
accurate calculation of A∗ requires consideration of the various tensile moduli and orbital overlap functions of graphene, which are not known with
confidence[44, 93–95]. We can make an order of magnitude estimate[20]
that |A∗ | ∼ ~Z 2 /(eaR2 ), where Z and R are the typical ripple height and
length, respectively.
Since the ripples are random, then the resulting vector potential A∗ will
be random as well. By analogy with the random magnetic field dephasing
seen in Chapter 6, we expect dephasing from this random vector potential.
However, since the strain potential couples to Λz , this dephasing does not
break time reversal symmetry. The resulting valley-dependent dephasing
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−1 (Sec. 3.4) instead[21]. Making an analogy to Eq. (6.6),
affects the rate τzv
where the random potential was of order |A| ∼ ZBk , the strain dephasing
rate should be
−1
(8.10)
τzv
≈ vF Z 4 /(a2 R3 ).

Using this expression, the ripple dimensions extracted from our in-plane field
measurements (Sec. 6.4) or from STM measurements[82] may fully explain
−1 ∼ 1–10 ps−1 observed in most graphene WL magnetoresistance
the large τzv
experiments (see Table 6.1 and Refs. [23, 25, 27]).
The idea that strains cause this sort of dephasing is not new, however,
the form of (8.10) contrasts with previous estimates of the intra-valley effect
of ripple strain.[20, 22, 23] Those estimates assumed that the strain-induced
effective magnetic field is truly random, with no requirement for flux compensation over multiple correlation lengths. That assumption would imply
unphysical long range correlations in the vector potential. The dephasing
measurements in Chapter 6 show that ripples and resulting potential correlations are instead short-range, as expected for adhesion to a polished wafer.
For that reason, the framework for the derivation of τφ in Eq. (6.6) should
apply also to τzv .

8.3

Analysis of quasi-2D conductance fluctuation
correlations

How can we extract coherence times from conductance fluctuations? At
nonzero temperatures, no closed-form expression exists for the conductance
fluctuation correlation function in a quasi-2D system. Although a quantitative numerical study of correlations has been performed previously,[96]
its results are not well known and in any case are difficult to apply to a
realistic measurement. This has led to considerable misunderstanding in
past and present experimental studies of coherence: in principle one can extract phase coherence information from conductance fluctuations (just like
with weak localization), but this requires robust and easy-to-use theoretical
predictions. Adding to the confusion, important asymptotic behaviours are
described incorrectly in the well-cited literature (see Sec. 8.3.7).
I set out to remedy the this situation in order to interpret my experimental measurements, where conductance fluctuations are found in abundance.
The results of this theoretical study are described in this section. The results not only enabled my final experiment (Chapter 7) to produce clear
data with hard conclusions, but should also be useful for future coherence
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experiments in graphene and other quasi-2D systems (metal films, semiconductor heterostructures, oxide heterostructures), especially when magnetic
disorder is present.
This section describes results that we published in Physical Review B[3].
Much of the following text is c American Physical Society. The text has
been adapted to fit in with the overall thesis.

8.3.1

How correlations are probed in experiment

The experimental data that goes into a conductance fluctuation analysis is
typically a measurement of conductance G versus perpendicular magnetic
field B, over some interval B1 to B2 .24 Aside from noise, the data is essentially continuous and can be represented by a function G(B). From this
trace, the fluctuations δg(B) = G(B) − gb (B) are estimated by subtracting
off some kind of smooth background function gb (B). Appx. C.1 describes
a practical protocol for background subtraction, used in Chapter 7. The
fluctuations’ autocorrelation function f (δB) is then computed:
f (δB) ≡

1
B2 − B1 − δB

Z B2 −δB
B1

dB [δg(B)δg(B + δB)]

(8.11)

Typically, the result of (8.11) is averaged together for multiple G(B) traces,
taken with different sample settings (e.g., different gate voltage) in order to
reduce the statistical error.
The idea of computing (8.11) is that the averaging over sample parameters is similar to the ensemble average of mesoscopic theory. Thus, we
expect to have f (δB) ≈ δG(B)δG(B + δB), so we should be able to make a
direct comparison of f (δB) to theory. One would like to fit the theoretical
shape to f (δB), as is done with weak localization, but:
• There is no analytical formula for δG(B)δG(B + δB) (unlike the G(B)
of weak localization) so fitting f (δB) requires extensive numerical computations.
• The statistical bias of background subtraction will distort the shape
of f (δB). The fluctuations may even be non-ergodic, meaning that
parameter averaging will never give the same result as ensemble averaging.
Similar concerns apply to autocorrelations in other parameters, for example f (δVBG )
from G(VBG ) scans over gate voltage, or multi-dimensional autocorrelations.
24
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• If the correlation function is long-ranged then it will be very time
consuming to measure enough G(B) traces to obtain a precise f (δB).
For these reasons, directly fitting f (δB) to theory is tedious, inefficient, and
error-prone.
A more robust way to compare f (δB) with theory is to compute its
correlation length, or some other metric, which produces a single number
that can be compared against pre-tabulated theoretical values. A carefully
chosen metric will avoid the problems of fitting, noted above. The following
sections will investigate, theoretically, which metric should be the best-suited
for interpreting experimental results.

8.3.2

Theoretical quasi-2D correlation

Diffuson vs. Cooperon
Consider two conductance fluctuations δG(µ, B) and δG(µ0 , B 0 ) measured
at internal chemical potentials µ and µ0 and perpendicular fields B and B 0 .
The theoretical correlation function takes the form
δG(µ, B)δG(µ0 , B 0 ) = F (µ − µ0 , B − B 0 ) + C(µ − µ0 , B + B 0 )

(8.12)

where F and C represent the Diffuson and Cooperon contributions, respectively.
Which correlation (Cooperon or Diffuson) do we probe with the autocorrelation (8.11)? Since the autocorrelation is usually averaged over a
wide range of magnetic fields to increase accuracy, the Cooperon contribution to the autocorrelation is strongly diluted. This is especially true if the
Cooperon is already suppressed by some form of time reversal symmetry
breaking, like a magnetic field offset. Thus, autocorrelations effectively only
measure the Diffuson correlations.25 For this reason, the following sections
focus on the Diffuson contribution exclusively and neglect the Cooperon.
The Diffuson correlation function
For now, we compute the Diffuson correlation function for the case of a
simple system (spin-less and valley-less) with only one dephasing mode,
characterized by the dephasing rate τφ−1 .26 The quasi-2D case is assumed,
See Ref. [96] for a discussion of alternative methods that effectively probe the
Cooperon, e.g., the self-convolution of conductance.
26
It is assumed that τφ−1 is a constant, without energy dependence. It is also assumed
that there is no modal energy offset (this is usually the case for the dominant CF mode).
25
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where the dephasing length Lφ = Dτφ is smaller than the sample length
(L, between source-drain contacts) and width (W , between the vacuum
edges).
We define the following dimensionless variables for energy, field, and
temperature:
p

β ≡ |δB| · 2eDτφ /~,

ε0 ≡ δµ · τφ /~,

(8.13)

T ≡ kB T · τφ /~.

These will help to shorten the following expressions. As derived in Appendix
D, we can express the quasi-2D correlation function as
e4 W Dτφ
FT (ε0 , β).
h2 L3

F (δµ, δB) =
where
FT (ε , β) =
0

Z ∞

dε

−∞

(8.14)

κ(ε/T)
F0 (ε0 − ε, β).
T

(8.15)

for κ(x) = 21 ( x2 coth x2 − 1)/ sinh2 x2 , and (D.10)
F0 (ε, β) =

1
1 1 + iε
Im ψ
+
πε
2
β
 



+

1
1 1 + iε
Re ψ 0
+
2πβ
2
β






.

Here ψ(z) is the complex digamma function (see Appx. F).
Weakly smeared behaviour (T  1)

For T  1, the thermal smearing is negligible and we have κ(/T)/T → δ(),
so
FT (ε0 , β) = F0 (ε0 , β).
Therefore the characteristics of the high dephasing rate/low temperature
case are fairly trivial, requiring no numerical integration. We have F0 (0, 0) =
3/(2π) and so the variance is[52]
F (0, 0) =

3 e4 W Dτφ
.
2π h2 L3

Highly smeared behaviour (T  1)

Note that F0 (ε, β) only falls as ∼ |ε|−1 as ε becomes large. This slow decay
in the energy dependence plays a critical role when the convolution (8.15) is
computed for T  1. In particular, it causes the long-ranged and multi-scale
nature of F (0, δB). For ε0 = 0 and T  1, we can find some approximate
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results from (8.15) by taking κ(x) ≈ κ(0) for |x| . 1 and κ(x) = 0 for x & 1,
1
F0 (ε, β),
(8.16)
6T
0
then plugging in an approximate form for F0 .
An immediate consequence of the |ε|−1 behaviour is the logarithmic form
of the variance under thermal smearing.[52, 96] Since the region |ε|  1,
where F0 (ε, β) ≈ |2ε|−1 , gives the dominant contribution to (8.16), we have
FT (0, β) ≈ 2

Z ∼T

FT (0, 0) ≈ 2 ×

dε

Z ∼T
∼1

dε

1 1
6T 2ε

1
≈
ln(C0 T),
6T

T1

(8.17)

for some constant C0 that depends on how the integration limits are chosen. We find numerically that C0 = 4.1 accurately describes the asymptotic
behaviour of FT (0, 0). This gives an extremely weak τφ -dependence in the
measured variance, F (0, 0) ∝ ln(T τφ )/T .
How does smearing affect the field-dependence? For β 6= 0 we can ap1
ε
proximate F0 by taking 12 + 1+iε
β ≈ 2 + i β for   1, giving a τφ -independent
correlation:
π
F0 (ε, β) ≈
f(πε/β), β  1 or ε  1
(8.18)
2β
where Euler’s reflection formula (Appx. F) gives f(x) = x1 tanh x + 12 sech2 x.
When a high amount of thermal smearing is applied, the first term in f(x)
dominates. This gives the intermediate-field behaviour of the field correlation function in the smeared limit,
FT (0, β) ≈

1
ln(C1 T/β),
6T

Tβ1

(8.19)

where we find numerically that C1 = 29.1.
The field derivatives of the correlation function behave much differently
under thermal smearing. The unsmeared correlation function derivative
2
∂
∂β F0 (ε, β) approaches zero rapidly, as ε sech (πε/β), for large ε. As a result
the thermal smearing convolution imposes a simple behaviour for this field
derivative:
∂
1
FT (0, β) ≈ h(β) , T  1, β
(8.20)
∂β
6T
for a function h(β) =

∂
27
−∞ dε ∂β F0 (ε, β).

R∞

Remarkably, this means that

27
It can be shown that this function h(β) is closely related to the derivative of the weak
localization magnetoconductance.[62]
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field scales defined in terms of
depend on T  1.

8.3.3

∂
∂β FT (0, β),

such as inflection point, do not

Field and energy correlation lengths

We begin by discussing the metrics of F (0, δB), which we will call FB (δB).
Since this correlation function is long-ranged and has multi-scale behaviour,
we compare three different field scales of the correlation function (Fig. 8.1
inset):
• The half-width δB 1 , defined by FB (δB 1 ) = 12 FB (0), is the point where
2
2
correlation has fallen to 50% of the variance.
• The roundness δBr = |2FB (0)/FB00 (0)| 2 characterizes correlations at
very small field separation, where FB00 (δB) = d2 FB /dδB 2 .
1

• The inflection point δBi , defined as the point where FB00 (δBi ) = 0, is
the field separation at which correlations change the fastest.
It is customary in CF studies to characterize FB (δB) by its half-width. As
we show below, the inflection point makes a much better metric for several
reasons.
Figure 8.1 shows how these three field scales, calculated from the theoretical FB (δB) of quasi-2D CF, depend on dephasing in the case that only
one dephasing rate τφ−1 is relevant (the case of multiple dephasing rates
will be discussed in section 8.3.5). Immediately one can see that the three
scales are not proportional, illustrating the multi-scale nature of FB (δB).
The field scales are expressed here in terms of a characteristic thermal field
kB T /(2eD), and the dephasing rate in terms of the thermal time, to make
this plot general for any quasi-2D system.
Table 8.1 lists the asymptotic behaviour of each field scale in the thermally smeared limit (~τφ−1  kB T ) and the unsmeared limit (~τφ−1 
kB T ). The unsmeared limit is rarely encountered at low temperatures, where
dephasing is typically dominated by the contribution of electron-electron
interactions[62] giving τφ−1 = αkB T /~, for some α less than unity. In the
smeared limit, δB 1 depends equally on T and τφ−1 (cf. Ref. [96]), while
2
roundness δBr depends logarithmically on T . Remarkably, δBi has no direct T -dependence in either limit. This is a desirable characteristic because
a measurement of δBi then yields the value of τφ−1 directly, without needing
exact knowledge of T .
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Figure 8.1: Dephasing rate dependence of several characteristic scales of
the quasi-2D CF correlation function in magnetic field. Results for inflection point δBi (solid blue), roundness δBr (dotted red), and half-width
δB 1 (dashed black) are indicated by thick lines. Thin lines indicate the
2
asymptotic forms in Table 8.1. The inset shows the correlation function for
kB T = 3~τφ−1 and graphically depicts the definitions of δB 1 , δBr , and δBi .
2
[ c American Physical Society[3]]
Energy correlation lengths {δµ 1 , δµr , δµi } are shown in Fig. 8.2, com2
puted from the theoretical Fµ (δµ), following definitions analogous to the δB
correlations. Asymptotic forms are listed in Table 8.1. For strong thermal
smearing (kB T  ~τφ−1 ), Fµ (δµ)/Fµ (0) converges to a universal function
κ(δµ/(kB T )), which is independent of τφ−1 ; this gives the universal correlation lengths δµ 1 ,r,i listed in Table 8.1. As a result, Fµ (δµ) is not useful for
2

measuring τφ−1 , but can instead be used as a thermometer.[36]
The strategy of using CF as a primary thermometer has been shown
to be effective for quasi-1D systems.[36] For the quasi-2D correlation function, however, convergence to the universal form is very gradual, and all
three metrics deviate significantly from their asymptotic values even when
~τφ−1 < 0.1kB T (Fig. 8.2). The deviation is particularly severe for the metric
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Measure
δB 1 · 2eD
2

δBr · 2eD
δBi · 2eD
δµ 1
2
δµr
δµi

Smeared limit
kB T  ~τφ−1

14.4(kB T ~τφ−1 ) 2
4.1kT τ

1

1

24 ln ~ φ 2 ~τφ−1
3.01~τφ−1
2.72kB T
3.16kB T
2.14kB T

Unsmeared limit
kB T  ~τφ−1
6.21~τφ−1
3.48~τφ−1
1.53~τφ−1
1.67~τφ−1
1.36~τφ−1
0.68~τφ−1

Table 8.1: Asymptotic field and energy correlation lengths. Prefactors have
been numerically determined, whereas exponents are analytically derived
(see Sec. 8.3.2). [ c American Physical Society[3]]
δµ 1 identified in Ref. [36], e.g., 20% at ~τφ−1 = 0.05kB T . Somewhat faster
2
convergence is observed for the inflection point δµi (e.g., 8% deviation at
~τφ−1 = 0.05kB T ). For the highest accuracy, both δBi and δµi should be
measured: together these provide unique values for both T and τφ .

8.3.4

Statistical errors in autocorrelations

Statistical errors play a major role in experimental studies of CF. Even when
the conductance G(µ, B) is measured exactly (without noise), there are two
statistical error sources that affect the quality of the analysis: random errors
due to a limited data set, and systematic errors due to the background
subtraction procedure. The technical procedure used to predict these errors
can be found in Appendix H.
In this section we examine the two types of errors as they apply to
experiments measuring FB (δB). Careful statistical analysis is required to
estimate the errors in FB (δB) with any degree of accuracy—a nonintuitive
result that comes from the multi-range nature of the fluctuations. Inspection
alone generally overestimates the number of effectively independent samples
that contribute to the autocorrelation function, often by orders of magnitude. Moreover, this number depends strongly on which field scale is being
extracted from the correlation function (δB 1 vs. δBi , etc.). Errors associ2
ated with measurements of Fµ (δµ) are typically less severe due to its short
range nature, but this does not help us for extracting τφ as Fµ (δµ) contains
little phase coherence information.
Random errors appear in the correlation function when it is estimated
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Figure 8.2: Mapping of several energy correlation lengths to dephasing rate,
analogous to Fig. 8.1. Results for δµi (solid blue), δµr (dotted red), and
δµ 1 (dashed black) are indicated by thick lines. Thin lines indicate the
2
asymptotic forms in Table 8.1. The inset shows the correlation function for
kB T = 3~τφ−1 and graphically depicts the definitions of δµ 1 , δµr , and δµi .
2
[ c American Physical Society[3]]
from a finite data set. Figure 8.3 shows an example of random errors, which
appear as fluctuations in the autocorrelation function. These fluctuations
in turn cause uncertainties in all derived parameters such as correlations
lengths or variance. The magnitudes of the random errors depend on the
total scanned length of data, Btot , which may be distributed over multiple
independent scans. As seen in Fig. 8.4, the total scan length required for
a reliable estimate is different by many orders of magnitude for the various
statistical metrics.
Systematic errors (biases) occur when the CF are extracted from conductance data by subtracting an experimentally determined background, such
as the mean conductance or fitted/smoothed conductance data. Background
subtraction is necessary for isolating the CF, but as a side effect it captures
and removes genuine fluctuations that are longer than the “smoothing length
scale" Bsm . This length scale is determined by the procedure used to estimate background conductance (see Appx. H.2). The consistent loss of longranged fluctuations causes a negative bias in the autocorrelation function
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Figure 8.3: Example of statistical errors in CF autocorrelation for the case
T = 1 K, τφ = 100 ps, and D = 0.03 m2 /s. The solid line indicates the true
CF correlation function FB (δB). The dotted lines show the autocorrelations
of two simulated G(B) traces (see Appx. G) over a 1 T range, with mean
background subtraction (Btot = Bsm = 1 T). The dashed line is an average
of 100 such autocorrelations (Btot = 100 T, Bsm = 1 T). Inset: Expansion
of the boxed region, graphically depicting the magnitudes of the two types
of error in variance. [ c American Physical Society[3]]
(Fig. 8.3). This bias in turn directly impacts the accuracy of the variance
FB (0) as well as metrics δB 1 and δBr , whose definitions rely on variance.
2
A large Bsm is required to reach low bias for these metrics (Fig. 8.5). The
inflection point, on the other hand, offers a field scale that does not depend
on offsets to the correlation function and is therefore nearly immune to this
type of bias. As a result, errors in δBi are much smaller than in the other
metrics, for a given Bsm .
Figures 8.3–8.5 demonstrate the dramatically different sensitivity to errors for half-width and inflection point. To put this difference in practical
terms, consider a typical low temperature CF measurement of τφ in a disordered semiconductor, where one might have T = 1 K, τφ = 100 ps, and
D = 0.03 m2 /s. To achieve 10% accuracy (systematic error) using δB 1 , an
2
extremely large Bsm = 3 T would be required even though the value of δB 1
2
itself is just 5.2 mT. Using δBi , on the other hand, 10% accuracy would be
obtained for Bsm = 5 mT, smaller by three orders of magnitude compared
to the δB 1 case. Similarly, 10% precision in τφ using δBi would require a
2
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Figure 8.4: Guidelines for minimum total scan length in CF experiments
(Btot ), for reaching 10% standard deviation in the various metrics of FB (δB).
−1/2
As expected, the standard deviation of any metric falls as Btot when Btot
is increased. [ c American Physical Society[3]]
total scan length Btot = 300 mT, compared to Btot = 45 T for δB 1 .
2
Another source of statistical error is experimental noise. Uncorrelated
noise adds a sharp peak to the experimental correlation function at zero field
(energy) difference. It will thus introduce direct errors when measuring the
variance, the half width or the roundness. The inflection point, in contrast, is
only affected (weakly) by the tails of the noise peak. Besides the noise peak,
noise also adds random fluctuations to the experimental correlation function.
The quantitative errors from noise should be evaluated on a case-by-case
basis, as they depend on many experimental parameters (the signal-to-noise
ratio, the noise spectrum, the scanning speed, the passband of filters, etc.)
that vary from apparatus to apparatus.

8.3.5

Multiple dephasing modes

Most systems of practical interest involve multiple dephasing modes due
to the presence of some static disorder that couples to an electron’s internal degrees of freedom, e.g., spin-orbit coupling,[97], frozen magnetic
impurities,[63] or valley-orbit coupling.[34, 35] Sections 8.3.3 and 8.3.4 have
only considered the case of a single dephasing rate, and one may ask whether
those results are generally applicable. This section explores the effect of additional dephasing modes and establishes when it is appropriate to neglect
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Figure 8.5: Guidelines for the minimum background field-smoothing length
in CF experiments (Bsm ) such that the background subtraction bias in each
of the various metrics is less than 10%. Numerical values presented here are
calculated for the specific case of mean background subtraction, where Bsm
is simply the scan range (see Appx. H.2), but similar results are obtained
for other background subtraction protocols. Biases in δB 1 , δBr , δFB (0)
2

−2 .
fall as ≈ log(Bsm )/Bsm when Bsm is increased. Bias in δBi falls as Bsm
[ c American Physical Society[3]]

these modes, allowing the use of simple results such as Table 8.1. We focus
primarily on the correlation function in magnetic field, FB (δB).
With symmetry-breaking disorder, the full form of the correlation function becomes the sum of independent modes with a set of distinct dephasing
rates {τi−1 } and degeneracies {Ni },
F (δµ, δB) = N1 F [τ1−1 ](δµ, δB)
+ N2 F [τ2−1 ](δµ, δB)
+ N3 F [τ3−1 ](δµ, δB) + · · · .

(8.21)

These modes are often known as the Diffuson singlets and Diffuson triplets.[34,
35, 52, 63, 97] The measured correlation field scales are then determined by
a complicated mixture of the temperature and various dephasing rates, so
that the considerations of Sec. 8.3.3 may not directly apply. Nevertheless,
each independent mode F [τi−1 ] is of the type described in Sec. 8.3.2, so it
is straightforward to compute Eq. (8.21) and numerically extract the field
scales.
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Figure 8.6: Effect of suppressed dephasing modes on CF correlations. Contributions to the magnetic field correlation function from three CF modes
at T = 2 K, D = 0.03 m2 /s. The dotted curves show separate modes with
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= {20 ns−1 , 220 ns−1 , 2120 ns−1 } with N1,2,3 = {1, 1, 2}, and the solid
τ1,2,3
curve is their sum [Eq. (8.21)]. [ c American Physical Society[3]]
Figure 8.6 shows an example involving the three modes appropriate for
graphene. We have chosen typical[23] values for T = 2 K: a decoherence rate
of τφ−1 = 20 ns−1 , an intervalley rate of τiv = 100 ns−1 , and an intravalley
rate of τ∗ = 2000 ns−1 . The resulting modal dephasing rates are[34, 35]
−1
−1
+ τ∗−1 . Although
, and τ3−1 = τφ−1 + τiv
τ1−1 = τφ−1 , τ2−1 = τφ−1 + 2τiv
the rates are greatly different in magnitude, each mode has a significant
contribution to FB (δB) because of thermal smearing (see expression (8.17)).
This causes the variance, half-width, and roundness to differ greatly from
the value expected of the dominant mode (τ1 ) alone. For instance, δB 1
2
is twice as large, which would be misinterpreted (by the considerations of
Sec. 8.3.3) as a dephasing rate four times larger than the actual τ1−1 . The
inflection point, however, remains a reliable measure of τ1−1 even when the
additional rates are neglected, with only a 4% error.
Figure 8.7 examines how δBi , computed for the case of only two modes,
depends on the relative dephasing rates of the two modes. Here τ1−1 might
be the decoherence rate from dynamic scatterers that affects all CF modes,
while (τ2−1 −τ1−1 ) could be the extra static symmetry-breaking rate affecting
only the second mode. When the symmetry-breaking rate is comparable to
the decoherence rate, the inflection point may be displaced from the value
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expected of τ1−1 alone. The degree of displacement, however, never exceeds
a factor of 1.8 (this only occurs if N2 /N1 = 3 and ~τ1−1  kB T ). Fig. 8.7
also gives a simple rule for δBi : the secondary mode can be neglected when
it dephases much more rapidly than the primary mode, τ2−1 & 10τ1−1 ; such
a simple rule does not apply for other aspects, e.g., FB (0) or δB 1 . In the
2

opposite limit, when dephasing rates for all modes are similar, τ2−1 ≈ τ1−1 ,
the field scales are determined by the considerations of Sec. 8.3.3 with the
single dephasing rate τ1−1 (or τ2−1 ), and FB (0) is only increased by a trivial
factor.[52]
The statistical errors (Sec. 8.3.4) are also modified by the presence of
symmetry-breaking disorder, often becoming much larger. The considerations of Appx. H may be used to evaluate errors in a general correlation
function with multiple dephasing rates.

8.3.6

Notes on the quasi-1D case

The characteristics of quasi-2D CF can be compared to the quasi-1D regime,
which occurs when the material is shaped as a long and very narrow strip
p
with a width W that is much smaller than the dephasing length Lφ = Dτφ ,
yet where the length between contacts is longer than Lφ . An advantage
of quasi-1D CF (especially useful in metals) is that shaping the material
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into a wire produces a lower background conductance which allows CF to
appear with higher contrast. The quasi-1D correlation function FB (δB)
demonstrates essentially single-scale behaviour, falling as 1/|δB|3 at high
δB.[98] This explains why the half-width performs well as a measure of
coherence in the quasi-1D system: its statistical errors are only somewhat
higher than the inflection point for a given range of field.
For completeness, we note the values of inflection point for the quasi-1D
system in the ‘dirty’ regime, where the elastic mean free path is smaller
than W . The quasi-1D energy correlation function in Ref. [36] gives the
inflection point δµi = 0.549~/τφ in the unsmeared limit; this converges on
the universal value δµi = 2.14kB T in the smeared limit. As for
√ the magnetic
field inflection point, the formulas
in
Ref.
[98]
yield
δB
=
3~/(eW Lφ ) in
i
√
the unsmeared limit, and δBi = 6~/(eW Lφ ) in the smeared limit.

8.3.7

Comparison to literature

In the introduction to this work it was mentioned that CF correlations are
sometimes misunderstood in the literature. The confusion can be traced
back to the early investigations of quasi-2D CF correlations[99, 100] that
misidentified some crucial asymptotic behaviours.28 It had been found that
the thermal rate kB T /~ would effectively add to the dephasing rate τφ−1 , so
that in the smeared limit it would be impossible to observe τφ . For example,
it was predicted that for quasi-2D CF,
~τφ−1 , for kB T τφ  ~,
1
δB 1 ∼
×
2
eD
kB T, for kB T τφ  ~.
(

(correct)
(incorrect)

(8.22)

A simple counterargument explains why kB T /~ does not count as an effective
dephasing rate.[96] Consider a two-path interferometer (such as Fig. 3.7(a)).
Interference will be suppressed by dephasing rate proper if either path takes
longer than τφ (dephasing time) to complete. Thermal smearing (initial
energy uncertainty), on the other hand, only suppresses interference if the
arrival time difference is longer than ~/kB T ; it does not restrict the total
path length. The interference can therefore be very sensitive to magnetic
field (large enclosed area of order Dτφ ) but totally insensitive to temperature
(small time difference).
Correct results for the quasi-1D case did appear soon after.[17, 98] Later
on, the numerical work by Bergmann[96] in 1994 identified the correct T dependence for the quasi-2D δB 1 , in numerical agreement with the values
2

Significantly, my quasi-2D results disagree with equations (2.17), (3.8b), (3.18) from
Ref. [100].
28
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found here. Unfortunately to this day many experimenters still misapply
the CF theory,[29, 101, 102] especially in the quasi-2D case as Bergmann’s
paper seems to have gone unnoticed.
My work extends Bergmann’s results, by simplifying the method of computing the CF correlation function, proving the asymptotic forms (see Table 8.1), and investigating the most practical way to extract coherence information. The inflection point δBi is robust and easy to use, and I hope
that others in the coherence field will take note.
One interesting outcome was the surprisingly strong effect of background
subtraction on variance (Sec. 8.3.4, more detail in Appx. H). This statistical bias could be the explanation for recent experimental observations of
smaller variance in conductance fluctuations δG(B) compared to δG(VBG )
(the bias effect in gate voltage is much weaker). In those papers[29, 37]
the difference was attributed to non-ergodicity, something that theoretically
could be expected in a near-insulator[103] but not a weakly-disordered system like graphene. To establish true non-ergodicity, experimenters should
take extreme care with their background subtraction procedure, to rule out
the mundane explanation of statistical bias.
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Chapter 9

Outlook
This chapter collects together various ideas for future research along this
line. First, I note the various mysteries in the thesis: points of disagreement
between experimental data and theoretical understanding. A solution to
these mysteries will likely require more careful experimental design as well
as a deeper theoretical picture. Second, I remark on several avenues for
further exploration that are within reach of the present capabilities of the
Quantum Devices lab.

9.1
9.1.1

Mysteries
Large anisotropy factor

In Sec. 6.3, the change in semiclassical resistance from Bk was analyzed
in terms of the anisotropic resistance formula (6.7), based on scattering
from the ripple-field random vector potential. A very clear anisotropy was
observed, but it was even larger than in theory (Fig. 6.5). This is surprising
since the predicted threefold anisotropy is an essential, inflexible feature of
the ripple theory (Sec. 8.1).
A simple way to obtain this large anisotropy would be if there were
another negative magnetoresistance effect, which was isotropic. This would
subtract from the ripple effect and enhance the anisotropy or perhaps even
change its sign. Such an isotropic effect could be expected as a result of
the spin-coupling of the in-plane field, however it is unclear which exact
mechanism would produce this negative magnetoresistance, since the known
mechanisms are far too weak (Sec. 6.3.1).

9.1.2

Wide energy correlations at low temperature

Figure 9.1 shows conductance fluctuation autocorrelations in energy, computed from G(VBG ) scans taken during the last experiment (Chapter 7).
The energy variable has been computed by taking into account the appropriate density of states. As explained in Sec. 8.3.3, energy autocorrelations
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Figure 9.1: Energy autocorrelations of CF at very low temperature. Autocorrelations were computed from δG(VBG ) measured over VBG = −5 · · · 5 V,
with Ibias = 4 nA and with a cryostat temperature of 13 mK. The curves
differ in the magnetic field at the time of measurement, with (Bk , B⊥ ) values
of (0, 0), (0, 50 mT), and (6 T, 50 mT). [ c American Physical Society[4]]
are expected to work well as thermometers[36]. We find that this works well
at ‘hot’ temperatures above 100 mK.
The unusual thing about Fig. 9.1 is that the autocorrelations are too
wide in energy, for these very low temperatures. Taking into account the
heating by the bias current, we expect a device temperature of 26 mK,
whereas the energy correlations indicate a device temperature of 50–70 mK,
depending on the in-plane field. It is not clear why this would occur.

9.1.3

Late turn-off of magnetic decoherence at low
temperature

While we found that the decrease in CF decoherence with magnetic field
was consistent with localized electron defects (g = 2, spin- 21 ) for higher temperatures (Fig. 7.4), the fit with this model became poor at the lower temperatures below 500 mK. The decoherence turn-off required higher magnetic
fields than would be expected for those low temperatures, and it converged
to the high-field value quite slowly. A corresponding slow behaviour was
also seen in the WL dephasing rate (Fig. 7.7) at the single low temperature
we investigated.
There are mechanisms that might accelerate the turn-off for low temperatures (such as the defect exchange field), but we have yet to find a
mechanism to explain the opposite.
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9.1.4

Non-magnetic decoherence saturation

Perhaps the most remarkable result in Chapter 7 was the finding that the
coherence saturation remains, even when the magnetic defects have been
turned off by the in-plane field. This residual non-magnetic decoherence
was found in both CF and WL, indicating that the mechanism responsible
is dynamic, and moreover that its dynamics are rapid enough to break time
reversal symmetry. If this effect is real, then it may reopen a controversial
debate from over a decade ago, regarding the possibility of electron-electron
interaction decoherence at zero temperature[104].

9.2

Ideas

This section lists some of the ideas that I have come up with during the
course of my work, but which I did not have the time to try out in experiment.

9.2.1

Other ways to extract coherence information

Field wiggling
An alternative way to measure the CF correlation inflection point would be
to measure the differential voltage in field, V 0 (B⊥ ) = dV (B⊥ )/dB⊥ (in a
four-terminal measurement). For stationary fluctuations, we have
d
V 0 (B⊥ )V (B⊥ + δB)
dδB
d
=
V 0 (B⊥ − δB)V (B⊥ )
dδB
d2
=−
V (B⊥ − δB)V (B⊥ )
(9.1)
dδB 2
So, the zero of the autocorrelation of V 0 (B⊥ ) is δBi —the inflection point
in the autocorrelation of V (B⊥ ). The advantage of this technique is that
V 0 (B⊥ ) can be measured directly by oscillating B⊥ with a direct-current
Ibias applied. If the field can be oscillated rapidly enough, this would allow
to escape low frequency device noise. The disadvantage would be possible
eddy current heating if the B⊥ oscillation frequency is too large.
V 0 (B⊥ )V 0 (B⊥ + δB) =

Cooperon correlations
If we have a trace G(B⊥ ) that goes from negative to positive field, then
it is possible to extract the Cooperon contribution. Rather than taking
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the autocorrelation (which would give the usual Diffuson contribution), we
perform a self-convolution:
c(δB) =

1
B2 − B1

Z B2
B1

dB G(B)G(−B + δB)

(9.2)

Note that, to avoid having the Diffuson correlations contaminating the result, we should choose B1 and B2 such that the integral does not include
conductances measured near zero field.
This function c(δB) would share many of the properties of its Diffuson
sibling f (δB). The difference is that c(δB) is sensitive to time reversal
symmetry whereas f (δB) is not. Thus, c(δB) would become dephased in
large Bk , due to the random vector potential (Chapter 6). In fact, in a fourterminal measurement c(δB) can already be suppressed relative to f (δB)
even if time reversal symmetry is not otherwise broken.
The technical difficulty with this analysis would be in ensuring that the
field is precisely linear with applied magnet current.
Side-peak dephasing
Once magnetic defects have been fully polarized by Bk two CF modes will
no longer be dephased. The other two other CF modes will have a de−1 greater than the unaffected modes. These latter
phasing rate that is 2τmag
modes are the Zeeman-split side peaks (Chapter 5). Since the side peaks
occur at a distinct energy, it should be possible to measure their dephasing
rate. The way this would be done is to carefully perform two-parameter
conductance scans G(B⊥ , VBG ), similar to Fig. 5.3 but with emphasis on
B⊥ resolution rather than VBG resolution. The data would be analyzed by
a two-dimensional autocorrelation f (δE, δB⊥ ), from which the central peak
and side-peak δBi inflection points could be extracted.
One possible obstacle would be inhomogeneous density of states in the
device. This would effectively appear as larger thermal smearing for the
side peaks, reducing their amplitude. The side peaks’ inflection point in
field would not be biased in any way (it is insensitive to thermal smearing)
but it would gain a larger random error. This error could possibly be reduced
by deliberately averaging f (δE, δB⊥ ) over some range of δE.
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Side-peak offset from magnetic defect exchange
When polarized, magnetic defects give rise to an mean-field precession that
adds to the normal Zeeman energy:[50]
EZ = µe B − 2nd JhSz i,

(9.3)

where µe is the mobile electrons’ magnetic moment, and hSz i/S is the defect
polarization. This EZ is precisely what determines the position of the CF
side peaks (Chapter 5), and also what causes the loss of singlet and one
triplet in weak localization near Bk = 0 (Fig. 7.7). It may be possible from
these effects to measure EZ with sufficient accuracy to determine nd J.
−1 gives a lot of information
The value of nd J combined with the rate τmag
about the magnetic defects. According to the standard scattering theory for
magnetic defects, the magnetic scattering rate in an ordinary electron gas
would be[50]
2π
−1
τmag
=
ν0 nd J 2 S(S + 1),
(9.4)
~
where nd is the concentration of magnetic defects, J is the exchange constant
of the interaction,29 and S is the defects’ spin. Note that the prefactor
of this rate could change somewhat in graphene depending on the lattice
symmetries of the defect coupling (compare Sec. 2.4.5). Also, note that this
−1 is precisely the quantity measured in Chapter 7.
τmag
−1 and E then (assuming we have some idea
If we can measure both τmag
Z
about S) we obtain both nd and J. This is useful since these same numbers
determine other physics involving magnetic defects, allowing us to predict:
• The defect relaxation rate due to electrons (Korringa rate):[52]
τK−1 = π(νJ)2 T.

• The interaction between two magnetic defects via the electrons: H =
JRKKY S1 · S2 , where[105]
JRKKY = −

J2 2
νk [J0 (kR)Y0 (kR) + J1 (kR)Y1 (kR)].
8π

Here R is the distance between the defects and k = pF /~; J1 (x) and
Y1 (x) are Bessel and modified Bessel functions. If kB T . JRKKY then
a spin-glass may be created; conductance fluctuations would no longer
be dephased.
29
The electron Hamiltonian interacts with a defect at location rd via a Hamiltonian
Hd = Jσ · Sδ(r − rd ).
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• The Kondo temperature:[52]
TK ≈

1
E exp(−1/|2ν0 J|)
kB

where E is an appropriate energy scale whose value isn’t obvious in
graphene (perhaps equal to t = 3 eV, or perhaps the Fermi energy).
Quantum thermoelectric fluctuations
One aspect which has not been discussed at all in this thesis is the thermoelectric effect. The thermoelectric Seebeck coefficient s is in fact very closely
related to the electrical conductance, with the Mott relation[51] giving an
expression in terms of σ(E) very similar to (2.32):
kB 1
s=−
e σ

Z

dE

E − EF
f (1 − f )σ(E)
kB T

(9.5)

with variables defined as in (2.32). From this one might expect that there
would be quantum fluctuations in the thermoelectric coefficient, analogous
to conductance fluctuations. These indeed have been observed in other
materials.[106]
Graphene is an interesting material for thermoelectric studies, with (for
example) thermoelectric effects playing a key role in photoresponse.[107]
Based on (9.5), one may expect that the fluctuations in the device’s end-toend thermopower30 S could reach an order of magnitude
∆S 2 ∼

kB 1
∆G2
e σ2

(9.6)

when the temperature is chosen optimally such that kB T ≈ ~τφ−1 which
tends to occur in graphene around 100 mK (see Ch. 7). For kB T  ~τφ−1 the
fluctuations in S are suppressed by too much thermal smearing (averaging
many fluctuations), while for kB T  ~τφ−1 they are suppressed by the usual
classical decrease of S with T . For a device with size comparable to the
coherence length (∆G2 ∼ e4 /h2 ) and graphene
p near charge neutrality (σ ≈
2
4e /h), the fluctuations may be as large as ∆S 2 ∼ 1–10 µV/K.
These thermoelectric fluctuations should be measurable in a carefully
designed device, and it would be interesting to study (in experiment and
theory) whether coherence information can be extracted from them, and
whether they may induce artifacts when the graphene is overheated by bias
currents such as at the lowest temperatures investigated in Chapter 7.
30

Thermopower S is to Seebeck coefficient s, as conductance G is to conductivity σ.
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9.2. Ideas

9.2.2

Controlling decoherence

More lattice defects
If lattice defects really are responsible for the magnetic moments, then we
should be able to create more of them. One could etch tiny holes (∼ 30 nm,
or however small the lithographic technique allows), bombard the graphene
with high-energy ions, or expose the graphene to ozone.
Adatoms
The deposition of indium or thallium atoms should generate localized spinorbit interactions, of the Kane-Mele form, Hi = αΣz sz δ(r − ri ).[47] The
value of α is of order 1 eVÅ2 . Since these atoms generate a perpendicular
electric field they can also introduce a localized Rashba interaction containing Σx sy − Σy sx .
Different substrates
We can expect that graphene on smooth substrates such as hexagonal boron
nitride, or silicon carbide, would lie very flat (as long as it is not wrinkled).
This has been confirmed in scanning probe experiments of graphene on mica,
for example[108]. Without ripples, the in-plane field would no longer couple
to charge and not show any of the effects in Chapter 6. This would allow
an even more direct investigation into electron spin and magnetic defect
−1 rate would disappear (due
physics. One might also expect that the τzv
to lack of strain), however these substrates are likely to induce sublattice
−1 dephasing.
symmetry breaking Σz Λz which brings back the τzv
Time/ensemble-dependent disorder
Instead of performing autocorrelations, we can cross-correlate G(B⊥ ) traces
taken at different times (say, days apart). The inflection point31 of this
cross-correlation will be larger than the autocorrelation’s, and the difference
indicates how much the disorder landscape has changed in the intervening
time (Sec. D.4). If the device is otherwise stable, then we can perform
an irreversible operation on the device (such as annealing) to intentionally
change the disorder; this gives information about the thermal activation
energy of the disorder.
Unlike the autocorrelation, the cross-correlation need not be symmetric. To compensate for field shifts one should measure the left and right inflection points of the
cross-correlation, and take the half difference.
31
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Chapter 10

Conclusion
This thesis investigated in detail the effects of in-plane magnetic fields on the
phase coherent properties of electrons in graphene. The in-plane magnetic
field couples to the electrons’ spin and orbital degrees of freedom in roughly
equal amounts, and by a careful analysis of experimental data the spin and
orbital coupling effects were separated.
The orbital coupling of the in-plane field occurs due to the rippling of
the graphene sheet. The effects of this coupling, time reversal symmetry
breaking and random scattering, were analyzed in detail to characterize the
size scales of the rippling (Chapter 6), and provided insight into how other
random vector potentials affect transport in graphene (Sec. 8.2).
The in-plane field couples directly to electron spin by breaking the spin
degeneracy. Due to the low intrinsic spin relaxation rates in graphene and
the ability to electrically tune graphene’s potential energy with a gate, direct signatures of spin-polarized phase coherent transport could be seen in
micron-sized graphene devices (Chapter 5).
As shown in Chapter 7, there is non-negligible spin relaxation in graphene
due to magnetic defects. These magnetic defects not only explain why spin
relaxation occurs in graphene, they are also partly responsible for the limitation on low temperature phase coherence times. The decoherence from
these magnetic defects is turned off by the in-plane field as they too become polarized by the field, but the residual decoherence seen at high fields
remains a mystery.
The conductance fluctuation analysis technique described in Sec. 8.3 is
not specific to graphene, and may be used in other semiconductors. Its
application in experiment (Chapter 7) proves that conductance fluctuations
are a robust tool for determining coherence information, with perhaps even
wider applicability than the traditional weak localization approach.
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Appendix A

Non-magnetic disorder in
graphene
In an ordinary semiconductor, non-magnetic disorder can often be simplified
to an effective scalar potential HV = V (r) in real space basis, or alternaP
tively HV = p,p0 V (q) |pihp0 | in the momentum basis, where q = p − p0
P
and V (q) = N1 r e−iq·r V (r) is the Fourier transform of the scalar potential V (r). For graphene in the small-p approximation, however, a scalar
potential is insufficient to describe disorder since each electron has internal
non-magnetic properties Σ and Λ, introduced in Sec. 2.1.4.
In this appendix we will develop an effective model for the potentials
in graphene. We start with the microscopic (tight-binding) description of
these potentials, and then rewrite the potentials in a way that is useful
in the valley approximation. In doing so, we will see that potentials with
ordinary microscopic properties can couple to pseudospin and isospin. There
are ten possible non-magnetic potential terms in graphene: nine of the form
Vsl (r)Σs Λl with s, l ∈ {x, y, z} that couple to isospin and pseudospin, and
one scalar potential V00 (r) (called E0 (r) in Chapter 2). Different symmetry
classes of the potentials can be identified:
• Any potential coupling to Λ causes rotations of the pseudospin. Potentials coupling to Λx or Λy cause inter-valley mixing. Those with Λz
are valley-dependent (but do not mix the valleys).
• Potentials coupling to Σx or Σy can be understood as vector potentials
analogous to the magnetic vector potential, since they resemble the
magnetic field terms (Sec. 2.2.2). Potentials coupling to Σz are ‘mass
terms’ since they create a gap at the K points.

A.1

On-site energy variations

A basic model of disorder in graphene is that of a scalar potential that
adjusts the energy of each pz orbital relative to the rest of the graphene.
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A.1. On-site energy variations
Most generally this adds a perturbation to the Hamiltonian defined by two
sublattice potentials VA (r) and VB (r):
HV =

X
r

VA (r) |r, Ai hr, A| + VB (r + aŷ) |r, Bi hr, B| .

(A.1)

We are only interested in how this affects the small-p behaviour, so by
computing matrix elements such as hp, K, A| HV |p0 , K 0 , Ai we can write the
potential in the momentum/valley/sublattice basis (2.8) as
VA (q)
0
0
VA (q − K)


X
0
VB (q)
VB (q − K)
0
 0

HV =
|pi 
 hp | ,


0
V
(q
+
K)
V
(q)
0
B
B
0
p,p
VA (q + K)
0
0
VA (q)
(A.2)
where VA (k) and VB (k) are the Fourier transforms of the potentials.
In the isospin/pseudospin basis this matrix can be divided into separate
classes like so:






HV =

X
p,p0

off-diagonal terms

diagonal terms

|pi 
V00 (q) + Vzz (q)Σz Λz +
z

}|

{

z X
s,l∈{x,y}


{
0
Vsl (q)Σs Λl 
 hp | ,
}|

(A.3)

where we have separated out six potentials
1
V00 (q) = [VA (q) + VB (q)],
2
1
Vzz (q) = [VA (q) − VB (q)],
2
1
Vxx (q) = [−VA (q + K) + VB (q + K) + VB (q − K) − VA (q − K)],
4
(A.4)
i
Vxy (q) = [VA (q + K) + VB (q + K) − VB (q − K) − VA (q − K)],
4
i
Vyx (q) = [VA (q + K) − VB (q + K) + VB (q − K) − VA (q − K)],
4
1
Vyy (q) = [VA (q + K) + VB (q + K) + VB (q − K) + VA (q − K)].
4
These have the property that Vsl (−q) = Vsl (q)∗ , and so each represents a
real potential that can be computed by inverse Fourier transform, Vsl (r)∗ =
P
Vsl (r) = k eik·r Vsl (k).
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A.2. Hopping energy variations (strains)

A.2

Hopping energy variations (strains)

What happens if the graphene’s carbon-carbon bonds vary in strength, perhaps due to strains that stretch and bend the bonds? This allows a second
type of disorder potential, distinct from the on-site energy variations considered above. We take (2.3) and allow the hopping integrals to change by
t → t + ti for a perturbation ti , which can be complex. Generally, this
perturbation may be written as
HV =

X
r

|r, Ai t0 (r + δ0 ) hr, B| + t1 (r + δ1 ) hr − a1 , B|


+ t2 (r + δ2 ) hr − a2 , B| + h.c.,

(A.5)



where δ0 = aŷ/2, δ1 = (aŷ − a1 )/2, and δ2 = (aŷ − a2 )/2 are three vectors
representing the half-way point between A and B atoms. Note that there
are three variables t0 , t1 , t2 representing the three different bond directions.
We follow a similar procedure as the on-site potential calculation. The
matrix elements evaluate to
0
a(p, p0 ) b(p, p0 )
0

0
∗
X
0
0
b(p, p0 ) 
 0
a(p , p)
hp | ,
|pi  0 ∗
HV =
0 )


b(p
,
p)
0
0
a(p,
p
p,p0
0
b(p0 , p)∗ a(p0 , p)∗
0
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where for brevity we’ve defined two functions a and b,
a(p, p0 ) = t0 (q)ei(p+p )·δ0 + t1 (q)ei(p+p )·δ1 +i2π/3
0

0

+ t2 (q)ei(p+p )·δ2 −i2π/3
0

(A.7)

≈ t0 (q) + t1 (q)ei2π/3 + t2 (q)e−i2π/3
b(p, p0 ) = t0 (q − K)ei(p+p )·δ0 + t1 (q − K)ei(p+p )·δ1
0

0

+ t2 (q − K)ei(p+p )·δ2
0

(A.8)

Writing this result in the isospin/pseudospin basis, we have
HV =

X
p,p0


a terms
z
}|
{

|pi Vxz (q)Σx Λz + Vyz (q)Σy Λz


(A.9)

+ Vzx (q)Σz Λx + Vzy (q)Σz Λy  hp0 | ,
|

{z

b terms


}
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containing four different kinds of potential. Two of these potentials are
valley-dependent, with spatial parts given by
Vxz (q) = 12 [a(q) + a(−q)∗ ]

Vyz (q) = 2i [a(q) − a(−q)∗ ].

(A.10)

The other two potentials are valley-mixing, with
Vzx (q) = 12 [b(q) + b(−q)∗ ]

Vzy (q) = 2i [b(q) − b(−q)∗ ].

(A.11)

Again we have Vsl (−q) = Vsl (q)∗ and so each represents a real potential.
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Appendix B

Experimental details
This appendix gathers together a number of experimental details which are
not essential for understanding the main arguments of the thesis.

B.1

Sample preparation

The steps done to fabricate our graphene devices were generally carried
out in the UBC cleanroom at AMPEL, except for metal film evaporation
that was done in the Quantum Devices Lab’s evaporator. The subtrates
were 5 × 5 mm dies cut from highly doped Si wafers that were purchased
from Nova wafers. These wafers were thermally oxidized by the supplier,
to a depth of ∼280 nm. We began preparing the wafers by depositing
5 nm Cr/100 nm Au wire-bonding pads and alignment marks, using optical
lithography (these are visible as rows on the die in Fig. 4.2).
Immediately before exfoliation of graphene, we cleaned the dies with
a RCA-1/RCA-2 process. RCA-1 is a heated mixture of NH4 OH(30%) /
H2 O2 (30%) / H2 O (ratio 1:1:5, at 70◦ C), and RCA-2 is a heated mixture
of HCl(30%) / H2 O2 (30%) / H2 O (ratio 1:1:6, at 70◦ C). These remove organic and particulate contaminants (RCA-1) and remove ionic contaminants
(RCA-2). The RCA-1 clean was done for 10 minutes, but the RCA-2 only
for 2 minutes since it slowly erodes the extant CrAu films. This process
leaves the SiO2 surface very clean and in a well-defined hydrophilic state.
The exfoliation was performed using the classic procedure[5] with 3M
Magic Scotch tape: a small piece of graphite is cleaved onto a ≈ 20 cm piece
of tape, 5 cm from one end. The tape is then repeatedly (7 to 10 times)
pressed back on itself, each step essentially doubling the number of graphite
flakes. The cleaned Si dies were then placed lightly onto the adhesive surface
at places of dense graphite coverage. The tape with attached dies was then
flipped over and firmly pressed onto the dies by finger pressure in a rolling
motion, to squeeze out air bubbles. Immediately after exfoliation, the dies
were put into hot acetone for five minutes, in order to dissolve most of
the tape residue. They were then rinsed with isopropanol, blow dried, and
stored.
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The exfoliation procedure generates a random assortment of graphene,
few-layer graphene, and many-layer graphene over the entire chip. Graphene
monolayers were identified by searching over the surface with an optical
bright field microscope with camera. The optimal magnification was found
to be a 10× objective, giving an overall on-screen magnification of 500×.
This lower magnification allowed fast identification of large monolayers (despite the low contrast) due to their sharp edges; one 5 × 5 mm die can be
searched in 10 minutes. This procedure misses small (. 10 µm2 ) graphene
flakes, however such flakes are anyway difficult to use for devices.
The electron beam lithography was carried out in two or three stages.
The first stage deposited millimeter-long wires from the wire bonding pads
to nearby the graphene; these were also 5 nm Cr/100 nm Au films. At the
same time a high-resolution alignment pattern was also deposited next to the
graphene. After this step, a high-resolution optical micrograph was taken
with the graphene and alignment pattern. Based on this image, the final
high-resolution steps—metallization and etching—were designed. The second stage deposited the high resolution metal which overlapped the graphene
and made electrical contact. This step was crucial as it is not trivial to
establish good low-resistance contacts: the metal evaporator was pumped
overnight to < 1 × 10−7 mbar and 0.5 nm Cr/30 nm Au was evaporated.
This second stage metallization can be seen in Fig. 4.1. The third optional
stage of electron beam lithography was used to mask a short burst of oxygen
plasma etching.

B.2

Measurements

B.2.1

Field alignment

The large magnet’s field is not exactly aligned to the device plane, and so
the true out-of-plane field B⊥ (seen by the graphene) will be
B⊥ = Bsmall + Bk sin θ,

(B.1)

where Bsmall is the field from the small magnet, and Bk sin θ is the contribution from the big magnet. The angle θ ∼ −1◦ · · · 1◦ is the angle between
the large magnet axis and the graphene plane.
The strategy used to correct the misalignment was as follows: For a
given Bk , we used the weak localization dip to measure the offset Bk sin θ.
The weak localization dip is always centered at B⊥ = 0. By correcting this
offset we obtain the actual value of B⊥ used in the graphs.
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One complication is that the torque between the two magnets causes θ
to have small variations with Bsmall and Bk , so the relationship between B⊥
and Bsmall can be slightly non-linear. Torque issues also prevented us from
fully energizing both magnets at the same time, as we were worried that the
large torques would mechanically damage the refrigerator or magnet.

B.2.2

Conductance measurement

DC measurements are susceptible to errors from thermoelectric voltage offsets and the high noise of amplifiers at low frequency. The classic technique
to measure resistance without DC errors is to apply an AC bias, and measure the resulting AC output. Note that this means the input and output
values we discuss are actually rms values, e.g., for a four-terminal measurement, Ibias refers to the rms bias and V would be the in-phase rms voltage
difference.
To generate the AC bias and to measure the rms amplitude we used an
SR830 lock-in amplifier. The chosen AC frequency was in the range 100 Hz
to 1000 Hz, the value depending on what frequency that, at the time, was
least influenced by interference. Typically the measurement bandwidth was
around 0.3 Hz to 3 Hz, as the lockin was set up with a time constant of
30 ms or 100 ms, on the 24 dB/oct filter slope setting.

B.2.3

Device overheating by bias

This section has been adapted from the supplement published in Physical Review Letters[4]. Much of the following text is c American Physical Society.
The application of bias current or bias voltage necessarily generates Joule
heating in the device. In the experiment of Chapter 7 the temperature level
played a critical role, and so it was necessary to rule out overheating effects.
For a two-terminal device, it can be shown based on the Weidemann-Franz
law that the temperature at the hottest point (center) of the device will
be[19]
√
q
3e
2
2
Tdevice = Twire + Tbias , Tbias =
V,
(B.2)
2πkB
where V is the source-drain voltage and Twire is the temperature of the
terminals.
Thus, in the last experiment when we wanted to avoid heating our device
(resistance ≈ 1750 Ω) above 100 mK, we could not apply much more than
10 nA of bias current. Figure B.1 shows the variance of CF for different
bias currents and temperatures. So long as kB T /~ is not much less than
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Figure B.1: Bias overheating effect as seen in CF variance. The variance,
computed from G(VBG ) over VBG = −5 · · · 5 V is shown as a function of
temperature. Here Bk = 0, B⊥ ∼ 100 mT, and Ibias = 5 nA (◦, •) or 20 nA
(M, N). Open symbols show the uncorrected Tcryostat , and filled symbols the
corrected temperature T via (B.2) with R = 1750 Ω. [ c American Physical
Society[4]]
the decoherence rate, the variance is sensitive to temperature[52, 96] and
so the accuracy of (B.2) can be easily detected by observing the variance.
The figure shows how the temperature T ≈ 110 mK (which has CF variance
0.43 e4 /h2 ) can be produced either by a warm Tcryostat ≈ 100 mK or a high
bias current Tbias ≈ 110 mK, as predicted by (B.2). The variance saturates
below ∼ 100 mK, which is consistent with kB T /~ falling below the saturated
decoherence rate (Sec. 8.3.3).
Test of non-saturating temperature: e-e interaction correction to
conductivity
There are other aspects of the device which demonstrate that the temperature can be reduced appropriately. One common transport test of low temperatures is to examine the temperature dependence of ensemble-averaged
conductivity at nonzero magnetic field. A non-saturating contribution to
conductivity, proportional to ln T , is expected from electron-electron interactions:



e2
ln(1 + F )
hσi = σ0 +
1+c 1−
ln T,
(B.3)
πh
F
133

B.2. Measurements

2

Avg. G (e /h)

(a)
41.2

1400 mK

40.8
40.4
40

110 mK

39.6
-2

-1

0
B⊥ (mT)

1

2

3

43.4 (b)

2

Avg. conductivity (e /h)

-3

43.2
43
42.8
42.6
2

100

3

4 5 6 7

1000
Temperature (mK)

Figure B.2: Electron-electron interaction contribution to conductivity. (a)
VBG -averaged magnetoconductance data expanded from Fig. 7.6. Shaded regions indicate the field-averaging regions used for panel b. (b) Conductivity
averaged over both VBG and B⊥ (circles) plotted against log temperature.
The dashed line shows the slope predicted by theory (B.3). [ c American
Physical Society[4]]
where σ0 is an offset, F = −0.1 is predicted for graphene on SiO2 , and c = 3
at the low temperatures we investigate here.[28, 109] This effect should not
be confused with the electron-electron decoherence which indirectly causes
a temperature-dependent conductance, via the WL effect. In fact, measurements of (B.3) should be carried out in a nonzero magnetic field to break
time reversal symmetry and thus suppress the coherence-sensitive part of
WL; this allows a simple comparison with (B.3).
In Figure B.2 we show the conductivity over a small range in B⊥ near
zero, averaged over VBG – this is a wider range of the WL data displayed in
Chapter 7 (from the first cooldown). Above 1 mT the WL contribution
to conductivity is insensitive to the coherence and thus is temperatureindependent; here, WL merely causes a B-dependence of the offset σ0 in
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Eq. (B.3). Thus, by averaging conductivity over a consistent range of magnetic fields above 1 mT, we can test (B.3). This VBG , B⊥ -averaged conductivity (Fig. B.2) shows the expected logarithmic temperature dependence
and the slope is close to the expected value.
Test of non-saturating temperature: CF thermometry
As a second test of temperature, we note the recent report[36] that CF
themselves can provide information on the electron temperature in backgated devices such as ours. In this case, we measure conductance as a
function of back-gate voltage (not magnetic field), and subtract a linear
background to yield the conductance fluctuations δg(VBG ). Then, VBG is
converted
p to internal chemical potential µ using the ideal graphene relation
µ = ~v πα|VBG − V0 |, where: v = 106 m/s is the Fermi speed, α = 8 ×
1010 cm−2 /V is the gate capacitance density, and V0 = 45 V is the presumed
location of the Dirac point in this device (see Sec. 2.3.2). This gives us the
CF in kinetic energy, δg(µ), from which we calculate the autocorrelation
function in energy:
fE (δE) =

1
E2 − E1

Z E2
E1

δg(µ)δg(µ + δE) dµ.

(B.4)

When kB T /~ greatly exceeds the decoherence rate τφ−1 , the correlation function’s shape is entirely determined by thermal smearing, so the half-width
of f (δE) is expected[36] to be E1/2 = 2.72kT , and the inflection point is
expected to be EIP = 2.14kT (Sec. 8.3.3). In fact, at low temperatures this
condition is not satisfied: we have kT /~ ∼ τφ−1 due to the saturating coherence which is the topic of Chapter 7, so the decoherence rate also influences
the width of f (δE). In this situation, E1/2 (or EIP ) can still be converted to
T though in a more complicated manner, by taking into account the effect
of τφ−1 (which is known from BIP ). (see Sec. 8.3.3)
Figure B.3 shows the energy autocorrelation from two conductance traces
in the first cooldown at T ≈ 100 mK, where τφ−1 = 12 ns−1 . By taking into
account the value τφ−1 = 12 ns−1 that was measured in this situation, we
compute the temperature from the energy widths (Sec. 8.3.3). In one case
the temperature is mainly due to Tbias , and its energy widths correspond to
120 mK (whereas (B.2) predicts 113 mK). In the other case the temperature is mainly due to Tcryostat , and its energy width correponds to 115 mK
(whereas (B.2) predicts 104 mK). The use of either E1/2 or EIP yielded
the same temperature to within 4%, for these correlation functions. Very
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Figure B.3: Energy autocorrelations of CF for Bk = 0, B⊥ ∼ 100 mT. The
black curve corresponds to Ibias = 5 nA with Tcryostat = 100 mK. The red
curve corresponds to Ibias = 20 nA with Tcryostat = 13 mK. The small peak
on top of the black curve is an artifact of measurement noise. Correlations
were computed from G(VBG ) measured over VBG = −5 · · · 5 V. [These are
two of the data points in Fig. B.1.] [ c American Physical Society[4]]
low temperatures showed some deviation in energy width from the expected
temperature (see Sec. 9.1.2).

B.3

Low-temperature apparatus

Since we were concerned about overheating of our graphene device from
electromagnetic interference and other sources, we decided to construct filters, coolers, and shields to attach to the mixing chamber of the dilution
refrigerator. These are schematically pictured in Fig. 4.3. As is usually
the case for cryogenic apparatus, this involved a number of materials challenges. The design avoided magnetic materials as much as possible, to avoid
magnetocaloric heating (see Sec. B.3.5).
The cryostat comes factory-supplied with ∼ 100 Ω wires that travel from
room temperature to near the mixing chamber. Their resistance limits the
heat currents from room temperature, and at several points the wires are
glued to the cryostat for heat sinking. Thus, the provided wires are reasonably cold at their lower end. Unfortunately these factory wires cannot
simply be attached to the chip:
• The heat sinks function very poorly at low temperatures, as interfacial
thermal resistances (between the electrical conductors and insulators)
become quite large at sub-kelvin temperatures[110]. The wires and
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Figure B.4: Signal filtering topology for each sample wire in the cryostat.
device may easily be at, say, 50 mK when the mixing chamber is at
10 mK.
• If any heat is generated at the chip, it must be dissipated through
the wires. The resistance of the wires now becomes a problem since it
obstructs the conduction of heat away from the sample.
• Even if the wires were perfectly cold, high frequency electrical interference and noise can propagate from room temperature and impinge
on the device. This generates local heating in the resistive graphene
device even when no electrical bias is intended (see Sec. B.2.3).
The fact that magnetic field sweeps formed the primary type of measurement
led to further concerns:
• Fast magnetic field sweeps, which are desirable for speeding up a measurement, lead to eddy current heating in conductive materials.
• For fields of 10 mT to 100 mT, paramagnetic materials become heated
and cooled through the magnetocaloric effect. (Sec. B.3.5)
• For fields above a few tesla, nuclei in conductors (especially copper)
cause another magnetocaloric effect.
To deal with these problems, we built four new components into the low
temperature part of the refrigerator (schematically shown in Fig. 4.3).

B.3.1

RC filter boards

The wires first enter into a circuit board with resistor-capacitor (RC) lowpass filters. Each wire passes through the sequence shown in Figure B.4. For
reasons of compactness and frequency response, these filters were made using
surface mount components. The resistors and capacitors maintainted their
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characteristics at low temperature as they were of metal film and porcelain
construction, respectively.
This filter begins to cut off around 1 MHz, and by 100 MHz the attenuation is ∼ 10−3 . Above 1 GHz, however, the level of attenuation begins to
worsen due to the parasitic inductance (around 1–2 nH) of the capacitors.
By about 10 GHz the boards no longer provide significant filtering, which is
unfortunate as the wires themselves may still be able to partially transport
signals past this range. These high frequncies are removed in the next stage,
described below (Sec. B.3.3).
The RC filter boards were mechanically affixed to the side of the mixing
chamber. It was not crucial to ensure good heatsinking of these boards as
they did not receive heating from the magnetic fields.

B.3.2

Shield

Beginning at the circuit boards, the wires are fully enclosed in a metallic
shield which is cooled by the mixing chamber. The shield performs two functions: it prevents ∼ 1–100 GHz high frequency radiation (which can bounce
around in the cryostat) from re-entering the sample wires, and also prevents
1 THz blackbody radiation (which leaks down from the room temperature
parts of the refrigerator) from directly impinging on the sample.
The shield extends down past the sample location as well (fully surrounding the sample), into the magnet bore. It was deemed important for this
shield to not heat by eddy currents when the magnetic field was swept, as
this would heat up the mixing chamber. Thus, the part of the shield inside
the magnet was constructed from phenolic paper composite (as a mechanical support), with thin copper adhesive tape applied to the outside. The
tape was arranged in overlapping vertical strips without electrical contact
between strips — this prevented circulation of eddy currents from the large
magnet (which has a vertical axis).
In the end, it was found that the mixing chamber would begin to noticeably heat up for magnet sweeps of 1 mT/s, and significant heating would
occur at 5 mT/s.

B.3.3

Microwave attenuator

Inside the shield, the signals travel through a long, coiled loop of resistive
constantan wire sandwiched between copper tape (Fig. B.4). This construction is a lossy transmission line: even though it presents a relatively low
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capacitance and resistance (100 pF, 100 ohm) to low frequency measurements, it is an efficient absorber for all radiation above 1 GHz.
The reason for the high losses at microwave frequencies is the skin effect:
at high frequency, signal currents are only carried in the outer layer of the
conductors. In constantan for example,
the skin depth at 1 GHz is only
p
10 µm; in general the depth is δ = ρ/(πf µ), where ρ is the bulk resistivity
of the wires, f is the frequency, and µ is the magnetic permeability of the
wire. As a result, the resistance of a wire becomes amplified far beyond its
DC value. It can be shown that the resulting resistance for a cylindrical
wire of diameter d is given by
r

R≈

2µρ
f · length
πd2

(B.5)

The resulting attenuation factor can be calculated from the solution of
the Telegrapher’s equations:
attenuation = exp(− 12 R/Z0 ),

(B.6)

where Z0 = L/C is the characteristic impedance of the transmission line,
determined the inductance per unit length (L) and capacitance per unit
length (C).
In our case the attenuator was estimated to have Z0 ≈ 100 Ω. The
1.5
m
long, 110 µm diameter constantan wire had a resistance of R = 272 Ω ·
p
f /1 GHz. Thus, at 10 GHz (where the RC circuit boards are ineffective),
the attenuator attenuates by 10−2 ; at higher frequencies the attenuation
strengthens rapidly, e.g. 10−6 at 100 GHz. The weak point in this filtering system is thus in the 3–30 GHz band, and one may ask whether 10−2
attenuation is enough. In reality, the overall attenuation is likely stronger
than this: the resistive wires passing down from room temperature are also
unable to support such high frequencies, and at several points there are
mismatched impedances which would produce reflections.
The attenuator is mounted on a copper-laminated phenolic stick like described below for the cold finger, in order to keep it near the mixing chamber temperature. Note that the attenuator acts as a one dimensional ’black
body’ for high frequencies, and so it emits black body radiation (Johnson
noise) for those frequencies that it blocks.
p

B.3.4

Cold finger

After passing through the attenuators, the constantan wires terminate at a
connector. On the other side of this connector is the cold finger, the plate
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that contains the chip socket (sample holder) and ensures that the sample
wires are cold.
The cold finger is built on a homemade substrate similar to printed
circuit board material. The substrate is a ∼ 30 cm long, 25 mm wide, and
1.6 mm thick piece of phenolic paper composite which has been laminated
with a 100 µm thick copper foil, using Stycast 2850 epoxy as the glue. The
copper laminate runs continuously around the upper edge of the substrate
(near to where it is bolted to the refrigerator), in order to provide good
thermal anchoring to both sides. On the lower end of the cold finger is a
socket for our CLCC32 chip carriers, aligned to the center of the magnet.
The cold finger must cool the socket pins as close as possible to the
base temperature, since the sample is cooled entirely through its wires. To
ensure this, the signals pass from the electrical connector to the socket along
long, insulated, high quality copper wires32 . These wires travel up and down
the length of the cold finger (a total ∼ 50 cm distance), and are glued to
the copper foil substrate with Stycast 2850 epoxy. At low temperatures,
the interfacial thermal resistance (copper to PVDF, PVDF to epoxy, then
epoxy to copper) gives poor heat sinking; the long distance and hence large
interface area compensates for this.
A quick thermal analysis gives the performance of these wires. The copper wires are 400 µm diameter with a measured residual resistivity ratio of
104 (i.e., their resistance at low temperature is 104 times less than room
temperature). By the Wiedemann-Franz law, the per-length thermal resistance of one of these wires at 10 mK is therefore R/L = 5.3 mK/nW/m,
a number that increases linearly with temperature. We can also estimate
the degree of heat sinking from the wire to the laminated copper substrate.
At very low temperature, there is significant thermal boundary resistance
between the copper and insulator due to phonon mismatch effects; a typical per-area thermal resistance is (10 cm2 K4 /W)/T 3 (copper-epoxy-copper)
[111]. Taking the contact area to be the diameter of the wire, the per-length
heat conductance of this heat sink is G/L = 0.4 nW/mK/m.
To connect the wires to the socket, they are wrapped around the socket
pins. Wire wrapping is an less-used alternative to solder in electronic circuit
construction—although it forms extremely high quality connections, it is
labour intensive and not easily miniaturized. In this case, avoiding solder
gives a large advantage in thermal conductivity at sub-kelvin temperature:
solder becomes superconducting below 7 K, but unfortunately Cooper pairs
These are wire wrap wires: PVDF (polyvinylidene fluoride) insulation over silverplated copper
32
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do not conduct heat.

B.3.5

Magnetic heating of cold finger materials

A magnetic material in a magnetic field is a thermodynamic system, and
may be heated or cooled by changes in magnetic field (this is known as the
magnetocaloric effect). As most of the experiments in the cryostat involve
magnetic field sweeps, the magnetocaloric effect was a concern. This subsection presents a detailed analysis of magnetic heating in the present cold finger
design, demonstrating that it is a concern both at low and high magnetic
fields. Fortunately, a practical workaround to this problem is identified.
It can be shown based on the thermodynamic Maxwell relations that,
for a slow isothermal increase in magnetic field B by an amount dB, a
paramagnetic system will release an amount of heat dQ given by[110]
dQ = −V T



∂M
∂T



dB

(B.7)

B

where T is the temperature and M is the magnetization (dipole moment
per unit volume) of the system. V is the system volume. This process is
reversible: upon isothermally decreasing the field, the magnetic system will
absorb the same amount of heat.
For low enough fields, or high enough temperature, paramagnetic systems typically follow the Curie law in their temperature and field dependence:
M = (χ0 /µ0 + C/T )B.
(B.8)
Here χ0 is the temperature-independent part of magnetic susceptibility and
µ0 is the vacuum magnetic permeability; from (B.7) it can be seen that χ0
does not contribute to heating. The Curie constant C on the other hand
does directly contribute to heating, and so we expect for a change in field
from Bi to Bf that
VC 2
Q=
(Bf − Bi2 ).
(B.9)
T
Table B.1 lists Curie constants as measured for selected cryogenic materials that were used in (or considered for) our cold finger. Data on many other
materials can be found in the literature: Ref. [112] examines many common
metals and plastics, and Ref. [110] lists susceptibility data for standard cryogenic construction materials. Purely organic materials (clear plastics, paper, cloth, wood) generally maintain a small susceptibility. Pure elemental
Cu, Ag, Au, and many Al alloys are also excellent non-magnetic materials.
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Unsurprisingly, alloys that include Cr, Mn, Fe, Co, or Ni tend to become
magnetic even if they aren’t magnetic at room temperature (e.g., stainless
steel). Those are not the only problematic materials, however: Surprisingly,
most types of brass also become magnetic, as do many glasses and ceramics.
The magnetism in glasses and ceramics creates an engineering problem
for low temperature experiments in magnetic field. The construction of
cryogenic apparatus generally requires an insulating material with thermal
expansion matched to copper. Such materials are nearly always composites
of glass (low thermal expansion) with a thermoplastic or epoxy (high thermal
expansion). The glass material is rarely of high quality and usually contains
significant paramagnetism, as seen in the table. An even larger concern in
our apparatus is the chip carrier (see Table B.1) where the magnetism is
large and cooling is quite poor.
Paramagnetic impurities in glasses at low temperature and low
field
How large of a problem are the glasses and ceramics, and in which field
range? All magnetic materials saturate at some point, a fact that is not
included in the field dependence of the Curie law. Moreover, the 1/T temperature dependence does not necessarily extrapolate to lower temperatures.
In order to use the data in Table B.1 for design of the cold finger at low
temperature and high magnetic field, it is worthwhile to consider the nature
of the magnetism.
For these glasses, the magnetism can be modelled as an ensemble of independent magnetic spins in a non-magnetic host material. The magnetization
of these spins from statistical thermodynamics is described by a Curie law
for low fields,[110]
1 2J + 1
C=
µ
n,
(B.10)
kB
3J
where the spins’ angular momentum number is J, magnetic moment is
µ = gJµB , and n is the number density (per unit volume) of the spins.
The Curie law only holds for fields B  kB T /µ, above which the paramagnetic moments start to freeze into a fixed orientation. The entropy per
unmagnetized spin is kB ln(2J + 1), so total heat of Q = kB T ln(2J + 1) per
spin is released during the field freezing process. For electronic paramagnets
(e.g. materials contaminated with Fe) the freezing occurs around 10 mT to
100 mT, for typical dilution refrigerator temperatures.
As a point of focus, we look at the dominant source of magnetism in
glass and ceramic, generally believed to be contamination by Fe3+ ions[115–
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Material

Details

wire wrap wire
Au-plated BeCu
phosphor bronze
brass
brass
constantan
Cu tape
clear epoxy
silver epoxy
glass-filled epoxy
nylon
Vespel SP1
paper composite
fibreglass composite
fibreglass composite
glass-filled PPS
ceramic chip carrier

PVDF on Ag-plated Cu
socket pin (Ni-free)
foil
nut from online store
screw from PHAS store
–
#1185 from 3M
Stycast 1266
Epotek H20E
Stycast 2850
screw from PHAS store
bead from Supercon lab
Garolite XX
Garolite G-10
circuit board
socket from Locknest
‘non-magnetic’ (Ni-free)

µ0 C
(µK cm3 /g)
ρ
-0.3
4
80
90
80000
non-Curie[113]
-1
2 [114]
30
∼ 250 [110]
-4
24
200
2700
5300
760
9100

Table B.1: Curie constants for various cryogenic materials, normalized to
material density (ρ) and multiplied by the magnetic constant µ0 . Except
for cited values, these were measured by me using the Quantum Devices
SQUID magnetometer in the Superconductivity lab. Curie constants were
extracted from the fitted magnetization vs. T −1 for T = 5 · · · 30 K, in a field
B = 100 mT. The SI susceptibility convention is used here; results for C in
Gaussian units are 4π times smaller.
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118]. In Fe3+ , the five unpaired electrons tend to collectively behave as a
J = 52 , µ = 5µB free spin, according to Hund’s rules33 . The saturation of
magnetization in ceramics at high fields confirms these values[117]. From
(B.10), a measured value of C · µ0 /ρ = 1000 × 10−6 K cm3 /g in Table B.1
corresponds to 1.095 × 1019 Fe3+ ions per gram, assuming these are the only
magnetic ions in the material. The 0.45 g ceramic chip carrier thus would
contain about 4.5 × 1019 of these ions.
Extrapolation of the magnetic behaviour of these iron-contaminated
glasses to sub-kelvin temperatures is not trivial. It becomes necessary to
consider the crystal field splittings, in which the local electric environment
gives a slight preference between different spin directions, mediated by the
spin-orbit interaction[115]. These field splittings form an easy axis for the
spin, partially breaking its degeneracy on a 0.5 K energy scale. For low
temperatures, this reduces the number of thermally available spin states
from six to two. This phenomenon has been clearly observed as a Schottky
anomaly in ceramics[116, 118]: a large peak in the heat capacity around 0.5
K, as the per-ion entropy changes from kB ln 6 to kB ln 2. Although the Fe3+
now effectively has only two spin states, as if J = 12 , it does not magnetize
like a normal free electron since it can only be magnetized along its easy
axis. The easy axis is oriented according to the local crystal axes, which
are random in an amorphous glass. One can approximate this by averaging
over random directions and taking the magnetic moment to be reduced to
µ ≈ 2.5µB for these J = 12 low temperature Fe3+ ions.
We now have the numbers necessary to calculate the heat releases from
the chip carrier. The total heat released is Q = kB T ln 2 per ion when
isothermally increasing the field from zero to saturation. For the ceramic
chip carrier and its 4.5 × 1019 Fe3+ ions this is 19 µJ at 20 mK. It can
take hours to release this entropy in an isothermal manner, since the typical
thermal conductivity away from the chip carrier is only of order 10 nW/mK.
A slightly faster method is to increase the field quickly to ∼ 100 mT: much
more heat will be released and the chip carrier will heat up quite a bit—to
100 mK or 200 mK—but the cooling rates at these temperatures are quite
fast, and the chip returns to base temperature after an hour or so.
The field where the most magnetic heating occurs (maximum in (∂S/∂B)T )
is quite small for these Fe3+ ions, Bpeak ≈ T · (0.5 mT/mK). This fact
presents a simple solution to the magnetic heating problem, which can be
33
The orbital angular momentum is effectively locked to the crystal environment around
the Fe ion and so it does not mix together with the spin; only the spins are free to rotate,
so their g-factor is two[115].
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used for most experiments (especially for conductance fluctuations): Once
the spins have been polarized and the chip cooled back down, do not return
back to low magnetic fields. The paramagnets will remain polarized, following the field orientation, and no longer causing heating. For example, at
20 mK one simply needs to keep the total magnetic field above 20 mT.
Nuclear paramagnetic heating at high fields
At millikelvin temperatures and high magnetic fields (above one tesla or
so), it is important to also consider the contribution to magnetism from
atomic nuclei. Much like magnetic ions in a glass, the magnetic moments of
nuclei behave thermodynamically like free, independent dipoles. Hyperfine
splittings are small enough to be neglected, and so it is straightforward
to take the known nuclear characteristics and compute the Curie constant
from (B.10). For example, both natural isotopes of Cu have J = 32 with
µ ≈ 0.00083µB , and a piece of copper contains 9.5 × 1021 nuclei per gram.
The contribution to Curie constant from nuclei in copper is thus only C ·
µ0 /ρ = 0.085 µKcm3 /g (normalized to density; compare to Table B.1).
Even though the nuclear Curie constants are very small, the nuclei do
not easily polarize compared to paramagnetic ions. As a result, significant
amounts of heat are exchanged at high fields. For example, at 10 mK the
temperature released from a gram of copper by increasing the field from 9 T
to 10 T is 130 µJ! This effect is a concern in the current cold finger design, as
the wire wrap wires (which set the sample temperature) are made of copper,
and are only cooled through an insulating material.
Avoiding copper in a design is quite difficult; a suitable alternative would
be silver (similar electrical conductivity but much reduced nuclear Curie
constant, compared to copper), however wires and foils of high quality electrical silver are costly and not as readily available. The best workaround
to nuclear magnetic heating is to ramp the magnetic field up to the highest
desired value and wait several hours until the system has cooled down (it
truly takes hours, as the nuclear heat capacity is enormous in these conditions). Once the nuclei have cooled down, the experiment is carried out in
successively decreasing fields, with the field changing slow enough to avoid
eddy current heating. This was the strategy during used all of the high-field
measurements in this thesis.
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Appendix C

Detailed interpretation of
Chapter 7 data
This appendix has been adapted from the supplement that we published in
Physical Review Letters[4]. Much of the following text is c American Physical Society.
This appendix covers auxiliary topics relevant to Chapter 7. These topics
are covered in the following sections:
1. The conductance background subtraction procedure is described.
2. We discuss the accuracy of the CF autocorrelation inflection point
when used as a measure of the decoherence rate.
3. We describe the classical magnetic defect polarization model of CF,
−1
which was used to interpret the crossover of τCF
in Bk .
4. We consider the effects of spin-orbit interaction on weak localization
in the presence of in-plane magnetic field and defect-induced dephasing, in order to provide an upper limit on the spin-orbit strength in
graphene.

C.1

Background subtraction

Conductance fluctuation data were analyzed by their autocorrelation in perpendicular magnetic field, f (δB), defined as
f (δB) = δG(B⊥ , VBG ) δG(B⊥ + δB, VBG )
=

X
1
1
P
B2 − δB − B1 [ VBG ] V

(C.1)

B⊥ ,VBG

"

BG

Z B2 −δB
B1

#

δG(B⊥ , VBG ) δG(B⊥ + δB, VBG ) dB⊥ .

(C.2)
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Here, δG(B⊥ , VBG ) is the fluctuating part of conductance, obtained from
the raw data G(B⊥ , VBG ) by subtracting off a smooth background function.
The conductance was scanned over a range B1 ∼ 50 mT to B2 ∼ 150 mT,
for ten to twenty different values of VBG spread over the narrow range of
gate voltage noted above; the averaging over VBG was done to gather more
fluctuations and thereby improve the statistical accuracy of (C.2). The
smooth background, used to obtain δG, was obtained by fitting G(B⊥ , VBG )
to a polynomial of the form
2
2
g0 + g1 B⊥ + g2 B⊥
+ g3 VBG + g4 VBG
+ g5 B⊥ VBG .

(C.3)

for free parameters {gi }.

C.2

Correspondence between inflection point and
decoherence rate

−1
The rate τCF
defined from the inflection point BIP ,
−1
τCF
≡ 2eDBIP /3~,

(C.4)

only corresponds to the true CF decoherence rate τφ−1 under certain conditions, as explained in Sec. 8.3. We list several conditions below; some
conditions are nearly violated and hence there are some small systematic
−1
errors in Def. (C.4) (error meaning the difference between τφ−1 and τCF
).
Some of these errors are known well enough to be corrected, however we
have chosen not to correct them in order to retain the simplicity of definition (C.4). In any case, none of these error sources are able to artificially
generate the saturation that is the topic of Chapter 7.
Limiting case: quasi-2D, thermally-smeared
Definition C.4 assumes the quasi-2D thermally smeared regime, where the
p
coherence length Dτ
pφ is smaller than device dimensions, yet is larger than
the ‘thermal length’ D~/kT .
2D = 3 ~/[eDτ ]) to quasiThe transition from quasi-2D behaviour (BIP
φ
2
√
p
1D
1D behaviour (BIP = 6~/[eW Dτφ ] for width W ) should occur in the
vicinity of τφ−1 ∼ D/W 2 . In the present device W = 4.3 ¯m, so the crossover
−1
would be when τφ−1 drops below 1.6 ns−1 . The lowest τCF
measured was
−1
5 ns , at high Bk and the lowest temperature; this is still a factor of three
higher than the crossover value, but it is perhaps possible that W begins to
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−1
influence τCF
at this point. We are unaware of any predictions of behaviour
in the crossover and so there is no simple way to quantify this error. As
an unlikely worst case the crossover could be a gradual quadratic crossover
2D · [1 + 8 Dτ /W 2 ]1/2 ), meaning that all of our extracted τ −1
(BIP = BIP
φ
CF
3
values would be 2 ns−1 higher than the actual τφ−1 .
As can be seen in Fig. 8.1, the thermal smearing limit holds up to BIP .
kT /eD. For the lowest temperatures (∼ 100 mK) at zero Bk , the values
become as large as BIP = 1.3kT /eD; in this situation the error in τCF due
to the thermal smearing approximation is 10%. For all other data points we
have BIP ≤ 0.7kT /eD giving errors less than 4%.

Background subtraction biases
The systematic errors originating from the conductance background estimation are very small for the inflection point, compared to other aspects of the
correlation function such as variance or half-width. Based on the consider−1
ations in Sec. 8.3, the resulting bias errors in τCF
are negligible, < 3% for
the high-temperature data and < 1% for the low-temperature data.
Perturbation by symmetry-breaking disorder
When there are static symmetry-breaking forms of disorder, some (but not
all) modes of CF may be suppressed. If the symmetry-breaking rate is
comparable to the decoherence rate τφ−1 , then the correlation function’s
shape is distorted and Def. (C.4) loses some accuracy (Sec. 8.3.5). The
symmetry-breaking rate causes no change if it is much smaller than the
decoherence rate; conversely if the rate is very large then the suppressed
modes are too weak to contribute.
Graphene’s two valley symmetry breaking rates[34] were measured by
the usual WL fitting formula[21] at fields above 1 mT. We extract τi−1 =
70 ± 20 ns−1 and τ∗−1 = 4000 ± 200 ns−1 , much like seen in other studies
−1
(See Ref. [23] and Table 6.1). These rates are very large compared to τCF
and hence the valley-related modes have little influence. The influence of
−1
the τi -suppressed mode on τCF
can be calculated (Sec. 8.3.5) and is less than
10% for the high temperature (1.4K) data, and less than less than 4% for
the low temperature data. The larger rate τ∗−1 gives even smaller effects
that matter only above 10 K.
Graphene’s spin-orbit rates are expected to be very low  1 ns−1 and as
yet have not been experimentally determined. If stronger than expectations,
then spin-orbit interactions would dephase some CF modes and cause some
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−1
deviations in τCF
. A very large (& 5 ns−1 ) spin-orbit rate would however
−1
produce a specific temperature-dependent shift in τCF
(Fig. 8.7) which is
not observed in the data.
−1
In conclusion, τCF
measures the rate τφ−1 with typical accuracy better
than 10% for the Bk = 0 and Bk = 6 T data. There is however another
form of symmetry-breaking disorder that is present when Bk is applied,
−1
which does lead to significant changes in the crossover of τCF
(Btot ); this is
the topic of the following section.

C.3

Quasi-2D CF correlations in an in-plane
magnetic field

A large in-plane magnetic field induces a Zeeman splitting EZ = 2µB Btot of
conductance fluctuations, while simultaneously the magnetic defects gain an
average polarization.[50] This causes the CF field correlation function f (δB)
to evolve in a nontrivial manner as the Btot is turned on. What determines
−1
in this case?
the inflection point τCF
Model
To answer this question, we simulate the theoretical correlation function of
CF including high-field effects, and apply Def. (C.4) to predict the value
−1
. This simulation requires us to move beyond the one-parameter
of τCF
correlation of the Chapter 7 to the more general two-parameter correlation
function of CF (Sec. 8.3)
F (δB, δE) = δG(B⊥ , E) δG(B⊥ + δB, E + δE),

(C.5)

where δG(B⊥ , E) is the fluctuating part of conductance at perpendicular
magnetic field B⊥ and energy E. The ordinary one-parameter magnetoconductance correlation, (7.1) in the main text, corresponds to a measurement
of f (δB) = F (δB, 0), i.e. it corresponds to δE = 0, since we only compute
the correlation between conductances taken at the same VBG (same E).
In the analysis of CF where the spin degeneracy is broken (by e.g. spinorbit interactions[97], frozen magnetic impurities[63], polarized impurities[50],
or Zeeman splitting[50]), the full F correlation function is written in terms
of up to four distinct modes, and each of these modes can be written in
terms of the spinless correlation F̃ which is given by the generic CF theory.
This spinless correlation function depends on a single dephasing rate τφ−1
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and temperature T , and is fully specified as F̃ [τφ−1 , T ](δB, δE). In the procedure below we use the quasi-2D spinless F̃ computed by the procedure in
Sec. 8.3 since our device is in the quasi-2D regime. The results can be extended to the quasi-1D case by using the spinless correlation function found
in Ref. [36] (with the field-dependence noted in Ref. [98]).
The expressions below are derived in some detail in Appx. D, E. For the
case of classical magnetic defects and no spin-orbit interaction[50],
−1
F (δB, δE) = 2F̃ [τ↑↑
, T ](δB, δE)

−1
+ F̃ [τ↑↓
, T ](δB, δE + EZ )

−1
+ F̃ [τ↑↓
, T ](δB, δE − EZ ).

(C.6)

The first term is comprised of two identical modes, each indicating the correlation between two conduction electrons with the same spin (up/up and
down/down). The latter two terms express the correlations between electrons with opposite spins (up/down and down/up).
−1
Because of defect polarization in the magnetic field, the rates τ↑↓
and
−1
−1
τ↑↑ differ. The rate τ↑↑ , indicating the loss of coherence between two electrons which are identical (same spin), though passing through the graphene
at different times, is given by[50]
−1
−1
−1
τ↑↑
(Btot ) = τ∞
+ [1 − P (Btot )2 ]τmag
.

(C.7)

This may be interpreted as the decoherence rate proper (ie. the dephasing
−1 is the field-independent part of the
by dynamic environment). Here τ∞
decoherence rate (from e.g. electron-electron interactions, non-magnetic dy−1 is the rate of collision with polarizable magnetic
namic defects) and τmag
defects. P (Btot ) is the average polarization of the magnetic defects, due to
the total field Btot .
The correlation between conduction electrons of opposite spin (but equal
kinetic energy) is dephased by a larger rate[50]
−1
−1
−1
τ↑↓
(Btot ) = τ∞
+ [1 + P (Btot )2 ]τmag
.

(C.8)

−1
Note that τ↑↓
is always dephased by magnetic impurities, even once they
have been fully polarized (P = 1); this extra dephasing is however not
decoherence since it arises from static defects. Rather, the extra dephasing
−1
in τ↑↓
simply indicates that spin-up electrons consistently scatter differently
than spin-down (this is analogous to the effect of spin-orbit interactions in
CF).
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The Zeeman splitting of conduction electrons is also evident in Eq. (C.6):
a shift of the opposite-spin CF modes to energies δE = ±EZ , so these modes
appear as side-peaks in the CF energy correlation function. In the theoretical
literature these side-peaks are known as m = ±1 diffuson triplets[49, 50].
We have directly observed these side-peaks in graphene in Chapter 5, and
the present device shows side-peaks as well, though weakly (Fig. 9.1).
Figure C.1 shows how Eq. (C.6) evolves as the field is increased. Since
it is not easy to see the inflection point in F itself, we instead plot its
∂2
second derivative in field, ∂δB
2 F (δB, δE). Again, we remind that f (δB)
only measures a cross section along δE = 0, thus the inflection point BIP of
∂2
f (δB) corresponds to the point where ∂δB
2 F (δB, 0) = 0. We draw attention
to a few important features of Fig. C.1:
• For very low fields we have EZ = 0 and P = 0 (thus τ↑↓ = τ↑↑ ). Here
−1
F (δB, δE) = 4F̃ [τ↑↑
, T ](δB, δE) has the spinless correlation function’s shape. The inflection point here is (trivially) a good measure of
−1
−1
−1
decoherence, as τCF
= τ↑↑
= τ↑↓
.

• At intermediate fields where EZ . 8kT , the side-peaks are close
−1
enough to influence the inflection point. This causes τCF
to be influ−1
−1
enced by both τ↑↑ and τ↑↓ for these fields. Figure C.2 shows precisely
−1
−1
how τCF
can deviate from the decoherence rate (τ↑↑
) over a range of
intermediate fields.

−1
• When EZ is large enough (EZ & 8kT ), the larger τ↑↓
does not matter
as the side-peaks are too far away. The inflection point coincides with
−1
−1
3~τ↑↑
/2eD once again, thus we measure the decoherence by τCF
.
−1
−1
/τ↑↑
at intermediate fields is influenced by all parameters
The error τCF
−1
−1
T, EZ , P, τ∞ , τmag , so the only way to find its value is the direct numerical
simulation as described above.

Choice of polarization function
We have chosen to use a polarization function of the form
P (Btot ) = tanh(gµB Btot /2kB T ),

(C.9)

which corresponds to the average magnetization of free spin- 12 moments,
normalized to P (∞) = 1. One might ask whether this is appropriate given
that the model used above assumes classical magnetic defects, and is not
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Figure C.1: Simulated conductance fluctuation correlations Second deriva∂2
tive ∂δB
2 F (δB, δE) of the simulated CF correlation function (C.6), for a
−1
case at 310 mK. The vertical dashed lines indicate the fields 3~τ↑↑
/2eD
−1
and 3~τ↑↓ /2eD. (Top-left): Near-zero-field case, where EZ = 0 and
P = 0. (Top-right): Intermediate field case where EZ = 2.6kT and
P = 71%. (Bottom-left): Intermediate field case where EZ = 6.5kT and
P = 98%. (Bottom-right): High field case, where EZ = 17kT and P = 100%.
[ c American Physical Society[4]]
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Figure C.2: Comparison of the experimental τCF
rate with simulation.
The experimental rate is extracted from experimental 310 mK data (first
cooldown), and compared to the corresponding simulation with g = 1.4 as
−1
well as the decoherence rate τ↑↑
from the same simulation. [ c American
Physical Society[4]]

necessarily applicable to spin- 12 defects.[50] We have compared the classical
defect model to the much more involved quantum calculation[50] that includes the effects of inelastic scattering. At least for the central mode (a
quantum calculation for the side-peaks is not available at this time[50]), the
−1
obtained τCF
is nearly the same for the quantum and classical models, even
for the spin 21 case, provided that the P = tanh(gµB Btot /2kB T ) polarization
function is used. (Such a correspondence does not extend to WL.)
Parameters used in Fig. 7.4
−1 =
In order to generate the simulated curves of Fig. 7.4, we chose τmag
−1
5 ns for all temperatures, based on the typical difference between low and
−1 , which contains all non-magnetic decoherence
high field. The value of τ∞
mechanisms such as electron-electron interactions, is set by hand in each
−1
case to match the high-field τCF
. The following table shows the values that
were used in the simulations to produce the curves drawn in Fig. 7.4:

T (K)
0.08
0.2
0.5
1

−1 (ns−1 )
τmag
5
5
5
5

−1 (ns−1 )
τ∞
4.8
6.4
9.2
14.5
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C.4

Spin-orbit interactions

Besides magnetic defects, spin-orbit interactions can also cause spin relaxation in graphene. It is well known that magnetic defects and spin-orbit
interactions have very different effects on coherent properties.[16]
This section describes in detail how spin-orbit interactions would affect weak localization. We first establish that spin-orbit interactions alone
(without magnetic defects) cannot account for the observed Bk -dependence
of WL. (In any case, the in-plane field dependence of CF requires the existence of magnetic defects, but here we show that the WL data proves the
same point.) Next, taking the presence of magnetic defects as a given, we
find an upper bound on the spin relaxation rates due to spin-orbit interactions. We allow for two types of spin-orbit interaction: those coupling to the
−1
−1
in-plane components of spin, (scattering rates τSOx
, τSOy
) or those coupling
−1
to the out-of-plane component of spin (rate τSOz
). Note that, by symmetry,
−1
−1
τSOx
= τSOy
.
With Bk = 0, the WL magnetoconductance at small B⊥ takes the
form[16, 33]
G(B⊥ ) − G(0) =

−1
−1
−1
−1
FWL ([τTRS
+ 32 τmag
+ τSOx
+ τSOy
]τB )

−1
−1
−1
−1
+ τSOx
+ τSOz
]τB )
+ FWL ([τTRS
+ 23 τmag

(C.10)

−1
−1
−1
−1
]τB )
+ τSOz
+ FWL ([τTRS
+ 23 τmag
+ τSOy
−1
−1
− FWL ([τTRS
+ 2τmag
]τB ),

(see also Appx. E) where in 2D systems we define τB−1 = 4eD|B⊥ |/~ and
FWL (z) =

W e2
[digamma( 12 + z) − ln(z)].
L 2πh

Note that Eq. (C.10) omits twelve other terms related to valley dephasing[33].
Due to the strong intervalley scattering, these other terms do not significantly modify the low-field conductance curve.
From Eq. (C.10) it can be seen that the temperature-dependence of WL
alone (at Bk = 0) does not rule out spin-orbit interactions. Purely outof-plane spin-orbit interactions are able to generate coherence saturation
−1
by mimicking inelastic scattering (τTRS
). In-plane spin-orbit interactions
−1
−1
also give the appearance of saturation until τTRS
falls below 1.5τSOx
; past
this point an antilocalization peak at B⊥ = 0 appears (we do not observe
antilocalization).
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Figure C.3: Theoretical dependence of τWL
on Bk with various forms of spin
−1
−1
disorder. We take τTRS (0) = 0.8 ns
(appropriate for electron-electron
interactions) except where noted. The three upper solid curves show the
−1 = 5 ns−1 ), combined
case of polarizable, g = 1 magnetic defects (with τmag
−1 = 3 ns−1 independent
with unpolarizable magnetic defects (additional τmag
−1
of field), fast non-magnetic defects (τTRS (0) = 2.6 ns−1 including electron−1
−1
electron interactions) , or in-plane spin-orbit (τSOx
= τSOy
= 1.3 ns−1 ); the
−1
lower solid curve shows out-of-plane spin-orbit (τSOz
= 3.3 ns−1 ). Dashed
curves show the case of spin-orbit interactions without magnetic defects
−1
−1
−1
(lower: τSOz
= 4.0 ns−1 , upper: τSOx
= 1.1 ns−1 , τTRS
(0) = 1.7 ns−1 ). The
−1
rates stated above have been chosen such that τWL (0) = 6.2 ns−1 for each
curve. Markers (•) show 80 mK data, repeated from Fig. 7.7. [ c American
Physical Society[4]]

When an in-plane field is applied (without loss of generality, take it to
be applied along x̂), Zeeman splitting suppresses the latter two terms of
Eq. (C.10), giving[33, 50]
G(B⊥ ) − G(0) =

−1
−1
−1
−1
FWL ([τTRS
+ 23 τmag
+ τSOx
+ τSOy
]τB )

(C.11)

−1
−1
−1
−1
+ FWL ([τTRS
+ 32 τmag
+ τSOx
+ τSOz
]τB ).

The crossover from Eq. (C.10) to Eq. (C.11) occurs at a small field, of order
Bk ∼ ~τs−1 /µB (here, τs−1 is the total spin relaxation rate). At higher fields,
−1 → 0 in Eq. (C.11))
we see the magnetic defects polarize[50] (effectively τmag
−1
−1
and the onset of ripple dephasing (τTRS
(Bk ) = τTRS
(0) + βBk2 , see Ch. 6).
−1
Figure C.3 plots the results of extracting the curvature-defined rate τWL
(extracted in the same way as in (7.2), for consistency) from theoretical mag155
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netoconductance curves based on Eqs. (C.10), (C.11). The two crossovers
(Zeeman splitting, defect polarization) are modelled approximately,34 since
the detailed computations are not simple to perform.[33, 50] It is immedi−1
ately evident that, without magnetic defects, the behaviour of τWL
would
not match our data (Fig. C.3 dashed curves).
−1 =
We now assume the presence of magnetic defects (scattering rate τmag
−1
5 ns from CF). These magnetic defects (combined with the known electronelectron interaction dephasing rate) are however not enough to quantitatively match the data, so it is necessary to invoke an additional dephasing
mechanism. We consider four different possibilities, the first three being
nearly indistinguishable in Fig. C.3:
1. Non-magnetic dephasing from degenerate disorder with dynamics rapid
enough to break time reversal. This dephasing mechanism provides a
−1
contribution to τTRS
that is independent of temperature and field.
2. Additional magnetic dephasing from unpolarizable magnetic defects,
−1 that is insensitive to field.
providing a contribution to τmag
−1
−1
3. In-plane spin-orbit interactions (τSOx
, τSOy
).
−1
4. Out-of-plane spin-orbit interactions (τSOz
).

Option 4, out of plane spin-orbit interaction (blue solid line in Fig. C.3),
cannot match the observed lineshape at a quantitative level. The interaction
−1
strength chosen for Fig. C.3, τSOz
= 3.3 ns−1 , provided a better fit to the
data than other interaction strengths, but even in this case the curve falls
consistently outside the error bars.
Options 1-3 provide a reasonable fit to the data, but none of these models are particularly satisfactory on physical grounds: spin-orbit interactions
are expected to be very weak in graphene[12]; non-magnetic dephasing associated with very fast defect dynamics is unprecedented; unpolarizable magnetic defects could be nuclear spins, but based on the hyperfine interaction
of graphene and concentration of 13 C one expects hyperfine dephasing rates
between micro- and milliseconds[13].

We model the Zeeman splitting by adding a dephasing term (gµB Bk /~)2 τs to the latter
two modes in Eq. (C.10). The magnetic defects are modelled by taking a Bk -dependent
−1
−1
−1
value of τmag
, as τmag
(Bk ) = [x/ sinh x]τmag
(0), where x = gµB Bk /(kB T ). The value g = 1
is chosen to provide a reasonable match to data.
34
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Appendix D

Computation of conductance
fluctuation correlations
The goal of this appendix is to explain, in detail, how to compute general
conductance fluctuation correlations of the form
δGA δGB = GA GB − GA GB .

(D.1)

Here, GA is the conductance measured in a given device configuration called
A, and GB is the conductance in device configuration B. The phrase ‘device
configuration’ here is meant to encompass the entire set of parameters that
influence that conductance measurement. Thus, for label A, we will refer
to temperature TA , internal chemical potential µA (controlled by doping),
magnetic field BA , time of measurement tA , and so on. Likewise, the same
set of parameters are defined for B.
The problem of computing δGA δGB systematically breaks down into the
following steps:
1. Based on the differences and similarities between A and B, discover
the set of dephasing modes for that arise due to spin- and pseudospincoupled disorder (Appx. E). The modes will usually depend on every
aspect of the A and B configurations. This step mostly involves careful thinking about the dephasing mechanisms, followed by some basic
matrix algebra.
2. For each mode, calculate the zero-temperature correlation function F0
(Diffuson mode) or C0 (Cooperon mode). The form of this function
can be found exactly for the quasi-2D or quasi-1D geometrical limits.
This function needs to be evaluated at many different values of energy,
for the next step.
3. Add together the contributions of each mode, then apply thermal
smearing by integrating the result over energy, weighted by Fermi
functions.
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4. If the system has some dynamics on the timescale of the measurements,
then we should take into account time-averaging. As explained in
Sec. D.4 this can usually be represented by a larger effective dephasing
rate.
The third step (thermal smearing) requires numerical integration. As a
result, although the first step (discovering dephasing modes) can be done
by hand, the latter steps are best performed on a computer.

D.1

The effect of thermal smearing

At finite temperature, electrical current is carried by electronic states over a
range of energies, roughly within kB T of the Fermi level EF . Quantitatively,
the measured conductance G at chemical potential EF is determined by a
weighted average of conductances at different energies (2.32),
G=

Z ∞
−∞

dE fT0 (E − EF )G0 (E),

(D.2)

where fT0 (δE) = 4k1B T sech2 ( 2k1B T δE) is the derivative of the Fermi function.
The unsmeared conductance G0 (E) is the conductance that would be measured at energy E, if we were hypothetically able to inject electrons at that
exact energy. It is not actually possible to measure G0 (E) directly.
As we will see, mesoscopic theory is able to provide exactly the twoB
0
energy correlation function of unsmeared conductances, δGA
0 (E)δG0 (E ),
A
B
0
where δG0 (E) and δG0 (E ) are the unsmeared conductance fluctuations
in device configurations A and B respectively. To translate this into an
experimentally accessible quantity, we need to compute the correlation of
smeared conductance fluctuations δGA and δGB :
δGA δGB =

Z ∞
−∞

dE

Z ∞

×

dE 0 fT0 A (E − EFA )

−∞
fT0 B (E 0

−

B
0
EFB )δGA
0 (E)δG0 (E ).

(D.3)

Equation (D.3) is an exact consequence of the relation (D.2) and can be used
to take into account thermal smearing for any conductance correlation. Its
usefulness is limited, however, by the fact it is time-consuming to evaluate
numerically over a large set of configurations.
It is also worth noting one complication regarding screening. It is assumed in (D.3) that the location of EF , relative to energy eigenstates, can be
changed without changing also changing the nature of the energy eigenstates.
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This is not exactly true: although we can change the relative positions of
EF and the band structure, it involves significantly changing the number of
electrons in the graphene, and that will change the disorder landscape due
to screening (making G0 (E) change in shape as doping changes). We make
this assumption in any case that we can change the quantity µ = EF − E0
by doping (see Sec. 2.3.2), without changing the nature of the energy eigenstates (i.e., neglecting screening). Based on the visibility of the side-peaks
in Chapter 5, this is not an entirely incorrect assumption at least for small
changes in energy.
We can often simplify (D.3): a common special case is when the unsmeared correlation only depends on the energy difference ∆ = E − E 0 , i.e.,
AB
B
0
δGA
0 (E)δG0 (E ) = F0 (∆),

(D.4)

and also TA = TB . In this case we can simplify (D.3) to a one-dimensional
convolution over that energy difference,[52]
1
∆
d∆
δGA δGB =
κ
F0AB (µA − µB − ∆).
kB T
kB T
−∞
Z ∞





(D.5)

where κ(x) = 12 ( x2 coth x2 − 1)/ sinh2 x2 . Moreover, if F0AB (∆) does not itself
depend on µA and µB , then we can use (D.5) combined with the Fourier
convolution theorem35 to efficiently compute δGA δGB over a wide range of
values of µA − µB , all in one step.
Note that inelastic dephasing processes (e.g., electron-electron interactions, or quantum magnetic defects), strictly speaking, do not satisfy (D.4),
since the dephasing rates vary with energy. It is possible however in some
cases to find an effective constant dephasing rate allowing the use of (D.5).

D.2

Decomposition into dephasing modes

−1
By separating into dephasing modes (Appx. E), we arrive at a set of rates τDn
−1
(Diffuson) and τCn (Cooperon), as well as a set of associated energy shifts
δEDn and δECn . In terms of these modes, the total correlation function

R∞

The transform −∞ dε a1 κ(ε/a)eiεt = [πat/ sinh(πat)]2 allows thermal smearing to be
easily applied in Fourier space.
35
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takes the form
B
0
δGA
0 (E)δG0 (E ) =

X
Diffuson modes n

+

−1
F0 τDn
, E − E 0 + δEDn , B A − B B

X
Cooperon modes n



−1
C0 τCn
, E − E 0 + δECn , B A + B B



(D.6)

where F0 (τφ−1 , δE, δB) and C0 (τφ−1 , δE, δB) are two functions to be computed. The B A and B B here are the values of perpendicular magnetic field
for configurations A and B.

D.3

Zero-temperature correlations (single-mode)

The Diffuson conductance correlation function F0 (τφ−1 , δE, δB) contains the
contribution of the two CF Diffuson diagrams (Fig. 3.7). The first calculations of F0 can be found in Ref. [100], though that early approach was
mathematically convoluted. A simpler procedure[119] was developed soon
after, and is used here.
We consider a rectangular conductor with length L between the source
and drain contacts (at opposing edges) and width W . The function F0
(intended for correlations in the source-drain conductance) is given by[52]:
F0 (τφ−1 , δE, δB) ≡ δG0 (E, B) δG0 (E + δE, B + δB)
=C



e4 4D2 X
1
1
1
+
Re
,
h2 L4 n |λn |2 2 λ2n

(D.7)

where λn are the eigenvalues of the diffusion equation
"

2

e
D i∇ − A(r)
~


+

#

τφ−1

δE
−i
Q(r) = λn Q(r).
~

(D.8)

with Dirichlet and Neumann boundary conditions at the contact and vacuum
edges, respectively. The vector potential here represents the field difference,
that is, ∇ × A = δB ẑ. The spectrum λn (and therefore, F0 ) takes on a
different form depending on the geometrical regime.

D.3.1

Quasi-2D case

This subsection is partly c American Physical Society. Adapted from Ref. [3].
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The quasi-2D limit is defined by Dτφ−1  L, W , i.e., when the dephasing length is smaller than either device dimension. The primary assumption
of the quasi-2D case is that we can ignore the boundary conditions, in which
case the eigenfunctions Q(r) of (D.8) are Landau levels. The “cyclotron frequency” for these Landau levels is 2De|δB|/h, giving the series of eigenvalues
q

2De|δB| 
1
δE
n+
+ τφ−1 − i ,
(D.9)
~
2
~
for non-negative integers n, with the degeneracy of e|δB|LW/h for each
level.
Plugging these λn into (D.7) and rearranging, we arrive at an expression
where L and W appear only in the prefactor of F0 . Moreover the functional
dependence on three parameters τφ , δE, δB can be reduced to two scaleindependent variables ε and β,
λn =

β ≡ |δB| · 2eDτφ /~.

ε ≡ δE · τφ /~,

In terms of these scale-independent variables, F0 has a functional form
e4 W Dτφ
F0 (ε, β).
h2 L3
where we have introduced the scale-independent correlation function F0 (ε, β).
The sum in (D.7) may be solved exactly in terms of the complex digamma
function ψ(z) and its derivative, ψ 0 (z) (see Appendix F). For F0 this solution
is written compactly as
F0 (τφ−1 , δE, δB) =

1
1 1 + iε
F0 (ε, β) =
Im ψ
+
πε
2
β
 



1
1 1 + iε
+
Re ψ 0
+
2πβ
2
β






.

(D.10)

When either β or ε are zero, (D.10) is undefined. Taking limits, we obtain
one-parameter correlations
F0 (ε, 0) =
F0 (0, β) =

tan−1 ε
1
+
(1 + ε2 )−1 ,
πε
2π
3 0 1
1
ψ
+
.
2πβ
2 β

(D.11)
(D.12)

3
and the variance F0 (0, 0) = 2π
.
The Landau-level approach to quasi-2D coherence, as used here, is wellknown.[100] Surprisingly, it seems that until now nobody had obtained the
analytic result in (D.10), although the special cases for δB = 0 (D.11) and
δE = 0 (D.12) had been derived.[52, 96, 119] The full form (D.10) is very
useful as it allows efficient numerical computation of the smeared correlation
function at non-zero δB.
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D.3.2

Quasi-1D case

The energy-dependent CF correlation function for the quasi-1D case can
be found in Ref. [36]. The effect of magnetic fields on the quasi-1D CF
correlation function is simple to incorporate into the energy-dependent result: much like weak localization (Sec. 3.2.3), the perpendicular field affects
quasi-1D correlations by effectively adding a rate τB−1 ∝ B 2 to τφ−1 [98].

D.4

Time-correlations and measurement
averaging

The conductance of a mesoscopic device can fluctuate in time due to the
motion of impurities. For example, there may be flickering charges near
the graphene (perhaps charges trapped in the insulating substrate that are
able to switch between different positions). Or, there may be paramagnetic
moments which are free to orient in any direction. As time goes on, more
and more of these dynamic impurities will change state as the environment
continuously ‘forgets’ parts of the disorder configuration. As shown below,
these motions effectively appear as a larger decoherence rate in conductance
fluctuations.
Given the instantaneous conductance δG(t) at time t, we define a correlation function in time,36
F (δt) = δG(t) · δG(t + δt).

−1
The value of this function can be interpreted as F (δt) = F [τŒ
(δt)], where
on the right hand side we have the variance which depends on the decoherence rate. The reason that we can make this interpretation is that we can
characterize the environmental dynamics by a time-dependent decoherence
−1
rate τŒ
(δt). This rate represents the portion of scattering rate (τel−1 ) that
typically changes after time δt. In practice, the disorder changes on a wide
−1
variety of time scales, so τŒ
(δt) tends to depend smoothly on log(|δt|).
Any experimental measurement of conductance necessarily involves averaging a current, or a voltage, over a certain period of time, T . As a result
the experimental conductance δ G̃T (t) measured at time t is an average of
the instantaneous conductance over the preceding time period,

δ G̃T (t) =

1
T

Z t
t−T

dt0 δG(t0 )

(D.13)

36
F (δt) has no explicit dependence on the time offset t, since the equilibrium system
has no knowledge of the absolute time.
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To compare to experiments, we should analyze the statistics of G̃(t) (not
G(t)). The variance can be computed in a straight forward manner:
h

i2

δ G̃T (t)

= δ G̃T (t) · δ G̃T (t)

t
t
1
dt00 δG(t0 ) · δG(t00 )
dt0
= 2
T t−T
t−T


Z
2 T
δt
=
d(δt) 1 −
F (δt)
T 0
T

Z

Z

(D.14)

The value of (D.14) is determined mainly by times δt of order T . Given that
F (δt) tends to depend logarithmically on δt, then to a very good degree of
accuracy we can say [δ G̃T (t)]2 ≈ F (T ). The precise details of τφ−1 (t) are not
important.
In other words, the time-averaged conductance fluctuations behave just
like the instantaneous conductance fluctuations, though with a slightly higher
value of the decoherence rate [the value being ≈ τφ−1 (T ) instead of τφ−1 (0)].
This conclusion can be easily generalized to correlation functions of timeaveraged conductances at different times, or different experimental parameters. In general the result has an effective decoherence rate of τφ−1 (T ),
where T is either the averaging time, or the time between measurements
(whichever is larger).[52]
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Appendix E

Spin/pseudospin dephasing
modes
When we want to compute dephasing rates of Diffusons or Cooperons in the
presence of valley-coupled and/or spin-coupled disorder, we find it necessary
to compare the relative phase between two electrons (called A and B) that
are experiencing disorderly (pseudo-)spin rotations. Exactly what constitutes the ‘relative phase’ here is not obvious, as it depends on the internal
states of the electrons involved.
The end result can be seen in Sec. 3.4 and Appx. D: the weak localization
correction and the conductance fluctuation correlations separate out into
multiple modes with distinct dephasing rates (and possibly energy shifts).
This appendix gives a simplified but quantitative explanation of why the
mode separation occurs. We adopt the Diffuson/Cooperon approximation,
and we make the simplification of forcing the particles A and B to move along
the same path (although the path itself is random). Removing the motional
degree of freedom allows us to focus on general spin dephasing mechanisms,
bringing together the various considerations seen in Refs. [16, 33, 50, 52].
Technically speaking, the motional degree of freedom can be modelled by
a motional dephasing rate D|q|2 where ~q is the difference in momenta for
the two paths (Diffuson), or the sum of momenta (Cooperon)[52]. Except
for q ≈ 0 this motional dephasing rate is very large and dominates any other
dephasing mechanism. It is therefore only necessary to compute dephasing
rates for q ≈ 0, where the two paths are aligned and have equally large
momenta.

E.1

Internal-state dephasing (general)

We start by considering the evolution of each particle separately. Particle
A starts out in an internal state (spin, pseudospin, etc.) |ΨAi i. As it travels
along a given path, its internal state is randomly perturbed by the environment, and so at some later time t we find it in the state UA |ΨAi i, where
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UA is a unitary matrix describing the full series of random events on that
path (conditional, of course, on that path being taken). At the end of the
path, we project the resulting state onto a final candidate state, |ΨAf i. This
projection gives us an amplitude AA defined as
AA = hΨAf |UA |ΨAi i,

(E.1)

and similarly for the second particle we define the amplitude,
AB = hΨBf |UB |ΨBi i.

(E.2)

For Diffusons, the path of particle B is identical to A although it may see
a slightly different environment, if particle B passes along this path at an
earlier or late time than particle A. For Cooperons, the path of B will be
reversed from A. To quantify the relative phase and the dephasing, we examine the conjugate-product quantity AA A∗B , averaged over disorder. This
is analogous to what we do for the scalar case; defined in this way, we cancel out any phase contributions shared by A and B. Dephasing is seen as a
decay in the value of AA A∗B over time.
To proceeed we will distinguish the Diffuson and Cooperon cases. We
can write the product in terms of the AB common space in two different
ways, depending on how we look at the conjugate in A∗B . Seeing it as a
Hermitian conjugate, we have
AA A∗B = hΨAf | UA |ΨAi i hΨBi | UB† |ΨBf i
=

hΨAf ΨBi | UA UB† |ΨAi ΨBf i ,

(E.3)
(E.4)

in the A ⊗ B product space, where |ΨAi ΨBf i is shorthand for |ΨAi i ⊗ |ΨBf i.
Note how the initial and final states for B are reversed compared to A; this
will come in useful for the Cooperon. Alternatively, we can simply distribute
the complex conjugate, giving a result in the A ⊗ B∗ product space, useful
for the Diffuson,
AA A∗B = hΨAf | UA |ΨAi i hΨBf |∗ UB∗ |ΨBi i∗
=

∗
∗
hΨAf ΨBf
| UA UB∗ |ΨAi ΨBi
i.

(E.5)
(E.6)

Thus, to compute the average product AA A∗B we need either UA UB† or UA UB∗ ,
whichever is easier to obtain.
So, how does dephasing appear? Dephasing causes the averaged matrix UA UB∗ (or UA UB† ) to lose unitarity as time increases, with one or more
of its eigenvalues decreasing in magnitude—by comparison, note that the
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unaveraged matrix must be unitary. In the following sections, we examine
how to compute these dephasing matrices when the dephasing is caused by
short-range correlated disorder.

E.1.1

Internal-state dephasing of Diffusons

For Diffusons, the spinors A and B experience a nearly identical chain of
events, in the same order. We break UA and UB into N segments which each
take a short time δt = t/N :
(N )

UA = U A

(3)

(2)

(1)

and

· · · UA UA UA ,

(N )

UB = U B

(3)

(2)

(1)

· · · UB UB UB .

(E.7)

Using commutativity of A and B operators, the conjugate product can be
reordered as
(N )

(N )∗

UA UB∗ = UA UB

(3)

(3)∗

· · · UA UB

(2)

(2)∗

UA UB

(1)

(1)∗

UA U B .

(E.8)

Now, we make two crucial assumptions. First, we assume that the randomness is uncorrelated between different times, so we have
(N )

(N )∗

UA UB∗ = UA UB

(3)

(3)∗

· · · UA UB

(2)

(2)∗

UA UB

(1)

(1)∗

UA U B .

(E.9)

In the limit of very short times we can write
(n)

(n)∗

UA U B

≈ 1 − R(n) δt.

(E.10)

Moreover, if we assume that there are no preferred times, then R(n) is the
same for all n and
UA UB∗ = (1 − Rt/N )N → exp(−Rt).

E.1.2

(E.11)

Internal-state dephasing of Cooperons

For Cooperons, the chain of events is reversed between A and B. We again
break UA and UB into N segments which each take a short time t/N , however
we reverse the labelling of the B events to reflect the reversed order of events.
(N )

U A = UA

(3)

(2)

(1)

· · · UA UA UA ,

(1)

and

(N −2)

UB = UB · · · UB

This allows to write the Hermitian-conjugate product as
(N )

(N )†

UA UB† = UA UB

(3)

(3)†

· · · UA UB

(2)

(2)†

U A UB

(1)

(1)†

(N −1)

UB

U A UB .

(N )

UB .
(E.12)
(E.13)
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It is apparent here why we have chosen to reverse the order of labelling in
(n)
(n)
B’s events. It allows us to place the UA event adjacent to the UB event,
concomitant with the fact that these events are physically located in the
same place.
We make similar assumptions as the Diffuson case. First, we assume
that the randomness is uncorrelated between different locations, however
we allow the A and B events sharing a label (i.e., at the same place) to be
correlated. Thus,
(N )

(N )†

UA UB† = UA UB
and again we write

(3)

(3)†

· · · U A UB

(n)

(n)†

UA UB

(2)

(2)†

U A UB

(1)

(1)†

UA UB ,

≈ 1 − R(n) δt.

(E.14)
(E.15)

If we assume that there are no preferred times, then R(n) = R is the same
for all n:
UA UB† = (1 − Rt/N )N → exp(−Rt).
(E.16)

E.1.3

Dephasing and coherent precession

For both Diffuson and Cooperon, we have shown that the dephasing process
can be represented by a matrix called R. Each eigenmode of R represents
a separate dephasing mode. For each mode, the value of exp(−Rt) decays
as exp(−λt) where λ is the eigenvalue. The real part τφ−1 = Re λ gives
the dephasing rate: the decay of coherence in that mode. The imaginary
part ω = Im λ gives the precession rate, indicating a difference δE = ~ω in
energy.

E.2
E.2.1

Spin dephasing (low field)
Modelling random spin rotations

Following the general introduction above, we look at some specific examples.
The simplest type of dephasing to analyze is a random spin rotation event.
This could occur due to spin-orbit scattering near a defect with high electric
fields (such as a heavy adatom on graphene), or from a magnetic defect.
We can write down the random rotation event as UevA = exp(ivA · σA )
for particle A, where σA = σAx x̂ + σAy ŷ + σAz ẑ is the set of spin Pauli
matrices for particle A, and the vector vA represents the axis and strength
of the rotation (note that |vA | = π corresponds to a full rotation). For
particle B we have likewise UevB = exp(ivB · σB ).
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In the limit of weak rotations (|vA |, |vB |  1), we can Taylor-expand the
exponentials to second order in vA and vB ,
∗
∗
UevA UevB
= exp(ivA · σA ) exp(−ivB · σB
)

≈1−

2 + v2
vA
∗
B
+ (vA · σA )(vB · σB
)
4
∗
+ i(vA · σA − vB · σB
)

(E.17)

for the Diffuson and the analogue (∗ → †) for the Cooperon.
Supposing that these random spin rotation events occur at an average
−1 , we will have
rate of τev
−1
∗
R ≈ τev
1 − UevA UevB

h

i

−1
for the Diffuson and the analogue (∗ → †) for the Cooperon. Note that τev
is not the dephasing rate.

E.2.2

Spin-orbit interaction

The key properties of spin-orbit interactions are that they are a static form
of disorder and they respect time reversal symmetry: repeated traversals
of the same path will encounter the same event (same v), but when the
path (momentum) is reversed, v changes sign. The two rotations will be the
same (vB = vA ) in the Diffuson case, and be the opposite (vB = −vA ) in
the Cooperon case due to the reversed path. The vector itself will of course
be random, since it depends on the randomly-oriented path directions.
We take the situation examined by Hikami[16], considering a weak spinorbit interaction that is allowed to have out-of-plane anisotropy. This is appropriate in general for two-dimensional electron gases like graphene, which
are isotropic in the plane. In this case it is assumed that vx2 = vy2 , and
we allow vz2 to assume a separate value, where ẑ is the out-of-plane direction. Spin-orbit interactions are unpolarized in general so v = 0. For weak
rotations (E.17),
∗ ≈ 1 − v 2 (2 − σ σ ∗ − σ σ ∗ ) − v 2 (1 − σ σ ∗ ),
UsoA UsoB
Ax Bx
Ay By
Az Bz
x
z
†
UsoA UsoB

≈ 1 − vx2 (2 + σAx σBx + σAy σBy ) − vz2 (1 + σAz σBz ),

(E.18)
(E.19)

for the Diffuson and Cooperon, respectively. Note the presence of the sign
flip in the Cooperon case, due to the reversal symmetry of the spin-orbit
interaction. Table E.1 shows the corresponding dephasing rates for the weak
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Eigenvalue of R
0
−1
4vx2 τev
−1
[2vx2 + 2vz2 ]τev

Eigenmodes
+ |↓↓∗ i)

√1 (|↑↑∗ i
2
√1 (|↑↑∗ i
2

− |↓↓∗ i)

|↑↓∗ i,
|↓↑∗ i

(a) Diffuson case

Eigenvalue of R
0
−1
4vx2 τev

Eigenmodes
− |↓↑i)

√1 (|↑↓i
2
√1 (|↑↓i
2

−1
[2vx2 + 2vz2 ]τev

+ |↓↑i)
|↑↑i,
|↓↓i

(b) Cooperon case (cf. Ref. [16]).

Table E.1: Dephasing rates and eigenmodes due to spin-orbit interaction,
according to (E.18) and (E.19). The states |↑i and |↓i refer to the positive
and negative eigenstates of σz .
spin-orbit interactions. Note that both the Diffuson and Cooperon have the
same dephasing rates, although the eigenmodes are different. Each has an
eigenmode that is not dephased by spin-orbit rotations.
More generally, the spin-orbit rotation events may be strong (meaning
that |vA | is of order unity or greater), in which case we must average the
∗
UsoA UsoB
over the possible values of vA . The identity exp(iv · σ) = cos |v| +
iv̂ · σ sin |v| can come in useful in this case. In the extreme, if the spin-orbit
interaction has a random but strong magnitude, then it causes complete spin
∗)
∗
rotation at each scattering event. We then have UsoA UsoB
= 61 (3 + σA · σB
†
−1 for
and UsoA UsoB
= 16 (3 − σA · σB ). This induces a dephasing rate of 32 τev
the three susceptible modes listed in Table E.1, and no dephasing for the
singlet mode (cf. Ref. [52]).

E.2.3

Other spin-orbit mechanisms

In the above discussion we modelled spin-orbit scattering as occuring in random pointlike events. For many systems, however, the spin-orbit relaxation
actually occurs because of a consistent spin-orbit term in the Hamiltonian.
As the particle travels in a straight line, its spin precesses around a certain
spin-orbit axis with angular frequency ω. The actual relaxation occurs because of ordinary scattering, which changes the momentum direction (and
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thereby changes the spin-orbit axis).
Roughly speaking, we can represent this relaxation as random rotations
(like described above) but with an event rate set by momentum scattering,
−1 ≈ τ −1 . The spin rotation will be given by v 2 ≈ (τ ω)2 . This gives the
τev
tr
tr
famous Dyakonov-Perel spin relaxation rate,
τtr ω 2 , for v 2  1
τtr−1 ,
for v 2 & 1

(
−1
τso

E.2.4

≈

(E.20)

Unpolarized magnetic defects

Magnetic defects at first glance are similar to spin-orbit interactions, since
they induce spin relaxation. The way they cause dephasing, however, is a
little different. Like spin-orbit interactions they induce rotations of the form
UmagA = exp(ivA · σA ) and UmagB = exp(ivB · σB ). In contrast, the vectors
vA and vB may be uncorrelated in the case of magnetic defects. Moreover,
the spin rotation from a magnetic defect does not reverse sign under path
reversal, and so they break time reversal symmetry.
In this case we simplify by assuming that the defects are unpolarized and
2 = v 2 = 1 v 2 for i = x, y, z, and v = v = 0.
randomly oriented, so that vAi
A
B
Bi
3
Magnetic defects can change over time, which adds a new complication: although A and B see the same magnetic defect, they may arrive at different
times and see a different orientation for that defect. We model this possibility of change by setting vAi vBj = 13 Cv 2 δij for some parameter C ∈ [0, 1]
representing the degree of correlation. For the case C = 1, the magnetic
defects are oriented identically for A and B. For C = 0, the defects have a
completely independent orientation. Typically for conductance fluctuations
the C = 0 case applies, whereas C = 1 is the usual case for weak localization.
Under these assumptions we have


1
∗
∗
UmagA UmagB
≈ 1 − v 2 1 − CσA · σB
(E.21)
3


1
†
UmagA UmagB
≈ 1 − v 2 1 − CσA · σB .
(E.22)
3
The corresponding dephasing rates are shown in Table E.2. It is interesting
to compare these results to the spin-orbit of the preceding section. For
C = 0, the magnetic defects induce a constant dephasing rate for all modes.
For the Diffuson at C = 1, the result appears identical to the spin-orbit
case. For the Cooperon, however, we see a striking difference: none of the
modes are immune to unpolarized magnetic defects, regardless of C. This
demonstrates that magnetic defects always break time reversal symmetry.
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Eigenvalue of R

Eigenmodes

−1
(1 − C)v 2 τev

√1 (|↑↑∗ i + |↓↓∗ i)
2
√1 (|↑↑∗ i − |↓↓∗ i),
2
|↑↓∗ i,

−1
(1 + 31 C)v 2 τev

|↓↑∗ i

(a) Diffuson case

Eigenvalue of R
(1 +

−1
C)v 2 τev

−1
(1 − 13 C)v 2 τev

Eigenmodes
√1 (|↑↓i − |↓↑i)
2
√1 (|↑↓i + |↓↑i),
2

|↑↑i,
|↓↓i

(b) Cooperon case (cf. Ref. [52]).

Table E.2: Dephasing rates and eigenmodes due to unpolarized magnetic
defects.

E.3

Isospin and pseudospin dephasing

We now move on to describing the dephasing of isospin and pseudospin, to
obtain the results found in Ref. [21]. The results are analogous to spin-orbit
scattering as described above.

E.3.1

Isospin dephasing

We can consider the isospin (associated with Pauli matrices Σ) as a ‘degree
of freedom’ in order to allow for the superposition of electron and hole
states at a given momentum. The isospin is relaxed very quickly, through
the Dyakonov-Perel mechanism described in Sec. E.2.3. In this case the
graphene Hamiltonian H0 = vΣ ·p provides the precession of isospin (with a
momentum-dependent axis). For a typical graphene measurement situation
(ω = v|p|/~ ∼ 1014 s−1 and τtr−1 ∼ 1013 s−1 ), the total isospin rotation
between scattering events large, and so the isospin relaxation rate is τtr−1 [21].
This is an extremely large dephasing rate, and it completely suppresses the
isospin triplet modes. In other words, we need not consider such electronhole mixed states in a practical device.
Just as with spin-orbit interaction (Table E.1), there is an isospin singlet
mode which remains unaffected by the isospin relaxation. For the Diffuson
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this singlet is √12 (|↑↑∗ i+|↓↓∗ i), while for the Cooperon it is √12 (|↑↓i−|↓↑i). In
this case the states |↑i and |↓i refer to the positive and negative eigenstates
of Σz .

E.3.2

Pseudospin dephasing

Pseudospin (associated with Pauli matrices Λ) is a degree of freedom of the
undisordered Hamiltonian, unlike isospin, so we do not expect any relaxation
of the Dyakonov Perel type. Instead, pseudospin relaxes due to pseudospincoupled disorder, by the mechanism of random pseudospin rotation events.
The symmetry of graphene allows for two types of pseudospin (valley) disorder (Sec. 2.2.3): valley-sensitive disorder that couples to Λz , and intervalley
disorder that couples to Λx or Λy . These two types of disorder are exactly
analogous to the out-of-plane (σz coupled) and in-plane (σx or σy coupled)
spin-orbit rotations described in Sec. E.2.2. It is not surprising then that
the dephasing rates and modes appear identical to the spin orbit case[21].

E.4
E.4.1

Dephasing in high magnetic fields
Polarized dynamic magnetic defects

We next consider the case of magnetic defects which are fully randomized
between particles A and B, but which may have a polarization bias: vA 6= 0
and/or vB 6= 0. This case is highly applicable to the measurements of
dephasing of conductance fluctuations in this thesis.
Assuming that each magnetic defect is only free to change its orientation
2 = v 2 = v 2 and we define the rms strength of
(not its strength), we p
have vA
B
the defects as vrms = v 2 . We then further restrict the polarization axis to
be the same for A and B. Without loss of generality, choose the x̂ axis, so
that vAy = vAz = vBy = vBz = 0. Finally, define two average polarization
numbers PA = vAx /vrms and PB = vBx /vrms .
In this case, for weak coupling we find
2
∗
∗
∗
UmagA UmagB
≈ 1 − vrms
(1 − PA PB σAx σBx
) − ivrms (PB σBx
− PA σAx )
(E.23)
†
2
UmagA UmagB
≈ 1 − vrms
(1 − PA PB σAx σBx ) − ivrms (PB σBx − PA σAx )
(E.24)

The resulting dephasing rates are shown in Table E.3. Note that in this
case we have the appearance of an imaginary term. This is a result of the
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−1 1 − U
∗
Eigenvalue of R = τev
magA UmagB



[(1 − PA PB )v 2 + ivrms (PB −
[(1 − PA PB )v 2 − ivrms (PB −
[(1 + PA PB )v 2 − ivrms (PB +
[(1 + PA PB )v 2 + ivrms (PB +



−1
PA )]τev
−1
PA )]τev
−1
PA )]τev
−1
PA )]τev

Eigenmode
|++∗ i

|−−∗ i
|+−∗ i
|−+∗ i

Table E.3: Dephasing modes with polarized magnetic defects. The states |+i
and |−i here are the positive and negative eigenstates of σx . The Diffuson
case is shown here (cf. Ref. [50]), and the Cooperon results are identical
although without the complex conjugate in the eigenstate.
magnetic defects creating, on average, a slightly lower energy for polarized
electron spins.
In the case where PA = PB = P (when the polarization-inducing field is
the same for A and B), the |++i and |−−i modes lose their energy offset
−1 . As the polarization grows
and their dephasing rate is simply (1 − P 2 )v 2 τev
towards its maximal value of P 2 = 1, these modes lose their dephasing
completely. In contrast, the |+−i and |−+i modes gain dephasing, and
their energy shift grows, as the polarization increases.37 This energy shift
adds (or subtracts) to the direct Zeeman effect on the electrons A and B.

E.4.2

Polarized ‘static’ magnetic defects

While the above discussion for polarized defects (with dynamics) is suitable
for conductance fluctuations, weak localization requires a different treatment
as the defects do not (typically) relax over the time of the loop. This does
not necessarily mean that the defects are static, however: once we apply a
magnetic field to polarize the defects, they begin to precess. The precession
makes it much more complicated to calculate the dephasing properties, since
different segments of the Cooperon will have different statistical properties.
If a magnetic defect is associated with the vector
vA = vAx x̂ + vAy ŷ + vAz ẑ

(E.25)

37
The energy shift is to be expected, but the increase in dephasing is somewhat surprising. The reason for this dephasing to remain at full polarization is that the magnetic
defects are in random locations. Each path visits a random number of magnetic defects,
and so the dephasing is a result of the uncertainty in the energy shift.
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for one loop direction, then the opposite loop direction will see
vB = vBx x̂ + vBy ŷ + vBz ẑ
= vAx x̂ + [vAy cos(ω∆t) − vAz sin(ω∆t)]ŷ

+ [vAy sin(ω∆t) + vAz cos(ω∆t)]ẑ.

(E.26)
(E.27)
(E.28)

Here, the polarization direction is x̂, the precession frequency is ω/(2π), and
∆t is the difference in time between the two encounters on this magnetic
defect.
Because the defect is precessing, it can transfer energy to the electron.
Once we allow for energy transfers, however, the treatment of the dephasing
becomes much more complicated. It is necessary to consider whether there
is an available final state at the appropriate energy difference ~ω—if not,
then dephasing cannot occur. These issues are treated in depth in Ref. [50].

E.4.3

Ripples/random magnetic field dephasing

The random magnetic fields that arise from an in-plane field passing through
graphene ripples dephase the Cooperon, as described in Ref. [18] and measured in Chapter 6. Once we start to compare conductance fluctuations at
different magnetic fields, however, the Diffuson becomes dephased as well.
Recall that Diffusons are sensitive to orbital effects from the field difference
BA − BB , and Cooperons to the total field BA + BB . To generalize the
argument of Ref. [18], then, we have for the Diffuson a dephasing rate
√ 2
πe
−1
τk =
vZ 2 R (BkA − BkB )2
4 ~2
and

√

π e2 2
vZ R (BkA + BkB )2
4 ~2
for the Cooperon. Note that this assumes a Gaussian height-height correlation and short-range ripples, as in (6.6).
τk−1

=
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Appendix F

Digamma function reference
The digamma function ψ(z) (also known as psi function) shows up frequently
in the analysis of phase coherent processes in diffusive two-dimensional systems. As the properties of ψ(z) may not be generally familiar, this appendix gathers together some useful equations, many of which can be found
in Ref. [120].

F.1

Definitions

The name ‘digamma’ comes from the standard definition of this function:
d
ψ(z) = dz
ln Γ(z), where Γ(z) is the well-known gamma function. The
digamma function appears as the result of infinite series in n containing
terms such as 1/(n + z). A practical definition of the digamma function is:
ψ(z) = −γ +

∞ 
X
n=0

1
1
−
,
n+1 n+z


(F.1)

where γ = 0.5772156649 . . . is the Euler-Mascheroni constant, an irrational
number. The digamma function is defined for all complex z, except for
nonpositive integers (0, −1, −2, . . .).
In fact, in a typical derivation one almost always obtains digamma functions in pairs. For example, the infinite series:
∞ 
X
n=0

1
1
−
= ψ(z2 ) − ψ(z1 ),
n + z1 n + z2


(F.2)

or in finite sums that have been cut off at some large N :
1
= ψ(z + N + 1) − ψ(z).
n+z
n=0
N
X

(F.3)

The derivative of the digamma function, ψ 0 (z), is known as the trigamma
function. Following from definition (F.1) we have
ψ 0 (z) =

1
.
(n + z)2
n=0
∞
X

(F.4)
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F.2

Occurence

The complex digamma function and its derivatives can be used to express
the result of any series of a rational function,
∞
X
P (n)
n=0

Q(n)

,

where P (n) and Q(n) are polynomials in n, as long as that series converges.
One uses partial fraction decomposition to transform into terms of the form
1/(n + z)p , then applies either (for p = 1) definition (F.1) or (for p > 1)
1
= (−1)p (p − 1)!ψ (p−1) (z)
p
(n
+
z)
n=0
∞
X

where ψ (p−1) (z) is the (p − 1)th derivative of ψ(z). The final expression is
a finite sum of digamma derivatives, containing at most d terms where d is
the degree of Q(n).
For example, the quasi-2D conductance correlation function involves the
P
2
sum ∞
n=0 1/|n + z| . For real z, this is simply the trigamma function. For
complex z, we use partial fraction expansion:
∞
X
1
1
=
2
|n + z|
(n + z)(n + z ∗ )
n=0
n=0
∞
X

=

1
1
1
−
∗ n + z∗
z
−
z
n
+
z
n=0
∞
X



1
[ψ(z) − ψ(z ∗ )]
z − z∗
Im ψ(z)
=
Im z



=

F.3

(F.5)

Properties and identities

The digamma function is analytic over the complex plane except at the
singular points z = 0, −1, −2, −3, . . .. It is single-valued and does not have
branch cuts. Furthermore, ψ(z) is real-valued for all real inputs. As can be
seen in (F.1), complex conjugation commutes with function application:
ψ(z)∗ = ψ(z ∗ ).

(F.6)
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There are several identities that relate digamma functions at different
points. The Euler reflection relation states that
ψ(1 − z) − ψ(z) = π cot(πz)
2

2

ψ (1 − z) + ψ (z) = π / sin (πz),
0

0

(F.7)
(F.8)

the recurrence relation states that
1
z
1
0
0
ψ (z + 1) = ψ (z) − 2 ,
z
ψ(z + 1) = ψ(z) +

(F.9)
(F.10)

and the duplication relation states38 that

1
ψ(z) + ψ(z + 21 ) + ln 2
2


1
ψ 0 (2z) = ψ 0 (z) + ψ 0 (z + 21 ) .
4

ψ(2z) =

F.4

(F.11)
(F.12)

Specific values

In general there exists a closed-form expression for the value of ψ(z) and its
derivatives when z = m/n is a rational number. A few special values are of
note:
ψ(1) = −γ
1
ψ
= −γ − ln 4
2

ψ 0 (1) = π 2 /6
1
ψ0
= π 2 /2
2

(F.13)
(F.14)

For arguments of the form z = 12 + iy, where y is real, we can use
analyticity and the Euler reflection relation to obtain
ψ( 12 + iy) − ψ( 12 − iy)
2i
π tan(πiy)
=
2i
π
= tanh(πy).
2

Im[ψ( 21 + iy)] =

(F.15)

38
A more general duplication relation exists, expressing ψ(kz) in terms of the sum
[ψ(z + 1/k) + ψ(z + 2/k) + · · · + ψ(z + (k − 1)/k)], for integer k.
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No simple expression exists, however, for Re[ψ( 12 + iy)]. We can differentiate
(F.15) to obtain a similar identity for trigamma:
Re{ψ 0 ( 21 + iy)} =

π2
sech2 (πy)
2

(F.16)

Similar identities exist for arguments with real part of 1.

F.5

Approximation and computation

For large arguments x  1, we have ψ(x) ≈ ln x. The difference between
ψ(z) and ln(z) can be expanded in powers of 1/z to obtain, for Re(z) > 0,
1
1
1
1
−
+
−
+ ···
2z 12z 2 120z 4 252z 6
(2)
∞
X
Bn
,
= ln z −
nz n
n=1

ψ(z) = ln z −

(F.17)

(2)

where Bn are the second Bernoulli numbers.39 This series is interesting
since for any given z the infinite sum fails to converge. On the other hand,
for any chosen partial sum (cut off at nmax ) the approximation becomes
highly accurate as |z| increases.
This leads to the widely-used algorithm for evaluating ψ(z) anywhere
in the complex plane: If Re z is positive and |z| is larger than some chosen
threshold Zthresh , then evaluate (F.17) with the summation cut off at nmax . If
Re z is negative, or if |z| is too small, then use identities (F.8) and/or (F.10),
the latter repeatedly if necessary, to express the result in terms of ψ(z 0 ),
where z 0 has a positive real part and its magnitude is larger than Zthresh .
For a practical implementation limited by the precision of IEEE doubleprecision floating-point arithmetic, the values Zthresh = 7 and nmax = 18 are
sufficient.

39

(2)

B1,2,3,···20 = 12 , 16 , 0,

−1
1
5
, 0, 42
, 0, −1
, 0, 66
, 0, −691
, 0, 76 , 0, −3617
, 0, 43867
, 0, −174611
30
30
2730
510
798
330
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Appendix G

Generating correlated
random data
Theory tells us that conductance fluctuations are well-described by a correlation function δGA δGB and that they have a Gaussian distribution. Other
random aspects of the measurement (noise, ripples) also are expected to
be Gaussian. If we want to visualize any of these fluctuations, then it is
useful to generate a random pattern satisfying the prescribed correlation
function. This appendix describes a handful of techniques that are useful
for generating such correlated random fluctuations.
We first discuss (in Sec. G.1) a general method to create arbitrarily
correlated multivariate normal data. Since that method is quite slow for
large data sets, the subsequent sections (Secs. G.2, G.3, G.4) describe how
to take advantage of symmetries to generate the data much more quickly,
using Fourier transforms.

G.1

General matrix method

Suppose that we want to generate a random sample containing N correlated
measurements, {Zn } with index n = 1 · · · N . We can represent this sample
as an N -vector Z:


Z1


 Z2 

Z= . 
(G.1)

 .. 
ZN

For now we take the Zn values to be complex without any preferred phase,
to obtain a result with wider applicability. At the end of this section the
case of real-valued Z is also examined. It is also assumed that Z = 0, as a
mean background can be easily added to the generated fluctuations.
In generating Z, we must respect its correlations. Finite correlations
∗ can exist for any possible pair of n and m, and
of the form Fnm = Zn Zm
so to treat the general problem we define an N × N correlation matrix (or
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covariance matrix):
F ≡ ZZ † .

(G.2)

There are two imporant properties of this matrix: F must be Hermitean
(F = F† ), and it must be positive semi-definite:40
v † Fv ≥ 0,

for all v.

(G.3)

If the measurements Zn (or linear combinations thereof) are all normally
distributed variables, then the correlation matrix contains all the statistical
information about Z; the higher-order correlations are fixed (see Sec. 3.3.2).
The goal of this section can be restated as so: “Given F, generate a Z”.
Since there are only N complex degrees of freedom in the solution, we look
to generate a Z in the form
Z = Ar,
(G.4)
where r is an N -vector of completely random, uncorrelated numbers with
unity variance, (i.e. rr † = 1). The matrix A, a non-random N × N matrix
to be determined, creates the appropriate correlations out of these random
numbers. Since it is easy to generate the set of random {rn } using a computer random number generator, the problem now reduces to finding A.
Plugging (G.4) into (G.2), we obtain
F = AA† .

(G.5)

Any matrix A we can find that satisfies this property will suffice. These A
matrices are, in some sense, the ‘square roots’ of F. At least one valid A
exists (since F is positive semi-definite) but it is not unique.
There are various computer algorithms that yield a valid A, given F.
The Cholesky decomposition of F directly yields a value for A, however it
can be unstable when F is singular. A more robust method (four to eight
times slower than the Cholesky decomposition) is to compute the spectral
decomposition F = PDP† with a unitary P and diagonal D. We can then
take A = PD1/2 , where D1/2 is the matrix formed by taking the element-wise
square root of D.
Once A has been computed, it is a simple manner to generate the random
r and obtain correlated fluctuations Z = Ar. This matrix method is fully
general, but in practice it is very time consuming when N is large, since the
algorithms for computing A generally require O(N 3 ) arithmetic operations.
The following sections will explore special cases where a great deal of speed
can be gained, making it possible to efficiently generate large random data
sets.
40

Proof: v † Fv = v † ZZ † v = v † ZZ † v = |Z † v|2 ≥ 0.
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Note on generating real-valued fluctuations
The above method generates complex-valued Zn satisfying (G.2). There are
a couple of ways to generate real-valued random fluctuations Xn that satisfy
F = XX † :
• Take the Z√
n from the complex-valued procedure, then change it to
real: Xn = 2 Re Zn , or Xn = Re Zn + Im Zn .
• Alternatively, we may simply perform every step with real algebra:
compute a real-valued A matrix and only generate real-valued r.

G.2

Stationary processes (Fourier method)

When the correlations have a natural translation symmetry, we can write
Fnm = f n − m ,


(G.6)

described by a simple one-dimensional function f (δn) satisfying f (−δn) =
f (δn)∗ . This situation occurs with noise, random ripples, conductance fluctutations in time or gate voltage, and even the conductance fluctuations
in magnetic field (aside from Cooperon correlations). Such translationsymmetric fluctuations are known as stationary processes.
If f (δn) is also N -periodic, then we can make a massive simplification:
we automatically can write down an eigenbasis of Fnm . This means effectively that the PDP† approach, described earlier, has a guaranteed P. One
guaranteed basis is the Fourier basis: in the matrix
√ representation we can
write the unitary matrix Pnm = exp(2πi[nm/N ])/ N , so that the diagonal
matrix
D is determined by the discrete Fourier transform of F (δn), with
√
1/ N normalization.
We can describe this Fourier approach in the conventional language of
summation notation. We define the Fourier components ck as:
ck =

N
1 X
Zn exp(−2πink/N ).
N n=1

(G.7)
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Observe the correlation function of the fourier components:
ck c∗l =

N X
N
1 X
∗ exp(−2πi(nk − ml)/N )
Zn Zm
N 2 n=1 m=1

= δkl ·

N
1 X
f (d) exp(−2πidk/N )
N d=1

[d = n − m]

= δkl f˜(k)

(G.8)
(G.9)
(G.10)

The Fourier components ck are thus uncorrelated random numbers, akin
to the rn of the preceding section, though with variances given by |ck |2 =
f˜(k). We can generate the values of these ck simply by taking independent
q
random unity-variance complex numbers, and multiplying them by f˜(k).

To obtain the desired Zn we simply perform an inverse fourier transform
P
2πink/N .
Zn = N
k=1 ck e
It is straightforward and efficient to compute f˜(k) by using the Fast
Fourier Transform of f (δn), especially if we choose N to be a power of 2.
We speed up our generation of random data to O(N log N )—compare to
the matrix method’s O(N 3 ). Note that f˜(k), the Fourier transform of f (d),
must be everywhere real and nonnegative since the correlation matrix is
positive semi-definite.

G.2.1

A technicality—periodic boundary conditions

Usually, theory gives us a correlation function f∞ (δn) that extends to an
infinite distance. This is at odds with the Fourier approach, which demands
periodic boundary conditions f (δn) = f (δn + N ).
To first approximation, we can simply choose a very large data range N ,
and then truncate the theoretical function:
f (δn) =

(

f∞ (δn)
f∞ (N − δn)

for 1 ≤ δn ≤ N/2
for N/2 < δn ≤ N

(G.11)

If the theoretical function f∞ (δn) decays quickly for large δn, then the discontinuity causes only a small problem: tiny negative values in f˜(k) at high
k, that can be safely zeroed. As a more advanced technique one can superimpose copies of the function f∞ that are ‘wrapped’ around the boundaries
(as done in Ewald summation), which removes the boundary problem.
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G.3

Simulating mixed Cooperon and Diffuson
correlations

The combination of Cooperon and Diffuson terms naturally gives rise to a
conductance-conductance correlation of the form:
g(B1 )g(B2 ) = D(B1 − B2 ) + C(B1 + B2 ),

(G.12)

in magnetic field B, for two functions D(δB) and C(δB) which may or may
not be the same.
This correlation is not stationary, however we can use a trick to represent
the conductance as a superposition of two independent stationary parts. We
look for an answer of the form:
g(B) = s(B) + s(−B) + n(B)

(G.13)

(note the sign reversal in the second term). Here, s(B) and n(B) are independent stationary fluctuations, described by correlations
s(B1 )s(B2 ) = S(B1 − B2 ) = S(B2 − B1 )

n(B1 )n(B2 ) = N (B1 − B2 ) = N (B2 − B1 )

(G.14)

s(B1 )n(B2 ) = 0,

for some S(δB) and N (δB) to be discovered.
In terms of these pieces, we find that
g(B1 )g(B2 ) = 2S(B1 − B2 ) + 2S(B1 + B2 ) + N (B1 − B2 ),

(G.15)

and comparing to (G.12), we must have
1
1
S(δB) = C(δB) − C0
2
2
N (δB) = D(δB) − C(δB) + 2C0 .

(G.16)

Here, C0 is a constant that may be chosen freely (though, see the technical
note below). To summarize, all we need to do is generate two stationary
fluctuation sets s(B) and n(B) that respect the above correlation functions,
and plug them into (G.13) to obtain the result.
As a technical point, it appears from (G.16) that the subtraction leading
to N (δB) may produce an invalid solution (allowable correlation functions
must have a strictly nonnegative fourier transform). In fact, this problem
will not occur as long as the original correlation g(B1 )g(B2 ) is possible, i.e.,
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positive
semi-definite.41 The
constant C0 in (G.16) should be chosen so that
R
R
both dx N (x) ≥ 0 and dx S(x) ≥ 0.

G.4

Semi-stationary processes

In order to generate conductance fluctuations with respect to in-plane field
Bk , we must consider the effect of magnetic impurities, Zeeman splitting,
spin-orbit interactions, and so on. The fluctuations with respect to Bk are
then, unfortunately, not stationary. If we want to generate a two-parameter
conductance pattern G(Bk , B⊥ ), or G(Bk , VBG ), then the fluctuations overall
are not stationary, even if the second axis does have stationary symmetry.
For such a situation we can still take advantage of the stationary axis to
make the data generation more efficient. We represent the data vector as
Zn,p , with two indices: n ∈ {1 · · · Nn }, representing the non-stationary axes,
and p ∈ {1 · · · Ns }, representing the stationary axes. Note that Z contains
a total of Nn Ns entries. We then, as usual, compute the covariance matrix
∗
Zn,p Zm,q
= Fnm,pq with the stationary characteristic: Fnm,pq = fnm (p − q),
where fnm (δp) is Ns -periodic and fnm (−δp) = fmn (δp)∗ .
We proceed by calculating the Fourier transform along the stationary
axes (like in Sec. G.2), separately for each pair of nonstationary values n, m.
This results in a new matrix,
cn,k c∗m,l = f˜nm (k)δkl = δkl

N
1 X
fnm (d) exp(−2πikd/Ns ).
Ns d=1

(G.18)

Each fourier frequency is still independent, however we have multiple components at each frequency, indexed by n, m. Moreover (unlike Sec. G.2)
f˜nm (k) may be complex valued, though it does satisfy f˜nm (k) = f˜mn (k)∗ .
In any case, the problem is reduced to applying the matrix method to the
matrix f˜nm (k), separately at each frequency k. This produces the required
set of random amplitudes cn,k which are inverse-transformed to produce the
final data set Zn,p .
41

Proof: Let x and y represent magnetic fields. It can be calculated that

Z

dx

Z

dy g(x)g(y) sin(ω · x) sin(ω · y) =

L
2

Z

dx N (x) cos(ω · x),

(G.17)

for all nonzero frequencies ω. The left-hand side of (G.17) is a test of the positive-semidefiniteness of the original correlation using sin(ω · x) as a ‘test vector’. This guarantees
that the right-hand side (the fourier transform of N ) is non-negative for all ω 6= 0. For
the special case of ω = 0, we simply need to choose an appropriate C0 in (G.16).
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Figure G.1: Example of correlated data extrapolation. A real-valued data
set X is extrapolated to a sample real-valued data set Y . Here we take correlation functions Xz Xz 0 = Xz Yz 0 = Yz Yz 0 = [1 + (z − z 0 )2 /25]−1 . The prior
data set {Xz }, ranging over z ∈ {−95 · · · 4}, was first generated using the
method of Sec. G.1. Next, the conditional values of µz = Yz , given X and
(Yz − µz )(Yz 0 − µz 0 ), given X were computed using the results of Sec. G.5,
with z ∈ {0 · · · 99} (note the overlap). Finally, a few random Y were generated satisfying these statistics. The thick smooth line shows the value of µz
and the gray bands around it indicate 68%, 95% confidence bands for the
extrapolated interval.
This separation of the stationary space allows computation to proceed
with only [O(Nn3 Ns ) + O(Nn2 Ns ln Ns )] operations rather than the O(Nn3 Ns3 )
that would be required with the full matrix method. The computation can
be quite efficient if only a small number of Nn points are desired.

G.5

Adding on more data

The method in Sec. G.1 generates a fixed-size data set. If we want to look
beyond the edges of the generated data set, we need to add on more points
that are correlated with the known points. This section describes how to
generate the new data properly. Let’s use the vector X to describe the prior
data and use the vector Y to describe the new data. These two data sets
may have different sizes. Note that the length of Fourier-generated data
cannot be extended.
Before proceeding we need to know: what were the correlations involved
in creating X, what sort of correlations need to exist within the new Y , and
what are the inter-correlations between X and Y . These are all captured
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in the total correlation matrix, written in block-matrix form as
"

X
F=
Y

#"

X
Y

#†

"

#

"

XX † XY †
F
F12
=
= 11
†
†
F21 F22
YX YY

#

(G.19)

Note that these correlations must be computed using an average · · · over an
ensemble that includes all of the possible X, not just the measured one.
Once F is known we may proceed. Since [X, Y ] is a multivariate normal
distribution, the conditional probability
P (Y AND X, prior to observing X) dXdY
,
P (X, prior to observing X) dX
(G.20)
also turns out to be a multivariate normal distribution. The distribution of
the conditional Y has non-zero mean, given by
P (Y , given X)dY =

µ = Y , given X = F21 F−1
11 X

(G.21)

and its covariance around mean is given as
(Y − µ)(Y − µ)† , given X = F22 − F21 F−1
11 F12

(G.22)

Note that we use have used the notation · · · , given X to denote averages
over an reduced ensemble that is conditional on the observed X. Also note
the presence of the matrix inverse F−1
11 which does not exist if F11 is singular;
it is only strictly necessary, however, to compute the product F21 F−1
11 and
this can be obtained with a pseudo-inverse when the proper inverse does not
exist.
In any case, this means that we merely need to generate new data δY
with the appropriate covariance matrix (G.22), using the usual procedure.
The new data is then given by Y = µ + δY .
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Appendix H

Theory of statistical errors in
autocorrelation functions
This appendix is c American Physical Society. Adapted from Ref. [3].

H.1

Definitions

This appendix explores the statistical errors that occur in the estimation
of the correlation function from a generalized fluctuating quantity G(x).
Theoretically, one divides G(x) into its average (sample-independent) part
G(x) and its fluctuating (sample-dependent) part, δG(x). The correlation
function of δG(x) is then F (δx) = δG(x) δG(x + δx) (neglecting Cooperon
correlations when x is field). The overline notation here refers specifically to
an ensemble average, i.e., an average over all possible disorder configurations.
An ensemble average (over an infinity of similar devices) is not possible
in practice. Experimental data analysis instead usually consists of averaging
over x, using data taken from one device. This is an approximation that
incurs errors compared to an ensemble average. The goal of this appendix
is to quantify the differences (errors) between the ideal quantities and the
experiments as described. We use upper-case letters (G, F , δG) to represent error-free quantities, and lower-case letters (f , δg, etc.) to represent
estimated values that one would obtain from experimental analysis.
A typical experiment measures conductance G(x) (assumed to be noisefree) over a limited range in x of length L: x = x0 · · · x0 + L. Here x is a
parameter such as µ or B. Next, a slowly-varying background estimate gb (x)
is computed from G(x), then subtracted to yield the estimated fluctuations,
δg(x) = G(x) − gb (x). Finally, the autocorrelation function f (δx), defined
as
Z x0 +L−δx
1
f (δx) ≡
dx δg(x)δg(x + δx),
(H.1)
L − δx x0
is computed and the correlation lengths x 1 , xr and xi are extracted from
2
f (δx).
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• The half-width x 1 is defined by f (x 1 ) = 12 f (0).
2

2

• The roundness is xr = |2f (0)/f 00 (0)| 2 , where f 00 (x) =
1

d2
f (x).
dx2

• The inflection point xi is defined by f 00 (xi ) = 0.

The estimate f (δx) and its correlation lengths in general differ from the
true values [F (δx) and its correlation lengths] for three reasons.
1. δg(x) may contain a remnant contribution from the background conductance, so that δg(x) 6= 0. This would occur, for example, if the
true background were linear, G(x) = G0 + G1 x, but one allowed for
only a constant background estimate, gb (x) = g0 . Errors of this type
will systematically offset f (δx) upwards compared to F (δx).
2. The protocol for computing gb (x) [from G(x)] always causes gb (x) to
be somewhat correlated to δG(x). Thus, δg(x) will lose some fluctuations compared to δG(x). This systematically offsets f (δx) downwards
compared to F (δx).
3. The limited quantity of data leads to random fluctuations in f (δx)
depending on the particular realization of δG(x).
The experimentalist typically minimizes errors of type 1 by adding more
degrees of freedom to the background fit, at the expense of increasing type
2 errors. Errors of type 1 depend on sample details and thus are difficult
to quantify in a general way. Errors of type 2 and 3 on the other hand are
quantifiable solely in terms of F (δx). The following sections give a general
treatment of type 2 and 3 errors.

H.2

Background subtraction (type 2) errors

In this section we calculate the bias that would be induced by the simplest possible background subtraction protocol: subtracting the mean of
G(x) over the measured interval L. Considering the error mechanisms listed
above, this protocol would give the lowest possible errors of type 2, while
potentially leaving errors of type 1 depending on the details of the system.
The results presented below could be extrapolated to a more general background fitting protocol by using an effective cutoff length Leff instead of the
scan range L. For example, if a higher-order polynomial were fit to G(x) in
order to reduce type 1 errors, then Leff ≈ L/(n + 1) where n is the order of
the polynomial [e.g., n = 2 for a parabolic gb (x)]. Alternatively, Leff could
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be an effective smoothing length if gb (x) is taken to be a smoothed version
of G(x).
For mean value subtraction,
the estimated background is simply the
R
constant function gb (x) = L1 xx00 +L dx0 G(x0 ). The estimated fluctuations
then have an error δg(x) − δG(x) = E1 (x) + E2 composed
of type 1 error
R
E1 (x) = gb (x) − G(x) and type 2 error E2 = − L1 xx00 +L dx0 δG(x0 ). We
assume E1 (x) = 0 here. The error E2 is correlated to δG(x) and thus it
systematically affects the autocorrelation. To first order, the systematic
error in (H.1) for δx  L is
Bias{f (δx)} ≡ f (δx) − F (δx)
xL
≈ −F (0) ,
L

(H.2)

where xL is a characteristic correlation length defined as
xL =

Z L

dz 1 −


−L

|z|  F (z)
.
L F (0)

(H.3)

Approximately, this xL is the area under the normalized correlation function
from −L/2 to L/2.
For short-ranged correlation functions, xL would be a constant for large
L, and so the systematic error (H.2) would fall as 1/L; this bias then would
be analogous to the well-known sample variance bias from independent sample statistics, agreeing with the intuition of G(x) containing “many independent fluctuations”, each having length xL . In the quasi-2D CF case, however,
F (δx) only falls as 1/δx [see (D.11), (D.12)] so the value of xL diverges logarithmically as L increases. Hence the analogy with independent sample
statistics does not hold for the quasi-2D CF variance bias, as there is no
well-defined “independence length”.
The bias in variance f (0) leads to direct effects on the half-width estimate
(x 1 ) and the roundness estimate (xr ), as these are both sensitive to the
2
absolute variance. The roundness estimate xr is biased by
1 xL
Bias{xr } ≈ − xr .
2 L

(H.4)

The bias in x 1 is given by
2

Bias{x 1 } ≈
2

F (0) xL
.
2F 0 (x 1 ) L

(H.5)

2
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The inflection point estimate xi depends only on the second derivative of
f (δx), so to first order xi has no bias; taking into account higher order terms
omitted from (H.2) we obtain
Bias{xi } ≈

2

F (xi ) − F (0)

h

L2 F 000 (xi )

xL i
.
L

(H.6)

Note that if F (δx) does not go to zero at large δx, then the fluctuations
are non-ergodic and it is impossible for (H.1) to converge to F (δx). This
would manifest in the above framework as an L-independent contribution to
the type 2 error (H.2). Experimentally, it may be difficult to distinguish true
non-ergodicity from ordinary type 2 errors on ergodic fluctuations, especially
if F (δx) goes to zero very slowly. For example, magnetoconductance fluctuations are ergodic, but at high values of thermal smearing the quasi-2D
FB (δB) approaches zero only logarithmically for δB . kT /(eD) [see (8.19)].
The bias (H.2) would be almost independent of L until L  kT /(eD), which
could be mistaken for non-ergodicity. In any case, the inflection point bias
(H.6) is unaffected by non-ergodicity (real or apparent).

H.3

Random (type 3) errors

Next we suppose the background has been determined perfectly, giving us
the exact fluctuations: δg(x) = δG(x). Although we have f (δx) = F (δx) in
this case, the measured f (δx) will have random deviations from F (δx) due
to the limited data set. The random fluctuations in f (δx) can be expressed
in terms of a two-point correlator f (δx1 )f (δx2 ). If δG(x) is gaussian (as is
the case for CFs, see Sec. 3.3.2) then we have (by Isserlis’ theorem)
f (δx1 )f (δx2 ) − f (δx1 ) f (δx2 )
1
= [H(δx1 − δx2 ) + H(δx1 + δx2 )],
L

(H.7)

for an ergodic dataset of large length L  δx1 , δx2 , where H(δδx) is a
higher-order correlator defined as
H(δδx) =

Z ∞
−∞

dz F (z)F (z + δδx).

(H.8)

Equation (H.7) and its derivatives allow the determination of random errors
in any aspect of f (δx), including its correlation lengths. For instance, the
random error in variance [f (0)] is given by Var{f (0)} = 2H(0)/L.
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The half-width estimate x 1 is sensitive to the errors in both f (x 1 ) and
2
2
f (0), modulated by the local slope F 0 (x 1 ), giving
2

Var{x 1 } = Var

 f (x 1 ) − 1 f (0) 
2
2

F 0 (x 1 )

2

=

1
L

3
2 H(0)

2

+ H(2x 1 ) − 2H(x 1 )
2

F 0 (x 1 )2

2

.

(H.9)

2

The error in the inflection point estimator xi depends on the fluctuation
of f 00 (xi ), modulated by the local slope F 000 (xi ).
Var{xi } = Var{f 00 (xi )/F 000 (xi )}
=

1 H 0000 (0) + H 0000 (2xi )
.
L
F 000 (xi )2

The roundness estimator, xr =
in both f (0) and f 00 (0):

p

(H.10)

2f (0)/|f 00 (0)|, is influenced by changes

f (0)
F (0)f 00 (0)
p
Var{xr } = Var p
+
2F (0)|F 00 (0)|
2|F 00 (0)|3


0000
H(0)
F (0)H (0) 2H 00 (0)
1
+
+ 00 2 .
=
L F (0)|F 00 (0)|
|F 00 (0)|3
F (0)


p



(H.11)
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