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ABSTRACT 

In many industrial operations, such as fluidized bed granulators, coaters, and fluid cokers, a 

binding or reacting liquid is introduced into the system. Due to the effects of liquid, the multi-

phase transport phenomena of these systems are more complicated compared to conventional 

gas-solid fluidization systems.  

 

In this thesis, mathematical modeling is used to study the interaction of wet particles. First, a 

coalescence model is developed to describe the binary collision of wet particles. The model is in 

the form of a wet coefficient of restitution and is used to determine the critical velocitythe 

boundary between coalescence or rebound outcomesfor a range of capillary numbers. Model 

predictions are compared with the available experimental data and good agreement is found. The 

model accounts for both liquid viscosity and surface tension effects and is used to investigate the 

boundary between collisions with dominant capillary and respective viscous effects. Then, by 

incorporating time- and temperature-dependant variations of the viscosity and thickness of the 

liquid coating, the model is used to determine the agglomeration tendency of bitumen-coated 

coke particles in fluid cokers. A simplified mathematical model and numerical solution of the 

Navier-Stokes equations are used to study the rupture of stretching liquid bridges between two 

solid spherical particles. The simplified model considers the geometry of the problem in which 

the gas-liquid interface is represented with a parabola. The numerical simulations of the Navier 

Stokes equations are performed with FLUENT and are used to investigate the viscous, surface 

tension, inertial, gravitational, and contact angle effects on the rupture distance and liquid 

distribution. Finally, the interaction of multiple wet particles is addressed by implementing the 

wet coefficient of restitution proposed in this thesis, using MFIX, an open-source Discrete 

Element Method (DEM) tool. DEM simulations of a fluidized bed consisting of mono-sized solid 

spherical particles pre-coated with identical liquid coatings are performed, and the effect of 

coating viscosity and thickness on the fluidization behaviour is investigated. Snapshots of the 

instantaneous particle positions are presented, and time-averaged values of the bed centroid in 

the y-direction, wet coefficient of restitution, and relative normal collision velocity are analyzed. 
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Chapter 1. INTRODUCTION 

1.1. MOTIVATION 

Western Canada has an estimated 4.6 x 10
11

 cubic meters of bitumen in its oilsands deposits [1]. 

At the same time, the conventional oil reserves are depleting and worldwide demands are 

increasing drastically. This offers Canada an excellent opportunity as a major oil supplier in the 

world. 

 

However, bitumen differs from conventional crude oils that are produced by the majority of oil 

suppliers. It is the heaviest and thickest form of petroleum. It has a high density and its viscosity 

can be orders of magnitude higher than that of conventional crude oils. Bitumen contains heavy 

hydrocarbons and because of that it is considered as heavy oil. The existing conventional 

refineries have difficulty handling bitumen in its original state; therefore, some additional 

treatment is required. Any treatment of heavy oils with the aim of increasing its value is referred 

to as “upgrading.” The ultimate goal of an upgrading process is the conversion of the heavy oil 

into lighter components, and eventually production of synthetic crude oil (SCO). The synthetic 

crude oil has chemo-physical characteristics comparable to conventional light crude oils.  

 

The process of converting heavy hydrocarbon into lighter fractions is known as cracking, one of 

the main stages of the current upgrading processes of bitumen. Coking is one of the cracking 

processes used in Canada and has two types: “delayed coking” used by Suncor Energy Inc. and 

“fluid coking” used by Syncrude Canada Ltd. In delayed coking, bitumen cracks in a coke drum. 

The process occurs at 450-510 
o
C and low pressures, i.e. 0-300 kPa [1]. Fluid coking takes place 

in large fluidized beds and is further explained in the following paragraph. 

 

Fluid coking is an established commercial cracking process and is used for converting bitumen 

into lighter hydrocarbons. Fluid coker is one of the two key components of a fluid coking 

system, schematically shown in Figure  1-1. It is a large steam-fluidized bed containing hot coke 

particles in which the bitumen is injected through a large number of nozzles using steam-assisted 

atomization. The atomized bitumen droplets contact and coat the coke particles. Due to the high 
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temperature of the coke particles, the heavy hydrocarbon molecules of bituminous liquid 

thermally crack and are converted into lighter products. As a result of cracking reactions, the 

coke particles lose energy, cool down, and grow in size (as bitumen remaining on the particle 

surface is converted into coke). In order to be reheated, the large cold coke particles are directed 

into a second large fluidized bed known as the burner, and once hot again, the coke particles are 

circulated back into the fluid coker.   

 

 

Figure  1-1. A schematic diagram of a fluid coking system. 

 

A fluid coker is a very complex multi-phase flow reactor. In particular, numerous coupled 

processes at various scales occur in them at high temperatures and elevated pressures. These 

result in limitations on real-scale measurements and observations of the processes occurring 

inside fluid cokers. In addition, as reported in the literature [1-3], mainly due to the imperfect 

liquid–solid mixing, fluid cokers are prone to agglomeration. As a result of the poor liquid-solid 

mixing, “thick” bitumen layers coat some of the coke particles. The coating layers act as a binder 
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that leads to the coalescence of coke particles. Eventually, very large granules consisting of 

several up to hundreds of coke particles are formed; this is known as agglomeration. 

Agglomeration in fluid cokers is undesirable and causes reduced process efficiency as: 1) 

agglomerates can be heavy and difficult to fluidize, leading to partial or complete defluidization 

of the reactor; and 2) agglomeration results in reduced heat transfer to the reacting media and 

consequently lowers product yields. Learning about conditions leading to agglomeration can be 

beneficial to improving fluid coker operation. 

 

Agglomeration in fluid cokers is similar to wet granulation in fluidized beds [1]. Hence, this 

thesis is not limited to the agglomeration problem and is formulated such that it can be applied to 

wet granulation processes as well. In order to obtain a fundamental understanding of wet 

granulation processes, this thesis starts by investigating the problem at a micro-scale, i.e. the 

binary interaction of wet particles; after that, the problem is extended to a larger scale and the 

interaction of numerous wet particles in fluidized beds is studied.  

 

1.2. PARTICLE INTERACTIONS  

1.2.1. Problem statement 

Figure  1-2.a schematically shows two solid spherical particles coated with a liquid layer 

approaching each other. Once the two particles collide and the liquid bridge is formed, there are 

two possible outcomes. If the dissipating effects exceed the kinetic energy of the system of two 

particles, the particles stick together and coalesce (Figure  1-2.b); otherwise, they rebound. As a 

result of their rebound, particles separate with a non-zero velocity and the liquid bridge between 

them then ruptures. Figure  1-2.c shows the liquid bridge at the instant of rupture. Consequently, 

the liquid is distributed between the two solid particles (Figure  1-2.d). The key terms of the 

above explanation, i.e. coalescence, rupture of liquid bridge, and liquid distribution are very 

briefly described as follows.  
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Figure  1-2. Binary interaction of wet particles: a) approach, b) coalescence, c) liquid bridge about to 

rupture, and d) liquid distribution (immediately after rupture).  

 

1.2.2. Coalescence modeling 

In order to determine the collision outcome of the particles, numerous models, usually known as 

coalescence models, have been proposed in the literature. These models account for the total 

energy dissipation and the total available kinetic energy of the system consisting of (two) 

particles and determine the collision outcome accordingly.  

 

1.2.3. Rupture phenomenon of liquid bridges 

Upon the rebound of wet particles, the liquid bridge between them breaks and its liquid volume 

is partitioned between the particles. The main two parameters to quantify the rupture and post-

rupture evolution of liquid bridges are the “rupture distance” and “liquid transfer fraction”. The 
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rupture distance indicates the distance at which the liquid bridge breaks. The liquid transfer 

fraction is a measure of how the liquid is partitioned between the solid bodies after rupture. Both 

of these parameters are important and can be used for modeling and simulating multi-phase 

systems in the presence of a liquid binder.  

 

1.3. NUMERICAL METHODS FOR SIMULATING MULTI-PHASE FLOWS 

In the past decades, the combination of efficient solution algorithms and high-speed computing 

units has provided great opportunities for researchers and scientists to numerically study 

complicated problems. The popularity of the numerical simulation as a tool for studying and 

understanding multi-phase flows is ever growing. There are two main numerical approaches used 

for simulating multi-phase flows: Eulerian-Lagrangian and Eulerian-Eulerian. These models are 

briefly introduced as follows.   

 

1.3.1. Eulerian-Eulerian approach 

In this approach, each phase is treated as a continuum; therefore, conservation equations for 

mass, momentum and energy are mathematically derived and solved.  

 

The Eulerian-Eulerian approach can be formulated in different forms depending on the treatment 

of the interface between the involved phases. One of the fairly simple versions of these models is 

known as the Volume-of-Fluid (VOF) model. In this model, the interaction of immiscible fluids 

is modeled by solving a single set of momentum equations and an additional volume fraction 

equation. The interface between fluids is reconstructed based on the volume fraction distribution. 

This model is suitable for cases where the position of the interface of the fluids is of interest; 

therefore, the model tracks the volume fraction of all of the fluids throughout the domain. The 

VOF model is most appropriate for free-surface flows, filling, sloshing, the motion of large 

bubbles in a liquid, the prediction of jet breakup, and the steady or transient tracking of liquid-

gas interfaces.  

 

The more complex version of the Eulerian-Eulerian models is known as the Euler or multi-fluid 

approach. In this approach, different phases are assumed to be interpenetrating continua; 
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therefore, it involves the solution of a number of sets of conservation equations, equal to the 

number of phases involved. The coupling between the phases is achieved with pressure and other 

interfacial forces. For multi-phase problems involving a granular flow (e.g. solid particles), the 

system of equations is closed, for example, by applying the kinetic theory for granular flows 

(KTGF) [4]. The Euler KTGF approach is most commonly used for simulating dense fluidized 

beds.  

 

1.3.2. Eulerian-Lagrangian approach 

Two of the variants of the Eulerian-Lagrangian approach used for simulating multi-phase flows 

are known as the discrete particle model (DPM) and discrete element method (DEM). In both of 

these approaches, the fluid phase is treated as a continuum for which the Navier-Stokes 

equations are solved, while the dispersed phase is solved by tracking the trajectories of dispersed 

entities (such as particles, bubbles, or droplets) through the calculated flow field. In the DEM 

approach individual entities are considered, while representative clusters are used in the DPM. 

The dispersed phase can exchange momentum, mass, and energy with the fluid phase.  

 

Similar to the Eulerian-Eulerian approach, the Eulerian-Lagrangian approach can be divided into 

subcategories. Considering the framework of the collision model used, there are two well-known 

approaches: Hard-sphere and soft-sphere. In the hard-sphere approach, the trajectories of 

particles are determined by conserving the momentum inside the system and assuming binary 

and instantaneous interactions between the particles. Therefore, the occurrence of multiple 

particle collisions cannot be considered in this framework. One of the first hard-sphere discrete 

particle simulations reported in the literature, used for studying granular systems, was by 

Campbell and Brennen [5]. Unlike the hard-sphere approach, the soft-sphere approach allows for 

multiple particle interactions where the net force is obtained by adding the results of all the 

binary interactions. One of the first publications using the soft-sphere approach was by Cundall 

and Strack [6]. Both of the above approaches, combined with the solution of the gas-phase, have 

been successfully used for simulating fluidized beds. Among the pioneers are Hoomans et al. [7] 

using the hard-sphere approach and Tsuji et al. [8] using the soft-sphere approach.  
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1.4. LITERATURE REVIEW 

1.4.1. Inter-particle forces and coalescence modeling  

Size enlargement of wet particles (granulation) occurs by the collision and successful 

coalescence of particles coated with a liquid binder. It is observed in a large number of 

industries, e.g. food, catalysts, ceramics, fertilizers, pharmaceuticals, and detergents. 

Traditionally, these industries relied on the knowledge of practitioners; however, a significant 

amount of research has recently focused on the fundamental understating of granulation 

processes [9]. In spite of the wealth of such granulation studies, there is still a significant gap 

between microscale studies and macroscopic models of granulation processes. The first step in 

modeling the granulation processes at a micro-scale is being able to determine the collision 

outcome of wet particles. Improved understanding of the interactions of wet particles can lead to 

an improved understanding of the granulation process [9, 10]. 

 

A good understanding of the governing inter-particle forces due to liquid bridging is key to the 

proper description of the interaction of wet particles at a micro-scale. Seville et al. [11] reviewed 

all the main inter-particle forces related to fluidization and estimated that the van der Walls and 

electrostatic forces are orders of magnitude smaller than the capillary forces. As a result, these 

two forces (i.e. van der Walls and electrostatic forces) are usually ignored in the studies related 

to the multi-phase flow systems, especially fluidized beds. Hence the focus is often on the 

viscous and capillary contributions associated with liquid bridges. There are two types of forces 

attributed to the liquid bridges connecting wet particles: static (capillary) and dynamic (viscous). 

Under static conditions, surface tension and the pressure deficiency due to the curvature of the 

interface induce an attractive capillary force. The strength of this capillary force has been the 

subject of extensive experimental and theoretical studies [10, 12-18]. For instance, Pitois et al. 

[15] proposed a new capillary force expression that depends on both the liquid bridge volume 

and separation distance; in addition, they compared the results of their new expression with their 

experimental measurements and found excellent agreement. When particles move relative to 

each other (under dynamic conditions), the viscous effects also contribute. The viscous 

contributions have also been studied extensively [15, 17, 19-24]. Chan and Horn [19] studied the 

drainage of the thin liquid film between solid surfaces experimentally, and found excellent 
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agreement with Reynolds lubrication theory. Ennis et al. [20] studied the liquid bridge between 

two oscillating particles and developed force expressions that compared well with their 

experimental data. Matthewson [22] modified the viscous force expression by considering a 

finite wetting distance for the liquid bridge between a sphere and a flat surface. Pitois et al. [15] 

showed that viscous forces can be more accurately predicted once the liquid volume effects are 

included in the viscous forces expression. Moreover, the relative importance of the capillary and 

viscous forces associated with a liquid bridge has been investigated by a number of authors [11, 

15, 20]. Despite all the progress, a comprehensive work that considers both the capillary and 

viscous effects and compares their relative importance in related granulation processes is still 

lacking. 

 

Knowing the key forces attributed to liquid bridges, the collision outcome of particles (either 

coalescence or rebound) can be determined. Iveson [25] provides a summary of the available 

coalescence models in the literature. Basically, there are two modeling approaches for describing 

the coalescence of wet particles in the literature: approaches with dominant capillary effects (that 

ignore viscous effects) and approaches that assume viscous effects are dominant (and neglect 

capillary effects). In models based on the first approach [26-28], the coalescence of particles 

depends on the balance between the rupture energy of the liquid bridges and kinetic energy of 

particles. Consequently, the rupture energy has been the subject of a number of studies. For 

instance, Simons et al. [28] derived a simple expression for the rupture energy of liquid bridges 

that was in reasonable agreement with the limited data available at that time. Willett et al. [29] 

modified the rupture energy expression by incorporating the contact angle. Pitois et al. [26] 

proposed a simple analytical expression for the rupture energy of the liquid bridge between two 

spherical particles that compared very well with experimental results for a range of bridge 

volumes. Rossetti et al. [27] compared their experimental values for spherical agglomeration 

processes with the rupture energy expressions proposed by Simons et al. [28] and Pitois et al. 

[26] and indicated that the latter shows better agreement. However, the assumption of dominant 

capillary effects is not always correct. As argued by some researchers [20, 30, 31], in some cases 

the viscous forces can be dominant. Hence, this approach has been the subject of numerous 

publications. Barnocky and Davis [32] proposed a Stokes theory, assuming dominant viscous 

effects and showed good agreement with their experimental findings. Ennis et al. [21] used the 
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Stokes theory to describe the collision behaviour of two identical wet spherical particles. The 

viscous Stokes theory has been used by others as well [33, 34].  

 

According to the above review, the current available collision models in the literature are only 

appropriate for limiting cases when either the viscous or capillary force is clearly dominant. 

There are no coalescence models in the literature that account for both the capillary and viscous 

contributions of the liquid bridge. In addition, there is no clear indication of when viscous effects 

are dominant and when capillary effects are dominant. Moreover, there are some shortcomings 

with the current coalescence models in the literature; for instance, the thin film analysis of Ennis 

et al. [20], used for the viscous force expression for liquid bridges between two spheres, fails 

when the separation distances between particles is large or the liquid bridge volume is 

insufficient. Pitois et al. [15] modified the capillary and viscous forces expressions by 

incorporating the liquid bridge volume effects, and found excellent agreement with experimental 

data.  

 

1.4.2. Size enlargement of particles in fluidized beds  

Wet granulation is an important process in chemical, food, mining, and pharmaceutical industries 

and has been the subject of numerous experimental and modeling studies. The related 

experimental studies mostly focus on the effect of the process variables and chemo-physical 

properties of the primary particles (or agglomerates) and the liquid binder on the process [35-47]. 

In addition, various analytical models and numerical simulations have been used to study the 

granulation processes. The analytical models usually attempt to predict the collision outcome of 

particles (i.e. whether they coalesce or rebound); these models are usually based on the size of 

the primary particles and the chemo-physical properties of the binder [21, 26-28, 33, 48]. The 

numerical simulations usually have a broader objective and attempt to analyze the entire reactor, 

often using population balance modeling (PBM) [35, 39, 43] or discrete element modeling 

(DEM) [49-53].  

 

As stated earlier, this thesis is motivated by the agglomeration problem in fluid cokers [1-3]. 

Fluid cokers have been the subject of numerous studies that particularly improve our 

understanding of the hydrodynamics and jet-bed interactions of three-phase flow inside the 
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reactor [54-69]. For instance, Tafreshi et al. [54] investigated the impact of liquid feed conditions 

on the coker efficiency and indicated that spray characteristics strongly depend on the flow 

regime inside the pipe. As highlighted by Gray [1], due to the imperfect liquid-solid mixing 

conditions inside fluid cokers, the liquid feed (bitumen) covers only a small portion of the coke 

particles with a relatively thick layer. Knapper et al. [3] conducted tracer studies to understand 

the fundamentals of jet penetration and to quantify the efficiency of liquid feed distribution 

among solid particles and concluded that 1) proper atomization and using high performance 

sprays improves the solid-liquid contacting, and 2) the overall contacting efficiency is low and 

the sprayed liquid droplets wet a portion of solid particles; these two observations eventually 

lead to agglomeration of coke particles in fluid cokers. In order to enhance jet-bed interactions 

and mixing inside fluid cokers, some have proposed to use the draft tube or an enhanced solid 

entrainment (ESE) device, which is an open-ended cylindrical tube placed shortly downstream 

from the nozzle and axially aligned with it [55, 59, 61, 69-72]. Some of these studies indicate the 

effectiveness of jet and draft tube configuration due to improved liquid-solid mixing; this could 

result in less agglomeration. For instance, House et al. [59] demonstrated that an ESE-nozzle 

configuration increases the number of contacted particles, provides a more uniform liquid-solid 

mixture, and improves liquid-solid contacting. In addition, McMillan et al. [61] showed that the 

ESE device provides better liquid-solid contacting due to the rapid and uniform distribution of 

sprayed droplets among solid particles.  

 

Bitumen consists of heavy hydrocarbons that are converted into lighter ones due to the cracking 

and coking reactions occurring inside the reactor. Physical properties and cracking reactions of 

bitumen at coking conditions have been the topic of a number of studies [73-77]. Gray et al. [73] 

experimentally investigated the effect of initial liquid film thickness on the reactor performance 

and concluded that limiting the film thickness to around 20 µm leads to optimum operation. 

According to Aminu et al. [75], due to the chemical reactions, bitumen viscosity could increase 

to an order of 10
4
 mPa.s at reaction temperatures of 400-530 o C . Also, due to evaporation of 

lighter hydrocarbons as a result of the same chemical reactions, bitumen thickness continuously 

reduces with the reaction time [74]. The agglomeration of particles depends on both bitumen 

viscosity and thickness; the increase in bitumen viscosity aids agglomeration, while the reduction 
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in bitumen thickness counteracts. Hence, as proposed by Gray [1], in the intermediate time 

during coking reactions, a maximum agglomeration tendency should be observed. 

 

Despite the increased number of fluid coker studies within the past few years, there is practically 

no theoretical model that directly addresses the agglomeration of bitumen-coated coke particles 

in fluid cokers. In addition, the analogy between agglomeration in fluid cokers and wet 

granulation processes noted by Gray [1] allows established methods to be used for the analysis of 

fluid cokers. An example of this could be the application of coalescence models to study the 

collision of coke particles coated with bitumen layers; such models, indeed, require consideration 

of the time-dependant variations of bitumen viscosity and thickness due to chemical reactions. 

 

1.4.3. Rupture and liquid distribution of liquid bridges 

The statics and dynamics of liquid bridges between solid surfaces, either flat or curved, is related 

to various multi-phase industrial processes such as wet granulation, coating, and printing; 

therefore, they have been studied for a long time. These investigations started with the 

pioneering works of Haines [78] and Fisher [12], studying the liquid bridges between two 

spheres on contact. The research on the liquid bridges was gradually developed in time and it 

was around the late 70s when the dynamics of liquid bridges generated more interest [79]. 

Mehrotra and Sastry [80] conducted a comprehensive chronological review of the related studies 

up to 1980 and showed that significant improvement could still be made in the area. Following 

this review, a substantial amount of research has been conducted; these studies have one of the 

following major goals in common: (1) improving the force and energy expressions associated 

with liquid bridges, e.g. [10, 15, 19-21, 21, 26-28, 31, 81-83], and (2) obtaining a better 

understanding of the stability and modeling the evolution of liquid bridges [81, 84-91]. The 

former was discussed in sub-section 1.4.1 and the latter is reviewed in this section.  

 

Due to the evolution of a liquid bridge, it can rupture and distribute liquid between the solid 

surfaces. Rupture of liquid bridges is an interesting phenomenon that has been studied for many 

years. These studies were initially on static liquid bridges [92-94]. The dynamics and rupture of 

liquid bridges was not extensively studied until the work of Fowle et al. [79]. Following their 

work, similar studies were performed on oscillating and stretching liquid bridges [95-99]. There 
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are two main parameters used to quantify the rupture and post-rupture evolution of liquid 

bridges: “rupture distance” and “liquid transfer fraction.” The rupture distance is the distance at 

which the liquid bridge breaks, and the liquid transfer fraction is a measure of how the liquid is 

distributed between the two solid surfaces after rupture. 

 

Several modeling approaches have been used to determine rupture; the related models are 

divided into the following three categories in this work: (1) Models using the Young-Laplace 

equation, (2) simplified models (basically relying on the geometry of the problem), and (3) 

models based on the governing Navier-Stokes equations.  

 

The Young-Laplace equation relates the pressure deficiency and liquid-solid surface tension to 

the mean curvature of the liquid bridge. In order to determine the rupture distance, the Young-

Laplace equation is solved while minimizing the system free energy. However, the equation does 

not lend itself to an analytical solution except for a few special cases [14]. Therefore, efforts 

have been made to solve it numerically, e.g. Erle [100] and De Bisschop and Rigole [84]. 

Mazzone et al. [85] compared the theory developed by De Bisschop and Rigole with 

experimental data and argued that the theory underestimates the rupture distance; consequently, 

they developed a modified theory that considered gravitational effects and showed better 

agreement. Lian et al. [81] studied the liquid bridge between spherical bodies and determined the 

rupture distance by minimizing the system free energy. They showed that for identical particles 

with contact angles up to 40 degrees, the rupture distance can be written as a simple function of 

the liquid bridge volume and contact angle. Later, similar expressions were proposed by Mikami 

et al. [82] for the case of two identical particles, and for a particle and a wall. Using the Young-

Laplace equation for determining the rupture distance usually requires constant and zero liquid-

solid contact angles [87], which is one of the main limitations of this model.  

 

An alternative approach is approximating the liquid bridge shape with an a priori assumed profile 

and then solving the resulting system of equations; we refer to this approach as “the simplified 

model.” This model, contrary to the previous approach, is easily extendable to particles with 

varying sizes and/or with different contact angles. The simplified model has variations and has 

been used often in the past few years. Dai and Lu [86] used a circular liquid bridge profile and 
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employed the theory of liquid cylinder stability to predict the rupture distance. They used a 

correction factor to match their predictions with experimental data, which somewhat reduces the 

generality and reliability of their model. Pepin et al. [87] employed both the toroidal and 

parabolic approximations to model liquid bridges in the presence of wetting hysteresis. Pepin et 

al. [87] showed that even though the two profiles have different mathematical expressions, their 

approximations agree well with their own experimental data. They also pointed out that the 

toroidal approximation is slightly less accurate and more difficult to use; that is because one of 

the parameters of the toroidal approximation approaches infinity when the bridge shape converts 

from convex to concave, causing numerical difficulty. Shi and McCarthy [89] also used the 

parabolic approximation and determined the rupture distance and liquid distribution of liquid 

bridges between solid spherical particles with different sizes and different contact angles; finally, 

they implemented their findings in a numerical tool to study rotary drum spray-coating systems. 

Shi and McCarthy [89] also argued that the toroidal approximation is restricted to particles that 

have the same contact angles. In conclusion, the parabolic approximation is more suitable than 

the toroidal approximation for modeling the rupture and liquid distribution of liquid bridges. The 

simplified models have limitations. First, they assume that the bridge is stable throughout its 

evolution. Second, the capillary, viscous, inertial and gravitational effects are not explicitly 

accounted for in these models. Third, they use a pre-assumed profile for the gas-liquid interface. 

The above limitations of the simplified model need further investigation. 

 

Another model is the numerical solution of the governing Navier-Stokes equations. This model 

has been used much more often than the previous two models in the past two decades. This is 

mainly because of the significant improvement in computational power and numerical 

algorithms that have made numerical simulations popular. In order to simulate the dynamic 

evolution of stretching liquid bridges between two circular disks, Zhang et al. [99] used the 

slender jet approximation, similar to Eggers & Dupont [101] and Papageorgiou [102]. Zhang et 

al. [99] simplified the governing Navier-Stokes equations and derived two one-dimensional time-

dependant differential equations for the axial velocity and bridge profile. They then performed 

extensive numerical investigations of continuous uniaxial stretching of liquid bridges between 

two circular disks. They concluded that the liquid bridge evolution is strongly influenced by the 

relative magnitude of the viscous, inertial, and gravitational effects compared to the surface 
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tension effects. Zhang [103] solved the full governing Navier-Stokes equations by using a finite-

difference formulation and volume-of-fluid (VOF) method in an Eulerian mesh and predicted the 

evolution of a drop exiting a fine capillary tube. He accounted for the inertial, viscous, 

gravitational, and surface tension effects and showed excellent agreement with their 

experimental measurements. In order to model the micro-gravure-offset printing, Huang et al. 

[104] performed Computational Fluid Dynamics (CFD) studies of the liquid transfer between 

two parallel separating flat plates and between a trapezoidal cavity and a moving flat plate. They 

found that the liquid transfer fraction deviates from the theoretical value (obtained for the quasi-

static conditions) as the capillary number increases. Dodds et al. [105] used a Galerkin finite 

element method to study the stretching liquid bridges between two flat plates with slipping 

contact lines. They showed that at fixed capillary numbers, the amount of liquid transferred to 

the plate with the lower contact angle increases as the contact angle of the other plate is 

increased, and for fixed contact angles, the liquid transfer improves (approaching uniform 

distribution) as the capillary number is increased.  

 

According to the above literature review, the simplified model has limitations that are yet to be 

quantified. In addition, the available numerical simulations of the governing Navier-Stokes 

equation for stretching liquid bridges in the literature are mainly focused on flat plates, and there 

is no evidence of any work for liquid bridges between solid particles.  

 

1.4.4. Discrete Element Method simulations of wet fluidized beds  

Fluidized beds are extensively used in numerous industrial applications; they are complex multi-

phase systems that are not fully understood yet. The basic step toward improved understanding 

of their operation could be obtaining more knowledge regarding the transport phenomena inside 

them. Traditionally, a large number of experimental studies have been conducted to investigate 

the transport phenomena in fluidized beds. However, there are practical limitations with 

experimentation of fluidized beds; for instance, the three-dimensional transport phenomena in 

fluidized beds are not readily visible. In addition, probe measurements are very difficult to 

achieve, and if accomplished, they locally disturb the flow inside the system and affect the final 

outcome of the experimental measurements. Because of the above, numerical simulations of 

fluidized beds have gained considerable attention in the past few years. In particular, numerical 
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simulations allow researchers to gain insight into the (three-dimensional) transport phenomena 

inside fluidized beds without disturbing them. A good numerical tool for obtaining detailed 

information of the transport phenomena inside fluidized beds is Discrete Element Method 

(DEM) simulation. With the aid of these simulations, valuable information of the entire system 

including the local velocities, volume fraction of solid phase, etc. could be obtained. Such 

detailed information, if not impossible, is extremely hard to obtain through experimentation. 

Furthermore, the results of the detailed small-scale DEM simulations (accounting for fluid-

particle and particle-particle interactions) can be used to develop closure models (such as 

collision models) in order to improve the prediction capabilities of the current numerical tools 

used for simulating fluidized beds on a larger scale. On the other hand, DEM simulations are 

very expensive computationally; hence, due to the current limitations of computational systems, 

they are often used to simulate fluidized beds only on a small scale.  

 

The operation of conventional gas-solid fluidized beds becomes more complicated when a liquid 

phase is added to the system. This is primarily due to the formation of liquid bridges and their 

resulting cohesive forces between particles. Such cohesive forces can influence the transport 

phenomena inside the system; for instance, they could lead to agglomeration and inefficient 

operation of the fluidized beds. There are a number of publications that experimentally study wet 

fluidized beds [106-108]. For instance, McLaughlin and Rhodes [108] showed that the 

incremental addition of liquid to a fluidized bed of Geldart group B particles results in the 

transition of bed behaviour resembling a bed of group A particles, or even group C particles. 

Recently, DEM simulations have been used to study the effect of liquid on different industrial 

applications such as fluidized bed coaters, fluidized bed granulators, and tumbling granulators. 

For instance, granulation in fluidized beds has been the subject of a number of DEM 

investigations [49, 51, 52]; however, these studies do not effectively account for the cohesive 

effects of the added liquid in their simulations. However, there are DEM simulations in which 

the cohesive liquid effects are considered in further details. For example, Mikami et al. [82] 

performed 2-D DEM simulations of wet fluidized beds by including the capillary effects of 

liquid bridges. With the aid of their numerical tool, they were able to study the fluidization 

behaviour of both wet and dry particles; for example, they showed that due to the cohesive 

forces, the minimum fluidization velocity for wet particles is greater than that of dry particles. 
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Muguruma et al. [109] numerically studied the flow of wet mono-sized spherical particles in a 

centrifugal tumbling granulator by including the capillary effects of liquid in their DEM 

simulations. They showed that due to the liquid effects, the motion of particles in the systems is 

greatly affected; they also compared the calculated components of particle velocities with 

experimental measurements and found good agreement. The work of Muguruma et al. [109], 

similar to Mikami et al., ignores the viscous effects of the liquid bridge and only considers the 

capillary effects. Yang and Hsiau [110] performed DEM simulations to investigate the effect of 

liquid bridge volume and liquid viscosity on the motion of particles in a 2-D vibrated bed. 

According to them, the energy is mainly dissipated due to the viscous effects, interparticle 

friction, and inelasticity of particles rather than the capillary effect of liquid bridges. Kunal et al. 

[111] employed DEM simulations to investigate the effects of liquid-induced cohesion on gas-

solid flows and showed a clear transition from free-flowing to cohesive behaviour of the system 

at a distinct value of Granular Capillary number, i.e. the ratio of the capillary force to the drag 

force. Recently, van Buijtenen et al. [53] conducted 3-D DEM simulations in order to study wet 

spout fluidized beds. For this purpose, they assumed that the coefficient of restitution varies 

depending on the moisture content of particles only. According to their work, due to the liquid 

effects, the coefficient of restitution decreases; this leads to the formation of a dense region 

inside the bed and consequently, the passage of gas through the system in the form of bubbles. 

Considering a coefficient of restitution only dependant on the moisture content is not realistic; in 

practice, parameters such as the liquid viscosity, liquid surface tension, and particle collision 

velocities matter as well.  

 

Despite the increased number of DEM studies on the operation of fluidized beds in the presence 

of liquid, our understanding of these systems is still incomplete and there is room for 

improvement. For instance, with the aid of DEM simulations, the effect of the liquid coating 

properties such as viscosity and surface tension on the bed hydrodynamics could be numerically 

investigated. 
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1.5. THESIS OBJECTIVES 

As highlighted earlier, this thesis aims at obtaining an improved understanding of the interaction 

of wet particles and wet granulation phenomena. The main objectives of this work can be 

summarized as follows:   

- to model the collision of wet particles (coated with thin liquid films);  

- to obtain a better understanding of the agglomeration phenomenon in fluid cokers;    

- to model the rupture of stretching liquid bridges between solid particles; 

- to study the effect of liquid coating on the operation of wet fluidized beds. 

 

1.5.1. Approach 

In order to achieve the above objectives, the problem is first explored at a micro-scale level for 

which only two wet particles are considered:  

 

• In order to describe the collision of wet particles, a coalescence model is developed. The 

model is written in the form of a wet coefficient of restitution and accounts for the collision 

velocity, liquid viscosity, liquid surface tension, liquid bridge volume, etc.  

 

• Then, in order to study the collision outcome of bitumen-coated particles in fluid cokers, the 

above collision model is further modified. The time- and temperature-dependant viscosity and 

thickness variations of the liquid coating are incorporated. The above modifications are 

incorporated in order to account for the actual operation conditions of fluid cokers in the model.  

 

• In order to study the rupture of stretching liquid bridges, two different approaches are used; 

i) a simplified mathematical model and ii) numerical simulations of the governing Navier-Stokes 

equations are used. The first has a number of simplifying assumptions, and thus has limitations.  

The second uses numerical simulations of the governing equations to investigate the rupture 

phenomenon of stretching liquid bridges. The numerical simulations are based on the VOF 

approach and account for the viscous, surface tension, inertial, gravitational, and contact angle 

effects on the rupture distance and liquid distribution. Comparison of the two methods allows 

assessing the simplified model and its limitations. 
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Finally, the interaction of multiple wet particles in a fluidized bed is considered: 

 

• An-open source numerical tool (MFIX) capable of simulating the gas-solid flow in fluidized 

beds is modified. MFIX is based on a soft-sphere DEM approach and is modified by 

implementing the wet coefficient of restitution proposed in this thesis. Finally, the modified code 

is used to perform DEM simulations in order to study the effect of liquid coating on the 

hydrodynamics of fluidized beds.  

 

1.6. THESIS LAYOUT 

In Chapter 2, a coalescence model that incorporates both capillary and viscous contributions of 

the liquid binder, along with the liquid bridge volume effects, is developed. The model is based 

on an overall coefficient of restitution that is determined with the aid of the approximate 

analytical values of the maximum possible energy dissipation and a critical value that depends on 

the total initial kinetic energy of particles. With this model, the collision outcome of two 

spherical particles coated with a thin liquid film is predicted.  

 

In Chapter 3, a mathematical model is proposed to determine the agglomeration tendency of 

bitumen-coated coke particles in fluid cokers. The model calculates a theoretical critical velocity 

that depends on key parameters such as particle size, bitumen viscosity, and bitumen thickness; it 

also accounts for the temperature- and reaction-dependant variations of the bitumen thickness 

and viscosity.  

 

In Chapter 4, a simplified mathematical model is proposed and numerical simulations of the 

governing Navier-Stokes equations are used to predict the shape evolution, rupture distance, and 

liquid distribution of stretching pendular liquid bridges between two equal-sized spherical solid 

particles. In the simplified mathematical model, the bridge shape is approximated with a 

parabola, and it is assumed that the surface tension effects dominate the viscous, inertial, and 

gravitational effects. For the numerical simulations, a commercial Computational Fluid 

Dynamics (CFD) software package – FLUENT – is used. In the first part of this chapter, the 
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applicability range of the above two models is explored; the variations of the rupture distance 

with respect to the capillary, Weber and Bond number are investigated. Also, the shape of the 

liquid bridge interface between two equal-sized particles with identical and non-identical contact 

angles is studied. In the second part of this chapter, numerical simulations of the governing 

Navier-Stokes equations are used to study the influence of the contact angle on the rupture and 

liquid distribution. In the last part of this chapter, numerical simulations are used to investigate 

the influence of gravity on the rupture of stretching liquid bridges. 

 

In Chapter 5, the proposed wet coefficient of restitution, proposed in Chapter 2, is implemented 

in an open-source numerical tool - MFIX. The modified numerical tool is used to perform DEM 

simulations of a fluidized bed consisting of mono-sized solid spherical particles pre-coated with 

identical liquid coatings. Then, DEM simulations are performed to study the effect of the coating 

thickness and viscosity on the operation of a small-scale fluidized bed.  

 

Finally, the studies conducted in this thesis are summarized in Chapter 6, and the key 

conclusions drawn from them are presented. In addition, the main contributions of this thesis are 

highlighted and some recommendations for future work are provided. 
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Chapter 2. A COALESCENCE MODEL FOR BINARY COLLISION OF 

WET PARTICLES
1
 

2.1. INTRODUCTION 

Wet granulation is a well-known process employed in various industries, e.g. chemical, food, 

catalysts, ceramics, fertilizers, pharmaceuticals, and detergents. It occurs when wet primary 

particles attach together and form larger entities, known as granules. Traditionally, the operation 

of wet granulating systems relied on the knowledge of practitioners; however, a significant 

amount of research has recently focused on the fundamental understating of granulation 

processes [9].  

 

In order to obtain a good understanding of wet granulation processes, it is important to explain 

the problem at a micro-scale. The first step is to determine the governing forces between two wet 

particles and predict their collision outcome. According to the literature review in Chapter 2, the 

related forces (i.e. capillary and viscous) and collision models (also known as coalescence 

models) have been investigated in numerous publications. However, the available models in the 

literature are only appropriate for the limiting cases when one of the above forces is dominant. 

There is no coalescence model in the literature that accounts for both the capillary and viscous 

contributions of the liquid bridge. In this chapter, a coalescence model that incorporates both 

capillary and viscous contributions is developed. The idea is to describe the collision outcome 

with an overall coefficient of restitution. This coefficient of restitution depends on the maximum 

possible energy dissipation and a critical value. The maximum possible energy loss accounts for 

the capillary and viscous effects of the liquid bridge along with the inelasticity of dry particles, 

and the critical values represent the total kinetic energy of a system consisting of two particles.   

 

 

                                                 
1
 A version of this chapter has been published. Darabi, P., Pougatch, K., Salcudean, M., and Grecov, D. (2009) A 

Novel Coalescence Model for Binary Collision of Identical Wet Particles. Chemical Engineering Science. 64: 1868-

1876.  
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2.2. MODEL DEVELOPMENT 

2.2.1.  Problem statement 

Consider two identical solid spherical particles of radius R approaching from opposing 

directions, as schematically shown in Figure  2-1.a. For our problem, particles are approaching 

with initial normal transitional velocities of u0 and the tangential and angular velocities are 

neglected. The particles are assumed to have an average height of asperities with size ha and are 

coated with a well-dispersed Newtonian liquid with an initial height of h0. Once the liquid layers 

touch each other, a liquid bridge connecting the particles is formed instantaneously, as shown in 

Figure  2-1.b. A larger scale of the bridge is shown in Figure  2-1.c in which the two-dimensional 

system of cylindrical coordinates (r,z), the separation distance H(r) = 2D + r
2
/R, the minimum 

separation distance (2D), and the wetting distance (rw) are shown. Note that due to the geometric 

considerations, the wetting distance cannot exceed the particle radius. 

 

 

Figure  2-1. Approach of two moving spherical particles and the formation of the liquid bridge.  
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The collision is divided into three stages: approach, contact, and rebound. Each stage covers a 

certain range of distance during the entire collision. In the approach stage (see Figure  2-1), 

particles move from an initial half-separation distance equal to the initial height of the liquid 

layer (D = h0) until they contact. At contact, the half-separation distance is equal to the average 

height of the surface asperities of the particle (D = ha). The contact stage is self-explanatory. In 

the rebound stage, particles move away from an initial half-separation distance equal to the 

average height of the surface asperities of the particle (D = ha) to a certain final half-separation 

distance. Two choices are explored for the final half-separation distance: i) equal to the initial 

liquid height, or ii) equal to half of the rupture distance (0.5hrup). The rupture distance is the 

critical distance at which a liquid bridge ruptures. As depicted on the left-hand side of Figure 

 2-2, before liquid bridge rupture, the distance between particles is smaller than the rupture 

distance and liquid is still connecting the particles; however, as illustrated on the right-hand side 

of this figure, the separation distance is equal to the rupture distance, and the bridge is about to 

rupture. Further investigations related to the liquid bridge rupture are presented in Chapter 4. The 

liquid bridge formation is assumed to be an instantaneous phenomenon; therefore, the treatment 

of the liquid bridge effects in the approach stage is similar to that of the rebound stage.    

 

 

Figure  2-2. Rebound of two moving spherical particles (a) and rupture of liquid bridge (b). 
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2.2.2. Assumptions 

In order to model the above collision problem, the following assumptions are considered. Many 

of these assumptions apply to the rest of this thesis as well. 

• Solid particles are spherical, non-porous, and of uniform size 

• Coating liquid is Newtonian and perfectly wets the particles 

• Gravitational forces, buoyancy forces, and gas viscous effects are neglected 

•  The collision is normal; hence, the rotational and tangential components of the velocity 

profiles of the particles are neglected 

• There is no turbulence. 

 

2.2.3. General equation of motion 

Applying Newton’s second law of motion and considering the viscous and capillary forces of the 

liquid bridge, the general equation of motion for one particle can be written as follows: 

vis cap

du
F F m

dt
+ =

r
r r

 ( 2-1) 

 

where
vis

F
r

 is the viscous force, capF
r

 is the capillary force, m is the particle mass, and u
r

 is vector 

of the particle velocity.  

 

Using the thin liquid film (or lubrication) approximation, i.e., assuming the local radii of 

curvature are large compared to the minimum distance between the surfaces and the Reynolds 

number is low, the viscous force vector can be written as follows [19, 24]:  

2 23

2
vis v

u
F R X

D
πµ= −

r
r

 ( 2-2) 

 

where µ  is the liquid viscosity, R  is the particle radius, D  is the half-separation distance, u
r

 is 

the particle velocity vector ( / uu dD dt e=
r r

),
v

X  is the correction factor due to the liquid bridge 

volume effects ( 2 2( ) 1 /
v

X D D D a= − + ), 2
a is a constant ( 2 / 2

b
a V Rπ= ), and 

b
V  is the liquid 
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bridge volume. The derivation of the above viscous force expression is provided in Appendix A. 

Writing the viscous force in the form of Eq. ( 2-2), its direction will be correctly determined in 

the opposite direction of the particle motion. 

 

Neglecting body forces (such as gravity and buoyancy), the resulting capillary force can be 

assumed to be the summation of the surface tension effects acting on the liquid-solid boundary 

and the reduced hydrostatic pressure effects, written as follows [12, 15]:  

2 coscap v nF R X eπ σ θ=
r r

 ( 2-3) 

 

where σ  is the liquid surface tension, θ  is the solid-liquid contact angle, 
v

X  is the correction 

factor (as above), and 
n

e
r

 is the unit vector normal to the particle surface along the axis of 

collision. Further detail on the above capillary force expression is provided in Appendix B. 

Writing the capillary force vector in the form of Eq. ( 2-3), its direction will be correctly 

determined, indicating the attraction between the two particles.  

 

Approximating the liquid bridge connecting the two spheres with a cylindrical shape, its volume 

can be calculated as follows:  

2 2

0

2 ( ) ( ) 4
2

wr

b wV rH r dr R H r D
π

π  = = − ∫  ( 2-4) 

 

 

2.2.4. Methodology 

As mentioned earlier in this work, the collision outcome of particles is determined based on an 

overall coefficient of restitution. This coefficient depends on the maximum possible energy 

dissipation due to the viscous and capillary effects and inelasticity of dry particles. The losses are 

determined using an approximate analytical approach. An approximate approach is used here 

because the governing equation of motion as shown in Eq. ( 2-1) cannot be solved analytically.  

 

In order to determine the approximate analytical expressions for losses, first the capillary 

contribution is neglected and analytical velocity expressions are derived. These expressions lead 

to analytical expressions for the viscous works and contact loss. Independently, analytical 
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expressions for the capillary works are derived. Finally, with the aid of the superposition 

principle, the above analytical values are added, resulting in an approximate analytical 

expression for maximum possible energy dissipation. The superposition principle can be used as 

the problem is being solved at very small Reynolds numbers (equal to one or smaller); hence, the 

liquid acceleration term of the Navier-Stokes equation, leading to non-linearity, can be 

neglected.   

 

The general equation of motion is solved with a numerical method (coded in Matlab with a 

Runge-Kutta solver) and the losses due to each contribution are determined accordingly. These 

values are referred to as numerical results.  

 

2.2.5. Proposed coalescence model  

The overall coefficient of restitution of two spherical particles colliding axially, approaching 

with equal initial velocities and without rotation can be written in the following form: 

0

'
fu

e
u

= −  ( 2-5) 

 

where 'e  is the overall coefficient of restitution, fu  is the projection of final velocity of the 

particle after impact, and 0u  is the projection of the initial velocity of the object before impact. 

The coefficient of restitution has values between 0-1, where 1 represents a perfectly elastic 

collision, and 0 represents a perfectly inelastic collision.  

 

The law of the conservation of energy for the system consisting of the above objects can be 

written as: 

2 2

0 f tmu mu L= +  ( 2-6) 

 

where tL  represents the total energy losses.  

 

Substituting the after collision velocity expressions in Eq. ( 2-6) and solving the resulting 

equation for the overall coefficient of restitution, the following relation can be obtained:  
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2

0

' 1 tL
e

mu
= −  ( 2-7) 

 

The detailed derivation of this equation is provided in Appendix C. The above formulation is 

exact, provided the losses are correctly determined. However, to determine the actual losses, it is 

necessary to resolve the differential equation in order to find the exact location where the particle 

stops. This work though is not focussed on establishing the actual stopping point of the particles 

and the actual losses. Therefore, a simplified approach is proposed to evaluate the total energy 

dissipation. It is assumed that particles move up to a final separation distance. Then, based on 

this assumption, the maximum possible dissipation losses are calculated; as the name implies, the 

value of these losses is always greater than or equal to the actual losses. The proposed 

formulation results in a model with a simpler calculation and evaluation procedure.   

 

Finally, using the maximum possible energy dissipation, the overall coefficient of restitution can 

be written as follows:  

,max 2

,max 02

0

' 1 ,
t

t

L
e L mu

mu
= − <  

2

,max 0' 0, te L mu= ≥  

( 2-8) 

 

where m  represents the mass of particles, 0u  represents the scalar value of the initial particle 

velocity, and ,maxtL  represents the maximum possible energy dissipation. According to the above 

model, the maximum possible energy dissipation is compared to a critical value, which is equal 

to the summation of the kinetic energy of the two particles. In addition, although one can 

determine the overall coefficient of restitution for the rebound outcome, this is not addressed in 

this chapter. The application of the proposed coefficient of restitution including the rebound 

outcome is addressed in Chapter 5. Also, it is important to highlight that the above coefficient of 

restitution differs from the commonly used dry coefficient of restitution; the proposed expression 

addresses a more general problem, i.e. the collision of wet particles, and incorporates both the 

effects of the liquid coating and the inelasticity of dry particles.  
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The maximum possible energy dissipation for a system consisting of two particles can be written 

as follows:  

,max , ,2( )t vis t cap t cL W W L= + +  ( 2-9) 

 

where ,vis tW  is the maximum possible viscous work, ,cap tW  is the maximum possible capillary 

work, and cL  is the contact loss. Maximum possible work expressions are used for the viscous 

and capillary contributions, as the maximum possible energy dissipation is being determined.  

 

2.2.5.1. Viscous work 

In order to obtain the contact loss and viscous work for the approach and rebound stages, the 

velocity expression for each stage is required. The required velocity expressions are obtained by 

integrating Eq. ( 2-1) while only accounting for the viscous forces and ignoring the capillary 

force. The velocity cannot change direction under the action of the viscous force; thus, if the 

velocity reaches zero, the motion stops. This point is included in the derived expressions of 

velocity for the approach, contact, and rebound stages, as follows:  

0 0
0

0

( ) ( )1
1 ln , ln

( ) ( )

( )
0, ln

( )

v

v

a

v

f h f h
u St

St f D f D
u

f h
St

f D

     
− >     

     
= 

 
≤  

 

r

r
 ( 2-10) 

 

0 0
0

0

( ) ( )1
1 ln , ln

( ) ( )

( )
0, ln

( )

v

v a a

c

v

a

f h f h
u St

St f h f h
u

f h
St

f h

     
− >     

      
= 

 
≤  

 

r

r
 ( 2-11) 

 

0 0

0

0

( ) ( )
ln , ln

( ) ( )

( )
0, ln

( )

c v
v

v a c a

r

v

c a

u eu St uf D f D
St

St f h u eu f h
u

u f D
St

eu f h

     
− >     

      
= 

 
≤  

 

r

r
 ( 2-12) 

 



 - 28 - 

where au , cu  and ru  present the velocity expression for the approach, contact (right before 

contact) and rebound stage, respectively, 0u
r

 is the initial velocity vector, vSt  is the viscous 

Stokes number ( 2

02 / 3vSt mu Rπµ= ), 0h  is the initial liquid height, ah  represents the average 

height of surface asperities of the particle (or surface roughness), ( )f D  can be written 

as ( )
2

2 2 2 2( ) /f D D D a D D a= + + + , 2 / 2ba V Rπ= , and bV  is the liquid bridge volume. The 

above expressions are written for the bottom particle in Figure  2-1 and result in velocity 

directions consistent with the direction of motion of that particle in each stage. Similar velocity 

expressions with a negative sign can be written for the other particle. The derivation of the above 

velocity expressions is provided in Appendix D.  

 

The viscous work for the approach stage can be written as follows:   

0

,1 .( )

a

h

vis vis u

h

W F e dD= ∫
r r

 ( 2-13) 

 

Using the approach velocity expression, provided in Eq. ( 2-10), the viscous work can be written 

as follows:  

20 0
,1

( ) ( )
ln ln

( ) 2 ( )
vis

a v a

f h f hA
W A

f h St f h

   
= −   
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 ( 2-14) 

 

where A is a constant ( 2

03 / 2A R uπµ= ). Similarly, the maximum possible viscous work for the 

rebound stage can be written as follows:  

1

2 1 1
,2

0
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.( ) ln ln

2 ( ) ( )
a

h

c
vis vis u

v a ah

Aeuf h f hA
W F e dD

St f h u f h

   −
= = −   
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∫
r r

 ( 2-15) 

 

where 1h  is the final half-separation distance that can either be the initial height of the liquid 

layer, as chosen by Ennis et al. ( 1 0h h= ), or half of the rupture distance ( 1 0.5 ruph h= ). Note that 

when calculating the second term on the right-hand side of Eq. ( 2-15), the contact velocity (right 

after contact) is in the opposite direction of the initial velocity; therefore, an additional negative 

sign will be automatically considered for this term. It is also important to highlight that the 
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viscous work expressions derived from our integral treatment, as shown in Eqs. ( 2-14) and 

( 2-15), cannot be combined into one expression by modifying the integral bounds of either of 

them. This is because of the significant difference between the velocity expressions for the 

approach and rebound stage, see equations ( 2-10) and ( 2-12), respectively.   

 

The rupture distance of the liquid bridge connecting two particles can be determined from the 

following equation, as proposed by Lian [81]:  

( ) 1/31 0.5rup bh Vθ= +  ( 2-16) 

 

Summing the above work expressions, the maximum possible viscous work for one particle can 

be expressed as follows:   

, ,1 ,2vis t vis visW W W= +  ( 2-17) 

 

 

2.2.5.2. Capillary work 

The capillary work for the approach stage can be written as follows: 

( )
0

0
2 2

,1 .( ) 2 cos
a

a

h h

cap cap u
h

h

W F e dD R D D aπ σ θ= = − − +∫
r r

 ( 2-18) 

 

Similarly, the capillary work for the rebound stage can be written as: 

( )
0.5

0.5
2 2

,2 .( ) 2 cos

rup
rup

a
a

h
h

cap cap u
h

h

W F e dD R D D aπ σ θ= = − +∫
r r

 ( 2-19) 

 

The maximum possible capillary work for one particle is the summation of the capillary works 

for the approach and rebound stages and can be determined as follows: 

( )
0

0.5
2 2

, ,1 ,2 2 cos
ruph

cap t cap cap
h

W W W R D D aπ σ θ= + = − +  ( 2-20) 

 

Equation ( 2-20) can also be derived by integrating the capillary force, with respect to the half-

separation distance, between the limits of the initial liquid height and the half-rupture distance. 

Using the derived capillary work expression as in Eq. ( 2-20), the rupture energy for two particles 
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connected via a liquid bridge, when separating from contact until the liquid bridge ruptures, can 

be written as follows: 

( )
0.5

2 2

0

4 cos
ruph

rup
W R D D aπ σ θ= − +  ( 2-21) 

 

The above equation can also be written in the following non-dimensional form [26, 27]:  

2 2 2
2 cos b b

rup rup rup

V V
W h hπ θ

π π

 
 = − + +
 
 

% %
% %%  ( 2-22) 

 

where rupW%  is the dimensionless rupture energy ( 2/rup rupW W Rσ=% ), ruph%  is the dimensionless 

rupture distance ( ( ) 1/ 31 / 2rup bh Vθ= +% % ), and bV%  is the dimensionless bridge volume ( 3/b bV V R=% ). 

Note that Eq. ( 2-20) is written for one particle only, while Eqs. ( 2-21) and ( 2-22) are written for 

a system consisting of two particles.  

 

2.2.5.3. Contact Loss 

The contact loss for a dry inelastic collision can be calculated with the following equation: 

2 21
(1 )

2
c cL m e u= −  ( 2-23) 

 

where m is the particle mass, e is the dry coefficient of restitution and cu  is the particle contact 

velocity.   

 

2.2.6. Viscous limiting case 

For collision with dominant viscous effects, Ennis et al. [21] proposed the following model in 

order to determine the collision outcome of two identical particles: 
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where *

vSt  is the critical Stokes number and vSt  is the particle Stokes number. According to the 

model, whenever the viscous Stokes number exceeds the critical value, particles rebound and 

coalescence occurs whenever the reverse is true. The derivation of the critical Stokes number is 

provided in Appendix E. Assuming a critical condition ( *

v vSt St= ), the following can be written: 
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Multiplying the above by a factor of 2

03 / 2R uπ µ , the following is obtained: 
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where the left-hand side term represents the summation of the initial kinetic energy of the two 

particles and the right-hand side term represents the maximum possible energy dissipation when 

ignoring the capillary effects.   

 

Ignoring capillary effects and considering the same conditions as Ennis et al. [21], i.e. i) the 

Stokes number equal to the critical Stokes number, and ii) final half-separation distance equal to 

the initial liquid height ( 1 0h h= ), the maximum possible energy dissipation, as in Eq. ( 2-9), is 

reduced to the following expression:   
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Eq. ( 2-28) resembles the maximum possible energy dissipation expression directly derived from 

the viscous Stokes theory, see Eq. ( 2-27). The difference is that the maximum possible energy 

dissipation expression as in Eq. ( 2-28) contains an additional term that incorporates the liquid 

bridge volume effects. In addition, by comparing Eq. ( 2-28) with Eq. ( 2-24), two other critical 

Stokes numbers can be derived from our proposed model: 

* 0( )1
1 ln

( )
v

a

f h
St

e f h
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= +   
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 ( 2-29) 
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In order to derive equations ( 2-29) and ( 2-30), the final half-stopping distance is equal to the 

initial liquid height ( 1 0h h= ) and half-rupture distance ( 1 0.5 ruph h= ), respectively. 

 

2.2.7. Capillary limiting case 

Neglecting the viscous effects, the contact loss and expression for the maximum possible 

capillary work can be written as follows:  

2 2

0

1
(1 )

2
cL m e u= −  ( 2-31) 

 

( )
0

0.5
2 2

, 2 cos
ruph

cap t
h

W R D D aπ σ θ= − +  ( 2-32) 

 

Using the above expressions, the maximum possible energy dissipation can be determined with 

the aid of Eq. ( 2-9). Working within the proposed framework, the coalescence of particles with 

dominant capillary effects can be determined with the aid of equations ( 2-31) and ( 2-32). Note 

that in Eq. ( 2-32), the capillary work for both the approach and rebound stages is considered; 

however, the available coalescence models available in the literature are based on the rupture 

energy [26, 27, 112], meaning the work of the approach stage is excluded. 

 

2.3. RESULTS AND DISCUSSION 

2.3.1. Comparison of analytical and numerical results  

It is stressed that in order to derive the velocity expressions for different collision stages (i.e. 

approach, contact, and rebound), the capillary contributions were neglected. This is a convenient 

simplification used for formulating the analytical velocity expressions and needs to be further 

examined. This simplification is evaluated by comparing the analytical and critical values of the 

critical velocity. The critical velocity is the approach velocity for which the maximum possible 

energy dissipation is equal to the total initial kinetic energy of the two particles i.e. 2

,max 0tL mu= . 
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The analytical critical velocity is determined with the aid of the proposed model. In order to 

obtain the numerical critical velocity, the equation of motion, as in Eq. ( 2-1), is solved in Matlab 

using the “ode15s” solver. Since the approach velocity is an initial condition required for 

performing the calculations and is missing, the equation of motion is solved iteratively. This is 

achieved by repeatedly guessing the approach velocity until the critical condition is satisfied, i.e. 

the final velocity is equal to zero at the final half-separation distance (h1).  

 

The parameters used for the calculations performed in this chapter are summarized in Table  2-1 

and remain constant unless otherwise specified. Particles are considered to be of glass, and all 

the liquid properties except for viscosity are assumed to be that of water at 25 
o
C. In order to 

study the problem for a range of capillary numbers, liquid viscosity is assumed to vary within the 

range of 0.1-10
4
 mPa.s. In order to analyze the results, the capillary number is used. This number 

represents the ratio of the viscous effects to the capillary effects, and can be written as follows: 

0u
Ca

µ

σ
=  ( 2-33) 

 

 
Table  2-1. Summary of the values of parameters. 

Parameter Value Unit 

Particle radius (R) 1 mm 

Particle density ( ρ ) 2500 Kg/m
3
 

Liquid viscosity ( µ ) 0.1-10
4
 mPa.s 

Liquid surface tension (σ ) 72 /mN m  

Contact angle (θ ) 0 radian 

Average height of surface asperities (ha) 0.005 mm 

Dry coefficient of restitution (e) 0.9 - 

Initial height of liquid layer (h0) 0.01 mm 

 

 

Figure  2-3 shows the variations of the analytical and numerical critical velocity with respect to 

the capillary number. The figure indicates a very good agreement for the range of capillary 

numbers explored. Likewise, an excellent agreement was found between the analytical and 
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numerical maximum possible energy dissipation and total initial kinetic energy. In conclusion, 

the proposed approximate model in this work is appropriate for determining the collision 

outcome of wet particles. In other words, the numerical solution to the equation of motion is no 

longer required in order to determine the collision outcome of wet particles. This is the major 

contribution of this work: the numerical solution of the equation of motion (for the binary 

collision of two wet particles) is replaced with an approximate analytical model.   

 

 

Figure  2-3. Variations of the analytical and numerical critical velocities with respect to the capillary 

number. 

 

Figure  2-4 demonstrates the variations of the critical velocity determined from three different 

coalescence models: the general coalescence model (including all the effects), capillary limiting 

case (ignoring viscous dissipation), and viscous limiting case (ignoring capillary effects). 

According to this figure, at large capillary numbers (equal to or greater than 100), the critical 

velocities obtained with the viscous limiting model match with those of the general model. On 

the other hand, a good agreement is found between the results of the capillary limiting model and 

the general model at very small capillary numbers (equal to or smaller than 0.01). In conclusion, 

at either of the above limiting conditions, the limiting versions of the proposed model, instead of 

its general form, can be used to determine the collision outcome of wet particles. However, at 
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intermediate capillary numbers, the general model (accounting for both viscous and capillary 

effects) needs to be used. 

 

 

Figure  2-4. Comparison between values of the critical velocity obtained with the general coalescence 

model, viscous limiting model, and capillary limited model.  

 

2.3.2. Coalescence with dominant viscous effects 

Figure  2-5 depicts the comparison between the critical velocities obtained with the general 

coalescence model, the viscous limiting model, and three versions of the Stokes model for a 

range of capillary numbers. According to this figure, the general model, the viscous limiting 

model, and Eq. ( 2-30) match very well at very large capillary numbers. This is expected because: 

1) at large capillary numbers, the viscous effects are dominant and the general model and the 

viscous limiting case are going to be the same, and 2) Eq. ( 2-30), similar to the general model 

and the viscous limiting model, incorporates the liquid bridge volume effects and assumes that 

the half-rupture distance is equal to the final separation distance. On the other hand, at small 

capillary numbers, the Stokes models and viscous limiting case underestimate the critical 

velocity. This is because all these models exclude the capillary contributions which are not 

negligible at the low range of capillary numbers.  
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Figure  2-5. Comparison between the values of the critical velocity obtained with the general coalescence 

model, the viscous limiting model, and different versions of the Stokes model. 

 

2.3.3. Coalescence with dominant capillary effects  

Figure  2-6 shows the variations of the non-dimensional values of the capillary work, rupture 

energy, and contact loss with respect to the dry coefficient of restitution. All the values shown in 

the y-axis of this figure vary between 0 and 1. This is because they have been non-

dimensionalized by the total energy dissipation with dominant capillary effects, i.e. the 

summation of the capillary work and the contact loss. According to this figure, the contact loss is 

negligible for near to elastic collisions, here collisions with a dry coefficient of restitution equal 

to or greater than 0.95. In other words, according to the figure, for collisions with a dry 

coefficient of restitution less than 0.95, the contact loss is not negligible with respect to the 

capillary work; hence, for such cases, the contact loss is required to be considered. In addition, 

the figure shows that the rupture energy is only slightly greater than the capillary work (for a 

system of two identical particles); hence, whenever required, these two terms can be used 

interchangeably with reasonable accuracy. In summary, for capillary-dominated collisions with 

negligible contact losses, consideration of the rupture energy will suffice. This confirms the 
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suitability of the coalescence models based only on the rupture energy for capillary-dominated 

collisions.  

 

 

Figure  2-6. Variations of the capillary work, rupture energy, and contact loss with respect to the dry 

coefficient of restitution. 

 

2.3.4. Comparison with experimental data 

2.3.4.1. Viscous dominated 

Barnocky and Davis [32] set up a ball-dropping apparatus in order to study the collision of 

particles on a wet flat surface. Their objective was to determine the minimum dropping height 

such that the ball would no longer stick to the plate; this dropping height corresponds to the 

critical (approach) velocity used in this chapter. In order to analyze their results, they reduced the 

liquid film height on the plate to a characteristic height equal to two-thirds of the actual height 

(due to a geometric consideration). Using this modified liquid thickness and the observed 

dropping heights (later used in calculating the critical velocity), they determined the 

experimental values of the critical Stokes number. Finally, they compared these experimental 

values with theory and found good agreement for Stokes numbers less than four. 
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In this section, the same experimental data are used to validate the three critical Stokes models 

that are proposed in this chapter. Note that in all of these models the actual liquid film thickness 

( 0h ), rather than the reduced value is used for calculating the critical Stokes number. Eq. ( 2-24) 

represents the critical Stokes number in its original form, Eq. ( 2-29) represents the critical Stokes 

number considering the liquid bridge volume effects when the final seperation distance is equal 

to the initial height of liquid coating, i.e. hf = h0, and Eq. ( 2-30) represents the critical Stokes 

number considering the liquid bridge volume effects when the final seperation distance is equal 

to the half rupture distance, i.e. hf = 0.5hrup. The comparisons between these models and 

experimental data for three different ball sizes are shown in Figure  2-7(a-c). Note that in the x-

axis of this figure, h0 and ha represent the liquid film thickness and plate surface roughness, 

respectively. In all of these figures, the experimental values are marked with squares, the 

calculated critical Stokes numbers of Barnocky and Davis (using the modified liquid film 

thickness) are marked with circles, and the calculated critical values using the modified versions 

of the Stokes model, i.e. equations. ( 2-24), ( 2-29), and ( 2-30) are marked with plus, star, and 

cross signs, respectively. According to these figures, the original Stokes theory, as in Eq. ( 2-24) 

and marked with plus signs, tends to overestimate the experimental measurements. However, the 

modified versions of the Stokes model that incorporate the liquid bridge volume effects, i.e. 

equations ( 2-29) and ( 2-30), show better agreement with the experimental data. In conclusion, 

including liquid bridge volume effects improves the prediction capability of the Stokes model. 

However, due to the limited comparisons made in this figure, it is not easy to determine which of 

these two modified versions provides a better prediction when compared to experimental 

findings. In order to be able to find the better model between equations ( 2-29) and ( 2-30), more 

experimental data and comparison is required.  
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(a) 

 

(b) 
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 (c)   

Figure  2-7. Variations of the critical Stokes number with the respect to the initial height of liquid layer or 

three different particles sizes: a) R = 0.8 mm, b) R = 1.0 mm, and c) R = 2.0 mm.  

 

 

2.3.4.2. Capillary dominated   

Pitois et al. [26] experimentally determined the rupture energy between two moving spheres 

connected with a liquid bridge. They compared the experimental values with their proposed 

expression for the rupture energy, Eq. ( 2-22), and found excellent agreement, as depicted in 

Figure  2-8. As mentioned earlier, for collisions with a coefficient of restitution close to unity, the 

contact loss is negligible in comparison to the rupture energy. Considering this explanation and 

the similarity between our capillary work and the rupture energy expression of Pitois et al. [26], 

Figure  2-8 can be regarded as a validation for the suitability of our proposed coalesence model 

for near to perfect elastic collisions with dominant capillary effects.  
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Figure  2-8. Comparison between experimental and analytical values of rupture energy. 

 

2.4. SUMMARY AND CONCLUSIONS 

In this chapter, the collision behaviour of two particles coated with a thin liquid film was studied. 

A coalescence model was developed that considers the capillary, viscous, and liquid bridge 

volume effects. The model is based on an overall coefficient of restitution that was derived from 

energy conservation before and after collision. According to the proposed model, particles 

coalesce whenever the maximum possible energy dissipation is equal to or greater than the total 

initial kinetic energy of two particles. In order to determine the maximum possible energy 

dissipation, an approximate analytical treatment was chosen. The maximum possible energy 

dissipation was assumed to be the summation of the analytical expressions for the contact loss, 

capillary, and viscous works. Each loss/work term was derived separately. In order to derive the 

viscous and contact losses, the capillary effects were neglected; this makes the proposed 

analytical approach approximate. In order to verify the approximate analytical approach, the 

general equation of motion was solved with a numerical method. The numerical results were 

compared with the approximate analytical results, and excellent agreement was found. This 

means that the proposed model replaces the numerical solution of the governing equation of 

motion. 
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Two different limiting versions of the proposed model were formulated and compared with its 

general form. The results indicated the capillary contributions dominate at very small capillary 

numbers, while the viscous contributions are dominant at very large capillary numbers. In 

between, both of these contributions could be important, hence the general model incorporating 

both effects needs to be used. Moreover, for viscous-dominated cases, different modified 

versions of the Stokes theory were derived (from the proposed coalescence model) and were 

compared with the experimental data. The comparison indicated a good agreement between the 

available experimental data in the literature and the modified Stokes models that incorporate the 

liquid bridge volume effects. Also, the proposed model at capillary-dominated conditions was 

compared with experimental data and great agreement was found. For capillary limiting cases, 

the contact loss was compared with the capillary work in a range of dry coefficient of restitution. 

It was indicated that the contact loss is negligible for dry coefficients of restitution equal to or 

greater than 0.95, while it becomes significant when this coefficient is smaller than 0.95. It was 

also shown that the rupture energy is only slightly larger than the maximum possible capillary 

work. In summary, for capillary-dominated collisions and dry coefficients of restitution close to 

unity, the consideration of the rupture energy will suffice.  

 

In conclusion, the proposed model successfully predicts the collision outcome of two spherical 

particles coated with a thin liquid film. This work can be considered as one step towards 

narrowing the gap between microscopic and macroscopic modeling of wet granulation processes. 

Ultimately, the proposed model can be implemented in particulate phase motion simulations to 

describe the operation of granulation systems in the presence of a liquid. In Chapter 3, a version 

of the proposed model is used to determine the collision outcome of bitumen-coated coke 

particles. Also, in Chapter 5, the proposed coefficient of restitution is implemented in an open-

source code to study the operation of fluidized beds in the presence of liquid coating.   
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Chapter 3. AGGLOMERATION OF BITUMEN-COATED COKE 

PARTICLES IN FLUID COKERS
2
 

3.1. INTRODUCTION 

Fluid cokers are prone to agglomeration [1-3]. This occurs when bitumen-coated coke particles 

collide and stick together, and finally very large granules consisting of up to several hundred 

coke particles are formed. Agglomeration in fluid cokers is undesirable and causes reduced 

process efficiency. In order to improve the operation of fluid cokers, it is useful to learn more 

about conditions leading to agglomeration. 

 

As highlighted in the introduction chapter, fluid cokers have been the subject of numerous 

studies that: 1) aim at improving our understanding of the hydrodynamics and jet-bed 

interactions of the three-phase flow inside them, 2) study the effect of the draft tube on the jet-

bed interactions and mixing inside them, and 3) investigate the physical properties and cracking 

reactions of bitumen at coking conditions. Despite the increased number of studies on the fluid 

cokers, there is no theoretical model that directly addresses the agglomeration of bitumen-coated 

coke particles. In this chapter, a simplified theoretical model is proposed to determine the 

collision outcome of bitumen-coated coke particles; the model incorporates the temperature- and 

time-dependant variations of the viscosity and thickness of bitumen that occur due to chemical 

reactions. The proposed model is then used to improve our understanding of the agglomeration 

process inside fluid cokers.  

 

3.2. FLUID COKER 

The operation of fluid cokers has been described in the introduction chapter, and is presented 

once again here. The fluid coker is one of two key components of a fluid coking system. It is a 

large steam-fluidized bed containing hot coke particles inside which the bitumen is injected 

                                                 
2
 A version of this chapter has been published. Darabi, P., Pougatch, K., Salcudean, M., and Grecov, D. (2010) 

Agglomeration of Bitumen-coated Coke Particles in Fluid Cokers. International Journal of Chemical Reactor 

Engineering. 8, A122.  



 - 44 - 

through a large number of nozzles using steam-assisted atomization. The atomized bitumen 

droplets contact and coat the coke particles. Due to the high temperature of the coke particles, the 

heavy hydrocarbon molecules of bituminous liquid thermally crack and are converted into lighter 

products. As a result of cracking reactions, the coke particles lose energy, cool down, and grow 

in size (as bitumen remaining on the particle surface is converted into coke). In order to be 

reheated, the large, relatively cold coke particles are directed into a large fluidized bed, known as 

the burner, and once sufficiently hot again, the coke particles are circulated back into the fluid 

coker.    

 

3.2.1. Flow regions within a fluid coker 

In this work, the flow inside the fluid cokers is classified into three regions: jet, intermediate, and 

well-mixed. These flow regions are suggested based on their difference in temperature and inter-

particle collision velocities. Each jet introduces the bitumen at relatively low temperatures 

(usually around 350-400 
o
C) and very high velocities. In the well-mixed region, due to the 

contact with the hot coke particles, the bitumen temperature increases to around 530 
o
C, while 

due to the substantial solid volume fraction, the inter-particle collision velocities are significantly 

lower than in the jet region.  

 

In order to draw boundaries between the described regions, efforts are made to quantify the bed 

conditions within each region. Unfortunately, there are no available velocity or temperature 

measurements of the flow inside the fluid cokers, which is not surprising considering the process 

conditions. In such a situation, quantification is based on the common understanding of the 

process. As the fluidized bed is very well agitated, it seems that the range of inter-particle 

collision velocities from 0.2 to 0.3 m/s is reasonable; these collision velocities correspond to 

granular temperatures from 0.0057 to 0.0127 m
2
/s

2
, according to 24 9

c
uθ π= [113]. This range is 

assigned to the well-mixed region. For the jet region, collision velocities greater than 1.5 m/s 

(corresponding to granular temperatures greater than 0.318 m
2
/s

2
) are assumed. Anything in-

between falls into the intermediate region. We realize that the transition within the reactor is 

continuous; however, for the ease of analysis, the above regions are demarcated considering the 

proposed inter-particle collision velocities and reaction temperatures, as summarized in Table 

 3-1. 
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Table  3-1. Characteristic inter-particle collision velocity and temperature of the flow regions within fluid 

cokers. 

Flow region 
Characteristic inter-particle collision 

velocity, m/s 
Temperature, 

o
C 

Jet >1.5 350-400 

Intermediate 0.3-1.5 400-530 

Well-mixed 0.2-0.3 530 

 

3.3. MATHEMATICAL MODEL 

3.3.1. Problem statement 

Consider two identical spherical particles of radius (R) approaching with equal initial transitional 

velocities (u0), as schematically shown in Figure  3-1.a. Each particle is assumed to be coated 

with a well-dispersed Newtonian liquid with a thickness of h . Once the liquid layers touch each 

other, a liquid bridge that connects the particles is instantaneously formed, as schematically 

shown in Figure  3-1.b. A larger scale of the bridge is shown in Figure  3-1.c, where the two-

dimensional system of cylindrical coordinates (r,z), the separation distance changing with radial 

distance ( )H r , the minimum separation distance ( 2D ), and the wetting distance (
w

r ) are shown.  

 

 
Figure  3-1. Collision of two moving spherical particles and the formation of the liquid bridge. 
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3.3.2. Proposed model 

Previously, the above collision problem was studied in Chapter 2 and it was shown that the 

collision outcome depends on the initial kinetic energy of particles and the total losses due to the 

capillary and viscous effects of the liquid bridge along with the inelastic contact losses. The 

results were further analyzed and it was concluded that for dynamic collisions with large 

capillary numbers ( 0 /Ca u µ σ= ), the viscous effects dominate the capillary effects. It was also 

shown that by neglecting the capillary effects, the model reduces to a modified version of the 

Stokes criterion, introduced earlier by Ennis et al. [21]. In this work, it is assumed that due to the 

large bitumen viscosities, the viscous effects are dominant. Therefore, the modified Stokes 

model is used; see Chapter 2 for more details. The model can be mathematically written as 

follows:  

* 1 ( )
1 ln

( )
a

f h
St

e f h

  
= +   
   

 ( 3-1) 
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9

p
u R

St
ρ

µ
=  ( 3-2) 

  

where *
St is the critical Stokes number, e is the dry coefficient of restitution, 

( )
2

2 2 2 2( ) /f D D D a D D a= + + +  , 2 / 2
b

a V Rπ= , 
b

V  is the liquid bridge volume, h  is the 

liquid film thickness, 
a

h  represents the average height of surface asperities (or surface 

roughness) of the particle, St  is the particle Stokes number, 
p

ρ  is the particle density, 0u  is the 

initial particle velocity, R is the particle radius, and µ is the liquid viscosity.  

 

The Stokes model is used as follows: Both Stokes numbers are calculated and compared. The 

particle velocity resulting by equating the above Stokes numbers is referred to as the “critical 

velocity”; this velocity is the demarcation between the rebound and coalescence outcomes. The 

critical velocity ( *u ) can be expressed as follows:  

*9
*

8
p

u St
R

µ

ρ
=  ( 3-3) 
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In order to determine the variations of the bitumen viscosity with the reaction time, Aminu et al. 

[75] performed experimental measurements at three reaction temperatures, i.e. T = 400, 503, & 

530 
o
C. In this work, the linear interpolation of the experimental results of Aminu et al. [75] is 

used and the following expressions for the time-dependant bitumen viscosity at the above 

reaction temperatures are proposed: 

 26542 1 at T=400

( ) 30131 1 at T=503

 21012 1 at T=530

t C

t t C

t C

µ

 +


= +
 +

o

o

o

 ( 3-4) 

 

where ( )tµ is the viscosity in mPa.s and t is the normalized reaction time. The normalized 

reaction time is defined as the ratio of the actual reaction time over the dry-out time. According 

to Aminu et al. [75], the dry-out time is the reaction time at which the bitumen film exhibits no 

further adhesive tendency; therefore, at reaction times greater than the dry-out time, the liquid 

effects are neglected. The dry-out time of a bitumen coating with a thickness of 20µm is 240, 24, 

and 14.4 seconds at reaction temperatures of T = 400, 503, and 530 
o
C, respectively [75].  

 

According to the literature [1], bitumen is not uniformly distributed among the coke particles 

inside fluid cokers, hence the thickness of bitumen coating could vary from one particle to 

another. Considering the described mechanism of bitumen distribution among coke particles by 

Gray [1], the average bitumen coating on coke particles is around 22.5µm . In this work, this 

value is used as the average and it is assumed that the thickness of the initial liquid layer on the 

coke particles varies between 15 and 30µm . 

 

Due to the cracking and devolatilisation reactions, the thickness of bitumen coating continuously 

reduces with the reaction time. Gray et al. [74] performed experiments on thin films of bitumen 

(around 20µm ) at coking temperatures of 457, 503, and 530 °C. They also showed that the 

weight fraction of the feed decreases with the reaction time, meaning that the bitumen thickness 

decreases in time. Using the data from the above article, Aminu et al. [75] proposed an empirical 

expression to calculate the bitumen thickness as a function of reaction time. The expression 

shows the proper trend, i.e. the thickness of bitumen coating decreases in time. However, it does 

not fully account for the influence of the initial thickness on the coke yield (the remaining 
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material on the particle surface). According to Radmanesh et al. [77], the coke yield is dependant 

on the initial thickness of bitumen coating, while the proposed expression by Aminu et al. [75] 

does not exhibit such dependency. Therefore, a more general equation consistent with the 

experimental observations is required. Such an expression should comply with the following 

conditions: 

 

1. The thickness of bitumen coating decreases with the reaction time.   

 

2. The final coke yield is dependant on the initial thickness of bitumen coating. According to 

Radmanesh et al. [77], the final coke yield increases with the film thickness. Here, it is assumed 

that the coke yields for bitumen coatings of 10, 20, and 30 µm  are 8, 10, and 12%, respectively. 

These values are in fair agreement with the findings in the literature [73, 74, 77].  

 

3. The final thickness of bitumen coating (at the dry-out time) is proportional to the initial 

thickness of the bitumen coating and the final coke yield.  

 

4. According to Radmanesh et al. [77], for thin films (20µm and smaller), the coke yield is 

independent of the reaction temperature. Although film coatings up to 30µm  are considered in 

this work, the above assumption is extended to all thicknesses as a first approximation. 

Therefore, in the proposed expression, the final coke yield is independent of the reaction 

temperature.  

 

Considering the above assumptions and maintaining the decaying trend of the original expression 

introduced by Aminu et al. [75], the following expression for the variations of the thickness of 

bitumen coating as a function of the normalized reaction time is proposed:  

1/ 0.1534
0.1534 0.3

0( ) 0.4708 0.04h t h t t = − +   ( 3-5) 

 

where h(t) is the time-dependant thickness of bitumen coating, h0 is the initial thickness of 

bitumen coating at time zero, and t is the normalized reaction time. Figure  3-2 shows the 

variations of the thickness of bitumen coating with respect to the normalized reaction time for 

initial bitumen coatings of 10, 20, and 30µm . The thickness of bitumen coating obtained with 
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the above equation is used to determine the liquid bridge volume and the critical velocity at each 

normalized reaction time.  

 

 
Figure  3-2. Variations of the thickness of bitumen coating with the normalized reaction time.  

 

Given the geometry in Figure  3-1.c, the separation distance between the two particles can be 

written as follows:  

2

( ) 2
r

H r D
R

= +  ( 3-6) 

 

Assuming a cylindrical shape for the liquid bridge, its volume can be approximated as follows:  

2 2

0

2 ( ) ( ) 4
2

wr

b wV rH r dr R H r D
π

π  = = − ∫  ( 3-7) 

 

In order to obtain the liquid bridge volume, H(rw) and D must be determined. The liquid height at 

the wetting distance is assumed to be the summation of the thickness of the two liquid layers, 

i.e. ( ) 2 ( )
w

H r h t= , where h(t) is the time-dependant thickness of bitumen coating. Also, assuming 

that particles are in contact when the liquid bridge is formed, the minimum separation distance 
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will be equal to zero, i.e. D = 0. Given the above, Eq. ( 3-7) can be simplified to the following 

expression:     

22 ( ( ))
b

V R h tπ=  ( 3-8) 

 

It is assumed that: 1) due to the short collision times between particle pairs, the liquid bridge 

volume remains constant during each collision. This is because the collision time of particles is 

in the order of milliseconds while the required time for a significant change of bitumen 

properties is in the order of seconds; 2) the variations of the bitumen properties (e.g. viscosity 

and thickness) with the reaction time during each collision are negligible; 3) the dry coefficient 

of restitution of the coke particles is equal to 0.9; and 4) particle surface roughness increases 

with reaction time, and this increase is proportional to half of the thickness of the bitumen 

remaining on the particles after cracking. One should note that the latter assumption is used to 

account for the effect of the initial thickness of the bitumen coating on the final roughness of 

particles. This is an approximation that is proposed for this first time in this work and requires 

further investigation in future. Therefore, assuming an initial surface roughness of 6.5µm  for 

coke particles (before reactions), the surface roughness of the particles will be 7.2, 7.5, and 

8.3µm  after cracking reactions. These surface roughness values correspond to the initial bitumen 

coatings of 15, 20, and 30µm , respectively. The values of the key parameters are summarized in 

Table  3-2.  

 
Table  3-2. Properties of the wet coke particles.  

Parameter Value Unit 

Radius of coke particles (R) 75 µm  

Density of coke particles (
p

ρ ) 1500 kg/m
3 

Initial thickness of bitumen coatings (h0) 15-30 µm  

Surface roughness of coke particles (ha) 6.5-8.3 µm  

Dry coefficient of restitution (e) 0.9 - 

 

3.3.3. Solution methodology 

First, using equations ( 3-4) and ( 3-5), the thickness of bitumen coating and viscosity at the given 

normalized reaction time and reaction temperature are determined, respectively. Given the 
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thickness of bitumen coating and the size of coke particles, the liquid bridge volume is calculated 

with the aid of Eq. ( 3-8). Then, using equations ( 3-1) and ( 3-3), the critical Stokes number and 

the critical theoretical collision velocity (u
*
) are determined, respectively. Next, plots of the 

variations of the critical velocity for different initial bitumen coatings at different reaction 

temperatures are obtained.  

 

Knowing the reaction temperature, the corresponding flow region at the desired temperature is 

determined, for which a characteristic inter-particle collision velocity is provided in Table  3-1. 

Comparing this inter-particle collision velocity with the critical velocity calculated, obtained 

with Eq. ( 3-3), the collision outcome of the particles at that flow region can be determined: 

particles coalesce (and form an agglomerate) if the theoretical critical velocity is greater than the 

characteristic inter-particles velocity; otherwise, they rebound. The growth of the agglomerates 

through the process is not explicitly modeled in this work. Instead, using the peak critical 

velocity (for bitumen coatings with an initial thickness of 30 µm ) and considering the 

characteristic inter-particle collision velocity and the size of primary particles, the agglomeration 

tendency inside fluid cokers is quantified. For this matter, the maximum possible agglomerate 

size and the number of particles consisting agglomerates are estimated. This is performed for the 

well-mixed and intermediate regions that are prone to agglomeration.  

 

3.4. RESULTS AND DISCUSSION 

3.4.1. Variations of the critical velocity with the reaction time 

Knowing the variations of the viscosity and thickness of bitumen coating with the reaction time 

at each coking temperature, the variations of the critical velocity for the binary collision of 

bitumen-coated coke particles are determined. The results for the three coking temperatures of T 

= 400, 503, and 530 
o
C are shown in Figure  3-3, Figure  3-4, and Figure  3-5, respectively. These 

figures have the following in common: 

 

• As each reaction proceeds, the value of the critical velocity initially increases, reaches a 

maximum at a certain reaction time, and decreases afterwards. The existence of a peak is in 
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agreement with Gray [1] who predicted the maximum agglomeration tendency at an intermediate 

reaction time.  

 

• The peak value increases as the thickness of bitumen coating increases. This can be 

explained by considering the relationship between the critical velocity and the thickness of liquid 

film. As the thickness of bitumen film increases, the critical Stokes number increases, leading to 

a larger critical velocity. 

 

• The normalized reaction times corresponding to the peak critical velocities increase as the 

initial thickness of bitumen coatings increases. The peak critical velocities occur at the 

normalized reaction times of 0.01, 0.03, and 0.07 corresponding to the initial bitumen coating 

thicknesses of 15, 20, and 30µm , respectively. 

 

• For the normalized reaction times beyond a certain value, no critical velocity is calculated. 

This is because at such reaction times, the thickness of bitumen coatings is smaller than the 

particle surface roughness; therefore, the liquid coating is not effective. These normalized 

reaction times increase as the initial thickness of bitumen coating increases and are 0.02, 0.08, 

and 0.22 for the initial bitumen coatings of 15, 20, and 30µm , respectively.  

 

Comparing the values of the above theoretical critical velocities with the characteristic inter-

particle collision velocities of each flow region, provided in Table  3-1, the following conclusions 

can be reached:  

 

- Theoretically, agglomeration of coke particles in the jet region (with T = 400 
o
C) could be 

expected. According to Figure  3-3, the largest critical velocity for this temperature is equal to 

around 2 m/s, corresponding to an initial bitumen coating thickness of 30µm and can be greater 

than the inter-particle collision velocity in the jet region (1.5 m/s); hence agglomeration is likely 

to occur. On the other hand, due to the very high velocities and short penetration lengths of jets, 

the actual residence time of coke particles in the jet regions is very low (around a second or less). 

In addition, the highest critical velocity at T = 400 
o
C occurs at a normalized reaction time of 

0.07; considering the dry-out time of the thin bitumen coatings, i.e. around hundreds of seconds, 
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the above normalized time is equivalent to ten seconds or more. Finally, considering the 

occurrence time of the highest peak critical velocity and the residence time of coke particles in 

the jet region, it can be concluded that practically agglomeration of coke particles in the jet 

regions is not of any concern.  

 

- Agglomeration of coke particles in the intermediate region (with T = 503 
o
C) is very likely 

to occur. According to Figure  3-4, given the initial thickness of bitumen coatings of 20 and 

30µm , the peak critical velocity is substantially greater than the average inter-particle collision 

velocities in the intermediate region. This conclusion is valid provided that the residence time of 

coke particles in the intermediate region is sufficient such that the peak critical velocities occur. 

This, in fact, is very likely to happen as fluid cokers could be modeled as continuously stirred-

tank reactors (CSTR) for which the residence times are practically very high (and in theory, up to 

infinity). 

 

- Similar comments can be made for the well-mixed region (T = 530 
o
C). 

 

 
Figure  3-3. Variations of the critical velocity with the normalized reaction time for T = 400 

o
C. 
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Figure  3-4. Variations of the critical velocity with the normalized reaction time for T = 503 

o
C. 

 

 
Figure  3-5. Variations of the critical velocity with the normalized reaction time for T = 530 

o
C. 
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The above figures indicate that for identical initial bitumen coatings, the peak value for T = 503
 

o
C is greater than that of T = 530 

o
C. For instance, for initial bitumen coating of 0 30µmh = , the 

peak critical velocity for T = 503
 o
C is * 2.50 m/su = , while for T = 530 

o
C it is around u

* 
= 1.75 

m/s. This can be translated as less agglomeration tendency at high coking temperatures. The 

difference between the critical velocities comes from the difference between the bitumen 

viscosities at these two temperatures at t = 0.07; the bitumen viscosity at T = 503
 o
C and t = 0.07 

is equal to 2110 mPa.sµ = , while for T = 530 
o
C it is 1472mPa.sµ = .  

 

3.4.2. Estimating the maximum possible agglomerate size 

Previously, it was shown that for the initial bitumen coatings of 30µm in the well-mixed region 

(T = 530 
o
C) and the intermediate region (T = 503 

o
C), the theoretical critical velocity could be 

significantly greater than the actual characteristic inter-particle collision velocities within the 

corresponding region, as provided in Table  3-1. This means that under such conditions 

agglomerates that are substantially larger than the primary coke particles could be formed. 

Accordingly to Eq. ( 3-3), the critical collision velocity and particle size are inversely correlated, 

meaning that if the particle size decreases, the critical velocity increases. With the aid of this 

equation, the maximum possible agglomerate size (
agg

R ) can be determined to be: 

*

p

agg

c

u
R R

u
=  ( 3-9) 

 

where
agg

R is the radius of agglomerate, *

pu is the peak theoretical critical velocity, 
c

u is the 

characteristic inter-particle velocity of the flow region, and R is the radius of the primary coke 

particles. For instance, according to Figure  3-4, the peak critical velocity in the intermediate 

region with 0 30µmh = is u
* 

= 2.50 m/s. Comparing this critical velocity with an average 

characteristic velocity of 0.5m/s
c

u =  in the intermediate region, agglomerates with a maximum 

size of 375µm
agg

R = could be obtained. Considering a porosity of 0.5 for the agglomerates, such 

agglomerates contain approximately 62 coke particles. Similarly, according to Figure  3-5, the 

peak critical velocity in the well-mixed region is around u
* 

= 1.75 m/s. Comparing this critical 

velocity with a characteristic inter-particle velocity of 0.2 m/s
c

u = for this region, agglomerates 
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of maximum size 656
agg

R = µm, approximately containing 335 coke particles, are obtained. 

These values are in agreement with the practical plant operations, for which agglomerates 

consisting of up to a few hundred coke particles are observed. The above characteristic inter-

particle collision velocities are average values that are used to obtain an estimate of the size of 

agglomerates and shed some light on the agglomeration process inside the fluid coker reactor. In 

practice, the inter-particle collision velocities vary within a range inside the entire reactor; this 

eventually results in the formation of agglomerates with a size distribution.     

 

3.5. SUMMARY AND CONCLUSIONS 

A simplified mathematical model that incorporates the time- and temperature-dependant 

variations of the bitumen viscosity and coating thickness was proposed to determine the collision 

outcome of the bitumen-coated coke particles inside the fluid cokers. The model calculates a 

critical velocity that is a function of a number of parameters such as the bitumen viscosity, the 

thickness of bitumen coating, the reaction time, and the size and surface roughness of the coke 

particles.  

 

The results indicated a peak for the variations of the critical velocity with respect to the 

normalized reaction time. It was found that agglomeration cannot occur in the jet regions, while 

for the intermediate and well-mixed regions agglomeration is very likely to occur. Also, the 

results show that the agglomeration tendency at T = 503 
o
C is greater than that at T = 530 

o
C. 

Further, the analysis of results suggests that large agglomerates containing up to a few hundred 

coke particles could be formed inside fluid cokers, which is in agreement with the actual plant 

observation.   
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Chapter 4. MODELING THE RUPTURE OF STRETCHING LIQUID 

BRIDGES
3
 

4.1. INTRODUCTION 

The evolution of liquid bridges between solid surfaces is related to several industrial processes 

such as wet granulation, coating, and printing; hence, they have been the subject of numerous 

investigations. As highlighted in the introduction chapter, one of the main objectives of these 

investigations is to obtain a better understanding of the stability and evolution of liquid bridges 

[81, 84-89]. This has led researchers to develop mathematical models for the rupture of liquid 

bridges. There are two types of models that have been commonly used in the past few years: 1) a 

mathematical model based on a geometrical representation of liquid bridges; we refer to this 

group of models as the “simplified model,” and 2) numerical solution of the governing equations. 

As explained earlier in the introduction chapter, the simplified model has limitations; for 

instance, the liquid bridge shape is approximated with an a priori assumed profile and it does not 

allow for studying the effect of liquid properties (such as viscosity, surface tension, and density). 

On the other hand, the numerical simulations of the governing equations propose a more general 

modeling framework as they account for the surface tension, viscosity, and density of the 

bridging liquid; in addition, numerical simulations do not approximate the gas-liquid interface 

with a profile. In this chapter, a simplified model and numerical simulations of the Navier-Stokes 

equations are used to study the rupture of liquid bridges between two equal-sized solid spherical 

particles. This chapter can be divided into three parts. First, the simplified model and numerical 

simulations are developed and used to study a number of problems; both models are compared 

and the limitations of the simplified model are identified. The above part is mainly focused on 

the liquid bridges between particles with identical liquid-solid contact angles. In the second part, 

the numerical simulations of the governing equations are used to study stretching liquid bridges 

between particles with different liquid-solid contact angles. In the third part, the numerical 

simulations of the Navier-Stokes equations are used to study the effect of gravity on the rupture 

of stretching liquid bridges. 

                                                 
3
 A version of this chapter has been published. Darabi, P., Li, T., Pougatch, K., Salcudean, M., and Grecov, D. 

(2010) Modeling the Evolution and Rupture of Stretching Pendular Liquid Bridges. Chemical Engineering Science. 

65: 4472-4483. 
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4.2. PROBLEM STATEMENT 

Figure  4-1 shows schematically a liquid bridge connecting two solid spherical particles. As 

indicated in the figure, the particles are separating with a constant relative velocity, v, as a result 

of which the liquid bridge is continuously stretching. There are two main parameters used for the 

analysis of the results in this chapter: the “rupture distance” and the “liquid transfer fraction.” 

The rupture distance (S
*
) is the distance at which the liquid bridge breaks, and the liquid transfer 

fraction (TF) is a measure of how the liquid is distributed between the two solid surfaces after 

rupture. Both of these quantities are quantified and discussed for a number of rupture problems 

in this chapter.  

 

 

Figure  4-1. A stretching liquid bridge between two identical solid spherical particles.  

 

4.3. NON-DIMENSIONAL ANALYSIS 

Suppose that the rupture distance is a function of eight significant parameters, according to the 

following equation: 

* ( , , , , , , , )
b

S f R v V gρ θ σ µ=  ( 4-1) 

 

where S
*
 is the rupture distance (i.e. critical separation distance), R is the particle radius, v is the 

separation velocity, ρ is the liquid density, Vb is the liquid bridge volume,θ is the liquid-solid 

contact angle, σ is the liquid surface tension, µ is the liquid viscosity, and g is the gravitational 
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acceleration. Selecting{ , , }R v ρ as the scaling parameters, it can be shown with the Buckingham 

pi theorem that the original functional relationship, as in Eq. ( 4-1), can be written in the 

following equivalent form: 

*

3
( , , , , )b
VS

f We Ca Bo
R R

θ= %  ( 4-2) 

 

According to Eq. ( 4-2), the dimensionless rupture distance ( * /
c

S S R= ) is a function of the 

dimensionless liquid bridge volume ( 3/
b

V V R= ), contact angle ( θ ), the Weber number 

( 2v /We R ρ σ= ), the capillary number ( /Ca vµ σ= ), and the Bond number ( 2 /Bo gR ρ σ= ). 

The latter three dimensionless numbers, i.e. We, Ca, and Bo, respectively, represent the ratio of 

the inertial, viscous, and gravitational effects over the surface tension effects.  

 

4.4. SIMPLIFIED MODEL 

Figure  4-2 shows the liquid bridge representation as used in the simplified model, at rupture 

instance. For the simplified model, it is assumed that: a) the bridge is axisymmetric with respect 

to the x-axis; thus, only its upper section is considered in the model, and b) particles are smooth 

and non-porous. The key parameters of the model (as marked in the figure) are as follows: the 

spheres’ radii (R), the length of the liquid bridge (d), the critical separation distance, i.e. the 

rupture distance (Sc), the contact angles (θ ), and the spherical cap (h). In addition, parameters 

related to the left-hand side particle are marked with index i, and those for the right-hand side 

particle are marked with index j. 
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Figure  4-2. Liquid bridge between two spherical particles, shown at the instant of rupture. 

 

4.4.1. Model development 

The proposed simplified model in this chapter is a combination of the system of equations 

developed by Shi and McCarthy [89] and the closure criterion by Pepin et al. [87]. First, the 

equations representing the parabolic shape of the bridge are presented; then, the closure criterion 

for determining the rupture distance is explained.  

 

Assuming a parabolic shape for the gas-liquid interface of the bridge, its profile can be 

approximated with the following second-order polynomial: 

2y ax bx c= + +  ( 4-3) 

 

where a, b and c are unknown. As depicted in Figure  4-2, the three phases (i.e. gas, liquid, and 

solid) intersect at two points with the coordinates: {0, (0)}y  and { , ( )}d y d . Considering the 

problem geometry as given in Figure  4-2, the y-coordinate of these two contact points can be 

related to the cap heights (h) and particle radii (R) as follows: 

2 2(0) ( )i i iy R R h= − −  ( 4-4) 
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2 2( ) ( )j j jy d R R h= − −  ( 4-5) 

 

The cap heights can be related to the liquid bridge length and rupture distance with the following 

equation: 

c i jd S h h= + +  ( 4-6) 

 

Considering the problem geometry as given in Figure  4-2, the contact angles (θ ) can be related 

to the liquid bridge profile as follows: 

(0)
arctan( '(0)) arcsin

2
i

i

y
y

R

π
θ

 
= + −  

 
 ( 4-7) 

 

( )
arctan( '( )) arcsin

2
j

j

y d
y d

R

π
θ

 
= − −   

 
 ( 4-8) 

 

The liquid bridge volume (V) is assumed to be constant throughout the liquid bridge evolution 

and is determined by: 

2

, ,
0

( ). ( )
d

cap i cap jV y x dx V Vπ= − +∫  ( 4-9) 

 

where the volume of spherical caps can be written as follows: 

( )2 2

, 3 (0)
6

i
cap i i

h
V y h

π
= +  ( 4-10) 

 

( )2 2

, 3 ( )
6

j

cap j j

h
V y d h

π
= +  ( 4-11) 

 

In summary, in order to determine the liquid profile and its rupture distance, the system of 

equations consisting of ( 4-4)-( 4-9) is solved. However, there are seven unknown variables 

( , , , , , ,i j ca b c d h h S ) and only six equations available, meaning that one additional equation is 

required. The following section provides the closure of the above system of equations.  
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4.4.1.1. Rupture point 

Figure  4-3 schematically shows the liquid droplet, immediately after rupture, on particle i. In this 

figure, notations S , L , and G stand for the solid, liquid, and gas phases, respectively. In this 

chapter, the assumption of Pepin et al. [87] is adopted and it is assumed that the rupture of the 

liquid bridge occurs when the area of the liquid bridge (before rupture) is equal to the area of the 

two droplets formed on the two particles (after rupture). This assumption can be written as 

follows:  

2

0
2 ( ) 1 ( ). 2 ( )

d

i i j jy x y x dx u T u Tπ π+ = +∫ &  ( 4-12) 

 

 

Figure  4-3. The liquid droplet on particle i immediately after rupture.  

 

Eq. ( 4-12) is the final equation required to close the system of equations. In order to calculate the 

area of the two droplets, their radii and maximum cap heights are required. These two quantities 

for the left-hand side particle are determined with the following equations:  

2 2

2

i i
i

i

T y
u

T

+
=  ( 4-13) 

 

,2 2 2 2
6

( 3 ) ( 3 )
L i

i i i i i i

V
T T y h h y

π
+ = + +  ( 4-14) 

 

Similar equations are written for the liquid droplet on the right-hand side particle.  
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4.4.2. Solution methodology 

In order to solve the problem with the simplified model, the system of equations consisting of 

Eqs. ( 4-4) - ( 4-14) is solved using the Matlab non-linear solver. The system of equations is 

solved given the radii of the particles, liquid-solid contact angles, and the liquid bridge volume. 

The final outcomes of the model are the rupture distance and the liquid transfer fraction of each 

particle. 

 

4.4.3. Results and discussion 

All the results in this chapter represent the dimensionless rupture distance and dimensionless 

liquid bridge volumes; however, in order to avoid repetition, the word “dimensionless” is often 

omitted. For the problems solved in this section, i.e. the liquid bridge rupture between two equal-

sized particles with identical liquid-solid contacts and no gravity, the liquid is uniformly 

distributed (i.e. TF = 0.5); hence, only the results concerning the rupture distance are presented.  

 

4.4.3.1. Comparison with experimental data  

Figure  4-4 shows the comparison between the rupture distance predictions using the simplified 

model and the experimental data of Mason and Clark [114]. According to Mason and Clark, the 

measured contact angle was slightly greater than zero but the exact value was not provided; 

therefore, three series of predictions using three different contact angles of 0, 10 and 20 o are 

obtained and compared with the available experimental data. According to the figure, the 

predictions obtained with a zero contact angle underestimate the experimental measurements, 

while better agreement is found for contact angles of 10 and 20 degrees. 



 - 64 - 

 

Figure  4-4. Comparison of rupture distances predicted using the simplified model with the experimental 

data of Mason and Clark (using water as the suspending medium and di-n-butyl phthalate and liquid 

paraffin mixture for the liquid bridge) [114].   

 

Figure  4-5 displays the comparison between the rupture distance predictions using the simplified 

model and the experimental data of Mazzone et al. [85], with a measured contact angle of 10 o . 

According to this figure, the simplified model with 10θ = o  over-predicts the measurements of 

Mazzone et al. This difference can be related to the gravitational effects. According to Mazzone 

et al. [85], the gravitational effects reduce the rupture distance; however, the gravitational effects 

are neglected in the simplified model and consequently, the rupture distance is over-predicted by 

this model. Further discussion regarding the impact of the gravitational effects on the rupture 

distance will be presented later in this chapter.  
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Figure  4-5. Comparison of rupture distances predicted using the simplified model and the experimental 

data of Mazzone et al. [85] (with measured liquid-solid contact angles of 10
o
and using air as the 

suspending medium and dibutyl phthalate for the bridging liquid). 

 

4.4.3.2. Effect of liquid bridge volume and contact angle on rupture distance 

Figure  4-6 shows the variations of the rupture distance with respect to the contact angle and 

liquid bridge volume. According to this figure, the rupture distance increases as the bridge 

volume and contact angle increase. These trends are consistent with the expression of Lian et al. 

[81], Eq. ( 4-15), and Mikami et al. [82], Eq. ( 4-16). Figure  4-7 shows the comparison between 

the results of Eqs. ( 4-15) and ( 4-16) and the rupture distance predictions using the simplified 

model. According to this figure, good agreement is found. In conclusion, the simplified model 

agrees well with other rupture distance expressions in the explored range of dimensionless liquid 

bridge volumes.  

 

1/3(1 0.5 )cS Vθ= +  ( 4-15) 

 

0.34(0.99 0.62 )cS Vθ= +  ( 4-16) 
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Figure  4-6. Variations of the dimensionless rupture distance with respect to the contact angle and 

dimensionless bridge volume. 

 

 
Figure  4-7. Comparison of rupture distances predicted using the simplified model with the expressions of 

Lian et al. [81] and Mikami et al. [82].  
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4.5. NUMERICAL SIMULATION OF THE NAVIER–STOKES EQUATIONS 

4.5.1. Model development  

For the numerical simulations performed in this chapter, the full Navier-Stokes equations are 

solved with a CFD software package – FLUENT. In the current study, the volume-of-fluid 

(VOF) method combined with the interface reconstruction scheme is used for tracking the time-

dependant evolution of the gas-liquid interface. To account for the surface tension effects, the 

continuum surface force (CSF) model, as explained in [115], is used. To consider the wall 

adhesion, the liquid-solid contact angle is used to obtain the normal vectors and surface 

curvature in the cells near the solid walls. The contact angle is assumed to be static and constant 

during each simulation. However, the value of this constant contact angle (either for the left-hand 

or the right-hand side particle) could vary from one simulation to another. Due to the movement 

of the two solid particles, the liquid bridge continuously elongates. To model the resulting 

stretching behaviour of the domain, the dynamic mesh model, as implemented in FLUENT, is 

used. With the dynamic mesh, layers of cells are continuously added to the mesh near the 

moving surfaces; this results in the continuous increase in the number of control volumes during 

each simulation. Further description of the above models and methods along with the governing 

equations can be found in the FLUENT documentation [116].  

 

4.5.1.1. Simulation set-up 

Figure  4-8 depicts the two-dimensional computational domain used in this study. The domain 

shows the gap between two equal-sized solid spherical particles that is filled with both gas and 

liquid phases. In this figure, the blue and red regions represent the gas and liquid phases, 

respectively; the left- and right-hand side curves represent the portion of each solid particle that 

forms a boundary of the domain. Since both particles are spherical, the problem is assumed to be 

axisymmetric. Therefore, only the 2D axial cross-section is used as the computational domain. 

The 2D axisymmetric domain represents a 3D domain, for which the gradients in the third 

direction (here, theta) are assumed to be zero. Each simulation is performed from a certain initial 

distance between the particles with a flat liquid bridge. The initial distance varies from one 

simulation to another, but in general it is chosen close to the rupture distance such that large 

computational times are avoided. As each simulation progresses, the shape of the liquid bridge 
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(which is initially flat) evolves. Its shape depends on the interaction of the liquid phase with the 

gas and solid phases. The flow is considered to be isothermal and incompressible. In addition, 

since the density and viscosity of the gas phase are orders of magnitude smaller than those of the 

liquid phase, the effect of the gas phase on the liquid phase is not significant in our numerical 

simulations. The solid particles are assumed to be smooth and non-porous. 

 

 

Figure  4-8. The computational domain used in this study. The blue and red regions represent the gas and 

liquid phases, respectively, and the boundary in-between represents the gas-liquid interface.  

 

Figure  4-9 shows one of the grids used in this work. The figure shows the gap between the two 

particles that is meshed with a structured quadrilateral grid. The computational domain is built 

and meshed with the geometry and mesh generation software package – GAMBIT. Figure  4-9 

also includes the boundary conditions. For the walls, a no-slip boundary condition with a 

constant liquid-solid contact angle at the liquid-solid interfaces is used. A constant pressure 

boundary condition with zero gage pressure and an axisymmetric boundary condition are 

considered for the top and centerline (at the bottom), respectively. The generated mesh is then 

imported into FLUENT for further setup and simulation purposes. In this work, a segregated 

time-dependent, unsteady solver and the pressure-staggering option (PRESTO) scheme for 

pressure interpolation are used. The pressure implicit with splitting of operators (PISO) 

algorithm, by Issa [117], with skewness-neighbor correction is used to for the pressure-velocity 

coupling. For the momentum equation, the QUICK differencing scheme is used, and time 

integration is performed using a first-order implicit scheme. The Geo-Reconstruction scheme is 

used for the interface interpolation; this scheme represents the interface between the fluids using 

a piecewise-linear approach. 



 - 69 - 

 

 

Figure  4-9. Numerical mesh and boundary conditions. This is for an intermediate grid that initially has 

10800 control volumes. 

 

Table  4-1 presents a summary of the simulation conditions. In all the simulations, in order to 

impose symmetrical conditions, both particles are considered to move with the same velocity. 

The moving velocity of each particle is equal to half of the relative separation velocity, as given 

in Table  4-1. All these simulation conditions remain unchanged unless otherwise specified. 

Gravity is often neglected unless otherwise specified; whenever it is present, it acts along the line 

connecting the centers of the particles. 

 

Table  4-1. Summary of the simulation conditions.  

Parameter Value Unit 

Particle radius ( )R  1 mm 

Liquid bridge volume ( )bV  -101 10×  m
3
 

Dimensionless liquid bridge volume 3( / )bV V R=  0.1 - 

Relative separation velocity ( )v  0.001 m/s 

Gravitational acceleration ( )g  9.81 m/s
2
 

Liquid viscosity ( µ ) 0.001 mPa.s 

Liquid-solid contact angle ( )θ  30 degree 
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4.5.2. Solution methodology 

The time step, the maximum number of iterations per time step, and the relaxation factors are 

carefully adjusted to ensure convergence of each simulation. The common values for the 

convergence-related parameters are summarized in Table  4-2.  

 

Table  4-2. Values for the convergence-related parameters. 

Parameter Value 

Time step (seconds) 65 10−×  

Maximum number of iterations per time step 100 

Under-relaxation factor for pressure 0.3 

Under-relaxation factor for density 1 

Under-relaxation factor for body forces 1 

Under-relaxation factor for momentum 0.3 

Scaled convergence criteria for continuity and x- and y-  

momentum equations 
10

-3
 

 

4.5.3. Grid independence study 

In order to ensure grid convergence, three grids with different resolutions are considered. The 

initial numbers of control volumes (CV) for these grids are 5040, 10800, and 24300, 

respectively. Since a dynamic mesh is used, the number of CVs during each simulation gradually 

increases. The number of CVs at the beginning of each simulation is provided here. The grid 

information and predicted dimensionless rupture distances are summarized in Table  4-3. 

According to this table, as the grid becomes finer, the difference between the predicted rupture 

distances decreases, indicating grid convergence. Any of these grids can be used for our study; 

however, for most of the simulations in this chapter, the medium grid is used. Our choice 

represents a compromise between computational time and accuracy.  
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Table  4-3. Summary of grid independence study.   

Grid 
Average cell area 

(mm2) 
Initial number of CVs 

Predicted rupture 

distance 

Coarse 56.29 10−×  5040 0.638 

Medium 52.94 10−×  10800 0.634 

Fine 51.30 10−×  24300 0.633 

 

4.5.4. Results and discussion 

4.5.4.1. Bridge deformation and rupture 

Figure  4-10 illustrates the time-dependant evolution of the liquid bridge (ignoring gravitational 

effects). According to this figure, as the particles continuously move farther apart, the bridge 

continuously deforms and the neck becomes narrower. This continues until the liquid bridges no 

longer withstands any additional elongation and breaks. Figure  4-11 shows a similar evolution 

with the inclusion of the gravitational acceleration acting towards the right-hand side particle. 

This figure shows that due to the presence of the gravitational effects, more liquid accumulates 

on the right-hand side particle.  
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Figure  4-10. Simulated bridge evolution in time in the absence of gravitational effects: a. t=0, b. t=0.025, 

c. t=0.05, d. t=0.075, e. t=0.1, f. t=0.125, g. t=0.1335, h. t=0.134, i. t=0.1341, j. t=0.1342, k. t=0.1343, 

and l. t=0.1344 ms.  
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Figure  4-11. Simulated bridge evolution in time in the presence of gravitational effects: a. t=0.015, b. 

t=0.065, c. t=0.09, d. t=0.115, e. t=0.117, and f. t=0.1175 ms. 

 

4.5.4.2. Comparison with experimental data 

Figure  4-14 compares the rupture distance prediction using the numerical simulations and the 

experimental data of Mason and Clark [114]. The simulation results presented in this figure are 

for very low capillary and Weber numbers, i.e. -4Ca = We = 10 , to make our simulation results 

comparable with the experimental results of Mason and Clark that are for quasi-static conditions. 

Mason and Clark [114] do not provide an exact contact angle value for their experiments and 

only mention that it is very close to zero. For our numerical simulations shown in Figure  4-14, 

the contact angle is assumed to be constant and equal to zero degrees. The figure indicates very 

good agreement (with the maximum relative difference of 5%) between our simulation results 

and the experimental measurements of Mason and Clark. Our numerical simulations are also 

compared with another set of experimental measurements presented later in this chapter.  
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Figure  4-12. Comparison between our numerical simulations and the experimental data of Mason and 

Clark [114]. 

 

4.5.4.3. Comparison with another numerical tool 

Darhuber et al. [118] simulated the liquid transfer fraction between two plates at quasi-static 

conditions. They found that the quasi-static condition corresponds to low Reynolds and very low 

capillary numbers. The numerical simulations of Darhuber et al. were performed with the 

Surface Evolver software [119]. The software evolves the surface towards the minimal energy by 

a gradient descent method, and is used for studying surfaces shaped by energies such as surface 

tension, gravitational energy, etc. For our simulations, the full Navier-Stokes equations of the 

two-fluid interactions are solved with the VOF method; this means that the numerical tool used 

in this work differs from that of Darhuber et al. For the numerical simulations, particles are 

assumed to be equal-sized, and the contact angle on one particle is fixed at 30iθ = o while that of 

the other particle varies in a range of 5 60jθ = − o . Also, since the liquid bridge volume was not 

exactly specified by Darhuber et al., two different liquid bridge volumes are used for our 

simulations, i.e., V = 0.03 and 0.1. To comply with the quasi-static assumption of Darhuber et 
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al., the capillary and Weber numbers in our simulations are in the order of 310− and 410− , 

respectively. Also, the gravitational effects are neglected in our simulations. 

 

Figure  4-13 compares the liquid transfer fraction predictions of our numerical simulations with 

those of the numerical simulations of Darhuber et al. [118]. This figure indicates good agreement 

for the simulations with a liquid bridge volume of 0.03, and fair agreement for the simulations 

with a liquid bridge volume of 0.1. The better agreement found for the lower bridge volume 

corresponds with the assumption of Darhuber et al. of a very low amount of liquid in the bridge.  

 

 
Figure  4-13. Comparison between the liquid transfer fraction predictions of our numerical simulations and 

the numerical simulations of Darhuber et al. [118]. 
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4.6. COMPARISON BETWEEN SIMPLIFIED MODEL AND NUMERICAL SIMULATION  

4.6.1. Comparison between rupture distances predicted with simplified model and 

numerical simulation  

Figure  4-14 graphically compares the rupture distances predicted using both the numerical 

simulations and the simplified model with the experimental data of Mazzone et al. [85]. 

According to this figure, the rupture distance predictions of the numerical simulation are very 

close to the experimental data, while the simplified model tends to over-predict. The better 

agreement obtained with the numerical simulations can be attributed to the inclusion of the 

inertial, gravitational, and viscous effects in the simulations, while the simplified model does not 

explicitly account for them. For the reported numerical simulations, the Bond, capillary, and 

Weber numbers are equal to 1.254Bo = , 54.4 10Ca
−= × , and 73.2 10We

−= × , respectively. Due to 

the lack of experimental data, the results of the numerical simulations are only partially 

validated. A systematic experiential study is necessary for further validation of the numerical 

results in future. 

 

Figure  4-14
4
. Comparison of the rupture distance predictions using both the numerical simulations and the 

simplified model with the experimental data of Mazzone et al. (1986). 

                                                 
4
 There is no information on the errors of the experimental data.  
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4.6.2. Variations of rupture distance with Weber, capillary and Bond numbers 

According to the non-dimensional analysis presented earlier, the dimensionless rupture distance 

depends on the dimensionless liquid bridge volume, contact angle, Weber number ( We ), 

capillary number ( Ca ), and Bond number ( Bo ). The relationship between the rupture distance 

and liquid bridge volume and contact angle was analyzed using the simplified model earlier in 

this chapter. Similar trends were observed with the numerical simulations. The two main 

objectives of this sub-section are as follows: (1) to investigate the relationship between the 

rupture distance and the Weber, Bond, and capillary numbers, and (2) to quantify the range of 

these dimensionless numbers in which the simplified model applies. The latter is achieved by 

performing three series of numerical simulations with different capillary, Weber, and Bond 

numbers. To keep the analyses simple, the gravitational effects are neglected in the first two 

series of simulations and are considered only in the last series (when investigating the effect of 

the Bond number). In addition, in all the simulations, three cases with different liquid bridge 

volumes and contact angles are studied: (1) 0.1V = and 30θ = o , (2) 0.2V = and 20θ = o , and (3) 

0.3V = and 10θ = o . For the comparison purposes, the rupture distances for these cases are 

obtained with the simplified model and are 0.65, 0.76, and 0.78, respectively.  

 

Figure  4-15 shows the variations of the rupture distance with respect to the Weber number. In all 

these simulations, the capillary number is fixed at 310Ca
−= . According to this figure, the rupture 

distance increases as the Weber number increases. Also, as the Weber number decreases, the 

rupture distance approaches an asymptotic value. The asymptotic values are 0.64, 0.83, and 0.90 

for cases 1-3, respectively, and correspond to the rupture distance for Weber numbers equal to or 

less than 410− . Comparing these values with the predictions of the simplified model, it is clear 

that the agreement between the numerical simulations and the simplified model becomes worse 

when the liquid bridge volume is increased. Nevertheless, the asymptotic values are fairly close 

to the predictions of the simplified model. The interpretation of this observation is that at low 

Weber numbers, the surface tension effects dominate the inertial effects, hence the results of the 

numerical simulations agree with those of the simplified model. Further analysis shows that for 

Weber numbers up to 210We
−= , the predicted rupture distances are within the 5% range of the 
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asymptotic values. In conclusion, for Weber numbers less than 10
-2

, the surface tension effects 

dominate the inertial effects, thus the simplified model applies.  

 

 

Figure  4-15. Variations of the simulated rupture distance with respect to the Weber number. 

 

Figure  4-16 shows the variations of the rupture distance with respect to the capillary number. In 

all these simulations, the Weber number is fixed at We = 10
-4

. According to this figure, the 

rupture distance increases as the capillary number increases. Also, as the capillary number 

decreases, the rupture distance approaches an asymptotic value. The asymptotic values are 0.62, 

0.80, and 0.87 for cases 1-3, respectively, and correspond to the rupture distances for capillary 

numbers equal to or less than 10
-4

.  Comparing these values with the predictions of the simplified 

model, it is again observed that the asymptotic values are fairly close to the predictions of the 

simplified model. The interpretation is that at low capillary numbers, the surface tension effects 

dominate the viscous effects and the results of the numerical simulation agree with those of the 

simplified model. Further analysis shows that for capillary numbers up to Ca = 10
-3

, the 

predicted rupture distances are within the 5% range of the asymptotic values. In conclusion, for 

capillary numbers less than 10
-3

, the surface tension effects dominate the viscous effects; hence 

the simplified model applies. 
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Figure  4-16. Variations of the simulated rupture distance with respect to the capillary number. 

 

Figure  4-17 shows the variations of the rupture distance with respect to the Bond number. In all 

these simulations, the capillary and Weber numbers are fixed at 310Ca
−=  and 410We

−= . 

According to this figure, the rupture distance decreases as the Bond number increases. Also, as 

the Bond number decreases, the rupture distance approaches an asymptotic value. These 

asymptotic values are 0.64, 0.83, and 0.9 for cases 1-3, respectively, and correspond to the 

rupture distances for Bond numbers equal to or less than 10
-1

. It is stressed that comparing these 

values with the predictions of the simplified model, the agreement between the numerical 

simulations and the simplified model becomes worse as the liquid bridge volume increases. 

Nevertheless, the asymptotic values are fairly close to the predictions of the simplified model. 

The interpretation is that at low Bond numbers, the surface tension effects dominate the 

gravitational effects so that the results of the numerical simulation agree with those of the 

simplified model. Further analysis shows that for Bond numbers up to 1Bo = , the predicted 

rupture distances are within the 5% range of the asymptotic values. In conclusion, for Bond 

numbers less than 1, the surface tension effects dominate the gravitational effects and the 

simplified model applies. 
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Figure  4-17. Variations of the simulated rupture distance with respect to the Bond number. 

 

4.6.3. Comparison between liquid bridge profiles of simplified model and numerical 

simulation  

One of the key assumptions of the simplified model is that the liquid bridge shape in the vicinity 

of the rupture instant can be approximated with a second-order polynomial. In addition, it is 

assumed that at any instant, the liquid bridge is stable, i.e., small perturbations do not grow. In 

this section, these two assumptions are analyzed in further detail.  

 

In Figure  4-18, the bridge profiles predicted using the simplified model (presented in green 

squares) and the numerical simulation at the rupture instant and a few milliseconds before 

rupture are shown. According to this figure, at the rupture instant, the simplified model does not 

represent the simulated bridge shape appropriately; however, a few milliseconds before rupture 

(here, 9 ms), the liquid bridge profile predicted using the simplified model resembles the 

simulated bridge profile. In order to further analyze this observation, the contour plots of the 

velocity magnitude of the numerical simulations are compared, as shown in Figure  4-19. 

According to this figure, at the rupture instant, the bridge is evolving with a very high velocity, 

as the maximum velocity is orders of magnitude greater than the prescribed separation velocity, 

i.e. 0.0005 m/s for each particle. However, a few milliseconds before rupture, the maximum 
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velocity magnitude (observed at the interface of liquid and solid) is comparable to the prescribed 

separation velocity. Comparing these two velocity contour plots, it can be concluded that at the 

rupture instant, the liquid bridge profile is unstable, whereas a few milliseconds before rupture, a 

stable liquid profile is observed.  

 

The liquid bridge profiles obtained with the numerical simulations were also fitted with second-, 

fourth-, and sixth-order polynomials. The confidence levels of the curve fittings for the bridge 

profile at the rupture instant were 91, 99, 99.9% for the second-, fourth-, and sixth-order 

polynomials, respectively. However, for the liquid bridge a few milliseconds before rupture, 

these confidence levels, in the same order, were 98, 99.95 and ~100%. It can be concluded that 

while a second-order polynomial accurately predicts the bridge shape a few milliseconds before 

rupture, it is not an appropriate choice for representing the bridge shape at the rupture distance. 

In other words, the second-order polynomial approximation is not an appropriate choice for 

attempting to match the more involved and complex computational models such as numerical 

solution of the governing Navier-Stokes equations. 

 

 

Figure  4-18. Comparison between the bridge profiles predicted using the simplified model and numerical 

simulations at: (a) rupture instant, and (b) a few milliseconds before rupture, for θ = 30
o
. 
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Figure  4-19. Contour plots of the velocity magnitude (in m/s) of the numerical simulations at: (a) rupture 

instant, and (b) a few milliseconds before rupture, for θ = 30
o
. 

 

In the above figures, the liquid-solid contact angle on both particles was constant and equal to θ 

= 30
o
. The impact of the contact angle on the liquid bridge shape was also studied for contact 

angles of 10, 20 and 40 degrees on both particles, and similar trends were found. In conclusion, 

the second-order polynomial, as used in the simplified model, is an appropriate representation of 

the gas-liquid interface (between particles with identical contact angles) only at stable 

conditions.  

 

The applicability of the parabolic profile was also investigated for particles with different contact 

angles. Figure  4-20 shows the comparison between the bridge profiles predicted using the 

simplified model (indicated in green squares) and the numerical simulation, for particles with θi 

= 30
o
 and θj = 40

o
. According to this figure, even a few milliseconds before rupture, the bridge 

profile no longer resembles a second-order polynomial. It is concluded that a second-order 

polynomial is not an appropriate representation of the simulated liquid bridge profile for particles 

with different contact angles; therefore, the simplified model is not an appropriate model for 

predicting the bridge evolution between particles with different contact angles.  
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Figure  4-20. Comparison of the bridge profiles predicted using the simplified model and numerical 

simulation at: (a) rupture instant, and (b) a few milliseconds before rupture, with θi = 30
o
 and θj = 40

o
. 

 

4.7. LIMITATIONS OF SIMPLIFIED MODEL 

The liquid bridge shapes predicted using the numerical simulations and the simplified model 

were compared. It was concluded that a second-order polynomial is not an appropriate 

representation of the simulated bridge shape for two conditions: (1) unstable liquid profiles, and 

(2) the liquid bridges between particles with different contact angles. Therefore, for such 

conditions, another approach such as numerical simulation should be used.  

 

In addition, with the aid of the numerical simulations, the importance of the inertial, viscous, and 

gravitational effects in comparison to the surface tension effects was studied. It was concluded 

that the surface tension effects dominate the viscous, inertial, and gravitational effects for 

310Ca
−< , 210We

−< , and 1Bo < , respectively. In other words, the simplified model is only 

applicable to the liquid bridges problems with dominant surface tension effect. If any of the 

above dimensionless numbers exceeds the limiting value (i.e. surface tension effects are not 

dominant), an alternative approach such as the numerical solution of the governing equations 

should be employed.  

 



 - 84 - 

4.8. INFLUENCE OF CONTACT ANGLE
5
 

As shown in the previous section, the simplified model has limitations; for instance, it is not 

suitable for studying the rupture of stretching liquid bridges between particles with different 

contact angles and capillary numbers greater than 10
-3

. In this section, the numerical solutions 

are used for investigating the influence of the contact angle on the rupture distance and liquid 

distribution of stretching liquid bridges. The model and solution methodology have been 

explained earlier. Hence, they are not repeated in this section.  

 

4.8.1. Summary of cases 

Six different simulation cases are considered in this section and are summarized in Table  4-4. In 

these simulations, the dimensionless liquid bridge volumes vary between 0.01 - 0.1. As before, 

the contact angles are static and constant. For the simulations associated with these cases, the 

contact angle of the left-hand side (LHS) particle is always equal to 30 degrees, while the contact 

angle of the right-hand side (RHS) particle is either fixed at one value for all the simulations (e.g. 

cases 3-6) or varies from one simulation to another (e.g. cases 1-2). 

 

Table  4-4. Summary of the cases considered in this section. 

Case # 
Dimensionless liquid 

bridge volume 

Contact angle of 

LHS particle, degrees 

Contact angle of 

RHS particle, degrees 

1 0.01 30 5-60 

2 0.03 30 5-60 

3 0.05 30 10 

4 0.05 30 20 

5 0.1 30 40 

6 0.1 30 50 

                                                 
5
 A version of this section has been published. Darabi et al. (2010) Numerical Studies of Stretching Liquid Bridges 

between Two Solid Spherical Particles with Different Contact Angles. ASME International Mechanical Engineering 

Congress and Exposition (IMECE). IMECE2010-37564.  
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4.8.2. Grid independence study 

Similar to before, the grid independence study is conducted on three different grids: coarse, 

intermediate, and fine, with 5040, 10800, and 24300 initial number of control volumes, 

respectively. This time both the rupture distance and liquid transfer fraction are addressed. Table 

 4-5 and Table  4-6 contain a summary of the simulation results for cases 5 and 6 with the three 

grids. In each table, the initial number of control volumes, the predicted rupture distance, and the 

predicted liquid transfer fraction for the right-hand side particle (that has a larger contact angle) 

is provided. Two series of simulations with different capillary numbers, i.e. Ca = 0.001 and 0.01 

are considered for each case. According to these tables, as the number of control volumes 

increases (i.e. grid becomes finer), the difference between both the predicted rupture distances 

and the predicated liquid transfer fractions decreases; this indicates grid convergence. The 

relative difference between the predicted values for the fine and intermediate grids is less than 

1%; therefore, in this entire section, the intermediate grid is used.  

 

Table  4-5. Summary of the grid independence study for case 5. 

Grid 
Rupture distance 

(Ca = 0.001) 

Transfer fraction 

(Ca = 0.001) 

Rupture distance 

(Ca = 0.01) 

Transfer fraction 

(Ca = 0.01) 

Coarse 0.593 0.162 0.708 0.392 

Intermediate 0.596 0.160 0.713 0.396 

Fine 0.598 0.159 0.718 0.398 

 
Table  4-6. Summary of the grid independence study for case 6. 

Grid 
Rupture distance 

(Ca = 0.001) 

Transfer fraction 

(Ca = 0.001) 

Rupture distance 

(Ca = 0.01) 

Transfer fraction 

(Ca = 0.01) 

Coarse 0.557 0.050 0.698 0.196 

Intermediate 0.560 0.049 0.703 0.202 

Fine 0.562 0.049 0.707 0.208 
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4.8.3. Results and discussion 

4.8.3.1. Effect of contact angle and capillary number on rupture distance 

Figure  4-21 shows the variations of the rupture distance with respect to the contact angle for 

cases 1-2. According to this figure, the maximum rupture distance is obtained when both 

particles have the same contact angles. In addition, this figure shows that the rupture distance 

decreases as the difference between the contact angles increases. The latter observation could be 

only valid for the quasi-static conditions, as cases 1-2 are performed for very low capillary and 

Weber numbers. More simulations with varying capillary numbers covering a wider range of 

conditions, rather than only for the quasi-static cases, are considered for cases 3-6 and are 

discussed as follows.  

 

 

Figure  4-21. Variations of the rupture distance with respect to contact angle for cases 1 and 2. 

 

Figure  4-22 and Figure  4-23 show the variations of the rupture distance with respect to the 

capillary number for cases 3-6. According to these figures: 1) similar to the previous findings 

(discussed earlier in this chapter), the rupture distance increases as the capillary number 

increases, 2) at low capillary numbers (i.e. quasi-static conditions), the case with the greater 

contact angle difference has the lower rupture distance, as also shown in Figure  4-21, and 3) the 
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impact of the contact angle difference on the rupture distance gradually vanishes as the capillary 

number increases. In other words, at high capillary numbers, the rupture distance does not 

depend on the contact angles. This is an interesting finding that could be explored further in 

future.  

 

 

Figure  4-22. Variations of the rupture distance with respect to the capillary number for cases 3 and 4. 
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Figure  4-23. Variations of the rupture distance with respect to the capillary number for cases 5 and 6. 

 

4.8.3.2. Effect of contact angle and capillary number on liquid distribution 

Figure  4-24 shows the variations of the liquid transfer fraction with respect to the contact angle 

for cases 1-2. Note that these simulations are performed for the quasi-static conditions, i.e. for 

very low capillary and Weber numbers. According to this figure, under quasi-static conditions 

the liquid transfer fraction is strongly dependant on the contact angles of the two solid particles. 

The liquid is uniformly distributed between the two solid particles whenever they have identical 

contact angles. However, for particles with different contact angles, the liquid is non-uniformly 

distributed and more liquid is transferred to the particle with the smaller contact angle; the non-

uniformity increases as the difference between the contact angles increases.  
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Figure  4-24. Variations of the liquid transfer fraction with respect to contact angle for cases 1 and 2.  

 

Figure  4-25 and Figure  4-26 show the variations of the liquid transfer fraction with respect to the 

capillary number for cases 3-6. These figures show that at low capillary numbers, the liquid 

distribution is strongly affected by the difference between the contact angles of the two particles. 

This is consistent with the previous finding for the quasi-static conditions (discussed earlier in 

this chapter). However, as the capillary number increases, the liquid distribution becomes less 

dependent on the difference between the contact angles, until it becomes almost independent at 

large capillary numbers. Nevertheless, according to the above figures, more liquid is always 

transferred to the particle with the smaller contact angle. 

 

Yakhnin and Chadov [120, 121] experimentally studied the liquid transfer between two flat 

plates under a variety of conditions. For their experiments, they considered surfaces made from 

different materials, different combinations of water/glycerol and ethanol/glycerol to obtain 

bridging liquids with different surface tension and viscous properties; in addition, they 

considered different separation velocities for their experiment. In order to analyze the results, 

they plotted the variations of the liquid transfer fraction with respect to the separation velocity 
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for their experimental measurements. Consistent with their trends, three different liquid transfer 

zones are found for our simulations, as shown in Figure  4-25 and Figure  4-26: (1) at high 

capillary numbers, the liquid transfer fraction is approaching an asymptotic value of 0.5. This 

indicates the insensitivity of the liquid distribution to the difference between the contact angles 

of the two solid surfaces (either flat plates or spherical particles) at high capillary numbers; we 

call this the “dynamic” zone; (2) at low capillary numbers, the liquid transfer fraction is also 

approaching an asymptotic value, for which the liquid transfer fraction depends on the difference 

between the contact angles of the two particles (a measure of how the contacting liquid-solid 

media interact). Similar to Yakhnin and Chadov, we refer to this zone as the “quasi-static” or 

“quasi-equilibrium” zone. For this zone, the higher the difference between the contact angles, 

more liquid is transferred to the surface with the smaller contact angle. A similar finding was 

earlier discussed for Figure  4-24; and (3) at intermediate capillary numbers, the curve connecting 

the above limiting conditions resembles an S-shape. We call this the “transition” zone, for which 

the liquid distribution depends on both the system dynamics (here, capillary number) and liquid-

solid contact angles. In short, our numerical findings are in qualitative agreement with the 

experimental findings of Yakhnin and Chadov [120, 121]. In order to further quantify the matter, 

we analyzed our plots and concluded that: the quasi-equilibrium zone covers low capillary 

numbers up to 10
-3

 (which is consistent with our earlier numerical findings for particles with 

identical contact angles). The dynamic zone covers capillary numbers around 10
-1

 and higher and 

the transition zone lies between the above limits, i.e. capillary numbers from ~ 0.001 up to 0.1. 

Note that in these simulations the gravitational effects are neglected; the effect of gravity on the 

rupture of liquid bridges is discussed in the following section.  
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Figure  4-25. Variations of the liquid transfer fraction with respect to the capillary number for cases 3 & 4.  

 

 

Figure  4-26. Variations of the liquid transfer fraction with respect to the capillary number for cases 5 & 6. 
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4.9. INFLUENCE OF GRAVITY
6
 

In this section, numerical simulations of the governing Navier-Stokes equations are used to 

investigate the effect of gravity on the rupture of stretching liquid bridges between two equal-

sized solid spherical particles. The gravity acts along the line connecting the centers of the 

particles. In addition, the model, its solution methodology, and the grid independence study have 

been discussed earlier in the chapter; therefore, they are not repeated. 

 

4.9.1. Summary of cases 

For the simulations presented in this section, two different series of calculations are performed: 

in Series 1, the contact angle of both particles is identical; in the other series, particles have 

different contact angles. Both of the series are summarized in Table  4-7. 

 

Table  4-7. Summary of the cases considered in this section. 

Series # 
Dimensionless liquid 

bridge volume 

Contact angle of 

LHS particle [degrees] 

Contact angle of 

RHS particle [degrees] 

1 0.1 – 0.3  10 – 30 = θLHS 

2 0.1 30  40 or 50 

 

4.9.2. Results and discussion 

4.9.2.1. Effect of gravity on rupture distance 

The variations of the rupture distance with respect to the Bond number were discussed earlier 

(see Figure  4-17). According to this figure, the rupture distance decreases as the Bond number 

increases and the rupture distance approaches an asymptotic value for small Bond numbers. 

From this figure it was concluded that the gravitational effects on the rupture distance are 

negligible for Bond numbers smaller than 10
-1

.  

 

Figure  4-27 shows the variations of the rupture distance with respect to the capillary number for 

particles with different contact angles in the presence of gravity. The effect of the capillary 

                                                 
6
 A version of this section has been submitted for publication. Darabi et al. Numerical Investigations of Liquid 

Bridge Rupture in the Presence of Gravity. Submitted on November 10, 2010. 
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number and contact angle on the rupture distance has been discussed earlier; therefore, only the 

effect of gravity is discussed here. For the simulations shown in this figure, the Bond number is 

equal to one. According to the figure, at small capillary numbers, the gravitational effects impact 

the rupture distance. The rupture distance decreases for cases in which the gravitational 

acceleration is directed to the particle with the smaller contact angle. Conversely, the rupture 

distance increases if the gravitational acceleration is directed to the particle with the greater 

contact angle. This can be explained as follows: for the first case, having a smaller contact and 

aiding gravitational effects both lead the liquid accumulation on the particle with the smaller 

contact angle; hence the lower rupture distance. On the other hand, as the aiding gravitational 

effects aim toward the particle with the greater contact angle, the rupture distance decreases. The 

above observation means that the rupture distance increases as the liquid distribution becomes 

more uniform. Further discussion regarding the liquid distribution is provided later. Figure  4-27 

also shows that the effect of gravity on the rupture distance becomes less significant as the 

capillary number increases. 

 

 
(a) 
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(b) 

Figure  4-27. Variations of the rupture distance with respect to the capillary number: (a) θl = 30 & θr = 40
o
, 

(b) θl = 30 & θr = 50
o
. 

 

4.9.2.2. Effect of gravity on liquid distribution 

Figure  4-28 shows the variations of the liquid transfer fraction with respect to the Bond number. 

The figure provides the transfer fraction of the left-hand side particle while the gravity is directed 

toward the other particle. Again, note the results obtained in this figure are for simulations at a 

very low capillary number between particles with identical contact angles. According to this 

figure, under such conditions the liquid transfer fraction is greatly affected by the value of the 

Bond number; uniform distribution is obtained at small Bond numbers and the liquid transfer 

fraction reduces as the Bond number increases.  
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Figure  4-28. Variations of the liquid transfer fraction with respect to the Bond number.  

 

Figure  4-29 shows the variations of the transfer fraction (of the particle with the greater contact 

angle) with respect to the capillary number for particles with different contact angles. Since the 

effect of the capillary number and contact angle on the liquid distribution has been discussed 

earlier, the effect of gravity only is discussed here. According to this figure, the gravitational 

effects shift the curve depending on the direction of gravity. If the gravity is directed to the 

particle with the greater contact angle, the curve is shifted to the top, meaning more liquid is 

transferred to the particle with the aiding gravitational effects. On the other hand, the curve is 

shifted to the bottom, as gravity is aimed toward the particle with the smaller contact angle, 

meaning further accumulation of liquid on that particle. The figure also indicates that the liquid 

transfer fraction curve with no gravitational effects lies approximately between the two above 

curves.  
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(a) 

 

(b) 

Figure  4-29. Variations of the transfer fraction with respect to the capillary number: (a) θl = 30 & θr = 40
o
, 

(b) θl = 30 & θr = 50
o
. 
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4.10.  SUMMARY AND CONCLUSIONS 

A simplified mathematical model and the numerical simulations of the equations were used to 

study the rupture of stretching liquid bridges between two smooth equal-sized solid spherical 

particles. For the numerical simulations, a commercial Computational Fluid Dynamics (CFD) 

tool, FLUENT, was used. The code solves the full Navier-Stokes equations, hence, it explicitly 

accounts for the viscous, inertial, gravitational, and surface tension effects.  

 

The simplified model was used to investigate the impact of liquid bridge volume and contact 

angle on the rupture distance. It was shown that the predictions of the simplified model were in 

good agreement with the related expressions available in the literature. The numerical 

simulations were used to simulate the time-dependant evolution of the liquid bridge. It was 

shown that as particles move farther apart, the liquid bridge stretches and its neck becomes 

narrower. This continuous elongation persists until the bridge can no longer withstand any 

additional elongation and ruptures. Several numerical simulations were used to investigate the 

effect of the capillary, Weber, and Bond numbers on the rupture distance. The results showed 

that for simulations with dominant capillary effects, i.e. 310Ca
−< , 210We

−< , and 1Bo < , the 

rupture distance is within 5% of an asymptotic value. For all these simulations, the asymptotic 

value was close to the rupture distances predicted using the simplified model. In conclusion, the 

simplified model is applicable to problems in which the surface tension effects dominate the 

viscous, inertial, and gravitational effects. Also, the bridge profiles predicted using the numerical 

simulations and simplified model were compared. It was shown that for liquid bridges between 

particles with identical contact angles and under stable conditions, the bridge profile can be 

represented with a second-order polynomial with enough accuracy. Therefore, the simplified 

model is appropriate for studying such rupture problems. However, for liquid bridges between 

particles with different contact angles, the parabolic assumption is no longer a good 

representation of the bridge profile; hence, the simplified model is not suitable. To summarize, 

the simplified model is a useful tool for studying the evolution of stretching liquid bridges, yet it 

has limitations. It is only applicable to bridges with dominant surface tension effects, under 

quasi-static conditions, and between particles with identical contact angles. However, the 

numerical simulations of the Navier-Stokes equations are more general. As a result, they can be 
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used for studying a wide range of problems, e.g. rupture problems with non-negligible viscous, 

inertial, and gravitational effects and between particles with different contact angles.  

 

Numerical simulations were performed to study the effect of the contact angle and capillary 

number on the rupture distance and liquid transfer fraction of liquid bridges between particles 

with different contact angles. The results showed that the rupture distance increases as the 

capillary number is increased and that the maximum rupture distance under quasi-static 

conditions (i.e. small capillary numbers) is obtained when both particles have identical contact 

angles. Also, it was observed that for the quasi-static conditions, the liquid distribution is highly 

dependant on the contact angles of the two particles. The liquid is evenly distributed when 

particles have identical contact angles. Otherwise, the liquid is non-uniformly distributed and 

more liquid is transferred to the particle with the smaller contact angle; the amount of the 

transferred liquid increases as the difference between the contact angles increases. It was shown 

that for ruptures with intermediate capillary numbers, the liquid distribution depends on both the 

difference between the contact angles and the capillary number. Finally, it was found that at high 

capillary numbers, the liquid distribution is almost uniform and is insensitive to the difference 

between the contact angles.  

 

Also, numerical simulations were used to study the effect of gravity on the rupture distance and 

liquid transfer fraction of stretching liquid bridges. The results showed that for particles with 

identical contact angles, the inclusion of gravity affects both the rupture distance and liquid 

transfer fraction. The rupture distance decreases and more liquid is accumulated on the particle 

with aiding gravitational effects as the Bond number increases. For particles with different 

contact angles, the inclusion of gravity either decreases or increases the rupture distance. This 

change depends on how liquid is distributed considering both the contact angles and gravitational 

effects. Both of these effects become less significant as the capillary number is increased. Also, 

due to the inclusion of gravity, the liquid transfer curves for particles with different contact 

angles are shifted (either up or down) toward further accumulation of liquid on the particle with 

aiding gravitational effects.  
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Chapter 5. DEM INVESTIGATIONS OF FLUIDIZED BEDS IN THE 

PRESENCE OF LIQUID COATING
7
 

5.1. INTRODUCTION  

With the addition of liquid and its binding effects, the operation of fluidized beds becomes more 

complex. This is primarily because of the liquid effects that induce cohesion between particles, 

making the experimentation on the fluidization system more complicated than before. A good 

alternative for obtaining detailed information on the transport phenomena inside fluidization 

systems is performing DEM simulations. This is because they account for the motion of 

individual particles, particle-particle, and particle-wall interactions. DEM simulations have many 

advantages, but are very expensive computationally; hence, they are often used to investigate 

systems only on a small scale. Recently, DEM simulations have been employed to study the 

effect of cohesion between particles on a number of systems, e.g. fluidized beds [82], tumbling 

granulators [109], and vibrated beds [110]. However, as explained in the introductory chapter, 

the available DEM studies in the literature have limitations, leaving room for substantial 

improvement in this area.  

 

The main objective of this chapter is to perform DEM simulations in order to study the impact of 

liquid coating on the fluidized bed behaviour. It is assumed that the liquid coating affects the 

system behaviour by influencing the coefficient of restitution, used for determining the outcome 

of particle-particle interactions. The proposed wet coefficient of restitution, shown in Chapter 2 

of this thesis, is implemented in an open-source numerical tool - MFIX. The modified numerical 

tool is used to perform DEM simulations of a fluidized bed consisting of mono-sized solid 

spherical particles pre-coated with identical liquid coatings. Numerous simulations are 

performed to investigate the effect of coating viscosity and coating thickness on the fluidization 

behaviour under a variety of conditions. In order to analyze the results, snapshots of the 

instantaneous particle positions are observed and time-averaged values of the average particle 

height, wet coefficient of restitution, and relative normal collision velocity are analyzed. 

                                                 
7
 A version of this section has been submitted for publication. Darabi et al. DEM Investigation of Fluidized Beds in 

the Presence of Liquid Coating. Submitted on December 13, 2010. 
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5.2. MODEL DESCRIPTION 

For the simulations performed in this chapter, an open-source code known as MFIX-DEM is 

used. MFIX stands for Multiphase Flow with Interphase eXchange and is a computer code 

developed in the National Energy Technology Laboratory (NETL); the code is used to study the 

complex flow in fluid-solid systems. In the MFIX-DEM code, the gas phase is resolved by using 

the governing conservation equations of mass and momentum. For the solid phase, the Discrete 

Element Method (DEM) is used where each individual particle of the dispersed phase is 

simulated. Due to the high computational cost associated with the particle neighbour search 

algorithm and very small time steps required for resolving the interaction of particles with the 

soft-sphere approach, MFIX-DEM simulations are limited to small-scale problems. Further 

description regarding the soft-sphere approach is provided later. In the following sub-sections, 

the governing equations for the gas and solid phases are described. 

 

5.2.1. Gas-phase  

The governing conservation equations of mass and momentum for the gas phase, as implemented 

in MFIX [122], neglecting turbulence, phase change, chemical reactions, growth, aggregation, 

and breakage phenomena, are: 
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g g

g g
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= ∇ + −∑  ( 5-2) 

 

where gε  is the volume fraction of the gas phase, gρ  is the  density of the gas phase, gv  is the 

volume-averaged velocity of the gas-phase, gS  is the stress-tensor of the gas phase, g is the 

gravitational acceleration, and gmI  is the momentum transfer term between the gas phase and the 

m
th

 solid phase. The stress-tensor of the gas phase can be written as: 
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g g gS P I τ= − +  ( 5-3) 

 

where gP is the pressure of the gas phase and gτ is the shear stress tensor of the gas phase, given 

by:  

2 .tr( )g g g g gD D Iτ µ λ= +  ( 5-4) 

 

where ( )g g1/ 2 v v
T

gD  = ∇ + ∇  
 is the strain rate tensor of the gas phase, and gµ and gλ  are the 

dynamic and second coefficients of viscosity of the gas phase, respectively. Further description 

of the above governing equation is provided in MFIX documentation [122]. 

   

5.2.2. Solid-phase 

As mentioned earlier, in MFIX-DEM individual particles are used to represent the dispersed 

solid phase. In the DEM approach, the solid phase can consist of M different groups of solid 

particles where the m
th

 solid phase has Nm solid spherical particles with equal diameters Dm and 

densities smρ . Therefore, each solid group is differentiable from others, knowing the radius and 

density of its particles. Knowing that there are M group of particles and each group has Nm 

particles, the total number of particles will be
1

M

p mm
N N

=
=∑ . These Np particles at time t are 

represented by }{ (i) (i) (i) (i) (i)X ( ),V ( ), ( ), ( ), ( ), 1,..., pt t t D t t i Nω ρ =  where (i)X ( )t designates the 

position of i
th

 particle, (i)V ( )t  and (i)( )tω  denote its linear and angular velocity, respectively, and 

(i) ( )D t  and (i)( )tρ  represent its diameter and density, respectively.  

 

In the DEM approach, the trajectory of each particle is resolved using the Newtonian equations 

of motion. Such equations for determining the position, linear, and angular velocities of the i
th

 

particle can be written as follows:  

(i)
(i)dX ( )

V ( )
t

t
dt

=  ( 5-5) 
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T d c

V ( )
F g + F ( ) F ( )
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i i i it

m m t t
dt

∈= = +  ( 5-6) 
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(i)
( ) (i)( )

Ti t
I

dt

ω
=  ( 5-7) 

 

where ( )i
m is the mass of the i

th
 particle, ( )

TF ( )i
t  is the total force (the summation of the drag, 

gravitational, and contact forces) acting on the i
th

 particle, (i k,m)

dF ∈ is the total drag force (pressure 

and viscous) on the i
th

 particle that resides in the k
th

 computational cell and belongs to the m
th

 

solid group, ( )

cF ( )i
t  is the net contact force as a result of contact with other neighboring particles, 

( )iI  is the moment of inertia of the i
th

 particle, and (i)T  is the total torque acting on the i
th

 

particle. A detailed description regarding the calculation of the above forces and torques is 

provided in MFIX-DEM documentation [123].  

 

In order to solve the above equations of motion, the mass and moment of inertia of the particle is 

required. As highlighted earlier, if a particle belongs to the m
th

 solid phase, its diameter and 

density will be known and they are equal to Dm and smρ , respectively. Knowing the diameter and 

density of a spherical particle, its mass and moment of inertia can be calculated with the 

following equations:  

3(i)
( ) (i)

6

i D
m

π
ρ=  ( 5-8) 
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i
i m D

I =  ( 5-9) 

 

One of the key features of the DEM approach that makes it advantageous over the continuous 

treatment of the solid phase is the explicit modeling of the contact force, accounting for the 

particle-particle interactions. Each contact force on a target particle is a net force and is the 

summation of all the contact forces that are determined based on the binary collision of the target 

particle with its neighbours. In MFIX-DEM, the soft-sphere approach is used for calculating the 

contact forces. The soft-sphere approach allows for multiple particle interactions where the net 

force is obtained by adding the results of all the binary interactions. In this work, the contact 

forces are calculated from the deformation history using a spring-dashpot mode model. This 

model is based on the formulation proposed by Cundall and Strack [6], often regarded as the first 
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soft-sphere publication in the literature. A complete description of the soft-sphere model of 

DEM-MFIX is provided in MFIX-DEM documentation [123].  The DEM solutions have been 

coupled with the numerical solutions of the governing Navier-Stokes equation in order to 

simulate the complex flow in different systems; the work of Tsuji et al. [8] is usually regarded as 

the first publication that uses the above approach to perform 2D simulations of fluidized beds. 

Some similar works have been referenced earlier in Chapter 1.  

 

5.2.3. Model for interaction of wet particles 

In order to account for the effect of the liquid coating on solid particles, the particle interactions 

are modified by implementing a wet coefficient of restitution. This is achieved by including the 

coefficient of restitution, as proposed earlier in Chapter 2 of this thesis, in MFIX. Similar 

treatment has been proposed before in the literature [53] by implementing a wet coefficient of 

restitution expression that depends only on the moisture content. However, the proposed wet 

coefficient of restitution in this thesis is more general as it is based on a number of key properties 

such as the liquid viscosity, liquid surface tension, relative collision velocity, etc., rather than 

only the moisture content. This allows performing more comprehensive studies of fluidized beds 

in the presence of liquid. The model calculates the wet coefficient of restitution for the binary 

collision of two wet particles approaching with a non-zero relative normal collision velocity and 

is summarized in Table  5-1. The model determines the wet coefficient of restitution based on the 

total kinetic energy of the system of two particles (critical energy value) and approximate 

analytical values of maximum possible energy dissipation. The maximum possible energy 

dissipation accounts for the energy loss due to the viscous and capillary effects and inelastic 

collision. Further detail of this model is available in Chapter 2 of the thesis. In the MFIX-DEM, 

the wall-particle interactions are dealt with similar to the particle-particle interactions and can be 

modified with the same idea as above. However, in the current work, it is assumed that the liquid 

only affects the normal collision of particles and its impact on the coefficient of friction and 

wall-particle interactions is neglected.  
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Table  5-1. Summary of the constitutive equations of the wet coefficient of restitution model. 

Proposed Coalescence Model:  
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In order to implement the model for the wet coefficient of restitution, some information is 

extracted from the MFIX-DEM code; in our implementation the relative normal collision 

velocity of the two wet particles and their sizes is taken from MFIX-DEM. The rest of the 

information required for calculating the wet coefficient of restitution is provided as input for the 

model; this includes the size of dry particles, viscosity and surface tension of the liquid coating, 

etc. Given the calculated wet coefficient of restitution for the normal collision of particles, the 

normal dashpot coefficient for the DEM simulations is calculated; this is performed using the 

following equation:  

 



 - 105 - 

, ,

,
2 2

,

2 ln

ln

eff n ml n ml

n ml

n ml

m k e

e
η

π
=

+
 ( 5-10) 

 

where ,n mlη is the normal dashpot damping coefficient of the m
th

 and l
th

 particles, 

/( )eff m l m lm m m m m= + is their effective mass, .n mlk is the spring stiffness coefficient, and ,n mle is 

the normal coefficient of restitution (and here is the calculated wet coefficient of restitution). The 

above is repeated to calculate the wet coefficient of restitution and the normal dashpot damping 

coefficient for all the binary collisions. Given the calculated normal dashpot damping 

coefficients, the contact forces due to the collision of particles are calculated and the rest of the 

calculations required for the DEM simulations are performed. Our proposed wet coefficient of 

restitution (accounting for the binary collision of wet particles) is compatible with the way the 

solid phase calculations are performed in MFIX-DEM; this is because in the implemented soft-

sphere approach in MFIX-DEM, first the binary collisions are resolved and then the net contact 

force for each particle is calculated. Although the soft-sphere approach accounts for the particle 

deformations, the current implementation does not fully take advantage of this capability. This is 

because the proposed wet coefficient of restitution already incorporates the inelasticity of 

particles by assuming a (less than unity) dry coefficient of restitution. 

 

5.2.4. Simulation setup 

For the simulations performed in this chapter, a fluidized bed with a central jet was considered; 

the simulations were performed in 2D and the schematic representation of the simulation domain 

is shown in Figure  5-1. The simulations were performed for three different central vertical jet 

velocities: 42 (base value), 46.2 (10% increase from base), and 50.4 (20% increase from base) 

m/s; considering the ratio of the size of the jet inlet with the bed width (i.e. 1/15), the above jet 

velocities correspond to superficial velocities of 2.8, 3.08, and 3.36 m/s, respectively. A 

summary of the simulation settings is provided in Table  5-2. According to this table, each 

simulation is performed for 20 s. In order to assure that this time is adequate, similar 

computations with a longer simulation time of 60 s were also performed. Both results were 

compared and no significant difference between the time-averaged values of the average particle 

height, wet coefficient of restitution, and normal relative collision velocity was found. For 
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example, by increasing the simulation time from 20 to 60 s, for case C3 with a superficial 

velocity of 2.8 m/s and coating viscosity of 10 mPa.s, the time-averaged average particle height 

remained unchanged, the time-averaged wet coefficient of restitution decreased from 0.39 to 

0.37 (i.e. ~5% reduction), and the time-average normal relative collision velocity decreased from 

0.101 to 0.100 m/s (i.e. ~1% reduction). In conclusion, a simulation time of 20 s is sufficient for 

the quantitative analyses performed in this work. In order to exclude the start-up effects of the 

fluidized bed (and avoiding large fluctuations of the above quantities), all the time-averaged 

values reported in this work are obtained between an initial time of 5 seconds (ti= 5 s) and a final 

time equal to the simulation time (tf = ts). This is because at the start-up of our simulations (here, 

from zero to 5 seconds) a substantial amount (around 50%) of the reported average particle 

heights lie beyond the “acceptable” range, with the acceptable range having upper and lower 

bounds equal to the average value plus the standard deviation and the average value minus the 

standard deviation, respectively. The above is less frequent for simulations times greater than 5 s 

(with about 25% of the data lying beyond the range); therefore; the first five seconds of each 

simulation are ignored in the reported time-averaged values in this work.    

 

 

Figure  5-1: Schematic representation of the 2D simulation domain.  
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Table  5-2. Summary of the simulation settings.  

Parameter Value Unit 

Number of solid particles (Np) 2400 - 

Number of cells in x-direction (Nx) 15 - 

Number of cells in y-direction (Ny) 45 - 

Simulation time (ts) 20 s 

Time step ( t∆ ) 5x10
-4

 s 

 

For the simulations performed in this work, 2400 particles are considered. For each simulation 

case, these particles are assumed to be pre-coated with identical coating thicknesses (h). In order 

to cover a reasonable range of coating cases, five different coating thicknesses are considered 

and are summarized in Table  5-3. Also for simplicity, it is assumed that the liquid coating is non-

reactive and non-evaporative throughout each simulation and there is no liquid transfer due to 

particle-particle and particle-wall interactions. As a result of the above, the thickness of the 

liquid coating remains constant throughout each simulation. Table  5-3 also contains the moisture 

content of each particle which for our simulations is also the moisture content of the entire 

system, as the system consists of mono-sized spherical particles coated with identical liquid 

thicknesses. The moisture content ( liqx ) provided in Table  5-3 can be calculated from the 

following equation:  

l
liq

l s

m
x

m m
=

+
 ( 5-11) 

 

where l l lm V ρ= and s s sm V ρ= are the masses of the liquid coating and solid particle, respectively. 

The densities of the liquid coating ( lρ ) and dry particle ( sρ ) are provided in Table  5-4 and the 

volume of the solid particle ( sV ) and liquid coating ( lV ) are determined as follows:  

34
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s dV rπ=  ( 5-12) 
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where dr and wr is the radii of the dry and wet particles, respectively, and are related with the 

following equation:   

w dr r h= +  ( 5-14) 

 

Finally, the density of the wet particles ( wρ ), as given in Table  5-3, can be calculated as follows:   

w
w

w

m

V
ρ =  ( 5-15) 

 

where w l sm m m= + is the mass of the wet particle and 34 / 3w wV rπ= represents its volume. The 

radius and density of the particles, as given in Table  5-3, are used as the representative radius 

and density of the individual particles of each case in our DEM calculations. According to this 

table, the moisture contents of the systems considered in this work vary between 0.6 to 16.2 %. 

Note that the upper limit of the moisture content is close to the upper limit established by 

Flemmer [124], i.e. 13.6 % for randomly packed equal-sized spherical particles. According to 

Flemmer, for moisture contents greater than their indicated limit, the granular system transits 

from pendular to funicular regime. Table  5-4 contains the properties of the solid particle and 

liquid coating considered in this work that are used in the model for the wet coefficient of 

restitution. This model has been fully described in Chapter 2 of this thesis, and as explained in 

Section 5.2.3 of this chapter is used to model the interaction of wet particles. The model also 

requires the value of the half-separation distance (h1); in this work, it is assumed that it is equal 

to the thickness of the liquid coating (i.e. h1 = h). In order to investigate the effect of the liquid 

viscosity on the fluidized bed behaviour, the viscosity of the liquid coating is assumed to vary 

between 0 – 100 mPa.s (see Table  5-4). According to Table  5-4, the dry coefficient of restitution 

of particles is 0.95, which decreases due to the liquid effects and could be as low as 0 (meaning 

coalescence of particles); however, since the actual coalescence of particles is not considered in 

the current work, it is assumed that the minimum value of wet coefficient of restitution is equal 

to 0.001.   
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Table  5-3. Summary of the coating cases.  

Case No. 1 2 3 4 5 

Coating thickness, mm 0.01 0.05 0.1 0.2 0.3 

Moisture content, % 0.6 2.8 5.5 10.9 16.2 

Radius of wet particle, 

mm 
2.01 2.05 2.1 2.2 2.3 

Density of wet particle, 

kg/m 
2675 2580 2470 2280 2120 

 
Table  5-4. Solid particle and liquid coating properties.  

Parameter Value Unit 

Radius of dry particle (rd ) 2 mm 

Density of dry particle ( sρ ) 2700 kg/m
3
 

Density of coating liquid ( lρ ) 1000 kg/m
3
 

Viscosity of coating liquid ( µ ) 0 - 100 mPa.s 

Surface tension of coating liquid (σ ) 72 /mN m  

Liquid-solid contact angle (θ ) 0 radian 

Average height of surface asperities (ha) 0.005 mm 

Dry coefficient of restitution (e) 0.95 - 

 

5.3. RESULTS AND DISCUSSION 

5.3.1. Bed behaviour 

Figure  5-2 shows the bed evolution of case C3 at fluidization velocity 2.8 m/s for an inviscid 

coating and a coating with viscosity 100 mPa.s. This figure illustrates the simulated 

instantaneous particle positions. According to this figure, there is an evident transition of the 

fluidization behaviour; for an inviscid liquid coating, due to the passage of gas, the bed expands 

and the solid particles are scattered everywhere in the bed, while as the viscosity of the liquid 

coating is increased (here to 100 mPa.s), the gas passes through the bed in the form of slugs. 

Similar transition of bed behaviour was observed for other simulation cases and other 

fluidization velocities considered in this work. For instance, Figure  5-3 shows the continuous bed 

evolution for case C3 at an increased fluidization velocity of 3.36 m/s; according to this figure, 
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consistent with our observation for a lower fluidization velocity, for an inviscid liquid coating 

the bed expands only while slugs are formed as the viscosity of liquid coating is increased to 100 

mPa.s. The only major difference for the observations when having different fluidization 

velocities is that for the case with the higher superficial velocity, due to the additional amount of 

gas in the bed, more slugs are observed in the bed. The transition of the bed behaviour due to 

increased liquid coating viscosity can be explained by comparing the particle-particle collision 

related parameters; for instance, according to Figure  5-5 and Figure  5-6, the wet coefficient of 

restitution and the relative normal collision velocities are substantially reduced as the coating 

viscosity is increased from 0 to 100 mPa.s. In other words, as the coating viscosity is increased, 

particles tend to stay closer to each other; as a result, dense regions of particles are formed and 

gas passes through in the form of slugs. Further quantitative discussion regarding the effect of 

the liquid viscosity on the bed behaviour is presented later. The change in the fluidization 

behaviour due to the liquid effects, without immobilization of the system, has previously been 

confirmed both experimentally [125, 126] and numerically (via DEM simulations) [53] in the 

literature. According to van Buijtenen et al. [53], the addition of liquid results in particle 

collisions with low coefficient of restitution; this promotes the formation of a dense region, thus 

the passage of gas in the form of bubbles through the system. It is important to highlight that the 

proposed wet coefficient of restitution used in this work accounts for a number of key parameters 

such as liquid viscosity, relative normal collision velocity, etc. while the expression of wet 

coefficient of restitution used by van Buijtenen et al. depends only on the moisture content of 

particles. The experimental observations of Nagahashi et al. [125, 126] indicate fluidization 

enhancement with the addition of a small amount of liquid. This is explained by the reduction of 

the measured minimum spouting and fluidization velocities after the addition of the liquid to the 

system. The reported enhancement is significant for systems with relatively large (> 3 mm) and 

poorly wetted particles (i.e. with large liquid-solid contact angles) and when the added liquid has 

a density close to that of the solid phase. The observed enhancement of Nagahashi et al. cannot 

be predicted with our numerical tool. This is because for their case enhancement occurs when 

particles are poorly wetted while in all of our simulations, a well-dispersed liquid coating that 

perfectly wets the particles is considered.  
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a) 

 
b) 

Figure  5-2: Snapshots of the simulated transient bed evolution for case C3 at superficial velocity 2.8 m/s 

with: a) inviscid liquid coating, and b) coating with viscosity 100 mPa.s. 
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a) 

 
b) 

Figure  5-3: Snapshots of the simulated instantaneous particle positions for case C3 at superficial velocity 

3.36 m/s with: a) inviscid liquid coating, and b) coating with viscosity 100 mPa.s. 
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5.3.2. Average particle height 

In order to obtain the average particle height at time t ( ( )H t ), the y-coordinate of all the particles 

at that time were averaged, as follows:  

(i)

1

1
( ) y ( )

pN

i
p

H t t
N =

= ∑  ( 5-16) 

 

Then, in order to obtain the time-averaged average particle height ( H ), the calculated average 

particle heights were averaged for the desired time duration. Figure  5-4 shows the time-averaged 

average particle height for cases C1 (left) and C3 (right) for different coating viscosities and 

different fluidization velocities. According to this figure, the average particle height decreases as 

the liquid viscosity increases; however, the average particle height increases as the superficial 

velocity increases. In order to explain the variations of the average particle height with respect to 

the liquid viscosity and fluidization velocity, the effect of these two parameters on the time-

averaged wet coefficient of restitution and relative normal collision velocity is investigated, as 

shown in Figure  5-5 and Figure  5-6, respectively. According to these figures, at a constant 

superficial velocity, as the coating viscosity increases, the wet coefficient of restitution decreases 

and the relative normal collision velocity decreases; consequently, the average particle height 

decreases. As highlighted earlier, as a result, with increasing coating viscosity particles stay 

close, rather than being scattered, and the gas passes through in the form of slugs. Also, 

considering a constant viscosity, the wet coefficient of restitution and relative normal collision 

velocity increase as the superficial velocity increases; therefore, the average particle height 

increases. Similar observations were found for the rest of the coating cases considered in this 

work.  
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a) 

 

b) 

Figure  5-4: Time-averaged average particle height for different superficial velocities and different coating 

viscosities for: a) case C1, and b) case C3.  
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a) 

 

b) 

Figure  5-5: Time-averaged wet coefficient of restitution for different superficial velocities and different 

coating viscosities for: a) case C1, and b) case C3.  
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a) 

 
b) 

 
Figure  5-6: Time-averaged relative normal collision velocity for different superficial velocities and 

different coating viscosities for: a) case C1, and b) case C3.  
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5.3.3. Wet coefficient of restitution 

Figure  5-7 summarizes the variations of the time-averaged wet coefficient of restitution with 

respect to the coating viscosity and coating thickness for a superficial velocity of 2.8 m/s. It is 

important to highlight that the time-averaged values of the wet coefficient of restitution are being 

reported in this figure; this is because the proposed wet coefficient of restitution in this work is 

also a function of the (time-dependant) normal collision velocity between the particles; hence, 

although particles have a constant coating during each simulation, the wet coefficient of 

restitution will be a time-dependant quantity. According to this figure, the wet coefficient of 

restitution decreases as the coating viscosity and thickness increase. This figure shows that at 

low coating viscosities (here, 1µ = mPa.s), the wet coefficient of restitution is very close to the 

prescribed dry coefficient of restitution (e = 0.95); however, it decreases substantially as the 

coating viscosity increases to 10 mPa.s and finally approaches zero as the liquid viscosity is 

further increased to 100 mPa.s. The figure also indicates the relationship between the coating 

thickness and wet coefficient of restitution; according to Figure  5-7, there is an obvious 

difference between case 1 (with the thinnest coating thickness) and other cases considered in this 

work. That is in fact expected as the thickness of case 1 is at least 5 times less than the coating 

thickness of the other cases and consequently, the liquid coating effects for case 1 are less 

significant than for the other cases. It also important to highlight that the observed wet 

coefficient of restitution also varies spatially within the system; this is because in the proposed 

model the wet coefficient of restitution is a function of interparticle collision velocity between 

the particles, which varies spatially within the fluidized bed. Figure  5-8 summarizes the 

variations of the time-averaged relative normal collision velocity with respect to the coating 

viscosity and coating thickness at fluidization velocity 2.8 m/s. As expected, the trend is closely 

related to that of Figure  5-7, i.e. the relative normal collision velocity decreases as the coating 

viscosity and thickness increase; also, there is an obvious difference between case 1 and other 

cases due to its substantially thinner coating. Similar trends were found for higher superficial 

velocities.  
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Figure  5-7: Summary of the variations of the time-averaged wet coefficient of restitution with respect to 

coating viscosity and coating thickness at superficial velocity of 2.8 m/s. 

 

 
Figure  5-8: Summary of the variations of the time-averaged normal relative collision velocity with respect 

to coating viscosity and coating thickness at superficial velocity of 2.8 m/s. 
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5.4. SUMMARY AND CONCLUSIONS 

In this chapter, the impact of the liquid coating on the fluidized bed behaviour was studied by 

performing DEM investigations. It was assumed that the liquid coating affects the system 

behaviour by influencing the coefficient of restitution used to determine the outcome of particle-

particle interactions. The proposed wet coefficient of restitution model, as shown in Chapter 2 of 

this thesis, was implemented in an open-source numerical tool. The model accounts for the 

kinetic energy of particles, the viscous and capillary contribution of liquid, and the inelasticity of 

particles. The modified numerical tool was then used to perform DEM simulations of a bed of 

mono-sized solid spherical particles pre-coated with identical liquid coatings.  

 

For the simulations performed in this work, three different fluidization velocities and five 

different coating thicknesses were considered, and the coating viscosity varied between 0 – 100 

mPa.s. The simulation results were analyzed by observing the snapshots of the instantaneous 

particle positions and the time-averaged values of the average particle height, wet coefficient of 

restitution, and relative normal collision velocity. It was shown that as the coating viscosity 

increases, the fluidization behaviour changes where the fluidization gas passes through the 

system in the form of slugs; more slugs were formed as the fluidization velocity increased. 

Moreover, it was discussed that as the coating viscosity increases, the wet coefficient of 

restitution and the relative normal collision velocities decrease and consequently, the average 

particle height decreases. Conversely, it was shown that as the fluidization velocity increases, the 

wet coefficient of restitution and the relative normal collision velocity increase, leading to 

increased average particle height. Finally, it was observed that the wet coefficient of restitution 

and relative coating velocity decrease as the coating thickness increases. This is expected, as an 

increase in the coating thickness means more liquid effects.  
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Chapter 6. SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 

6.1. SUMMARY AND CONCLUSIONS 

Mathematical modeling has been used to study the interaction of wet particles. First, the binary 

interaction of particles is studied; then, the interaction of multiple particles in a fluidized bed is 

investigated.  

 

6.1.1. Binary interaction of particles 

6.1.1.1. Collision model 

A model is developed to determine the collision outcome of equal-sized wet particles coated with 

thin liquid films. This is achieved by introducing a wet coefficient of restitution that accounts for 

the liquid effects along with the inelasticity of dry particles. The key conclusions related to this 

part are as follows: 

 

• The proposed model successfully determines the critical collision velocity, below which 

particles coalesce, and above which they rebound. The results of the developed model are 

compared with the numerical results of the equation of motion and excellent agreement is found. 

This means that the proposed model is appropriate for determining the collision outcome of wet 

particles and the numerical solution of the equation of motion is no longer required within the 

indicated range. Moreover, model predictions are compared with the available experimental data 

in the literature and good agreement is found.  

 

• With the aid of the proposed model, the boundary between collisions with dominant 

capillary or viscous effects is determined. It is shown that for collisions with small capillary 

numbers, the surface tension effects dominate, while the viscous effects are dominant at large 

capillary numbers. For intermediate capillary numbers, both of these effects are important and 

should be considered.    
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• The proposed model has several advantages; for instance, it can be implemented in 

numerical tools as a sub-model to determine the collision outcome of wet particles. Also, it is 

more general compared to the other available models in the literature, for example. However, 

currently it is formulated for equal-sized spherical particles with identical liquid coatings and 

needs further modifications in order to be applicable to particles with different sizes and/or 

different liquid coatings.  

 

6.1.1.2. Application of collision model to fluid cokers 

The above collision model is applied to fluid cokers by considering the interaction of bitumen-

coated coke particles under practical operating conditions. In order to consider the actual coking 

conditions, the temperature- and time-dependant variations of the bitumen thickness and 

viscosity are incorporated into the model. The main conclusions of this work are as follows:   

 

• For bitumen-coated coke particles, the collision outcome is strongly affected by the reaction 

time. Due to the chemical reactions, the bitumen viscosity increases while its thickness 

decreases. Because these two effects are opposite, a peak critical velocity is observed at an 

intermediate reaction time.  

 

• By comparing the peak value of the predicted critical velocities with the characteristic inter-

particle collision velocity within real-scale fluid cokers, the maximum possible size of 

agglomerates is estimated. The estimations suggest the formation of large agglomerates 

consisting up to a few hundred particles within the reactor. Such a prediction is in fair agreement 

with plant observations.  

 

6.1.1.3. Rupture of liquid bridges 

A simplified mathematical model and numerical solution of the governing equations are 

developed to study the evolution of stretching liquid bridges between equal-sized solid spherical 
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particles. The simplified model is a geometric representation of the liquid bridge in which the 

gas-liquid interface is represented with a parabola. For the numerical simulations, the governing 

Navier-Stokes equations are solved using the Volume of Fluid (VOF) model in a Computational 

Fluid dynamics (CFD) tool – FLUENT. The key conclusions regarding this part of the work are 

highlighted as follows: 

 

• The simplified model has limitations; it is only suitable for problems with dominant surface 

tension effects, i.e. small capillary, Weber and Bond numbers. Also, it is inappropriate for liquid 

bridges between particles with different contact angles. 

 

• Numerical solutions of the Navier-Stokes equations explicitly account for the key properties 

related to the problem. This includes the liquid surface tension, liquid viscosity, liquid density, 

and the gravitational acceleration. Hence, a wider range of problems can be explored with the 

numerical simulations of the Navier-Stokes equations. In addition, numerical simulations, unlike 

the simplified model, are not restricted to the liquid bridge problems between particles with 

identical contact angle and negligible gravitational effects. As a result, the numerical simulations 

are used to investigate the variations of the rupture distance and liquid transfer fraction with 

respect to the capillary, Weber, and Bond numbers between particles with identical or different 

contact angles.   

 

6.1.2. DEM investigations of wet fluidized beds 

In order to investigate the interaction of multiple wet particles, an open-source numerical tool – 

MFIX - is modified. The code is originally based on a soft-sphere Discrete Element Approach 

(DEM), accounting for multiple particle interactions, and is capable of simulating fluidized beds. 

In order to include the liquid effects, the wet coefficient of restitution model proposed in this 

thesis is implemented into the code. Then, the developed DEM tool is used to investigate the 

impact of liquid coating on the fluidization behaviour. The main conclusions of this work are as 

follows: 
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• The simulation results show that as the coating viscosity increases, particles tend to stay 

close together. Hence the fluidization behaviour changes and the air passes through the system in 

the form of slugs.  

 

• It is also shown that as the coating viscosity increases the time-average wet coefficient of 

restitution, normal relative collision velocities, and average particle height (i.e. bed centroid in 

the y-direction) decrease. 

 

• The effect of increasing the coating thickness is similar to the above, i.e. it results in a 

reduction of the time-averaged wet coefficient of restitution and normal relative collision 

velocities.  

 

6.2.  CONTRIBUTIONS 

• A model for determining the binary collision outcome of wet particles has been developed 

that includes both capillary and viscous effects. The model is written in the form a wet 

coefficient of restitution. Therefore, unlike most of the models available in the literature, the 

proposed collision model allows for determining both the coalescence and rebound outcomes of 

wet particles.  

 

• Based on the developed collision model, a simple mathematical model is proposed that can 

be used to determine the agglomeration tendency of bitumen-coated coke particles inside fluid 

cokers.  

 

• Stretching liquid bridges between solid spherical particles is investigated by numerically 

solving the governing Navier-Stokes equations. The model results are used to assess the 
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limitations of the simplified model. The conclusions can guide researchers to choose the proper 

model depending on the conditions of the rupture problem.  

 

• A modified DEM numerical tool is developed by incorporating the wet coefficient of 

restitution introduced in this thesis. The implemented model accounts for the main liquid 

properties, e.g. its viscosity or surface tension; therefore, the modified tool can be used to 

perform more comprehensive studies of fluidized beds in the presence of liquid. The proposed 

modification in this thesis is an efficient solution for accounting for the liquid properties in DEM 

simulations. This is because the current treatment requires only modifying the coefficient of 

restitution between particles in order to consider the liquid effects, and there is no need to 

complicate the coding process by modifying the particle-particle contact forces by including the 

liquid forces in the code.   

 

6.3. RECOMMENDATIONS 

A number of future research topics are suggested below: 

 

Interaction of multiple particles: The proposed collision model and presented liquid evolution 

simulation results in this thesis are currently limited to the binary collisions. Extending them for 

the collision of multiple particles can broaden their applicability to practical problems.  

 

Further validation: Numerical simulations have been used to investigate the variations of the 

rupture distance and liquid distribution of stretching liquid bridges under a variety conditions. 

Due to the lack of experimental data, the above results cannot be fully validated. A systematic 

experimental study is necessary for further validation of such numerical results. Also, the DEM 

investigations presented in this work are not compared with quantitative experimental data; 

obtaining detailed experimental data for validating DEM simulations is not an easy task, but 

could be very useful for both validation and further model development.  
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Improvement of the DEM simulations: In the simulations performed in this thesis, the liquid 

transfer due to the particle-particle collisions is ignored; hence, the coating thickness of each 

individual particle remains unchanged. Liquid transfer could play a significant role in some 

fluidization systems. In addition, the coalescence of particles and breakage of the resulting 

granules should be implemented in the current DEM simulations. That would result in a much 

more powerful tool for the investigation of agglomerate formation in fluidized beds.  

 

Extension of the current models: the models presented in this thesis have some limitations that 

can be removed. For instance, in this work particles are assumed to be equal-sized. Therefore, 

one may consider extending the proposed collision model, the numerical simulations of the 

rupture phenomenon, and DEM investigations of wet fluidized beds for systems consisting of 

particles of different sizes in future.  
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Appendix A. VISCOUS FORCE EXPRESSION BETWEEN TWO 

SPHERES 

According to the thin liquid film (or lubrication) approximation, whenever the local radii 

of curvature are large compared to the minimum distance between surfaces, and at low 

Reynolds numbers, the equation relating the pressure in the thin liquid film in the region 

between the two surfaces can be written as follows [19, 24]:  

3 ( )
( ) 12 mdhd dP r

rH r r
dr dr dt

µ
 

= 
 

 ( A-1) 

 

where ( )H r is the separation distance between two surfaces, P is the pressure in the thin 

film, µ is the liquid viscosity, 
m

h is the minimum separation distance between the two 

surfaces, occurring at 0r = . For the rest of this document, for convenience and 

consistency, the minimum separation distance is replaced with the separation distance 

(2D) i.e. 2
m

h D= . For simplicity, the liquid bridge is assumed to be cylindrical; therefore, 

a cylindrical system of coordinates is used for describing the problem geometry. In order 

to derive Eq. ( A-1), it is assumed that the liquid film is very thin; therefore, the pressure 

is assumed to be constant across the film thickness and only varies in one direction (here, 

in the radial direction).  

 

Integrating Eq. ( A-1) and knowing that pressure should be finite at 0r = leads to the 

following equation: 

3

( )
12

( )

dP r r dD

dr H r dt
µ=  ( A-2) 

 

The separation distance can be approximated as follows: 

2

( ) 2
r

H r D
R

= +  ( A-3) 
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where R is the sphere radius. Differentiating the above equation leads to 2rdr RdH= . 

Assuming a finite wetted radius (
w

r ) and therefore, a finite amount of liquid in the bridge, 

Eq. ( A-2) can be integrated, leading to the following pressure profile in the liquid film: 

3 2 2

1 1
( ) 12 3

( ) ( ) ( )

wr

wr

r dD dD
P r dr R

H r dt H r H r dt
µ µ

 
= − = − 

 
∫  ( A-4) 

 

Given the above pressure expression, the viscous force expression can be determined as 

follows:  

2

2

0

3 2 1
2 ( ) 1

2 ( )

wr

vis

w

D dD
F rP r dr R

H r D dt
π πµ

 
= = − 

 
∫  ( A-5) 

 

Considering a cylindrical liquid bridge, its volume can be determined as follows: 

2 2

0

2 ( ) ( ) 4
2

wr

b wV rH r dr R H r D
π

π  = = − ∫  ( A-6) 

 

Rearranging the above equation, the relationship between the liquid height at
w

r , liquid 

bridge volume (
b

V ), and minimum half-separation distance (D) can be determined:  

1/ 2

22
( ) 4b

w

V
H r D

Rπ

 
= + 
 

 ( A-7) 

 

Substituting the above in Eq. ( A-5) yields to the following viscous force expression: 

2 23 1

2
vis v

dD
F R X

D dt
πµ=  ( A-8) 

 

where
2 2

( ) 1v

D
X D

D a
= −

+
, 2

2

b
V

a
Rπ

= , and 
b

V  is the liquid bridge volume. The above 

equation represents the viscous force expression in its scalar form. The viscous force in 

its vector form can be written as follows: 

2 23

2
vis v

u
F R X

D
πµ= −

r
r

 ( A-9) 
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where u
r

represents the particle velocity (
u

dD
u e

dt
=

r r
). The above viscous force expression 

correctly determines the direction of the viscous force with respect to the particle motion.  

 

Figure  A-1 shows the variations of the correction term (Xv) with respect to the half-

separation distance for different liquid bridge volumes. According to this figure, the 

correction factor increases as the amount of liquid increases and the separation distance 

decreases. It can also be concluded that the correction factor significantly reduces the 

viscous contribution in the case of small liquid volumes and large separation distances. 

Note that the correction factor approaches unity as the liquid volume approaches infinity.  

 

Figure  A-1: Variations of the correction factor (Xv) with respect to the separation distance for four 

different dimensionless liquid bridge volumes.
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Appendix B. CAPILLARY FORCE EXPRESSION BETWEEN TWO 

SPHERES 

Neglecting the gravity and buoyancy effects, the resulting capillary force between two 

surfaces connected with a pendular liquid bridge can be the summation of two effects: i) 

the surface tension acting on the liquid-solid boundary, and ii) the reduced hydrostatic 

pressure in the bridge, and can be written as follows [12]: 

2

2 22capF r r Pπ σ π= + ∆  ( B-1) 

 

Writing the reduced pressure with the aid of the Laplace-Young equation, the capillary 

force can be expressed as follows [13]:  

2 2
2 2

1 2 1

1 1
2 1cap

r
F r r

r r r
π σ π σ πγσ

   
= + − = +   

   
 ( B-2) 

  

where 1r and 2r are the radii of the meridian profile and at the neck, respectively (see 

Figure  B-1). The above is known as the “gorge method.” Alternatively, the adhesive 

force can be evaluated at the boundary between the particle and liquid bridge. This 

method is known as the “boundary method” [14]. Pitois et al. [15] approximated the 

bridge with a cylindrical profile and proposed the following simplified capillary force 

expression (in its scalar form):  

2 cos
cap v

F R Xπ σ θ≈  ( B-3) 

 

where R is the particle radius, σ is the surface tension, θ is the contact angle (assumed to 

be constant),
2 2

( ) 1v

D
X D

D a
= −

+
, 2

2

b
V

a
Rπ

= , and 
b

V  is the liquid bridge volume.  
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Figure  B-1: Liquid bridge between two particles. 

 

Pitois et al. [15, 26] compared their capillary force expression, as in Eq. ( B-3), against a 

more complicated capillary force expression and experimental data, and found an 

excellent agreement. Eq. ( B-3) represents the capillary force in its scalar form. Knowing 

that the capillary forces always act towards attracting the surfaces, its vector form can be 

written as:  

2 coscap v nF R X eπ σ θ=
r r

 ( B-4) 

 

where σ  is the liquid surface tension, θ  is the solid-liquid contact angle, 
v

X  is the 

correction factor (as given earlier), and 
n

e
r

 is the unit vector normal to the particle surface 

along the axis of collision. Writing the capillary force as above, regardless of the 

direction of movement of the particle, the attraction caused by the capillary effect will be 

properly determined. For instance, if one considers the left-hand side particle in Figure 

 B-1, the direction of the capillary force vector will be predicted in the positive direction 

during all the collision stages, meaning that the capillary force is attracting the particles 

together. Similar verification can be carried out for the right-hand side particle during the 

approach stage and for the rebound stage of both particles.   
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Appendix C. DERIVATION OF THE OVERALL COEFFICIENT OF 

RESTITUTION 

The overall coefficient of restitution of two objects colliding axially (in 1-D) can be 

defined as follows: 

 
2, 1,

1,0 2,0

'
f f

u u
e

u u

−
=

−
 ( C-1) 

 

where 1, f
u and 2, f

u are the scalar final (after impact) velocity of the first and second 

objects, respectively, and 1,0u and 2,0u are the scalar initial (before impact) velocity of the 

first and second objects, respectively. When using the above equation, it is required to 

choose one direction as “positive” and the opposite as “negative”; then, use the scalar 

value of the velocity with the proper sign accordingly. The coefficient of restitution has 

values between 0 to 1, where 1 represents a perfectly elastic collision, and 0 represents a 

perfectly inelastic collision.  

 

The law of the conservation of linear momentum for the above collision can be written as 

follows:  

1 1,0 2 2,0 1 1, 2 2,f f
m u m u m u m u+ = +  ( C-2) 

 

where 1m and 2m are the mass of the first and second objects, respectively.  

 

Solving the system of equations consisting of Eq.s ( C-1) and ( C-2), the after collision 

velocities can be determined, as follows: 

2 2,0 1,0 1 2

1,

1 2

( ' 1) ( ' )
f

e m u u m e m
u

m m

+ + −
=
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The law of the conservation of energy for the system consisting of the above objects can 

be written as: 

2 2 2 2

1 1,0 2 2,0 1 1, 2 2,

1 1 1 1

2 2 2 2
f f t

m u m u m u m u L+ = + +  ( C-5) 

 

where
t

L represents all the losses. Substituting the after collision velocity expressions in 

Eq. ( C-5) and solving the resulting equation for the overall coefficient of restitution, the 

following expression can be found:  

1 2

2

1 2 0,1 0,2

2 ( )
' 1

( )

t
L m m

e
m m u u

+
= −

−
 ( C-6) 

 

According to the above, the objects will stick together whenever the losses exceed a 

critical value that depends on the mass and initial velocity of two objects, i.e. 

' 0e = for

2

1 2 0,1 0,2

1 2

( )

2( )
t

m m u u
L

m m

−
≥

+
. 

 

Solving the previous problem for two identical particles approaching with the same initial 

velocities, the overall coefficient of restitution can be simplified to:  

2

0

' 1 t
L

e
mu

= −  ( C-7) 
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Appendix D. DERIVATION OF THE VELOCITY EXPRESSIONS  

Neglecting the capillary effects and considering only the viscous effects, the general 

equation of motion in the vector form for the approach stage of particles can be written as 

follows: 

2 23

2
v

u du
R X m

D dt
πµ− =

r r

 ( D-1) 

 

where the velocity vector on the left-hand side of the above equation can be written as 

u

dD
u e

dt
=

r r
; on the other hand, the derivative term on the right-hand side can be written as 

u

d udu
e

dt dt
=

rr
r

. Substituting these two expressions in Eq. ( D-1), the above equation can be 

written in the following scalar form: 

2 23 1

2
v

dD du
R X m

D dt dt
πµ =  ( D-2) 

 

Integrating the above leads to the following velocity expression:  

0 ( )
ln( )

v

u f D
u

St C
=  ( D-3) 

 

where
v

St  is the viscous Stokes number ( 0

2

2

3
v

mu
St

Rπµ
= ), 0u is the initial approach velocity 

( )

2 2

2
2 2

( )
D D a

f D

D D a

+
=

+ +

, 2

2

b
V

a
Rπ

= , 
b

V  is the liquid bridge volume, and C is the 

integration constant that is determined with the aid of the boundary condition. Let u= u0 

at x= h0 where h0 is the initial height of the liquid layer; this yields to the following scalar 

form of the velocity expression for the approach stage: 
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Writing the approach velocity in the above form, the wrong negative velocity values for 

the bottom particle during this stage will be automatically avoided. The contact velocity 

(right before contact) using the above expression can be written as follows:  
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where ha represents the average height of sphere surface asperities. Similarly, using Eq. 

( D-2), the velocity expression for the rebound stage can be written:  
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Knowing that 
c

u eu= −  (where e  is the dry coefficient of restitution) at
a

D h= , the 

integration constant ( 'C ) can be determined and it will be equal to:  
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Eventually, the velocity profile for the rebound stage can be written as follows: 
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Each particle in the rebound stage moves in the opposite direction of its approach stage 

velocity, so if for any reason the sign of the rebound velocity, at an arbitrary half-

separation distance, becomes the same as the approach velocity, it will mean that at some 

point the rebound stage velocity has changed its sign. Also, the kinetic energy of particles 

for the rebound stage may not be adequate to overcome the resisting viscous effects 

during the rebound stage; therefore, particles may stop before reaching a separation 

distance equal to the initial height of the liquid layer ( 0D h= ). The above velocity 

expression avoids the wrong positive velocity value for the rebound stage. Note that in 

order to derive the above velocity expressions, the capillary effects are ignored. The 

above velocity expressions, i.e. Eq.s ( D-4), ( D-5) and ( D-8), are used for deriving the 

analytical expressions for the viscous work and contact loss in Chapter 2.   
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Appendix E. DERIVATION OF THE VISCOUS STOKES MODEL  

As mentioned in Chapter 2 of the thesis, the collision of particles can be separated into three 

stages: approach, contact, and rebound. In the approach stage, the minimum half-separation 

distance (D) decreases from D = h0 to D = ha while in the rebound stage this distance increases 

from D = ha to a final separation distance D = h1. Ennis et al. [21] assumed that the critical 

condition occurs as the rebound velocity becomes zero at the original half-separation distance i.e. 

u = 0 at D = h0. In order to derive the Stokes criterion as proposed by Ennis et al. [21], it is 

necessary to find the velocity expression for all the above stages. Similar to Appendix D, by the 

neglecting capillary effects, the equation of motion for the particle in its scalar form can be 

written as follows:   

23 1

2

dD du
F ma R m

D dt dt
πµ= ⇒ =  ( E-1) 

 

The general solution to the above equation can be written as follows:  

0 ln
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u D
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St C

 
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 ( E-2) 

 

where 2

02 / 3
v

St mu Rπµ=  is the viscous Stokes number, 0u is the initial approach velocity, and C 

is the integration constant that is determined according to the boundary condition of each stage. 

The viscous Stokes number is a measure of the particle kinetic energy to the viscous dissipation. 

Since 34 / 3 pm Rπρ= , the Stokes number can also be written in the following form:  

08

9

p

v

u R
St

ρ

µ
=  ( E-3) 

 

where
p

ρ is the particle density, 0u is the initial particle velocity, R is the particle radius, and µ is 

the liquid viscosity.  

 

In order to determine the integration constant for the approach stage, let u = u0 at D = h0 where 

h0 is the initial height of the liquid layer; this yields to the following velocity expression for the 

approach stage as follows: 
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Therefore, the contact velocity (right before contact) can be written as follows:  
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where ha represents the average height of sphere surface asperities. With the aid of similar 

arguments as in Appendix D, Eq. ( E-2) can be written and solved for the approach stage. 

Knowing that u = -euc at D = ha (where e is the dry coefficient of restitution), the integration 

constant ( 'C ) can be determined, as follows:  
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Therefore, the velocity profile for the rebound stage can be written as follows:  
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According to Ennis et al. [21], the critical Stokes number is obtained whenever the rebound 

velocity becomes zero at D = h0 i.e.  
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The above equation yields to the following equation: 

*0 0ln ln 0v

a a

h h
eSt e

h h

   
− + =   

   
 ( E-9) 

 

Rearranging the above equation, the critical viscous Stokes expression can be written as follows: 
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Whenever the viscous Stokes number exceeds the critical value, it indicates that the particle will 

rebound and coalescence occurs whenever the reverse is true. Eq. ( E-3) and ( E-10) constitute the 

main body of the viscous Stokes model as proposed by Ennis et al. [21] for the binary collision 

of two wet identical solid spherical particles.  

 

By equating the viscous Stokes number to the critical value, the critical velocity can be 

determined as follows:   
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The alternative and more general approach is to assume that particles stop at a distance other 

than the original liquid height. Assuming that particles stop at D = h1, Eq. ( E-9) can be written as 

follows:  
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Therefore, the general critical Stokes number can be written in the following form:   
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where h1 is the final stopping distance of the particle after rebound.  

 


