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Abstract

The rates of nucleotide substitution can be different from genes to genes.
Moreover, different regions of the same gene can have different rates of mu-
tation as well. Many attempts have been tried to allow for the variable rates
across different nucleotide sites. A rate factor coming from the continuous
distribution has been introduced to deal with the problem. However, for
computation reasons, this method can only scale to less than a dozen se-
quences. Later studies use a discrete gamma distribution to approximate
the gamma distribution.

The main contribution of our work is that we propose a discrete distri-
bution over the rate factor which is more flexible while preserving attractive
computational properties. We make inference about the rate factor and its
distribution via an Expectation Maximization (EM) algorithm. We evaluate
our method by both simulations and a real dataset. From the real dataset, it
reflects that the method is useful for large phylogenies with even thousands
of sequences. We analyze the identifiability of our model for a pair of DNA
sequences under certain conditions. We also prove for certain types of rate

matrices, this model is non-identifiable.
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Chapter 1

Introduction

1.1 Motivation

Phylogenetics is the study of the evolutionary relationships among groups
of organisms. Continuous time Markov chains (CTMC) are at the core of
modern phylogenetic methods to model the evolutionary process of DNA
sequences. Several different DNA models have been proposed such as the
JC69 Model by Jukes and Cantor (1969), the K80 Model by Kimura (1980)
and so on. If DNA sequences are available for several species, we can make
inference about the phylogeny of these species via the maximum likelihood
method and obtain estimates of the parameters such as the topology of the
tree, the transition matrix and the branch lengths.

If there is no rate variation, all sites share the same rate matrix @ de-
scribing the instantaneous rate of different kinds of substitutions with dif-
ferent bases. However, it has been discovered that the mutation rates of
different regions of the same gene can be different as shown by Graur and
Li (2000). To account for the rate variation over sites, several approaches
have been proposed. Yang (1993) proposed a rate factor coming from the
gamma distribution. A rate factor v is a parameter assigned to each site
to adjust the rate variation by multiplying it to the rate matrix @) for this

site. However, for computational reasons, this method can only scale to less



1.1. Motivation

than a dozen sequences. To simplify the computation, Yang (1994) uses
the “discrete gamma distribution” to approximate the continuous gamma
distribution, but he points out there is overestimation or underestimation of
the shape parameter of the gamma distribution given different tree topolo-
gies. Moreover, there is no direct biological reasons to favour the gamma
distributions of the rate factor. We propose a new model to allow the rate
variation which is more flexible while preserving attractive computational
properties.

We assume a discrete distribution over the rate factor without other re-
strictions. We make inference about the rates and their distribution via an
EM algorithm for both pairs of sequences as well as trees with large phy-
logenies. We evaluate the method with a real dataset. It reflects that the
method is practical for large phylogenies with even thousands of sequences.

When doing simulations to check whether the EM algorithm can recover
the rate factor and its distribution used to generate the dataset, we find that
different rate factors and distributions can give a similar likelihood of the
same generated dataset. We are motivated to study the identifiability of the
model. In the context of phylogenetics, a model is non-identifiable if different
set of parameters including tree topologies, branch lengths and evolutionary
parameters can produce the same likelihood. Many people contributed to
investigate the identifiability of models with the rate factor coming from a
continuous distribution like the gamma distribution with mean one. Steel
(2009) used the F81 Model and discovered that the shape parameter of the
gamma distribution and the topology of the tree are not identifiable. Wu
and Susko (2010) proved the identifiability of general time reversible (GTR)
models. Allman, Ané, and Rhodes (2008) proved that the four-state GTR +

I model is identifiable given the joint distribution of at least triples of taxa.



1.2. Outline

However, few attempts are done in the literature to study the identifiability
of the rate scalar from a discrete distribution.

The reason leads to that is the difficulty in obtaining the solution of the
rate factor and its distribution of the inverse moment generating function.
For the gamma distribution with mean one, its inverse moment generating
function is only determined by the shape parameter. In our work, we prove
the non-identifiability of the JC69 Model and the F81 Model of a pair of
DNA sequences in the context of four distinct category modes. We also
prove the non-identifiability of other DNA evolution models with two or
three distinct eigenvalues under certain conditions. The identifiability of

the models under tree structures is still an open question.

1.2 Outline

In Chapter 2, we review some popular Markov models of DNA sequence
evolution in the framework of CTMC. After introducing the rate matrices
for different DNA evolution models, we illustrate how to deal with unequal
evolution rates of different sites.

In Chapter 3, we introduce how to calculate the likelihood for a pair
of homologous DNA sequences without rate variations and also with rate
heterogeneity. Moreover, we also provide how to calculate the likelihood of
a given tree in those two situations.

In Chapter 4, we propose a discrete distribution of the rate factor to
deal with rate heterogeneity. We explain how to make inference of the rate
factor and its distribution via an EM algorithm for a pair of homologous
DNA sequences and generalize it to a tree.

In Chapter 5, we summarize the previous work and results about the
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identifiability of models assuming the rate factor coming from a gamma
distribution. We also analyze the identifiability of our model assuming a
discrete distribution. We prove the non-identifiability of the JC69 Model
and the F81 Model of a pair of DNA sequences in the context of four dis-
tinct category modes. We also prove the non-identifiability of other DNA
evolution models under certain conditions. The identifiability of the models
under tree structures is still an open question for future work.

In Chapter 6, we evaluate our EM algorithm with a real dataset with
1028 DNA sequences. It reflects that our algorithm is computationally at-
tractive for trees with large phylogenies.

In the conclusion and future work part, we summarize the results of the

thesis and discuss possible future work.



Chapter 2

Introduction to common

DNA Evolution Models

2.1 Introduction

In this chapter, we review some popular Markov models of DNA sequence
evolution in the framework of continuous time Markov chains (CTMC).
Since the time of divergence between different pairs of homologous DNA
sequences descending from a common ancestral sequence can widely vary,
different branch lengths are introduced to represent the expected number of
nucleotide substitutions between sequences. Time homogeneity is assumed
in the continuous time Markov chains model so that the instantaneous rate
matrix can be used to describe the substitution process. The difference be-
tween these models lies in the parameters describing the rates of different
substitutions. The JC69 Model assumes equal transition rates, for example,
the probability of a nucleotide A to change into other nucleotides G, T or
C is the same while the K80 Model considers that the probability between
purines such as a nucleotide A to change into G is larger than the changes
between purines and pyrimidines such as a nucleotide A to change into T or
C because of the similarity in the structure of A and G.

After introducing the rate matrices for different models, we also intro-
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duce how to deal with rates variations of different sites by introducing a rate
factor multiplying the rate matrix of each site proposed by Yang (1993). To
simplify the calculation, Yang (1994) uses the “discrete gamma distribution”

model to approximate the continuous gamma distribution.

2.2 Models and Data Structure

2.2.1 Data Structure

The data comes from DNA sequences from homologous regions for species
ie€{l,2,...,n1}. Let X = {x;;} be the aligned nucleotide sequences, where
1 €41,2,...,n1}, j € {1,2,...,n2}. Then ng is the number of nucleotides
per sequence. Each column of the data matrix z; = {x1j,...,2n, ;} spec-
ifies the nucleotides for the n; sequences at the jth site. The site is the
position of a nucleotide in DNA sequences. Each row of the data matrix

x; = {21, ..., Tin, } represents all the nucleotides of the ith DNA sequence.

Ti1 Ti2 o Tl

To1 X2 cc Tom,
X =

Tni,l Tny2 0 Tngng

2.2.2 Model of DNA Evolution in the framework of CTMC

In the framework of CTMC, Q2 = {4, G, T, C} represents the state space
consisting four kinds of nucleotides in DNA sequences. Each individual
entry refers to the probability that the state i will change into the state 7,
where i,j € Q. P(t) is the transition matrix, where ¢ is the branch length

representing the expected number of nucleotide substitution for a pair of
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homologous DNA sequences descending from a common ancestral sequence.

paa(t) pac(t) pac(t) par(t)
P(t) = pca(t) pca(t) pec(t) par(t)
pca(t) pcc(t) pcc(t) por(t)
pra(t) pra(t) prc(t) prr(t)

The instantaneous rates of change from one state to another is reflected

by @ where Q = %@ with Py = I. In turn, P, = ¢'Q = Zj (t?!)J,

*  Oac Oar bac
0ga * bar bac
bra Orc * Orc
bca bcc Oor  *

The diagonal elements are specified to make sure the sum of each row
in the ) matrix is zero. The @) matrix will also be constrained by multiply-
ing each element of the matrix by a same factor u = _1/Zi{A,C,G,T} i Qi
where 7; is the stationary distribution of the rate matrix. This normalization

ensures a branch length of one yields one expected change per nucleotide.

2.2.3 Rate Matrices of Different Models

JC69 Model proposed by Jukes and Cantor (1969)

NG N SN
R ORE % B[R
*  AE AE

AR ORER RE

NG
*
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In this model, the stationary distribution is = = (i, i, i, %) and p is the

standardization factor, where p = —%.

K80 Model proposed by Kimura (1980)

* k 1 1

k * 1 1
Q:

1 1 % &k

1 1 s =«

In this model, the standardization factor = 1/4 (k + 2). The & in the ma-
trix is the ratio of transition and transversion which are two types of DNA
substitution mutations. Transitions are interchanges between both purines
including A and G or both pyrimidines including C and T. Transversions are
interchanges between purines and pyrimidines. Purines are two-ring struc-
ture while pyrimidines are one-ring structures. As a result, it is typically
assumed that transitions are more likely to happen than transversions i.e.

k> 1.

F81 Model proposed by Felsenstein (1981)

x Mo MA TG
0= T % WA TG
- T TC * ye:
T TCo WA %
This model allows for different base frequencies for four different states A,

G, T and C. The stationary distribution is {74, 7q, 71, T¢ }, where the stan-

dardization factor p is 1/(1 — n% — 72 — n& — 72).
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HKY85 Model proposed by Hasegawa, Kishino, and Yano (1985)

x  RTo TA TQ
KT % TA TG
Tr o *  RTG

T TC KTA *

The model does not assume equal base frequencies for the four different
states and accounts for the difference between transitions and transversions
with one parameter k in the rate matrix (), where the normalization constant
pis 1/(2(ma + ng)(me + mr) + 26(mame + momT)).

In this thesis, we are using the HKY85 Model in the simulation study
since it can incorporate rate variations considering different base frequencies
and the bias in transitions over transversions shown by many genes. But in
the real dataset, we are using the K80 model since it is more simple than

HKYS85 model and we assume a uniform distribution of the four states of

{A,G,T,C}.

2.2.4 Models considering Rate Variation between Different

Nucleotide Sites

According to Graur and Li (2000), the rate of nucleotide substitution 7
is defined as the number of substitution per site per year. If no rate variation
across nucleotide sites is introduced, the rates of substitution are the same
for all sites on the DNA sequences according to the () matrix. For example,
assuming there are 1000 sites on a pair of DNA sequences, then on all these
sites, the rate for a nucleotide to change from A to G is the same. However,

this assumption may not hold. We cite a table from Graur and Li (2000) as
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Table 2.1 to illustrate that the numbers of nucleotide substitutions per site

(K) on regions of genes can be different.

Table 2.1: Numbers of nucleotide substitutions per site (K) between cow
and goat S— and y—globin genes and between cow and goat S—globin pseu-

dogenes cited from Graur and Li (2000)

Region K¢

5’ flanking region 53 £ 1.2
5 untranslated region 4.0 £ 2.0
Fourfold degenerate sites 8.6 £ 2.5
Introns 8.1+ 0.7
3’ untranslated region 8.8 + 0.2
Pseudogenes 9.1 £ 0.9

The rates in the table are in units of substitutions per site per 10 years.
From the table, it reflects that the rates of nucleotide substitution are dif-
ferent in different regions. These regions are classified according to different
functions that they perform during transcription and translation. Tran-
scription is the synthesis of a RNA molecule based on a DNA template and
translation is the process of the produced RNA during transcription con-
veying information to the ribosomes to create proteins.

If the rates of change are different for distinct sites, then some sites
evolve more quickly than others. In this situation, Yang (1993) proposed a

rate factor ~; for the ith site where +; comes from the gamma distribution.

10
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Then the rate matrix for the ith site is

x  KTo TA TG
KT % TA TG
Qi =i x
T 7o x  KTQ

Tr Mo KTA %
However, instead of making inference of ~; for each site,Yang (1993)

proposed that all possible rates could be integrated out for each site when

calculating the likelihood which will be covered in the next chapter.

It has been noted that using the gamma distribution is very computa-
tionally expensive and in order to improve that, Yang (1994) proposed the
“discrete gamma distribution” to approximate the continuous gamma dis-
tribution.

This project relaxes the assumption of equal rates of substitution for all
sites by multiplying @ with one category of a rate factor v = (y1,...,7k)-

However, we only assume -y comes from a discrete distribution.

Definition 1. We define the rate factor v = (y1,...,7vk) with a discrete
distribution f = (f1, fa,..., fx) as a parameter assigned to each site to adjust
the rate variation by multiplying one category of v to the rate matrixz Q for

this site, where fi. denotes the probability for this site to take the kth category

of .

Then for a specific site, the rate matrix for this site is v; x @, where
j € {1,...,k}. For different sites, different elements of v are taken so that
the rates are variable on diffferent sites. For example, if for the first 50 sites
on a pair of homologous DNA sequences, the rate of substitution is slower
than the next 50 sites on the same pair of sequences. Then we consider the

rate matrix for the first 50 sites is ;1 X @ and 2 x @ for the second 50 sites

11
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where v # 3. Then the probability for a nucleotide with state A to change
into G is exp(71Qt){a—qy for a site within the first 50 sites. The probability
for a nucleotide with state A to change into G is exp(ngt){ Ay for asite

within the second 50 sites.

12



Chapter 3

Likelihood Methods

3.1 Introduction

In this chapter, we introduce how to calculate the likelihood of a pair of
DNA sequences under two situations. Identical rates are considered first and
rate heterogeneity is introduced later. The computation of the likelihood for
a pair of sequences serves as a basis for more complicated situations. After
that, we explain how to calculate the likelihood of a given tree. However, in
real cases, we need to make inference of the topology of the tree first. The
details of how to infer the topology of the tree and the branch lengths of the

tree are introduced by Felsenstein (2004).

3.2 Likelihood for a pair of DNA sequences

3.2.1 Without Rate Heterogeneity

Considering two homologous DNA sequences represented by 27 = (z1, x,
..,xn) and yT = (y1,¥2, ..., yn), we first study how to calculate the likeli-
hood for this pair of sequences. The parameters are § = (Q,t), where Q@ is
the instantaneous transition rate matrix and ¢ is the branch length between

this pair of sequences.

13



3.2. Likelihood for a pair of DNA sequences

For a single site ¢ on both sequences x and y, the likelihood is
L(Q) = P(Xi = xi)(th)Ii—Wi’

where z;,y; € {A,G,T,C}, P(X; = x;) is the base frequency © = (w4, 7c, ¢, 1)
which can be derived from the eigenvector of Q7. If z; = A, then P(X; =
x;) = TA.

For n sites on the sequences, under the assumption of independence

across different sites, the likelihood is

n

L(0) = HP(XZ = xi)(th)xi‘)yi
=1

The incomplete log likelihood for n sites on one sequence is
n
1(6) = >~ 10g (P(X; = 2)(eP)si.)
i=1

3.2.2 With Rate Heterogeneity

If different sites evolve at different rates, a rate factor « is introduced.
Recall that in Section 2.2.4 in Chapter 2, we have defined that the rate
matrix for the ith site is 7; x @}, where ~; is the rate factor for the ith site.
In the literature, most authors assume the rate factor « follows a continuous
distribution like the gamma distribution or log normal distribution. The
parameters are § = (Q,t,). Assuming g(+y) is the prior density function for

v, the likelihood for this pair of sequences is

n

L0 =] /0 P = ) (€9 g g () (). (3.1)
=1

In this case, we do not estimate the rate at each site, if a single rate is
assumed for each site, then the number of unknowns increases quickly as

the number of sites increases. As a result, as shown in Equation [3.1, we

14
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integrate out all the possible rates for each site and take it as the whole

contribution of this site to the whole likelihood.

3.3 Likelihood for Trees

3.3.1 Without Rate Heterogeneity

Felsenstein (1981) has introduced the “pruning” method to economize
the computation of the likelihood of the tree. In the field of computer sci-
ence, this method is known under the name of “dynamic programming”.
The details of how to implement this method to a tree is covered in Chapter

16 of Felsenstein (2004). We will introduce this method briefly.

Figure 3.1: Tree Topology

We first illustrate how to calculate the likelihood for the tree in Figure

3.1 for only one site. Assuming for the ith site, the states of DNA at the

15
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three tips X4, X1 and X5 are A, G and C respectively. From the tips to
the root of the tree, the algorithm calculates the conditional likelihood of
a subtree recursively given the state of this node in the current generation
by combining the conditional likelihood of its immediate child in the left
lineages and also the one in the right lineages of the same node.

Using the small tree, we illustrate how this algorithm works. The depth
of the tree is two. Let Lék (A) denote the probability of observing all the tips
given the state of the node x; has state A at the ith site. As assumed, at the
tips, the state of X3 in the ith site is C. Then (L%, (A), L%, (C), L% (G), Lt (T))
— (0,1,0,0), (LL, (A), L, (C), LL,(G), Li, (T)) = (0,0,1,0), (LL, (A), L, (C),
L (G),LL, (T)) = (1,0,0,0). For an internal node X3, we illustrate how to

calculate L (A) as an example.

(Z Prob(X, = z|A, t1)LL, (x))

X <Z Prob(Xs = y|A, t2) L, (y)>

Y

— (Z eXp(tlQ)Aﬁ\forl (x))
X <Z exp(tQQ)AﬁyLil(?/)>
y

L, (A)

16



3.3. Likelihood for Trees

As aresult, L. (C), L., (G), L., (T)) can be calculated in the same way.
(Z Prob(Xs = s|r,t1)Lig(s)>
x (Z Prob(Xy = q|r, 754)L;4(Q)>

q

— <Z eXp(th)'r%Ssz:;;(s))
X (Z eXp(t4Q)r—>qL;4 (Q)>

Assuming the stationary distribution for the four states is m = (w4, 7¢, 7¢, 77),

L (r)

then the likelihood of this tree for the ith site is
L'=> "mLl (r).
T

Denote the log-likelihood for the ith site as I = log(L*). By assuming

independence of different sites, the log-likelihood for this treeis | =3 7" | I".

3.3.2 With Rate Heterogeneity

However, it seems impractical that each site evolves at the same rate.
Yang (1993) proposes the rate factor coming from a gamma distribution on
each site. Below we provide how to calculate the likelihood of the previous
tree in Figure 3.1 with the assumption that the rate follows the gamma
distribution with mean one. Denote the prior density function for the rate
v as g(7y). The difference of computing the likelihood when considering rate
heterogeneity lies in its impossibility of “dynamic programming”. Same as
in Section 3.3.1, we explain how to calculate the likelihood of the tree in

Figure 3.1 for only one site first. It is assumed the states of X4, X1 and X5

17



3.3. Likelihood for Trees

are A, G and C respectively. The likelihood of the tree in Figure 3.1 for this
site is

> Y mProb(A|X5 = p, t4)Prob(X3 = q|p)Prob(G|g, t1)Prob(C|q, t2)
p q

=> > m /0 759(7) exp(t4Q7)ps 4 €xp(13Q7)psq €xp(11Q7) g
p q

exp(t2Q7)q—cdy (3.2)

From Equation we can see that if the number of the internal nodes
is w, the computation complexity is 4% since “dynamic programming” can
not be applied. The computation time of this method increases explosively
as the number of species increases. As mentioned in the original paper, this
method can only deal with tree topologies with no more than four species
with a microcomputer.

In order to deal with the intense computation, Yang (1994) proposed
the “discrete gamma distribution” to simplify the problem. By assuming
equal probability of the rate in each category, Yang (1994) uses the mean
or median in each category to represent all the rates in the same category.
Assuming we use k categories of “discrete gamma distribution” to replace
the continuous gamma distribution, where (y1,72,...,7%) is the mean of

each category. We use Lés (r) to illustrate how to use the “discrete gamma

18



3.3. Likelihood for Trees

distribution” to approximate the continuous case, where r is the state of X5.
Li (r) = (Z Prob(Xs = s|r,t1)Lgs(s)>
S

X <Z Prob(Xy = qlr, 754)L;4(Q))

q
k

= Z% (Z eXP(%t?»Q)HsLig(S))

j=1
X (Z eXP(%’MQ)r—mLim (‘—7)>
q

As to how to calculate the mean of each category, readers can refer to
the paper of Yang (1994) for details.

However, in both the continuous and the discrete cases, the author re-
stricts the mean of the gamma distribution to one, then only the shape
parameter « of the gamma distribution needs to be estimated. Since with
the fixed number of species at the tips, a tree can have several different
topologies. The process of maximizing the likelihood of a tree with a given
topology is repeated for each of the possible topology until a maximum tree
is found. By maximizing the likelihood of the tree over the branch lengths
and «, an estimate of « can be obtained.

Both the continuous and discrete gamma distributions of the rate fac-
tor have their own limitations. Yang (1996) reviewed that by assuming the
continuous gamma distribution of the rate factor, the algorithm is practical
for no more than six sequences. By using the discrete gamma distribution,
Yang (1994) has pointed out that & can be very different based on different
tree topologies where & is the estimate of the shape parameter a of the
gamma distribution. For example, & tends to be larger given the maximum

likelihood tree while & seems the smallest from a star tree most of the times.
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3.3. Likelihood for Trees

The difference gets larger especially when there are many species. As a re-
sult, we are motivated to relax the restriction of the specific distribution of
~ because of the intense computation of the continuous gamma distribution
and the overestimation or underestimation of the shape parameter a from
the discrete gamma distribution given different tree structures. Finally, we
propose a discrete distribution of the rate factor without any other restric-

tions which will be covered by the Chapter 4.
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Chapter 4

Estimating the Rate Factor ~
via an EM Algorithm

4.1 Introduction

In this chapter, we first introduce how to use an EM (Expectation Max-
imization) algorithm to estimate the rate factor and its distribution. We
first introduce how to implement the method to a pair of DNA sequences.

Then we explain how to estimate v and its distribution for a tree.

4.2 Learn v and f via an EM Algorithm for a
pair of DNA sequences

4.2.1 The likelihood for a pair of DN A sequences

When having two DNA sequences represented by 27 = (z1,22,...,2y)
and y© = (y1,v2,...,yn) which are the observed data, we will first study
how to calculate the likelihood for this pair of sequences while the rate fac-
tor following a discrete distribution is introduced. Assuming that different
nucleotide sites are independent within each DNA sequence, the rate factor
is denoted as ¥ = (y1,72,...,7%) which is used to scale the original rate

matrix ¢ and a latent variable Z is introduced to imply which category the
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4.2. Learn v and f via an EM Algorithm for a pair of DNA sequences

rate for a particular site belongs to. The latent variable Z is the missing
data. The complete data includes the observed sequences x, y and z which
is the realization of the latent variable Z. The prior distribution of Z is
f = (f1, f2,..., fr). The parameters to be estimated are § = (v, f) given
the data from pairs of DNA sequences.

For a single site ¢ on both sequences x and y, the likelihood is
L(O) = 37 P(Zs = )€ )gy 0y P(Xi = ),

where z;,y; € {A,G,T,C}, i € {1,2,...,n} and P(X; = ;) is the base
frequency which can be derived from the eigenvector of Q7.
For n sites on the sequences, under the assumption of independence

across different sites, the likelihood is

n k
=11 Z (€9 45y P(Xi = ;).
i=1 j=1

The incomplete log-likelihood for n sites on one sequence is

Zlog ZP e’yJ )zi—>yiP<Xi = xz)

Since this incomplete log likelihood is hard to deal with, an EM algorithm
is introduced. In order to utilize the EM algorithm, we need to calculate
the complete log likelihood for this pair of DNA sequences first.

For the ith site on the DNA sequence, z; represents which category the
rate v takes. The complete likelihood for a pair of sequences with n sites

given -y is

L(0;2,y,2) = [T T[] 57 (5D P(X; = ).
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4.2. Learn v and f via an EM Algorithm for a pair of DNA sequences

The complete log-likelihood given the parameters v will be

1652,y 2 ZZ §)10g (£(€79) a0y, P(Xi = 1))

=1 j=1
Denote P(X = z) = m, as the prior probability, the complete log-
likelihood will be

n k

00;2,y,2) =Y > 1(zi = j)log (£, (€79 2,10y, ) -

=1 j=1

The expected complete log-likelihood is

E(l(8;2,y, 2)|X = 2,Y =y) = ZZE = 9)I1Xi =2, Y = i)
i=1 j=1

log(fjﬂﬂﬂi (e’ijt)xi_)yi)

When we have N pairs of DNA sequences, the expected complete log-
likelihood is

B((0;2,y, 2)|X = 2,Y =)
N nm

= Z ZZE i = J)‘sz = Tmis Ym,i = Ym, i) IOg(fJﬂ'x (ert)xm,i—wm,i)

m=1 i=1 j=1

The number of sites in different pairs of sequences can be different which

is denoted by n,.

4.2.2 Learn v and f via an EM Algorithm

In this section, we explain how to learn the parameters v = (y1,...,7)
and update the posterior distribution f = (f1,..., fx) for the latent variable
Z given the DNA sequence data. When there are more than one pair of

sequences, it needs to sum over all the sites on all pairs of DNA sequences
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4.2. Learn v and f via an EM Algorithm for a pair of DNA sequences

to obtain the expected complete log-likelihood. For simplicity, we assume
there is one pair of DNA sequences here.

E step of EM algorithm
Eg—1(l(0;2,y, 2)| X =x,Y =vy)

n k
=S8 Bp i (1(Zs = )X = 20, Yi = y3) Log(fi7a, (€791 50)

i=1 j—l
- Z ZPGt 1 = ]|X =x4,Y; = yl) log(fjﬁxi(evat)miﬁyi)
i=1 j=1
Py-1(Z —j,X—xz’,Yz— i) ¥ Qt
— lo e =
;]Z; P@‘ 1 =2, Y; = yz) g(f] . ( )xl—wl)

Assuming 0! = (=1, /1) has been learned from (¢ —1)th step, where
A1 (7{ 1,...,7}2—1) and fi=1 = ( f_l,..., };_1). Then in the tth step,
both v; and f; will be updated, where j = 1,2,... k.

The exectation term E(1(Z; = j)|X; = x;,Y; = y;) is taken with respect
to the old parameters /=1 = (yi~ L ,’y};—l) and the observed data z;, y;.
The goal of the E step is to compute E({(0;z,y, Z)|X = z,Y = y). In the M
step, since there is no analytical solution of v, E(I(6;x,y, Z)|X = z,Y = y)

is optimized with respect to -y

Ep1(l(0;2,y,2)|X =2,Y =y)

RChanel) f(t—l)

k
— LizYil) . v Qt
- Z koo (i (t—1) log(f37a: (€7 )iy )- (4.1)
i=1j j=1¢ " zi—y fj

M step of the EM algorithm

Updating f;
The posterior distribution f = (f1,..., fx) of latent variable Z is updated
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4.2. Learn v and f via an EM Algorithm for a pair of DNA sequences

in the following way in the tth step assuming f=1 and ~*~1 have been

obtained.
Denote
(vi71Qt) p(t-1)
B e''i f
A;- 1_ p (-yt.*lQ]t) = (4.2)
>j—1€ 1

as a 4 x 4 matrix, j = 1,2,...,k. The element in the ith row and kth
column of A;fl represents the posterior probability of Z = j meaning that
~ takes the jth category given the site changes from state ¢ to state k of two
homologous sequences from a common ancestor in the (¢t — 1)th iteration.

There are four states A, G,T,C in the DNA sequence. As a result there
are 16 kinds of transitions between these states including A—A, A—G, A
—T and so on. For a pair of sequences with n sites, the number of each
kind of transition will be counted and these numbers form a 4 x 4 matrix
B. The element in matrix B records the number of this kind of transition
corresponding to the element appearing in the @ matrix. That means the
row and column order of {A, G, T, C} in B is the same as rate matrix @
and Aﬁ-_l. For example, if the element in the first row and second column
in () denotes the rate for a state to change from A to C, then the element
in the first row and second column in B denotes the number of transitions
from A to C for n sites on this pair of DNA sequences.

Let B - A§_1 denote the dot product of two matrix, where (I,m) denote
the dimension of matrix B - A;fl. Then f;, j =1,2...,k is updated as for

a pair of sequences with n sites as follows

F=3"(B-AY, /n. (4.3)

b
Im

The sum of all elements in B - Az._l is the expected weighted number of

sites for + to take the jth category, j =1,... k.
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4.2. Learn v and f via an EM Algorithm for a pair of DNA sequences

Updating ~

To update ~ in the tth step, we choose v such that a local maximum of
Equation can be obtained when the gradient of v is a zero vector and
the Hessian matrix of v is negative definite.

In order to deal with getting the gradient of Equation with respect
to v, we first introduce Theorem 1 to illustrate how to get the derivative of

a particular element of matrix exponential.

Theorem 1.
iy (€7D = (€9
tn—t th, — 1t

= (Qe')s

Theorem 1 states that if we get derivative with respect to ¢ for the el-
ement in the ith row and jth column of the matrix (e!4) is equivalent to
getting derivative with respect to t for the whole matrix and then take the
element in the ith row and jth column. This result is obtained by Wilcox
(1967) and we provide a standard proof of Theorem 1 in Appendix A.

With Theorem 1, we can get the gradient and Hessian matrix with re-
spect to 7.

Review in Equation [4.1] and Equation we have that
Ep—1(I(0;2,y, 2)| X = 2,Y =)

= -1

(e(% Qt))xi_)yif](t )
= -1

=1 j=1 D1 (el Qt))xﬁyif;t )

0)71Q) =1

log(fjﬂﬂﬁi (e’ijt)Ii_)yi%

J t=1 -1’
Z?‘:le(vj Qt)f](t )

then,

n k
Bo_,(1(0s2,y, Z)| X =2,V =y) =D > (A 1)4 1y, log(fima, (€7797) 0,1y, ) (4.4)
=1 j=1
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4.2. Learn v and f via an EM Algorithm for a pair of DNA sequences

In order to find the local maximum of Equation the gradient of
Equation [4.4] with respect to v is desired. Denote E(I(6;z,y, Z)|X =z,Y =
y) as W(y), where v = (71,72, ...,7) and getting the derivative of W (~y)
is only with respect to . Assume 7, is one element of v, m = 1,2,...,k.
Under the assumption that v; and «; are independent when i # j, it can be

obtained that

aW(ﬁy) t—1 fm(tQ'eXP(’Y7ntQ))xi—> i
a’)/m B Zi:l(Aj ):Ci_)yi (e(vat))ziayifm .
— (tQ X ( th))I¢—> i
= 2?21(14; 1)902'%%‘ (Z(fmzzz))w__)y, o (4.5)

Finally we have,

oW(y) <3W(v) W () an)T
oy oy’ Oy 7 Owm '

(4.6)

How to calculate each element of 8Vg7ﬂ(/v) is defined in Equation .

Next, the Hessian matrix of W (~y) with respect to v is deducted. Under
the assumption that -; and 7; are independent when 7 # j, the Hessian
matrix is an diagonal matrix. For any ~,, € v, where m € 1,2,...,k, we

have

WO S, L, <a3m[tQ XD (1mt @iy (XD (1t Q)i

2Ym p exp(YmtQ)Z, -y,
B [tQ : eXp(’Yth)}riﬁyi &y%(exp(ryth))Ii_)yi >
eXp('Yth)%i—wi

_ = AN ([tQ Q- exp(YmtQ)]wi >y EXP(V6EQ) iy
ZZ;( J ) e eXp(’thQ)?ci%yi
_ [tQ i eXp(’Yth)}zi%yi [tQ ) eXp(”yth)]miﬁyi ) (4 7)
eXp(’}/th)%Z*)yz . .

The Hessian matrix is an k& x k diagonal matrix with the mth diagonal

element defined in Equation
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4.3. Likelihood for a tree with multiple DNA sequences

Based on the gradient and Hessian matrix, ~ satisfies that the gradient
at this vector is zero and the Hessian matrix is negative positive. This can
be obtained by using optim() function in R to minimize the negative log
likelihood and specifying the gradient and Hessian matrix.

When there are multiple sequences, for the expected log likelihood, gra-
dient and Hessian matrix, we just sum over all the sites on all pairs of
sequences.

1

The iteration to update v and f; ends when 7*~! and 4" are quite close,

for example, ||y! —~/71|< 107°.

4.3 Likelihood for a tree with multiple DNA

sequences

We have covered how to obtain the likelihood for a pair of DNA sequences
with multiple sites. Now we concentrate on how to get the likelihood of a
tree. We begin with the simplest tree with three DNA sequences. There are
three tips and two internal nodes in this situation. The topology of the tree
is shown in Figure 4.1.

In this tree, X;, Xy and X4 are three DNA sequences at tips of the
tree representing three different species. For any single site on X7, Xo
or Xy, we have already known the state of this site. The state space is
Q={A,G,T,C}, X3 and X5 are annotated since they are internal nodes.
For any single site on an internal node, it can take A, G, T or C which is not
known to us. The notations of t1, to, t3 and t4 represent the branch lengths
in the tree.

First we show how to get the likelihood of this tree given the DNA se-

quence data at X1, Xo and X4. Independence among different nucleotide
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4.3. Likelihood for a tree with multiple DNA sequences

Figure 4.1: Tree Topology

sites is assumed within each DNA sequence. The rate factor v7 = (y1,72, ..., V)
is defined the same as in the previous section. A latent variable Z is intro-
duced to imply which category of the rate factor a particular site takes.
The distribution of Z is f = (f1, f2,. .., fx). The stationary distribution for
{A, G, T, C} is m = (wa, g, 7, 7). The parameters to be estimated are
0 = (v, f) given the DNA sequences from X7, X5, and X4 at the tips.

For a single site 7 on both the ancestral and descendent sequences, the

likelihood is
k

L) = Z Z Z fomp exp(1:Qta)p—ay - exp(12Q13)p—q

z=1 peQ) qge}
TH5=p T3=q

eXp(7th1 )q—>:c1 eXp(’Yz QtQ)q—mQ )

where Q = {A,G,T,C} and 7, is the stationary frequency which can be

derived from the eigenvector of Q7.
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4.3. Likelihood for a tree with multiple DNA sequences

For n sites on the sequences, under the assumption of independence
across different sites, the likelihood is

n

k
L(@) = H Z Z Z fzﬂp eXp(’Yth4)p—>z4 : eXp(Vth3)p—>q

i=1 z=1 peQ) qeN
r5=p T3=q

exp(72Qt1)g-ay €xXP(12Q%2)g 2,
The incomplete log-likelihood for n sites of this tree is

1(0; 21,22, 24)

n k
B Z tog (Z Z Z J2mp eXp('YZQM)P—mM ’ eXp(VZQt3>P—>q
i=1

z=1 peQ qeN
THi=p T3;=4

eXp(’Ythl)q%zu eXp('}’z QtQ)q—):EQi>
This incomplete log-likelihood is hard to deal with since we need to

marginalize all the internal nodes and latent variables, an EM algorithm is

introduced for trees with multiple DNA sequences as well.

4.3.1 Complete Likelihood for Multiple DN A sequences

The complete likelihood for this tree with n nucleotide sites is
L(v, 221, 22, 24)

k
- H H H <fj7TP exp(,}/th‘l)xSi—WMi : eXp(7th3)xsi—>m3i

n
i=1j=11x5,€Q x3,E

(4.8)

(1(zi=7,X5:=p,X3i=q))
eXp('Yj Rt )3031‘%211 eXp('Yj Qt2)w3i‘>121>
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4.3. Likelihood for a tree with multiple DNA sequences

Then the complete log-likelihood is

1(77 Z;L1,T2, I4)
n k

= ZZ Z Z 1(z; = j, X5 = p, X3 = q) x log(fjmp
1=1 j=1 x5;€0Q x3;,€Q

exp(7jQta)p—ay; * €XP(VQt3)p—q XP(Vi Q1 )p—ays

eXp(’YthQ)q—)xm) (49)

Denote E(l(~y, Z;x1,x2,24)| X1 = 1, Xo = 29, X4 = x2) as W (), then

the expected complete log-likelihood is

W(v)
k

=> 3 > E((Zi = j, X5i = p, X3 = q)| X1 = w15, Xoi = 2, Xai = 745)
i=1 j=1 z5,€Q x3,E0Q

3

~

x log( fimp exp (75 Qta) p—sas; €XP(V5Qt3)p—q eXP(7j Q1) g—a1; €XP(VjQ2) g a;)
(4.10)

In order to simplify the calculation of function W (), we separate each

term of

log(fjmp exp (7 Qta)p—sas; €XP(1jQ3)p—sq €XP(Vj Q1) g—z1; €XP(V;Qt2) g2, )

into
log(f;), log(mp), log(exp(vjQta)p—as, ), 108(exp(7Qt3)p—q), l0g(exp(V;Qt1)g—a1, )
log(exp(7;Qt2)g—a2))-

The following proposition reveals the details of how to calculate Equa-

tion 4.10 efficiently.
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4.3. Likelihood for a tree with multiple DNA sequences

Proposition 1. Assume there are n latent variables X1, Xs, ..., X, v1, V2,
..., Uy are functions that v only depends on X1, vy only depends on Xa, ...
and vponly depends on X,,. The denote a subset {1,2,...,n1} of{1,2,...,n}
as S. Then

ZZZE(l(Xl ::L‘l,XQ :mg,...,Xn:xn))log(vlvg...vnl)

1 T2 Tn

=Y E((X1=m1,Xs =22,..., Xp = 1)) log(vivz...v1)  (4.11)
S

Proof. The proof of Proposition 1| is simple. Denote Sy = {1,2,...,n}.
Since S = {1,2, .. .,nl}, S| = S()\S, then

ZZZE(l(Xl :l'l,XQ :$2,...,Xn:ibn))log(UlUQ...Unl)

Tl T2 Tn
= ZZE(I(Xl =z, Xo =x9,...,Xp = xy)) log(vive ... vy,)
S S1

= ZE(l(Xl = l‘l,XQ = T9,... ,an = xnl))log(vlvz . .Unl)
S

O

In order to calculate W(v), we separate the expected complete log-
likelihood into several parts by partition the term in the product inside
the log function and utilize Proposition [1] to calculate each of the following
term and then sum them together.

Some of the latent variables can be summed over in the previous term
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4.3. Likelihood for a tree with multiple DNA sequences

to simplify the calculation.

n k
ZZ Z Z E(1(Z; = j, X5i = p, X3i = q)| X1i = 214, Xoi = 724, Xai = T4;)

i=1 j=1 peQ) qe
T5;=P £3,=4

x log(f;)

kK n
= ZZE(l(Zi = I X1i = 214, Xog = w2;, Xai = 245) ¥ log(f) (4.12)
=1 i=1

n k

ZZ Z Z E(1(Z; = j, X5i = p, X3i = ¢)| X1i = 214, Xoi = 224, Xai = T45)

i=1 j=1 peQl qe

T5;=P T3;=9

x log(mp)
k n
=3 B(W(Zi = j, Xsi = p)| X1i = w11, Xog = @i, X = w3) log(my)
j=1i=1 peQ
Tpi=p
(4.13)
n k

ZZ Z Z E(1(Z; = j, X5i = p, X3i = q)| X1i = 214, Xoi = 204, Xai = Tui)
i=1 j=1 peQ qef}
T5;=p T3;=q

x log(exp(VjQta)p—sas;)

n

=> 3 > E((Z = j, Xsi = p, Xai = 24:)| X1i = w15, Xoi = i, Xai = 745)

log(exp (’Yj Qt4)10%504i ) (4.14)
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4.3. Likelihood for a tree with multiple DNA sequences

n k

ZZ Z Z E(1(Z; = j, X5i = p, X3 = q)| X1i = 214, Xoi = 224, Xai = T4i)

i=1 j=1 peQ qeQ
T5;=p T3;=q

x log(exp(7;Qt3)p—q)

k n
=333 B((Zi =, Xsi = p, Xsi = )| X1i = 214, Xoi = w24, Xai = 2a;)

Jj=11i=1 peQ qe
T5;=P 23,=4

log(exp(7;Q13)p—q) (4.15)

n k
ZZ Z Z E(1(Z; = j, X5i = p, X3 = q)| X1i = 214, Xoi = 204, Xai = T4i)
i=1 j=1 peQ ¢

T5;=P ¥3;=4

x log(exp(VjQt3)g—z1;)

=> 3 > E(Zi = j, X3 = ¢, X1i = 20:)| X1; = 1, Xoi = 793, Xai = T4;)
j=11i=1 ¢
T3i=9
log(exp(’Ythl)q—mu) (4.16)

n k

ZZ Z Z E((Z; = j, X5i = p, X3i = @)| X1i = 214, Xoi = 224, X4y = 745)

i=1 j=1 peQ qef

T5;=P £3;=4

x log(exp(VjQt3)g—sws;)

k n
= ZZ Z E(1(Z; = j, X3 = q, Xoi = x2;)| X1i = 14, Xoi = w25, Xai = x45)
j=1i=1 qeQ
z3;=q
log(exp(’VZiQtQ)q—in (417)

Then W (~) is the sum of Equation 4.12, Equation 4.13, ... and Equation
4.17.
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4.3. Likelihood for a tree with multiple DNA sequences

Equation 4.17 reflects that the indicator function only depends on the
states of the ith site of the ancestral and its direct descendant sequences.

For example,

n k
ZZ Z Z E((Z; = j, X5i = p, X3i = ¢)| X1i = 214, Xoi = @24, Xas = T45)

i=1 j=1 peQ qe
T5;=P T3;=4

IOg(eXP(’Yth2)q—>x2i)

k n
=> > > E((Zi = j, X3 = ¢, Xoi = 2:)| X1s = @1, X = T4, X3 = Ta;)
j=1i=1 qeQ
z3;=q

log(exp(’yj Qt2)q_>r2i )

When we are interested in calculating

S TS pea Dgeq B(U(Zi = . X5 = p, Xsi = )| X1 = 15, Xoi =
Toi, X4y = x4:)51(:);(e>:13)i(iy(;Qt2)q_>m), where X3 is the ancestral sequence
and X5 is X3’s descendant sequence. The states of internal nodes X5 can
be summed over so that X5 does not appear in Z?:l D1 2 geq E(1(Z; =
3> X3i = q, Xoij = 19i)| X1 = w14, Xog = @24, X4y = 745) 10g(exp(’;;5t2)q—>a:2i)-

After separating the expected complete log-likelihood into several parts
by partition each term in the product inside the log function, the indicator
function only depends on a pair of ancestral and descendant node of interest
which are X3; and Xy; since all unknown states of other internal nodes
can be summed over. Moreover, 1(Z; = j, X3 = q,X2; = x2;) depends
only on Z;, X3;, Xo; which appears in the term that multiplies it which is
log (exp(7j Qt2)zs;—a;)-

Then to calculate 25:1 Dot 2opeq 2ogea E(U(Zi = §, X5i = p, X3 =
q)| X1 = 214, Xoi = 224, X4y = 245) log(exp(v;Qt3)p—q), We define a matrix

FE and a matrix L for computation convenience because we would like to
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4.3. Likelihood for a tree with multiple DNA sequences

denote this term as a sum of the dot product of each row in E and the

corresponding row in L.

Z?:l E'(].(Zz = 1,3}@,‘ = A, Tdi = A)|data) . Z?:l E(]A(ZZ = 171;(12‘ = G,LL’di

E:

Z?:l E(]A(ZZ = k,l’ai = A, Tdi = A)\data) . Z?:l E(l(ZZ = ]{Z,IL’M‘ = G,xdi

where x,; denotes the ith site on the ancestral sequence and x4 denotes the

1th site on the descendant sequence. We can just arrange

log(exp(vz;Qt3))
into a k x 16 matrix L.
log(exp(11Qt)a—a) ... log(exp(mQt)c—c)
I_ . _ .
log(exp(1x@t)a—a) ... log(exp(vQt)c—ac)

As a result, to calculate the expected complete likelihood of the tree in
Figure 1, we can divide it into three parts. The first part is

k n

> > E(U(Zi = j)|wii, wai, vai) log(f;),

j=1i=1
which can be obtained by summing over all the internal nodes.
The second part is

kK n

> DY E(Zi = j, Xsi = p)|wwi, v2i, 24i) log ().

j=1 i=1 peQ
To calculate it, we need to know the assumed location of the root of
the tree and which is the root’s direct child. By summing over the possible

states of the descendant node, we can obtain this term.
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4.4. Expectation Maximization to learn v and f for Trees

In the third part, we compute the expected complete log-likelihood be-
tween each pair of ancestral and its direct desendant sequences and then
sum them together. Now we introduce how to learn the parameters of v
and its distribution f.

When we perform the real data analysis, we add a penalty term which
is the sum of v2 to the complete log-likelihood. The reason is that if any
category of v is so large then exp(yQt) will go to the stationary distribution.
In that case, even if « increases, the likelihood will not increase dramatically.

As a result, we add the penalty term to constrain it.

4.4 Expectation Maximization to learn v and f

for Trees

According to Equation we have the expression of how to calculate

the expected complete log-likelihood.

4.4.1 E step

E(l(y, Z;x1, 22, 24)| X1 = 21, Xo = 22, X4 = 24)

n k
= ZZ Z Z E(1(Z; = j, X5i = p, X5i = q)| X1i = w15, X2 = 224, X4y = 745)

i=1 j=1 peQ ¢
T5;=p ©3;=4

x log( fimp exp(7;Qta) p—sas; €XP(V5Qt3)p—q eXP (71 Q1) g—a1; €XP (V1 Q2) g2, )
(4.18)
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4.4. Expectation Maximization to learn v and f for Trees

E(1(Z; = j, X5 = p, X3i = )| X145 = 215, Xoi = T2, X4 = 243))
P(Z; = j, X5i = p, X3i = ¢, X1 = @14, Xoi = T2, X4 = 24)
EJ 1 2peq 2aqgeq P(Zi = §, X5i = p, Xai = q, X1i = w14, Xog = 29;, X4y = 2u5)
(4.19)

P(Z; = j, X5i = p, X3i = q, X1; = %14, Xo; = x2i, Xai = Ta5)

= fjﬂ-p eXp(’Ythll)p%m; exp(’YthS)p%q eXp(’ijtl)q%xl eXp(’YthZ)qﬁ\zg
(4.20)

Egi—1 (1(Z; = j, X5i = p, X3i = @)| X1i = 214, Xoi = 2, Xy = x45)
Pyi—1(Z; = 3, X5i = p, X3i = ¢, X1; = 214, Xog = T2, Xu4i = T4)
Z?:l > peq 2ogeq Por1(Zi = §, X5i = p, X3i = ¢, X1i = 214, Xoi = 295, Xai = 74)

where

Pye-1(Z; = §, X5i = p, X3i = ¢, X15 = 214, Xoi = o4, Xui = T45)

= ft 17710 exp( Qt4)p%t4 exp( Qt3)pﬂq exp( Qtl)qﬁﬂh exp( Qt2)q%zz

Eetfl(l(%z;331,$27$4)\X1 =21, X2 = 29, Xy = 14)

ZZ Z Z Pp—1(Z; = §, X5s = p, X3i = ¢, X1 = 21, Xo = w2, Xy = 24)
Z?:l > peq 2ogeq Por1(Zi = §, X5i = p, X3 = ¢, Xu = 21, Xo = 72, X4 = 14)

i=1 j=1 peQ qef
T5;=P T3;=4

log(fjmp exp(7;Qta)p—ty eXP(VQt3)p—sq exXP(V; Q1) gz, €XP (7 Qt2)g—,)
(4.21)

4.4.2 M step

Updating v
In the M step, Egi—1(I(y; 21, x2, x4, Z)| X1, X2, X4) is optimized with re-

spect to 7. Both v and f; are updated.
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4.4. Expectation Maximization to learn v and f for Trees

To learn parameters v in the tth iteration, a local maximum with respect
to v can be obtained when the gradient of «y is a zero vector and the Hessian
matrix of v is negative definite. In order to get the gradient of -+, we need

to know how to get derivatives with respect to «; in the following term:

eXp('Yj Qt4)p%x4 eXp (’Yj QtS)p%q eXP(Vj Qtl)q%xl €xp (’Yj QtQ)qsz .

To achieve that, we can prove the following theorem

Theorem 2.

; (exp(YQ1)m—n exp(1Q2)a—sb)
= [i(exp(’le))]m% exp(YQ2)asb + exp(’le)m%n[;Y(eXp(sz))]Hb

= (Q1exp(YQ1))m—n exP(YQ2)a—b + exp(7Q1)(Q2 exp(7Q2) ) a—b

We provide a standard proof of this theorem in the Appendix.

In order to get the gradient with respect to «y;, we first define

Am}p,q

= E(1(Z; = 7, X5i = p, X3: = )| X14, Xoi, X43)
_ P(Z; = j, X5 = p, X3 = q, X1; = T14, Xoi = x2i, Xa; = Ta5)

Z?Zl > opeq dgea P(Zi =, X5i = p, Xsi = ¢, X1 = w15, Xog = 9, Xy = Tai)
(4.22)
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4.4. Expectation Maximization to learn v and f for Trees

E(l(, Z‘$1,CB2,CL’4)|X1 =21, Xo = 29, X4y = x4)

= ZZ Z Z = J, X5i = p, X3i = q)| X1i = 214, Xoi = @24, Xai = T45)

i=1 j=1 peQ qef
T5;=p T3;=4

x log(fimp exp(7;Qta) p—sas; €XP(V5Qt3) p—sas; €XP(V Q1) gy, €XP (1 Q2) g—sa0;)

n k
=D 3 YD Aijpg x og(fimp exp(@Qta)p s, exXD(1;@t3)gq eXD(1j Q1) gsay;

i=1 j=1 peQ g€l

eXp(Vj QtQ)q—WEQi )

Egi-1(l(y, Z; 1,22, 24)| X1 = 21, Xo = 22, Xy = 24)

ZZ SN Bper(1(Zi = §, Xsi = p, Xai = )| X1i = w15, Xog = i, Xai = 745)

i=1 j=1 peQ qef}
T5i=P T3;=9

X 10g(fj7rq eXp(’Yij)pﬁmz‘ eXp(’VthZS)p%q eXp('ijtl)q%Iu eXp('Yth2)quL“2¢)

= Z Z Z Z Agtjplzl x log( Jimp eXp(’YjQtzl)p—muZ eXp('Y]Qt?))p—n] eXp(ﬁYthl)q—mh

i=1 j=1 peQ qef
T5;=p T3;=4

exp(’yj Qt?)q—mm‘ )

When we get derivatives with v, denote Wyi—1(7) as Ege—1 (1(7; 21, 22, 24)| X1 =
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4.4. Expectation Maximization to learn v and f for Trees

x1, Xo = 9, X4 = x4).

OWgi-1(v) (t-1)
= 8,.)/ ZZ Z Z A]pq X log fjﬂ—p exp(’Ythﬁl)p—XEm

a .
Vi =1 j=1 pEQ qeQ
T5;=P T3;=4

eXp(’Vth:%)p—w eXP(’Yj Qt1)g—a1; exXP(1jQt2) g—as;)

= Z Z Z 7J7pq X 710g(f]7rp eXp(’Ythzl)pH:m,

i=1 peQ qef
T5=P T3;=9

exp(th:a)paq exp (7 Q1) gy, eXP(7jQt2)g—zy:)
t4Q exp(vjQta)pzy | t3Q exp(v;Qt3)p—q

= Z Z Z .3,P:q ( exp(7jQta)p—ay exp(7jQta)p-sq

=1 peQ g€
tlQ eXp(’Ythl)q—Mq + tQQ eXp(’YthQ)q—)a:g > (4 23)
exp(V;Qt1)g—a, exp(7;Qt2) gz,

Recall that for a pair of sequence with n nucleotide sites, z;,y; € {A,G,T,C}

Wy (7) n t—1 (tQ-exp(v;tQ))a; sy,
T - Zi:l(Aj )$¢—>yi (exp(’ijt))ziayi . (424)
OWgi—1(7) . .
When we have a tree, — 9y, s asum over all pairs of the ancestor

and its direct child sequences over all sites multiplying its corresponding

( )

posterior distribution A from the E step.
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Chapter 5

Identifiability of the Model

5.1 Introduction

In the context of phylogenetics, a model is non-identifiable if different
set of parameters including tree topologies, branch lengths and evolutionary
parameters can produce the same likelihood.

Section 5.2 is a review of the previous work on the identifiability of mod-
els with the rate factor following the gamma distribution. We discuss the
relationship of the previous work and our work.

We illustrate how the identifiability of = (v, f) is transformed into
the problem of determining the uniqueness of the solution to a set of non-
linear equations in Section 5.3. The number of equations is equal to the
number of different eigenvalues of (). In Section 5.4, we prove that if the
rate matrix comes from the F81 family, then the model is unidentifiable
which carries over to the case where the rate factor follows a gamma dis-
tribution. In Section 5.5, by applying Wu and Susko (2010)’s result, we
prove the non-identifiability of v and f under certain conditions. Finally,
we have shown some simulation results to provide empirical support of the

non-identifiability of HK'Y85 model.

42



5.2. Review

5.2 Review

Bryant, Galtier, and Poursat (2005) have reviewed both the identifiabil-
ity of transition matrices for independent and identically distributed sites
and models with rate variation by introducing a rate factor ~. The defini-
tion of the rate factor can be referred to Section 2.2.4. They review that
if different sites evolve at the same rate, pairwise comparisons of sequences
are not able to reconstruct the transition matrices and that the distribution
of at least triples of sites is sufficient to reconstruct the transition matrices.
Moreover, for models allowing rate variations, the topology and the tran-
sition rate matrices are identifiable under certain conditions. They can be
identified when the distribution of v is completely known. Assuming the
rate factor follows a gamma distribution, Steel (2009) uses the F81 Model
and discovers that the shape parameter of the gamma distribution and the
topology of the tree are unidentifiable. Different shape parameters and tree
topologies can produce the same pairwise distribution between all pairs of
taxa. However, this is not a general case. Allman et al. (2008) proves that
the four-state GTR + I' model is identifiable given the joint distribution
of at least triples of taxa by assuming the rate factor follows the gamma
distribution. The reason why gamma distribution is favoured is its simple
form of the inverse of moment generating function. It is still of interest
whether pairwise distributions are sufficient to discover the identifiability of
the model. Wu and Susko (2010) proves that several different conditions
when the parameters can be identified. As long as the rate matrix ) has at
least two different non-zero eigenvalues and two non-zero pairwise distances,
the rate matrix @), pairwise distances and shape parameter a can be iden-

tified simultaneously. This conclusion applies to a general time reversible
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5.2. Review

(GTR) model since it has three non-zero distinct eigenvalues. It also ex-
plains why the F81 model is non-identifiable since it only has one non-zero
eigenvalue. Moreover, Wu and Susko (2010) provides a theorem stating that
the rate matrix, pairwise distance and any arbitrary distribution of the rate
factor are identifiable if the rate matrix has at least two distinct non-zero
eigenvalues, the expectation of the rate factor is one and the pairwise distri-
bution is available for any distribution. This theorem also serves as a basis
for our model when analyzing the identifiability for pairwise sequences when
the rate matrix @) has at least two non-zero distinct eigenvalues.

Instead of relying on the number of distinct eigenvalues of the rate ma-
trix @, Mossel and Roch (2011) have developed a new technique to study the
identifiability of large trees. Without the assumption of the gamma distri-
bution of the rate factor, they imply large phylogenies are identifiable with
the constraint that the expectation of the rate factor is one. They achieve
that by binning sites with similar rates into groups and using a bin with
abundant sites to estimate the distance between any two leaves in order to
recover the true tree.

In our case, we introduce the rate factor v = (y1,72, ..., ) and the la-
tent categorical variable Z to specify which category v takes. We assume
a discrete distribution over  which is f = (f1, fo, ..., fx). The parameters
in our model include v = (1,72, ...,7) and f = (f1, fo,..., fx). The iden-
tifiability of @ = (v, f) is of particular interest when the rate matrix @ is
known as well as the topology of the tree or one pairwise distance.

In this chapter, we have studied the identifiability of § = (v, f) for a
pair of sequences. We prove that for the F81 model and the JC69 model,
0 = (v, f) is unidentifiable due to the only one non-zero eigenvalues of the

rate matrix Q. We apply Wu and Susko (2010)’s conclusions to our sit-
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5.3. Identifiability of v with two categories

uation. We relax the constraint that the expectation of the rate factor is
one. We prove that the eigenvalues of the rate matrix are identified if it is
unknown but the pairwise distance and the distribution of the rate scalar

are unidentifiable for GTR models.

5.3 Identifiability of v with two categories

For simplicity, we first study the identifiability for only one pair of se-
quences. We derive the log-likelihood for a pair of sequences with n sites

is

n k
0e) = Zlog ZP(Zi :j)(ert)xiﬁyiP(X = ;)

=1 7=1
n k

= ZlOg ij(e’Yth)xi%yiﬂxi (51)
=1 7=1

with the assumption of independence across different sites. A latent cat-
egorical variable Z is introduced to imply which category the rate for a
particular site belongs to. The distribution of Z is f = (f1, fa,..., fx). The
parameters to be estimated are § = (v, f) given the data from pairs of DNA
sequences.

To further simplify the problem, consider k = 2. Assume v = (71,72)
where 71 <72 and f = (fi1, f2), which is 6 = (v1,72, f1, f2) and I(0) = lo.

If a model for a pair of sequences is identifiable then there does not exist
0* = (71,75, f1, f3) (where v{ < ~3) other than 6 such that 1(6*) = lo.

Assuming 0% = (v],7;, f1, f5) exists to make [(6*) = (), for any
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5.3. Identifiability of v with two categories

xi,yi € {A, G, T,C}, then
ﬂ-LL‘i fl eXp(’Yth)LL‘i—Xyi + 7r$i f2€xp(72Qt)xi—}yi
= ﬂ'xi fik exp(’Yith)Il—ﬂljl + 7TCCi f2* exp(fY;Qt)Ii—ﬂl/i; (52)

where 7, can be cancelled on both sides of the equation. Then it is simpli-

fied as

J1exp(71Qt) 3,5y, + f2exp(12Q1) 2,5y,

= fl* eXp(’Yith)xiﬁyi + f2* eXp(’Y;Qt)wi—Wi' (5'3)

Suppose ¢? = Xdiag(e?,...,e®)X ™ where dj,.. .,dy, are the p dis-

tinct eigenvalues of @ and p < 4. It is also known that

9 = Xdiag(e?!, ... W) XL,

In order to make Equation to hold, we only need to make sure that

*
My = M7,

where

frehmt 4 foediyat

fledz’ht + fzedQ’th
M =X
fre®mt + foedrrt
* *
fikedﬂlt + f2*ed1’Y2t
. fie®it 4 fredst

M7 =X

fleit 4 fredat
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5.4. Non-identifiability of F81 Model

To analyze the identifiability of the model, we are interested to know
whether there is 60* = (7,75, fi, f3) # 6 = (71,72, f1, f2) such that the

following system of nonlinear equations holds.

Fre®t 4 frefet = fretit 4 frehiit (5.4)

fledz'ht +f2€d2’72t _ fedﬂ{‘t + f;edﬂé‘t (5.5)

[ J1e® 4 foelen2t = fre®it 4 fredoit (5.6)

Theorem 3. Denote (di,ds,...,dy) as p distinct eigenvalues of the rate

matriz () and t as the branch length. For a pair of DNA sequences, if there
is a unique solution 8 = (v, f) to the system of Equations meaning that (v* =

v, [* = f), then the model is identifiable, otherwise, it is unidentifiable.

In the previous system of equations, there are p equations in total where
p is the number of distinct eigenvalues of rate matrix @ satisfying p < 4.
It reflects that the identifiability of the model depends on the number of

different eigenvalues of the rate matrix Q).

5.4 Non-identifiability of F81 Model

Proposition 1. F81 family of rate matrices have one eigenvalue 0 with
algebraic multiplicity 1 and the other eigenvalue -1 with algebraic multiplicity

3.

Proof. By denoting the the diagonal elements as * to make sure the sum of
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5.4. Non-identifiability of F81 Model

the each row in the () matrix is zero, where

*x Mo WA TG
T kT4 TQ
Tr T x  TQ

TP To WA %
the characteristic polynomial of x(\) of the 4 x 4 matrix is
*x— N 7C TA TG

T k= T4 TQ

T o *k— N TG

T T TA  x— A\

By doing elementary transformations, x(\) can be transformed into

* — A\ TC 0 TG

T ok — A 0 Yife
x(A) =

e TC —(1+X) e

T e mat+Al+A-7mg) x—A

Similarly, we get

—(1—|—)\) TC 0 TG
FT+?(1+A—W0) x — \ 0 el

x(A) = ¢
0 TC —(1+/\) TG
0 TC 7TA—|—%(1—|—)\—7Tg) * — A




5.4. Non-identifiability of F81 Model

By Laplace expansion along the first column, we get

-1+ A—m) 0 Wg(l—i—pr:‘rigﬂc)
x(A) = —(1+A) e —(1+A) 0
o A (1+1+§7j@) (142
T 0 0
—T (1 + 1+7>;_7TC> o —(1+X) 0
‘ ro ma (1452576 —(14))

= —(14+N (A +A=7m) T+ N2+ 741+ M) +716(1+N)?)
—mp (14 N)?

= —(1+N(ma+ma+m0c—(1+N)—7r (14N>

= (1 +N A —7mp— (14 N) =7 (1+ )

= (1+N’ A +77) =7 (1+A)°

= A1+N)°. (5.7)

As a result, x()\) has two distinct eigenvalues: A\; = 0 with algebraic multi-

plicity 1 and Ay = —1 with algebraic multiplicity 3. 0

Theorem 4. Let X and Y be two DNA sequences, Q be any F81 rate matrix

of the following form

¥ To TA TG
0 Tr % WA TQ

5 Vo R S Ve

T Mo TA %

Denote v = (vy1,72) as the rate factor, where v1 < v2 and f = (f1, f2) as the
distribution for the latent variable Z specifying which category v takes. The
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5.4. Non-identifiability of F81 Model

branch length t for this pair of sequence is assumed to be 1. Assuming Q) is

known, the parameter 0 = (v, f) is unidentifiable.

Proof. Assuming the model is identifiable, 0* = (77,73, 1, f3) must be
equal to 8 = (y1,72, f1, f2). For F81 models, we have d; =0, dy = —

F1e0E p fo0X72t = fr0XTE 4 g o005t (5.8)
fle(—1)><'y1t+f26( )v2t f e —1)xvit _|_f* (=D)x7st (5.9)

which is
frtfo=fi+ 53 (5.10)
fre™ Mt foe T = fleT T 4 fre T8 (5.11)

By setting fi = ff = fo = f5 = 05, 7f = {m, t=1, we get 15 =
—log(e™™ + €772 — e 051). This means there is a distinct solution §* =
(%71, —log(e™ " + e 72 — 7 05M), 1 f5) which contradicts our assumption

that no 0* exists. We conclude that the model is unidentifiable. O

Example 1. To illustrate Theorem|{}, we provide one rate matriz from F81
family and assume mq4 = 0.4, m¢ = 0.3, mp = 0.2 and 7g = 0.1, f1 = 0.5,

fo=05 n=1,v%=2t=1 and

x Mo WA TQ —-0.8 0.3 0.4 0.1

I A S e 02 -07v 04 0.1
0= T To % TQ - 0.2 03 -06 0.1
T To WAk 0.2 0.3 04 -09

The eigenvalues of Q are equal to -1 with algebraic multiplicity 3 and 0
with algebraic multiplicity 1. After setting fi = 0.5, vf = 0.5, f5 = 0.5,
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5.5. Identifiability of Models with at least 3 different eigenvalues

vy = — log(e_1 +e2— 6_0‘5), we get

fitfo=fH+f=1 (5.12)
0.5¢7" 4+ 0.5e72 = 0.5 0% 4 0.5elosle HeT?=e"?)
=0.5%¢" 1 4+ 0.5e 72 (5.13)
Following from Equation 5.4 to Equation 5.6, this model is unidentifiable
since 0 = (1,2,0.5,0.5) and 6* = (0.5, —log(e ' +e 2 —¢705),0.5,0.5) have

the same likelihood for a pair of sequences.

Corollary 1. Let X and Y be two DNA sequences, Q be any JC69 rate

matriz of the following form,

N N N
L NS
PN NG S
SN SINIS

BT ORE
S
*

Assuming v = (v1,72) (where v1 < 72) is the rate scalar and f = (f1, f2)
is its distribution, the rate matrixz Q and the branch length are known, the

parameter 6 = (v, f) is unidentifiable.

Proof. JC69 rate matrices are special cases of F81 rate matrices by setting

TA=Tqg =Tp =To = %, the result follows from Theorem .

5.5 Identifiability of Models with at least 3

different eigenvalues

In this section, from the F81 model, § = (v, f) is unidentifiable since

there are only two equations and there are four unknown quantities (77,73, f7,

51



5.5. Identifiability of Models with at least 3 different eigenvalues

f3). As aresult, we can find multiple 0* = (77,73, f, f5) to satisfy the con-
ditions. However, it is of interest to explore whether the model is identifiable
when the rate matrix ) has three distinct eigenvalues or four eigenvalues.
When @ has three different eigenvalues, there will be three equations and
four unknown quantities (v7,75, f1, f5) so that the number of equations is
still smaller than the number of unknown quantities. When @ has four dif-
ferent eigenvalues, there will be four equations and four unknown quantities
(5,75, f1, f3) so that the number of equations is equal to the number of
unknown quantities. We prove the non-identifiability of the GTR model

under certain conditions on the basis of Wu and Susko (2010)’s work.

5.5.1 F84 Model

Recall that in the F1984 model, the rate matrix is given by

* (1+k/my)me TA Bra
| A+ E/my)mr * TA Ta
0= o o * (14 k/7r)7c
T TC (1+k/mr)ma *

The three eigenvalues are \; = 0, Ao = —pu, A3 = Ay = —(1 + k)p, where
is 1/(drrmc(1+ k/my) + 4dmamg(l + k/my) + dnymR).

To analyze the identifiability of the F1984 model, we are interested in
finding whether there is 0* = (v{,73, f1, f3) # 0 = (71,72, f1, f2) such that
the following nonlinear equations hold. If 6* exists, then the model is uniden-

tifiable.
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5.5. Identifiability of Models with at least 3 different eigenvalues

hith=f+F (5.14)
fremHNt 4 foemHt = fremmit | pro— st (5.15)

fikef(lJrk)mi‘t + f;e*(lJrk)w;‘t — ffe*(l%)mft + f;e*(lJrk)wé‘t (5.16)

5.5.2 HKY85 Model

Hasegawa et al. (1985) prove that in HKY85 model, @ has four distinct
eigenvalues. If @) is as below, the ratio of o and [ is the ratio of transition

and tranversion. There are four distinct eigenvalues of the rate matrix

x anmc Pra Prg
arp  x  pra Prg
prr frc  x  amg
prr Brc ama  x
where A\ =0, Ay = —f, A\3 = —(ny 8 + mra), \y = (mya + 7Rp).
The identifiability of HKY85 model lies in whether we are able to find
0 = (1,75, 1, f3) # 60 = (71,72, f1, f2) such that the following nonlinear

equations hold.

fitf=fH+1f (5.17)
fremomt 4 frem Aot o pre=dt | pxo—Aavst (5.18)
FeT A pre=Aanit — pre—Aadft | o=t (5.19)
frem Mt 4 frem M2t = frem M 4 fremAurst (5.20)

\

These conditions also apply to GTR models since they also have four
distinct eigenvalues as HK'Y85 model.
We cite Wu and Susko (2010)’s proved Theorem |5/ as below to address

the identifiability issue for our model.
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5.5. Identifiability of Models with at least 3 different eigenvalues

Theorem 5. Consider the GTR model with unknown rate matriz @), which
has an unknown non-zero stationary frequencies. The rate factor v is de-
scribed by an arbitrary distribution w, E,(v) = 1. If pairwise distributions
are available for any distance, then the rate distribution, the pairwise dis-

tance d and the rate matriz Q are identifiable.

The details of proof for Theorem |5|are provided by Wu and Susko (2010).
In our case, the rate factor v comes from an arbitrary discrete distribution
without the constraint of E,(y) = 1 so we generalize Theorem |5 into Theo-
rem [6l

Theorem 6. For any GTR model with unknown rate matriz Q, which has at
least two distinct eigenvalues and unknown non-zero stationary frequencies.
The rate factor v is described by an arbitrary distribution w. If pairwise
distributions are available for any distance, the eigenvalues of the rate matrix
Q are identifiable but the rate distribution and the pairwise distance are
unidentifiable. However, if two choices of distance, rate distribution (d,w)
and (cz,cb) can lead to the same pairwise distribution, the following equation
holds
d x E,(y) =d x Ez(%).

Proof. The proof can be obtained using the same technique when Wu and
Susko (2010) proved their “Theorem 2” in the original paper. For reader’s
convenience, we used the same notations as the original paper. Assuming
the rate factor v has a distribution w, then the moment generating function
is

M(t) = E,(e™)
for any ¢ < 0. Assuming (d,w, Q) and (d, &, Q) are two different choices of

the pairwise distance, distribution of the rate factor and rate matrix. As
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5.5. Identifiability of Models with at least 3 different eigenvalues

denoted before, M and M are the two moment generating functions corre-
sponding to v and 4. The rate matrix @) has n distinct eigenvalues A\; where
i€ {1,2,...,n}. Moreover, Q can be represented as Xdiag(\i, A2, ..., A\y) X !
and Q can be represented as Xdiag():h o, ... ,Xn)X_l. Let c¢; denote
E,(7), c2 denote Ey(7) and ¢ denote the ratio of ¢; and cy. From the
properties of moment generating functions, we have

1\4’(0):%(7):31:C
M'(0)  Ez(R) ¢

It follows from the proof of Theorem 2 in the original paper of Wu and

Susko (2010) that for any v < 0, we have M(v) = M(cv). When the
pairwise distribution is the same for two choices of (d,u, Q) and (d, i, Q),
then

d=N_'MHM(Nd)).

Since M(v) = M(cv), then
et ~ =1 ~ —1 >\Z
d =X M (M) = e
A
Ai
From the proof of Theorem 1(a) by Wu and Susko (2010), since the un-

d

=cX ==c X k.

known stationary distribution II can be obtained using the 1-taxa marginal-

ization and the rate matrices are scaled so that trace(IlQ)) = —1, then,

—1 = trace (H)N(diag():l, Ao, ..., )\Np)f(_l)

= trace (ILXdiag(A1, Ao, ..., Ap) X 1) = —ck,

so that
ob = Zul0) 4 _ 1,
Es(v)  d
where \; = \; for any i € {1,2,...,n}. O
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5.6 Simulation Results

To study the identifiability of v and its distribution f, we select HKY85
model since it has three distinct nonzero eigenvalues. We are interested to
see if the rate matrix is known, whether it is possible to recover the distri-

bution of parameters v using a pair of sequences.

Using the HKY85 model, the rate matrix is

* T KTG T
TA * TG KTT
Q=p*
KA TC * T
TA KT T@G *

The normalization constant is u = 1/ {Zl{ AC,GT} ini}. After set-
ting k = 5 and the stationary distribution as © = (7wa,7c, G, 77) =

(0.4,0.3,0.2,0.1), we obtain the rate matrix as below

A C G T
Af-08 019 063 0.06
c| 025 —-070 0.13 0.32
G| 127 019 -1.52 0.06
T\ 025 095 013 -1.33

Qo =

We generate a pair of sequences with 50000 sites from the previous
HKY85 model with ()¢ as the rate matrix and the branch length is 0.2.
The rate factor is v = (0,1) and its distribution is f = (0.2,0.8). This
means that among 50000 sites, approximately 20 percent of the sites stay
unchanged and 80 percent of the sites change according to the rate matrix

Qo. Using the EM algorithm to learn v and f for a pair of sequences, as-
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5.6. Simulation Results

suming we know (), we are interested to see whether we can recover the
reference held-out parameters v = (0,1) and its distribution f = (0.2,0.8)
using the generated dataset. If the estimate of v and f is close to v and
f, it is promising that ~ and its distribution f are identifiable provided
that the rate matrix is known. If the estimate of 4 and f are very dif-
ferent from ~ and f, but these two choices of parameters can produce the
same or very similar likelihood, this will provide some empirical support for
the non-identifiability for HKY85 model. We replicate simulating sequences
with v = (0,1) and f = (0.2,0.8), then make inference about v and f with
different initial values of v and f denoted as Vipitiar and finitia;- For 500

times, the average of 4 and f are summarized as below.

Table 5.1: Estimating v and f with Vinitia and finitial

Vinitial finitial ol / SD(%)

N

SD(f)

(0,1) | (0.2,08 (0, 0.96) 0.178, 0.822) | (0, 0.069)

0.048, 0.048

(0,0.5) | (0.5,0.5 (0, 1.01) 0.208, 0.792) | (0, 0.093)

0.059, 0.059

(0.2, 0.8) | (0.5, 0.5 (0.510, 1.04) 0.485, 0.515) | (0.179, 0.197)

0.007, 0.007

(0.2, 0.8) | (0.3,0.7) | (0.417,0.935) | (0.293, 0.707) | (0.260, 0.136)

( ) ( ) ( )
( ) ( ) ( )
(0.4, 0.5) | (0.5,0.5) | (0.546, 1.011) | (0.497, 0.503) | (0.176, 0.201) | (0.002, 0.002)
( ) ( ) ( )
( ) ( ) ( )

0.008, 0.008

When the initial values vinitiar @and finitiar are equal to the reference held-
out parameters v and f, the estimated parameters 4 and f are close to the
parameters we use to simulate the data. The standard error of 4 and f

represents the variation of 4 and f out of 500 replications. When only one
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5.6. Simulation Results

category of YVinitiar is the same as v which is zero, 4 and f are still close to
v and f. When Yinitiat and finitiar are very different from + and f, 4 and f
are no longer close to v and f. Moreover, f highly depends on f;,;t51 Which
is reflected from the last three rows of Table 5.1.

To investigate the identifiability of the problem, we are interested to
check whether the negative log-likelihood given 4 and f are the same as the
negative log-likelihood given v and f.

Table 5.2: Average of nllk of the generated dataset given different estimates

A f nl_lk:<%f> nl_lk<%f> Range Times
(0.417, 0.935) | (0.29, 0.71) 88839 88841 (-7.30, 0.03) | 494
(0.510, 1.04) | (0.49, 0.51) 88855 88856 (-8.70, 0.06) | 492
(0.546, 1.011) | (0.50, 0.50) 88850 88852 (-6.99, 0.05) | 491

(0, 1.011) (0.21, 0.79) 88825 88826 (-6.75, 1.70) | 421
(0, 0.96) (0.18, 0.82) 88839 88834 (-6.28, 2.42) | 411

In Table 5.2, “Average of nllk” represents the average of negative log-
likelihood out of 500 replications. “Times” denotes the number of times that
the negative log-likelihood of the generated dataset given 4 and f is smaller
than the one given v and f used to generate the dataset. “Range” denotes

the range of the difference between the negative log-likelihood given (¥, f)
and (7, f)

Based on these simulations, we conjecture that «v and f are not identifi-
able in this setup. We also produce two pictures to help visualize that. We

generate a pair of sequences with v = (0.6,1) and f = (0.2,0.8).
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5.6. Simulation Results

Allkvalue

Figure 5.1: negative log-likelihood given v by grid search
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Figure 5.2: level plot of negative log-likelihood given « by grid search
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5.6. Simulation Results

Figure 5.1 shows the negative log-likelihood given different rate factors.
In this figure, “gammal” denotes the first category of v and “gamma2”
denotes the second category of . It shows on the bottom of the plot, the
plane is flat which is coloured by “red”. To check this, we produce Figure
5.2 by projecting the 3-d plot to a 2-d plane. From the curve in the plot, it
reflects that different combinations of the two categories of v could produce
similar negative log-likelihood. This also serves as the empirical support

that the HKY85 model for a pair of sequences might not be identifiable.
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Chapter 6

Data Analysis

6.1 Data Description

The dataset comes from the original paper by Shang, Xu, Ozer, and
Gutell (2012). There are 1028 ribosomal RNA sequences. Each sequence
has 4907 sites of 16S gene and is sampled from eucarya mitochondria. The
topology and branch lengths of the tree are first estimated by maximum
likelihood methods.

Let X = {x;;} be the aligned nucleotide sequences, where ¢ € {1,2,...,
1028}, j € {1,2,...,4907}. Each column of the data matrix z; = {1, ...,
x1028,5} specifies the nucleotides for the 1028 sequences at the jth site. Each
row of the data matrix z; = {x; 1, ..., Z; 4907} represents all the nucleotides

of the ith DNA sequence.

1,1 Ti2 v T1,4907
2,1 T2 v 24907
X =
T1028,1 21028,2 - °° T1028,4907

However, a considerable fraction of x;; are considered missing. In phyloge-
netics, missing data are not usually due to missing measurements, but are
rather artificially introduced as a preprocessing step called sequence align-

ment. In order to match the sequences with the same length, part of the
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6.1. Data Description

missing data denoted as “-” in some sequences are “deletions or “insertions”
in which nucleotides are deleted or inserted. Below we show a histogram of

the percentage of the sites with different numbers of missing data.

60 -

40 L

Percent of Total

20 -

T T T T T T
200 400 600 800 1000

o

lenempty

Figure 6.1: percentage of sites with different numbers of missing data

For sixty percent of the sites, the states of more than 1000 sequences
on each of this site is missing. For example, when we check the data, on
the 4907th site, only the state of one sequence is known and the states of

all other sequences at this site are missing. This kind of sites are not used
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6.2. Exploratory Data Analysis

when analyzing the data.

6.2 Exploratory Data Analysis

Here we explore whether the rates at different sites are the same or not.
We use the sites with the least missing data in the original dataset. In total,
there are 44 sites at which only the states of two sequences out of 1028
sequences are missing.

In this chapter, we use the K80 model. It is assumed that the stationary
frequencies of the nucleotides 7, are uniform and the ratio of transition over
transversion & is equal to 1.5. Then the rate matrix @) used in this dataset

is

* To KT T —0.875  0.25 0.375 0.25
TA * T KTT 0.25 —0.875 0.25 0.375
Q = = X [y
KTA TC * T 0.375 0.25 —0.875 0.25
TA KTCo TG * 0.25 0.375 0.25 —0.875

where p = 1.142857.

We would like to explore whether the rates at these sites are the same or
not. We calculate the likelihood for each of these sites under different rate
factors with one category ranging from 0.01 to 1 with step size 0.01. We
denote the rate factor as v and show three figures of the log-likelihood with
respect to the rate factor at three different sites.

The patterns of the three figures are similar since they are all unimodal
and the log-likelihood increases as 7 increases first and decreases after a
certain point. We provide a histogram of the estimate of v by grid search

for the selected sites. The histogram reflects that the distribution of 4 at

63



6.2. Exploratory Data Analysis
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Figure 6.3: log-likelihood w.r.t v at site “2”
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Figure 6.2: log-likelihood w.r.t v at site “1”
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6.3. Data Analysis via an EM Algorithm
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Figure 6.4: log-likelihood w.r.t v at site “3”

which the maximum likelihood is achieved by grid search method. Note that

more than sixty percent of the sites evolve slowly relative to the other ones.

6.3 Data Analysis via an EM Algorithm

The fixed quantities include the topology of the tree and the branch
lengths. The parameters to be estimated are the rate factor v and its dis-
tribution f. Without introducing the rate factor, the likelihood of the tree
is -381560.755. Using an EM algorithm with a penalty term which is the
sum of 72, we provide the results as below. As to the details of the penalty
terms, please refer to Chapter 4. We get the estimates by removing the sites

where the states of 1027 sequences are missing for a single site since those
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6.3. Data Analysis via an EM Algorithm
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Figure 6.5: Histogram of 4y, by grid search

sites only have the state of one sequence so that it does not provide much

information.
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6.3. Data Analysis via an EM Algorithm

Table 6.1: Estimating v and f with different v;pnitiar and finitiar with part of

alignments
Yinitial Jinitial y f nll k{% £}
0.5 1 0.381 321374
1 1 0.381 1 321374
(0.4, 1.4) (0.5,0.5) | (0.236, 3.531) | (0.488, 0.512) | 303971
(0.16, 0.6, 1.2) (3,3, %) (0.116, 0.926, | (0.238, 0.420, | 290146
2.602) 0.342)
(0.12,  0.15,| (§,%.3.3) | (0.038, 0.160, | (0.087, 0.125, | 287676
0.6, 0.9) 0.591, 3.148) | 0.380, 0.408)
(0.12,  0.15, | (3,1,%,4,%) | (0.389, 0.152, | (0.087, 0.104, | 285772
0.6, 0.9, 1.2) 0.393,0.961, | 0.166, 0.271,
2.727) 0.372)

In order to perform the model selection, we calculate the the Akaike in-

formation criterion (AIC) and Bayesian information criterion (BIC) for the

five models.
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6.3. Data Analysis via an EM Algorithm

Table 6.2: AIC and BIC for different Models

#of categories | AIC BIC
1 642756 | 642782
2 607948 | 607988
3 580302 | 580368
4 575366 | 575413
5 571562 | 571681

Since both the AIC and BIC keep increasing for the five models as the number
of parameters increases, we suspect it under-penalize model complexity. The reason
is that the dependence between sequences violates the assumption of AIC and BIC
so that a new model selection method is needed. To find a new model selection

method is part of our future work.
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Chapter 7

Conclusions and Future

Work

In this thesis, we propose a new computationally attractive model. Using an
EM algorithm, we can model the rates over sites on DNA sequences with a discrete
distribution for thousands of sequences. We also analyze the identifiability for
the rate factor coming from a discrete distribution for the first time. We prove
a general condition of the identifiability of our model. Based on that, we prove
the non-identifiability of F81 model. We also prove the non-identifiability of GTR
model under certain conditions.

For future work, we are interested to explore new model selection methods to
evaluate our models. Moreover, we would like to propose new methods to estimate
the rate matrix @) and the rate factor « and its distribution simultaneously. Finally,

we are interested to analyze the identifiability of large phylogenies.
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Appendix A

First Appendix

Theorem 1.
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Proof. If A = [a;;] is a pxp matrix, the matrix exponential of A is e = Do AV/4N.

Assume A has p distinct eigenvalues di, do, .
where the jth column is a right eigenvector of unit length

Since A = XDX 1,
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Appendix B

Second Appendix

Theorem 1.

0
EN (exp(YQ1)m—sn exp(YQ2)a—sb)
= [%(exp(le))]man exp(7Q2)a—b + eXp(VQl)m—)n[%(exp(7Q2))]a—>b
= (Q1exp(YQ1))m—sn exp(7Q2)a—b + exp(7Q1)(Q2 exp(7Q2))a—sb
The proof of this theorem is provided in the Appendix.

Proof. 1t has been proved that,

(€9 — (€"9)iy
tyn—>t t, — 1t

= (Qe'?);

When we get derivative wrt t for the element in the ith row and jth column of the
matrix (e!4);; is equivalent to getting derivative wrt ¢ for the matrix first and then

take the element in the ith row and jth column of the matrix. Then

% (exp(YQ1)m—sn exp(7Q2)a—sb)
_ (% exp(YQ1)rmsn) €XP(YQ2 sty + eXp(’YQl)mHn(% exp(7Q2)a—b)

) )
= (5 exp(YQ1))m—n €xXP(YQ2)a—b + eXp(le)man(% exp(7Q2))a—b  (B.1)
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