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Abstract 

Machine toolôs productivity and ability to produce a component of the required quality is 

directly influenced by its dynamic stiffness at the tool center point. Lack of dynamic stiffness 

may lead to unstable regenerative chatter vibrations which are detrimental to the 

performance. The chatter vibrations are influenced by the changing structural dynamics of 

the machine as the tool moves along the tool path, resulting in position-varying machining 

stability of the system. Evaluation of these varying dynamics at the design stage is a complex 

process, often involving the use of large order finite element (FE) models. Complexity and 

computational costs associated with such FE models limit the analyses to one or two design 

concepts and at only a few discrete positions.    

To facilitate rapid exploration of several design alternatives and to evaluate and optimize 

each of their position-dependent dynamic behavior, a generalized bottom-up reduced model 

substructural synthesis approach is proposed in this thesis. An improved variant of the 

component mode synthesis method is developed and demonstrated to represent higher order 

dynamics of each of the machine tool components while reducing the computational cost. 

Reduced substructures with position-invariant response are synthesized at their contacting 

interfaces using novel adaptations of constraint formulations to yield position-dependent 

response. The generalized formulation is used to evaluate the position-dependent behavior of 

two separate machine tools: one with a serial kinematic configuration, and another with 

hybrid serial-parallel kinematics.  

 The reduced machine model is verified against full order models and is also validated 

against measurements by including joint characteristics in the model. The effects of position 

and feed-direction-dependent compliances on machining stability are investigated by using a 

novel position and feed-direction-dependent-process-stability performance criterion that 

evaluates the productivity of machine tools in its entire work volume. Parameters limiting the 

target productivity levels are identified and modified; and, the complete dynamics are rapidly 

re-analyzed using the developed models. Optimal design modifications are shown to increase 

productivity by ~35%. The proposed methods in this thesis enable efficient simulation of 

structural dynamics, stability assessment as well as interactions of the CNC and cutting 

process with the machine tool structure in a virtual environment. 
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Chapter 1 Introduction  

 

The rapidly evolving nature of the global manufacturing environment makes it necessary 

for machine tool manufacturers to respond to the dynamically changing market and product 

requirements in a timely manner. Moreover, as manufacturing paradigms continue to 

gravitate towards agility, rapid product output, shorter product development cycles and 

higher productivity requirements [5], machine tool builders can no longer afford traditional 

time-and-cost-intensive sequential product development cycles. 

Evaluation and optimization of machine tools is a complex process. Most concepts are 

evaluated against existing machines drawing on past design experiences, with little or no 

incorporation of formalized analysis methods within the design process. This is due to the 

fact that formal methods are too time-consuming to apply to more than one or two concepts. 

This results in an evaluation process where superior concepts are often overlooked or 

dismissed, resulting in inferior machine tool or costly modifications to a design late in the 

design cycle. Moreover, since up to 80% of the total life-cycle cost of a product is set during 

the conceptual stage of design [6], it becomes imperative that a systematic approach to 

design and development be followed so as to minimize the need for time consuming physical 

prototyping.  

óVirtual prototypingô is a promising approach wherein the traditional time-and-cost-

intensive sequential development process is replaced by an iterative process in which the 

machine is rapidly and iteratively analyzed and re-designed until performance requirements 

are met, see Figure 1.1. The increase in speed of analyses allows for an increased number of 

concepts to be evaluated and optimized for a given set of design (performance) constraints 

resulting in a higher quality concept while simultaneously reducing the whole product 

development time and cost significantly [7].  
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Figure 1.1 Comparison of the traditional design process and the virtual design process [7] 

 

Performance of machine tools may be characterized by several different factors like 

machining speed, accuracy and reliability. However, the performance metric of main interest 

at the machine tool design stage is its achievable productivity characterized by material 

removal rates. This is governed by interactions between the cutting process and the structural 

dynamics of the machine. Lack of sufficient dynamic stiffness at the tool center point (TCP) 

may lead to unstable regenerative chatter vibrations. Chatter vibrations that are influenced by 

the machine toolôs dynamic stiffness are detrimental to the performance and integrity of 

entire machine tool system. These vibrations result in: poor surface quality, accelerated tool 

wear, damage of work piece and machine structural elements, and, ultimately limit 

productivity.  

Machine toolôs dynamic stiffness is the product of the modal stiffness and damping of a 

particular mode and is estimated as: ςὯ‒; where Ὧ is the modal stiffness and ‒ is the modal 

damping. Machine tool stability is governed both by the tool-tool-holder and spindle 

dynamic characteristics and by the modal properties, i.e. the eigenfrequencies and mode 

shapes of the machine tool structural elements. These modal properties in turn are a function 

of the changing structural dynamics of the machine as the tool moves along the tool path in 

the machine work volume. The global lower frequency structural modes that belong to the 
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major machine tool components exhibit stronger position-dependent behavior as compared to 

the more application specific and local higher frequency spindle and tool-tool-holder modes. 

The position-varying dynamic response at the TCP results in position-varying stability of the 

system.  

Knowledge of the machine tool structureôs changing structural dynamics can be used to 

predict the cutting performance (i.e. chatter stability and geometrical accuracy), and to 

choose optimal values for the spindle speed and stable depths of cuts along the tool path. For 

large machine tools with large work volumes, the position-varying stability may require 

planning dynamically changing machining trajectories ï which pose its own set of 

challenges; or, alternatively and more conservatively, it may result in selection of cutting 

parameters below the lowest of all possible stability thresholds, thereby resulting in a slower 

material removal process. Furthermore, the position-varying structural vibrations between the 

TCP and servo drives also limit the positioning speed and accuracy of a machine tool.  

The objective of the machine tool designer is to maximize the dynamic stiffness between 

the TCP ï workpiece and the TCP ï drive motors while keeping the machine mass light for 

high speed positioning and high-productivity machining. Moreover, high-performance 

machine tools must also have consistently high dynamic stiffness over the entire work 

volume to mitigate position-dependent stability in order to minimize dynamically changing 

stable machining trajectories. Evaluation and optimization of a machine toolôs performance 

to deliver desired dynamic behavior over the entire work volume requires rapid assessment 

of several design alternatives in a virtual environment before eventual prototyping.  

Machine tool design and analyses involves the modeling of several subsystems by 

including: the machine tool behavioral model, the topological model, the kinematics model, 

control model, geometric error model, spindle dynamics, thermal error model, process model, 

workpiece attribute model and the fixture model [8]. A comprehensive treatment of all such 

models is beyond the scope of this present work ï which is mainly concerned with efficient 

position-dependent multibody dynamic modeling of machine tools, including characterizing 

the process-machine interactions via a stability model. 

Machine tools exhibit position-dependency because of varying boundary conditions as 

the tool moves along the tool path in the machine work volume. This motion may generally 

be achieved with a combination of linear axes motions for the case of machine tool with 
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serial kinematics or with change in the orientation, and/ or length of the parallel struts 

supporting the tool/ workpiece platform for the case of a machine tool with parallel 

kinematics. Alternatively, tool motion may also be achieved with a combination of serial and 

parallel motions for machine with hybrid kinematics. Modeling position-dependency for each 

of these machines presents its own set of unique challenges. This thesis develops generalized 

flexible multibody dynamic machine tool models to predict the position-dependent dynamic 

behavior for all configurations of machine tools. To facilitate such analyses, virtual machine 

tool models are treated as a collection of interconnected rigid and deformable bodies, as 

shown in Figure 1.2. Such a flexible multibody approach to machine tool modeling in which 

all the major machine elements are modeled with Finite Elements (FE) provides a 

comprehensive and complete description of machine tools, as both large movements of the 

bodies and structural deformations are modeled at the same time.  

 

 

Figure 1.2 Flexible multi-body model of a machine tool 

  

The FE method for machine tool design and analyses has proved useful for subsystem 

level design and optimization. However, response analyses of full machine FE models which 

are typically on the order of 1,000,000 degrees of freedom (DOF) or more is computationally 

costly and can take up significant portion of the total computational effort required for the 

design and analyses of machine tools [9]. Moreover, modeling position-dependency in such 
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large order FE models requires cumbersome adaptive/re-meshing strategies, making it time 

consuming in practice. Computations times up to several days is not uncommon to evaluate 

the changing structural dynamics over the complete work volume - as shown in Figure 1.3 

for a typical machine tool with 1,000,000 DOFs.  

 

 

Figure 1.3 Typical computational effort required for position-dependent machine tool 

response analyses 

 

Position-dependency can alternatively be modeled using co-simulation techniques in 

which FE solvers are coupled to commercial multibody simulation codes [10]. However, 

these co-simulations are time prohibitive, and are limited to modeling machine tools as a 

combination of rigid-flexible bodies in contact; hence, are not completely able to capture the 

effect of component level flexibilities on the overall TCP response.   

To facilitate a computationally efficient modeling alternative to model position-

dependency of machine tools in place of the presently used time consuming full FE models 

by the designers, a bottom-up approach based on substructural synthesis of flexible reduced 

models is proposed in this thesis. Main machine components are represented by their 

position-independent reduced substructural models which are subsequently synthesized to 

obtain position-dependent response. This bottom-up approach, also known as dynamic 

substructuring is a way to obtain the structural dynamic behavior of large and/or complex 

structures by dividing them into several smaller, simpler substructures (or components) for 

which the dynamic behavior is generally easier to determine. The dynamics of the total 

structure are then obtained by assembling the dynamic models of the individual components 

at a desired position. Since substructural reduction is carried out offline prior to synthesis, the 
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only serious computational effort is that required to solve the reduced synthesized equations 

of motion, thereby leading to significant computational savings.   

The substructural synthesis is akin to a generic component mode synthesis (CMS) 

approach [11], wherein each substructure modeled with FE is reduced to be represented by a 

set of interface (exterior) DOFs complemented by a set of generalized (modal) DOFs 

corresponding to the interior DOFs. For reduced models to have a manageable size, while 

retaining the essential dynamic characteristics of the full model, a major challenge with the 

CMS approach is to identify the number of modes from the individual components to be 

retained. To address this, a novel method to judiciously select only the significant modes that 

simultaneously represent higher order dynamics and keep the size of the reduced model to a 

minimum is proposed in this thesis. Furthermore, a generalized framework to incorporate 

mesh incompatibility at substructural interfaces is presented by describing displacement 

compatibility between the adjacent reduced substructures with sets of algebraic equations. 

These constraint equations are updated to account for relative motion; thereby simulating the 

position-dependent response.  

The accurate prediction of dynamic performance of machine tools at the design stage 

remains a challenge due to the difficulty in modeling joints within the FE environment. Joint 

characteristics depend on parameters like contact surface conditions, friction and damping; 

and since about 60% of the total dynamic stiffness and about 90% of the total damping in a 

machine tool structure originates at the joint [12]; joints must necessarily be considered in the 

model. Detailed and accurate modeling of the joint characteristics in machine tools is a 

separate and important research issue, and has been the subject of many past and on-going 

research investigations [13ï15]. However, due to the variability in the multitude of 

mechanical interfaces in a typical machine tool, this becomes non-trivial. High fidelity joint 

modeling is not the main focus of this thesis; however, for the sake of completeness of the 

proposed multibody machine tool model, joint characteristics are obtained by using a two 

stage substructural synthesis approach. Joint characteristics between the tool, the tool-holder 

and the spindle are identified using a dynamic substructuring approach; and, other contacting 

interfaces are idealized as being connected by spring elements, damping for which is 

obtained by correlating model predicted response with measured response. 
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The current research aims to address the aforementioned challenges by developing a 

generalized and computationally efficient flexible multibody dynamic approach to modeling 

of machine tools to predict their position-dependent dynamic behavior. A generalized 

approach is sought which may be able to handle any kinematic configuration, including 

modeling machine tools with parallel kinematics. These virtual models will be further 

utilized to assess the position-varying machining stability of the system by modeling the 

process-machine interactions and generating productivity charts that characterize the 

productive cutting conditions within the entire machine tool work volume. The productivity 

charts quantify the speed-independent absolute stable depth of cut for every tool position 

within the machine work volume by also factoring in the dependence of machining stability 

on tool path/posture relative to the dynamically most compliant direction. These productivity 

charts in turn will form the basis for assessing machine tool performance by evaluating a 

given machine tool design concept for its ability to meet aggressive cutting conditions while 

machining/milling representative workpiece materials.      

The choice of workpiece material to be machined governs the selection of cutting/spindle 

speeds, which in turn influences the range of excitation frequencies. Modes around these 

excitation frequencies are typically prone to being self-excited during machining and may 

limit  the productive cutting conditions. Milling of difficult -to-cut materials such as hardened 

steels is carried out at lower cutting speeds and tends to generate excitation frequencies 

below 200 Hz - the range corresponding to the global structural modes of the machine tool. 

Whereas, milling of free machining steels and light alloys generates excitation frequencies in 

the range of 200-1500 Hz, which correspond to the spindle and tool-tool-holder modes. 

Therefore, if the machine is to be conceived for milling hard materials, the stability of the 

process is dominated mainly by the modal parameters of the machine structure, whereas if 

the machine is to be conceived for machining light alloys, the stability is dominated by the 

modal parameters corresponding to the spindle and tool-tool-holder components [16].  

Though the models developed in this thesis are generic, in that they may be used to assess 

the performance of machine tools for varied applications, the design evaluation and 

optimization will be limited to the case of machines envisaged for machining difficult-to-cut 

materials, and for the situation where the modes limiting the productivity correspond to the 

global structural modes of the machine which exhibit strong position-varying behavior. 
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Furthermore, the effects of varying workpiece dynamics, both in the case of large workpieces 

as well as thin-walled workpieces are ignored, and major position-varying behavior is 

assumed to be due to the machine alone.  

A flow chart of the overall scheme which facilitates rapid evaluation and optimization of 

a machine toolôs position-dependent performance is shown in Figure 1.4. For a given 

machine tool concept and defined aggressive cutting conditions the productivity charts are 

generated and the parameters limiting the target productivity levels are identified. These 

parameters are then subsequently modified (optimized) to meet design targets, using the 

virtual multibody dynamic multibody dynamic machine tool models that are developed.  

 

 

Figure 1.4 Flow chart of thesis project ï Virtual integrated position-dependent process-

machine interaction approach to design machine tools with targeted productivity 
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Three design modules are proposed, namely: the improved reduction method, the 

generalized substructural synthesis algorithm, and the performance evaluation metrics 

through characterizing achievable material removal rates. Put together they form a platform 

for virtual simulation and optimization of machine tools.  

Though óvirtual prototypingô inherently assumes the absence of a physical prototype, to 

assess the quality of the virtual models developed in this thesis and to ensure that the models 

are physically relevant, the developed models are validated against measurements on similar 

available physical prototypes. Furthermore, since model validation necessarily requires the 

inclusion of joint characteristics in the model which involves measurement of damping from 

experiments, experimental modal analysis is carried out on the available physical prototypes, 

and this information is used in virtual model development. Since modeling/identification of 

machine tool joints requires damping to be measured, it is assumed that this information is 

available with the designer.  

Methods and models developed in this thesis are meant to aid the machine tool designer 

to efficiently explore several design alternatives during the initial stages of design and 

development. The developed models are judged adequate as long as they are reasonably able 

to capture behavior of the more detailed full order models. The developed models are meant 

to enhance engineering decision making prior to physical prototyping, and as such, the 

models will find limited applicability in establishing experimental guidelines based on model 

predictions. 

The rest of the thesis is structured as follows: first, a review of related literature is 

presented in Chapter 2, providing a backdrop based on the work of other researchers to 

evaluate methods presented in the subsequent chapters. Chapter 3 presents the generalized 

reduced model substructural synthesis approach to model position-dependency. At first, 

methods to model the substructural components are discussed, followed by dynamic 

substructuring. An improved substructural model order reduction scheme is presented and 

subsequently verified against full order models. The reduced substructural models are then 

synthesized at the desired configuration using novel adaptations of constraint formulations. 

In Chapter 4, a joint identification algorithm is presented to identify joints between the 

tool, the tool-holder and the spindle. Also, discussed are joint model updating techniques to 
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model the bolted connections as well as the rolling and sliding contacts. Model predicted 

response is validated against measured response for a typical three axis machine tool.  

The generalized model is extended to model and evaluate the position-dependent 

dynamic behavior of two separate machines with different kinematic configurations. First, a 

typical three axis milling machine tool is modeled and validated against similar available 

physical machine, which forms the contents of Chapter 5. Position and feed-direction-

dependent-process-stability is evaluated to gauge the productivity of this machine in its entire 

work volume. Modes limiting productivity are modified and design optimizations are shown 

to increase productivity of the machine by as much as 35%.  

As a secondary application discussed in Chapter 6, position-dependency of a unique 

hybrid serial-parallel kinematic machine is modeled to evaluate its potentially superior 

dynamical behavior over traditional serial/ parallel kinematic machines. Since the dynamic 

stiffness inherently changes with position for machine tools with parallel kinematics, a rapid 

assessment of the influence of the change in dynamic stiffness on the machine capabilities is 

essential at the design and development stage for new machine tool architectures. This is 

greatly facilitated by extending the developed multibody dynamic machine tool model to 

evaluate this new concept by including a new method to model the simultaneously changing 

boundary conditions for the parallel struts undergoing translation and rotation. In the final 

chapter, concluding remarks and future research directions are discussed, followed by the 

bibliography.  
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Chapter 2 Literature Review 

 

2.1. Overview 

The main objectives of this thesis are to model the position-dependent dynamics observed 

in machine tools and develop models that facilitate rapid evaluation and optimization of 

several design alternatives. This chapter reviews the literature relevant to the objectives of 

this thesis.  

At first, multibody dynamic models for machine tools and their extensions to model 

position-dependency are discussed in Sections 2.2 and 2.3. Since the dynamic substructuring 

approach proposed in this thesis relies on synthesizing reduced order models, a review of the 

relevant model order reduction schemes is presented in Section 2.4. Section 2.5 examines 

existing methods to joint modeling and identification. This is followed in Section 2.6 by a 

discussion on literature relevant to process-machine interactions which result in unstable 

machine tool chatter vibrations. Section 2.6 also includes a discussion on evaluation of 

machine tool performance based on their position and feed-direction dependent machining 

stability.  

 

2.2. Modeling Machine Tool Dynamics 

Modeling of machine tool dynamics primarily involves obtaining the dynamic response 

at the tool center point (TCP). For this, the machine may be described by a simple lumped 

parameter model concept [17ï19]; or the machine model may be derived from modal models 

[20ï22]; or the machine may be modeled based on state-of-the-art finite element method 

representation [7,16,23ï32].  

Simplistic lumped parameter models [17ï19] cannot completely capture the complexities 

of the entire machine tool system. On the other hand, modal models which are reconstructed 

from experimental modal analysis of physical machine tools [20ï22] though accurate are 

restricted to characterizing only the measured machine; and may not easily be extended to 

model a different machine configuration during design process. The preferred contemporary 

approach is thus to describe the machine using finite element (FE) models.  These models are 

efficient for subsystem level design analyses such as modeling of ball-screw feed-drive 
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systems [24ï26], and spindles [27,28]. FE models for full machine analyses have also proven 

to be useful for structural modification based on process-machine interactions 

[12,16,23,28,29,31ï33], as well as for control-structure interaction studies [30,33ï36].  

 

2.3. Modeling Position-dependency in Machine Tools 

Position-dependency of machine tools is caused by position-varying boundary conditions 

as the tool moves along the tool path. Tool motion, made possible by different kinematic 

configurations, further influences the position-dependent behavior. This behavior, whether 

for machine tools with serial or parallel kinematics is generally modeled either by describing 

the machine by a FE model, or, by a flexible multibody dynamic model.  

Modeling position-dependency with large order FE models requires cumbersome 

adaptive/ re-meshing strategies for response analyses for each discrete position within the 

work volume, making it time consuming in practice. A multibody dynamic model on the 

other hand, traditionally uses a rigid body description of the machine components, and is 

appropriate to obtain quick and rough prediction of machine behavior; this, however does not 

capture the effect of body flexibilities on the overall response of the machine; nor does it 

completely account for the influence of kinematical configurations on position-dependency.  

 

2.3.1. Serial Kinematic Machine Tools 

Recent methods to model position-dependency in machine tools with serial construction 

have focused on using co-simulation schemes in which FE solvers are coupled to standard 

flexible multibody dynamic analysis software [37ï39]. A good overview of how co-

simulation schemes are used for the modeling and simulation of the dynamic behavior of 

serial machine tools is provided by Reinhart and Weißenberger in [10]. These co-simulation 

methods [10,37ï39] have been shown to be effective for rigid-flexible body motion analyses 

and are less suited to the flexible bodies of a machine undergoing relative motion. Moreover, 

these co-simulations are time prohibitive, and are restricted to flexible bodies attached at 

geometrically fixed contact points, hence not suitable for flexible machine tool structural 

elements undergoing relative planar (translational) motion; which consist of multiple 

geometrically changing contact points that change as the tool moves from one position to 

another. 
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Other methods related to modeling the position-dependent dynamics for serial machine 

tools have largely centered on reducing the moving contact problem to that of a rigid body in 

contact with and moving over a flexible body with uniform nodal spacing, i.e. for bodies in 

contact that satisfy single set nodal compatibility conditions [25,40,41]. Position-dependency 

for multiple flexible bodies in contact was also modeled in [24,42,43] for a simplified single 

set nodal compatibility condition. Increasing modularity in the machine tool development 

process often requires substructures to be designed and modeled separately, resulting in 

different mesh resolutions at the contacting interface, that may not satisfy nodal compatibility 

conditions. Ensuring mesh compatibility during synthesis for such models which are 

simultaneously in contact over multiple nodes is difficult to guarantee, and if this condition 

was not necessary ï modeling time could be halved, as estimated in [9]. 

Substructures that are modeled independently and result in different mesh resolutions at 

the contacting interface during synthesis may be coupled by approximating the displacement 

field at the interface using a shape function formulation as proposed in [44ï46]. These 

methods ensure displacement compatibility at the interface by using the shape function 

definitions of the adjacent elements being coupled, and can be quite cumbersome. To 

overcome these issues, Zatarain et. al. [9] proposed a dynamic substructuring approach to 

synthesize substructures with incompatible mesh types. A similar dynamic substructuring 

approach was also proposed by Fonseca in [34,47], however, it was limited to substructural 

synthesis for uniform nodal distributions at the coupling interfaces.  

An alternate and powerful frequency based approach to model position-dependency 

based on the so-called receptance coupling substructuring approach [48,49] in which the 

receptances of two independently modeled substructures are synthesized to obtain the 

combined response is also limited to the case of single set nodal compatibility and hence is 

not directly applicable to machine tools, in which substructures are simultaneously in contact 

over multiple nodes and may not have nodal compatibility at the interface. 

Different than the standard finite element methods, other mesh free (meshless) methods 

may satisfy the nodal compatibility criterion during substructural synthesis. However, these 

mesh free methods are reported to be slower than the standard finite element method [50], 

hence, are not suitable for the present application. Moreover, such mesh free methods are still 
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in their nascent stages of development and implementation, and as such, find limited 

applicability in the modeling of machine tools.  

 

2.3.2. Parallel Kinematic Machine Tools 

Since high-performance machine tools are required to have consistently high dynamic 

stiffness over the entire work volume, nimbler parallel kinematic machine tools with higher 

dynamic stiffness capabilities are generally preferred. Since springs in parallel are known to 

be stiffer than springs in series; machine tools with parallel kinematics have a higher 

dynamic stiffness than machine tools with serial kinematics. However, as compared to 

machine tools with serial kinematics, machine tools with parallel kinematics exhibit stronger 

position-dependent dynamic behavior [51]. Though parallel kinematic machines have been 

studied extensively to identify their optimal kinematic configurations from a design point of 

view [52ï55], their dynamics, which are known to vary considerably within the work 

volume, have been less investigated [54,56,57]. The co-simulation techniques that have been 

applied for serial machine tools [10,37ï39] find limited applicability for machine tools with 

parallel kinematics; since these machines achieve tool motion by a change in the orientation, 

and/ or length of the parallel struts supporting the tool/ workpiece platform; resulting in 

flexible bodies that undergo simultaneous translation and rotation. To exploit the potentially 

superior dynamic behavior of machines with parallel kinematics, it is necessary to consider 

the position-dependency of the system at the design and development stage. 

A review of the relevant literature for machines with serial as well as parallel kinematics 

shows clearly that there exists a need for a generalized approach to model position 

dependency which treats large movements (translation and/ or rotation) of the bodies while 

including body flexibilities, i.e. structural deformations and being computationally efficient 

at the same time. To facilitate a computationally efficient modeling alternative to model 

position-dependency for both types of machine tools in place of the presently used time 

consuming full FE models by the designers, a bottom-up approach based on substructural 

synthesis of flexible reduced models is proposed in this thesis; including a novel method to 

model the parallel struts undergoing rotation. Also, a generalized framework tolerating mesh 

incompatibility at substructural interfaces is presented by describing displacement 
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compatibility between adjacent substructures with sets of algebraic equations, which are 

updated to account for relative motion; thereby simulating the position-dependent response.  

 

2.4. Model Order Reduction for Machine Tools 

Modeling machine tool with finite elements results in very large order models, i.e. 

models with very high (~1,000,000) number of DOFs. These large order models are 

necessary to capture the topological and geometrical features in sufficient detail. However, 

response analysis for such large order models is computationally costly, making model order 

reduction a necessary consideration for efficient flexible multibody dynamic simulations. 

Reduction is typically characterized by a projection transformation from a higher order space 

to a lower order subspace with the goal of retaining original system characteristics with far 

lower storage and computational requirements.  

Model reduction methods to obtain the transformation matrix in structural dynamics can 

broadly be categorized as: physical methods, projection (hybrid) methods, generalized 

coordinate reduction methods, and modal methods. A detailed review on model order 

reduction techniques can be found in [15,58ï60]; the following discussions treat only the 

most relevant methods to this thesis. 

Modal methods of model reduction, otherwise popularly also known as balanced 

reduction and/ or proper orthogonal decomposition methods [61ï63] require converting the 

large scale second order ordinary differential equations obtained from the FE model to a 

linear first order state-space model. In the case of the balanced reduction method [63,64], the 

system is transformed to a basis where the states which are diǣcult to reach are 

simultaneously diǣcult to observe. Then, the reduced model is obtained simply by truncating 

the states which have this property. Though accurate, the modal methods are less suited to 

the present case for two reasons: they result in an increase in the size of the system from a 

second order to a first order state space decomposition; and because the reduced basis may 

not necessarily be associated with the physical coordinates of the interface DOFs, which is a 

requirement for the bottom-up substructural synthesis approach followed in this thesis. Since 

substructures are to be synthesized only at the contacting interfaces, it becomes necessary to 

reduce each individual substructure only to DOFs corresponding to the contacting interfaces. 

Hence, the reduction procedure involves eliminating a subset of DOFs from the displacement 
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vector, by partitioning it into the DOFs to be retained, i.e. the exterior /interface DOFs, which 

are in physical contact with the other substructure(s), and, the DOFs which are to be 

eliminated, i.e. the interior DOFs. 

Physical methods of model reduction [15,65ï67] involve eliminating the interior DOFs 

such that the coordinates of the reduced model, i.e. the exterior DOFs represent only a subset 

of the full model. The simplest of this class, the static condensation method also known as 

Guyan reduction [65] is unable to represent higher order dynamics, since effect of the inertia 

terms corresponding to the interior DOFs are not considered. A modified form of the static 

condensation is the dynamic condensation method in which the inertia terms are considered 

at an appropriate initial frequency, the choice of which is non-trivial [15]. To overcome the 

shortcomings of the static and dynamic condensation methods, an improved reduction system 

(IRS) was proposed by OôCallahan [66]. IRS perturbs the static transformation by taking into 

account the inertia terms as pseudo-static forces. Though the IRS method offers a significant 

improvement over the static condensation method, the IRS still depends on the reduced mass 

and stiffness matrices obtained by static reduction. In order to minimize the error produced 

by this scheme, IRS could be extended to the iterated IRS method [67]. The iterated IRS 

algorithm was shown to converge to yield eigenvalues and eigenvectors of the full system. 

However, it results in a stiffer reduced system. Though the above discussed physical methods 

have their advantages, they are heavily dependent on the choice of the exterior DOFs, and 

yield problems when the exterior DOFs are clustered to one region of the substructure - as 

they are in the case of the exterior DOFs representing only the interface DOFs in the present 

case.  

The generalized coordinate reduction methods [59,68] offer an alternate form of model 

reduction which is independent of the selection of the exterior DOFs. Of these methods, the 

System Equivalent Expansion Reduction Process (SEREP) [68] results in ñexactò 

representation of the full order model up to a predefined frequency range. Though ñexactò, 

SEREP is computationally inefficient since it requires computation of the eigenvectors of the 

full order model system of equations. Alternatively, the Ritz vector method which is 

computationally more efficient that computing the ñexactò eigenvectors may be utilized. 

However, the dynamic equations of motion of the reduced model obtained from Ritz vector 

methods are generally coupled [59].   
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Projection based model order reduction methods include methods such as the Component 

Mode Synthesis (CMS) and its many variants [11,60]. Most applications of CMS employ one 

of the two approaches: the fixed-interface-mode methods, or, the free-interface-mode-

methods. The former, also known as the Craig-Bampton reduction method, is the more 

widely used form of the CMS methods. It employs fixed-interface component normal modes 

and constraint modes by retaining all physical boundary DOFs as independent generalized 

coordinates, greatly facilitating substructuring and hence forms the basis for the model order 

reduction scheme employed in this thesis. The constraint modes are similar to the static 

condensation method (Guyan reduction), ignoring any inertial contributions. The IRS based 

reduction was combined with by Koutsovasilis [69] to include inertia terms. Further 

discussions on definitions of constraint modes and component normal modes are addressed in 

Chapter 3.  

The effectiveness of the Craig-Bampton method is still heavily dependent on the 

definition of exterior DOFs and the number of component normal modes retained. Since the 

number of exterior DOFs is fixed by the definition of DOFs belonging to the contacting 

interface, we shift our attention to determining the number of component normal modes 

representing the interior DOFs which need to be retained.  

A major challenge with the CMS approach is to identify the number of mode sets from 

the individual components to be retained in order to capture the essential dynamics without 

increasing the model size. Usually, either the first few low frequency modes; or modes with 

an eigenfrequency up to 1.5-2 times the maximum excitation frequency are retained [70]; this 

however may increase the size of the reduced model. Moreover, it may not be sufficient to 

represent the flexibilities of substructures using only a single mode set for each component 

due to their position-varying boundary conditions [41]. An accurate representation of the full 

frequency spectrum while retaining computational efficiency requires answering the 

following question: how many and which modes of the subsystem need to be retained? 

Modal methods of mode selection [71,72] that are based on ódominance measuresô 

involve sorting and ranking eigenvalues of the system in order of their importance 

(dominance) also require decomposition into a linear state-space model, resulting in even 

larger system matrices, hence are not preferred here. Other methods [70,73,74] sort and 

retain the most significant modes based on the strength of interaction between the subsystem 
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and the main system. In the present situation, as one machine tool substructure moves over 

another, these methods [70,73,74] may result in identification of different significant mode 

sets for different positions, due the nature of the changing interactions. This is contrary to the 

objective of synthesizing substructures that have position-invariant response.  

A mode selection criterion was also proposed by Park in [75]. While being reliably able 

to select important modes, their top-down approach was based on partitioning of already 

meshed continuums into substructures, thus resulting in a conforming mesh at the interfaces. 

Hence, is different than the generalized bottom-up approach followed in this work such as to 

synthesize substructures which may have been modeled separately and may have non-

conforming mesh distribution at their interfaces.  

Alternatively, suitable subspace dimension determination may be carried out using an 

adaptive refinement method as pursued in [76], wherein modes were included/excluded 

iteratively from each subspace depending upon how posteriori error estimates of each CMS 

subspace influenced the error in the synthesized reduced model. Though automated, it is 

computationally expensive and inefficient.  

To address the above mentioned issues, and to develop substructural reduced models that 

have position-invariant response that are able to represent the essential dynamics of the full 

system, it is essential to retain only the significant component modes of each substructure. To 

acheive this, a novel mode indicator function (MIF) based identification criterion is proposed 

in this thesis which identifies modes simulated from a frequency response function (FRF) 

constructed between the most controllable and observable locations within the subset of the 

interior DOFs. FRFs are preferred in this investigation because they provide complete 

information about a systemôs dynamic behavior by including information about the modal 

stiffness, damping and natural frequencies of the system. The mode sets thus identified with 

the MIF from the simulated FRF are treated as significant. These modes are expected to 

represent higher order dynamics of the substructure while keeping the order of the reduced 

model to a minimum by spanning a much wider frequency range with fewer modes than 

would be required with standard CMS methods, as discussed in Chapter 3.   

Each reduced substructure is combined with the other substructures to obtain the 

combined response. During synthesis of the substructures, joints between the substructures 

also need to be modeled.  
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2.5. Modeling and Identification of Machine Tool Joints 

A typical machine tool includes many types of joints, each with different characteristics 

that affect the overall machine dynamic response differently. The bolted connections between 

structural members; the connections between the guide-block and rail and between ball-

screw and nut; and the bearing supports ï all have varying degrees of influence on the low 

frequency TCP response; whereas the high frequency TCP behavior is more influenced by 

the interface connections between the tool and tool-holder, and between the tool-holder and 

the spindle respectively.  

Joint characteristics for each of these interface types depend on a multitude of parameters 

like preloads, contact surface conditions, bearing types, friction, and damping; information 

about which is seldom available at the design stage, making joint modeling non-trivial in the 

FE environment. The joints, if unmodeled, often result in deviations in the response 

characteristics between the virtual model and their corresponding physical prototypes, Figure 

2.1. 

 

 

Figure 2.1 Deviations in response due to unmodelled joints 

 

Since the fundamental barrier to accurate predictive structural dynamical models is the 

variability of the mechanical interfaces, several accurate but complex models have been 

developed to approximate the bolted connections, and the connections between the guide-
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block and rail and between ball-screw and nut [32,77ï85]. The contact stiffness at the 

contacting interfaces between the guide-block and the guide-rail, and between the ball-screw 

and nut depends on: the preload, the contacting surface preparation, the number of contact 

points between the ball grove and the raceway as well as the profile of the ball grove; and has 

been treated in sufficient detail in [32,77ï80]. Nonlinearities in these translational joints due 

to preload and the nature of contact were also treated in [80ï83] based on a parametric model 

and Hertzian contact mechanics. An interesting approach to joint modeling for these interface 

types was also proposed by Guo et. al. in [84], in which a FE model of the whole machine 

tool was used in conjunction with a lumped parameter machine model to obtain joint 

stiffnesses from dedicated detailed modal testing on the assembled machine tool structure. A 

detailed comparison of several methods to model bolted connections in machine tools with 

FE modeling was also discussed in [85]. 

Overall, though significant advances have been made in modeling these joint types, i.e. 

the bolted connections; connections between the guide-block and rail and between ball-screw 

and nut; and bearings, such high fidelity joint models necessarily require several dedicated 

experiments for validation accompanied by detailed FE modeling of the joint interfaces, 

making it difficult to extend for all such joints in a complete machine tool. Moreover, 

regardless of the joint type, damping must always be measured from experiments and in turn 

be used to update the FE model which is typically modeled without damping.   

Several studies have therefore focused to address identification of joint dynamics by 

updating the finite element model from experiments based on direct and/or indirect methods. 

The following discussions outline some of the most relevant methods to this thesis, and more 

comprehensive reviews may be found in [13,15,86].  

Direct methods of finite element model updating [87,88] are based on updating the global 

assembled FE matrices in a single step resulting in new system matrices which may have 

little or no relevance to the physical test structure. The direct methods were superseded with 

sensitivity based methods [89] which required determination of the sensitivity of a set of 

updating parameters (typically the springs coupling different substructures) to differences in 

dynamic behavior between numerical/ analytical and experimental data. These methods 

which are iterative in nature are based either on measured modal data or measured FRFs, and 

require direct measurements at the joints and are thus impractical due to the inaccessibility of 
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the joints in assembled machine tool structures. Furthermore, all updating techniques pose 

difficulties in matching the order of the measured and simulated models; and also that 

measurement data is sometimes incomplete and that it may be corrupted by noise. 

An alternate to the direct joint identification technique is the force-state mapping 

technique [90,91]. In this technique, the force transmitted by the joint is represented as a 

function of the displacement and velocity of the joint, i.e. as a function of the full mechanical 

state of the joint. This allows rate-dependent effects associated with the joint to be identified. 

Though powerful, the force-state mapping technique necessitates several dedicated 

experiments, making identification very cumbersome.     

Hence, indirect methods of identification through the receptance-based approaches find 

favour. The receptance coupling (RC) approach couples experimentally or analytically 

obtained FRFs which are subsequently used to derive the response of the assembled 

structure. The RC method has been successfully employed to couple the receptances of 

different machine components and obtain FRFs at the TCP [92ï95]. Effective deployment of 

the RC method requires measurements of the rotational FRFs, which are difficult to measure. 

Park and Altintas [93] used the RC method to extract the rotational FRFs of the tool and the 

tool-holder by performing two sets of measurements on the blank tool.  

Within the same family of the RC methods, the so-called ñinverse receptance couplingò 

(IRC) method has been employed to obtain the joint properties between different 

substructures by using the dynamics of the assembled structure along with the dynamics of 

the subcomponents [92,96]. In the IRC method, the dynamics of the assembled structure and 

subcomponents are employed to obtain the joint properties between different substructures. 

Since the IRC method requires measurements of the substructural dynamics in its un-

assembled configurations, it is difficult to extend to the case of the entire machine tool 

systems. A machine tool is seldom available in its unassembled state to perform free-free 

experimental modal analysis on its substructures; and even if it is, measurements require time 

and cost prohibitive experimental platforms to be built.  

To incorporate joint characteristics that possess physical fidelity and that are sufficiently 

simple of form, such that they can be easily integrated into virtual machine tool models, a 

two-stage substructural synthesis approach is followed in this thesis. At first, response at the 

spindle nose is obtained from the substructurally synthesized reduced machine model by 
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idealizing joints between the various structural components of the machine as connected with 

linear springs; damping, for which is incorporated by correlating model predicted response 

with measured response. As a second step, response at the spindle nose is synthesized with 

the tool and tool-holder response by formulating an IRC approach which identifies the joint 

characteristics between these interfaces. The IRC method overcomes the barrier of 

identifying joint characteristics even where they cannot directly be measured. This, along 

with using the virtual machine tool model reduces the need to perform several dedicated 

measurements that were required in earlier studies to obtain translational, and, the more 

difficult to measure rotational frequency response functions. 

  

2.6. Evaluation and Optimization of Machine Tool Performance 

The substructurally synthesized reduced machine models that are developed in this thesis 

allow for efficient prediction of the position-dependent dynamic response at the TCP. This 

further facilitates rapid investigation of the performance of the machine tool based on 

evaluating its position-varying chatter stability within the work volume.  

Chatter, an artifact of process-machine interactions results from the regeneration of chip 

thickness during the cutting process [97]. As shown in Figure 2.2, it is possible that during 

cutting, the cutting force signal has enough energy (frequency) content within it, that it 

excites one of the structural modes of the machine, resulting in modulation of the chip 

thickness.  

 

 

Figure 2.2 Process-machine interactions 
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A block diagram describing the systemôs dynamics in the Laplace domain is shown in 

Figure 2.3, which includes a simplified 2 DOF representation of the milling system and a 

representation of chip modulations. The wavy surface being left on the workpiece by the 

cutting tooth in contact, known as the inner modulation, decreases the dynamic chip 

thickness, shown as h(t) in Figure 2.3, while the vibration marks left from the previous pass, 

y(t ī T) known as the outer modulation, increases the dynamic chip thickness; where T is the 

time period between two successive teeth. Therefore, when there is a phase shift between y(t) 

and y(t ī T), the dynamic chip thickness varies at the frequency of vibration and creates a 

vibrating cutting force F(t) which could amplify the vibration of the tool. If the energy 

diverted from the machining process by chip thickness variations is larger than the vibration 

damping capacity of the structure, the amplitude of the vibrations will grow until the 

vibration amplitude is large enough to make the entire dynamic system unstable, possibly 

resulting in tool breakage and damage to the workpiece and machine.  

 

 

Figure 2.3 Block-diagram representation of chatter in milling with chip modulations 
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Modeling these process-machine interactions for the purpose of predicting the onset of 

chatter in machining has been the subject of investigation for several decades. A good review 

of chatter may be found in [98]. The prediction of chatter stability requires the modeling of 

dynamic chip thickness, a cutting force model, workpiece material properties, cutting tool 

geometry, and most importantly, a dynamic model of the machine ï either measured or 

model based. Of these parameters, of paramount importance to the machine tool designer is 

accurate prediction of a machineôs tool point dynamic stiffness.    

Design optimization of structures to evaluate and subsequently enhance dynamic stiffness 

has been the focus of many past studies [17ï20]. Early work by Tlusty [20] was based 

partially on a process-machine interaction approach to machine design in which chatter was 

proposed as a metric to evaluate the productivity of a typical turning machine. Reddy and 

Rao [17], and, Rao and Gandhi [18] proposed design optimization methods for minimizing 

the total weight of the structure under the constraints such as static rigidity, natural 

frequencies, and regenerative chatter stability. Yoshimura et. al. [19] used simplified 

structural models in order to minimize manufacturing cost of machine under constraints of 

machining accuracy, machining productivity, and local deformations of structural members. 

Rahman et. al. [22] also used stability charts to evaluate the effect of different materials for 

the machine base on the performance (productivity) of machine tools. These methods [17ï

20,22] though effective rely upon simplistic lumped parameter models or difficult to obtain 

modal models. More recently, Catania et. al. [21] proposed a hybrid model in which an 

experimental modal model of the machine was combined with analytical beam models for 

the tool to predict and evaluate machine performance via chatter stability. Recent studies 

[16,31,32,99,100] have also used more detailed finite element models of the machine to 

assess machine tool performance via a stability model.  

Since evaluation and optimization of machine tools is a complex process, there exists a 

need for a rapid assessment scheme of several design alternatives before eventual physical 

prototyping. Moreover, since the machine exhibits position-dependent dynamic behavior 

which results in position-dependent stability, there also exists a need to evaluate the machine 

performance within its active working volume. The computationally efficient substructurally 

synthesized reduced machine model developed in this thesis facilitates such evaluation.  
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It is well established that chatter stability depends on tool geometry, cutting conditions 

and on the machineôs dynamic response; whereas it is less known and consequently less 

investigated that chatter stability also depends on tool path/ posture relative to the 

dynamically most compliant direction. A multi-degree-of-freedom machine tool may chatter 

in any of its dominant modes. The effect of each mode is determined by its dynamic 

characteristics; and, whether or not the mode is aligned with the principal machine tool 

directions. Stability is further governed by the projections of these modes into the feed 

directions, which must also be factored in during evaluations of the attainable productivity 

within the entire machine work volume. 

Polar plots, which are a convenient measure to quantify the feed-direction dependent 

stability, were used in early studies by Tlusty in [20]. These plots chart the speed-

independent absolute stable depth of cut as a function of feed orientation (0-360̄ ). Tlusty 

[20] utilized these charts to determine the least compliant direction for different mounting 

orientations for the tool post in the case of a turning machine; which was later re-designed to 

increase its dynamic stiffness in the direction of the most complaint mode. Shamoto et. al. 

[101,102] proposed a somewhat similar stability index to optimize tool path/ posture to avoid 

chatter vibration in the case of ball-end milling with different tool inclinations and also in the 

case of turning to determine optimum tool feed angles ï much like in [20]. Zuliaka et. al. [16] 

also used the feed-direction dependent stability criterion to investigate effects of structural 

modification on feed-directional compliances in the case of a milling machine. Kilic and 

Altintas [103] also investigated the effect of unmatched spindle dynamics on feed-directional 

stability and suggested having matched spindle dynamics to have near uniform feed-direction 

dependent stability.  

In this thesis, the work presented in [103] is advanced to propose a generalized feed-

direction-dependent stability criterion to characterize machine performance by its position 

and feed-direction dependent stability. This criterion also identifies parameters and 

components which limit target productivity levels. These components are subsequently 

modified to result in an improved machine concept that delivers target performance 

requirements.        
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Chapter 3 Modeling Position-dependency in Machine Tools
1 

 

3.1. Overview  

A new generalized bottom-up method is proposed in this chapter in which substructural 

elements of the machine tool that have position independent response are reduced 

independently and combined subsequently to obtain position-dependent dynamic response. A 

schematic overview of the proposed reduced model substructural synthesis formulation and 

its development in this chapter is shown in Figure 3.1.  

 

 

Figure 3.1 Reduced model dynamic substructuring 

 

A three axis vertical milling machine with serial configuration is selected as the 

representative machine to be modeled and analyzed. At first, from a given 3D Computer 

                                                 

1
 A version of this Chapter has been published as Law, M., Phani, A. S. and Altintas, Y., 2013, Position-

Dependent Multibody Dynamic Modeling of Machine Tools Based on Improved Reduced Order Models, 

ASME Journal of Manufacturing Science and Engineering, Vol. 135(2) [1] 
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Aided Design (CAD) model of the machine under investigation ï a representative three-axis 

vertical machining center; the machine is partitioned into its various substructural 

components. Following partitioning, each of the main substructural components of the 

machine is modeled in FE in Section 3.2.  

Substructural level model reduction will be carried out using an improved variant of the 

component mode synthesis method in Section 3.3. Reduced substructures are synthesized at 

the contacting interfaces by ensuring displacement compatibility by sets of algebraic 

constraint equations, which is treated in Section 3.4. Synthesis is carried out with two 

constraint formulations; followed by two numerical methods to handle the constrained 

equations of motion in Section 3.5. The chapter is concluded by successfully and efficiently 

simulating position-dependent TCP response for several different tool positions; and the 

model is also verified against full order model results. 

 

3.2. Machine Tool Component Modeling 

Each of the main substructural components of the machine, i.e. the column, bed, table, 

cross-slide, spindle housing, spindle, and the three separate feed drives are all modeled with 

finite elements using ANSYS
®
 [104]. After necessary convergence tests on FE models, the 

substructural system matrices are exported into the MATLAB
® 

environment for further 

model reduction investigations.  

 

3.2.1. Modeling Structural Substructures 

FE models for structural substructures have been generated from their respective detailed 

CAD models using 10-noded solid tetrahedral elements. These elements are preferred over 

other 8-noded solid brick elements, since unlike brick elements they do not cause any 

artificial shear locking [105]. The structural components, made of a grade of cast iron were 

assigned material properties as follows: modulus of Elasticity of 89 GPa; density of 7250 

kg/m
3
; and, Poissonôs ratio of 0.25. The CAD model along with the FE model for one such 

structural component, the column, is shown in Figure 3.2.  
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Figure 3.2 Substructural CAD and FE models for the column 

 

Convergence tests were carried out to determine the order of the substructural finite 

element models. The h-method of refinement in which the size of the mesh is varied until 

results converge is employed in this work. This method, due to its ease in implementation is 

preferred over the p-method of refinement in which the order of the polynomial used for the 

shape function is changed while keeping the mesh size the same.  

Modal analyses investigations were carried out for each of the substructures with several 

different mesh sizes and the convergence rate for the first 100 natural frequencies were 

compared. The working definition of convergence criterion employed in this work is an error 

of up to 5% in in natural frequencies over the frequency range of interest for a given model 

size when compared with the natural frequencies obtained from the model having the highest 

number of DOFs. Figure 3.3 shows convergence checks for the first ten non-rigid body 

modes, for the example of the column substructure. For a 5% error in natural frequencies, a 

model size of 17103 DOFs is found adequate. If however, the convergence criterion was set 

as 2%, the model size required would be considerably higher at 102681 DOFs with 

significantly higher demand on computing resources.  

Mesh refinement was carried out using the óautoô meshing option within ANSYS
®
 which 

results in refinement of mesh only at locations with abrupt changes in cross-sections and 

geometry [104]. Hence, unlike structures with uniform mesh distributions for which the 
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lower frequency modes converge quicker than the higher frequency modes and the 

convergence is generally monotonic [106]; in the present case, the non-monotonic 

convergence of modes is thought to be due to the non-uniform mesh refinement procedure. 

Similar convergence checks to determine the size of the model for all other major 

substructures were carried out.  

 

 

Figure 3.3 Convergence checks to decide on the order of the substructures 

 

3.2.2. Modeling Machine Tool Spindles 

The spindle assembly, shown in Figure 3.4, includes the tool-tool-holder, spindle shaft, 

spindle cartridge, bearings, spacers, drive pulley, and other accessories such as nuts and 

rotary couplings. This spindle assembly is modeled as described in detail in [27,107]. The 

spindle shaft, spindle cartridge, and the tool-tool-holder combination are all modeled with 

Timoshenko beam elements. Bearings are modeled as radial-axial springs, and other 

accessories are modeled as lumped mass elements. The tool-tool-holder-spindle interface 

connections are assumed to be rigid at this stage of the investigation; Chapter 4 deals 
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separately with modeling and identification of these joints. This comprehensive spindle 

assembly model has been previously validated against measurements in [27,107] and is 

integrated as a separate substructure coupled rigidly to the spindle housing. 

 

Figure 3.4 Cross-section of Spindle unit (top) and its FE model (bottom) [27] 

 

3.2.3. Modeling Feed Drive Units 

 Feed drive units for each of the three linear axes are modeled as separate subsystems. The 

mechanical elements constituting the feed drive model are shown in Figure 3.5. The ball-

screws are modeled with Timoshenko beam elements. The translating unit (table, cross-slide 

or the spindle housing) are structural components modeled as described earlier in Section 

3.2.1. Support bearings and the connection between the ball-screw and the nut are modeled 

as radial-axial springs [25,40]. The motor and other accessories are modeled as lumped mass 

elements. 

  






















































































































































































