Improving and Bounding
Asymptotic Approximations for
Diversity Combiners in
Correlated Generalized Rician
Fading
by
Joshua Schlenker
B.A.Sc., The University of British Columbia, 2010

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR THE DEGREE OF

MASTER OF APPLIED SCIENCE
in
The Faculty of Graduate Studies

(Electrical & Computer Engineering)

THE UNIVERSITY OF BRITISH COLUMBIA
(Vancouver)
February 2013
(© Joshua Schlenker 2013



Abstract

Although relatively simple exact error rate expression are available for se-
lection combining (SC) and equal gain combining (EGC) with independent
fading channels, results for correlated channels are highly complex, requiring
multiple levels of integration when more than two branches are involved. Not
only does the complexity make numeric computation resource intensive, it
obscures how channel statistics and correlation affect system performance.
Asymptotic analysis has been used to derive simple error expressions valid
in high signal-to-noise ratio (SNR) regimes. However, it is not clear at what
SNR value the asymptotic results are an accurate approximation of the exact
solution. In this thesis, we derive asymptotic results for SC, EGC, and max-
imal ratio combining (MRC) in correlated generalized Rician fading chan-
nels. By assuming generalized Rician fading, our results incorporate Rician,
Rayleigh, and Nakagami-m fading scenarios as special cases. Furthermore,
the asymptotic results for SC are expanded into an exact infinite series. Al-
though this series grows quickly in complexity as more terms are included,
truncation to even two or three terms has much greater accuracy than the

first (asymptotic) term alone. Finally, we derive asymptotically tight lower
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and upper bounds on the error rate for EGC. Using these bounds, we are

able to show at what SNR values the asymptotic results are valid.
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Chapter 1

Introduction

1.1 Background and Motivation

In recent decades the use of wireless devices has exploded, driven mainly by
the increase in consumer electronics with wireless capabilities, such as cellular
phones, laptops, and GPS units. The mobile nature of these devices and the
multipath propagation of the wireless signal introduces a time variation in
the quality of the channel between transmitter and receiver known as fading.
Without adequate mitigation of this effect, the experience to the end user
would be extremely detrimental, causing dropped phone calls, inability to
load webpages, etc. when a deep fade occurs. One powerful method of com-
bating fading is known as diversity combining. Diversity combining employs
multiple antennas at the receiver, with each branch experiencing different in-
stantaneous signal-to-noise ratios (SNRs) provided the antennas are spaced
sufficiently far apart. The probability that each antenna simultaneously ex-
periences poor channel conditions decreases significantly as more antennas
are added. Although many diversity combining techniques have been studied

in the literature, the three most popular are selection combining (SC), equal



gain combining (EGC), and maximal ratio combining (MRC).

Although exact performance analysis of SC, EGC, and MRC has been
widely studied, the results are generally complex, even for independent fad-
ing. For correlated fading with more than two branches, the results are given
in terms of multiple nested infinite series or integrations even for specialized
correlation matrices. This complexity obscures how performance is affected
by fading parameters and the correlation among branches. In response, a
number of research papers have studied the performance when SNR ap-
proaches infinity. This technique is known as asymptotic analysis. The
assumption of high SNR results in a closed-form equation for performance
metrics such as symbol error rate (SER) and outage probability. Although
only strictly valid at infinite SNR, the exact performance can be approx-
imated by the asymptotic results at moderate SNR levels. However, it is
difficult to determine at what SNR value the approximation is valid without
resorting to computationally expensive exact analytical analysis or Monte
Carlo simulations, both of which are susceptible to inaccuracies at low SERs

typical in the high SNR regime.

1.2 Literature Review

The performance analysis of SC, EGC, and MRC for independently faded
channels has been widely studied, and SER expressions are available for a

wide variety of linear modulations which only require a single level of integra-



tion regardless of the number of branches. (See [1] and the references therein.)
However, correlation among branches arises when the diversity antennas are
in close proximity, which occurs for devices with space constrained form fac-
tors such as mobile phones. For the general case of L diversity branches and
arbitrary channel correlation, single integral forms and single infinite series
exist for the error rate with MRC at the receiver [2-4]. However, error rate
expressions for EGC and SC are much more complex, typically involving
multi-level integration or infinite series. Expressions with a single integral
or infinite series are only available when the number of branches is limited
to two [5—10]. For L > 2, single integral or infinite series forms for the error
rate are unavailable even for specialized correlation models.

Regarding the SC literature, Karagiannidis et al. obtained a dual infi-
nite series representation of the error rate for a triple branch SC undergoing
Nakagami-m fading with exponential branch correlation [11]. The general
result for arbitrary correlation can be obtained using the joint cumulative
distribution function (CDF) of three Nakagami-m random variables (RVs)
obtained in [12]; however this requires an additional two infinite series. The
joint CDF of L exponentially correlated Nakagami-m RVs was obtained
in [13], consisting of a L — 1 fold infinite series. The results of [13] were
extended to arbitrarily correlated Nakagami-m RVs using a Green’s matrix
approximation of the correlation matrix [14]. Exact results for the most gen-
eral case of arbitrary L and correlation matrix are available for SC but the

complexity of the error rate expressions increases exponentially in L. In [15]



the authors took a characteristic function (CHF) approach independent of
the fading distribution; however, the Fourier inversion requires L infinite inte-
grals. A multivariate joint probability density function (PDF) of the general
a — o distribution consisting of a single infinite sum of generalized Laguerre
polynomials was derived in [16]; however, application to SC performance
analysis requires an L-fold integral of the joint PDF.

The literature for EGC with L > 2 and correlation among the branches is
limited to special correlation models and approximations. In [17], the authors
found the moments at the output of an EGC combiner with Nakagami-m fad-
ing in terms of an L —1 fold infinite summation. The results are approximate
for arbitrarily correlated branches and exact for exponential correlation. The
moment generating function (MGF) can be found from the central moments
via a Taylor series expansion or Padé approximation, from which the error
rate follows with a single integration. A different approach was taken in [18],
where the approximate PDF of a sum of correlated Nakagami-m RVs was
found using moment matching. Using the joint PDF of exponentially corre-
lated Nakagami-m RVs in [13], Sahu and Chaturvedi found the error rates
for coherent BPSK [19] and noncoherent modulations [20]. However, the ex-
pressions are highly complex and involve L — 1 fold infinite summation along
with several levels of finite summation.

A novel approach was taken in [21] to find single integral representations
for the CDF of the SNR at the output of a SC combiner with equally cor-

related Nakagami-m, Rayleigh, and Rician fading channels. The correlated



RVs are modelled using a linear combination of independent Gaussian RVs.
This allowed the authors to find the error rate using two nested integrals.
Using the same model as [21], Chen and Tellambura found the moments at
the output of an EGC combiner for equally correlated Rayleigh, Rician, and
Nakagami-m fading channels [22]. The authors then presented an approach
for finding the error rate using a single infinite series of the moments. Al-
though the joint PDF was found in single integral form, the moment expres-
sions are L-fold summations of a Lth order Lauricella function. In [23], the
model was generalized for Nakagami-m fading channels and was termed the
‘generalized correlation model’, which was then utilized to derive error rate
and outage probability expressions for hybrid selection/maximal ratio com-
bining (H-S/MRC). Using the generalized correlation model, Beaulieu and
Hemachandra [24] derived single integral forms of the joint PDF and CDF
of Rayleigh, Rician, generalized Rician, Nakagami-m, and Weibull RVs.
The results cited above all require multiple nested levels of integration to
evaluate the exact SER for SC or EGC with correlated fading when L > 2.
Asymptotic analysis allows this complexity to be circumvented by finding
simple SER expressions which are valid only at asymptotically high SNR.
Results for SC, EGC, and MRC are available in the literature. In [25],
Li and Cheng conducted an asymptotic performance analysis for SC with
Nakagami-m fading channels using the generalized correlation model. For
arbitrary correlated Rician channels, the asymptotic results for SC and EGC

can be found in [26]. For arbitrarily correlated Nakagami-m and Rician



channels the asymptotic technique was employed to find the SER of MRC
in [27] and [28], respectively.

Although it provides insight into how correlation and fading distribution
parameters affect SER, the major shortcoming of the asymptotic technique
is that it can not predict at what SNR value the asymptotic solutions can
adequately approximate the exact solution. Assessment of the accuracy of
asymptotic solutions for a particular SNR using Monte Carlo simulations
or exact analytical analysis is problematic. Monte Carlo simulation is time
consuming due to the low probability of a symbol error at high SNR, and
the computation of exact analytical solutions requires complex multilevel nu-
meric integration which is also susceptible to error due to the small numerical

values or oscillatory nature of the integrand over the integration region.

1.3 Thesis Outline and Contributions

The remainder of this thesis consists of five chapters. In Chapter 2, we intro-
duce necessary background information relevant to the chapters that follow,
including an overview of fading and diversity combining. Furthermore, the
joint CDF and PDF of generalized Rician RVs correlated according to the
generalized correlation model are derived. In Chapter 3, we find the asymp-
totic error rate expressions for SC, EGC, MRC. In Chapter 4, an infinite
series expansion of the bit error rate (BER) of SC is derived along with the

truncation error when the series is terminated at a finite number of terms.



The termination of the series to the first term is the asymptotic error rate.
In Chapter 5, we develop asymptotically tight error bounds for EGC. The
bounds are in the form of a single integration, comparable to the complexity
of computing the exact error rate if the branches were independent. Chap-
ters 3-5 assume generalized Rician fading with generalized correlation among
branches. The results of Chapter 4 and Chapter 5 can be utilized to show at
what SNR the asymptotic error rate is guaranteed to be within a specified
tolerance of the exact error rate. In Chapter 6, we conclude this thesis and

suggest possibilities for related future work.



Chapter 2

Fading and Diversity

Combining

In this chapter, we present an overview of the challenges that fading places
on reliable wireless communications and several statistical distributions com-
monly used to model the fading channel. We then introduce several diver-
sity combining techniques which are used to reduce the deleterious effects
of multipath fading when the transmitted signal is sent over multiple fad-
ing channels. In general, the multiple fading channels are correlated, and
we introduce a method to construct generalized Rician RVs for a special

correlation model known as the generalized correlation model.

2.1 Multipath Fading

When a radio frequency (RF) signal is propagated from a transmitter to
receiver wirelessly it typically takes multiple paths due to scattering and
reflections caused by objects in the surrounding environment include build-

ings, roads and cars in an urban environment, and trees and hills in a more



rural area. The number of propagation paths can be large, especially in
an urban setting. Each path experiences a different attenuation and phase
delay. When the signals recombine at the receiver, their constructive and
destructive addition results in a phenomenon known as small-scale fading.
Small-scale fading, as opposed to large-scale fading which is the result of
large objects such as buildings or hills located between transmitter and re-
ceiver, is highly location specific. Even motion on the order of centimeters
can cause large fluctuations in the signal strength at the receiver due to the
high carrier frequencies in typical wireless communication systems. For ex-
ample, if a mobile phone operates with a carries frequency of 2 GHz, with a
corresponding wavelength of approximately 15 cm, even a small movement
by the mobile user could cause the signal strength to transition from rel-
atively strong to weak. In this thesis, we only consider small-scale fading,
which we will simply refer to as fading. This is a common assumption in the
literature.

A deterministic treatment of the wireless channel is not practical due
to large number of propagation paths and random movements of the users
and surrounding objects. Thus, fading is typically modelled as a random
process. The fading channel is characterized by its coherence time and band-
width. The coherence time, roughly speaking, is the length of time the fading
coefficient can be considered as approximately constant. Signals with a sym-
bol duration smaller than the coherence time will experience slow fading,

where the channel conditions are constant throughout the symbol duration.



A signal with a symbol duration longer than the channel coherence time
will experience fast fading, where the fading coefficient changes during sym-
bol transmission. Coherence bandwidth is a frequency-domain description
of fading channels. A transmitted symbol with a bandwidth larger than
the channel coherence bandwidth will experience frequency selective fading
whereas when the opposite is true, each frequency in the transmitted symbol
will experience approximately identical fading resulting in frequency nonse-
lective or flat fading. In slow, frequency nonselective fading, the channel can
be described by the complex gain he?’ for the duration of the transmitted
symbol, where h and 6 are the random fading envelope and phase respec-
tively. We will assume slow, frequency nonselective fading in this thesis. In
situations where the channel is frequency selective, it can be divided into
multiple frequency nonselective channels using orthogonal frequency division
multiplexing (OFDM) [30]. Though there exists a large number of statisti-
cal models for h, each tailored to specific fading environments, three widely
adopted fading models are Rayleigh, Rician, and Nakagami-m.

The effect of fading on receiver performance is significant. In a constant
channel gain, i.e. no fading, in the high SNR regime, a binary phase shift
keying (BPSK) modulated signal has the BER

P, ~ e (2.1)

where 7 is the average SNR at the receiver. The identical receiver in a

10



Rayleigh fading channel experiences a BER at large SNR of [31]
P~ —. (2.2)

In effect, the presence of fading has reduced the BER from being exponential
in 4 to only linear. At typical SNRs, fading increases the error rate by several
orders of magnitude. For example, at 10 dB a constant gain channel would
experience a BER of approximately 5 x 10~°, while a Rayleigh faded channel
would experience a BER of roughly 2 x 1072, As this is also only the average

error rate, the instantaneous error rate can even be worse.

2.1.1 Rayleigh Distribution

When the complex channel gain is modelled as a zero mean Gaussian RV
with independent, identically distributed (i.i.d.) real and imaginary parts,
the fading envelop follows the Rayleigh distribution. This model best fits
environments in which the transmitted signal is scattered and reflected mul-
tiple times before reaching the receiver without a line-of-sight (LOS) path.
By a central limit theorem, the sum of all signal paths at the receiver will

have a zero-mean Gaussian distribution. The Rayleigh RV X has a PDF of

fxla)=Se o (2.3)

11



where 02/2 is the variance of the underlying Gaussian RVs. The average
power of the Rayleigh distribution is Q = E[X?] = ¢?. In Fig. 2.1, the
Rayleigh PDF is plotted for several values of 2. When the fading envelope
is Rayleigh distributed, it can be shown that the fading power follows an

exponential distribution.
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Figure 2.1: The probability density function of a Rayleigh RV with different
values of (2.
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2.1.2 Rician Distribution

When a rich scattering environment similar to Rayleigh arises but with an
additional LOS path between transmitter and receiver, a Rician distribution

model accurately describes the fading envelope. A Rician RV can be con-

structed from two Gaussian RVs, X; ~ N <u1, %2) and Xy ~ N (M% %2>7

X =/X?+ X2 (2.4)

The distribution of X is given by the Rician PDF

as

where s* = p2 + 12 is the power due to the LOS signal. The average power is
Q = E[X?] = s + ¢%. The factor o2 is known as the scattering power since
it is the sum power contribution of the numerous scattering and reflection
paths. The ratio of LOS power to scattering power is known as the Rice

factor

K=" (2.6)

The Rician distribution can be rewritten in terms of X and ) as

fx(z) = @me‘ﬁrlxtjxﬁ) <2 wx) . (2.7)

13



In Fig. 2.2, we have plotted the Rician PDF for several values of K. When
K = 0, the Rician distribution specializes to the Rayleigh distribution. On
the other hand, as K is increased while €2 is held constant, the probability of
deep fades decreases and the Rician distribution approaches a ¢ pulse, which

can be seen in Fig. 2.2.
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Figure 2.2: The probability density function of a Rician RV with 2 = 1.
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2.1.3 Nakagami-m Distribution

Another distribution with more flexibility than Rayleigh is the Nakagami-m
distribution. The PDF of a Nakagami-m RV X is given by [32]

m m .2 1
> e e m> 3 (2.8)

where 2 = E[X?]. The parameter m is known as the shape parameter and
controls the severity of fading. When m=1, Nakagami-m reduces to the
Rayleigh distribution, and % < m < 1 and m > 1 corresponds to more and
less severe fading, respectively, than Rayleigh as shown in Fig. 2.3. The

square of a Nakagami-m RV is Gamma distributed with PDF

fxa(w) = T () e He. (2.9)

The Nakagami-m distribution has been shown to fit empirical data in
an urban setting better than Rayleigh or Rician distributions [33]. Also a
theoretical basis for modelling the outdoor mobile radio channel with the

Nakagami distribution was provided by [34].
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Figure 2.3: The probability density function of a Nakagami-m RV with Q2 =
1.

2.1.4 Generalized Rician Distribution

The Rician model can be generalized by changing (2.4) from two to an arbi-

trary n dimensions

(2.10)
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where X; ~ N(w,0%/2),l = 1,2,...,n are independent. The generalized

Rician PDF is given by

2rs 22442 2sx
fx(@) = FZ=e 7 Iz (—) (2.11)

- n
0252~

where s* =3 | p7 and Q = E[X?] = s* + 202

Although the generalized Rician model is not typically used to model fad-
ing due to a lack of theoretical or empirical justification, it does incorporate
the three previous models to some extent. Obviously with n = 2 it specializes
to the Rician distribution, and with n = 2, s = 0 we obtain the Rayleigh dis-
tribution. Although not as obvious, the generalized Rician distribution also
specializes to the Nakagami-m distribution. Consider X? with s = 0, which
is the sum of n independent squared Gaussian RVs with identical variances

and zero means, hence X? follows the chi-square distribution and has a PDF

of

flz) = 2 (%)2 e (2.12)

which matches (2.9) when m = §. Thus, when m is a integer or half integer
the Nakagami-m distribution is a special case of generalized Rician distribu-
tion. In this thesis, we will assume generalized Rician fading since it includes

the other three fading models as special cases.
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2.2 Diversity Combining

A common method for mitigating fading is to employ diversity at the receiver.
Multiple copies of the transmitted signal are made available to the receiver,
each experiencing different fading channels. The probability that all fading
channels are in deep fade simultaneously decreases rapidly as diversity is
increased. Receive diversity can be achieved by transmitting the same symbol
over multiple frequencies or time slots. However, this requires additional
bandwidth. To circumvent this problem, the receiver can employ multiple
antennas, each receiving the transmitted signal over different fading channels.
In general, the channels are correlated due to space constraints in small
form factors, such as mobile phones, which requires antennas to be in close
proximity. Branches in a system employing time or frequency diversity will
be correlated if duplicate transmissions occur within the coherence time or
coherence bandwidth respectively.

There are several methods to combine the received signals, each with a
different performance-complexity trade off. Suppose that the receiver has L
branches of diversity available, and the transmitted symbol with energy Fg
is subject to a fading channel with complex channel gain hie/% and additive

white Gaussian noise (AWGN) with power spectral density Ny on the kth

2Es

rne- A linear

branch. The instantaneous SNR on branch k is then v, = h
combiner multiplies the signal on the kth branch by a complex weight wy,

then sums the result. The instantaneous SNR at the output of a general
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linear combiner is then

2
Ei:l wkhkewk ES
Ye = L EVaN
> e [wi]? No

(2.13)

The simplest combining technique would be to only consider the branch
with the largest SNR and perform signal detection on this branch exclu-
sively. This technique is known as SC. For SC, w; = 1 and {wy = 0, k =
1,2,...,L, k # i} where i = argmax;_,, ;7. SC has an instantaneous

SNR at the combiner output of

Vsc = k:q}%?iL V- (2.14)

Beyond its implementation simplicity, SC is also advantageous for noncoher-
ent modulations since it does not require knowledge of the channel phases.
Although all the other branches may have lower SNRs, they still contain
valuable information about the transmitted signal. A more complex combin-
ing technique that utilizes all available branches is known as EGC. EGC uses
the weight w;, = e 7%, phase aligning each branch before summation. This
technique requires phase knowledge for each branch and is suitable only for

coherent modulations. EGC has an instantaneous SNR of

(i vr)
L

2
VEGC = : (2.15)
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Although performance of EGC is better in most cases than SC, this may
not be true in severe fading [35] or exponentially decaying average branch
SNRs [36].

With EGC, we treat each branch identically regardless of the individ-
ual SNRs of each branch. A more sophisticated method is to weigh the
contribution of each branch according to the severity of the fading by recog-
nizing that branches with high SNR are more trustworthy than those with
lower SNR. This combining method is known as MRC, which has the weight
wy = hie™7%. MRC has an instantaneous SNR at the output of the combiner

of

L
YMRC = Z V- (2.16)
k=1

Applying the Cauchy-Swartz inequality to (2.13), one can prove that MRC
is the optimal linear combining scheme in terms of maximizing the combiner
output SNR. Although MRC is optimal, it requires knowledge of the fading
envelope and phase, thus analysis of the simpler EGC and SC is of practical

interest.

2.3 Generalized Correlation Model

In general, the fading channels of a diversity combiner are correlated, thus we
require the joint statistics of the channel to analyze combiner performance.
In this section, we present the method of Beaulieu and Hemachandra for

obtaining single integral representations of the multivariate joint PDF and
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CDF of correlated generalized Rician RVs [24]. Consider the following!

Xklzo-k <\/1_)\iUkl+)\kU01)a k:1,2,...,L, l:1,2,...,n (217)

where —1 < A\, < 1, {Uy ~ N(0,2),k =1,2,...,L,1 = 1,2,...,n}, and
{Uo ~ N(ml, %) 0 =1,2,...,n}, Uy and U;; are independent for k # i
or [ # j. Each Xj; is the sum of independent Gaussian RVs and hence a
Gaussian RV itself with Xj,; ~ N (ak)\k.ml, %’%> For a given [, Uy, is common
to Xy for k =1,2,..., L, it then follows that the Xj;’s are correlated RVs.

Define the correlation coeflicient between two RVs X and Y as

» E[XY]—E[X]E[Y]
 Var[X|Var[Y]

PXY (218)

where Var[X] is the variance of RV X. The correlation coefficient between

X and Xj; is given by

1 k=i, l=j

PXuXiy = Y M k#d, l=7- (2.19)

0 L#]
\

'We have removed the imaginary part of [24, Eq. (11)] to match the conventional form
of the generalized Rician model given in [31].
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Since for a given k, the X, are a set of independent Gaussian RVs with
identical variance oy, and non-zero means, Gy, = Y -, X3 and Ry, = v/Gk,
k =1,2,...L, are a noncentral x? and generalized Rician RV, respectively.

It is shown in Appendix A that the correlation between G; and Gy, is

NNZ(Z +252)
VB +2x52 /3 4+ 2n8

k#i (2.20)

PGrLG; = pRzR% =

where S? = 37" | 'm?. For Nakagami-m fading, (2.20) reduces to

To find the joint PDF of R = [Ry, Ry, ..., Rr], we remove the dependence

by conditioning Xy, on Uy, which is a Gaussian RV with E[X|Uy] = ox AUy

o21-71)

5—. It follows then that Gy conditioned on

and Q. = Var[Xy|Uy] =

Uy, | =1,2,...,n is noncentral x? distributed with PDF

n

R 20, [T
Fanir(ge) = 5= (g—) e M Iy, <L> (2:22)

~ o2 \ o227 02

where T' = Y"' | U, and we have used the fact that conditioning on Uy, | =

1,2,...,n is identical to conditioning on T'. T is a noncentral y* RV with
PDF .
t\ * _ 2
Fr(t) = (§> e, (25\/¥). (2.23)

Since Gy’s conditioned on T are independent, the joint PDF of G = [G, Go, . . .

22
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conditioned on T is then

L 2T _oetReRT 232
k R \ groi AT
far(g, 92, -, 91) H— ( J ) e 2% [%,1 <¢> )

e 20 NN T @
(2.24)
We obtain the joint PDF of G by taking the expectation of (2.24) with

respect to (w.r.t.) the PDF of T

) N 2
fG(917927 s agL) = / (?) ei(tJrS )[%,1 <25\/I_f>
0

n—2
1 e )\2 Qt AQ
Tt () o (-250 7 ) 1y (Y27 i (29)

k=1

By definition, the joint CDF of G is

Fa(g1,92,---,91)

g1 g2 gL

://"'/fG($1>-T27---7$L)d$1dx2"'d$L

07 (é) s s 1(25‘/>kﬁll <\/ 12?;%\5/2__?)

(2.26)

dt

where we have used the property @,(a,0) = 1. We can now obtain the joint
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CDF of R from (2.26) as follows

Fr(ri,ro, ... 7))

:Pr[rlé Gi,m0 < \/Ga, 1, < GL}

:FG(T%’ T%, cc 7T%)
:7 AN e ], (25\/¥> f[ 1-Qx PN e | gy
S Eh 1 s\Vi-x o)
J -
(2.27)

Taking the partial differentiation of (2.27) w.r.t. r1,7rs,..., 7, we obtain the
joint PDF of R as

2 2 2 2)2

ri + Aot T/ O At
” —E = S [n_q | ———=—|dt. (2.2
Ll "292 Xp{ 207 g 0 (228)

Although [24] justifies the relevance of the generalized correlation model
by pointing out the lack of simple PDF and CDF expressions for commonly
used fading models with L > 2, it does not discuss the limitations of the
model. Let us examine the marginal PDF of R, which can be found by

setting r; = oo for i = 1,2,..., L, i # k in (2.27), then differentiating w.r.t.
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to r; to obtain

T ol3

2r r2 2\, ST
fro(r) = T OXD (—)\252 —~ U—’;) In ( : ’“) (2.29)

1
()\kO'kS Ok L (%

~—

where we have also used the integral identity [37, Eq. (3.25.17.1)]. Compar-
ing (2.29) to the generalized Rician PDF (2.11), we see that s = A\2075% in
the generalized correlation model. Since the parameter S is identical in the
marginal PDF of each Ry, Kk =1,2,..., L, s; cannot be chosen independently
of si for i # k. For Rician fading, this translates to a dependence among
the Rice factors. Of course, this limitation does not apply to the Rayleigh
and Nakagami-m special cases since s = 0. The second limitation is that
the power correlation coefficients of R (2.20) cannot be arbitrarily chosen for
L > 3. There are (L* — L)/2 correlation coefficients, but only L number of A
coefficients. When L > 3, (L? — L)/2 > L and there are not enough degrees
of freedom available to arbitrarily choose each correlation coefficient. The
generalized correlation model does however include the special case of equal
correlation when A\, = A, k£ = 1,2,... L. Despite the limitations we have
outlined here, we will adopt the generalized correlation model for this thesis

in the absence of a tractable analytical model for arbitrary correlation.
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Chapter 3

Asymptotic Performance
Analysis of Combining Methods

in Generalized Rician Fading

In this chapter, we derive the asymptotic error rates of SC, EGC, and MRC
for coherent and noncoherent modulations in correlated generalized Rician
fading channels. Although using our results, asymptotic error rates can be
found for all combinations of signal modulations and combining schemes we
consider, some of combinations are not useful in practice, e.g. asymptotic
error rates of noncoherent modulations with EGC and MRC combiners.

As mentioned in Chapter 1, some results derived here are not original,
as asymptotic error rate expressions for Rician and Nakagami-m fading with
generalized correlation are a special case of those in [26-28]. The case of
Nakagami-m fading with SC is also identical to the results in [25]. How-
ever, the asymptotic SC results are expanded into an exact infinite series in
Chapter 4 with an upper bound on the truncation error. In addition, asymp-

totically tight bounds on the error rate under EGC are derived in Chapter 5.
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The results of Chapters 4 and 5 can guarantee the minimum SNR at which
the asymptotic error rates given here are within a tolerance of the exact
error rate. The results for MRC are derived here for completeness and for

comparison to SC and EGC.

3.1 System Model

Consider an L-branch diversity combiner where the transmitted signal is im-
paired by slow, frequency nonselective fading and AWGN on each branch.
The instantaneous SNR on the kth branch is 7, = R, where R}, is a general-
ized Rician RV. We assume correlation among branches fits the generalized
correlation model discussed in Chapter 2, then the average SNR on the kth
branch is 7, = E[y] = of (% + A2S?), and power correlation between the
kth and ith branch is
NAZ (B +25?)

= k£ (3.1)
Va2 542082

Py

3.2 Asymptotic Analysis

Let us assume a generic receiver where ~ is the instantaneous SNR at the
demodulator with average SNR 7 = E [y] and PDF f, (). If the conditional

SER for a constant (non fading) channel is P}, then the SER for a fading
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channel is given by
o

Fe= /Peva(V)d'V- (32)

0

It turns out that when the average SNR approaches infinity, the error prob-
ability is solely determined by the shape of the f,(v) at the origin [27]. This
can be intuitively explained as follows. The conditional error rate decreases
exponentially in SNR due to the nature of Gaussian noise, thus even for
moderate 7, P, is mostly determined by the probability that v is small since
P}, will be several orders of magnitude greater at v = 0 than at v = 4. Let

the first-order approximation of f,(v) at the origin be given by

(7)) = av' +o(7"). (3.3)

Using (3.3) in conjunction with (3.2) we can produce an approximation of
P.. As 4 — oo, P, is increasingly dominated by the probability that  is
near zero, and the approximation approaches the exact solution.

At high SNR, many coherent modulations have a conditional error proba-
bility in the form of pQ(,/q7) including BPSK, M-ary pulse amplitude mod-
ulation (M-PAM), M-ary phase shift keying (M-PSK), and M-ary quadra-
ture amplitude modulation (M-QAM) [31]. The parameters p and ¢ for
these modulations are listed in Table 3.1. The asymptotic SER with con-

ditional error probability pQ(,/q7) and the first-order approximation of the
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SNR PDF (3.3) is given by [27]

o 2al(t+3)p

T VR DT .

Table 3.1: Parameters p and ¢ for various coherent modulations

’ Modulation ‘ P ‘ q ‘
BPSK 1 2
M-PAM 2(1-4) | 25
M-PSK (M > 4) 2 2sin® -
M-QAM [ 4(1- ) | o

On the other hand, the noncoherent modulations binary differential phase
shift keying (BDPSK) and binary noncoherent frequency shift keying (BNCFSK)
have a conditional error probability of the form %exp (—q7y) with ¢ = 1 for
BDPSK, and ¢ = 1/2 for BNCFSK. When the conditional error rate is
given by 1 exp (—¢7) and first-order approximation of the SNR PDF is given
by (3.3), the asymptotic error rate becomes [25]

s  al'(t+1)

enc 2qt+1 (35)

Since we are considering diversity combiners, «y is the output SNR of the
diversity combiner, which we denote yxx where XX = SC, EGC, or M RC
depending on the combiner under consideration. It is straight forward to
determine the asymptotic SER of many coherent and noncoherent modula-

tions by obtaining the parameters a and t from (3.3) provided that the PDF
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at the output of the combiner, f.,,  (7), is available. While this approach is
feasible for SC, it is difficult to directly determine the PDF of the sum of
RVs directly, as is the case with MRC and EGC. In these cases, a Laplace
transform approach is often employed. For this approach, we require the

MGF of v, defined as M., (s) = E[e™*7], to be

Mv(s):ar(t+1)+o< L ) (3.6)

St+1 St+1

as s — oo. Alternatively, we can also find a, and ¢t from the MGF of the
equivalent channel at the output of the combiner, i = /7. The MGF of h

when s — 0o is

g2t+2 g2t+2

Mh(s)_ZaF(2t+2)+O( 1 ) 37

3.3 First Order Joint Distributions

In order to determine the first-order approximation of + at the origin we first

find the joint PDF and the joint CDF of R = [Ry, Rs, . .., Ry ] near the origin.

From a Taylor series expansion of the exponential function, lir% exp(z) =
r—r

1+ o0(1) and from the series expansion of the modified Bessel function of the

first kind [39, Eq. (9.6.10)], lim/, (x) = Tor D) (32)" + o(z*1). Substituting

these asymptotic expression into the joint PDF of R (2.28) we find

Lo~ 5315
falrs .. m) = - L0 o) (38)
I (3) det? (M) (

e
oL

Q
Pl )
N————

bl

Il

i
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where A = Zle % In obtaining (3.8), we have used an integral iden-
k

tity [40, Eq. (6.643.2)] and performed algebraic simplifications using [40, Eq.

(9.220.2)] and [39, Eq. (13.6.12)]. We have also introduced the correlation

matrix M
1 Ao . MAL
A\ 1
M = (3.9)
AL—1AL
MAL o AL_iAL 1

where det(M) = |1+ 37, %] [Tr_,(1 — A2). This result can be found
by expressing M as a rank 1 update matrix and using a matrix determinant
lemma [25]. The off diagonal elements of M are the correlation coefficients

of the underlying Gaussian RVs in R which were given in (2.19). The CDF

of R can be found by integrating (3.8) over 71,79, ..., 7, resulting in
__A g2 L
e A+l
Fr(ri,...,rp) = (ri +o(rg)). (3.10)

Pe (34 1) detf (M) (T, 0f)* +0
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3.4 Combiner Asymptotics

3.4.1 SC

From (2.14), the CDF of vyg¢ can be related to Fr(ry,...,7r) via

Froe(y)=Pryi <772 <7, ...,70 <9
:Pr[Rl Sﬁ?RQSﬁa“')RLS\/ﬂ

= Fr(\T, - 7). (3.11)

Substituting (3.10) into (3.11) and differentiating w.r.t. 7 we obtain the PDF

of ys¢ as v — 0 as

_ A 2 L
nLe x+15 % 1 nL

- r + o(y=7h). (3.12)
oTL (g + 1) det2 (M) (Héﬂ 01%)

fvsc (’7) =

Extracting the parameters a and ¢ from (3.12), we have

A 2
nLe” 5+1°
asc = - z (313)
2 (3 +1) det? (M) (T2, 03)
and
L
tsc = "7 ~1. (3.14)
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3.4.2 EGC

For EGC, we consider the equivalent channel gain at the output of the EGC

hecc £ /YEGe
|z
=—> Ry (3.15)
VLS

By definition, the MGF of hgge is

MhEGC (5) =k [eishEGC}

:/ / e_ﬁ25=1r’“fR(r1,...,TL)drl...er. (3.16)
0 0

—_—
L

If we apply the first-order joint PDF (3.8) to (3.16) and convert the L-fold

integral to a product of L integrals we obtain M, .. (s) for s — oo as

e fanirm) [ 1 K 1
MhEGc(S)_detg(M)< F(%) ) <H0'_,%> 571_L+0<5n_L) (317)

k=1

Comparing (3.17) to (3.7) we find

2 n L
e~ m415 2L2T(n) ﬁ 1
a = - —
PEC T or(nL) det? (M) \ T (%) o2

and

tpoo = — — 1. (3.19)
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3.4.3 MRC

Since (2.16) is a linear sum, we can easily find the MGF of ~y/rc using
(3.8) and convert the resulting the L-fold integral to a product of L easily

evaluated integrals. This results in

M S SR ! 3.20
= — | —ztol—z .
'Y]WRC(S) detf(M) H O_}% S% 0 (sn2L> ( )

k=1

for s — oo. From (3.6) and (3.20) parameters a and t can be calculated as

efA%lSQ GOSN
a = o — 3.21
MR (2E) det® (M) 112 320

k=1

and

ture = — — 1. (3.22)

3.5 Discussion and Numerical Results

3.5.1 Discussion

As the t parameter (41 is also known as the diversity gain and indicates the
slope on a log-log plot of P>° vs SNR) is identical for each diversity scheme we
can directly evaluate the relative asymptotic error probability with identical
modulation among the combining schemes solely by comparing the parameter
a. It can be seen from (3.13), (3.18), and (3.21) that for each combining

scheme, the parameters agc, agce, and apy re share several common terms.
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If we isolate the commonality, we can redefine axx as axx = pxxc, where

A 2
e K415
det 2 (M)

L 7 .
(kal %) is the common component among all combining
—157

schemes and pxx is the combining specific factor given by

nL
Hsc = m (3.23)
HEGC = 2F(1nL) 2[1:2(?)”)] (3.24)
HMRC = ! (3.25)

=

(%)
Note that pxx only depends on the severity of the fading and number of
branches, and does not depend on the channel correlation or average branch
power.

If we plot the pxx of SC and EGC relative to pygpe (the optimum linear
combiner), i.e. upre/pxx, asin Fig. 3.1, we see that for dual diversity (L=2)
and n = 1, SC and EGC achieve identical performance with puge = pupce =
4/m. This result has also been shown to apply at all SNRs for independent
Nagakami-m fading channels [41]. For L > 2 and n > 1 we see that EGC
is able to outperform SC while achieving similar performance to MRC. The
performance gap between both SC and EGC relative to MRC increases with
the number of branches and as the fading severity decreases.

Interestingly in Fig. 3.1, it appears as though as n — oo, the ratio

ivre/ece approaches a constant. This is indeed the case and can be
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Figure 3.1: Performance of EGC and SC relative to MRC.

shown using Stirling’s formula, lim,_,., I'(z) = v/27e *2%"1/2 to be

lim MMEC _ oi5t

3.26
n—=o UEGC ( )

Also as L — oo there is also a fixed relationship between the average SNR
required for EGC and MRC to have equal performance. If yggc and yyre

are the average SNR on each branch for EGC and MRC respectively, then

2

~/ nL
:YEGC _ (MEGC) ' (3'27>
TMRC HMRC
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Again, using Sterling’s formula, we obtain

— 3.28
T (1) (3.28)

2
— F n
fim 2200 ___ [ ()
L=oo Ymre  n2'w
20 ['(n
= 10logy, (%) + glog10 <L> [dB]. (3.29)

n2' = ()

This represents the additional power required at the transmitter if EGC is
implemented over MRC to reduce the combiner complexity. Similar results
for SC do not exist, with lim, .. parre/tse = 0 and imy, o0 Yso/Ymre =

Q.

3.5.2 Numerical Results

In order to validate our results we have plotted P.; for BPSK and equal
average branch SNR along with Monte Carlo simulations in Fig. 3.2, Fig. 3.3,
and Fig. 3.4 for SC, EGC, and MRC respectively. In all cases we let A =
[0.9,0.3,0.8]. We can see from Figs. 3.2-3.4 that for each combining method

the simulated results approach the asymptotic error rates as SNR increases.
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Figure 3.2: Asymptotic and simulated BERs of coherent BPSK of triple
branch SC with generalized Rician fading channels with S = 3 and A =

[0.9,0.3,0.8].
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Figure 3.3: Asymptotic and simulated BERs of coherent BPSK of triple
branch EGC with generalized Rician fading channels with S = 3 and A =
[0.9,0.3,0.8].
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Figure 3.4: Asymptotic and simulated BERs of coherent BPSK of triple

branch MRC with generalized Rician fading channels with S = 3 and A =
[0.9,0.3,0.8].
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Chapter 4

Exact Series Form of the BER
with SC in Generalized Rician

Fading

In this chapter we develop an exact infinite series representation for the PDF
and CDF of the SNR for SC. The statistical distributions are then used to
obtain an exact infinite series expression for the BER of binary coherent and
noncoherent modulations. We also find an upper bound on the truncation
error introduced when the infinite series is truncated to a finite number of

terms.

4.1 Channel Model

Consider an L-branch diversity combiner where the transmitted signal is im-
paired by slow, frequency nonselective fading and AWGN on each branch.
The instantaneous SNR on the kth branch is 7, = R, where R}, is a gen-

eralized Rician RV. Assume correlation among branches fits the generalized
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correlation model, then the average SNR on the kth branch is 7, = E[y] =
o7 (2 + A25?) and the power correlation between the kth and ith branch is
N2 (B +25?)

= kA (4.1)
Va2 [2+2x82

Pryivi

as found in Chapter 2. Furthermore, let the average SNR of the kth branch
be given by 4. = g1y where g; is the gain of the kth branch relative to some
baseline SNR value 4. For instance, 7 could be the average SNR across all

branches, in which case ¥ = Zle -

4.2 SNR Distribution

We start by deriving an infinite series expression for the CDF at the output
of the SC combiner. Using the joint CDF of generalized Rician RVs with

generalized correlation (2.27), the CDF of vg¢ is given in single integral form

as
Frgoe(y) =Fr (Ri <7, Re <7 R < \/7) (4.2)
gy T
Z%/t42 exp (—t)lg_l(QS\/g)
2
0
- N2t [2dyy
<[] 11— Q= e\ 5 ) [ (4.3)
k=1
where d;, = —(27;:(21/\;55)) .
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A novel infinite series form of the generalized Marcum @Q-function in
terms of generalized Laguerre polynomials was recently proposed by Andrés

et al. [42] as

Q)
N

oo (v=1) (a2 9\ v+i
Qu(a,b) = 1= (=1) 2w (b—) : (4.4)

P Fv+i+1)\ 2

The availability of well known inequalities for the generalized Laguerre poly-
nomial makes this series suitable for a truncation error analysis. Substituting
(4.4) into (4.3) and interchanging the order of summation and integration we

can express F. () as an infinite series

Ysc

N3

ret=la] Se(2) )

where the coefficient C; is given by

o0

Ci:u/ Fexp (= (A+1)1) Iy (25V4)

0

L) (L
<y H L (1 AQ)d“dt (4.6)

Jittjp=t k=1 +‘]k+ )

To evaluate the integral in C; we consider the integral identity
< . 1 2 2
/t”"ze—atful (2&/%) dt = i! (ﬁ) exp (”B ) L# (—5—) (4.7)
ot « «
0
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where ¢ € N and p > 0. The derivation of (4.7) is located in Appendix B.
The integral in C; can then be evaluated using a finite series form of the

generalized Laguerre polynomial [39, Eq. (22.3.9)]

L (z) = ZO %(—x)j, o> —1 (4.8)

and the integral identity (4.7) along with some algebraic simplifications to
obtain

(_1)1‘61%152 k

dJ
Ci—(A+1)3FL() 2 H 4 k)

2) ji+etiL=ik= 1=7’€

Aol (Zk:l l’“)' (3-1) 52
§ Z ﬁLZL L\ 1+A
11=0,...,1,=0 (A + 1) k=1"'k k=1 +

L . 2 Ik
W (n)
X - . (4.9)

The PDF of vs¢ can be found by differentiating (4.5) w.r.t. -, upon

which we obtain
- nL
= /nL B ol
frse (v [H dk] > (7 + z) CH (%) . (4.10)
k=1 i=0

It is easy to verify that the first term in (4.10) is the asymptotic PDF at the
output of the SC combiner (3.12) derived in Chapter 3.

As a sanity check, we examine the special case when L = 1. For L =1,
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C; is simplifies to

SR () () ()

=0

i e
i)
(- e s L0 gy (@11)
L(3)(5+1) 5 ()
where we have used the fact that Lﬁ{”)(o) = (a:—,l)” and a Laguerre sum

formula [43, Eq. (18.18.12)]. Substituting (4.11) into (4.10) we obtain the

following

—A252 (3-1)

frse(7) :% <%)g—1 ; <—%>i L;'LT(S(;) (4.12)

n—2 3262 v
Y ie o2 208 )
02 (ASo): " 1( V7 1)

where we have used the formula [42]

2

= L0

(2

=T(a+1)e*(z2)" 2 1,(2Vz2). (4.14)

(]
=
&
—
ok

|
&

This matches the result found by differentiating (4.2) w.r.t. -, substituting
(2.29) and letting L = 1.
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4.3 BER of Binary Modulations

4.3.1 BER for Binary Coherent Modulations

For binary coherent modulations, the conditional error rate is given by

Pepy = Q (V) (4.15)

where ¢ = 2 for BPSK and ¢ = 1 for binary coherent frequency shift keying
(BCFSK). Substituting (4.15) into (3.2) and changing the order of integration

17 x? x?
P.=—— | exp|—— | F, | —|dx. 4.16
’ \/271'0/ P ( 2 ) ! ( q ) ( )

An infinite series form for P.. can then be found by substituting (4.5)

we obtain

into (4.16) and changing the order of summation and integration to arrive at

A 25 HOT (i 4 "kt
P.=—— dy, 2 7 (4.17)
2V LHl ] Zo (q) =+

As 7 — o0, Eq. (4.17) is dominated by the first term in the summation:

n + 27252 2 (_1)i oA ST (nL2+1) 1
P~ H . — (4.18)
2\/_ n

which matches the asymptotic BER (3.4) when ¢ and a are given by (3.14)
and (3.13) respectively.

Although we have only derived the BER of coherent binary modulations,
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the results can be generalized to many M-ary linear digital modulations

following an MGF approach [1].

4.3.2 BER for Binary Noncoherent Modulations

As mentioned in Chapter 3, the conditional error rate for binary noncoherent
modulations is given by P, = %exp (—q), where ¢ = 1/2 for BNCFSK and
q = 1 for BDPSK. We then obtain the average BER as

enc:

N —

/ exp (—q7) f, (1) dy (4.19)
0

Substituting (4.10) into (4.19) and changing the order of integration we ob-

tain an infinite series solution for the BER

[ [Hdk] ZO (Hng +1). (4.20)
=0

4.4 Convergence and Truncation Error

4.4.1 Convergence

Thus far, we have proceeded with interchanging the order of summation
and integration without considering whether the resulting series converges
or not. While we will show the infinite series forms of F,_,(v) and f,,.(7)

are convergent for all 0 < 7 < oo, the infinite series for the BER for both
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coherent and noncoherent modulations are only convergent for a sufficiently
high average SNR.

We start by finding an upper bound on C;. To achieve this, we return to
the form of C; prior to carrying out the integration (4.6), and apply a well

known inequality for the generalized Laguerre polynomial [39, Eq. (22.14.13)]

L exp <E> , a>0,x>0 (4.21)

AS?
exXp (— (A+2)> d]k
C;| < 7 g | | —
| | 2 +jk 1!

I (%) (% + 1) Jit+jr=t k=1
e (am)
o (5 41)

exp (— AS? )
_ (AA“) i (4.22)
G+ (3+1)2 "

—~
+
—
~—
|3
=
+
+

]szl

where 7 = Y°F_ d), and we have used the multinomial identity to get (4.22).
Note that due to the use of (4.21), which is valid only for a > 0, Eq. (4.22)

applies for n > 1 only. For n = 1 we use the inequality
]L§a> (x)’ < 2exp (g) 1<a<0,2>0 (4.23)

which is a relaxed form of [39, Eq. (22.14.14)]. Using a similar methodology
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to how (4.25) was obtained, we find for n = 1

2L exp (—A—SQ> ik
(A+2) dy!
I L i |
s+1 J1ttip=i k=1 L'(x
2L exp (— AS® ) 1k
(A+2) dy,
<—F ) H
§+1 St tjr=i k= 1/
2L exp (— AS? ) i
_ (A+2) ) 1
= - R (4.24)
5 T 1

Since (4.22) and (4.24) vary only by a constant coefficient, we define a new

term valid for alln =1,2,...

G| < A% (4.25)
ErE
A=¢ " ZJ*SQ) (4.26)
p (A+2) - n = 2’ ?)7
re(g+1)(5+1)*

Using (4.25), we can now bound the series form of F. .. (7) (4.5) as follows

vsc
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Eq. (4.27) converges for 0 < v < oo, thus convergence of (4.5) is guaranteed
for the same interval. A similar exercise can be performed to show that the
PDF in (4.10) also converges for 0 <y < oc.

Due to the presence of the I'(-) term in the numerator of the summation
in (4.17), convergence of the series is conditional. Finding the entire region
of convergence of (4.17) is extremely complex due to the nested summations.

However, we can find a subset of the region of convergence using the upper

bound on |C;|. Using (4.25), we find

ﬁldk] % i - <Z ’ %> (2—"> (4.28)

' =
k= i=0 v v

nL
272714
nL

Vrlgy) =

|Pee| <

which converges by the ratio test for z—g < 1. Similarly, it can be shown (4.20)
converges when % < 1.

The requirement z—g < 1or % < 1 is satisfied provided that average
branch power is sufficiently high. For instance, for branches experiencing
equally correlated Nakagami-m fading, equal average branch SNR, and BPSK

modulation we require g < 1, which is achieved when 7 > =L~ where

(1=v/p)
p = M\ is the power correlation coefficient between any two branches. From
this we can infer that the minimum # required to guarantee the infinite series

expressions for P, converge increases with the number of branches and branch

correlation, but decreases with the fading severity.
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4.4.2 Truncation Error

In this section we derive an upper bound on the truncation errors when
the infinite series for SNR CDF (4.5) and BER for binary coherent mod-
ulations (4.17) are terminated at a finite number of terms. We omit the
results for binary noncoherent modulations, but the truncation error can be
bounded in a similar manner.

The truncation of (4.5) and (4.17) and to the first V + 1 terms is given

by
. L 2 N ~ 7;+”2L
FM(y) = [H dk] e (—) (4.29)
k=1 =0 v
L 2 N oLy, .
A 1 25 HOT (2 4 nL+1)
PW) = [ dk] 2 7 (4.30)
toowr ;Hl 2 T E
We then define the associated truncation errors as eg;c (V) & |Fyee(v) — Fv(évc)

P.o(v) — P ()

ing (4.25) to obtain

and (—:g)c () £

respectively. ngic (7) can be bounded us-

N3
8

.0=(2) [a) > 5 (%) .
]i[l dk_ 2 {exp (%)Z - ZV;%‘ (%)l} . (4.32)
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Likewise we bound eg)c () as

L bl o0 T (i nL+1 i
I] dk] w <2_77> (4.33)
k=1 ’

=N

+
L 2 N nlL+1 7
1 ). (2
Hdk] it E ( Z! ), (—7_7>

S—

VT(g7)s

2% 1D (2Ltl) A

2

(w22

e,c

oL
VT(gy)= k=1 (1 _ 2_7) 2 i=0 ay
qy
(4.34)
where we have used the binomial series ﬁ =320 (?!)ixi, lz] < 1 to

obtain (4.34). It is easy to see from (4.33) that the upper bound on the
. . _,(M+ N+2) .

truncation error is o [y~ \ 2 , the same order as the first term ignored

when the series is truncated to (4.30). Thus, we can conclude our truncation

error bound decreases relative to the truncated error rate as ¥ — oo.

4.5 Numerical Results

In order to verify that (4.30) converges to the exact error rate, we have
plotted it for BPSK with N = 30 along with Monte Carlo simulations for
Nakagami-m (m = 2) and Rician (S = 1.5) fading with equal average branch
SNR in Fig. 4.1. In both cases we have used A = [0.6,0.4,0.9], resulting in

52



power correlation matrices, where the (k,i)th element is given by (4.1), of

1 0.149 0.460
Pi=]0149 1 0252 (4.35)
0.460 0252 1

and
1 0.058 0.292

P,=10058 1 0.130 (4.36)
0292 0.130 1

for Rician and Nagakami-m respectively. We see fem Fig. 4.1 that in both
cases, the approximation is highly accurate where the series converges. The
convergence criterion for BPSK, % < 1, is satisfied when ¥ > 12.85 dB for
Rician fading and 4 > 12.05 dB for Nakagami-m fading. This is very close to
the true value for the Nakagami-m fading; however, the convergence region
of Rician fading is underestimated by roughly 2 dB.

Although we have chosen N = 30 in the previous example, the asymptotic
error rate can be greatly improved by including only a couple extra terms.
This is shown in Fig. 4.2, where we have replotted the asymptotic (N = 0)
error rate along with N = 1 and N = 2 for Rician fading. The parameters
are the same as the for the Rician case in Fig. 4.1. The asymptotic error rate
is not within 1% of the exact error rate until 28.9 dB. By adding a single
additional term this occurs at 18.5 dB, and two additional terms improves it

further to 14.8 dB. Thus, we can extend the SNR region where the asymptotic
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expression is valid with little additional complexity by including the first
several terms of the infinite series.

Fig. 4.3 shows the relative truncation error for Nakagami-2 fading, where
the relative truncation error is the ratio of (4.34) to (4.30). As we would
expect, the number of terms required to satisfy a truncation error target di-
minishes as SNR increases. For instance, to guarantee a relative truncation
error less than 1%, we require N = 40 at 14.3 dB, but this drops to N = 10
at 17.4 dB, and further to N = 5 at 19.7 dB. Although it is tempting to
increase N to achieve an arbitrary accuracy, computation of C'y can be very
intensive for large N and numerical integration of (4.16) may be more effi-
cient. However, it should be noted that provided the relative SNRs between
branches remains constant, C;, i = 1,2,..., N need only be computed once,

whereas numerical integration would have to be performed at each SNR.
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Figure 4.1: Approximate (N = 30) and simulated BERs of coherent BPSK
of triple branch SC with Rician and Nakagami-m fading. Average SNR is
identical for each branch. For Rician fading, S = 1.5 and for Nakagami-
m, m = 2. Power correlation is according to P; and Py for Rician and
Nakagami-m, respectively.
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Figure 4.2: Approximate and simulated BERs of coherent BPSK of triple
branch SC with Rician fading (S = 1.5) and equal average branch SNR.
Branches are correlated with power correlation matrix Pj.
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Figure 4.3: Relative truncation error for coherent BPSK with triple branch
SC in Nakagami-2 fading and equal average branch SNR. Branches are cor-
related with power correlation matrix Ps.
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Chapter 5

Asymptotically Tight Error
Bounds for EGC with

Generalized Rician Fading

In this chapter, we derive single integral upper and lower bounds on the
average error rate of a receiver employing EGC in correlated generalized
Rician fading. These bounds are asymptotically exact, i.e. as average SNR
approaches infinity. Furthermore, the bounds reduce to the exact error rate

when the branches are independent.

5.1 Channel Model

Consider an L-branch diversity combiner where the transmitted signal is im-
paired by slow, frequency nonselective fading and AWGN on each branch.
The instantaneous SNR on the kth branch is 7, = R2, where Ry is a gen-
eralized Rician RV. Assume correlation among branches fits the generalized

correlation model, then the average SNR on the kth branch is 7, = E[y] =
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o} (% + A28 2) and power correlation between the kth and ith branch is

AA2(2 4 257) |
Pyivi = - > o2 Py k#1i (5'1>
V22882 /2 42028

as found in Chapter 2.

5.2 Bounds on Joint PDF

We first find bounds on the joint PDF of the generalized Rician distributed
fading amplitudes R = [Ry, Ry, ..., Rr]. As derived in Chapter 2, the joint
PDF is given by

_S2 7 n—2
fr(ri,ro, ... 1L) = eng—_l)/t4 exp(—t)I%_l(QS\/E)
0

L ﬂ 2 2 2 272
Aozt At
H Xp{_w_g%} 1o, (VTN 4y (59)
it Q2 2Q7 Qr

where QFf = 107(1 — A). In order for these bounds to be asymptotically
exact, we must preserve the shape of (5.2) at the origin, that is as ;_i — 0
or equivalently as —% — 0. However, the bounds must also satisfy two ad-
ditional objectives in order to provide a meaningful reduction of compu-
tational burden over the exact analysis. The first, and the most obvious

one, is to simplify (5.2) by removing the integral over ¢. The impediment

to finding a closed form solution of this integral is the product of Bessel
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functions. Thus, a key component of our derivations is that both upper
and lower bounds of the Bessel function approach equality at the origin in
order to preserve the asymptotic behaviour. The second objective is that
the joint PDF bounds must appear as those of independent RVs, i.e. as
fr(ri,ro, ... 1) § AHL1 W (ry), where A is some constant term. This
allows for bounds on the CHF, which we use to find the average error rate
via well known methods, to be found as A H£:1 ®yy, where @y is the CHF

of W.

5.2.1 Lower Bound

A simple lower bound on I,(x) can be found by observing that each term in

its series expansion,

R s .
I,(z) = (556) Zm (5.3)

1=0

1

is positive when v > —5, x > 0. Thus, we can lower bound the modified

Bessel function by truncating the series expansion to the first term, i.e.

I,(z) > ﬁ (lx) , V> 1 x> 0. (5.4)

As it is the first term in the series expansion, Eq. (5.4) approaches equality

as ¢ — 0. Substituting (5.4) into (5.2) and using the integral identity [37,
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Eq. (3.15.2.8)] we obtain

— x0T L n—1 r
e A+1 2r -k
fr(ry,..rL) > —= £ —e "% (5.5)
det?2 (M) ’};[1 T (5) .
where A = 3¢ % and the matrix M is defined in (3.9). Eq. (5.5) satisfies
both our objectives, and thus it is a suitable lower bound.
For the special case of Nakagami-m fading, we note that (5.5) is a scaled

product of Nakagami-m PDFs

L 2
1 21—m 2m—1 Tk

_ o (5.6)
(L+A)m -2 T (m) Qf

fr(ri,...,rp) >

and thus the equality is also achieved for independent branches since A = 0.

5.2.2 Upper Bound

While derivation of a suitable lower bound of the joint PDF is straightfor-
ward, this is not the case for the upper bound. We start by considering an

upper bound on the Bessel function of the first kind [39, Eq. (9.1.62)]

| Ju(2)] <

exp |3(z)] ‘1 (5.7)

|
- > _
Tw+1) |27 "= 2

Using the relation I,(z) = j~*J,(jx), where j? = —1, we obtain for x € R

exp(z) (1 \" 1
I,(z) < T+ 1) (ﬁx) , v > —5 2 >0 (5.8)

61



which approaches equality as © — 0. Substituting (5.8) into (5.2) we obtain

an upper bound on fr(ry,...,ry) as
L n—1 2
2r r
r(ri,...,rp) < Gy ﬁ exp (——k) (5.9)
g I'(3)224 20
where

n—2

S

2exp (—S?) [ . Loy LY
Gy = L/O t% exp (— CESNEEDY kQ—ikkt) In_,(25t)dt
k=1
(5.10)
and we have also made the integral substitution ¢? for ¢. If we define u =
LI o0 d make the integral substitution z = /I 1+ At i
Y et svizans » and make the integral substitution 2 = + At—u, we arrive

at an expression for (G; which can be split into two integrals G5 and G35 as

0
exp (u? — 5?) / n 2 (25 (z + u)>
=— —— 12 [(z+u)2exp(—27) [n_y | ——— | d=
Vg id |2 Gt e (5 i (s

—Uu

NS 8”2 /
o2 feraten (2 () |
A ar3 /
(5.11)

The term G4 can be upper bounded by observing that the integrand is max-

imized when z = 0, and we get

\ 2
Go < 205t a_, ( ou ) . (5.12)
: T+A
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Applying the Bessel function inequality in (5.8) to (5.12), we arrive at a

suitable upper bound for G as

2u™ S 2! < 2Su )
Gy < exp | — | . 5.13
ST () (\/1+A) PAVITA (5:13)
Let us now consider (G3. The integral in GG3 cannot be expressed in closed
form due to the linear shift of the integrand by u in the power term and

Bessel function. Using the fact that z="I,(z)e” is a monotonic decreasing

function over 0 < z < oo, v > —1 [44], we write

, (25(z+u))<<z+u)3‘1] ( 25z )ex ( 25u )
ANV W S\VITa) P\VTEA )
(5.14)

Applying (5.14) to G3, we obtain an upper bound for G3 as

25u \ [ (z+u)"' _. (252)
Gy <2 _— e " In_ | —— | dz. 5.15
v=2e (G5) [ (Gg) e 09
0

! using the binomial

We note that since n € N, we can expand (z + u)"~
theorem, obtaining an integral solvable in closed form with the integral iden-

tity [40, Eq. (6.643.2)] and [40, Eq. (9.220.2)], resulting in

G <(—S )2_1ex ( 25u + 5 )
PA\VITA P\VIFA "1+A
-1 i n 52

XZ( ; >U1Fl<§;§;_1+/\)'

=0

(5.16)
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The results in (5.13) and (5.16) allow us to find an upper bound on G; as

G <

1 . <u2+ 2Su >
—n X
(1+A)2 P V1+A 1+A

Zau] (5.17)

g =14 . (5.18)

Although we have found an upper bound for G; which is in the desired closed
form, we cannot partition (5.17) into a product of L independent functions.
Since u’ for i € N,u > 0 is a convex function we can obtain, via Jensen’s

inequality, the following

i rk\/ai)\% i Arg ' (5.19)
01+ A2 R TERNESYY |

k=1 =1

Eq. (5.19), when combined with the inequality 1 + ij:l b < Hfj:l(l +

br), b > 0, allows us to find a suitable upper bound for G; as

L 2 2,2
exp ( A+1 k S TV ALk
<
Grs (1+A)% H <1+A2§22+1+A 02

=1

A = AT’k '
x |14 —2E N g, . (5.20
AL =AY ; (F +A\/—a,§>\i> 520

Finally, by substituting (5.20) into (5.9) we obtain the upper bound of joint
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PDF of the generalized Rician distribution as

fR(Tl,...,TL)
cowCats) i (R anyTo Y
T(L+A)ETE (%) L4 A1=-2) &< "\ VITA200

o 27’2—1 1 7"]% S Tk\/%) ' (5.21)

C1+A202 T 14A Q2

As in the case with the lower bound of the joint PDF, by letting A\, =0, k =
1,..., L, we can show the equality in (5.21) is obtained for the Nakagami-m

fading with independent branches.

5.3 Error Bounds

In this section we use the lower and upper bounds on the joint PDF in (5.5)
and (5.21) respectively, to bound the error rate of an EGC combiner. As in

Chapter 3, we perform error analysis on the equivalent channel at the output

of the combiner hpge = /YEae = %Zé:l Ry.
An alternate equation for the average error probability can be found by

applying Parseval’s theorem to (3.2) [45]:

1 o0
p=t / R{G" (@) Bp,. ()} dos (5.22)
0
where @y, (w) is the CHF of hpge and G (w) is the Fourier transform of
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the conditional error probability. A full list of G(w) for various coherent and
noncoherent modulations is given in [Table 1][45]. For example, G(w) for

BPSK is given by

G (w) = i {%F (g) + {1 ~ exp (-%)} } . (5.23)

It is apparent that using upper or lower bounds on ®j,.. (w) in the

integration of (5.22) results in upper or lower bounds on P, as

P>Py == / RAG" (@) Bngoos (@)} doo (5.24)
T
0
P.< Py = % / R{G" () Bryoo st ()} o (5.25)
0

where @y, 1 (w) and @, ...z (w) are the upper and lower bounds respec-

tively on @, (w) found using (5.5) and (5.21). From the definition of the

CHF we have
Dp e (W) = / . / ejﬁzﬁ:lr’“f;{(rl, Toy ..., rp)dridry - rp. (5.26)
0 0
——
L

In both cases, substituting (5.5) or (5.21) into (5.26) to find Py, (W) or
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D@, o.m (W), respectively requires integral identity
$n+i71 1,2 _
0

which can be found from [40, Eq. (3.462.1)]. Here in (5.27), D_, (2) is the
normalized parabolic cylinder function? and can be expressed in terms of the

confluent hypergeometric function using [40, Eq. (9.240)]

-~ 1 [ /r n 1 22 27z n+1 3 z
D e (L) S (B (5.8
»(2) = zg{r(%ﬂ)l 1(2 2 2) Ok 1( 2 2 2)] (5.28)

From (5.5) we obtain the lower bound of the characteristic function

o (x5 (T2 s (e
Dy or (W) = <1+AA) ( N ),ED‘” (T) (5.29)

and from (5.21), we obtain the upper bound of the characteristic function

A ¢2 n iy \ L L
exp (—==95 23 (Ll
(I)hEGc,H(W> _ ( A+1 ) ( ( 2 )) H

(1+A)-0)3 e

k=1
A7 A1 =N
: Z VXY w0l 6o
TR ) = VA2 22
where [ = \/1—*17/\ )\2 + Jw 1+A. We have made use of the Gauss

duplication formula [40, Eq. (8.335.1)] in the derivation of (5.29) and (5.30).

2D, (z) is related to the parabolic cylinder function, D, (z), in [40] by D, (z) =

22 . . . . .
e~ 7 D, (z). We have elected to use this alternate notation for simplicity.
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Both error bounds, (5.24) and (5.25), consist of a single integral of closed
form functions with implementations in popular mathematical software. There-
fore, they are similar in computational complexity to the exact analysis for
independent branches found in [45] and far simpler than the exact results
in [22] and [46] which use the generalized correlation model with A\, = A, k =

1,2..., L, ie. equally correlated branches.

5.4 Numerical Results

The upper and lower bounds we have developed, in addition to being asymp-
totically tight for correlated fading, are exact for independent fading. Thus
we expect the bounds to be tighter for weaker correlation among branches.
We can see this is indeed the case by comparing Fig. 5.1 and Fig. 5.2 which
plot P.; and P,y along with the asymptotic results found in Chapter 3
for Rayleigh fading channels with coherent BPSK and equal average branch
SNRs. The numerical results in Fig. 5.1 and Fig. 5.2 have power correlation

matrices, where the (k,4)th element is given by (5.1), of

1 0518 0.656
P,=]0518 1 0518 (5.31)
0.656 0.518 1
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and

1 2.95 x 1072 2.03 x 10~
Py =1225x 102 1 7.99 x 102 (5.32)
2.03x 10~ 7.29 x 102 1

respectively. We observe that while both bounds approach simulation results
asymptotically, the lower bound is a much tighter fit especially at the higher
correlation of Py in Fig. 5.1.

Additional scenarios with Nakagami-m and Rician fading channels are

shown in Fig. 5.3 and Fig. 5.4 with power correlation matrices

1 35x 1073 1x 1072
P3 = |3.5x 1073 1 2.25 x 1072 (5.33)

1x1072 225 x 1072 1

and
1 0.174 0.237
Py= 10174 1 0.1338 (5.34)
0.237 0.138 1

respectively.

We can see in Figs. 5.1-5.4, that while both bounds approach simulation
results asymptotically, the lower bound is a much tighter fit especially at
higher correlation. This is to be expected given the extra inequalities needed
to produce a suitable upper bound. In situations were the SER-SNR curve

is concave, as is the case in Figs. 5.1-5.4, the asymptotic error rate approx-
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imation underestimates the actual error rate at low SNR. Thus, we only
require P, ;, to determine the validity of the asymptotic approximation. Us-
ing just P, 1, the asymptotic approximation approaches the exact error rate
at around 24 dB and 20 dB for the Rayleigh fading scenarios in Fig. 5.1 and
Fig. 5.2 respectively, at 22 dB for both the Nakagami-1.5 fading in Fig. 5.3
and Rician fading in Fig. 5.4. However, the SER-SNR curve is not always
concave, as is the case for Rician fading with larger Rice factors as is shown
in Fig. 3.3 in Chapter 3. In such cases, we will require P, y to determine
at what SNR the asymptotic error rate adequately approximates the exact

error rate.
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Figure 5.1: Upper and lower BER bounds of coherent BPSK over Rayleigh
fading channels with triple branch EGC and equal average branch SNR.
A =1[0.9,0.8,0.9] and power correlation matrix P;.
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BER
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Figure 5.2: Upper and lower BER bounds of coherent BPSK over Rayleigh
fading channels with triple branch EGC and equal average branch SNR.
A =[0.5,0.3,0.8] and power correlation matrix Ps.
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Figure 5.3: Upper and lower BER bounds of coherent BPSK over Nakagami-
1.5 fading channels with triple branch EGC and equal average branch SNR.
A =[0.2,0.3,0.5] and power correlation matrix Pj.
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SNR. A =[0.6,—0.4,0.5] and power correlation matrix P,.
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Chapter 6

Conclusion

6.1 Summary of Results

In this thesis we derived methods for improving and/or bounding the asymp-
totic error rates of SC and EGC over correlated generalized Rician fading
channels. We first derived asymptotic error rates for SC, EGC, and MRC
and compared their relative performance. The asymptotic results for SC were
then extended into an exact infinite series for the SNR distributions and er-
ror rate for both coherent and noncoherent modulations. We proved that the
series expansions for the SNR distributions converge unconditionally, and the
error rate series expansion converges provided that the average SNR is suf-
ficiently high. For all series, we provided truncation error bounds when the
series is terminated at a finite number of terms. As the first term of the series
expansions are the asymptotic results, this also provides an asymptotically
tight bounds on the asymptotic results. Furthermore, we developed asymp-
totically tight bounds on the joint PDF of correlated generalized Rician RVs.
Using this result, we then derived corresponding upper and lower bounds on

the CHF of the root of the combined SNR and error rates for the EGC
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combiner. The asymptotically tight bounds we have derived can be used to

predict at what SNR value the asymptotic error rate can adequately approx-

imate the exact error rate. This avoids time consuming multilevel numeric

integration or Monte Carlo simulations that would otherwise be necessary.

All our results have been verified by Monte Carlo simulations.

6.2

Future Work

The following is a list of possible future research opportunities:

The Laguerre polynomial expansion of the Marcum )-function could
possibly be used to develop an infinite series expansion of the error rate

of the EGC combiner.

It may be feasible to extend the results for SC in Chapter 4 to the more
general H-S/MRC. Using the joint PDF of generalized Rician RVs, the
SNR MGF of an MRC can be found in closed form. With results for
SC and MRC available, it is possible that similar results for H-S/MRC

could be derived.

Investigate other fading models. For example, single integral represen-
tations of the PDF and CDF of generalized correlated Weibull RVs are
given in [24]. Thus, it is possible many of the ideas developed here

could be applied to Weibull fading as well.
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Appendix A

Derivation of the Correlation

Coefficient pg, ¢,

The correlation coefficient by definition between G and G; is

s BIGGI] — BIGE[G)]
PGLG; \/var[Gk]Var[Gi] ‘

Since G = Y, X7, the term in numerator can be written as

E[GyGi] —E[GLE[G] = Zn: Zn: E[X;X;] -E[XA]E[XZ] (A2

]
I=1 j=1
=Y E[X;X;] -E[X3]E[X]] (A.3)
=1
where we have used the fact that X2 and ij are independent for [ # j.
By examining (2.17) we note that Xj; and X;; consist of a component which
is independent for k£ # i, i.e. Uy, and a common component, Uy. After

substitution of (2.17) into (A.3) the independent components will cancel out
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and the cross terms are zero since E [Uy| = 0 for & > 1, we are left with

E[GiG)| —E[GE[G] = 0fo? 0N Y E[UR] —E[U3]" (A4)

=1

= 0202)2)\2 (g + 252) (A.5)

where S? = 377" | 'm?. Since G is noncentral x? distributed its variance is
Var[Gy] = o (g + 2)\i52> . (A.6)

Upon substituting (A.5) and (A.6) into (A.1) we obtain

N5 +25?)
VE+208 /5420282
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Appendix B

Derivation of the Integral

Identity (4.7)

Define

oo

I= / p+etematy (25\/¥) dt (B.1)

0

where i € N and g > 0, then from the integral identity [40, Eq. (6.643.2)]
and [39, Eq. (13.1.32)] we have

1= (2)r (v D). (B.2)

Using Kummer’s transform | Fj(a;b; z) = e*1 F1(b — a;b; —2) [39], (B.2) be-

I'=(p)i (g)ueXp <%2)1F1 (—i;u; —%2) : (B.3)

Since 7 is a nonnegative integer, 1 Fy ( —i; u; —2- ) reduces to a generalized
) s s a

comes

Laguerre polynomial [39, Eq. (13.6.9)] and we have

I =il (g)uexp (%2) L= (—%2) (B.4)

87



