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Abstract
Following a review of the theory of terahertz generation via optical rectification in nonlinear crystals, a method for enhancing the nonlinear conversion efficiency of this process is proposed. A nonlinear crystal is placed
at the intracavity focus of a passive optical resonator, which is seeded by
an ytterbium-doped fibre laser. Models of this arrangement indicate that
an enhancement of the optical field of several orders of magnitude is possible. As the difference frequency radiation produced through the optical
rectification process results from a mixing of the spectral components of the
optical field, one expects a corresponding increase in the terahertz field. We
present a design of optical resonator that compensates for the large group velocity dispersion of the nonlinear crystal. Our experimental results indicate
that below bandgap absorption in the crystal severely limits the resulting
enhancement of the optical field, and hence the terahertz field one would expect from this nonlinear process. A scanning-delay terahertz time-domain
spectrometer has been constructed, using a gallium phosphide guiding structure to increase the interaction length of the optical and terahertz fields,
thereby increasing the terahertz power produced. Our experiment demonstrates 20 dB signal to noise ratio over the spectral range of 0.5-1 THz.
We propose a method for increasing the spectral resolution, whilst simultaneously reducing the required data acquisition time of such a terahertz
spectrometer, through the use of two femtosecond optical frequency combs.
One of these fields drives the nonlinear optical rectification process, whilst
the second serves as a sampling local oscillator field to probe the terahertz
field via electro-optic sampling in a second nonlinear crystal. By precisely
controlling the relative pulse repetition rates of the two oscillators, we show
that the full spectral content of the terahertz field can be acquired at rf
ii
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frequencies, and without the slow mechanical delay lines associated with
conventional terahertz time-domain spectroscopy. Finally, we present experimental efforts towards the demonstration of this technique, and show
that, to be effective, steps must be taken to increase the strength of the
expected rf signal over that of the measurement noise floor.
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Preface
The initial proposal for the cavity-enhanced terahertz generation was devised by David J. Jones, with initial modelling and calculations performed
by Jesse C. Petersen. I developed the modelling work to produce the results
of section 3.3.3, and this led to the design of the optical cavity presented in
section 3.3. The method for coupling the terahertz radiation out of the nonlinear crystal was developed by Jesse C. Petersen. I was responsible for the
experimental effort and results presented in sections 3.4 through 3.9. The
single-comb terahertz spectroscopy work presented in Chapter 4 was entirely
my own effort, and this was used as a precursor to the dual-comb work presented later in Chapter 6. The initial concept for the heterodyne detection
scheme presented in Chapter 5 was my own work, but benefited greatly from
discussions with David J. Jones and Arthur K. Mills. This formed the basis
of work presented by David J. Jones at an invited talk of the 2010 March
Meeting of the American Physical Society, entitled “Multi-frequency THz
Heterodyne Spectroscopy Using Electro-optic Sampling.” This work was
then subsequently developed and forms the basis of discussions included
in Chapter 5. I performed all modelling and calculations presented. This
more detailed analysis has been accepted for publication as Robert A. Stead,
Arthur K. Mills, and David J. Jones. “Method for High Resolution and Wide
Band Spectroscopy in the Terahertz and Far-Infrared Region”, Journal of
the Optical Society of America B. The manuscript and discussions contained
within were prepared in conjunction with the co-authors. Finally, the experimental efforts of Chapter 6 were performed by myself, save for the design
and fabrication of the bandwidth-limited balanced photodetector presented
in Appendix A, which was designed and built by Pavel Trochtchanovitch,
to specifications provided by David J. Jones.
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Chapter 1

Introduction
1.1
1.1.1

Motivation
Terahertz Spectroscopy

Optical spectroscopy is now a well established tool for the characterisation
of many chemical substances. Indeed, there exists many spectroscopic techniques, spanning the electromagnetic spectrum from microwave frequencies
to extreme ultraviolet and x-ray wavelengths. Recently, there has been much
interest in developing spectroscopic tools in the far infra-red (IR) range and
at longer wavelengths, in what is commonly referred to as the ‘terahertz gap’,
so called due to the in-availability of sources and detectors in this frequency
range. Whilst the exact definition of the terahertz gap is often disputed, it
is commonly used to refer to frequencies between 1 and 100 THz, or wavelengths between 300 and 3 µm. It is of considerable interest to develop
spectroscopic tools in this range, as many molecules exhibit characteristic transitions at terahertz wavelengths. Indeed, lighter molecules and, in
particular, those containing carbon-oxygen bonds [1], as well as ammonia
and water vapour [2], have been found to have transitions corresponding to
rotational and vibrational excited states in the terahertz range. Further,
the scaling of the strength of these spectral features as the square or even
the cube of the frequency makes the increased sensitivity of terahertz spectroscopy over more established microwave spectroscopy a draw unto itself.
The unique nature of the spectroscopic signatures of many molecules in the
terahertz range has led to the moniker of the ‘fingerprint range’ when referring to these wavelengths. Terahertz spectroscopy has been shown to be an
excellent method for distinguishing molecular structures of otherwise similar
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molecules. See, for example, [3].
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Figure 1.1: Terahertz transitions of some simple molecules [4].

This capability has led to work towards devices capable of remotely
identifying and characterising gas leaks and potentially dangerous or noxious
gas leaks and plumes, [5], as well as considerable interest in the use of
terahertz radiation for detection and characterisation of various drugs and
pharmaceutical agents [6], explosives [7],[8] , DNA and other materials [9],
[10].
Of particular interest to this project is the spectral range 0.5-1.5 THz.
Water vapour has some particularly strong molecular transitions in this
range, at 1.16 and 1.11 THz. These correspond to rotational molecular transitions [4]. There is currently great interest in the absorption characteristics
of water vapour due to its role in atmospheric radiation budgets. Indeed,
some studies have attributed up to 50% of the Earth’s greenhouse effect to
2
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absorption of THz and far IR radiation [11]. Further, there is also great
interest in the use of THz sensing methods for terrain mapping, verification
of atmospheric models, and meteorological predictions [12], [13]. In order
to develop these tools, a detailed understanding of terahertz propagation in
humid air is necessary. See, for example, recent measurements conducted by
Grishkowsky et al. [14] using a scanning Fourier transform terahertz spectrometer from 0.2 to 2 THz. Whilst these measurements represent state of
the art accuracy, we note for later discussions that the authors state limitations due to the thermal and mechanical stability of the apparatus, as well

Absorption Intensity (cm−1/molecule cm−2 @ 296K)

as long data acquisition times of around three minutes.
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Figure 1.2: Major transitions of the water vapour molecule in the spectral
region 0.5 to 1.5 THz. Fitted from data in [4]

1.1.2

The Terahertz Gap

There remains much debate about how best to generate radiation in this
wavelength range, at the intersection of spectral regions typically dominated
by electronic generation methods, such as Gunn oscillators and Schottky
3

1.1. Motivation
diodes on the low frequency side, and optical methods, such as semiconductor diodes on the high frequency side. Whilst efforts have been made
to extend the capabilities of electronic, radio frequency (rf) methods into
the terahertz range, difficulties typically arise due to the limited carrier
transit-times, and the simple fact that many of the conventional components used show resistive losses that give rise to high frequency roll-off at
terahertz frequencies [5]. Instead, optical approaches have been developed
in order to access this difficult wavelength range. Of these, quantum cascade lasers have shown promise in generating high powers. In these devices,
photons are emitted by electrons making transitions not across the bandgap,
as in conventional semiconductor sources, which are typically limited to frequencies above 15 THz due to the in-availability of materials with smaller
bandgaps [15], but between conduction subbands of periodic structures, synthetically grown to give the desired gain characteristics. Whilst quantum
cascade lasers have been demonstrated capable of producing up to 250 mW
pulsed power [16], operation in the terahertz range usually requires cryogenic
cooling due to the scaling of free carrier absorption with the radiation wavelength, as well as practical difficulties in building the quantum well structure
[17]. Electro-optic antennas, where a high intensity optical pulse is incident
on a semiconductor material, “strained” by a large electrical bias, have also
been used, both for the generation and detection of terahertz radiation [18].
Bartels et al. [19] demonstrated a THz time domain spectrometer system
using this technique, with a generated THz power of 40 µW. However, at
higher powers, these techniques suffer from saturation effects of the excited
carriers. Likewise, the THz bandwidth is limited by the relaxation lifetime
of the carriers to around 5 THz [20]. An alternative scheme is that of optical
rectification, where an ultrashort, and therefore broadband, optical pulse is
focused onto a nonlinear crystal, and difference frequency generation occurs
within the bandwidth of the optical pulse. Because this technique is not limited by saturation effects, the advent of high power, femtosecond pulsed fibre
lasers has made optical rectification an exciting method for the generation
of terahertz radiation for spectroscopy [21].
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1.1.3

Frequency Comb Spectroscopy

It has been shown (see, for example, [22]) that the output of a mode-locked
laser can be described in the frequency domain by a comb of evenly spaced
frequency elements, with each element being separated from its neighbouring
elements by the laser pulse repetition rate. Diddams et al. [23] showed that
this frequency comb can be used for high resolution optical spectroscopy.
Indeed, these authors were able to record spectra of transitions in iodine
vapour with a resolution of '330 MHz, or ' 5 × 10−4 nm at 633 nm. Since
this work, the benefits of femtosecond comb spectroscopy have been extended into the near-IR spectral region [24],[25] but have yet to be extended
to the terahertz region due to the lack of suitable frequency comb sources.
Such high spectral resolution is particularly desirable at terahertz frequencies, due to the abundance of rotational molecular transitions in this frequency range, as shown in figure 1.2 for water vapour. Further, the study of
vibrational transitions, with their long lifetimes and correspondingly narrow
spectral widths would benefit greatly from high spectral resolution at terahertz frequencies, aiding electron dipole moment investigations in molecules
such as ThO (895 cm-1) [26] and YbF (501 cm-1) [27].
In this work, we use optical rectification to produce, via difference frequency generation within a broad spectral bandwidth, a terahertz frequency
comb. Further, we show that the power of such a frequency comb may be
increased for a given driving optical power using resonant enhancement of
the optical field. In addition, we show that the resulting comb nature of
the terahertz field allows novel detection schemes capable of extending the
methods of frequency comb spectroscopy to the terahertz spectral range.

1.2

Outline of Thesis

In order to increase the signal to noise performance of a terahertz frequency
comb spectrometer, it is desirable that the incident comb be of high power
so as to allow the detection of low intensity absorption features. In this
thesis, we begin in Chapter 2 by reviewing the basic principles underlying
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terahertz generation via optical rectification. Further, we extend this theory
to the case where the optical rectification process is driven by a mode-locked
optical frequency comb. In Chapter 3 we consider a method of generating a
high-power terahertz frequency comb by increasing the power in the driving
optical frequency comb. The enhancement of the optical field is achieved
through the use of a passive optical resonator, similar in operating principal
to those used to increase the efficiency of other nonlinear optical processes,
namely high harmonic generation [28], [29]. The theory of operation of
such an enhancement cavity is reviewed before studying the design of the
cavity in detail. In particular, the effect of various orders of phase delay
on the optical enhancement within the cavity are considered. To this end,
we present a scheme for controlling the average resonant frequency of the
enhancement cavity, along with methods of compensating for the large group
velocity dispersion of the nonlinear crystal used to generate the terahertz
field. Performance estimates of the enhancement cavity are made before
reviewing experimental measurements of the optical enhancement achieved.
Factors limiting the optical enhancement are discussed.
In Chapter 4 we demonstrate a terahertz time-domain spectrometer using free space electro-optic sampling and a swept mechanical delay to vary
the overlap of the terahertz field with a sampling optical probe field in a
nonlinear detection crystal. In order to enhance the nonlinear conversion
efficiency of the terahertz generation process, we use a gallium phosphide
waveguide structure to confine the strongly diverging terahertz field to the
interaction region of this long crystal. Whilst our experimental arrangement
demonstrates good signal to noise over the spectral range of 0.5-1 THz, data
acquisition is time consuming due to the need to vary the length of the optical path of the probe field using the mechanical delay, Further, the translating delay line leads to instabilities in alignment, which gives rise to drifts
in the time-domain signal.
Chapter 5 outlines in detail a method for high resolution terahertz comb
spectroscopy with high speed data acquisition. Instead of a mechanical delay line, the proposed scheme makes use of a heterodyne detection scheme
whereby detection of the terahertz frequency comb is performed using an
6
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optical frequency comb differing slightly in pulse repetition rate to that of
the terahertz comb. In this sense, we refer to this method as dual-comb
terahertz spectroscopy. We show, with a fully frequency domain analysis,
that frequency resolution limited only by the relative stability of the laser
pulse repetition rates can be achieved. At the same time, the technique is
shown to offer data acquisition rates far greater than those of conventional
swept delay terahertz time domain spectrometers. Finally, we discuss experimental progress towards implementing this detection scheme in Chapter
6. A method of controlling the repetition rate detuning of the terahertz and
sampling optical combs is presented and characterised. Having determined
the central frequency and bandwidth of the terahertz field in the work of
Chapter 4, several methods of measuring the terahertz frequency comb at
the rf heterodyne beat frequency calculated in Chapter 5 are presented and
discussed.
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Chapter 2

Background
2.1

Optical Rectification

It is well known that the response of a dielectric material to a strong
monochromatic optical field can be divided into a linear and a nonlinear
portion. More specifically, when driven by a monochromatic, plane wave of
the form
E(t) = E0 e−iωt + c.c.,

(2.1)

the material will exhibit a polarisation given by
P (t) = ε0 χ(1) E(t) + χ(2) E(t)E(t) + χ(3) E(t)E(t)E(t) + ...

(2.2)

where χ(n) is the nth order nonlinear susceptibility of the medium. Note
that, for clarity, we consider only scalar fields and neglect any spatial dependence of the field for the present discussion. In principle, the above relations
apply to each vector component of the field and resulting polarisation, in
which case the susceptibilities become tensors. See, for example, [30]. The
first term in equation 2.2 is the usual linear response, whilst the second and
third constitute the second and third order responses respectively. Considering in more detail the second order response to the electric field of equation
2.1, we obtain a second order nonlinear response given by
P (2) (t) = (χ(2) E02 e−2iωt + c.c.) + 2χ(2) E0 E0∗ .

(2.3)

The first of these terms is the commonly recognised sum frequency term,
whilst the E0 E0∗ term represents a contribution at zero frequency, and describes optical rectification. It is this latter term that interests us. Whilst
8
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the above is true for the monochromatic field of equation 2.1, for pulsed
radiation with a broadband spectral profile this dc polarisation follows the
temporal envelope of the incident optical pulse as shown in figure 2.2, an
effect first experimentally detected by Bass et al. in 1962, [31]. To analyse
the effect of this optical rectification process on the output pulse train of a
mode-locked oscillator, we consider the latter in more detail.
For a mode-locked oscillator, the laser output can be described in the
1
time domain as a train of pulses, of separation τrep =
, where frep is
frep
the pulse repetition rate and the duration of each pulse, τ , is assumed to
be much less than τrep . The electric field is of the form of a high frequency
carrier wave at the central optical frequency ωc = 2πfc , modulated by an
envelope function which is periodic in τrep , as shown in figure 2.1. Further,
the maxima of the high frequency carrier wave are offset from the maxima of
the envelope by a phase φce , known as the carrier-envelope phase. Following
the methodology of [22], the electric field of the pulse train is given by
∞
X

E(t) =

E(t − nτrep )ei(ωc t+n(∆φce −ωc τrep )+φ0 ) ,

(2.4)

n=−∞

where the infinite limits on n imply that the pulse train contains an infinite
number of pulses. In this expression, φce = n∆φce +φ0 is the carrier-envelope
phase of the nth pulse, ∆φce being the pulse-to-pulse carrier-envelope phase
shift. E(t − nτrep ) is the temporal envelope function which, as required, is
periodic in τrep and has a maximum for t − nτrep = 0. Taking the Fourier
transform of this expression, and rearranging, we obtain [22]
Ẽ(ω) =

X

ei(n(∆φce −ωc τrep )+φ0 ) e−i(nω−ωc )τrep Ẽ(ω − ωc )

n
iφ0

=e

Ẽ(ω − ωc )

X

δ(∆φce − ωτrep − 2πM ),

(2.5)

M

where M runs over the frequency bandwidth of the optical pulse. The delta
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function in the final term describes a comb of frequency elements at
ωM =

2M π ∆φce
−
.
τrep
τrep

(2.6)

Or, equivalently,
fM = M frep + f0

(2.7)

∆φce frep
is the offset of the lowest frequency from zero (dc)
2π
frequency. The laser spectrum therefore has the form of a comb of evenlywhere f0 = −

spaced frequencies of spacing frep with offset from dc by an amount f0 ,
determined by the pulse-to-pulse phase-shift, ∆φce , as illustrated in figure
2.1. The time domain expression for the electric field, equation 2.4, can
therefore be expressed as a sum of these spectral frequency components as
E(t) =

X

A(ωM )e−2πi(M frep +f0 )t

(2.8)

M

where A(ωM ) is the complex spectral amplitude of the spectral line at frequency ωM . In equation 2.8 the sum over M again runs over the entire
bandwidth of the optical spectrum.
Having derived an expression for the output of a mode-locked oscillator
as a function of time, we now return to our consideration of the nonlinear polarisation of equation 2.3. Substituting equation 2.8 into the optical
rectification term of equation 2.3 gives
(2)

PDF G (t) =

∞
X

χ(2) (ωM − ωN ; ωM , ωN )A(ωM )A∗ (ωN )

M,N =0
N <M

e−2πi(M frep +f0 )t e2πi(N frep +f0 )t .

(2.9)

The limits on the sum now arise from assuming there is no contribution to
a polarisation at negative frequency, and we assume the same conditions on
M and N in the expression to follow. Simplifying, and using the fact that
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Figure 2.1: The laser pulse train from a mode-locked oscillator can be described in either the time domain (top) or the frequency domain (bottom).
In the time domain, the carrier-envelope phase evolves by an amount ∆φ between pulses. In the frequency domain, the output of the laser is equivalent
to a discrete comb of frequencies, each separated by the laser pulse repetition
∆φfrep
rate, frep and offset from zero frequency by an amount f0 =
.
2π
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A(ω) is real:
(2)

PDF G (t) =

X

χ(2) (ωM − ωN ; ωM , ωN )A(ωM )A∗ (ωN )

M,N

e−2πi(M −N )frep t .

(2.10)

Equation 2.10 shows that every frequency component in the input optical

Figure 2.2: Decomposition of material response to pulsed radiation into sum
and difference frequency terms. The difference frequency term gives rise to
a dc polarisation that will rise and fall with the pulse envelope.

pulse mixes with every other frequency component, producing a comb of
difference frequencies at
fT Hz =

X

(M − N )frep .

(2.11)

M,N

We note that this new comb necessarily has a zero carrier-envelope offset
frequency. It is also important to note that, whilst the input frequencies are
all entirely in the optical range of frequencies, that is, around 290 THz for
optical wavelengths of 1030 nm, the difference frequencies will be centred at
dc, and extend out to the bandwidth of the original optical pulse, as shown
12
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Figure 2.3: DFG for a frequency comb gives rise to a second frequency comb,
centred at dc and with a necessarily zero offset frequency.

in figure 2.3.

2.1.1

Calculation of the Radiated Field

In order to determine the power radiated at each of the difference frequencies
as a result of the nonlinear polarisation of equation 2.10, we treat each
frequency component of the driving optical field as a continuous wave (CW).
We then compute the magnitude of the field radiated at each of the resulting
difference frequencies using the nonlinear wave equation:
∇2 E = µ 0 

∂2
∂2E
+
µ
PN L ,
0
∂t2
∂t2

(2.12)

where E is the sum of the three field components involved. That is, the
mixing components of the driving optical field, and the resulting radiated
field due to the nonlinear polarisation component PN L . Away from a resonance, Kleinman symmetry dictates that the second order nonlinear susceptibility, χ(2) (ωM − ωN ; ωM , ωN ) is independent of frequency. We will see
that terahertz generation via optical rectification often relies on some frequencies being near an optical resonance so as to satisfy the condition of
phase-matching. Regardless, this approximation is adequate for the purposes of this discussion. In the case of the nonlinear susceptibility being independent of frequency, we use the effective nonlinear coefficient,
13
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def f =

1 (2)
2 χ (ωM

− ωN ; ωM , ωN ). Further, third and higher order contri-

butions to the nonlinear polarisation are neglected, such that PN L (t) '
P (2) (t) = 2def f E(t)E ∗ (t). Finally note that, in the semiconductor crystals considered in this work, def f will vary in magnitude depending on the
polarisation of the fields, due to the rotational asymmetry of the crystal
lattice.
We consider the generation of a single difference frequency, ω2 , generated
from the nonlinear interaction between two input optical frequencies at ω1
and ω3 , with ω2 = ω3 − ω1 . Further, in order to account for the growth of
the difference frequency field with propagation, we include the dependence
of the electric field with propagation direction, such that, for the three fields,
the field at frequency ωi is described by
E ωi (t, z) = Ei e−i(ωi t−ki z) + c.c.
(2.13)
where ki is the magnitude of the wavevector ~ki of the field E ωi , and Ei is
the complex envelope. By virtue of the fact that E in 2.12 is the sum of
the three fields in 2.13, the nonlinear polarisation serves to couple the field
amplitudes and it is necessary to find all of the sum and difference frequency
components of the nonlinear polarisation, such that we may solve the wave
equation. The nonlinear polarisation at the difference frequency ω3 − ω1 is
given by
PNω3L−ω1 (t, z) = def f E3 E1∗ ei[(ω3 −ω1 )t−(k3 −k1 )z] + c.c.

(2.14)

Similarly for the other frequency components
PNω3L−ω2 (t, z) = def f E3 E2∗ ei[(ω3 −ω2 )t−(k3 −k2 )z] + c.c.

(2.15)

PNω1L+ω2 (t, z) = def f E3 E2∗ ei[(ω1 +ω2 )t−(k1 +k2 )z] + c.c.

(2.16)

It is these nonlinear polarisations that serve as dipole sources for the radi-
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ated difference frequency signal. In order to obtain the set of coupled wave
equations, we substitute these expressions into 2.12 and make the slowly
varying amplitude approximation,
d2
d
EN << kN EN .
dz 2
dz

(2.17)

That is to say that the amplitude of any one field varies slowly on the scale
of one wavelength. The final result yields
d
ω2 1
E1 = −i2π 21 def f E3 E2∗ e−i(k3 −k2 −k1 )z
dz
c k1
ω2 1
d
E2 = −i2π 22 def f E1∗ E3 e−i(k3 −k2 −k1 )z
dz
c k2

(2.18)
(2.19)
(2.20)

We now make the assumption of perfect phase-matching such that ∆k =
k3 − k2 − k1 = 0 which allows us to drop the exponential dependence. We
also make the important assumption of an undepleted pump for the field
E ω3 . That is, that def f is small such that the field amplitude E3 remains
unchanged. This allows us to define the constants
ω12 1
def f E3
c2 k1
ω2 1
K2 = −2πi 22 def f E3 ,
c k2
K1 = −2πi

(2.21)

such that equation 2.18 and 2.19 can be written
d
E1 = K1 E2∗
dz
d
E2 = K2 E1∗
dz
.

(2.22)
(2.23)
(2.24)
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Differentiating and substituting yields
d2 E1
= K1 K2∗ E1 ,
dz 2

(2.25)

E1 (z) = C sinh(Kz) + D cosh(Kz),

(2.26)

which has the solution

where C and D are constants to be determined by boundary conditions, and
p
K = K1 K2∗ . Substituting this into the expression for E2 yields
E2 (z) =

−K
[C cosh(Kz) + D sinh(Kz)].
K1∗

(2.27)

Applying the boundary condition that the difference frequency field, E2 (z =
0) = 0 at the crystal entrance face, so that C = 0. The final solution for the
difference frequency field is then
r
E3
k2 n1
E2 (z) = −i
E1 (0)
sinh(Kz),
|E3 |
k1 n2

(2.28)

which can be squared to yield the intensity of the difference frequency field
I2 = [|E1 (0)|2

k2 n1
sinh2 (Kz)].
k1 n2

(2.29)

For perfect phase-matching, the intensity of the difference frequency field
therefore grows exponentially with propagation length, as shown in figure
2.4. The topic of phase-matching will be reserved for section 2.3. For a single
pass configuration, it is therefore desirable to use as long a nonlinear crystal
as possible. However, typically the condition of perfect phase-matching can
only be satisfied for narrow terahertz bandwidths. For broadband generation
of terahertz radiation it will be necessary to reduce the crystal length so as
to not exceed the propagation length over which the optical and difference
frequency fields remain in phase. Further, optimal use of such a nonlinear
crystal in an optical resonator requires certain other crystal properties to
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z

Figure 2.4: Growth of the difference frequency field, E2 (z) with propagation
distance for the case of perfect phase-matching, ∆k = 0.

be accounted for, namely, the material dispersion and the symmetry of the
crystal lattice. These issues form the basis of the following discussions.

2.2

Beam Polarisation and Crystal Orientations

In order to determine the optimum beam polarisations and crystal orientation so as to maximise the efficiency of terahertz generation, it is necessary
to account for the vector nature of the fields in equations 2.14-2.16. We
~ ωN to denote the time-dependent field at ωN . Further,
use the notation E
the nonlinear crystals used are in general not isotropic, such that the effective nonlinear optical coefficient, def f is a tensor that depends on the
crystal structure. However, for cubic crystals as per gallium phosphide and
zinc telluride, all elements of the nonlinear optical coefficient must vanish,
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except for d14 = d25 = d36 = d, giving


Exω1 Exω3







Eyω1 Eyω3


0 0 0 d 0 0 


ω
ω
1E 3
E



z
z
 , (2.30)
Pzω2 = 0 0 0 0 d 0  ω1 ω3
Ey Ez + Ezω3 Eyω1 

0 0 0 0 0 d 
E ω1 E ω3 + E ω3 E ω1 
 x z
x
z 




Pxω2

Pyω2

Exω1 Eyω3 + Exω3 Eyω1

For the case of optical rectification of a broadband optical pulse from a
~ ω1 and E
~ ω3 are clearly parallel, ie.
single laser source, the input fields E
Eiω1 = Eiω3 = Ei . The matrix expression above then simplifies to



Pxω2

Pyω2

Ey Ez







Pzω2 = 2d Ex Ez  .

(2.31)

Ex Ey
In order to determine the optimum beam polarisation for terahertz generation, we define the coordinate system of figure 2.5. The optical pulse is
incident on a [110] gallium phosphide crystal [32] at an angle of incidence,
φ, and with an azimuth angle α. The electric field is tangentially polarised,
so as to minimise reflections from the crystal surface at Brewster’s angle of
incidence, calculated from Sellmeier data in [33] to be 73◦ . Transforming
into the frame of the crystal, calculating the polarisation according to equation 2.31, and transforming back into the frame of the input field allows the
resulting nonlinear polarisation to be expressed as sagittal and tangential
components
P

ω2


1
∝ − sin α((3 cos 2α + 1) cos2 φ + 2 sin2 φ)
2
2

2

2



3 cos α cos φ(sin φ − cos φ − sin α) .
(2.32)
In figure 2.6 the relative magnitude of the nonlinear polarisation is plotted
18
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Figure 2.5: Coordinate system used for deriving the optimum optical beam
orientation for terahertz generation.

for varying φ and α, along with the transects through this plot for normal
incidence, (φ = o) and at Brewster incidence, where refraction leads to
φ = 17.8◦ . It is seen that, at Brewster incidence, the amplitude of the
nonlinear polarisation is '25% down on the maximum that can be obtained
at normal incidence. Whilst further increases in efficiency could therefore
be achieved by using a custom-grown crystal where the [110] crystal axis
is at Brewster’s angle to the surface normal, we instead use here a more
readily-available [110] crystal for reasons of economics. Further, we note
that, in order to maximise the terahertz generation efficiency, the optimal
azimuthal angle α is 57◦ to the [001] crystal axis. Mounting the crystal in
a conventional rotation mount allows this to be tuned experimentally. For
the cavity experiment, where we couple the generated terahertz radiation
out of the polished end face, the edges are cut as in figure 2.7.
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Figure 2.6: Relative nonlinear polarisation as a function of incidence angle,
φ, and azimuthal angle, α, as defined in figure 2.5. Cuts are shown for
normal incidence, φ = 0, and for incidence at Brewster’s angle, which leads
to a propagation direction in the crystal such that φ = 17.8◦ .
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Figure 2.7: Dimensions, cuts, and orientation of gallium phosphide crystal
for enhancement cavity work.

2.3

Phase-matching

The nonlinear polarisation produced by the driving optical field will propagate with the envelope of the driving optical pulse, that is, with the optical
g
group velocity, vopt
. In order that this generated polarisation remain in

phase with the radiated terahertz field, we seek to match this optical group
velocity to the phase velocity of the terahertz field, vTp Hz . The distance over
which the constructive interference between the radiated terahertz field and
the nonlinear polarisation due to the driving optical field is maintained is
the coherence length of the interaction. In contrast to other nonlinear optical processes, where one seeks to match the phase velocities of the driving
and generated radiation, optical rectification requires the matching of the
optical group velocity to the terahertz phase velocity. In order to determine
the coherence length, we follow the method of [34] in defining an effective
optical refractive index, or optical group index:
(group)

nopt

= nopt − λopt

dnopt
dλ

(2.33)
λopt
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where nopt is the conventional optical refractive index of the material in
which the radiation propagates, and λopt is the wavelength of the optical
radiation. The coherence length for the nonlinear optical process can then
be written
Lc =

πc
(group)
ωT Hz |nopt

.

(2.34)

− nT Hz |

Many nonlinear materials used for terahertz generation exhibit large dispersion at terahertz frequencies owing to a number of absorption features.
For example, gallium phosphide exhibits a phonon resonance around 10 THz,
and therefore nT Hz is significantly greater than the optical refractive index.
However, the absorption edge at 2.25 eV ( 540 THz, 550 nm) gives rise to
substantial dispersion at optical wavelengths, such that

dnopt
dλ

is significantly

less than zero. Careful tuning of the optical wavelength can then give rise
to excellent phase-matching at around 1 µm , where the effective optical
refractive index is equal to the terahertz refractive index, as shown in figure
2.8. To emphasise this point, the coherence length for a range of terahertz
frequencies and optical wavelengths, as predicted by equation 2.34 in gallium phosphide at room temperature is plotted in figure 2.9. Further, cuts
through this contour plot are given for the optical wavelength of 1030 nm
produced by an ytterbium fibre laser system, and at a terahertz frequency
of 1 THz. The former cut shows that, under such operating conditions,
long coherence lengths of up to several millimetres can be generated. In
addition, the coherence length as a function of driving optical wavelength
is plotted for a terahertz frequency of 1 THz. It is seen that the optimal
optical wavelength falls conveniently near that of an ytterbium fibre laser
system. Driving a gallium phosphide nonlinear crystal with the 1030 nm
output of a mode-locked ytterbium-doped glass fibre laser therefore represents a very attractive method for the generation of terahertz radiation via
optical rectification.
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Figure 2.8: Variation of refractive index throughout the optical and terahertz
spectral ranges from data in [33], along with an experimental fit of the
effective refractive index for optical wavelengths, as per equation 2.33. Note
that, due to the resonance at 2.25 eV, tuning of the optical wavelength allows
the effective refractive index to be matched to the terahertz refractive index,
therefore satisfying the phase-matching condition.
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Figure 2.9: Coherence length for terahertz frequency generation via optical
rectification in gallium phosphide, as predicted by equation 2.34. Cuts are
shown for optical wavelengths of 1030 nm, and for terahertz frequencies of
1 THz.
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2.4
2.4.1

Lasers
Oscillator Design

Due to the quadratic dependence of the generated nonlinear polarisation
on the input electric field predicted by equation 2.3, it is desirable to use
short pulses of intense optical radiation to drive the process, rather than a
constant amplitude, continuous wave (CW) beam. Further, a broad optical
spectrum is necessary to generate difference frequency components in the
terahertz frequency range. By far the most common method of generating
short, broadband optical pulses is to use mode-locked lasers.
In order to generate the short pulses required for this experiment, modelocked ytterbium fibre lasers of the type described in [35] are used. An
overview of each laser is given in figure 2.10. The first, identical in design
to that of [35], is mode-locked by virtue of the nonlinear polarisation in
the optical fibre components. (SMF Corning Hi-1060). High peak intensity
pulses generated in a length of ytterbium-doped gain fibre (Cor-Activ DC170-40-YB-2) exhibit a stronger nonlinear polarisation rotation (NPR) than
the low peak intensity CW case. This polarisation rotation is converted into
an amplitude modulation at the repetition rate of the pulse in a section of
bulk polarisation optics arranged as in figure 2.10a) [36]. The combined
effect of the NPR and polarisation optics is therefore analogous to that of a
saturable absorber, such that intense pulses experience reduced intracavity
losses compared to those of the continuous wave (CW) case. In order to
give stable mode-locked operation, the bandwidth, and therefore the minimum pulse duration, is limited by spectrally filtering the intracavity pulses
using a 10 nm bandwidth birefringent filter centred at 1030 nm. Further,
the constant normal dispersion of the laser, combined with gain saturation,
means that the intracavity pulse undergoes strong spectral breathing in a
single cavity roundtrip. Further details are given in reference [35]. The
second laser was modified from a cavity configuration initially assembled by
Simon Bret, and relies on the same physical principles as the laser discussed
previously, but the components are arranged such that a bulk high reflectivity mirror can be incorporated into the cavity. This mirror can then be
25

2.4. Lasers
mounted on a piezzo-electric actuator and used to make small scale, but high
speed adjustments to the cavity length, and hence the pulse repetition rate.
For both laser designs, a portion of the intracavity power is coupled out of
the cavity using a 90/10% fibre coupler (FS). A fibre-coupled wavelengthdivision multiplexer (WDM) is used to further isolate the pump radiation
of subsequent amplification stages from the laser cavity.
For each laser, 10% of the intracavity power is coupled out of the cavity
to provide an output power of approximately 12 mW. A further 10% of this
output power is picked off using fibre splitters for the purpose of triggering
the rf electronics used in the dual-comb experiment. This fraction of the laser
output serves only as a diagnostic port in the case of the cavity experiment.
The outputs of each laser are amplified in fibre coupled, forwards-pumped
ytterbium-doped fibre amplifiers, henceforth referred to as pre-amplifiers so
as to distinguish this stage from the later power-amplification stage. Each
preamplifier gives an average power output of about 180 mW. In the case of
the first laser, the output of the pre-amplifier stage is passed through a large
aperture optical isolator (IsoWave part no:I-106-T5-L), and coupled into a
1.5m length of ytterbium-doped photonic crystal fibre (PCF) for the final
amplification stage, henceforth the power amplifier. The PCF is backwards
pumped with a 40 W 976 nm pump diode (Apollo Instruments part no:F20976-1) which has had the drive circuitry modified to reduce the amplitude
of line harmonics on the high current supply (see section 2.4.3).
Due to the fact that none of the fibre components used in this apparatus
are polarisation maintaining (PM) fibres, the output of any fibre stage is,
in general, elliptically polarised. In order to obtain linear polarisation it is
necessary to use a quarter wave plate-half wave plate pair to provide adjustment of an arbitrary elliptical polarisation to a given linear polarisation
state, as required for use with optical isolators, diffraction gratings, efficient
coupling into the enhancement cavity, and optimum terahertz generation in
electro-optic crystals.
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(a) Laser oscillator design used to provide the high-power (following two subsequent amplification stages) pulses for both the cavity work and the single-comb,
terahertz time-domain spectroscopy work described later.

(b) Laser oscillator design used to provide the local oscillator pulses for
the work described in Chapter 6.

Figure 2.10: Design of the two mode-locked ytterbium fibre lasers. The
operation of each laser is described in the text. Parts labelled are: quarter
wave plate (QWP), half wave plate (HWP), interference filter (IF), piezoelectric actuator (PZT), polarisation beam splitter (PBS), 90/10% fibre coupler (FS), and fibre-coupled wavelength-division multiplexer (WDM).
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2.4.2

Compensation of Pulse Chirp due to Dispersion of
Fibre Components

Due to dispersive effects in the fibre components used in the oscillator and
amplifier stages, the output pulses are highly chirped. The dependence of
the material refractive index on radiation wavelength means that, within the
broad spectral amplitude of the pulse, each spectral component will propagate with a slightly different phase velocity. This is the effect of material
dispersion. In addition, the confinement of the electric field within the dielectric medium of the fibre, and the resulting dependence of the degree of
field confinement on the wavelength of the radiation leads to waveguide dispersion. We neglect the effect of dispersion between transverse modes here
as the fibre components used only allow propagation of a single transverse
mode at our wavelengths. The combined effects of waveguide and material
dispersion are encompassed in the mode propagation constant β(ω) and produce a frequency-dependent phase delay on the optical pulse. Writing the
pulse as the product of a carrier wave at the central optical frequency ωc ,
and an envelope function describing the pulse propagation, a pulse having
a continuous spectral amplitude is described as
E(z = 0, t) = e

iωc t

Z

Ẽ(Ω)eiΩt dΩ,

(2.35)

where ωc represents the optical carrier frequency, and Ẽ(Ω) is the Fourier
transform of the pulse envelope. Propagation of this pulse over a length z
of a dispersive medium writes a frequency-dependent phase onto the field,
such that
E(z, t) = e

iωc t

Z

Ẽ(Ω)ei(Ωt−β(ωc +Ω)z) dΩ

(2.36)

where β(ωc + Ω) is the mode propagation constant at frequency ω = ωc + Ω.
It is common to expand β near the optical carrier frequency in a Taylor
series thus:
β(ωc + Ω) = β(ωc ) +

dβ
dω

Ω+
ωc

1 d2 β
2 dω 2

Ω2 +
ωc

1 d3 β 3
Ω + ....
6 dω 3

(2.37)
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dβ
1
where vg is the group velocity, and that
=
dω
vg
therefore the group velocity dispersion is given by
It can be shown that

d
dω



1
vg


=

d2 β
.
dω 2

(2.38)

It is common to define the group velocity dispersion parameter, D, to characterise the optical fibre in which the pulse propagates by
2πc dvg
2πc
D= 2 2
=− 2
vg λ dω
λ



d2 β
dω 2


,

(2.39)

The frequency dependent phase-shift in equation 2.36 gives rise to a
temporal broadening of the pulse and therefore a lowering of the peak electric
field intensity. As optical rectification is a nonlinear effect whose efficiency
will increase with the amplitude of the driving electric field, it is highly
desirable to use the shortest pulses possible. To second order, this is the
case when the quantity
d2 φ(ω)
2πc
=− 2
2
dω
λ
is minimised.

d2 φ(ω)
dω 2



d2 β
dω 2


z = zD

is termed the group delay dispersion (GDD).

(2.40)
d3 φ(ω)
,
dω 3

as given by the fourth term in equation 2.37, is the third order dispersion
(TOD) delay.
In order to correct for the dispersive effect of the fibre components and
re-compress the optical pulses, an optical pulse compressor employing a
diffraction grating pair is used for each laser. The principal of operation
of such a device was first outlined by Treacy [37]. Fork et al. [38] showed
that the amount of GDD induced by propagating an optical pulse through
a system of diffraction gratings, configured as in figure 2.11, is given by
"

2 #− 32
d2 φg
λ3 lg
λ
= 2 2 1−
− sin γ
dω 2
πc d
d

(2.41)
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where lg is the separation of the gratings, γ is the angle of incidence and
d is the groove spacing for the gratings. In order to estimate the required
separation of the grating compressor, we start from manufacturers data for
the single mode fibre used in the laser system. In the case of the lasers used
here, the total length of fibre is 15 m, and the GVD is given as 27 ps2 /km.
The gratings used are transmission diffraction gratings with a ruling of 1200
lines/mm, or d ' 830 nm, and an optimum angle of incidence of 41.7◦ . From
equation 2.41 the approximate required separation is therefore 4 cm. Note
that this estimate neglects third order dispersion (TOD) of both the grating
compressor and fibre components. Treacy et al. showed that, for a typical
grating compressor, the sign of the TOD term is positive, as opposed to the
negative GVD term. In contrast, in typical single mode fibres, both the TOD
and GVD terms are positive. The use of a grating compressor to compensate
for the GVD of the fibre components therefore increases the amount of
TOD in the total optical system, which leads to the temporal duration of
the resulting pulse being greater than the predicted transform limit [39].
In practice lg was set to the predicted value of 4 cm, and then adjusted
experimentally to give optimum pulse compression. The optimum grating
separation was found to be 37 mm, and the resulting pulse compression is
shown in figure 2.12, together with fits to Gaussian and sech2 pulse shapes
of 240 fs full width at half maximum durations. Note that, for the observed
7 nm spectral bandwidth, one expects a temporal duration of 160 fs at the
Fourier transform limit. The fact that the minimum pulse width attainable
is 240 fs is attributed to TOD, arising both in the fibre components and in the
grating compressor. Whilst methods have been demonstrated that produce
an output pulse closer to the transform limit by minimising the effects of
both GVD and TOD, [40], the additional components required significantly
reduce the final pulse energy. For this work, therefore, we choose not to
employ such techniques.

30

2.4. Lasers

Figure 2.11: Configuration of the diffraction grating pulse compressor used
for dispersion compensation. lg is the separation of the two component gratings along the grating normal, γ is the angle of incidence, and is determined
by the blaze angle of the grating. The transect MM’ shows the line of symmetry of the system. In practice, the beam is reflected back through the
same pair of diffraction gratings using a metal mirror, thereby compensating
for the spatial chirp across the beam profile arising from a single pass.
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Figure 2.12: Typical autocorrelation trace of the laser output pulse (blue
line) of the pump laser following compression, together with fits to Gaussian (solid black line) and sech2 (dashed line) pulse shapes, both of 240 fs
full width at half maximum. Inset: Comparison of compressed and uncompressed pulse widths.
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2.4.3

Pump Diode Line Noise

During the experimental work, it was noticed that the optical output of
the pump diode used for the power amplifier stage displayed modulations
at harmonics of the 60 Hz line frequency, and that these modulations were
written onto the pulse train of the mode-locked oscillator at the output of
the high-power amplification stage, as indicated in figure 2.13. This was
measured using a fast photodiode and rf amplifier circuit positioned behind
the dichroic mirror used to couple the seed pulse into the input collimator of
the PCF at the power amplifier stage. The origins of these modulations were
eventually traced to the linear voltage supply used to provide a control signal
to a power transistor, internal to the diode controller provided by Apollo
instruments, a schematic of which is shown in figure 2.15 with the linear
voltage supply in question indicated by Vcontrol . Whilst exact specifications
of the controller were not made available, it was found that deriving this
control voltage from a known clean linear dc supply lessened the amplitude
of the line harmonics on the controller output current (figure 2.14) with a
corresponding reduction in noise on the optical output. The ultimate benefit
of driving the laser in this way can be seen from figure 2.13 to be a reduction
in the amplitude of the line harmonics out to 360 Hz of approximately 510 dB.
In addition to replacing the control voltage with that from a clean, linear
supply, the effect of replacing the fixed 12V, 60A supply (labelled Vdrive in
figure 2.15) was examined, but it was found that this gave no further benefit
over the data shown in figure 2.13.
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Figure 2.13: Comparison of modulation sidebands on the optical pulse train
repetition rate of 104.3 MHz following the high-power amplifier stage with
the controller in its original configuration, and following modifications to
allow the regulation of the transistor control voltage with an external linear
dc supply.
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Figure 2.14: Comparison of noise on the electrical current used to drive
the Apollo Instruments pump diode, as measured across the shunt resistor,
R shown in figure 2.15. Of particular note are the complete elimination
of modulations at 180 Hz, and the substantial reduction of harmonics at
300 Hz.
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Figure 2.15: Schematic of the Apollo Instruments laser diode driver, model
no. D-560. The basic principal of operation is the use of a variable dc
voltage, Vcontrol to regulate the current flowing through a power transistor.
The laser diode itself is connected in series with a fixed 12V, 60A supply,
Vdrive , and with the collector emitter terminals of the control transistor. It
should be noted that actual schematics were not made available, and that
this figure serves only to document the process involved in reducing the line
harmonics on the optical output of the diode. It was found that replacing
the internal supply used to provide Vcontrol reduced the appearance of line
harmonics on the laser output, and that no further improvement was gained
by replacing the fixed 60A supply.
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Chapter 3

Use of a Passive
Enhancement Cavity for
High Efficiency Terahertz
Generation
3.1

Cavity Basics

Equation 2.3 predicts that the second order nonlinear polarisation increases
quadratically with the intensity of the driving electric field, as is the case
for all second order nonlinear optical processes. It is therefore desirable
to increase the pump intensity as much as possible so as to increase the
polarisation intensity, and therefore the intensity of the radiated difference
frequency field. A number of options exist for doing this. For an input
field provided by a fibre laser, it is possible to increase the laser pulse energy using single pass fibre amplifier stages, but at higher pulse energies
the variation of the fibre refractive index with optical intensity will lead to
self phase modulation. The resulting new spectral components generated in
this process lead to frequency chirping of the optical pulse, which cannot be
simply compensated for at the laser output as was shown in section 2.4.2
for the case of GVD. This therefore increases the minimum pulse duration,
and hence reduces the peak intensity, with which it is possible to drive the
nonlinear crystal, reducing the potential gain in nonlinear conversion efficiency. Alternatively, regenerative amplifiers can be used. These however
typically operate on a ‘pulse-picking’ scheme, whereby one in ' 105 seed
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pulses are amplified, thereby sacrificing repetition rate for peak power. Further, by reducing the pulse repetition rate in such a manner, the spacing
of the frequency comb elements is reduced, resulting in difficulties resolving
individual frequency elements.
A third option to increase the amplitude of the driving laser field is to use
a passive enhancement cavity in which the laser pulse is resonantly enhanced.
This is particularly appealing for enhancement of nonlinear optical processes
due to the relatively low single-pass conversion efficiency implied by the low
values of def f . Essentially, in the enhancement cavity, the pump radiation
not converted in the first pass of the optical field through the nonlinear
crystal is “recycled”, increasing the efficiency of conversion.
In order to understand the enhancement process in more detail, consider
a monochromatic plane wave incident on an optical resonator consisting of
a pair of highly reflecting mirrors, as shown in figure 3.1. The incident field
is written Einc and that portion coupled into the resonator is denoted Ein .
After one roundtrip, the field is E1 , after two roundtrips, E2 , and so on.
The total field at the input mirror is then the sum of these fields:
ET = Ein + E1 + E2 + E3 ...

(3.1)

Upon travelling one roundtrip of the cavity, the wave undergoes a phase
change φ = kd + ΦM where d is the optical path length of the cavity, and
ΦM is the total roundtrip phase-shift due to reflection at the cavity mirrors.
We can therefore define a complex roundtrip attenuation factor
h = |r|e−iφ ,

(3.2)

where r is the roundtrip reflectivity factor for the field that accounts for
reflectivity losses at the mirrors, as well as any losses due to propagation
through the cavity itself. This complex roundtrip attenuation factor then
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Figure 3.1: A simple two-mirror optical resonator.

relates each successive term in equation 3.1. Ie:
ET = Ein + hE0 + h2 Ein + h3 Ein + ...
= Ein (1 + h + h2 + h3 + ...)
=

Ein
1−h

(3.3)

The intensity then varies as the square of this electric field:
I ∝ |E|2 =

|Ein |2
|Ein |2
=
.
|1 − h|2
|1 − |r|e−iφ |2

(3.4)

Using trigonometric identities, we rewrite this as
I=
where Iin =

Iin
,
1 + |r|2 − 2|r| cos φ

(3.5)

cε
|Ein |2 is the intensity transmitted by the input mirror. It is
2
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common to characterise the resonator in terms of its finesse,
p
π |r|
,
F=
1 − |r|

(3.6)

to give
I=

1+

Imax
.
2F 2
( π ) sin2 ( φ2 )

(3.7)

Here, Imax is the maximum intracavity intensity one can hope to maintain
given the cavity is tuned to perfect resonance, where
φ
sin( ) = 0.
2

(3.8)

Imax is therefore given by
Imax =

Iin
1 − Ric
√
,
= Iinc
2
(1 − |r|)
(1 − Ric R)2

(3.9)

where Iinc is the input intensity and R is the cumulative product of the more
commonly known power reflectivity magnitude of all the mirrors except the
mirror upon which the input beam is incident, known as the input coupler,
Y
with power reflectivity Ric . Ie. R =
Ri where Ri is the power reflectivity
i

of the ith mirror, and the product runs over the i mirrors in the cavity.
We note that it is straightforward to include cavity parasitic losses due to
scattering etc in the factor R thus:
R = (1 − Lcav ) ×

Y

Ri

(3.10)

i

where Lcav is the roundtrip loss factor. The finesse of the cavity can be
rewritten in terms of the power reflectivities as
√
π 4 RRic
√
F=
1 − RRic

(3.11)

A high finesse cavity is therefore produced when the roundtrip optical
loss is low. Furthermore, the peak intensity, Imax is produced when on res40

3.1. Cavity Basics

Figure 3.2: Resonant modes of an optical resonator. The cavity shows
maxima for roundtrip phases of π = 0, 2π, 4π...

onance, that is to say that the roundtrip phase, φ = 0, 2π, 4π.... The cavity
therefore shows maxima in intracavity intensity (and therefore transmission
via the non-unity reflectivity of any of the resonator mirrors) for roundtrip
phase changes of integer multiples of 2π. When tuned to resonance, the
cavity therefore gives an ideal amplification factor of
Imax
1 − Ric
√
=
Iin
(1 − RRic )2

(3.12)

which, for given R ∼ 1, has a maximum
Imax
1
F
=
'
at Ric = R.
Iinc
1−R
π

(3.13)

Therefore, in order to obtain the maximum intracavity intensity, the losses
at the input coupler should be equal to the roundtrip losses due to all other
components in the cavity. Under these conditions, the cavity is said to be
impedance-matched.
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3.2

Amplification of a Femtosecond Optical
Comb Using a Passive Enhancement Cavity

Section 3.1 focussed on how a passive enhancement cavity can be used to
increase the amplitude of an electromagnetic field at a single laser frequency.
For the purposes of this work, we wish to optimise the efficiency of the
optical rectification process described by equation 2.3, where the amplitude
of the nonlinear polarisation scales with the square of the driving optical
field. It is therefore desirable to use short pulses to increase the efficiency of
the optical rectification process. We therefore seek to use a passive optical
resonator to simultaneously enhance the frequency content of the broad
optical bandwidth produced by the mode-locked laser described in section
2.4.
In section 2.4, a mode-locked oscillator was shown to have an output
that can be described in the frequency domain as a broad spectrum of evenly
spaced laser comb lines. In order to calculate the amplification of such a
broadband output, we consider the amplification of each of the ' 105 laser
modes within the cavity. Recall equation 3.7 describing the enhancement of
a monochromatic field inside a passive enhancement cavity.
I=

1+

Imax
.
2F 2
( π ) sin2 ( φ2 )

(3.14)

Further, recall that the roundtrip phase of the enhancement cavity was written as φ = 2kd + ΦM , where where d is the optical path length of the cavity,
and ΦM is the sum of the phase-shifts occurring due to reflection at each
of the cavity mirrors over a single roundtrip. For the following discussion,
we generalise this by including the frequency dependence of φ explicitly,
such that φ → φ(ω) thereby allowing for the effects of dispersion as the
pulse propagates within the cavity. Further, we include in φ an additional
term ΦX (ω) corresponding to the frequency dependent phase delay due to
transmission through a dispersive optic (in our case, this will be the nonlinear crystal) placed within the cavity. The resonance condition therefore
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becomes
φ(ω) = k(ω)d + ΦM (ω) + ΦX (ω) = 2mπ,

(3.15)

where ΦM (ω) accounts for the frequency dependence of the phase delay due
to reflection of the field at the cavity mirrors. The dispersion due to the air
within the cavity is included in the dependence of the wavevector, k(ω) on
frequency. For the case of zero group velocity dispersion, where ΦM and ΦX
do not depend on frequency, and the wavevector k(ω) varies linearly with
1
frequency such that k(ω) = k(ωc ) + (ω − ωc ) , we can apply the methods
vg
of section 2.4.2 to obtain 1
φ(ω) = k(ω)d + ΦM + ΦX


1
= d k(ωc ) + (ω − ωc )
+ ΦM + ΦX .
vg

(3.16)

The resonant modes of the enhancement cavity therefore satisfy
ωm

2vg mπ vg
+
=
d
d



dωc
dk(ωc ) +
− ΦM − ΦX .
vg

(3.17)

In this dispersion-free case, the resonant spectrum of the cavity therefore
has the form of an evenly spaced comb of frequencies, spaced from zero
frequency by an amount given by the second term of equation 3.17. We
note that, in the absence of dispersion, the phase and group velocities are
equal such that vg = c, and equation 3.17 predicts a spacing of the cavity
modes in frequency of

c
ΩF SR = 2π ,
d

(3.18)

which is the familiar cavity free spectral range.
Recall now the frequencies of a mode-locked oscillator, as described by
1

In section 2.4.2 we use the mode propagation constant, β(ω) to describe the evolution
of the phase with propagation distance in the fibre components of the laser system. In
freespace, where it is not necessary to include the added effect of waveguide dispersion,
we use the wavevector, k(ω).
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equation 2.6,
ωM =

2M π ∆φce
−
τrep
τrep

= M ωrep + ω0 .

(3.19)

which shows that the output of a mode-locked laser has a similar form of
a comb of evenly spaced frequencies, spaced from zero frequency by the
laser carrier-envelope offset frequency ω0 = ∆φce frep . The angular pulse
repetition frequency is simply ωrep = 2πfrep .
In the dispersion-free case of equation 3.17, it is therefore possible to
obtain complete overlap of the resonant modes of the enhancement cavity
with the frequency comb elements of the laser, as in figure 3.2a), such that
each and every laser mode is enhanced within the cavity by an amount
determined by equation 3.9. Doing so requires control of both the mode
spacing and mode offset of the frequencies being amplified [28].
In order to study the behaviour of the cavity for the case where the
modes do not overlap with those of the seed laser completely, we define the
offset, p, of the cavity modes with respect to the laser modes thus:
m=M +p
ωM − ω0
=
+p
ωrep

(3.20)

Substituting this expression into equation 3.15 yields the cavity length for
which each M th laser mode is resonant


 
1
ωM − ω0
+ p − ΦM (ωM ) − ΦX (ωM ))
d(ωM ) = 2π
ωrep
k(ωM )



2πc
1
1
ω0
(ΦM (ωM ) + ΦX (ωM ))c
−
−p −
=
n(ωM ) ωrep ωM ωrep
ωM n(ωM )
(3.21)
Again, consider a simple case where the laser carrier-envelope offset frequency, ω0 = 0, and the phase contributions of ΦM and ΦX are zero. Fur-
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Figure 3.3: Varying overlap of the resonant modes of the passive enhancement cavity (in blue) with the longitudinal modes of the mode-locked laser
used as the seed (dashed lines). a) Both the mode spacing and offset from
zero frequency are matched, giving complete overlap, and therefore optimal
enhancement of every frequency emitted by the laser. In this case, every
mode of the laser is enhanced by a factor determined by equation 3.9. b)
The repetition rate of the cavity, frc is greater than that of the laser, frl
giving only complete overlap for certain modes. Only these modes circulate
within the cavity, with the remainder being reflected at the input coupler.
The power circulating within the cavity is therefore reduced with respect to
that of a). c) The cavity shows dispersion, as indicated by the frequencydependent spacing of the cavity modes. Whilst it is possible to vary the
degree of overlap by varying the mode spacing and offset, the even spacing
of the laser modes is such that complete overlap is not possible for this case.
d) The offset frequency of the cavity f0c is greater than that of the laser,
f0l . Again, mode overlap, and hence enhancement is reduced.
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ther, assume the M th mode of the laser is resonant with the mth mode of
the cavity, such that p = 0. In this case, we obtain,
d(ωM ) =

2πc
.
ωrep

(3.22)

We can therefore satisfy the resonance condition for every single laser mode
simultaneously, providing
ΩF SR = ωrep .

(3.23)

In the more general case where the cavity displays dispersion, the cavity
mode spacing varies with frequency, as shown in figure 3.3c). In this case,
it is not possible to obtain complete overlap of the laser and cavity modes,
even with independent control of the mode spacing and offset frequencies.
In this case, only those modes of the cavity corresponding to output modes
of the laser will be amplified (the remaining modes of the cavity are not
excited), reducing the power circulating within the cavity.
In order to better understand the effect of dispersion on the enhancement
of the broadband optical field, we use the method developed in [41], and
consider the power circulating within the enhancement cavity when seeded
with the field of a mode-locked oscillator having the form of equation 2.5.
Figure 3.4 shows the resonance map as a function of cavity length and optical
wavelength. It is seen that, for p 6= 0, when the cavity length is varied away
from that satisfying equation 3.23, the enhancement is reduced by virtue
of laser modes at the edges of the pulse bandwidth not satisfying equation
3.15. In contrast, when the cavity is on resonance such that p = 0, the
entire bandwidth of the seed laser resonates within the cavity. In this case,
every single laser mode (and therefore the total optical power) is amplified
according to equation 3.9.
In the presence of cavity dispersion, the length at which each laser mode
exhibits maximum enhancement varies with frequency, as predicted by equation 3.21. For example, if the cavity exhibits a net roundtrip phase delay
that is quadratic in frequency, as for the case of group velocity dispersion,
one observes a ‘bending’ of the resonance map as shown in figure 3.5. As a
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Figure 3.4: Main: Resonance map of a dispersion-free enhancement cavity
seeded with a mode-locked laser with central wavelength λ0 =1030 nm,
optical bandwidth ∆λ =7 nm, and repetition rate frep =100 MHz. The
finesse of the cavity is ' 100 to better show the resonance features. Bottom:
Intensity enhancement as a function of cavity length, showing the decreased
performance of the cavity for p 6=0. Right: Intensity spectrum circulating
c
within the cavity for p =0, where the cavity length = frep
.
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result of this spectral phase-shift, the number of laser modes that are resonant within the cavity at any given length is reduced, leading to a reduction
in the power circulating within the cavity. Further, the spectral narrowing
that occurs leads to a temporal broadening of the pulse, further reducing
the peak power. This is undesirable in our case due to the quadratic dependence of the expected amplitude of the terahertz field on the electric field
amplitude. We will see later that the nonlinear crystals typically used for
generation of terahertz radiation via optical rectification typically have large
dispersion. For example, the group velocity dispersion of gallium phosphide
2

fs
is '1250 mm
. In order to compensate for this large dispersion, we use Gires-

Tournois inerferometric mirrors with a specified group delay, such that the
roundtrip group delay of the cavity is minimised. We model the expected
performance of this cavity in the following section.

3.3
3.3.1

Cavity Design
Mirror Choice and Dispersion Compensation

The passive enhancement cavity design studied here is portrayed in figure
3.6. We use a ring cavity design consisting of six mirrors in total.
Section 3.2 showed that, in order that the maximum possible optical
bandwidth resonates in the enhancement cavity it is necessary that the resonance condition, equation 3.9, is satisfied for each spectral component of
the laser output with which the cavity is seeded. Further, in the frequency
domain this can be pictured as ensuring that the longitudinal modes of the
enhancement cavity overlap with those of the seed laser. Equation 3.23
predicts that this requires that the free spectral range of the enhancement
cavity, ΩF SR is equal to the pulse repetition rate of the laser, ωrep . For this
work, a pump laser with a pulse repetition rate of nominally 104 MHZ was
used, such that the required optical path length in air of the enhancement
cavity is 2.88 metres.
The optical cavity consists of a pair of curved mirrors, an input coupler, and several flat ‘fold’ mirrors. The curved mirrors serve two purposes.
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Figure 3.5: Main: Resonance map for a passive enhancement cavity seeded
with an identical mode-locked oscillator to that of figure 3.4. The cavity
has the same finesse, but now exhibits a net group delay of 104 fs2 . Right:
Due to this mode bending, the maximum intracavity power is obtained for
a cavity length that is slightly detuned from the resonance length for the
central wavelength. Further, wavelengths at the edge of the laser bandwidth
are not resonant, leading to a narrowing of the optical bandwidth circulating
in the cavity. Bottom: There is an accompanying distortion of the intensity
supported in the cavity as a function of cavity length, as previously reported
in [41].
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+
+

Figure 3.6: Experimental arrangement for the passive enhancement cavity.
Layertec part numbers are given in italics. The cavity is a folded six mirror arrangement, with the input field incident on the low-reflectivity face of
a Layertec input coupler (IC) which is changed to vary the cavity finesse.
Mirror and IC specifications are given in table 3.1. The nonlinear gallium
phosphide crystal is placed at the focus of two concave mirrors, having radius of curvature Ri as shown, so as to further increase the efficiency of
the nonlinear process. The optical path length, as measured in air, between
the two curved mirrors is l1 along the path including the IC, and l2 along
the path including the nonlinear crystal. In order to maintain the resonance condition required by equation 3.9 a spectral portion of the power
reflected by the optical cavity is monitored on a fast photodetector, and an
appropriate locking scheme used to control the position of one of the cavity mirrors (ATF) using a piezzoelectric actuator (PZT). This mirror has
7.75 mm diameter and 3 mm thickness so as to minimise the load on the
PZT. The mirror itself has a specified power reflectivity of 99.99% at normal
incidence, and negligible GDD.
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Firstly, to increase cavity stability over that of a planar mirror resonator
and, secondly, to create an intracavity focus at which to place the nonlinear
crystal, where the incident optical field intensity is increased, enhancing the
efficiency of the difference frequency generation process. Various input couplers, as listed in table 3.1, were used in order to yield the required cavity
finesse. An arbitrary number of flat mirrors can be used to yield the required
beam path and dispersion characteristics, although it should be noted that
the small losses from reflection at each mirror are not inconsiderable over
many cavity roundtrips. In order to minimise reflection losses at the entry
face, the nonlinear crystal is placed at Brewster’s angle to the horizontally
polarised incident optical beam. For gallium phosphide, this is calculated
to be 72.2◦ for the optical wavelength of 1030 nm.
In selecting the curved mirrors and their separation, one must satisfy the
resonator stability condition of equation 3.50. For the ring cavity considered
here, we obtain
−2 ≤

1
[(R1 + R2 )(l1 + l2 ) + l1 l2 ] ≤ 0,
R1 R2

(3.24)

where l1 and l2 are the cavity lengths between the intracavity curved mirrors, as shown in figure 3.6, and R1 and R2 are the radii of curvature of
these curved mirrors. The resonator used in this work uses two identical
convex mirrors with radius of curvature 750 mm, such that a beam waist of
190 µm is formed halfway between the two curved mirrors. This spot size
was chosen so as to maximise the efficiency of terahertz radiation generation
in accordance with the findings of Zhang et al. [42] who found experimentally that terahertz generation was maximised when the radius of the optical
spot size was comparable to the terahertz wavelength. For a frequency of
2 THz, a spot radius of 150 µm is therefore optimal. Numerical simulations
of the Gaussian beam parameters (see section 3.5.1) for a cavity resonator
produced the cavity design in figure 3.6.
Recall the conclusion of section 3.2 that, for a pulsed laser, the condition
of resonance requires that the roundtrip phase of the cavity must satisfy
the resonance condition, equation 3.8 for the entire pulse bandwidth. If
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Figure 3.7: Refractive Index (in blue) and dispersion (in red) of gallium
phosphide as predicted by the Sellmeier equation and data in [33].

there is no dispersion in the cavity, that is, the roundtrip phase of the
cavity is the same for all optical frequencies, this is relatively easy to achieve
with careful control of the cavity length. However, if there exist dispersive
elements within the cavity, φ = φ(ω), and only those frequencies for which
the resonance condition is satisfied will interfere constructively within the
cavity, reducing the overall enhancement.
Gallium phosphide, by virtue of the absorption edge at 2.25 eV (550 nm),
exhibits strong dispersion near 1030 nm, as shown in figure 3.7. In this work,
we compensate for this large material dispersion by using dispersive GiresTournois inerferometric (GTI) mirrors from Layertec corperation. GTI mirrors tune the design of the dielectric stack so as to impart a controlled
amount of group delay dispersion on the reflected optical pulse. It is therefore necessary to establish the required crystal length prior to specifying
the mirrors. Section 2.3 established that, for an optical pump of 1030 nm,
gallium phosphide demonstrates a long coherence length of a few millimetres. So as not to excessively limit the terahertz bandwidth, a thickness of
2.1 mm is used in this work. Because the crystal is to be mounted at Brew52
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ster’s angle, the actual physical thickness is 2.1 sin θB = 2 mm. The amount
of intracavity group velocity dispersion (GVD) for the 2.1 mm optical path
length is then 2625 fs2 . Possible GTI mirrors for dispersion compensation
are listed in table 3.1 along with the pertinent specifications. We see that,
with the cavity configuration as shown in figure 3.6, it is possible to correct
for the GVD of gallium phosphide to within 50 fs2 .
Layertec
part no.
103236
105200
102091
103143
103141
102316
108251
101147

Description
-75cm ROC GTI
Planar GTI
Planar GTI
5% IC
1.6%IC
0.4%IC
0.8%IC
0.5%IC

Power Reflectivity
@ 1030 nm
>99.85%
>99.9%
>99.9%
95±0.75%
98.4-0.3,±0.1%
99.6±0.1%
99.2-0.1,±0.4%
99.5±0.3%

GVD
fs2 /mm
-900±100
-800±100
<20
<20
<20
<20
<20
N/A

Table 3.1: Part numbers and specifications for Layertec mirrors used in
the design of the passive enhancement cavity. Group velocity dispersion
(GVD) is given for the dispersive mirrors over the range 1030±5 nm. Source:
Layertec GmbH

3.3.2

Terahertz Output Coupling

The refractive index of gallium phosphide at a frequency of 1 THz is 3.24
[33]. This means that the critical angle for the terahertz radiation at the
gallium phosphide-air boundary upon exiting the crystal is 18.2◦ . Careful consideration is therefore needed in order to increase the efficiency with
which the terahertz radiation is coupled out of the nonlinear crystal so as to
avoid high losses due to total internal reflection of the terahertz wave at the
crystal boundary. A proposed scheme for doing this is shown in figure 3.8.
Geometrical considerations show that, following total internal reflection at
the crystal face through which the optical beam exits, (henceforth the ‘back’
face) the terahertz radiation propagates at 90◦ to the incident optical beam.
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Figure 3.8: Crystal geometry for output coupling of the terahertz radiation.
The end of the gallium phosphide crystal is cut at the Brewster angle to
ensure the terahertz radiation, internally reflected at the back crystal face, is
normally incident on the cut surface. In this way, output coupling efficiencies
are maximised.

In order to maximise the output coupling efficiency of the terahertz radiation, the end of the gallium phosphide crystal was polished at the Brewster
angle of 72.2◦ , such that the terahertz radiation is normally incident on the
crystal boundary, as shown in figure 3.8.
A further consequence of the high refractive index of gallium phosphide
in the terahertz is that the radiation will strongly diverge upon exiting the
crystal. In order to collimate this output beam, a silicon lens is used [43],
together with an off-axis parabolic mirror. Ray tracing models performed
by Jesse Petersen [44] have shown that a silicon hypohemisphere of diameter
7.0 mm and radius of curvature 4.0 mm will give aplanatic imaging and move
the virtual focus back to 17 mm behind the lens, reducing the maximum
THz divergence half-angle to about 7◦ . This is calculated for THz radiation
emitted halfway through the gallium phosphide crystal along the optical
path. A 25.4 mm focal length, 90◦ off-axis parabolic mirror is used to
collect and collimate the radiation. Ray tracing has shown that an off-axis
mirror of 25.4 mm diameter is sufficient to collect the output radiation, and
the compact size makes the physical arrangement within the cavity more
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straightforward. The resulting ray traces are shown in figure 3.9

3.3.3

Cavity Performance Calculations

In section 3.2 it was shown that, for a cavity exhibiting a net roundtrip
dispersion, such that there is a frequency dependence on the net roundtrip
phase delay, there is a reduction in the spectral bandwidth that is able to
resonate in the cavity. This leads to a reduction in the intracavity power.
In the following section, we study in detail the optical characteristics of
the cavity design of figure 3.6, and include explicitly the dispersion of the
intracavity gallium phosphide crystal in which the terahertz radiation is
generated.
The modelling work performed builds on that carried out by Jesse Petersen [44], in which the enhancement cavity is seeded with an unchirped,
Gaussian input pulse of the form
s r


t2
2 2 ln 2
Einc (t) =
exp −2 ln 2 2 ,
τ
π
τ

(3.25)

where the temporal power full width at half maximum (FWHM) is τ , and
oscillations at the carrier frequency are neglected. Einc (t) therefore describes
the envelope of the incident pulse. Equation 3.25 normalises Einc (t) such that
Z

∞

|Einc (t)|2 dt = 1,

(3.26)

−∞

thus the average power can be described in terms of the pulse energy, Epulse
by
P (t) = Epulse |Einc (t)|2 .

(3.27)

Taking the Fourier transform of this input pulse yields the spectrum
Ẽinc (Ω) =

r



τ
Ω2 τ 2
√
exp −
8 ln 2
2 π ln 2

(3.28)

where Ω is the frequency offset from the central frequency of the pulse,
Ω = ω − ωc due to the neglecting of the optical carrier frequency in 3.25.
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THz frequency (THz)

Figure 3.9: Optical design for output coupling of terahertz radiation for
a gallium phosphide crystal at Brewster incidence. The silicon lens is a
hypohemisphere of diameter 7 mm and radius of curvature 4 mm. The
parabolic mirror for collimating the collected radiation is JANOS optic part
no. A8037-101, with a 1” diameter and 1” focal length (2” effective focal
length). Source [44].
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The effect of dispersion is incorporated by rewriting equation 3.15 in the
form
φ(ω) = k(ω)d + ΦM (ω) + ΦX (ω)
0

= φ0 + Ωφ0 + δφ(Ω) = 2mπ.

(3.29)

In this way, the constant part of the spectral phase shift accumulated from
one cavity roundtrip is included in φ0
φ0 = φ(ωc ) = k(ωc )d + ΦM (ωc ) + ΦX (ωc ).

(3.30)

Similarly, the part of the spectral phase that varies linearly with frequency
0

Ω is included in φ0
0

φ0 =

d
dΦM
dΦX
+
+
.
vg
dω
dω

(3.31)

Finally, terms of higher order in Ω are grouped together in the term δφ(ω),
δφ(ω) = Ω2

3
d2 φ
3d φ
+
Ω
+ ....
dω 2
dω 3

(3.32)

The effects of GVD, TOD, and higher orders of dispersion are therefore
all included in the final term δφ(ω). Equation 3.17, where we now include
dispersion, becomes
ωm =

c
0
0 (2πm − φ0 + ωc φ0 − δφ(ωm − ωc)),
d + cφ0

(3.33)

any variation in the mode spacing of the cavity as a function of optical
frequency is therefore attributed to δφ(ω).
The cavity is assumed to be tuned to resonance such that, for the laser
modes near the centre of the output spectrum (ie: where Ω = 0), equation
3.23 is satisfied (The method used to control this is discussed in the following
section). Therefore, for these frequencies, the mode offset, p is zero. In
this case, these modes are perfectly coupled into the cavity and we expect
maximum enhancement according to equation 3.9. Further, we assume that,
close to line centre the cavity is dispersion compensated such that δφ(ω) = 0.
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Away from the central optical frequency we calculate the circulating complex
amplitude spectrum by defining a complex cavity roundtrip transmissivity
h(Ω) = RRic exp(iδφ(Ω))

(3.34)

and, following the methodology of equation 3.3, the intracavity circulating
spectrum is calculated thus:
p
1 − Ric Ẽinc (Ω)(1 + h(Ω) + h(Ω)2 + ...)
√
1 − Ric
Ẽinc (Ω).
=
1 − h(Ω)

Ẽcirc (Ω) =

(3.35)

δφ(ω) is calculated from fits to dispersion data provided by the mirror manufacturer, and Sellmeier data for the nonlinear crystal in [33]. Substitution
of equation 3.28 into 3.35 then allows the calculation of intracavity pulse
energy and duration, and hence a measure of the enhancement in terahertz
generation.
Modelling Results
The first figure of merit we use to characterise the performance of the enhancement cavity is the enhancement bandwidth. Fitting the dispersion and
reflectivity data for the mirrors used from Layertec GmBH and applying
equation 3.35 we see that optical enhancements of 3000 times are possible
for optical frequency bandwidths of around 2 THz. Further, from the plot in
figure 3.10 we see that, whilst increasing the reflectivity of the input coupler
may move the cavity finesse closer to that of the optimal impedance-matched
case suggested by equation 3.9, the increased photon lifetime within the
cavity increases the effect of small dispersion mismatches, leading to spectral narrowing and loss of optical bandwidth. Increasing the cavity finesse
therefore reduces the bandwidth over which dispersion can be effectively
compensated. This is undesirable in our case as the THz bandwidth relies
on a large optical bandwidth within which to generate difference frequency
components. We therefore expect a trade-off between greater amplification
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Figure 3.10: Effective enhancement of the range of optical frequencies effectively coupled into the enhancement cavity for various input couplers.
The total material dispersion is 2620 fs2 calculated for 2.14 mm of gallium
phosphide. This is compensated for using mirrors from Layertec GmBH of
two of part number 103236 and one of 105200, giving a total group velocity
delay of 2600 fs2 at the centre wavelength of 1030 nm. The net roundtrip
GDD profile for the cavity is plotted in figure 3.11

of fewer optical modes, as in the case of a high finesse cavity, or reduced
amplification of a broader bandwidth, achieved by spoiling the finesse with
a lower reflectivity input coupler. In order to determine the optimal cavity
configuration, the circulating spectrum is Fourier transformed into the time
domain and fitted to Gaussian pulse in order to determine the resulting
pulse duration. The resulting pulse broadening for the mirrors specified in
figure 3.6 is shown for a 200 fs input pulse in figure 3.12. It is seen that the
circulating pulse has approximately twice the duration of the input pulse,
owing to the residual GDD of the cavity components, plotted in figure 3.11
as a function of optical frequency Ω.
In order to determine the optimum input coupler, a compromise will
be made between amplification of a given frequency, and the total optical
bandwidth. In order to study this, we refer to figure 3.13. It is seen that the
pulse broadening remains modest, that is, below 20% for the 200 fs input
59

3.3. Cavity Design

Net Cavity GDD Hfs2L

300

200

100

0

-100
-3

-2

-1

0
W HTHzL

1

2

3

Figure 3.11: Calculated residual GDD of the cavity components for the
cavity configuration shown in figure 3.6, and with an optical path length in
the gallium phosphide crystal of 2.14 mm. Small negative phase delays are
seen for Ω < 0, where the total GDD is close to zero. As Ω increases above
0 a growing positive delay is calculated.
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Figure 3.12: Estimated broadening of a 200 fs input optical input pulse
within a passive enhancement cavity of the same design of that used in
figure 3.10. The circulating pulse is fitted to a Gaussian pulse shape of full
width half maximum 350 fs, shown by the dashed red line.
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Figure 3.13: Circulating pulse energy enhancement and duration as a function of input coupler reflectivity for the cavity configuration of 3.12.

pulse, for input couplers of up to 99.8% reflectivity. Whilst this will come
with a trade-off in enhancement, the lower cavity finesse will also increase
the cavity linewidth, (indeed, it is exactly this broadening of the cavity
linewidth that increases the optical bandwidth within the cavity) which, in
turn, will lessen the demands on locking the cavity mode spacing with that
of the laser.
An estimate of the ability of the feedback loop to lock a narrow enhancement cavity resonance to a comb element of the mode-locked laser can
only be obtained with a detailed model of the electronic components used.
Rather than model this numerically, we therefore choose to optimise the
input coupling of the cavity experimentally.

3.4

Cavity Locking

The need for precise control of the longitudinal mode spacing of the passive
enhancement cavity has been discussed previously. It was shown that the the
mode spacing of both the laser and enhancement cavity are determined by
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the respective offset frequencies (ω0 for the laser) and repetition rates (ωrep
for the laser). Further, due to the dependence of the frequency of the laser
modes on the repetition time, as per equation 2.6, the laser frequencies will
exhibit instabilities due to environmental factors such as temperature fluctuations and acoustic vibrations. It is therefore necessary to devise a method
of stabilising the cavity modes with respect to the laser modes, such that
the maximum amount of laser power is resonant in the cavity at all times.
In order to ensure complete mode overlap, one must have independent control of both the relative offset frequencies, and the relative repetition rates.
Whilst experiments achieving this have been demonstrated [28], it requires
two high-speed servo loops and considerable amount of experimental complexity. Instead, we lock the average frequency of the enhancement cavity
to that of the laser. In this way, we ensure the maximum possible power in
the cavity for a given offset frequency mismatch and cavity dispersion, as
shown in the projections along wavelength of the resonance map picture of
figure 3.5.
We make use of a locking scheme developed by Hall et al. [45], originally
developed for stabilizing the frequency of a laser by locking it to a passive
reference cavity. In our adaptation of the technique, the length of the passive
enhancement cavity is modulated at ' 800 kHz, hitherto referred to as the
dither frequency, by driving a piezzo-electric actuator (PZT) onto which
one of the cavity mirrors is fixed, as shown in figure 3.6. This frequency
is chosen to be high enough so as to exceed any acoustic vibrations, but
low enough such that the PZT still has some small response. The signal
reflected by the enhancement cavity is spectrally resolved and a portion of
the optical bandwidth focussed onto a fast photodiode. The bandwidth and
center wavelength of the measured signal were tuned to give the maximum
intracavity power. The measured signal is compared to a sample of the
electronic signal used to drive the intracavity PZT, henceforth the local
oscillator (LO) signal. For any spectral component of the measured optical
signal, when the cavity is tuned to the exact resonance of equation 3.8, one
observes a minimum in the reflection signal measured by the photodiode.
Any deviation from this resonance condition will produce an increase in the
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Figure 3.14: The reflection signal measured from the enhancement cavity
near a position of resonance. The phase of the reflection signal with respect
to a modulation in cavity length provides the direction in which one must
adjust the cavity length in order to restore the resonance condition.

field reflected by the cavity at this particular wavelength. The minimum
reflected power occurs when the greatest amount of power is supported in
the cavity.
The locking scheme discussed here provides the necessary feedback in
order to determine which direction to tune the cavity length so as to restore
the resonance condition of equation 3.8. By modulating the cavity, the
required sign of cavity length change is obtained by determining whether
the reflected power measures in phase or 180◦ out of phase with the dither
signal, as shown in figure 3.14. The experimental arrangement is shown in
figure 3.6.
To understand the locking process in more detail, we write the electric
field incident on the cavity as a monochromatic field of the form of equation
2.1
Einc (t) = E0 e−iωt + c.c.

(3.36)
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Whilst in the original technique, demonstrated by Hall et al. the length of
the laser cavity (and therefore the phase of the input field) is modulated
at the dither frequency, we have found modulation of the length of the
enhancement cavity to give analogous results. Further, for the purposes of
this discussion, we consider the modulation in frequency arising due to the
translating mirror rather than the phase change directly. When modulated
at a dither frequency Ωdit with a modulation depth B the modulated input
field is given by
Einc (t) = E0 e−i(ωt+B sin Ωdit t)
' E0 (1 + iB sin Ω t)e−iωt


B
= E0 1 + (eiΩdit t − e−iΩdit t ) e−iωt
2

E0 B  i(ω+Ωdit )t
e
− e−i(ω+Ωdit )t
= E0 e−iωt +
2

(3.37)

We therefore have the familiar result that a monochromatic field at optical frequency ω, modulated at a frequency Ωdit actually consists of three
fields. One at the original optical frequency ω, and two optical sidebands at
frequencies ω ± Ωdit .
The field reflected by the cavity is given by
√
Eref = ET Rh − Einc
√
!
R e−iφ − 1
√
= Einc
1 − RRic e−iφ
= Einc F (ω),

(3.38)

where F (ω) is the cavity reflection coefficient. The remaining constants were
defined in section 3.1, from which we recall ET is the total field resonant
within the cavity. The frequency dependence arises due to the fact that
the roundtrip phase, φ =

dω
c

+ φM , where φM is the phase change due to

reflection at the cavity mirrors. Combining equations 3.37 and 3.38, we
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obtain
Eref = E0 F (ω)e−iωt +

E0 B
E0 B
F (ω + Ωdit )ei(ω+Ωdit )t −
F (ω − Ωdit )ei(ω−Ωdit )t .
2
2
(3.39)

The power measured by the photodetector due to this reflected field is given
by
Pref = |Eref |2
= E02 |F (ω)|2 +
+

E02 B2
E 2 B2
|F (ω + Ωdit )|2 + 0 |F (ω − Ωdit )|2
2
2

E02 B 
F (ω)F ∗ (ω + Ωdit )e−iΩdit t + F ∗ (ω)F (ω + Ωdit )eiΩdit t
2

− F (ω)F ∗ (ω − Ωdit )eiΩdit t − F ∗ (ω)F (ω − Ωdit )e−iΩdit t

+ terms in 2Ωdit t.
Providing the modulation depth is sufficiently small that

(3.40)
B
2

 E0 we may

neglect the terms in 2Ωdit t on the grounds they are small in amplitude.
Further, the use of a rf mixer allows the rejection of the non time-varying
dc terms such that only the terms having a frequency equal to that of the
local oscillator (LO) signal are measured. The measured dc signal output
at the mixer can then be rewritten
S = E02 B [Re {F (ω)F ∗ (ω + Ωdit )} cos Ωdit t + Im {F (ω)F ∗ (ω + Ωdit )} sin Ωdit t
− Re {F ∗ (ω)F (ω − Ωdit )} cos Ωdit t − Im {F ∗ (ω)F (ω − Ωdit )} sin Ωdit t] .
(3.41)
We set the phase of the LO signal with respect to the field modulation such
that the imaginary term is measured. In this case, the detected error signal
is
S = E02 B [Im {F (ω)F ∗ (ω + Ωdit ) − F ∗ (ω)F (ω − Ωdit )}] .

(3.42)

The resulting error signal is calculated and plotted in figure 3.15.
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Figure 3.15: Calculated error signal for a passive enhancement cavity having
a finesse of F = 2 × 105 as a function of laser frequency detuning from
the exact resonance condition of equation 3.8. In this example, the dither
frequency, Ωdit is 800 kHz and the optical wavelength is 1030 nm.
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If the finesse of the cavity is sufficiently high, and the dither frequency
sufficiently large such that the sidebands fall at frequencies for which F (ω ±
Ωdit ) ' −1 then only the field at the optical frequency is coupled into the
cavity. The power measured at the photodetector, as per equation 3.40,
becomes
' Pref



B2
2
'
|F (ω)| +
2
BE0
+
(2iF (ω) sin Ωdit t − 2iF ∗ (ω) sin Ωdit t)
2

B2
2
2
= E0 |F (ω)| +
− 2BE0 Im {F (ω) sin Ωdit t} .
2
E02

(3.43)

Again, the dc term is rejected by the rf mixer and we measure S ∝ sin Ωdit t.
On resonance, the phase of the field in the cavity at the input coupler
is φ = 2mπ where m is some integer. If the cavity is shifted away from
resonance by some fraction, δl, of the optical wavelength, we obtain
φ ' 2mπ + 4π

δL
.
λ

(3.44)

We can then re-write the reflection coefficient of the cavity as
√


R
δL
√
F (δL) '
4πi
λ
1 − RRic
4F
δL,
'i
λ
such that
S'−

8BE0 F
δL
λ

(3.45)

(3.46)

Under these conditions, S therefore provides a control signal that varies
linearly with the detuning of the cavity from resonance. This control signal
is used in a servo loop to control the piezzo-mounted mirror, as shown in
figure 3.6. In this way, the average resonance frequency of the enhancement
cavity tracks that of the mode-locked laser with which it is seeded, ensuring
that the maximum possible power resonates inside the cavity.
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s
w(z) = w0


1+


R(z) = z 1 +
ζ(z) = tan−1
r

z
z0

2
Beam radius at position z

 z 2 
0

Beam wavefront radius of curvature at position z

z


z
z0

w0 =

λz0
π

2z0 =

2πw02
λ


Guoy phase-shift
Beam waist
Depth of focus

Table 3.2: Properties of a Gaussian beam

3.5

Spatial Mode-matching into the Optical
Resonator

3.5.1

Gaussian Mode of the Optical Resonator

It is well known (see, for example, [46]) that the electric field circulating in
an optical resonator has the solution of a Gaussian beam
 2



w0
x + y2
x2 + y 2
E0 (~r) = A
exp − 2
exp ik
exp[ikz] exp[iζ(z)],
w(z)
w (z)
2R(z)
(3.47)
where A is the amplitude of the electric field in the polarisation direction,
w(z) is the beam waist at position z. This leads to the definition of the
Gaussian beam paramters in table 3.2.
It is common to further simplify equation 3.47 by defining the q-parameter,
q(z) of the Gaussian beam
1
1
λ
=
+i 2 .
q(z)
R(z)
πw (z)

(3.48)
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It is this q-parameter, having units of metres, that we may propagate
through a system of optical components using the commonly used ABCD
matrix transfer method, in which the effect of each optical component is described by its specific ABCD matrix, (see, for example, [46]) and the ABCD
matrix for the entire optical system, in this case, the enhancement cavity, is
given by the matrix product of the ABCD matrices of its components. For
a given system of optical components, the q-parameter transforms as
q2 =

Aq1 + B
,
Cq1 + D

(3.49)

where the values of A, B, C, and D are determined by the specific optical
components in the cavity. By requiring that the cavity is stable, that is, that
the Gaussian beam parameters of the field contained within the cavity are
the same for N round trips as for N + 1 round trips, we require that qf = qi .
Further, we require that the determinant of the cavity ABCD matrix be
unity. Equation 3.49 therefore gives rise to the familiar resonator stability
condition,
1
|A + D| ≤ 1.
2

(3.50)

It is this condition that determines the appropriate mirror radius of curvature for a given cavity length.
Having established the conditions for a stable resonator, the parameters
in table 3.2 can be used to determine the position of the intracavity focal
planes, as well as the beam spot sizes at these focal points. Further, the
beam q-parameter can be calculated for any point within the enhancement
cavity, in particular, we seek to evaluate the q-parameter at the cavity side
of the input coupler, such that the q-parameter of the input beam may be
manipulated to match it, therefore maximizing the power from the input
beam that is coupled into the Gaussian mode of the enhancement cavity.
This will be the subject of section 3.5.2.
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3.5.2

Beam Profiling

In order to determine the appropriate mode-matching solution for the enhancement cavity work, and the optimum focussing arrangement for the
single pass terahertz generation and electro-optic sampling experiments, it
was first necessary to determine the Gaussian beam parameters of the field
input to the experiment. As the same laser output was used for the case of
the enhancement cavity, and for the terahertz generation in the dual-comb
spectrometer work, it is sufficient to determine the beam parameters at the
output of the compression stage, from which appropriate solutions can be
found for each case. An additional set of beam parameters were determined
for the laser used as the local oscillator in the dual-comb spectrometer experiments. In order to determine the Gaussian beam parameters, a scanning
knife-edge technique [47] was used to determine the beam diameter at several points through the focal region following a lens of known focal length.
The clip levels required to block 10% and 90% of the beam power at various
points along the optical axis are measured. Following the analysis in [47] for
a TEM00 Gaussian beam, the beam waist is then calculated according to
2w0 =

4Dc
.
2.563

(3.51)

Figure 3.16 shows the result of such a knife edge measurement, where a
250 mm converging lens is used to focus the beam down to a spot. We
define the plane in which this lens is positioned as the compressor output
plane. It is seen that the beam waist produced at the focus of this lens is
120 µm , and that the Rayleigh range, that is, the range at which the on-axis
intensity falls to half that at the focus, is found to be 20 mm. The half-angle
divergence of the beam is found to be 4.5 mrads. We note that this gives
an M2 value, the ratio of the waist-diameter to divergence product to that
of the ideal Gaussian beam, of 1.7, which is a typical value for a fibre laser.
Applying the relations in table 3.2 and finding the q-parameter at the
1
λ
= i 2 , we then propagate this q
focus to be purely imaginary,
q(f ocus)
πw0
parameter back through to the entry face of the lens using equation 3.48 to
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Figure 3.16: Beam waist profile following a 250 mm focal length converging
lens, as measured using the knife-edge beam-clipping technique as described
in [47].

find
q(compressor output) = −0.17 − 0.04i metres.

(3.52)

This is used as a baseline q-parameter for calculating the required focusing optics, both for mode-matching into the enhancement cavity, and for
creating the optimum spot size in the gallium phosphide waveguide for the
dual-comb spectrometer work.

3.5.3

Mode-matching Solution

In the case of the cavity depicted in figure 3.6, the required q-parameter at
the input coupler is found by first determining the q-parameter at either of
the curved mirrors, by recognising that the wavefront radius of curvature
must match that of the mirrors, and that the focal points must be halfway
between the two curved mirrors in each case. The same method as before is
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then used to propagate this q-parameter to the input coupler. One obtains
q(cavity input) = −0.52 + 0.59i.

(3.53)

The task of mode-matching therefore becomes to find some system of optics,

A B such that
having transfer matrix C
D
q(cavity input) =

Aq(compressor output) + B
.
Cq(compressor output) + D

(3.54)

There are, of course, an infinite number of solutions to this problem given
lack of restraint on components available and space, although it should be
noted that it is desirable to minimise transmission losses by reducing the
number of components as much as possible. For the case here, a pair of
lenses of focal lengths 1050 mm and 750 mm were positioned 2.18 and 2.04
metres before the cavity input coupler respectively. The total optical path
length between the compressor output plane and input coupler is set to 2.5
metres. Both the lenses used were anti-reflection coated (Newport coating
reference AR.16) at 1030 nm to minimise reflection losses. A schematic of
this arrangement is shown in figure 3.17.

3.6

Characterisation of the Passive Enhancement
Cavity - Results and Analysis

It is clear that enhancement of the optical pulse within the cavity relies on
the precise control of a number of factors, namely the cavity finesse, the
roundtrip dispersion of the cavity, the mode-matching of the input beam
into the stable Gaussian mode of the resonator, and the satisfaction of the
resonance condition, equation 3.9. In order to determine satisfactory performance of the measures taken to control these factors, it is desirable to be
able to measure them independently.
In accordance with equation 3.13, the enhancement factor of the cavity
is defined as
Enhancement =

Pcav
Pin

(3.55)
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Figure 3.17: Schematic of optics used for mode-matching into the passive
enhancement cavity. Some cavity mirrors omitted for clarity.

where Pcav is the optical power circulating within the cavity, and Pin is
the power incident on the input face of the input coupler. It is possible to
measure the former using the optical power transmitted by any one of the
cavity mirrors due to the non-unity reflectivity, and measurements of the
transmissivity of the mirror performed without the cavity. Both the cavity
measurement and mirror calibration is performed with a conventional optical
power meter, which provides only a measure of the optical power integrated
over the entire optical bandwidth, and lacks sensitivity to small changes in
the mirror reflectivity. The following section discusses a number of methods
used to analyse the cavity in more detail.

3.7

Measurement of the Cavity Finesse

The expected enhancement factor of the cavity depends critically on the
cavity finesse, as derived in equation 3.6. The finesse itself is determined
by the reflectivity of the cavity mirrors. An accurate measurement of the
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finesse, however, is difficult to attain by simply measuring the mirror reflectivities individually and calculating, as per equation 3.6, as the finesse,
and therefore the enhancement factor, changes dramatically with only small
changes in mirror reflectivity. Instead, we use a method outlined in [48] to
measure the finesse directly.
The length of the enhancement cavity is rapidly swept using the intracavity piezoelectric actuator, such that the cavity is effectively swept through
a resonance, allowing light into the cavity, and then rapidly off resonance,
preventing further input of light. As the cavity is swept, the transmission
through one of the cavity mirrors is monitored with a fast photodiode, where
one observes the gradual ringing down of the pulse as it circulates within
the cavity. Consider further the analysis of [48], in which the cavity length
is increased by translating the intracavity mirror at velocity v, such that the
length at time t follows
L(t) = L0 + vt.

(3.56)

Following the same methodology of equation 3.3, the field transmitted by
the cavity as a function of time is the infinite sum of the partial fields En (t),
where En (t) has made (n − 1) roundtrips of the cavity. The total field
transmitted is therefore given by
Eout (t) = Tout

∞
X
n=1

En (t) = Tout

∞
X

Ein T Rn−1 eiφn (t) ,

(3.57)

n=1

where φn (t) is the phase shift of the partial field En (t), and Tout is the
field transmissivity of the cavity mirror through 
which the
 leak is measured.
2v
Accounting for the Doppler shift in frequency of 1 −
at each reflection
c
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at the moving mirror, φn (t) can be written
ω
v
φn (t) =φ1 (t) +
1−
(2d0 + vt)
c
c


v 2
ω
1−
(2d0 + 3vt)
+
c
c
ω
v 3
+
1−
(2d0 + 5vt) . . .
c
c


ω
v n−1
+
1−
(2d0 + (2n − 3)vt).
c
c

(3.58)

Under the assumptions that v  c, and vt  L0 such that we can neglect
 v 2
terms in
, we can rewrite this expression as
c
φn (t) = (2n − 1)φ1 (t) − πn(n − 1)

Ωv
,
ΩF SR

(3.59)

L(t)
2v
c
, Ωv =
, and ΩF SR =
is the cavity free spectral
λ
λ
L0
F
range. For a high finesse cavity, the photon lifetime, τ =
becomes
2πΩF SR
large, such that, on average, each pulse completes many roundtrips of the
where φ1 (t) = 2π

cavity, and the discrete sum of equation 3.57 can be closely approximated
by the continuous integral. Taking the square of the final result, so as to
find the measured quantity of the intensity, yields
t
τ
Iout (t) ∝ e | erfc[Λ(t)]|2 ,
−

(3.60)

where erfc[Λ(t)] is the complimentary error function, and Λ(t) is a complex
function of the cavity finesse, free spectral range, and sweep parameters [48]:

1−i
Λ(t) = √
2 2



ΩF SR
πΩv

1

2

π
1+i
− √
F
2 2

"

ΩF SR
πΩv

1



2

× 2φ1 (t) −

ΩF SR
πΩv

1 #
2

.
(3.61)

The decay of the swept cavity is therefore proportional to the decay of the
static cavity, multiplied by the | erfc[Λ(t)]|2 term, which manifests itself as a
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ringing effect as the cavity is swept through the resonance point. By fitting
the decay of the cavity, one can therefore determine the photon lifetime,
τ , from which it is a trivial matter to determine the finesse. The first and
second maxima of equation 3.60 occur with a temporal separation
√
5−1
∆t = √
.
2ΩΩF SR

(3.62)

In order that the maxima are spaced such that a reliable fit to the cavity
decay can be obtained, it is desirable that this time is less than the decay
time τ , which requires the cavity mirror be swept with a velocity, v, that
satisfies
v

3.7.1

15cλ
.
F2 L0

(3.63)

Results of Finesse Measurements

The cavity was configured as in figure 3.6, with a 0.5% input coupler, and
without the nonlinear crystal. It should be noted that, as the cavity is designed to be dispersion compensated with the nonlinear crystal, the ‘empty’
cavity has a total average group delay dispersion of ∼ -2650 fs2 . Therefore, in
order to avoid distortion of the ring down data due to different wavelengths
arriving with a different roundtrip phase-shift, the measurement was performed with a continuous wave laser at 1064 nm. Figure 3.18 shows the
result of measuring the finesse via such a ‘ringdown’ method as described
above. For the cavity configuration shown, one expects a finesse of ∼970,
as predicted by equation 3.6. The exponential fit gives a finesse of 930, in
good agreement with the predicted value, demonstrating that, for the seed
wavelength of 1064 nm, the mirror reflectivities are as specified. It should
be noted that the first maxima shown in figure 3.18 is excluded from the
exponential fit, as it typically displays a level higher than that predicted.
This is likely due to imperfect mode-matching of the input beam, meaning
that some of the optical power escapes the cavity in the ∼1µs taken for the
swept cavity to hit the second resonance. For comparison, the results of a
similar measurement where the input coupler has been replaced with one
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Figure 3.18: Ring down measurement for the passive enhancement cavity
without the gallium phosphide crystal. An exponential fit is shown for a
photon lifetime of 1.4µs, or a finesse of ∼935. This corresponds well with
the expected cavity finesse of 960 for the six mirror cavity with each mirror
having R = 0.9997 and Ric = 0.995, or a transmissivity of 0.5%. For this
data, the cavity was swept with mirror velocity of 3 mm/s, in accordance
with equation 3.63.

for which Ric = 0.998 or transmissivity of 0.2%, is given in figure 3.19. In
this case, the predicted finesse is ∼1800, in good agreement with the 1730
measured.

3.8

Enhancement Bandwidth of the Cavity

For the cavity finesse indicated in figure 3.18, one expects an optical buildup factor of ∼470, as predicted by equation 3.13. It was possible to obtain
an intracavity intensity of 290 mW for an input power of 1.2 mW, indicating
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Figure 3.19: Plot of data as for figure 3.18 where the input coupler has been
changed to a transmissivity of 0.2%, giving a predicted finesse of 1800. The
exponential fitted is for a photon lifetime of 2.7µs, giving a measured finesse
of 1730.
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an amplification of 240, about half of the theoretical maximum predicted by
equation 3.6 with the specified mirror reflectivities. This shortcoming in
performance is attributed to imperfect mode-matching of the input beam.
Indeed, only a single lens was used to give an approximate solution to the
mode-matching problem for this CW test laser. Due to the discussions set
forth in section 3.2, it is not reasonable to expect similar levels of enhancement for the broadband optical pulse of a mode-locked oscillator for this
cavity configuration, due to the large net dispersion of the cavity in the
absence of the nonlinear crystal. However, placing the nonlinear crystal at
the cavity focus as in figure 3.6, and seeding the cavity with the broadband
optical pulses described in section 2.4 resulted in minimal build-up, in spite
of the predicted net cavity dispersion being close to zero.
In order to study the effect of dispersion on the cavity enhancement factor for the broadband mode-locked oscillator, and to verify that the GTI
mirrors had sufficient group delay to compensate for that due to the material dispersion of the nonlinear gallium phosphide crystal, the crystal was
removed, and SF11 glass substrates of various thickness were placed at the
Brewster’s angle of 60◦ within the cavity. The total dispersion of the enhancement cavity was then varied according to the optical path length in
SF11 glass per roundtrip of the cavity. As was shown in section 3.10, for a
cavity with non-zero roundtrip group delay dispersion, the optimum buildup of a broadband pulse is achieved for a cavity configuration that is slightly
‘overcoupled’. That is, that the transmissivity of the input coupler is greater
than that suggested by the impedance-matching condition of equation 3.9
alone. For the present work, the transmissivity of the input coupler was
increased to 1%, thereby allowing sufficient enhancement of the field within
the cavity such that a leak through one of the high reflectivity cavity mirrors
could be used to measure the stored spectral bandwidth within the cavity,
and estimate the intracavity build-up by measurement of the power transmitted through the cavity mirror. In this case, the finesse of the cavity is
reduced to ∼500, and the predicted optimum enhancement is 300.
The amount of SF11 used and the resulting nominal cavity dispersion
based on the Sellmeier coefficients given in [49] are given in table 3.3. Note
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that the 17.7 mm thick piece of SF11 glass was chosen specifically to have
the same group delay as 2.1 mm of gallium phosphide at Brewster incidence.
In order to illustrate the effect of the cavity dispersion on the obtained
enhancement factor, we include in table 3.3 the 10 dB bandwidth of the spectra resonant inside the cavity upon locking of the cavity average frequency
to that of the mode-locked laser used to seed it. It is seen that higher enhancement factors are produced for greater resonant spectral bandwidths,
as predicted by section 3.2. Close to zero nominal cavity group delay dispersion, the spectrum stored in the enhancement cavity is close in bandwidth
to that of the input spectrum. As the cavity dispersion is increased, either
positively or negatively, the dependence of roundtrip phase delay on wavelength leads to spectral narrowing, and a loss of intracavity power. In figure
3.20, we plot the measured enhancement against the estimated net group
delay of the cavity, along with the measured 10 dB resonant spectral bandwidth. For comparison, the enhancement and 10 dB bandwidths predicted
by the resonance map calculations of section 3.2 are included. It is seen
that the measured enhancement decreases with increasing net cavity group
delay in a manner similar to that calculated. That the measured values fall
below those calculated for non-zero cavity group delays may be attributed
to the neglecting of third and higher order dispersion in the calculations.
Figure 3.20 also shows the strong correlation between the resonant spectral
bandwidth and the enhancement, the measured resonant spectral bandwidth
being in excellent agreement to the calculated values.
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Thickness of
SF11 Glass (mm)
0
14.0
16.8
17.7
31.6
Seed

Optical Path Length
in SF11 at
Brewster’s Angle (mm)
0.00
16.05
19.33
20.32
36.38
-

Net. Cavity GDD
at 1030 nm (fs2 )
-2625.00
-550.70
-126.92
0.96
2075.26
-

Measured
Enhancement Factor
Factor
10.5
18.9
26.5
45.5
9.5
-

10 dB Bandwidth
of Resonant
Spectrum (nm)
4.50
6.32
10.4
13.6
5.63
13.8

3.8. Enhancement Bandwidth of the Cavity

Table 3.3: Optical enhancement, resonant bandwidths, and net cavity dispersions for various cavity configurations
used to verify the effect of dispersion on the available enhancement. The enhancement and bandwidth achieved
with the ‘empty’ cavity (where the beam propagates only in air) are also given for reference. The seed spectrum
incident on the cavity has a 10 dB bandwidth of 13.8 nm. Note that the theoretical maximum enhancement for
this cavity configuration, with the 1% input coupler, is ' 300. The absorption of SF11 glass at 1030 nm [49],
combined with slight errors in mode-matching, are likely responsible for the shortfall in performance, even for
cavity configurations having minimal roundtrip dispersion.
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Figure 3.21 compares the optical spectrum supported within the enhancement cavity to the input spectrum, where now the gallium phosphide
crystal is placed at the intracavity focus. Minimal spectral narrowing is seen
when the dispersion of the gallium phosphide contributes to the net group
delay dispersion of the cavity. Indeed, in this case, the 10 dB bandwidth of
the supported spectrum is 13.2 nm, as opposed to the 13.8 nm of the input
spectrum.
The lack of spectral narrowing observed in the case where the nonlinear
crystal is placed at the cavity focus suggests that the dispersive GTI mirrors
are sufficiently compensating for the material dispersion of the crystal, as
was the intent. However, for this cavity configuration, the optical power
enhancement was reduced to around a factor of 6. In the absence of significant spectral narrowing, this is attributed to a reduced cavity finesse.
Indeed, attempts to measure the finesse via the method outlined in section
3.7 proved unsuccessful, due to the difficulty in driving the cavity mirror
with a velocity that satisfies equation 3.63 for this reduced finesse.
Recall the conclusions of section 3.2 and, in particular, figure 3.10, where
it was seen that, for given non-zero net cavity dispersion, increasing the cavity finesse results in a narrower range of optical bandwidths being supported
in the cavity. Indeed, the resonance map calculations for a cavity showing a
7% roundtrip loss produce a 10 dB resonant spectral bandwidth that varies
with cavity group delay as in the black line of figure 3.20, which shows the
reduced sensitivity of the resonant bandwidth to cavity group delay under
such conditions. The observation of minimal spectral narrowing for the case
of a cavity of such low finesse as figure 3.21 should therefore not be taken
as proof that the cavity is sufficiently dispersion-compensated to expect significant amplification of large optical bandwidths at higher finesses. Whilst
methods of precisely determining the cavity dispersion have been demonstrated [41, 50, 51], these require the cavity to have low roundtrip loss or,
equivalently, high finesse, in order to make an accurate measurement of the
dispersion. It is therefore not practical to make a measurement of the residual dispersion of the enhancement cavity with the nonlinear crystal in place.
We therefore devote the remainder of this section to a discussion of efforts to
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Figure 3.20: Top: Power enhancement of 7 nm full width at half maximum
(13.8 nm 10 dB) bandwidth optical field as a function of net group delay
dispersion. Blue line: As predicted by resonance map calculations for a
passive enhancement cavity having a finesse of 960. Points: Measured enhancements for the cavity configurations of table 3.3. Note that all data is
scaled relative to the peak enhancement at zero GDD for each respective
data set to account for shortfalls in enhancement due to mode-matching of
the seed optical field. Further shortfalls of the measured values with respect
to the predicted value at non zero group delays are likely due to the omission
of higher order dispersive delays from the simulation. Bottom: Red: Measured and predicted 10 dB resonant spectral bandwidths for a cavity having
a finesse of 960. Black: Predicted 10 dB resonant spectral bandwidth for a
cavity having a finesse of 100.
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Figure 3.21: Optical spectra supported by the passive enhancement cavity
with the gallium phosphide crystal placed at the intracavity focus, compared
to the input spectrum. Note that the former is displaced downwards by 10
dB for clarity.

determine the source of the reduced cavity finesse, due to loss mechanisms
within the nonlinear crystal.

3.9

Linear Optical Loss of Gallium Phosphide

The previous section demonstrated that, in the absence of the nonlinear
crystal, the enhancement cavity has both high finesse and large dispersion.
In installing the nonlinear crystal, the finesse of the cavity is significantly
reduced, resulting in minimal enhancement of the optical pulses. That it is
the finesse of the cavity limiting the build up in this case, and not the dispersion, can be seen in figure 3.21, which shows minimal bandwidth narrowing
of the broadband optical pulses used to seed the enhancement cavity.
Having established that, with the nonlinear crystal installed, the dispersion of the cavity is sufficiently minimised such that the cavity is providing
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equal enhancement of the entire optical bandwidth and, further, that the
cavity exhibits high finesse in the absence of the nonlinear crystal, one’s
attention turns to the nonlinear crystal itself. Upon locking the enhancement cavity with the gallium phosphide placed at the focus, it was observed
that the control loop would continuously increase the voltage at the piezoelectric actuator, thereby effectively reducing the length of the cavity. This
behaviour is indicative as to why the gallium phosphide reduced the finesse
and enhancement of the cavity. The gallium phosphide exhibits mid-gap,
linear absorption of the 1030 nm light inside the cavity, thereby reducing the
finesse as per equation 3.11. This absorption leads to thermal expansion of
the crystal, which in turn was responsible for the feedback loop applying a
continuous ramp to the PZT as the control loop works to keep the cavity onresonance. In the following section, we determine the voltage ramp applied
by the servo to the piezoelectric actuator, and make certain approximations
that allow the absorption coefficient, α, of the crystal to be estimated.
As was the case for section 3.8, in order to obtain sufficient optical power
in the enhancement cavity such that a leak through one of the cavity high
reflectivity mirrors could be measured, the transmission of the input coupler
was further increased to 5% (Layertec Part no. 103143). Otherwise, mirrors
were as shown in figure 3.6. It is useful to note that, in the absence of
any absorption from the nonlinear crystal, the cavity would have a modest
finesse of 120. The crystal was placed slightly away from the cavity focus at
a point where the beam waist was measured using the technique described in
section 3.5.2 as 400 µm . When the cavity was locked, the power measured
at a leak through one of the high reflectivity mirrors was 400µW. With the
specified mirror reflectivity of 99.97%, found to be in good agreement with
a single pass measurement of the transmission, this implies an intracavity
power of 1.3W.
A plot of the voltage ramp at a monitor terminal at the servo output is
1
shown in figure 3.22. This monitor port gives
VP ZT , where VP ZT is the
20
applied PZT bias. The data shows a clear asymptotic increase in the voltage
required to maintain the resonance condition as a function of time, as one
expects for the case where the crystal undergoes thermal expansion due to
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Figure 3.22: Variation of the voltage bias applied to the piezoelectric actuator (PZT) as a function of time following locking of the enhancement
cavity. The data is shifted such that the cavity is locked at time = 0 s. An
exponential fit is shown with Vf = 10.5 V, Vi = 3 V, and b = 0.1155 s−1 , as
well as a linear fit to the data at early times with V (t) = 0.8335t + 2.995 V.

absorption of optical power. The PZT used is model number HPSt 150/6 2-2
from Piezomechanik GmbH. It has a full deflection of 2 µm at a maximum
150 V applied bias. Assuming that the length change as a function of applied
voltage is linear, using the previously calculated value for the refractive index
of gallium phosphide at 1030 nm of 3.11, and using the thermal properties
of gallium phosphide listed in table 3.4, one calculates a power absorption
of 30 mW, or about 3% given the intracavity power calculated earlier.
We note that this is very much a lower limit on the absorption, as all
modes of heat transfer out of the interaction region are neglected. For example, thermal conduction out of the area of the beam waist will mean that
an area larger than the beam is heated, which would increase the absorption
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Table 3.4: Thermal properties of gallium phosphide, according to [52].
Property
Coefficient of linear thermal expansion
Specific heat capacity
Mass density

Value at 300K
4.65×10-6
0.43
4.14

Units
◦ C−1
Jg−1◦ C−1
gcm−3

estimate. Radiation of heat to the surroundings will have a similar effect.
Still, an absorption of 3% means that, even in the case of perfect locking
and zero dispersion, equation 3.13 predicts a maximum amplification factor
of 30 times, as opposed to the 700 times if the crystal loss were negligible.
The effect of such an additional parasitic loss on the optimal build-up factor
is plotted in figure 3.23.
It is clear, therefore, that the optical loss within the gallium phosphide
is detrimental to cavity performance. In order to determine if it might
be possible to overcome this difficulty, we consider possible mechanisms
contributing to this loss.

3.9.1

Loss Mechanisms in Gallium Phosphide

The bandgap of gallium phosphide is 2.26 eV, or 549 nm [33]. One therefore
expects minimal linear losses at a wavelength of 1030 nm, or photon energies
of 1.21 eV, as this is significantly below the bandgap. We consider first,
therefore, the possibility of two photon absorption contributing to the optical
loss at these wavelengths. In the presence of such an effect, the intensity of
a beam propagating at position z in the medium decreases as
dI(z)
= − [α + βT P A I(z)] I(z),
dz

(3.64)

where α is the common linear absorption coefficient, and βT P A is the two
photon absorption coefficient. In order to determine if the optical loss scaled
in the manner expected, the transmission through the crystal was measured
in a single-pass configuration using the amplified mode-locked oscillator output described in section 2.4. The power into the crystal was varied using a
crossed polariser configuration to avoid possible changes in pulse duration
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Figure 3.23: Effect of parasitic loss on the optimal enhancement factor that
can be obtained from a passive enhancement cavity. The reflectivity of the
input coupler is varied such that the cavity is impedance-matched for a given
parasitic loss. The reflectivity of the remaining five mirrors is 0.9997. It is
useful to note that, in the absence of any parasitic loss, the impedancematched condition would require an input coupler of transmissivity 0.15%,
and this configuration would have a finesse of greater than 2000. Shown in
the dotted line is the effect of a 3% parasitic loss on the enhancement factor,
as predicted from the thermal expansion data of figure 3.22.
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Figure 3.24: Average power transmitted through the gallium phosphide crystal as a function of incident average power. A clear linear trend is evident,
with a slope suggesting a 6% linear loss, or α ' 20m−1 .

that may occur if using the power amplifier pump diode current to vary the
optical power. Further, the input field was horizontally polarised so as to
minimise reflection losses from the crystal, which was placed at Brewster’s
angle. That the observed loss does not scale in the manner predicted by
equation 3.64 can be seen from figure 3.24.
The ' 6% linear loss shown is greater than that suggested by fitting of
the thermal expansion data but, in light of the assumptions made regarding
thermal conductivity away from the interaction region, this is not surprising.
A perhaps more satisfying conclusion is drawn from a comparison of this
loss with the finesse data of section 3.7, where we considered a cavity that,
without the nonlinear crystal, had a measured finesse of '500, such that one
would expect an enhancement of '300 times. However, experimentally, the
observed enhancement with the crystal in the cavity was only seven times,
consistent with equation 3.12 for an additional parasitic loss of 7%.
In light of the linear dependence of the observed optical absorption of
the nonlinear crystal on input optical power, it is therefore natural to ne89
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glect optical losses from two photon absorption. Indeed, we note that the
negligible contribution of two photon absorption processes is consistent with
other works. See, for example, [53], and comments made in [54].

3.9.2

Characterisation of the Spectral Absorption of
Gallium Phosphide

The observed below-bandgap optical absorption in gallium phosphide was
further studied by measuring the linear transmission as a function of wavelength. This was achieved by illuminating the sample at normal incidence
with narrow (0.9 nm) bandwidth light from a standard grating monochromator. The source used was a 100 W halogen lamp, and the detector was
a silicon photodiode, found to have adequate response even at long wavelengths. The measured intensity transmission, It was converted to a measure
of the absorption coefficient, α as defined in the well known Beer-Lambert
law for a propagation length x,
It
= e−αx .
Iin

(3.65)

The expected reflection coefficient was determined using data from [33],
and the transmission normalised to reference spectra. The resulting data is
shown in figure 3.25.
Figure 3.25 clearly shows the abrupt change in absorption corresponding to the bandgap of gallium phosphide of 2.26 eV (549 nm). However,
of particular interest is that the below bandgap absorption coefficient does
not fall immediately to zero, but rather decays slowly in a manner superficially similar to that observed in other indirect bandgap semiconductors
at room temperatures, [55] [56]. In these cases, this below bandgap absorption was attributed to the phonon-assisted production of electron-hole pairs.
Indeed, a study of the temperature dependence of the intrinsic absorption
edge of gallium phosphide [57] attributed this below band-gap absorption
at room temperatures to processes involving the absorbtion of longitudinal
and transverse-optical and acoustic phonons. In the data considered here,
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Figure 3.25: Spectral absorption of gallium phosphide, showing the abrupt
bandgap edge at ' 550 nm, and the additional long ‘tail’ for long wavelengths out to 1100 nm, where the response of the silicon detector limits the
measurement range.
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this tail gives rise to an absorption coefficient of ' 40cm−1 at 1030 nm for
which, for the 2.1 mm propagation length in the enhancement cavity, one
would expect '8% single pass loss.
Scattering from lattice defects may also be a contributing factor to this
large absorption at wavelengths below bandgaps. Indeed, we note that the
crystals had a specified etch pit density (EPD, commonly used as an indicator of the density of lattice defects) of <(0.5-1) ×105 cm−2 . Whilst this is
typical of commonly available gallium phosphide substrates, it is a relatively
large value when compared to other semiconductors (for example, gallium
arsenide crystals are commonly available with an EPD of ' 1 × 104 cm−1
[58]). Several authors have reported that higher densities of lattice defects
give rise to increased broadening of the bandgap edge and, in particular,
increased below bandgap absorption [59]. Whilst it is beyond the scope of
the current work to study such effects in detail, it is, perhaps, possible that
such effects may be mitigated should manufacturing processes improve to
the point that gallium phosphide crystals with fewer lattice defects become
available in the future.

3.10

Conclusions on the use of a Passive
Enhancement Cavity for High Efficiency
Generation of Terahertz Radiation

It is clear that the enhancements predicted by the modelling work of section
3.3 cannot be achieved unless the observed optical absorption of gallium
phosphide can be overcome. As discussed above, it is possible that small
reductions in the linear loss could be achieved by increasing the quality of
the gallium phosphide substrates, such that scattering due to lattice defects
are decreased. However, the data in figure 3.25 would suggest that the
dominant loss mechanisms are phonon-assisted processes within the gallium
phosphide lattice itself. This being the case, significant reductions in the
linear optical loss can therefore only be realised in two ways. Firstly, by
reducing the optical path length in the nonlinear crystal, such that the total
92

3.10. Conclusions of Enhancement Cavity Work
absorption is reduced, or changing the crystal material entirely.
In considering the possibility of alternative nonlinear materials, it is
worth noting that Theuer et al. [60] were able to increase the efficiency
of terahertz generation using a similar cavity configuration. In contrast to
the work presented here, the authors of [60] generated terahertz radiation
from Cherenkov-type optical rectification within a lithium niobate crystal.
The crystal was placed within a passive enhancement cavity seeded with
the 800 nm output of a titanium-doped sapphire glass oscillator. These authors achieved an 8-7 times enhancement in the optical power within the
cavity, which in turn produced a 5 times enhancement in the terahertz field
observed over that measured without the aid of the cavity. The enhancement of the cavity was again found to be limited by the '3% linear loss of
the crystal, rising to '8% for higher intracavity optical powers, owing to
increased two-photon absorption in lithium niobate. The lower linear losses
of lithium niobate therefore make this method perhaps more appealing for
enhancement cavity-based terahertz generation. However, the need to drive
the crystal at 800 nm, due to phase-matching restrictions, necessitates seeding the cavity with titanium-doped sapphire oscillators. Ytterbium-doped
fibre laser systems are inherently more power-scalable with high repetition
rates, whilst maintaining the frequency comb structure. Further, the conical output geometry of the terahertz field in the Cherenkov-type optical
rectification leads to complications in shaping the resulting terahertz beam.
Other authors have reported successes using certain organic crystals for terahertz generation via optical rectification [61], [62] at optical wavelengths of
800 nm and 1550 nm respectively. Whilst these crystals can offer increased
performance in terms of the effective nonlinear optical coefficient, to date no
efforts have been made to reduce the linear optical loss at their respective
pump wavelengths. As a result, the absorption coefficient for these crystals
is typically greater than that measured for gallium phosphide at 1030 nm
in section 3.9. Indeed, Brunner et al. quote an absorption coefficient of
not more than 3 cm−1 for 2-cyclooctylamino-5-nitropyridine at 800 nm [61].
Continued research in this area may, however yield a crystal with low linear
optical losses such that intracavity generation becomes more attractive.
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Figure 3.26: Maximum possible enhancement factor provided by an
impedance-matched enhancement cavity containing a nonlinear crystal having absorption coefficient, α = 0.5 cm−1 and varying length. The mirror
reflectivity, R = 0.99975 . The cavity is assumed to be perfectly tuned to
resonance for all incident wavelengths, and the input Gaussian beam is assumed to perfectly-matched to that of the cavity, thereby providing an upper
limit on the enhancement that can be obtained for given crystal length.

To illustrate the possibility of reducing the optical path length in the
nonlinear crystal within the cavity, we rewrite equation 3.12 to include the
crystal loss as
Imax
1 − Ric
p
=
Iin
(1 − RRic e−αl )2

(3.66)

where l is the optical path length in the nonlinear crystal. In this case, the
impedance-matching condition, equation 3.13 becomes
Ric = Re−αl

(3.67)

We plot in figure 3.26 the maximum possible enhancement predicted by
equation 3.66 for varying crystal lengths, assuming a crystal absorption co94
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efficient α = 0.5cm−1 . It is seen that, in order for the cavity to provide a
relatively modest enhancement factor of 100, the maximum crystal thickness
is less than 200 µm . Equation 3.27 suggests that, for given optical power incident on the crystal, the terahertz power produced is a factor of 100 down
on that expected from the 2 mm crystal used here. In light of emerging
technology in the field of high power femtosecond combs [63], [64], it would
therefore seem that driving a longer crystal with such a high-power comb
in a single-pass configuration offers greater potential for the generation of
high-power terahertz frequency combs.
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Chapter 4

A Single Comb Terahertz
Time-domain Spectrometer
with Detection Using
Conventional Electro-optic
Sampling
4.1

Introduction

As discussed previously, there is significant interest in the use of terahertz
radiation to characterise various molecules due to the fact that many rotational and vibrational molecular transitions occur in this wavelength range.
The common technique to do this is known as terahertz time domain spectroscopy, (THz-TDS). In this technique, the terahertz field is used to interrogate the sample, whilst a portion of the optical beam used to generate
the terahertz radiation is used to probe the transmitted terahertz pulse,
most commonly using an optically gated antenna [65], or via electro-optic
sampling (EOS) within a nonlinear crystal [34]. The delay between the two
pulses is varied using a mechanical delay of one pulse, and the resulting trace
of the terahertz electric field is recorded as a function of the delay. Frequency
analysis is performed by taking a Fourier transform in a manner identical
to conventional Fourier transform spectroscopy (see for example, [65]). As
conventional THz-TDS uses a sample of the driving optical field to sample
the terahertz field, we refer to this as single-comb THz-TDS (SC THz-TDS)
96

4.2. Experimental Arrangement
for clarity in later discussions where we use a separate laser oscillator to
perform the sampling step.
We have built such a SC THz-TDS system, along the same design as [34],
using free-space EOS to measure the terahertz field. In light of the results
of Chapter 3, we use a gallium phosphide waveguide emitter of the type
demonstrated in [66], giving an increased interaction length of the driving
optical field and the generated terahertz radiation in the nonlinear crystal, so
as to increase the power of the terahertz field for the available optical pump
power. The following chapter discusses our experimental arrangement and
results.

4.2

Experimental Arrangement

The experimental apparatus was arranged as in figure 4.1, following a design
similar to [21]. In this conventional THz-TDS arrangement, both the ‘pump’
pulse used to generate the terahertz radiation in the nonlinear crystal, and
the sampling probe pulse are derived from the same laser output. In our
case, the ' 3W output from the amplified fibre laser system described in
section 2.4, and illustrated in figure 2.10a). The optical output pulses were
compressed to 240 fs using the grating compressor arrangement described
in section 2.4.2. We use a 10% beam sampling optic to provide up to '
300 mW in the probe beam used to sample the terahertz field. The highpower pump field is then sent through a mechanical delay stage to vary
the delay between the pump pulse and the sampling probe pulse used to
detect the terahertz field. This configuration gave up to 2.5W of optical
power incident on the nonlinear crystal used for terahertz generation. At the
laser output, the polarisation state of the light is optimised to that giving
maximum diffraction efficiency for the grating compressor. A subsequent
half-wave plate was used in both the pump arm and the probe arm to give
the optimum linear polarisation orientation for both terahertz generation
(as discussed in section 2.2) and EOS within the detection crystal.
Recall equation 2.29, where we saw that, under conditions of perfect
phase-matching, the terahertz power generated through the optical rectifi97
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cation process increases with interaction length in the nonlinear crystal. We
therefore seek to maximise this interaction length by increasing the crystal thickness (note that, in the single-pass optical rectification scheme used
here, we are not limited by the resulting increased dispersion and linear absorption of the optical field). In order to increase the interaction length of
the optical rectification process, it is necessary to ensure that the driving
optical beam remains collimated throughout the interaction volume. To understand this, we write the scaling of the radiated terahertz power, PT Hz ,
as
PT Hz = ηdif AIT Hz ,

(4.1)

where A is the THz-emitting area within the crystal, and ηdif is a dimensionless coefficient that accounts for diffraction due to the finite source area.
The intensity of the driving optical field scales as
Iopt =

Popt
Popt
∝ 2 .
A
r

(4.2)

where r is the radius of the optical beam. For large optical spot sizes,
r > λT Hz , ηdif ' 1, and essentially all of the terahertz field is able to
propagate into the far-field, resulting in the power of the terahertz field
scaling as
PT Hz ∝

2
Popt
.
r2

(4.3)

If r < λT Hz , however, diffractive effects reduce ηdif , and only part of the
terahertz field will radiate into the far-field. Bethe et al. [67] showed that,
for a general field of wavelength λ, ηdif ∝ r4 for r  λ. In the case of the
terahertz field of wavelength λT Hz then,
2 2
PT Hz ∝ Popt
r .

(4.4)

Equations 4.3, and 4.4 show that, for fixed optical pump power, the scaling
1
of the emitted terahertz power scales as 2 for large optical spot sizes, and as
r
r2 for small optical spot sizes. Xu et al. [68] showed experimentally that the
maximum terahertz power is produced for an optical spot size roughly equal
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in radius to the wavelength of the terahertz field. For a terahertz frequency
of 1 THz, one obtains an optical beam radius of 300 µm . In bulk crystals,
such a spot size leads to strong divergence of the terahertz field, reducing
the spatial overlap of the optical and terahertz fields. In order to overcome
this, we use a gallium phosphide waveguide emitter of the type developed
in [66]. Due to the large refractive index contrast, the waveguide emitter
confines the terahertz field such that the spatial overlap between the two
beams is maintained along the 6 mm length of the waveguide. The faces of
the crystal were 0.4×0.6 mm. The optical spot diameter was 190 µm , as per
[66], and the Rayleigh range was determined to be in excess of 8 mm using
the technique described in section 3.5.2, such that the waveguide structure
guides only the terahertz beam. The output optical and terahertz beams
then exit the crystal co-linearly. A schematic of this arrangement is shown
in figure 4.2. The diverging terahertz field is collimated by a 1” focal length,
aluminium coated off-axis parabolic mirror, and refocussed into the nonlinear detection crystal using a second, identical parabolic mirror. A piece of
high-density PTFE was placed between the two mirrors to block the residual
optical pump beam, whilst transmitting the terahertz radiation [69].
Two different detection crystals were used for this experiment. A 1 mm
thick piece of < 110 > zinc telluride, and the 2 mm thick piece of gallium
phosphide described in section 3.3. The probe pulse was coupled into the
crystal using a nitro-cellulose pellicle beam splitter, such that the optical
probe pulse was co-linear with the focused terahertz beam, and normally
incident upon the nonlinear detection crystal. The 45% reflectivity of this
pellicle splitter produced up to 200 mW of average power in the optical probe
pulse incident on the nonlinear detection crystal. It was found that, despite
the inferior phase-matching at the optical wavelength of 1030 nm, the zinc
telluride crystal gave the better sensitivity when compared to the gallium
phosphide crystal, on account of the larger nonlinear optical coefficient. In
both the single comb case pictured in figure 4.1 and in the dual-comb case
to be discussed later, two different detection schemes were utilised, both
being based in EOS. The first of these employing a balanced detector and
conventional ellipsometry, and the second, using a single channel detector.
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Figure 4.1: Experimental arrangement for the single-comb terahertz timedomain spectrometer used to characterise the terahertz output prior to
demonstrating the dual-comb spectrometer of section 5. The apparatus
uses a single optical frequency comb (FC1) from which 10%of the optical
power is picked off using a beam splitting optic (BSO) to form the probe
beam. The remaining optical power is used to drive the nonlinear crystal
to generate the terahertz radiation. In this arrangement, a variable delay
line in the pump arm allows the temporal overlap of the terahertz and optical probe pulses in the electro-optic detection crystal to be varied. The
probe pulse is coupled into the detection crystal using a pellicle beam splitter (PeBS). Waveplates are used to optimise the polarisation states of the
various beams so as to utilise the largest nonlinear coefficients, and a piece of
polytetrafluoroethylene (PTFE) is used to block the residual optical beam
after the generating crystal.
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Figure 4.2: Beam propagation in the gallium phosphide waveguide structure.
The optical beam is weakly focussed such that the Rayleigh range greatly
exceeds the length of the crystal. In contrast, the terahertz beam diverges
strongly by virtue of its longer wavelength. This is counteracted in the
crystal due to the high refractive index contrast. The beam at the output
face of the crystal diverges strongly, and is collimated using a 90◦ off-axis
parabolic mirror.

A discussion of the operation and merits of each of these detection schemes
follows.

4.3

Detection of the Terahertz Frequency Comb
via Electro-optic Sampling

4.3.1

The Linear Electro-optic Effect

In order to detect the terahertz field, we use electro-optic sampling [70]. In
this technique, the terahertz field is used to write a polarisation rotation
onto an optical probe field via the linear electro-optic effect in a nonlinear
detection crystal. For this work, we use two configurations to perform this
task. The first of these splits the probe beam into orthogonal linear polarisation states and measures a change in the relative intensities of each
state due to overlap of the probe and terahertz fields in the detection crys-
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tal. The second scheme uses a crossed polariser and single detector placed
behind the detection crystal. The polariser is set such that a null signal is
observed for zero overlap of the terahertz and probe fields. When the fields
overlap, the polarisation of the probe is altered such that some small signal
is observed. For both detection schemes lock-in detection is employed in
the single comb spectrometer case so as to increase the signal to noise ratio. There follows a detailed analysis of the electro-optic detection process,
followed by a discussion of the merits of each of the two detection schemes.
The terahertz and sampling optical probe fields are incident on the detection crystal in a collinear geometry. Wave-retarding plates are used to
rotate the polarisation of the optical field transmitted by the crystal in such
a way so as to give a null signal in the absence of the terahertz field. The
effect of the terahertz field is to induce birefringence in the crystal according
to the linear electro-optic effect such that a non-zero signal is detected in
each of the detection schemes. In the absence of the terahertz field, the
refractive index ellipsoid of the sampling crystal, that is, the surface over
1~ ~
which the energy density, we = E
· D is constant, is defined by the relation
2
u21
u2
u2
+ 2 + 3 = 1.
ε11 ε22 ε33

(4.5)

Here, we define the dimensionless vector, ~u according to the electric dis~ by
placement vector, D
~
D
~u = √
,
(4.6)
2ε0 we
and εij is the dielectric permeability tensor, which, when expressed in the
principal basis of the crystal, is diagonal, hence εij = 0 for i 6= j. To explain
the change in this index ellipsoid in the presence of the terahertz field, we
start by considering εij , and assume that it can be written in the form of a
power series in the strengths of the components, Ek , of the applied field as:
X
X
1
1
= (0) +
rijk Ek +
sijkl Ek El + . . .
εij
εij
k
kl

(4.7)

where rijk is the linear electrooptic tensor, and sijkl describes the quadratic
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electrooptic effect. Typically, sijkl  rijk and we consider only the linear effect here. Since εij is real and symmetric, it is common to use the contracted
index notation rhk where
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3
h=
4







5




6

for ij = 11,
for ij = 22,
for ij = 33,

(4.8)

for ij = 23 or 32,
for ij = 13 or 31,
for ij = 12 or 21.

Relating the dielectric permeability tensor to the refractive index via
1
1
=
,
2
εij
nh

(4.9)

we see that the deformation of the refractive index
 ellipsoid, that is, the
1
lowest order changes to the optical constants
are described by the
n2 i
relation
3
X
1
∆( 2 )i =
rij Ej .
(4.10)
n
j=1

For zincblende crystals of point group 4̄3m such as gallium phosphide and
zinc telluride, the electrooptic coefficients rij vanish except r41 = r52 = r63
which, for zinc telluride has a value 4.04pm/V [71], and for gallium phosphide 0.97ppm/V [72]. The equality of the non-zero coefficients makes the
crystal uniaxial, and hence, making the common definitions of the ordinary
and extraordinary refractive indices, n2o = ε11 = ε22 and n2e = ε33 , the index
ellipsoid is described as
u21
u2
u2
+ 22 + 32 = 1.
2
no n o ne

(4.11)

Under the influence of an applied electric field, E~a = EaX î + EaY ĵ + EaZ k̂,
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this ellipsoid is modified according to equation 4.10 such that
u21
u2
u2
+ 22 + 32 + 2r41 (Ea1 u2 u3 + Ea2 u3 u1 + Ea3 u1 u2 ) = 1.
2
no no
ne

(4.12)

Both zinc telluride and gallium phosphide are cubic zincblende lattices and,
owing to the high degree of crystal symmetry, are optically isotropic (show
zero birefringence) for zero applied electric fields. In this case, we can therefore write ne = no . Using the coordinate system definitions of figure 4.3 for
the [110] cut crystals used here, we consider the terahertz field to be incident
along the −x̂0 , or [-1 -1 0] direction, linearly polarised at an angle α to the
ŷ 0 direction. Alternatively, in the coordinate basis of the crystal lattice,


− cos α



Ea 

~a = √
E
 cos α  .
2 √
2 sin α

(4.13)

Equation 4.12 can then be written in matrix form as
~ a ) · ~u,
~u · η̂(E

(4.14)

~ a ) is the field-dependent impermeability tensor
where η̂(E




√
2 sin α cos α
1 0 0
0
Ea √


~ a) = 1 
η̂(E
0
− cos α . (4.15)
0 1 0 + r41 √  2 sin α
2
no
2
cos α
− cos α
0
0 0 1
In order to find the principal axis of the crystal under the influence of
this electric field, and the relevant refractive indices, we find the eigenvalues
~ a ):
of the impermeability tensor, η̂(E
λ1,2 =

p
1
r41 Ea
−
(sin α ± 1 + 3 cos2 α),
2
no
2

λ3 =

1
+ r41 Ea sin α, (4.16)
n20
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Figure 4.3: Crystal geometry for the electro-optic detection scheme. Both
the terahertz and optical probe field are assumed to be incident along the
−x0 = [1̄1̄0] direction, with the terahertz field polarised at an angle α with
respect to the y 0 = [1̄10] direction.
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and the normalised eigenvectors
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(4.17)

Under the effect of the applied electric field, the crystal principal axes are
parallel to these eigenvectors, and the refractive indices are given by
ni =

1
,
λi

(4.18)

which yields, to good approximation,
p
n3o r41 Ea
(sin α + 1 + 3 cos2 α)
4
p
n3o r41 Ea
n2 =no +
(sin α − 1 + 3 cos2 α)
4
n3o r41 Ea
n3 =no −
sin α.
2
n1 =no +

(4.19)

From equation 4.17, the vector U3 is perpendicular to the (110) crystal
plane, or parallel to the direction along which the electric field is incident.
The refractive index ellipsoid of the crystal can therefore be projected into
the (110) plane, as shown in figure 4.4. The orientation of this ellipsoid is
described by the angle ψ that the vector U1 makes with the [-110] crystal
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Figure 4.4: Deformation of the two-dimensional refractive index ellipsoid in
the (110) crystal plane, upon which the applied dc field, Ea is incident with
polarisation angle α with respect to the [-110] crystal axis. The end result
is a deformation of the index ellipsoid such that the fast and slow axis are
along U1 and U2 respectively.

axis, which can be shown to be
cos 2ψ = √

sin α
.
1 + 3 cos2 α

(4.20)

The frequency of the optical probe pulse is far greater than that of the
terahertz field. On the timescale of the probe field, the terahertz field therefore represents just such a dc electric field as Ea . If both the terahertz and
optical probe fields are incident along the [110] direction, the deformation
of the index ellipsoid is such that the components of the optical probe along
~ 1 andU
~ 2 receive a relative phase shift of
the principal axes U
Γ(α) =

p
ωd
ωd 3
(n1 − n2 ) =
no r41 |ET Hz | 1 + 3 cos2 α,
c
2c

(4.21)
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where d is the thickness of the crystal, ω is the angular frequency of the
optical probe field, and |ET Hz | is the magnitude of the terahertz electric
field. The polarisation of the optical probe beam is therefore altered in a
manner that depends both on the polarisation and the magnitude of the
terahertz field. This is exactly analogous to the linear Pockels effect.
The crystals used here are cut with one edge parallel to the ŷ 0 =[1̄10]
direction, as shown in figure 4.3. Both the terahertz and optical probe beams
are incident along the x̂0 =[110] direction. In order to determine the effect of
this relative phase shift on the orthoganal polarisation states of an arbitrary,
but linearly polarised probe beam, we resort to the method of Jones calculus
[73]. The optical probe field has complex amplitude ELO with horizontal
and vertical components described in matrix form by
~ h = ELO
E

1

!
0

!
~ v = ELO
,E

0

1

.

(4.22)

Upon propagating through the crystal, these components of the sampling
optical probe field undergo a phase change described in the crystal principal
axes system by the matrix
XT(α) =

!

exp(−in1 (α)ωd/c)

0

0

exp(−in2 (α)ωd/c)

,

(4.23)

which we can rewrite in terms of the relative phase change, Γ(α) as
XT(α) = exp(−iφ)

!

exp(−iΓ(α)/2)

0

0

exp(+iΓ(α)/2

.

(4.24)

Putting together these matrix components, the effect of the nonlinear
crystal on a horizontally polarised probe beam is therefore
ELO · R(−ψ(α)) · XT(α) · R(ψ(α)) ·

1
0

!
.

(4.25)

where R(ψ(α)) is the matrix corresponding to the rotation of the coordinate
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system by an angle ψ(α) from the lab to that of the crystal principal axis.

4.3.2

Comparison of Detection Schemes

Up until this point, the analysis of the polarisation rotation of the optical
probe beam has been independent of the detection method employed. We
now consider the effect of analysing the beam using a single channel detector and crossed polariser configuration, versus the dual channel, balanced
detector method illustrated in figure 4.1. In the first case, we use a halfwave plate to rotate the polarisation of the transmitted probe beam to be
perpendicular to that transmitted by the polariser. The field of equation
4.25 after transmission through the polariser is then given by
ELO ·

0 0

!

0 1

· R(−ψ(α)) · XT(α) · R(ψ(α)) ·

!
1
0

.

(4.26)

Substituting in equation 4.24 and taking the square of the transmitted vertical component gives the intensity measured at a photodetector positioned
behind this polariser:
S1Ch (α) =

2
ELO

2

2



sin (2ψ(α)) sin

Γ(α)
2


.

(4.27)

Alternatively, the nominally horizontally polarised (in the absence of the
crystal birefringence induced by the terahertz field) probe beam is passed
through a quarter-wave plate at 45◦ to the horizontal, giving circular polarisation. This is then analysed using a polarising beam splitter to obtain
orthogonal polarisation states, and a pair of photodiodes wired in a balanced
configuration. The field transmitted by the crystal and quarter-wave plate
arrangement is now obtained by multiplying equation 4.25 by
R(

−π
−π
) · QWP · R(
)
4
4

(4.28)

where QWP is the commonly known Jones matrix for a quarter-wave plate
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!

exp(−iπ/4)

0

0

exp(iπ/4)

.

(4.29)

One obtains, for the field incident on the polarising beam splitter,
!
1
−π
−π
. (4.30)
) · QWP · R(
) · ELO · R(−ψ(α)) · XT(α) · R(−ψ(α)) ·
R(
4
4
0
In the absence of any applied terahertz field Γ(α) = 0, as predicted by
equation 4.21, and XT(α) is equal to the 2 × 2 identity matrix. In this case,
equation 4.30 predicts equal magnitudes in both orthogonal polarisation
states. Analysing the field of equation 4.30 using a polarisation beam splitter
to detect each polarisation state on a balanced detector therefore produces a
null signal. If the terahertz and optical fields overlap in the crystal, however,
the transmitted optical polarisation is elliptically polarised. In particular,
in the case where α = 0 the relative phase delay between the polarisation
π
states, Γ(α) is a maximum, and ψ = . In this case, equation 4.30 gives,
4
for the components of the detected field
Edet

ELO
= √
2

sin(Γ/2) − cos(Γ/2)
i(sin(Γ/2) + cos(Γ/2))

!
.

(4.31)

The output of the balanced detector then gives the difference in the intensities of each component
Sbal = |Edet,h |2 − |Edet,v |2

|ELO |2
Γ
Γ
Γ
Γ
Γ
=
cos2 ( ) + sin2 ( ) − 2 cos( ) sin( ) − cos2 ( )
2
2
2
2
2
2

Γ
Γ
Γ
− sin2 ( ) − 2 cos( ) sin( )
2
2
2


2
|ELO |
Γ
Γ
=
4 cos( ) sin( )
2
2
2
= |ELO |2 sin(Γ)

(4.32)
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In the typical case of weak terahertz field Γ  1, which means
Sbal =' |ELO |2 Γ ∝ |ET Hz ||ELO |2

(4.33)

and we see the final result, that the difference signal is proportional to the
magnitude of the terahertz electric field. That Γ is indeed much less than
one can be seen by considering the values for r41 given earlier, and noting
that Γ = 1 would require a terahertz field ' 108 V/m for a 1 mm crystal.
Under the same conditions of α = 0 and Γ(α)  1, equation 4.27 gives
E2
Γ
S1Ch = |ELO |2 sin2 ( ) ' LO Γ2 .
2
4

(4.34)

In both detection schemes, the power in the terahertz field, PT Hz ∝
|ET Hz |2 is modulated using a mechanical chopper at frequency fchop , producing a corresponding modulation in the relative phase delay, Γ, between
the optical probe field components along each of the crystal principal axes.
A lock-in amplifier is then used to record only signal modulations at frequency fchop , arising due to the dependence of the photocurrent on Γ in
both cases. This further increases the signal to noise of the overall detection
system. For our case, fchop ' 1 kHz.
Comparing equations 4.33 and 4.34 shows that
S1Ch
Γ
' ,
Sbal
4

(4.35)

and that, therefore, the balanced detection scheme gives greatly increased
signal levels over those of the crossed polariser scheme. Indeed, it has been
shown [74] that, for typical terahertz powers of several microwatts, the balanced detection scheme can provide signal levels three orders of magnitude
greater than those from the crossed polariser scheme.
The proportionality in both cases to the power in the probe field should
also be noted, as it allows the signal strength to be increased above the
level of any instrument noise that may be present in the chosen detection
system. Further, as the level of shot noise associated with this signal will

111

4.4. Results of Single Comb Detection Scheme
scale as the square root of the power in the probe, in the shot-noise-limited
case the signal to noise ratio of the measurement system can be increased
with increases in optical probe power, as is the case for direct detection of
an optical field.
It is clear, therefore, that either a pair of photodiodes in a balanced configuration, or a single photodiode placed behind a crossed polariser allows
the measurement of the induced polarisation rotation of the optical probe
pulse due to the induced birefringence of the crystal in the presence of the
terahertz field. As it is this terahertz field responsible for this change in birefringence, sweeping of the delay between the two pulses results in a direct
measurement of the electric field, in contrast to conventional optical measurement techniques that are sensitive to only the intensity. As is common
practice in terahertz time domain spectroscopy, the sensitivity of the apparatus is further increased through the use of lock in detection, whereby the
optical pump beam is modulated at '1.5 kHz using a mechanical chopper,
and the signal component at this modulation frequency is detected using a
standard lock-in amplifier.

4.4

Results of Single Comb Detection Scheme

Figure 4.5 shows typical electro-optic sampling (EOS) traces of the terahertz
electric field, obtained using the zinc telluride detection crystal and both the
single channel (figure 4.5a) and balanced detection (figure 4.5b) schemes. In
addition, the Fourier transform of the time-domain data traces are shown,
indicating the spectral content of the terahertz field. In both cases, the
time constant of the lock-in amplifier used was 30 ms. A measurement was
recorded at changes in stage position of 20 µm in each case, and the amplifier
allowed to settle for '200 ms for each reading.
Considering first figure 4.5a, one notes from the spectral form of the
time domain trace a central frequency of '0.75 THz and a spectral bandwidth of '0.5 THz. The signal to noise ratio in the frequency domain is
approximately 20 dB. Also of note is the secondary pulse, seen with a delay of approximately 6 mm from the main pulse, that can be attributed to
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(a) Electro-optic sampling trace with single channel detector
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(b) Electro-optic sampling trace acquired using balanced detection
scheme.

Figure 4.5: Time-domain electro-optic sampling traces of the generated terahertz field, acquired with both a single channel detector and crossed polariser, and by balanced detection of orthogonal polarisation states, as explained in section 4.3. The spectral content of the signal is computed via
Fourier transform.
113

4.4. Results of Single Comb Detection Scheme
etaloning effects of the terahertz pulse in the 1 mm zinc telluride detection
crystal. That this is the case can be verified by calculating the optical path
length corresponding to one roundtrip within the crystal, having a refractive
index at the terahertz wavelength of n(0.75 THz) =3.2. Fresnel reflections
at the crystal-air boundary due to the high refractive index contrast therefore cause a portion of the terahertz pulse to propagate through twice the
thickness of the detection crystal, which will interfere with the optical probe
pulse when the terahertz pulse is advanced with respect to the position of
maximum signal by an optical path length 2 × n(0.75 THz) × l ' 6.4 mm,
where l is the thickness of the detection crystal. Likewise, the Fresnel reflections for such a refractive index contrast suggest that the pulse undergoing
an additional two reflections at the crystal-air boundary is '

1
5

of the power

of that passing straight through the crystal, in good agreement with the
relative pulse amplitudes shown in figure 4.5a. That it is the terahertz pulse
undergoing the additional reflections within the crystal, and not the optical
pulse can be seen by the secondary pulse appearing for shorter delays of the
terahertz pulse with respect to the optical probe. The Fourier transform
of the time-domain EOS trace shows interference fringes as a result of this
etaloning effect, with the fringes having spacing equal to the free spectral
c
range of this ‘cavity’, or
' 50 GHz.
2nT Hz l
Figure 4.5b shows an EOS trace obtained under similar experimental
conditions to figure 4.5a, but using the balanced detection scheme described
in section 4.3. The expected increase in signal level is not observed. This is
attributed to difficulties with aligning the beam into the two detector channels and, in particular, with maintaining the coupling of each polarisation
state into the photodiodes as the mechanical delay stage is swept. Indeed,
the drift in dc signal level with mechanical delay is seen in the time domain
trace, and this is reflected as a non-zero level of frequency components near
dc in the Fourier transform.
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4.4.1

Signal Scaling with Optical Probe Power

Equations 4.27 and 4.34 show that, in both the single channel and balanced
detection schemes, the expected signal magnitude scales with the power in
the optical probe field. In later work, we replace the sampling optical probe
field with that from a separate mode-locked fibre laser. As this second
laser lacks the high-power amplifier stage of that used here, we anticipate a
reduction in the available optical power in the sampling field. We therefore
seek to verify the scaling of the observed signal with optical probe power.
To do this, the power in the probe beam was varied using standard neutral
density optical filters, placed in the probe beam after the sampling plate
used to pick off the probe pulse. The resulting time-domain traces can be
seen in figure 4.6. That the photocurrent scales linearly with the intensity
of the probe field, as predicted by equation 4.27, can be seen by plotting
the magnitude of the peak of the non-normalised detected photocurrent
signal with respect to the average power in the probe pulse, as in figure
4.7. It should be noted that this neglects any variation in the phase offset
between the carrier wave of the terahertz field and the terahertz envelope.
As seen from the shifting of the peaks of the carrier wave from the maxima
of the envelope in figure 4.6, there is such a phase offset, likely due to the
mismatch of the terahertz phase and group velocities in air. However, it is
clear from figure 4.6 that this offset does not vary between scans, consistent
with phase-group velocity mismatch over a fixed path length. Indeed, the
only conditions that would give rise to a change in this offset would be a
change in the total optical path length of the terahertz pulse. As this offset
remains constant, it is reasonable to compare the peak of the electro-optic
sampling signal between scans.

4.5

Conclusions

Our SC THz-TDS arrangement demonstrates signal to noise ratios of '20 dB
for our available probe powers. In order to compare this to other work, we
need to obtain a numerical estimate of the terahertz power of our system.
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Figure 4.6: Resulting time-domain EOS traces for varying average powers of
the optical probe pulse. The traces have been normalised to the peak signal
of each trace and shifted in delay by 2 mm with respect to the preceding
trace for clarity.
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Figure 4.7: Scaling of the peak photocurrent observed from the single channel electro-optic sampling apparatus as a function of average power of the
optical pulse. A dual logarithmic plot is used to overcome the difficulties in
producing small changes in high average powers of the sampling pulse.

Such measurements are notoriously difficult, hence the prevalence of the
electro-optic sampling technique used here, which produces a measurement
of the terahertz electric field, but includes a response of the electro-optic material which is typically difficult to characterise sufficiently to allow an exact
calibration [75], [76]. The most reliable way to produce an absolute measurement of the terahertz power is to use a helium-cooled bolometer, such as
that used by [66]. Such instruments are slow and expensive to operate due
to the need for helium cooling. Whilst solid state pyroelectric devices have
been demonstrated [77], and indeed are now commercially available, these
devices remain uncalibrated at frequencies lower than '5 THz. Further, the
speed of these pyroelectric devices remains limited to around 5 Hz.
Rather than measure the terahertz power directly, we therefore extrapolate from the results of Chang et al. [66] who used an identical gallium
phosphide wave guide emitter for terahertz generation via optical rectification. The terahertz power obtained in this case was 120 µW for a 14 W
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optical pump. One notes that the central wavelength, observed terahertz
spectrum, and driving optical wavelength are all comparable to our work,
the only difference being additional amplification stages allowing higher optical pump powers. From equation 2.14, which states that the magnitude of
the nonlinear polarisation at the difference frequency scales with the square
2 , from which one estiof the driving electric field, one derives PT Hz ∝ Popt

mates a total terahertz power of 2.5 µW for the experimental arrangement
demonstrated in this thesis.
We now compare the performance of our SC THz-TDS system to the
work of Hoffman et al. [78]. Whilst these authors use a different scheme
for generation of the terahertz field, the result is comparable terahertz powers to that calculated above for our system. These authors use free-space
electro-optic sampling in gallium phosphide to obtain signal to noise ratios
of '20 dB, which is comparable to that observed in figure 4.5a.
In common with other THz-TDS experiments [21], [79], the need to
sweep the mechanical delay line in our experiment results in difficulties
maintaining the overlap of the optical and terahertz beams in the sampling crystal, and in long data acquisition times of four minutes for the data
shown in figure 4.5. The following chapters discuss a method of overcoming
these difficulties by eliminating the mechanical delay line.
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Chapter 5

Dual-comb Spectroscopy in
the Terahertz and Far-IR
Region
5.1

Introduction

The use of mechanical delay lines in terahertz time domain spectrometry
(THz-TDS) is fraught with drawbacks. Varying the optical path gives rise to
changes in optical alignment and focussing which, in turn, will produce signal
artefacts that are difficult to isolate from behaviour of the sample itself.
Further, and perhaps more importantly, the speed with which the delay can
be swept is limited, such that data acquisition is extremely time consuming.
Note that the frequency resolution of such a spectrometer system depends
on being able to vary the optical path length over large distances which, for
the relatively slow velocities with which it is possible to vary the path delay,
increases the required data acquisition time. For example, Mittleman and
co-workers reported on a gas-sensing THz spectrometer that required tens
of milliseconds in order to complete a single scan with adequate signal to
noise [2].
The following chapter proposes a method of overcoming these drawbacks,
whereby two mode-locked lasers, differing slightly in the pulse repetition
rate, are used to provide the two required optical fields in a technique knowns
as asynchronous electro-optic sampling (A-EOS) [80, 81]. In this method
one mode-locked laser is amplified and used for generation of the terahertz
field via either optical rectification [82] in a suitable nonlinear crystal, or by
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driving a photoconductive antenna [80]. A second mode-locked laser is used
to probe the terahertz field with a slight difference in pulse repetition rate,
such that the pulse overlap between the terahertz and sampling field in the
detection crystal is modulated at a frequency given by the repetition rate
detuning, ∆frep . In this way, all moving parts are eliminated, and the speed
with which data can be acquired greatly increased [83].
Related techniques using detuned frequency combs have already been
demonstrated at mid-to-near infrared wavelengths. For example, Schleiiser et al. [84] demonstrated a Fourier transform spectrometer covering the
spectral region 9-12 µm (25-33 THz) for real-time remote gas analysis. Further, Reinhardt et al. [85] have demonstrated such a system operating at
near-IR wavelengths, in the spectral range 819-830 nm (362-368 THz) for
spectroscopy of atomic transitions. More recently, the technique has been
applied to the terahertz range. In particular, Bartels et al. [86], [83] have
shown that asynchronous optical sampling of a terahertz frequency comb
allows rapid acquisition of the spectral lines in water vapour. This system uses an electro-optic antenna to generate the terahertz pulse from a
mode-locked titanium-sapphire oscillator operating at 800 nm, and a second
sampling pulse from a similar oscillator to interrogate the terahertz field in
a nonlinear zinc telluride crystal. The two oscillators have nominal pulse
repetition rates of 1 GHz, but are detuned by ∆frep =10 kHz by a system of
rf electronic feedback to an intracavity piezo-electric actuator.
Barbieri et al. [87] recently showed that an optical femtosecond frequency comb (FFC) could be used to characterize a quantum cascade laser
(QCL) operating at 2.5 THz. With a time domain analysis and subject to
certain limitations on rf bandwidth, they showed that A-EOS can be used
to map the THz frequency comb (THz FC) of a QCL to an rf photocurrent,
demonstrating the comb nature of the QCL output.
In this section we complete a fully frequency domain analysis of A-EOS.
Using this technique (which is a new form of dual-comb spectroscopy employing electro-optic sampling) our results indicate it is possible to pursue
wideband precision spectroscopy in the far-IR and THz spectral regions by
directly converting the far-IR/THz frequency combs to the rf domain. To
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this end, we show that it is possible to significantly improve the frequency
resolution of the technique developed in [80] such that the individual comb
elements of the THz FC are recorded. Such a technique would allow the
Hz-level frequency resolution [23] previously discussed (see section 1.1.3) to
be of such interest at these frequencies.
Figure 5.1 outlines the key steps in the detection process. In the first
step, the A-EOS process creates a comb of sidebands adjacent to each element of the optical local oscillator comb used to interrogate the THz FC.
As shown in figure 5.1, each set of sidebands contains the full spectral information of the original THz FC and therefore represents a scaled copy of
the THz FC. A subsequent direct heterodyne detection process on a fast
photodetector beats each set of sidebands with the nearest LO comb element to produce the rf frequency spectrum shown in figure 5.1. We show,
with a full frequency domain analysis and subject to appropriate limitations
on the repetition rate detuning, that each of the resulting rf comb elements
is produced by a single element of the THz FC. Further, the comb of rf
beat frequencies is symmetrical about every half pulse repetition rate of the
sampling optical comb. One can therefore recover the entire spectral information of the original THz FC by recording, for example, the frequency
content between dc and half the pulse repetition rate, as illustrated in figure
5.1. Spectroscopy of a sample can be performed by repeating this measurement with and without the sample placed in the THz FC beamline.
We show here, with a fully frequency domain treatment, that optical
rectification of an optical FFC results in a THz FC and, further, that asynchronous electro-optic sampling of this THz FC with a second, detuned local
oscillator (LO) FFC writes a comb of rf phase sidebands onto the sampling
optical pulse. Subsequent heterodyne beating of this modulated optical
comb gives rise to a comb of rf frequencies, with the crucial characteristic
that each rf comb element is produced by beating processes involving one
and only one element of the original terahertz comb. In this manner, a single, unique copy of the original terahertz field is created at readily detectable
rf frequencies.
The nature of each frequency comb at each stage of the experimental
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Figure 5.1: Overview of the multi-frequency heterodyne detection scheme
for the dual-comb terahertz spectrometer. Asynchronous electro-optic sampling (A-EOS) results in a scaled copy of the original THz frequency comb
(THz FC) being created adjacent in frequency to each element of the local
oscillator (LO) optical comb. Further mixing of these sidebands with the
LO comb during the direct heterodyne detection process produces a comb
of rf frequencies, periodic in the pulse repetition rate of the LO comb and
symmetric about half the pulse repetition rate. Careful analysis (see text)
shows that each rf comb element arises from a single THz FC comb element,
such that the full spectral content of the original THz FC is contained within
a frequency range less than half the LO pulse repetition rate, where it may
be recovered electronically.
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arrangement is shown in figure 5.2. A THz FC is generated by difference
frequency generation (DFG) from an optical FFC with a repetition rate
frep + ∆frep . In the case where the THz FC is generated using a single
optical comb the former necessarily has a zero offset frequency, as explained
in section 2.1. This distinction is made as recent work [88] has demonstrated
that DFG between two optical FFCs can extend the bandwidth of the difference frequency comb up to the mid-infrared. In this case, the following
theory still applies, but one must be careful to include the resulting offset
frequency of the difference frequency comb.
The generated THz FC is used to probe a sample that imparts phase and
amplitude changes onto this comb. It is this terahertz spectroscopic data
that we seek to transfer into the rf region of the spectrum, where it may be
easily detected and analysed using conventional electronics. This is achieved
by using a second optical FFC, the LO FFC. The THz FC has a repetition
rate that is detuned from that of the LO FFC, frep , by an amount ∆frep .
Upon mixing with the terahertz comb in a second nonlinear crystal, referred
to henceforth as the electro-optic sampling (EOS) crystal, a polarisation
modulation is produced by the EOS process. Due to the differing repetition
rates of the two combs, this results in a set of polarisation modulation sidebands being written onto each comb element of the LO FFC. As we show
in the following section, direct detection of the LO FFC produces a comb
of rf frequency modulations, each frequency element of which correspond
uniquely to a particular terahertz comb element, allowing recovery of both
the phase and amplitude spectroscopic data.

5.2

Mapping of a Terahertz Frequency Comb to
the Radio Frequency Spectral Region via
Asynchronous Electro-optic Sampling

In the frequency domain EOS can be viewed as sum frequency generation
(SFG) and DFG [89] between the LO FFC (serving as the probe) and the
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Figure 5.2: Schematic of a terahertz spectrometer where the pump femtosecond frequency comb (FFC) and local oscillator (LO FFC) frequency
combs differ in pulse repetition rate by an amount ∆frep . The terahertz
frequency comb (THz-FC) is generated by difference frequency generation
in a nonlinear crystal (GaP). After passing through the sample to be studied, the terahertz comb is electro-optically sampled using the detuned LO
frequency comb in a second nonlinear crystal, the electrooptic sampling element (EOSE). Following a polariser, direct detection of the sampled LO
frequency comb completes an element-by-element mapping from the terahertz frequency range to the rf domain.
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THz FC2 . In the following section, we show that the SFG and DFG processes
of asynchronous electro-optic sampling create sidebands adjacent to each
element of the LO FFC, within each set of which is contained the full spectral
and amplitude information of the original THz FC, as in figure 5.3a) and
c). We refer to these sidebands as A-EOS sidebands. Subsequently, we will
show that the beating process arising from direct detection of the A-EOS
sidebands with the original LO FFC on a fast photodetector creates an rf
photocurrent, itself having many comb elements, each corresponding to a
unique element of the original THz FC, as illustrated in Fig 5.3b).
We begin our analysis by considering the polarization rotation imparted
via SFG and DFG onto the LO FFC through the asynchronous electro-optic
sampling process. The fields incident on a polarisation beam splitter placed
behind the nonlinear detection crystal consist of the original LO FFC, as
well as those fields produced through SFG and DFG with the THz FC3 . We
~ SF G (t) and E
~ DF G (t) respectively. The total
write these latter two fields as E
EOS

EOS

incident field at time t can then be written
SF G
DF G
~ tot = E
~ LO (t) + E
~ EOS
~ EOS
E
(t) + E
(t).

(5.1)

Let the transmission axes of the polarising beam splitter be denoted x̂ and
ŷ. The fields along these axes are then
~ tot (t) = Etot,x (t)x̂ + Etot,y (t)ŷ,
E

(5.2)

where
SF G
DF G
Etot,x (t) = ELO,x (t) + EEOS,x
(t) + EEOS,x
(t)
SF G
DF G
Etot,y (t) = ELO,y (t) + EEOS,y
(t) + EEOS,y
(t).

(5.3)

2
Whilst it is intuitive to think of A EOS as the mixing of differing frequency elements,
the same can be seen to be true of conventional EOS employing a swept mechanical
delay by realising that the effect of the mechanical delay is to Doppler-shift the frequency
v
elements of the portion of the optical FFC used as the LO by an amount 2frep , where
c
v is the sweep velocity of the mechanical delay [25].
3
Of course, the THz FC itself propagates through to the detector also, but as our
detector is not sensitive to such long wavelengths we need not include it here.
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We follow the procedure of [89] and rewrite these polarisation components
as
Etot,x (t) = ELO,x (t) (1 + iϕx (t))
Etot,y (t) = ELO,y (t) (1 + iϕy (t))

(5.4)

where the phase modulations, ϕx (t) and ϕy (t) are given by
ϕx (t) =
ϕy (t) =

SF G (t) + E DF G (t)
EEOS,x
EOS,x

iELO,x (t)
SF
G
DF G (t)
EEOS,y (t) + EEOS,y
iELO,y (t)

.

(5.5)

For reasonable field amplitudes ϕx , ϕy  1 thus equation 5.4 can be well
approximated by
Etot,x (t) = ELO,x (t) exp(iϕx (t))
Etot,y (t) = ELO,y (t) exp(iϕy (t)).

(5.6)

The effect of the SFG and DFG fields is therefore to create an amplitude
modulation in the orthogonal polarisation states of the measured LO field.
This amplitude modulation can be recorded either directly using a crossedpolariser geometry, or by using ellipsometry involving balanced detection of
orthogonal polarizations, analogous to the schemes demonstrated in section
4.3. The simultaneous mixing of multiple comb elements via both SFG and
DFG necessitate careful consideration in order to verify the unique mapping
of the THz FC elements to a corresponding heterodyne beat in the rf domain
of the resulting signal. We will show that, in the case where the LO and THz
fields are of the form of broadband, detuned FCs, the resulting amplitude
modulation can be described by phase modulation sidebands of the original
LO FFC.
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The mode-locked oscillator used as the LO FFC can be described by,
ELO (z, t) =

X

ALO (z, ωM ) exp(−iωM t)

(5.7)

M

where ALO (z, ωM ) is the complex spectral amplitude of the frequency component at frequency ωM and location z respectively. We include within the
complex spectral amplitude the spectral phase of the LO FFC. The discrete
comb elements are indexed by M ,
ωM = 2π(M frep + f0 )

(5.8)

where frep is the laser pulse repetition rate, f0 is the carrier-envelope offset
frequency, and M runs over the bandwidth of the laser. The THz FC, generated via DFG with an optical FFC that has an element spacing (repetition
rate) of (frep + ∆frep ) can be described by,
ET Hz (z, t) =

X

AT Hz (z, ΩN ) exp(−iΩN t)

(5.9)

N

Again, the complex spectral amplitude AT Hz (z, ΩN ) includes within it the
spectral phase of the N th THz comb element. As this THz FC is assumed
to be generated by DFG of optical comb elements having the same offset
frequency, there is zero offset frequency of the THz FC comb elements. The
comb elements are indexed by N and, further
ΩN = 2πN (frep + ∆frep ).

(5.10)

The nonlinear polarization produced by a single THz FC element at frequency ΩN due to the SFG process is given by,
PΩN (z)ωM +ΩN (z) = χ(2) (ωM + ΩN ; ωM , ΩN )ALO (z, ωM )AT Hz (z, ΩN )
(5.11)
and, for the DFG process,
PΩN (z)ωP −ΩN (z) = χ(2) (ωP − ΩN ; ωP , ΩN )ALO (z, ωP )A∗T Hz (z, ΩN ) (5.12)
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where the index P is introduced to index the LO FFC during DFG. Throughout this discussion, we use a frequency superscript to indicate a quantity that
varies in time with the indicated frequency, whilst a subscript argument indicates the frequency of the THz FC element producing the particular LO
sideband. PΩωNM +ΩN (z) therefore represents a nonlinear polarization at frequency (ωM + ΩN ) produced by the SFG process between the THz FC line
at frequency ΩN and the optical LO FFC element at frequency ωM , whilst
PΩωNP −ΩN (z) represents the nonlinear polarization due to the DFG process
between the LO FFC element at frequency ωP and the THz FC line at
frequency ΩN .
We now follow the principals of section 2.1 and assume that the field
radiated as a result of the nonlinear polarisation of equations 5.11 and 5.12
satisfies the slowly varying amplitude approximation. That is, the amplitude
of the radiated field varies slowly on the scale of the wavelength. The radiated field amplitude, AEOS , of the sampled LO FFC at frequency ωM + ΩN
at position z in the nonlinear detection crystal due to SFG therefore satisfies
a wave equation of the form of equation 2.19,



∂
2πi (ωM + ΩN )2 ωM +ΩN
+ β(ωM + ΩN ) AEOS (z, ωM + ΩN ) = 2
P
(z)
∂z
c k 0 (ωM +N ) ΩN
0
exp(i∆k+
z − [β(ΩN ) + β(ωM )] z).

(5.13)
Similarly for DFG,



2πi (ωP − ΩN )2 ωP −ΩN
∂
+ β(ωP − ΩN ) AEOS (z, ωP − ΩN ) = 2
P
(z)
∂z
c k 0 (ωP −N ) ΩN
0
exp(i∆k−
z − [β(ΩN ) + β(ωP )] z),

(5.14)
0 = k 0 (ω )+k 0 (Ω )−k 0 (ω +Ω ) and ∆k 0 = k 0 (ω )−k 0 (Ω )−
where ∆k+
M
N
M
N
P
N
−

k 0 (ωP − ΩN ) correspond to the wavevector mismatches in the SFG and DFG
cases respectively. For consistency with [89], we use k = k 0 + iβ such that k 0
represents the real part of the wavevector, and β the absorption coefficient.
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Substituting in the previously derived nonlinear polarizations of Eqs. 5.11
and 5.12, and integrating over the length, l of the nonlinear crystal, we
obtain
2πi (ωM + ΩN )2 (2)
χ (ωM + ΩN ; ωM , ΩN )
c2 k 0 (ωM +N )
exp(i∆k+ l) − 1
×
exp(−β(ωM + ΩN )l)
i∆k+

AEOS (l, ωM + ΩN ) =

× ALO (ωM )AT Hz (ΩN ),

(5.15)

for the SFG term, and
2πi (ωP − ΩN )2 (2)
χ (ωP − ΩN ; ωP , ΩN )
c2 k 0 (ωP −N )
exp(i∆k− l) − 1
×
exp(−β(ωP − ΩN )l)
i∆k−

AEOS (l, ωP − ΩN ) =

ALO (ωP )A∗T Hz (ΩN ),

(5.16)

for the DFG term. We make the undepleted pump approximation and assume ALO (z, ω) and AT Hz (z, Ω) to be constant in z. Substituting the frequency equations 5.8 and 5.10, and summing over the LO FFC elements gives
the total field due to the THz FC element at frequency ΩN = N (frep +∆frep )
SF G
EEOS,Ω
(l, t)
N

X  2πi (ωM + ΩN )2
=
χ(2) (ωM + ΩN ; ωM , ΩN )
c2 k 0 (ωM +N )
M

exp((i∆k+ l)) − 1
exp(−β(ωM + ΩN )l)
i∆k+
×ALO (ωM )AT Hz (ΩN )
×

× exp(−2iπ ((M + N )frep + N ∆frep ) t)] ,

(5.17)
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and
DF G
EEOS,Ω
(l, t)
N

X  2πi (ωP − ΩN )2
χ(2) (ωP − ΩN ; ωP , ΩN )
=
c2 k 0 (ωP −N )
P

exp((i∆k− l)) − 1
exp(−β(ωP − ΩN )l)
i∆k−
×ALO (ωP )A∗T Hz (ΩN )
×

× exp(−2πi ((P − N )frep − N ∆frep ) t)] .

(5.18)

Focussing solely on the time dependence of the above expressions, it can
be seen that each THz FC line of frequency ΩN produces a sideband on every
LO FFC element (at frequency ωM for the SFG case, and ωP in the DFG
case), with the spacing of that sideband from the LO FFC element from
which it is derived being equal to the THz frequency ΩN = N (frep + ∆frep ).
As this spacing is not a multiple of frep (the spacing of the LO FFC elements
themselves) each THz sideband is displaced from an LO FFC element other
than that used in its generation by an amount N ∆frep . Further, we note
that this is true for both the SFG and DFG cases, with the THz sideband
being greater or lesser in frequency than the nearest LO FFC element in
the SFG or DFG cases respectively. By considering the SFG and DFG
processes within the same LO FFC spectral interval, we note that that the
M + N + 1th LO FFC element in the SFG case corresponds to the P − N th
LO FFC element in the DFG case. This enables us to express equations
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5.17 and 5.18 as a single sum,
EEOS,ΩN (l, t) =

2πi X
c2
M



(ωM + ΩN )2 (2)
χ (ωM + ΩN ; ωM , ΩN )
k 0 (ωM +N )

exp(i∆k+ l) − 1
ALO (ωM )AT Hz (ΩN )
×
i∆k+

× exp(−2πi ((M + N )frep + N ∆frep ) t)

(ωM +2N +1 − ΩN )2 (2)
+
χ (ωM +2N +1 − ΩN ; ωM +2N +1 , ΩN )
k 0 (ωM +N +1 )
exp(i∆k− l) − 1
ALO (ωM +2N +1 )A∗T Hz (ΩN )
×
i∆k−

× exp(−2πi ((M + N + 1)frep − N ∆frep ) t)
(5.19)
It is important to note this sum represents the sidebands resulting from
a single THz FC element, specifically the N th element. When we consider
the THz FC in its entirety, we find the final result that a sideband corresponding to each element of the THz FC is created both above and below
every single LO FFC element, as shown in figure 5.3, and we refer to these
sidebands as A-EOS sidebands. In general, these sidebands will have a different polarization to that of the LO FFC. In order to observe a heterodyne
beat between these field components, we use either an optical polarizer to
take parallel projections of the original LO FFC and A-EOS sidebands, or a
quarter waveplate and balanced detection of orthogonal polarization states,
as in the case of ellipsometry discussed in [89].
Having fully described the nature of the A-EOS sidebands written onto
the LO FFC by the THz FC, and henceforth referring to this modulated
comb as the sampled LO FFC, we now consider the direct detection process
of this modulated comb, using a polariser to take parallel projections of the
modulation sidebands and the original LO elements.
With a judicious choice of ∆frep the direct detection process produces
rf modulation frequencies in the four main bands as shown in figure 5.3
b). First we start with the A-EOS SFG sidebands, connected graphically
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a) SFG in A-EOS
M LO line

M+1+ N LO line

M+N LO line

M+1,N-1

M,N

M-1,N+1

SFG sidebands

υ

b) RF spectrum
Band C

Band B

Band D

Band A

fRF

c) DFG in A-EOS

P-S or M+1 +N LO line
P LO line

P-1-S or M+N LO line

υ
M-1,N+1

M,N

M+1,N-1

Figure 5.3: a) Optical frequency spectrum of the LO FFC after SFG with the
THz FC. In the SFG process, the N th THz FC element writes a sideband
onto the M th LO FFC element, producing a modulation at a frequency
near the (M + N )th LO FFC element. b) RF spectrum of directly-detected
photocurrent due to the modulated LO FFC obtained through asynchronous
optical sampling. Four bands of heterodyne beats are formed. Of interest are
the middle two bands (which are conjugate pairs) as each rf beat within these
bands is created by a unique element of the THz FC. c) Optical spectrum of
the LO FFC after difference frequency generation (DFG). Similar to SFG,
the process of DFG writes a group of sidebands onto the LO FFC and, after
direct detection of the sampled LO, there is the same unique mapping of a
particular THz FC element to a unique rf heterodyne beat as shown in b).
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between panels a) and b). Bands A and D result from the intra-A-EOS
sideband beating and as they are very low in power they are not considered
further. Of more interest is the range of beat frequencies due to beating
of the M th group of A-EOS SFG sidebands with the (M + N )th LO FFC
element (Band B). A third group of beat frequencies (Band C) is due to
the M th group of A-EOS SFG sidebands mixing with the (M + N ) + 1th
LO element as shown in figure 5.3b). This group of beats is a mirror image
of Band B, reflected about frep /2. Continuing this analysis shows each
group of sidebands beats with its nearest and next nearest LO elements and
contributes an identical beat structure to the rf spectrum shown in figure
5.3 b).
The DFG sidebands will also contribute to the photodetector’s rf signal
generating a similar set of bands of rf frequencies within the range dc to frep
in the photodetection signal. In the central two bands, the N th A-EOS DFG
sidebands will appear as an rf beat at exactly the same frequency as the N th
A-EOS SFG sidebands. This overlap is shown pictorially in figure 5.3 b).
Similar to the SFG case, each group of A-EOS DFG sidebands beats with
its nearest and next nearest LO elements. Herein lies the key point: for AEOS to be employed as a detection method for multi-frequency heterodyne
THz spectroscopy each rf beat must result from one and only one THz FC
element. Indeed this is the case, as the N th mode of THz FC is the only
element responsible for generating the rf beat at N ∆frep from both SFG and
DFG sidebands. Limits on ∆frep necessary to produce this unique mapping
are discussed below.
The photocurrent due to the simultaneously incident A-EOS sidebands
and LO fields is proportional to the square of the electric field described by
equation 5.1 [90],
SF G
DF G
~ LO (t) + E
~ EOS
~ EOS
S(l, t) ∝ |E
(l, t) + E
(l, t)|2 .

(5.20)

Neglecting the dc photocurrent terms corresponding to each of the LO and
A-EOS fields incident on the detector individually, and subject to the bandwidth limitations discussed, one obtains the time-varying term due to the
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mixing of the LO field with the A-EOS sideband.
SF G
∗
DF G∗
SΩN (l, t) ∝ EEOS,Ω
(l, t)ELO
(l, t) + EEOS,Ω
(l, t)ELO (l, t).
N
N

(5.21)

Substituting in equations 5.7, 5.8, 5.17 and 5.18 yields,
2πi X
SΩN (l, t) ∝ 2
c



M

(ωM + ΩN )2 (2)
χ (ωM + ΩN ; ωM , ΩN )
k 0 (ωM +N )

exp(i∆k+ l) − 1
ALO (ωM )AT Hz (ΩN )A∗LO (ωM +N )
×
i∆k+

× exp (−2πi [((M + N ) − (M + N )) frep + N ∆frep ] t)

(ωM +2N +1 − ΩN )2 (2)
+
χ (ωM +2N +1 − ΩN ; ωM +2N +1 , ΩN )
k 0 (ωM +N +1 )
exp(i∆k− l) − 1 ∗
ALO (ωM +2N +1 )AT Hz (ΩN )ALO (ωM +N +1 )
i∆k−

× exp (−2πi [((M + N + 1) − (M + N + 1)) frep + N ∆frep ] t)
(5.22)
Upon simplifying the time dependence in the exponential terms, and taking
relevant terms outside the sum, the true characteristics of this heterodyne
comb become clear:
SΩN ∝AT Hz (ΩN ) exp(−2πiN ∆frep t)

2πi X (ωM + ΩN )2 (2)
χ (ωM + ΩN ; ωM , ΩN )
c2
k 0 (ωM +N )
M

exp(i∆k+ l) − 1
×
ALO (ωM )ALO (ωM +N )
i∆k+

(ωM +2N +1 − ΩN )2 (2)
+
χ (ωM +2N +1 − ΩN ; ωM +2N +1 , ΩN )
k 0 (ωM +N +1 )

exp(i∆k− l) − 1
∗
×
ALO (ωM +2N +1 )ALO (ωM +N +1 ) .
(5.23)
i∆k−
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The term outside the sum can be rewritten


∆frep
AT Hz (ΩN ) exp (−2πiN ∆frep t) = AT Hz (ΩN ) exp −iΩN
t . (5.24)
frep
Comparison with equation 5.9 therefore shows that the final result of equation 5.23 is analogous to a map of the original THz FC, but scaled in frequency by a factor

∆frep
frep

and weighted by the amplitude and phase of the

LO FFC, as well as the phase-matching and nonlinear susceptibility terms
due to the optical mixing processes. Recalling that the dc photocurrent
terms corresponding to the photocurrents measured if any of the fields ELO ,
SF G or E DF G are detected independently were neglected in deriving equaEEOS
EOS

tion 5.21, the final signal can be seen to have the form of, in the time domain, the sum of these dc photocurrents, upon which is written an amplitude
modulation at rf frequencies described by equation 5.23. With appropriate
rf filtering, only those modulations at frequencies within the range of Band
B, as indicated in figure 5.3 will be observed.
Assuming the strong dc portion of the signal to be removable with conventional electronic filtering techniques, we now turn our attention to an
analysis of the factors affecting the magnitude of the rf modulation. The
sum over the optical LO FFC elements will vary with the spectral phase of
the input fields, and with the wavevector mismatch in the nonlinear material
used for the EOS crystal. If the SFG and DFG signal components generated by a single THz FC element at frequency ΩN have opposite phases,
for example, one can expect significant degradation of the heterodyne beat
signal at frequency N ∆frep . The effect of the LO FFC spectral phase, and
the wavevector mismatch on the magnitude of the heterodyne beat signal
forms the basis of the following section.

5.3

Effect of Spectral Phase on Heterodyne Beat
Signal

Consider again equation 5.23. There is, contained within the complex spectral amplitude ALO of the local oscillator a spectral phase associated with
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each and every optical comb element. Whilst a given rf comb element is
produced by the beating of many optical sidebands with their respective
nearest neighbour, it is seen from equation 5.23 that every single sideband
contributing to a given rf comb element is produced by a single terahertz
comb element, allowing the full structure of the THz FC to be retrieved using commonly available rf electronics. The amplitude of any given rf comb
element will, however, depend on the phase distribution of the many optical
sidebands involved in its generation, and of the LO FFC elements with which
they are mixed. This can be understood by considering the spectral phase
terms within the sum of equation 5.23. If the spectral phase of the optical
comb is flat, such that all the terms within the sum have the same phase, the
amplitude of the signal will be a maximum. In contrast, any spectral chirp
to the optical LO comb will reduce the amplitude of the heterodyne beat,
due to the phase mismatch between contributions to the single rf frequency.
Here we consider the effect of various contributions to the spectral chirp of
the LO comb on the heterodyne beat signal.
In general, the output pulse from a fibre oscillator such as that used
to provide the LO comb in this work will exhibit a non-uniform spectral
phase distribution due to the combined effects of material and waveguide
dispersion, as described in section 2.4.2, as well as the nonlinear phase shift
resulting from the intensity dependence of the material refractive index.
Recall expression 2.36 describing the propagation of an optical pulse in a
dispersive medium:
E(z, t) = eiωc t

Z

Ẽ(0, Ω)ei(Ωt−β(ωc +Ω)z) dΩ,

(5.25)

and the Taylor expansion of the propagation constant β(ωc + Ω) thus,
β(ωc + Ω) = β(ωc ) +

dβ
dω

Ω+
ωc

1 d2 β
2 dω 2

Ω2 +
ωc

1 d3 β
6 dω 3

Ω3 + . . . , (5.26)
ωc

where ωc and Ω are the optical carrier frequency and ω = ωc + Ω, as defined
in section 3.3.3. The electric field of the local oscillator comb, having propagated a distance z in the silica fibre components composing the oscillator
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and subsequent amplifier stages, can therefore be rewritten
iωc t

E(z, t) = e

Z

i
i
Ẽ(0, Ω) exp(+iΩt − ikz − β2 Ω2 z − β3 Ω3 z)dΩ, (5.27)
2
6

di β
and β2 and β3 are the GVD and TOD parameters respecdω i
tively. β2 z is the total second order group delay dispersion (GDD). The
where βi =

combined effect of material and waveguide dispersion is therefore to write
onto the electric field a spectral phase consisting of terms proportional to
increasing powers of the optical frequency Ω.
As a specific example for illustration, we consider here the effect of a
non-uniform spectral phase of the LO FFC on the heterodyne beat signal
resulting from the N th THz FC element and assume perfect phase-matching,
the subject of which forms the basis of the following section. We choose an
LO FFC centered at 1030 nm and a THz FC element at 0.85 THz (N =
8500 for fr = 100 MHz) based on recent successes producing these THz
frequencies using ytterbium-doped fiber lasers [65].
We plot in figure 5.4 the effect of spectral phase terms up to quadratic
and cubic dependence on the optical frequency, corresponding to group velocity and third order dispersion are included. The effect of fourth order
dispersion was also calculated but found to have no significant effect on the
calculated signal amplitude. Figure 5.4 shows that the signal falls off relatively quickly as the pulse is temporally broadened due to GVD. Indeed, the
point at which the signal falls to half its expected peak, for a total group
delay of ' 1.5 × 104 fs2 , corresponds to an optical pulse duration of 170 fs2 ,
' 10% longer than the transform limit of 160 fs. It is therefore necessary
to compensate for the effects of GVD in the local oscillator field so as to
maintain the heterodyne beat signal predicted by equation 5.23. Among
others, Treacy et al [37] showed that the second order spectral phase shift
due to GVD could be compensated for using a pair of diffraction gratings,
as described in section 2.4.2. A second grating compressor, similar to the
design of that used to compress the optical pulse used to generate the terahertz radiation, was therefore used to compensate for the effects of GVD
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in the local oscillator pulse. Utilizing such an arrangement, it is possible to
minimise the signal reduction as a result of GVD in the LO pulse, and it
is anticipated that, providing careful attention is paid to compensation of
GVD, TOD will have the greater effect on signal degradation.
In contrast, the effect of a spectral phase profile that is cubic in optical
frequency, as for third order dispersion (TOD) is observed to have a more
modest effect. The signal remains within 50 % of the expected maximum
(obtained for the initially transform limited pulse duration of 160 fs) for
total third order delays of up to 7×106 fs3 , or pulse durations up to 500 fs,
in the presence of TOD alone. Typical values of the third order dispersion coefficient, β3 for single mode fibers at 1030 nm are '0.05×106 fs3 /m,
and hence the LO pulse would have to propagate in an unreasonably large
('100 m) amount of such fibre for the heterodyne beat signal to be significantly degraded due to the effects of TOD alone. That TOD has little effect
on the calculated signal amplitude may be expected due to the asymmetrical spectral phase profile that results from TOD, giving a flatter spectral
phase profile at the central optical frequency than is observed for the GVD
case. It is worth noting that techniques have been demonstrated that allow independent compensation of GVD and TOD [39], but the efficiency of
these methods is such that the power in the LO pulse is reduced, and overall
signal level will decrease. To date, such methods have therefore not been
employed in the experimental work discussed here.
In addition to the contribution to the spectral phase due to material and
waveguide dispersion, there will be a nonlinear phase shift, owing to the
intensity dependence of the material refractive index and the short optical
pulses used. As a result of such an optical Kerr effect, it is appropriate to
write the refractive index in fused silica fibre as
n = n0 + n2 I

(5.28)

where I is the intensity of the beam, n0 is the material refractive index in
the limit of infinitesimal low intensities, and n2 is the optical Kerr coefficient
in units of m2 /W. As a result, the temporal form of the pulse is distorted
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according to
E(z, t) = E0 e

i((n+n2

cε 2
|E0 | )kz−ωt)
2
.

(5.29)

Wise et al. [63] showed that, for typical fibre lasers of the design used here,
a nonlinear phase shift of the order of π leads to significant spectral distortion of the optical pulse, in the form of increased energy in the spectral
wings. The resulting non-uniform spectral phase profile significantly limits
one’s ability to re-compress the pulse using a grating compressor. That we
do not observe such spectral distortion serves to verify that an upper bound
of the peak nonlinear phase shift of π is appropriate for this discussion. In
order to calculate the effect of such a nonlinear phase shift on the signal
magnitude predicted by equation 5.23, a phase shift proportional to the
instantaneous intensity of the Sech2 pulse envelope is applied in the time
domain, before Fourier transforming back to the Fourier domain to calculate
the new spectral phase of each frequency element. Upon substituting the
resulting spectral phase profile into equation 5.23 we see that the heterodyne beat signal remains within 50% of the predicted peak value for total
nonlinear phase shifts of ' π. Such a nonlinear phase shift would result in
optical pulses many times longer in duration than the predicted transform
limit, [91] and may be avoided using standard techniques of chirped pulse
amplification [92]. We therefore do not expect a significant reduction in the
heterodyne beat signal resulting from the nonlinear phase shift of the optical
pulse.

5.4

Effect of Phase-matching on the Heterodyne
Beat Signal

In addition to a variation in signal strength with the spectral phase of the
LO comb, equation 5.23 shows that there is a dependence of the signal
strength on the wavevector mismatch of the terahertz comb line and the
optical comb line with which it mixes to produce the A-EOS sideband. In
order to study the effect of the phase-matching term of equation 5.23, we
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Figure 5.4: Effect of various spectral phase contributions on the expected
signal magnitude predicted by equation 5.23, for the local oscillator described in section 2.4. the input spectral bandwidth is 6.9 nm at a central
wavelength of 1029 nm, giving a transform limited sech2 pulse duration of
160 fs.
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assume the spectral phase of the LO FFC to be flat, and compute the
dependence on the wavevector mismatch, ∆k+ and ∆k− of the total SFG
and DFG contributions respectively. Figure 5.5 shows the spectral phase
and amplitudes of the polarization sidebands written onto the LO FFC, as
a function of the optical wavelength. The nonlinear crystal used for detection
is ZnTe, with complex refractive index data taken from [93].
For frequencies greater (shorter wavelengths) than the central frequency
of the LO FFC, the A-EOS sidebands are produced mainly via the SFG
process, due to the larger amplitude of the LO comb elements involved.
Likewise, at frequencies lower (longer wavelengths) than the central frequency of the LO FFC, the A-EOS sidebands are dominated by the DFG
process. For this reason, the spectral phase of the A-EOS sidebands follows
that calculated via the SFG term of equation 5.23 at shorter wavelengths,
and that of the DFG term at longer wavelengths.
For a ZnTe crystal of length 0.4 mm, it is seen that the phases of the
LO sidebands vary by .

π
2

across the optical bandwidth of the LO FFC.

The rf photocurrents produced by the beating of each LO sideband with its
nearest-neighbor LO FFC element therefore also display minimal variation
in phase, giving no degradation of either the SFG or DFG contributions
to the rf signal . Further, note that the average phases of the SFG and
DFG sidebands differ by less than

π
2

such that the contributions to the

heterodyne beat from the SFG and DFG sidebands add in phase. Under
these conditions, the phase-matching is therefore optimal.
In contrast to figure 5.5, extending the nonlinear crystal to 0.8 mm, as
shown in figure 5.6, produces an increased difference in the average spectral
phase of the SFG and DFG A-EOS sidebands. This is due to the increased
phase contribution of the wavevector mismatch term in equation 5.23, giving
a greater phase difference between the SFG and DFG components. The
LO sidebands therefore transition in phase from that of the SFG terms at
short wavelengths, to that of the DFG terms at longer wavelengths. When
the contribution of the entire LO spectrum to the rf heterodyne beat is
calculated, the opposing phases of these sidebands gives partial cancellation
r
of the rf photocurrent at ΩN ∆f
fr .
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Figure 5.5: Variation of phase (top) and amplitude (bottom) of A-EOS
sidebands as a function of optical wavelength for a ZnTe detection crystal
of 0.4 mm length. The spectral phase is shown for the sidebands produced
through the SFG and DFG processes, as well as the sum of both, weighted
by the amplitude contribution predicted by equation 5.23.
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Figure 5.6: Variation of phase (top) and amplitude (bottom) of A-EOS
sidebands as a function of optical wavelength for a ZnTe detection crystal
of 0.8 mm length. Compared to that of figure 5.5, the difference in phase
between the SFG and DFG A-EOS sidebands at similar wavelengths leads
to partial cancellation of the heterodyne beat signal. The amplitude of the
contribution to the heterodyne beat is normalised with respect to that in
figure 5.5.
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Figure 5.7: Variation of phase (top) and amplitude (bottom) of A-EOS
sidebands as a function of optical wavelength for a ZnTe detection crystal of
1.6 mm length. With the longer crystal, the A-EOS sidebands themselves are
reduced in amplitude due to the wavevector mismatch between the optical
LO and THz comb elements. Again, the amplitude of the contribution to
the heterodyne beat is normalised with respect to that in figure 5.5.

Further increasing the crystal length varies the expected signal in a periodic manner similar to that observed in other nonlinear optical processes, as
shown in figure 5.8. We see, for example, that a crystal length of 0.4 mm is
the optimum choice for the experimental conditions shown, whilst a crystal
length of 0.8 mm produces SFG and DFG terms that are nearly opposite
in phase, giving near total cancellation of the heterodyne beat signal, as
illustrated in figure 5.6. It should be noted that, for the SFG and DFG processes individually, one calculates a coherence length of 1.6 mm in ZnTe for
these frequency conditions, due to dephasing of the optical and THz fields,
as shown in figure 5.7. It is the dephasing of the SFG and DFG components
with respect to each other that reduces the effective coherence length for
the heterodyne beating process responsible for the mapping of the THz FC
to the rf frequency range.
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Figure 5.8: Calculated heterodyne beat signal for a THz frequency of
0.85 THz, as a function of nonlinear crystal length for a ZnTe detection
crystal, and an LO FFC of 7 nm bandwidth, centred at 1030 nm.

5.5

Bandwidth and Choice of Detuning

As mentioned previously, in order that the bands of rf heterodyne beats do
frep
not overlap, it is necessary that N ∆frep 
. This places restrictions
2
on the useful frequency bandwidth of the terahertz spectrometer, and raises
consideration for laser design and data acquisition. For a given system
design, the maximum terahertz frequency that can be measured is given by
ΩN  2π

2
frep
.
2∆frep

(5.30)

Figure 5.9 shows the maximum terahertz frequency one can hope to resolve
for realistic values of pulse repetition and detuning frequencies. The choice
of repetition rate detuning (∆frep ) sets an upper limit on the resolution
bandwidth required to resolve distinct spectral elements in the rf frequency
range, which in turn sets a lower limit on the required acquisition time, tacq
as tacq '

1
RBW .

Again, figure 5.9 shows that tacq can vary from 0.1 to 250ms

for reasonable performance parameters. A larger detuning allows for shorter
acquisition times but limits the maximum frequency that can be measured,
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Figure 5.9: Map of the expected bandwidth performance one can reasonably expect from the terahertz heterodyne spectrometer system for given
constraints in oscillator design and acquisition methods. The maximum
terahertz frequency one can hope to measure before the heterodyne beats
f
overlap at rep
2 is labelled in units of terahertz on the contour lines. Note
that, for a laser pulse repetition rate of 100 MHz, and a reasonable detuning
of 1 kHz, one can expect a terahertz bandwidth of >10 THz, with data
acquisition times ' 10 ms.

similar to the constraints of a conventional Fourier transform spectrum analyser. Conversely, smaller detunings allow greater terahertz bandwidths to
be resolved, but data must be acquired over longer time intervals, and increased constraints are placed on the stability of the relative pulse repetition
rates of the optical combs. From figure 5.9, it is seen that very respectable
performance can be obtained for realistic design characteristics. For example, for a laser pulse repetition rate of 100 MHz, and a reasonable detuning
of 1 kHz, one can expect a terahertz bandwidth of 10 THz, with data
acquisition times ' 10ms. Further increases in the terahertz bandwidth can
be obtained by going to higher repetition rate oscillators, as was noted in
[83].
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5.6

Signal to Noise Scaling

One final further aspect of this detection scheme is worthy of consideration.
We note from equation 5.23 that the measured photocurrent is proportional
to the square of the amplitude of the LO field, in contrast to conventional
heterodyne detection where the photocurrent scales linearly with the LO
field. This difference arises due to the LO FFC being involved twice in the
beating process. Once to generate the phase modulation sidebands onto the
LO FFC, and once in a beating process with these modulation sidebands to
produce the rf heterodyne beat, as shown in figure 5.3. The power associated
with this signal photocurrent then scales as
2
PS ∝ hi2S i ∝ PT Hz PLO
,

(5.31)

where PT Hz ∝ A2T Hz , PLO ∝ A2LO , and iS is the signal photocurrent. The
shot noise current, hiN i associated with iS is described by
hiN i =

p
2eiS ∆f ,

(5.32)

where ∆f is the bandwidth of the measurement, and e is the electronic
charge. The signal to noise power ratio is then defined as
p
hi2 i
S
= 2S ∝ PT Hz PLO .
N
hiN i

(5.33)

Whilst the increase in shot-noise-limited signal to noise ratio increases with
the square root of the power in the terahertz field, as in the case for both
heterodyne detection of a weak optical field, and direct detection of an
optical field, the increase in signal to noise ratio with power in the LO field
is perhaps less expected. In conventional heterodyne detection, where the
signal photocurrent scales linearly with the LO oscillator electric field, it is
common to increase the LO power until one reaches the shot-noise limit,
where the shot-noise power dominates above all other noise sources. At this
point, further increases in LO power produce no benefit as the noise power
amplitude increases with the signal amplitude. However, in the heterodyne
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detection system here, the additional beating process means that, whilst
the shot noise power level scales with the local oscillator power, the signal
level will scale with the square of the local oscillator power, providing a
potentially large increase in the signal to noise power ratio.
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Chapter 6

Experimental Demonstration
of Dual-comb Terahertz
Spectroscopy
6.1

Coupling of Detuned Local Oscillator Pulse

In Chapter 4 we demonstrated a conventional, single-comb terahertz timedomain spectrometer (SC THz-TDS). We established the spectral content
of the terahertz field being generated in the gallium phosphide waveguide.
The effectiveness of the electro-optic sampling geometry is seen from the
detection noise level of ' 20dB in the scans of figure 4.5. We now move
on to a discussion of the experimental efforts to detect this field using the
dual-comb detection scheme outlined in Chapter 5.
The optical probe beam of Chapter 4 was replaced with the pulsetrain
of a second mode-locked ytterbium-doped-fibre laser, henceforth the local
oscillator comb (LO FFC). The ' 200 mW output of the laser in figure 2.10b)
was compressed to 250 fs pulse duration using the technique described in
section 2.4.2. The polarisation of this beam was then adjusted to match
that of the sampling beam found to give the maximum signal magnitude in
the conventional, single-comb, time domain spectroscopy case using a halfwave plate. The LO FFC was coupled into the experimental arrangement
as shown in figure 6.1 using a switchable mirror, such that the existing
beam alignment was unperturbed. In this way, the LO FFC was coaxial
with the sampling pulse used in the single-comb THz-TDS experiment of
section 4. Alignment of the LO FFC pulse with the previous sampling pulse
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was verified using mechanical apertures, and a CCD camera placed at the
location of the nonlinear detection crystal. The LO FFC beam was focussed
to a spot size of 50µm with a Rayleigh range in excess of 5 mm, verified
using the technique described in section 3.5.2, such that the optical spot
size remained smaller than that of the terahertz spot size throughout the
interaction length of the crystal. In this way, the entire optical pulse is
influenced by the change in refractive index due to the terahertz pulse. Due
primarily to losses in the grating compressor and in the reflectivity of the
pellicle beam splitter, the LO power incident on the nonlinear detection
crystal was limited to 30 mW.

6.2
6.2.1

Controlling The Laser Repetition Rates
RF Locking Scheme

In order to detect the heterodyne comb predicted in section 5, it is necessary
that each rf comb line have a width far less than the spacing of the rf comb
lines, so as to ensure the heterodyne comb itself is not obscured by the
widths of the individual comb lines. As the rf comb is produced by mixing
of the optical LO FFC and terahertz combs, it is necessary to stabilise the
relative frequencies of the LO FFC and the optical comb used to produce
the THz FC. In order to do this, the difference in pulse repetition rate of
the two laser oscillators of figure 2.10 is locked to a reference oscillator using
the system of rf electronics shown in figure 6.2.
It is important to note the fact that the heterodyne beat between the
LO FFC and the THz FFC is produced by the mixing of many optical
and terahertz comb lines, centred at '300 THz and 1 THz respectively.
The respective combs are therefore centred at approximately the 3×106 and
1×104 th harmonics of the ' 100 MHz repetition rate. As the rf heterodyne
beat results from mixing of THz FC and LO FFC elements at ' 1 THz and
300 THz respectively, it is drifts in frequency between these comb elements
that we wish to minimise in designing the locking scheme. Whilst locking
of dual-combs at optical frequencies has been demonstrated [94], the tech-
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Figure 6.1: Experimental arrangement of the dual-comb terahertz spectrometer. In contrast to figure 4.1 the apparatus replaces the probe pulse with
that from a second optical frequency comb (FC2), coupled into the experiment using a switchable mirror (SM) so as not to perturb the existing beam
alignment. This second comb is detuned in repetition rate such that the
delay between pulses from FC1 and FC2 varies in time. In this way the
need to sweep the mechanical delay line is eliminated (the driving optical
pulse still passes through the retro-reflector used to create the delay for
reasons of alignment). As in figure 4.1, the sampling pulse is coupled into
the detection crystal using a pellicle beam splitter (PeBS). Waveplates are
used to optimise the polarisation states of the various beams so as to utilise
the largest nonlinear coefficients, and a piece of PTFE is used to block the
residual optical beam after the generating crystal.
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Figure 6.2: Schematic of the rf locking scheme used to control the pulse
repetition rates of the two lasers. Optical paths (in fibre) in red, electrical
paths in black. A 10% portion of each laser output is picked off using a fibre
splitter. A fibre coupled fast ('10 GHz) photodiode is used to detect the
pulse train from each laser. Each resulting photocurrent signal is first filtered
(BPF) at the nth harmonic of the nominal repetition rate of 104 MHz and
amplified prior to combining the two signals in a double balanced mixer.
The resulting mixer output is subsequently mixed with a reference oscillator
(Osc) at n∆. Harmonics of the mixer output are removed using a third
tuneable BPF before being fed to a variable loop filter (VLF). The VLF is
essentially a two-pole device enabling tuning of the low frequency gain as
well as the poles of each filter stage. The output of the filter is amplified and
used to control the intracavity piezoelectric actuator in the laser used as the
local oscillator, or probe laser. A signal (RF ref) at ∆frep is provided for
reference and triggering purposes. Similarly, a monitor of the residual noise
on the error signal used to control the intracavity PZT is provided prior to
the BPF and VLF stages for the purpose of system characterisation.
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nique requires additional reference cavities and single mode lasers, greatly
increasing the experimental complexity. Instead, it is common practice to
lock the pulse repetition rates of lasers of this type by detecting harmonics
of the repetition rate at more readily accessible rf frequencies.
In the work presented here, we lock at the 37th harmonic of the nominal
pulse repetition rate, at a frequency of '3.7 GHz. Whilst we do not expect comparable performance to the optical locking techniques cited earlier,
locking at a higher order harmonic of the repetition rate serves to reduce
the broadening of the optical comb lines of concern due to residual jitter at
the lock frequency. To understand this, consider the case where one locks
the difference in fundamental of the laser pulse repetition rates, frep , such
that the relative broadening of the repetition rate difference, the detuning,
is ∆ν. In this case, the N th harmonic is broadened by an amount N ∆ν. In
contrast, if the lock is performed at some higher harmonic of the repetition
rate, at nfrep , say, then the difference frequency of the beat between the nth
harmonics is broadened by ∆ν, and the optical frequency at N frep is broadened by an amount

N
n ∆ν.

It is therefore desirable to lock at the highest

harmonic, n, of the repetition rate possible. The previously cited work of
[94] benefits from locking at optical frequencies, where n ∼ 3 × 106 . For the
purposes of this thesis, the two laser combs were locked at the more readily
accessible rf frequency of the 37th harmonic of the laser pulse repetition rate
at 3.7 GHz. That is to say that n =37 in figure 6.2. Efforts to optimise the
locking scheme, so as to reduce the expected broadening of the rf heterodyne beat as well as determine the extent to which the performance of our
locking scheme is expected to broaden the heterodyne comb, are examined
in section 6.3.

6.2.2

Component Testing and Characterisation

For the purposes of the following discussion, we refer to the first mixing
stage, and any preceding components as ‘high frequency’ rf, operating at
nfrep ' 3.7 GHz, and the following components as ‘low frequency’ rf, operating at n∆ ∼ kHz frequencies. In order to reduce broadening of the
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Figure 6.3: Arrangement for measuring of the noise floor of the available low
frequency mixers. The frequency, f of an oscillator is varied such that the
two signals combine at the mixer in quadrature for the (non-variable) delay,
giving zero dc output. The mixer output is then observed on a spectrum
analyser.

heterodyne beat frequencies due to lock instabilities, it is desirable that the
noise floor of each component contributes as little as possible to the repetition rate detuning of the two combs. To this end, the noise floor of three
available low frequency mixers was measured using the setup shown in figure
6.3, with the results shown in figure 6.4. It is seen that the Anzac models
display both a lower noise floor, and reduced susceptibility to line harmonics, especially at higher frequencies. Where possible then, these mixers were
favoured over the Maccom model also tested.
A similar study was performed for the available high frequency mixers.
Due to the difficulty in providing a reference signal at the necessary 3.7 GHz,
the locking electronics were assembled and tested as shown in figure 6.2 with
the various mixers in place. The residual noise on the control signal used to
drive the piezo-electric actuator in the laser cavity was then measured prior
to the band-pass filtering stage, as indicated in figure 6.2. The residual
noise as a function of frequency for the various mixers is shown in figure
6.5. Note that this configuration actually compares the 37th harmonic of
the repetition rate difference to the oscillator frequency, which is set to the
37th harmonic of the desired repetition rate difference. From figure 6.5,
it is seen that the servo loop is effective at reducing noise on the control
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Figure 6.4: Measured noise floors for the three available low frequency mixers. Strong line harmonics remain, despite significant efforts to reduce these.
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Figure 6.5: Spectrum of the residual noise on the error signal for the range of
high frequency mixers available, together with a reference trace showing the
noise level in the absence of any precise locking scheme. For this reference
trace, the dc bias to the oscillator cavity PZT was manually controlled so
as to maintain the difference in laser repetition rates in ‘close’ lock to the
oscillator frequency, but no servo gain was employed. Data is also shown
for the Anaren mixer following work to isolate ground loops and provide
cleaner power supplies for the servo electronics and rf amplifiers. In general,
the servo loop is seen to reduce the level of noise on the control signal for
frequencies out to around 3 kHz, where the phase response of the servo loop
is such that further increases in gain write on additional noise to the control
signal, and the residual noise rises above that in the unlocked case.
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signal out to frequencies around 3 kHz, where the phase response of the
loop is such that increased loop gain writes additional noise onto the control
signal. This results in the characteristic ”servo bump” [95] at 3 kHz. The
Anaren mixer shows the lowest residual noise floor. Further, the control
signal displays residual line harmonics at 60 Hz and 180 Hz, regardless of the
mixer used. Considerable effort was therefore put into modifying the power
supply circuitry for both the servo electronics, and for the rf amplifiers used
in the servo loop. In particular, all required supply voltages were derived
from linear voltage regulators, and ground loops removed wherever possible.
Figure 6.5 shows the results of this work for the Anaren mixer, with the
reduction in 60 Hz noise clearly visible.

6.3

Cross Correlation of Laser Pulses to Verify
Timing Jitter

Having taken steps to optimise the locking used to control the pulse repetition rate offset of the two laser oscillators, we now seek to verify the
performance of this locking scheme by performing a measurement derived
from the optical output of the lasers, independent of the control circuitry
under study. This was done using a method similar to that documented in
[86]. A cross-correlation measurement of the two laser pulses was acquired
using non-collinear sum frequency generation in a β-Barium Borate (BBO)
crystal as per the experimental arrangement shown in figure 6.7. The repetition rate difference of the two lasers is locked at ∆frep . This causes the
delay between the pulses, τ (t), to vary in time as shown in figure 6.6. If the
two lasers have pulse repetition rates frep,1 and frep,2 = frep,1 + ∆frep , and
the delay between pulses is zero at time t = 0, then the delay can be written
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Figure 6.6: Pulse trains from two lasers, with pulse repetition rates frep,1 and
∆frep
frep,2 = frep,1 +∆frep . The delay τ (t) between pulses varies as τ (t) = t
frep
where t = 0 corresponds to the time at which the pulses overlap perfectly.
as


1

1

τ (t) = tfrep,1
−
frep,1 frep,2


∆frep
=t
frep,1 + ∆frep
∆frep
't
frep



(6.1)

Any fluctuations in the pulse repetition rate difference of the two lasers
will results in fluctuations on the pulse delay, τ . In order to measure the
fluctuations in τ , we provide an rf trigger at the average repetition rate
difference by virtue of the port labelled ‘RF ref’ in figure 6.2 in order to
trigger a 500 MHz digital storage oscilloscope. Due to the residual jitter in
τ , averaging over many traces appears to broaden the measured pulse. We
therefore average over a sufficiently long time period such that the averaged
signal does not appear to broaden any further, at which point the duration
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Figure 6.7: Experimental arrangement for the cross-correlation measurement. The two optical beams are focussed into a β-BBO crystal using an
80 mm focal length lens. The generated noncolinear sum frequency radiation is focused through an aperture onto a silicon avalanche photodiode (Si
APD). In order to reduce the residual optical power reaching the photodiode
an interference filter was used, angle tuned to the wavelength of the second
harmonic light at 515 nm. Phase-matching in the BBO crystal is type I
angle-tuned.

of the pulse represents the overall time resolution of this setup.
A typical trace where the repetition rate detuning is locked to 400 Hz
is shown in figure 6.8. The data shown is an average of 128 measurements
over an acquisition time of ' 10 ms, limited by the averaging function of
the sampling oscilloscope. The observed signal has the form of a 100 MHz
pulse train (governed by the nominal repetition rates of the lasers) modulated by an envelope with pulse full width half-maximum duration '100 ns
and modulation frequency determined by the detuning, ∆frep = 400 Hz.
From the time axis, one calculates the delay between the two optical pulses
∆frep
according to τ (t) = t
, from which one obtains a width of the averfrep
aged cross-correlation signal of '400 fs. The width of this envelope did not
increase with increased averaging time, thus the residual jitter in the time
base provided by this locking scheme is 400 fs. Such an envelope deconvolves to an actual sech2 pulse width of 260 fs, which is comparable to the
original optical pulse width, indicating minimal residual timing jitter due
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Figure 6.8: Blue: Cross-correlation trace of the femtosecond optical combs
in β-BBO with the repetition rate detuning set to 400 Hz. Time axes are
∆frep
shown both for the real time (lower) and scaled by a factor
to give
frep
the delay time. Black: Overlay of the sech2 envelope corresponding to the
cross-correlation signal expected from pulse widths of 260 fs.

to the phase noise of the electronic components used. Further verification
of the lock performance was performed by reducing the repetition rate detuning to 15 Hz, and analysing the resulting frequency modulations in the
cross-correlation signal using an rf spectrum analyser. The results are shown
in figure 6.9. It is seen that the modulation of the cross-correlation signal
remains resolvable for even such small detunings. Indeed, the broadening
observed is comparable to that expected due to the limited 2 Hz resolution
bandwidth of the instrument. The conclusion is therefore drawn that the
broadening of the heterodyne beat between the two lasers is not so severe so
as to prevent detection of the individual comb lines, and the lock is deemed
to be working satisfactorily.
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Figure 6.9: RF spectral output for the cross-correlation measurement depicted in figure 6.7. The detuning, ∆frep has been reduced to 15 Hz, whilst
the resolution bandwidth of the instrument is set to 2 Hz. The increased
sidebands at ' 180 Hz due to instabilities in the output of the diode used to
pump the power amplifier stage remain visible, as discussed in section 2.4.3.
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6.4

Schemes for Detection of the Heterodyne
Beat

6.4.1

High Gain Balanced Detector With High Extinction
of Frequencies Greater than 80 MHz

The first attempt to detect the comb of heterodyne beats between the detuned terahertz comb and the optical local oscillator was performed using
a custom designed balanced detector, giving a gain at 100 kHz of 8 V/mA,
and a high frequency roll-off of '40 dB/8ve at 80 MHz in order to attenuate
the large repetition rate signal at 104 MHz. In addition, a high pass filter
of 50 dB/decade at 1 kHz was used to eliminate any dc component arising
from slight errors in setting the balancing of the polarisation channels. A
schematic of the detector circuit is given in figure A.1 in appendix A. The
response of the detector to a balanced input is shown in figure 6.10.
For a terahertz comb and LO comb with repetition rate detuning ∆frep
one expects the terahertz frequency at N (frep + ∆frep ) to be mapped to an
rf photocurrent signal of frequency N ∆frep , as derived in section 5. For a
terahertz comb centred at 0.75 THz, as in figure 4.5a, N =

fT Hz
frep

' 7500,

so, for a typical detuning of 1 kHz, one expects the particular heterodyne
beat due to the terahertz frequency at line centre to be at 7.5 MHz. It
should, however, be noted that each comb element of the terahertz comb
creates its own heterodyne beat, and that therefore there is, as explained in
section 5, a comb of rf frequencies separated by ∆frep . This comb extends
from dc up to the bandwidth of the terahertz pulse, scaled by a factor

∆frep
frep .

The balanced detector, in conjunction with additional external filtering if
necessary, therefore provides large gain of the frequencies at which we expect
to observe the comb of heterodyne beats, whilst simultaneously reducing
the rf power at 100 MHz, allowing the gain to be further increased without
saturating the power spectrum.
The optical power giving shot-noise limited performance of this detector
can be determined from the noise spectra of figure 6.11, which shows the
unamplified detector response function for lower frequencies than that of
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Figure 6.10: Output of the custom-designed balanced detector for a typical
balanced input with additional 32dB external amplification. The band-edge
is seen to attenuate the 104 MHz repetition rate signal such that the in-band
noise-floor is only 25 dB below the 104 MHz peak. If necessary, additional
filtering can be employed to further attenuate the repetition rate signal, as
in the case shown where an additional 32 MHz low pass filter (LPF) has
been used.

figure 6.10. One observes a pass-band noise level of -140 dBm. Compare
this to the expected shot noise on the dc photocurrent, iDC produced from
the 0.3µW of optical power incident on a single channel. Using an on-board
gain of 7.3 V/mA, the dc voltage drop across a 50 Ω load was observed
in this case to be 2V, implying a photocurrent of 0.27mA. The shot-noise
power associated with such a photocurrent is given by
hiN i2 R = 2eiDC ,

(6.2)

where iN is the noise current and R is the load. For this case, one obtains
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a shot-noise power of −144 dBm
Hz , in good agreement with the noise floor of
figure 6.11. Further, increasing the optical power incident on the detector
produced a corresponding increase in the observed noise floor for frequencies within the pass-band. 0.3µW is a readily available optical power from
the local oscillator, and therefore it is reasonable to expect shot-noise limited performance from this detector. Despite the considerable gain in the
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Figure 6.11: Noise spectrum for the high-speed balanced detector used for
detection of the heterodyne beat signal. The incident optical power on
a single channel in this case was 0.3µW. The observed noise-floor in the
pass-band of -140 dBm corresponds well to the expected shot noise on the
observed dc photocurrent of 0.274mA. Note that, also visible, is the roll-off
of the high pass filter at 1 kHz.

frequency range expected to contain the comb of heterodyne beat signals,
efforts to resolve the predicted rf heterodyne comb at low frequencies using the bandwidth-limited balanced detector were unsuccessful. Whilst the
measurement was indeed shot-noise limited, equation 5.33 suggests that, for
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this detection scheme, increases in the signal to noise ratio can be expected
by increasing the power in the LO field beyond that of the shot-noise-limited
case. Unfortunately, further increases in LO power were not possible without
adding additional high power amplification stages to the LO laser output,
for which resources were not available. In light of this, an alternative detection scheme employing phase-sensitive detection of a single heterodyne
comb element was employed. This forms the topic of the following section.

6.4.2

RF Heterodyne Detection Using VCO Reference

With the bandwidth limited balanced detector proving unsuccessful, an attempt was made to increase the signal to noise ratio of the expected rf
heterodyne comb by employing a form of rf phase-sensitive detection. To
do this, a voltage-controlled reference oscillator was locked to the N th harmonic of the repetition rate detuning using a servo loop in addition to that
used to control the repetition rate detuning itself, as shown in figure 6.12.
This oscillator signal was then used as the LO input to a double-balanced
mixer, with the photodiode signal providing the rf input. In this way, a
particular comb element of the rf heterodyne comb described by equation
5.23 is demodulated down to dc frequency. We choose this particular comb
element to be near the centre of the predicted rf heterodyne comb so as to
maximise the expected signal level.
Recall the rf signal corresponding to a THz FC element at frequency ΩN
varies in time as
SΩN (t) ∝ AT Hz (ΩN ) exp(−2πiN ∆frep t),

(6.3)

where AT Hz (ΩN ) is the complex spectral amplitude of the THz FC element
at frequency ΩN . Using the experimental arrangement of figure 6.12, we
provide a reference signal at frequency N ∆frep =

ΩN
frep .

By mixing this ref-

erence signal with the measured photocurrent in a double balanced rf mixer
(DBM) the heterodyne beat corresponding to a terahertz comb element N
at frequency ΩN is mapped to dc frequency. Similarly, the heterodyne comb
elements adjacent in frequency, corresponding to terahertz comb elements
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at
ΩN +R = (N + R)frep ,

(6.4)

where R is the order of the comb element with respect to the N th element
∆frep
at frequency ΩN , are mapped to rf frequencies R
. In order to observe
frep
the strongest heterodyne beats, we seek to set ΩN = N frep to the centre
of the terahertz spectrum shown in figure 4.5. We then expect to observe
a dc signal corresponding to the heterodyne beat at N ∆frep , and a set
of rf comb elements spaced by the repetition rate detuning, ∆frep arising
from the terahertz comb lines at ΩN +R . A voltage controlled oscillator
(VCO) was used to provide the necessary reference frequency. Component
availability stipulated that the output frequency of the VCO, fV CO was
nominally 80 MHz, with a tuning range of ±10 MHz. A frequency pre-scaler
(UPB1509GV) was therefore used to divide this by four to obtain a reference
at '18 MHz. A further pre-scaler was used to divide the frequency of a
portion of this output by a factor of 256, such that a second double-balanced
mixer could be used to generate a VCO control signal from comparison with
the signal at 37∆frep , picked off from the servo loop used to control the
repetition rate detuning. This required the repetition rate detuning, ∆frep ,
be set to 1.9 kHz. With this setup, the heterodyne beat mapped to dc
corresponds to a terahertz frequency of
ΩN = 18MHz

frep
= 0.9THz.
∆frep

(6.5)

From figure 4.5a, it is seen that this is less than 50% down on the peak
of the terahertz emission spectrum produced from the gallium phosphide
waveguide. Limited component availability (and, crucially, the requirement
that the pre-scalers used can only divide by a power of two) means that it
was not possible to get closer to the terahertz band-centre.
In order to control the VCO frequency, an active filter was built consisting of an integrator and low-pass filter stage, a schematic of which is
shown in figure 6.13. The poles of the filter were varied to give optimum
performance, as determined by figure 6.14.
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+_

Figure 6.12: Schematic of the rf circuitry used to provide a reference signal
at the expected rf heterodyne beat frequency. The output frequency of
a voltage-controlled oscillator (VCO) is divided down by a factor of 4 to
provide the required reference signal at 18 MHz. A small portion of this
18 MHz signal was then further divided by a factor of 256 so as to enable
comparison to a portion of the repetition rate detuning signal at n∆frep ('
70.3 kHz for a detuning of 1.9 kHz). The control signal of the VCO, VCC in,
is derived from the IF output of the mixer, using a servo loop, similar to that
used to control ∆frep , but using a purpose-built active filter (PID) in place of
the loop filter used in the detuning locking case. A manually adjustable bias
voltage, Vbias is provided for tuning of the VCO frequency, and is added to
the control signal using a conventional adder circuit. The VCO output is low
pass filtered to remove harmonics and amplified to provide the necessary rf
power to be used as the reference in a mixing stage with the optical signal.
Measurements were made using both a single fast photodiode configured
as per the single-channel detection scheme in 4.3, or from the bandwidthlimited balanced photodiode described in section 6.4.1, configured as per the
balanced detection scheme of section 4.3.
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Figure 6.13: Circuit schematic for the active filter used to lock the voltage
control oscillator (VCO) to the expected frequency of the heterodyne beat
signal predicted by the analysis of Chapter 5. The component values shown
were decided upon following analysis of the lock performance, as shown in
figure 6.14. As shown, the filter consists of an initial integrator stage, with
a pole at approximately 20 kHz, and a second low-pass filter with a pole
at 315 Hz. A potentiometer is provided at the final output for varying the
overall response.

Figure 6.14 shows the residual noise on the VCO control signal as a function of frequency. Prior to considering the performance of the feedback loop
in locking the VCO frequency to that of the laser repetition rate detuning,
the ability of the servo loop to lock the VCO frequency to a fixed reference oscillator (Hewlet-Packard model no. 8662A) is characterised by a flat
noise floor out to the resonance of the integrator stage at ' 20 kHz. Whilst
it was possible to change the configuration of the filter in figure 6.13 such
that the calculated pole of the integrator stage was shifted to ' 80 kHz,
such a broad bandwidth resulted in an unstable lock of the VCO to the
reference oscillator, indicating a 180◦ phase roll-off in the response of other
loop components. It should be noted here that identical VCOs are locked
to reference frequencies with loop bandwidths approaching 100 kHz in other
experiments in our lab. The limitations in bandwidth therefore are not attributed to the VCO itself, but other components in the loop highlighted
in green in figure 6.12. In the absence of alternative loop components, the
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Figure 6.14: Measured residual noise level on the VCO control signal for
locking of the VCO to the detuning (in red) and a reference oscillator (in
black). The measured noise floor on the laser detuning lock (in blue) is
shown for comparison.
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pole of the integrator stage was reduced in frequency so as to reduce the
filter gain beyond 20 kHz, rather than thoroughly determine the root cause
of this limited locking bandwidth.
Figure 6.14 shows that, when tracking the residual drift in the repetition
rate detuning, ∆frep , the loop is able to reduce the residual noise on the
VCO control signal to that observed when locking to a reference oscillator
for frequencies up to '3 kHz, but that there is an increase in the residual
noise on the VCO control signal at '6 kHz, where the resonance of the
detuning control loop, as previously observed in figure 6.5, writes additional
noise onto the VCO control signal. However, below this resonance, the
residual noise of the VCO lock is well below that of the locking signal used
to control the repetition rate detuning, indicating that the VCO servo loop
is able to tune the VCO frequency sufficiently fast to ‘track’ residual drifts
in the detuning out to a bandwidth of ' 6 kHz.
Attempts to detect the expected rf heterodyne beat with the the described VCO reference signal were made using both the bandwidth-limited
balanced detector described previously, and a fast single-channel detector
in conjunction with a half wave-plate and crossed polariser, as described
in section 4.3. In the latter case, the optical power after the nonlinear detection crystal was attenuated to '1 µW so as to avoid saturating the on
board amplifier circuitry. Neither of these methods proved successful. We
therefore dedicate the remainder of this chapter to a discussion of where the
current experiment might be improved, and a comparison to other works
where appropriate.

6.5

Results and Conclusions from Dual-comb
Spectroscopy Measurement

No comb elements were visible in the measured rf spectrum, despite additional amplification of the photodiode signal, such that the shot-noise limited
noise floor of the output of the final mixer stage was '-10 dBm, well above
the total instrument noise level of '-130 dBm. The following discussion
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outlines some of the experimental limitations, and, in particular, compares
the current work to that of other authors who have been able to observe a
beating of the two detuned combs, albeit with differing measurement and
data acquisition schemes.
From equation 5.23 one sees that the magnitude of the contribution to
the rf photocurrent observed at the heterodyne beat frequency due to a
single A EOS sideband scales linearly with the amplitude of the terahertz
√
field, AT Hz ∝ PT Hz , where PT Hz is the total power of the terahertz field.
Recall in section 4.5, we compared our experimental arrangement to that of
[66], giving an estimate of the terahertz power in our work of 2.5 µW. Given
the 0.5 THz terahertz spectral bandwidth shown in figure 4.5 and the comb
element spacing of frep ' 104 MHz, one calculates a power per terahertz
comb element of 0.3 nW for our apparatus.
Using this estimate of the terahertz power per comb element, we compare
the signal to noise performance obtained by two works in particular. That
of Bartels et al. (particularly [86], but see also [96]) and that of Barbieri
et al. [97]. In [86], a total terahertz power of 40 µW is claimed from an
electro-optic antenna, giving a power per terahertz comb line of '30 nW.
These authors use a similar detuned comb arrangement, acquiring many
time-domain data-traces, each of approximately 100 µs duration. An average
over ' 107 of these traces is then taken and Fourier transformed to allow the
spectral content of the terahertz output to be be analysed. This acquisition
time corresponds to a range in pulse delay of 1 ns, as predicted by equation
6.1. This limited delay time gives rise to the frequency resolution of the
experiment of 1 GHz, which meant that the authors were unable to resolve
the individual comb lines of the terahertz spectrum, being themselves spaced
by 1 GHz.
It is notable that such significant averaging was required, despite the
higher power per terahertz comb line, due to residual instabilities in the
locking scheme used to govern the repetition rate detuning of the two laser
oscillators. From the measurements presented in section 6.3, we see that the
residual timing jitter in our locking scheme is at least as good as that in [86]
(the longer duration of our optical pulses prevents us from measuring any
170

6.5. Results and Conclusions from Dual-comb Spectroscopy Measurement
lower levels of timing jitter). However, we note that the larger repetition
rate of [86] lessens the demand on the locking scheme, as the spacing of the
rf heterodyne beats is increased. In the time domain, one can interpret this
as an increase in sampling rate of the modulation due to the detuning of the
two combs, which means that an average over a given number of traces is
acquired over a shorter total acquisition time. For a total of 107 averages,
Bartels et al. obtain a signal to noise ratio at line-centre of '50 dB. If one
were to attempt a similar measurement with the 0.3 nW per terahertz comb
line and 30 mW LO of our experiment, one would expect this to be reduced
to 0 dB, highlighting the need for high-power combs with this technique.
Barbieri et al [97] demonstrated a mode-locked quantum cascade laser
(QCL), producing 17 mW of total terahertz power at 13 GHz repetition
rate over a narrow spectral bandwidth of 32 GHz. In this case, the terahertz spectrum contains only a few comb lines, giving a considerable average
power per comb line of '7 mW. In contrast to Bartels et al. these authors
acquired data in the frequency domain using a swept rf spectrum analyser
with a resolution bandwidth of 100 kHz. In the work of Barbieri et al. the
bandwidth of the lock used to control the repetition rate of the QCL was
only a few hundred Hz. Such large resolution bandwidths and comparatively
poor locking performance does not, in this case, affect the ability to resolve
the individual terahertz comb lines due to the spacing of the latter by the
large repetition rate. Barbieri et al. observe a signal to noise ratio of 20 dB
for their experiment. Performing a similar comparison as that done for [86]
above, one predicts a signal to noise ratio at terahertz line-centre of -55 dB
for our power levels, due largely to the reduced terahertz power per comb
line.
In order to increase the performance of the experimental arrangement
presented in this thesis, there exists four options. Firstly, to reduce the
residual relative timing jitter between the two optical pulse trains. The
most likely method for achieving this would be to stabilise the relative pulse
repetition rates at optical frequencies rather than at GHz frequencies, as
discussed in section 6.2.1, and demonstrated in [94]. This requires considerable additional experimental complexity in the form of a high finesse
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optical reference cavity and CW laser sources, and was beyond the scope
and resources of this project. The second possible option is to increase
the pulse repetition rate of the fibre laser oscillators used, such that the
comb line spacing is increased. Unfortunately, achieving pulse repetition
rates greater than '200 MHz in fibre lasers involves significant engineering
challenges due to the reliance of the nonlinear polarisation evolution modelocking mechanism on the induced birefringence of the fibre components
[98]. The amount of polarisation rotation accumulated in a cavity roundtrip
therefore decreases for higher repetition rate cavities, leading to instabilities
in modelocking [99]. The third option for increasing the signal to noise ratio
of the system presented here is to increase the power in the terahertz comb.
The obvious way to achieve this is to increase the optical power with which
the nonlinear generating crystal is pumped, requiring additional amplification stages in the fibre laser system, resources for which were not available.
Finally, electro-optic antennas have demonstrated increased terahertz conversion efficiency at these powers. Indeed, Bartels et al. obtain their 40 µW
of terahertz power from only a 500 mW optical pump. The trade off is
saturation of the conversion efficiency for higher optical driving fields, and
reduced terahertz spectral bandwidth owing to the time constants of the
carrier dynamics within the crystal.
As a final area for improvement of the work presented in this thesis, we
note that the magnitude of each term contributing to the rf photocurrent in
equation 5.23 scales with the amplitude of two optical LO comb elements,
ALO (ωM ) and ALO (ωM +N ) for the SFG contribution and ALO (ωM +2N +1 )
and A∗LO (ωM +N +1 ) in the case of the DFG contribution. It was shown in
section 5.6 that this gives rise to a scaling of the shot-noise-limited signal
to noise ratio as ∝ PLO , in contrast to conventional heterodyne detection
where one observes no benefit in terms of signal to noise ratio beyond the
shot-noise-limit. It is worth noting that both of the works discussed above
used greater LO powers, 400 mW in the case of [86] and 50 mW in the case
of [97], than the 30 mW available for this work.
A final useful calculation is to estimate the signal to noise ratio expected
in the dual-comb detection scheme from the measured performance of the
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single-comb detection scheme. The peak signal in figure 4.5a represents
a voltage swing of 500 µV from the background-corrected mean value of
zero. We assume the mechanical chopper to modulate the driving optical
field with the form of a square wave, and that therefore the terahertz field
also exhibits a square-wave modulation at the chopper frequency of fchop '
1.5 kHz. Considering a square wave as the sum of its Fourier components,
f (t) =

4
π

X
n=1,3,5...

1
sin (nωt) ,
n

(6.6)

the 500 µV root-mean-square (rms) signal level measured at the fundamental
chopping frequency corresponds to a peak-to-peak level of the total square
wave signal of 900 µV. Further, the single-channel detector used in the
acquisition of figure 4.5a had a power gain of 37.5 dB, and a transimpedance
gain of 50 V/A, implying a photocurrent generated in the diode itself of
approximately 340 nA. In the single-comb case, all of the rf heterodyne
beat frequencies are mapped to an rf frequency of zero, and are therefore
degenerate, by virtue of the zero value of ∆frep . The resulting change in
signal level is therefore due to the heterodyne beat frequencies from each
of the '5000 THz rf comb elements summing at dc frequency. In the dualcomb case, where the non-zero detuning of the pulse repetition rates serves
to lift the degeneracy and map each of the heterodyne beats to a unique
rf frequency, each comb element is reduced in amplitude with respect to
the single-comb case by, to a first order approximation, a factor given by
the number of THz frequency comb elements. Using the above numbers,
the photocurrent produced by each rf heterodyne beat is calculated to be
69 nA. Accounting for the transimpedance gain of 8000 V/A of the balanced
detector shown in Appendix A, and feeding this signal through an rf power
amplifier with 32 dB of power gain, this gives a signal level of 550 nV, or
a power into a 50 Ω load of 9.5 pW, or -80 dBm. Significantly lower than
the shot noise-limited noise floor of this balanced detector configuration,
shown to be '-20 dBm in figure 6.10. Due to the linear scaling of the
√
signal strength with PLO versus the scaling as PT Hz , the necessary 60 dB
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increase in signal strength is likely to be more readily obtained through
increases in the local oscillator power. Indeed, achieving such an increase
in signal strength through increases in terahertz comb powers alone would
require an increase in PT Hz of 12 orders of magnitude. Due to the large
increases in signal required, it is highly likely that improvements will have
to be made in all of the areas outlined above. That is, increases in both
the local oscillator power and terahertz comb power, and a reduction in the
relative timing jitter between the two laser pulse trains.
Consider now efforts to detect the expected heterodyne comb by providing an rf reference to an additional mixing stage, as described in section 6.4.2, where it was observed that the ability of the servo loop to track
the laser repetition rate detuning was limited to a frequency bandwidth of
'6 kHz, in contrast to loop bandwidths achieved elsewhere in our lab using
the same design of voltage-controlled oscillator (VCO) and different loop
architectures. Given sufficient time and resources, the components limiting
this bandwidth could be identified and replaced and/or redesigned, and it is
anticipated that the locking bandwidth of the VCO control loop could be increased to '50 kHz. Note however that this detection scheme inherently has
the drawback of introducing additional instrumentation noise in the form of
the noise floors of the components used, and that therefore, direct detection
of the heterodyne beat is likely to offer the preferred solution.
A precise estimate of the benefit of these improvements, or indeed, an
estimate of the necessary improvements required in order to attain a particular signal to noise ratio, is a difficult task owing to the complexity of the
physical processes involved. Indeed, efforts to calculate the absolute terahertz power from the optical rectification process alone are rarely seen in
scientific literature. Calculating the magnitude of the rf photocurrent from
the asynchronous electro-optic sampling process is even more problematic
due to the lack of numerical estimates of the nonlinear susceptibility at terahertz frequencies. In fact, it is possible that the technique presented here
would allow such measurements in the future, with high spectral resolution.
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Final Conclusions
In this work, we have shown that significant technical challenges remain if
a passive optical resonator is to be effective in increasing the efficiency of
the nonlinear conversion process involved in terahertz generation via optical
rectification. Namely, crystal materials must be developed that offer single
pass conversion efficiencies comparable to those already available, but without the optical absorption observed for gallium phosphide. In the absence
of such materials, high power terahertz frequency combs would therefore
seem better served by conventional single-pass generation geometries. Such
techniques may take better take advantage of the long coherence lengths in
readily available nonlinear materials at wavelengths that are conveniently
produced by now well-established, high power fibre lasers.
We have shown analytically that asynchronous electro-optic sampling
can provide a high-resolution terahertz frequency comb spectrometer. Further, we have derived the equations governing the resultant heterodyne comb
using a fully frequency-domain analysis. To date, our experimental efforts
to detect the expected heterodyne comb have been unsuccessful. This is
in spite of the different detection geometries, large signal gain at the frequencies of interest, efforts to reduce noise on commercial electronics used,
and considerable effort to stabilise the relative repetition rates of the two
laser oscillators. The fact that, despite these measures, the heterodyne beat
signal was still not observed only serves to highlight the need for high power
frequency combs in this technique. However, in the course of this work other
authors have detected similar heterodyne combs using higher power quantum cascade laser (QCL) terahertz sources. With the higher comb powers
available with ever advancing fibre laser technology, this technique will likely
warrant future interest for the purposes of high resolution terahertz spec175
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troscopy, where the high cost and complex cooling of QCL terahertz sources
cannot be justified.
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Appendix A

Technical Information
Regarding High Gain,
Low-pass Filtered, Balanced
Detector for Detection of the
Heterodyne Beat in the
Dual-comb Spectrometer
Setup
Below is the circuit schematic for the high-gain, balanced photodetector used
for detection of the heterodyne beat in the dual-comb terahertz spectrometer
experiment. The detector provides strong attenuation of frequencies above
80MHz, as shown in figure 6.10. This circuit was designed and built by
Pavel Trochtchanovitch at the University of British Columbia Department
of Physics Electrical Shop specifically for this application.
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Appendix A. Data for Bandwidth-limited Balanced Detector Used for Detection of Heterodyne Beat

Figure A.1: Circuit schematic of the custom-designed, bandwidth-limited
189
balanced photodetector.

