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Abstract 

Micro-cutting operations are used to manufacture miniature parts in biomedical, optics, 

electronics, and sensors industry. Compared to chemical manufacturing processes, 

micro-cutting has the advantage of producing three-dimensional features with a broad range 

of materials. Tool geometries and cutting conditions need to be properly selected to achieve 

desired surface finish and avoid premature wear or breakage of the fragile micro-tools. The 

mechanics and dynamics of micro-cutting have to be modeled in order to predict the 

process behavior and plan the operations ahead of costly physical trials. 

The chip thickness is comparable to the tool edge radius in micro-cutting, which 

brings strong size effect to the prediction of cutting force. A generalized analytical model 

based on slip-line field theory is proposed to predict the stress distribution and cutting force 

with round tool edge effect. Plastic deformation of workpiece material is modeled 

considering strain hardening, strain-rate and temperature effects on the flow stress. A 

numerical model is developed to simulate chip formation and cutting force using finite 

element method. The simulation results obtained from the numerical and analytical models 

are compared against experimental measurements to evaluate their predictive accuracy.  

The cutting force coefficients are modeled as functions of tool edge radius and uncut 

chip thickness from a series of slip-line field and finite element simulations. The identified 

cutting force coefficients are used to simulate micro-milling forces considering the actual 

tool trajectory, radial tool run-out and the dynamometer dynamics. Micro-milling forces 

which have sub-Newton amplitude are predicted directly from material constitutive model 

with experimental proof. 

A specially devised piezo-actuator mechanism is developed to identify the frequency 

response function of the micro-mill up to 120 kHz. The process damping coefficient in the 

ploughing region is identified from the finite element simulations. Dynamic micro-milling 
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force with the velocity dependent process damping mechanism is modeled, and the chatter 

stability is predicted in frequency domain. Chatter tests are conducted to experimentally 

validate the dynamic model of micro-milling.   

The proposed mechanics and dynamic models can be used to simulate micro-cutting 

operations with various workpiece materials and tool geometries, and provide guidance for 

micro-cutting planners to select optimum cutting conditions. 
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Preface 

The papers published or submitted for publications from this thesis originated from the 

author’s Ph.D. research conducted under the supervision of Dr. Yusuf Altintas. The relative 

contributions of the authors in the publications are clarified in this section. 

The content of Chapter 3 has been published in two journal articles: 1. [Jin, X.], 

Altintas, Y., 2011, Slip-line Field Model of Micro-cutting Process with Round Tool Edge 

Effect, Journal of Materials Processing Technology, vol. 211, 339–355. The proposed 

slip-line field model of the micro-cutting process was formulated by the author. 

Micro-turning experiments were conducted to validate the model. 2. Altintas, Y., [Jin, X.], 

2011, Mechanics of micro-milling with round edge tools, Annals of CIRP, 60/1, 77-80. The 

author of the thesis extended the slip-line field model to predict the cutting forces in 

micro-milling. The algorithms of calculating the exact chip thickness and using Kalman 

filter to compensate dynamometer distortion were based on the previous research work 

conducted by Dr. Altintas [67][68][69][70]. Dr. Altintas wrote the paper and the author of 

the thesis assisted. 

A version of Chapter 4 has been published in [Jin, X.], Altintas, Y., 2011. Prediction 

of Micro-milling Forces with Finite Element Method. Journal of Materials Processing 

Technology, vol.212, 542-552. The author developed the finite element model to simulate 

the chip formation in micro-cutting. Cutting forces from finite element simulations were 

used to calibrate cutting force coefficient. Micro-milling tests were conducted and 

compared against the simulation results obtained from the proposed slip-line field and finite 

element models. 

A version of Chapter 5 has been submitted for review. The author developed the 

measurement device to identify the frequency response function of micro-mill, and 

identified the process damping coefficient from finite element simulations. The chatter tests 
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Chapter 1  

Introduction 

Advancements in biomedical, optics, electronics, sensors, die and mold industries 

have led to the increasing demand for high-accuracy miniaturized components. These 

components usually have complex geometries requiring micron level accuracy. The 

manufacturing methods commonly used for the production of micro-structured components 

are photolithography and ion beam etching. However, these methods are time consuming 

and limited to a few silicon-based materials with planar geometries. Compared to the 

chemical manufacturing processes, micro-cutting has the advantage of fabricating small 

components with complex three-dimensional features in a broad range of materials. Figure 

1.1 shows a miniature part produced by micro-cutting operation [1]. 

 
© Journal of Advanced Manufacturing Technology, 2005, by permission. 

Figure 1.1 Miniature part produced by micro-cutting operation [1]. 

   The diameters of micro-end-mills are in the range of 25 µm to 1.0 mm with 2–10 mm 

long flutes. In comparison to macro-milling, the dimensions of chip loads and tool 

geometry for micro-milling operations are typically an order of magnitude lower, which 

present difficulty in modeling and process control. Figure 1.2 shows the comparison of the 
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size and shape between a macro-mill and micro-mill. Tool geometry, cutting speed, chip 

load and depth of cut must be properly selected to avoid premature wear and breakage of 

the micro-mill flute, as well as produce smooth surface finish with desired accuracy on the 

miniature parts. The prediction of cutting force, stress, temperature and vibration rely on 

the work material properties, tool geometry and cutting conditions. The cutting mechanics 

and dynamics of micro-milling have to be modeled in order to predict the process behavior 

ahead of costly physical trials. 

 

Figure 1.2 Comparison of macro-mill and micro-mill. 

Unlike macro-mills for which chip loads reach up to 300 µm per flute, chip loads for 

micro-end-mills are typically within the range of 25 µm. Since the cutting edge is typically 

ground with a 2-20 µm radius, the assumption of having an infinitely sharp cutting edge is 

not valid in modeling the mechanics of micro-cutting operations. The same argument is 

valid in finish machining of hardened steel and thermal resistant alloys where the chip 

loads are comparable to the radius of the cutting edge. Figure 1.3 shows the chip formation 

and material flow in the orthogonal micro-cutting process with a round tool edge. The 

material bifurcates upward and downward at the separation point (S). The material that 

flows under point S is compressed to form the finishing surface, which is defined as the 

ploughing effect. Negative rake angle in the ploughing region due to round tool edge causes 

large deformation of workpiece material. The ploughing force component cannot be 
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neglected in evaluating the total cutting force. The round tool edge effect needs to be 

considered for the prediction of stress distribution and cutting force. In this thesis, the 

round tool edge effect is considered using analytical and numerical methods to model the 

micro-cutting mechanics.  

 

Figure 1.3 Material flow in orthogonal micro-cutting.   

One of the fundamental obstacles in improving the surface quality in micro-milling is 

chatter. Chatter vibration is a result of a self-excitation mechanism in the generation of chip 

thickness during cutting operations. When the dynamics of the closed-loop cutting system 

become unstable, the growing chip thickness increases the cutting forces and may break the 

tool and leave a poor surface finish [2]. Prediction of chatter vibration requires the cutting 

force model and identification of the frequency response function (FRF) at the tool tip. In 

conventional cutting operations, the dynamic parameters of an end mill are obtained 

through impact modal testing, which requires measurement of tool tip vibrations by 

exciting the tool with an impact hammer. Such testing becomes practically infeasible to 

apply on micro-mills with extremely small tool tips. Moreover, the impact hammer tests 

can only be applied in the excitation frequency range below 10 kHz, which is typically less 

than the natural frequency of a micro-mill tool tip. In this thesis a piezo-actuator is 

developed to experimentally identify the FRF of micro-mill up to 120 kHz. 

The contact between tool cutting edge and work material in the ploughing region 

generates process damping effect on the cutting process. Tool vibration in feed direction 
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results in energy dissipation in the ploughing region, adding extra damping on the tool 

vibration beside the structural damping effect. Process damping increases the stability at 

low spindle speeds. Process damping coefficient depends on the elastic-plastic properties of 

the workpiece, tool edge geometry and cutting conditions. Chatter stability is predicted in 

this thesis including the process damping coefficient identified through finite element 

simulations.  

The objective of this thesis is to model the mechanics and dynamics of micro-cutting 

process from material constitutive property, tool edge geometry and cutting conditions. 

Analytical and numerical techniques are applied to model the material deformation 

mechanism with round tool edge effect. The models are used to simulate strain, temperature 

and stress distributions in primary, secondary and tertiary shear zones, and predict the 

cutting forces including shearing and ploughing effects. Cutting force coefficients identified 

from the orthogonal micro-cutting model are used to predict micro-milling forces. The 

novel non-linear cutting force model, the frequency response function experimentally 

identified at micro-mill tip in high frequency range, and the process damping coefficient in 

the ploughing region identified by finite element model are integrated to predict the chatter 

stability in micro-milling. The flow chart of the research content in the thesis is shown in 

Figure 1.4.  

 

Figure 1.4 Flow chart of research content. 
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The thesis structure is organized as follows: A detailed review of the literature is 

presented in Chapter 2. Chapter 3 proposes a slip-line field model of the micro-cutting 

process with round tool edge effect. Strain, strain-rate, temperature and flow stress in the 

primary shear zone are modeled from constitutive properties of workpiece material and tool 

edge radius. Shearing and ploughing effects are included in evaluating the cutting force. 

Cutting force coefficients are modeled as non-linear functions of chip load and tool edge 

radius, and applied to predict the cutting forces in micro-milling. The simulated results are 

compared against experimental measurements in both micro-turning and micro-milling. In 

Chapter 4, a numerical model of orthogonal micro-cutting with a round cutting edge is 

developed using finite element (FE) method. Chip formation is simulated and cutting forces 

are predicted. The simulation results are compared with the slip-line field predictions and 

the experimental measurements. Micro-cutting process of heterogeneous workpiece 

material using FE model is presented in the same chapter. Chapter 5 presents the prediction 

of chatter stability in micro-milling. The cutting force coefficient is obtained based on 

slip-line field simulations. The frequency response function of micro-mill is experimentally 

identified through miniature piezoelectric actuator and laser vibrometer. The chatter 

stability is predicted including the process damping effect due to round cutting edge. The 

average process damping coefficient is identified from FE simulations considering the 

energy dissipation in the ploughing region. The simulation results are compared against 

micro-milling experiments using microphone and acoustic emission sensor. Concluding 

remarks and future research directions are discussed in Chapter 6.  
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Chapter 2  

Literature Review 

2.1 Overview 
This chapter is focused on reviewing the relevant work in the literature. The cutting 

mechanics modeling with tool edge effect using mechanistic, slip-line field and finite 

element method is discussed. The review on micro-cutting dynamics includes the 

identification of micro-mill FRF and chatter stability prediction including the process 

damping effect. 

2.2 Modeling of cutting mechanics 

2.2.1 Mechanistic model 

Mechanistic model is used to predict cutting force, torque and power based on the 

empirical cutting coefficients identified from experimentally measured cutting forces. Bao 

and Tansel [3] predicted the micro-milling force from mechanistic model considering the 

trajectory of the tool tip while the tool rotated and moved ahead simultaneously. Tangential 

and radial forces were modeled proportional to the cutting area, therefore the ploughing 

effect was not considered. Kang et al. [4] included the tool edge radius effect and 

tool–workpiece contact at the flank face in the cutting force model, but several constants 

related to material property in the cutting force model had to be experimentally calibrated. 

Bissacco et al. [5] incorporated the ratio between the uncut chip thickness and cutting edge 

radius on oblique cutting force model. Orthogonal cutting tests were performed to measure 

the cutting forces and chip ratio in order to identify the shear angle, friction angle, and edge 

coefficients. Malekin et al. [6] included the shearing and ploughing dominant cutting 

regimes in the mechanistic model. Tool structural dynamics was considered. The ploughing 

forces were modeled proportional to the volume of interference between the tool and the 

workpiece. The ploughing force coefficients were identified through micro-milling 
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experiments. Lee et al. [7] proposed a model with instantaneous cutting force coefficients 

independent of cutting conditions. Specific cutting forces in the normal and frictional 

directions on the rake surface were used. The effective rake angle along the round cutting 

edge and the minimum chip thickness effect were included. Jun et al. [8] developed the 

mechanistic models for shearing and ploughing dominant regions separately. The effective 

rake angles at the round cutting edge and the elastic recovery of workpiece material were 

considered. Zaman et al. [9] applied the mechanistic model to predict three-dimensional 

cutting forces. The chip area was obtained considering the tool edge path and tool helix. 

Vogler et al. [10] used the mechanistic model to predict the micro-milling forces 

considering multiple phases in the workpiece material. The cutting coefficients for pure 

ferrite and pearlite materials were experimentally identified. The magnitude and variation 

of cutting forces in cutting ductile iron showed the material microstructure effects on 

micro-milling. 

The literature shows that the mechanistic model is effective in predicting the cutting 

forces in micro-milling provided that the cutting force coefficients are accurately identified 

from experiments. However, understanding the material deformation mechanism influenced 

by tool edge radius relies on the modeling of the chip formation and flow stress, cannot be 

explained by the mechanistic models which are empirical. Slip-line field analysis technique 

and numerical technique such as finite element method are able to predict the plastic flow 

of workpiece material in the cutting process with round tool edge effect, and model the 

stress, strain and temperature fields in the primary, secondary and tertiary deformation 

zones.  

2.2.2 Slip-line field model 

Slip-line field theory provides an analytical approach to model the plastic deformation 

of solid material under plane strain conditions. Based on stress equilibrium condition, the 

slip-lines which represent the directions of maximum shear stress and maximum shear 

strain-rate are obtained. The distribution of flow stress and hydrostatic pressure are 

calculated from Hencky’s equations along the slip-lines [11].  
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The cutting mechanics models reveal that the chip formation is due to the shearing of 

the work material ahead of the tool. Merchant [12] developed an orthogonal cutting model 

assuming that the continuous chip was formed by plastic deformation in an infinitely thin 

shear plane. The shear strength of the work material was assumed to be constant along the 

shear plane. 

Lee and Shaffer [13] proposed a triangular slip-line field model of chip formation. The 

plastic deformation field was assumed to extend above shear plane with slip-lines parallel 

to and normal to the shear plane. The flow stress in the material deformation zone was 

assumed to be constant. The chip shape was assumed straight, therefore the tool-chip 

contact length was not considered.   

Kudo [14] and Dewhurst [15] presented the slip-line fields considering the curled chip. 

Main feature of these models was a curved shear plane resulting into the material velocity 

gradient across the chip. The contact length between the curled chip and flat tool rake face 

was considered. Matrix operator technique developed by Dewhurst and Collins [16] were 

applied to determine the geometric parameters which were used to construct the slip-line 

fields. Matrix operator method represented the slip-lines by the column vector of 

coefficients in a series expansion of its radius of curvature. The geometric coordinates of 

the slip lines were calculated by matrix multiplications.    

The slip-line field theory only considers the plastic deformation of the material. Childs 

[17] incorporated the elastic contact between the tool and chip in the slip-line field model, 

leading to improved prediction of the process mechanics. The model assumed a constant 

friction stress in the plastic contact region and the stress decreased parabolically over the 

elastic contact part. The ratio between the normal pressure and friction stress in the elastic 

contact region was assumed to be constant. 

All the slip-line field models in the literature assumed that the primary shear zone was 

a line and the flow stress of the work material was constant. However, based on the 

experimental observations by Palmer and Oxley [18] on the slow orthogonal cutting of mild 

steel, the primary shear zone was a region with certain width, and the material moved 
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smoothly from the work to the chip. 

 Since the cutting process involves large deformation, high speed and high temperature, 

the effect of strain, strain-rate and temperature on the flow stress of material needs to be 

included in the cutting force model. Oxley and Welsh [19] proposed a parallel-sided shear 

zone model of chip formation. The variation of flow stress with strain, strain-rate and 

temperature was included, and the effects of strain-hardening and strain-rate on shear angle 

were considered.  

Roth and Oxley [20] conducted the slip-line field analysis on orthogonal cutting based 

on the experimental flow field. It was concluded that flow stress of workpiece material 

increased from the entry location of plastic zone to the chip zone due to strain-hardening, 

which should be considered in the mechanics modeling. However, along the tool-chip 

interface where the material had been severely strained, a constant flow stress condition 

could be applied on the slip-line field analysis. 

Adibi-Sedeh et al. [22] extended Oxley’s analysis by applying the Johnson-Cook 

material model, history-dependent power material model, and the mechanical threshold 

stress model to represent the mechanical property of workpiece material. The effects of 

strain-gradient and thermal-gradient were included in the slip-line field model. It was 

concluded that the model was able to predict the cutting forces and chip thickness as a 

function of uncut chip thickness and cutting speed. The temperature in the primary and 

secondary shear zones could be predicted as well. 

 Several slip-line field models reported in the literature focused on the effect of tool 

edge geometry on cutting process. Shi and Ramalingam [23] proposed a slip-line field 

model of orthogonal cutting with a chip breaker and flank wear land. The model included a 

primary deformation zone with a finite thickness. Two deformation zones along the rake 

face and flank face of the worn tool were modeled. The normal and shear stresses at the 

flank wear land were modeled as constant, which was shown consistent with experimental 

observations. However, the strain-hardening effect was not included. 

Waldorf et al. [24] proposed a slip-line field model with round tool edge. Ploughing 
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components of the cutting force were modeled. It was based on the assumption of a stable 

build-up adhered to the tool edge. Instead of material separating at a stagnation point on the 

edge, the flow was diverted at the edge of the build-up.    

 Manjunathaiah and Endres [25] proposed a slip-line model with tool edge effect. Arc 

of the tool below separation point was approximated by a straight line. Based on the force 

balance on the lower boundary of the plastic deformation zone, the ploughing force was 

modeled as a function of tool edge radius. An increase in force due to an increase in edge 

radius was attributed to the ploughing mechanism. 

Ren and Altintas [26] presented the slip-line field model of cutting process with 

chamfered tools. The effects of strain, strain-rate, and temperature on material flow stress 

were considered. The dead metal zone close to tool edge was modeled as an extrusion 

process. Cutting forces were predicted based on minimum energy principle. 

Fang and Jawahir [27] proposed a slip-line field model of cutting with restricted 

contact grooved tools. Strain, strain-rates and temperatures effects are included in modeling 

the flow stress of the workpiece material. However, this model neglected the tool edge 

effect, and the primary deformation zone was modeled as a thin shear plane AB, shown in 

Figure 2.1. 

 
@ CIRP Annals-Manufacturing Technology, 2002, by permission 

Figure 2.1 Slip-line field model proposed by Fang and Jawahir [27]. 
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Fang [28][29] proposed a generalized slip-line field model with a round edge tool 

shown in Figure 2.2. The material deformation region consists of primary shear zone, 

secondary shear zone, tertiary shear zone, material pre-flow zone, and three small transition 

zones. The thickness of primary shear zone was determined by the tool edge radius. The 

chip up-curling effect was considered. However, the material was considered to be rigidly 

plastic with constant shear flow stress. The tool-chip frictional shear stress along each 

section of the rake face was assumed to be constant, which neglected the sliding contact 

zone. 

 
© Journal of the Mechanics and Physics of Solids, 2003, by permission. 

Figure 2.2 Slip-line field model proposed by Fang [28][29]. 

Wang and Jawahir [30] proposed a slip-line field model for machining with a 

restricted contact grooved tool having a finite edge radius. The effects of strain, strain-rate, 

and temperature on the material flow stress were included. However, only average values 

of strain and strain-rate were modeled, the variation of flow stress inside the primary shear 

zone was not considered. 

 The slip-line models in the literature provided analytical solutions for cutting force 

prediction. The effect of tool edge geometry on the cutting process was included. The shape 

and size of material deformation zones were determined based on the tool geometry and 

uncut chip thickness. However, the models assumed a constant material flow stress in the 

shear zones. The average values of strain and strain-rate were applied to model the effects 

of strain hardening, speed and temperature. Therefore, the variation of material flow stress 
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was neglected. This thesis proposes a slip-line field model which simulates the stress 

distribution inside the deformation zones with the round tool edge effect in orthogonal 

cutting. The cutting forces are predicted including shearing and ploughing effects. The 

cutting force coefficients identified from slip-line field simulations are used to predict 

micro-milling forces.  

2.2.3 Finite element model 

The effect of the round cutting edge on the cutting process has also been analyzed 

using Finite Element Method (FEM), which led to the prediction of chip formation, 

temperature, stress and cutting forces. Moriwaki et al. [31] applied the rigid-plastic FEM to 

analyze the mechanics of orthogonal micro-cutting process of copper. The roundness of the 

tool edge was considered. Flow of cutting heat and the temperature distribution in both 

workpiece and tool were simulated. It was shown that both the specific tangential and feed 

forces increased with an increase of ratio between tool edge radius and uncut chip 

thickness. 

Kim et al. [32] developed an FE model of orthogonal cutting process with round tool 

edge effect. The model was based on Eulerian formulation and the workpiece material was 

assumed rigid–viscoplastic. The chip geometry was initially guessed and later adjusted 

using free surface and tool-chip contact conditions. The simulation results showed that the 

increased tool edge radius changed the temperature distribution of the tool, and shifted the 

location of maximum temperature to the tool edge. However, the shear angle or the chip 

thickness didn’t change. 

Movahhedy et al. [33] modeled the cutting process with chamfered and blunt tools 

based on Arbitrary Lagrangian and Eulerian (ALE) formulation. ALE combined the feature 

of Lagrangian analysis in which the mesh was attached to the material, and Eulerian 

analysis where the mesh was fixed in space while the material moved through the mesh in 

Eulerian region. The mesh moved independently from the material in the ALE mesh 

domain. The simulation results included the chip formation, stresses, temperature, and 

cutting forces. It was shown that a dead metal zone existed under the chamfer. Tangential 
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and feed forces with respect to chamfer angles and cutting speeds were simulated and 

compared against experimental results.  

Liu and Melkote [34] developed a strain gradient plasticity-based finite element model 

of orthogonal micro-cutting of aluminum. The results showed that the tool edge radius 

affected the material flow pattern around the tool edge by widening the plastic shear zone, 

and caused higher energy dissipation due to increased tool–chip contact length at smaller 

uncut chip thickness values. The specific cutting energy increased nonlinearly with 

decreased uncut chip thickness which explained the size effect in micro-cutting. 

Simoneau et al. [35] included the effects of grain size and orientation in the 

micro-cutting of AISI 1045 steel. The heterogeneous FE model included two materials 

which represented ferrite and pearlite grains respectively. Pearlite material was assumed 

three times harder than ferrite material. Pearlite grains were modeled spreading throughout 

ferrite matrix with random shape and position. The simulation results showed that material 

microstructure resulted into extrusion effect in chip formation and generated defects on the 

machined surface. 

Vogler et al. [36] developed cutting force model for micro-milling including the tool 

edge radius effect. Finite element simulations were performed to calibrate the cutting force 

parameters for both single-phase ferrite and pearlite materials. The force model was 

validated by the micro-milling experiments on the single-phase and the multiphase ductile 

iron workpiece. 

Woon et al. [37] investigated the effect of tool edge radius on tool-chip contact and 

flow stagnation phenomenon around tool edge in micro-cutting of AISI 1045 steel. Based 

on the spatial velocity results of work material, the position with zero velocity was 

determined as stagnation point. It was observed that stagnation point angle was not 

sensitive to the changes of uncut chip thickness in the range of 2-20 μm with 10 μm tool 

edge radius.   

Dhanorker and Ozel [38] developed the FE model of meso/micro scale milling of AL 

2024-T6 aluminum and AISI 4340 steel. Chip formation, strain, temperature and cutting 
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forces were simulated. Ploughing effect was observed from the simulation. Minimum chip 

thickness was predicted with different tool edge radii and cutting speeds. 

Childs [39] conducted FE simulations of continuous chip formation with a range of 

uncut chip thicknesses and edge radii for medium carbon steel. Ploughing force was 

expressed as a function of edge radius, uncut chip thickness, chip shear plane angle and 

flow stress. Nonlinearity of force variation with uncut chip thickness was demonstrated. It 

was concluded that the size effects in machining of steels were due to the ploughing effect 

caused by tool round edge. Ductile fracture energy from forming fresh surfaces didn’t 

contribute to the size effect. 

Afazov et al. [40] developed an FE model of orthogonal micro-cutting process with 

round tool edge. The cutting force coefficients were identified as nonlinear functions of   

uncut chip thickness and cutting velocity from the simulations. The micro-milling forces 

were predicted considering the trajectory of tool edge and run-out effect, and the 

simulations were compared against experimental results. The simulated cutting forces from 

the FE model of orthogonal micro-cutting showed large oscillations, which could affect the 

identification of cutting force coefficients. 

Finite element method provides numerical solutions for micro-cutting simulations 

considering round tool edge effect. The chip formation in transient and steady-state cutting 

processes is simulated. The stresses, temperature distribution and cutting forces are 

predicted based on the constitutive model of workpiece material and tool-workpiece contact 

property. However, the accuracy of the cutting force prediction from FE model is not fully 

analyzed. This thesis develops an FE model of orthogonal micro-cutting process, and the 

simulated cutting forces from both slip-line field and FE models are compared against 

experimental observations. The prediction results are analyzed by investigating the stress 

and temperature distributions from the simulations. 

2.3 Modeling of cutting dynamics 
Cutting dynamics models consider the tool vibrations in the metal cutting processes. 
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Excessive vibrations generate poor surface finish and cause premature tool wear and 

damage. Micro-mill experiences both forced and chatter vibrations during machining 

operations, in which chatter vibrations are the most detrimental for the safety and quality of 

the machined workpiece. Chatter results from the regeneration of chip thickness during 

cutting process [2]. One of the structural modes of the machine tool-workpiece system is 

excited by cutting forces, and a wavy surface finish is left by the cutter teeth. The dynamic 

chip thickness is affected by the phase shift between the two successive waves. When the 

dynamics of the cutting system become unstable, the growing chip thickness increases the 

cutting forces and vibrations which may break the tool and leave a poor surface finish. The 

prediction of chatter stability requires the modeling of dynamic chip thickness and cutting 

forces as a function of material properties, cutting tool geometry and vibrations. Frequency 

response function at the tool tip and process damping caused by the ploughing of a wavy 

surface finish at the round tool edge also need to be identified. 

2.3.1 Identification of FRF at tool tip 

The FRF at the tool tip is directly measured through impact modal tests in 

macro-milling, which is not applicable for fragile micro-mills. Moreover, the impact modal 

tests can only be applied in the excitation frequency range below 10 kHz, which is less than 

the typical natural frequency of the micro-mills which may reach beyond 100 KHz. Filiz 

and Ozdoganlar used Timoshenko beam equation to model the micro-mill dynamics, 

including the setup errors, the sectioned tool geometry, and the actual cross section of cutter 

flutes [41]. The model was experimentally validated by measuring the natural frequencies 

and mode shapes of micro-mills using laser vibrometer coupled with a microscope [42]. 

Free-free boundary conditions were obtained by suspending the tool using elastic bands. 

The dynamic excitation was delivered through miniature piezoelectric elements attached to 

the tool shank.  

Mascardelli et al. [43] predicted the FRF of the micro-mill using receptance coupling 

technique to mathematically couple the spindle/micro-machine and arbitrary micro-tools 

with different geometries. The FRF of the spindle/micro-machine was measured 
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experimentally through impact hammer testing. The dynamics of an arbitrary tool 

substructure were determined through FE analyses. Joint rotational dynamics were 

determined through experimentally measuring the FRFs of gauge tools. 

Jun et al. [44][45] modeled the micro-mill as a rotating Timoshenko beam with 

varying cross-sectional area. Alignment and manufacturing errors such as tool tilting angle 

and runout were included, and finite element method was used to obtain the equation of 

motion. Dynamic cutting forces and tool tip vibrations from simulations were compared 

with experimental results. 

Previous work shows that no direct FRF measurement on micro-mill has been 

conducted including the clamping dynamics at tool-holder/micro-mill joint. The analytical 

solutions of FRF prediction require the identification of boundary conditions. However, any 

errors in identified boundary conditions will lead to inaccurate FRF results. This thesis 

provides an experimental setup to measure the FRF directly at the tool tip through 

non-destructive methods. FRF in the frequency range of 0 – 120 kHz at tool tip is measured 

by a miniature piezoelectric actuator attached to the micro-mill shank when the tool is 

clamped in the spindle. 

2.3.2 Identification of process damping 

The contact between cutting edge and work material generates process damping effect 

in dynamic cutting when the cutting speed is significantly lower than the velocity of tool tip 

vibrations [46]. Contact force causes energy dissipation and increases stable cutting depths 

at low spindle speed. Sisson and Kegg [47] proposed that a part of chip thickness 

proportional to the cutting edge radius was compressed under the tool edge in the 

ploughing region shown in Figure 2.3.  
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Figure 2.3 Process damping force with round tool edge effect proposed by Sisson and Kegg, 

reproduced from [47]. 

The process damping forces are expressed as: 

 pr y pf pr2
p
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(2-1) 

where yσ  is material yield strength, pCl  is tool’s clearance angle, fr  is the thickness 

of material which is in contact with tool’s clearance face, w  is width of cut. Process 

damping force is proportional to the vibration speed y�  and inversely proportional to the 

cutting speed V . However, this model assumes a constant material yield strength and 

neglects strain-hardening and temperature effects on the flow stress of workpiece material. 

Chiou and Liang [48] predicted the process damping force as a function of flank wear 

land. The specific contact force was experimentally identified through indentation test on 

aluminum workpiece. Altintas et al. [49] identified the process damping coefficients from 

the dynamic plunge turning tests. The cutting tool was oscillated by a piezo-actuator-driven 

fast tool servo at desired frequency and amplitude. Dynamic cutting forces and tool 

displacement were measured to extract the process damping coefficients. Eynian and 

Altintas identified the contact force coefficient through static indentation test with tool 

flank wear, and used it in predicting the chatter stability of general turning [50] and milling 

[51] with process damping. Budak and Tunc [52] identified the process damping coefficient 
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from the chatter tests using experimental and analytical stability limits. They calibrated the 

indentation coefficient of the material through energy dissipation method. The indentation 

volume was calculated including the effects of tool edge radius and clearance angle. 

Rahnama et al. [53] calculated the process damping coefficient from the experimentally 

measured cutting forces at low feed rates micro-milling process in which the ploughing 

effect was dominant.  

It is preferred to avoid experimental identification of process damping, and model it 

directly from the contact mechanics using the material properties and tool geometry. This 

thesis uses finite element method to simulate the process damping force and tool vibration 

in orthogonal cutting process, and identify the process damping coefficient from material 

constitutive property. 

2.3.3 Chatter stability of micro-milling 

Prediction of chatter stability is based on the identification of cutting force coefficient, 

structural dynamics of micro-mill and process damping at cutting edge. Park and Rahnama 

[54] proposed robust chatter stability in micro-milling based on the edge theorem. 

Variations of micro-mill dynamics and cutting force coefficients were considered. Robust 

chatter stability lobes showed more conservative values compared to the conventional 

method. Shi et al. [55] conducted micro-milling tests and analyzed the influences of process 

damping, clamping conditions, and tool shank length on chatter frequencies. 

Piezo-actuators were developed for online chatter detection in micro-milling. Broadband 

excitations were applied on workpiece by the piezo-actuator during milling process, and 

laser vibrometer was used to measure the vibration velocity at tool shank. The measurement 

results showed that the chatter frequencies were able to be detected in stable cutting region. 

Afazov et al. [56] simulated the micro-milling chatter numerically by considering the 

nonlinear cutting force coefficients which were identified from FE model. The effects of 

uncut chip thickness and velocity on cutting forces were considered. However, process 

damping effect was not included in the model. 

This thesis predicts the chatter stability in micro-milling by considering the process 
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damping caused by round cutting edge and the micro-mill dynamics in high frequency 

range. The cutting force coefficients are identified based on the slip-line field simulations. 

Chatter stability lobes are predicted in frequency domain by using the process damping 

coefficients obtained from the constitutive model of the material, and directly measured 

FRF of the micro-mill. The simulation results are compared with the experimental 

measurements using a microphone and an acoustic emission sensor.    
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Chapter 3  

Slip-line Field Modeling of Micro-cutting Process1 

3.1 Overview 
This chapter presents an analytical mechanics model of orthogonal micro-cutting 

process with a round edge cutting tool. Slip-line field theory is used to model the stress 

distribution of workpiece material under plastic deformation. Material deformation region 

is divided into the primary, secondary and tertiary zones. The Johnson–Cook constitutive 

model is applied to obtain the shear flow stress and hydrostatic pressure as functions of 

strain, strain-rate, and temperature. The chip curling, sticking and sliding contact along the 

tool rake face, and the ploughing effect under the material separation point are considered. 

The total cutting forces are evaluated by integrating the normal and frictional stresses along 

the entire chip-rake face contact zone and the ploughing region caused by the round tool 

edge. The proposed model is experimentally verified by a series of cutting force 

measurements conducted during micro-turning tests on brass 260. 

The cutting force coefficients are modeled as nonlinear functions of tool edge radius 

and uncut chip thickness from a series of slip-line field simulations. The identified cutting 

force coefficients are used to simulate micro-milling forces considering the actual tool tip 

trajectory, radial tool run-out and the dynamometer dynamics. The proposed chain of 

predictive micro-milling model is experimentally validated by conducting brass cutting 

tests with a 200 μm diameter helical end mill. 

The content of this chapter is arranged as follows. Section 3.2 gives a brief 

introduction to the slip-line field model of orthogonal micro-cutting with round tool edge   
  

1. The content of Chapter 3 has been published in two journal articles: (1) Jin, X., Altintas, Y., 2011, Slip-line 
Field Model of Micro-cutting Process with Round Tool Edge Effect, Journal of Materials Processing 
Technology, vol.211, 339–355. (2) Altintas, Y., Jin, X., 2011, Mechanics of micro-milling with round edge 
tools, Annals of CIRP, 60/1, 77-80. 
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effect. Section 3.3 illustrates the procedure to determine the slip-line field geometry in each 

deformation zone. Detailed modeling of the shear flow stress and the hydrostatic pressure 

from strain, strain-rate and temperature distributions is laid out in Section 3.4. Section 3.5 

shows the identification of geometric parameters for the slip-line field model. Cutting 

forces prediction from the stress modeling in the secondary and tertiary shear zones is 

presented in Section 3.6. Section 3.7 explains the experimental validation of the slip-line 

field model by micro-turning tests. In Section 3.8, the cutting forces prediction for 

micro-milling based on the slip-line field simulations are presented. Concluding remarks 

are given in the last section. 

3.2 Slip-line field model 
The material deformation region in the cutting process is divided into three zones: the 

primary shear zone, secondary shear zone, and tertiary zone. The shape of the slip-line field 

with tool’s round edge effect was originally proposed by Fang [28][29]. The thickness of 

the primary shear zone was influenced by the tool edge radius in his model. However, the 

material was considered to be rigid plastic with constant shear flow stress, and the tool-chip 

frictional shear stress along the entire tool rake face was assumed to be constant. Due to the 

high cutting speed and large deformation of the material in the micro-cutting process, the 

effects of strain, strain-rate, and temperature on the material flow stress are considered in 

the proposed model, the sticking and sliding contact regions between the tool and 

workpiece are included. 

The slip-line field model of orthogonal micro-cutting process with a round edge tool is 

shown in Figure 3.1. Plane strain deformation and steady state cutting conditions are 

assumed. The primary shear zone consists of three regions: triangular region QEG is due to 

the pre-flow effect reported by Armarego and Brown [57]. Since line QG is a stress-free 

boundary, all of the slip-lines in QEG intersect with QG at a 45º angle. Green [58] proved 

that region GJNE is convex upward because of the curling-back effect of the chip; region 

JBTN is concave downward due to the friction between the chip and the tool rake face. 
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Slip-lines in region GJNE and region JBTN are simplified as circular arcs and straight 

radial lines; O1 is the center of the circular arcs in region GJNE, and O2 is the center of the 

circular arcs in region JBTN. The shear flow stress and hydrostatic stress are modeled by 

including the effects of strain, strain-rate, and temperature of the material. 

 

Figure 3.1 Slip-line field model of orthogonal micro-cutting process with round tool edge: 

primary shear zone [GJBTNEQ], secondary shear zone [BCDHJK], tertiary zone 

[BSAUTP]. 

The shape of the secondary shear zone is a curvilinear triangle bounded by BJD as 

shown in Figure 3.1. It is assumed that the material is already strain-hardened; therefore the 

shear flow stress along each α slip-line is constant in the secondary shear zone. Zorev [59] 

proposed that the tool–chip contact consisted of a sticking region and a sliding region. The 

sticking region is shown as BC and the sliding region is shown as CD in Figure 3.1. The 

chip sticks to the rake face due to high normal pressure, and the ratio between frictional 

stress and shear flow stress remains constant in the sticking zone. The chip slides with a 

constant Coulomb friction coefficient in the sliding zone. The sticking shear stress and 

friction coefficient are influenced by temperature, tool/work material, and the surface 

roughness of the rake face. In the tertiary shear zone, S is the separation point with the 
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material bifurcating upward and downward. The material under point S is compressed to 

form the finishing surface, which is defined as the ploughing effect. The friction between 

the workpiece and the tool’s round edge AB is assumed to be dominated by sticking contact 

because of the excessive deformation of material. 

The three deformation zones are composed of two families of slip-lines: α and β lines 

which are orthogonal to each other. The slip-lines are tangential to the directions of shear 

stress k and normal to the directions of hydrostatic pressure p. The stress Mohr circle at 

each point in the deformation zone is completely specified if the distributions of p and k are 

obtained. In order to distinguish between α and β lines, it is defined that the shear stress 

along the β slip-lines exerts a counter-clockwise couple on the material element bounded by 

the slip-lines, and the shear stress along the α slip-lines exerts a clockwise couple on the 

bounded element, as shown in Figure 3.1. The velocity field in the shear zones is the same 

as that proposed by Fang [28]. 

3.3 Determination of slip-line field geometry 
Similar to Fang’s approach, the slip-line field in the secondary shear zone is solved 

first by using the matrix operator method developed by Dewhurst and Collins [16] and 

Dewhurst [60], followed by the slip-lines in the primary and tertiary shear zones which are 

determined based on the tool edge radius and uncut chip thickness. 

3.3.1 Determination of slip-lines in the secondary shear zone 

Figure 3.2 shows the slip-lines of the secondary shear zone BJD. Three geometric 

parameters determine the shape of the slip-line field: angular range of DH (η1), angular 

range of HJ (η2) and the radius (R2) of circular arc BJ with a center O2. 
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1
CK KCB BKGχ χ−

∠= ⋅         (3-5) 

2KC CKRηχ χ= ⋅         (3-6) 

where                   

10.5cos / )KCB kη τ−∠ = = (                  (3-7) 

η is the intersection angle between the slip-line and the rake face in the sticking region, and 

is determined by the frictional shear stress (τ) along the boundary BC and the material flow 

stress (k) along the α slip-lines.  

The column vectors of slip-lines JH and CH in the region KCHJ are calculated as: 

2 2

2 2 2 2

( )
( )

C H C H K J K J

K J K J

C H H C K J K C

JH H J K C K J

R R P Q
R R P Q
η η η η η η

η η η η η η

χ χ χ χ
χ χ χ χ

⎧ = ⋅ = ⋅ ⋅ − ⋅
⎨ = ⋅ = ⋅ ⋅ − ⋅⎩

  (3-8) 

where 

2 2 2 2

2 2 2 2

* *

* *

,

,
KJ CH KJ CH

KJ KJ KJ KJ

P R P Q R Q

P R P Q R Q
η η η η η η η η

η η η η η η η η

⎧ = =⎪
⎨

= =⎪⎩

 

In the sliding zone CDH, the column vector of slip-line HD is calculated as: 

1 1

1
H D D H C HR R Lη ηχ χ χ−= =i i i           (3-9) 

G, R, P, P*, Q, Q*, L in Equations (3-5), (3-6), (3-8) and (3-9) are the matrix operators 

defined by Dewhurst and Collins [16] and Dewhurst [60]. 

3.3.2 Determination of slip-lines in the tertiary and primary zones 

Figure 3.3 shows the slip-lines in the primary and tertiary shear zones. In the region 

ASU of the tertiary shear zone, line AU is simplified as a straight line. Since sticking 

contact between the workpiece and the tool is defined along the tool edge ASB due to the 

large deformation of the material, the intersection angle between line AU and the x-axis is 

equal to η determined by Equation (3-7). Slip-line SU is perpendicular to line AU due to 

the orthogonality between α and β slip-lines.  

Coordinate of point S is determined by the material separation angle θs and position of 

point A (Ax, Ay): 
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sin
cos

x x s

y y s

S A r
S A r

θ
θ

= −⎧
⎨ = +⎩

        (3-10) 

where r is the tool edge radius. 

Then the coordinate of point U (Ux, Uy) is calculated from the positions of points A 

and S shown as: 

  

tan cot
tan cot

cot tan
tan cot

x x y y
x

y y x x
y

A S A S
U

A S A S
U

η η
η η

η η
η η

+ − +⎧
=⎪ +⎪

⎨ + − +⎪ =⎪ +⎩

        (3-11) 

Derivation of point U coordinate is shown in Appendix A (1). 

 

Figure 3.3 Slip-lines in the primary and tertiary shear zones. 

Slip-line NU is determined as a circular arc with the radius |O2U| and the center O2. 

The inclination angle 3φ  of O2N with respect to the y-axis is calculated from the 

inclination angle of O2J in the secondary shear zone as: 

3 BK KJγφ α η η η= + + +        (3-12) 

where αγ is the rake angle of the tool, ηBK and ηKJ are the angular ranges of slip-lines BK 

and KJ calculated in the secondary shear zone. 
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In the convex region GJNE of the primary shear zone, the inclination angle of EG with 

respect to the y-axis is given as 1φ . The length of line EG represents the thickness of the 

primary shear zone (l) and is equal to the length of line BT which is obtained from the 

geometry of the tertiary zone. In the pre-flow region QEG, line QE intersects with line QG 

at an angle of 45º. Lines QE and EG are orthogonal and the lengths are equal to each other. 

Based on the position of point Q and N, the radius of EN is calculated as: 

 1
1

1 3

sin
cos cos
y yQ N l

R
φ

φ φ
− −

=
−

  (3-13)
 

where Qy and Ny are the y-coordinates of points Q and N. Qy is determined by the uncut 

chip thickness h. The detailed procedure to calculate R1 is shown in Appendix A (2). 

Based on the coordinate of point N and the radius of NE, the position of the center 

point O1 and the circular arc NE are determined. Point Q is the intersection point between 

line QE and the upper surface of the workpiece, therefore the x-coordinate of point Q is 

determined by the inclination angle 1φ  of line QE with respect to the y-axis as: 

 
x x 1Q E l sin φ= −                          (3-14) 

The circular arc GJ is determined by the position of center point O1 and the radius 

|O1J|=R1+l.  

After the position of the lower boundary QENMTUA and upper boundary GJKB are 

obtained in the primary shear zone and tertiary zone, the slip-lines inside all of the zones 

can be obtained given that the slip-lines in the convex and concave parts are composed of 

the circular arcs and radial lines with the center points O1 and O2, and the slip-lines in the 

pre-flow region are straight lines which are parallel to lines QE and EG, respectively. 

3.4 Stress analysis in the primary shear zone 
The stress distribution in the primary shear zone is determined by the geometry of the 

slip-lines, the material constitutive model, and the cutting conditions. The constitutive 

model developed by Johnson and Cook [61] is applied to include the strain-hardening, 
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strain-rate, and thermal softening effects on the flow stress of the material in the primary 

shear zone, which is expressed as: 

 ( )
m

n r

0 m r

T TA B 1 C ln 1
T T

εσ ε
ε

⎡ ⎤⎛ ⎞ ⎛ ⎞−⎢ ⎥= + + −⎜ ⎟ ⎜ ⎟−⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

�
�

              
(3-15) 

where A, B and C represent the yield strength, strain and strain-rate sensitivities of the 

material, ε is the equivalent plastic strain, �ε and 0�ε  are the equivalent and reference 

plastic strain-rates, T, Tm and Tr are the material’s cutting zone, melting and room 

temperature, respectively, n is the strain hardening index, and m is the thermal softening 

index. 

Figure 3.4 shows the stress-strain curves of brass with different strain-rate values. 

Effective stress increases significantly with higher strain. Strain-rate has additional 

hardening effect on the stress. Figure 3.5 shows the stress-strain curves at different 

temperature values. Effective stress decreases at elevated temperature, indicating the 

thermal softening effect. Cutting process involves large material deformation in a very 

short time, and Johnson-Cook constitutive equation is able to explicitly include the 

strain-hardening, strain-rate and temperature effects in predicting the stress distributions in 

the material deformation zone. 

 
Figure 3.4 Stress-strain curve of brass 260 with different strain-rate values (T=20ºC), 

obtained from the constitutive parameters identified by Johnson and Cook [61].  
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Figure 3.5 Stress-strain curve of brass 260 with different temperature values (ε�=1s-1), 

obtained from the constitutive parameters identified by Johnson and Cook [61].  

The relationships between the effective stress (σ), strain (ε), strain-rate (ε�), shear flow 

stress (k), shear strain (γ), and shear strain-rate (γ�) are given as: 

3kσ = ; / 3ε γ= ; / 3ε γ=� �       (3-16) 

Therefore, the distribution of shear strain (γ), shear strain-rate ( �γ ) and temperature (T) in 

the primary shear zone needs to be modeled in order to show the stress distribution. 

3.4.1 Shear strain and strain-rate 

The polar coordinate ( ),sφ  is set up in the convex and concave regions of the 

primary shear zone shown in Figure 3.6. φ  is the inclination angle of each radial line with 

respect to the y-axis. φ  increases from 1φ  to 3φ  from EG to NJ in the convex region 

GJNE, and decreases from 3φ  to 2φ  from NJ to TB in the concave region NJBT. s is 

the radial distance from point O1 to the point in GJNE of the convex region and from O2 to 

the point in NJBT of the concave region. 
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Figure 3.6 Polar coordinate setup in primary shear zone. 

The work material enters into the primary shear zone with the velocity V  in the 

x-axis direction. Figure 3.7 shows the material velocity vectors at point T and B on the 

slip-line TB. The resultant velocity at point T is represented by 1V
G

, and the velocity at 

point B is represented by 2V
G

. The magnitude of 1V
G

 is equal to the material velocity V  

and can be resolved into two velocity vectors: 

1 1 1N SV V V= +
G G G

             (3-17) 

where 1SV
G

 is the shear velocity with the direction perpendicular to line TB, and 1NV
G

 is 

the normal velocity along line TB. 

At point B, the velocity of the material is along the tool rake face; therefore, the 

intersection angle between 2V
G

 and the y-axis is equal to the tool rake angle αγ. 2V
G

 is also 

resolved into two vectors as shown in Figure 3.7: 

2 2 2N SV V V= +
G G G

                (3-18) 

where 2SV
G

 is perpendicular to line TB and 2NV
G

 is along line TB. 

The shearing of the material takes place in the tangential direction of the β slip-line. 

Therefore along line TB, the shear velocity changes while the normal velocity remains 
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constant and is expressed as: 

1 2N NV V=
G G

        (3-19) 

Then the velocity transition from point T to point B is derived as: 

2 1 2 1t S SV V V V V= − = −
G G G G G

       (3-20) 

  
Figure 3.7 Velocity variation along slip-line TB. 

It can be obtained from Figure 3.7 that: 

 

( ) ( )

⎧ =
⎪
⎪ =⎨
⎪

= − = −⎪⎩

S1 2

N1 2

S 2 N 2 2 2 2

V V cos

V V sin

V V tan a V sin tanγ γ

φ

φ

φ φ φ α

G

G

G G
 (3-21) 

The magnitude of the velocity transition tV
G

 in (3-20) is calculated as: 

 ( )= + = + −t S1 S 2 2 2 2V V V V cos V sin tan γφ φ φ α
G G

  (3-22) 

where αγ is the tool rake angle, 2φ  is the inclination angle of slip-line TB with respect to 

the y-axis, which is calculated as: 

 2 γφ η α= +
                     (3-23) 

where η is calculated in the sticking region BC from Equation (3-7). 

The magnitude of total velocity transition along each α slip-line in primary shear zone 

is the same as line TB. However, the directions of velocity transition change gradually from 
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line TB to line EG because they are always perpendicular to the α slip-lines. In Figure 3.8, 

the vector V
G

 is the resultant velocity at point T, N, E, and 1V
G

, 2V
G

, 3V
G

,  are the 

resultant velocities at point G, B, J. The velocity transition vectors 1tV
G

, 2tV
G

, 3tV
G

 along 

slip-lines EG, TB, NJ have the same magnitude tV . However, the vectors are in different 

directions. 

 
Figure 3.8 Velocity transition along the α slip-lines in primary shear zone. 

Along each α slip-line with the angular coordinate of φ  in the convex and concave 

regions, the normal velocity is parallel to the α slip-line and the magnitude is calculated 

from Figure 3.7 as: 

 NV V sinφ=
G

                          (3-24) 

The initial shear velocity at the lower boundary QENMT in Figure 3.6 is 

perpendicular to the α slip-line and the magnitude is: 

SV V cosφ=
G

             (3-25) 

Based on the investigation of Kushnir [62] and Astakhov [63], the shear velocity 

variation along the α slip-lines can be calculated by the initial shear velocity SV  and 

magnitude of the velocity transition tV , and is expressed as a power function with respect 

to the radial coordinate s: 
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( )
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(Concave Region)

q
1

S t 1 1

q
2

S t 2 2
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l
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⎪ ⎝ ⎠
⎨
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  (3-26) 

where R1 is the radius of the slip-line EN in the convex region, R2 is the radius of the 

slip-line JB in the concave region, l is the thickness of the primary shear zone, index q 

determines the characterization of the distribution of the shear velocity along the α 

slip-lines. 

Based on the shear and normal velocity distribution, the shear strain-rate in the 

direction of the β slip-line is obtained by the differentiation of shear velocity SV  with 

respect to the distance traveled in the normal direction. Therefore, the shear strain-rate in 

the shear zone is derived as: 

( )

( )

(Convex Region)

(Concave Region)

q 1
S 1

t 1 1

q 1
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t 2 2
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⎨
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�

�
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The shear strain of the material is zero at the lower boundary slip-line QENMT in the 

primary shear zone, and accumulates along the α slip-lines toward the upper boundary 

GJKB. By integrating the shear strain-rate along the α slip-line, the shear strain in the 

primary shear zone is derived as: 

( )

( )

(Convex Region)

(Concave Region)

1

2

q
s t 1

1 1R
N

q
s t 2

2 2R l
N
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V R l sds( ,s ) ( ,s ) R s R l
V ( ,s ) V sin l
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φ φ

γ φ γ φ
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⎝ ⎠⎪

⎨
+ −⎛ ⎞⎪ = = ≤ ≤ +⎜ ⎟⎪ ⎝ ⎠⎩

∫

∫
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 (3-28) 

Equations (3-27) and (3-28) show that the magnitude of the shear strain-rate and shear 

strain is affected by the cutting velocity (V), the tool-chip contact condition in the 

secondary shear zone (η), and the thickness of the primary shear zone (l). 

In the pre-flow region QEG, all of the α slip-lines have the same inclination angle as 

line EG, therefore, the shear strain-rate and strain remain constant along each β slip-line in 
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region QEG. 

3.4.2 Temperature distribution 

The temperature distribution in the shear zone is determined by the shear-strain and 

shear strain-rate distribution. At each point in the primary shear zone, the plastic work 

contributed by an infinitesimal strain increase dε  is: 

 T sd c dTβ σ ε ρ=                            (3-29) 

where cs is the specific heat, ρ is the specific density, and βT is the fraction of the plastic 

work contributing to the temperature increase and assumed to be 0.9 in the model. By 

substituting the Johnson-Cook model (Equation (3-15)) into Equation (3-29), the thermal 

energy which results in the temperature increase is: 

 ( )n s
T m

0 r

m r

c1 C ln A B d dT
T T1
T T

ρεβ ε ε
ε

⎛ ⎞
+ + =⎜ ⎟

⎛ ⎞⎝ ⎠ −
− ⎜ ⎟−⎝ ⎠

�
�

 (3-30) 

By integrating both sides of the Equation (3-30), and imposing the room temperature Tr 

as the boundary condition, it is derived that: 

 
r

T n 1s
TmT

0r

m r

c 1dT 1 C ln A B
n 1T T1

T T

ρ εβ ε ε
ε
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− ⎜ ⎟−⎝ ⎠

∫
�
�

 (3-31) 

The integration is carried out numerically to calculate the temperature since there is no 

explicit expression for the left side of Equation (3-31). 

3.4.3 Shear flow stress and hydrostatic pressure 

The shear flow stress is evaluated from Equations (3-15) and (3-16) based on the shear 

strain, strain-rate, and temperature distribution: 

 ( ) ( )13 3 1 3 1
3

m
n

r

m r

T Tk / A B / C ln /
T T

σ γ γ
⎡ ⎤⎛ ⎞−⎡ ⎤ ⎡ ⎤ ⎢ ⎥= = + + − ⎜ ⎟⎢ ⎥ ⎣ ⎦⎣ ⎦ −⎢ ⎥⎝ ⎠⎣ ⎦

�    (3-32)
 

Based on the equilibrium equations in the absence of body forces under plane strain 

condition, the relationship between the hydrostatic pressure and the shear flow stress is 

expressed as: 
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( )

( )

Along slip-line

Along slip-line

p k2k 0

p k2k 0

ψ α
α α β

ψ β
β β α

∂ ∂ ∂⎧ + − =⎪ ∂ ∂ ∂⎪
⎨ ∂ ∂ ∂⎪ − − =
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 (3-33)

 

where α∂  and β∂  are the infinitesimal distances along slip-lines α and β, respectively, 

ψ is the inclination angle of α slip-line with respect to the x-axis. 

Figure 3.9 shows the Cartesian coordinate of any point W in the convex and concave 

regions, the polar coordinate ( ),sφ  and the directions of α and β slip-lines. The 

infinitesimal distance along α and β slip-lines and the rotation angle of α slip-line are 

expressed as:
 
 

(Convex Region)
(Concave Region)

s; s ;
s; s ;

α β φ φ ψ
α β φ φ ψ
∂ = −∂ ∂ = ⋅∂ ∂ = −∂⎧
⎨∂ = ∂ ∂ = − ⋅∂ ∂ = −∂⎩

         (3-34)
 

 

Figure 3.9 Calculation of hydrostatic pressure in the primary shear zone. 

From Equations (3-33) and (3-34), the stress equilibrium equation is derived as: 

 
p( ,s ) k( ,s )2k( ,s ) s

s
φ φφ
φ

∂ ∂
= − − ⋅

∂ ∂                
  (3-35) 

for both the convex and concave regions. Equation (3-35) indicates that the distribution of 
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hydrostatic pressure in the shear zone is influenced by the variation of shear flow stress 

along the direction of the α slip-line. 

Based on the overstressing theory developed by Hill [64], the rigid vertex G between 

the slip-line field and the free chip surface should not be overstressed, which is expressed 

mathematically as: 

 1 2 4 1 2 4G G( / ) p / k cos( / )λ π λ π+ − ≥ ≥− + −  (3-36) 

where λ is the angle between the slip-line GJ and the back surface of the chip in Figure 3.9, 

and λ satisfies the condition that: 

3 4 4/ /π λ π≥ ≥              (3-37) 

The convex and concave regions are divided into small elements in order to calculate 

the distribution of the hydrostatic pressure. In the model, the radial lines are divided into 

100 elements and the circular arcs are divided into 500 elements uniformly. The stress 

distribution along EG is calculated by applying Equation (3-33) along line EG: 

 
2

1 0p k
s sφφ

∂ ∂
+ =

∂ ∂
     

  (3-38) 

The partial differentiation of the equation is approximated as: 

 
2

1 0p k
s sφφ

Δ ∂
+ ⋅ =

Δ ∂
    

 (3-39) 

where the radial increment sΔ  is selected as /100s lΔ = , pΔ  is the difference of 

hydrostatic pressure between two neighboring elements along GE, sΔ  is the radial length 

of each element. The derivation of /k∂ ∂φ  is shown in Appendix B. The hydrostatic 

pressure of each element along GE is calculated recursively from point G to point E. 

The hydrostatic pressure distribution in the convex and concave regions is obtained by 

approximating Equation (3-35) as: 

 

( , ) ( , )2 ( , )p s k sk s s
s

φ φφ
φ

Δ ∂
=− − ⋅

Δ ∂
  (3-40)

 

where the angular span of the convex and concave regions is divided into 500 differential 
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elements as 3 1 500( )/φ φ φΔ = −  for the convex region and 3 2 500( )/φ φ φΔ = −  for the 

concave region. pΔ  is the difference of hydrostatic pressure, and φΔ  is the intersection 

angle between two neighboring radial lines in the primary shear zone. The derivation of 

k( ,s ) / sφ∂ ∂  is shown in Appendix B. The distribution of hydrostatic pressure along each 

radial line is obtained recursively starting from line EG to line TB in Equation (3-40). 

3.5 Identification of slip-line parameters  
There are four geometric parameters used to determine the shape of the slip-line field 

as shown in Figure 3.10: angle ranges of slip-line DH (η1) in the sticking and HJ (η2) in the 

sliding contact region, the radius of the slip-line BJ (R2), and the inclination angle of line 

EG with respect to the y-axis ( 1φ ) in the pre-flow region. The stress distribution in the 

primary shear zone and along the tool edge is influenced by the hydrostatic pressure at 

point G (pG) and the tool-chip contact parameters (τ/k & μ), therefore, the hydrostatic 

pressure at point G and the tool-chip contact parameters need to be identified. 

 
Figure 3.10 Identification of parameters in the slip-line field model. 

Since the chip freely curls back after the material passes through the shear zones, the 

resultant force along the slip-lines that form the chip boundary should be zero (GJ, JH, HD). 
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The stress distribution along the chip boundary slip-lines is obtained from the stress 

analysis of the primary and secondary shear zones. The directions of the stresses are shown 

in Figure 3.10. The distribution of hydrostatic pressure and shear flow stress along slip-line 

GJ is calculated by dividing GJ into 500 differential elements, then the forces in the X and 

Y directions on each element of GJ are calculated as: 

 x GJ

y GJ

dF ( p sin k cos ) dl w
dF ( p cos k sin ) dl w

φ φ
φ φ

= ⋅ + ⋅ ⋅ ⋅⎧
⎨ = ⋅ − ⋅ ⋅ ⋅⎩

 (3-41) 

where p is the hydrostatic pressure and k is the shear flow stress on the element, φ  is the 

angular coordinate of the element shown in Figure 3.10, w is the width of cut, and GJdl  is 

the length of the element which is calculated by: 

 GJ GJdl l / 500=                            (3-42) 

The total force along GJ is obtained by summing up all of the elemental forces in the 

X and Y directions. The force along slip-line JH is calculated based on the force calculation 

procedure by Johnson et al. [11] which is based on the hydrostatic pressure pJ and shear 

flow stress kJ of point J. After the total forces along slip-line GJ, JH and HD are calculated, 

the force constraint which the model parameters need to satisfy is expressed as: 

 xGJ xJH xHD

yGJ yJH yHD

F F F 0
F F F 0

+ + =⎧
⎨ + + =⎩

 (3-43) 

Based on the geometry of the slip-line field, the chip thickness can be obtained by 

measuring the distance from point B to point G in Figure 3.10. The predicted chip thickness 

will also be compared to the experimental results in order to identify the tool-chip contact 

parameters. 

The location of material stagnation point needs to be identified to determine the range 

of ploughing region. Since slip-line field theory is based on the continuum-plasticity theory, 

the FE method is used to identify the separation angle, and is subsequently used in the 

slip-line field model. FE modeling procedure and the identification of material separation 

point is explained in detail in Section 4.2.4.   
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The flow chart of the model’s parameter identification and cutting force prediction is 

shown in Figure 3.11: 

 
Figure 3.11 Flow chart of parameter identification and cutting force prediction. 

3.6 Prediction of cutting forces 
The cutting force is predicted by evaluating the total force along the tool edge in the 

tangential and feed direction, which is determined by the normal and shear stress 

distribution along the boundary lines DC, CB, BS, and SA in Figure 3.9. Since DC and CB 

are in the secondary shear zone, and BS and SA are in the tertiary shear zone, the shear 

flow stress and hydrostatic pressure have to be modeled in the secondary and tertiary shear 

zones based on the slip-line geometry and the stress distribution in the primary shear zone. 

3.6.1 Stress analysis in the secondary shear zone 

Slip-line BJ is divided into 500 angular elements in the primary shear zone. By 

generating the slip-line from each element of line BJ, 500 α slip-lines are formed in the 

secondary shear zone. For any α slip-line YZ in Figure 3.12-(a), the hydrostatic pressure pY 
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and shear flow stress kY at point Y are obtained from the stress distribution in the primary 

shear zone. The angular range η3 of slip-line BY is calculated as: 

 3 BJ BY BJl / lη η= ⋅   (3-44) 

where lBY and lBJ are the lengths of BY and BJ, and ηBJ is the angular range of line BJ which 

is derived from Equation (3-2). 

(a)  

(b)  

Figure 3.12 Stress analysis in the secondary shear zone. 

Since line YZ is perpendicular to line BJ at point Y, the inclination angle of line YZ 

with respect to the x-axis at point Y is: 

 1 3 32B / γθ θ η π α η η= − =− − − −  (3-45) 

where θB is the inclination angle of the α slip-line with respect to the x-axis at point B, η is 
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the intersection angle between the α slip-line and tool rake face in the sticking region which 

is derived from Equation (3-7). 

The inclination angle of line YZ with respect to the x-axis at point Z is calculated as: 

 2 2/ γθ π α ϕ=− − −  (3-46) 

where ϕ is the intersection angle between the slip-line and the tool rake face. In the 

sticking region BC, ϕ is equal to η; in the sliding region CD, ϕ is derived based on the 

definition of matrix operator L in Equation (3-9) developed by Dewhurst [60]: 

 KY 3 2
2 2( )

1 1
μ μϕ η η η η η
μ μ

= + = + −
+ +

 (3-47) 

where KYη  is the angular range of line KY. 

In the secondary shear zone, it is assumed that the shear flow stress along each α 

slip-line remains constant since the material is already strain-hardened after the 

deformation in the primary shear zone. Also, the thermal effect is neglected in the 

calculation of the hydrostatic pressure distribution along the α slip-line. Based on Hencky’s 

Equation, the relationship between the hydrostatic pressure and the shear flow stress along 

α slip-line is expressed as: 

 2 constantp kθ+ =      (3-48) 

where θ is the inclination angle of the α slip-line with respect to the x-axis. Therefore, the 

shear flow stress and hydrostatic pressure at point Z is calculated as: 

 
1 22

Z Y

Z Y Y

k k
p p k ( )θ θ

=⎧
⎨ = + −⎩

 (3-49) 

 From the Mohr circle shown in Figure 3.12-(b), the normal and shear stress on the rake 

face at point Z is obtained as: 

 2
2

nZ Z Z

Z Z

p k sin( )
k cos( )

σ = − − ϕ⎧
⎨ τ = ϕ⎩

 (3-50) 

Then the elemental force normal and tangential to the tool rake face is: 
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/ 500
/ 500

nZ nZ BD

Z Z BD

dF l w
dF l wτ

= σ ⋅ ⋅⎧
⎨ = τ ⋅ ⋅⎩                       

(3-51) 

where 500BDl /  is the length of each element, w is the width of cut. 

The elemental force is projected into the x and y directions, and then the elemental 

forces in the x and y directions at point Z are: 

xZ nZ Z

yZ nZ Z

dF dF cos dF sin
dF dF sin dF cos

γ τ γ

γ τ γ

α α
α α

= −⎧
⎨ = − −⎩

                  (3-52) 

The elemental force at other points along the tool rake face BD is calculated following 

the same procedure as point Z, and then the total force along BD is obtained by summing 

up all of the elemental force in the X and Y directions. 

3.6.2 Stress analysis in the tertiary shear zone 

Line BT is divided into 100 small elements in the stress analysis of the primary shear 

zone; therefore, 100 β slip-lines are generated from line BT toward the tool edge BA in the 

tertiary shear zone. Due to the bifurcation of the material at point S, the direction of shear 

stress along SB is tangential to the tool edge from S to B, and the direction of shear stress 

along SA is from S to A. From Figure 3.13-(a), the intersection angle between the α 

slip-line and the tangential direction of tool edge is η in region SPB, and the intersection 

angle between β slip-line and the tangential direction of tool edge is η in region ASU. Since 

the sticking contact is defined along the tool edge, η is equal to the angle calculated in 

Equation (3-7) in the sticking region of the secondary shear zone. 

For each β slip-line YZ in the tertiary shear zone, the inclination angle of the slip-line 

with respect to the x-axis at point Y is: 

 1 2θ φ=−  (3-53) 

The inclination angle of the β slip-line with respect to the x-axis at point Z is: 

 2 2/θ π θ η= − −  (3-54) 

where θ is the intersection angle between line OZ and OA. 
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Therefore, the hydrostatic pressure at point Z is calculated as: 

 
1 22 ( )

Z Y

Z Y Y

k k
p p k

=⎧
⎨ = − θ − θ⎩

 (3-56) 

Figure 3.13-(b) shows the stress Mohr circle along SB and Figure 3.13-(c) shows the 

stress Mohr circle along SA, then the normal and shear stress along the round edge is 

obtained as: 

 
sin(2 )

cos(2 )
n p k

k
σ = − − η⎧
⎨ τ = η⎩

      along edge SB (3-57) 

 
sin(2 )

cos(2 )
n p k

k
σ = − − η⎧
⎨ τ = − η⎩

      along edge SA (3-58) 

where p and k are the hydrostatic pressure and the shear flow stress of one element on the 

tool edge. 

The elemental force normal and tangential to the tool edge is: 

 /100
/100

n n AB

AB

dF l w
dF l wτ

= σ ⋅ ⋅⎧
⎨ = τ ⋅ ⋅⎩

 (3-59) 

where lAB is the length of the circular arc AB. 

By projecting the elemental force into the x and y directions, the elemental force in the 

x and y directions is: 

 
sin cos
cos sin

x n

y n

dF dF dF
dF dF dF

τ

τ

= θ − θ⎧
⎨ = θ + θ⎩

    along line SB (3-60) 

 
sin cos
cos sin

x n

y n

dF dF dF
dF dF dF

τ

τ

= θ + θ⎧
⎨ = θ − θ⎩

    along line SA (3-61) 

The total force along tool edge AB is obtained by summing up all of the elemental 

forces along SB and SA in the X and Y directions. 

The total tangential (Ft) and feed (Ff) cutting force is calculated by adding all of the 

forces along the tool rake face and round edge: 

 t xDC xCB xBS xSA

f yDC yCB yBS ySA

F F F F F
F F F F F

= + + +⎧
⎨ = + + +⎩                   

 (3-62) 
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3.7 Experimental validation by micro-turning 

3.7.1 Experimental conditions  

A series of turning tests have been performed on MIKROTOOL micro-machining 

center. A brass bar (Alloy 260) with a 6 mm diameter was turned along a longitudinal 

direction with a SANDVIK Carbide insert (TCGT110201-UM) as shown in Figure 3.14 - a. 

The hardness of the workpiece was measured to be 77 HRB, and the tool rake angle was 5º. 

The cutting edge radius of the tool was measured by fitting a circle into the SEM image of 

the tool cutting edge (Figure 3.14-b), and the edge radius was measured to be 20 μm for the 

first set of experiments. The turning tool holder was clamped on a Kistler Type 9256 three 

component mini-dynamometer to measure the cutting forces. The chips were collected and 

their thickness was measured. 

(a)  

(b)  

Figure 3.14 (a) Setup for microturning experiment; (b) SEM image of the cutting edge. 
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The uncut chip thickness was selected to be comparable with the tool edge radius, and 

a range of cutting speed (150 m/min – 350 m/min) was tried to investigate its effect on the 

process, see Table 3.1. 

Table 3.1 Cutting conditions of micro-turning experiment. 

Cutting 

Test 

Width of Cut 

(mm) 

Uncut Chip Thickness 

(μm) 

Cutting Speed 

(m/min) 

1 0.1 
15, 17, 19, 21, 23, 25, 

30, 40, 50, 60, 70, 80 
200 

2 0.3 
15, 17, 19, 21, 23, 25 

30, 40, 50, 60, 70, 80 
200 

3 0.5 
15, 17, 19, 21, 23, 25 

30, 40, 50, 60, 70, 80 
200 

4 0.1 21 150, 200, 250, 300, 350 

5 0.3 21 150, 200, 250, 300, 350 

Identification of the flow stress parameters in Johnson-Cook equation (3-15) requires 

the split-Hopkinson bar test data at various strains, strain-rates, and temperatures. Since the 

instruments for this test are not available in this thesis, the parameters are borrowed from 

Johnson and Cook for material brass 260 [61], and the coefficients A, B, C, n, m and Tm are 

listed in Table 3.2. 

Table 3.2 Johnson-Cook parameters for brass 260 [61]. 

Material A [MPa] B [MPa] C [-] n [-] m [-] Tm [°C] 

Brass 112 505 0.009 0.42 1.68 916 

The SEM image of the tool cutting edge after the cutting process with w = 0.5 mm 

width of cut, V = 200 m/min cutting speed and h = 25 μm uncut chip thickness is shown in 

Figure 3.15. The observed material on the cutting edge confirms the assumption of sticking 

contact between tool and workpiece at the tool round edge. 
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Figure 3.15 SEM image of the material on the cutting edge. 

In order to identify the shear stress ratio (τ/k) in the sticking region, and the coulomb 

friction coefficient μ in the sliding region, the thickness of the cut chips were measured at 

several locations of the chip under the optical microscope at the cutting speed V = 200 

m/min. The model assumes that the friction parameters don’t change with the cutting 

speeds. The mean values of the chip thickness for each uncut chip thickness are listed in 

Table 3.3. 

Table 3.3 Chip thickness measurement for carbide tool with 20 μm edge radius. 

Uncut Chip 

Thickness (μm) 
15 17 19 21 23 25 40 60 80 

Chip Thickness 

(μm) 
38.6 43.5 46.0 52.5 58.9 61.5 110 161 217 

The parameter identification procedure is based on the flow chart in Figure 3.11. The 

Matlab® function “fmincon” [65] is applied in the optimization process with the following 

objective constraint: 

 

3

3

10
10

0 01

xGJ xJH xHD

yGJ yJH yHD

E

F F F ( N )
F F F ( N )

.κ κ

−

−

⎧ + + <
⎪ + + <⎨
⎪ − <⎩

 (3-63) 

where κ is the predicted chip ratio, and κE is the measured chip ratio from the experiment. 

By averaging the shear stress ratios and the coulomb friction coefficients identified from 
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the three cutting conditions respectively, it is obtained that: 

 
/ 0.95

0.15
kτ

μ
=⎧

⎨ =⎩
 (3-64) 

By applying the identified tool-chip contact condition, the geometric parameters and 

the hydrostatic pressure at point G are identified based on the first two parts of Equation 

(3-63) as the optimization objective. 

The material separation angle, which determines the cutting and ploughing region, is 

identified to be 56° by FE simulation for turning brass with the carbide tool with an edge 

radius of 20 μm. The FE modeling procedure is described in Section 4.2.4. The variation of 

the separation angle is found to be less than ±1° when the uncut chip thickness changes 

between 15 μm to 25 μm and the cutting speed varies from 150 m/min to 350 m/min; 

therefore, a constant separation angle of 56° is considered in the slip-line field model for this 

tool. Simulation and experimental results of Woon et al. [37] showed that the stagnation 

angle at the tool round edge was in the range of 58.5±0.5º, and was not sensitive to the change 

of uncut chip thickness for the tool with a 10 μm edge radius. The parameter q in Equation 

(3-26) is considered to be unity (q = 1) for linear distribution of shear strain (Equation (3-28)) 

with constant strain rate (Equation (3-27)) in the primary shear zone. 

3.7.2 Experimental comparisons  

The experimentally measured tangential and feed forces are compared against the 

simulated values obtained with the proposed slip-line field model in Figure 3.16. In order to 

eliminate the effect of the 0.1 mm tool nose radius, the experimental forces with w = 0.1 

mm width of cut are subtracted from the forces with w = 0.3 mm and w = 0.5 mm width of 

cuts, which lead to the cutting forces at w = 0.2 mm and w = 0.4 mm width of cuts. The 

difference between the experimental and simulated cutting forces is around 15%. The 

sources of errors include the difference between the Johnson-Cook material parameters and 

the actual property of the tested workpiece, and the assumption of a constant shear stress 

along the β slip-lines in the ploughing regions. In addition, the thermal conductance of the 

workpiece material is not considered. When initial yield strength A and strain-hardening 
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coefficient B in the borrowed Johnson-Cook material model [61] are reduced by 20%, the 

simulated tangential and feed forces are in close agreement with the experimental 

measurements (see Figure 3.16). It is found that the hardness of the tested material is higher 

than the brass used in Johnson-Cook. Material hardness depends on the ductility, elastic 

stiffness, plasticity, toughness and viscosity etc., while cutting forces are influenced by the 

strain-hardening, velocity and temperature related properties. As suggested by 

Chandrasekaran et al., parameters in Johnson-Cook model obtained from split-Hopkinson 

bar tests are used as a starting point to estimate the material flow stress for cutting process 

[66]. Identification of Johnson-Cook parameters for specific workpiece material in cutting 

is listed as the future research direction. 

Figure 3.16 Tangential and feed force with uncut chip thickness; predicted: simulation results 

when using the Johnson-Cook parameters in Table 3.2; predicted (scaled): simulation results 

when initial yield strength A and strain-hardening coefficient B in Table 3.2 are reduced by 

20%. Cutting edge radius: 20 μm. 

There is hardly any change in the tangential and feed forces when the cutting speed is 

increased for the brass, see Figure 3.17. The strain-rate increases with the cutting speed, 

which results in the increase of material shear stress which is considered in the model. 

However, the temperature also increases with the cutting speed because of the increased 

cutting energy which, in turn, reduces the material shear stress, and counterbalances the 

effect of the strain-rate. 
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Figure 3.17 Tangential and feed force with cutting speed; predicted: simulation results when 

using the Johnson-Cook parameters in Table 3.2; predicted (scaled): simulation results when 

initial yield strength A and strain-hardening coefficient B in Table 3.2 are reduced by 20%. 

Cutting edge radius: 20 μm. 

In order to validate the predictive capability of the proposed model, additional 

experiments were conducted when the tool edge radii were 15 μm and 35 μm. The cutting 

speed was 200 m/min and the uncut chip thicknesses were varied from 17 μm to 80 μm. 

Figure 3.18 shows the comparison of cutting forces between the predicted and 

experimentally measured forces. The Johnson-Cook parameters used in the simulations 

were the same as the scaled values explained by Figure 3.16. Since tool-chip contact 

property was not affected by the tool geometry. The same tool-chip friction parameters 

identified from 20 μm tool edge radius were applied in the simulations. It is observed that 

both the tangential and feed forces increase when the tool edge radius increases. The 

simulations are capable of capturing both the trend and the magnitude of the force variation 

with respect to the tool edge radius. 
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Figure 3.18 Cutting force with tool edge radius. (Sim: simulation results; Exp: experimental 

results). 

3.7.3 Simulation results and discussions 

After experimental validation of the model with cutting force measurements, further 

simulation tests have been carried out to have more insights to the process parameters 

which are difficult to measure experimentally. The simulated results of the effective strain, 

strain-rate, temperature, and shear flow stresses along line GB for the feed rates (i.e. uncut 

chip thickness) 15, 19, 21, 25 μm are shown in Figure 3.19. Since line GJ and line JB are 

divided into 500 elements, the x-axis which shows the number of elements along GB 

includes a total number of 1000 elements. It is observed that the strain decreases along GJ 

and then increases along JB. This is because the intersection angle (φ) between the radial 

line and the y-axis increases in the convex region and then decreases in the concave region 

shown in Figure 3.6. The strain-rate is constant along GJ because the strain-rate is 

independent of the intersection angle φ  as indicated in Equation (3-27). The distribution of 

temperature along GJ follows the same trend with the strain, since when the strain increases, 

more shear energy is transferred into thermal energy, which results in the increase of 

temperature. The variation of shear flow stress is due to the combined results of the 

strain-hardening, strain-rate, and thermal softening effects. By comparing the strain at 

different uncut chip thickness values, it is observed that the strain decreases when the uncut 

chip thickness increases from 15 μm to 25 μm. The chip thickness increases when the uncut 
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chip thickness increases, which results in a large angular span of the primary shear zone. 

Therefore, for the same element number along line GB, the inclination angle increases 

when the uncut chip thickness increases. The strain in the primary shear zone changes 

inversely with the inclination angle of the slip-line as illustrated in Equation (3-28), 

therefore, the increase of uncut chip thickness results in the decrease of the strain. 

Figure 3.19 Strain, strain-rate, temperature, and shear flow stress along line GB. 

Figure 3.20 shows the strain, shear strain rate, temperature, and shear flow stress 

distribution along slip-line NJ for uncut chip thickness values of 15, 19, 21, 25 μm. The 

strain increases linearly along NJ while the strain-rate remains constant. This is because the 

index q of the shear velocity variation in Equation (3-26) is selected to represent unity in 

the simulation. The increase of temperature along NJ is because more shearing energy is 

transferred into thermal energy as a result of the strain increase. The increase of shear flow 

energy is attributed to the strain-hardening effect. 
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Figure 3.20 Strain, strain-rate, temperature and shear flow stress along line NJ. 

The sensitivities of the tangential and feed forces to the coefficient of friction and 

stagnation angle are analyzed at cutting speed of V = 200 m/min and feed rate of h = 25 μm. 

The coefficient of friction is varied from 0.1 to 0.5, and the stagnation angle is increased 

from 30º to 70º. The simulated tangential and feed forces increase by 22% and 11% 

respectively, when the coefficient of friction increases by 500%. The tangential force 

increases by 11%, while the feed force decreases by 27% when the stagnation angle is 

increased from 30º to 70º. The decrease of the feed force is attributed to the increased 

ploughing at higher stagnation angles. Since the material is suppressed downwards, the 

vertical component of the friction force in the ploughing region is negative. As the friction 

force in the ploughing region increases, the total feed force decreases. However, these are 

rather exaggerated variations in the friction and stagnation angle. In reality, the friction may 

change less than ±50% based on the lubricant and surface quality of the tool. The 
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stagnation angle changes between 50 to 60 degrees depending on the edge radius and 

friction. The force changes by 3-4% with the realistic friction and stagnation angle changes. 

 Figure 3.21 shows the distribution of normal and friction stresses along tool-chip 

contact from point D to point A at V = 200 m/min and h = 25 μm. The absolute value is 

plotted regardless of the direction of the stress. The normal stress increases from point D to 

the stagnation point S and then decreases to point A. The increase of the friction stress from 

point D to point B is due to the decrease of the inclination angle of the α slip-lines with 

respect to the y-axis from line NJ to TB. Since the shear strain decreases from point B to 

point T along TB, the shear flow stress decreases from point B to A along the tool edge, 

resulting into the decrease of the friction stress. 

Figure 3.21 Distribution of normal and friction stress along tool-chip contact. 

3.7.4 Summary of slip-line field model 

The slip-line field model of the micro-cutting process with round tool edge including 

strain, strain-rate, and temperature effects on flow stress is presented. The plastic 

deformation zones are divided into the primary shear zone, the secondary shear zone where 

the chip moves along the regular rake face of the tool, and the tertiary zone where the 

material bifurcates upward to form the chip and downward to form the machined surface. A 

set of orthogonal micro-turning tests were conducted under a range of uncut chip thickness 

values and cutting speeds. The friction at the tool-chip contact is identified from the 

orthogonal cutting tests with one tool geometry and applied on the tools with different edge 
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geometry. The total force is obtained by adding the cutting force along the rake face of the 

tool and the ploughing force along the round edge below the material separation angle. The 

distribution of shear strain, shear strain-rate, temperature, and shear flow stress is obtained 

with different uncut chip thickness values, and the increase of the shear strain, temperature, 

and shear flow stress with respect to the decrease of uncut chip thickness is observed. The 

predicted cutting force is in agreement with the experimental results with respect to the 

variation of uncut chip thickness, cutting speed and edge radius. 

It is shown that the micro-cutting process can be modeled and predicted effectively 

using the slip-line field model. The accuracy of the predictions can be improved by 

identifying the tool-chip friction properties from cutting tests. The realistic variation of 

stagnation angle around the curved cutting edge and friction alter the cutting forces only by 

3-4%, while they may have stronger effects on strain, stress and temperature distributions at 

tool-chip material contact. The prediction accuracy is highly dependent on the correctness 

of the constitutive material model. In addition to analytical insight to the micro-cutting 

process, the slip-line field approaches are computationally faster than finite element 

methods. After the tool-chip friction parameters are identified from one edge radius value, 

they can be used to predict the cutting forces for other tool edge radii. However, slip-line 

field model is based on plastic flow laws, and cannot accommodate the fracture and 

non-homogenous materials. 

3.8 Cutting forces prediction in micro-milling 
The slip-line field model is used to predict the cutting forces in micro-milling from 

material’s constitutive model and friction parameters between the tool and workpiece 

materials. The simulated cutting forces in orthogonal micro-cutting are used to express 

cutting force coefficients as nonlinear functions of tool edge radius and uncut chip 

thickness, mimicking mechanistic models. The milling forces are then predicted by 

adjusting the cutting force coefficients as the chip varies. The predicted cutting forces are 

experimentally validated. Actual tool tip trajectory, run-out and the effects of dynamometer 
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dynamics are considered. There has been no mechanistic calibration used throughout the 

proposed process model chain. 

3.8.1 Cutting force coefficient estimation from slip-line field model 

A series of brass cutting simulations are performed at a range of uncut chip thicknesses 

( [ ]1 50h , mμ∈ ) and tool edge radii ( [ ]0 001 8r . , mμ∈ ). It is observed from Figure 3.17 that 

both the tangential and feed forces are not sensitive to the variation of cutting speed in the 

range of 150-350 m/min for cutting brass 260, therefore, the speed effect is neglected in 

modeling the cutting force coefficients. However, since cutting speed influences the 

strain-rate and temperature which are included in the Johnson-Cook constitutive model, it is 

possible to add the speed effect in the mechanics model to identify the cutting force 

coefficient for speed sensitive materials. The predicted cutting forces by slip-line field 

model for brass 260 are shown in Figure 3.22. The cutting forces are then modeled as: 

 ( )    t t f fF K h,r hw ; F K ( h,r )hw= =  (3-65) 

where the cutting force coefficients are curve fitted to the simulated forces as follows: 

 
( ) ( ) ( )

( ) ( ) ( )

t t t

f f f

d p q
t t1 t2 t t

d p q
f f1 f2 f f

K h,r = K h + K h,r = h + h r

K h,r = K h + K h,r = h + h r

α β

α β

⎧⎪
⎨
⎪⎩

 (3-66) 

The empirical constants (α, β, d, p and q) relate the sensitivity of the forces to the edge 

radius and chip thickness. The first term 
dhα  is independent of tool edge radius, and it 

could be considered as the force coefficient when the tool is perfectly sharp. The 

nonlinearity increases when the size of the tool edge radius is comparable with the uncut 

chip thickness. The identified constants in Equation (3-66) are listed in Table 3.4. 
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Figure 3.22 Simulated cutting forces from slip-line field model. Material: brass 260. See 

Equation (3-15) and Figure 3.16 for material properties. Cutting speed = 25 m/min and tool’s 

primary rake angle = 5 deg. Symbols represent the simulated results from slip-line field 

model, and the lines are the curved-fitted results. 
 

Table 3.4 Constants for the cutting force coefficients of material brass 260 at cutting speed 25 

[m/min]. Units of chip thickness and edge radius are in [mm]. 

 α d β p q 

Kt [N/mm2] 914.4 -0.0004 62.21 -0.8144 0.2302 

Kf [N/mm2] 629.4 -0.0002 78.24 -0.7868 0.2469 

3.8.2 Prediction of micro-milling forces 

The cutting force coefficients identified from the slip-line field model are used to 

predict micro-milling forces. Tangential (dFt) and radial (dFr) forces acting on a cutting 

edge with a differential depth of cut dz are expressed as (Figure 3.23): 

 ( ) ( ) ( ) ( ) ( )t t r f st exdF K h dz  ,  dF K h dz ,φ φ φ φ φ φ φ= = ← ∈
     (3-67) 

where φ  is the instantaneous immersion angle of the tool, and stφ  and exφ  are the 

entrance and exit angles of the cutter, respectively. The forces are zero when the edge is out 

of cut. The instantaneous chip thickness ( )h φ  is evaluated by considering the exact 

kinematics of the milling [67], general tool geometry and the effect of radial run-out of 

flutes [68]. The elemental forces are resolved into feed and normal directions: 
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( ) ( ) ( )
( ) ( ) ( )

x t r

y t r

dF dF cos dF sin

dF dF sin dF cos

φ φ φ

φ φ φ

= − −⎧⎪
⎨

= −⎪⎩                
 (3-68) 

 
Figure 3.23 Micro-milling process. 

The total milling forces are evaluated by integrating all the elemental forces contributed 

by N flutes (i) along the axial depth of cut (a). 

 
( )

( )

aN

i 1 0

aN

y
i 1 0

x x

y

F

F

2
dF ( i 1 ) d

N

2
dF ( i 1 ) d

N

φ

φ

π
φ φ

π
φ φ

=

=

=

=

+ −

+ −

⎧ ⎡ ⎤
⎪ ⎢ ⎥⎣ ⎦⎪
⎨

⎡ ⎤⎪
⎢ ⎥⎪ ⎣ ⎦⎩

∑∫

∑∫
                   

(3-69) 

The details of the general milling model have been presented before by Altintas et al. 

[67][68], and the algorithms have been integrated into an advanced milling process 

simulation system [69] and used in predicting micro-milling forces, vibrations, dynamic 

chip thickness and surface form errors. 

3.8.3 Experimental validation in micro-milling 

The micro-milling tests have been performed on the micro-machining center having a 

spindle speed range of 60,000 rev/min. The experimental setup is shown in Figure 3.24. A 

two-flute carbide micro end mill (MITSUBISHI MS2MS) with 200 μm diameter and 30º 

helix angle is used in milling Brass 260 with 75 HRB hardness. Tool edge radius of the 

micro mill is measured to be 3.7 μm with an optical microscope shown as Figure 3.25. The 

workpiece is fixed on a Kistler 9256 three component mini-dynamometer to measure the 
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cutting forces. The vertical position of the tool tip with respect to the workpiece is aligned 

by moving the cutting tool down to the workpiece very slowly while a low voltage is 

applied on both tool and workpiece. The reference position is recorded when the tool came 

into contact with the workpiece and a short circuit signal is triggered. 

 
Figure 3.24 Set-up for micro-milling tests: Mikrotool CNC micro-machining center, Kistler 

9256 mini-dynamometer, brass 260 coupon. 

 
Figure 3.25 Two-fluted micro-mill with 200 μm diameter and 3.7 μm edge radius. 

The static radial run-out of the micro-mill is measured and the experimental setup is 

shown as Figure 3.26. The cutting edge of the micro-mill is inspected by an on-machine 

camera through a 50X objective lens and a 3X microscope. The edge of the first tool flute is 

aligned to a reference line shown as Figure 3.27 (a), then the tool is rotated manually by 

180º. The distance between the edge of the second flute and the reference line is measured 
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to be 1.2 μm shown in Figure 3.27 (b). Therefore, the radial run-out of the tool with respect 

to the spindle center is half of the measured distance (0.6 μm). 

 
Figure 3.26 Experimental setup to measure static radial run-out of tool. 

 

(a) (b) 

Figure 3.27 (a) The edge of first flute is aligned to the reference line, (b) Distance between 

the edge of second flute and the reference line. 

Due to the high spindle speeds, the frequency bandwidth of the dynamometer was 

inadequate for measuring the periodic cutting forces in the micro-milling process. When the 
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tooth passing frequency of the force signal is beyond the bandwidth of the dynamometer, 

the force measurement is distorted due to the structural mode of the measurement system. 

Altintas and Park [70] employed a Kalman filter method to compensate the dynamics of the 

force sensor system in order to accurately measure the milling forces. Park and Malekian 

[71] applied the Kalman filter to reconstruct the cutting force in micro-milling based on the 

measurement data. The modal parameters of the dynamometer are identified from impact 

modal tests applied on the X and Y directions. The input force from the hammer 

(PCB086C80) and output force from the dynamometer are measured to obtain the FRF of 

the dynamometer. The FRF results shown in Figure 3.28 indicates a bandwidth of 2000 Hz 

with a dominant mode at 3403 Hz and 3067 Hz. Unless these two modes are compensated, 

the harmonics of the milling forces may cause poor measurements with the dynamometer at 

spindle speeds above 12000 rev/min. 

 

Figure 3.28 FRFs of dynamometer in X and Y directions. 

The measured FRFs are curve fitted by the following transfer function: 

 ( ) 2
n n2 *

1 a' b' j a '- b' j 1
s ; r'= j 1

m' s s - r ' s - r ' k '
Φ ζω ω ζ

+
= + + + − + −

       
(3-70) 

where r'  is the pole of the characteristic polynomial calculated from the natural 

frequency ωn and the damping ratio ζ, a’ and b’ are real and imaginary residues, m’ and k’ 
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are the residues for mass and stiffness in order to maintain the curve fitting accuracy in low 

and high frequency range. The residues are identified based on least square method and the 

modal parameters of the dynamometer are listed in Table 3.5. 

Table 3.5 Modal parameters of dynamometer in X and Y directions. 

Direction ωn (Hz) Ζ a’ b’ m’ k’ 

X 3403 0.0235 -1343 -14870 5.493 -2.87 

Y 3067 0.0276 -1065 -14570 -1.823 -8.650

 

Several cutting tests at different spindle speeds and feed rates have been conducted to 

validate the predictive micro-milling model. The tool is inspected for wear and damage 

after each cut by a microscope integrated to the machine. Sample experimental and 

simulation results are given in Figure 3.29 and Figure 3.30. Speeds between 45,000 and 

60,000 rev/min have been deliberately avoided to prevent resonating the two modes (3403 

Hz and 3067 Hz) of the dynamometer. The dynamometer’s modes are still slightly excited 

by the harmonics of high tooth passing frequencies (666 Hz and 1333 Hz), and appear as 

distorted oscillations on the raw measurement data. When the measured forces are Kalman 

filtered [70] to compensate the distortion of cutting forces caused by the dynamometer 

dynamics, they agree well with the simulations. The correct measurement of micro-milling 

forces, which are less than 1 N, would be difficult unless the dynamics of the dynamometer 

are considered. The simulations are carried out by using the cutting force coefficients 

predicted from slip-line field analysis (Table 3.4). The tool run-out and edge geometry are 

considered, as well as the effect of the exact chip size as the tool rotates by the simulation 

system [69]. Considering that the micro-milling forces are predicted directly from the 

constitutive model of the material, the simulation results fairly agree with the experimental 

measurements. Similar results are obtained at various feed rates and spindle speeds. 
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Figure 3.29 Slot micro-milling with 50 μm axial depth of cut. Material: brass 260. Tool: 

200 μm diameter. Spindle speed: 20,000 [rev/min]. Feed-rate: 3 μm/rev/tooth. 

 

 

Figure 3.30 Slot micro-milling with 50 μm axial depth of cut. Material: Brass 260. Tool: 

200 μm diameter. Spindle speed: 40,000 [rev/min]. Feed-rate: 5 μm/rev/tooth. 
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3.9 Conclusion 
The chapter illustrates the analytical prediction of micro-turning and micro-milling 

forces directly from the material’s temperature and strain sensitive flow stress model. This 

is based on slip-line field theory which models the plastic deformation of workpiece 

material including both shearing and ploughing effects. By modeling the strain, strain-rate 

and temperature in the primary shear zone from the variation of shear velocity, the 

distribution of flow stress and hydrostatic pressure is obtained, and the cutting force is 

predicted as an integration of the stress along the entire tool rake face and round edge. The 

cutting force simulations from orthogonal micro-cutting are used to model the cutting force 

coefficients as functions of uncut chip thickness and tool edge radius. The identified cutting 

coefficients are then used in milling model which considers the actual tool tip trajectory, 

radial run-out and dynamics of the dynamometer. Comparisons between simulated and 

experimental results show that micro-milling force which has less than one Newton 

amplitude can be predicted without mechanistic calibration. However, the prediction 

accuracy is influenced by the correctness of the constitutive property of workpiece material. 
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Chapter 4  

Finite Element Modeling of Micro-cutting Process2 

4.1 Overview 
This chapter presents the FE modeling of orthogonal micro-cutting process by 

considering the uncut chip thickness and tool edge radius effects, and predicting the 

micro-milling forces with experimental validation. ABAQUS/Explicit 6.8-3 [72] is used as 

the software platform. The FE model simulates the micro-cutting forces from the material’s 

constitutive model and friction parameters between the tool and workpiece materials. An 

arbitrary Lagrangian Eulerian meshing strategy is applied to avoid element distortion 

during the simulation. The predictions of cutting forces with the proposed FE model and 

the slip-line field model illustrated in Chapter 3 are compared against experimental 

measurements. Predictions of stress, strain and temperature fields are also compared to 

assess the viability of using the two methods in micro-cutting analysis. The micro-milling 

forces are then predicted by adjusting the cutting force coefficients as the chip varies. The 

predicted milling forces are compared with experimental results through a series of 

micro-milling tests at different cutting speeds and feed rates. The flowchart of the cutting 

force prediction in micro-milling from FE method is shown in Figure 4.1. 

2. The content of Chapter 4 has been published in: Jin, X., Altintas, Y., 2011. Prediction of Micro-milling 
Forces with Finite Element Method. Journal of Materials Processing Technology, vol.212, 542-552. 
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Figure 4.1 Flow chart of cutting force prediction from FE model. 

The content of this chapter is arranged as follows. Section 4.2 illustrates the FE 

modeling procedure of orthogonal micro-cutting process with round tool edge effect. 

Section 4.3 shows the comparison of cutting force results from FE model against slip-line 

field simulations as well as experimental measurements. Distributions of stress, strain and 

temperature fields simulated by the analytical and numerical models are compared. Section 

4.4 gives the experimental validation of the FE model by micro-milling experiments with a 

series of spindle speed and feed rate values. Concluding remarks are given in the last 

section. 

4.2 FE modeling of orthogonal micro-cutting 
The FE model of orthogonal micro-cutting process is developed using commercial 

software ABAQUS/Explicit 6.8-3. The dynamic, explicit, adiabatic analysis is applied since 

the work material deforms in a short period of time with large plastic strains during the 

cutting process [72]. The round cutting edge is included in the plain strain based FE model 

as shown in Figure 4.2. The tool is modeled as an isothermal rigid body represented by the 
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reference point (RP) in order to collect the cutting force data. The workpiece is meshed by 

the four-node thermally coupled quadrilateral elements. The size of the mesh close to the 

tool edge is around 0.5 μm in order to maintain the simulation precision and to ensure a 

practical computational time. The tool is completely fixed and the workpiece moves 

towards the tool with velocity V in X - direction, and the nodes at the bottom surface of the 

workpiece are constrained in Y - direction. Room temperature (25 ºC) is applied to the tool 

and workpiece as an initial temperature condition. 

 
Figure 4.2 Finite element model of orthogonal micro-cutting process. 

4.2.1 Material properties 

The constitutive model of workpiece material (Brass 260) is used as given by Johnson 

and Cook shown in Equation (3-15). The material constants are identified by Johnson and 

Cook and experimentally adjusted in Section 3.7 for the tested workpiece and given in 

Table 4.1. Other physical properties of the work material used in the FE model are 

summarized in Table 4.2. 

Table 4.1 Johnson-Cook parameters of brass 260 (Strain-hardening constants in the original 

Johnson-Cook model [61] are reduced by 20% for the specific tested material as explained 

in Section 3.7) 

A [MPa] B [MPa] C [-] n [-] m [-] Tm [°C] Tr [°C] 

90 404 0.009 0.42 1.68 916 25 
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Table 4.2 Physical properties of brass 260. 

Property Brass 260 

Density [kg/m3] 8500 

Elastic Modulus [MPa] 110000 

Poisson’s Ratio 0.33 

Conductivity [W/m/°C] 109 

Specific Heat [J/kg/°C] 377 

Inelastic Heat Fraction 0.9 

 

4.2.2 Tool-workpiece contact 

The sticking and sliding contacts between the tool and the workpiece are considered in 

the FE model. In the sticking contact region, a critical frictional stress τ is reached due to 

the high normal stress on the cutting tool. The sliding contact satisfies the coulomb friction 

law with a constant coefficient of friction μ. The values of frictional stress limit and the 

coefficient of coulomb friction are based on the experimental identification shown in 

Equation (3-64) for the Brass 260 material: 

[ ]
0 15

220
.
MPa

μ
τ

=⎧
⎨ =⎩        

 (4-1) 

The fraction of dissipated energy converted into heat due to the friction is assumed to 

be 100% and the heat is distributed equally between the tool and work surface in contact.  

4.2.3 Meshing strategy and chip formation 

Arbitrary Lagrangian Eulerian (ALE) adaptive meshing is applied in the FE model to 

avoid the excessive distortion of the elements. ALE combines the feature of Lagrangian 

analysis in which the mesh is attached to the material, and Eulerian analysis where the 

mesh is fixed in space while the material moves through the mesh in Eulerian region. The 

mesh moves independently from the material in the ALE mesh domain. Nodal positions are 

remapped at a predefined frequency to reduce element distortion. Due to the adaptive 
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meshing technique, material separation mechanism is simulated without defining the 

fracture criteria of the workpiece material, and excessive distortions of the elements around 

the tool edge are avoided. 

ALE constraint is applied to specify the mesh motion strategy as proposed by Nasr et 

al. [73]. The workpiece is partitioned into several sections as shown in Figure 4.3. The 

mesh regions filled with solid lines are specified as Eulerian regions where the mesh 

motions are constrained in both X and Y directions. Other regions are specified as 

Lagrangian regions where the mesh follows the motion of material. The Lagrangian regions 

filled with the dashed line are constrained in the Y direction in order to avoid the element 

distortion at the interface between the Lagrangian and Eulerian regions. By applying ALE 

constraint, the force oscillations experienced in ALE models where the mesh constraint was 

not considered [40] can be avoided. 

 
Figure 4.3 ALE constraint of the workpiece mesh. 

An initial chip thickness is predefined at the beginning of the simulation. Figure 4.4 

shows both the initial and machined chip thickness in the FE simulation. The meshing 

elements in the Eulerian region have no deformation; hence no element distortion occurs 

close to the tool edge. In the Lagrangian region, the mesh follows the material motion and 

forms the machined chip. The steady state chip shape is influenced by the material property 

and friction behavior rather than the initial guess. 
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Figure 4.4 Initial and machined chip in the FE simulation. 

When the uncut chip thickness is small, all the material is suppressed downwards by 

the tool edge, only ploughing occurs without chip formation. In this case only ALE is 

applied on the work elements and no mesh constraint is specified. Figure 4.5 shows the 

material deformation with small uncut chip thickness value. 

 

Figure 4.5 Material deformation with small uncut chip thickness. 

4.2.4 Determination of material separation point 

The slip-line field model shown in Figure 3.1 calculates the force in the ploughing 
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The micro-cutting processes at two different cutting speeds are simulated with 4 μm 

tool edge radius. The cutting speed v1 = 25 m/min corresponds to 40000 r/min spindle speed 

for a micro-mill with 200 μm diameter, and speed v2 = 12 m/min corresponds to 20000 

r/min spindle speed. Figure 4.9 shows the cutting force results. The force variation is 

observed to be less than 5% when the cutting speed is increased from 12 m/min to 25 

m/min. The effect of the cutting speed on the force prediction can be neglected when 

cutting Brass 260 in the operation range of the spindle used in this study. However, the 

speed effect can be included if the material exhibits sensitivity at the cutting speed range 

used in the application. 

Figure 4.9 Simulated forces with cutting speeds. Cutting speeds: v1 = 12 m/min, v2 = 25 

m/min, cutting edge radius = 4 μm. 

Figure 4.10 shows the predicted cutting forces by FE model when a tool with 20 μm 

cutting edge radius is used. The results are compared with the slip-line field simulations 

and the experimental measurements conducted in Section 3.7.2. Identical material 

properties, tool-chip interaction parameters and cutting conditions are used in both models. 

It is found that tangential forces from the FE simulations are close to the experimental 

results, while the feed forces are underestimated. However, the proposed slip-line model 

predicts both tangential and feed forces with acceptable accuracy. Filice et al. [74] reported 

the underestimation of the FE simulated feed force compared to the experimental data by 

30%. Rech et al. [75] included the tool edge radius in the FE model and showed that the 

simulated feed forces were less than 50% of the experimental values. Figure 4.10 shows 
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that the feed force predicted by the FE model increases from 11.5 to 17 N/mm when the 

uncut chip thickness increases from 20 to 80 μm. The tool–chip contact lengths simulated 

from the FE model are shown in Figure 4.11 for the uncut chip thickness values of 25, 50 

and 80 μm. The tool–chip contact length increases with the uncut chip thickness and the 

values are given in Table 4.3. FE model using ABAQUS/Explicit allows constant friction 

stress at the sticking zone (220 MPa here), hence the effects of temperature, strain and 

strain-rate are not considered. Since the feed force is mainly contributed by the integration 

of friction stress along the tool–chip contact area, the FE model underestimates the feed 

force mainly due to the underestimation of the friction stress along the tool-rake face which 

would be larger if the changes in the material properties are considered more accurately at 

the contact zone. 

Figure 4.10 Comparison of cutting force prediction from FE model against slip-line field 

model and experiment. Tool edge radius = 20 μm; rake angle = 5 deg; clearance angle = 7 

deg; cutting velocity = 25 m/min; material: brass 260. 
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a)  h1 = 25 μm 

 

b)  h2 = 50 μm 

 

c)  h3 = 80 μm 

Figure 4.11 Tool-chip contact length predicted by FE model. Tool edge radius = 20 μm, 

rake angle = 5 deg. 
 



76 
 

Table 4.3 Tool-chip contact length. 

Uncut chip thickness (μm) Tool-chip contact length (μm) 

25 42 

50 93 

80 161 

The comparisons of equivalent plastic strain, temperature and Von-Mises stress in the 

material deformation zones between the FE and slip-line field model are shown in Figure 

4.12. The slip-line field results are shown along the upper boundary of the primary shear 

zone, which corresponds to line AB in the FE simulation. The variation of the results in the 

primary shear zone (AB) is given in Table 4.4. The predicted equivalent plastic strain 

(Figure 4.12 a) and the temperature (Figure 4.12 b) values by both methods are in good 

agreement, and the difference of the maximum Von-Mises stress (Figure 4.12 c) is around 

6%. Slip-line field and FE models appear to give similar results in the primary shear zone. 

However, the FE simulation shows that the temperature in the secondary shear zone rises 

from 301 ºC to 854 ºC, which is close to the melting temperature of Brass 260 (916 ºC). 

The high temperature has a thermal softening effect on the flow stress, and the Von-Mises 

stress decreases from 611 MPa to around 300 MPa in FE model. However, the slip-line 

field model predicts the temperature at about 300 ºC and the Von-Mises stress at around 

650 MPa. Since the feed force is mainly influenced by the friction load along the tool rake 

face, which is determined by the Von-Mises stress, the underestimation of the feed force 

from FE model is also due to the overestimation of the temperature which leads to reduced 

friction stress in the secondary shear zone. 

Table 4.4 Variation of equivalent plastic strain, temperature and Von-Mises stress in the 

primary shear zone. 

 Equivalent plastic strain [-] Temperature [ºC] Von-Mises stress [MPa]

FE [1.38, 2.76] [232, 301] [560, 611] 

Slip-line 
field [1.8, 2.4] [225, 300] [636, 652] 
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a) Predicted equivalent plastic strains. 

 
b) Predicted temperature variations. 

 
c) Predicted Von-Mises stress variations. 

Figure 4.12 Comparison of predicted strain, temperature and Von-Misses stresses by FE and 

slip-line field models in the primary shear zone. Tool edge radius = 20 μm; rake angle = 5 

deg; clearance angle = 7 deg; uncut chip thickness = 25 μm, cutting velocity = 25 m/min. 

Material: brass 260. 
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4.4 Prediction of micro-milling forces with FE model 

Figure 4.13 shows the predicted cutting forces with respect to the uncut chip 

thicknesses ([0.5, 20] μm) and tool edge radii ([1, 8] μm) for brass 260 material from the 

FE model and the slip-line field model (SL). The predicted results are based on the slip-line 

field and FE simulations from the constitutive properties of the workpiece material and 

friction parameters, no experimental cutting calibration is required. The procedure of 

modeling the cutting force coefficients as functions of uncut chip thickness and tool edge 

radius is explained in Section 3.8.1. By curve fitting the simulated force results in Figure 

4.13, the identified constants for Equation (3-66) based on FE and slip-line field models are 

listed in Table 4.5. 

The cutting force coefficients, which are curve fitted to FE and slip-line field based 

predictions as opposed to cutting force measurements used in mechanistic models, can 

include chip size, temperature, edge radius and rake angle effects [76]. 

Figure 4.13 Predicted cutting forces. Material: brass 260. Cutting speed = 25 m/min and 

tool’s primary rake angle = 5 deg. Symbols represent the simulated results from FE and 

slip-line field models, and the solid and dashed lines are the curved-fitted results. 
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Table 4.5 Constants for the cutting force coefficients of material brass 260 at cutting speed 25 

m/min. Units of chip thickness and edge radius are in [mm]. 

  α D β p q 

FE 
Kt MPa] 1744.0 0.059 181.2 -0.795 0.531 

Kf [MPa] 191.5 -0.054 531.6 -0.918 0.892 

Slip-line 

field 

Kt MPa] 914.4 -0.0004 62.21 -0.814 0.230 

Kf [MPa] 629.4 -0.0002 78.24 -0.787 0.247 

Micro-milling forces are predicted including the actual tool tip trajectory and radial 

run-out of the flutes using the simulation system [69]. Several cutting tests at different 

spindle speeds and feed rates have been conducted to experimentally validate the 

simulation results. The experimental setup is described in Section 3.8.3. The cutting 

conditions are listed in Table 4.6. The tool was inspected for wear and damage after each 

cut by a microscope integrated to the machine. Speeds between 45,000 and 60,000 rev/min 

have been deliberately avoided to prevent resonating the two modes (3403 Hz and 3067 

Hz) of the dynamometer. The dynamometer’s modes are still slightly excited by the 

harmonics of high tooth passing frequencies (333 Hz, 666 Hz and 1333 Hz), and appeared 

as distorted oscillations on the raw measurement data. The measured forces are Kalman 

filtered to compensate the distortion of cutting forces caused by the dynamometer 

dynamics. The simulations are carried out by using the cutting force coefficients predicted 

from FE simulations and slip-line field model.  

Table 4.6 Cutting conditions for micro-milling test. 

Test Number Tool diameter 
(μm) 

Spindle speed 
(rpm) 

Feed rate 
(μm/tooth) 

Depth of cut 
(μm) 

1 200 10000 3 50 

2 200 20000 3 50 

3 200 40000 1 50 

4 200 40000 5 50 

5 200 40000 7 50 
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The experimental and simulation results obtained from FE and slip-line field models 

are given in Figure 4.14 to Figure 4.18. Both the original and Kalman filtered experimental 

data, as well as the frequency spectrums of the forces are given in the figures. The Kalman 

filtered results are closer to the simulations compared to the original data. The peak at the 

frequency of the spindle speed in the FFT of the cutting forces indicates that the tool 

run-out effect plays an important role in micro-milling operations. 

The simulated normal (Fy) cutting forces with both FE and slip-line field models, 

which are more influenced by the tangential component, agree with the experimental 

results. The frequency content of the forces also shows good agreement between the 

Kalman filtered experimental results and the simulations. The discrepancy of the cutting 

forces in X-direction is observed between the FE model and the experiment. This is due to 

the underestimation of the feed force from the FE model. Since the thermal softening of the 

material is better handled by the slip-line field model, it predicts the micro-milling forces 

more accurately in both directions. 

 
Figure 4.14 Comparison of cutting forces and the frequency spectrums at: n = 10,000 

rev/min, c = 3 μm/tooth, a = 50 μm. Material: brass 260. 
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Figure 4.15 Comparison of cutting forces and the frequency spectrums at: n = 20,000 

rev/min, c = 3 μm/tooth, a = 50 μm. Material: brass 260. 

 

 
Figure 4.16 Comparison of cutting forces and the frequency spectrums at: n = 40,000 

rev/min, c = 1 μm/tooth, a = 50 μm. Material: brass 260. 
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Figure 4.17 Comparison of cutting forces and the frequency spectrums at: n = 40,000 

rev/min, c = 5 μm/tooth, a = 50 μm. Material: brass 260. 

 

 
Figure 4.18 Comparison of cutting forces and the frequency spectrums at: n = 40,000 rev/min, 

c = 7 μm/tooth, a = 50 μm. Material: brass 260. 

4.5 Microstructure effect on micro-cutting process 

The chip formation and cutting forces are affected by material microstructure in 

micro-cutting of workpiece with multiple phases. Figure 4.19 shows the microstructure of 

normalized AISI 1045 steel sample from metallurgical observation. The light regions show 

the ferrite grains and the dark regions are the pearlite colonies. The average size of ferrite 



83 
 

grains is measured to be 18 μm, which is comparable with the uncut chip thickness and tool 

edge radius in size. The heterogeneity of workpiece material is caused by the difference of 

constitutive property between ferrite and pearlite grains. 

 

Figure 4.19 Microstructure of normalized AISI 1045 steel. 

The FE method is used to include the material microstructure in simulating the cutting 

process. Figure 4.19 is converted into binary image representing the distributions of ferrite 

and pearlite respectively, shown as Figure 4.20 with the resolution of 475 100× . The 

pixels in the figure are divided into two groups from the binary values, and then mapped 

into the meshing elements of the workpiece in the FE model, shown as Figure 4.21.  

 
Figure 4.20 Binary image converted from Figure 4.19. 

 

Figure 4.21 FE model of workpiece material with ferrite and pearlite phases. 

The constitutive properties of ferrite and pearlite phases are based on the stress-strain 

curves shown in Figure 4.22, which is obtained from tensile tests for various single 
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structure steels [77]. The stress-strain curves show the strain-hardening effect on the flow 

stress for each phase. For ferrite and pearlite, the strain-hardening related parameters 

A,B ,n  in Johnson-Cook equation (3-15) are identified by curve fitting the stress-strain 

curves and given in Table 4.7. The strain-rate and temperature related parameters are 

assumed the same for two phases, and the values are borrowed from the split Hopkinson 

bar test results conducted by Jaspers and Dautzenberg for AISI 1045 steel [78]. 

 
Figure 4.22 Stress-strain curves for various single structure steels [77]. 

 

Table 4.7 Johnson-Cook parameters and cutting conditions in FE simulation. 

Material A B n C m Tm 

Ferrite 115.2 640.4 0.477 0.0134 1 1479 

Pearlite 442.7 1152 0.294 0.0134 1 1479 

1045 Steel [78] 553.1 600.8 0.234 0.0134 1 1479 

Two FE simulations are conducted with heterogeneous and homogeneous 1045 

workpiece materials, respectively. The effect of round tool edge is included. Since the 

adaptive ALE meshing algorithm is not effective when the workpiece includes two types of 

materials in ABAQUS/Explicit, the fracture criterion of workpiece elements is defined. It is 

assumed that pearlite elements have a shear failure criterion of 1.8 and the softer ferrite 
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elements have a shear failure criterion of 2.2 [79]. The cutting condition of the two FE 

simulations is listed in Table 4.8.   

Table 4.8 Cutting condition in the FE model. 

Tool edge radius [μm] 20 

Uncut chip thickness [μm] 25 

Cutting speed [m/min] 200 

The chip formation with heterogeneous workpiece material is shown in Figure 4.23. 

The softer material phase ferrite is extruded as well as sheared during the cutting process, 

resulting into the variation of chip thickness. Material fracture around the tool edge causes 

uneven surface finish. The chip formation of the FE simulation assuming homogeneous 

1045 steel workpiece material is given in Figure 4.24, which shows a constant chip 

thickness in steady-state cutting process.  

 

Figure 4.23 Chip formation with heterogeneous workpiece material. 

 
Figure 4.24 Chip formation with homogeneous workpiece material. 
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The simulated tangential and feed forces with heterogeneous and homogeneous 

workpiece materials are shown in Figure 4.25. Since ALE adaptive meshing technique is 

not applied in the FE model, the frequent deletion of workpiece elements which satisfy the 

failure criterion around tool edge causes the oscillations of cutting forces. However, the 

difference of average cutting forces between the heterogeneous and homogeneous materials 

is less than 10% in both tangential and feed directions. 

  
Figure 4.25 Cutting forces with heterogeneous and homogeneous materials. 

4.6 Conclusion 

This chapter presents the prediction of micro-milling forces from the FE model for 

Brass 260. Based on the material constitutive model and identified tool–chip contact 

parameters, the FE model shows the effect of tool edge geometry, uncut chip thickness and 

cutting speed on the force prediction. The material separation angle is obtained from the 

finite element simulation by investigating the velocity direction of the material around the 

tool edge. The predicted cutting force from FE model is compared against the slip-line field 

simulation and turning experimental results. While assumption of constant friction stress 

and overestimation of the temperature in the secondary shear zone cause underestimation of 

feed force in the FE model, the friction stress is updated as a function of changing material 

properties in the slip-line field model. As a result, slip-line field model presents more 

accurate prediction of feed force. Based on the simulation results, the cutting force 

coefficients are identified as nonlinear functions of chip thickness and tool edge radius 
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from FE and slip-line field models independently. The cutting coefficients are then used in 

milling model which considers the tool tip trajectory, radial run-out and dynamics of the 

dynamometer. It is shown that the micro-milling forces in normal direction can be predicted 

accurately, but estimated less accurately in the feed direction due to the aforementioned 

friction model used in the FE model. If the friction model is improved, the FE model can 

also estimate the feed forces as accurately as the slip-line field model. Moreover, when the 

rake face has chip breaking and lubrication grooves, which are more common in 

macro-cutting tools, FE model can be more effective than slip-line field models provided 

that the friction model is improved. FE model is also able to simulate the chip formation 

process with workpiece material having multiple phases, while the slip-line field model 

only considers the steady state cutting process assuming homogeneous workpiece material. 

FE simulation of micro-cutting with normalized 1045 steel shows the variation of chip 

thickness due to different constitutive properties between ferrite and pearlite phases, and 

the fracture of workpiece material elements around cutting edge causes uneven surface 

finish.   
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Chapter 5  

Dynamic Modeling of Micro-milling Process3 

5.1 Overview 
This chapter presents the prediction of chatter stability in micro-milling by considering 

the process damping caused by round cutting edge and the micro-mill dynamics in high 

frequency range. The cutting forces are predicted from the material’s properties and tool 

geometry using the slip-line field model. FRF in the frequency range of 0.5 - 120 kHz at 

tool tip is measured directly by a specially designed miniature piezoelectric actuator 

attached to the micro-mill shank when the tool is clamped in the spindle. Process damping 

coefficient is identified by the FE model of micro-cutting with round cutting edge. Chatter 

stability lobes are predicted in frequency domain by using the cutting force and process 

damping coefficients identified from the constitutive model of the material, and directly 

measured FRF of the micro-mill. The model is experimentally verified by micro-milling of 

AISI 1045 steel.  

Henceforth, the content of the chapter is organized as follows. The dynamic cutting 

force model of micro-milling is presented in section 5.2. The identification of cutting force 

and process damping coefficients is explained in section 5.3. The chatter stability 

prediction model is presented in section 5.4, followed by experimental validation in section 

5.5 and conclusion in section 5.6.   

5.2 Dynamic cutting force model in micro-milling process  
The micro mill has lateral flexibilities in feed ( )x  and normal ( )y  directions as 

shown in Figure 5.1. The regenerative chip thickness removed by flute j  when it is at an 

angular position ( ) ( 1)j pt t jφ φ=Ω + −
 can be expressed as [2]: 

3. The content of Chapter 5 has been submitted for review. 
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j j j p

j j

h ( ) c sin v( t ) v( t T )

v( t ) x( t )sin y( t )cos

φ φ

φ φ

= + − −⎧⎪
⎨ = +⎪⎩                    

(5-1) 

where c is the feed per tooth, [ / ]rad sΩ  is the angular velocity of the spindle, pT  is the 

tooth period, ( ) ( )x t , y t⎡ ⎤⎣ ⎦  
and ( ) ( )p px t T , y t T⎡ ⎤− −⎣ ⎦  are the vibrations of the tool at the 

present ( )t  and previous ( )pt T−  tooth periods, respectively. The pitch angle of the cutter 

is given by 2 /p Nφ π=
 for a micro-mill with ( )N  number of teeth. The cutting forces 

have three components when the micro mill vibrates: static forces due to rigid body motion 

of the cutting edge ( sin jc φ ); dynamic forces due to regenerative chip thickness 

[ ( ) ( )pv t v t T− − ]; and process damping forces caused by the contact between the round edge 

of the tool and wavy surface finish [80]. The tangential ( )tjF  and radial ( )rjF  cutting 

forces acting on a cutting edge with an axial depth of cut ( )a  is expressed as: 

 
tj j t j t

c

rj j r j r
c

vF ( ) K ah( ) C a
V

vF ( ) K ah( ) C a
V

φ φ

φ φ

⎧ = +⎪⎪
⎨
⎪ = +
⎪⎩

�

�

                      

(5-2) 

where ( )cV  is the cutting speed, the vibration velocity is expressed as: 

 j jv dv / dt x(t )sin y(t )cosφ φ= = +� � �
                   (5-3) 

( )tC  and ( )rC  are the process damping coefficients in tangential and radial directions, 

respectively. The tangential and radial forces are projected in feed ( )x  and normal ( )y

directions as: 

 1

1

N

x tj j j rj j j
j

N

r tj j j rj j j
j

F ( t ) F ( )cos F ( ) sin

F ( t ) F ( ) sin F ( )cos

φ φ φ φ

φ φ φ φ

=

=

⎧ ⎡ ⎤= − −⎪ ⎣ ⎦⎪
⎨
⎪ ⎡ ⎤= + −⎣ ⎦⎪⎩

∑

∑
 (5-4) 

By substituting the chip thickness (Equation (5-1)) and vibration velocity v� 
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(Equation (5-3)) into Equations (5-2) and (5-4), the dynamic micro-milling forces with 

static ( F ( )st t ), regenerative ( F ( )rc t )and process damping ( F ( )pd t ) parts are derived as: 

 { } { } { } { }F ( )
F( ) F ( ) F ( ) F ( )

F ( )
x

st rc pd
y

t
t t t t

t
⎧ ⎫

= = + +⎨ ⎬
⎩ ⎭                

(5-5) 
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( )
( )
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2 2

2 2
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j r j j
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j j r j j r j j
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j j r j j j j r j
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(5-6)

 

The dimensionless constants are defined as /r r tk K K=  and /t t rc C C= . 
mA  and 

mB are directional matrices that are periodic at tooth passing intervals. { }Tv x y= Δ ΔΔ is 

the regenerative vibration vector, and { }Tv x y=� � �  is the vibration velocity vector.  

 
Figure 5.1 Dynamic micro-milling system. 
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5.3 Identification of cutting force and process damping 

coefficients 
The prediction of static, regenerative and process damping forces require the 

identification of cutting force 2( , :[ / ])t rK K N m  and process damping ( , :[ / ])t rC C N m  

coefficients for a micro tool with round cutting edge. Unlike in macro milling, the chip 

thickness is usually as small or less than the cutting edge radius in micro-cutting. As a 

result, the cutting force and process damping coefficients, which are estimated using the 

plasticity models here, are highly sensitive to edge radius and chip thickness in 

micro-milling. 

5.3.1 Identification of cutting force coefficients 

The cutting force coefficients are identified directly from the material’s constitutive 

model by using slip-line field simulations. The Johnson-Cook parameters for AISI 1045 

steel are borrowed from Jaspers and Dautzenberg [78] who calibrated them from split 

Hopkinson pressure bar tests, see Figure 5.2. In the slip-line model, the AISI 1045 steel is 

assumed as homogeneous material. A number of orthogonal turning simulations have been 

carried out for a range of cutting edge radius ( [ ]1 8r , mμ∈ ) and chip thickness 

( [ ]112h , mμ∈ ) as shown in Figure 5.2. The cutting force coefficients are modeled as 

functions of uncut chip thickness and tool edge radius shown in Equation (3-66). The 

constants in Equation (3-66) are identified by curve fitting the simulation data shown in 

Figure 5.2 and the values are listed in Table 5.1 when the unit of uncut chip thickness and 

the tool edge radius is in millimeter. 
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Figure 5.2 Cutting forces predicted by slip-line field model (Material: AISI 1045 steel. 

A=553.1MPa, B=600.8MPa, C=0.013, n=0.234, m=1, Tm=1460 °C and Tr=25 °C). Symbols 

represent the simulated results from slip-line field model, and the lines show the 

curved-fitted results. 

  

Table 5.1 Cutting force coefficients in Equation (3-66) for AISI 1045 steel. 

 α d β p q 

Kt [N/mm2] 2447 -0.0108 4305 -0.8176 1.050 

Kr [N/mm2] 1796 -0.0094 2723 -0.8557 1.088 

The validity of the cutting force coefficients are experimentally demonstrated in series 

of chatter free slot-milling of AISI 1045 steel with 21 HRC hardness. A two-fluted carbide 

micro end mill with 400 μm diameter and zero rake angle was used. The spindle speed was 

9000 rev/min with a feed rate of 7 /c m toothμ=  and axial depth of 10a mμ= . The 

cutting force coefficients identified from the slip-line field model are used in static force 

model ( ( )st tF ) given in Equation (5-6). The predicted and  experimentally measured 

micro-milling forces are compared shown in Figure 5.3. Kalman filter algorithm has been 

used to compensate the distortion of cutting forces caused by the dynamometer dynamics. 
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Figure 5.3 Comparison of micro-milling forces predicted by slip-line field model and 

experiment. 

5.3.2 Identification of process damping coefficients 

The process damping is contributed by the contact between the wavy surface finish 

and round cutting edge of the tool at the clearance face side. The process damping 

coefficients are predicted by modeling the contact mechanics through finite element 

simulation of the oscillating tool as shown in Figure 5.4. The FE model is based on 

Abaqus/Explicit 6.8-3, and the flow stress properties of AISI 1045 steel are given in Figure 

5.2. The cutting forces in the cutting velocity (x) and normal (y) directions can be expressed 

as: 
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(5-7) 

The equation of motion of the undamped tool, that is flexible only in normal direction, 
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is given by: 

 ( ) ( ) ( )
2

2 y
y r

y

y t y t F t
k
ω

ω+ =��
                     

(5-8) 

where ,y ykω
 are natural frequency and stiffness of the oscillating tool, respectively. The 

cutting force coefficients ( ,t rK K ) are identified by simulating rigid tool shearing the 

material as explained in the previous section. The process damping coefficients are 

identified from the finite element simulation of the ploughing forces between material 

separation point (S) on the edge radius and point (A) where the contact is lost with the 

wavy surface, see Figure 5.4-a. An initial chip thickness is assumed for the chip formation 

simulation, and the material is cut with a cutting velocity of ( )cV in tangential direction.  

Total ploughing forces have static ( 0F ) and process damping ( ( ) / cCay t V� ) 

components as: 

 
( ) ( )

( )
0

0

pt pt t c

pr pr r c

F t F C ay t / V
F F C ay t / V

= +⎧⎪
⎨ = +⎪⎩

�
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where the velocity of tool vibration is: 

 ( ) ( )y t ysin tω=�  (5-10) 

The energy dissipated by the ploughing forces in one vibration period ( pτ ) is: 
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 (5-11) 

The process damping coefficients are identified from the dissipated energy [52] in 

each direction as follows:  
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a)  Micro-cutting with tool edge radius 

 
                b) Macro-cutting with tool wear 

Figure 5.4 Schematic of single degree of freedom orthogonal cutting. 

 

The process damping coefficient estimated from the FE simulations for macro-cutting 

are compared against the experimental results identified by Eynian and Altintas [50] for a 
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tool with flank wear land of ( )wL , see Figure 5.4-b. The process damping force model 

with the tool wear length ( )wL  effect is expressed as: 

 
2

2
w

pr r sp
c c

La aF C y K y
V V

= = ⋅� �
                    

(5-13) 

The contact force coefficient spK  is independent of the tool geometry and cutting 

speed, and it is influenced by the elastic-plastic properties of the workpiece material. The 

flow stress and physical properties of the workpiece material (AISI 1045) are given in 

Figure 5.2 and in Table 5.2, respectively. A tool with zero rake angle and 80 μm flank wear 

was used in both simulations and experiments. The cutting conditions in simulations and 

dynamics cutting tests are given in Table 5.2. Tool displacement ( y ), vibration velocity 

( y� ), and the resulting normal contact forces ( prF ) in radial direction ( y ) are simulated 

for two vibration cycles as shown in Figure 5.5. The decay of tool vibration amplitude 

shows the energy dissipation due to the process damping effect. 

 

Table 5.2 Physical parameters of AISI 1045 steel and cutting condition. 

Physical parameters Cutting condition 

Density [kg/m3] 7870 

Tool 

Geometry

Rake Angle [º] 0 

Elastic Modulus [GPa] 200 Clearance Angle [º] 7 

Poisson’s Ratio 0.3 Edge Radius [μm] 20 

Conductivity [W/m/ ºC] 51.9 Tool Wear Length [μm] 80 

Specific Heat [J/kg/ ºC] 486 Modal Stiffness [N/m] 6.94e6

Inelastic Heat Fraction 0.9 Natural Frequency [Hz] 1500 

  Cutting Velocity [m/min] 55 
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Figure 5.5 FE simulation of displacement, velocity and contact force in orthogonal cutting of 

AISI 1045 with a tool having 80 μm flank wear. 

The contact force is positive when the tool velocity is negative, showing that flank 

wear - workpiece contact occurs when the tool is traversing downwards. Tool disengages 

from the finish surface when the tool velocity is positive; hence the contact forces become 

zero. The average process damping coefficients are found from the FE simulations as 

follows: 
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Coulomb friction becomes dominant when the flank wear is simulated with flat 

clearance face, i.e. 1 1/ 0.3pt prC C ≈
 which is the Coulomb friction used in FE simulations. 

The contact force coefficient ( spK ) for AISI 1045 steel is evaluated from Equation (5-14) 

as: 

 1 13 3
2

2
4 82 10pr

sp
w

C
K . * N / m

L
⋅

⎡ ⎤= = ⎣ ⎦
                 

 (5-15) 

Eynian and Altintas [50] identified the contact force coefficient for AISI 1045 steel 

from piezo-actuator controlled indentation tests for the same worn tool, and the range was 

within 13 3 13 33.2 *10 / , 4.7 *10 /spK N m N m⎡ ⎤= ⎣ ⎦ . The discrepancy between the FE 

identified results and the experimental results may originate from the meshing of the 

workpiece and tool in the FE model. On the other hand, the indentation experiment is a 

quasi-static procedure, which doesn’t include the strain-rate or temperature effects. Overall, 

the contact force coefficients obtained from the proposed FE simulation and experiments 

are in reasonable agreement, hence they can be extended to the identification of process 

damping in micro-milling.   

The cutting edge radius of a two fluted micro-end mill with 600 μm diameter is 

measured as 4 μm with an optical microscope as shown in Figure 5.6. The rake and 

clearance angles were measured as zero and ten degrees, respectively. 

 
Figure 5.6 Measurement of tool edge geometry under optical microscope. 

The FE model of orthogonal micro-cutting is set up based on the measured geometric 
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parameters of the tool edge. An undamped single degree of freedom oscillator (Equation 

(5-8)) with natural frequency 3800 Hz and stiffness of 0.89 N/m was used in FE 

simulations. The width of cut and the cutting velocity were 0.1 mm and 55 m/min, 

respectively. Tool displacement ( y ), vibration velocity ( y� ), and the resulting normal 

contact forces ( prF ) in radial direction ( y ) are simulated as shown in Figure 5.7. 

 

 

 
Figure 5.7 FE simulations of displacement, velocity and contact force in orthogonal cutting 

of AISI 1045 with a micro-tool. 
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The process damping coefficients in tangential and radial directions are estimated 

from Equation (5-12): 
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4
2

1 872 10
2 136 10

pt

pr
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⎧ = ×⎪
⎨ = ×⎪⎩                     

(5-16) 

The ratio of process damping coefficients between X and Y-directions is 

2 2/ 0.877pt prC C =  which is far greater than Coulomb friction coefficient which was set to 

be 0.3 in FE simulations. Unlike in macro-cutting case with tool wear land, the directions 

of contact forces in micro-cutting changes continuously along the round cutting edge which 

affect the ploughing of the finish surface.  

5.4 Prediction of chatter stability in micro-milling  

The chatter vibration system is presented by the block diagram shown in Figure 5.8, 

where the parameters of the dynamic cutting process are shown in the Laplace domain. 

Input to the system is the desired chip thickness h0, and the output of the feedback system is 

the current vibration ( )tν  left on the inner surface of the workpiece shown in Figure 5.1. 

In the Laplace domain, ( ) ( )s tν ν= L , and the vibration imprinted on the outer surface 

during the previous revolution is ( ) ( )sT
pe s t Tν ν− = −L , where pT  is the spindle period. 

 
Figure 5.8 Block diagram of chatter dynamics with process damping. 

The range of natural frequencies vary from 500Hz (i.e. spindle mode) to 120,000Hz 

(i.e. fluted section) in micro-milling, hence the process damping of high frequency modes 

are crucial in predicting the stability. The stability of micro-milling is investigated in 
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frequency domain by removing the forced excitation part ( ( )st tF =0) in Equation (5-5), and 

considering the self excitation part of the dynamic forces as: 

 F A Δ Br
dn t

c

C a( t ) K a ( t ) ( t ) ( t ) ( t )
V

ν ν= ⋅ + ⋅�  (5-17) 

Periodic directional coefficients are averaged over a tooth period (i.e. pitch angle) to 

eliminate their time dependency as: 

 1 1A A B B
ex ex

st stp p

( )d , ( )d
φ φ

φ φ

φ φ φ φ
φ φ

= =∫ ∫  (5-18) 

By substituting the averaged directional factors into Equation (5-17), the dynamic 

micro-milling force can be expressed in Laplace domain as: 

 F A 1 BpsT r
dn t

c

C a( s ) K a ( e ) ( s ) s ( s )
V

ν ν−= ⋅ − + ⋅  (5-19) 

The vibration vector is expressed as the product of transfer function of the structure at 

the tool tip ( ( )sΦ ) and dynamic force vector ( )dn sF : 

 F xx xy
dn

yx yy

( s ) ( s )
( s ) ( s ) ( s ) ( s )

( s ) ( s )
Φ Φ

ν Φ Φ
Φ Φ
⎡ ⎤

= → = ⎢ ⎥
⎣ ⎦

 (5-20) 

The transfer function of the system with process damping is reduced to an eigenvalue 

problem as follows: 
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 (5-21) 

The stability of the system is analyzed in frequency domain ( )cs iω=  from the 

characteristic equation when the process is critically stable at chatter frequency ( cω ). 



102 
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I 1 A I B 0c pi T r
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c

C aK a( e ) ( i ) i ( i )
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ω Φ ω ω Φ ω
−
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⎣ ⎦
 (5-22) 

The stability of the system can be solved only iteratively due to speed dependent 

process damping term in Equation (5-22). First, the process damping term is neglected 

( 0rC = ), and the characteristic equation is reduced to classical zero order stability problem 

as solved by Altintas and Budak [81]: 

 
2

0 1

I A 0 1

1 0

c pi T
c t

I
R I

R

( i ) K a( e )

a a i ,

ωΛ Φ ω Λ

ΛΛ Λ Λ Λ Λ κ
Λ

−− = ← = −

+ + = → = + =
 (5-23) 

The critically stable axial depth of cut (a) and tooth period ( pT ) are estimated as: 

 
2
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��  (5-24) 

The estimated values are used to assign numerical values to the process damping 

coefficient at the same chatter frequency ( cω ) as: 

 
1

0 I Br
c c c

p

C a dC i ( i ) V
V NT

πω Φ ω
−

⎡ ⎤= − ⋅ ← =⎢ ⎥⎣ ⎦

� �
� �  (5-25) 

where d  is the diameter of the micro-end mill. The characteristic equation is updated 

with the constant process damping term having complex numbers ( 0C ) as: 

 0I A 0c( i ) CΛ Φ ω− ⋅ =  (5-26) 

The eigenvalue solution (Equation (5-24)) is repeated until the depth of cut and tooth 

period converges to constant values with an acceptable tolerance, i.e. lim; p pa a T T→ →�� . 

The flowchart of solving the chatter stability for micro-milling is shown in Figure 5.9. 

The spindle speed is evaluated as ( / min) 60/ ( )pn rev NT= . The effect of process 

damping is negligible and the solution converges within two – three iterations when the 

tooth passing frequency ( 1/ )T pTω =  is equal or not less than 5-6 times of chatter 
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frequency ( cω ). However, when the speed is low and the tooth passing frequency is less 

than 10-15 times of chatter frequency, the process damping becomes highly effective, and 

about 15-20 iterations may be needed for convergence. The strength of the process damping 

becomes highly dependent on the edge radius of the micro-end mills. 

 
Figure 5.9 Flowchart of solving chatter stability in micro-milling. 

5.5 Experimental validation for micro-milling chatter 

The cutting tests have been conducted on a Micromachining Center equipped with 

60,000 rev/min Fischer Precise spindle with ball bearings. The feed drives are powered by 

linear motors. A two fluted, Mitsubishi Materials MS2MS carbide micro-end mill with 600 

µm diameter, 1.2 mm flute length and 4 µm edge radius is used in slot milling of AISI 1045 

steel. The feed-rates were kept constant at 5c = µm/tooth. The methods to measure the 

frequency response function of the micro-end mill and chatter frequencies in micro-milling 
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tests are summarized here.   

5.5.1 Identification of FRF at micro-mill tip 

Since the impact modal tests cannot be applied on the micro-mill to avoid its fracture, 

a piezo actuator has been designed to excite it up to 120 kHz frequency range similar to the 

instrumentation presented in [41][42].The micro-end mill shank has 4 mm diameter with 16 

mm overhang from the tool holder as shown in Figure 5.11. 

The experimental setup to measure the FRF of micro-mill is shown in Figure 5.10. A 3 

mm x 2 mm piezoelectric actuator (Physik Instrumente P-882) with 9 mm length is 

attached to the tool shank. The other side of the actuator is connected to a force sensor 

(Kistler 9211) which has a natural frequency of 200 kHz. The force sensor is glued to a 

fixture which is clamped on the X-Y stage of the micro-milling machine. The tool is moved 

towards the actuator by CNC until 20 N preload is generated on the tool shank. The 

piezoelectric actuator expands and contracts when a sinusoidal voltage is applied by a 

signal generator at a frequency range of 0.5 kHz to 120 kHz. While the harmonic excitation 

is applied only on the shank to avoid tool failure, the vibrations are measured both at the 

shank and flute tip by a laser Doppler vibrometer (CLV-2534). 

 
Figure 5.10 Experimental setup to measure the FRF of micro-mill. 

The FRF at the flute tip ( 22Φ ) is indirectly identified as: 

 
2

1 2 1 2 21
11 21 22

1 1 2 2 11

x x x x,
F F F F

ΦΦ Φ Φ
Φ

= = = → = =  (5-27) 

The measured FRF and reconstructed FRF from four dominant modes at the tool tip 
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( 22Φ ) are shown in Figure 5.11. The tool is assumed to be symmetric in radial directions 

( 22 xx yyΦ =Φ =Φ =Φ ) and cross frequency response is negligible ( 0xy yxΦ =Φ = ) since the 

source of the dominant flexibilities are due to cylindrical tool holder and tool. The modes 

are between 3.8 to 106.6 KHz, and their estimated modal parameters are given in Table 5.3. 

The modal parameters are used in expressing the FRFs at the tool tip as: 

 
24

2 2
1 2
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l nl l nl
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ω ω ζ ω ω=

=
− +∑  (5-28) 

 
Figure 5.11 Measured and curve-fitted FRF of micro-mill at tool tip. 

Table 5.3 Modal parameters of micro-mill. 

Mode Natural 

Frequency 

[kHz] 

Damping 

ratio 

Stiffness 

[N/μm] 

Mode Shape 

1 3.8 3.62% 0.89 1st Bending mode of shank 

2 25.7 0.78% 13.7 2nd Bending mode of shank 

3 96.4 0.41% 13.0 1st Bending mode of taper and flute

4 106.6 0.45% 22.1 2nd Bending mode of flute 

Experimental and FE modal analysis indicate the source of each mode as given in 

Table 5.3. Micro-end-mill’s shank (3.8 kHz), which is attached to mechanical ATC 2-10-6 

chuck, appears to have the highest flexibility followed by the first bending mode of the 
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fluted section (96.4 kHz). 

FE method is also used to predict the natural frequencies and mode shapes of the 

micro-mill by Abaqus/Standard 6.8-3. Perfect cantilever constraint is applied at the shank 

end. A three-dimensional model of the tool is set up, and tetrahedron elements are used to 

mesh the tool. The density and the elastic modulus of the carbide used as micro-mill 

materials are 14300 kg/m3 and 580 GPa, respectively. The cutting flutes are approximated 

by a cylinder with the diameter equals to 90% of the nominal value of the tip diameter. The 

natural frequencies and mode shapes of the first four bending modes are shown in Table 5.4. 

The Z-axis represents the tool axial direction without deformation. FE results show that the 

first two modes come from the bending of the tool shank, the 3rd and 4th mode are the 

bending modes of the taper part and tool tip. The difference of the natural frequencies 

between the experimental measurement and the FE prediction shows that the boundary 

condition at the clamping point of the tool causes change of tool dynamics. The 

experimental measurement is able to identify tool-tip FRF considering the clamping 

condition and actual tool geometry. 

Table 5.4 Natural frequencies and mode shapes of micro-mill from FE simulation. 

Mode 1 Mode 2 Mode 3 Mode 4 

1 7.56n kHzω =  2 41.03n kHzω =  3 93.75n kHzω =  4 120.89n kHzω =  
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5.5.2 Chatter stability tests 

The experimental setup is shown in Figure 5.12. Since the dynamometer does not have 

sufficient bandwidth to detect chatter frequencies, a microphone (AKG C1000S) with a 

frequency bandwidth of 20 kHz and an acoustic emission (AE) sensor (Physical Acoustics 

NANO30) with a bandwidth of 750 kHz are used to measure the vibration signals during 

cutting tests. A National Instrument data acquisition card is used to collect sensor data at 

200 kHz via CUTPRO software [69]. For the feed-rate of 5c = µm/tooth and 4 µm edge 

radius, the corresponding cutting force coefficients are evaluated for an average chip 

thickness of 
0

(1/ ) sin 3.183avec c d m
π

π φ φ μ= =∫  from Table 5.1. The stability of the 

system was solved by including the chip size dependent nonlinearity in the cutting force 

coefficients [83], but the results did not change noticeably in this particular case. The 

process damping coefficients are given in Equation (5-16). The following coefficients are 

used in predicting the stability lobes: 

 
{
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The averaged directional matrices are evaluated for slot milling with two fluted 

micro-end mill as: 
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Figure 5.12 Experimental setup for micro-milling test. 

The stability lobes are predicted for a speed range of [10,000-120,000] rev/min by 

considering all four vibration modes and process damping as shown in Figure 5.13.The first 

bending mode (3.8 kHz) of micro-mill shank dominates the lobes, while others are stiffer 

and damped out by the process at the operating speed range of the machine.  

A series of micro-milling tests were performed to verify the proposed chatter stability 

model. The Fast Fourier Transform (FFT) of the collected data from microphone and AE 

sensor were used to detect the frequency of the vibrations. The predicted chatter stability 

diagram is compared against the experimental data in Figure 5.14. Sample spectrums of 

Microphone signals at the chatter ( : 45450 rev/min, 30 )A n a mμ= =  and stable 

( : 54, 600 rev/min, 50 )B n a mμ= =  conditions are shown in the Figure 5.15. AE sensor 

gave the similar results except it amplifies the signals beyond 7 kHz, which is above the 

chatter frequency, shown in Figure 5.16.  

The microphone data gives the highest peak at 4264c Hzω = , which is close to the 

first bending mode of the shank when the speed is 45450 rev/min. The corresponding 

spindle and tooth frequencies are 757.5s Hzω =  and 1515T Hzω = , respectively. The other 

peaks are at the tooth passing frequency harmonics and also at c Tlω ω ω= ±  which 
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indicates that the chatter occurs at 4264c Hzω = . The chatter frequency is higher than the 

natural frequency (3800 Hz) because of the added cutting stiffness and possibly increased 

spindle bearing stiffness at this speed.  

The process is stable at spindle speed 54600 / minn rev=  and depth of cut 

50a mμ= . The spectrums of sound and AE sensors are dominated by the harmonics of 

spindle rotation (910 Hz) or tooth passing frequency (1820 Hz), which indicates forced 

vibration but stable micro-milling process. 

 
Figure 5.13 Predicted stability lobes with process damping effect. All four modes of 

micro-mill are considered. 

 
Figure 5.14 Predicted and experimentally evaluated chatter stability lobes. 
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A) Chatter at 45450 rev/min, 30n a mμ= = .  

 

B) Stable at 54 600 rev/min, 50n , a mμ= = .  

Figure 5.15 Microphone signals from chatter tests. 
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A) Chatter at 45450 rev/min, 30n a mμ= = .  

 

B) Stable at 54 600 rev/min, 50n , a mμ= = .  

Figure 5.16 AE signals from chatter tests. 

5.6 Conclusion 

There are fundamental challenges in predicting the cutting forces and chatter stability 

in micro milling operations where the end mill has less than one mm diameter; the forces 

are less than ten Newtons; and the spindle speeds are over 40,000 rev/min.  It is shown 

that the cutting force coefficients can be predicted from a slip-line model using material’s 

constitutive models. The micro-milling forces, which have less than one Newton amplitude 
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and difficult to measure, can be predicted accurately. The contact between the worn or 

rounded clearance face of the tool and wavy surface finish can also be modeled by finite 

element method, and used as process damping coefficients in dynamic micro-milling 

models. The micro-mills have natural frequencies ranging from 2-4 kHz up to 100 kHz 

which are difficult to measure through standard impact tests. An alternative method, which 

uses high frequency piezo actuator and cross FRF tests, can be used to predict the direct 

FRFs at the tool tip. Once the FRF, cutting force and process damping coefficients are 

identified, the chatter stability of micro-milling operations can be reliably predicted in 

frequency domain.  

This chapter presents a comprehensive modeling of micro milling processes by 

predicting forces and vibrations as a function of material properties, tool geometry, 

structural dynamics and operating conditions. The proposed modeling methods can guide 

the tool designer and micro-milling planner to select optimum cutting conditions in order to 

achieve desired surface finish and avoid tool-part damage. 
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Chapter 6  

Conclusions and Future Research Directions 

6.1 Conclusions 
Cutting force prediction from material constitutive model with round tool edge effect, 

and chatter stability prediction considering high frequency modes of micro-tool and process 

damping effect address key problems in mechanics and dynamics modeling of 

micro-cutting process. 

An analytical model based on slip-line field theory is developed to simulate plastic 

deformation of workpiece material including the strain hardening, strain-rate, and 

temperature effects on the flow stress. The stress distribution in the primary deformation 

zone is modeled based on the variation of shear velocity along the slip lines. Tangential and 

feed forces are predicted by integrating the normal and frictional stress along tool rake face 

and round edge. Finite element method is used to simulate the chip formation and predict 

the cutting force evolution of micro-cutting process. Arbitrary Lagrangian Eulerian 

adaptive meshing technique is applied to avoid the excessive deformation of workpiece 

elements around cutting edge. Distributions of strain, temperature and stress simulated 

between slip-line field and finite element models are compared to evaluate the predictive 

accuracy of both models. The simulation results are used to model the cutting force 

coefficients as non-linear functions of uncut chip thickness and tool edge radius. The 

micro-milling forces are predicted considering the radial tool run-out, actual tool tip 

trajectory and measurement distortions caused by dynamometer dynamics. Moreover, finite 

element model is used to simulate the chip formation in cutting workpiece material with 

multiple phases. 

The experimental validation of cutting forces through micro-turning and micro-milling 

tests show that the developed models are able to predict the cutting forces which have less 

than one Newton amplitude. The predictions are obtained directly from the constitutive 
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property of workpiece material, hence no mechanistic cutting calibration is needed. 

Slip-line field model simulates the stress distribution and cutting forces for homogeneous 

material with high accuracy since the flow stress variation along tool-chip contact region is 

considered, while finite element model has less accuracy in predicting the feed force in 

orthogonal micro-cutting due to the limitation of defining tool-chip contact property in the 

commercial software. Finite element model has the advantage of simulating the chip 

formation for both homogeneous and heterogeneous workpiece material. 

Dynamic micro-milling forces are modeled including the static force components from 

the rigid body motion of the cutting flute, forced vibrations due to the structural dynamics 

of micro-mill, and process damping due to the contact between tool edge and machined 

surface. Static cutting force coefficients are identified from slip-line field simulations. 

Piezo-actuator based shaker is developed to experimentally identify the structural dynamics 

at tool tip. Finite element simulations are conducted to identify the process damping 

coefficients by calculating the energy dissipation at the ploughing region with round tool 

edge. Chatter stability of micro-milling is solved using iterative method in frequency 

domain including the process damping effect. Microphone and acoustic emission sensors 

are used to experimentally validate the chatter stability model of micro-milling process. 

The FRF measurement on micro-mill shows that the developed piezo-actuator system 

is able to measure the modal parameters up to 120 kHz which are difficult to obtain through 

standard impact tests. The identification of process damping coefficient from FE model 

includes the strain-hardening and temperature effects on flow stress of workpiece material 

in the ploughing region. Once the FRF, cutting force and process damping coefficients are 

identified, the chatter stability of micro-milling operations can be reliably predicted in 

frequency domain. 

The thesis contributions are summarized as follows: 

 The stress variation in the material deformation zone is considered in the slip-line 

field model of micro-cutting process, while the classic slip-line field theory only 

assumes a constant flow stress in the shear zone. The proposed model applies the 
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Johnson-Cook constitutive equation to simulate the distribution of strain, 

strain-rate and temperature in the primary deformation zone, and predicts both 

shearing and ploughing forces due to round tool edge effect. 

 The predictive accuracy of cutting force from slip-line field and finite element 

models are evaluated by comparing the simulations with experimental results. It is 

shown that the slip-line model predicts both tangential and feed forces accurately, 

while finite element model underestimates the feed force, which is due to the 

underestimation of the friction stress in the commercial FE software systems. If FE 

systems allow the integration of cutting process specific friction field, they are 

also expected to give accurate prediction of cutting forces in feed direction, 

although at a significant computational cost. 

 The cutting force coefficients are identified as functions of uncut chip thickness and 

tool edge radius. Nonlinearity of cutting force with respect to uncut chip thickness 

due to the round tool edge effect is included. The cutting force coefficients are 

obtained from the simulated force results, and no mechanistic calibration from 

cutting tests is needed. The micro-milling forces with sub-Newton magnitude are 

predicted directly from material constitutive model considering radial tool run-out, 

actual tool tip trajectory and dynamometer dynamics. 

 The FRF of micro-mill in the frequency range of 0.5 - 120 kHz is identified 

directly from the developed piezo-actuator. The process damping coefficient in the 

ploughing region is identified using finite element simulations. High frequency 

modes of micro-mill and process damping effect are considered in obtaining the 

chatter stability lobe, which provides a guidance to select optimum cutting 

condition. 

This thesis presents a complete chain of micro-milling force and stability prediction 

model based on material properties and physics of cutting in the literature. 

 



116 
 

6.2 Future research directions 

The accuracy of cutting force prediction from slip-line field model depends on the 

Johnson-Cook parameters of workpiece material. However, the constitutive parameters 

may vary for the same type of material if different heat treatment methods are applied. 

Identification of constitutive parameters for specific workpiece material will improve the 

predictive accuracy of the slip-line field model. 

Finite element model underestimates the feed force in orthogonal cutting due to the 

disadvantage of commercial FE software in modeling the tool-chip contact. More realistic 

modeling of the contact property including the flow stress variation in the secondary 

deformation zone could improve the cutting force prediction from FE model. 

The process damping coefficient is identified from the finite element model. The 

simulation which needs to be conducted for each type of workpiece material and tool 

geometry is computationally expensive. Analytical model of tool indentation into the wavy 

surface finish could be developed to obtain the contact force coefficient from constitutive 

parameters of workpiece material. 

The chatter tests conducted in this thesis use a ball bearing spindle with maximum 

rotating speed of 60,000 rpm, while the air-bearing spindle is also used in the industry with 

the rotating speed up to 200,000 rpm. The pressurized air film would change the dynamic 

boundary conditions of the spindle shaft at different operating conditions. Moreover, when 

the tool rotates with high spindle speed, the frequency response function varies due to the 

gyroscopic and centrifugal effects. Chatter stability modeling of micro-milling considering 

the cutting condition dependent dynamics caused by air bearing, gyroscopic and centrifugal 

effects will improve the accuracy of predicting stability lobe in high spindle speed. 
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Appendix A: Determination of Slip-line 
Geometries 

(1) The procedure to calculate the position of point U in Figure 3.3: 

From Figure 3.3 line UA is perpendicular to line US, and the inclination angle of line 

UA with respect to the x-axis is η, therefore it is obtained that: 
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From (C1) it is calculated that the position of U is: 
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(2) The procedure to calculate the radius of EN in Figure 3.3: 

 Since line QE is tangential to EN at point E, the inclination angle of line QE with 

respect to the x-axis is 1φ− , therefore the y-coordinate of point E is calculated as: 

1y yE Q l sinφ= −              (C3) 

 From circular arc EN and the position of center O1, it can be derived that: 
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 From (C4) it is calculated that: 

1 1 3y yE N R(cos cos )φ φ− = −      (C5) 

 Combining (C3) and (C5), the radius of EN is calculated as: 
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Appendix B: Derivation of Stress Distribution 
in Slip-line Field Model 

(1) Derivation of shear flow stress along the radial direction ( k / r∂ ∂ ) in the convex region: 

In Equations (3-27) and (3-28), the effective strain and strain-rate are expressed as: 
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The derivative of strain and strain-rate could be obtained that: 
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Based on the Johnson-Cook model, the reference value of effective strain-rate is 1.0 s-1, 

then from Equation (3-30), it could be obtained that: 
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The derivative of temperature could be expressed as the strain derivative. Based on 

Equation (3-15), the derivative of effective stress along the radial direction is: 
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By replacing the elements 
s
ε∂
∂

, 
s
ε∂
∂
�  and T

s
∂
∂

 in Equation (C12) with (C9), (C10) 

and (C11), the derivative of shear flow stress is expressed as the function of strain, 

strain-rate and temperature: 
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(2) Derivation of shear flow stress along the angular direction ( /k φ∂ ∂ ) in the convex 

region： 

From Equation (C7), it is obtained that: 
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From Equation (C8), it is obtained that: 
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From Equation (3-30): 
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Based on Equation (3-15), the derivative of effective stress along angular direction is: 
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By replacing the elements ε
φ

∂
∂

, ε
φ

∂
∂
�  and 

T
φ
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∂

 in Equation (C17) with (C14), (C15) 

and (C16), the derivative of shear flow stress is expressed as the function of strain, 

strain-rate and temperature: 

[ ] ( ) ( ) ( )
( )

1
2111 ln 1 1 ln

tan3

m m
rn nr T

m
m r s m r

T TT T mk C nB A B C
T T c T T

βε ε ε ε ε
φ φ ρ

−
−

⎡ ⎤ ⎡ ⎤−⎛ ⎞ ⎛ ⎞−∂ −⎢ ⎥= + − − + +⎢ ⎥⎜ ⎟ ⎜ ⎟∂ − −⎢ ⎥⎝ ⎠ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎣ ⎦
� �

  (C18) 


