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Abstract

In this work we study four interesting effects in the field of topological insulators:
the Witten effect, the Wormhole effect, topological Anderson insulators and the
absence of bulk magnetic order in magnetically doped topological insulators.

According to the Witten effect, a unit magnetic monopole placed inside a
medium with 6 = 0 is predicted to bind a fractional electric charge. We con-
duct a first test of the Witten effect based on the recently established fact that
the electromagnetic response of a topological insulator is given by the axion term
68(e2/2mh)B - E, and that = 7 for strong topological insulators.

We establish the Wormhole effect, in which a strong topological insulator, with
an infinitely thin solenoid of magnetic half flux quantum carries protected gapless
and spin filtered one-dimensional fermionic modes, which represent a distinct bulk
manifestation of the topologically non-trivial insulator.

We demonstrate that not only are strong topological insulators robust to disor-
der but, remarkably, under certain conditions disorder can become fundamentally
responsible for their existence. We show that disorder, when sufficiently strong,
can transform an ordinary metal with strong spin-orbit coupling into a strong topo-
logical ‘Anderson’ insulator, a new topological phase of matter in three dimensions.

Finally, we lay out the hypothesis that a temperature window exists in which
the surface of magnetically doped topological insulators is magnetically ordered
but the bulk is not. We present a simple and intuitive argument why this is so, and
a mean-field calculation for two simple tight binding topological insulator models
which shows that indeed a sizeable regime such as described above could exist.
This indicates a possible physical explanation for the results seen in recent experi-

ments.
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Preface

This thesis is based almost exclusively on extensive notes written by myself through-
out my program. In addition, some short sections are based on notes written by my
research supervisor Marcel Franz, and on publications authored by me, my super-
visor and our collaborators Huaiming Guo (who was a postdoc at UBC at the time)
and Gil Refael (Prof. at Caltech).

Chapter 1 motivates the rest of the thesis by providing an overview of the re-
search field of topological insulators. It is inspired and based on several review
articles published on the subject.

Chapter 2 provides an introduction to tight-binding Hamiltonians in second
quantization and Chapter 3 presents the main model used in this work and its topo-
logical classification. They are based on my notes, but some of the work is covered
in basic Condensed Matter textbooks and papers. The model itself was my super-
visor’s idea, and was based at first on symmetry arguments and a paper by Fradkin,
Dagotto and Boyanovsky [1], but later we discovered it was used as a “regularized
Bi;Se; ” model in many papers around the same time or before. Section 2.7 is
based on Ref. [2].

Chapter 4 is based on my notes while working on this project. The idea was
my supervisor’s, I carried out the calculations and he wrote the paper which I then
helped proof and edit, titled “Witten effect in a crystalline topological insulator”,
published in Physical Review B, 82, 035105 (2010).

Chapter 5 is based on my notes while working on this project. The idea was
my supervisor’s, I carried out the calculations and he wrote the paper which I then
helped proof and edit, titled “Wormbhole effect in a strong topological insulator”,
published in Physical Review B 82, 041104(R) (2010). Section 5.3 was done by
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my supervisor and is included for completeness.

Chapter 6 is based on my notes while working on this project. We published
a paper titled “Topological Anderson insulator in three dimensions” in Physical
Review Letters 105, 216601 (2010). The sections in the paper on the Born ap-
proximation and on the numerical simulation of the Witten effect in the quasi 1D
system were based on my notes while working on the project, which are presented
in this chapter. Section 6.3 follows Ref. [3] closely, filling in the gaps.

Chapter 7 is based on my notes while working on this project. This project
started with an idea of my supervisor’s of a possible explanation for some recent
experiments. I carried out the calculations and wrote the paper (based on the notes),
which was then edited and proofed by my supervisor: “Surface magnetic ordering
in topological insulators with bulk magnetic dopants”, published in Physical Re-
view B 85, 195119 (2012). Section 7.5 is based on notes written by my supervisor.

The appendix is based on my notes. Sections A.1 and A.2 are known (but rarely
explained in detail), Section A.3 is original, and Section A.4 follows [4] (Sections
5.3-5.4), filling in the gaps.
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Chapter 1

Introduction to Topological
Insulators

1.1 Overview

In recent years, the field of topological insulators (TIs) has attracted much atten-
tion and research in the condensed matter community. The advance has been rapid,
on both the theoretical and experimental fronts, and the excitement in the commu-
nity is evident. In this chapter we present a short non-technical introduction to the
field, outline and motivate the problems considered in the thesis, and place them
in the context of the field. Several comprehensive review papers have been pub-
lished on the subject, and we refer the interested reader to them for a more detailed
introduction to the field [5-9].

1.2 A brief history of topological insulators

A topological insulator is a bulk insulator in two dimensions (2D) or three dimen-
sions (3D) which is in a topological phase. The ordered phases (or states) we are
most familiar with from our lives are trivial phases, which are characterized by
symmetry breaking. For example, a crystal breaks the continuous translation sym-
metry and a ferromagnet breaks the continuous rotation symmetry of the vacuum.

In contrast, a topological phase includes all states which can be deformed contin-



uously from one to another without closing the bulk gap. These states then share
some fundamental properties (topological invariants) which can only be changed
through a quantum phase transition, a process in which the bulk gap must close.
Therefore, a topological state must have gapless (metallic) states on its surfaces,
since that area is the border between a topological phase and a trivial phase (e.g.
vacuum).

The simplest example of a topological state is the integer quantum Hall (QH)
state [10, 11]. This state can be created by confining electrons to two dimensions
and subjecting them to a strong perpendicular magnetic field (which gives Landau
levels) and an in-plane electric field. The conductivity in the direction perpendicu-
lar to the electric field is then quantized

&2

Oy =n—- (1.1)

The integer n is an example of an integer topological invariant (also called a first
Chern invariant). It was later shown [12] that the topological invariant n (known as
the TKNN invariant, after the authors of that paper: Thouless-Kohmoto-Nightingale-
Nijs) can be calculated by a surface integral of the Berry flux over the Brillouin
zone (BZ)

1 L
—— V x o d*k 1.2
" Zﬂ;/ x ) (12)

where .!ZZ = i<u‘,~|§k|uj> is the so called Berry connection, |u; (k)) are the Bloch
wave functions, and the sum runs over the contributions from all occupied bands.
This result was later generalized to include interactions and disorder [13]. The
QH state features gapless chiral edge states, either spin up or down, depending on
the direction of the magnetic field. This can be viewed as a result of the classical
cyclotron motion of the electrons around the edge (see Fig. 1.1a).

The extremely high precision with which the quantum of conductivity has been
measured (1 in 10°) is characteristic of quantization resulting from a topological
invariant [14]. The bulk topological state is manifest on the edge by a metallic
edge state of electrons that propagate only in one direction (which depends on

the direction of applied magnetic field), as in Fig. 1.1b. If we were to switch off



Conduction Band

Insulator n=0
(a)

Quantum Hall
State n=1

Valence Band
1

-Ta 0 k -1/a

Figure 1.1: Chiral edge mode on the edge of a QH state (a) A classical view
of the edge state: electrons in a magnetic field make cyclotron orbits,
and the chiral edge state can be attributed to this motion. (b) The energy
spectrum for a semi infinite system based on Haldane’s model. This can
be viewed as half a topological insulator: a single edge state connects
the bulk bands. Figure from Ref. [5].

the magnetic field, the material would go into an ordinary (trivial) metallic state.
Fig. 1.2 illustrates how a bulk property can be manifest on the surface, in this case
the genus (number of holes). In this analogy, the orange is trivial, since it can be
continuously deformed into nothing (vacuum), whereas the bagel is topological,
since it cannot. It is impossible to deform the orange into a bagel without closing
the hole, analogous to trying to deform a topological insulator into a trivial insulator
without closing the energy gap.

Topological insulators in 2D, also referred to as the quantum spin Hall (QSH)
phase [15], were first discovered in a model consisting of two superimposed copies
of Haldane’s model [16], with opposite spins moving in opposite directions on the
edge [17-19]. This can be viewed as two copies of the QH state, with opposite
spin and effective magnetic field (see Fig. 1.3). For a single copy of the QH state,
time reversal invariance (TRI) is broken by the magnetic field. However, for the
combined version, time reversal invariance is preserved. The reason is that the
time reversal operator swaps both the direction of the magnetic field and flips the
spin. In this model, there are two edge states propagating in opposite direction and

with opposite spin. In order for time reversal invariance to be conserved, a spin



(a) Insulating State (b)
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Figure 1.2: (a)-(c) illustrate the trivial state and (d)-(f) sketch the QH state.
(a) An atomic insulator. (b) An insulating band structure. (d) Electrons
in a magnetic field move in circles. (e) The spectrum of electrons in a
magnetic field: Landau levels. (c) and (f) Two surfaces with different
genus g, the number of holes in the surface. g = 0 for the sphere (c)
and g = 1 for the doughnut (f). The genus is topological invariant that
distinguishes the two states, similar to the Chern number. Figure from
Ref. [5].

up electron traveling clockwise (for example) must match up with a spin down
electron traveling counterclockwise, which is indeed the case. It turns out that this
type of effective magnetic field, opposite for opposite spins, can originate in spin-
orbit interactions. Hence, the known topological insulators have strong spin orbit
coupling, and therefore tend to be heavier elements.

The QSH state and the 3D TI have an odd/even topological invariant, known
as a Z, invariant. A physical intuition for this can be understood via the notion of
a Kramers’ degeneracy (also known as a Kramers pair) [20]. Kramers showed that

applying the time reversal operator .7 twice on a state of total spin S gives
T?=(-1)* (1.3)
so that electrons pick up a minus sign, due to their half integer spin. As a con-
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AL
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t
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QH QSH

Figure 1.3: The QH and QSH states can be viewed as arising from separation
in space. (a) A spinless one-dimensional chain, with both right and left
movers. These two movers are separated in a QH state, here the right
mover is on the top edge and the left mover is on the bottom edge. (b) If
we add spin to the one-dimensional chain, it now has two right movers
and two left movers. These are separated in a quantum spin Hall state.
Both edges now have two movers going in opposite directions, but the
spin is opposite. Figure from Ref. [9].

sequence, for a half integer spin system, if the Hamiltonian is time reversal (TR)
invariant, then all its eigen-states are at least two-fold degenerate. To illustrate this
point, assume for a moment that there exists a non-degenerate state |¥). Since
the Hamiltonian is TR invariant, applying the time reversal operator should give us
a|¥), where a is the wavefunction’s eigen-number (in general complex). Applying
the time reversal operator twice should then give us |a|?|¥) (since the TR operator
includes complex conjugation), but |a|? # —1 which leads to a contradiction.
Given TRI, backscattering is not allowed. Consider low energy elastic scat-
tering off a non-magnetic impurity on the surface/edge of a system with a single
Kramers pair with opposite spin. These two states are degenerate and connected by
the time reversal operator. If a right mover with spin up scatters off a non-magnetic
impurity, it can either go around it clockwise or counterclockwise (see Fig. 1.4).
But in order to move left, it must have spin down, so its spin must rotate by an

angle of m or —x. The difference between these two paths is 27, which for spin



1/2 gives a relative minus sign between them. Therefore, when adding the con-
tributions from these two paths they cancel (destructive interference). Therefore,
given TRI and one Kramers pair, no backscattering is allowed. However, if we have
two Kramers pairs, a right mover of the first pair could scatter into a left mover of
the second pair without spin reversal, no longer giving destructive interference and
leading to dissipation. Systems with an odd number of Kramers pairs are topolog-
ically distinct (in a different topological phase) from systems with an even number

of Kramers pairs, since to go from one to the other requires closing the energy gap.
a b
\\// k ;t

:%D@

Figure 1.4: (a) Destructive interference on a lens with an antireflective coat-
ing. Rays reflected by the top surface interfere with the rays reflected
by the bottom surface. They reflect destructively only if the thickness
of the coating matches the wavelength. (b) A quantum spin Hall edge
state scatters off a non-magnetic impurity. It can go clockwise or anti-
clockwise, giving a spin rotation of +7, netting a difference of 27.
When spin 1/2 particles rotate by 27 they gain a —1 factor, which leads
to destructive interference of the two paths. This is similar to the optical
case in (a), but the important difference is the robustness - no fine tuning
is necessary in this case. Figure from Ref. [9].

The gapless surface states are said to be topologically protected by the pres-
ence of time reversal invariance. If we add non-magnetic disorder to the surface,
we expect the surface states to be preserved even for relatively high disorder. How-

ever, if we break time reversal invariance, for example by coating a topological



insulator with a ferromagnetic layer (effectively applying a magnetic field to the
surface), the surface states would be gapped. This protection is of much interest
for anticipated future applications, since decoherence has proven to be a serious
challenge in quantum electronics.

Based on the honeycomb lattice model, Graphene was initially thought to be
a good candidate for the first realization of a 2D TI, however it soon became ap-
parent that the native spin orbit coupling is too weak to support the topological
order [21-25]. The search continued, focusing on heavier elements which typi-
cally have stronger spin orbit coupling. Two dimensional TIs were predicted [26]
and observed [27] in HgTe/CdTe quantum wells (for a comprehensive review, see
[28]).

It was natural to then ask if there is a 3D counterpart to the QSH state. If we are
interested in creating a 3D TI, we might naively try to stack many two dimensional
topological insulators one on top of the other. However, this creates a weak topo-
logical insulator (WTI), which has an even number of Dirac cones on its surface
and is not robust to (non-magnetic) disorder. In order to get a strong topological
insulator, we require a spin-orbit coupling that mixes all the spin components, and
hence it cannot be constructed by layering. In the two-dimensional QH state the
topological invariant n is an integer topological invariant (sometimes called a Z
invariant). For the 2D and 3D TIs the invariant v is even/odd, also known as a
Z» invariant. An insulator with v = 0 is trivial, and an insulator with v =1 is
non-trivial, also called a strong topological insulator (STI).

The electromagnetic response of a STI is characterized by the axion term [29,
30]

&2 - =
ALpion=06|~— |B-E 1.4
Fixi e(m) (14

This can be viewed as a magnetoelectric polarizability - if one applies an electric
(magnetic) field, a magnetic (electric) moment dipole is generated [29, 30]. The
axion field 6 can generally vary in space and time and it has been shown that in
periodic space and time 6 is invariant under 6 — 6 + 27 [31]. However, if TRI is

present, only 6 = 0, 7 are allowed, since .7 takes E — E and B — —B. This led to



the realization that 0 is in fact the Z, invariant,
0=wrx (1.5)

A constant and uniform 6 does not affect the equations of motion, since it couples
to a total derivative. As we discuss in Chapter 4, if 0 is uniform and non-zero,
Witten predicted[32, 33] that magnetic monopoles would bind fractional charge
—e6/2m. In this context, topological insulators present a platform for testing
fundamental physical paradigms. As in two dimensions (see Eq. 1.2), the three-
dimensional topological invariant can be calculated by an integral over the BZ of a

Berry connection[29, 30]

1 . 2i
=0 /B ) eF Ty [majm - ém%ﬁfk d’k (1.6)
where xz%iaﬁ = —i{ug|d;|ug) are the elements of the Berry connection matrices

(here <7 is a vector of matrices), |ug (k)) are the Bloch wavefunctions, d; = 9 /dk;
and the trace runs over the occupied states. In practice, this expression is cumber-
some to use. In many cases the model studied has an inversion symmetry and then

a simpler expression can be used (in both 2D and 3D) [2]

(=1)" =T &n(T) (1.7)

where ﬁ- are the 4 (in 2D) or 8 (in 3D) time reversal invariant momenta (TRIM),
&, are the parity operator eigenvalues of the 2m-th occupied energy band (recall
that at the TRIM they must be degenerate) and the product runs over the TRIM I;
and the Kramers pairs indexed by m. We use this method in Chapter 3 to topologi-
cally classify our model.

The first model shown to be a TI in 3D was a toy model on the diamond lat-
tice, followed soon after by a prediction and observation that the semiconducting
alloy Bi;_,Sby is a 3D TI [2]. The band gap of this material is rather small and
the surface state is complicated, so the search continued for a more suitable can-
didate for experiments, which led to the discovery of the so called “second gen-

eration” of 3D TIs. These feature a single Dirac cone on the surface, observed in



angle resolved spectroscopy (ARPES) measurements, and larger band gaps. One of
the most studied and most promising 3D TIs is the semiconducting thermoelectric
BiySes, with a relatively large band gap of ~ 0.3eV (equivalent to about 3600K)
[34, 35]. The spectrum of BiySes and other TIs has been studied using ARPES
[35-37] (see Fig. 1.6) and scanning tunnelling microscopy (STM) [38-40], show-
ing that the surface states form an almost ideal Dirac cone, familiar from studies of
graphene [41] (see Fig. 1.7). A simple tight-binding model on the cubic lattice has
been used successfully to study Bi,Ses , and this is the model most of the numerical
calculations in this work are based on [34, 42, 43]. We note that although TIs have
been identified by studying the spectrum of the surface, the bulk spectrum should
appear the same (qualitatively) for a topological insulator and ordinary insulator.
The surface states of a topological insulator exhibit an odd number of gapless
Dirac cones, in other words, their surface states have a linear spectrum E = ivﬁé\
(see Fig. 1.5a). This also implies a spin-momentum locking (in three dimensions)
- there is a spin direction associated with each momentum vector. If we cut the
Dirac cone into circles, the spin is tangential to the circle at each point. For each
surface electron with momentum & and spin up (down), we find an electron with
momentum —k and spin down (up) on the opposite side of the circle. This shows

that indeed time reversal invariance is fulfilled.

kx

(a) (®)

Figure 1.5: (a) Energy spectrum of a massless Dirac fermion. The bottom
(red) cone is the valence band, fully occupied at half filling. The top
(green) cone is the conduction band, which is assumed to be vacant. (b)
Massive Dirac fermion. This figure shows how the opening of a gap
tends to lower the free energy.
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Figure 1.6: ARPES measurements of electronic dispersion on the [111] sur-
face of BipSe;. The incident photon energy was 22 eV, and data was
collectd near the I'-point along the I"-M (a) and I'-K (b) lines in momen-
tum space. (c) The two surface lines meet at a Dirac point at I'. Figure
and caption from Ref. [35].

Breaking TRI, for example by adding magnetic dopants, is expected to open a
gap in the spectrum of the surface states, provided that the magnetic moments are
ordered perpendicular to the surface. The resulting spectrum then resembles that
of a ‘massive’ Dirac fermion (Fig. 1.5b). There is considerable interest in having
a system with an odd number of massive Dirac fermions, since it is predicted to
exhibit many interesting topological phenomena, including the half quantum Hall
effect on the surface (e?/2h Hall conductance) [30], the image magnetic monopole
(an electric charge adjacent to a TI results in the field of a magnetic monopole
embedded in the TI) [44, 45], and a Kerr/Faraday angle quantization in units of
the fine structure constant [46, 47]. A tunable gap would also allow the control
of the surface transport, and could in addition lead to unique practical applications
associated with purely electric control of the surface magnetization [48, 49]. A
signature of the massive Dirac fermion has been observed recently using ARPES
in magnetically doped Bi;Ses, [50, 51] although the interesting effects associated

with it have yet to be seen in a laboratory. A surprising feature of these experiments
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Figure 1.7: Local density of states (warmer colours are higher values)
as it depends on momentum and energy for Sb,Ses(a), SbyTes (b),
Bi,Ses (c), BixTes (d) on the [111] surface. Red areas correspond to
bulk energy bands and blue regions correspond to bulk energy gaps.
The red lines near the I" point show the surface states clearly for Sb,Tes ,
BiySes , BipTes , but they do not exist for SbySes . Figure from Ref. [34].

is that the gap in the surface spectrum appears without bulk magnetic ordering,
even though the dopants are uniformly distributed everywhere in the 3D sample.
We discuss and analyze a possible solution to this puzzle in Chapter 7.

Another peculiar effect that occurs in a strong topological insulator is the *worm-
hole’ effect. It is well known that an infinitely thin solenoid carrying magnetic flux
@ (a ‘Dirac string’) inserted into an ordinary band insulator has no significant effect
on the spectrum of electrons. In a STI, such a solenoid carries protected gapless
one-dimensional fermionic modes when ® = hc/2e. These modes are spin-filtered
and represent a distinct bulk manifestation of the topologically non-trivial insula-
tor. We establish this ‘wormhole’ effect by both general qualitative considerations
and by numerical calculations within a minimal lattice model in Chapter 5

Topological insulators survive under non-magnetic disorder, as long as it is

not too strong compared with the band gap. Once the disorder is of the order of
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the band gap, we might expect the topological insulator to break down. However,
recently, in a remarkable development, it has been noted first by numerical simula-
tions [52] and shortly thereafter by analytical studies [3], that a phase similar to the
two dimensional topological insulator [27, 53] can be brought about by introduc-
ing non-magnetic disorder into a 2D metal with strong spin orbit coupling. This
new 2D topological phase, referred to as topological Anderson insulator (TAI), has
a disordered insulating bulk with topologically protected gapless edge states that
give rise to precisely quantized conductance e?/h per edge. In a TAI, remarkably,
conductance quantization owes its very existence to disorder. In Chapter 6 we show

that this scenario is possible in three-dimensions as well.
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Chapter 2

General Tight Binding Treatment

2.1 Overview

Our numerical work is based on the tight-binding model, an approximation which
is often used in the study of weakly correlated insulators. We neglect interactions,
which could be included to some degree as perturbations of this model. The tight
binding model can provide a reasonable approximation if the interaction strength
is much smaller than the bulk gap.

When dealing with tight-binding Hamiltonians in second quantization, there
are some standard steps which are typically undertaken to find the energies and
wave functions. We outline these steps here, and when dealing with specific exam-
ples we will skip some of the details presented below. We start with the spinless

particle case, and proceed to add spin at the end of this section.

2.2 Real space representation

We assume that the system is periodic over a lattice given by vectors R;. The
periodicity of the lattice motivates a change to the momentum space representation,
which simplifies the Hamiltonian and allows us to diagonalize it efficiently.

We write our Hamiltonian in real space as

H=Y c/Mjc; 2.1)
i7j
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where c:f creates a particle (typically an electron) on site i located at R;, and M is
an infinite discrete matrix which contains the physical information about the sites
(on-site energy, hopping, interactions, etc). Note that M;; can only depend on the
relative position R; — R ; (and not the absolute position), due to the periodicity of
the lattice.

The Hamiltonian must be Hermitian (H = H"), so that

H' = Zc;Mi*jci = Zc?M}}cj (2.2)
i,j ij

We see that M;; = Mj; so that M is Hermitian too.

Note that if M;; is real then the Hermitian condition gives M;; = M;, i.e. it is
symmetric under inversion, which means that there is no difference between hop-
ping from i to j compared with hopping from j to i. This is the case, for example,
for a model with on-site energy € and hopping amplitude 7;; with no magnetic field
(so t;j is real). In this case M;; = eé; i —t;j, which is indeed symmetric under inver-
sion.

Often the basis contains more than one site, with each type of site sitting on a
separate Bravais sublattice. For example, the honeycomb lattice can be described
as two triangular sublattices, and the diamond lattice can be described as two face
centered cubic (FCC) sublattices. In this case, we often define new creation opera-
tors for each sublattice, and rewrite the real space representation using the sublat-
tice operators. The rest of the treatment is the same, so we do not treat this case

separately here.

2.3 Momentum space representation

Next we convert to a Fourier representation
of = =Y efhic] (2.3)

cj = —Ze_’%'ﬁ"cz (2.4)
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where c,t creates a particle with momentum k and N is the number of lattice points.We

substitute the Fourier representation into the Hamiltonian

H:Zc;rM,-jcj = chck ZMUCZE ik-R; (2.5)

=Y

i,j Lk l/

(s
- %c;ckXS:Mi,e Z%",L

where & = R i — I_é,-, and in the last line we have defined the Fourier transform of M

as

=1

H(k) = Y M;je*d (2.6)
5

This is the momentum space analog of (2.1). Note that H (%) is invariant under
translation (in k-space) by a reciprocal lattice vector K, i.e. H(k+K) = H(k). This

can be shown easily
H(E+R) = Y M, e R ER) — ¥ g, o3 — (7 2.7)
$
since for any lattice vector R and reciprocal lattice vector K we have KR — 1, Us-

ing the definition (2.6) and the Hermitianity of M, we prove that H (75) is Hermitian

too

ZM* S _ Y M e = YV MR — H(R) 2.8)
5 K
In (2.5) we used the fact that

& — 1 Z ei(%*},)-ﬁi (2.9)
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This is intuitively true for k=K since then the exponent on the right gives just 1,
and the sum counts the number of points on the lattice, giving N sites, and therefore
N/N = 1. It can also be proved by substituting (2.4) into (2.3)

b kR vt [ e i) R
¢ = \/NZe C; —%Z’ck, (NZe ) (2.10)

=Y c 8 (2.11)

By comparing the last two equations we get (2.9). Similarly, by substituting (2.3)
into (2.4) we get

Y e (Ri-R) 2.12)

2.4 Diagonalizing the Hamiltonian

In the next step, we wish to diagonalize the Hamiltonian in momentum space. The
periodicity of the lattice guarantees that the Hamiltonian will be block diagonal,

with each block corresponding to a value of k. This can be seen by writing

H= Z\PZH(%)\Pk (2.13)
k

where W}, is a vector containing the basis of creation operators. If the primitive cell
of the direct lattice has N inequivalent sites, W is a vector with N elements, and
H(k) is an N x N matrix. Due to the block diagonal structure of the Hamiltonian,
we diagonalize the whole Hamiltonian by performing just one diagonalization - we

diagonalize the matrix H (k) to find N energies E} and N wavefunctions ¢;.
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2.5 Adding degrees of freedom

It is possible to add to this treatment additional degrees of freedom such as spin or
different orbitals on each site. For example, for spin s

H=Y M,

sz'G' Cjcr'

(2.14)

.. ’
,],0,0

where M is now a four dimensional tensor, so that M;; is a (2s+1) x (25s+1)
matrix, and o, o' run from —s to s.

The momentum representation is written as in (2.3)-(2.4) with the additional

i i i

spin index ¢; — ¢, and clT — ¢; S0 that the momentum space representation of

the Hamiltonian is

H=Y cf Hk)c,y (2.15)
z,o,cr’
where
HE ) = Y M, o *P (2.16)
B

Once again, we write the Hamiltonian as H = } ; ‘PZH (%)‘Pk, butnow Wy isa2s+1

vector, and H (k) is a (2s+ 1)N x (25 + 1)N matrix.

2.6 Common terms

The most basic tight binding Hamiltonian we will consider is
Hy=¢Y cle;—1 Y cle; (2.17)
i (i.J)

where € is an on-site energy, 7 is the real nearest neighbor hopping, and (i, j) stands
for all pairs of sites i and j that are nearest neighbors. In general there could be
different hopping amplitudes 7;; for different pairs of sites.

To add magnetic field we make #;; complex, where the Peierls phase factors 6;;
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encode the magnetic field [54]

o (KL .
9. — == A-dl 2.18
=5 /R 2.18)
and
Hy = SchTci —t Z eiei-’c;rcj (2.19)
i (i.7)

The hopping term is gauge invariant, as can be seen by making a gauge transfor-

mation

¢ — e (2.20)
0 — 6j+xi—Xj

So that
i6; .7 .. 16 i+ixi—ix; & a—iXi A alXj i6; T ..
eieicj— e icje Mejet = eMejc; 2.21)

This Hamiltonian does not involve spin, so [Hy, S;] = 0. If we add spin and assume

that the hopping term is spin independent, we can write the Hamiltonian as

Hi—eY clocia—1 Y, ¢Wchcio e

i76 <l7/>76

We can decompose this Hamiltonian into separate Hamiltonians for each value of s,
(the eigenvalues of S;), and H (%) will be block diagonal, with a block correspond-
ing to each value of s,. For example, for spin % we can write Hy = Hy 1 + Hp, |, and

H (k) can be written in block diagonal form, with two blocks. In general, we can
write Hy = ) s Hy ¢ with

Hyo = SZCZSCI'G —t Z eie"fcjccjo (2.23)
i {i.0)

Spin-orbit terms are common in tight-binding models of topological insula-

tors. A term we will use (based on [17], for a derivation see [55]) which has been
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modified here to allow for magnetic field is

N T
Hyo=ia ) e e (C;T> G - (di x dy;) (c”> (2.24)
((i.0)) Ci| Cjl

where ((i, j)) stands for summation over all next nearest neighbors, dj is a unit
vector pointing from site 7 to its nearest neighbor k, 6 = (0}, 02,03) is the vector

of Pauli matrices and 6;; are the Peierls phase factors.

2.7 Topological classification

This section is based on [2].

Motivated by the lattice we will use below, assume we have a bipartite lattice
where the sublattices are exchanged by inversion, and a spin degree of freedom.
The Pauli matrices in the sublattice subspace will be denoted by 7, and Pauli ma-
trices in the spin subspace (assuming spin 1/2) will be denoted by o©,. Therefore,
the parity operator is the operator that swaps sublattices but leaves the spin un-

changed
P=1®I (2.25)

For example, we define the operator c,: - that creates an electron with momentum
k and spin ¢ on sublattice A, and similarly dZ - creates an electron on sublattice

B. Now define a vector Wy = (cxt,cx|,dkt,dx| ), and check that P indeed swaps

sublattices
1 0 Ck1 dkT
0 1 d
PY, = i I e (2.26)
1 0 diy Cry
0 1 dkl Ck|

Note that P?> = I, and therefore P = P~!. Now define a time-reversal operator

0 =i(l®0c,)K (2.27)
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where K is the complex conjugation operator, and the inverse time-reversal opera-

tor
0 '=iK(I®oy) (2.28)
So that
00 ' =[i(I®oy)K][iK(I®0y)] = —i*(I®0;) =11 (2.29)
We verify that spin changes sign under the time-reversal transformation

0I®0,)0' = [iI®c)K|(I®0y,)[iK(I®0oy) (2.30)
= ()" (20040 = (I8 0y)

also note that
@ =[i(l®0)K][i(l®0,)K] = —I®1 (2.31)

Given a lattice Hamiltonian H =}, ; ¢; M jcj, we define a Bloch Hamiltonian H (k)
as in (2.6)

H(F) =Y M R R) (2.32)

We have already shown that H(k + K) = H(k), where K is a reciprocal lattice
vector. Assuming that H is symmetric under inversion around the origin (R; — —R;
for all i), we have [H,P] = 0, or equivalently H = PHP~!.

For time reversal, we find

OH(K)®" Z@M,JeqR k) ZM,,e RR) —g(—k)  (2.33)

At special points in the BZ, we have I' = —I'+ G, so that H(I') = H(—I'). These

points are called time reversal invariant momenta (TRIM), and can be written as

Ui = (nuby +nyby +n.b,) /2 (2.34)
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with i = (nynyn;) and n; = 0,1. We see that the number of TRIM in dimension d
is 2¢, in particular: 4 for 2D, and 8 for 3D.

There are several ways of calculating the topological invariants. In many cases
the model studied has an inversion symmetry (as in our case) and then a simple
expression can be used (in both 2D and 3D) [2] for the strong topological invariant

Vo

(- =T]é& (2.35)

i

where
& =[] &n() (2.36)

The index i = nynons (n; = 0, 1) runs over all the TRIM and &, are the parity
operator eigenvalues of the 2m-th occupied energy band (recall that at the TRIM
they must be degenerate). At times, we might wish to also calculate the three weak

topological invariants v; (with i = 1,2,3), which are given by

(_1)Vi = H 6n1n2n3 (2.37)
Vl[Zl,}’lj#,‘:O,l

We use this method in Chapter 3 to topologically classify our model.
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Chapter 3

Model

3.1 Overview

We describe the basic cubic model with two orbitals per site used in most of the

numerical work in this thesis and discuss its topological classification.

3.2 Our cubic model

Basic model

The sites are on a cubic lattice of spacing a, with primitive vectors d, = afl
(1 = x,y,2). We look at a nearest neighbor spin-orbit term which was suggested by
Fradkin, Dagotto and Boyanovsky [1], but here we modify it so that the hopping

amplitude is complex (the reason will become clear below)

Ho = 4 Y (Mou¥u+he) 3.1)

# 'x7y7
i

with ¥; = (¢;1,¢;) ). This can also be written as

HSO_A‘ Z 10'6“' GG/C1+HG+hC) (32)

_xyz
i,o0,0’

where A is the strength of the spin-orbit term, 6, are the Pauli matrices, cj'c cre-
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ates an electron on site i with spin o, and site i 4 ( is taken to mean the nearest
neighbor in direction fl. Note that the hopping amplitude is iA for bonds pointing
in directions £, ¥, Z, and —iA for —&, —§, —Z. Therefore, the sum of all phase factors

(#£i) on each face is zero. We rewrite the Hamiltonian in momentum space

¥ T
¢ i i ; ; ; ; C
Hy, = M’Z ( l;T) [Gx(esza _ eftha) + Gy(ezkya . eflkya) + Gz(elkza . e*lkza)} ( kT)

T\ =
+ T
_ _mz"(cfg) Gy sin(kea) + 0y sin(kya) + 0. sin(k.a)] (C"T> 3.3)
k \%k Ckl

iN\T

Cr ; Ck1

= =21 Z ( TT) [Z Ou sm(kua)] ( )
7 \%k u Ck|

Now it becomes obvious why we added an i to the hopping amplitude - without it,

we would have gotten cosines instead of sines, which does not give a Dirac fermion

atk = (0,0,0). We define W = (cx1, ), 50 that Hso = ¥ ¥} Hso (k) ¥, and

sin(k.a) sin(kya) — isin(kya)>(3 4)

Hyo(K) = =24} oy sin(kga) = —22
o (k) ; usin(kya) (Sin(kxa)+i5in(kya) —sin(k.a)

This is a sum of anti-commuting matrices, so that the energies can be written im-

mediately

& = 21 \/ sin®(kya) + sin? (kya) + sin® (k,a) (3.5)

The two energy bands are degenerate at Dirac points located at

Q

K= E(nx,ny,nz) (3.6)

where ny, € 7. The reciprocal lattice primitive vectors are Bu =Q2r/a)ft (u =
X,Y,2), so that there are 8 inequivalent Dirac points, defined by n, = (0,1) for p =
x,y,z. Note that these correspond exactly to the time reversal invariant momenta
(TRIM).

In order to get a topological insulator, the spectrum must be gapped over the
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whole Brillouin zone. However, a general 2 x 2 Hermitian matrix can be written
using the three Pauli matrices and the identity, where the identity shifts both bands
and therefore cannot give a gap. We have already used up the three Pauli matrices,
so we cannot open a gap without modifying the Hamiltonian. To get a gap, we
can enlarge the Hamiltonian by adding a degree of freedom, and then add a gap
inducing term. One way of enlarging the Hamiltonian is to break translational
symmetry, for example by adding a staggered potential which would make the
Hamiltonian 4 x 4 (this is the rock-salt structure), which gives a trivial insulator.
We choose instead to add an orbital to each site, and show below that it gives a
topological insulator (for a range of parameters).

Adding an orbital

Each site now has two orbitals, so that we can have a total of four electrons
on each site. If we define creation operators cjc and dfa on the two orbitals, and

Wi = (ckt, x|, dkt,dk) ), then the spin-orbit term is

Hyo(K) = —21) " sin(kua)(t. ® oy, (3.7)

u
In four dimensions there are five anti-commuting matrices. Three are already
present here, the other two are 7, ® I and 7, ® 1. The first term is a hopping term be-
tween orbitals, which does not depend on spin or direction of hopping. The most
simple terms of this type are an on-site orbital hopping, and a nearest neighbor

orbital hopping term. In real space these two terms can be written as

H = sZ clydic+he)—t Y (clydjs+he.) (3.8)
(i.j).o

In momentum space

H, = Z{CZO'de(S — 2t[cos(kya) + cos(kya) + cos(k.a)]) +h.c.} (3.9)

k,o

so that

ks

H,(K) = m(t, 1) (3.10)

24



where my = € — 2ty cos(kya). Therefore, the full Hamiltonian H = H; + Hso

gives

H(k) = my (7, @1) —2A Y sin(kya)(t.® o) (3.11)
u

As before, this is a sum of anti-commuting matrices, so that the energies can be

Ex=+y\/&+m] (3.12)

At half filling, the lower band will be filled and the upper band will be empty, so

written immediately

that the Fermi energy will be positioned precisely between the two bands Er = 0.
Low energy excitations can be described by expanding the Hamiltonian around the
Dirac points. We take k=K+ g, and expand the Hamiltonian to first order in 4.
For example, choose Ky = (0,0,0), so that sin(kya) ~ gua and cos(kya) =~ 1 so
that

H(Ky+q) ~[e—61] (1. ®1) —2Aa ) qu (. ® 0y) (3.13)
u

so that the energies are

Egyrq =+ QAa(gi+ 4 +42) + (e —61)° (3.14)

We see that near K the spectrum is gapped with mass mg =&€— 6t. Near one of

the Dirac points K, the spectrum will have a mass

e—06t
£—2t
my=€—2tY) cos(Kya) =€—21) (—1)" = (3.15)
o u e+2t
£+ 6t
\

Topological classification

We would like to answer the question, is this a topological insulator, and under
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what conditions will it be an ordinary insulator? Here we use a simple method for
topologically classifying inversion symmetric TIs [2].
By inspecting (3.11), we identify

d = 0 (3.16)
di = €—2t[cos(kea)+cos(kya)+ cos(k.a)]
d = 0
dy = —2Asin(k.a)
dy = —2Asin(kya)
ds = —2Asin(k,a)
In order to classify this insulator, we must find & = —sgn (d, (k = I'})) for each

of the 8 TRIM, defined by I'; = 1 (n.by + nyby +n.b,) with i = (nunyn;) and ny, €
{0,1}. For a cubic lattice of spacing a, the reciprocal lattice vectors are 5# =
(2m/a)f, so that we find

=3 T
Licnnyny) = — (,my,m2) (3.17)

Note that for zero gap (¢ = 6¢) there is a Dirac point at each of the TRIM (see
(3.6)).
We see that

dy(k=T;)=e—21Y cos(kya) = &—2tY cos(n,) (3.18)

u u
= e—2r) (—1)™
u
This expression can be evaluated easily for each I;. We summarize the results in a
table below, assuming ¢ > 0 (for ¢ < 0, take t — —¢ and € — —&). There are five

columns for &;, ordered by increasing €: € < —6¢, —6t < € < —2t, —2t < € < 2t,
2t < € < 6t and 61 < €. The four Z, invariants are
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i|ne ony | LD | (@) ]85 8 & & &
1[0 0 o 3 e—6r || + + + + -
200 0 1 1 e=2t | + + + - -
3/0 1 0 1 e-2 | + + + - -
411 0 0 1 e=2 | + + + - -
5/0 1 1 -1 E+2t | + + - - =
6|1 0 1 -1 e+2t | + + — - =
711 1 O -1 E+2t | + + - - =
811 1 1 -3 e+é6r | + - — - =

Table 3.1: Time reversal invariant momenta and the parity eigenvalues for our

model
()" =[] 8 =688 (3.19)
ny=1
ny,n;=0,1
(D" = ] 8 =08066d
ny=1
nx,ﬁz=0,l
(1) = ] & =685
n;=1
ny,ny=0,1
8
(* = I8
i=1
So that
(0;000) € < —6rore > 6t
' B (1;111) —6r <& < —2¢
(Vo;vivavs) = (3.20)
(0;111) —2r<e<2t
(1;000) 2r<e<o6t

Note that the special values € = 2, 6¢ are excluded, since for those values the mass
of at least one Dirac point is zero - the spectrum is not gapped over the whole
Brillouin zone (see (3.15).

To summarize, the on-site orbital hopping amplitude € classifies this model: for
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©:;111) ©;111)

Figure 3.1: Phase diagram for this topological insulator. Shaded regions are
in the STI phase, unshaded regions are in the WTI phase. Each part of
the diagram is labelled by the four Z, invariants (vo; vy, V2, v3). The la-
bels for the € > 0 half plane are indicated, the other half plane is simply
a mirror image. Here € and ¢ are in units of A, and we assume A # 0
(i.e. there is non-zero spin orbit coupling).

2t < |g| < 6t this is a topological insulator, for 67 < |€|, |€| < 2r it is an ordinary
insulator, and for € = 2¢, 6¢ it is a semi-metal.

Edge states - continuum limit

To study the surface states of the topological insulator, we study the simplest
3D example - an infinite system consisting of a half space topological insulator
(z < 0) and a half space ordinary insulator (z > 0). Therefore, the plane z = 0 is the
domain wall, and we would like to study the states (“edge states™) on this plane.
In this section we consider a low energy approximation to the Hamiltonian which
leads to the continuum limit. We are basically reducing the problem to an effective
4 x 4 Hamiltonian which captures the essential physics of the problem.

In our present model, this construction can be achieved by varying € in space,
so that € = €(z). We notice that if we have 2t < &€ < 6¢ our model will be a topo-
logical insulator and for 61 < € it will be an ordinary insulator. If we vary €(z)

continuously, it must cross the value € = 6¢ on a plane, and we will have a semi-
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metal on this plane. This is the domain wall. We define m(z) = €(z) — 6t and

choose a solitonic profile with asymptotic values

limm(z) = -2 (3.21)
7—00
lim m(z) = -2t

Z——o0

and m(0) = 0.

By looking at (3.11), we see that in the orbital subspace, only two Pauli matri-
ces are present: T, and 7,. Therefore, it is possible to rotate the Hamiltonian (in this
subspace), so that (7y,7;) — (7, Ty), which will make the Hamiltonian block off-
diagonal. This is achieved by a rotation by —7/4 around t,, which will therefore
leave 7, unchanged. If we define U = e /("/4% @ I, then we find

H=U"HU = m(7,®1) —22)_sin(kya) (T, ® Oy) (3.22)
u

We find the basis of operators in the rotated system is

1 0 i 0\ [cx Ckp +idyy
w, oty = L0100 | 1 jeatid ] g
V21i 01 0 dy V2 icky +dip .
0 i 0 1 dkl ickl“‘dkl

Looking at Table 3.1 we see that the only §; that changes when we take € past the
phase change at € = 61, is ;. Therefore, we expect the interesting physics to hap-
pen near the associated TRIM, Ky = (0,0,0). Consider the low energy expansion
of H (75) around k = Ky as done in (3.13), but now using the off-diagonal block form
of the Hamiltonian. In addition, we insert the z dependence of €, and change the

font of the Hamiltonian to signify that we are in the continuum limit
H (@) = A (Ko +3) = ve |m(2) (e ®1) = Y qu (1, @ 0y) (3.24)
u

where we have defined ve = 2Aa and 7i(z) = m(z)/ve. Since the system is periodic

in x and y but not in z, it is natural to leave x and y in the momentum representa-
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tion, but to Fourier transform z back to real space, and to define a perpendicular

momentum vector § = (gx, gy)
F(§,z) ~ ve [1(2) (T @ 1) +i0,(Ty ® 0;) — g«(T, ® Ox) —gy(Ty, @ 0y)]  (3.25)
We now separate the Hamiltonian into two parts
H(§,2) = h.+ (3.26)
where

h, = m(z)(t.®1)+ived; (1, ® 0;) (3.27)
5z

—Velqx(Ty ® 6x) + ¢y (Ty @ 0y)]

Note that this basis is especially convenient, since it is block off-diagonal, and in
addition A is diagonal in each block, and 77 is off-diagonal in each block.

We now wish to find the wavefunctions ¥ of the full Hamiltonian J#(q,z). It
is obvious that the two parts of the Hamiltonian anti-commute {%;,.7;} = 0. If the
two parts had commuted, we could perform a standard separation of variables, and
Y would be a product of the wavefunctions of each part of the Hamiltonian.

We start by looking for zero energy states of /., i.e. solutions to the equation
h.9(z) =0 (3.28)

Since h; is block off-diagonal, we look at each block separately. We label the top

block A and write

_ m(z) + 0, 0 a(z)\
o ‘MZ)_VF( 0 ﬁz(z)—&) (b(@)‘ 529

so that

(m(z)+d.)az) = 0 (3.30)
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By rearranging and integrating both sides, we find

a(z) _ eff(j"'rh(z’)dz'

b(Z) _ e+f(§rh(z’)dz’

(3.31)

However, when the argument of the exponent is positive, the resulting wave func-

tion will be non-normalizable for the asymptotic values of m(z) given by (3.21),

therefore the second equation has only the trivial solution b(z) = 0, and the single

wavefunction for this block is

0. = <l> o~ i
0

Similarly for the lower block of 4,

0 (2)= <0> i
1

So that the two wavefunctions of the full matrix /4, are

¢i(z) = A

e Jom(Z)dd

o-(z) = A

- o O O O O O =

(3.32)

(3.33)

(3.34)

where ./ is the normalization constant which cannot be written explicitly without

knowledge of the profile of the domain wall m(z). Note that the normalization

constant is the same for the two wavefunctions.

In the 1D system we have 7, = 0, so that 7 = h.. In this case (. are the exact

zero modes of the complete Hamiltonian. In the 3D (and 2D) case, they are only

zero modes of &, and a further step must be carried out to find the wavefunctions
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of .

We now wish to project the full Hamiltonian onto the basis @1.. We define a
projection matrix P which has these vectors as its columns, and drop the exponen-
tial (and bring it back at the end). Since we are projecting onto zero states of /_,

we have h; ¢+ = 0, so that in effect we are projecting only J7.

1 0
00
P= (3.35)
00
01
So that the projected Hamiltonian is
—igy — 4y
1 000 —i ,
hy = PT%P:—VF 1qx +qy
0 0 01 igx+qy
iqx — qy
0 i
e Vg < ) Q) qx) e \}F(qux — qxcy)
qy — iqx 0
We project the operator basis vector too
cqt +idgy
- 1 00 O\ 1 id, 1 d,
qu — PT\Pq — o Cql +1 ql - Cq1 +1 q7 (337)
0 0 0 1)V2|icy+dy| V2 \icy +dy
icq) +dg)

So that the full projected Hamiltonian, which we interpret as the effective Hamil-

tonian for the edge states, can be written as

Ay = Y ¥, (3.38)
7

T
= iz Jr ldT 0 qy +iqx Cqt +idgy
24 chi—i—a’ gy — iqx 0 icq) +dg|
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which indeed contains only one Dirac cone, as expected for the edge states of a
topological insulator. The edge Hamiltonian 4. is a sum of Pauli matrices so that

the energies can be written down immediately

£r = £vey /2 +¢2 (3.39)

We define the phase ¢'* = (g, +iq.)//q%+¢2. so that

m—e 0 (3.40)
== efi(x 0 '

We find the wavefunctions of
oy = ! ! (3.41)
\/E (& J ’

1 [—e@
o= 5 ()

We construct the unitary matrix U that has ¢4 as its columns

o L1 e (3.42)
- \/E efi(x 1 :

which is guaranteed to diagonalize /4

1 i 0 i 1 Ll 1 0
Uthou=£ ¢ ¢ S (3.43)
2\ —ei¢ 1 e '* 0 e ¢ 1 0 —1

and the operator basis vectors

»}/ . UT\P — 1 1 eia CqT + ld‘ﬁ (3 44)
? 1 2\ —eic 1 icql‘i‘dqi ‘

[ e e‘i%(chJridqw)ﬂLei%(l'%ﬁ%)}
2\ e [~ (cq idyy) + €% (icy, +dy )|

33



If we define y, = <Yk+> then
Yie—

A=Y &YV (3.45)

g,i=%

The y;i operators create an excitation along the domain wall. By calculating

the anticommutation relations of these operators, we find that they are ordinary

Fermions
1
{Vq+v7’;+} = 2 {{CQ%C;T}"‘{quvcj]l}"‘{dq%d%}+{dql7d;l}} =1
t 1 t t t t
{’}/q—v ’}/q—} - Z |:{ch7 CqT} + {cqlu qu} + {qu7qu} + {dql7dql}:| =1

(3.46)

In conclusion, the two bound states are given by a linear combination of ¢ with

the coefficients given by the elements of ¢

1
¥i(g.2) = \2[<P+(Z)+e"“¢(2)}=ﬂ 8 e~ lim@)d (3 47)
e—iO{
eiO{
U (G0 = [t @)= | O | e i
V2 0
1

(where the normalization constant has been redefined .4 — /2.4 )
To find the energies, we note that the Hamiltonian is a sum of anticommuting
matrices # = h; +./;. Therefore, it is convenient to square it, so % = hZ + 7.

If we now operate with 77 2 on ¥, and recall that ¢4 are zero modes of &, i.e.

Er=¢=%4vi\ /g2 +q; (3.48)
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Note that these bound states are written in the block off-diagonal basis given by
(3.23)

Ck1 + idkT
1 id
p— —_ | LTiu (3.49)
V2 icy +dip
iCkL + dkl

For the special case of a step function domain wall (zero width wall)

m(z) =2t[0(z) — O(—2z)] (3.50)
So that
= Jom(d)dz!

2t
Wi(g,z)<e — ¢ (3.51)

Giving an exponential decay, as expected. Recall that in the lattice model vy = 2Aa.

As an example of a wall with a width, we choose

m(z) = 2t tanh (g) (3.52)

where & is a length scale for the width of the domain wall. This gives

N P A NG —
‘Pi(a,Z) o« e 'F o tanh(5>dz —e vFélncosh(Z) o —cosh (2) F (3.53)
Another similar function is m(z) = 2tarctan(z/&). We can also check the limit of
an ordinary insulator or topological insulator in all space, i.e. m(z) = £2¢ for all z,
which gives
2t

W (g,z) o< o Jim(@)dd _ oFige (3.54)

which is non-normalizable, since for z — Foo the wave function will blow up. This
18 consistent, since there is no reason for a bound state to exist in these cases.

Another limiting case is m(z) = 0 for all z, i.e. the spectrum is ungapped over the
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whole system. Phrased differently, we expand the boundary to include all space -
there is nothing but boundary. The exponent above gives the identity in this limit -
the “bound states™ are no longer localized around z = 0O but rather extend over all
Z.

Similar domain walls in Graphene were studied in [56] in a different context:
the domain walls were calculated for Graphene gapped by a staggered on-site en-
ergy, which is not a topological insulator, the system is 2D, no spin is involved,
and the 4 x 4 Hamiltonian is formed by unifying the two Dirac points (each is
represented by a 2 x 2 matrix) in one matrix, whereas in our case it is formed
by considering only the Dirac point (represented by a 4 X 4 matrix) whose mass

changes in the phase change.

3.3 Explicit calculation of 6

We start from the full Hamiltonian in momentum space (3.11)

H(k) = my (7, @1) —2A Y sin(kya)(t.® o) (3.55)
u

and expand around each of the Dirac points K, so that k=K+ G. We find

H(G) =mp(1: 1) 2/12 )™ qu(T.®0y) (3.56)
with (3.15)
£—6t
-2t
my =€—21Y cos(Kya) =€—2t) (—1)" = (3.57)
m u e+2t
£+6t

where the indices n; = 0, 1 index the Dirac points

L T
K= E(nx,ny,nz) (3.58)
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We define the momentum space non-abelian gauge field, in this case a set of
three matrices «7; of dimensions 4 x 4
safj“v = —i(uy|dj|uy) (3.59)
where d; = d/dk; and |uy) are the momentum space wavefunctions. Note that this
is the 3D analogue of the 2D Berry connection scalar, defined as .« = —i{u|Vy|u).
Then we calculate 0 (see [30])
1 37 pijk 2.
0=— | d°keV"Tr |0+ <ictol ;) (3.60)
41 Jpz 3
where the trace is performed only over the occupied bands. This formula bears
some resemblance to the Thouless-Kohmoto-Nightingale-Nijs (TKNN) formula
for 2D systems.
To evaluate this integral, we start by finding the wavefunctions of the linearized
Hamiltonian. We then calculate the three matrices .7; and substitute into this equa-

tion. For each Dirac point K, we find

A 2mv? VA MgV
7] :/ 4> KF:tan_1< £ )—KF 3.61
T TRy me) mpean OO0

The integrand is sharply peaked around g = 0. We take the limit A — oo and find

that the contribution of each Dirac point is
T .
O = §s1gn(mK) (3.62)
and

6= Y 6k = 2 ¥ sign(m) (3.63)
K K

where the result is understood to be mod 27, so that 0 < 8 < 2m. Since the lin-
earized Hamiltonian is of the standard form of a Dirac Hamiltonian, we expect this

result to hold for any similar model. In this particular model, my is given by (3.57),
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so that

0=) 6= ngign [8—2t2(—1)”ﬂ]
K X m

We now vary € and find that

0 0 |e| <2torle| > 6t
T 2t<le| <6t

which verifies our earlier findings (3.20) if we identify vo = 0 /.
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Chapter 4

The Witten Effect in a
Topological Insulator

4.1 Overview

It was noted a long time ago that a term of the form 6 (e?/27h)B - E may be added
to the standard Maxwell Lagrangian without modifying the familiar laws of elec-
tricity and magnetism. 6 is known to particle physicists as the ‘axion’ field and
whether or not it has a nonzero expectation value in vacuum remains a fundamen-
tal open question of the Standard Model. A key manifestation of the axion term is
the Witten effect: a unit magnetic monopole placed inside a medium with 6 # 0
is predicted to bind a (generally fractional) electric charge —e(6 /27 + n) with n
integer. Here we conduct a first test of the Witten effect based on the recently
established fact that the axion term with 8 = 7 emerges naturally in the descrip-
tion of the electromagnetic response of a new class of crystalline solids called
topological insulators — materials distinguished by strong spin-orbit coupling and
non-trivial band structures. Using a simple physical model for a topological in-
sulator we demonstrate the existence of a fractional charge bound to a monopole
by an explicit numerical calculation. We also propose a scheme for generating an
‘artificial’ magnetic monopole in a topological insulator film, that may be used to

facilitate the first experimental test of Witten’s prediction.
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4.2 Axions

The idea of the axion was introduced in 1977 by Peccei and Quinn [57, 58] as a
means to solve what is known as the ‘strong CP problem’ in the physics of strong
interactions. The strong CP problem, the details of which are quite subtle, has to
do with the vacuum structure of Quantum Chromodynamics. In simple physical
terms it can be stated as a question: Why is the electric dipole moment of the
neutron (currently unobserved) so small? The Standard Model predicts a value for
the neutron dipole moment |J;1| ~ 10719 e cm, with 8 of order unity, that should
be readily measurable. Peccei-Quinn’s solution promotes 6 to a dynamical field
describing a new elementary particle, the axion, whose vacuum expectation value
has relaxed to a very small value, explaining the smallness of |a_f;z |. The actual value
of 6, and the validity of the Peccei-Quinn solution and its variants [59, 60] remain
open questions of considerable importance to fundamental physics. The axion is
also believed to be a viable candidate for the elusive dark matter that comprises
the majority of matter in our universe [61] and is subject to active experimental
searches [62, 63].

In a remarkable development axion electrodynamics has recently emerged as a
key tool in the description of STIs. It has been realized [29, 30], that the electro-

magnetic response of a STI is characterized by the axion term

2
ALion = 0 <2€nh> B-E @4.1)
with 6 = 7, the only non-zero value permitted by the time-reversal symmetry.
When the time-reversal symmetry is broken, e.g. in a crystal showing weak mag-
netism, 6 can acquire an arbitrary value. Fluctuations in the magnetic order param-
eter then act as a dynamical axion field and can be thought of as emergent axion
particles [43]. Thus, aside from possible practical applications, crystalline solids
with topologically non-trivial band structures have the potential to provide tabletop
laboratories for the testing and exploration of fundamental physical paradigms.
A fundamental property of the axion medium is the Witten effect [32]: in
the quantum theory, a magnetic monopole of unit strength (i.e. projecting mag-

netic flux ®y = hc/e) immersed in an axion medium must carry electric charge
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—e(0/2m + n) with n integer. This effect, although theoretically well established,
has never been experimentally tested because until now both a suitable axion medium
and the means to produce a magnetic monopole have been lacking. In this sec-
tion we demonstrate how the connection between the axion response [29, 30] and
strong topological insulators[2, 34, 35, 37, 64-66] may serve to overcome both ob-
stacles. We remark that a 1D realization of the Witten effect in antiferromagnetic
spin chains was proposed a long time ago [67]. Here we furnish the first concrete
physical example of the Witten effect in 3D by modeling a STI with a magnetic
monopole inserted in its bulk. We show that the monopole binds a fractional charge
+e/2 consistent with Witten’s prediction [32]. We then discuss possible ways to
overcome the second obstacle by creating an emergent magnetic monopole in a
topological insulator. This can be achieved by exploiting the degrees of freedom
associated with a vortex in the exciton condensate that may emerge in a thin film
topological insulator under external bias [68]. We conclude that the prospects for
experimental verification of the Witten effect in a tabletop experiment using a STI

appear promising.

4.3 Classical view of the Witten effect 1

Although the Witten effect is quantum-mechanical in nature its essence can be
understood by studying the classical Maxwell equations modified in the presence

of the axion term

e\ - -
Ao%lxion =6 (27[]1> B-E (4-2)

We recall Maxwell’s equations with magnetic monopoles (and currents) and 6 =0

(see page 273 in Jackson [69], for example)

V.E=p, (4.3)
V-B=pn

- 0B .

VxE=-2"_

% o "

. . O0E .

VXB=—

% 8t+e
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and compare with Maxwell’s equations in the presence of a 6 field but with no

magnetic charges and currents (p,, = 0, fm = 0), as found by Wilczek [70]

V-B=0

- . 0B

VXE=——

8 ot

= - 8E - e 86—» ol -
VxB=——+J.+-—|=B+VOXE
X aﬁ”w(at Yo >

(where we are working in units where the flux quantum is dimensionless ic/e = 1,
so that the fine structure constant & = e, so that in Wilczek’s notation k = « /4% =
e/4n?).

We infer that Maxwell’s equations in the presence of a non-zero 68 and magnetic

charges and currents should be

— — e - —
V-E:pe—mVG-B 4.5)
V.Fp,
L 0B
VXE=———]
X ar "
= — 3E — e 89—» - —
VxB=—+J,+—| =—B+VOXE
8 3t+e+47£2<at Yo >

We observe that for uniform, constant 6 these equations revert to the familiar
Maxwell’s equations, consistent with the notion that A.Z4jon can be written as a
total derivative in this case. An important related property [31] is the periodicity
under 6 — 0 +27n of the axion action .%jon, implying that 8 can be chosen from
the interval [0,27).

The axion term (4.2) is invariant under the duality transformation that swaps
magnetic and electric fields (or in the more general case, mixes the fields via a
rotation), but the modified Maxwell equations for axion electrodynamics (4.4) and
(4.5) are not invariant under this transformation. However, it appears to be well
known that adding an axion term to the Lagrangian breaks the duality transforma-

tion and several attempts have been made to resolve this issue in the past [71-75].
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However, at present, it does not appear that there is a consensus on how to solve
this problem.

Now consider a monopole of strength g, V.B= 47g8®)(7), placed at the ori-
gin, in a medium initially characterized by 8 = 0. We wish to understand what
happens when we turn on 8 as a function of time (but keep it uniform in space).
To this end we set VO = 0, fe = fm = 0 (no currents in vacuum) and take the

divergence of the last equation to obtain

~ OE e 00- -
V.i —_— . p— .
ot +47r2 ot B=0 (4.6)

We see that an electric field is generated in this process. Integrating Eq. (4.6) over
space and time, we find that this field can be thought of as originating from a point

electric charge Q located at the origin with magnitude

AO

Q=—ge— @.7)

where AB is the net change in 6 and we assumed that there was no initial electrical
charge bound to the monopole. In a topological insulator A@ = 7, thus one expects

a unit magnetic monopole (g = 1/2) to bind fractional charge

0=—e (;—i—n) 4.8)

The integer n accounts for the possibility of binding extra electrons, which can
always occur — only the fractional part of Q is non-trivial.
The question arises, how does the inclusion of the dielectric constant for a

specific TI affect this calculation. We write down Maxwell’s equations for this
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case (see Eq. 104 of [29] , for example)

V-D=p,——V6-B 4.9
Pe— 1o (4.9)
V-B=p,
- - JB .
VXE=————
8 or "
s = al_j - e 86 - = -
VxH=—+4+J,+— | =—B+VOXE
8 8t+e+4n2<8t Yo >
As before, we take the divergence of the last equation, finding
oD 0= -
° B=0 (4.10)

o Tamar
and upon integration in space and time, we find the same result as before, Eq. (4.8).
We conclude that the Witten effect holds for dielectric materials.

One may ask, how does the localization length of the charge localized at the
monopole depend on the dielectric constant. To derive a simple result, we assume
that the charge density around the monopole is uniform. Then one can derive the
energy required to localize charge Q within radius R, which is U = 3Q?/207eR.
If we then assume that the work done by the system to localize the charge is the

same, regardless of the dielectric constant, we find
g
R= ;ORO .11

where Ry and R are the localization length in vacuum and in the dielectric material
(respectively). Since € > &y, we find that under these assumptions, the localization
length is shorter in a dielectric. This can, perhaps, be understood as a result of the
higher capacitance of a dielectric under potential - the dielectric can store more
charge within a given volume. Since the charge is the same in both cases, it is
possible to store it in a smaller volume in the dielectric. This result could be made
more realistic, for example by using an exponential density profile, but we leave

this for further studies.
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4.4 Classical view of the Witten effect 11

There is another way to use the classical Maxwell equations to derive a similar
result. Consider a magnetic point charge (a monopole) of charge g, located at the

origin
pm = 41583 (7) (4.12)

with no electric or magnetic currents (J_; = fm =0), and no electric charges (p, = 0)
embedded within a topologically insulating sphere of radius R. Due to a divergence
of integrals at 0, we are forced to consider the case of a shell with inner radius €

and outer radius R, and at the end take € — 0, giving the same result. Then
0(r)=n[®R—-r)—0(e—r)] (4.13)

where O is the Heaviside function. We note that

- de
#

o(r) T dO(R—r) dO(e—r)

dr r r

= —n[8(r—R)—8(r—¢))?

(4.14)

where we have used the fact that the derivative of the Heaviside function is the
Dirac delta function d®(r)/dr = 8(r), and the Dirac delta function is symmetric
o6(r)=96(—r).

We use Gauss’ law

/E-df:/pmd% (4.15)

to find the magnetic field
B =2+ (4.16)
2

So that the first equation of (4.5) gives the effective charge density

= - e - - 5(F—R) 5(}’—8)
V.E=—CVe.B= _ = .
E=—mVoB=s|p 4me? Pe(r) @17)
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By integrating over a narrow region around each sphere we find the charge on the

outer and inner surfaces

R+6
0, = / Pef(r)adnridr = ge (4.18)
[

e+6
0, = / Per(r)anridr = —ge (4.19)
e-4

Therefore, for g = % and in the limit of € — 0 we find fractional charge —e/2
bound to the monopole (as in the previous section), and +¢/2 bound to the outside

surface of the topological insulator.

4.5 Adding a single monopole

We first consider a single magnetic monopole, in other words a magnetic point

charge. Therefore, we expect

V.B, = 41g8® (7) (4.20)

8 .

However, if the magnetic field can be written using a vector potential B = V x A,

we immediately reach a contradiction

—

V-B=V-(VxA)=0 (4.22)

since the divergence of a curl is identically zero, but V. Eg = 0. Therefore, we
write the magnetic field as a sum of the magnetic field of the magnetic monopole

and an additional singular part

-

B=B,+B, = %f —47g0(2)8(x)5(v)? (4.23)

The singular part By can be thought of as an infinitely long infinitesimal solenoid

leading flux lines in the —Z direction. It is often referred to as a “Dirac string”.
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Equation (4.22) is now fulfilled since

do(z)
dz

V.By = —41g8(x)8(y) = —47g5°)(7) (4.24)

where we have used the fact that the derivative of the heaviside function is the
delta function. We see that by adding the Dirac string we have gotten rid of the
contradiction, and therefore a vector potential can be written for this magnetic
field. We expect the total flux through a sphere centered on the magnetic monopole

to be zero, and indeed

CID:./B"ds* = gU;-d§—4n/e(z)6(x)5(y)2-d§] (4.25)
= g [Rlz/ds—47€/9(z)5(x)5(y)ds] =0

Note that the reason we want to write the magnetic field of the monopole using a
vector potential, is that if we can do this, we can conveniently add the magnetic
field to the Hamiltonian via Peierls phase factors.

The magnetic field of the monopole can be rewritten as a gradient
. g. > (1
By =5F= —gV | - (4.26)

since in general, for a function of the radial coordinate only, we have

= df
\Y = =7 4.27
£y =55 (427)
Therefore,
S L - /1
VxB, = —ngV() =0 (4.28)
r

since the curl of a gradient is identically zero. If we now take the curl of the full

magnetic field, we find that only the singular part remains

— —

VxB=Vx(B,+B,) =V x By (4.29)
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On the other hand

<l
X
[oo1]
Il
<t
X
Qi
X
=

(4.30)
= V(V-A)-VA=_-V%4

where we have chosen the Coulomb gauge V-A=0. Finally, we find that the

vector potential is related only to the singular part of the magnetic field
VxBy=-V* (4.31)

For a periodic system, it is convenient to Fourier transform this expression, and

after rearranging we find (for k #0)

—

-

.k
Av =iy x By (4.32)

Adding a monopole to the Hamiltonian in practice involves calculating the
Peierls factors for a given configuration. We cover this calculation for a lattice
of monopoles, a single monopole and a planar monopole in Appendices A.3.1,
A.3.2, and A.3.3 (respectively).

4.6 Charge bound to a monopole

‘We now consider a magnetic monopole in the interior of a STI. We model this situ-
ation by the Hamiltonian H presented in Section 3.2 with a monopole positioned at
the center of a cubic unit cell. The magnetic field of the monopole couples to both
the electron charge and the electron spin through the orbital and Zeeman couplings,
respectively. The form of the orbital coupling is dictated by gauge invariance and
is thus universal; in our lattice model it is implemented by the Peierls substitution,
which attaches factors ¢/% to all hopping terms connecting sites i and j. Here
0;j = (2m/Py) fij A-dl and A is the magnetic vector potential. The Zeeman cou-
pling is of the form —guBE x /h where ug = eh/2m,c is the Bohr magneton and S
denotes the electron spin. For free electrons g is close to 2 but in solids the effec-

tive g can be substantially larger. The Zeeman coupling thus leads to an additional
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term in the Hamiltonian,
]l « = -
Hz = —gits3 ) B;- (vjow;). (4.33)
J

where B ; 1s the magnetic field at site j of the lattice. This term is non-universal
and its importance will depend on the ratio of g,u3|§ | to the other relevant energy
scales in the Hamiltonian set by A, € and z.

We solve the Hamiltonian H = Hso + H.q + Hz in a cube containing L3 sites
by exact numerical diagonalization. The monopole is placed inside the central unit
cell (at the origin), so that the magnetic field of the monopole is B = (®g/47r?)7.
We choose a gauge in which the system retains the four-fold rotational symmetry
around the z axis [76], A = —®y(1 + cos 0)V@, with (6, ) the spherical angles.
Exploiting this symmetry we are able to simulate system sizes up to L = 20, which
requires diagonalizing a complex valued Hermitian matrix of size %(4 x 20%) =
8,000. In order to calculate the charge density at half filling we require knowledge

of all the occupied eigenstates.

In (6p + ¢)

-6
810 108 6-4-20 2 4 6 8 10
x

Figure 4.1: Charge density 6p of the three closest layers below the
monopole, for g = 0. We use our model TI on the cube-shaped lat-
tice with 207 sites with a unit monopole at its center, with parameters
t = A, € = 4t, leading to a bulk gap A = 4z.
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Figure 4.2: The excess charge §Q(r) (in units of e) for different Zeeman cou-
pling g. The knee feature seen at r = 10 corresponds to the radius

at which the sphere used to calculate §Q(r) first touches the system
boundary. The parameters are as in Fig. 4.1.

We diagonalize the Hamiltonian, once with the magnetic monopole and once
without, obtaining charge densities p; and py, respectively. The monopole-induced
charge density p = po — p; is plotted in Fig. 4.1. To determine the total charge
bound to the monopole we calculate the excess accumulated charge in a sphere of
radius r centered on the monopole, §Q(r) = ¥z, 6p(7;). We find (Fig. 4.2) that
it saturates at —e/2 to within 4 significant digits, comparable to the accuracy of our
numerics. For g = 0 we find two localized zero modes, one at the monopole and

one on the surface. Fractional charge bound to the monopole can be understood in
this case by appealing to the standard arguments [77, 78] developed originally to
describe charge fractionalization in polyacetylene [79]. Briefly, when a topologi-
cal defect (such as a domain wall in polyacetylene) produces a localized zero mode
inside the gap in a particle-hole symmetric system, one can show that the spectral
weight of the state contains equal contributions from the valence and the conduc-

tion bands. Thus, the valence band shows a net deficit of half a state in the vicinity
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Figure 4.3: Log-log plot of 6Q, — 6Q showing the power-law approach
~ r~% of the accumulated charge to its asymptotic value of 1/2. The
least-square fit yields exponents o = 2.85,3.04,2.79 for g = 2,6, 10,
respectively. We attribute the deviations of the numerically determined
exponent ¢ from the expected value of 3 to the finite size effect. The
parameters are as in Fig. 4.1.

of the defect. This translates into the defect carrying fractional charge +e/2, the
sign depending on whether the zero mode is empty or occupied.

Like in polyacetylene we find the saturation of charge to be exponential ~
exp (—r/&), where & ~ 1/A and A is the bulk gap.

When g > 0, the Zeeman coupling causes changes in the charge distribution
near the monopole but the total accumulated charge remains quantized at —e/2. In
this case there are no exact zero modes in the spectrum and 8 Q(r) approaches e/2
as a power law with the exponent close to —3 (Fig. 4.3).

The power-law dependence can be understood as follows. The Zeeman term
acts as an additional time-reversal breaking field which modifies the value of axion
0 away from 7 close to the monopole. This causes a non-vanishing V6 and thus,

according to Eq. (4.5), an additional contribution to the effective charge density.
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The simplest assumption, 56 ~ B2, gives 5p ~ VOB~ r~7 and Q0 ~ r*, a power
law but with the exponent not quite in agreement with our numerical simulation.
On further reflection one realizes that in our model 60 cannot be proportional to
B? but rather must be proportional to its gradients. This is because in the presence
of a uniform Zeeman term the system remains inversion-symmetric. Inversion
symmetry dictates a quantized value of 8 = 0, even when .7 is explicitly broken
[29, 30]. Thus, non-vanishing 86 requires a spatially varying Zeeman field. The
simplest assumption satisfying these requirements is V6 ~ V2B. In the vicinity of
the monopole one finds 6p ~ VO-B~r%and §Q ~r3in agreement with our
numerical results.

We note that the above considerations are based on the effective axion action
(4.1) and apply on length scales large compared to £. The power law tail in the
fractional charge distribution for g > 0 appears on top of a short-lengthscale struc-
ture with a roughly exponential profile that is controlled by the properties of the
microscopic Hamiltonian and is thus non-universal. At the intermediate length-
scales the interplay of the two contributions can give rise to interesting structures
such as the peak in §Q(r) at r ~ 2.5 seen in Fig. 4.2 for g = 10.

By the same method described above we have investigated the spin density
induced by the monopole. We find that there is no net spin (§> attached to the
monopole. Thus, in addition to charge fractionalization, a magnetic monopole in-
serted in a STI constitutes an example of spin-charge separation in three spatial
dimensions. This is perhaps not surprising in view of the fact that spin-orbit cou-
pling present in the Hamiltonian breaks the SU(2) spin symmetry and, as a result,

electron spin is not a good quantum number in the model describing our system.

4.7 Proposal for experimental realization

Although there is no known theoretical principle that prohibits the existence of
fundamental magnetic monopoles in nature [76], none have been observed to date
despite extensive searches [80]. This null observation has led to a consensus that
fundamental monopoles either do not exist for some heretofore unknown reason or
they are very rare in our part of the universe. In either case the observed absence of

fundamental monopoles poses a challenge to the idea of experimental verification
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of the Witten effect using a STI. At best, one could conceive of a new scheme for
possible detection of magnetic monopoles using a STI in the role of a sensor if a
convenient way to detect the fractional charge could be found.

A much more promising avenue for the verification of the Witten effect is sug-
gested by exploiting emergent instead of fundamental monopoles. A classic exam-
ple of such an emergent behavior in a crystalline solid is the 2007 theoretical pre-
diction [81] and the subsequent experimental observation [82-84] of monopoles
in frustrated magnetic systems called ‘spin ice’, realized in certain magnetic py-
rochlore compounds such as Dy, Ti;O7 or Ho, Ti; O;. Magnetic monopoles in these
systems arise as elementary excitations above the collective ground state of spins
and the monopole-like magnetic field configuration originates from the magnetic
moments of the constituent spins. In principle, the emergent monopoles in the spin
ice could be used to test the Witten effect if a compound that is simultaneously a
STI and a spin ice could be identified. Unfortunately no such material is known
at present although we note that STI behavior has been theoretically predicted to
occur in crystals with the same pyrochlore structure [85, 86] that underlies the spin
ice behavior. It is thus possible that a suitable material will be discovered in the
future.

Here we focus on a different type of emergent magnetic monopole that can
arise in a thin film STI placed in a uniform external electric field. The basic idea
and the feasibility of its experimental realization have been discussed in Ref. [68].
Following that work we envision the simplest STI with just one gapless Dirac state
per surface and the chemical potential initially tuned to the neutral point. When
a strong enough electric field is applied perpendicular to the plane of the film the
chemical potential undergoes a shift that is opposite in the two surfaces. This cre-
ates a small electron Fermi surface in one surface and a small hole Fermi surface in
the other. The essence of the proposal [68] lies in the observation that an arbitrarily
weak Coulomb interaction between the surface states produces an exciton conden-
sate, which may be viewed as a coherent fluid of electron-hole pairs drawn from the
opposite surfaces. Such an exciton condensate is characterized by a complex scalar
order parameter ®, which can fluctuate in space and time. In particular ® = ®je'*
can contain vortices — point-like topological defects with the phase ¥ winding by

421 around a vortex. It has been pointed out in Ref. [68] that to electrons in a STI
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such a vortex is indistinguishable from a ‘planar monopole’, i.e. a monopole with

magnetic field radiating in the plane of the surface.

0.04

0.03

Figure 4.4: A cubic sample of a TI including disorder with a planar unit
monopole at its center, size L = 14 and parameters as in Fig. 4.1. The
plot shows the charge density 2 — p; for the layer just below the planar
monopole for weak disorder pt = 0.05A.

A planar monopole can be viewed as an adiabatic deformation of an ordinary
monopole achieved by flattening the field lines in a cylindrically symmetric fash-
ion. One expects that the total charge bound to the monopole via the Witten effect
should be insensitive to such an adiabatic deformation and therefore a vortex in the
exciton condensate should bind fractional charge +e/2. This indeed has been ar-
gued to happen in Ref. [68] based on the Dirac equation describing the low-energy
physics of the surface states in the presence of the exciton condensate. Here, taking
a more general point of view, we establish the existence of the fractional charge in
such a condensate by studying a planar monopole embedded inside a STI. Our cal-
culation below does not rely on the low-energy approximation for the surface states
and is insensitive to the detailed microscopic structure of the condensate. Rather,

it exploits only the most fundamental property of the STI given by its nontrivial
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Figure 4.5: A cubic sample of a TI including disorder with a planar unit
monopole at its center, size L = 14 and parameters as in Fig. 4.1. The
plots show the charge density 2 — p; for the layer just below the planar
monopole for: (a) weak disorder u = 0.05A, and (b) stronger disorder
U = 0.20A. Panels (c) and (d) show the difference in charge density
0p = po— pi1 for u/A =0.05,0.20, respectively, for the same layer.

axion response.
In general, the fractional charge is expected to be robust against weak disorder

that does not break TRI. Such a disorder will be present in a real sample and we
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Figure 4.6: The excess charge 6Q(r) (in units of e) for different values of dis-
order strength p. The inset shows a close up of the saturation. At this
scale a small deviation from the expected asymptotic value 1/2 that in-
creases with the disorder strength becomes visible. We attribute this
deviation to the finite-size effect in our numerical calculation. This
identification is supported by the fact that the deviations grow more
pronounced for smaller system sizes and close to the surface. Also,
it is consistent with the notion that the bound charge is localized on the
length scale & ~ 1/A which increases as the disorder reduces the spec-
tral gap.

model it here by adding a term
Hp=Y uj¥i¥;+Y u, ¥icy;, (4.34)
J J

to the Hamiltonian. The first term represents a parity-preserving on-site disorder

(independent of the orbital), while the second term is a parity breaking disorder.
As before we solve the Hamiltonian H = Hgo + H.y + Hp, in a cube containing

L3 sites, by exact numerical diagonalization. The planar monopole projects an

effective magnetic field Begr = (Po/27r)d(z)7 (in cylindrical coordinates) and the
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vector potential can be chosen as A = (®/27) 5 (z)2. The effective field does not
couple to electron spin [68], so there is no Zeeman term in this case. The disorder
coefficients /.Lji are chosen from a Gaussian distribution with standard deviation .
Note that the disorder breaks the four-fold rotational symmetry of the system, so we
cannot exploit this symmetry in this case to efficiently diagonalize the Hamiltonian.
Consequently we are limited to system sizes up to L = 14. For weak disorder
[t < A the charge bound to the planar monopole remains —e/2 (see Fig. 4.5), and
for strong disorder i > A the charge bound is zero. Remarkably, even for fairly
significant disorder (such that it generates charge density fluctuations comparable
to the charge density induced by the monopole) the difference in charge density 6p
shown in Fig. 4.5d is only weakly affected.

In the framework of the current proposal the key ingredient required to produce
a monopole-like configuration is the exciton condensate. As explained in Ref. [68]
it is difficult to reliably estimate the critical temperature Tgc for the formation of
the exciton condensate, but under optimal conditions it should be higher than it
is in bilayer graphene, where the occurrence of this effect is hotly debated. Once
the exciton condensate is formed, vortices can be nucleated by applying an in-
plane magnetic field. Since the exciton condensate is itself insulating, the main
conduction channel in this situation will be through vortices, each carrying —e/2
charge. Fractional charge of the carriers then can be detected using established
techniques [87, 88].

4.8 Conclusions

Predicted more than 30 years ago in the context of high-energy physics, but never
before observed in a real or numerical experiment, the Witten effect is realized
in a strong topological insulator. A unit magnetic monopole inserted in a model
STI binds electric charge —e/2 in accordance with the prediction [32] and fur-
nishes a rare example of charge fractionalization and spin-charge separation in
3 spatial dimensions. In the special case when the underlying system possesses
particle-hole symmetry and when the Zeeman term (4.33) can be neglected, the
appearance of fractional charge follows from the same ‘zero-mode’ arguments that

underlie charge fractionalization in a one-dimensional system of fermions coupled
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to a scalar field with a soliton profile [77, 78] as realized in dimerized polyacety-
lene [79]. In the more general case when the Zeeman term or weak disorder are
present, there exist no exact zero modes in the spectrum of electrons yet the frac-
tional charge remains precisely quantized. This reflects the more subtle topological
order that underlies the axion response of a STI, which is robust against any weak
perturbation that respects time reversal symmetry [29, 30, 64, 65].

An interesting open question is the fate of the Witten effect in the presence
of magnetic disorder. Experimentally, this can be implemented by adding a small
concentration of magnetic ions (such as Fe or Mn) into a topological insulator. Al-
though at the microscopic level 6 is no longer quantized in the presence of time
reversal symmetry (TRS)-breaking perturbations, we expect its effective value, rel-
evant to the physics at long lengthscales, to remain pinned at 7 as long as the
magnetic moments stay disordered. This is because the net magnetic moment in
a macroscopic region containing many impurities will effectively vanish. Quali-
tatively, this suggests that the Witten effect may survive inclusion of a moderate
concentration of magnetic dopants with randomly oriented moments. At low tem-
peratures moments may order ferromagnetically [89]. In this case both TRS and
the inversion symmetry are broken (the latter due to the random position of mag-
netic dopants) and the effective 6 can acquire an arbitrary value. In this situation
we expect a monopole to still bind fractional charge according to Eq. (4.8) but we
leave a detailed study of this case to future investigation.

Can the Witten effect be observed experimentally in the near future? We be-
lieve that the answer is affirmative. One essential ingredient, the axion medium,
is now widely available in any of the recently discovered STIs [35, 37, 66]. If an
emergent monopole can be realized, exploiting the proposed exciton condensate
[68], the spin ice-type physics [81-84], or by some other means, then the exper-
imental challenge is reduced to designing a suitable method for the detection of
fractional charge bound to the monopole. The fractional charge of elementary ex-
citations in fractional quantum Hall fluids has been previously detected [87, 88]
and it should be possible to adapt these methods to topological insulators. In this
way, studies of crystalline quantum matter with non-trivial topological properties
could help settle one of the enduring challenges of fundamental physics and pro-

vide new insights into the behaviour of electrons placed in unusual situations.
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Chapter 5

Wormbhole Effect in a Strong
Topological Insulator

5.1 Overview

An infinitely thin solenoid carrying magnetic flux ® (a ‘Dirac string’) inserted into
an ordinary band insulator has no significant effect on the spectrum of electrons. In
a strong topological insulator, remarkably, such a solenoid carries protected gapless
one-dimensional fermionic modes when @ = hc/2e. These modes are spin-filtered
and represent a distinct bulk manifestation of the topologically non-trivial insula-
tor. We establish this ‘wormhole’ effect by both general qualitative considerations
and by numerical calculations within a minimal lattice model. We also discuss
the possibility of experimental observation of a closely related effect in artificially

engineered nanostructures.

5.2 Laughlin’s argument

Surface electrons in a STI [2, 34, 35, 37, 64-66, 90] form a gapless helical liquid,
protected by TRS through the topological invariants that characterize the bulk band
structure. When TRS is broken, which may be accomplished by coating the surface

with a ferromagnetic film, the helical liquid transforms into an exotic insulating
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state characterized by a precisely quantized Hall conductivity

1) &2
Oy = <n+ 2) 7 (5.1

with n integer. This result follows from the microscopic theory of the surface
state [2] and also from the effective electromagnetic action describing the bulk
of a topological insulator, which contains the axion term [29, 30]. Although it
might not be possible to measure this ‘fractional’ quantum Hall effect in a transport
experiment [91], Eq. (5.1) is predicted to have observable physical consequences,
such as the low-frequency Faraday rotation [29] and the image magnetic monopole
effect [44].

It is instructive to apply Laughlin’s flux insertion argument [92] to the STI sur-
face described by Eq. (5.1). This argument was devised to establish the fractional
charge of quasiparticles in fractional quantum Hall liquid (FQHL) [93] and in-
volves the adiabatic insertion of an infinitely thin solenoid carrying magnetic flux
®(r) into the system, as illustrated in Fig. 5.1a. As the flux is ramped up from
0 to g = hc/e, a circumferential electric field is generated in accord with Fara-
day’s law V x E = —(1/c)(dB/dt). This induces a Hall current on the STI surface
j = 0y,(E x 2) which brings electric charge

5Q:6xy® = <n+1)e (5.2)
c 2

to the solenoid. Since the flux tube carrying a full flux quantum ®( can be re-
moved from the electronic Hamiltonian by a gauge transformation, one concludes,
as in FQHL, that an excitation with fractional charge (5.2) must exist. This finding
stands in contradiction to the well established microscopic theory of these surface
states given by an odd number of massive Dirac Hamiltonians [2]. Elementary ex-
citations of a massive Dirac Hamiltonian are particle-hole pairs which are charge
neutral. Yet, this same Dirac Hamiltonian exhibits Hall conductivity (5.1), which,
through Laughlin’s argument outlined above, implies fractionally charged quasi-
particles.

The resolution to this paradox comes from the realization that the quantum Hall

state realized on the surface of a STI is inextricably linked to the bulk of the STI.
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Figure 5.1: a) Topological insulator coated with a FM film. The flux tube
employed in Laughlin’s argument and the induced electric field are in-
dicated. b) Flux tube threading a cylindrical hole in a STI. Arrows
illustrate the helical spin state for upward moving electrons (for down-
movers the arrows are reversed).

Laughlin’s argument fails because the flux tube inserted into the bulk of the STI
is not inert. We demonstrate below that when ® = (s + 1/2)®, with s integer,
the flux tube carries topologically protected gapless fermionic modes and forms a
conducting quantum wire — a ‘wormhole’ — along which the accumulated surface
charge can escape to another surface of the sample. In the end, no net fractional
charge is accumulated at the surface and Laughlin’s argument instead predicts,
indirectly, a new effect associated with a Dirac string in the bulk of a STI that we

propose to call a ‘wormhole effect’.

5.3 Analytical calculation

The analytical calculation was performed by Prof. Marcel Franz and is included
here for completeness.

We begin by considering a bulk STI with a cylindrical hole of radius R threaded
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by magnetic flux ® = NPy with 0 <1 < 1 as illustrated in Fig. 5.1b. By solving the
Dirac equation for the surface electrons we show that a gapless state exists when
n= % and persists in the limit R — 0. According to Ref. [94] electron states on a
curved surface of a STI, characterized by a normal unit vector 7, are described by

a Dirac Hamiltonian of the form

| o o
,%”:Ev[hv-ﬁ—i—ﬂ(ﬁxo)—i—(ﬁx G)-

Y

] (5.3)

where v is the Dirac velocity, p = —iiV is the momentum operator and G =
(01,02,03) is the vector of Pauli spin matrices. The magnetic flux is included
by replacing p with % = j— (e/c)A, where A = n® (2 x 7) /27r% is the vector po-
tential. For a cylindrical inner surface i = —(cos @, sin ¢,0), the Hamiltonian (5.3)

becomes, in cylindrical coordinates and taking v =% =1,

l . s *l(P
Ay =L (®0tm) ke . (5.4)
2R ike'®  —L(idp+1)

We assumed a plane-wave solution ¢’ along the cylinder axis and replaced —id. —
k.

The eigenstates of 77 are of the form
fo )
Pi(p) = ( e (5.5)
€8k

with [ integer. The spinor ¥, = (f;,gx)" is an eigenstate of %, = o2k — 03 (1 +

% — 1) /R with an energy eigenvalue

I+5—1)>
Ey = ivh\/ k2+(;2n). (5.6)

For a generic strength of the magnetic flux the spectrum of electrons along the

cylindrical surface shows a gap

—n‘- (5.7)



When n = %, i.e. at half flux quantum, the / = 0 mode becomes gapless, E,?O:l/ 2=
+v7i|k|, independent of the hole radius R. This is the wormhole effect introduced
above. Physically, the necessity of the flux for the gapless state to occur stems
from the Berry’s phase 7 acquired by electron spins in the helical state depicted in
Fig. 5.1b. The gapless state occurs at half flux quantum when the Aharonov-Bohm

phase exactly cancels the spin Berry’s phase.

5.4 Numerical study

We now study the wormhole effect using a concrete lattice model of a topological
insulator which we solve by exact numerical diagonalization. We use the model
presented in Section 3.2. At half filling, depending on the values of the parameters
A, t, €, the system can be a trivial insulator, as well as a STT and WTI [29, 33]. Be-
low, unless stated otherwise, we work with parameters 2t < € < 6¢, corresponding
to a STI phase characterized by the Z, invariant (1;000). All energies are expressed
in units of A which we take equal to 1.

Using our model with a single flux tube in a geometry with open boundary
conditions it is possible to visualize the flow of charge at the intermediate steps of
Laughlin’s flux insertion argument. To this end we consider a cube of size L and

supplement the Hamiltonian with a surface magnetization term

Hy= Q5 ¥ 7 (¥}6%)). (5.8)
jesurf

Here 7; represents the unit vector pointing outward from the origin located at the
cube’s center and Qg is the surface magnetization strength. Hg breaks TRI at the
sample surface and a gap of size ~ 2|Qg| opens up in the spectrum of the surface
states. Figure 5.2 shows the evolution of charge 6Q accumulated near the inter-
section of the flux tube with the magnetized surface as a function of 1 = ®/®;.
For small n we observe 6Q = %en, consistent with the fractional Hall conductiv-
ity oy, = ?/2h expected on the basis of Eq. (5.1). At n = 5 a charge e/2 travels
along the flux tube and combines with the negative charge that has built up on the
opposite surface. For n > % the charge 6Q grows again at the rate controlled by

Oy, until it reaches 8Q = 0 at N = 1. As already mentioned above, a Dirac string
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carrying a full flux quantum @, can be removed by a gauge transformation and the
above evolution is thus consistent with the expectation that this weakly interacting

system returns to the original configuration at the end of a full cycle.

| 1 1 1 1 for” 1 1 1 1

00 01 02 03 04 06 07 08 09 1.0

0.5
3/,
Figure 5.2: Charge §Q (in units of ¢) induced in the lower half of the sample

by a flux tube carrying flux ®. Insets show the charge density at indi-
cated values of flux. A cube-shaped sample with 203 lattice sites and

parameters t = 1, € = 4 is used, Qg = 1. 0Q is defined relative to the
1 = 0 situation.

Figure 5.3 displays a modified arrangement with the flux tube terminated by a
magnetic monopole located at the center of the sample. This furnishes a realization
of the Witten effect [32] in a STI [33]. As a function of increasing 1), the charge
first accumulates at the intersection of the flux tube and the surface. Atn = % a
charge e/2 travels along the wormhole to the monopole, the corresponding charge
density clearly visible in the inset to Fig. 5.3. At 1 = 1 the flux tube becomes
invisible but the e¢/2 charge remains bound to the monopole as expected on the

basis of general arguments [32, 33].
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Figure 5.3: Charge §Q in the sphere of radius ry centered at the monopole as
a function of monopole strength. We have chosen ry = 9.097 so that the
sphere is large enough to enclose the expected charge e/2 for the unit
monopole projecting flux ®y. A cube-shaped sample with 203 lattice
sites and parameters r = 1, € =4 is used, Qg = 0. 6Q is defined relative
to the i = O situation.

5.5 Experimental detection

We now address the possibility of experimental detection of the wormhole effect
predicted in this section. In a real physical system it is not possible to confine
magnetic flux to an area of size comparable to the crystal lattice spacing as would
be necessary to probe the wormhole effect in its pure form. However, it should be
possible to observe a closely related effect in a nanoscale hole fabricated in a STI
crystal with a uniform magnetic field applied parallel to its axis, Fig. 5.1b. Sweep-
ing the magnetic field strength will result in a periodic variation of the conductance
along the hole with minima at n®, and maxima at (n+ 1/2)® as the excitation
spectrum oscillates between insulating and metallic. Such variations should be ob-
servable experimentally if certain conditions are met. First, the hole radius R must

be sufficiently large so that several oscillations can be observed in the available
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range of the laboratory field B. This gives R > (N®,/nB)'/? for N oscillations.
Second, R must be sufficiently small so that the maximum spectral gap Eq. (5.7)
is large compared to kg7, or otherwise the oscillations in the conductance will be
washed out by thermal broadening. This gives R < iv/+/2kpT. Taking typical val-
ues B = 10T, N =10, v =5 x 10°m/s and T = 1K yields 36 nm < R < 450 nm.
Thus, the experimental challenge would lie in fabricating a sub-micron size hole
(or an array of holes) in a STI crystal or a thick film and measuring the conductance
along the holes.

In reality a magnetic field can not, at present, be localized within such a small
distance. Therefore, we assume that the magnetic field is uniform, so that it exists
both in the holes and in the bulk of the TI. This magnetic field breaks TRI in the
bulk, so we may ask, what is the maximum magnetic field allowed? As a rough
estimate, we require that the spacing between the Landau levels caused by the mag-
netic field be much smaller than the bulk gap. If the spacing approaches the size
of the bulk gap, then it becomes difficult to discern the bulk gap from the spacing
between the levels in the conduction and valence bands, and we expect the effect
to break down. This condition can be written as i@, < A, where @, = eB/m" is
the cyclotron frequency. Therefore, we require B < m*A/eh ~ 6T, by substituting
the bulk gap A ~ 0.3eV and the effective mass m* ~ 0.14m,, for Bi;Ses [95]. The
condition for the radius (derived above) shows that as we decrease the magnetic
field, the minimum hole size required increases, but the maximum hole size is not
affected. These two conditions can be used in conjunction, taking into account the
radius of the holes that can be fabricated, to find the maximum magnetic field. For
example, for B = 0.5T we find that the above minimum hole size increases from
36nm to 160nm, and B < 67, so that both conditions could conceivably be fulfilled

at once.

5.6 Conclusions

The wormhole effect studied in this section represents a distinct bulk manifestation
of the unusual electron properties in a strong topological insulator. Its existence
resolves a conceptual dichotomy that arises when Laughlin’s argument is applied to

the magnetized STI surface and exemplifies a unique bulk-surface correspondence
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inherent to STIs. A closely related counterpart of the wormhole effect should be

observable in artificially engineered nanostructures fabricated from available STTs.
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Chapter 6

Topological Anderson Insulators

6.1 Overview

Disorder, ubiquitously present in solids, is normally detrimental to the stability
of ordered states of matter. In this section we demonstrate that not only is STI
robust to disorder but, remarkably, under certain conditions disorder can become
fundamentally responsible for its existence. We show that disorder, when suffi-
ciently strong, can transform an ordinary metal with strong spin-orbit coupling
into a strong topological ‘Anderson’ insulator, a new topological phase of quantum

matter in three dimensions.

6.2 Introduction

Disorder is well known to play a fundamental role in low-dimensional electronic
systems, leading to electron localization and consequent insulating behavior in the
time-reversal invariant systems [96]. Disorder also underlies much of the phe-
nomenology of the integer quantum Hall effect [97]. Recently, in a remarkable
development, it has been noted first by numerical simulations [52] and shortly
thereafter by analytical studies [3], that a phase similar to the two dimensional
topological insulator (also known as the quantum spin-Hall insulator [27, 53]) can
be brought about by introducing non-magnetic disorder into a 2D metal with strong

spin orbit coupling. This new 2D topological phase, referred to as TAI has a dis-
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ordered insulating bulk with topologically protected gapless edge states that give
rise to precisely quantized conductance e?/h per edge. In TAI, remarkably, con-
ductance quantization owes its very existence to disorder.

A question naturally arises whether such behavior can occur in three spatial
dimensions. More precisely, one may inquire whether an inherently 3D topological
phase analogous to the STI [64, 65, 90] could be reached by disordering a clean
system that is initially in a topologically trivial phase. This is a nontrivial question
because just as the 3D STI cannot be reduced to the set of 2D topological insulators,
the existence of a 3D ‘strong’ TAI presumably cannot be deduced from the physics
of 2D TAIL Below, we show the answer to the above question to be affirmative.
We construct an explicit example of a disorder-induced topological phase in three
dimensions with physical properties analogous to those of the STI. We propose
to call this new phase a strong topological Anderson insulator (STAI). We argue
that some of the topologically trivial compounds with strong spin-orbit coupling
discussed in the recent literature, such as e.g. SbySes, could become STAI upon
introducing disorder. In other compounds that already are STIs in their clean form,
disorder can reinforce this behavior by rendering the bulk truly insulating. We
note that the authors of Ref. [3] anticipated the existence of a 3D disorder-induced

topological phase.

6.3 TAIin2D

This section follows [3] closely, filling in the gaps.
We start from the two dimensional low energy effective Hamiltonian of a HgTe

quantum well
H = a(k0y — ky0y) + (m+ Bk*) o, + [yk* + U (7)] 00 (6.1)

The full Hamiltonian is a 4 x 4 block diagonal matrix, with a block H and a block
H*, but since there is no spin coupling, we can treat each block separately. This is
a Dirac Hamiltonian, with the important addition of the two quadratic terms. The
parameters o, 3, ¥ are material dependent and U is the site specific disorder. We
define the ‘clean’ Hamiltonian, Hy which is defined as H with no disorder (U = 0),

which has gap m.
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The question which we wish to answer is: if we start with an insulator - non-
inverted gap (m > 0) and Fermi energy in the gap |&:| < m (here &; is measured from
the location of the Dirac point for m = 0), and switch on disorder, can the disorder
make this insulator into a topological insulator? To achieve this, the renormalized
mass would have to be inverted m < 0, with the renormalized Fermi energy in the
gap |&| < |m|. Phrased differently, we will show that disorder moves the phase
transition from m = 0 to some positive value of m.

We start from the self consistent Born approximation with point-like impuri-

ties. The self energy is given by (see derivation in Appendix A.4)
7 2( 4N [ 2 7 ) L i0+1-1
£(f) =N (5=) / ke, — Ho(F) — £(F) +i07] 6.2)

where #? is the variance of a random variable uniformly distributed in the range
[—Up/2,Up/2], and is given by

Yo 3172 2
1 2 Yy
uzz—/zuzdu:— . (6.3)
NU, J-% NUy | 3], ~ 12N

and the infinitesimal imaginary part is required in order to make the integral con-
verge. From now on we suppress it, remembering that wherever & appears inside
the integral, it includes an infinitesimal imaginary part. For convenience we write
the self energy as ¥ =}, ¥, 0, and similarly, the Hamiltonian is Hy =} ,, 0, 0y
with o = ykz, o = ky, 0 = —0tky, 03 = m+ Bkz. We substitute these into the
argument of (6.2)

& —Ho(k)—Z(k) = &—Y (0 +Zu)0u (6.4)

u
ép — Z diGi
i

where we have defined & = & — (a9 +Xo), and &; = o; + ;.

However, we need the inverse of this matrix, which is inconvenient to work
with. To get rid of it, we now take the inverse, but then multiply by the same
matrix but with a plus, and its inverse. This is similar to the trick used when we

have the inverse of a complex number, and multiply and divide by the complex
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conjugate, to get a real number in the denominator.

-1 -1
[EF—H()(%) —Z(%)]_l = (é}: —Z&i@) (§F+Z&j6i> <EF+Z(3£,-6,->

&+, ®0;
— 7@3 "y 2 (6.5)

We substitute this expression into (6.2), to find

z:Ug(“)z/ 2 &L%o (6.6)
12\2n) Jo B2 -Yi07

which we can separate into four equations

—Xo— vk?
S = A / S ETE T 6.7)
T

k., +X

Y, = A/ dzkaxi‘tl
v D@

aky+):2

Y = A / ik —2 =
B D(k)

Y, = A/ dzkw
S T

2 -
where we have defined the prefactor A = llj—g (ﬁ)2 and the denominator D(k) =
8-y,

Note that the form of the self energy shows that the Fermi energy and mass
are renormalized by ¥ and X3 (respectively), so we define the renormalized values

& = & —ReXyand m = m+ ReXs3, and we have

& — & —ARe / P 6.8)
D
— k2

m — m+ARe /d2km+§ 6.9)
D)
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We write out the denominator

) = & Za = (& —7k*)? — (ke +X1)* — (atky — 2)* — (i + BK*)?
— (sF—ka)z—oczkz—(erBkz)z (6.10)
= (& —m*) = [0 +2(&y+mP)I> + (v’ — B*)k

Where the limit is the zero order Born approximation, for which we take X, — 0
and m — m and & — & on the right side of the above expressions for the self
energy and renormalized mass and Fermi energy. In this limit ¥; = ¥, = 0, since
we are left with an odd integrand over even limits. Furthermore, in this limit we can
evaluate the integrals in (6.8) and (6.9). We note that the integrand depends only
on k? so we can change to polar coordinates, d’k = 2rkdk, and impose a cutoff A,
to find

_ 27A A kK
BT e KTk

The integral we need to solve is of the form

A AK—R 1
dk— o~
/o BLCIZ+K 4"

A4

= (6.12)

where we have kept only the part that diverges logarithmically for A — oo. The
logarithmic divergence is expected, since for k — oo the integrand is approximately
—1/k. We substitute, and take A = 7/a, to find

. Us 7y 1Y =B m
T ET 2”[12 (5) ]/32 il e (2) (6.13)
B 1U Y 4
ST asn prop e m2( )
and similarly
o 1Uga® B 7 my
S T Y [32—y 2 m2< ) ©.14)
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Note that the correction has two relative minus signs compared with the correction
to the Fermi energy. The first comes from —k* — & in the integrand, which gives
an overall minus in the result of the integral. The second comes from the fact that
the pre-factor of the integral is negative for the Fermi energy but positive for the
mass (see (6.8) and (6.9)). We note that the correction to the mass is negative for
B > y which is a necessary but insufficient condition to get a TAL

We can use these equations to find the phase boundaries. We start by looking

for the critical mass inversion line, defined by 7 = 0. We find

Upa®> B |B—7 (m\*
T gn gy In €2 —m? <E) ©.15)
which can be solved to give
T\ 4 ,%H%
2_m2 — s 2_ e a B U0 (616)
& a

We see that if we impose m = 0 and keep m = const, then as we increase Uy, we
must also increase &. The curve described by this equation separates the phase
space into two regions: m > 0 and m < 0, and if a TAI phase exists, it will be in the
second region. If we start from the curve m = 0 and increase Uy or decrease &, we
decrease the effective mass, so this would bring us into the region m < 0.

In addition to the mass inversion, the renormalized Fermi energy must be inside
the renormalized mass. The critical condition for this is & = +|m|. For m > 0, we

have & = +m, so

Uga2 1
n
48 y+ B

SF::l:m_

pr-r (”)4 6.17)

e2—m? \a

For m < 0, we have & = Fm, so the signs are reversed from the above, but the
curves are the same. This corresponds to starting from Uy = 0 and increasing the
disorder. When we cross the mass inversion line, the mass inverts, so that the
curves swap. The TAI phase is to the right of the first line, and in between the two
other lines.

The three lines: the mass inversion (critical) line and the two others intersect at

a point. This can be seen by looking for an intersection for m > 0, so & =m = —m
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so that 7n = 0 which is the condition for the critical line.
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Figure 6.1: Average conductance (G) as a function of disorder strength Uy
and the Fermi energy Er in a 2D strip of dimensions 400a x 100a.
Curves A and B are the phase boundaries from the self consistent Born
approximation. Figure from Ref. [3].

6.4 TAIin 3D

6.4.1 General treatment

After considering the 2D case, it is natural to ask whether the TAI phase can be
found in 3D also. We consider a generalization of the Hamiltonian in the previous
subsection to three dimensions. The Hamiltonian we will use was presented in
Section 3.2 and is the same one we used previously to study the Witten effect

and the Wormhole effects, with an additional constant term to shift the chemical
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potential, and a hopping term

H,= 6}/2 c;-rccl-g —y Z cj'c,cjcy (6.18)
i, (i,j),0
which is diagonal in spin and orbit, so the additional term in momentum space
multiplies the identity. When looking at the low energy theory, it is obvious that
this term is necessary in order to get the quadratic term that multiplies the identity
which is present in the 2D case (see Section 6.3).
The clean Hamiltonian (no disorder) can be written as Hy = } ¢ ‘PZHO (%)‘Pk,
with

Ho(k) = —2yY cos(kia)—21Y sin(kia)t3 @ o;+mti @0y (6.19)
= dy+ Zdu Yu
u
where we have chosen the gamma matrices so that % = 7; ® 6y and §; = 73 ® 0;, and
define dy = my = € —2tY;cos(ka), di = —2A sin(k;a), dy = 2y[3 — Y cos(k;a)].
The Hamiltonian is a sum of anti-commuting matrices (such that {y,,%} =

Ouv) and the identity. Therefore, the spectrum can be found easily. We subtract the
part that multiplies the identity and square

2
[Ho(%>—d4}2 - (Zm) = Y dudv{m, %} =} d; (6.20)
u u

u>v

So that the energies are

Eg(k)=dst |Y d2=ds£/m}+&} 6.21)
u

where

& = +2A \/ sin? (kya) + sin? (kya) + sin? (k.a) (6.22)

are the energies of the system with no ordinary hopping € = ¢ = 0, so only the spin

orbit term remains.
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To find the bandwidth A we note that Ey (75) is maximum and minimum for
k = (7,7, ), where it has the values 12y |€ + 6¢|, so the bandwidth is

A=2(e+61) =2(m+121) (6.23)

(where in the last line we have assumed € > 0 and ¢ > 0, and used m = € — 6¢)

As in the two dimensional case, we start from the self consistent Born approx-
imation with point-like impurities. The self energy is given by (see derivation in
Appendix A.4)

(%) = Ni (%)3 [@kle— Ho® - 2@ +i0*] (6.24)

where u? is the variance of a random variable uniformly distributed in the range
[—Uo/2,Up/2], and is given by

1 *Uzo 2 [ud lgo U?

2 2 0
— d i =9 6.25
" Uy /_Uzo wau Uy { 3 L 12 ( )

and the infinitesimal imaginary part is required in order to make the integral con-
verge. From now on we suppress it, remembering that wherever & appears inside
the integral, it includes an imaginary infinitesimal part. For convenience we write
the self energy asX =}, ¥, ¥ +X4. We substitute the Hamiltonian and self energy
into the argument of (6.24)

—Ho(k) —Z(k) = (8 —ds—24)— Y (du+Zu)% (6.26)
u
= éF—ZdNu}/H
u

where we have defined &. = & — ds — X4, and d; =d, +X,. We note that dy =
27[3 — ¥icos(k;a)], so that at the I" point, ds does not shift the energies. Back to
the calculation, we need the inverse of this matrix, which is inconvenient to work
with. To get rid of it, we take the inverse, but then multiply by the same matrix
but with a plus, and its inverse. This is similar to the trick used when we have the

inverse of a complex number, and multiply and divide by the complex conjugate.
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We rely on the fact that the gamma matrices anti-commute with one another.

—1 —1
& — Ho(k) —Z(k)] ' = (éF—ZJuYu> <§F+Zd~u7’u> <§F+Zd~u7’u>
0 0 0
&+ Ly du

¢ : 6.27)
& —Yud}

We substitute this expression into (6.24), to find

2 3 &+Y,.d,
z—%( - ) /d3k7F L A i (6.28)
BZ

T2 \2rn 82-Y,d;

which we can separate into five equations

. o= A / prE"T (6.29)
=D
Ty = A/ P 0
T
LY.
Y, = A / d%@
" D)

where we have defined the prefactor A = %2 (%)3 and the denominator D(k) =
&~ Yud;.

Note that the form of the self energy shows that the Fermi energy and mass

are renormalized by ¥4 and X (respectively), so we define the renormalized values

& = & —ReX4 and m = m+ Re X, and m is the minimal value of |my|. We find

& = &—ReXyj=¢6—ARe /d3k8F_j/ck (6.30)
sz D(k)
and
i = m+ReZy=m+ARe /d3km+fc" 6.31)
sz D(k)
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where we have defined
o = 2 [3 — Zcos(k,-a)] (6.32)
i

and we have assumed that the smallest gap is at the I" point, so that m = & — 6t and

then we rewrite

mp =€ — Zthos(kia) =m-+tc (6.33)

We consider first the three equations for ¥;. In the zero order Born approximation

we have
d.
Y, = A / $Phk—— (6.34)
sz D(k)|z=0
Write out the denominator
DR)=8-Yd = (6-di—%4)* =Y (du+Zy)> (6.35)
w m

= (& —ds—24)* — (m+2Z0)* = Y (—2Asin(kia) + X;)
i
We see that for ¥; = 0 the denominator is even D(k)|5,—o = D(—k)|x,—o. since my
and d4 depend on k only through cos, and sin appears squared. However, d; o<
sin(k;a) and so it is odd in k. Therefore, we have an odd integrand over even limits,
and the integral gives zero, so we get X; = 0 from (6.34). Therefore, in this case
the zero order solution X; = 0 is the final self consistent solution.

The denominator is

2 2
D(k) = [éF—2y<3—):cos(k,~a)>] — |m+2t (3—Zcos(kia)>] —(2A)ZZsin2(kia)

= (& —ya)? — (m+tcr)’ + A5, (6.36)
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where we have defined

s = —4Y sin’(ka) (6.37)

6.4.2 Iterative solution

The equations for the self energy can be solved numerically by self consistent
iteration. As explained above, X; = 0 is the self consistent solution for the last three
equations of (6.29). So we are left with two equations, for X and X4. In addition,
we wish to probe only the phase boundaries - probing the whole phase space would
be a lengthy procedure. Therefore, we use the definition of the renormalized mass
m = m+ReXy and Fermi energy & = & — Re X, and the phase boundary condition

& = =£|m| to write the three self consistency equations

& = ReX,+ || =ReXs+|m+ReX (6.38)
5, — U°23Z£F+i9+fyc’fz“
12§ kepz D<k)’£FH£F+i0+
U? m-teg+Xo
Yo = 0 -
0 12N3 )y

keBz D(k) |€FﬂEF+,-0+

For the second and third equations, we notice that we are summing over expres-
sions that are even in k; - they are invariant under the three reflections k; — —k;.
Therefore, instead of calculating the sum for the full Brillouin zone, we can calcu-
late it just for the positive eighth of the BZ and multiply by 8 (while being careful
not to over count).

The algorithm for the calculation is as follows:

1. For each Uy in some range (U > 0)
2. While we haven’t reached self consistency

(a) Iy =14 = 0 (sums)

(b) If this is the first run, set Xy,X4 (complex seed values), otherwise use

¥ and X4 from previous run as seeds
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(c) For each k; = 271%, nj=1,...,Nand i =x,y,z and N = 50 (for exam-
ple)
i. Calculate D(K)™!
ii. Add new terms to sums Iy = Iy + (m +tcy +20)D(%)—1, =1L+
(& +i0% —yer — Z4)D(k) !
(d) Calculate the new values £y = (U3 /12N*)Io, £4 = (UZ/12N3)14, & =
Re¥, + |m+Reo|
Res,—Rex, Im$,-Imzx,

(e) If Rex, Imyx,
same for X4), we have reached self consistency - save these values

< tol, < tol and < tol (and the

Er—¢€F
&

(f) Else if number of iterations > 20 (for example) then the exact value

will remain undetermined

Using an imaginary seed and adding the infinitesimal imaginary part to & are
critical, or else the sums will not converge. In a certain part of the phase diagram,
the iterative procedure fails to reach self consistency. When using the correct val-
ues as seed values, it does reach self consistency. We conclude that the iterative
method is consistent, however it is not strong enough for these particular parame-
ters. Instead we use the Matlab built in function fsolve, which solves a system of
nonlinear equations.

We take the equations (6.38) and rearrange them so that they are homogeneous,

as required for this method

ReX, + [m+ ReXo| — & =0 (6.39)
u; & +i0" —yep — X4
~ —Xy=
12N3 Z 4=0

keBz D(k) |EFH€F+"0+

—24=0

U2 y m+tep+Xo

3
12N keBz D(k) |€FﬁgF+,-0+
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6.4.3 Non iterative solution

We can also probe the phase transition lines directly. We start by rewriting the

denominator D(k) using the identity
(a+b)*—(c+d)* =[(a+c)+ (b+d)][(a—c)+ (b—d)] (6.40)
So

D) = (&—1yc)®— (m+1cp)®+A%si (6.41)
= (&4 (t—y)ci] [B—m— (t+7)cr] + A%si
This expression is more convenient to work with when looking for the phase bound-

aries, since it contains the combinations &: + m, of which at least one will be zero

on the phase boundaries.

Recall (6.30) and (6.31)
£ = £6-A / PR E_T* (6.42)
D)
i m+A/ d%w
s D)

and we must remember to take only the real part of the integrals. Add and subtract

m— &)+ (t+7)ck

m+& = m+£F+A/ d3k( = (6.43)
e D(R)
- f
M—F — m—eF—i—A/ L EE Yo
- D(i)
Now look for critical lines |&| = —m > 0 (since m < 0). We break this down

into two cases and consider first the case m + & = 0. Subsitute into the last two

equations to find

2+ (1
0 = m+8F+A/ P2 (6.44)
BZ D (k)
g m—eF—irA/ L =Nk
Bz D (k)
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and
D (k) = —(t — y)ex [2m+ (t +7)cr] + A%y

Now define the integrals

I = / Pr—
sz Dy(k)

I = / dk—
sz Dy (k)

Rewrite the two equations in terms of these integrals

0 = m+e+AQ2ml +(1+7)L]

2m = m—g&+A{t—y)L

Solve for A and & (in terms of A) to find

m—m
ml 1l
& = —m—A[2mll +(1+7)]

Similarly, for the second case, & —m = 0 we have

Un = m+eF+A/ d3 2
D_(k)

0 = m—SFJrA/ B2 (tﬁ
bz D_(k)

— V)

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

We continue as for the previous case, by defining the integrals I, and I, , and

solving for A. The final result can be written as

m—m
AT = ———
Iy + Iy
& = FmFA[2ml + (1) ]
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and the denominator (we write both cases together now)
Do(k) = —[(t T Y)ei] [2m+ (1 £ 7)cr] + A5 (6.51)

for the phase boundary lines /1 4= & = 0.

Note that for /2 = m there is no renormalization of the mass, and indeed we get
A% =00 Uy =0 - no disorder, and && = Fm, since the phase boundary occurs
when the Fermi energy is at the edge of the gap, which is just m in this case.

Let us now discuss the meaning of zeros of the denominator. Recall that the

spectrum is given by (6.21)

[Eo(K) —ds]* =Y d2 (6.52)
u

—

and the Fermi surface is defined by Ey(k) = &. Now write the denominator in the

zero order Born approximation, and equate it to zero
D(k) = (& —ds)* =Y. d3 =0 (6.53)
u

-

We see that this equation is equivalent to (6.52) with Ey(k) = &, so that the zeros of
the denominator define the Fermi surface. If we start with a metal close to a phase
transition to an insulator, the Fermi surface shrinks as we bring the Fermi energy
closer to the edge of the gap. Once the Fermi energy crosses the gap, we have an
insulator and the Fermi surface does not exist. Hence, at the phase transition we
expect to get a Fermi surface of zero volume, in other words a point. Indeed, by
inspecting (6.51) we see that it is zero only at the I" point (0,0,0).
The algorithm for finding the phase boundary lines is

1. For each m
(a) Calculate the integrals IljE and 12jE numerically

(b) Calculate Uy" = \/12A4 (27/a)3 and &*

The advantages of this method are the elimination of the iterative process, prob-

ing only the zone that interests us (the boundaries), so we scan a 1D (712) phase space
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instead of a 2D phase space (& and Up). To check our equations, we can evaluate
(6.50) analytically in the low energy limit. We recover the zero order equations for

the phase boundaries, which are calculated in the next section.

6.4.4 Analytical zero order Born approximation

In order to study the phase boundaries analytically, we consider the zero order Born
approximation, by plugging in £ = 0 on the right side of (6.29). As argued above,
¥; = 0 is a self consistent solution. We are left with equations for Xy and ¥4 (in the
limit ¥ = 0 on the right side)

Y, o= A / BT 6.54)
k)|s=o
Y, = / P m—l—tck
k)|z=0
and the denominator
D()|s—0 = (& —7ver)? —(m+rter)? + A5k (6.55)

These integrals are probably too complicated to solve exactly analytically, so we
try a low energy approximation. If we take € > 6 > 0 then the mass at all Dirac
points (which are located at the TRIM) is positive, since € =2¢ > 0 and € +6¢ > 0.
In this case, the gap at the I" point (0,0, 0) is the smallest. To see this, set € = 6¢+ 6.
Then the gap at the T point is 0 and the gap at the other points is 4z + 8, 8¢ + 68,
121+ 4. So, as long ast > 0 and 0 < ¢ we may approximate by linearizing around
the I" point. This makes sense, since if the gap at the I" point is by far the smallest,
and we turn on disorder, it is reasonable to expect this gap to be the first to invert. If
only the mass at the I" point inverts, we will have seven Dirac points with positive
mass and one with a negative mass, and therefore a STI. For very high disorder, it

is possible that the other masses will also invert, but we consider only the simplest
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case here. We approximate to second order in k

cx = 2 [3 — Zcos(kia)] ~2 {3 -3+ ;(ak)z} = (ak)? (6.56)

sk = —4Y sin’(kja) ~ —4(ak)?
i

Substitute in the self energy equations

. 2
T, = A / £ &~ 1ak) 6.57)
A D(k)‘)::()
5, — A/d3km—i-t(ak)2
A D(k)|2:0
and in the denominator
DH)ls=o = [ —ak)*]’ = [m+1(ak)]’ —v?(ak)*

We see that the integral only depends on k2, therefore we can integrate over a
sphere d*k = 4mk*dk, so that

& — v(ak)’]K
Yy = 47A / dk (6.58)
|2 0
t(ak)?]k?
S — 47A / dkw—aﬂ
0 D(k)|)::()
We rearrange the integrals
4TA A EF_ kZ k4
- F
T e KK
5, — A1 /A . ok 4k
2 2 _ 12 22 2
a r-1rJjo (;F,tzl)w_ (?;,erzlt))azv K2+ kA
The integrals we need to solve are of the form
A ARR R
————— ~ FA 6.60
/o B+Ck>+k* (6-60)
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Where we have kept only the part that diverges linearly for A — . The additional
terms are constant in the limit A — oo. We set A = 7/a, substitute the result of the

integral and the prefactor A to find

__4nUg <i)3 v =_Us v 6.61)
4 a> 12 \2n) y¥2—t2a 24mi2—y? '
and similarly
v ot
X -0 - .62
0 24m12— 92 (6.62)

Therefore, the renormalized Fermi energy and mass, in the zero order Born ap-

proximation are given by

= Us v

& = & —RCZ4 =& — mtz — ’}/2 (663)
o u; t

m = m-‘—ReZO:m—mm

In this rough approximation, the correction to the Fermi energy and the mass does
not depend on &, and also not on m. Recall that we first took the zero order Born
approximation by taking X = 0 in the integrals, thereby replacing m — m, and & —
&, and then took the low energy approximation and imposed a cutoff. However,
had we considered the full Born expressions in the low energy approximation, the
results would have been exactly the same. Therefore, this result is not actually a
zero order Born approximation, but rather a low energy approximation.

To get an inverted renormalized mass, the correction to the mass must be nega-
tive (assuming the initial mass is positive m > 0), so we must have y < t (assuming
t,7>0).

We can use these equations to find the phase boundaries. We start by looking

for the critical mass inversion line, defined by 7 = 0. We find

2

S (6.64)
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or

22—y
Uy=1/24mm ; =U, (6.65)

Assuming ¢t > v > 0 and noting that the disorder strength Uy > 0 by definition.
This is the critical value of disorder U, necessary for mass inversion. Unlike the
2D case, the critical value in this approximation does not depend on the Fermi
energy &.

In addition to the mass inversion, the renormalized Fermi energy must be inside
the renormalized mass. The critical condition for this is & = +|m|. For m > 0, we

have & = +m, so
=m0 (6.66)

and for m < 0, we have & = Fm, so the signs are reversed from the above, but
the curves are the same. This corresponds to starting from Uy = 0 and increasing
the disorder. When we cross the mass inversion line, the mass inverts, so that the
curves swap. The TAI phase is to the right of the first line, and in between the two
other lines. These two lines are parabolas in the (&, Uy) phase space.

The three lines: the mass inversion (critical) line and the two others intersect at
a point, by definition. This can be seen by looking for an intersection for m > 0, so

& = m = —m so that m = 0 which is the condition for the critical line.

6.4.5 Witten effect in quasi 1D system

To further confirm the 3D nature of the observed topological phase we probed
for the Witten effect [32] in our model STAI. According to Refs.[29, 30] the
effective electromagnetic Lagrangian of a 3D strong topological insulator con-
tains an unusual ‘axion’ term ~ OF - B with 6 = 7. According to Witten [32] a
magnetic monopole inserted into a medium with non-zero 6 binds electric charge
—e(6/2m + n) with n integer.

Specifically, as for the ordinary TI, it is expected that on the insertion of a unit
magnetic monopole into a TAI, fractional charge —e/2 will bind to the monopole.

At first we used the set up used previously, namely a cube of side 14. However, it
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Figure 6.2: Plots of the Born approximation phase boundary lines. The two
solid black lines are equations (6.66), which tell us when the Fermi
energy crosses the gap. The vertical dashed black line is the critical
disorder strength for mass inversion. These three lines are for the zero
order Born approximation for which we have a closed form expression.
The coloured curves were obtained via the self consistent Born approx-
imation. Parameters: t =24 A =20, & =61+, 8 =1/24, y=16. The
critical disorder strength U, ~ 31.7 and the bandwidth A/m ~ 139. For
Uy = 0 the difference between the curves is 2m. In that region the Fermi
energy is in the gap and the gap is positive (since the disorder is smaller
than the critical disorder), so the material is an insulator. Above and be-
low this, it is a metal. In the triangle on the right, the material is a TAI,
since the mass is inverted (disorder larger than the critical disorder) and
the Fermi energy is in the gap since we are between the two solid black
lines.

was found that the disorder is strong enough in this case to enlarge the localization
length so that it is comparable to the system size and the effect cannot be observed
(with the computational resources at our disposal). Therefore, we had to come up
with a geometry that would allow us to probe a much longer localization length.
The solution is a quasi 1D system containing a monopole and anti-monopole
with periodic boundary conditions. Periodic boundary conditions are preferable

since then the low energy edge states are eliminated and therefore they do not mix
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Figure 6.3: False color plot of conductance as a function of disorder strength
Up and the Fermi energy Er. Each data point corresponds to a sin-
gle realization of the disorder potential. The color scale is chosen
to emphasize the effect of fluctuations in G. The dashed line marks
the band inversion boundary defined as Re(m) = 0 based on the Born
approximation and the solid lines represent the Born approximation
phase boundaries separating a band insulator and a metal defined by
|Re(EF)| = |[Re(m)|. We use parameters € = 145meV, t = 24meV,
A = 20meV, and y = 16meV, corresponding to m = 1meV. The cal-
culation of G is outside the scope of this dissertation and is included in
Ref. [98].

with the monopole and anti-monopole low lying states, therefore doubling the lo-
calization length that we can probe. Periodic boundary conditions can only be used
for a configuration which has zero flux through all faces. This is achieved by al-
tering the shape of the magnetic field lines, so that the field is uniform in the z
direction in between the monopole and anti-monopole and zero elsewhere. It is ex-
pected that the Witten effect will survive for any field configuration which can be
adiabatically deformed to a magnetic point charge. The reason is that the charge lo-
calized at the monopole/anti-monopole is embedded in an insulator. In the absence

of metallic modes (such as the worm hole effect, see Chapter 5), this charge has
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Figure 6.4: A prism-shaped sample with monopole (+), anti-monopole (—),
and field lines indicated. The asymmetric field distribution allows us to
use PBC in all directions and thus avoid difficulties associated with the
surface states.

nowhere to go. In addition, in order to maximize the localization length probed,
we lengthen the z axis compared with the x and y axes. We tune the parameters €
and ¢ so that we have an ordinary insulator with a very small gap, and then switch
on a strong disorder to get a TAL

We measured the induced fractional charge in a configuration containing a
monopole and an anti-monopole depicted in Fig. 6.4. Our results presented in Fig.
6.5 and Fig. 6.6 clearly indicate fractional charge +e¢/2 bound to the monopole,
confirming the expected value of 8 = &. This result lends additional support to our
identification of STAI as a genuinely 3D topological phase characterized by the

bulk axion term.
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Figure 6.5: Electric charge density 6p(z) = ¥ ;[0 (F) — po(7)] induced by the
monopole/anti-monopole pair in a 5 x 5 x 100 sample at half filling.
Here p and pg represent the charge density with and without the pair,
respectively. A smoothed charge density function 0p(z), obtained by
convolving 8p(z) with a Gaussian of width ¢ = 1.5, is also plotted to
emphasize the charge bound to the monopole.

1 25 50, 75 100

Figure 6.6: Integrated charge §Q(z) = Y.<, 6p(Z') in units of e for Er in the
range 19 —25meV, corresponding to the STAI phase. The number of
filled electron states is indicated in the legend (5000 represents the half-
filling). The steps of magnitude +e/2 at the monopole/anti-monopole
locations show the expected localized fractional charge due to the Wit-
ten effect. Steps with magnitude +e located elsewhere are due to the
shift of some bound states in applied magnetic field and can be viewed
as a finite-size effect which should diminish for a system with a larger
cross section. In both panels we use Uy = 150meV and other parameters
as in Fig. 6.3.
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Chapter 7

Topological Insulator with
Magnetic Impurities

7.1 Overview

In this section, we propose that a temperature window exists in which the sur-
face of a magnetically doped TI is magnetically ordered but the bulk is not. We
present a simple and intuitive argument why this is so, and back it up by a mean-
field calculation for two simple tight binding TI models: a cubic-lattice regularized
Bi,;Ses; and a model on the Perovskite lattice. Our results [99] show that indeed a
sizeable regime such as described above could exist in real TIs, and this indicates

a possible physical explanation for the results seen in experiments [50, 51].

7.2 Experimental results

A signature of the massive Dirac fermion has been observed recently using ARPES
in magnetically doped BiySes [50, 51], although the interesting effects associated
with it have yet to be seen in a laboratory. A surprising feature of these experiments
is that the gap in the surface spectrum appears without bulk magnetic ordering, even
though the dopants are uniformly distributed everywhere in the 3D sample. These
findings raise several important questions concerning the precise conditions under

which TRI-breaking perturbations open up a gap. Can a gap open in the surface
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state of a TI in a TRI-broken phase which however lacks global magnetic order-
ing? Although we know of no systematic study of this problem, simple arguments
suggest that unordered magnetic moments do not open a gap. Consider creating
such a disordered state from a uniform 2D FM in the surface of a TI by introducing
domains with opposite magnetization (taken to point in the direction perpendicular
to the surface). It is well known that the resulting domain walls carry topologically
protected gapless fermionic modes [100]. As the number of the domains grows
so does the density of the low-energy fermion modes, ultimately presumably re-
covering the 2D gapless state characteristic of the system with unbroken TRI. The
above argument thus suggests that uniform magnetic ordering over large domains

is necessary to gap out the surface modes in a TL.

7.3 Surface magnetic ordering in topological insulators

7.3.1 Surface doping

The most natural way to attempt to open up a gap in the surface state of a TI is to
coat the surface with a ferromagnetic material, with magnetization perpendicular
to the surface. Theoretically, this causes a gap to open up, proportional to the
magnetization of the FM coating [29, 100]. To illustrate this point, consider the
effective low energy Hamiltonian for electrons on the surface of a 3D TI that lies

parallel to the x-y plane
7 = v(kyOy — kyOy) (7.1)

where v is the Fermi velocity, and o; are Pauli matrices in the spin subspace. If we
coat this surface with a ferromagnetic coating with magnetization M = M? then we

get an additional term in the Hamiltonian

%”:j%—i—JM%, (72)
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where J is the exchange coupling strength. Since .77 is a sum of anti-commuting

matrices we can write the spectrum down immediately

Ep = +£1/v2k2+ (IM/2)2, (7.3)

where k> = k2 + kg.

We see that a gap of size JM has opened up. However, even though from a the-
oretical standpoint this proposition seems promising, experimentally it has proven
very difficult to fabricate a sample with the requisite properties. Two key chal-
lenges need to be overcome: first, to observe most of the interesting surface phe-
nomena, one requires the surface to remain insulating; however most ferromagnets
in nature are metallic. Second, for a ferromagnet in a thin-film geometry, the mag-
netization vector usually lies in the plane, whereas a perpendicular magnetization
is required to open up a gap in the TI surface state. To the best of our knowledge,
this has yet to be achieved in an experiment, although some theoretical work has

been done on this topic [101].

7.3.2 Bulk doping

If surface doping with magnetic impurities fails, it is natural to try bulk doping. In
ARPES experiments[50, 51] it was found that doping the bulk with non-magnetic
impurities (such as Ca, Sn and TI) did not result in a gap in the Dirac cone, as ex-
pected since they do not break TRI. Conversely, doping with magnetic impurities,
for example Bi,_,Fe,Ses , resulted in a spectral gap that increased with the concen-
tration of magnetic dopants x, with a gap of 60meV for x = 0.25 (the bulk gap for
Bi;Ses is ~ 0.3eV). For the magnetic dopants Fe and Mn it was found that, at least
for small x, the bulk was paramagnetic, while for the undoped samples the bulk
was found to be diamagnetic. The magnetization measurements were not sensitive
to the surface.

This raises the question of magnetic ordering in the bulk versus the surface. In
general, ordered phenomena in lower dimensions are more fragile (T.>? > T2P),
for example, the XY model and Heisenberg models - in 1D they do not order at
any temperature, in 2D they order only for 7 = 0 and in 3D they order for 7 < T..

This is also the case for superconducting order and general stability of lattices.
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However, in the case of a TI, we will argue that it is possible that TP < Tsuf
(for another example of this, see Ref. [102, 103]). Therefore, there is a regime
TP < T < 75T in which the bulk is unordered (paramagnetic) and the surface is
ordered (for example, ferromagnetic).

To illustrate why this could be the case, first recall that magnetic ordering with
the magnetization perpendicular to the TI surface implies opening of a gap in the
spectrum of the surface states. This can be seen directly from Eqgs. (7.2,7.3). Now
consider the ungapped surface spectrum, assuming half filling, so that the sur-
face valence band is fully occupied and the conduction band is empty (Fig. 1.5a).
Gapping the surface states causes the occupied states to move down in energy
(Fig. 1.5b), so the total kinetic energy decreases. Therefore, the formation of a
surface gap is favourable. If the chemical potential is shifted either up or down
then the net gain in kinetic energy is diminished and we expect " to decrease.

Contrast this with the situation in the insulating bulk, which is gapped to begin
with. In an ordinary insulator with negligible spin-orbit coupling it is not possible
to generate magnetization in the initially spin-degenerate bands without first clos-
ing the gap. Equivalently, one may recall that the spin susceptibility of an ordinary
insulator with a negligible spin-orbit coupling vanishes. In the bulk of a topolog-
ical insulator the situation is more complicated as a result of the strong spin-orbit
coupling that is necessary for the occurrence of the topological phase. In this case,
magnetic susceptibility can be significant [89], and can lead to bulk magnetic states
at non-zero temperatures. Nevertheless, in this study we find that generically the
surface critical temperature for the formation of magnetic order exceeds the bulk

critical temperature.

7.4 Determining parameters for Bi,Se;

Several papers have considered a Hamiltonian which is a so called “discretized”
model of BipSes . We understand the discretization here as projecting the Bi,Ses lattice
on a tetragonal (elongated cubic) lattice. The tetragonal model’s low energy ap-
proximation agrees with the low energy approximation of the BipSe; model, and in
this respect it is an approximation of it. We use it since it is significantly simpler,
and we expect the physical properties of the BipSes model to be well captured by
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this approximation although specific details may vary. Here we briefly survey the
different Hamiltonians in the literature, some of which appear to be incorrect. We
note also that the tetragonal model is in fact the same as the Hamiltonian presented
in Chapter 3.2 up to some additional terms, and the different lattice constant and
hopping parameters for the z axis and the x —y plane.

Liang Fu alerted us to two errors in [34], one of the first theoretical papers on
Bi;Se; . The first is that the k, term of that Hamiltonian can be written (in our
notation) as Ak;(0, ® T,). This term is odd under mirror symmetry about the x-
axis, since k, — k, (unaffected), 7, — 7, (orbital unaffected) and o, — —oc, (for
spin). Therefore, this term breaks the crystal symmetry and cannot be correct. In
addition, the spin term has the form (ky, k) - (Ox, 0y), which should be replaced by
(ky,ky) - (0y, —0x), as has been observed (spin tangent to Dirac cone).

The same group published a later paper [43] that corrected the first mistake but
not the second. Unfortunately, the Hamiltonian from the first paper has propagated
with its mistakes. The correct Hamiltonian appears in [42].

Our attempt

To determine realistic parameters for Bi;Ses we compare the low energy ap-
proximation of our model, with the low energy approximation from the literature
[34]

M(k) Ak, 0 Ak

—

. Ak —M®B Ak. 0
HE) =gF) + | " (k) Aok +O(K?) (7.4)
0 Aks M®E —Aik
Acky 0 —Ask. —M(k)

with ki = k, % iky, &(k) = C+ D1k + Dok> and M(k) = M — Bk2 — Bok% . The
time reversal and inversion operators are given by .7 = #io,®@I and P =1 ® ..
We notice two minor differences with our model: the orbital and spin subspaces
appear in reverse order, and the inversion operator is different (ours contains 7).

Note that a slightly different representation appears in a more recent paper
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([89], see supplement)

M(E) Agk- 0 Ak,
- | Agky —ME) —Ak, 0O
HEK) =gk + | 2T (k) o +0(k%) (7.5)
0 —Ak, ME) Agk,

Ak, 0  Agk. —M(k)

which can be obtained from the previous matrix by swapping rows and columns
(2 4), and g (k) = C+ Dyk% + D k? and M (k) = Mo+ B,yk% + B.k%. However,
they also have My, B, = B; and B,, = B, that appear with the opposite sign. They
claim that changing the sign of M (75) does not affect any observables, which ap-
pears to be true. A more significant difference is that the parameters B, and By,
(and similarly for D and A) are switched. Since the parameters of the first model
appear to give an ordinary insulator, we choose to work with the parameters from
the second paper, and assume for now that the first paper contains some typos in
the parameters.

Therefore, we can go from our model to their model (the first representation

above) by swapping subspaces and then applying the unitary transformation

z

U=e'i%0, (7.6)
So that our model gives
do —dy +idy 0 —d;
- —dy —id —d| d 0
HE) =dy—p+| 172 ¢ ’ . (7.7)
0 ds dy —dy —id,
—d3 0 —dy +id, —do

We now look at the low energy approximation around the I" point (0,0,0)

sin(k,a[) ~ k,-a,- (78)
(kia;)*

cos(kia;) ~ 1— 5
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so that

dy = E—ZZticos(k,-a,-) :8—22ti+zti<ki
dy = YonZ%cos(k,-a,-):yo—zzyﬁLZ%
di = =2Asin(kia;) ~ 2N kia; = —vik;

a;)? (7.9)

(kia;)?

By comparing we find that the x and y axes are equivalent, so we set %, = % = Y1

and similarly for r and A. We also set a, = a, = a and a, = c. We find the following

four independent equations

eok) = d
M) = dy
Ak, = —ds
Agk = —di+idy

which yield simple equations for the parameters of our model

gives
N = C+2%Z +41?l§y
YL = %

The second equation gives
€ = My+ 20—2Z +4B—’;y
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. The first equation

(7.11)

(7.12)



and the third and fourth equations give

A = = 7.13
2 e (7.13)
A
7L — v
L 2a

The parameters were obtained in [34] by fitting to an ab initio calculation of the
spectrum of BirSe3 and are given by [89] as My = —0.28eV, A, =2.2 eVA, A, =
4.1eVA, By, = 10eVA?, B, = 56.6eVA?, C = —0.0068¢eV, D,, = 1.3eVA2, D, =
19.6eVAZ.

In order to determine the lattice constants a and ¢ we need two equations to
equate the unit cell of our model (cubic) with the unit cell of Bi;Se; . We choose
to equate the volume and the ratio between the base area and the height. The
lattice constants of our model are labeled a and ¢, and the lattice constants of

Bi,Se; (obtained experimentally) are labelled @’ and ¢’. The two equations are

3
ac = \2[0'26' (7.14)
CLQ B % \/3 arz
c ¢
and the solutions
3
a = Ea/ (7.15)
c/
c = —
V3
For the lattice constants of BipSes we use
d = 4.13874 (7.16)

d = 28.6294
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x dA) | <A

0 4.1387 | 28.629
0.0023 | 4.1381 | 28.627
0.0044 | 4.1365 | 28.625
0 4.1396 | 28.636
0.03 4.106 | 28.562

Table 7.1: Lattice constants for Bi;Se;

So that we have

a = 5.06894 (7.17)
¢ = 16.52904

The lattice constants we found in the literature are tabulated in Table 7.1.

These results were obtained from X-ray powder diffraction in two separate
experiments [104, 105]. The researchers observe the decrease in lattice constants
and argue that this is due to the smaller atomic radius of Mn compared with Bi.
In addition, they argue that the decrease argues strongly that the Mn atoms replace

the Bi atoms, as opposed to being located interstitially.

7.5 2D surface mean field calculation

This section follows notes written by my supervisor, Prof. Marcel Franz.
Consider the 2D surface of a 3D TI. We define the axes so that the 2D surface
is positioned perpendicular to the z axis. The effective Hamiltonian for electrons

on the surface is
H. (k) =vk-& (7.18)

where v is the Fermi velocity, which is assumed the same for the x and y directions
(as is reasonable for BiySes ), k = (kx,ky), and & = (0y, —0Oy) are Pauli matrices in

the spin subspace.
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On substitution into (7.46) we find

M
+——0;— U (7.19)

HMF(R) = Ho() + IM S — = v(keo, — ky02) .

2

so that the energies are

E, = a\/ vk + M? (7.20)

where k> = k7 +k;, M = JM /2 and o0 = £1.
We minimize the free energy with respect to m and M. minimizing by m does

not involve the electron Hamiltonian (H. 3’1 F does not depend on m), and we find
M = —28xBg(BJmS) (7.21)

To minimize with respect to M we take the derivative of the energy

JE, P)
GZe 212 + M2 7.22
oM ComVVET (7.22)
MJ?, 5, L Mo
iy (1T Y ) e R i
o= ) 4w

where we have defined u; = /v2k2 + M2, so that E, = auuy — i
Substitute into (7.64) to find

I Zf 8E (k a) (7.23)

= W;’;kf(auk_“)

JM 1

o)) [1 — flue+p)) — f(uge— )]

In the limit u = 0, which is the case for half filling at 7 = 0, we find

IM o 1-2 JM  tanh(B%
m— My 1227 () _ tanh(%") (7.24)
4N < Uy, 4N Uy,

We now investigate our result near the transition with the objective of finding
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the critical temperature 7. In this limit m — 0 as we take T — T so that JmS < 1.
We can approximate the Brillouin function for small arguments, as done in the next
section (see (7.88)), and we find

3 M
N 7.25
"T85+ 1) BUx (7.25)
Which we can now substitute into the expression for m (in the limit u = 0 for all

T), to find

3 M JM  tanh(B%
_ R L S ) &) (7.26)
25(S+1) BJx 4N 2 uy,

After dividing by M and an additional factor on both sides, we find an equation for
T.
S(S+1 1 « tanh(2B.v|k|)

1=
6 T vk

(7.27)

where we have set M = 0 in the energies u; = \/v2k? + M? ~ v|k|, since this term
would just give higher order terms in M (we expanded both sides to first order in
M). We integrate

tanh(1 B.v|k 2 A tanh(d Bk
VIR = an () [ o
R 0
a\2 4w [2BvA
= (ﬁ) W/O dZtanhZ
a\2 4w 1
= (ﬂ) ﬁcV Incosh <2BCVA>
a2
- ( ) Bov 2’3 vA

In the last step we assume that the cutoff is large B.vA > 1 so that Incoshx ~ x.
Substituting back into the gap equation, we find

- S(S+1) [Aa\"J*x
T8~ g == 7.29
Y <2n) Av (7.29)
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For § =5/2,J =0.5eV, x =0.05, v =24, a and a cutoff Aa/(2xw) ~ 1/5 we find
TCSLlrf ~ 100K. This equation is identical to a result in [101] (middle of 3rd page)
and in [106] (equation 19). Note that mean field treatments usually overestimate
T, so in reality we might expect a significantly lower 7. Of course, this result also
depends strongly (linearly) on the cutoff.

A simple result can also be found for the case S > 1 which is relevant for

most values of u inside the bulk gap,

surf
T ~

2 n
S(S+1) <Aa> Jex (Av—[u]). (7:30)

3kg \2m ) (Av)?

As expected, T is seen to decrease away from half filling.

To complete the argument we would now like to give a similar simple estimate
for 7"k, Unfortunately, the bulk critical temperature is not easy to estimate, since
unlike the topologically protected surface state, whose physics is simple and uni-
versal, the bulk of a TT can be complicated and 7"’ will generally depend on the
details of the band structure and other factors. For BiySes with 5% concentration
of Cr dopants, Ref. [89] estimates ch“”‘ ~ 70K using first-principles numerical cal-
culations. Comparing with our rough estimate for 7" given above we see a clear

indication that a "% < 7% regime can be easily obtained.

7.6 3D bulk mean field calculation

We consider a 3D topological insulator with magnetic impurities at random sites.
The idea is to find a simple model for the material Bi;_,Mn,Se; (and similar ma-
terials), which has been experimented on recently. We are interested in finding the
dependence of the magnetization on temperature. We assume that the density of
impurities is low enough that we can neglect impurity-impurity interactions and
that there is no clustering. This is supported in experiments on doped Bi; Tes [107]
(see FIG 11 in that paper).

Therefore, we add only an on-site electron-impurity spin-spin interaction term

H=Y | [He(%)—,u} ‘Pk+JXI:§,-§[ (7.31)
k

103



where H, is the Hamiltonian for the electrons, J is a coupling constant, the sum
runs over all impurity sites /, Sy is the spin of the impurity on site I, 57 = ‘Pj%‘l’,
is the spin of the electrons on site / and ‘I’; is a four component vector containing
the creation operators (to be defined explicitly below).

We rewrite the interaction term, as is usual for a mean field treatment

YSis = Yass (7.32)
1

= Y (Si—M)- (5= i)+ Y M -5+ Y niSi-ii— Y M -

]

where

1 iel
ni = (7.33)
0 i¢l

and the sum over i runs over all sites, M and i are the average magnetization
of the impurities and electrons (respectively), which do not depend on the spatial
coordinates, in this treatment. The impurity magnetization is averaged over all
impurities and over all sites, often referred to as the virtual crystal approximation
(VCA) [108]. This is like “spreading out” the total spin of the impurities, so that

there is some impurity spin on all sites, not only impurity sites, so

i = 2150 (7.34)
N
The quantity of interest here is the average impurity spin, given by
®52“> (7.35)

Similarly, the electron magnetization m is averaged over all electrons and all space,
in other words the total spin of the electrons is spread out evenly on each site

N (7.36)

’h‘:
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The quantity of interest is the average electron spin, given by

() = Z’<S‘> = % (7.37)

where we have assumed half filling, so that 2N electrons fill half the available
states.

In a mean field calculation, we assume that the fluctuations around the mean
are small, and hence neglect the term which is second order in the fluctuations. We

are left with
JY. S5 ~JM-Y 5+ Jin- Y Sj— NJIM - i (7.38)
1 i 1

where N is the number of sites. The last equation shows that the interaction term
has now been decoupled. We started with a term that coupled the spin of the
electrons to the spin of the impurities. Now we have three terms: the first involves
only the spin on the impurities, the second involves only the spin of the electrons,
and the third depends on neither - it depends only on the fields.

Therefore we can rewrite our Hamiltonian, in its approximate mean-field form,

as
= Y] [HR) a0 5~ | Wy Ji Y Sy~ NIME i (139)
z 1
where we have used

Li-L¥; Sy,—yw %y, (7.40)
i ;

Conside the case in which the magnetization is in the z direction, so M = M?% and

m = mZ. We have
HYF = Z e +JM——/,L}‘Pk+JmZSZ NIMm  (7.41)

= Hﬁ”F+H}"’F—NJMm
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The electron mean field Hamiltonian is just the Hamiltonian for electrons in the
“clean” system (no impurities) with an additional term. The “clean” electron

Hamiltonian is given by
H(K) = di+ Y du (7.42)
u

where we have chosen the gamma matrices so that yp = 71 ® 6p, Y1 = —T3 R 02, o =
T3® 01, 13 = Tr ® 0 (so that 4 = 73 ® 03 and define dp = my = € —2Y ;t;cos(k;a;),
d; = —2A;sin(kja;), dys = Y — 2, vicos(k;a;). This is the same model presented in
Section 3.2 but with an additional hopping term Y as in Chapter 6, allowing for
anisotropic hopping, as expected for example in BiyTe; and Bi,Ses , and with two
corrections based on Liang Fu’s comments (see Section 7.4).

We can now write the energies for the mean field Hamiltonian
E(k,A;) = E. +E; — NJMm (7.43)

The first term is the energies of the electron Hamiltonian, which are computed
below. The second term involves a sum over the expectation value of the spin

operator in the z direction at each impurity site

I

where A; is the component of the spin in the z direction on impurity /. The last
term is a scalar, so it gives a shift in energy. We now diagonalize the mean field

Hamiltonian for the electrons, which is given by

B = Y W [H(F) +JM% — | W= YW HYT () (7.45)

and we can write explicitly

— — O. O.
HME (%) :He(k)+JM§Z—u :d4+2d“yu+JM§—u (7.46)
u
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and the energies are

E = d4+y\/Zdﬁ+M2+26M d3+di— (7.47)
u

2
= d4+y\/df+d§+ [«/d§+d§+61\71} —u

where M = JM /2, and 7,5 = £1. We see that if we take away the impurities by

setting J = 0 we get the “clean” doubly degenerate electron spectrum

E,=dy+ [Y di—nu (7.48)
u

The two degenerate energies at the I” point, for J = 0 are
E,(k=0) = dy+y|mo| — 1 (7.49)

So that the bulk gap is 2|m

, Wwhere my = € — 4t, — 2t,. For J # 0 we find that the
degeneracy is broken by a splitting of 2|M| = [JM|

E.(k =0) = dy+ y(|mo| + 5M) — u (7.50)

and the bulk gap is smaller 2|(|mg| — |M])].
We want to find equations for M and m. We do this by minimizing the free

energy F with respect to both M and m. Based on the energy, we can write the free

energy as
F=F+F—NJMm (7.51)
In general,
1
F = —Blnﬁf (7.52)

where Z is the many particle partition function, § = 1/(kgT) and kg is the Boltz-
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Figure 7.1: Bulk energies at high symmetry points for S = 5/2, x = 0.05,
T=0

mann factor. For the electrons the partition function is given by

% =[[Zsy =] ¥ e P"E0rd =] (1 n e—ﬁa(&ﬂ)) (7.53)

kdy koyni=0,1 kéy
So that the electron free energy is

Fom—tmz=—1 Zln( e PEDID) (7.54)

ﬁ k(‘Sy

The partition function for the N; impurities is

Ny
- ( Z eﬁfml> (7.55)

A=—s

so that the impurity free energy is

1 S
Fr=— %=Ly e Bt (7.56)
ﬁ ﬁ A=—s

‘We now minimize the free energy by requiring the derivative with respect to M and
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m to be zero. Start with m

oF O0F
% = % —NJM =0 (7.57)
So
1R 1 9| NS g
“Niogm — Niom| p™ X ¢ (7.58)

J [ i ar
= —2x— |In e
do Pl

where a = Jm so that d/dm = Jd /da and x = N;/(2N) is the ratio of number
of impurities to number of Bismuth atoms. This expression occurs frequently in
calculations involving magnetic moments (see for example [109], page 655). We

evaluate the sum separately

Z e oA _  o-as (1 %4 e 4.y 620‘5) (7.59)
A=—s
sl —e®Sthe  estha  emalst))
- 1—e® - e? —e 2
sinh[(S+ 3) ]
= T smg

Substitute into the magnetization, to find

9 . |[sinh[(S+1)a]
M = —-2x—In|——F—— 7.60
x&(x n [ sinh § ( )
o a
= [(2S+ 1) coth [(2S+1)5} —cothﬂ — _2SxBs(aS)
where Bs(y) is the Brillouin function
25+1 25+1 1 1
B = h — —coth— .61
s() = —5g—coth——y — scoth 7y (7.61)
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So that our final equation for M is
M = —2SxBg(BJmS) (7.62)

In the zero temperature limit kg7 — O we expect the impurity magnetic moments
to be aligned and at their extremum value £S5, so that the total magnetization is
+N;S/N = £28x. Indeed, in this limit we get By — 1 (assuming m > 0) so that
M ~ —2Sx. In the limit of infinite temperature kgT — oo we expect the impurity
moments to be random and hence their average magnetization should be zero. In
this limit Bg — 0 and we indeed find M — 0.

Similarly, for M

JoF OF,
oM~ oM (7.63)
So
1 0F, 1 0 «(k8.7)
=5t = NMM[ ];’/In(l—ke ) (7.64)
i L e_ﬁEE(k’&y) aEe (757 5’ }/)
B 8E k (k,8,7)
= Z f(E 7M

k6y

where f(E) = (1+ ePE)~! is the Fermi-Dirac distribution.
We take the derivative of the energy

JE, 0 2\ 2
e _ 0 dg+dg+<./dg+d§+3M> (7.65)

~1/2
o/ 2+ 42 v 2., 2 [ n -\’ O &s
2( d0+d3+5M di +d; + d0+d3+5M _T%
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where we have defined

&s = \/di+di+o6M (7.66)
ws = \/df+d;+els

So that
E. = Yugs — i (7.67)

and ji = u —d4. We substitute into the magnetization m to find

&ks
_ 5y 7.68
m k% V2 f(E) 79
- ;Vzaziz[fwkg—n)—f(—uw—ﬂ)]
_ 255’: [1 = f s — 1) = f (g + )]
1 _
— B+ )= 2 )~ o -]

where we have used

1 1
—E) = =1- =1-f(E 7.69
F-B) = o =1~ g = 1~/ (E) (7.69)

In the limit 4 = 0 and % = ¥, = 0 we find i = 0 so that
. s 1

m = 261% [1—2f(us)] (7.70)

= 25‘% Bus

Urs 2

1 _ -
N & |y 2 ) w2
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where we have used

2 efr—1 Bx
1-2 =1- = =tanh | — 7.71
f(x) [ ofe = iy T ( 5 ) (7.71)

The chemical potential i can be determined by summing over the average occu-
pation for each energy (given by the Fermi-Dirac distribution) and equating to the
total number of states. Since in this case the system is infinite, it is more appropri-

ate to discuss the density

1 1
n=x Y S(E) =5 ) f(rus — ) (7.72)

kéy kéy

For p = 0 (half filling) at 7 = 0 we have n = 2 since there are four states per site,
but only half of those are occupied.
The equations for m and M are coupled non-linear equations which can be

solved self consistently by an iterative procedure. The algorithm is
1. For each temperature T

2. Initialize M and m to those obtained for previous 7' (or otherwise to a rough

guess of the values)

3. While we haven’t reached self consistency

(a) Calculate M’ from (7.62)
(b) Calculate m’ from (7.68)
(c) Calculate p’ by solving (7.72) for p

Alternatively and equivalently, the value of m can be written as a sum over
expectation values of the spin operator
_ % _ 10z
m= Z<\Pi‘?m’i> =YW ?U)iif(Ei) (7.73)
i

ki

where U is the matrix that diagonalizes the Hamiltonian. In the z dependent case

(next section), it is more convenient to use this formalism. The reason is that in that
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Figure 7.2: The magnetization of the impurities as a function of temperature
for § =5/2,x=0.05

case we cannot diagonalize the Hamiltonian by hand, and therefore do not have a
closed form for the energies. Taking the required derivative of the energies would
then involve a numerical derivative which would be messy.

To test whether the physics of our model is dominated by the TRIM, we com-
pute M (T) by summing only over a subset of the BZ shaped like a cube and centred
on the I point (see Fig. 7.3). We find that for reasonable cutoffs (small compared
with the BZ), the agreement is not good. Seeing as we have set our parameters by
the BiSes low energy model (which should be correct near the I point), we can ex-
pect our model to agree with this model and other models for this regime. However,
there is no reason to believe that our model would agree with that model for the
rest of the Brillouin zone (although it is possible). In particular, if we believe that
the physics is dominated by the TRIM, then our model will grossly overestimate
T..

It is interesting to look at two limits: low temperatures, and close to the transi-
tion. We start with the first limit. At 7 =0 we find M = —2Sx (assuming M < 0)
so that M = —JSx. We assume d4 = 0 for simplicity. The energies are E, = Yus.
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Figure 7.3: M(T) as a function of the “’side of cube” in k-space, for a cube
centred around the I'" point. Here L=20, so the “’side of cube” 20 result
is the full result. The other parameters are J=0.5, S=5/2, x=0.05.

At T =0, for half filling, only the Y = —1 states will be filled, so

o = Ly, fe
m(T =0) = sz%‘”ukgf(Ee) (7.74)

1y
2Nk3 urs

Now consider a low energy approximation around the I" point

&5 = \/cm—l—&ﬂz\/nm—SJSx (7.75)

o = \Jdi+d+ el AR ek

Notice that &5 depends on k; but not on k, and k,. We impose a cutoff and convert

the sums to integrals. It is most convenient to first do the integral over the k,-k,
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plane and then the integral over the k&, axis, so we split the sums

1 1 Es
m(T=0) = —— ) 0 (7.76)
( ) N21§5 lzNL;”kSI

To check the factors and sign we can take the “surface limit” N, =1, k, =0, 0 =

1, mg = 0 (no gap on the surface) whereupon we find that & = —JSx and uy =
\/v¥k? + €2, so that

J
Mg f(T =0) ~ — Z _— (7.77)

2N k V2k2 JSX)2

Consider first just the term in square parenthesis. We substitute the low energy
approximation, define Q = &4/v,, convert the sum into an integral with a cutoff,
evaluate the integral, and assume that the cutoff is the largest energy scale in the

problem

1 8/(5 1 &

ZNLk Urs - 2NL§ /v2k2+82

/Ai 2wk dk |
27r

/kz + Q2

(7.78)

1

12

a
Q (7) A
2n -
where the integral is the same as before, where it was evaluated explicitly. We plug

this back into the expression for m to find

mr=0) = - (22)2&25:5

1
N, %ek] (7.79)
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Once again, consider just the expression in the square brackets

21

c A [ (mo\?
= 5 vz/o dk;, <Vz> + k2 — 8JSxA,
A mo \ 2 1
dicy| | — K2~ —A2 7.81
/O Z < VZ > + Z 2 Z ( )

1 A
N Zs,«; ~ £ / dk, < m% + (Vzkz)2 — 5JSx> (7.80)
'k, 0

The integral gives

so that we find

1 c |1
72: ~ — |=v.AZ— A 7.82
N, A &5 o [zvz - —0JSx Z} (7.82)
So
T /a\2 c |1
T=0) ~ ——(—) A v A2 A .
m(T = 0) - (27:) L}é 5 [2\/1 25Uk Z} (7.83)

~ o1 JSx Aa 2 ﬁ
o Av, 2r 27
This result has a quadratic dependence on the cutoff, as expected. Perhaps surpris-
ingly, it doesn’t depend on v;.
We now investigate our result near the transition with the objective of finding

the critical temperature 7. In this limit m — O as we take T — T so that fJmS < 1.

We do this by expanding both sides of the equation for m to first order in M

1 &s
m = — Y 6y—f(E, (7.84)
2N,§;, Yukgf( )

We start with the left hand side. Consider the limit of the Brillouin function for
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small arguments. Since

1 x
thx~ —+ =+ 0(x°
cothx x+3+ (x?)

we can approximate the Brillouin function to first order

25+1 25+1 1 1 S+1
So that
25(5+1)

M = —2SxBs(BJmS) ~ — BJmx

3

and therefore

3 M

S(S+1) BJ2x

(7.85)

(7.86)

(7.87)

(7.88)

For the right hand side, focus on the argument of the sum. To find the first order

approximation, we take the first derivative with respect to M and take M = 0 (higher

order terms in M disappear in this procedure)

d {gké }_B‘C‘ksf If &s s &s

oM s’ | OM ws  IMus  OM il

We take the required derivatives, assuming M > 0

88k5 . 2 2
o= \Jd3+d3 8

and

dus s € &S /
— = _— = = — d2 dZ 6
OM  dgs OM s 0Fast

and finally

ﬁ_ af JE, _ 2 BEgské‘ 2 2
v~ aE am - Pl (VAT to
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We substitute the last three equations into the previous equation, to find
J [&s 2. n f BE. s &5
= |2 f | = (B A3+ ) = |1 —yBfePFete k8 (7.93)
oM | us Ugs s U

Substitute this equation and the derivative with respect to M of (7.88) into (7.84)
to find a closed equation for 7,

1 = (7.94)

2 S(S+1) 1 [n » f pE €5 Eis
—BCJX 6 NZSY d0+d3+6 % 1—Yﬁcfe — — 5

Ky Ues  Uis

M=0
We can take the “surface limit” to check this result. This involves taking all hop-
ping parameters along the z direction to zero, taking fi = 0, and taking the low
energy approximation. This gives dl2 +d§ =vk*, dy=d3; =dy =0. So § =1,
& = M, u = \/v2k? + M? and therefore the energies are E, = y\/v2k? +M?2. On

substitution into the previous equation, we find

1= (7.95)
SS+1)1 M2 e
_BCJZ-X ( ;_ ) N Z’Y% 1— ,YBCfeﬁEe ~— 212 Y7
o VK24 M2 V222 VKR M P

where the sum over k is now over a circle defined by |k| < A (instead of over the
whole Brillouin Zone). On taking the M = 0 limit we find

S(S+ 1)lz S(yvlk])

6 N vk

S(S+1) 1  tanh (3Bcv[k|)
— 2 = 2
= P N; VK]

1 = —BJ*x

(7.96)

where we have used
1
Y vf(wlk]) = flkl) = f(—vIK]) = 2 (v[k]) =1 = —tanh(5Bv[k]) - (7.97)
Y
The last equation is identical to the equation derived for the surface case (7.27).
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7.7 Adding the surfaces

Consider now a system with open boundary conditions in the z direction and peri-
odic boundary conditions in the x and y directions (as before). The advantage of
this setup is that in addition to the bulk, we can also investigate the magnetization
near the edges of the sample.

In the previous section, we looked at the bulk, and had periodic boundary con-
ditions in all directions. Therefore, it was useful to Fourier transform in all three
directions. We now take the real space Hamiltonian, and Fourier transform it in x
and y, keeping the dependence on z in real space.

The electron Hamiltonian is H, = Hso + H.q + Hy where
_ il )
Hso = iy AWin.0,¥)iu+he. (7.98)

it
Hy = ey ¥ioW,— Y 1,% 0¥ +he.
j <i,j>
Hy = 1Y ¥j¥— Y, w¥¥+he

J <i,j>
where ¥; = (cj1,¢j|,djt,dj)), and 7, and oy are Pauli matrices in orbital and
spin subspaces (respectively). As preparation for the next stage, we define ¢ =
(W1,¥2,...¥L,), a vector of length 4L, and write the Hamiltonian in the expanded
4L, space, rewriting it by separating into an in-plane part and an out of plane part.
Then we Fourier transform the in-plane part in x and y. The result has a momentum
dependent in-plane part, which is similar to the result for the bulk, except it does
not contain terms in the z direction, and has a momentum limited to the plane. In
addition, we have the out of plane real space terms which simply come from the

above real space Hamiltonian, but are limited to the z direction.

Ho(k )= — 22, 7(0ysin(kwa)+oysin(k,a) +il,Ttr,0,  (7.99)
+  [e—2t) (cos(kea) + cos(kya))| T, — 1R T,
+ [ —2yL(cos(kea) + cos(kya)] — 1R
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where

He=Y o' (ki)Ho (k. )o(ky) (7.100)

ki

and R and T are matrices of dimension 4L, given by R; i =10ij—1+6 j+1 and T; ;=

0;j—1— 6 j+1 ,and

W = Z\P(ﬁ)e""rﬁf (7.101)

ky

(the dependence on z is implicit since it does not change in the transform) Now
that we have the form of the electron Hamiltonian, we perform the mean field
approximation as done in the previous section. We rewrite the interaction term,
define the magnetization as a z dependent quantity, and neglect the second order

term in the fluctuations, to find

IY Y 5 smz IM;- Y Si+Jinj- Y S;— NLIM; - i (7.102)

j ez i€j Iej

where M ; and m; are the magnetization of the impurities and electrons (respec-
tively) for layer j (meaning z = j, in units of the lattice constant). The sum over j
runs from 1 to L, and the sum over i € j runs over sites i in the x-y plane defined by
z =1. Since we have periodic boundary conditions only in the x and y directions,
we Fourier transform only in those directions, and keep the dependence on z. So

that the Hamiltonian, in its approximate mean-field form is

HMF — (7.103)

Z(p (k) kL)+JM®——u QL)+ Y iy S — NLJZM i
JAE€]

where W, is a vector of length 4L, and H,(k,) is a matrix of dimension 4L..
Here M is a vector of length L,, and by M ® G we mean that M is expanded to a
diagonal matrix of dimension L, and then we perform an external product with .

We consider the case in which the magnetization is in the z direction, so M = M3
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and m = mZ (M and m are both vectors of length L;). We have

- lo} -
HMF Z(PTUCL) [He(kl)_F‘]M@?z—‘u}(p(kL)-i-Jij-Sl—NLJZMj'mj
i JJIEj J
= H"+H"—NJY M;-m; (7.104)
J

We now diagonalize the full electron Hamiltonian H, (% L)+HIM® % — M, and find a
matrix U which diagonalizes it. A given vector ¢ of length 4L, can be transformed
into the basis of eigenvectors by ¢ = U'¢ which can be inverted to give ¢ = U
We want to calculate the electron magnetization of each layer, which is given by

the sum over the expectation values of the spin operator

i = Y (1|5 95) (7.105)

ke

We define ¢; as a vector of length 4L, which contains mostly zeros and four
non-zero elements from W¥; in the corresponding location. For example, ¢3 =

(0,0,%¥3,0,...) (the zeros are zero matrices of dimension 4) so that

o Y A Al o
mi =) (@il 5 |o) =Y (G|U"UIG) = ), (UUU>..f(EJ-) (7.106)
- 2 - 2 = 2 7/jj

The chemical potential can be determined as before, by solving

n=—Y f(Ea(ky)) (7.107)

for u, with n = 2 for half filling and ¢ runs from 1 to 4L,.

The results for the magnetization in this model are presented in Fig 7.4/ and
Fig 7.5. The bulk is ferromagnetically ordered up to 7.?"* ~ 73K, and the sur-
face remains FM ordered up to 7" ~ 102K for the two surfaces (see Fig 7.4).
Therefore, the window in which the surface is ordered and the bulk is unordered
(paramagnetic) is ~ 29K.

We plot the magnetization in the z direction in Fig 7.5. Here the effect can be

seen clearly. If we ramp up the temperature from 7" = 0 at first all spins, regardless
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Figure 7.4: Impurity spin expectation value as a function of the z co-
ordinate, for different temperatures.  The parameters are L, =
L, =40, L, =20, S =5/2, J =0.5eV, x = 0.05, and the rest
of the parameters are chosen to fit the BiySes dispersion close to
the I’ point based on first principles calculations [34, 42, 43]:
T = 0.3391eV,y, = 0.0506eV,y, = 0.0717eV,e = 1.6912eV,t, =
0.3892eV,1, =0.2072¢V,A; =0.2170eV and A, = 0.1240eV.

of if they are in the bulk or surface, are fully polarized. As we increase the tem-
perature, the magnetization of the bulk drops faster than the magnetization of the
surface. Eventually we cross 7,2 at which stage the magnetization of the bulk is
zero, but the magnetization of the surface is finite. If we increase the temperature
further, the magnetization of the surface drops, but the magnetization of the bulk
remains at zero. Once we cross T", the magnetization of both the bulk and the
surface vanish — thermal fluctuations have broken the ordered phases.

In samples with open surfaces we observed spatial fluctuations in the bulk mag-
netization as the temperature approached 7"’ from above, e.g. the T = 80K curve
in Fig 7.4. We originally attributed these to the large magnetic susceptibility of the
bulk, which diverges at T — chulk, and the proximity of the ordered surfaces, and
found TP from the bulk calculation with periodic boundary conditions, the re-
sults of which are plotted in Fig. 7.5. It was recently shown (after publication of
our paper [99]) that these fluctuations are a spin density wave (SDW) phase that

occurs due to a peak in the magnetic susceptibility [110], which could explain the
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Figure 7.5: Impurity spin expectation value as a function of temperature for
the discretized BipSes lattice. We plot the order parameter on the sur-
faces (“surf”), the averaged bulk result for the 14 middle sites (“avg”),
and the results of the separate bulk calculation (“bulk”). The parameters
and curves are as in Fig. 7.4

source of the fluctuations that we observed.

We plot the critical temperature for the surface and the bulk as a function of
the chemical potential in Fig. 7.6. The surface critical temperature is maximal
when the chemical potential intersects the surface Dirac point, which happens for
u =~ 0.09eV, and falls on both sides, as expected. The result agrees well with
the predicted linear dependence of the surface critical temperature on p predicted
in Eq. (7.30). The bulk critical temperature is approximately constant within the
bulk gap, as expected — since there are no bulk states within the gap, changing the

chemical potential should not change the critical temperature.

7.8 Perovskite lattice - bulk

Due to the problems we encountered in the simulation of Bi;Ses (namely, the fluc-
tuations in magnetization), we decided to try another TI model, the so called Per-
ovskite lattice [111]. This lattice can be described as a simple cubic lattice with ad-

ditional sites on the center of all edges. The nearest neighbor tight binding Hamil-
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Figure 7.6: Critical temperature as a function of the chemical potential u
for the discretized Bi,Ses lattice. We plot the surface critical temper-
ature (squares, blue), and the approximate surface temperature from
Eq. (7.30) (solid line, black). In addition, we plot the bulk critical tem-
perature as obtained from an average over the bulk sites (circles, red).
The error bars were obtained by fitting the magnetization below the crit-
ical temperature to the known behaviour for a second order phase tran-
sition, M o (T, — T)l/ 2. The parameters are as in Fig. 7.4, except for
L, = 10. The cutoff was chosen for best fitting by eye Aa/27w = 0.215.
The vertical dashed lines mark the bulk gap.

tonian is
0 cos(kya) cos(kya) cos(k.a)
" ky 0 0 0
H() = —o | €sta) (7.108)
cos(kya) 0 0 0
cos(k,a) 0 0 0
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2

Figure 7.7: A unit cell of the Perovskite lattice, which can be described as
edge centered cubic. The four basis sites are labelled.

To add spin-orbit interaction we must expand the Hamiltonian by adding a spin

subspace, giving an 8 x 8 matrix

0 0 0 O
- 00 0 O
Hso(k) =4A |0, ® sin(kya) sin(k;a) + (7.109)
0 0 0
00 —i O
0 0 0O
0 0 0 i
oy, ® sin(kya) sin(k,a) +
y 00 0 0 (kya) sin(k;a)
0 —i 0 0
0O 0 0O
0 0 ¢ O
o, R sin(k,a) sin(k
4 0 —i 0 0 (kxa) sin(kya)
0 0 0O

The remainder of the process of determining the magnetization self consistently is
the same, except that here we have a four point basis which is separated spatially,

so we determine the magnetization separately for each of the basis points on each
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site. For the electron magnetization, we have

O. 1 o.
mi =Y (V| = ®0i|¥) = — Y (U =U) i f(E)) (7.110)
— 2 N/4 & 2
k7] k7j
where O; is a 4 X 4 matrix that is zero everywhere except for O; = 1. Here i

runs from 1 to 4 and corresponds to the basis site for which we are calculating the

magnetization. For the impurity magnetization, we have
M; = —2SxBs(BJm;S) (7.111)

As before, these equations and the constraint on the chemical potential are used to
successively calculate new values from the old ones, until reaching self consistency.

In this case we see that as we ramp up 7T from zero, the system is initially in
a FM state, characterized by the magnetization on all basis sites being equal. This
persists up to a critical temperature T ~ 5K where a phase transition occurs to an
AF state. This phase is characterized by a total magnetization of 0 with the sites
1 and 4 being polarized in the one direction and 2 and 3 in the opposite direc-
tion. This phase persists until /¥ ~ 60K, after which the system is paramagnetic

(thermal fluctuations cause the breakdown of the ordered state).

7.9 Perovskite lattice - z dependent case

To study a system containing both edges and bulk, we now Fourier transform (FT)
the Hamiltonian only in the x and y directions, keeping the z dependence, and
using open boundary conditions. In the previous section we had a Hamiltonian
matrix of dimension 8 = 4 x 2, due to the 4 point basis and the spin degree of
freedom. Now we must include an additional subspace for the dependence on z,
so the Hamiltonian is of dimension 8L, where L, is the number of sites in the z
direction.

The nearest neighbour hopping in the x and y directions remains as before,
but with an additional identity matrix in the z subspace, and the hopping in the z
direction is given by the hopping constant multiplied by a suitable matrix for the

one dimensional hopping in the z axis. We have
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Figure 7.8: Bulk impurity magnetization on each basis site as a function of
temperature (top) and FM and AF order parameters as a function of
temperature (bottom) for S =5/2,x=0.05, L =10,/ =0.25, A =0.2¢

0 cos(kca) cos(kya) 0
- ky 0 0 0 <
HOE) = 1, 0 —r | <5h) —RebL  (1.112)
: cos(kya) 0 0 0
0 0 0 0

where the matrix R is a matrix of dimension 4L_, acting in the z subspace and the 4-
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point basis subspaces (with an identity in the spin subspace). Note that the nearest
neighbour hopping in the z direction is only between the basis sites 1 and 4, so the

matrix R is all zero except for 1 for those hoppings. This can be written explicitly

as
R.,+R; Ry 0 0 0
R, R,+ Ry R, 0 0
R= 0 R, R.+R; ... 0 (7.113)
Ry
0 0 0 R, R,+Ry

where R/ = 6.6 id Ri‘[ = 0;46;1 and 0 is understood to be a zero matrix of dimen-

sion 4. The spin orbit hopping is given by

Hso(k) = 22 [0:®Tysin(kya) + 0y @ Tysin(ka) sin(ka) — (7.114)
00 00
0 0 i 0
+ 0o,® sin(k.a) sin(kya
© 0 0 0 (kxa) sin(kya)
0 0 00

Notice that the hopping between the 2 and 3 sites (last term) happens in the x —
y plane, so it is the same as in the bulk. The two other terms involve diagonal
hopping: the hopping along x or y gives the corresponding sin function and the

hopping in the z direction gives the 7, and T, matrices. The matrix 7, codes the

hopping for sites 2 and 4 (site 2 is on the x axis)

T.+T, -T, 0 0 0
-1, T,+17;, -1 0 0
T.= 0 ~T, T,+T; ... 0 (7.115)
ces . . . —Ty
0 0 0 -1, T,+1Ty
where bej = 0p0ja, T;j = 0iu0j2 and 0 is understood to be a zero matrix of dimen-
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sion 4. Similarly, the matrix 7, codes the hopping for sites 3 and 4 (site 3 is on the

y axis)
T.+1T;, -1y 0 0 0
-7, T,+1y —Ty 0 0
[, = 0 ~T, T, +T; ... 0 (7.116)
- . Ty
0 0 0 _Tu Tu + Td
where T, = 536 ids T;j = 0;46;3 and 0 is understood to be a zero matrix of dimen-
sion 4.

Note that in this case the magnetization as a function of z is not expected to
have a mirror symmetry around the middle of the system. The reason is that the 1
site and 4 site are not equivalent, and such a symmetry would map the one on to
the other.

The results for magnetization in this model are presented in Fig 7.9 and Fig 7.10.
In this case we observe that for a large range of temperatures, the magnetization on
basis sites 1 and 4 is similar and opposite in sign from the magnetization on basis
sites 2 and 3 (which are equal due to a rotational symmetry around the z axis). This
motivates the definition of a FM order parameter S,FM = (Si1+Si2+Siz+Si4)/4
and an AF order parameter SAF = (S; 1 — Si2 — Si3 + Si4)/4 (where S;; is the ex-
pectation value of the impurity spin on basis site £ of lattice site ;). We see that the
system is ferromagnetically ordered up to T ~ 4.5K, where it becomes AF ordered.
The bulk remains AF ordered until "% ~ 60.5K, and the surface remains AF or-
dered until 75" ~ 72K and 78K for the two surfaces. Therefore, the maximum
window in which the surface is ordered and the bulk is unordered (paramagnetic)
is ~ 17.5K. Note that the difference in surfaces results from the fact that the unit
cell is not symmetric under reflection along z - the “top” of the system ends with
basis site 4 and the bottom ends with basis site 1 (see Fig. 7.7). In addition, we see
that the surfaces undergo an additional partial phase change signified by discrete
jumps of the order parameter seen at T ~4.5,5.5,13.5,35.5K, which we claim as

additional evidence that the bulk and surface differ.
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Figure 7.9: Ferromagnetic order parameter as a function of temperature for
the Perovskite lattice, with parameters L, = L, =20, L, =10, S =5 /2,
J=0.25eV,t=1eV, A =0.2¢eV, x=0.05. We plot the order parameter
on each of the surfaces (“surfl” and “surf2”), the result for the site at
z=1L,/2 (“2”), and the results of the separate bulk calculation (“bulk”).

7.10 Conclusions

We have demonstrated that magnetically doped topological insulators can have a
sizeable window where the bulk is paramagnetic and the surface is magnetically or-
dered. Our conclusions are based on general arguments that involve only universal
properties of the topologically protected surface states and on numerical calcula-
tions performed on simple lattice models of 3D topological insulators. Physically,
these results are in accord with the intuition that the metallic state on the surface
should be more susceptible to magnetic ordering than the insulating bulk, although
this expectation is only partially borne out in systems with strong spin-orbit cou-
pling.

The results reported in this study rely on two key approximations: (i) the
mean-field decoupling of the exchange interaction between electrons and magnetic
dopants indicated in Eq. (7.38), and (ii) the ‘virtual crystal’ approximation which
replaces the localized magnetic moments of dopant atoms by their average over

all lattice sites. We have attempted to bypass the latter approximation by solving

130



(Sar)(ps)

Figure 7.10: Antiferromagnetic order parameter as a function of temperature
for the Perovskite lattice, with parameters as in (a). Here we also plot
the average over the four central sites (“avg”).

the problem in real space without averaging over sites. This procedure gives rea-
sonable results for 7?"* compared to those obtained in the virtual crystal (thereby
verifying that this approximation is reasonable) but is numerically more costly. The
system sizes that we could simulate did not allow us to unambiguously determine
the surface critical temperature. Nevertheless based on these results we feel that,
in a large crystal, (ii) will not lead to a significant error in the determination of the
critical temperatures.

Since fluctuations around the mean field result are typically stronger in 2D than
in 3D, they will likely reduce the size of the temperature window between 7,
and T*"f. On the other hand, our mean field calculation did not include electron-
electron interactions, which would tend to stabilize the long range magnetic order
and thereby strengthen the ordered phases. It has been shown recently that electron-
electron interactions can lead to spontaneous breaking of TRI on the surface of a
TI [112], even in the absence of magnetic dopants. Thus the interactions might in
fact strengthen the effect found in our study, although a more detailed investigation
would be needed in order to obtain a quantitative result. Overall, in our opinion it

is very likely that the combined effect of the magnetic dopants and the electron-
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electron interactions can account for the experimentally observed surface excitation
gap without bulk magnetic order in Mn and Fe doped Bi;Ses .

We note that the critical temperature for the bulk magnetic ordering of the mag-
netically doped topological insulator Bi,_,Mn,Te; was recently measured [107] to
be 9 — 12K for x = 0.04 — 0.09. This critical temperature is smaller than our results
and those of Ref. [89], which estimates chulk ~ 70K for Cr-doped Bi,Ses using
first-principles numerical calculations. We chose our coupling constant J based on
the first-principles results, so we expect that for a reduced coupling constant the
temperature window would shift to lower temperatures. As noted above, our ar-
guments are universal, hence the exact details of the material and coupling might
alter the result quantitatively but should not change it qualitatively. Taking the
above finding for Bi,_,Mn,Te3 as a guideline, one may surmise that ch‘”k for Fe
and Mn doped Bi,Ses lies in a similar range of temperatures. It is then entirely pos-
sible that the ARPES experiments [50, 51], performed at ~ 20K, detected surface
magnetic ordering without bulk magnetism as advocated in this paper. Careful
surface-sensitive magnetic measurements, as proposed recently [113], might be
able to probe this intriguing phenomenon directly.

The possible presence of a Kondo effect is an interesting question. Many
years ago [114] it was shown that in a Dirac metal the Kondo effect takes place
at T = OK only if the Kondo coupling is above a critical value, in contrast with
the normal metal case, where the transition happens at zero coupling. Several
much more recent theoretical studies considered an Anderson impurity on the sur-
face of a topological insulator [115, 116], and a recent experimental study on
Bi;Se; nanoribbons found a Kondo temperature of ~ 30K [117]. These results
indicate that the Kondo temperature might be on the order of the surface critical
temperature for BipSes , but further study would be necessary to see whether it is

indeed so, and whether this would affect our results qualitatively.
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Chapter 8

Conclusions

8.1 Summary

In this work we study exotic effects that are predicted to occur in topological insu-
lators (the Witten Effect and the Wormhole Effect), establish a new phase of matter
- the novel Topological Anderson Insulator, and offer a possible explanation for
recent experiments on magnetically doped topological insulators. We summarize
the key results from each chapter below.

In Chapter 4 we observe that the long predicted Witten Effect in particle physics
should occur in a topological insulators as well - a unit magnetic monopole in a
medium with 6 # 0 is predicted to bind a fractional electric charge —e6 /2. Using
a simple physical model for a topological insulator we demonstrate the existence
of a fractional charge bound to a monopole by an explicit numerical calculation.
We also propose a scheme for generating an artificial magnetic monopole in a
topological insulator film, that may be used to facilitate the first experimental test
of Wittens prediction.

In Chapter 5, we demonstrate that a Dirac string with a half flux quantum flux
inserted into a STI carries protected gapless one-dimensional fermionic modes.
These modes are spin-filtered and represent a distinct bulk manifestation of the
topologically non-trivial insulator. We establish this wormhole effect by both gen-
eral qualitative considerations and by numerical calculations within a minimal lat-

tice model. We also discuss the possibility of experimental observation of a closely
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related effect in artificially engineered nanostructures.

In Chapter 6, we show that remarkably, under certain conditions disorder is
responsible for the existence of a STI referred to as a strong topological * Anderson’
insulator. We study the phase diagram using the Born approximation.

In Chapter 7 we lay out the hypothesis that a temperature window exists in
which the surface of a magnetically doped TI is magnetically ordered but the bulk
is not. We present a simple and intuitive argument why this is so, and back it up
by a mean-field calculation for two simple tight binding TI models: a cubic-lattice
regularized BiySe; and a model on the Perovskite lattice. Our results show that
indeed a sizeable regime such as described above could exist in real TIs, and this

indicates a possible physical explanation for the results seen in experiments.

8.2 Future work

The field of TIs is a young field, and as such there are many basic questions which
have yet to be fully addressed. The effect of interactions and the discovery of
additional topological phases are some of the challenges that await.

In Chapter 4 we proposed an experiment that could possibly allow for the first
observation of the Witten effect. To the best of our knowledge, this experiment has
yet to be done. The challenges are creating an artificial magnetic monopole and
measuring the fractional charge.

In Chapter 5 we suggest an experiment to observe the wormhole effect, by
drilling sub-micron holes in a STI and sweeping the magnetic field, resulting in
a periodic variation of the conductance along the hole(s). The main experimen-
tal difficulty appears to be the fabrication of sub-micron holes and measuring the
conductance or the charge passing along the holes.

In Chapter 6 we discuss the possibility of constructing a topological insulator
from a trivial insulator (with a small gap) by adding disorder. There are some
good candidates, such as SbySes, bulk HgTe and the half Heusler compounds,
but their low energy physics is not well described by our four-band model, so
further theoretical work is necessary to determine whether disorder could drive the
transition into the topological phase.

Chapter 7 we used the virtual crystal approximation, a mean field approxima-
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tion and neglected interactions to derive a result which we think is to be trusted
qualitatively. It would be useful to derive a more accurate result, which could then,

perhaps, be trusted quantitatively, and tested in an experiment.
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Appendix A

Appendix

A.1 Derivatives in different sets of coordinates

A.1.1 Complex plane

We want to transform from (x,y) to (z,z*) where z = x+ iy, so that z* = x — iy, and

. oo ot 4
2
_z=7

YT T

Therefore

ox 1

azx 2

dy 1

dz¥ 2i

147

(A.1)

(A.2)



If we have a function f(x,y), we can use the chain rule to write

af _ opax o
dz  Ox 8z+8y 2z (A.3)

1 [/of 19f
- z<ax+iay>

_1(af df
- 2<8x_’8y)

SO

d 1(d .0
Similarly,

d 1(d .0

This can also be seen by taking the complex conjugate of the previous equation.

Using these two derivatives, we write
d? 1/o .0 Jd .0
= —|5——iz |5 +is" (A.6)
dzdz* 4\dx dy) \dx dy

1/09> 09° 1,
= 4<axz+ayz):4v

So that the Laplacian

2 d’
V? = A7
dzdz* (AD
A.1.2 Polar coordinates
We want to transform from (z,z*) to (r, 0), where
z = re' (A.8)
7 = refie
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and

ro= Vzz (A.9)
1 b4
— —_In(>
0 The (Z*)
Using the chain rule
drd 96 4d
4 _ ord 98 (A.10)

dz 8725 ('Tz%

I T
- 2e dr radé

d 1,4/ id
i - 2t <aﬁrae> @11

and similarly,

Using (A.4) and (A.5) we find the useful result

d .0 (9 id

d 4 d w0 (9 +i d
R 1— — e J— _
dx dy dr rado
This can also be obtained by going directly from Cartesian coordinates to polar

coordinates

x = vrcosH (A.13)

y = rsinf
)

ro= Va2 +t)? (A.14)

6 = tan ! (i)

We will need the derivative of tan~! which can be found by using a standard trick

for finding derivatives of inverse trigonometric functions. Define b = tan~!a, so
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a = tanb, and we can write

dtan"'a B @ _
da da

da\~' (dwnb\"' 1 1
db)  \ db ~ 14tan?h 1442

Now calculate the derivatives we will need for the chain rule

and

20
dx
26
Iy

Using the chain rule, we find

0

a—; = i;:cose

d

T~ Y _ing

dy r
itanl<X)——l _sinf
ox x) 2 r
0

drd 90 0
dxar " axa0
cosei—smei
or r 00
o200
or r 00

(A.15)

(A.16)

(A.17)

(A.18)

By combining the last two equations and rewriting using e’® = cos @ + isin6 we

9
ox
and similarly
9
dy
find
9
ox !
2,
ox !

which is identical to (A.12).

0
dy
0
dy

— c _— — - =
Jdr rdé

(2,00
- € Jor rodo
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A.2 Exploiting rotational symmetry

A.2.1 Spinless case

In general, when a Hamiltonian has an n-fold rotational symmetry around some
axis, it can be block diagonalized into n blocks. This arises from the fact that the
Hamiltonian commutes with the rotation operator U (i.e. [H,U] = 0) that generates
the above rotation.

By block diagonalizing the Hamiltonian, we break the problem down into sev-
eral smaller diagonalization problems. Since direct diagonalization is O(N?), for
large matrices this has the potential of drastically reducing the time and mem-
ory needed to diagonalize a given Hamiltonian. In particular, 3D problems often
involve large matrices. For example, in our model, a cubic system of side Ny re-
quires a matrix of side 4(Ny)? (the factor of 4 comes from spin and orbit degrees of
freedom). Even for Ny = 20 we must diagonalize matrices of side 32,000, which
is beyond the computation power, memory and time for most small computers.
Exploiting the four-fold rotational symmetry of the problem, reduces this to diag-
onalization of four matrices of side 8,000, which can be done easily.

In addition, the memory necessary to store such matrices is large. A complex
matrix of side 4(Ny)* with double precision, requires 28 (Ny)® bytes of memory (the
additional factor of 2% comes from the 8 bytes necessary and the real and imaginary
parts). Therefore, for Ny = 20 we need 214 = 8192 MB’s of memory, i.e. 8.2 GB,
once again a significant amount of memory. To store four matrices of side (Np)?
we need a quarter of that memory, i.e. just over 2 GB, which is within reason.

In our problem, the Hamiltonian is 4-fold rotational symmetric around an axis
parallel to the Dirac string. We treat this problem in detail, but other rotational
symmetries could be treated similarly by followingt the same steps. We label the
quadrants from 1 to 4 going clockwise around the system, and choose the num-
bering within each quadrant so that a rotation of /2 around the axis of symmetry

keeps the numbering intact. If we look at a particular wavefunction ¥ we can
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separate the it by quadrant, and label the part in quadrant i by '¥P; so that

P — (A.20)

and the Hamiltonian will have the form

hit hi2 hiz hig

h h h h
o |t 2 has o (A21)
h31 hzyy h3z hig

har  hay  haz hag

where h;; are matrices of side NS, with elements connecting quadrants i and ;.

Using the fourfold rotational symmetry, we find

hit=hyp=hy3=hy = h (A.22)
hio=hp3=hyu=hy = g

hi3 =hy=h31=hyp =

We require & to be Hermitian, giving h;; = hj.i so that # and f are Hermitian, but g

is in general not Hermitian

h g f &
top
H=|?% ! s/ (A23)
f g h g
g f & h

We separate g into a Hermitian part a (so a = a’) and an anti-Hermitian part b (so
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b' = —b), therefore g =a+b and g' = a— b, and

h a+b f a—b>
a—>b h a+b f
H— =L Qh+M,@a+M,Rb+M;® f
f a-b h a+b '

at+b f a—-b h

(A.24)
where
01 0 1
M b oo =(hL+ & (A.25)
= o o .
“ 010 1| Eroea
1 01 0
0 1 0o -1
m, = |00 U Y e se
b = 0 -1 o0 2 1 2
1 0O -1 0
0
My, = 01 =011
5= 10 =01 2
0 1

Note that (I, 4+ 01)(L — 01) =0, so that [M,,M;] = 0. In addition, My commutes
with the other two [My,M,] = [My,M}] = 0. Therefore these three matrices can
be diagonalized simultaneously. We do this in two steps. First we note that these

matrices contain only the identity and o7 in the left subspace, so that we can rotate
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around o, by /2, by using u = e /42 R [, to get

- 201 O
M, = (b+o)@o=|""" (A.26)
0 0
M, (L —03)®0 0 0
= A —_ =
b 2 3 2 0 2i62

M —6®I—I2 0
i 3D o —1

Note that these matrices are all block diagonal, and the third is diagonal. The

nonzero blocks of the first two matrices can be diagonalized separately: 20 is

diagonalized by
L (A.27)
RN '
and 2i0, is diagonalized by
1 (i —i
U=— A28
2= "5 ( L1 > (A.28)

We combine these two matrices into a block diagonal matrix that diagonalizes M,
and M,. Note that M '+ is composed of the identity and minus the identity in those
two blocks, so it is not affected by this rotation. Explicitly,

u' o\ (1 o\[(U 0 Uiu 0 I 0
Lo ! = 1! .= (A.29)
o uJ\o —1)\o U 0 —UjU, 0 —I

Putting the two rotations together we find

110 0
U, 0 , 111 10 0
U=ul" _ (e—lm @12) — (A.30)
0 U, V21 0 0 @ —i
0 01 1
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and U block diagonalizes H so that

h—2a+f

i h+2

H=U'HU = t2a+f (A31)
h—2ib— f

h+2ib— f

Where & can be obtained by considering only hopping within a certain quadrant,
g contains only the hopping elements between sites in quadrant one and two (for
example) and f contains only hopping elements between sites in quadrants one and
three (for example). Constructing 4 is trivial, but for the other matrices, it is helpful

to consider the rotation operator R which has the property

R¥Y, =%, (A.32)
RY, =%,
Ry, =v,
and R* = L.
Therefore, we can write
Plew, = Wig(RY)) (A.33)

¥y, =9l (R

which shows that we must make an additional transformation in this case. This
transformation can also be thought of differently. If our full Hamiltonian is 4N X
4N, then h, g and f are all N x N, and the vector ¥ is of length 4N. To form g
we are connecting elements in the first quarter of ¥ with elements in the second
quarter of ¥. Using our normal ordering with no transformations (i.e.,‘PIg‘I‘z)
, this would necessarily result in a matrix of size 2N x 2N. The transformation
brings the indices from the second quadrant back into the first quadrant of indices.

We now diagonalize each of the four blocks separately. We find a list of 4N8
energies. The energies do not change under rotation, so these are also the energies
of the original Hamiltonian H. We also find four sets of NS wavefunctions, and

we label the four matrices which have these wavefunctions as their columns as ¥;
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(i=1,...,4), and construct the matrix of wavefunctions of H

¥ = . (A.34)

To find the wavefunctions of the original Hamiltonian H, we rotate the wavefunc-
tion matrix ¥ (thereby rotating each of the wavefunctions separately), so that the

matrix W contains the 4N3 wavefunctions of H.
¥Y=UY¥ (A.35)

This can be seen by taking H¥ = E'Y, inserting the identity UU T in between H and
¥, and multiplying both sides by U on the left, so that (UTHU ) (UT¥) = E(UT¥),
and we identify ¥ = UTW, so that ¥ = U'P.

An equivalent but faster method of finding the matrix U is to diagonalize the

explicit form of the n-fold rotational operator. In this case it is easy to see that

(A.36)

- o O O
S O O =
S o = O
S = O O

which rotates the system by /2, thereby taking quadrant one to quadrant two (for

example), and in general

¥, ¥,
P p
R| 2= (A.37)
¥, ¥,
¥, ¥,

Also note that [H,R] = 0, or equivalently H = RTHR. If two matrices commute,
then if one of them is diagonal in a particular basis, the other will be also be di-

agonal in this basis. Therefore, if we find a basis that diagonalizes R, we can
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diagonalize H by rotating to this same basis. Therefore, we diagonalize R and
construct the matrix whose columns are the normalized wavefunctions of R. This
matrix is identical to the matrix U that was found above, up to the order of the

columns. Again, we find that UTHU is diagonal.

A.2.2 Adding the spin

If the particles in the system are not spinless (or spin polarized), the rotation oper-
ator must also rotate spin. So we write the Hilbert space as an external product of
a spin subspace and a spatial subspace. To rotate spin 1/2 around the z axis by an

angle of /2, we use the rotation operator

- 1 1 [1—i 0
Ri=e i% = —_(I—jc,) = — A.38
ﬁ( 0 ﬁ( 0 1+i> (A.38)

We can multiply a rotation by a phase with no effect on the result of the rotation,
since when rotating we multiply by R; on one side and R} on the other side, so the

phase cancels. For convenience we multiply the above operator by (14i)/v/2 to

R=|' Y (A.39)
o '

We now impose [R; ® R,H| = 0, where R is the operator that rotates the spatial

get

subspace, as given in (A.36). We seek the form of H which will fulfill this equation.
The spin subspace of the Hamiltonian can be written as a linear combination of

Pauli matrices and the identity

4
H=) o0;QH, (A.40)

i=0
where oy = I, the identity matrix of rank two. Using this decomposition, we

impose the above commutation condition, to find

Y [Ry®R,0;@H;] =0 (A.41)

1
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Note that R; can be written as I, — io; (up to a constant phase), so for i = 0,3 the
spin subspace commutes with the spin rotation operator [Ry,0;] = 0, so that it is
sufficient to solve for H that commutes with the spatial rotation matrix [R, H;] = 0.
This is the same equation we solved for the spinless, therefore we can use the same
structure for Hy and H3 which is given by (A.23). So that for i = 0,3 we have

hi a; + b; 0 a; — b;
i—bi  hi  atb 0

H=| GO =L ®@hi+M;®a;+M,2b; (A42)
0 al-—bl- h,‘ ai+bl-

a; +b; 0 a; — b; h;

Note that we have set f; = 0, as appropriate for our model, since there are no
hopping elements that connect the quadrants one and three, for example. From
now on we assume this is the case, purely for convenience. For a model that does
include such elements, there will be additional matrices f; that will have to be
constructed.

For i = 1,2 the spin subspace anticommutes with the spin rotation operator
{Rs,0;} =0, so one solution would be to look for H that anticommutes with the
spatial rotation matrix {H;,R} = 0. In order to do this, it is convenient to write R

as an external product of Pauli matrices,
1 : :
R=3h® (01 +ioy) +01® (01 ~icy)] (A.43)

For example, it is obvious that / ® 63 and 07 ® 03 anticommute with R. The solution
for H; would then be a linear combination of matrices that anticommute with R.
However, in our case R; takes o to 0> so that we expect H; and H> to be

coupled. This can also be written as
RH\R" =H, (A.44)

We can postulate a form for H;, and then find the form for H> using the above
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simple relation. After some trial and error, we find

mog 0 —gl
:

h 0
A (A45)
0 81 —hi —g
—g1 0 —gb —m
hy g 0 g;
To—hy — 0
A A (A.46)
0 —g —h —g
g 0 —g n

Note that we can go from H; to H, by taking h; — hy, hp — —h;, g1 — —g», and
82— 81-

In practice, we find h; by considering only one quadrant, and constructing the
matrix 2 which contains all the matrix elements for hoppings within that quadrant.

Then we observe that
h=Y 0;®h (A.47)
i

In order to proceed, we must make sure to order our sites first by spin, so that the
top of the spinor has only spin up and the bottom of the spinor has only spin down

(or vice versa)

¥
Y= (A.48)
b
so that we can label the quadrants of 4 by spin
hyr h
h= < mn “) (A.49)
hyy hyy
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and then we can find /; by decomposing &

hit +h hi, +h hyp—h hyr—h
h:%®<ﬁ2l»+m®<ﬂzl0+®®<H%TQ+®®<ﬁ2iv

(A.50)
So that
hy = (MW;h“> (A.51)
o - (n2h
By - (hLT;;hTL)

hiy —h
By = < mz u)

Similarly, we construct the matrix g which includes all matrix elements of hopping
from quadrant 1 to quadrant 2, and then find g; by the same recipe as above. When
constructing the matrix g there is a complication, which is resolved as in the previ-
ous section, in (A.33). However, we must remember to now include also the spin
rotation in the operator R.

To find the matrix that block diagonalizes the Hamiltonian, we diagonalize the

full rotation matrix

RR=R,®R (A.52)
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and form the matrix that has its eigenvectors as its columns

0 -1 0 i 0 —i 0 1
0 1 0 -1 0 -1 0 1
0O -1 0 —i O i 0 1
U:l 0 1 0 1 0 1 0 1 (A.53)
21 o0 1 0 -1 0 —i O
-1 0 1 0 1 0-1 O
- 0 1 0 -1 0 i 0
1 0 1 0 1 0 1

Usually when forming a rotation matrix by putting the eigenvectors as the columns,
the order of the eigenvectors does not matter. However, here it does. The reason
is that this matrix block diagonalizes the Hamiltonian, as opposed to the more
commonly encountered case (in Physics at least) where U fully diagonalizes the
Hamiltonian. Swapping eigenvectors in the full diagonalization problem simply
swaps the order of the eigenvalues in the diagonal matrix. However, in our prob-
lem (and any problem where U does not diagonalize H), swapping the order of the
eigenvectors will in general change the form of the block diagonal matrix. In our
case the eigenvectors are guaranteed to come in degenerate pairs, and swapping the
order of two pairs will just change the order of the blocks in the block diagonal ma-
trix. Therefore, we must make sure to order the eigenvectors by their eigenvalues.
For example, in the above case, the order (—1,—1,i,i,—i,—i,1,1) was used.

As mentioned, the matrix U block diagonalizes the Hamiltonian, so that

B
; By
UTHU = (A.54)
Bj

By
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where

ho — h3 4 2i(bo — b3) ihy — h2+a1+a2+bl bg
—ih — h2+a1+az—b1+b2 ho+h3 —2(ap+a3)

ho—h3+2( 0—613) ihl—hg—dl—fl;-i-iff—gz
—ihy — hz—al—az—bl—i-bz ho + h3 + 2i(bo + b3)

B — < ho—hs —2 (a()*a3) ih1h2+dl+d§l;yf+l~?2)
—

B, =

—ihy —hy +aj —|—a2+b1 i?; ho + hs —2i(bo + b3)
ho — h3 — 2i(bo — b3) ihy —hy — @, — @ — b} + by
—ihy — hzfal fa2+b1 E; ho+ h3 +2(a0 +a3)

where b; = (1+1i)b;, @ = (1 +i)a;, we have decomposed g; = a; + b; into Hermi-
tian and anti Hermitian parts (respectively), as before, and this structure of B; is
dependent on the order of eigenvectors chosen in U.

As done for the spinless case, we now diagonalize each of the four blocks
B; separately. We find a list of 4N3 energies. The energies do not change under
rotation, so these are also the energies of the original Hamiltonian H. We also find
four sets of Ng wavefunctions, and we label the four matrices which have these
wavefunctions as their columns as ¥; (i = 1,...,4), and construct the matrix of

wavefunctions of H
¥ = . (A.56)

To find the wavefunctions of the original Hamiltonian H, we rotate the wavefunc-
tion matrix ¥ (thereby rotating each of the wavefunctions separately), so that the

matrix ¥ contains the 4N5’ wavefunctions of H.
Y =UY¥ (A.57)
In summary, here is a possible algorithm for diagonalizing such a system:
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1. Construct /2 and g and find 4; and g; using (A.51)
2. Construct the four blocks B; and diagonalize each separately (A.55)

3. Form a list of energies and the matrix of wavefunctions and sort them simul-

taneously by energy

4. Rotate the matrix of wavefunctions ¥ = U'¥P

A.3 Adding monopoles in practice: calculating the
Peierls factors

A.3.1 Adding a lattice of monopoles

If we wish to construct a system with a monopole and study it numerically, it is
most convenient to work with periodic boundary conditions. We construct a cubic
unit cell that has a monopole at its center and eight anti-monopoles at its corners.
Since each corner is shared by eight cubes, the total magnetic charge per unit cell
is zero g(1 —8 x 1) = 0. Each unit cell also includes a Dirac string going from an
anti-monopole at a corner to the monopole at the center. This setup can be viewed
as a bar magnet - the field lines go out of the monopole, into the anti-monopole,
and through the Dirac string back to the monopole. We define our coordinates so
that the monopole is at (0,0,0) and the Dirac string goes to the anti-monopole at
5(1,1,1). The singular part of the magnetic field of one monopole-antimonopole
pair is

-

Boo(F) = —4mg8(x—y)3(y—2) [0() -0 (= ) | 7 (A58)

where [ = 1/4/3(1,1,1) is the vector pointing from the monopole in the direction
of the Dirac string. The two delta functions enforce x = y = z and the heaviside
functions set the ends of the string.

For a periodic array of cells with direct lattice vectors B we have

By(#) =Y B, o(F—R) (A.59)
F
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where R = a(ny,ny,n;) and ng € Z. The magnetic field is obviously translationally
invariant B(7+ R) = B,(7) for all direct lattice vectors R.

We now take the Fourier transform to find Esk

Bu=7[B(7)] = / By(7)e My = / Y Boo(F—R)e " d?r(A.60)
R

‘We first find the Fourier transform of B'&O. Two of the three integrals are trivial due
to the two delta functions, and the third integral (over the heaviside functions) is

just an integral of an exponent over the section (0,a/2)
By =7 [5570(7)} = / Byo(R)e *7dr (A.61)
P A\ a—ik7 g3
= —47rgl/5(x—y)5(y—z) [6(1)—9(1——)} e “Tdr
= —4ngf/ {9(z) -0 (z— g)} e kg
L2 g ka\ -
= —47tgl/ e *dz = —2mgae *isinc <f> [
0
where k = k, + ky + k; and sinc(x) = sin(x) /x, so that

Bu = YL&o7 [Bool?)] (A.62)
G

since G = 27”(mx,my,mz), mq € Z and we have defined /i = m, +my +m;. As ex-

pected, only the Fourier components which correspond to reciprocal lattice vectors
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are non-zero. We write only the non-zero terms by taking k=G

—

By = —2mgae™

9IS

- T ~

sing (Em) i (A.63)

Note that the average magnetic field is given by the zero Fourier component
Byg—o = —2mgal (A.64)

The vector potential’s Fourier components (for G = 0) can be found from (4.32)
. e G\ s T
A =2 x B = —2miga ( x 1) e 1T ginc (5171) (A.65)

For G = 0 we note that
G*Ag = iG x Byg (A.66)

Below we will prove that A'é = A*_ & Therefore, Eo is real, so that on the left side
we have a real expression. The average magnetic field Bys—¢ is real and is given
by (A.64). Therefore, the right side is pure complex.

We replace the continuous Fourier transform with a discrete Fourier transform.
This can be seen either by replacing the integral by a sum [ d*k — Y, (27/a)?, or
by calculating

o 1 o 7o
AF) = —= / Az e Pk (A.67)
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From here we also see that since K( ) is real, we must hav Ka = A”i & since
A (= 1 T —iGT
A*(F) = ;ZAGe (A.68)
G
1 T iGF 1 2 LG
= ALALST = s hAge
G G

and indeed (A.65) fulfills this condition.
We calculate the Peierls phase factors on an underlying cubic lattice with lattice
constant ag. This is done by computing the line integral of the vector potential from

site ¢ to site d. For simplicity, we compute the integral for two nearest neighbors

o1 (R 1 2% Ry 7,
0 = — A dar A.6
4= gy Jg AT a3c1>0Z G "/ (A.69)

21— 1 i n L2 o rReRe
= —ig(azq))o %me’2ms1nc (2 ~> [(Gx l) ~ﬁ} e’G'RC/O O dr

where the unit vector 7 points from site ¢ to site d. Look at

(my—my)dx A=23%
(éxi) ndr — 2T dy A—79 (A.70)
_a\ﬁ (mz_mx) y n=y .
(my—my)dz A=2

recall that /= (1,1, 1)/+/3. Compute the integral for example for R. = a(cx, ¢y, c;),

I_éd :ﬁc+aoxs i =X, dr =dx and y = z = 0 in the integral

— A Ra—Re 2 ao o
[(le)-ﬁ} / éC7ar = (m,—m,) / e e g
0 a\@ 0

1 my—m G
— y 2z <62mm)(70 o 1)

I \@ Ny
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So that

(27)%g 1 my—m; _inp TN\ &R 2mim.
= — — “ e '2™sinc (—m) e'o e (e T 1)
¢ \@aszo%Gz g 2

(A.71)

which can be rewritten by putting in another sinc function, and cancelling the imag-

inary part

3
= — sdo_ (27 Z i(m —m;)sinc (Lﬂ) sinc (erx@) j i(GRe—Fintmm )
3 V3P, \ a et G2 2 a

V3P a

|G|>0

which can be seen by noting that

i) cgee = i Y cclcos(dg) +isin(dg)] (A.73)
|Gl£0 |G|#0
= Z licgcos(dg) — cgsin(dg)] = —2 Z cgsin(dg)
|GJ#0 |GI>0

where ¢ and dg are odd in é, and the cos term cacelled since it is an odd function
summed over an even range, and the sin term is even so it gives twice the value
for positive G. Note that by G > 0 we mean that we sum over only a half space,
defined for example as m, > 0. Also, by dimensional analysis we see that 6 ~
Yo 1/GP ~ [G?dG/G? ~10ogG. So we expect slow convergence.

A.3.2 Adding a single monopole

We wish to add a magnetic monopole to the lattice system by calculating the Peierls
factors. We start by finding the magnetic field of a single magnetic monopole,
using Gauss’ law. The magnetic field is spherically symmetric, so B(7) = B(r)?.

Therefore, if we calculate the flux through a spherical Gaussian surface of radius r
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centered on the monopole, we find
/ B-ds=4nr’B(r) = 4ng (A.74)

so that the magnetic field of a single monopole is

= g . 7
B(f)=Sr=g— A5
(F)=3F=83 (A.75)

We wish to add a monopole of flux 27 (flux is dimensionless in these units), so that
4mg = 21 and therefore g = 1/2. We now find the vector potential. The magnetic

field is spherically symmetric, so we can write
A(F) =AgVo (A.76)

and find the magnetic field by taking the curl, using a vector identity, noting that

the curl of a gradient is zero and substituting the gradient and curl in spherical

coordinates
B(F) = VxA=Vx(AV0Q) (A.77)
= 6149 X %(p —|—Ag§ X %(p
1 JdAg
= [——— B 7
2sin® 96 (r)F
We solve
1 JdAg g
Br)=————-==> A.78
(r) r2sin@® 00  r? ( )
To find, after choosing an arbitrary constant
Ag=—g(l+cos0) (A.79)
So
A7) = —g(1+cos0)Ve (A.80)
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which can be rewritten using

Vo = na®= rsine(—sm(p,cos(p,O) (A.81)
so that
- 1
i) = 8UEC0) o —cos0,0) (A.82)

rsin @

which is singular for 6 = 0. The vector potential can also be rewritten in a form

which is sometimes referred to as the ”Dirac Pontential”

== (A.83)

A(?):ﬁ 7><_’ﬁA gyX—xy
rr—7na r r—z

.
where ¥ = (x,y,z), r = |F|, i = (0,0, 1) so that the Dirac string stretches in the 2
direction to infinity. The vector potential is singular for x =y = 0 if z > 0, since in
this case r = [z| sor —z=|z| —z=0forz > 0.

We want to calculate the Peierls phase factors given by

-

Ri_
@cd:/ A.dl (A.84)

c

where R are the lattice vectors and the integral must be done for all nearest neigh-
bors. Note that for dI = dz? the integral is zero, since A; = 0, so that 87, = 0 for all

bonds. For dI = dx£ and Rd — I_éc = aX, we have y = const =y, and z = const = z,

r= /PR 2 50

Xe+a d Xe+a 1 1
d = & / E 8% / dx< - ) (A.85)
X r(r - Z) e Xe r—=2c r

= 8 [tam1 (xﬁ—a) —tan~! <XC>
Ye Ye

+tan~! (xe + )z —tan”! Mk
yc\/(xc +a)2+y%+2% Ye/ xg+y%+Z%
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where we have used the identity

( ! 1> (A.86)
r—z r

and the integrals

dx

.
d
/ T2 [tanl (x) +tan ! <xz>] +1In(x+7) (A.88)
r—z y y yr
Similarly, for dI = dyy
Yeta _ fYeta 1 1
0, = —gxc/ y :_&/ dx( _> (A.89)
Ye r(r—z) e Jye r—==2c r
= -8 [tan_1 <yc—|—a> —tan~! (yc>
Xc Xe
+ tan™! Oet )z Pl
Xe/3E+ (e +a)? 422 X/ R+ +2

which can be obtained from 6, by replacing g — —g and x <> y.

= In(x+r) (A.87)

A.3.3 Adding a planar monopole

We wish to add a planar magnetic monopole to the lattice system by calculating
the Peierls factors. We assume that the planar magnetic monopole is localized on
the two closest layers.

We start by finding the magnetic field using Gauss’ law. The magnetic field is
spherically symmetric, so B(7) = B(r)#. Therefore, if we calculate the flux through
a cylindrical Gaussian surface of radius r and height a (the spacing) centered on

the planar monopole, we find

/ B-ds =2mraB(r) = 4mg (A.90)
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so that the magnetic field of a planar monopole is

- 2 7
B(r) = Si=2¢" (A.91)

ra a
on the two closest layers, and zero elsewhere. We wish to add a planar monopole
of flux 27 (flux is dimensionless in these units), so that 4wg = 27 and therefore

g = 1/2. We choose a vector potential

L2
A:f@ (A.92)

on the two closest layers and zero elsewhere, where ¢ is the angular coordinate in
cylindrical coordinates. Note that the vector potential has a discontinuity at ¢ =0
since the angle jumps from O to 27, leading to the conclusion that the Dirac string
for this monopole lies along this line.

To check, we find the magnetic field from this vector potential by taking the

curl in cylindrical coordinates

-~ Porg 2 5
B—vVxA=2811a o o2|_*%8
B=VxA= Pl P I o e (A.93)
0 0 o
We want to calculate the Peierls phase factors given by
Etl - —
Ocu :ﬁ A-dl (A.94)

c

for dl = dxx,dyy get @ , = @i 4 = 0 since the vector potential is zero in the x and y
directions. In addition, the vector potential in the z direction is zero except on the
two closest layers, so that ®, = 0 for all bonds except those that cross the plane

of the planar monopole. We calculate the non-zero Peierls factors

. 2g Zeta
®m=;/ ©dz =2g¢, (A.95)
Zc

Note that for g = 1/2 we find ®°, = @, so that the Peierls factors are simply equal

to the angle in cylindrical coordinates. For example, the four vertical bonds closest
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to the monopole will have the Peierls factors 0, /2, ,37 /2 which are their angles
with respect to the line connecting the monopole and the first of these bonds.
This result can also be written in cartesian coordinates by noting that x = rcos ¢

and y = rsin @ so that
@, =2gtan" (y> (A.96)
Xc

1

In order to avoid problems arising from using tan~!, we can calculate ¢'© directly

without the use of trigonometric functions

. 28
e'Ou = 01 = <xc 1 ) (A.97)

V/XE Y2

A.4 Derivation of the self consistent Born approximation

In this section we follow [4] sections 5.3-5.4.
First we derive Dyson’s equation. We can write the Green’s function (with
disorder) as a sum of irreducible diagrams which depend on the self energy X and

the bare Green’s function Gy (single electron, no disorder)

G = Go+GoEGo+ GoXGoxGy+... (A.98)
= Go+GoZ(Go+GoZGo+...)
= Go+GoXG

where G,G( and X depend on k and can be scalars or matrices. In the last step
we notice that the expression in the parenthesis is equal to the first line and so we

replace it with G. We can now solve this equation for G. We rearrange
Go =G —GoEGy = (I —GoX)G (A.99)
and multiply by G, ! on the left

1=(G,' -%)G (A.100)
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so we have a closed expression for the Green’s function as a function of the self

energy and bare Green’s function
G=(G,' -x)! (A.101)
By definition, the bare Green’s function
Go = (& —Hy+i0")~! (A.102)
We substitute in the previous equation, to find
G=(&—Hy—XZ+i0")"! (A.103)

This is the exact one particle Green’s function with disorder.

Now our objective is to calculate the self energy. We write it as an infinite sum
of irreducible diagrams. In order to evaluate this sum, we make some approxi-
mations. The first approximation is to assume a low concentration of impurities
Rimp = Nipp /v and then keep only terms that are first order in n,,,. Since each scat-
tering event carries a factor of n,,,, this limits us to diagrams with one impurity.
This means that we are assuming that impurities are far enough away one from an-
other, that electrons scattering off one impurity are not simultaneously scattering
off another impurity.

The second approximation is the weak scattering limit. We assume that the
scattering potential is weak enough, so that at most two electrons scatter off a single
impurity simultaneously. This limits the sum of diagrams further, and we are left
with just two diagrams: the first with a single electron and a single impurity (a
line), and the second with two electrons and a single impurity (a triangle).

The first order diagram gives

- 1
' = N, U(k = 0) = Ny, <v / U()?)ddx> = Ny / UX)dx  (A.104)

which simply shifts the energies by a constant, which is proportional to the spatial
average of the potential. Therefore, it can be absorbed into the definition of the

energies. In some cases (such as our case), the average is zero, and then we don’t
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need to worry about it at all.

The second diagram (the triangle), gives

22 =Ny, Y U(k—K)GO(K) (A.105)
7(’/

which is the self energy in this approximation. In the self consistent Born approxi-

mation, we now replace Gg by G in this expression, to find
Y o~ mpZUZ (k—k)G(K) (A.106)

- MmpZUzk K)[er—Ho(k ) —£(k ) +i0*] !
¥

where in the last line we have substituted (A.103).

For point-like impurities, the interaction is a delta function U (¥) = u8@ (%), so
Uk) = 7 / ud@ (%) e dx = u (A.107)
Therefore, the self energy simplifies

= Mmpuzz Ho(k) —£(k) +i0%] ™! (A.108)

It is often convenient to evaluate this sum in the large system limit, where the sum

becomes an integral
L= N / dKes y—T®) +i0T]" (A.109)

Note that these sums and integrals are all over the full momentum space. For a
periodic system, momentum space can be written as N> copies of the BZ, so we

can write

L = NN Y [&—Ho(k) —X(k)+i0"] " (A.110)
keBz
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