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Abstract

We study lattice trees and lattice animals in high dimensions. Lattice trees and animals are interest-
ing combinatorial objects used to model branched polymers in polymer science. They are also of
interest in combinatorics and in the study of critical phenomena in statistical physics.

The nearest-neighbor and spread-out models on the d dimensional integer lattice Z¢, have edge
set consisting of pairs {x,y} with ||x —y||; = 1 and 0 < ||x — y|| < L with L > 1 fixed, respectively.
On either graph, a lattice animal is a finite connected subgraph, and a lattice tree is an animal
without cycles. Let 7, and a, be the number of lattice trees and animals with n bonds that contain
the origin, respectively. Standard subadditivity arguments provide the existence of the growth
constants T = lim,_e t,i/ "and o = limy_e a,l/ ". We are interested in the critical points of these
models, which are the reciprocals of the corresponding growth constants.

We rigorously calculate the first three terms of a 1/d—expansion for the critical points of nearest-
neighbor lattice trees and animals. The proof follows a recursive argument similar to the one used
in [20] and [24], to obtain analogous results for the critical points of self-avoiding walks and per-
colation. To provide the leading terms in the expansions, we use a mean-field model, related to
the Galton-Watson branching process with critical Poisson offspring distribution, and results ob-
tained with the lace expansion. The leading terms are also calculated in the spread-out model. Then
we develop expansions for the nearest-neighbor generating functions and, together with the lace
expansion, obtain the first and second correction terms.

Our result gives a rigorous proof for previous work on the subject [11], [21, 36]. Given the
algorithmic nature of the proof, it can be extended, with sufficient labor, to compute higher degree
terms. It may provide the starting point for proving the existence of an asymptotic expansion with

rational coefficients, for the critical point of nearest-neighbor lattice trees.
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The work presented in this thesis is the result of my time as a doctoral student under the supervi-
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Chapter 1

Introduction

This chapter gives an introduction to the terminology, context and structure of this thesis. In Sec-
tion 1.1 and Section 1.2, we present some of the motivation for the present work and define the
models of study. In Section 1.3 and Section 1.4, we discuss some of the known results for these
models in low and high dimensions, respectively. We state our main result in Section 1.5. Finally,
in Section 1.6, we explain the strategy that we will follow for the proof of our main result and, at

the same time, outline the structure of this thesis.

1.1 Motivation

Lattice animals are finite connected subgraphs of the d-dimensional integer lattice Z¢. Lattice trees
are lattice animals that do not contain cycles. They are very interesting combinatorial objects that
are used to model branched polymers in chemistry and physics [27]. They are also of interest in
combinatorics, graph theory and in statistical physics for the study of critical phenomena, as we
shall see shortly in Section 1.2.

Lattice trees and lattice animals are natural models for branched polymers. A linear polymer is
a large molecule that consists of atoms or groups of atoms (called monomers) joined in a sequence
with chemical bonds, see Figure 1.1a. A branched polymer is a linear polymer with side-chains (set
of linear polymers) attached to the monomers. A common way to model a polymer is using a graph
in which the vertices represent the monomers and the edges the chemical bonds. The chemical
bonds connect the monomers at determined angles. This behavior is modeled by embedding the
graph in a lattice, e.g., Z¢. In this context, lattice trees model branched polymers that do not have
cycles, see Figure 1.1b; and lattice animals model branched polymers that may have cycles, see

Figure1.1c.
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(a) Linear polymer (b) Lattice tree (c¢) Lattice animal

Figure 1.1: Linear and branched polymers embedded in Z>.

1.2 The model

Our work takes place in the d-dimensional integer lattice Z¢, which are the points in R¢ with
integer coordinates. We write (x1,xp,...,x;) for the coordinates of a vertex (point) x € 74, and
the unordered pair {x,y} for the edge (bond) joining the vertices x and y. The two graphs in which

we will define the models of study have vertex set given by Z¢. These are:

1. The nearest-neighbor graph has edge set consisting of pairs {x,y} with
d
lx =yl ==Yl —yi = 1.
i

2. The spread-out graph has edge set consisting of pairs {x,y} with

0<[x=ye:= max |xi —yi| <L, with L fixed.

These two graphs have degree 2d and (2L + 1)¢ — 1, respectively. Often we discuss both graphs
simultaneously, and use K to denote the degree. Also we will write limg_,. to simultaneously
denote the limit as the dimension d — oo for the nearest-neighbor case, and the limit as L — oo for
the spread out-case.

For n > 1, awalk @ of length n, or n-step walk, is a sequence (@(0),@(1),...,®(n)) of vertices
in Z4 such that {®(i), @(i+ 1)} is an edge in the corresponding (nearest-neighbor or spread-out)
graph for all i =0,...,n— 1. We denote the length of @ by |®|. Let #;(x,y) be the set of n-step
walks with @(0) =x and w(n) =y, and let # (x,y) = U,eny #n(x,y) denote the set of all walks that
start at x and end at y. A cycle of length n, or n-step cycle, is an n-step walk with ®(0) = @(n) and
o(i)#o(j)forall0 <i< j<n.

The models that we study are (bond) lattice animals and lattice trees on the nearest-neighbor

and spread-out graphs. On either graph, lattice animals are finite connected subgraphs and lattice
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trees are the very interesting subset of lattice animals without cycles. Figure 1.1b and Figure 1.1c
show a lattice tree and a lattice animal in Z?, respectively. We denote a lattice tree by 7' and a lattice
animal by A. We write C to refer simultaneously to a tree and an animal, and call C a cluster. The
number of bonds contained in the cluster C, is denoted by |C|. If the vertex x is contained in the
cluster C, we denote by C > x.

Often in our discussion, we will settle asymptotic results, therefore it is convenient to explain

our notation. Let f,g : N — N, we write

e f ~ gtomean limn_m/glzg =1.
e f=o0(g) tomean lim, e ) 0.

e f = 0(g) to mean that there is a constant M > 0 and a number N such that for all n > N, we
have |f(n)| < M|g(n)|.

We denote by 7, and a, the number of lattice trees and lattice animals with n bonds that contain
the origin of Z¢, respectively. For instance, in the nearest-neighbor model, fo = ag = 1 (the single
animal that contains the origin and has no edges), t; =a; =2d,t, =a; =2d(2d — 1) + (22‘!) ,.... Let

t,(,o) and aflo) denote the number of lattice trees and lattice animals with n bonds, modulo translation,
respectively. Then
th=mn+11Y  and @ <a,<(n+1)d?, (1.1)

where the equality on the left is due to the fact that trees with n bonds have n+ 1 vertices (so n+ 1
possibilities for the origin); and the expression on the right is due to the fact that animals with n
bonds have at most n -+ 1 vertices (so at most n + 1 options for the origin).

An elementary combinatorial question is to know the values of ¢, and a, for all n, but even in
two dimensions the answer is not known for large values of n. However, standard subadditivity
arguments (see [32] for trees and [31] for animals), provide the existence of the growth constants
7> 0and o > 0, defined by

7= lim (z,S‘”)l/" and o= lim <a,(1°))1/". (12)

n—eo n—eo

The growth constants depend on the dimension d, and for the spread-out model, also on L. Then

(1.1) and (1.2) imply that
lims/" =7 and lima)/" = a.
n—yoo n—yoo

The precise asymptotic behavior of ¢, and a, as n — o= is believed to be given by

ta~Ctn'"% and @, ~C,0'n'"%,



where the constants C;, C,, T and o should depend upon the lattice, but the critical exponents 6;
and 6, depend only on the dimension. This lack of dependence on the details of the model is called
universality, and models with the same critical exponents are said to be in the same universality
class. It is also believed that lattice trees and lattice animals belong to the same universality class,
so that in particular, 6; = 6, = 0 in every dimension. It has been proved that 6; = % for lattice trees
in high dimensions [19]. The bounds

Cln—c'glogn,cn < l‘,go) < an_(d_l)/dfn

were proved in [26] and [33] respectively. This implies
clrfczlog"’f" <t, < C3n1/d‘r".

In studying ¢, and a,, it is convenient to consider their generating functions, which we call

one-point functions. These are given by

g Ztnz” and g Zanz , (1.3)
or equivalently,
gz =Y " and g@(z)=Y M, (1.4)
750 AS0

where the sums are over the lattice trees and the lattice animals that contain the origin, respectively.

The two-point functions are defined by

Y=Y 27 and 6Py =Y 4 (1.5)

T>x,y A3x,y

where the sums are over the lattice trees and the lattice animals that contain the vertices x and y,
respectively. We denote Gg)(O,x) and Géa) (0,x) by Gg) (x) and GE“) (x), respectively. Due to the
symmetries of the lattice 74, the two-point functions in (1.5) can be rewritten as Gg) (y —x) and
G (y —x), respectively.

The susceptibility functions are defined as

)= Y 6% and 29 =Y 6. (1.6)

xeZ4 xezZ4

The critical points are the radii of convergence of the susceptibility functions. They are given in

terms of the growth constants by



The reader may have noticed that the super indices ) and @ in a quantity, mean that it corre-
sponds to lattice trees and animals, respectively. However, when we omit them, the term refers to
both models. For instance, z. denotes zﬁ’) and ZE“), and G, (x) denotes Gg,)) and GEZZ))

It is predicted that the two-point function changes from having an exponential decay in |x| for

7 < Z, to a power law decay

1

W, as |X| —> 00,

G, (x) ~ const

where 1) is a universal critical exponent. Using the lace expansion, it was proved in [16] that the

|2—d

two-point function at the critical point is asymptotic to const|x as |x| — oo, for sufficiently large

dimension d. This change in the properties of the model at z = z. is characteristic of a phase
transition.
The critical points for lattice trees and lattice animals are the focus of our study. In the following

sections of this chapter we give a brief account of several known facts for these quantities.

1.3 Growth constants in low dimensions

In low dimensions the values of the growth constants have been approximated through exact enu-

meration of trees and animals; however, this task is non-trivial. In [28],
T =15.1439+£0.0025 (1.7)
was numerically estimated for the nearest-neighbor graph in Z?, using Montecarlo methods. In [12],
T=10.53+0.07 (1.8)

was numerically estimated for the nearest-neighbor graph in Z>.

In [9], the following numerical estimates are reported,
logor =1.651+0.002 = 5.2018 < o <5.2226, (1.9
for the nearest-neighbor graph in Z2, and
loga =2.364+£0.005 = 10.5804 < o < 10.6867, (1.10)

for the nearest-neighbor graph in Z>.

On the other hand, for (bond) lattice trees and animals in the spread out model, Penrose [38]



showed that, in all dimensions d > 1,

KK
K1)k

KK

ToOFT (1.11)

O(KlogK) <1< <

Notice that both the right- and left-hand sides of (1.11) are ~ Ke as K — .

1.4 Growth constants in high dimensions

In the high dimensional case exact results for the growth constants are unavailable. Instead, ex-
pansions in the inverse dimension or 1/d—expansions, have been extensively studied in the physics
literature. They provide approximate results in situations where more precise information is un-
available. An inverse dimension, or 1/d—expansion is an asymptotic expansion of some function
f(d) in powers of 1/d, where d is the dimension. It is generally assumed that in such expansions
the remainder is of the order of the first omitted term, but this is rarely proved due to the limitations
of the employed techniques.

These type of expansions have been obtained for the closely related models of self-avoiding
walks (SAW) and percolation. These models are of great relevance in the fields of combinatorics,
probability theory, statistical physics and polymer chemistry. See [34], for an extensive study of
self-avoiding walks, and [15] for an introduction to percolation.

Self-avoiding walks model linear polymers, see Figure 1.1a. Mathematically, a self-avoiding
walk is a walk @ = (@(0),@(1),...,0(|w|)) in Z¢ that satisfies @ (i) # o(j) for all i # j. Let c,
denote the number of n-step self-avoiding walks starting at the origin. It is well known that the
connective constant { := lim, e c,l/ " exists [34]. For nearest-neighbor self-avoiding walks, it was

proved in [20] that the connective constant has an asymptotic expansion

ne ¥ Gy @4,
with m; € Z for all i. The first thirteen coefficients in this expansion are now known [7], and it
appears likely that the series Y;m;x’ has radius of convergence equal to zero. It may however be
Borel summable, and a partial result in this direction is given in [14].

The percolation model can be thought intuitively as a model for a liquid passing through a
porous material, like water going through the soil in a flowerpot. Since the liquid penetrates the
medium depending on the porosity, one of the basic questions that we can ask is whether it per-
colates. In our example, this could be whether the water ever reaches the root of the plant we are
watering. To model this situation, we think of the material (soil) as given by the nearest-neighbor
model or spread out model in Z¢. To each bond {x,y} we associate an independent Bernoulli ran-
dom variable n(, 1, which takes the value of 1 with probability p and the value of 0 with probability

1 — p, where p is a parameter in [0, 1] that corresponds to the porosity in our example. We say that

6



the edge {x,y} is open , if the random variable nixyy = 1, and closed , otherwise. We think of an
open edge as being open to the transit of the liquid.

A configuration is a realization of the random variables for all edges. We denote by P, the joint
probability distribution of the bond variables. Given a configuration and two vertices x and y, we
say that x and y are connected, denoted x <+ y, if there is a path joining x and y consisting of open
bonds, or if x = y. The open cluster C(x) is the random set of vertices connected to x, we denote its
cardinality by |C(x)|.

The principal object of study is the percolation probability 6(p) given by

6(p) =Pp(|C(0)] = o).

The critical probability is defined as

Pc :pc(d) = Sup{p : 9(])) :O}'

The critical probability p. for nearest-neighbor bond percolation has been a much studied object in
literature. It has been proved by several authors that the leading order term, as d — oo, of p.(d) is
(2d)*1. However, Bollobas and Kesten [30], Hara and Slade [17], Kohayakawa [4], Gordon [13]
and Alon, Benjamini and Stacey [2] derived different bounds for the error term. Currently the best

rigorous result is
1 1 7
d)=—+——+-—=+0(2d)*
peld) =35+ Gay t 2pap (2a)™),

which was established in [20, 24] using the lace expansion. Moreover, this same technique was used

in [23] to prove the existence of an asymptotic expansion for p. of the form

ch qj-y
Pl ™ L faay

1

oo

where the coefficients g; are rational numbers. It is believed that this expansion has radius of con-
vergence equal to zero, but there is no proof of this.

Some related results for spread-out models of percolation and self-avoiding walks are obtained
in [22, 37, 38]. In particular, using the lace expansion, it is shown in [22] that when d > 4 for self-
avoiding walks and d > 6 for percolation, and L is sufficiently large, the critical points are given
by

c 1
e vo(i).
where c is a model-dependent constant.

For lattice trees and lattice animals, it is shown in [18] that the one-point functions at criticality

g(t) (th)) and g(“) (zﬁa)) are finite (in fact, at most 4) in sufficiently high dimensions for the nearest-



neighbor model, and for the spread-out model in dimensions d > 8 if L is large enough, and that in

these two limits, the critical points zy) and zE.“) obey the equations

lim Kz g™ (2" = lim kz“¢@ (V) = 1. (1.12)
K—oo K—oo

This is discussed for the nearest neighbor model in [16] (see, in particular, [16, (1.31)]). A more
detailed discussion is found in [39].
The behavior of the growth constants T and « in the nearest-neighbor model, as d — oo, has

been extensively studied in the physics literature. For 7, the expansion

11 81 8 1 9311 27771
'E:Geexp<—26—362—1263—2064—10654—w> where o=2d—1 (1.13)

is reported in [11], but without a rigorous estimate for the error term. This raises the question of

whether there exists an asymptotic expansion for 7 of the form

° L (2;1)1"

i=—1

with r; € Q. For «, the series

e 11 (8 1> 1 (85 1) 1 <931 139 1 ) 1
= X —_—_ll-————--11—— ) — — _— | —
PAl726 37 2e)02 \1272e)03 \20 48 82/ o?

_(2777 177 29 ) 1 ) (1.14)

10 32 1282) 60

was derived in [21, 36], again without a rigorous error estimate; here the role of the transcendental
number e is more delicate.

Expansions (1.13) and (1.14) yield the estimates for T and « in Table 1.1. Comparing these
results to (1.7)—(1.10), we notice that the more terms we consider in the expansion does not nec-
essarily give a better estimate. However, we must recall that these expansions are for dimension d
high.

d| lterm | 2terms | 3 terms | 4 terms | 5 terms
. 2 1 69029 | 5.1328 | 3.9484 | 2.2225 | 0.7088
3| 12.298 | 11.0538 | 10.4448 | 9.6951 | 8.8708
o 2 |1 6.9029 | 52388 | 4.0436 | 2.3067 | 0.7305
3

12.298 | 11.1354 | 10.5297 | 9.7909 | 8.9535

Table 1.1: Estimates for 7 and « for dimensions d = 2 and 3, taking into account 1, 2, 3, 4 and
5 terms in expansions (1.13) and (1.14)



On the other hand, expansions (1.13) and (1.14) would imply that the critical points satisfy

o [l 1 B, B g e
@ =\t Gt Gy +( 307 T ) T | T (1.15)
@ |1, 3 [ HP-ge! FP-2e! 05FE_IRe!
T a e T T ey T @ay T @y
543967 _ 395 ,—1 _ 55,2
4768 éd) 24 + ... (1.16)

In [35] we provide a rigorous confirmation of the leading terms in (1.15)—(1.16). This is the

content of Theorem 1.1 below, whose proof will be presented in Chapter 2.

Theorem 1.1. For the nearest neighbor model as d — oo, and for the spread-out model in dimen-

sions d > 8 as L — oo,

o 1 (@ 1
Zc Ke and  z¢ Ke' (1.17)
and, in these same limits,
lim g©(z") = lim g@ (") =e. (1.18)
K—o0 K—»o0

The main step in the proof of Theorem 1.1 is to establish a connection between the critical points
and the one-point functions of lattice trees and animals, to the analogous quantities of a mean-field
model. This mean-field model (see [5, 39]), is related to the Galton—Watson branching process with
critical Poisson offspring distribution. The advantage of using it is that the values of the critical
point and the one-point function at criticality are known. In other developments, the relation with
the mean-field model is reflected by the super-Brownian scaling limits proved for lattice trees in
high dimensions [8, 25]. The proof of Theorem 1.1 uses a lace expansion result by Hara and Slade
[16, 18]. However, the lace expansion technique is not explicitly used. No bound on the rate of
convergence is obtained for either (1.17) or (1.18).

To our knowledge, Theorem 1.1 is new for the nearest-neighbor model. Although for the spread-
out model, Penrose’s result given in (1.11) is stronger, since it gives the asymptotic result (1.17)
without the restriction d > 8 and including error estimates. In fact, if we combine (1.11) and (1.12),
we get (1.18) for the spread-out model in dimensions d > 8.

A similar result to Theorem 1.1, was proved for the related models of nearest-neighbor (site)
trees and (site) animals in [1] and [3], respectively. A nearest-neighbor site animal is a connected
section graph of the lattice, i.e., for each pair of vertices v; and v, in a site animal, which differ
by one in exactly one coordinate, the edge e = (vi,v,) must be in the site animal. In [1] and [3],
using very different methods than ours, it is proved that the corresponding growth constants are
2de —o(d), as d — oo.



1.5 Our main result

The main result of the thesis is the rigorous calculation of the first three terms in a 1,/d—expansion
for the critical points of nearest-neighbor lattice trees and animals. This is specifically stated in the

following theorem.

Theorem 1.2. In the nearest neighbor model, as d — oo,

3 115
o_ 1|1, 3 2 3
' =e 2d+(2d)2+(2d)3 +o((2d)77) o
o[, 3 ol : o
W= it map T @y | o207

Remark 1.3. The coefficients in the expansions for zﬂ’) and zga) given in (1.19) agree with the ones

predicted in (1.15) and (1.16). Moreover, in our proof, the appearance of—%ef1 in the third term
of Z((;a) is due to the animals that have a 4-step cycle containing the origin. This of course cannot

occur in the lattice tree case.

The proof is based on a recursive argument similar to the one used in [20] and [24], where 1/d—
expansions for the critical points of self-avoiding walks and percolation were obtained, respectively.
The procedure uses the first n terms to compute the (n+ 1) term in the 1/d-expansion. The starting
point is Theorem 1.1, which provides the leading term in the expansion of z.. The following two
steps in the reasoning yield the second and third terms in the expansion. They extensively use the
lace expansion and the results obtained with this method in [16].

The lace expansion for lattice trees and animals will be discussed in Chapter 3. This tech-
nique gives, among other things, implicit formulas for the critical points of several models like
self-avoiding walks, percolation, and of course lattice trees and animals. It is the core of the argu-
ment for obtaining the 1/d—expansions for the critical points of self-avoiding walks and percolation
that we mentioned before. However, unlike these two models, the formula for z. includes the corre-
sponding critical one-point function g(z.). This fact increments significantly the level of difficulty

of our problem. To tackle this challenge we developed a new approach that consists in

1. Finding an expansion for the one-point function g(z.), such that the resulting expression re-
sembles the one given by the lace expansion for the two-point function. This allows us to use

analogous methods to this technique to bound error terms.
2. Combining the formula for z, and the expansion for g(z.) in a convenient way.

In the following section we describe the strategy that will lead us to the proof of Theorem 1.2.
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1.6 Overview of the proof and the thesis

In this section we explain the strategy that we will follow to prove Theorem 1.2, and at the same
time describe the organization of the thesis. We commence by defining the quantities needed.

The Fourier transform of an absolutely summable function f : Z¢ — C is defined by

fi)y =Y fx)e*, (1.20)

xeZ4
where k € [—, ﬂ]d and k-x = ):?:1 kjx;. The inverse Fourier transform is given by

A . dk
_ —ik-x
f()C) - /[77:,71'}‘1 f(k)e (275)‘1. (1.21)

Once equipped with these definitions, we can see that the susceptibility function defined in (1.6), is
also equivalent to x(z) = G.(0).

The lace expansion is one of the main ingredients in the proof of Theorem 1.2. As we will
discuss in Chapter 3, this technique involves a sequence of inclusion-exclusion steps and a process
of resummation that results in an expansion for the two-point function, in terms of the one-point
function and the Fourier transform of a function IT,(0) (see equation (3.25) for trees and equation

(3.41) for animals). The Fourier transform of this expansion evaluated at 0 is

(1.22)

Using that the critical point z. is the value of z such that the denominator in (1.22) vanishes [16,
(1.30)], i.e.,
1 —2dz. (g(zc) +11,.(0)) =0, (1.23)

we get the following implicit formula for the critical point z.

1 1
Zc:i

- 1.24
2d g(z¢) +11,(0) (29

which will be one of the key ingredients in the proof of Theorem 1.2.

The demonstration of Theorem 1.2 follows a recursive argument in which the calculation of the
terms in the expansion for z, is intertwined with the computation of the terms in the expansions for
the quantities IT,_(0) and g(z.), given in Theorem 1.4 and Theorem 1.5 below. The route that will
lead us to the proof of Theorem 1.2 is as follows.

In Chapter 2, we will prove Theorem 1.1, which is the starting point of the recursive argument.

Theorem 1.1 establishes the leading term for the one-point function g(z.) and the critical point z.

11



For the nearest-neighbor model, these are given by

1 1
=e+o(l d ze=—F—+0|+—], d — oo,
g(z)=e+o(l) and z de 0<2 ) as

It is worth noticing that Theorem 1.1 also gives analogous results for the spread-out model. How-
ever, in the remaining chapters we restrict our work to the nearest-neighbor model. In the proof of

Theorem 1.1 we use the following estimates
M. (0)=0(1) and  lim2dzg(z) =1,
—>00

obtained in [16, (1.23)] and [16, (1.30)], respectively, using the lace expansion.

In Chapter 3, we will develop a new expansion for the one-point function that will allow us
to study it at criticality, and present some fundamental facts for the lace expansion technique for
lattice trees and lattice animals. In particular, we will see that the lace expansion technique gives an
expansion for the two-point function whose Fourier transform, evaluated at 0, is given in (1.22).

In Chapter 4, we will compute the first term in the expansion for fIZC (0) given below in Theo-
rem 1.4. Then we will calculate the second term in the expansion of the one-point function g(z.)
given below in Theorem 1.5. Finally, using formula (1.24), we will get the first order correction of
Z¢, which is the second term in the expansion for z. in Theorem 1.2.

In Chapter 5, all the previous information will allow us to calculate the second term in the

following expansion of IT_ (0).

Theorem 1.4. In the nearest neighbor model, as d — oo,

27
A (1) 3e 3¢ 1
o) =-2 -
0O ="2"ap *° ((2d)2>
27 3
4@ gy~ € _2°~3 !
Mo ==2""gay *° ((2d)2> ‘

Then we will be able to compute the third term in the following expansion for the one-point

(1.25)

function g(z.).

Theorem 1.5. In the nearest neighbor model, as d — oo,

3 263
0,0y o, 2% 2a° 1
g N(z))=e+=+ +o a7 )

2d 2d)?

5 (263 ) (1.26)
RO TR S L Sk g (RLE

24" (24)? (2d)?

Substituting these expansions for IATZC(O) and g(z.) in the formula for z. given in (1.24), yields

the second order correction of the critical point as follows.
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Proof of Theorem 1.2. By (1.24), (1.25) and (1.26), for the critical point of nearest-neighbor lattice
trees we have

0 _ ! :
t_zd[g<r><z£’>>+ﬁ§,)<0>} 2de 1~ 57~ i+ 0 (i)

1 % 115 1
+0<(2d)2> y as d — oo.

And for the critical point of nearest-neighbor lattice animals,

L 24
24 T 22 T 2a)

(@) _ ! 1
Y ERICORS i (0)} 2de [1 = ;= S +o ()|
1

-1

;L %4
- 2
2d " 2dp T (2d)

=€

O

Therefore, it only remains to show Theorem 1.1, Theorem 1.4 and Theorem 1.5. This is the
main content of the following chapters, which we summarize in Figure 1.2.

Chapter 2: . . .
Leading terms Chapter 4: First order correction Chapter 5: Second order correction
T 3 -1 ~ 27, 3e"
ge~e Lz, = =55 + 0(2d) I, =e [_2% - g — } +0(2d)?
> 3 -1 g 24 P —Tzent -2
ZCNlelo g—e[1+ 2}+0(2d) g—e[1+2d+ a2 ]+o(2d)
3 _ _ S _
ze=emt b+ | +od) | | =t [+ g + G| +o(20)

Figure 1.2: Flow of the proof of Theorem 1.2. The indicator function I, takes the value of 1
for the case of lattice animals and O for the case of lattice trees.
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Chapter 2

Proof of leading behavior

In this chapter we present the proof of Theorem 1.1, which we published in [35]. This theorem gives
the leading order behavior of z. and g(z.) for both lattice trees and lattice animals in the nearest-
neighbor model and the spread out model. In Section 2.1 we assume Lemma 2.1 and Proposition 2.2

below, and prove Theorem 1.1. In Section 2.2 we prove these two key results.

2.1 Main steps in the proof

We define .

= E’
where K, as stated before, represents the degree of both the nearest-neighbor and spread-out graphs
on Z4.

The proof of Theorem 1.1 uses the following two ingredients:

20" 2.1)

Lemma 2.1. In all dimensions d > 1, and for the nearest-neighbor or spread-out models,

1
2> > g = s

Proposition 2.2. For the nearest-neighbor model, or for the spread-out model in dimensions d > 1,
lim ¢ (z0) =e,
K—oo

where the notation limg_,., means the limit as the dimension d — oo for the nearest-neighbor case,

and the limit as L — oo for the spread out-case.

Since, by definition, a lattice tree is a lattice animal, we have 7 < @, which implies that the
critical points obey
2>,
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In fact, the strict inequality 7 < « is known [10]. Therefore, the main content of Lemma 2.1 is that
zﬁ“) > 20, or, equivalently, that o <Ke.

This fact is presumably well-known, though we did not find an explicit proof in the literature.
Klarner [31] proves that for 2-dimensional nearest-neighbor site animals the growth constant is
at most 27/4 = 33/22, and Penrose [38] states that this can be generalized to the upper bound
a < KX/(K —1)X=! ~ Ke for bond animals on an arbitrary regular graph. We will provide an
elementary proof that o < Ke in Section 2.2, both to be self-contained and because elements of
the proof are also useful elsewhere in our approach. At this stage we assume Lemma 2.1 and

Proposition 2.2, whose proof we deferred to Section 2.2, and show Theorem 1.1.

Proof of Theorem 1.1. We will prove that, under the hypotheses of Theorem 1.1,

lim g (z") =e. 2.2)
K—oo
It then follows from (1.12) that
2~z
Lemma 2.1 then implies that
Zg‘a) ~ 20,

and finally (1.12) implies that
lim g(“) (Z((;a)) =e,

K—oo
which are the desired results. Thus Theorem 1.1 will follow, once we prove (2.2).

Proposition 2.2 gives that 1 = limg_,..e'g(*)(z9) which together with (1.12) imply,

lim (Kzﬁ”g@ (Z) — e 1 (zo)) —0.

K—oo

By adding and subtracting limg_,. Kzog®) (zg)) = limg_,oe g (zy)), this expression can be rewrit-

ten as
. [K (Z@ _ZO> (0 () e (g(’)(zﬁ”) N g<z)(Z0))] —0.

K—oo

By Lemma 2.1 and the monotonicity of g in z, both terms in the limit are non-negative. Therefore,

the two of them vanish in the limit, and in particular,

tim (¢ (2) — ¢ (z0)) = 0.

K—o0

With Proposition 2.2, this gives (2.2) and completes the proof. O

15



It remains to prove Lemma 2.1 and Proposition 2.2, and this is what we do in the next section.

2.2 The proof completed

We will make use of the following mean-field model (see [5, 39]), which is related to the Galton-
Watson branching process with critical Poisson offspring distribution.

Let .7, denote the set of n-edge rooted plane trees [40], and let .7 = (" . Given T € 7,
we consider mappings ¢ : T — Z¢ with the property that ¢ maps the root to the origin, and maps
each other vertex of T to a neighbor of its parent (nearest-neighbor or spread-out, depending on
the setting); the set of such mappings is denoted ®(T'). There is no self-avoidance constraint. By
definition, for T € .7},, the cardinality of ®(7T) is K". We may interpret the image of 7 under ¢ as
a multigraph (a graph whose edges may have the same end vertices) without loops, and we refer to
the pair (T, ) as a mean-field configuration. The set of all mean-field configurations (T, ¢) with
T € 7, is denoted #,,.

Let &; denote the number of children for vertex i; this is the degree of the root when i is the root

of T and otherwise it is the degree of i minus 1. For n > 0, let

=) H —K”Z‘,Hg1 (2.3)

(T(pE///zeT TeZ,ieT

where the second equality follows from the fact that ®(7') has K" elements. Let |T| denote the

number of edges in 7. Then the generating function for {f,} is

Y =2 Y (Kez ‘T‘“H 2.4)

n=0 Teg l€T

In this expression notice that the factor e ITI-1 appears in the last product since it is over the vertices
in T, which are one more than the number of edges. Moreover, since P(T) = [];c7(e&!)~! is the
probability that 7 arises as the family tree of a Galton—Watson branching process with critical

Poisson offspring distribution, it follows from (2.4) that

anz()—e Y PB(T)= (2.5)

Tes

The relation with the critical Poisson branching process can easily be exploited further (see, e.g., [5,
Theorem 2.1]) to obtain

Y h= (K'Y "

n=0 n=1
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The series on the right-hand side converges if and only if |Kez| < 1, by Stirling’s formula, and hence

1
lim f/" = Ke = —. (2.6)
n—r ZO
Let %, denote the set of n-bond lattice trees containing the origin; its cardinality is #,. We will
use the fact, proved in [5, (5.5)], that for every L € .%,,

Y I‘[a =1. 2.7)

(T, @)ty 0(T)=LicT

The proof of (2.7) in [5] is given for the nearest-neighbor model, but it applies without change also

to the spread-out model. By summing (2.7) over L € .%,,, we obtain

tn < fu, (2.8)

and hence 7 < lim,, f,,1 /m— Ke. This gives the inequality zgt)

inequality zE“) > 70 that we seek in Lemma 2.1.

> z0, which is weaker than the

Proof of Lemma 2.1, Recall that the inequality zy) > zga) follows from f, < a,, and the equality

20 = (Ke)_1 holds by definition, so it suffices to prove that zﬁ“) > zo. By (2.6), for this it suffices to
prove that

To prove this, we adapt the proof of (2.7) from [5].

The first step involves a unique determination of a tree structure within a lattice animal. For this,
we order all bonds in the infinite lattice lexicographically. Also, we regard a bond as an arc joining
the vertices of its endpoints, and we order the two halves of this arc as minimal and maximal. These
orderings are fixed once and for all. Given a lattice animal A, suppose that it contains c cycles.
Choose the minimal bond whose removal would break a cycle, and remove its minimal half from
the animal. Repeat this until no cycles remain. The result is a kind of lattice tree, which we will
call the cut-tree A*, in which ¢ leaves are endpoints of half edges. See Figure 2.1. Recall that .7,
denotes the set of n-bond lattice animals that contain the origin. Let .7,* denote the set of n-bond
cut-trees that can be produced from a lattice animal in .27, by this procedure. By construction, lattice
animals and cut-trees are in one-to-one correspondence, so .7, has cardinality a,,.

We may regard the edges of T € .7 as directed away from the root, and we write a directed edge
as (i,7'). Given A* € &/ and (T, 9) € ., we say that ¢(T) = A* if (i) each bond in A is the image
of a unique edge in T under @, and if, in addition, (ii) if (b*,57) is a directed bond in A from which
the half-bond containing b~ is removed in A*, and if the edge of T that is mapped by ¢ to (b™,b™)
is (i,i'), then i’ is a leaf of T. Roughly speaking, the condition ¢(7) = A* means that the mapping
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| I
I,

Figure 2.1: A lattice animal A and its associated cut-tree A*.

@ “folds” T over A* in such a way that the tree structure of T is preserved in A*. We claim that for
every A* € o7,
Y H : (2.10)
(T,p)eMy:0(T —A*zeT

This implies that

w= ¥ H§< Y g4
(T,p)ey:(T)ed ic ,Q)EMyicT >
which is the required inequality (2.9). Thus it suffices to prove (2.10).

To prove (2.10), we adapt the proof of (2.7) from [5], as follows. Let by be the degree of 0 in A*,
and given a nonzero vertex x € A*, let b, be the degree of x in A* minus 1 (the forward degree of x).
Then the set {b, : x € A*} (with repetitions) must be equal to the set {& : i € T} (with repetitions)
for any 7 such that ¢(7) = A*. Defining v(A*) to be the cardinality of {(T,¢): ¢(T) =A*}, (2.10)

is therefore equivalent to

=[] 5. (2.11)

XEA*

We prove (2.11) by induction on the number N of generations of A*, i.e., the number of bonds or
half-bonds in the longest self-avoiding path in A* starting from the origin. The identity (2.11) clearly
holds if N = 0. Our induction hypothesis is that (2.11) holds if there are N — 1 or fewer generations.
Suppose A* has N generations, and let A7, ..., A, denote the cut-trees resulting by deleting from A*
the origin and all bonds and half-bonds incident on the origin. We regard each A}, as rooted at the
non-zero vertex in the corresponding deleted bond. It suffices to show that v(A*) = by! HZO:] V(AZ),
since each A}, has fewer than N generations.

To prove this, we note that each pair (7, @) with ¢(T) = A* induces a set of (7, ®,) such that
¢.(T,) = AX. This correspondence is by! to 1, since (T, ) is determined by the set of (7, ¢,), up
to permutation of the branches of T at its root. This proves v(A*) = by! Ha | V(A}), and completes
the proof of the lemma. O
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Lemma 2.3. For the nearest-neighbor or spread-out models (the latter in all dimensions d > 1), for
each fixed n > 0,

Proof. By (2.7),
th= Yy _Hg,-z = Ha I (2.12)

Given T € 7, the cardinality of ®(T') is K", so there are at most K nonzero terms in the above
sum over @. On the other hand, there are at least K(K — 1) --- (K —n+ 1) nonzero terms. To see this,
consider the mapping @ of T to proceed in a connected fashion to map the edges of T one by one
to bonds in Z, starting from the root. The first edge of T can be mapped to any one of K possible
bonds. The second edge of T includes one of the vertices of the first edge, and to avoid the image
of the other vertex of the first edge, it can be mapped to any one of K — 1 possible edges. In this
way, as ¢ proceeds from the root to map vertices of 7" into Z¢, the restriction that the image contain
n—+ 1 distinct vertices allows K choices for the first bond, K — 1 choices for the second bond, at least
K — 2 for the third, at least K — 3 for the fourth, and so on. This implies that

K(K—1)---(K—n+1) ZH; ZH;,

TeZ,icT Teg,ieT
and the desired conclusion follows. O

Proof of Proposition 2.2. By (2.8), (2.3) and (2.1),

W < frg=e" Y H&w
L

Teg,icT

which is independent of K. Also, by (2.5), }.,"_ f»z; = €. Hence, by Lemma 2.3 and the dominated

convergence theorem, we have

Jim g9 (z Z lim 1 1,2 = i ( H?j) anzo =e.
€, ieT

—>00
n=0 n=0
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Chapter 3

Expansion methods

In this chapter we present the expansions for the quantities needed in the proof of Theorem 1.2.
Since this theorem exclusively involves nearest-neighbor lattice trees and animals, the results ob-
tained in this chapter are only valid for the nearest-neighbor model. However, with minor modifica-
tions, the results on the lace expansion can be extended to the spread-out model, see [39].

In Section 3.1, we develop a new expansion for the one-point function g(z). This expansion
is one of the key ingredients that will allow us to study the behavior of the one-point function, at
criticality, in subsequent chapters.

In Section 3.2, we present the lace expansion technique for lattice trees and lattice animals. We
follow the ideas developed by Hara and Slade in [16] and [39], but do not give a detailed explanation
of the derivation. We will discuss the main quantities that contribute to this technique, and omit a

few of the technicalities which can be consulted in [39].

3.1 Expansion for the one-point functions

In this section, we develop a new expansion for the one-point functions of lattice trees and lattice an-
imals, simultaneously. The expansions will be obtained by a systematic use of inclusion-exclusion.

In the case of g(@(z), it is convenient to separate the sum over the lattice animals depending
on whether the origin is contained in a cycle or not, which we denote by 0 € cycle and 0 & cycle,

respectively. Then we get

g(“)(z) — ZZIA\ — Z Z\AI_I_ Z Al (3.1)

A30 A30 A30
Ogcycle O€cycle

The one-point function for trees and the sum over animals in which the origin does not belong to
acycle in (3.1), have a similar behavior. To see this, suppose that a tree T (respectively, an animal A)
contains the origin and m of its 2d nearest neighbors. Then T (A) consists of the m edges incident to

the origin and m non-intersecting trees (animals) emanating from these edges. The non-intersection
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restriction guarantees that, indeed, the origin is not part of a cycle for the case of lattice animals.
This observation allows us to rewrite the one-point function, for both lattice trees and lattice animals
(1.4), as

g)=Y =Y 41, ¥ 9, (3.2)
30 €30 30
0ccycle Occycle
where the clusters C are lattice trees or lattice animals depending on which model we consider, and
the indicator function I, takes the value 1 for the case of lattice animals, and the value O for the case
of lattice trees.

We will use inclusion-exclusion to expand the first term on the right-hand side of (3.2), but will
not expand the second one. Let Cy = {0} be the cluster that only contains the origin. We count a
factor of z for every one of the m edges incident to the origin, attach a cluster C; to each one of these
edges, count a factor of z for every edge in these clusters, and discard the contributions in which the
attached clusters intersect Cy or each other. See Figure 3.1 for a depiction of such a decomposition

of a lattice tree and a lattice animal containing the origin.

T | E
P G ‘ ‘ 52 G
o |

Cs

Cs
53
0 0
s
‘ c '

(a) Lattice tree (b) Lattice animal

51

Figure 3.1: Decomposition into the edges connecting 0 to its nearest neighbors s; and the non-
intersecting clusters C; attached to them.

This procedure yields that

Z Al — i % Z [Z Gl Z Z|Cm|] H (1+7%), 3.3)

€30 m=0"""s1,....s;€E | C1381 (6 E=X™ 0<i<j<m
Oecycle

where & = {ej,ez,...,ex} is the set of the 2d nearest-neighbors of the origin ordered such that
ei = (0,...,1,0,...,0), with 1 located at the i-th coordinate for 1 < i < d, and ¢; = —e;_4 for
d+1<i<2d;and for0<i< j<mandasetC= {Co,...,Cy} of m+1 clusters, the function
¥ ;= ¥:;(C) is given by

o —1 if clusters C; and C; share a common vertex
¥:,(C) = '
0 if clusters C; and C; share no common vertex.
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Remark 3.1. The sum in (3.3) is a finite sum since the terms vanish for m > 2d. The function ¥} ;
ensures that the cluster C; does not contain the origin, while V; j, that the clusters C; and C; do not

intersect each other, in particular, excluding the possibility that s; = s .

We will expand the product [Ty<;« j<, (1 + 7%, ;) in (3.3), and group the summands in a special
way. We want to identify the factors 7;; that have label i = 0, since, as we will see, the cluster

Co = 0 plays an important role. We start by noticing that
Claim 3.2. For a positive integer n,
n n n
[TO+x)=1+Y x [] (1+x)), (3.4)
i=1 i=1  j=itl
with the convention that the empty product in the second term on the right-hand side is equal to 1.

Proof of Claim 3.2. We follow an inductive argument. For n = 1 the formula clearly holds. Assum-

ing it is true for n, the case for n+ 1 is given by

n+1 n+1 n+1 n+1
H(] —f—x,) (1 —|—x1)H(1 —}—x,-)zH(l +xi)+x1H(1+xi)
i=1 i=2 i=2 i=2
n+1 n+1 n+1 n+1 n+1
=1+ Y x [ (+x)) +x1H (I+x)=14+Y x [] (1+x)).
i=2  j=i+l i= i=1 j=i+l

O]

We can iterate the result in (3.4) by applying it to the product that appears on its right-hand side

and obtain

i=1 i=1 j=i+l i= j=i+1l  k=j+1

—1+Zx,+z Z XiX; I_nI (1+xz).

i=1j=i+1 k=j+1

f[(1+xi):1+zn:xi f[ (14x;) _1+le <1+ Y x; 1'[ 1—|—xk)>
(3.5)

Using this expression we rewrite the product [To<; j<, (1 + 7 ;) as

[T a+7%p=1+ Y 7+ Y Y Vi [I (+7)

0<i<j<m 0<i<j<m 0<i<j<m  (k}l)€A;; (P.q)€Ak
_1+Z7/0,+ Y 7+ Y Y Vit ] (0+7),
1<i<j<m 0<i<j<m  (k,l)EA;; (P,q) €A
(3.6)
where the set
Aij=Aij(m) = {(i,1) 1 j <1 <m}U{(k,]):i<k<l<m}. (3.7
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In the second equality of (3.6) we have only separated the terms in the first sum that correspond to
i=0and i > 0. Substituting (3.6) into (3.3) yields

Y =y % y [Z dal. ¥ Zcm]

€0 m=0"""s1,....5y€E [C13s1 CnO8m
O¢cycle
(3.8)
1‘*‘27/0]4‘ Z 7/11+ Z Z 7/717/161 H (14‘7/17,4)
1<i<j<m 0<i<j<m(k,l)€A; ; (P.q)€Ak
=A(z)+B(z) +C(z) + E(2),

where the four terms in the last line arise from distributing the product among the four terms within
parentheses in the second line (in that order).
Therefore, substituting (3.8) into (3.2) yields

8(2) =A(z)+B(z)+C(z) +E(2)+1, ), 2, (3.9)

30
Occycle

which is the expansion for g(z) that will allows to study it at criticality in the following chapters.
The term A(z) can be immediately computed. Indeed, by definition, and (1.4),

_ Z g' y [Z Qo y Zcm] =) %(ng(z))m:ewzg@. (3.10)

S1ye-ySmEE [ C1381 Cnosm m=0

The term B(z) can be simplified by exchanging the order of the sums over the nearest-neighbors

S1,...,8y, and the label j, as follows

R

m C13s1 Cudsm
n
- Z - (2dg(2) m1y Y 2l
jZIS_,'EéaCjBSj,O (311)

= Z - (2dg(2)"" ' m2dG,(0,e1)
= —2dze2dzg( )G.(e)) = —2dzA(2)G.(e1).

The term C(z), given by

m=2 m: S1yeeySmEE [ C1381 Cuosm 1<i<j<m

C(z) = i Zl: Z !Z Aol Z ZC,n] Z ¥, (3.12)

will be expanded in the proof of the next step of the recursive argument, in Chapter 4, to extract its
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contribution to g(z).

The term E(z), given by

EQ=Y L ¥ [Zz'q--- Z]( Y Y i [1 <1+m>),

CS15e8m€E [ C138) Cu3sm 0<i<j<m (k,l)€A; (p,q)€AK

(3.13)

will correspond to an error term in the proof of the next step of the recursive argument in Chapter 4.

3.2 The lace expansion

The lace expansion was developed by Brydges and Spencer in [6] to tackle problems related to
self-avoiding walks in 5 or more dimensions. Originally, it involved an expansion and resummation
procedure, but it has been expanded to other models like percolation, lattice trees and lattice animals,
by using an inclusion-exclusion relation [39].

This technique will produce an expansion for the two-point function G,(x) in terms of the func-
tions g(z) and IT,(x) which, as we anticipated in (1.24), implicitly defines the critical point z.

Moreover, through the derivation of such expansion the quantity IT;(0,x) will be clearly defined.

3.2.1 The lace expansion for lattice trees

We commence by defining the quantities needed in our discussion of the technique. Recall that the

two-point function for lattice trees G§'>(x) = Gy) (0,x) is given in (1.5) by

GV =Y 7, (3.14)
T30.x

where the sum is over the lattice trees that contain both vertices 0 and x. A tree 7 with this charac-
teristic consists of a path connecting 0 to x and mutually non-intersecting subtrees emanating from
every vertex on this path. Due to the topology of T this path is unique, we refer to it as the backbone,
and to the subtrees emanating from the backbone as the ribs. See Figure 3.2 for a depiction of such

a decomposition of a tree 7 that contains 0 and x.
This observation allows us to rewrite th) (x) in terms of walks @ from O to x, and non-intersecting
ribs emanating from the vertices of @. Recall that #(0,x) is set of walks @ from 0 to x. Given
o <€ #(0,x), let R= {RO, . ’le\} be the set of |@|+ 1 mutually non-intersecting trees (ribs) R;

attached to the vertices of w.

To guarantee that the ribs R = {Ry4,...,Rp} are mutually non-intersecting, we consider
Kla,b):= T[] (1+%(ﬁ)), (3.15)
a<i<j<b
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Ry

Figure 3.2: Decomposition of a lattice tree T into the backbone from 0 to x (bold), and the ribs
emanating from it R = {Ry,...,Ro}.

where the function %;(R) is defined by

- —1 ifribs R; and R; share a common vertex
%j(R) = (3.16)
0 if ribs R; and R; share no common vertex.

The product (3.15) is equal to 1 when all the ribs satisfy the desired property and it vanishes other-
wise.

Then the two-point function (3.14) can be written

=y Y ..y ARk el
e (0,x) Ro>0 Ry >x

where the sum over o is over all simple random walks from O to x, the sums over R; are over trees
that contain the vertex (i), and R= {RO, .. ,R|w‘} is the set of ribs emanating from the walk ®.
Note that K0, |@|] guarantees that only the self-avoiding walks (paths) @ contribute to the sum. In

this expression we will abbreviate
|

) Z Z|R0|+"'+\R\w\| H Za;

Ro>0 R‘w‘SX i=0R,

(i)

where the equal sign means equality when both sides are applied to a function of the ribs. Therefore,

the two-point function can be rewritten as

Gg)(x): Z ol <H Z RI) [0, |o]]. (3.17)
e (0,x) i=0R;3m(i)

In order to rewrite the product (3.15), we define

Definition 3.3. Let [a,b] be an interval of non-negative integers a,b.
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1. Anedge is a pair {i,j} (i < j) of elements of |a,b], which we will also denote by ij.
2. A graphT is a set of edges. The set of all graphs on [a,b] is denoted by HB|a,b.

3. A connected graph T on [a,b], is a graph in which both a and b are endpoints of edges
in I, and if in addition for each c € (a,b) there are i,j € [a,b] such that i < ¢ < j with
either {i,j} €T, or {i,c} € T and {c,j} € I. Equivalently, T is connected if, as intervals,
Uijerli, j] = [a,b]. The set of all connected graphs on [a,b] is denoted by ¥|a, D).

Remark 3.4. The definition of connectivity does not correspond to the usual notion of path-connectivity

in graph theory. The graphic representation of the graphs we are considering is depicted in Fig-
ure 3.3.

“ AN

a b
(c)

SNV LIS &

a b

Figure 3.3: Graphs in which the edge i is represented by an arc joining i and j. Graphs (a)
and (b) are not connected, the former has an edge containing a while the latter does not.
Graph (c) is connected.

We set K[a,a] = 1, then for a < b the expression (3.15) is equivalent to

Kla,b)= Y. T[] %;. (3.18)

e Bla,b) ijel

where we have omitted the dependence on R. For the case of connected graphs we consider an
analogous quantity to K[a,b]. We set J[a,a] = 1, and for a < b we define

Ja,pl= Y. [1%; (3.19)
red|ap) ijel
where the sum is restricted to the connected graphs.
Lemma 3.5. Foranya <b
b—1
Kla,b) = J[a,b]+Kla+1,b]+ Y Jla,c]K[c+1,b]. (3.20)

c=a+1
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Proof of Lemma 3.5. The sum on the right hand side of (3.18) can be over the connected graphs
on [a,b], whose contribution is J[a,b], and the disconnected graphs on [a,b]. In the latter case, the
contribution of the graphs for which a is not in an edge is K[a+ 1,b]. For the disconnected graphs
I" that have an edge containing a, let ¢(I") be the largest value of ¢ € (a,b) such that the set of edges
in " with both ends in the interval [a,c] forms a connected graph on [a,c]. Then the sum over these
graphs I factorizes into sums over connected graphs on [a,c], which yield the factor J[a,c]|, and
arbitrary graphs on [c + 1,b], which yield the factor K[c + 1,b]. O

Substituting the expression (3.20), witha =0 and b =

, into (3.17) yields

=Y M ¥ [n 3 zR'] 0./o]

Rp30 w%ﬁx) i=0R;>0(i)
ol |3 _
+ L |l T kDol (3.21)
LU
[ o] 1 lof-1
£ L N E ) Y 0K o)
@/ (0,x) Li=0R;>m(i) ] =1

|o|>2

The first term on the right hand side results from the walks with length 0 and, by (1.4), is equal
to g ( )00.x. The other summands are due to the walks whose length is at least 1. We denote the
second term by

)= Y !H Y zR'] J[0,|w]]. (3.22)

e (0,x) i ORS(D )
|o[=1

Let D : Z¢ — R be the one-step transition probability function for a simple random walk in the

nearest-neighbor model of 74 ie.,

@2a)~' if [l =1,
D(x) = (3.23)
0 otherwise.

The convolution of the absolutely summable functions f : Z¢ — R and g : Z¢ — R is given by

(f+g)x)=Y fly (3.24)

yezd

Therefore, the third term on the right hand side of (3.21) can be written as

y ol [H Z 2R K1, o] = >()(2dzD*G§’))(x),
wizﬂ‘gx) i=0R>0(i
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and the fourth term can be expressed as

o)
Yy el [H Y z’”]'Z]Joc [c+1, |wu:( { *2dzD*G()>()

oW (0.%) i=0 R0 (i)
|w|>2

Hence, the expression in (3.21) is equal to
G () = g (@) 8.+ T (1) 480 (2) (220461 (1) + (M 242D+ G ) (v),  (3.29)

which is the lace expansion for lattice trees. Taking the Fourier transform of the right-hand side
of this equation, and using that the Fourier transform of a convolution of functions is given by the

product of their Fourier transforms, i.e.,

frg=fg, (3.26)

yields
G (k) = g (2) + 11 (k) + ¢ (2)2dzD (k) G (k) + 11 (k) 2dzD (k) G (k)

where we have used that 6 = 1. Solving for G(')(k) we get

3 (k) : - (327)
1 —2dzg"(z)D(k) — 2dzD(k)IL;" (k)
The Fourier transform of the transition probability function D(x) (3.23), is given by
1 R
=7 Z cos(k;j),  whichimplies that D(0) = 1. (3.28)

Therefore, evaluating (3.27) at k = 0, yields

which agrees with equation (1.22).

In order to fully exploit expression (3.27), we will rewrite the function Hg) (x) in a more man-
ageable way. The quantity Hgt) (x) was defined in (3.22) in terms of J]0, |®|], which involves a sum
over connected graphs. Therefore, we focus on connected graphs. Figure 3.4 depicts two graphs of
this kind, we observe that in the graph I', depicted in Figure 3.4 (a), the removal of the edges {1,3},
{3,4} or {6,9} does not disconnect it, but if any other edge is suppressed it becomes disconnected.
On the other hand, in the graph I/, depicted in (b), the absence of any of its edges disconnects it.

This idea of minimal connectedness is captured below in the notion of a lace.
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1 23 4 5 678 9 10 123 4 5 678 9 10
(a) The removal of the edges {1,3}, {3,4} (b) The removal of any edge disconnects I”'.
and {6,9} does not disconnect I'.

Figure 3.4: A connected graph and a minimal connected graph

Definition 3.6. A lace L is a minimal connected graph, i.e., a connected graph for which the removal
of any edge would result in a disconnected graph. The set of laces on [a,b] is denoted by £[a,b],
and the set of laces on [a,b] which consist of exactly N edges is denoted by £ N)[a,b].

For example, the graph depicted in Figure 3.4 (a), is not a lace but the one in (b) is. The set
£ [a, b] consists of the lace L = {ab}, the one whose only edge is ab. The set .Z?[a, b] consists
of laces of the form L = {aj, j1b} with a < j; < b, and L = {aj,irb} with a < i < j; < b. See

Figure 3.5 for a graphical representation of these laces.

/_\a W b

e 6 6 6 06 6 0 o

‘ e e
[ { o 6 o o

a i2 J1 b
(a) The only lace in .2 [a, b]. (b) The two types of laces in £ [a, b).
Figure 3.5: Laces in .2 (V[a,b] and .Z?)[a,b].
For N > 3, the laces L € .#V) [a,b] are of the form L = {i ji,...,injn}, With

a=1i <, ik+1§jk<ik+2 fOI‘kzl...N—z, l'NSjN71<jN:b.

There are 2V~ different topologies for the laces in .ZV) [a, D], depending on whether iy = ji or
ix+1 < Jjk» like in the case of Figure 3.5 (b).
Given a connected graph I' € ¢[a,b] we can associate a unique lace Lr to it. This lace Lr
consists of the edges i1 j1,i2 /2, ..., whose endpoints are determined inductively as follows:
ji=max{j:ajeT}, ij=a,

Jire1 =max{j:3Ji < jpsuchthatij €T}, g =min{i:i< jry €T}
The induction finishes when ji; = b. Given a lace L, the compatible edges € (L) to L, is the set of

29



all edges ij ¢ L such that Ly ,(;;, = L. See Figure 3.6 for an example of a connected graph I" and its

(a) T
ADNINTN

12345678 910
(b)  Lr

extracted lace Lr.

o o ° o o
123 45 678 9 10

Figure 3.6: (a) A connected graph I'. (b) The associated lace L = Lr. Edges {1,2}, {3,5} and
{7,10} are compatible with L.

Now we are ready to rewrite Hgt) (x) in a more convenient way. The core of the lace expansion
is that the sum over connected graphs in the term J[a,b], which was defined in (3.19), can be done
by first summing over laces and then, given a lace, summing over all connected graphs whose
associated lace (obtained by the above procedure) coincides with the given lace, see [39] for more

details on this important result. This yields,

Jabl= Y Jl# ] (+%y). (3.29)

LeZ[ab] ijEL i'j'€€ (L)

For N > 1, let
JMa,b] = Z [Nz, [1 (+%;) (3.30)

LeZWNap] JEL 1 j€E(L)

and

M) = (Y Y el [H Y zR|] 00, |o]]. (3.31)

weW (0,x) i ORB(D )
|o|>1

The fact that the set Z[a,b] = | |y -£™[a,b] (disjoint union) and (3.29), imply

=Y JWla,b], (3.32)

N>1

which together with (3.22) yield that the function Hg) (x) is given by the alternating series

= i (=DM (x). (3.33)

N=1
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3.2.2 The lace expansion for lattice animals

In this section we present the lace expansion for lattice animals which, as we will see, is an extension
of the lace expansion for lattice trees that we studied in Section 3.2.1. We start by giving the
definitions of the quantities involved in our discussion.

The two-point function for lattice animals G\ (x) = G\”) (0, x) was given in (1.5) by

G =Y M, (3.34)

A30,x
where the sum is over the lattice animals that contain both vertices 0 and x. An animal A with this
characteristic contains a path connecting 0 to x; however, unlike the lattice tree case, this path is not

necessarily unique. To deal with this difficulty we need the following definitions.
Definition 3.7. Let A be an animal containing the vertices x and y.

1. The animal A has a double connection from x to y, if there are two bond-disjoint self avoiding
walks in A between x and y (the walks may share a common vertex, but not a common bond),
or if x =Y. The set of all animals having a double connection between x and y is denoted by

Dy

2. A bond {x,y} in A is pivotal for the connection from x to y, if its removal would disconnect

the animal into two connected components with x contained in one of them and y in the other.

An animal A 3 x,y that is not an element of Z, ,, has at least one pivotal bond for the connection
from x to y. To establish an order among these edges, we define the first pivotal bond to be the first
edge for which there is a double connection between x and one of the endpoints of this bond. This
endpoint is the first endpoint of the first pivotal bond. To determine the second pivotal bond, the
role of x is played by the second endpoint of the first pivotal bond, and so on.

For a lattice animal A that contains x and y, the backbone is the set of pivotal bonds for the
connection from x to y. Notice that the backbone is not necessarily connected. The ribs are the
connected components that remain after the backbone is removed from A. By definition, the ribs do
not have any pivotal bond for the connection from x to y, so they have a double connection between
the end-points of the corresponding pivotal bonds. See Figure 3.7 for an example of an animal
decomposed into its backbone and ribs.

Let B be an arbitrary finite ordered set of directed bonds

B= ((M17V])7-~7 (M\B|7VIB\))7

and let vo = 0 and ujp, | = x. Then we can write the two-point function (3.34) in terms of the
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Ry

Rs

Ry

Figure 3.7: Decomposition of a lattice animal A into the backbone from 0 to x (bold), and the
ribs emanating from it R = {Ro,R1,R2,R3}. Note that R, only contains the vertex in the
backbone.

backbone B and the mutually nonintersecting ribs R = {Ry,. .. ,Rip }. as

|B|
Gga)(x): Z £l H Z ZARil K[0,|B|], (3.35)
B:|B|>0 i=0 Ri€,

islif 1

where K[0, |B|] is defined as in (3.15), with %; (ﬁ) as in (3.16) for the new notion of ribs .
We recall the definition of J[0, |B|] in (3.19), and define

8
90 =Y T ¥ | 0,8, (3.36)
B{B[>1 =0 Ri€ Dy,
and
y—x):= Y K. (3.37)
RED,

Notice that Z,  is the set of animals that contain x and that hﬁ“) (0) = g9(z).
An argument similar to the one used to derive (3.25), using (3.20), yields the lace expansion for

lattice animals
G (x) = A9 () +- 119 (x) + (hi“) «2dzD % GE‘”) (x) + (ng@ 2dzD * G§“)) (x).  (3.38)

To make this expression look like (3.25), we define

) = (1-&,) Y 2%, (3.39)
RE.@())X
and
1 (x) := 1Y (x) + 19 (x). (3.40)



Then
W (x) = ¢ (2) 8.+ 11" (x),

which implies that (3.38) can be written as
G (x) = £ ()8 + T () 48 (2) (24205 G2 ) () + (T 202D+ G ) (x). - 3.4)
We use relation (3.26) to compute the Fourier transform of this expression, and get

G (k) = g1 (2) + 11 (k) + g1 (2)2dzD (k) G (k) + 111 (k) 2d2D (k) G (k).

Isolating GE") (k) in this expression yields

G (k) = (3.42)

This result and the fact that 15(0) = 1, as established in (3.28), implies that

g (z)
1 —2dzg@(z

¢(0) = *ﬁg)”
)-

dzIt (0)’

which, like in the lattice tree case, agrees with equation (1.22).

Our aim is to rewrite H§“> (x) in a more manageable way. We proceed similarly to what we did
for the corresponding quantity for lattice trees. For N > 1, we define HE“’N) by substituting J[0, |B|]
by JM0, |B|] in (3.36),

|B|

M =-n" Y ST Y R s, 8y, (3.43)

B:|B|>1 =0 Ri€Dyuy,,

where JV)[0, |B|] is defined as in (3.30). This is analogous to the lattice tree quantity H( N) given

in (3.31). The fact that J[0, |B|] = Yy= J™[0,|B]], as established in (3.32), together with equations
(3.36) and (3.43) yields

= Y (VI (),

N=1
Finally, by (3.40), we get

M (). (3.44)
N=0
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Chapter 4

Proof of first order correction

In this chapter we compute the first order correction for the critical points of lattice trees and animals
in the nearest-neighbor case. This result corresponds to the second term in the expansion of z. in
Theorem 1.2, which we specifically state in Lemma 4.1 below.

In Section 4.1, we give the proof of Lemma 4.1 after assuming the expansions for ﬁzc (0) and
g(z¢) given below in Lemma 4.2 and Lemma 4.3, respectively.

In Section 4.2, we introduce the quantities involved in the demonstrations of Lemma 4.2 and
Lemma 4.3, and give some estimates on them.

In Section 4.3, we show the expansion for fIZ(_ (0) in Lemma 4.2. We do it for lattice trees in
Section 4.3.1, and for lattice animals in Section 4.3.2.

Finally, in Section 4.4 we show the expansion for g(z.) in Lemma 4.3, simultaneously, for lattice
trees and animals.

We remind the reader that we will only work in the nearest-neighbor model. So all the results

in this chapter and the coming one, only apply to this case.

4.1 Main ingredients

Our goal is to show that

Lemma 4.1. For nearest-neighbor lattice trees and animals, the critical point obeys

—1 3

3.—1
LR LI LS P pn (@.1)
“= 24 T (24 2d)?2)° ‘ ‘

In the proof of Lemma 4.1 there are two main ingredients. The first one is the following lemma,

which we prove in Section 4.3.
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Lemma 4.2. For nearest-neighbor lattice trees and animals, as d — o,

, 3 1
1L, (0) = —i +o (M) . 4.2)

This result will allow us to show, in Section 4.4, the second ingredient for the proof of Lemma 4.1.

This states that the one-point function at criticality obeys

Lemma 4.3. For nearest-neighbor lattice trees and animals, as d — oo,

e 1
8(z¢) =e+§d+0<2d). 4.3)

Assuming Lemma 4.2 and Lemma 4.3, the demonstration of Lemma 4.1 is as follows.

Proof of Lemma 4.1. Substituting the expansions given in (4.27) and (4.53), into the formula that

the lace expansion produces for the critical point in (1.24), yields that

3
! ! ! ! 14+ 2 + ( 1 >] d—
ZC:——Azil—Zi - o\ — , as o,
2d g(z.)+11,,(0)  2dey _ Z+o (217) 2de 2d 2d
which is the desired expression. 0

Therefore, it only remains to prove Lemma 4.2 and Lemma 4.3. Before accomplishing this task
we need to define and bound the quantities involved in the demonstrations. This is the purpose of

the following section.

4.2 Useful estimates

In this section, we formulate and estimate the essential quantities used in the proofs of Lemma 4.2
and Lemma 4.3. These are given in Proposition 4.5 and Claim 4.6 below.
Recall the convolution of the functions f and g, given in (3.24). We will denote by f* the

convolution of [ factors of f, i.e.,
FUR) = (fx fxx f) ().
——
I

Armed with this notation and the definition of the transition probability D(x) in (3.23), we can see
that the quantity D*>"(0) is the probability that a random walk that starts at the origin returns to it

after 2m steps. Bound [24, (3.12)] establishes that for positive integers m there is a positive constant
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cm, independent of the dimension d, such that the inequality below holds

: R dk c
D*Zm 0 :/ D k 2m m ,
©) [~z ® (2m)d = (2d)m

where the equality is given by the inverse Fourier transform and relation (3.26).

4.4)

The infrared bound for nearest-neighbor lattice trees and lattice animals, given in [16, (1.25)],
establishes that for dimensions d > dy, where dj is sufficiently large, there is a positive constant ¢

independent of z and d, such that for 0 < z < z,

A d
0<G(k) < 0, 4.5)
1&l13

where [|k||> := (kf +---+£3) '/2 is the Buclidean norm.

Proposition 4.4. In the case of nearest-neighbor lattice trees and lattice animals, if m and n are
non-negative integers and the dimension d > max{dy,4n}, then there is a constant K,, ,, whose

value only depends on m and n, such that for all 0 < z < z,

K
supD*m % G;m (x) < m,n (4.6)
X

- (2d)m/2 :
Proof of Proposition 4.4. Using the inverse Fourier transform (1.21) and relation (3.26), we get

DTG = [ DWG (hyreies 4K
7 Jemay ) (2m)*”

The Cauchy-Schwarz inequality implies

) ddk 1/2 ) ddk 1/2
D" *1 < ﬁ m A n (47)
“G: <x>_(/[mdr (®)] (M)d) ( JC (M)d) ,

where we have used that the left-hand side of this expression is nonnegative, and that so is Gz(k)

for0<z< zgt) , according to (4.5). By (3.28), we also know that the Fourier transform ﬁ(k) is real,
which implies that [D(k)|?" = D(k)>". Then estimate (4.4) gives the desired result, as long as we
show that the second factor on the right-hand side of (4.7) is finite independently of d. This is what
we do next.

The infrared bound (4.5) implies

' . d?k d \*" dk
Jas S g = | *2) @uy @9

IN
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To deal with the right-hand side of this expression, we use that for A > 0 and j > 0,

1 1 .
— j—1 _—uA 4
¥ 71“(]') /0 w e " du. 4.9

2
Thus taking A = % in (4.9) and using Fubini theorem, yield

czn/ < d )2;1 e / / -1 —u”‘”z d'k
e \JKE)  @m)7 ~ T2n) S 2y
" 2n—1 T dk
_F(Zn)/o u </ne d27r> du
< C2n ” 2n—1 d —uﬁp dk %d
R abP__
= F(Zn)/o ! /,,re o)

where we have used convexity in the last inequality with p > 1. Let d; = max {dy,4n} + 1, clearly

d; < d. If we choose p such that % = d), then the expression in the last line becomes

" /wuzn_l / Sl Ak / / S I L.
F(2I’l) 0 - 27 w4 (27[>d1
_czn/ < . >2n ddlk

g \k[3/) (27m)h’

where in the last equality we have used (4.9) in a reversed way. This proves that the right-hand

side of (4.8) is non-increasing in the dimension d. Now, we show that it is finite for the dimension

d = d;. A change to hyper spherical coordinates gives

di \*" d%k RCH"

2n 1 2n ard di—1—4n 2n Ard

c — dic)™ N, '/ =7 "dr = (dic)™" Ng' <°<>,
/- <IIkH%> myi < D Ne |, (die)™ No' 7 —

where R := /d| 7 is big enough to contain the hypercube [, 7]¢!, and Ng)‘ denotes the value of
the integrals over the angular coordinates. Notice that the integral on the radial variable r is finite
since d; > 4n. Hence, (4.6) holds with

1/2 on oy RO
K,,= d "NAI .
mmn = Cm ( IC) ® di —4n

O

Let k be a non-negative integer and let C be a cluster (a tree or an animal) containing the vertices
x and y. We denote by
{x e} (4.10)
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the event in which x is connected to y by a (self-avoiding) path in C of length k or more. We define
by
k
GP(xy) =Y 2,

Cox,y
x?y

4.11)

the two-point function in which the sum is restricted to the clusters in which x is connected to y by
a path with at least k steps. This definition and (3.14) imply

G.(x,y) = G (x,y) = (2)8ey + GV (x,),

since for x = y the two-point function G;(x,y) reduces to the one-point function g(z), and for x # y

the path connecting these two vertices requires at least one step.

Z ks A /k Sggrn-n)go((gd)ﬂn/2>

ki+...+kp=m x ky ks
k3

(a) Use of ng’") to bound a connection between x and y through n subpaths of total length m.

DRV

<809 <0 ((2d) ")

kitkotks=m
0
(b) Use of 3) 6 bound a polygon that contains 0 and has 3 subpaths of total length m.
ks ky ko o b
Z k1 k3 ke S Z k1 ks sup ke S Z SEPA)SEQVS) S 0 ((2d)_m/2>
ki+...+k7=m ki+...+kr=m z pHg=m
0 ki ks 0 ks 07 ks

(c) Use of ng’") to bound a diagram that contains 0 and has 7 subpaths of total length m.

(m.n)

Figure 4.1: Examples on the use of S; "’ for bounding different diagrams.

We are ready to introduce the quantity which will be the cornerstone when bounding error terms

in all coming proofs. For nonnegative integers m and n, and vertices x and y, we define

ngﬁ) (y _x) = ngl) Hoeeek ngn)(y _x) - I{m:O and x:y}g(z)na
ki+-+kp=m

4.12)

where the sum is over nonnegative ki, ...,k,. This quantity represents a connection between the
vertices x and y through n subpaths of lengths at least k1, k», . . . k;,, that make a total of ky + - - - 4+ k,, =
m steps. Since m = 0 implies that k; = 0 for all i = 1,...,n, the second summand subtracts the

contribution when all the factors in the convolution are evaluated at O and, therefore, given by one-
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point functions. See Figure 4.1a for a depiction of ng’") (y—x).

Proposition 4.5 below is the estimate on ng’") (y — x) used to bound error terms. Essentially,
it states that the quantity ng’") (x) is of order at most O ((2d)m/ ?), independently of n and x. See

Figure 4.1 for a depiction on the use of ng’") and Proposition 4.5 for bounding different diagrams.

Proposition 4.5. Let m and n be positive integers, if the dimension d > max{dy,4m}, then there is

a constant Cy, ,, whose value only depends on m and n, such that for all z < z,

Cm,n
(2d)m/2‘

ng,n) — supng’n) (x) < 4.13)

Proof of Proposition 4.5. We commence by analyzing ng) (x,y) for k > 1, which is the particular

case Sgk’l) (y—x). If in (4.11) we neglect the self avoidance restriction among the k steps of the path

connecting x and y, and treat the ribs emanating from them as independent, we get
k *
G (x,y) < (2dzg(2)D) ™  G(x ). (4.14)

This bound and the definition of S (x) in (4.12) imply

S = Y GH w6 (v)
kit =m
< Y (@dz@D)M+G) e ((2dzg(1)D) G (4
ki+-+k,=m

- Z (2dzg(z)D)™" * G (x) = me (2dzg(z)D)™ x G (x),
ket ky=m

where C’mﬂ is the corresponding combinatorial factor, its exact value is not important only the fact

that it depends on m and n. By (1.12), since d is large enough, we know that for z < z,
2dzg(z) < 2dzeg(z.) <2, (4.15)

which together with Proposition 4.4 imply

~ 2me,n
m.,n (2d)m/2 :

S (x) <

O

The following quantity is another essential ingredient in coming demonstrations. For vertices x

and y, we define the negative quantity

W.(x,y) =Y Y DG, (4.16)

Cop2xC13y

39



where the sums are over the clusters Cy and C; (both trees or animals) that contain the vertices x and
y, respectively; and the factor % = %.1(Co,C)) := —I{comcl £0)> 1s minus the indicator function
that the clusters Cyp and C; have a vertex in common. We will denote W,(0,x) by W,(x). Notice
that due to the symmetries of the lattice, W,(x,y) = W,(y — x). Claim 4.6 below, gives an estimate
on W,(x,y) which is sufficient for the proofs in this chapter; however, it will be extended in the

following chapter.

Claim 4.6. For nearest-neighbor lattice trees and animals, let x be a nearest neighbor of the origin,

then as d — oo,

2
W, (x) = —22% +o0 <21d> . 4.17)

Proof of Claim 4.6. For the case W,_(x) = W({j)) (x), i.e., the clusters Cp and C; involved in the sums
Zc

of (4.16) are animals, we distinguish two cases:
(a) The origin and x belong to a cycle that is contained in either animal Cy or animal Cj.
(b) Both animals Cy and Cj, do not have any cycle that contains the origin and x.

For part (a), suppose that Cy is the cluster that contains such a cycle. The smallest cycles that
contain 0 and x have length 4. The other cycles containing both vertices have length 6 or more and,
by Proposition 4.5, their contribution to W(&) (x) is of order O ((2d)*) and can be neglected. The

Zc
number of 4-step cycles that contain 0 and x is (2d —2). The contribution to W((Z)) (x) of clusters
Zc

with such cycles is bounded by
2(2d - 2)(2)*¢ W (2, (4.18)

where the factor 2 is obtained when inverting the roles of Cy and Cy; one of the factors gl@(z)
corresponds to treating cluster C; as independent of C,; and the remaining factors are obtained
when treating the ribs emanating from the vertices in the 4-step cycles as independent of each other.

Theorem 1.1 yields that this expression is of order
2(2d —2)(z)* ¢ () = 0 ((2d) 7). 4.19)

Therefore, the contribution to WZ((Z)) (x) from the animals of type (a) is negligible. We only need to
show that the contribution to W((Z)) (x) from the animals of type (b), agrees with (4.17).

The clusters Cy and Cy, boifl trees or type (b) animals, only contribute to W,(x) if they have a
vertex in common, say y. Therefore, there is a path @ connecting O to x, passing through y, that
consists in a path in Cy connection 0 to x, and a path in C; connecting y to x. This path @ can
be chosen uniquely. The simplest path @ consists of the bond {0,x}, which implies that y = x or

y = 0 depending on whether {0,x} is contained in either Cy or Cj, respectively. Then this cluster
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(that is, Cy, respectively, C) consists of the edge {0,x} and two non intersecting subclusters, one
emanating from 0 and the other one emanating from x, which we denote by C; and C7, respectively.
Discounting the contribution due to the event in which both clusters Cy and C; contain {0,x} yields

the upper bound

2
W,(x) < —2zg(z) Z AGIHIC (1+%0T1) 42 [ Z G| (1 +%f1) 7

C420 C420
Ci‘})x Ci‘ax
where %", = —1 if the subclusters Cj and C} have a common vertex, and 0 otherwise. See Fig-

ure 4.2 for a depiction of this bound.
G G oG O
W,(x) < + -
{0, 2} {0, 2}
, 0 ,

T T 0 T

(a) (b) (c)

Figure 4.2: Curved lines represent (sub)clusters, the ones with the same shading are non in-
tersecting. The straight line corresponds to the edge {0,x}. (a) Co = C;U{0,x} UC] is
independent of C;. (b) Cy is independent of C; = C;U {0,x} UC}. (c) Intersection of
both situations (a) and (b).

Distributing the product in the first term of the previous expression, together with the definitions

of W;(x) and g(z), and the fact that the factor 1 + %/ in the second term is at most 1, give the upper

bound
W.(x) < —228(2) — 228(2)W.(x) + 2°g(2)*.
Thus
) 3., .2 /N4
W (x) < 28(2)° +2°8(2)
1+2z8(2)
Theorem 1.1 yields
2¢? 1
<= — oo,
W..(x) < > +0(2d>’ asd —

For a lower bound, we neglect the non-intersection of the subclusters Cj and Cj, this yields the
first term in the inequality below. The second term, is due to the fact that the remaining paths ®,

connecting 0 and x, have length at least 3. See Figure 4.3 for a depiction of this situation.
W) > ~225(2)’ =55 (x).
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(a) (b)

Figure 4.3: Curved lines represent (sub)clusters and straight lines correspond to edges. (a)
Co = C;U{0,x} UCy is independent of Cy, or Cy is independent of C; = C;U{0,x} UC}.
(b) All other intersections between Cy and C| require at least three bonds.

Finally, Theorem 1.1 and Proposition 4.5 yield the lower bound

2¢e? 1
> —— oo,
W, (x) > 2d+ <2d>,asd—>

O

Proposition 4.5 and Claim 4.6, are the key ingredients for the proof of Lemma 4.2 in Section 4.3.
The remainder of this section is devoted to show Lemma 4.7 (below), which is an important ingre-

dient for the proof of Lemma 4.3 in Section 4.4.

Lemma 4.7. Let x be a nearest neighbor of the origin, then for lattice trees and lattice animals, as

d — oo,

1
G..(x) = ﬁ +o <2d) (4.20)

Proof of Lemma 4.7. Lattice trees. We start by studying the two-point function for lattice trees.
Recall that equation (3.17) gives the following expression for this quantity (in terms of the lace

expansion),

K[0, |e]].

=Y [H Yy Rk
0,x)

we (0, i=0R2m(i)

We separate the sum over walks @ in the cases |w| =1 and |@| > 1. Due to the topology of the
lattice Z¢, the latter case is in reality |@| > 3 and, therefore, its contribution to Gy) (x) is given by
Gg’3) (x), which is of order O ((2d)%/ %), by Proposition 4.5, and can be neglected.

If |o| = 1, the only walk @ consists of the edge {0,x}. In this case the contribution to G(Et)) (x) is

Zc

th) Z( ())|R0|+|R1|(1+%01) () [ (t)( ()) —l—W()( )}

R(>0

o 4.21)
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where the last equality is due to Theorem 1.1 and Claim 4.6. This completes the proof of (4.20) for
the case of lattice trees.
Lattice animals. Now we analyze the two-point function for lattice animals, which was defined in

(3.35), in terms of the lace expansion, as

Gw= ¥ T % | ko5l

B:|B[>0 RO 7

B|=1, |B|=2and |[B| >3. We

commence with the case |B| = 1 which, as we will see, is the only one that contributes to G(?ﬂ)) (x)
2

We separate the sum over backbones B in the cases |B| = 0,

up to order (2d)~ 1.
For the case |B| = 1, the backbone is given for some directed edge (u,v). Then the the contri-
. @, -

bution to G; " (x) is

ZZ Z ZIROHIRII(I‘F&Z/O,I),

(M,V) Ro€Zp,u
R1E€EDvx

which, distinguishing whether the backbone (u,v) is given by the edge (0, x), becomes

ZZZ‘ROH‘R]‘(I—{—%O,I)‘FZ Y, 2dD(v—u) Y] RHIRIT (L 4 24,).

Rp>0 uy Ro€2),
Ry > () £(0.) Ry

4.22)

The first term agrees with the corresponding expression for lattice trees when the backbone |®| has
length 1, then a similar argument to (4.21) together with Theorem 1.1 and Claim 4.6, yield that
it is e(2d)"' +0((2d)™"), which gives the desired result (4.20). To show that the second term’
contribution is negligible, notice that if the backbone is not (0,x), then the double connections

between 0 and u, and between v and x, require at least eight edges. Therefore, this term is bounded

by

z Y 2dD(v—u) Y RHIRI( 4 9,)

(u‘v);éi(),x) l;(;i{;?t\'
<2z Y Y DOr—uw)G " w)G )G (x— )G (x—v)
k=8

<2z Y s supGiY) DxGE G ()
i+j+k+1=8 U v

2dz j+l
< (24)°72 Z (26128(“) (Z)) CiiCe 1Ky jr1-
it j k=8

The last inequality is due to Proposition 4.4 and Proposition 4.5. Theorem 1.1 yields that the con-
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tribution of this term at criticality is of order o ((2d)_4), as d — oo, and can be neglected. It only

remains to prove that the cases |B| =0, |B| =2 and |B| > 3 produce error terms.

When |B| = 0, the contribution to GE“) (x) is

Y o,

REDy
where the sum is over the animals R containing 0 and x that have a double connection from 0 to
x, i.e., there are two self-avoiding walks in R between 0 and x that share no common bond. These
two walks form a cycle containing 0 and x. This situation is very similar to part (a) in the proof of
Claim 4.6, the difference is that now there is only one animal containing both vertices, which implies

that we need to omit the factors 2g(® (ZE.“)) from (4.18). Then Theorem 1.1 and Proposition 4.5 yield

. 1
Y @R =0 ((2d)2> ,asd — oo, (4.23)

REDy x

When |B| = 2, the contribution to G\*) (x) is

2

Y 2T Y | k.2, (4.24)

BZ|B‘:2 i=0 Riegvi.uH,l

Due to the topology of Z?, the fact that x is at distance 1 from the origin, and that the backbone
has length 3, at least one of the three double connections must have a cycle (of length 4 or more)
containing the corresponding pivotal end points. The contribution of the double connections with
such cycles will be bounded by the term 3Y ;. ;_» G ) (u) G (uy) below, the factor 3 takes

into account the three possibilities for the double connection.

Y 2 f[ Y Rl ko,2)

B:|B|=2 =ORi €Dy iy
2
=Y (2dz2’Dvi —u)Dm—w) [T Y, 2*|k0.2]
uj vy i=0Ri€EDy. 4.
u,v2 iMit1
S 3 Z (ZdZ)ZD(W — ul)D(Vz — uz) ( Z Gga’2+j)(u1)G£a7k)(u1)> GE”)(vl - uz)Gga) (x— Vz)
U1V JtHk=2
up Vo

, *2
<3(2d2* ¥ supG (u) D*%Gﬁ“’“*((}ﬁ”) (),
JHk=2 u
(4.25)

where the last line was obtained by exchanging the sums over the labels j and k and the vertices uy,
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v1, up and v,; the convolution is obtained after summing over u;, vy, u» and vy, in that order. Then

inequality (4.14) gives the bound

3(2d27 Y SV (2dzg(2)) D« (G ().
J+k=2

Theorem 1.1, Proposition 4.4 and Proposition 4.5 yield that this expression, at criticality, is

@\2 1 @ (@ @\ _ 1 o
3<2dzc ) (2d)3 j+;:2 <2dZC g (ZC )) C2+]71K2+k73—0 (2d)2 ,asd—> . (4‘26)

Finally, when |B| > 3, the contribution to G§“) (x) is bounded by G((ua’?) < 5% which is of order

[2- 2N ZEH)

0 ((2d )2/ ?), by Proposition 4.5, and can be neglected. O

4.3 Proof of Lemma 4.2

The goal of this section is to show Lemma 4.2, which states that for nearest-neighbor lattice trees

and lattice animals,

R 1
11, (0) = —;—Z +o0 <2d> ,asd — oo 4.27)

In the proof we use extensively Proposition 4.5 and Claim 4.6. For convenience we have separated
the proof in two parts, the one for lattice trees in Section 4.3.1, and the one for lattice animals in
Section 4.3.2.

4.3.1 Lattice trees

Proof of Lemma 4.2 for lattice trees. Recall that the Fourier transform fI(f)) (0) is given in (3.33) by

C

1) ) = -11%"©0) + ¥ ()% (0). (4.28)
Ze Zc NZZ Zc

It is known (see [16, (1.23)]) that there is a ¢ > 0 such that forall N > 1 and all z € [O,Zy)],
0<t%Mo) <cNaV, (4.29)
Zc

and this implies that the second summand in (4.28) is of order O ((Zd )_2). Therefore, it is enough

to prove

3e 1

A (0
1 SLAPY 4.
o ©) 2d+0<2d> (4.30)
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The quantity fl(f;)l)(O) is the Fourier transform of the function Hgt’l)(O,x), at criticality, and is
Zc
given by

" 0) =y ') ). 4.31)

x

The function Hgt’l) (x) corresponds to the term in the lace expansion whose lace has only one edge.
It was defined in (3.31) and Figure 3.5 (a) depicts a graphical representation of it. Below it is given

in more detail

[ |o|

)1
R I <1>[o,|wu
w%gﬁ Li=0R;>0(i)
) ol (4.32)
=- Y &I Z of %\w\ [T 0+,
e (0,x) 1 OR EY0) ) 0<s<t<|o|
|o[>1 (5.1)#(0,|®])

the factor % || forces the first and last ribs to have a common vertex, say y, and the final product
avoids any other intersection among the ribs.

Notice that the sum in (4.31) is over all the vertices, in particular, when x = 0, the walk ® in
(4.32) forms a cycle that contains the origin, and automatically there is an intersection between the
first and last ribs, which implies that the factor % |, = —1. Similarly, when the vertex x # 0, the
paths connecting 0 and x, O and y, and x and y, form a cycle. See Figure 4.4 for a depiction of these

cycles.
Y

> :
(a) b)

Figure 4.4: (a) Cycle formed in I1"""(0). (b) Cycle formed in TI"")(x), for x # 0.

We will denote by Iﬁlg’1 ") (x) the contribution to ﬁg’l) (x) by the cases in which the cycle formed
in (4.32) has length n. Proposition 4.5 imply

i) s ¥ TR 06 606! )
Jtk+l=n x 'y
= Y GG 6 0) (4.33)
Jjr+k+l=n

=s"0) <o ((2d)—"/2) .
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(

Z

which the cycles formed in (4.32) have length 2 since, due to the topology of the lattice Z¢, all other

Therefore, when computing IT ;’)1)(0) up to order (2d)~!, we only need to study the cases in
cases form cycles that have length at least 4, and (4.33) implies that their contribution is of order
O ((2d)?) and, therefore, negligible.

The following are the only two scenarios in which the cycles in (4.32) have length 2.

(a) The vertex x = 0. In this case the walk ® has length 2, it connects O to one of its 2d nearest

neighbors and returns to the origin.

(b) The vertex x is one of the 2d nearest neighbors of the origin. In this case the walk @ is of length
1, it connects O to x and the ribs on both end-points, Ry and Rj, intersect. Since the cycle has
length 2, the presence of the edge {0,x} in either Ry or R; is necessary, and in either case the
cycle is given by (0, x,0).

Let nﬁ“*”) (x) denote the contribution to Hg’l)(x) when the cycles formed in (4.32) have length n.

We are interested in Hgt’l’z) (0) and HE”“) (x) due to cases (a) and (b), respectively.

The contribution to ﬁgt’l) (0) due to (a). Using that %> = —1 in (4.32), we have

"2 (0) = 2d2 Yy RIRIHRL( f 90) (1+2,).

Ro20,R12e (434)
R>30
Since the factors (14 %,1) and (14 %, 2) are at most 1, we get the upper bound
Hgt,l,Z)(O) < 2dZ2 Z Z|R0|+|R1|+|R2| — Zdzzg(r)(z);
Ro>0,R>e (435)
R>30
Theorem 1.1 imply
1
n20) < = 4o ). 436
o O =540 5y (4.36)
On the other hand, since the terms %; ; are O or -1, we have
I G+zp>1+ Y %; 4.37)

0<i<j<n 0<i<j<n

Hence, the product
(I+ %) (W + P 2) 2 1+ U1 + U2,
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which yields the lower bound

20y > 242 Y JRHRIRL (L p g 9 ,)

R0507R1 Seq
Ry30 (4.38)

— 202 [¢)(2 + 25 (WL )]

Hence, Theorem 1.1 and Claim 4.6 imply

(1,1,2) e 1
IT > — — 4.
o 0= 2d+0<2d>, (4.39)
which together with (4.36) give
(1,1,2) e 1
I = — . 4.4
o (=g t0 <2d> (440)

The contribution to T1"V(0) due to (b). This is

ng,l,z) (x) = 2dH§t’]’2) (0,e1) = —2dz Z Z\Ro\HRl\q/OJ - —ZdeZ(t) (e1).

x| =1 Ros0 (4.41)
ISEL]
Then Theorem 1.1 and Claim 4.6 yield
(t1.2), \ _ 2€ 1
| Z_ ") =5 +o <2d) : (4.42)
x:f|x]h =1
Finally, adding (4.40) and (4.42) gives the desired result (4.27) for lattice trees, namely,
A0 (t,1) 1 3e 1
I/ (0) = —II 0 — | =—= —
0(0) o' )+0<2d> 2d 0<2d
]

4.3.2 Lattice animals

In this section we complete the proof of Lemma 4.2 by addressing the lattice animal case. We will
see that the analysis, up to some details, is very similar to the one for lattice trees that we exposed
in Section 4.3.1.
Proof of Lemma 4.2 for lattice animals. Recall that the Fourier transform ﬁ((cﬁ,)) (0) is given in (3.44)
Ze

by

A A (a0 A (a1 A(a,N

') (0) = Hi(“a') )(0) - Hi;,) o)+ Y (-1)Y Hi;) )(0). (4.43)

Ze c N>2
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It is known (see [16, (1.23)]) that there is a ¢ > O such that forall N > 1 and all z € [O,zga)],
A ‘N _
OSHEZ?) )(0) <cNd (N\/l)’ (4.44)

and this implies that the third summand in (4.43) is of order O ((Zd)_z) and, therefore, can be
neglected. We will prove that the first two terms on the right-hand side of (4.43), satisfy
() 3¢ 1

HE()O) O)=0(@d)?) and  ~MGN0) =~ +o <M> : (4.45)

which give the desired result (4.27) for lattice animals.

The term IAT(?Q’)O ) (0) is the Fourier transform of the function H§“’O) (x), at criticality, which was
Z,

defined in (3.39)%.: It is given by

0 =YW=Y (1-& ¥ .

X INSZ

Notice that, by definition, an animal R € %, contains two self-avoiding walks between 0 and x that
do not have common bonds. These walks form a cycle, of length 4 or more, containing 0 and x.

Therefore Proposition 4.5 implies that, for z < z((;a),

120 <Y Y 60,06 0,5 = Y 676 (0) =54 (0) < 0((2d4) ).
X it j=4 i+j=4
On the other hand, the analysis of the term ﬁﬁ“’” (0) is analogous to the corresponding one for

lattice trees. It is given by

o=y =mo+ ¥ mles ¥ omee), @40
X

x:||x|[1=1 x:||x|l1>2

where the function

8
1 .
I =- Y ] ¥ & s [1 (+2), (4.47)
B:|B|>1 =0 Ri€Dv (()%s;(tog‘\g‘\)

with vo = 0 and u 1| = x. The factor %, | in the previous expression forces a common vertex, say
v, between the first and last ribs, and the last product forbids any other intersection. This implies
that the paths connecting O to y, 0 to x and x to y form a cycle containing 0 and x. We denote by
ﬁﬁ“’l’”) (0), the contribution to ﬁg"’” (0) by the cases in which the cycle formed in (4.47) has length
n. An argument similar to the one used to obtain (4.33), gives that when these cycles have length n
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or more, the contribution to ﬁﬁ“’” (0), forz < z§“>, is at most of order

fet=m (0)‘ <0 ((261)*”/2) . (4.48)

Therefore, when computing the Fourier transform IAT(Z;)I) (0) up to order (2d)~!, we only need to
study the cases in which the cycles formed in (4.47) havzéc length 2. All other cases form cycles that
have length at least 4, then (4.48) implies that their contribution is of order O ( (Zd)_z), and can be
neglected.

This observation implies that the contribution of the third term on the right-hand side of (4.46)
is negligible, since any cycle containing O and x (which is at distance 2 or more from the origin) is
of length at least 6. Hence, we will only analyze the first and second summands in (4.46), for the
cases in which the cycles formed in (4.47) have length 2. Let H§“=1’”) (x) denote the contribution
to H§“’” (x) when the cycles formed in (4.47) have length n. We are interested in HE”?I’Z) (0) and
1" (x), for |x||; = L.

When the vertex x = 0, the cycles of length 2 are formed by a path connecting the origin
with one of its neighbors and ending at 0. These cycles are at the same time the backbones
B = ((ug,v1),(u2,v2)), with u; = 0, v; = uy given by a nearest neighbor of the origin, and u, = 0.
This implies that the sums over animals R; with a double connection between v; and u;1 in (4.47),
get simplified to sums over animals containing the vertex v; = u;, . Let

Then we have
H§a71,2) (0) — 2dZ2 Z Z|R0|+|Rl|+|R2| (1 + %71) (1 + %172) ’

Ro>0,R|>e;
R»>0

(4.49)

which agrees with the analogous quantity for lattice trees given in (4.34). Since Theorem 1.1 and
Claim 4.6 give equal results for lattice trees and animals, a procedure similar to the one used to
study IT":1?)(0), in (4.36) and (4.39), yields

£

1
@) = & ~ ). 4.50
o O =5g%\24 40

For the second term on (4.46), the cycles of length 2 consist of the backbone B = (0,x), and the
intersection of the ribs emanating from O and x through one edge. All other possibilities in which
the backbone consists of a bond different from (0,x) or has more than one edge, produce cycles
of length 4 or more, and are negligible. In the case of B = (0,x), the sums over animals R; with a

double connection between 0 and x that appear in (4.47), get simplified to sums over animals that
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contain the vertices 0 or x. This implies that

12 (0,0) = 24111 2(0,1) = ~2dz Y PRI ) = 24w (@),

x:||x|li=1 Ro>0
Ri>x

(4.51)

which agrees with the corresponding quantity for lattice trees given in (4.41). Theorem 1.1 and

Claim 4.6 imply

(a,1,2) _ <t L
L TG00 =550 (2d> ' (4.52)

x:||x|li=1

4.4 Proof of Lemma 4.3

The goal of this section is to show Lemma 4.3, which states that for nearest-neighbor lattice trees

and lattice animals,

) —e+ 2 1o 4.53)
8 =547\ 24 ) '

Except for minor adjustments for the case of lattice animals, the proof will be simultaneously done
for both models. In our reasoning, the expansion for I, (0) obtained in Section 4.3, and estimates

Proposition 4.5, Claim 4.6 and Lemma 4.7 from Section 4.2, will be fundamental.

Proof of Lemma 4.3. By (3.9), we know that

g(ze) =A(ze) +B(z) +Clze) +E(z) + 1, Y (z).
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We will show that for nearest-neighbor lattice trees and lattice animals, as d — oo,

3e 1
A<ZC>—C+2d+"(zd>
e 1

e 1
Clze) = =55 +o0 (2d> (4.54)

Occycle

Adding these quantities gives the desired result (4.53); hence, it only remains to show (4.54).
A key ingredient for the proof, is to relate IT._(0) to the one-point function g(z.). To tackle this
task, we first define the quantity
M (z) = 2dzI1.(0), (4.55)

which will play an important role in the expansion of g(z). Theorem 1.1 and Lemma 4.2 yield

3 1
M(z.) = —5g 10 <2d> as  d —»oo. (4.56)
The term A(z.). Recall that A(z) is given, in (3.10), by

A(Z) — eZdzg(z).
Then (1.23) and (4.55), yield that the exponent

Zchg(Zc) =1- Zdzcﬁzc (0) =1 _M(ZC)a

which implies that

Alze) = M), (4.57)
Therefore,
lim 2d(A(z:) —e) = lim 2de (™) 1) = lim —2deM(z) lim e M1,
d—soo Zc € _d—>w cl|e _d—>°° c Ze dmyeo _M(Zc) - 5

where in the last equality we used (4.56) and the fact that the limit of the ratio is 1, since it is the
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derivative of the function e* evaluated at 0. Then we have the desired result (4.54) for A(z.), i.e
3e
Al(ze)=e+—+o0 <> . (4.58)

The term B(z.). Recall that B(z) was defined in (3.11) as B(z) = —2dzA(z)G;(e1). Using (4.58)
together with Theorem 1.1 and Lemma 4.7, yield the desired result (4.54) for B(z.), i.e

B(ze) = —2dz.A(z.)G-,(e1) = _%Jr <2ld>

The term C(z.). Recall that C(z) is given in (3.12) by

_y il Cal

co-L£%5 L |gexe] 5o
S1yeeesSmEE | C1381 Cdsm 1<i<j<m
We first exchange the sums over s1,...,5, € & and 1 <i< j<m and get
o _m
Clx)=Y = *_(2dg(z) Y Y | Y4)% Adal| %,
m:2m 1<i<j<m s;s;€8 | C;3s; Cj>s;

We distinguish whether the vertices s; and s; are equal, denoted by Isl-:s,-, or not, denoted by Isﬁgsj,

!\1

Clo) = i o1 (248 (2) Z Z Lms; +Xozs;) [Z A4 Z ’C/‘] ij:

m=2 m! I<i<j<m  s;,5;,€8 Ci>si Cj>s;

In the case that s; = s, automatically the factor #; ; = —1, which implies that the sums over C; and

C; are independent and can be reduced to one-point functions. This observation yields

(m—1)m

o 7" _
Cle) = =}, 5 (2dg(e))"*————2dg(2)’
m=2
+Y i 2dg()" > Y Y L, Y A4 Gl (4.59)
m:2m I<i<j<m s;s5;€8 Ci3s; Cj>s;j
1

=—=2d (zg( )>2€2dzg(z) + Cerror (Z) s

[\)

where

ng "2 Y Y L, YA Y Gl @60

1<i<j<m s;s;€8 Ci>si Cj>s;j

oo
error 2

Notice that the first term in the last line of (4.59) is

S\N

- %2d(zg(z))2e2"zg(z) =— %Zd (z8(2))*A(2).
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Theorem 1.1 and (4.58) imply that, at criticality, this expression is

1
—%2d(zcg(zc))2A(zc) =5 +o <2ld> ,

which is the desired result (4.54) for the term C(z.). Thus it only remains to prove that C,or(zc) is
an error term (hence its name).

The factor 7;; in (4.60) forces an intersection between the clusters C; and C;, say y. The
simplest ways in which an intersection happens is either C; or C; contain the couple of edges
{0,s:} and {0,s;}, or C; contains the bond {0,s;} and C; contains {0,s;}. In case that 5; and s,
are perpendicular, we also need to consider the possibility that either C; or C; contain the cou-
ple of edges {s;,s;+s;} and {s;+s;,s;}, or C; contains the bond {s;,s;+s;} and C; contains
{s,- + j,sj}. All other intersections between C; and C; require at least 4 edges and, hence, their
contribution is bounded by S (s ;—5i) <0((2d)~?), by Proposition 4.5. Therefore, ignoring the
non-intersection restriction of the three ribs emanating from the endpoints of these 2 edges and the

overlapping of these events, yields

L, ¥ 49 Y G117 < 622(2)* + 0 ((2d)2) .

Ci>si CjBSj

Substituting this result into (4.60), gives

Comlal < X 20007 F Y, [l +0 () )

I<i<j<m  sipsjeé
578
oo

=Y i, (2dg(z))™ 2(’"_21)’"251(251—1) [622g(z)* +0((2d)?)]
2m

< - (2d2)*A(z) [62¢(2)* + 0 ((2d)7%)] .

N\»—S

Theorem 1.1 and (4.58) imply that, at criticality, this expression is of order o((2d)™'), as d — c.
The term E(z.). Recall that E(z) was defined in (3.13) as

:;2,27: y [ZZCI ZZIC’"]< Y Y o Il (1+7/,,,q)>.

*81yesmE€E | C138 Cndsm 0<i<j<m(k,l)€A;; (P.q) €Ak

The fact that the factors ¥, ; are equal to 0 or to -1, implies that the product [],, 4)eca Ny (1+7,4) <1

This observation yields the bound

ZEES w0 v R MR | N JIETIVR) RS

m=2 m: S1yeeySmEE [ C1381 Cuosm 0<i<j<m  (k[l)€A;;
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We decompose the last factor in this expression as follows

_Z_ Y, Y= Z 0,70, + Z 0, V1 + Z Y, i (4.62)
0<i<j<m  (kl)€A;; 1<j<I<m iz, Isi<jsm — (kl)eAi,

where the first summand corresponds to i = k = 0, the second one to i = 0 and k > i, and the third
one to i > 1. We substitute this expression back into (4.61) and distribute the product among the

summands, to get

E(z) <E'(2) +E*(2) +E(2), (4.63)
where
= Zm i
E'x):=Y — ) ) IREALEERE DA S (T V1 (4.64)
m22m'sl,...,sm6£’ LC13s1 Cidsm 1<j<I<m
7"
Po=Y 5 ¥ | LYY s, (465)
mZZm'sl,...,smeé’ C12s1 Cdsm 1<j<m
L 1<k<I<m
7"
EB=Y = Y |Yd.. Y Y ¥ il @66
mz3m'sl,...,sm€£’ LC13s1 Cn3sm 1<i<j<m (k,l)€A;;

We will analyze the terms E'(z), E? and E3(z), separately; and show that, at criticality, they are of
order 0((2d)™'), as d — o. In each case we start by exchanging the sums over the labels i, j, k and
[, and the vertices s7, ..., Sy.

The term E'(z.). By definition, E'(z) is equivalent to

m

E'@Q=Y —dg@)" > ¥ Y Gils))Gils)

m>2""" 1<i<j<m sj,51€8
" m_o m(m—1
= ¥ 2 gl ™D (246 (en)?
m>2 """
1 1
=5 (2dzG(e1))? >80 = 5 (2dzG:(e1))* A(z).
By Theorem 1.1, Lemma 4.7 and (5.50), we have
| %e 1
E'(z.) = 2d)? +o a7 ) as d — oo, (4.67)

and can be neglected at this stage.
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The term E?(z.). By definition, E2(z) is equivalent to

m

B@=Y gy Y | XY dolaihly g, (4.68)

m>2 Ijsm |s; 5p.51€8 Cj35Cp>sk
1<k<i<m Cpos;

The cardinality of the set of labels j, k and [ satisfy r := |{j,k,l}| =2 or 3. In both cases, the
number of possibilities for the labels is C, (’:’) where the coefficient C, is a combinatorial factor,

independent of d, that can be determined for r = 2, 3. Substituting C, ('f ) in (4.68) produces

z" mr (M | +lc
Z%(ng(z)) C’<r>1{j,k‘,l}—r ) ), e lyg o,

m>r S.hsk,S[E(g) Cj3s;,C35;
(GEY]
(4.69)
Cr r C
- . i +HIC+IG .
N r!A(Z)Z Ly =r Z Z 2] Y0,i k1

$j,Si,S| €S Cj38j.Ch3sp
Cyas;

with » = 2,3. We will show that the contribution in both cases r = 2,3, is of order o((2d) '), as
d — oo, In our analysis we estimate the following quantity for r = 2,3,

Ci|+IC+IC
Loy Y, Y dOGClg v, @70
Sj,sk.,SIE(g) Cj3s,Cr35k
(OEN

If the labels obey r = |{j,k,/}| = 2, then either j = k # [ or j = # k. Then the number of
options for the labels is 2(’;) We only analyze the case j = k # [ since the other one is analogous.
For convenience we suppose that j =k =1 and / = 2. The vertices s; and s, are either the same
or different nearest-neighbors of the origin, i.e., the cardinality of the set {sy,s2} is [{s1,s2}| =1 or
[{s1,8:2} =2.

If [{s1,52}| = 1, automatically the factor #; , = —1. Then (4.70) becomes

Z I —s, Z Z‘Q'HCZ‘“//()J%Q = —2dg(z) Z ZICn\jr/Q1 =2dg(2)G.(e1). @71

;&‘1,3‘265 [GENNOER C12e;

Substituting this result into (4.69) and using Theorem 1.1, Lemma 4.7 and (5.50), we get that the

contribution to E?(z.) is

e 1
ap "’ <<2d>2

2dA(z.)728(z) G, (1) = ) ,asd — oo, (4.72)

and can be neglected at this stage.

If [{s1,s2}| = 2, the simplest way in which the term % ;%) is non zero is when the clus-
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ter C; contains the edges {0,s;} and {0,s2}, or the cluster C; contains {0,s;} and C, contains
{0,s,}, all other intersections require at least four edges and their contribution is bounded by
s < 0((2d)~2). Therefore, (4.70) is bounded by

Y Lz Y d9GIG 00, <2(24) (2276(2)* + 0 ((2d) 7)) -

51 ,.8'26(5a C13s51,C228,

Replacing this expression into (4.69) and using Theorem 1.1, Lemma 4.7 and (5.50), we get that the

contribution to E2(z.) is of order

A(ze)z2(2d)* (2228(ze)* +0((2d) %)) = 0 < !

2d> , as d — oo, 4.73)

When the labels satisfy r = |{j, k,/}| = 3, to determine the number of options for j, k and / with
1<j<m, 1 <k<l<mand j#k=# 1, we choose three labels among m, and notice that j can be
any of these and once j is determined, so are k and [. Therefore, the desired quantity is 3 (’g) For

convenience, we suppose that j = 1, k =2 and [ = 3. Hence, (4.70) becomes

!Z y ZCI%JH y ¥ ZC2|+|C34//273]

s1EE C13s1 52,5368 C2352,C3353

Z Z Z|C2+C37/2,3] )

52,8368 C2252,C33583

4.74)
= —2dG(e1)

In the last factor, we distinguish whether the vertices s, and s3 are equal. When s, = s3, the factor
53 is automatically -1 and does not affect the sums, which become a product of two one-point
functions. When s, # s3 the intersection between C, and Cs requires at least two edges. These
observations imply that (4.74) is bounded by

(2,2)

2dG,(e1) |2dg(z.)* +2d(2d — 1)S;~ ]

Therefore, replacing this expression into (4.69) and using Theorem 1.1, Proposition 4.5, Lemma 4.7
and (4.58), yield that the contribution to E(z.), when |{j,k,1}| = 3, is of order o((2d) 1), as d — .

The term E>(z). We exchange the order of the sums over the labels i, j, k and I, and the vertices

§2,...,8, in (4.66), to get the equivalent expression
E)=Y =@dg@)"* Y | ¥ Y Gy ). 4.75)
m>3 m: I<i<j<m | g;....5€8 Ci3si...Ci2s8;

(k,l)eA,—A’j

The set of labels satisfies r := |{i, j,k,l}| = 3 or 4. In both cases, the number of possibilities for
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the labels is C, (':’ ), where the coefficient C, is a combinatorial factor, independent of d, that can be
determined for r = 3,4. Substituting C, (") in (4.76) produces

" mr s (M e
Z%@dg(z)) Cr<r>1{i.,j,k,z}_r[ Y Yy Gl +C’7/i,j7/k,1]

m>r " iy, S1EE Ci3s...C125;

(4.76)

G, . e
= FA(Z)Z i jky=r [ Y Yy Al +C’7/i,j7k,1] ;

SiyeneyS|EE CiD5;...C1 D58

for r = 3,4. We will show that the contribution in both cases is of order o((2d)!), as d — o. In

our analysis we estimate the following quantity for r = 3,4,

L )= Z Z|Ci‘+‘cj|+‘ck|+|cl‘4//[.7‘/.7/]{7[. 4.77)

C;35i.Cj3s;

(e e
The condition r = |{i, j,k,l}| = 3 is satisfied when k =i, k = j or [ = j. In all cases, we
choose three labels from a set of m and order them, this order automatically determines which one
corresponds to i, j, kK and /. Hence, the number of options for the labels is 3(’;1) We will study
the case k = i, since the other two are analogous. For convenience we assume that i = k = 1,
j =2 and [ = 3. We distinguish two possibilities for the vertices s, s and s3,

I{s1,52,53}| = 2,3.

If [{s1,52,53}| = 1, then automatically the factor #] 7 3 = 1 because the three clusters C, C;

{s1,52,83}| = 1 and

and C; contain the same vertex s;. Therefore, (4.77) becomes

Z I‘{Sl-,sz-ﬁ}}‘:] Z Z|C1\+\C2\+\C3|7/1727/173 = 2dg(z)3.

51,52,53€E Cy351,C2359
C33s3

4.78)

Substituting this expression into (4.76) and using Theorem 1.1 and (4.58), yield that the contribution
to E3(z.) is

3 le 1
§2dA(Zc)(ch(zc))3 — (2251)2 +o ((2d)2> , asd — oo, (4.79)

and can be neglected at this stage.
If |{s1,s2,53}| = 2 or 3, then at least two of the vertices are different, say s; # s5. Using that
|713] < 1, we get the following bound for (4.77),

Y Npmepe Y, dOMOHGI L5 <30a)s(@) Y SO,
S17S2,S3€éa [SENESED) C1961,C29ez

C35% (4.80)
< 3(2d)%g(2) (67822 +517).
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where in the last inequality the terms in braces correspond to the intersection between C; and C;
requiring 2, and 4 or more edges, respectively. Substituting this result into (4.76) yields that this
term is bounded by

%Z3A(zc)(2d)3g(z) (6z2g(z)2 +S§4"2)) =0((2d)™"), as d — oo,

where in the equality we have used Theorem 1.1, Proposition 4.5 and (4.58).

Now we study the case when i, j, k and [ are all different. To determine the number of possibil-
ities for the labels we chose four labels from a set of m and order them. Then i is the smallest one
by definition, j has the remaining 3 options, and once j is determined, so are k and /. Hence, the
desired quantity is 3 (’Zf) For convenience we assume thati =1, k =2, j =3 and / = 4. Then in this

case, (4.77) is given by

/Z [ y Z|c.+cﬂ,/172] ! y Zc3|+|c47/374] | y ¥ Z|c.|+|c24,/172]2

Cy3s1 C33s3 | 51,8268 C1351

[&ED) Cy 354 [GED) (48 1)
2

< 2dg(zc)2+2d(2d—1)5§2’2>] ,

where in the inequality we have applied the same reasoning that we employed when analyzing the

last factor in (4.74). Replacing this expression into (4.76) yields the bound,

2
3
1SAR) 2dg<zc>2+2d<2d—1>s£2’2>] .

By Theorem 1.1, Proposition 4.5 and (4.58), this expression, at criticality, is of order o((2d)~!), as
d — 0. This completes the proof that E(z) is an error term.
The term I,Y 4= z4. Due to the topology of Z4, a cycle that contains the origin has length 4 or

Oecycle
more, this implies

LY <y ¥ dwem= Y 6“6 0)=s"(0),

430 X i+j=4 i+j=4

Oecycle

and Proposition 4.5 gives

LY (ze) ! :0<21d> as d — oo.

A30
Occycle

This completes the proof of Lemma 4.3. O
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Chapter 5

Proof of second order correction

The goal of this chapter is to prove Theorem 1.4, which states that

27
~ (1) . _E B 76 1
Lo =-2"@ap *° <(2d)2>
27 3
) oy € 33 1
Mo ==2""@ay *° ((2d)2> ’

and Theorem 1.5, which states that

3 263
g(”(zgt)):e—i-z—e—k 2 ° +0<( ! >,

2d " (2d) 2d)?
3 263
(@) @y _ ., 3¢, 3¢ 1 1
g (Zc ) e+2d+ (2d)2 +o0 (2d)2 .

These demonstrations complete the proof of Theorem 1.2, which is the main goal of this thesis.

In Section 5.1, we calculate the next term in the expansions for W, (x) and G, (x). These ex-

tended expansions will allow us to prove Theorem 1.4, in Section 5.2, and Theorem 1.5, in Sec-

tion 5.3.

5.1 Update of useful estimates

In this section, we calculate the next term in the expansions for W,_(x) and G, (x) in Claim 5.1 and

Lemma 5.2, respectively, which extends the results in Claim 4.6 and Lemma 4.7. The proof uses the

new expansions for z. and g(z.) that we computed in Lemma 4.1 and Lemma 4.3, respectively. On

this occasion, we also estimate the quantity W,_(x), when x is at distance 2 from the origin; however,

in this case, the results for z. and g(z.) in Theorem 1.1 are sufficient.
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Recall that W (x) was defined in (4.16) as

W)=Y ) %Gl
C()SOC]SX

where %1 = —1 if the clusters Cy and C; share a common vertex, and O otherwise.

Claim 5.1. For nearest-neighbor lattice trees and animals, let e; and e; be two nearest neighbors

of the origin such that they are perpendicular. Then as d — oo,

2er  11€? 1
ch(ei):—m—(z‘i)z‘i‘O((Zd)Q), (6.1
3e? 1
W, (2e;) = —ﬁ +o <(2d)2> ) (5.2)
6e? 1
W, (ei+ej) = —@ +o ((2d)2> : (5.3)

Proof of Claim 5.1. For the lattice animal case, we distinguish whether 0 and x belong to a cycle
contained in one of the animals Cy or C;. A similar argument to the one preceding (4.19), yields that
the contribution to W;_(x) when this condition is satisfied is at most of order o ((2d)~?). Therefore,
for the rest of the proof we assume that both animals, Cy and C;, do not have any cycle containing
the 0 and x = ¢;, 2¢; or ¢; +e;.

Clusters Cp and C) contribute to W, (x) if and only if they have a vertex in common, say y. Then
there is a path connecting 0 and y contained in Cp, and a path connecting y and x contained in Cj,
which we denote ° and ', respectively. The paths @° and @' can be uniquely determined. The
union of @° and @' form a path connecting 0 to x (passing through y), which we call @. We write
W (x) to refer to the contribution to W,(x) by all the configurations whose path @ has length 7.
Proof of Equation 5.1. If the path o has length 1, then @ = (0, ¢;). This means that the edge {0, ¢;}
is contained in either Cy or Cj, say in Cy. In this case, Cy consists of the edge {0,¢;} and two non
intersecting subclusters, Cj and C7, the first one emanating from 0 and the second one emanating
from e;. Exchanging the roles of Cyp and Cj, and subtracting the contribution due to the event in
which both clusters Cp and C; contain the bond {0, ¢;}, yield

2
W) (e) = —22g(z) Y 29 (14 247)) + 22| Y 290G (14 24) |

530 530
CTBx Ci‘sx
where %", = —1 if the subclusters Cj and C} have a common vertex, and 0 otherwise. Distributing

the products in this expression we get

W (er) = —228(2) — 228()Wa(x) + 22 [2(2)> + Wo(w)] .
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By Theorem 1.1, Lemma 4.1 and Claim 4.6 we have

2¢? 7e? 1
WZ{-(ei) = <(

< d 5 oo, 54
2d (ap e 2d)2>’as - >4

If the path @ has length 3, then it is of the form @ = (0, w,w + ¢;, ¢;), for some vertex w perpen-
dicular to e;. There are 2d — 2 of such paths and each of them has four possibilities for y. If we treat

the five ribs emanating from the vertices in ®° and @' as independent, we have the lower bound

4e? 1
Wzi(el') > _4(2d - 2)238(%)5 = _W +o <(2d)2> , as d— oo,

where the last equality is due to Theorem 1.1. For an upper bound, we use inclusion-exclusion and
subtract from the lower bound the contribution when there are pairwise intersections among the ribs

that belong to the same path, either ®° or w!. This gives
W2 () < —4(2d —2)z2g(zc)* [8(z)* +4W,, (1) +2Wz, (e +w)] .

On the right-hand side of this expression appears W, (e; +w), which is precisely one of the quantities
we want to compute. At this point we only determine that it is of order O((2d)~"). Since |e; +w| =
2, Proposition 4.5 implies that

&%)

W (ei+w)| < Y GYVxGY (e;+w) =57 (e +w) < =2 (5.5)
jHk=2 2d

This result, Theorem 1.1 and Claim 4.6, yield

Therefore, both bounds yield

4e? 1
3(,. — _ 0o
W, (e:) (2d)2+0<(2d)2>’ asd —

The contribution to W, (e;) when the path @ has length 5 or more, is bounded by

1
‘ >5 ez {<Z Z GZ« GZc € y):S£¢5»72)(ei):0<(2d)2>,an—><>0,

Yy i+j=5

where the last equality is due to Proposition 4.5.
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Finally, we have that, as d — oo,

- 3 o5, 2% 11e? 1
This completes the proof of equation (5.1).
Proof of Equation 5.2. If the path o has length 2, then @ = (0, ¢;, 2¢;). There are three possibilities
for y. Treating the four ribs emanating from the vertices in ®° and @' as independent, yields the

lower bound
3e2

e Rt (e I

where the equality is due to Theorem 1.1. For an upper bound, we use inclusion-exclusion and

W2(2¢;) > —3z28(zc)* = —

subtract from the lower bound the contribution by the the pairwise intersections among the ribs that

belong to the same path, either @° or @'. This gives
W2(2ei) < =3228(2c)* [8(2c)? +2W, (e1) + Wz, (2¢)] (5.6)

On the right-hand side of this expression appears W.,(2e;), which is precisely the quantity we want
to compute. At this point we only determine that is of order O((2d)~"). Since |2e;| = 2, Proposi-
tion 4.5 implies that

W, (2¢)| < Y GV %G (2¢;) = 77 (2¢;) < G2 (5.7)
C j+k:2 C C C 2d

This result, Theorem 1.1 and Claim 4.6, yield

2 3e? 1
WZL-(2ei) < _(2d)2 +o W s as d — oo.

If the path @ has length 4, then it is of the form @ = (0,w,w + e;,w+ 2¢;,2¢;), for some vertex
w perpendicular to e;. There are 2d — 2 of such paths and each of them has five possibilities for y.

If we treat the six ribs emanating from the vertices in ®° and @' as independent, we get the bound

1
‘Wi(ze,')‘ < 5(2d_ Z)Zﬁg(zc)6 =0 <(2d)2> ,asd — o

where the equality is due to Theorem 1.1.

The contribution to W,(2e¢;) when the path @ has length 6 or more, is bounded by

W202e)| <Y Y GV ()G (2¢; ) = 587 (2e1) < 0 ((24)7?)
Y i+j=6

by Proposition 4.5.

63



Finally, we have that, as d — oo,

2
W, (2¢;) = W2 (2¢;) + W, (2e;) + W0 (2¢;) = — (22)2 +o ( (22)2> ,

which completes the proof of equation (5.2).

Proof of Equation 5.3. The argument is similar to the one we use in the proof of Equation 5.2.
The main difference is that when the path @ has length 2, there are two possibilities for it, ® =
(0,ei,e;+¢j) and = (0,ej,e;+ ¢;). For each path o there are three options for y. This explains
the appearance of 6 instead of 3 for the coefficient of (2d) 2. The other thing that must be modified,
is that the upper bound for W2 (e; + ¢;), analogous to (5.6), will contain the quantity W, (e; + ¢;),
instead of W, (2¢;). Using that W, (2¢;) is of order O((2d)~"), as estimated in (5.5), gives the
result. O

Claim 5.1 will be fundamental in the proofs of Theorem 1.4 and Theorem 1.5. For showing the
latter, we first update the expansion of the two-point function G._(x), with ||x|[; = 1, in Lemma 5.2

below.

Lemma 5.2. For nearest-neighbor lattice trees and animals, let x be a nearest neighbor of the

origin, then as d — oo,

7
e, 2 !
G..(x) = 2d+(2d)2+0<(2d)2)' (5.8)

Proof of Lemma 5.2. Lattice trees. In the definition of Gg) (x) givenin (3.17), letx=¢; = (1,0,...,0).
We separate the sum over walks in the cases || = 1, |@| = 3 and |w| > 5, which gives the first,

second and third terms in the expression below, respectively,

G(0,x) =z Y Rl HRI (1 4 2,)

R0
Ry>x
_|_(2d_2)z3 Z ZIRol+IR1|+|Ra | +|Rs] H (1+ %) (5.9)
Ro30.R| 3¢y 0<i<j<3
Ry>y,R325x

+G5(0,x),

where in the second summand e, = (0,1,0,...,0), and y = e; + e3.

The first summand on the right-hand side of (5.9), evaluated at criticality, is given by

[Ro|-+[R]
2y (z@) N 0+ 2) = 2P0+ 9w (x)

Rp>0 Ze
Ro20 (5.10)
5
e Ee 1
= d— oo
21 T ap e <(2d)2> s ’



where the second equality is due to Lemma 4.1, Lemma 4.3 and Claim 5.1.

To analyze the second summand on the right-hand side of (5.9), we use that the product

0<i<j<3
which together with Theorem 1.1 yield the upper bound

(2d —2) (zg)fg(’) (zg))4 = (22)2 +o0 ((22)2> as d — oo,

For a lower bound, we use inequality (4.37) and get

(2d—2)z3 Z Z|R0|+|R1|+|Rz\+\R3\ H (1_‘_02/1.71.)

Ro30.R 3¢y 0<i<j<3
Ry 3y,R35x
3 R, R R R
> (2d —2)z Z ZIRolFHIR R HIRs | [ 4 Z U
Ry>0.R| Sey 0<i<j<3
Ry 3y,R35x

—(2d—2)7 [g@ (2)* + 4g (22 (x) + 241 (22w (x+y>} :

By Theorem 1.1 and Claim 5.1, the last expression, at criticality, is

(22)2 +o0 ((2411)2> , as d — oo,

Hence, both bounds yield that, as d — oo,

(2d-2) (Zy)>3 y (Zg))\Ro\+\R1\+\Rz\+\R3\ M +%,)- (22)2 +0((2£11)2>. S11)

R(30,R| Se 0<i<j<3
Ry3y,R33x

The third summand on the right-hand side of (5.9), satisfies

G (x) = Siftﬁl)(X) =0 <> , (5.12)

by Proposition 4.5.
Finally, adding the contributions of (5.10), (5.11) and (5.12) gives the desired result (5.8) for

lattice trees, namely,

6= 425 o]
YT 2a T 2a2 T\ 2a)2 )
Lattice animals. Now we analyze the two-point function for lattice animals G§“), which was defined
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in (3.35) in terms of the lace expansion. Recall that in the proof of Lemma 4.7 we analyze it
B| =0,1,2 and > 3. By (4.23) and (4.26), we know that
the contribution to G((a“)) (x) when |B| = 0 or |B| = 2, is of order o((2d)~2). On this occasion we will
study the cases |B| :ZCI, 3,4 and |B| > 5, and see that only the cases |B| = 1 and |B| = 3 contribute
to G(?a)) (x) up to order (2d) 2.

Ze
When |B| = 1, (4.22) gives the two terms that contribute to G(Zl)) (x) in this case. By the discus-
Zc
sion below (4.22), we know that one of them is of order o((2d)*4). The other term is

according to the length of the backbone,

a a Ro[+[Ri | a) (a a a a
9 ) (zg )) o (14+%.1) = )g( )(zg ))2+z§ )W((a))(x)

R(20 e

i (5.13)
_i—i- %e N 1
24" a2 T\ 2d)2 )

where the second equality is due to Lemma 4.1, Lemma 4.3 and Claim 5.1.
For |B| = 3, if the backbone is one of the 2d — 2 walks of the form @ = (0,y,y + x,x), for

some nearest-neighbor y of the origin perpendicular to x, then the double connections between the
end-points of these vertices, are simplified to sums over non-intersecting animals containing them.
The contribution in this case agrees with the analogous quantity for lattice trees given in the second
summand of (5.9). The only difference is that now, the sums are over animals instead of trees. Since
the results from Theorem 1.1 and Claim 5.1 are the same for lattice trees and animals, the analysis

applied to obtain (5.11), can also be used in this situation to get that, as d — oo,

(2d—2)(z§”>>3 5 (Zga))\Ro\+\R1\+\R2\+\Rs\ 1 (H%J):(;l)ﬁo((z;)z).

R30.R| 3¢y 0<i<j<3
Ry3y,R33x

This expression together with (5.13) give the desired result (5.8) for lattice animals, namely,

6= 20 o
oW =2 2 o\ Gar )

It only remains to prove that the contribution when backbone is not of form @ = (0,y,y + x,x), is
negligible.

If the backbone |B| = 3 but is not given by any of the 3-step walks connecting 0 to x, or |B| = 4,
then necessarily one of the double connections between the endpoints of the vertices conforming
the backbone has a cycle, of length four or more, containing the corresponding backbone vertices.
These two situations are very similar to the one analyzed in the proof of Claim 4.6, for the lattice
animal case when |B| = 2. In fact, following the same argument, gives bounds for both cases
analogous to the one given in (4.25). The main difference when |B| = 3 and |B| = 4, is that the

factor (2dz)? gets replaced by (2dz)? and (2dz)*, there are three and four functions D instead of
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two, and three and four two-point functions G§“) instead of two, respectively. In both cases, we
obtain that the contribution is of order o((2d)~?), which is analogous to (4.26).

When |B| > 5, then necessarily there is a path of length at least five connecting 0 and x. Then
the contribution in this case is bounded by

G40 =53 = o)),

¢ Zc

where the inequality is due to Proposition 4.5. O

5.2 Proof of Theorem 1.4

The goal of this section is to show Theorem 1.4, which states that for nearest-neighbor lattice trees

and lattice animals,

27
A (1) . _E _ 76 1
Lo == "@ap *° <(2d)2>
27 3
@)y € 3€—3 1
M@ ==2""aap *° ((2d)2> ‘

In the proof, we use extensively Proposition 4.5 and Claim 5.1, together with the new results for z,

(5.14)

and g(z.) in Lemma 4.1 and Lemma 4.3, respectively. For convenience we have separated the proof

in two parts, the one for lattice trees in Section 5.2.1, and the one for lattice animals in Section 5.2.2.

5.2.1 Lattice trees

Proof of Theorem 1.4 for lattice trees. Recall that the Fourier transform IAT(ZI)) (0) is given, in (4.28),
by

2t

1% 0) = 111 (0) + 1147 (0) + ¥ (=M1 (0). (5.15)
Zc Zc Zc N>3 e

By (4.29), the third summand in this expression is of order O ((2d)_3) and can be neglected. We
will prove that the first and second terms on the right-hand side of (5.15) satisfy

49
R (SO R b
Mo ) =-55 a2 7 <(2d)2> ’ (5.16)
and " .
£ (1.2) e
f - . 1
o ) a2 T ((2d)2> G.17)

Substituting (5.16) and (5.17) into (5.15) gives the desired result (5.14) for the case of lattice trees.
Notice that the main difference with the previous step in our analysis, is that now we also need to
study the next term in the series of ﬁ% (0).

Zc
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Proof of Equation 5.16. It is convenient to decompose the quantity IATZ;)I) (0) as

~ (1,1 1 1 1 1
n(;))(()):n%;))(ow Yy 90+ ¥ 09w+ Y o). (5.18)

z z z
x|lxi=1 ¢ x|lx|i=2 ¢ x:|x|l; >3 ¢

By (4.33), the contribution of the first three terms when the cycles formed in (4.32) have length 6 or

more, and the contribution of the last term is bounded by

~(1,1,>6 _

Hi;') 2 )(0)’ —0((2d)7). (5.19)
Therefore, we only need to study the first three terms in (5.18), when the cycles formed in (4.32)
have length 2 and 4.

First term in (5.18). For 1, (0), we will study IT

e
In the case of Hgt’l’z) (0), if in (4.34) the product (1 + %) (1 + % 2) is expanded, then

([, 1 72)
2

(0) and I1":"¥(0).

2

Hy’l’z)(O)ZZdz2 ) ROHIRIHRL (4 2 + W2 + W 1 1 2)

R()BO,Rl oeq
R>20

— 247 [g(’) @)+ 280 W (1) (5.20)
+ Y JRRIRIg g 2]_

Rp30,R | >e
R>>0
We study in more detail the last term in the this expression. The simplest way in which it contributes
is when the rib R contains the edge {0, e; }, then automatically the factors .1 and %, > are -1 and
do not interfere. In this case, we can think of R; consisting of the edge {0,e;} and the two non-

intersecting subribs R(l) and R { emanating from 0 and ey, respectively. Then we have

AP U WIEL L (R

R09£7R109el R)50,R} 3¢,
=)
[Ro|-+|R1|+[R2| (5.21)
+ Z ZMOTIRTIRIGN 1 2,
Ro,RzBO
R19€|,R|¢{0,€1}
where %, := —1 if the subribs R(l) and R} have a common vertex, and O otherwise. The second

summand of this expression is of order o ((2d) ') as d — co. The reason is that if the edge {0,e; }
is not present in Ry, then either R| reaches Ry and R,, which requires at least three edges and
can be bounded by g(*) (z)2G§l’3) (e1); or Ry and R; reach Ry, which requires at least 2 edges (one
from Ry and another one from R,), and this contribution can be bounded by z2g")(z)°. These

bounds evaluated at z = zy), together with Theorem 1.1 and Proposition 4.5, yield the desired order

o((2d)™1).
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We distribute the product by (1 + %’fl> in the first term of (5.21) and get

(Z))\R()H\Rl\HRz\
c

1
U1 = Zg-t)g(t) (th)>4 —i—zy)g(t) (ZE-I))ZW ((,)) (e1)+o <2d>
R()SO,R]SEl

R>30

1
= 2 g0 () +0<2d> as d — oo,

where the second equality is due to Theorem 1.1 and Claim 4.6. Substituting this result into (5.20),
and using Claim 4.6, Lemma 4.3 and Lemma 4.1, yield

1
111 2(0) =24 () [0+ 2" GO + 260 o )]

9 (5.22)
c je

1
—_ — d m-
2d T 2ap ((2d)2> ) 854 =

The contribution to Hg’l) (0) when the cycles formed in (4.32) have length 4, is given by

Yo=Y - [H Y zR|] 1 (+%y). (5.23)

Col LRz (kD04
The walks in this sum have the form @ = (0,¢;,e; +¢;,¢;,0), where ¢; and e; are perpendicular
nearest-neighbors of the origin, denoted by e; L e;. There are 2d(2d —2) of these walks. Hence,
for the walk @ = (0,e;,e; + e2,e2,0) we have

" (0) = 2d(2d —2)z [H y ZR|] [T +%.). (5.24)
=ORS0() (204

To determine an upper bound for this quantity we use that the product [T (1 + %) < 1, and Theo-
rem 1.1, to get

(1,14) (0 < o (SO )0y © 1 -
I, (0) < 2d(2d - 2) (zc ) 8" (z¢’) 2d)? +o <(2d)2 , as d — oo, (5.25)

Zc

To obtain a lower bound for (5.24), we apply inequality (4.37) to the last product in it and get

2
0<k<I<4

(k.)#(0:4)
—2d(2d - 2)* [¢)(2)° + 68 ()WL (e1) + 3¢ () W (e1 +e2)]

""(0) > 2d(2d - 2)z []‘[ Yy

i=0R;>w(i)
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Estimate (5.5) together with Theorem 1.1 and Claim 4.6, yield

114 ) > __© 1
() > 2—|—0((2d)2>. (5.26)

1
! 0) = = +0( > (5.27)

1
(VPN 2 € 1
I, (0)_—2d+(2d) +o<(2d)2>. (5.28)

Second summand in (5.18). In this case the vertex x is a nearest neighbor of the origin. By (4.41)

and Claim 5.1, the contribution by the cycles with length 2 is given by

(t 1 2) (1), (1) 2 lde 1
I 2479w _ 2% Casd oo
x:|xf =1 ZC ( ) . ZL(_t) (el) 2d + (2d>2 +o (2d>2 as ad — (529)

The contribution by the cycles with length 4 is given by

3
¥ ) =24 Y 0,e) =~ Y 7 [HZZR"'] %s ] (+%),

x:f|x]l =1 we"z’lg;l) i=0R;>0; skt
where the sum is over all 3-step walks connecting O to e; of the form @ = (0,y,y+e1,e;), withy a
nearest-neighbor of the origin perpendicular to e;. There are 2d — 2 of these walks. Therefore, the
fact that the final product [T (14 %) < 1, Theorem 1.1 and Claim 4.6, yield the upper bound

(14 ) < _ o (LOY 0 OOy 1 -
T, (x) < —2d(2d 2)(26) g (ZC)Wzﬁ’)(el) (2d)2+0<(2d)2 , as d — oo.

Z
x|lx[i=1 *°

A lower bound can be achieved by using inequality (4.37),

M (x) > ~24(2d - 2)z [HZz' ] s |1+ Y,

i=0R;>w; 0<k<I<3

xiflxll =1 (kD)£(03)

= —2d(2d —2)2¢" ()W) (e1)

3
—2d(2d —2)7 [H Z Z|R"] U3 (%o + oo+ P2+ W3+ U3).

i=0T>w;

(5.30)
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Applying Lemma 4.3, Lemma 4.1 and Claim 4.6 to the first term, and using that the second one

evaluated at criticality is of order o ((2d )*2), which we will prove below, we get

(114 () > 2e 1
My™ ()2 (2d)2+0<(2d)2 '

Therefore, these upper and lower bounds imply

xlfli=1

11, 2e 1
Y ) = (Zd)2+0((2d)2>' (5.31)

xlxh=1 *
Adding (5.29) and (5.31), gives

2e 16e 1
H(z,l) _ s e ).
L T =5+ a2 T\ 2ay (5.32)
xi|x[l=1
To see that the second term in (5.30) is of order o ((2d)_2), we distribute the product of %3
among the factors % 1, % ... .., %> 3, and study the summand containing % 3%,1, which is anal-

ogous to the others. This term is given by

~2d(2d -2)7g"(z) Y RolHRIFIR %4 3% .
Rp>0,R| 2y
R33e¢
Intersections between the trees Ry and R3, and Ry and R, require at least one edge each, so if we

treat the ribs emanating from these bonds as independent of each other, we get the bound

R R R 2 (t 5
Z ZIRol+IRi|+] 3@/073%07] <4z g()(z) 7
Rp>0,R 2y
R33e¢

(5.33)

which together with Theorem 1.1 imply the desired result, namely,

3 3 Ri]
‘—2d(2d—2) (zy)) [H Z (z@) i ] U3 (U1 + Uor+ U2+ 3+ 3)

i=0R>w;

5
<5-4-2d(2d -2) (zy)) g(t>(z£t))6:0< >, as d — oo,

1
(2d)?
Third summand in (5.18). In this case the vertices x are at distance 2 from the origin, they are of
the form x = 2e; or x = e; +e;, with ¢; and e; perpendicular nearest-neighbors of the origin.

When x = 2¢;, the shortest walk that connects it to the origin is given by @ = (0, ¢;, 2¢;). If there
is an intersection between the ribs containing 0 and x, without intersecting the rib emanating from
e;, a cycle of length at least 6 must exist. Moreover, all other walks connecting 0 and x in which the

first and last rib intersect, form a cycle of length greater than 6. Hence, the contribution of this case
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is included in the error term (5.19) and is of order O ((2d) ).

Therefore, we only need to analyze the cases in which x = e; +¢;. The cycles have length 4,
they consist of a 2-step walk connecting x to the origin, and two more edges belonging to either
the first or last rib. There are 2d(2d — 2) /2 of the points x and for each one of them, there are two
2-step walks connecting them to the origin, namely, @ = (0,¢;,¢; +¢;) and @ = (0,¢;,e;+¢;). This

implies

Y ') =-2d2d-2)2 Y RHRIERIG, (14 %0) (14 2 5) .

x=e;+e; Ry>0,R e
Ry>ej+en

(5.34)

The analysis of the sum is very similar to one we do for the quantity WZ(Z) (e1 + e2) in the proof
of Claim 5.1, if we treat the tree R independently. The only difference is that, since Ry and R, must
avoid intersecting R, there is only one walk along which these two trees intersect instead of two,

namely, (0,e2,e; + e2). Therefore, we have the lower bound

1
Z ZIROHIRIHIRZI%OJ (1 _|_ﬁ2/071) (1 +%’2) > EWZ(I) (31 —i—ez)g(t)(z).

Ry30,R1 e
Ry>e|+en

To get an upper bound for this sum, we subtract the cases in which R; intersects one of the trees Ry

or R;, this event requires of at least an edge. This gives

| 1
Y, I, (14 20) (14 %.2) < W o1+ ) () = W e + ez ()
RIgSBO,RLBeW

22€e1 e

These two bounds together with Theorem 1.1 and Claim 5.1 imply

o\ [Rol R R 3e 1
Ze %072(14-%071)(14-%172):— +o0 .
ROEO.ZR| Seq < ) (2d)2 (2d)2

Ry>ei+e;
Substituting this result into (5.34) and Theorem 1.1, yield

t14),.\ e 1
Yy 1oy (x)—<2d>2+0<(2d)2>. (5.35)

x=ej+e;j e

Finally, replacing (5.28), (5.32) and (5.35) into (5.18) gives the desired result (5.16), namely,

49
D gy — €, 2° 1
Lo O =2+ Gap T° ((2d)2> ‘

Proof of Equation 5.17. The quantity IQI(E;)2 ) (0) is the Fourier transform of the function 2 (x), at

Z
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criticality, it is given by
12 (0) = Yl (). (5.36)

The quantity HE”Z) (x) is defined, in (3.31), by

0]
M=y o [H y ZR,-] Mz [1 (+%)|, 63D
) 1

eV (0.x) i=0R;>m(i LeZ?0,|w|] iJEL i'j'€€ (L)

|o|>2

where the set 220, |®|] consists of the following two types of laces:
(@ L={0j,jlo[}, with0 < j <|al.
(b) L=1{0j,ilo|}, with0 < i< j< |w|.

Recall that in Figure 3.5 (b) there is a graphical representation of these laces. We will analyze
H§”2) (x) according to the length of the walk @. We will denote by H§”2’”) (x), the contribution to
2 (x) when |@| = n on the right-hand side of (5.37).

When the walk ® has length 2, the only lace in .Z @) [0,2] is of type (a). It is given by L =

{01, 12} and has no compatible edges. This implies that

1,2,2 2 Ro|+|Ri|+|R
YO m=yY Y 2 Y} RHRERIg, 9, (5.38)
X X ¥ (0.x) Rp20(0),R;30(1)
|o|=2 Ry20(2)

This quantity is non-zero when the vertex x = 0 or x is at distance two from the origin.

When x = 0, the walk is of the form @ = (0,¢;,0), where ¢; is one of the 2d nearest-neighbor
vertices of the origin. The simplest way in which there are intersections among the ribs Ry and Ry,
and R and R», is when R, consists of the edge {0,¢;} and two non-intersecting subribs R}, and R,
emanating from O and e; respectively. In this situation the product % 1% > = 1 and does not affect
Ry and R, which implies that the sums over these trees become one-point functions. Then we have

the lower bound

n22(0) > 2d(z")g ()2 Y @)RIFRT (14 )

Zc

R;>0,R>e;
_ O\ o) (N2 [0 N2 L O ] € 1 -
2d(ZC ) 8 (Zc ) |:g (Zc ) +WZ£,) (el):| 4(2d)2 +o ((2d>2 , as d— ,

where gZ/O’f | is minus the indicator that subribs R;; and R} have a common vertex, and the last equality
is given by Theorem 1.1 and Claim 4.6.

For an upper bound, in the previous expression we use that 1+ %", < 1, to get that the contribu-
tion when R; contains the edge {0, ¢;} is bounded above by 2d(z£t))3g(t)(zy))4. When {0,¢;} € Ry,
either both ribs Ry and R, contain the edge {0, ¢;} or one of them does not, say Ry. In the first case,
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we treat the subribs emanating from {0, ¢;} as independent to get one-point functions. In the second
case, the intersection among Ry and R, requires at least three bonds. These observations imply the
upper bound

H(E;%Z)(O) < 2d(z£t))2 lzgl)g(t) (Zg))4+ (ZEI))Zg(I) (Z((;[))S +g(t) (Zy)) Z G(E;ii) *G(Zf)(ei)

Ze

(S

=t () =4

where the last equality is given by Theorem 1.1 and Proposition 4.5.

When x is one of the 2d(2d — 1) vertices at distance two from the origin, i.e., x = ¢; + e, with ¢;
and e; nearest-neighbors of the origin with e; # —e;. If ¢; # e}, the two walks connecting 0 to x are
o = (0,¢;,x) and ® = (0,e;,x). In this case the simplest intersection among the ribs Ry and R, and
R and R,, requires that either Ry or R have the bond {0, ¢;}, and that either R; or R, have the bond
{ei,x}. To get a lower bound, we treat the subribs emanating from these bonds as independent and
use inclusion-exclusion to subtract the possible intersections among them, this yields
7 () 2 4(24) (24 - 2) ()60 () [ ) — 2w (el g ()2

x:||x[[1=2 %e

de 1
= (2d)2+0 24y , as d — oo,

where the last equality is given by Theorem 1.1 and Claim 4.6.
For an upper bound, if {0, ¢;} is not present in Ry and Ry, or {e;,x} is not present in R and R»,

then an intersection among the corresponding ribs requires at least three edges. This implies

Y 000 <aed)@d- 1)) g0 )
x:|lxi=2 ¢

+202d)2d - 1)E P 0P Y 6" w640 ()

£

jk=3
2
+2d2d -1 | Y G 6 0(e)
j+k:3 e Ze

de 1
(2d)2 +o (2d)2 , as d — oo,

where the last equality is given by Theorem 1.1 and Proposition 4.5.

Therefore, when |@| = 2 the contribution to (5.36) is

(122),  _ (t22) (t22),.y_ ¢ 1
;sz) (x) =I1';7"7(0) + Z IT 77 (x) = 2d)? +o0 <(2d)2> ,as d — oo. (5.39)

: Z
¢ x|x[1=2
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When the walk @ has length 3, the laces of type (a) in .2(?) [0,2] are L = {01,13} and L =
{02,23}. There is only one lace of type (b), namely L = {02,13}. Due to the symmetries of Z¢, the
two type (a) laces give the same contribution, so we only study the contribution to H§[’2’3) (x) in the

case of L = {01, 13}, which is

Yo m=y Y & Y} RHRERRIG 905 (14 20) (14 3). (5.40)

X 0¥ (0x)  Ry30(0),R|30(1)
|o]=3 Ry50(2),R350(3)
This quantity is non-zero when x is at distance 1 and 3 from the origin.

When ||x||; = 1, the walks @ are of the form @ = (0,x,y,x), for y a nearest-neighbor of x
(including the origin); and @ = (0,¢;,e; + x,x), for a nearest-neighbor of the origin e; different
from x. In the first case, when @ = (0,x,y,x), there are 2d of these walks for every vertex x
and, since @(1) =x = w(3), the factor %3 = —1 and does not affect (5.40). The fact that
(1+%2)(14+%3) <1, Theorem 1.1 and Claim 5.1, yield that the contribution to (5.40), at criti-
cality, is bounded above by

_(Zd)Z(ZEI))Sg(t)(ZE[))Z Z (Zg))‘RO‘JF‘RI‘%J _ _(2d)2(zgf))Sg(t)(zgt))zw((i))(x)

Ro>0,R; >x Z

-G+ e

For a lower bound, we use inequality (4.37). Then Theorem 1.1 and Claim 5.1 yield that the

contribution to (5.40), at criticality, is bounded below by

2/ (I)\3 R R R R
—(2d) (ZE)) Z RoFIRIH IR+ Rs [ | (1 4+ o + U 3)
Rp>0(0),R;30(1)
Ry>0(2),R330(3)

2e 1
> (22 (A3 [ o0 (2 0) 02 — oo,
> (P [ @PW 0 +2W 0P| = G o (g ) sd =

Recall to count this result twice to take into account the contribution of the other lace, L = {02,23}.
In the second case, when @ = (0, ¢;,¢; +x,x), using the fact that |% ; (1 + % 2) (1+ % 3)| < 1,
Theorem 1.1 and Claim 5.1, yield that the contribution to (5.40), at criticality, is bounded by

(Qd)2(2§’))3g(t) (th))z Y RIHIRs g 5 = (2d)2(z£t))3g(’) (th))z ‘W((f)) (r—e;)

Ri>e;,R3>x %

:0<(22)2>, as d — oo.

If ||x||; = 3, an intersection between the ribs R; and Rz, without intersecting Ry, requires at

least four edges. This observation together with Theorem 1.1 and Proposition 4.5, yield that the
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contribution to (5.40), at criticality, is bounded by

22y Y (@) RERERN g, 3 (14 210) (14 )]

Ri30(1),Ry3m0(2)

fazeld 1 (5.41)
<aPEP0E? Y 6456 v —e) =0 (z) asd — oo,
ks (2d)

Now we analyze the type (b) lace L = {02, 13}. The contribution to Hy’zﬁ) (x) is

an’u)(x):z Y 2 Y} RS g 2 2 5 (14 U1 ) (1 + 20 2) (1 + Wa3) . (5.42)

X ¥ (0.x) Rp20(0),...,

o]=3 R3y50(3)

This expression is non-zero when x is at distance 1 and 3 from the origin.

When ||x|[; = 1, the walks @ are of the form @ = (0,x,0,x), and ® = (0,e;,¢e; + y,x), for a
nearest-neighbor of the origin e; different from x, and y = —e; or y = x. In the first case, since
®(0) =0=w(2) and o(1) = x = @(3), the factor % »71 3 = 1 and does not affect (5.42). The
fact that (1+%,1) (1 +% ) (1+%3) <1 and Theorem 1.1, yield that the contribution to (5.40),
at criticality, is bounded above by

(N3 ,(1) (N4 _ 1 oo
2d(z¢" )’ 8" (z¢7) (2d)2+0<(2d)2>,asd—> )

For a lower bound, we use inequality (4.37). Then Theorem 1.1 and Claim 5.1 yield that the

contribution to (5.42), at criticality, is bounded below by

247 Y RHIR (1 oy + U1 2+ W 3) > 2d2° {g(t) ()t + 3W(<i>) (x)}

R>0,..., <
© + ! d—
= (o] as .
(2d)? (2d)* )"

In the second case, when @ = (0, ¢;,¢;+,x), the fact that | %> (1 +%.1) (1 + % 2) (1 + % 3)| <
1, Theorem 1.1 and Claim 5.1, yield that the contribution to (5.40), at criticality, is bounded by

2d2d - D)2 Y @R ) <2d2d - D)2 @) W (- )|

Ri>e¢; 7R3 X Z
! asd —
=0 —_— oo,
(2d)? )"

If ||x||; = 3, the lace L = {02, 13} forces an intersection between the ribs R and Rz, without
intersecting R;. An argument similar to (5.41), yields that the contribution in this case is of order

o((2d)7?).
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Therefore, when |@| = 3 the contribution to (5.36) is

(t7273) _ (I 2 3) t 2 3) o S5e 1
XXZHZ@ (=) mj7x+ Y D= (2d)2+0((2d)2>,asd—>°°- (5.43)

Z Z
il =1 " x[lx[1=3 !

When the walk @ has length 4, the laces of type (a) in .£(?)[0,2] are L = {01, 14}, L = {02,24}
and L = {03,34}. The laces of type (b) are L = {02,14}, L = {03,14} and L = {03,24}. First,
we will analyze the lace L = {02,24}, and then show that the remaining laces’ contributions are of
order ((2d)~2) as d — .

The lace L = {02,24} contributes only for x = 0. In this case the significant walks are of the
form @ = (0,¢;,0,e;,0) with e; and e; nearest neighbors of the origin. There are (2d)? of such
walks and and due to their topology the factors %> and % 4 are automatically -1. Hence, treating

the ribs emanating from the walk as independent and applying Theorem 1.1, gives the upper bound

e 1
(Zd)z(zgt))4g(t) (th))S — 5+o <(2d)2> , as d — oo,

For a lower bound we subtract from this term the possible contributions from the intersections
of the ribs with the term W((f)) (e1), this together with Theorem 1.1 and Claim 5.1 yield
Zc

200N (0 (NS 1 400 (O30 __¢ 1 -

(2d)“(z¢’) (g (z¢')” +4g"(z¢) WZ£,>(61)> (2d)2+0<(2d)2 , as d — oo.

Adding this contribution to (5.39) and (5.43) we get the desired result for fI(E[)Z ) (0) in (5.17),
Zc

namely.

A (1,2) _ 1le 1
M 0= Gap (<2d>2> |

Next we prove that the remaining terms’ contributions is of order o((2d)~?2), as d — oo.

The other walks connecting 0 to 0 of length four, are 4-step cycles containing the origin. If we
substitute one of the factors %> or % 4 by 1, say %>, and use that there are 2d(2d —2)/2 of such
cycles, we get that the contribution to ng’)z #) (0) is bounded by

2d(2d -2
,2d(2d-2)

2

1
(th))4g(r) (Zg’)f WZ(J)) (e1 +ez)‘ =0 <(2d)2) ;asd — oo,

where the first factor 2 is given by exchanging the role of %, and % 4, W ( )(el + e,) takes into
account the intersection of two of the ribs R, and R4 that %4 4 forces, and the equality is given by
Theorem 1.1 and Claim 5.1.

For the same lace L = {02,24}, when x # 0. We will analyze just one case to illustrate how
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these terms can be bounded. If x is at distance two from the origin, then the walk may look like
in Figure 5.1. Notice that the factor %5 4 forces an intersection among the corresponding ribs R
and R4, then we can find paths of lengths i and j that connect O to y, and y to x, respectively, with
i+ j > 2. This contribution can be bounded by

Y YY" me M me x—y = Y ' Yx6l 6 (0)

i+j=2x y i+j=2

6 R
<3 <2dzg(’) (z)) DG (0) (5.44)

6 C
<3(2dz"(2)) (22’)33,

where we used (4.14) for the first inequality, and Proposition 4.5 for the second one. Then Theo-

rem 1.1 gives that this expression at criticality is of order o((2d)~?), as d — oo.

Figure 5.1: L = {02,24} and ||x||; = 2.

The other laces for the 4-walk ®, have an edge between points at distance three, for example,
in L = {01, 14} the edge 14 is present. Moreover, for these laces, there are compatible edges of
length two, in our example these are 13 and 24. This implies that the part of the walk that lies
between the points 1 and 4 is self-avoiding. Since the edge of 14 forces an intersection between
the corresponding ribs, a cycle of length four or more is created. These observations will allows to
conclude that all laces, except L = {02,24}, give a contribution of order O((2d)~?), which we can
neglect. We will only explain L = {01, 14} and a few other cases depicted in Figure 5.2.

The following is a standard step in the lace expansion technique. We only outline the the main
ideas behind it, so we encourage the curious reader to consult [39] for more details. We construct a
walk @, with the minimum amount of edges to satisfy the intersections among its emanating ribs,
according to the lace on the left in Figure 5.2. We add bonds (dash line in picture), if necessary, to
create such intersections. As we have noticed, the parts of the path that lie between the end points
of the edges in the lace are self-avoiding, therefore, some cycles are created in order to satisfy the

intersections required by the lace. The contribution by these walks is bounded by a convolution of
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n two-point functions taking at least m steps (m and n depend on the lace), like we did in (5.44). We

Sgpvq)

separate (factor out) the cycles and bound them by , then Proposition 4.5 yields the contribution

on the right hand side.

IN

(a) A case when |0| =4

2 | <
3 4 5 .
0 ! :
i i (4,4) (3
! ! < Sz‘iu) 'SZ£<.

?

3)
V=0 (i)

4,4) (3.3
<54 S = 0 (@)

|

1 04 5

(c) A case when |@| =6

37

4 3,3
54 =0 (i)

!
IA
IN
nn

1 04 5

(d) A case when || >7

Figure 5.2: Bounds for different laces and different sizes of |@|. Dashed lines represent edges
that must be added in order to create the intersections required by the lace on the left.

5.2.2 Lattice animals

In this section we prove Theorem 1.4 for the case of lattice animals. Moreover, the discrepancy

between the expansions in Theorem 1.2 is explained.

Proof of Theorem 1.4 for lattice animals. Recall that the Fourier transform ﬁ(z}) (0) is given in (3.44)
Ze
by
~A(a A(a,0 A(a,l A(a,2 ~(a,N
n;j) (0) = Hi@ '(0) - Hi@ '(0)+ Hi@ '(0) +NZ>:3(—1)N Hi@ (0). (5.45)

By (4.44), the fourth term in this expression is of order O ((2d)*3), and can be neglected. We will
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prove that the first three terms on the right-hand side of (5.45) satisfy, as d — oo,

~la 2 1

g o) = aap O <(2d)2> , (5.46)
I UL Y A

M 0)==7 (2d)2+0<(2d)2>’ (547)

@), e 1

o =5 d)2+0< (2d>2>. (5.48)

Substituting (5.46), (5.47) and (5.48) into (5.45), gives the desired result (5.14).

Remark 5.3. It is the term IAT(Z;)O ) (0) in (5.46), which is absent for lattice trees, that gives the new
e

term in (1.19) for lattice animals. Results in (5.47) and (5.48) coincide with the corresponding ones

for lattice trees in (5.16) and (5.17).

The term ﬁﬁ“’(’) (0). It is defined in (3.39). It is bounded above by summing z* over x # 0 and

the cycles of length four, that contain the vertices 0 and x, plus the contribution of the animals
with cycles of length six and more that contain O and x, which is bounded by S£6’2) (0). There are
2d(2d —2)/2 of cycles with length four, and each such cycle has three possibilities for x. If we treat
the four ribs emanating from the vertices in the four-step cycle as independent, then, by Theorem 1.1

and Proposition 4.5, we get

[\S][O%}

A(a,0 3 a) (a a 6,2
MG (0) < 52d(2d - 2) (=" () 4557 (0) =

@ >, as d — oo,
Ze

1
(2dp ? <<2d>2

From the term corresponding to the four-step cycles we subtract the contribution of the possible

intersections among the ribs, to get the lower bound

~(a 3 a a a a a a a a a
[17(0) > 52d(2d = 2) () [ (L) + 4 (W0 (1) + 28 (7 PW i o1 + e2)

Zc Z((' )

3
3 1
_ 2
= (2d>2+0<(2d)2>,asd—>oo,

where the equality is due to Theorem 1.1 and Claim 5.1. This completes the proof of equation
(5.46).

Remark 5.4. The sum over cycles is the reason why the factor ¢ is not present in the expression for
~ (a,0)
H(“,

(a)
Zc
same amount of ribs emanating from its vertices as there are edges. Each one of these ribs, when
1

(0). Cycles, unlike walks, have the same amount of edges and vertices. Hence, there are the

treated as independent, contributes with a factor of g(z.) ~ e which gets canceled by the factor e~

in 7. ~ (2de) ™! associated to each one of the edges in the cycle.

Terms —IAT(Z;)U (0) and IAI(ZZ’)2 ) (0). First we notice that when the backbone is given by walks, then the

Zc Zc
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double connections between the endpoints of the edges in the backbone become sums over animals

that contain such vertices. Thus the reasoning that the we did for lattice trees in the previous section
can be applied to this situation and yield the results in (5.47) and (5.48).

On the other hand, if the backbone is not given by a walk, then some of the double connections

)
Z('a)
yield that the contribution in this case is of order (2d) 2, as d — oo.

between the endpoints of the vertices in the backbone contain cycles of length four or more. Similar
ideas used in our discussion for G, (x) and fI(f' (0) in Section 4.2 and Section 5.2.2, respectively,

O
5.3 Proof of Theorem 1.5

The goal of this section is to show Theorem 1.5, which states that, as d — oo,

() (1) je | e 1
g (ze ):e+ﬁ+ (2d)2+0<(2d)2>’
3¢ 20301 1 (5-49)
@c )y _ o, 2%, 24—
ghe) =t gt Gap +O<(2d)2>'
This result completes the demonstration of Theorem 1.2.

The proof will be simultaneously done for both lattice trees and lattice animals, except for minor

adjustments for the latter case. In our reasoning, the expansion for ﬁZ(O) obtained in Section 5.2,
Claim 5.1 and Lemma 5.2, will be fundamental.

Proof of Theorem 1.5. We will show that for nearest-neighbor lattice trees, as d — oo,

3¢ % 1
Al =g 2% 2 5.50
(z¢) e+2d+(2d)2+0 a7 ) (5.50)
while for nearest-neighbor lattice animals,
3¢ Pe—3 1
AN —ep 284 2 2 5.51
(z¢) +ogt 2d) +o a7 ) (5.51)
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and for both lattices trees and animals,

1) =53~ g+ )

=35 i ()

)= i +o (@) o
L% = gl ()

By (3.9), this gives the desired result

3 263
0 (0 — A, 1 g, ) L g0y — o 26, 22 1
g (z¢") =A(ze’) +B(ze') +Clz¢') +E(z”) e+2d+(2d)2+0 a7 )

and

g (zga)) = A(zga)) + B(zga)) + C(zga)) + E(zga)) +L ) (Zga) )Ml

A30
3 263
se  Sre—1 1
=e+ 2+ 2 +0<( >

Oecycle
2d " (2d)? 2d)?

It remains to show (5.50), (5.51) and (5.52).
The term A(z.). We commence studying A(z), which is given in (4.57) by

Alze) =e! MG = (1 —M(zc)+ M(zz!"’)z +0 (M(zc)3)) . (5.53)

We update the expansion for M(z.) by substituting the new results for ﬁi?) (0) and f[i?) (0) given in
Theorem 1.4, into (4.55). In the case of lattice trees, we get

0 318 1
M(z')=——— , oo,
(z¢) ¥ (2d)2+0((2d)2 asd —

and for lattice animals,

3.-1
(a) 3 18—3e 1
MDY =2 _272% (2 ) asd— oo
(z¢”) ¥ 2472 +0<(2d)2 as d

Substituting these expansions in (5.53) yields the desired results (5.50) and (5.51). For the remainder
of the proof, only the first two terms of the expansions in (5.50) and (5.51) will be used. Since these
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terms agree, we will only refer to (5.50) for both lattice trees and lattice animals.
The term B(z.). Recall that B(z.) is given in (3.11) by

B(z.) = —2dz.A(z:)G,(e1).

C

The desired result (5.52) for B(z.) is obtained when substituting (5.50), and the new expansions for
z. and G, (e;) given in Lemma 4.1 and Lemma 5.2, respectively, into this expression.
The term C(z.). Recall that C(z) is given in (4.59) by

C(2) = —524(z8(2)PA) + Cormor(2). (5.54)

where

b m

Cerror(z) = Z fn ng Z Z Is,#s Z Z‘Ct Z Z‘C/|7/

m=2""" I<i<j<m  s;,5;€8 Ci3si Cj>s;

In the proof of Lemma 4.3 in Section 4.4, C,r(z.) was indeed an error term. However, we will see
that on this occasion, its contribution cannot be neglected.
For the first term on the right-hand side of (5.54), Theorem 1.1, (5.50) and Lemma 4.1, yield

Lod 2y = 25 _2C ! d (5.55)
_5 (ch(Zc)) (Zc) = _ﬁ - (2d)2 +o0 <(2d)2> , asad —r oo. .

For C,,or(z), we consider separately when the vertices s; and s; are parallel and perpendicular,

we denoted the latter situation by s; L s5. Hence,

m(m—1
error —22 Z 2dZ m 2(2) Z [Isz:nn + Islj_sz] [ Z ZCl_FCzlﬂ//l,Z]

51,9268 Ci3s1
Cy2s8,

1Z2€2dzg 2d Z Z|C1H—\C2|7/l 2 + 2d(2d 2 Z Z‘C1|+|CZ"7/I 2
2 C12e C1oe
Cyo—eq (S ED)

:% A(2) [2dW.(2e1) +2d(2d — 2)W.(e1 +¢2)].

By Theorem 1.1,(5.50) and Claim 5.1, we get that, as d — oo,

3e 1
Cerr()r(Zc) = - (Zd)z +o <(2d)2> . (5.56)

&3



Finally, replacing (5.55) and (5.56) into (5.54), yields the desired result

%e %e 1
Clee)=—5,~ 2d)? +o <(2d)2> ,as d — oo

The term E(z.). Recall that E(z) is given in (3.13) by

E(Z):i% y [ZZM._. ZZCMK Y Y %% [0 (1+7/p7q)>,

m=2"""§1,...5mEE | C13s8] Cdsm 0<i<j<m (k,l)€A;; (p,q)EAL

We will rewrite it in a more convenient expression for its study.
We iterate the result in (3.5) by applying it to the product that appears on its right-hand side, to

obtain

n n

[TO+x)=14+Y x+ Y xx; [] Q+x)

i=1 i=1 I<i<j<n  j<k<n

:1+ix,~+ Z x,'xj<1—|— Z X+ Z XpX] H (1+xp)>
i=1 (5.57)

1<i<j<n Jj<k<n Jj<k<lI<n I<p<n

n
:1+Zx,-+ Z XiXj+ Z XiX X
i=1

1<i<j<n 1<i<j<k<n

+ Z XiX jXpX] H (l—i—xp).

1<i<j<k<iI<n I<p<n

Using this result, we can decompose the product [To<;« j<, (1 +7; ;) as

H (1+7j)=1+ Z 0, + Z i+ Z Z Vi i Vi

0<i<j<m 1<j<m 1<i<j<m 0<i<j<m  (k]l)€A;,

+ Z Z Z ViiViVpg (5.58)

0<i<j<m (k1)€A;; (p.q)EAk,

Y)Y Y Y Y% [T %),

0<i<j<m (k1)€A;; (p,q)€Ak; (5:1)EApq (uv)€Ay,

where the sets A; ; are as defined in (3.7). If we compare this expression to the one given in (3.6), we
see that the last three terms in (5.58) correspond to the one used for defining E(z) in (3.13). More-
over, the fourth summand on the right-hand side of (5.58) was decomposed in (4.62). Substituting
(4.62) and the last two terms on the right-hand side of (5.58) into the definition of E(z) in (3.13),
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and distributing the product among the summands, yield

E(Z):iim' ) [ZZM'“ ) ZC’”] Y VYt ), Yotk

m—n M- S1ye- S €S [ C1381 Cu3Sm 1<j<i<m 155?
+ Y Y, Yitat Y ) Y. Y%V
1<i<j<m (k,l)GA,'L,' 0<i<j<m (k,l)GA,;,,- (Paq)EAk,l (559)
+ Y Y X X it I 04w
0<i<j<m (k,l)EA,"j (p,q)eAk_] (SJ)GAp.q (Myv)EAgAr

=E'(2)+E*(2) +E*(2) + E*(2) + E*(2),

where E!(z), E?(z), and E*(z) are as in (4.64), (4.65) and (4.66), respectively, and

E4(Z) — iin' Z [Z Jal... Z Z[Cnl Z Z Z Vi i YiiVpgl,  (5.60)

m=3 "M S1yeeessm€E | C135] Cndsm O<i<j<m (k,l)eA;; (p,q)€Ak

E>(z) = iim' y [Z 2. Y G

m—4 1M S1yeeySmESE | C135] (6 =X

(5.61)

< Y XX X Y% I ()

0<i<j<m (k1)€A;; (p,q)€Ak1 (5,:8)EAp 4 (u,v)EA,

To analyze E'(z), E?(z) and E3(z), we will recall several results for these terms that were obtained
in the proof of Lemma 4.3 in Section 4.4.
The term E'(z.). By (4.67), we know that

1
E'(z) = (22;’)2 +o <(2;)2> ,asd — oo, (5.62)

The term E2(z.). Recall equation (4.69) in the proof of Lemma 4.3. For this equation we analyzed
the cases when r = |{j,k,l}| =2 and r = |{},k,l}| = 3; counted that the number of possibilities for
the labels j, k and / that obey these conditions are 2(';’) and 3 (’;’), respectively; estimated (4.70) and
substituted this result into (4.69) to obtain the contribution in each case. Here, we will follow this
same strategy using the updated values for the quantities involved.

Assume that the labels obey |{j,k,l}| = 2, then the vertices s and s, satisfy [{s1,s2}| =1 or
[{s1,52}| = 2. In the first case, by (4.72), we know that the contribution is

1
(267)2+0 <W> asd — . (5.63)
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When |{s1,s2}| = 2, the simplest way in which the term #(;#] » is positive is when the cluster
C) contains the edges {0,s;} and {0,s,}, or the cluster C; contains {0,s; } and C; contains {0,s,}.
The analysis when s; L 55 (perpendicular) and s; = 2s; is very similar to the one we did in Claim 5.1
for studying the quantities W;(e; 4 ¢;) and W,(2e¢;), respectively. The difference is that the path
connecting s; and s, does not belong to the cluster C>; and in the case of s; L s;, since the path
must contain the origin, there is only one two-step walk connecting the vertices s; and s; instead of
two. Hence, the contribution is captured in the positive quantity —W(e; +e3)/3. This implies that
(4.70) is given by

1
Y Lize Y, MO, = —22d(2d — 1)Woer +e2). (5.64)

51,5268 C1351,C2287

Substituting this result into (4.69), and applying Theorem 1.1, (5.50) and Claim 5.1, give that the

contribution to E?(z.) is

1 2e 1
f§2d(2d— DA (z0) 2 W, (ei +ej) = 24)? +o ((2(1)2) , asd — oo. (5.65)

For the case r = |{}j,k,I}| = 3, by (4.74) and (4.69), we know that the contribution to E2(z) is

1
—§2dz3A(zc)GZ(el) Y ) Gl (5.66)
S2,S3€(§ Cy3s52,C33s3
There are three possibilities for vertices s, and s3 in this expression, namely, s, = s3, s = —s3 and

57 L s3. Notice that in the first case, the factor 75 3 is automatically -1 and does not affect the sums.

These three cases correspond to the three terms in the expression below,

Y Gl = —2dg(2)* +2dW,(2e1) +2d(2d — )W, (e +e2).  (5.67)

52,5368 C2352,C3353

Replacing this expression in (5.66) and applying Theorem 1.1, (5.50), Claim 5.1 and Lemma 5.2,
yield that the contribution to E?(z,) is

1
§e

Finally, adding (5.63), (5.65) and (5.68) yields that, as d — oo,

7
Ez) = 2 +o<( : 2). (5.69)

The term E>(z). We will follow a similar strategy to the one used previously for E2(z). Recall
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equation (4.76) in the proof of Lemma 4.3. For this equation we analyzed the cases when r =
I{i,j,k,1}| =3 and 4; counted that the number of possibilities for the labels i, j, k and / that obey
these conditions are 3(2’) and 3(’2’), respectively; estimated (4.77) and substituted this result into
(4.76) to obtain the contribution in each case.

The case r = |{i, j,k,1}| = 3. We assume that i =k = 1, j =2 and [ = 3, and study the situations
[{s1,82,83}| =1,2,3.

If [{s1,52,53}| = 1, by (4.79) we know that the contribution to E3(z.) is

le
(2d)?

1
e ((ch)2> e o

If |{s1,s52,53}] = 2, then two of the vertices are different and two are equal, say s # s3 = s3.
Using that | %5 3| < 1, yields the following bound for (4.77)

Y Lpesier Y OG5 5] = 2d(2d 1) [<3g(2)Wa(er +e2)],

51,52,53€8 C15‘CS31~3CSz39S2
where the minus sign in the braces guarantees that W;(e; + e,) is a positive quantity. Theorem 1.1
and Claim 5.1, imply that this expression at criticality is of order O(1). Therefore, if we substitute
it in (4.76), the presence of the factor z together with Theorem 1.1 and (5.50) gives a contribution
of order O((2d)~?), and thus negligible.
If |{s1,s2,53}| = 3, then the simplest way in which the factor ¥] %] 3 is non zero is when the
clusters Cy, C; and Cs also contain the origin. Other intersections require at least four edges, if we

treat the ribs emanating from these bonds, then the sum (4.77) is bounded by

Y Npesos X 29FCHO,70, < 2a) G + 255D g (2)

51,52,83€8 C1351,C235)
C33s3

(5.71)

The right-hand side of this expression at criticality is of order O(1), by Lemma 5.2 and Proposi-
tion 4.5. Hence, when substituted into (4.76), the factor z° and Theorem 1.1 together with (5.50),
yield that the contribution is of order O((2d)?) and thus negligible.

The case r = |{i, j,k,l}| =4. We assume thati =1,k =2, j =3 and [ = 4. By (4.81) and (5.67),
(4.77) is given by

2
Y ¥ JGlHCly L = [—2dg(2)? +2dW,(2e1) +2d(2d — 2)W,, (e1 +e2)]

S1 ,SQE(Q [GED
(&)

In this expression we are only interested in the terms of order O((2d)?), which is (2d)%g(z)*, by
Theorem 1.1 and Claim 5.1. Replacing this expression into (4.76), and applying equation (5.50),
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yield that the contribution to E3(z.), as d — oo, is

3 le 1
Z2lA(z) 24) %8 (2 >4=(;d)2+o<(2d>2) (5.72)

Therefore, this result and (5.70) yield

5
E(z.) = 862—|—o<(2611)2>, as d — oo. (5.73)

The term E* (z¢). In the expression (5.60) that defines this term, we distinguish whether the labels
ik, or p, in ¥ ; V174, are equal to 0. According to this condition we decompose the factors

Vi i Vi1 ?p,q into the following four cases:

(1) %0, for 1 < j<l<q<m,

2) %,j%,7pqfor1 <j<li<mand1<p<qg<m,

(3) %0,j %1 Vpgfor1 <j<m,1<k<Il<mand (p,q) €Ak,
4) Vi j Vi Vpgforl <i<j<m,(kl)€Ajand (p,q) € Ag,.

We substitute this result in the definition of E* (z), given in (5.60), and exchange the order of sums

overi,...,qand sy,...,S;, to obtain

E*(2) =E%' (2) + E**(2) + E* () + E*(2),

7" — .
EM) = ) S dg@)" Y Y [ ) Z\CJ!+CI+\C¢1%,%,Z%#]
CBA/CIBAI

m>3""" 1<j<l<q<m  sj,51,5,€E
Cq3sq
E4,2(Z) — Z ’ (2d ( )),,,,4 Z Z Z Z|Cj|+‘C]‘+‘CP|+‘Cq|7/0,]'7/0,17/[7,(]
m>2m 1I<§j<1§m SjJ[,Sp,Squ Cj3s;.C3s8 ]
<p<qs<m cpaap Cq3sq
o _ -
E¥9@=Y Sdg)" Y Y % Yy o dolerladyg v,
m>3 M 152?21 (P,q) €Ak Sjrs8q€E | Cj35),..,.C4358, ]
” _
ANOED METC IOV YD VD Vi B MR b A e
m>3 M 1<i<j<m (k€A j si,...,54€E | CiDsi,....Cq284
(P.a)EAL
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We will study each of these terms separately and show that, as d — oo,

£0=o () 50 =g+ (i)
ﬁﬂ”:0Q$P>’EM&*’X§¥+Ong> o7
E(zc)=o0 <(2;)2>.

Notice that if we assume (5.74), and add them to the contributions of E!(z.), E*(z.) and E3(z.)

given in (5.62), (5.69) and (5.73), respectively, we get that as, d — oo,
E(z.) = E' (z) +E2(Z6) +E’ (z) +EY! (z¢) +E4"2(ZC) +E4"3(ZC) +E474(ZC)
_G+3eiciode, (1 V| Fe
(2d)? (2d)?)  (2d)? (2d)?)°

which is the desired result for E(z.) in (5.52). Therefore, it only remains to prove (5.74).
The term E*!(z.). In this case, the number of labels j, [ and ¢ that satisfy 1 < j <1< g <mis

(}). For convenience we assume j =1,/ =2 and ¢ = 3, then

Z [ Z ZC1|+|C2+C3"//0714//0727/073]:[—ZdGZ(el)]3.

$1,52,83€8 | C1351:C2352
C33s3

Substituting this expression in the definition of E*!(z.) we get

B ) = X, 5 (ae(a)) () 1246 o0 = - 1A G el

m>3 """

Theorem 1.1, (5.50) and Lemma 5.2, give that this term is of order O((2d)~3) and, hence, can be
neglected.
The term E*?(z.). Recall that E+2(z) is given by

" _ .
E4,2(Z) — Z = (2dg(z))m 4 Z Z [ Z Z‘CJ’HC/H‘CP‘—}—‘C(,‘/.I/()J%’laj/p’q '
m>2 m. 1<j<i<m Sj,S],SI,,SqGé(7 C_]'BS_/'.CISA'I
1<p<q<m Cpasp.Cqosq

The cardinality of the set of labels obeys r := |{j,l,p,q}| = 2,3,4. In every case, the number of

possibilities for the labels is C, (':’), where the coefficient C, is a combinatorial factor, independent
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of d, that can be determined for r = 2,3,4. Substituting C,(") in the definition of E*?(z) produces

7" m—r ~ (M g
Y 5 (2de(2) Cr(r>1|{j$z,p,q}r )3 [ y ok *’C"%,j%,%q]

m>r " $j,51,8p,5¢€E | Cj35j,....,C43584
N e (5.75)
Cr
_ r Cjl++|C ,
A 2 A(Z)Il{j717p7q}\:r Z Z Z‘ i | q‘%u%),laf/p,q .
: $j,51,8p,5¢€EE | Cj2sj,...,.C4D584
with r = 2,3,4. In our analysis we estimate the following expression for r = 2,3, 4.
Ci|+|Ci|+|Cp|+|C. .
Lijklpgll=r L Y dokarlaGly 17, (5.76)
$j381,8p,Sq€E | CjsjCi3s

C];Ss,;.CqSXq

When r = [{j,l,p,q}| = 2, necessarily p = j and ¢ = [, which implies that the number of
possibilities for the labels j and [ is (”21) For convenience we assume that j = 1 and /[ = 2. The
factors 7y, and 7y, force an intersection of the clusters C; and C; at the origin, this implies that
automatically the factor 7], = —1. Hence, (5.76) becomes

C C 2
Ol K270 | = —[2dG.(e1)]?.
Shszétg} C13s1,023s2

By (5.50) and Lemma 5.2, the contribution to E*?(z,.) is

L 5 2420z 2 %e 1
_ Ezce 2c8(2c) [2dG_ (e))] = — 2ay +0 W , as d — oo. (5.77)
When r = |{},/, p,q}| = 3, the number of terms % ; %7} 4 Whose labels satisfy this condition
is 4(';). If we choose 3 labels out of m and order them, then j gets the smallest label, / has two
possible options and in each case there are two more choices. For convenience we assume that

j=1,1=2, p=1and g = 3. Hence, (5.76) becomes

Ci|+|C|+|C
Z Z Z‘ |G|+ 3\7/0717/0727/173

§1,82,83E€8E C1351,C235)
(3353

Ci|+|C
=2dG,(e1) Y YOGy v
51,53 €& Cy13s ,C335s3

= 2dG.(e1) | 2dg()Geler) — 3242~ Weler + )

where the last equality is due to (4.71) and (5.64). Therefore, substituting this expression into (5.75)

90



gives

_%A(Z)z3(2d)2Gz(€1) 8(2)G.(e1)

1
— §(2d— D)W, (e1 +e2)| -

By Theorem 1.1, (5.50), Claim 5.1 and Lemma 5.2, the product z2(2d)?G,,_(e}) is of order O((2d)~2)
and the terms in braces are of order O((2d)~!). Therefore, their contribution to E4?(z.) can be ne-
glected.

When r = |{j,!,p,q}| = 4 the number of terms %y, ;% 7}, Whose labels satisfy this condition
is 3(’2’). If we choose 4 labels out of m and order them, then i gets the smallest label, j has three
possible options and once j is determined, so are k and /. For convenience we assume j =1,/ =2,

p =3 and g = 4. Hence, (5.76) becomes

Ci|+|C | +|C3|+|C
Z Z Z‘ 1|+]C2|+]C3|+] 4|a//0717/0727/374

51,82,83,54€8 C1351.02352
C3353,C4 354

= (-2dG,(e)* Y, Y GGy,

53,5468 C3353,C43584

= (=2dG,(e1))* [-2dg(2)? + 2dW,(2e1) +2d(2d — 2)W, (e} +€2)] ,

where the last equality is due to (5.67). Notice that, at criticality, Lemma 5.2 implies that the first
factor is of order O(1); and Theorem 1.1 and Claim 5.1, yield that the factor within square braces
is of order O((2d)~"). Therefore, when substituting this expression in (5.75), the presence of the
factor 72 together with (5.50) and Theorem 1.1, yield that the contribution is of order O((2d) ),
and thus negligible.

Therefore, (5.77) and the previous reasoning yield that

1

which is the desired result (5.74) for E*?(z,.).
The term E*3(z.). We will show that E*3(z.) is of order o((2d)~2), as d — . Recall that this

term is given by

Al 17|

EPe=Y e ¥ Y X

mz3 " (Sl ()AL 8)- 59 €S Lﬁsjwcﬁsq

The cardinality of the set of labels satisfies r:= | {j,k,1, p,q} | = 3,4 or 5. In each case, the number
of possibilities for the labels is C, (’:’) , where the coefficient C, is a combinatorial factor, independent
of d, that can be determined for all r = 3,4,5,6. Substituting C, (":) in the definition of E*3(z)
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produces

m!

Zm m—r /~ m i+
Y o (248(2) Cr<r)l{j,k,,,,,,q}_, )» [ Yy, ”Cq%ﬂ/k,z%,q]

m>r Siyes8q€E | Ci358i,...,Cq D584
_ (5.79)
ot CletlC
= AR uspay—r L Y o daerlalyg v, |,
r SiyeesSg€EE | CiD5iy,CqDSg
with r = 3,4,5. In our analysis we will bound the following expression
Ci|+-+|C
I‘{id’vk:lvpvq}‘:r Z Z| | ‘ q’%vj/ykvl%vq ° (580)
Sigeeey S, qu) Ci3si,..., CqBSq

When r = |{j,k,l,p,q}| =3, then k <[, p=k < qor p=1< g, and j has three options.
Suppose that j =k = p = 1,1 =2 and g = 3. If we distinguish the cases when |{s,s2,53} | =1,2
and 3, then (5.80) is bounded by

6 Z [ Z Z\C1\+\C2|+|C3\‘7/0717/1’27/173|

§1,82,53€8 | C1251,.C235,
C33s3

<6

2g(2)Guler) +2(2) g()Wo(e1 +e2) + (2d)* (Goler) +251 74 (2) ) ] ,

for the last summand we recall the discussion above equation (5.71). By Theorem 1.1, Claim 5.1,
Lemma 4.7 and Proposition 4.5, the expression above is of order O(1). Hence, if we substitute it in
(5.79), the the presence of the factor zg and Theorem 1.1 and (5.50), yields a negligible contribution
of order O((2d)~3).

When r = |{j,k,[,p,q} | =4, then either j is different from &, /, p and g, or j is equal to one of
them. In the first case, the factor % ; in (5.80) only affects the sum over j, which becomes G;(e1);
and the other sums behave like in equation (4.77) for the case when the set of labels has cardinality
three. By (5.70) and the discussion below it, we know that the contribution is of order O((2d)~?),
and when multiplied by G,(e;) = O((2d)~!), we get that the contribution to E*3(z.) is of order
0((2d)~?), and thus negligible. For the second case, when j is equal to one of the other labels, (say
j=k=1,1=2, p=23and g =4), (5.80) is bounded by

Z|C1+C2|7/0’14//172] [ Z Z ZC3+C4|7/3,4]

4
51,5268 C1351,C2287 53,5468 C3553,C4354

<4 [ — (2d)*W,(e1 +e2) | [2dg(2)* —2dW,(2¢1) — (2d)*W,_(e] +e2)
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where in the inequality we have used (5.64) and (5.67). Theorem 1.1 and Claim 5.1, yield that the
first factor is of order O(1) and the second one, O(2d). Therefore, if we substitute this expression
into (5.79), then the factor z* together with (5.50) and Theorem 1.1, yields a contribution of order
O((2d)~3) that we can neglect.

When r = |{j,k,1,p,q}| =5, (5.80) is given by

Ci|+-+|C
Z Z €1l \ 5\7/071%737/4’5
515-,85€8 [ C13s1,...,C5385

2
=2dG,(e) Z Z|C2‘+‘C3|7/2,3
_Cz 932,C3 o83

=2dG.(ey) | —2dg(z)* +2dW,(2ey) +2d(2d — 2)W.(e; + e3)

2

9

where the last equality is due to (5.67). Theorem 1.1, Claim 5.1 and Lemma 5.2, yield that this
expression is of order O((2d)?). Then if we substitute it in (5.79), the factor z° together with (5.50)
and Theorem 1.1, yield a contribution of order O((2d)~3) and thus negligible.

The term E**(z.). Recall that E**(z) is given by

m

< —6
E¥@) =Y S @dg)"" Yy Y X
m23m‘ 1<i<j<m (kDEA;j si,...,50€E | Ci35i,...,C43584
(Pg)€Ay

|Ci|+"'+|cf1’%7j7/]<,lnj/17¢I] :

The cardinality of the set of labels obeys r:= |{i, j, kI, p,q}| = 3,4,5,6. In every case, the number
of possibilities for the labels is C, (":) , where the coefficient C, is a combinatorial factor, independent
of d, that can be determined for all » = 3,4,5,6. Substituting C, (") in the definition of E**(z)

produces

LGl it
Si3e-8gEE | CiD58iyer,CyD8g

m—r & (M
Y — " (2ds(2)) Cr(r>1|{i,j,k,l,p,q}—ré )y

m>r
. (5.81)
¢ 1

= AR jktpal—r L [ Yy HC"'”’/AJ"’/k,I%,q] :
r SiyesSg€EE | CiD5i,..,CqD8q

with r = 3,4,5,6. We will show that the case r = 3 contributes to E** (z), and the contributions of
the other terms are of order o((2d)~?), as d — co. In our analysis we estimate the following sums,
for r =3,4,5,6,

Liijkipayl=r 3

Z|C1‘+-..+|Cq’7/i’j7/k7lxyp7q ) (582)
SiveesSqg€EE | Ci35i,...,.CqD84
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When r = [{i, j,k,l, p,q}| = 3, necessarily i is the smallest label, i < j < and k =i, p = j and
g = L. This implies that the number of possibilities for the labels is (’g’) For convenience we assume
thati=k=1, j=s=2and [ =t = 3. We distinguish three cases for the vertices s, 5o and s3,
when s; = s, = 53, when only two of them are equal, say s; # s, = 53, and when the three of them
are different. In the first case, the factor 71,71 3723 = —1 and does not interfere in the sum (5.82),

which becomes

Y Limomw Y OO 75 = —2dg(2),

517327536653 C1351,Cp3s5)
C33s3

Substituting this result into (5.81) and using (5.50) and Theorem 1.1, we get that the contribution to
E**(z.) is

1 le 1
A2 el =~ i o (g ) s e (589

In the second case, when only two of the vertices are equal, say s; # s, = s3, there are 2d(2d — 1)
possibilities for the vertices s; and s, and the factor | #3 3| = 1. Then the fact that | 7] 3| < 1 implies
that (5.82) is bounded by

3248(2)) Y Nopums Y, A7 575 )

51,52,53€8 C1351.Cy39,
(3353
<3(2dg(x))’2d(2d —1)g(z) Y Gy,
C1351,00352

<3(2d)°g(2)* [~ W.(2e1) — Wi(e1 +e2)].

the two summands in the last inequality are positive quantities that correspond to s; = —s, and

s1 L sy, respectively. Substituting this result into (5.81) we get the bound

S A2 [W(2er) ~Weler o).
By Theorem 1.1, (5.50) and Claim 5.1, we know that the product (2d)°g(z.)*z> is of order O((2d)~2)
and that, so are the terms braces. This gives a contribution of order O((2d)~*) that can be neglected.
When the vertices s; # 52 # 53, using that | 7] 3| < 1, the sum (5.82) is bounded by the expression
in (5.71). Then by the discussion below (5.71), we know that the contribution is negligible.
When r = |{i, j,k,l,p,q}| = 4, suppose that the labels are 1,2,3 and 4. There are 16 possible

arrangements for the labels, which we show in Table 5.1. They can be reduced to the two cases:

(i) Three labels are equal and the other three are different from the first ones and among them,

eg,i=k=p=1, j=2,1l=3and g =4. There are 4 arrangements of this type.
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(i1) Two pairs of equal labels and a pair of distinct labels, e.g.,i=k=1, j=p=2,1/=3 and
q = 4. There are 12 arrangements of this type.

ij kIl pq|ij kIl pgqg
12 13 14113 14 23
12 13 24|13 14 24
12 13 34|13 23 24
12 14 23|13 23 34
12 14 34|13 24 34
12 23 24|14 23 24
12 23 34|14 23 34
12 24 34|14 24 34

Table 5.1: Possibilities for labels i, j, k, [, p, g

We explain the main ideas to bound (5.81), when the factors |#;; %7} 4| in (5.82) are given by
| 7127137 4] and | #1271 375.4|. Our reasoning can be extended to the remaining cases of type (i)
and (ii).

We distinguish the four possibilities | {s1,s52,53,54}| = 1,2,3,4. Since the factors A(z)z* in (5.81)
are O ((2d)~*), by Theorem 1.1 and (5.50), it is enough to prove that (5.82) is at most O(2d) for
each case.

If [{s1,52,53,54}| = 1, the products | 12713 7%14| and |#12¥13¥24| are equal to 1, and the sums in
(5.82) reduce to 2dg(z.)* = O(2d), by Theorem 1.1.

If |{s1,52,83,54}| = 2, we decompose the products |#12%13%14| and |#12713754] into a factor
that involves the two different vertices, and the remaining two factors. We bound these last two
factors by 1, so their corresponding sums are bounded by g(z.)> = O(1). The remaining sums are
equal to 2d|W;(2e;)| 4 2d(2d —2)|W,,(e1 + e2)| (see (5.67) for the case 51 # s2), which is of order
O(1) by Claim 5.1.

If |{s1,52,53,54}| = 3, we decompose |#12%13¥14| and |¥12¥13¥54| into two factors involving
the three distinct vertices, and one remaining factor. We bound the latter factor by 1, and the
corresponding sum becomes g(z.) = O(1), by Theorem 1.1. The remaining sums are bounded by
E3(z.) for the case | #12#13 14|, and by E3(z.) or (E?(z.))? for the case |#127137%44]. By (5.69) and
(5.73), we know that in both cases the contribution is at most O ( (2d)_2).

If [{s1,s2,53,54}| = 4, an example of the required intersections for |#12%#]3%14| not to vanish
is depicted in Figure 5.3a. By taking into account all possibilities for non-vanishing |#12%13%14|
and | 712 %13 754|, we draw the crude conclusion that at least eight bonds are needed to achieve the
required intersections, and this leads to an upper bound O(2d)~*. We explain this conclusion for
the case | #12%13714| = 1 depicted in Figure 5.3a. We think that each one of the four factors z, in
(5.81), is located on one of the four edges {0,s;},...,{0,s4}. The rib R; emanating from vertex
s; together with {0,s;}, are bounded by Ggl) * GE’""), for i = 2,3,4. Similarly, rib R; and edge
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{0,s;} are be bounded by Ggl) * GE’"S) * GE’"") * Ggmﬂ. The steps my, ..., my satisfy my + - - +my >
4, because the minimal case in which the ribs intersect is, when the edges {0,s;} are present in
the corresponding rib R;, or when all four edges {0,s;},...,{0,s4} are in R;, see Figure 5.3b.
Therefore, the total number of steps present in all the two-point functions is at least 8. Then an

application of Proposition 4.5 yields a contribution of order O((2d)*), and thus negligible.

mr

4 S4
S4
S1 S3
52
msg
(a) General case (b) Minimal case

Figure 5.3: The case s; #£ 57 £ 53 # 54

When r = [{i, j,k,l,p,q}| = 5, one of the factors ¥; ;’s has labels that do not repeat, say i = 1
and j = 2, and the other two, share one of the labels. Then the sums over the labels that do not

repeat, in our case i = 1 and j = 2, can be factor out from (5.82), which can be bounded by

Y OGN, <2dg(2)? —2(2d)*W,(e1 +e2),
51,5268 C1351,C2287
where the first term on the right-hand side corresponds to s; = s, and the second one bounds when
to s; # s2. By Theorem 1.1 and Claim 5.1, this expression is O(2d).
On the other hand, the remaining sums coincide with the case of E*(z) when its number of
labels is three. By (4.78) and (4.80), we know that these sums are bounded by

2dg(2)’ +3(2d)8(2) (6z2g(z)2 + S§4’2)> :

which, by Theorem 1.1 and Proposition 4.5, is O(2d).
The factors A(z)z5 in (5.81) are O ((Zd)_s), by Theorem 1.1 and (5.50). Then our previous
observations yield that the contribution of (5.81) to E**(z), for r = 5, is O((2d)~?) and can be

neglected.
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When r = [{i, j,k,l, p,q}| = 6, the sums in (5.82) are given by

Z Z‘C‘H'“HCﬁ'|7/1,27/3,47/576|: Z Z QG )

S1,..,56EE C13581,...,C6386 51,5268 C1351,C23587

— [2dg(2)> — 2dW.(2e1) —2d(2d — 2)W..(e1 + 1),

which is O ((2d)3), by Theorem 1.1 and Claim 5.1. When substituting this result into (5.81), since
A(z)z% is O ((2d) ™), by Theorem 1.1 and (5.50), we get that the contribution of (5.81) to E**(z),
for r = 6, is O((2d)~3) and can be neglected.

The term £°(z.). If in the definition of E°(z) in (5.61), we use that the product [T, v ea,, (1+ i) <
1, then we get the bound

Bol<Y s Y Yyl Y Y Y Y [l

" S1esSm €S 135 Cndsm 0<i<j<m (k,[)EAl‘.j (p,q)GAkJ (S,I)EAp'q
(5.84)

We denote the cardinality of the label set by r = |{i, j,k,l, p,q,s,t}|, so r € {4,5,6,7,8}, and ex-
change the sums over vertices and labels. As in the previous discussion for E*#(z), this allows us

to rewrite the upper bound of (5.84) in the form

8
E5(2)] <AGR) Y Y i EC)(z), (5.85)
r=4 i
where the sum over i is a finite sum, the ¢; are constants whose values are immaterial, and each
EG:1) is of the form

ESi = ¥ Y L y A5y (i), (5.86)

$1,...,5,EE 81351 S8,

with # (") a product of 4 factors of ¥, having r distinct labels in all. Since A(z.) = O(1) (as
observed in (5.50)), it suffices to show that each E>")(z,) is O(2d) 3.

For r = 4,5 or 6, we substitute one of the factors in !“//, j”f/k’ff/p’q”f/&t’ by 1, with the restriction
that the remaining three factors have at least four different labels. The sums involving the replaced
factor yield 1 or 2dg(z.) or (2dg(z.))* depending on whether this factor has 0,1 or 2 distinct labels
from the remaining three factors; all three cases are O(1) by Theorem 1.1. The sums involving the
other three factors reduce to ’E4’4 (z)| when the set of labels has cardinality four, five or six, which
by our previous discussion, are of order o((2d)~?), as d — oo.

For r =7 or 8, we consider three factors in the product "//, j%c,l%),q%,t’ that have six different
labels and bound the fourth factor by 1. The sums involving the fourth factor yield 2dg(z.) and
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(2dg(z.))? for r = 7 and r = 8, respectively. By Theorem 1.1, in both cases the contribution is
O(1). By our discussion on E**(z) when the set of labels has cardinality six, the sums involving
the six distinct labels is O(2d) 3. This completes the proof of (5.74).

The term I, Y 4s0 z|. Finally, for the lattice animal case we analyze

Occycle
A
I, Z Ml

A30
Oecycle

where the sum is over all animals that have a cycle containing 0. A calculation similar to the one

we did to get

3
A 5 1
H(avo) 0 2
2 0)= (2d) (2d)% )’
in (5.46), yields the desired result. The only difference with H( )(O) is the factor 3, which arose

from the sum over x (the three remaining vertices in the 4- cycles containing 0). In this situation

there is not such sum and therefore, that factoris 1, i.e.,

O€cycle

This completes the proof of Theorem 1.5, and, therefore, the proof of Theorem 1.2. O
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Chapter 6

Conclusions

The work presented in this thesis lies in the fields of combinatorics, probability theory, statistical
physics and is inspired by polymer chemistry. We study (bond) lattice animals and lattice trees in
the nearest-neighbor and spread-out models in Z¢. Lattice animals are finite connected subgraphs
of Z4, and lattice trees are animals without cycles. They are very interesting combinatorial objects
that are easy to understand but in general, difficult to analyze. For instance, the basic question of
computing the number of trees and animals of fixed size that contain the origin is unsolved even in
two dimensions. However, extensive enumerations in low dimensions have been accomplished in
the combinatorics literature [29]. In polymer chemistry, lattice trees and lattice animals are used to
model branched polymers [27]. In statistical physics, lattice trees and lattice animals are examples
of models that exhibit a phase transition, with a very interesting behavior at criticality [39]. They
share this characteristic with the related models of self-avoiding walks and percolation.

The focus of our study are the critical points zy) and zﬁ“) of lattice trees and lattice animals,

respectively. They are the reciprocal of the growth constants T = lim,,_c t,% /M and o = lim;, e a,l/ "
where 1, and a, are the number of lattice trees and lattice animals with n bonds, that contain the
origin. In this work we focus in the high dimensional case, in which exact results are not available,
but instead 1/d—expansions are studied.

The main result of this thesis, is the rigorous calculation of the first three terms of a 1/d-
expansion for the critical points for lattice trees and lattice animals for the nearest-neighbor model.
As a side result, we have also calculated three terms of a 1/d—expansion for the one-point functions
at criticality. The proof follows a recursive argument similar to the one used in [20] and [24], in
which some of the terms of a 1/d-expansion were obtained for self-avoiding walk and percolation.

The main technique that we apply is the lace expansion. This method gives an implicit formula
for the critical points. However, unlike the cases of self-avoiding walks and percolation, the formula
given by the lace expansion includes the one-point function at criticality. We overcome this difficulty

by developing an expansion for the one-point function, in a way that resembles the lace expansion
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in order to exploit some of the results given by this technique.

In Chapter 2, we obtain the leading order terms for the critical points and one-point functions.
The chapter is base on our publication [35]. In the proof we use results given by the lace expansion
but with no further application of the technique. Instead, we use a mean-field model related to the
Galton-Watson branching process with critical Poisson offspring distribution. This connection was
suggested by [25].

In Chapter 3, we develop a new expansion for the one-point functions, which in the subsequent
chapters becomes a key ingredient in our proof. We also derive the lace expansion for lattice trees
and animals following the ideas in [39]. In particular, we explain how to obtain an implicit formula
for the critical points, given in terms of the one-point function and the quantity IALL, (0).

Finally, in Chapter 4 and Chapter 5, we obtain the first and second order correction terms,
respectively. In the proof we use the lace expansion extensively, together with the expansion for the
one-point function that we develop in Chapter 3. The calculation of the terms in the expansions for
the critical points are intertwined with the calculations of the terms in expansions for the one-point
function and IT,_(0).

When computing 1 /d—expansion it is generally assumed that in such expansions the remainder
is of the order of the first omitted term, but this is rarely proved due to the limitations of the employed
techniques. Our method allows us to do this in a rigorous way, confirming previous results by [11]
for lattice trees, and [21, 36] for lattice animals, in which bounds on the errors are not present. Our
research also shows the power of the lace expansion for handling these kinds of problems. Our
method is essentially algorithmic, with sufficient labor could be extended to compute higher order
terms of the 1/d—expansions for the critical points and the critical one-point functions. Probably,
some of the calculations could be done using a computer. Moreover, it may provide the starting point
for proving the existence of an asymptotic expansion, with rational coefficients, for the critical point
of nearest-neighbor lattice trees in a similar fashion as in [20] and [23], for self-avoiding walks and
percolation, respectively. We expect that the ideas in our proof could by applied in the analysis of
the critical point of g—lattice animals. A g-lattice animal A is an animal whose boundary (edges
incident to A but not in it) are weighted by the factor g. They can be thought as an interpolating
lattice animals and the percolation. Specifically, we aim to achieve a lower bound for the critical

point in terms of ¢.
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