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Abstract

The Schrédinger equation, an equation central to quantum mechanics, is a
dispersive equation which means, very roughly speaking, that its solutions
have a wave-like nature, and spread out over time. In this thesis, we will
consider global behaviour of solutions of two nonlinear variations of the
Schrédinger equation.

In particular, we consider the nonlinear magnetic Schrodinger equation
for u: R3 x R — C,

iug = (iV + A)2u + Vu+ g(u), u(z,0) = up(x),

where A : R? — R3 is the magnetic potential, V : R?® — R is the elec-
tric potential, and g = +|u|?u is the nonlinear term. We show that under
suitable assumptions on the electric and magnetic potentials, if the initial
data is small enough in H', then the solution of the above equation decom-
poses uniquely into a standing wave part, which converges as t — 0o, and a
dispersive part, which scatters.

We also consider the Schrodinger map equation
Uy = U X Ad

for @ : R? x R — S?. We obtain a global well-posedness result for this
equation with radially symmetric initial data without any size restriction
on the initial data. Our technique involves translating the Schréodinger map
equation into a cubic, non-local Schrédinger equation via the generalized
Hasimoto transform. There, we also show global well-posedness for the non-
local Schrédinger equation with radially-symmetric initial data in the critical

space L?(R?), using the framework of Kenig-Merle and Killip-Tao-Visan.
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Preface

A version of Chapter |2/ has been published. Eva Koo, Asymptotic stability of
small solitary waves for nonlinear Schrdinger equations with electromagnetic
potential in R3, J. Differential Equations 250 (April 2011), no. 8, 3473-3503.
I wrote the entire manuscript.

A version of Chapter |3/ has been submitted for publication. This is joint-
work with my supervisor Stephen Gustafson. Theorem (4| (in particular, the
ruling out of possible blow up solutions) is a result of close collaboration
with my supervisor. Many of the details were worked out jointly. I was
responsible for adapting proofs from previous work (for example, [48] Killip-

Tao-Visan 09) to our situation, and I wrote the first draft of the manuscript.

iii



Table of Contents

Abstract . . . . . . ... il
Preface . . . . . . . . . . .. il
Table of Contents . . . . . . .. ... ... ... ... ........ vl
List of Tables . . . . . . . .. ... ... ... . ... .. ...... [vil
Acknowledgements . . . . .. ... L Lo oL oL
Dedication . .. ... ... ... ...
1 Introduction . . ... ... ... ... ... ... ... ..., 1
1.1 Dispersive effects and dispersive equations . . . .. ... .. 1
1.1.1 A gentle introduction to dispersive effects . . . . . . . 1
1.1.2  Variations of Schrédinger equations . . . . .. .. .. 7
1.2 Background . .. ... ... Lo 14l
1.2.1 Notation . .. .. ... ... ... ... ... 15
1.2.2  Local well-posedness . . . .. .. .. ... ...... 18
1.2.3 Global well-posedness . . . .. ............. 23|
1.2.4 Solitary waves and their stability . . ... ... ... 28
1.2.5 Scattering . . . . ... ..o 34
1.3 Main results of the thesis . . . .. ... ... ... ...... 35

2 Asymptotic stability of small solitary waves for nonlinear

Schrédinger equations with electromagnetic potential in R3

2.1 Anoverview . . . . ... 40

v



Table of Contents

22 Ourresult . ... .. .. ... ... 47]
2.3 Discussion and outline of the proof . . . .. ... ... ... 46|
2.4 Detailed proof . . . . ... ... 50
2.4.1 Existence and decay of standing waves . . .. .. .. 50
2.4.2 Linear estimates . . . .. . ... ... ... ... ... 62]
2.4.3 Proof of the main theorem . . ... ... ....... [73

3 Global well-posedness of two dimensional radial Schrodinger

maps into the 2-sphere . ... .. ... ... ... ... ... . 82
3.1 Known results and our result . . . .. ... ... ... .... 82
3.2 Discussion and outline of the proof . . . ... .. ... ... 85

3.2.1 Outline of Killip-Tao-Visan’s proof of global well-posedness

of NLS for radial L? initial data in 2D . . . ... .. RS
3.2.2 Discussion of our proof of global well-posedness of
NLNLS for radial L? initial datain 2D . .. ... .. 92
3.3 Proofofourresult . .. ... ... .. ... oL 93
3.3.1 Equating the Schrodinger map equation and the NLNLS
equation . . . ..o Lo 96
3.3.2 Local theory of NLNLS . . ... ... ... ...... 102
3.3.3 Reduction to the three enemies . . . ... ... ... 103l
3.3.4 Extraregularity . ... .. ... ... 0. [104]
3.3.5 Nonexistence of the three enemies . . . . . ... ... 109
4 Concluding chapter . ... ... ... ... ........... 114
Bibliography . . . .. . . ... ... 116



List of Tables

1.1 Classical PDEs and their geometric counterparts . . . . . . . 14
1.2 L% and H'- criticality of cubic NLS forn =1,2 and 3 . . . . 24

vi



Acknowledgements

I would like to take this opportunity to thank the following groups of people:
e my parents, for their care, patience and tolerance

e my supervisors, Dr Tsai and Dr Gustafson, for their support and guid-

ance

e Erick, for his constructive criticism as well as his encouragement

vii



Dedication

To all my teachers

viii



Chapter 1

Introduction

The dynamics in many physical settings — for example, those involving the
propagation of light or sound, or the evolution of quantum systems — are
well-described by dispersive partial differential equations. Because of their
importance, and the subtle properties of their solutions, the mathematical
study of dispersive equations has attracted a lot of attention. In Section|1.1}
as an introduction to the subject, we will give a relatively mild introduction
to dispersive equations and dispersive effects. We will also introduce a few
examples of dispersive equations that will be of interest to us. In Section
1.2 we will introduce and discuss some well-studied questions in the field of
dispersive equations. In Section we will give an overview of the rest of
the thesis.

1.1 Dispersive effects and dispersive equations

1.1.1 A gentle introduction to dispersive effects

To illustrate the dispersive property, we will consider three well-studied par-
tial differential equations of which only one is truly dispersive. In each of
the three equations, let u = u(x,t) be a function of space variable x € R"
and time variable ¢ € [0, 00). We use u; to denote the partial time derivative

of u (i.e. ug = %?) and Au to denote the Laplacian of u which is given by

Au = Fr (1.1)
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These equations are the heat equation

ur = Au, (1.2)
the wave equation

ug = Au (1.3)
and the Schrodinger equation

ug = iAu (1.4)

where in each case above, we will consider the function
u(-,t) :R" = C (1.5)
with initial data
u(z,0) = up(z) and for the wave equation us(z,0) = v(z) as well. (1.6)

To keep this discussion concrete, we will limit the space dimension ton = 1.
In this case, the heat equation models the temperature of a thin rod of
infinite length, the wave equation models the height of a wave on an infinitely
long string and the Schrodinger equation models a free quantum particle in
one dimensional space. To gain some insight on the behaviour of solutions
of such equations, we will apply the Fourier transform in the variable x to

each equation. Let

1 .
u(&,t) = / u(z, t)e % da (1.7)
2 R
denote the spatial-domain Fourier transform of u(z,t). Using the property

@(gat) = _£2a(£7t)7 (18)

the equations now read
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heat equation:

w(é,t) = —€7u(E, 1) (1.9)
wave equation:

att(éu t) = _§2a(€7 t) (110)
Schrédinger equation:

(1) = —ig2a(€, 1), (L11)

Each of the equations above is an ordinary differential equation in ¢, and

after solving them, we get

heat equation:

a(g,t) = (g, 0)e (1.12)
wave equation:
(6, 1) = (€, 0) cos(€l) + at(? 0) cin(et) (1.13)
Schrodinger equation:
a(g,t) = (g, 0)e €, (1.14)

We can already read off some differences between the behaviours of the
three equations from the above. For example, for the heat equation, the
magnitude of each Fourier mode |u(&,t)| is exponentially decreasing, while
for the Schrédinger equation, the magnitude of each Fourier mode |u(&, )|

is fixed in size. By Parseval’s theorem, which says that

1
2
otz = ( [ lute. 0 dz ) = Vnlal, (1.15)

we see that for the heat equation, the L2-norm of u is decaying in time while
for the Schrodinger equation, the L2-norm of u stays constant. In fact, the

heat equation is an example of a dissipative equation, which means that as
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time evolves, the solution dies down (dissipates) to 0. On the other hand, we
see that the Schrodinger equation does not dissipate. By Parseval’s theorem,
the L?-norm of the solution remains constant.

To differentiate the behaviour of the wave equation and the Schrodinger

equation we can apply the inverse Fourier transform and recover u(z, t) from
u(¢,t) by
u(z,t) = / a(g, t)e s de. (1.16)
R
For the sake of discussion, suppose the initial data of the wave equation are

chosen so that u(£,0) = d¢,(§) and u;(§,0) = 0 for some fixed frequency
& € R. Here, 0¢, (&) = 6(§ — &o) is the delta function. Then u is given by

A(6,1) = 5 (e (O + 5, (™) (1.17)

Hence, the solution u of the wave equation is given by
. 1/ . ,
u(a, t) = /R (g, et d = (e@(m) + elfo@ﬂ*f)) . (1.18)

This is a sum of two plane waves, one moving to the left at speed 1 and one
moving to the right at speed 1. In fact, for general initial data u(x,0) =
uo(x) and w(x,0) = vo(x), the solution of the wave equation is given by the

d’Alembert formula

x4+t
u(a, 1) = 3 (uole + ) + ol — 1)) + / o) d. (1.19)

In the case where vy = 0, the solution of the wave equation is
1
u(z,t) = 5(u0(ac+t) + up(z —t)). (1.20)

In particular, we see that as time evolves, the initial shape of the wave
divides into two equal parts, where one part moves to the right and the
other moves to the left at an uniform speed. This is the wave behaviour in
which the original waveform move outwards at a uniform speed.

We will see next that the behaviour of the Schrédinger equation is dif-
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ferent from that of the heat equation and the wave equation. Now, for the

Schrodinger equation, we have the solution

u(x,t) = / (&, 0)e’ @ ge (1.21)
R
where
(€, 0) = % / u(, 0)e= = da. (1.22)
R

Let us again consider a special initial condition u(x,0) made up of only
one Fourier mode. Such a wug is a plane wave which, of course, is not in
the space L?(IR?), the space of square-integrable functions on the real line.
One typically requires that initial data ug be in L?. Nevertheless, we will

consider such a wug for the sake of discussion. In other words, suppose
u(€,0) = 0g, (&) for some fixed &y € R. (1.23)
In this case, the solution of the Schrédinger equation will read
u(xw, t) = @&t (1.24)

This is the equation of a plane wave moving at speed &;. Under the evolution
of the Schrédinger equation, an initial data wg which consists of a single
Fourier mode &y remains a function with only that Fourier mode and which
moves in the physical space at a speed of &.

Now, instead of an initial condition u(z,0) = ug(z) consisting of a sin-
gle Fourier mode, if our initial condition consists of a continuum of Fourier
modes, then the part of the solution having Fourier mode £ will move at
a speed of £. As a result, components of the solution with higher Fourier
modes will move faster than those with smaller Fourier modes. As a result,
over time, the solution will spread out, and the amplitude of the solution will
decay over time. However, as we showed before, the L?-norm remains un-
changed. This spreading out of the solutions is what we call the dispersive
effect.

There are equations other than the Schrédinger equation that are dis-
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persive in nature. Other dispersive equations include the Klein-Gordon
equation
ug — Au 4+ m?u = 0, (1.25)

and the Airy equation (which is the linear part of the well studied KdV
equation)
U + Uggy = 0. (1.26)

Recall that we showed that for the one dimensional Schrodinger equation,

the Fourier transform of the solution u is given by
U(&,t) = e MO (€) where h(€) = €2, (1.27)

Here, h(€) is called the dispersion relation. As before, if we apply the in-

verse Fourier transform of G(¢,t) = e?©!7y(¢), we find that the component

of the solution with the Fourier mode £ travels at a speed equal to LG,

3
fact, associated with the dispersion relation are two different velocities, the

phase velocity

h
vp = € (1.28)
and the group velocity
dh

Here, if one imagines the solution is modulated by an overall wave envelope
(wave packet) and the solution oscillates within the wave packet, then the
group velocity is the speed of the wave packet while the phase velocity is
the speed of the oscillations within the wave packet (see [93]). For the
Schrédinger equation,

vp =& and vy = 2§ (1.30)

and we see that the group velocity is faster than the phase velocity.
Just like for the Schrédinger equation, we can get dispersion relations

for other dispersive equations. For the Airy equation, we have

=i (1.31)
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which gives
(e, 1) = e 1a(e, 0), (1.32)

so for the Airy equation, the dispersion relation is h(¢) = £€3. The Klein-
Gordon equation is second order in time. To get the dispersion relation, we
look for a function h(&) so that

u = &= (1.33)

satisfies the Klein-Gordon equation. Notice that this way of computating
h(§) is consistent with the ways in which h(&) is computed above. Substi-
tuting (1.33)) into the Klein-Gordon equation, we get that

—RE)+E+m* =0 (1.34)

which gives

h(€) = +/m2 + €2. (1.35)

1.1.2 Variations of Schrédinger equations

In the previous subsection, we introduced the dispersive effect. There, we
worked mainly with the free Schréodinger equation which is a standard model
of linear dispersive equations. In this subsection, we will introduce certain
variations of the free Schrodinger equation and discuss how each variation

changes the behaviour of the equation.

Schrédinger equation with potential

In the previous subsection, we considered what is called the free Schrédinger
equation
iug = —Au (1.36)

which models the evolution of a quantum particle in the absence of any

external fields. In this subsection, we will consider the Schrédinger equation
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with a potential
iug = —Au+Vu (1.37)

which models the evolution of a quantum particle under the influence of a
potential V(z). Here, we will assume that the potential V' only varies in
space but not in time.

Equation is central to modern physics. For example, if we take V'
to be the Coulomb potential V' = _|71\’ then for n = 3, equation mod-
els an electron moving around the nucleus. Applications of equation (1.37)
range from predictions of chemical properties in chemical compounds and
computations and explanations of physical properties in solid state physics
(see introductory textbooks such as [36] and [1]).

To gain a glimpse of the effect of the potential on the solution, let us
consider an extreme case of our potential which, because of the simplicity
of the solutions, is commonly found in introductory textbooks on quantum

mechanics. Consider the one-dimensional Schrodinger equation
iug = —Au+V(z)u (1.38)
where the potential is given by

0 if0o<z<xl
Viz) = . (1.39)
oo ifxz<QQorx>1

This is commonly known as the one-dimensional infinite square well. The

general solution to this equation is given by

® g sin(\,z)e~ "t where )\, = nw
u(z,t) = 2on=1 () . (1.40)
0 if ¢ (0,1)

If we look at (1.40), we see that unlike solutions to the free Schrodinger
equation, the solution to (1.38)) does not spread out in space over time
as the potential V is trapping the solutions within the region 0 < x < 1
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(i.e. infinite square well). On one hand, the free part of equation
(uy = iAu) tries to spread the solution out but on the other hand, the
potential V' confines the solution to the infinite square well. As a result of
the confining part of the equation, equation admits some stationary
solutions of the form sin(/\nx)e“‘%t for n =1,2,3,---. These solutions are
known as standing wave solutions since other than the complex phase ei)‘%t,
they are stationary in time. These standing waves are examples of bound
states — states which remain spatially localized for all time.

The infinite square well is not the only potential that gives rise to bound
states. Other less confining potentials give rise to bound states as well. For
example, when V (z) = 22, equation is called the harmonic oscillator,
another standard example in introductory textbooks of quantum mechanics.
Computations to derive the solutions are more complicated than the infinite
square well, but nevertheless, solutions of the harmonic oscillator is given

by
2

o
u(a,t) = Y ape 2O, (2)e 7 (1.41)
n=0

Here, H,, is the Hermite polynomial, a degree n polynomial whose the ex-
plicit form can be worked out for each n. In the above, each summand
6_12("+%)tHn(x)e_§ is a bound state of the harmonic oscillator with en-
ergy level B, = 2(n + 3). See [30].

So far, we have only been considering confining potentials. Let us instead
consider yet another standard example in introductory texts in quantum

mechanics, which instead of a confining potential, is an attractive potential

Vo for —1<z<l1
V(x) = (1.42)
0 for |z| > 1

for some Vj > 0. (As an aside, the case where V < 0 is called a repulsive
potential.) This is known as the one-dimensional finite square well. In this
case, equation (1.37) admits solutions of the form

u(z,t) = e Flo(z) (1.43)
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for both £ < 0 and E > 0. When F < 0, solutions of the form only
exist for a finite number of £ = E1, Fs, ..., E,, where n depends on V. The
larger V; is, the larger n is. Solutions with £ < 0 are the bound states and
are highly localized in space. On the other hand, solutions with £ > 0 are
called scattering states and are not localized in space (in fact, not in L?).
Again, see [36].

For more general potential V', it turns out that if V' — oo as |z| — oo,
then only admits bound state. This is due to the potential stopping
the solutions from escaping. On the other hand, if V' — 0 as |z| — oo, then
it is possible for dispersive solutions and bound states to co-exist. See the

textbooks such as [42], for example.

Nonlinear Schrodinger equations

Next, instead of adding a potential V' to the free Schrodinger equation
iu = —Au, (1.44)

we will add a nonlinear term. Nonlinear versions of the Schréodinger equation
arise in many applications, including optics, magnetics, and Bose-Einstein
condensation (see [78] or [2]). As a standard example, we add in the non-

linearity Alu[P~'u to get the nonlinear Schrodinger equation
iug = —Au + MulP~ . (1.45)

Our next task is to see the effect of the nonlinear term on the equation.
Without the nonlinear term, the different Fourier modes of a solution of
the Schrédinger equation act independently. As the Schrodinger equation
is dispersive, as time evolves, the higher Fourier modes travel faster than
those with a lower Fourier mode, so the solution spreads out in space over
time. With the nonlinear term, the different Fourier modes no longer evolve
independently and the interaction of different Fourier modes gives rise to
more complex behaviour.

By rescaling the function w, it is only necessary to consider A = +1.

10
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It turns out the behaviour of is different according to the sign of A.
When A < 0, the nonlinear term A|u|?u acts like an attractive potential
when u is large and it has little effect on the equation when u is small.
Because the nonlinear term acts like a attractive potential, on one hand, the
linear part of 1uy — Awu tries to disperse the solution but on the other
hand, the nonlinear part |u|?u attempts to confine or even concentrate the
solution. As the solution evolves in time, there is a competition between
the dispersive effect and the concentration effect. When a delicate balance
is achieved between the two opposite effects, equation gives rise to
a special form of solution which neither concentrates nor disperses. These
special solutions are like the analogue of the standing wave of the finite
square well we saw in the last section. These special solutions of are
called solitons or solitary waves.

On the other hand, when A > 0, the nonlinear term behaves more like a
repulsive potential. As a result, solutions in this case are always dispersive.
Because of the difference of the behaviour between A > 0 and A < 0, the
case where A < 0 is called the focusing case while the case where A > 0 is
called the defocusing case.

Other than the above heuristic regarding attractive and repulsive poten-
tials , one can also get a glimpse of the difference in behaviour of in
the signs of A from a conserved quantity of the equation (1.45) called the
energy, which is defined by

E(u) = / <1|Vu|2 + )\|u|p+1> dz. (1.46)
Rre \ 2 p+1

The term %|Vu]2 in the expression for £ comes from the dispersive term

—Auwu while the term ﬁ |u|PT! comes from the nonlinear term |u|P~!u. From

this, we see that when A\ < 0, the nonlinear term |u|P~'u is working in

the opposite direction as the dispersive term Awu, while when A > 0, the

nonlinear term works in the same direction as the dispersive term.

11
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Schrodinger map

So far, we have considered two different variations of the free Schrédinger

equation
up = iAu. (1.47)

In particular, we discussed the behaviour of the solutions with the addition
of a potential V or nonlinear term |u[P~!u. In Chapter 2, we will consider
the Schrodinger equation with the addition of both the potential term and
the nonlinear term. In all of these variations, the solution v is a map from
R™ x R (n spatial dimensions and one time dimension) to C. We would like
to consider a variation of the Schrodinger equation where the target space
C is replaced by a manifold M. For our discussion, we will only consider
the case where the target manifold M is the 2-sphere S?.

In this case, the equation analogous to is the Schrodinger map

equation
Uy = U X Al (1.48)

where @ : R” x R — S%. Here, we treat the 2-sphere as a sphere embedded

in R3, i.e.

S?={d €R?:|i] =1} C R>. (1.49)
Hence, we view 4 as
Uz, t) = (ur(x,t), ue(x,t), us(x,t)) (1.50)
where
ud +ud+ui=1. (1.51)

Now for each @ € S?, we define the operator J¥ by

JIE =i x €. (1.52)

12
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If we let
T:S* = {€ e R%i- € =0} (1.53)

to be the tangent plane at @ € S?, we can view J¥ as an operator that rotates
vectors on the tangent plane T;S? by 90°, just as multiplication by 7 rotates
a vector in the complex plane by 90°. With this notation, the Schrédinger

map equation can be written as
iy = JUAT. (1.54)

If we compare equation with equation , we see that they look
very similar. This is why we treat equation (1.48)) as an analogue of .
Despite the similarity in look, there is a major difference between equation
and : equation is a linear while equation is non-
linear. Due to the self-interaction of a solution caused by the nonlinearity,
behaviours of solutions of equation of are more complex and are not
fully understood.

The Schrédinger map equation arises from a model for ferromagnetism
introduced by Landau and Lifshitz in 1935 ([54]) and can also be viewed
as the continuous version of the Heisenberg model of a ferromagnet ([79]).
In such a model, @ represents either (classical) the spin of an atom or the
magnetization of a magnetic material. In this model, the equation for
takes a more general form

ou . s I o,

57 = ol X [Ad + d(d)] + pu x (@ x [Ad + d(@)]) (1.55)
for some parameters o and 3. Here au x [Ad + d(u)] is the precession
term describing the revolution of the magnetization vector about an effective
magnetic field Ad + @(@), fu x (@ x [Ad + a(@)]) is a dissipation term, and
@ : R3> — R3 is a vector field representing an anisotropy in the magnet.
When dissipation is absent (i.e. when § = 0) and in the isotropic case

(@ =0), we are left with
ou

5 = ol x AT (1.56)

13



1.2. Background

u(,t) :R*"—-C or R a(-,t):R* - S?2 C R?
(Schrédinger equation) (Schrodinger map)
Au=0 At + |Vil*d =0
(Laplace equation) (harmonic map)
ut:Au ’ljt :A’II—F|V’J‘2@
(heat equation) (harmonic map heat flow)
Ut — Au ’LTtt == A’J"‘ (]Vﬁ|2 - |ﬁt’2)ﬁ
(wave equation) (wave map)

Table 1.1: Classical pde’s and their geometric counterparts.

which is essentially the Schrédinger map equation.

Other than the physical applications, there are mathematical reasons for
studying Schrédinger maps. In fact, one can view the Schrodinger maps as
a natural extension of the linear Schrodinger equation u; = iAwu with the
target space C replaced by a Kéhler manifold. There are other geometric
map equations that can be thought of as geometric analogues of some clas-
sical PDEs. In Table we list the classical PDEs in the left column and
their geometric counterparts on the right. These geometric map equations
have been the subject of intense mathematical study (to name a few, [77],
[15] for the harmonic map heat flow, [80], [52], [67] for the wave map and
[16], [4] for the Schrodinger map).

We should note that in the Table the classical PDEs are all linear
but the geometric PDEs are nonlinear due to the non-trivial geometry of

the target space.

1.2 Background

In this section, we will introduce several common topics in the study of

nonlinear dispersive equations. They are
e local well-posedness;

e global well-posedness;

14
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e special solutions such as solitary waves;
e stability of special solutions;
e scattering.

In the subsections, we will define the topics in this list and discuss some
known results. More in-depth expositions on many of these topics can be
found in books on dispersive equations such as [75], [78], [8], [26], [82] and

Here, we will focus mainly on nonlinear Schrodinger equations with a
power nonlinearity

iug = —Au + AuPu (1.57)

with initial condition

u(z,0) =up(z) € X (1.58)

for X = L2(R") or H*(R") (to be defined in the upcoming subsection).

1.2.1 Notation

Before we begin, we should define some notation that will be useful for the

later sections of this chapter. For quantities A and B, we use the notation
A<B (1.59)

to mean

A<CB (1.60)

for some constant C' > 0. Similarly, we use the notation
A, B (1.61)
to highlight that the constant C' may depend on the parameter p.

Next, we will define various function spaces that will be important for

later sections. For each 1 < p < oo, let LP(R™) denote the space of Lebesgue

15
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measurable functions f in R™ up to a.e. equivalence such that the LP norm
defined by

1
P .
I fll e mny := (/ ]f\pdx> if 1<p<oo (1.62)
Rn
and

[ fllzoe(ge) = esssup |f] (1.63)

is finite.
Let C*°(R™) be the space of infinitely differentiable functions in R"™. Let
a = (a1,a,...,a,) where oy > 0 for ¢ = 1,2,...,n. Here, « is called a

multi-index. We define |a| = a3 + ag + - -+ + a,. We use the notation D¢

to denote the differential operator
D = 931077 - 0p. (1.64)

For each 1 < p < oo and positive integer m, we will define the Sobolev space
W™P(R™) to be the closure of

{ue C*¥R") | Du € LP, ¥V |a] < m} (1.65)
under the norm
[ullmp ==Y 1 Dull gy (1.66)
|a|<m

The case p = 2 is special in that W™? is a Hilbert space (a complete normed
linear space with an inner product). We will write W2 as H™.

We have so far defined H™ for positive integer m; one can also define
the space H?® for s € R. To do so, let the Schwartz space S be defined by

S = {u € C®°(R")| sup |z*Du| < co for all multi-indices « and S}.

z€R™
(1.67)
Here, for z € R"” and multi-index o = (a1, g, . . ., @y, ), * denotes x x5? - - - 227

The space H*(R™) for s € R is defined to be the closure of the Schwartz
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1.2. Background

space under the norm

fulla- = ([ 100+ leFyacor? dé)é (1.65)

where u# denotes the Fourier transform of u.

Next, we will give some motivation for why these spaces are central to
the study of partial differential equations. For simplicity, consider the free
Schrédinger equation

= —Au

u(z,0) = uo(x)

(1.69)

Here, ug : R —» C and v : R®" x R — C. One can think of the free
Schrodinger equation as a mapping which takes an initial condition wug :
R™ — C and maps it into the function v : R” x R — C. However, there
is a different way to think of the free Schrédinger equation. If instead,
one treats ug as an object in some functional space X such as L? or H'
and for each t, one treats u(-,t) as an object in some functional space Y,
then the free Schrodinger equation can be thought of as a mapping from
X tot — Y. In other words, given an initial condition ug € X, the free
Schrodinger equation returns an element in Y for each ¢ as long as the
solution is defined. Viewed this way, partial differential equations are infinite
dimensional analogues of ordinary differential equations. For example, an

ordinary differential equation such as

dii -
W — M

d (1.70)
’E[(O) =ug € R”

where M is an n X n matrix, can be thought of as a mapping from the vec-
tor space R” to t — R™. The main difference between ordinary differential
equations and partial differential equations is that R™ is a finite dimensional
vector space but functional spaces such as L? and H' are infinite dimen-
sional. Because of this difference, behaviours of partial differential equations

are more complex and less well understood than ordinary differential equa-
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tions.

Let X and Y be some functional spaces. If the free Schrodinger equation

uy = —Au

u(z,0) =up(z) € X

(1.71)

admits an unique solution u(z,t) € Y, we will define its solution operator

e as the mapping from X to Y such that
e Plug(z) = u(x,t). (1.72)

1.2.2 Local well-posedness

Given an equation modelling some dynamical physical process, a beginning
step to ensuring the equation is a good model is to ensure that given an
initial condition ug, there is a solution, which exists at least up to some time
T > 0, to the equation. One further wishes that such a solution be unique
and that it depends continuously on the initial data. Roughly speaking, this
is the idea of local well-posedness.

For our discussion, consider the nonlinear Schrédinger equation (NLS)
iug = —Au + MuP~ (1.73)
with initial condition
u(z,0) =up(r) € X VxeR" (1.74)

for some functional space X such as H' or L?. Local well-posedness con-

cerns the following questions:
Existence: Does there exist a time 7' > 0 where there is a solution u
of (1.73) defined in C((—=7,T),X) (i.e. a continuous function of time into

the space X)?7

Uniqueness: Is the solution unique?
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1.2. Background

Continuous dependence on data: Does the solution u depend continu-

ously on the initial data?

If the answer to the above question is affirmative, one can further ask
whether there is a blow-up alternative. What this means is that, suppose
the solution u to exists up to a maximal time T},,x < 00; one wants
to know whether

lim |lul|x = oo. (1.75)

—Timax
In other words, if a solution fails to exist at a certain point in time, one
wants to know if that is due to the X-norm of the solution blowing up.
Existence theory of for X = H' is obtained in a series of papers
by authors such as [3], [72], [43] and [45]. Their results give

Theorem 1. (local well-posedness of NLS in H')
Let ppaz be defined by

00 ifn=1,2

2 .
Z—fz ifn>3

(1.76)

Pmaz =

Suppose 1 < p < Pmag, and suppose ug € H(R™). Then there exists a T > 0
and a unique solution u to (1.73) which depends continuously on ug in H'
such that uw € C((=T,T), H(R")). Furthermore, the following quantities

mass: M(u) := ||ul| 2 (1.77)
energy: £(u) := §]Vu| + 2m|u| dx (1.78)

are conserved.

It should be noted that for functions u in L?(R™) or H'(R™), Au may
not be defined. When we say w is a solution of (1.73) in L?(R") or H'(R"),
we actually mean u satisfies the integral form (1.83) of (1.73). In other
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words, our sense of solution is weaker than the classical sense in which w is
required to satisfy .

Existence theory of for X = L? is obtained in a series of papers
by authors such as [72] and [88]. Their results give

Theorem 2. (local well-posedness of NLS in L?)
Let p. be defined by
4

pe=1+—. (1.79)

Suppose 1 < p < pe, and suppose ug € L*(R™). Then there exists a T > 0
and a unique solution u to such that u € C((=T,T), L*(R")). Fur-
thermore, the mass

M(u) = [|ul| 2 (1.80)

s a conserved quamntity.

In the former theorem, ppax is the p in (1.73) such that the homoge-
neous H'-norm (H 1) remains unchanged under the solution-invariant scal-
ing u(x,t) — ,up%lu(,ux, p?t) for > 0. In other words, if u is a solution of
(1.73) with p = pmax and v(z,t) = u%u(um,uzt), then v is also a solution

of (1.73)) and

2
ooy o= ([ 1900 )" = Ol (181

Similarly, p. is the p in such that the L2—2norm remains unchanged un-
der the solution invariant scaling u(x,t) — p»—1u(uz, p?t). In other words,
let u be a solution of with p = p. and let v(z,t) = uﬁu(ux,u2t),
then v is also a solution of and

()l 2 qny = Ilul, 120 L2 (en)- (1.82)

The case where p < pmay is called H-subcritical and the case where p < p,
is called L2-subcritical.
The case where p = pmax is called H'-critical while the case where

p = p. is called L2-critical. The proof of existence in critical cases is more
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difficult because at the critical power (p = pmax or p.) the norm (H! or L?)
cannot be used to control the nonlinear term |u[P~lu. Existence theorems
for in the H!-critical case and L2-critical case were obtained by [14].

Local existence for the H'-subcritical case with H! initial data (The-
orem [1)) and the L2-subcritical case with L? initial data (Theorem [2) are
proved using a contraction mapping argument. The idea is to reformulate
the partial differential equation into the integral form

t
u(z, t) = ePug(z) — i / AT (e, ) P (e, T)dr (1.83)
0

Working with this reformation of the original problem, various dispersive
estimates such as the decay estimate and Strichartz estimates are employed
to complete the contraction mapping argument. Here, the decay estimate
says that

le™ ol arny < 16173 fluoll o oy (1.84)

where % + % =1 and 2 < ¢ < co. The decay estimate is a special property
of dispersive equations. For example, if we take ¢ = oo and ¢’ = 1, the decay
estimate tells us that
e | oo rny S 18172 [|uol| 11 gy (1.85)
In the case where |ugl[1gn) is finite, such an inequality gives us the rate at
which the height of the function e®*®uq is decreasing. Since the L?-norm of
ey is fixed, the decrease in the L>®-norm of e?*®uyg is due to u dispersing.
The decay estimate alone is not enough to prove many results. The
reason is that the L%-norm and the LY -norm are not equivalent unless ¢ =
¢ = 2. With the decay estimate alone, unless p = p’ = 2, to control the
LP-norm of e®®uy, we need control of the L? -norm of u for which we have
no estimate.
As the decay estimates alone are not enough to prove well posedness
results, we need other estimates, called Strichartz estimates. Strichartz

estimates are mixed space-time estimates, meaning that they control certain
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space-time integrals of the solution. Let

H : ||Lng denote HH : ”LQ(R")HL;Z(R) . (186)

We also define the pair (g, r) to be admissible if

2
. Z = g for ¢,r € [2,00] and (q,r,n) # (2,00,2). (1.87)

The Strichartz estimates say that for admissible (¢, ) and (g, 7),

le"®uollpary S lluollz (1.88)
and
o
|[een2pmyar| il (1.89)
0 LiLr £
where ¢ and 7’ satisfy
1 1 1 1
S+ -=1land -+ =1 (1.90)
q q FooT

Equation is the homogeneous Strichartz estimate allowing us to han-
dle the e**ug(z) term in while Equation is the inhomogeneous
Strichartz estimate allowing us to handle the fg A |y (z, 7) P Yu(x, T)dr
term in (1.83). Such estimates originate from [76]. The inhomogeneous
Strichartz estimates are developed by [94] and [13]. The end point case
((q,r) = (2,;2%) for n > 3) is given by [46]. With the decay estimate
and Strichartz estimates, local well-posedness is shown using a contraction
mapping argument.

It should be mentioned that the proofs for Theorem [I| and [2] hold for
more general nonlinear terms than |u[P~'u. However, for our discussion, we
will only consider pure power nonlinearities |u|P~ u.

Following the proofs of the local existence for the H'-subcritical case
with initial data in H', the duration of existence T depends on the dimension

n, the power of nonlinearity p and the norm of the initial data ||ugl|g1.
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Similarly, for the L2-subcritical case with initial data in L2, the length of
time of existence T' depends on the dimension n, the power of nonlinearity
p and the norm of the initial data ||ug||z2. In fact, in both cases, for fixed n

and p, T' is mainly determined by a quantity like
Clluo 3" (L.91)

for some constants C' and m > 0 depending on n and p for X = H! or L?.
There is local well-posedness also for the critical cases, p = pmax OF P = Pe,
but then the time of existence 1" depends on not just the norm of the initial

data but also on the structure of the initial data.

1.2.3 Global well-posedness

Given an equation modelling some physical process, suppose the equation is
locally well-posed, then we know given an initial condition ug, there exists
a unique solution that depends continuously on the initial data. Local well-
posedness guarantees that such a solution will exist up to time 7', after which
it may fail to exist. If a solution fails to exist after time T, this indicates
that the equation is only a good model of the physical process up to time 7.
As a result, after local well-posedness of an equation is obtained, a natural
question to ask is whether such a solution exists indefinitely or if it instead
blows up in finite time. This is the question of global well-posedness.

In the last subsection, we saw that for the equation

iug + Au = £|ulP~lu

: (1.92)
u(z,0) = up(z) € X for X = HY(R") or L*(R")

the local existence theorem says that for suitable ranges of p, there exists a
time T' > 0 such that there exists a solution u(z,t) of where u(z,t) €
c(-1,7),X).

In this subsection, we will consider the question of whether T' = oo, in
which case, we say that the equation is globally well-posed. In this sub-

section, we will restrict our discussion to the well-studied and physically
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n =1 L?-subecritical | H!-subcritical
n=2 L2-critical H!-subcritical
n =3 | L?-supercritical | H!-subcritical

Table 1.2: L?- and H!- criticality of cubic NLS for n = 1,2 and 3.

important cubic nonlinear Schrodinger equation

iug + Au = Mul?u

(1.93)
u(z,0) = up(z) € X for X = HY(R") or L*(R")

for A = +1 and for space dimension n = 1,2 and 3. Table summarizes
the L2- and H'- criticality for n = 1,2 and 3.

Recall from local well-posedness, for the subcritical case, the length of
existence T is a function of only ||lug||x. Thus, if one can obtain an a priori
bound on ||u(t)|x, one automatically gets global well-posedness. Indeed,
suppose we know that ||u||x < M, then local existence guarantees a solution
up to time t = T'(Jjupllx) = t1. We can then take the solution at ¢ = ¢;
as initial data and the local existence will guarantee a solution up to time
t = T(||u(-,t1)||x) = t2. This process can be iterated and the total length
of existence will be given by 372, ;. Now, since [ulx < M, for each j,
tj > T(M) > 0. Hence, 322, t; = oo.

Since the L? norm is a conserved quantity of , we automatically
get L? global well-posedness for n = 1. Similarly, as the energy

Blu) :/(;]Vu\2+2]u\4) dz (1.94)

is a conserved quantity, in the case A =1 (the defocusing case), this gives

[ (319u+ 5lult) = Buo) (1.95)

The above gives
1
/2|Vu]2 dx < E(ug) (1.96)
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and thereby together with L2-conservation yields an upper bound on ||u|| g1
Therefore, for the defocusing case A = 1, (1.93) is globally well-posed in H!
for n =1,2 and 3.

The situation is different for the focusing case A = —1. In this case, we

have

/ (;|Vu|2 - i\u|4> dz = E(up). (1.97)

Here, we see that the nonlinear term ﬁ\u!“l is now acting against the
dispersive term %]VUF in the expression for energy. In this case, a way to
show global well-posedness is to try to use the dispersive term %\VUP to
control the nonlinear term i]u|4. In fact, the Galiardo-Nirenberg inequality

(see, for example, [26]) gives that for p < pyax,

/yu|p+1 dz < </ Vul? dm>a (/ 2 dm)ﬁ (1.98)

for a = n(p471) and 8 = W. As we have chosen p = 3, we get that

for n < 4,
2 2-5
/u|4 dr < (/ |Vul|? da:) (/ |u? daj) . (1.99)

For n = 1, energy conservation and the above give us

1
/2|Vu]2 dx

1
E(up) + ) / lul* dx
1

< Blup) + </|vu\2 dx)2 (/ 2 dxf.

Using Young’s inequality in the form
2

1
ab < %a2 + 320 (1.100)
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for sufficiently small €, we get that

/ Vul? da < B(ug) </ Vuf? dx) e </ 2 dx)

for some constant C. and this shows

/|Vu|2 z < F(u) </|u|2 dx) . (1.101)

Since the L?-norm of u is a conserved quantity, this shows that |ju||g: is
bounded uniformly in time, so we have global well-posedness for n = 1.

On the other hand, unlike n = 1, for the focusing case in dimensions
n = 2 or n = 3, there exist solutions that blow up in finite time. [35] showed
if the initial data ug € H*(R") N L?(R"; |z|*dz) and E(ug) < 0, then the
solution u blows up in finite time. Here, L?(R";|z|?dx) denotes the space
of functions v : R" — C with

vz p2mny < o0 (1.102)

The idea is to consider the quantity
I(t) :/ |lz|?|u(z, t)|? de. (1.103)
R?’L

Here, if we think of |u|? as a probability density, then I is essentially the

second moment. If u is a solution of (1.92), simple calculations show that

4
I" =16F + )\Zﬁnl(p — Pe) / Ju[Pt d. (1.104)

Forn=2,n=3, p=3 > p.. Hence, in the focusing case A = —1, the term

)\p4f1 (p — pe) [ |u|P™ dz is non-positive. Hence,

I" < 16E. (1.105)

Since energy is a conserved quantity, the above says that I has a constant

negative concavity meaning that it will go below 0 in finite time. However,

26



1.2. Background

the quantity I is a positive quantity, so the solution u must have failed
to exist before this time. Ozawa-Tsutsumi ([59], [58]) later removed the
assumption that the initial condition be in L?(R";|z|?dx) and showed if
ug € H' is radially symmetric and E(ug) < 0, then the solution u blows up
in finite time.

For n < 3, is H!'-subcritical. However, is H!-critical for
n = 4 and H'-supercritical for n > 5. As blow-up is possible for the fo-
cusing case, we will only consider the defocusing case for which global well-
posedness is at least possible. In H'-critical and supercritical cases, the
earlier argument does not apply to show global well-posedness as the time
of existence T depends not only on the ||ug| g1 but also on the structure of
ug. Proving global well-posedness even for the defocusing case for H! data is
more difficult in this situation. In fact, not much is known about global well-
posedness about the H'-supercritical case. On the other hand, the critical
case is much better understood due to a number of recent breakthroughs.

Consider the H'-critical nonlinear Schrédinger equation

iup = —Au + |ufPmax—ly

u(z,0) = up(z).

(1.106)

As before, pmax is the H'-critical exponent. For example, when n = 3,
Pmax = 5. For n = 3 and 4, Bourgain ([7] and [8]) showed for radial initial
data ug € H'(R3), solutions to are global. [37] (a new proof for
n = 3) and [81] (for n > 5) extended Bourgain’s result to other dimensions.
[22] removed the radial assumption for n = 3. [64] and [89] extended the
result of [22] to n = 4 and n > 5 respectively. Equation is defocusing.
Global well-posedness and blow-up for the H'-critical focusing equation with
radial initial data

iug = —Au — |u|Pmexly (1.107)

has been worked out by [47].
For n = 1, (1.93) is L?-subcritical. On the other hand, for n = 2 and
n = 3, (1.93) is L2-critical and L2-supercritical respectively. It is very
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difficult, if not impossible, to show global well-posedness in L? for these
cases. The above method will not work because the time of existence T
depends not only on the size of the L? norm of the initial data ug but also
on the structure of ug. There have been a lot of results in this direction
showing global well-posedness in the defocusing case with initial data in H*
for 0 < s < 1. The current state of research is to get s as low as possible.
For n = 2, some recent results in this direction are [32] (for s > ), [19]
(for s > 2), [23] (for s > %) and finally [28] (for s = 0). For n = 3, some
recent results in this direction are [20] (for s > 2) and [21] (for s > 3). Note
that s = 0 corresponds to L%. For n = 3, is L2-supercritical and the
equation is locally ill-posed in L? (see [18]). On the other hand, globally

well-posed in L? for the L2-critical nonlinear Schrédinger equation in n = 3

iy = Au — |ul3u (1.108)

has been shown by [27].

1.2.4 Solitary waves and their stability

Consider the equation
iug = —Au — |ulP " u. (1.109)

This is the focusing nonlinear Schrédinger equation. As mentioned earlier,
equation admits very special solutions called solitary waves due to
the competition between the dispersive effect and the concentration effect
from the nonlinear term. Here, we start by looking for special solutions
taking the form

u(z,t) = eo(x). (1.110)

If we substitute the above into (1.109), we find that ¢ must satisfy

b= A¢+ |pP L. (1.111)
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When spatial dimension n = 1, the above equation is an ordinary differential
equation and it turns out that in this case, it can be solved exactly and the

solution is given by

1
p—1 _
6= (Z);rl)p sech7-T <p21m> . (1.112)

2
If we apply the solution preserving scaling u(z,t) — Ar+ u(Az, \?t), we find
that if we let

1
1 1\ »T 2 -1
Pw = Wit <p—;—) T sech7-T (W:ﬂ) ) (1.113)

then
u(z,t) = e, (z) (1.114)

is a solution to (1.109).

For higher dimensions, cannot be solved explicitly. For n > 3,
[76] and [6] showed for p < pmax, there exists at least a positive, spherically
symmetric ground state solution of as well as infinitely many ex-
cited state (sign-changing) solutions. Here, ground state solution refers to
a positive solution. Existence for ground states for n = 2 was later obtained
by [5].[53] showed uniqueness of the ground state. [44] showed for n > 2
and p < pmax, for each non-negative integer m, there exists a radial solution
with m zeros.

Because solitary waves arise from a delicate balance between two op-
posing effects, intuitively, one may believe the solitary waves are unstable
under perturbation. However, in many cases, the solitary waves are found
to be remarkably stable (see [83] for a discussion of the stability of solitary
waves). The issues regarding stability of solutions of equations modelling
physical process are important. This is because unstable solutions are dif-
ficult to observe experimentally since any small perturbation in the system
will destroy them.

In fact, the discovery of solitary waves is linked to their stability. These

waves were first observed by John Scott Russell in 1834 as he was traveling
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along a canal where a pulse of water wave caught his attention. Russell
followed the pulse of wave for miles on horseback and was surprised by
the fact that the wave did not change its shape. J. Boussinesq modelled
the wave by what is now known as the Boussinesq equation. Later D.J.
Korteweg and G. de Vries modelled the wave by what is now called the
KdV equation (Korteweg-de Vries equation)

Up + Ugzy + (u?)z =0 (1.115)

which is a standard example of a nonlinear dispersive equation having soli-
tary wave solutions. A more detailed account of the history can be found,
for example, in the introductory chapter of [2].

We are going to discuss two different notions of stability. They are
orbital stability and asymptotic stability. Very generally speaking, we say
that a solution w is orbitally stable, if given an initial condition v close to
u(x,0), the solution v with the initial condition vy remains close to u. Here,
the notion of what it means to be “close” remains to be defined up to the
symmetries of the equation (i.e. v remains close to the symmetry orbit of
u). On the other hand, we say that a solution u is asymptotically stable if
given an initial condition vy close to u(z,0), the solution v with the initial
condition vy approaches the symmetry orbit of u as time ¢t — oo.

To properly define these two notions of stability, we need to define a
notion of closeness. In order to do so, we need to first understand some
invariances of (1.109). The following transformations leave invariant
(in other words, if u is a solution of , u remains a solution after the

transformation):

translation: wu(x,t) — u(z — zo,t — to) (1.116)
2

rescaling: wu(z,t) — pr—tu(px, y°t) (1.117)

phase shift: u(z,t) — eu(z,t) (1.118)
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Galilean boost: u(z,t) — ei(”'$_|”|2t)u(:n — 2ut,t) (1.119)

With these in mind, we will attempt to define orbital stability. First,
we start with a generic notion of orbital stability which turns out to be
not suitable for our purposes and we will discuss the reason. Let X and
Y be Banach spaces. Our first attempt is to define orbital stability by the
following;:

Definition 1. (the first attempt)

We say that a solution u of is orbitally stable if for all € > 0, there
exists a > 0 such that if a solution v of satisfies |[v(-,0)—u (-, 0)||x <
J, then |[v(-,t) — u(-,t)|ly < e for all t > 0.

However, the above is not a good definition for our problem, because un-
der this definition, no soliton will be stable under our usual choice of Banach
spaces X and Y such as L? or H!. The reason is that if u(z,t) = e“!Q(x)
is a solitary wave solution of , then by the Galilean invariance,

v(z,t) = ei[(w_|”‘2)t+v‘”}Q(:ﬂ — 2ut) (1.120)
is also a solution. Furthermore, v(z,0) = €**Q(x), so
v(z,0) — u(z,0) = ("% — 1)Q(x) (1.121)
and for |v| small, we have
[v(z,0) —u(z,0)[[x <1 (1.122)
for X = L? or H'. However,
[o(,t) — u(-, 8)|ly = ||elwlPHvalgg — opt) — e“tQ(z)|y  (1.123)

may not be small once ¢ becomes large enough no matter how small |v] is.
Because of this, we need to define orbital stability to incorporate the possible

invariant transformations of the equation. As a result, we will define orbital
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stability as the following:

Definition 2. (the correct version)
We say that a solution u of is orbitally stable if for all € > 0, there
exists a ¢ > 0 such that if a solution v of satisfies |[v(-,0)—u(-,0)||x <
d, then

inf ||lv(z,t) — ePu(z — 2o, )|y <€ (1.124)

0,xo
for all ¢t > 0.

Orbital stability results in H' for the ground states are obtained by [12],
[91], [92], and [66]. [39] formulated an abstract framework to show stability
of solitary waves. These results show that the ground state is stable if
1 < p < p. and unstable if p. < p < Pmax-

Next, we will introduce the concept of asymptotic stability. Consider

first the linear equation
tuy = —Au+ V. (1.125)

As explained before, under suitable assumptions on the potential V', such an
equation will admit bound state solutions. For our purposes, we will assume
the potential is such that admits a single bound state solution ¢q
with eigenvalue —wg. In other words, ¢ is a solution to the differential
equation

Apg — Vg = woo (1.126)

and
u = "0 o (z) (1.127)

is a solution of (1.125)). Next, suppose we add a cubic nonlinear term \|u|?u

to (1.125)) to get

iug = —Au + Vu + Mu*u (1.128)

where A = £1 and V : R™ — R. It turns out that under suitable assumptions
on V, such as sufficient decay as || — oo, equation admits solutions
of the form

u(z,t) = e FQ(x). (1.129)
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We call these solutions nonlinear bound states. Here, () and E solve the
equation

AQ - VQ - \QJ*Q = EQ. (1.130)

In fact, there exists a one (complex) parameter family of these nonlinear
bound states Q[z]. If we let z be the complex parameter, then E and @ has
the form

E[z] =wp + o(z) and Qlz] = z¢0 + q(z) (1.131)

for sufficiently small z. Notice as z is small parameter, the size of these
nonlinear bound state solutions is small.

If the initial data up = Q[z1] for some sufficiently small z; so Q[z] is a
nonlinear bound state, then the corresponding solution u of will be
given exactly by

u(z, t) = e PIQ)(a). (1.132)
Now, suppose the initial condition is given by
ug = Q[z1] + a small error. (1.133)

As the initial data is not exactly a bound state, the time evolution will not
be given exactly by . We would like to find out how such a solution
will evolve: whether the solution will disperse to zero or whether the solution
will land back onto some other bound state. Asymptotic stability concerns
the following question: suppose we start with an initial data u(z,0) = ug(z)
that is “close” to Q[z1](z), will the solution wu(z,t) of approach a
nearby nonlinear bound state e?F1221Q[2y] () as t — co. More precisely, we

say that the solutions e'?*1Q[z](x) are asymptotically stable if whenever

[[uo — Qlz1](2)l|x (1.134)

is sufficiently small for some functional space X, then the solution u of
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(1.128) will be given in the form

u(z, t) = Q[z(t)](x) + n(z,t) (1.135)

where z(t) approaches some limit z; close to z; as ¢t — oo, and 7 disperses
to 0.

The asymptotic stability of small nonlinear bound state solutions is stud-
ied by authors such as [68], [69], [61], [40], [50], [57], [50] and [49]. The case
where A+V has two instead of one eigenvalues has also been studied by [87],
[86] and [33]. Asymptotic stability of large solitary waves is also studied by
[9], [10], [25], [26] and [60].

1.2.5 Scattering

To illustrate the idea of scattering, consider the linear Schrodinger equation
with potential
iug = —Au+ Vu (1.136)

where the potential V' is nonzero near the original but is diminishing in size
away from the origin (limj; V' (7) = 0). For example, one can take V' to
be the Coulomb potential V(z) = —ﬁ. Now, imagine a quantum particle
moving in a straight line towards the origin from very far away, passing
by the region close to the origin, and moving far away again. When the
particle is far away from the origin, it does not feel much of the presence of
the potential, so such a quantum particle evolves like one driven by the free
Schrodinger equation iu; = —Au. As the particle gets close to the origin, it
interacts with the potential, and the particle does not act like a free particle.
Again, once the particle leaves the region near the origin and gets sufficiently
far, it acts like a free particle again. This is called scattering by a potential.

The topic we will discuss in this section is the analogue of the above but

for the nonlinear Schrédinger equation

iug = —Au + MuP~ly

(1.137)
u(z,0) = uo()
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Very roughly, we say that a solution w of scatters if u behaves like a
solution of the linear equation iu; = —Aw far back in time (t — —o0) and
far in the future (f — oo). In other words, scattering happens when the
nonlinear term |u|?u “turns off” asymptotically. More rigorously, we define

scattering as follows:

Definition 3. (Scattering)
Let X be H!(R™). Let u be a solution of (1.137). We say that u scatters if
there exists u4+ € X such that

|u(t) — eus|x — 0 as t — +oo. (1.138)

Notice that when u scatters, the asymptotic linear states u+ are unique.

Next, suppose for each uy € X, there exists a unique initial data wug
such that the solution u scatters to the states u+, then we can define the
wave operators Wi to be the maps from u+ to ug. On the other hand,
suppose for each ugp € X, the solution u with u(x,0) = wg scatters, then
we say (1.137)) is asymptotically complete. In other words, is
asymptotic complete when every initial data in X gives rise to scattering
solution.

Since scattering concerns asymptotic behaviour of solutions, when a so-
lution w scatters, it has to be a global solution. When p > ppax, solutions
may not even be locally well-posed. As a result, scattering cannot occur for
all initial data when p is too large. On the other hand, scattering requires
the nonlinearity to “turn off” as t — +o00. When p is too small, the nonlin-
ear term may not decay fast enough for its effect to “disappear”. In other
words, scattering occurs when p is of intermediate size. It turns out that for
the defocusing case (A > 0) in H'!, scattering occurs when p. < p < pmax
([73], [74], [34], [22], [64] and [89]).

1.3 Main results of the thesis

In this chapter, we have touched upon some basic properties of dispersive

equations. We started from the free Schrodinger equation as a standard
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model of a dispersive equation. We then introduced various variations of
the free Schrodinger equation, and discussed how each variation changes
the behaviour of solutions. We have also introduced and discussed some
of the main mathematical questions, such as the existence, stability and
asymptotic behaviours of the solutions.

In Chapter [2, we study the asymptotic stability of bound states of the
nonlinear Schrédinger equation with a magnetic potential in R3. Here, we

will consider the equation
iy = Hp + A2 (1.139)
where the operator
H=-A+2IAV+iV-A)+V (1.140)

and A = +1. Here, A : R? — R3 is a vector (magnetic) potential modelling
the magnetic field and V : R? — R is a scalar (electric) potential modelling

an electric field. Without the nonlinear term, the equation
Wy = H (1.141)

models the time evolution of a quantum particle (such as an electron) in
the presence of a magnetic and electric field. The addition of the nonlinear
term allows different linear modes of the solution interact with each other
and the time evolution of the equation is more complex.

We will consider the case where H admits a single eigenvalue ey with

the eigenfunction ¢gy. In other words,

H¢0 = eo(bo (1142)

and hence, e~*¢(x) is a solution of the linear equation (1.141)). We will
show in Chapter [2] that under suitable assumptions on A and V', such as
sufficient decay as |z| — oo, equation ([1.139) admits nonlinear bound states
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solutions of the form
u(z,t) = e PIQ(x). (1.143)

In fact, we will show that, just like the case where A = 0, there exists a one
(complex) parameter family of these nonlinear bound states and if we let z

be the complex parameter, then F and @) has the form
Elz] = eo +0(2) and Q2] = 2¢0 + q(2) (1.144)

for sufficiently small z.

Lemma 1.3.1. (Ezistence and decay of nonlinear bound states) For each
sufficiently small z € C, there is a corresponding eigenfunction Q[z] € H?

solving the nonlinear eigenvalue problem

HQ+¢(Q) = EQ (1.145)

with the corresponding eigenvalue E[z] = eg + o(2) and Q[z] = z¢o + q(2)
with

q(2) = 0(z?), DQ[z] = (1,i)po + o(2) and D?Q[z] = o(1) in H>

(1.146)
where we denote
0 0 ‘
DQ[z] = (D1Q[z], D2Q[2]) = (5 -Qlz], 5 -Q[2]), and z =z + iz.
82’1 82’2
(1.147)
Furthermore, Q has exponential decay in the sense that
AllQ e HY N L™ (1.148)

for some 8 >0 (independent of z).

Then we will describe a result regarding asymptotic stability of these

small nonlinear bound states.

Theorem 3. (Asymptotic stability of nonlinear bound states) Under various

assumptions to be described in chapter|2. For 0 < t < oo, every solution
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Y of equation (1.139) with initial data +)g sufficiently small in H' can be

uniquely decomposed as
P(t) = Q[=(t)] + (1), (1.149)
with differentiable z(t) € C and n(t) € H' satisfying (in, D1Q[z]) = 0,

(in, D2Qlz]) = 0 and

Inllx S lollers 12+ B[22l 1y S llvbollzn- (1.150)

Furthermore, as t — oo,

z(t) exp (Z/o E[z(s)]ds) — 24, Ez(t)] = E(z1) (1.151)
for some z; € C and
In(t) — e~ iy — 0 (1.152)

for some ny. € HX N Range(P.).

My work builds on the work of [68], [61] and [40]. The works [68] and
[61] consider nonlinear bound states that are small in both the H!-norm and
a weighted L?-norm, while the work [40] considers nonlinear bound states
that are small in only the H'-norm. As a result, my result is closer to that
of [40]. However, all of the previous results consider only the scalar potential
case (A = 0) while I consider both the scalar and vector potential. More
discussion will be given in Chapter

In Chapter [3| we will consider the Schrodinger map equation discussed
in Section of this chapter. There, we will consider the equation

&
Il
g
X
>

U

(1.153)
t(x,0) = tp(z)

where @ : R” x R — S%. We consider the question of global well-posedness

for radial solutions for n = 2. In particular, we will prove the following
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theorem in Chapter [3

Theorem 4. (Global well-posedness of 2D radial Schridinger map into S?)
Suppose U(x,0) = tp(z) is radial and Uy — ke H?(R?). Then

Uy = U X AU with 4(r,0) = tdo(r), r=|x| (1.154)

has a unique global solution i € L*([0,00); H(R?)).

Results similar to Theorem [4 under the extra assumption that the energy,

N Sr—
E(u) == §”VU(t)H%2(R2)7 (1.155)

is small has been obtained over the decade or so. [16] showed that for n = 2 if
& () sufficiently small, radial solutions to are global. A very recent
result by [4] showed that for n = 2, suppose the initial data ug satisfies
ilp — @Q € H* for all s > 0 for some Q € S? and (i) is small, then the
solution u to is global and 4 — @ € H?® for all s > 0. Our result is the
first that shows global well-posedness in n = 2 without the assumption of

solutions having small energy. More discussions will be given in Chapter
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Chapter 2

Asymptotic stability of small
solitary waves for nonlinear
Schrodinger equations with

electromagnetic potential in
R3

2.1 An overview

The goal of this chapter is to prove Theorem [3| stated in Section [1.3] We
will start with an overview that will put our result in perspective with the
known results. For this, let V' : R™ — R be a function such that —A+V has
an eigenvalue ey with the corresponding eigenfunction ¢g. Now, consider

the nonlinear Schrédinger equation
iy = =AY + Vo + |9y (2.1)

Such nonlinear Schrédinger equations find numerous physical applications,
for example, in Bose-Einstein condensates and nonlinear optics.

As mentioned in Chapter |1, under suitable assumptions on V, equation
(2.1) admits a one-(complex)-parameter family of nonlinear bound sates
solutions Q[z] and the corresponding eigenvalue E|[z] for sufficiently small

z. Further analysis on the structure of () and E reveals that the first order
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dependence of ) and E on z is given by
Q[z] = z¢0 + O(2%) and E[z] = eg + O(2). (2.2)

As z is a small parameter, we say that Q[z] emerges (bifurcates) from the
zero solution along the eigenfunction ¢y of the linear operator —Awy + Vi)
under the perturbation of the nonlinear term |t)|*e).

Asymptotic stability of these nonlinear bound states has been studied
by various authors. As described in Chapter |1, for the case where —A + V
has exactly one eigenvalue, asymptotic stability has been proved by authors
such as [68], [61], [40], [50] and [57]. In the more complicated case where
—A 4 V has more than one eigenvalue, the nonlinear bound states with
lowest eigenvalue (ground states) may still be asymptotically stable. This
situation has been studied by authors such as [87], [86], [70] and [33].

2.2 Our result

The previous results on asymptotic stability of bound states of equation
(2.1) are for scalar potentials V' : R™ — R. The goal here is to extend these
results with the addition of a vector potential. In particular, we consider

the nonlinear Schrodinger equation

{ iOp = (—A + 20A-V +i(V- A) + V) + g()) 2.3
b(@,0) = to(x) € H'(R?) '
for i (z,t) : R® x R — C, where

g() = £[*p. (2.4)

Here, A(z) = (A1(x), Aa(x), A3(x)) : R® — R3? is the magnetic potential
(also known as the vector potential) and V(z) : R® — R is the electric
potential (also known as the scalar potential). Equation (2.3)) can be equiv-
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alently written as
i = (iV + AP + Vi + g(y) (2.5)

by replacing V' with V — |A|2. We will only consider potentials A(x) and
V(z) which decay to 0 as |z| — oc.

Equation describes a charged quantum particle subject to external
electric and magnetic fields, and a self-interaction (nonlinearity).

Just as equation , under certain assumptions on V and A, equation
admits standing wave solutions (or nonlinear bound states) of the form

Y(x,t) = efiEtQ(i). (2.6)

The existence of standing waves to equation (2.3) for certain electric and
magnetic potentials was first proved in [31].
Here we consider small solutions of the form (2.6) which bifurcate from

zero along an eigenvalue of the linear Hamiltonian operator
H=-A+2i{A-V+i(V-A)+ V. (2.7)

Physical intuition suggests that the ground-state standing wave (the one
corresponding to the lowest eigenvalue F) should remain stable when the
self-interaction (nonlinearity) is turned on, and should become asymptoti-
cally stable (that is, nearby solutions should relax to the ground state by
radiating excess energy to infinity — see below for a more precise statement).
The main goal of this chapter is to prove asymptotic stability of the ground
state, in the energy space (H!), and in the presence of both the electric and

magnetic field.

Remark 1. Our argument should also go through for nonlinearities g(¢) =
+ [P~ 14 for % < p < b, or combinations of these. For concreteness, we will
work with g(v) = %[v|%4.

In order to study equation (2.3), we need the operator H to be self-

adjoint. To ensure this, we make the following assumption,
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Assumption 1. (Self-adjointness assumption) We assume that each com-
ponent of A is a real-valued function in LY + L*° for some ¢ > 3, that
V-A € L? 4+ L™, and that V is a real-valued function in L? + L.

Then by Theorem X.22 of [62], the operator H is essentially self-adjoint
on C§°(R3).
We will only consider the case where H has only one eigenvalue. More

precisely, we make the following assumption.

Assumption 2. (Spectral assumption) We assume that H supports only one
eigenvalue ey < 0, which is nondegenerate. We also assume 0 is not a

resonance of H (see e.g. [30] for the definition of resonance).

By the above assumption, H supports only one eigenvalue ey < 0. Let
¢o > 0 be the positive, L?-normalized eigenfunction corresponding to the
eigenvalue ey of H.

We need the following assumption to show the existence and exponential

decay of the nonlinear bound states.

Assumption 3. (Assumptions for existence and exponential decay of nonlin-

ear bound states) We assume
I Al Latroe (2> R) + [IV=IlL24Lo0 (2> r) — 0 as R — o0 (2.8)

for some g > 3.

Under the above assumptions, standing waves ) for E near ey bifurcate
from the zero solution along ¢q, we have the following lemma on the existence

and decay of nonlinear bound states.

Lemma 2.2.1. (Ezistence and decay of nonlinear bound states) For each
sufficiently small z € C, there is a corresponding eigenfunction Q[z] € H?

solving the nonlinear eigenvalue problem

HQ+9(Q)=EQ (2.9)

with the corresponding eigenvalue E[z] = eg + o(2), and Q[z](x) = z¢po +
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q[z](z) with
q(z) = 0(2%), DQ[z] = (1,i)po+o0(z) and D?Q[z] = o(1) in H? (2.10)

where we denote

0 0 ‘
DQ[z] = (D1Q[z], D2Q[2]) = (5 -Qlz], 5 -Q[z]), and z =z + iz.
82’1 82’2
(2.11)
Furthermore, Q has exponential decay in the sense that
AllQ e HY L™ (2.12)

for some 8 >0 (independent of z).

Next, we need assumptions on A and V' which ensure our linear Schrédinger
evolution obeys some dispersive estimates. For f,g € L?(R3,C), define the
real inner product (f,g) by

() =Re( | Todo) (2.13)

Denote (z) = (1+ |:c]2)% and fix 0 > 4. Let P, be the projection onto the

continuous spectral subspace of H. Following [30], we have:

Assumption 4. (Strichartz estimates assumption) We assume that for all
z,§ €R?,

[A()| + (@) |V (2)] S (2) 7175, (2.14)
() A(z) € W2S(R3), (2.15)

and
A€ C'(R?) (2.16)

for some € > 0 and some &’ € (0,¢).

44



2.2. Our result

Define the space-time norm
l0llx = (2)" ¥l 2 + Hw”Li”W;’% + |l Lo 2

We can now state the main result, which says that all H'-small solutions

converge to a solitary wave (nonlinear bound state) as t — oo:

Theorem 5. (Asymptotic stability of small solitary waves) Let assumptions

19, |5 and 4| hold. For 0 <t < oo, every solution v of equation (2.3) with
initial data 1o sufficiently small in H' can be uniquely decomposed as

P(t) = Q[=(t)] + (1), (2.17)

with differentiable z(t) € C and n(t) € H' satisfying (in, D1Q[z]) = 0,
(in, D2QIz]) = 0 and

Inllx < lollan, 112+ iE[]z] Ly < lIvollz- (2.18)

Furthermore, as t — oo,

z(t) exp (Z/o E[z(s)]ds) — 2y, E(2(t)) = E(z4) (2.19)
for some z; € C and
In(t) — e~ iy — 0 (2.20)

for some ny. € HE N Range(P.).

For comparison, consider the nonlinear Schrédinger equation with just

a scalar potential V|

0 = (=A+ V)P +9(¢) (2.21)

for the same nonlinearity g as above, which is a special case of equation
(2.3) with A = 0. The corresponding asymptotic stability result for (2.21)

was obtained in dimension three in [40], in dimension one in [57] and in
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dimension two in [50, 56].

2.3 Discussion and outline of the proof

In this section, we will give an outline of the proof and discuss difficulties
encountered when proving the results. The detailed proof will be given in
the next section.

There are three main parts to the proof. The first part is to show the
existence of nonlinear bound state solutions of the form of equation

(2.3). Substituting (2.6) into (2.3)), we see that @ satisfies
(iV + A2Q+VQ = EQ - g(Q) where ¢(Q) = +|QPQ.  (2.22)

For our stability argument, it is essential to have sufficient decay and reg-
ularity for the standing wave ). We will show that under Assumption [3,
standing waves () with F near e bifurcate from the zero solution along ¢,
and such standing waves decay exponentially at co. This result is stated
in Lemma and is proven by an contracting mapping argument. The
exponential decay as |x| — oo of @ is shown by showing that @ is uni-
formly bounded in H' with a local exponential weight. The detailed proof
of Lemma will be given in Section 2.4.1}

The second part of the proof is to establish various estimates used to
show the main result. Our approach for showing Theorem |5 will be similar
to that used by [40] for showing corresponding results for A = 0. There, [40]

uses the Strichartz estimates
e APl ¢ S N0 (2.23)

and

t
H/ IEVIPF(s)ds| ¢ S |IF)| (2.24)

6
L2whs

where X = LH' N LW N L2152, which are known to hold for a class
of scalar potentials V. Our approach will use the Strichartz estimates for

H from [30]. However, the proof of [30] of the inhomogeneous Strichartz
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estimates .
I / ¢ P (s)ds| porr S 1PN (2.25)
—00

for H = —A+2iA-V +i(V-A) + V uses a lemma from [17] which does
not hold for the endpoint case (¢,p) = (2,6) or (¢,p) = (2,6). To overcome
the lack of endpoint Strichartz estimates, we will use estimates in weighted
spaces, as in [57] and [56]. The extension of these weighted-space estimates
in the presence of a vector potential turns out to be somewhat involved,
and is the most difficult and novel part of the work. We will establish these
estimates in Subsection

The last part is the actual proof of our main result which can be found
in Subsection [2.4.3. The strategy is as follows: if we substitute

b= Qlz(®)](x) +n(x,t) (2.26)

into (2.3)), after some manipulations of terms, we get that 7 satisfies the

equation
i0m = Hn+F where F = £|Q+1*(Q+n)F|QI*Q—iDQ(:+iEz). (2.27)
Here, for z = z1 + iz9 and for w € C, denote

0 0
DQ[z]w = a—ZIQ[z] Rew + 8—,2262[2] Imw. (2.28)

A key idea, as in [40], is to choose z(t), at each time ¢, so that the orthogo-

nality conditions
(iD1Q,n) = (iD2Q,n) =0 (2.29)

hold. Further manipulations then show that the quantity

|2+ B2 S 1(2QInl* + Qn* + nl*n, DQ)I(L + |[nl| 2) (2.30)

is quadratic in 1 (terms linear in 7 have cancelled out).

To prove the main theorem, we are faced with two tasks:
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1. First, we would like to show that if 1(0) is small in H!, then 7 remains

small for all future time, and indeed scatters.

2. Second, we would like to show |2+ iEz| stays small in L}-norm which

implies convergence of z(t) exp(i fot E[z(s)]ds) as t — oc.

Roughly speaking, our strategy is to find some space-time norm X such that
the following holds

7l S InO)l[ g + lInll% for some a > 1. (2.31)

Once has been shown, smallness of 7 for all time follows by a continuity
argument. The idea is that since n starts out small, the constraint
posts a limit on how large n can get and hence, n has to stay small for all
future times. Once the smallness of 7 has been shown, we can use (2.30) to
complete the second task. More precisely, we need X to provide time-decay
of 1 at the level of L?, so that will control [|Z + iEz| ;.

The main tools used to complete the tasks are Strichartz-type estimates
which we briefly explained before. If we write in the integral form, it

becomes

n=e it (7](0) = z'/ot eiSHF(s)ds> . (2.32)

One may attempt to use Strichartz-type estimates on to obtain .
However, such an attempt will fail as n may contain a component of the
“discrete spectrum” (i.e. eigenfunction ¢g) of H which does not have de-
cay properties needed for Strichartz-type estimates to hold. Instead, let P,
denote the projection onto the continuous spectral subspace of H and let

ne = P.n, then ), satisfies
. ¢
o= M E(0) i [ I PP (s)as). (2.33)
0

Using Lemma 2.2 of [40], it can be shown that ||n]ly < ||7||y for any reason-
able space Y since 7 satisfies the orthogonality condition (2.29). We then
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have
. t .
Inllx < lInellx < lle”™ Pan(0)||x + H/O e PP (s)ds)||x.  (2.34)

Our strategy will be to use Strichartz estimates on (2.34) to obtain (2.31)).
For Strichartz estimates, we mean space-time bounds on the evolution op-
—itH

erator e such as

le™  Pefllpare S 112y (2.35)

and

t .
| [ e R R sl S I (2.36)
0

&' =
q rp
LIy

Under sufficient decay and regularity of A and V, [30] showed the above
estimates hold for (p,q) and (p, §) satisfying

3 3
o= with 25p <6 (2.37)

Here, (2.35)) is useful for bounding terms like ||~ P.p(0)||x in (2.34) and

(2.36)) is useful for bounding terms like || fg e =1 P F(s)ds)] x.

However, (2.35) and (2.36) are not enough to finish the proof. There are

two major obstacles:

1. First, since @ has no decay in time, ) cannot be in L} for ¢ < oco. To
control the right hand side of (2.30)) in L}, we need to control terms
of the form |[n|[;2;» for some p, but this is not covered by (2.35) or
(2.36).

2. Second, to control terms like ||73| oz on the right hand side of (2.34),

we will use Gagliardo-Nirenberg inequality

Nlullp S HVUH%HUHEQ for appropriate values of p,q and 6.
(2.38)

What this means is that we need to control V7 in some norm as well.

The first obstacle can be overcome as follows. While Strichartz estimates
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(2.35) and (2.36) for LZLS is not available, a weighted version of (2.35) for

L2L2 is available from [30] and a similar weighted version of (2.36]) can be
derived from results in [30)].

The second obstacle is more difficult to overcome. Here, our approach is

to derive versions of (2.35) and (2.36) for LYWa" as well as similar estimates
for the weighted of (2.35) and (2.36]). This requires some work. Our strategy

is to show

1 1
[ullwrr ~ [1HFullLe and ullg)smr ~ [[H7 ull @) 2- (2.39)

for some operator H; which commutes with H. Once (2.39) is achieved, the
estimates we want can be obtained by commuting H; through both sides of
the expressions (2.35)) and (2.36). Of all the estimates, the estimate

t
||<:v>_"/0 €Z(t_S)HPcF(3)d3”L§H§ S K@) Fll gz (2.40)

is the most difficult to achieve. The reason is the operator H; does not
commute with the factor (x) := (1 + |:r:|2)% As a result, (2.40) does not

trivially follow from (2.39).

2.4 Detailed proof

2.4.1 Existence and decay of standing waves

The following is the proof for Lemma 2.2.1), the existence and exponential
decay of nonlinear bound states.
Proof of existence of nonlinear bound states:

For each small z € C, we look for a solution
Q=z2¢0+q and E=¢eg+¢ (2.41)

of
(A +2iA-V+i(V-A)+V)Q + 9(Q) = EQ (2.42)

with (¢g,q) =0 and €’ € R small.
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2.4. Detailed proof

Let Hy = —A+2iA-V+i(V-A) +V —ep. If we substitute Q = z¢g + ¢
and E = ey + €’ into equation (2.42), we get

Hoq + g(z¢0 + q) = €'(2¢0) + €'q. (2.43)

Projecting equation (2.43) on the ¢o and ¢g directions, we get

ez = (¢0,9(2¢0 + q)) (2.44)
and
Hoq = —Peg(2¢0 + q) + €q. (2.45)
Now, let
K ={(q.¢') € HY xR|[|qllz= < |2%,]€] < |2} (2.46)

for sufficiently small z € C where H? = {q € H?|(q,¢0) = 0}. Also, define
the map M : (qo,e)) — (q1,¢€}) by

g0 = g(z¢o + qo), (2.47)
zell = (0, 90) (2.48)

and
g1 := Hy ' (—P.go + €q0)- (2.49)

Now if (qo, €,) € K, we have

|zeh| = [(¢0, 90)| = |(¢0, 9(2d0 + q0))| = |(¢0, |2d0 + qo|* (20 + q0))| S O(z?)
(2.50)

and

g2 S 1 = Pego + ehgollz2 < llgollzz + leglllaollm= < O(%).  (2.51)

Therefore, |e})] < O(2?%) and ||q1]|2 < O(23). This shows that M maps K
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2.4. Detailed proof

into K for sufficiently small 2.

Next, we would like to show that M is a contraction mapping. Let
(a1,b1) == M(qo,ep) and (az,b2) := M(q1,¢}) with g; = g(z¢o + ¢;) for
j=0,1. Then

|2(ba = b1)] = |(¢0,90 — g1)|
|(¢0, 9(2¢0 + qo) — g(2d0 + q1))]
(0, |20 + qol* (20 + q0) — |2¢0 + @1]* (20 + q1))]

< / b0l + laol” + 1a11P)ldo — 1] < 1=llgo — aule-

As a; = Hy'(=P.gi—1 +¢€,_1qi—1) for i = 1,2 and ||Hy || ;252 < 00, we

have
la1 = azllzz < [[Pe(g1 — 90) + epdo — €ian |2
S llgr = gollze + leo — €illlqollz2 + letlllao — arll 2.
Since
lgr —gollze = llg(zdo + a1) — 9(2¢0 + qo) | 2

1212|68(q1 — q2)llz2 + |2[|do(af — @3) ||z + |G — @ |12
122|651 e llar — @2l ze + |21l @oll s llar + a2llzsllar — g2l s
+(lal? + larqz] + |21 pallar — g2l s

together, we have
lar — a2l < [2llar — qall sz + |22 |eg — i . (2.52)

Hence, M is a contraction mapping for z sufficiently small. Now by
the contraction mapping theorem, there exists a unique fixed point (g, €’)
satisfying ||q| g2 = O(2%) and |e/| = O(2?) as z — 0. The statements about
derivatives of () and E with respect to z follow by differentiating with
respect to z and applying the contraction mapping principle again.

Proof of exponential decay:
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Lemma 2.4.1. For e > 0, define the exponential weight function xr by

esI#=R) 1 if R < |z| < 2R,

XRe = 4 e€GR=lZ) _ 1 if9R < |z| < 3R, -

0 else
Suppose for e > 0 small enough, f € H' satisfies
IXRefllm < C
for some constant C' independent of R, then
el f e !
for some €' > 0.

Proof. For R > 0, ||xreflg1 < C implies that

[(e=(1=F) — Dfllmerar < C-

Since f € H',

||€€(|m|_R)f||H1[%R,2R] <C+|flm <"

eéeR < eczl=R) for |x| € [%Ra 2R], so
1
le=*"fll a3 pam) < €

So
1,1
||e(§(§8))(2R)fHH1[%R,ZR] <.

Let &' = (3(3¢)). Using e 2R > ef'l7l for |z| € [3R,2R], we get that

e |z‘f”H1[%R,2R] <

for some constant C’ independent of R.

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)
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Let ¢’ = %5’ . Then

oo
1"
e lz|f|’§{1(|x|>1) = Z 1= |I‘f”f.{1[22k 22041) - (2.61)
k=0 3k 7 3k+1
6// 1" 22k+1 .

. / .
Now, for each k, since e = e° €° , taking R = Srrr in (2.60), we have

Cl

v

el

02k 92(k+1)
3k 7 3k+1 ]

H1[

" 1
= |le° || e ‘$|f||Hl[232k7223(kk;r11)]

192k "
> & 5F )Hes Ix\fH 2k g20h41) -

2
Hl[ kv 3k+1 ]

This means that,

11 92k

2 p2(kt1) < C'e” (e %F) (2.62)

k 3+1]_

€”|1‘\
le® FU A

Hl[2

Therefore,

"
[|e® |z‘f\|fql(lx\>1) - Z”e ICE|f||2 122k 22kt

k=0 3k’ 3k+1 }
// 22k+1
< 0/2 E -
< o0

By Lemma m to show that [e®®lQ| ;1 < oo for some a > 0, it
suffices to show that ||xr Q| g1 < C for some constant C' independent of
R. Here, x g, is the exponential weight function as in Lemma 2.4.1}

Consider the bilinear form

E(00) = (V0. Vo)+i [(QUAVO+TT Ao+ [ Viigds tor v, € H!
(2.63)
associated to the magnetic Schrédinger operator —A+2iA4-V+i(V-A)+V.
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2.4. Detailed proof

Then
Ewv) = (Vo V0)+i [@0A- Vo UT - Ao+ [Viuds
—  (Vb, Vi) + 2Tm( / DA - Vipdz) + / Vids
Set
be= Jim inf{£(6,0)lo € ', 6] = 1o(x) = 0for laf < B). (264

We will show that b > 0 by contradiction. Suppose b < 0. Then there exists
a sequence ¢p; € H' with R; — oo, satisfying |or;ll2 =1, ¢r,(x) = 0 for
|z| < Rj, and E(¢r,, dr,;) < J for some fixed 0 < 0.

Suppose V € L°, then

/ Vor o, dr < [Vl ém, 12 = Voo (2.65)
Suppose V € L?, then

/ Vordrde < [Viallor |2

1 3
S WVllaliorlI3 1Ver,ll3
- 3.4 1 1
S 0IVer,llz)s +§(!!V||2\I¢Rj||§)4

= 1
31V 0m, 13+ = VI3
Hence,

— - 1 -
/quRjngRjdx S0 Vor; 13 + EHVHLOOJFLQ where ¢ is sufficiently small.
(2.66)
Similarly, suppose A € L*°, then

[(0r;, A-Vor))| <||Allcllor, ll2Vor,ll2 = [[Allccl VR, 2. (2.67)
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On the other hand, suppose A € LG9 then

[(¢r;, A-Vor,)| < !\A\\(3+g)||¢RjH2<ls++§>HV¢R]-H2
5, 3(148) 5  3(1+8)
2 2(3+¢ 2 2(3+¢
S Mlswallorlls 7 IVer,lly

5 3(148)

= [AllgoIVor,ll; .

Hence,

5_3(1+8)

(¢r,, A Vor)| S 1Al Loy 1 (VR ll2 + [Vor,ll; **F7),  (2.68)

30149
2(312)
Since supp(¢r;) C {|z| > R;}, by the assumption ||V_{|(124 o) (e|>R,) =

in which %

is strictly less than 2 for € > 0.

0 and [|All(gs+4ro0)(jaj>r;) — 0 [ Vo|¢r;|[?dz and the negative part of
Im f qSngA - Vopr converge to 0. Hence, the negative part of the energy
converges to 0, a contradiction. Thus b > 0. So there exists 6(R) with
§(R) — b >0 as R — oo, such that for any ¢ € H' satisfying ¢(z) = 0 for

|z| < R, we have

E(p,¢) > 5(R)||ol]3- (2.69)

For ¢ € H', we have

5(R)|Ixrol? < E(xr, XRrO)
— (Vxwé, Vxrd) — 2Im( / XibA - Vxrddz) + / VXréxnéda.

If we expand the factor Vyro, we get that

(VxR VXRE) = (6VXR, OVXR) + 29V XR, XRV D) + (XRV S, XRV )

and since Im( [ [¢[2A4 - x5V xr) =0

2T / XibA- Vxnodr) — —2Im( / \GA - V) — 2Im( / 62A AV xR)

— ~2tm( [ xho4- Vo).
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2.4. Detailed proof

Since
2069 X1V0) + (xaV6,xaV9) ~ 21 [ GidA- Vo) + [ Vindxaoda
is nothing but &(x%¢, ¢), we have

S(R)Ixrdlls3 < E(Xzd,9)+6VXRl3
= (xko, Ho®) + eollxrol3 + 6V xrl3

where Hy= —A+i(A-V+V-A)+V —ey.

From direct calculation, we see that for R > 0,

IVxr| S elxr + 1), (2.70)
SO
16Vxrl3 S € llo(xr + 13- (2.71)

Putting everything together, we have

S(R)lIxrollz < (Xke, Hoo) + (eo + )| xrdl3 + *|013.

Since eg < 0 and limp_, §(R) > 0, for £ small enough and R sufficiently
large, 0(R) — eg — €2 is positive and bounded away from zero. Therefore, we

have
Ixroll3 S (Xrd, Hod) + 2(|9|l3- (2.72)

Next,

IXaVEIZ < IVOrd)3 + 6V xrl
£ (b, Y1) + 2 Tm( / XaBA - Vyxrodz) - / VXRdyrodz

+e2 ]l

N
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2.4. Detailed proof

Since

Im(/XmﬁA -Vxrodr) < | Al e (z)>r) IXRON 21V (XRO) |2 (2.73)

and

IN

Tm( / XbA - Vxrods) < |Allgseisn IxrdllsIV (crd) e

A

< Al 32> r) IxrRO N 1V (XRO) || L2,

we have that

t( [ oA - Vxnodo)

IN

I Al zoo+23) (2> Rr) IXRONE IV (XRO) || 22

IN

A (Lo 312> Ry IX RO Ty -

Therefore,

IxeVl5 S E(Xrd: XrD) + I All (Lot 13y (2> B) X RS T + [IxRS3 + €3[| I5-
(2.74)

Now using £(xr®, Xr®) = (Xk9, Hod)+eollxrol3 and [[xrol3 < (xhe, Hod)+
£2]|¢||3, we have that

IXeVoll3 S (Xkd Hod) + | All zoot 1) (o> m) IXROI T + 2|15 (2.75)
Since

IV(x®)llz2 = [6VXRllLe + IXRVOllL2 S ellé(xr + Dz + [XrV S| L2,
(2.76)

putting everything together, we have that

Ixrol3n S (xrd: xpHo®) + 219115 + | All oot £3) (21> R) [XROI 71, (2.77)

so for R sufficiently large,

Ixroll7n S (Xré, xRH0®) + %[[0]3. (2.78)
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2.4. Detailed proof

If we let ¢ = ¢ and use that Hypg = 0, we have

IxreollF < lleoll = 1. (2.79)

Next, let ¢ = q. Using that Hoq = —P.g(z¢o + q) + €'q, we get

< (xre, xrHoq) + €%)|q)l3
< (XRG, XR(—P.g(zd0 + q) + €'q)) + 2[|q||3
< lxk g 9(z¢0 + @)l + € llxrall3 + €2(|qll3-

Ixrall3

As g(z) = |z|?z, we have

Hence,

Ix% q 9(z¢0 + @)1
12 IxRadsll + 212 IxRE o511 + 12llIxRE Gollr + 1xEa" 11
12 IxRosll2llall2 + |21 IxReg 21l a?]2 + 12 ]lxReoll2lxrRa |2

AN N

Xk 12ll4°l2

o(2?).

Ixrall7n < o(z7) (2.80)

by (2.79) and [|q| g2 = o(2?).

Next if we substitute ¢ = Dgq, and use that

AR ZANR AN

HoDq = —P.Dg(2¢0 + q) + qDe’ + €' Dq, (2.81)

IxrDallF

(xrDq,xrHoDq) + £°|| Dq||3

(xrDgq, xr(—PeDg(2¢0 + q) + ¢De’ + ¢ Dq)) + €2||Dql|3

Ix% Dg Dg(zd0 + @)l + lIxz Dg g De' |l + €[ xrDall3 + [qll5-
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2.4. Detailed proof

Here, the first term ||x% Dg Dg(z¢o + q)||1 is bounded by

Ix% Dg Dg(z¢0 + q)1

Ix% Dq dolzd0 + q*[1

2|IxHDadj|l1 + zllxmDadall + Ixkbed |1
2(IxrDallm Ixrdoll i ll¢olli + 21 Dgll gl [ xroll 7

o(z%),

VAR YA VAN AN

and the second term ||x% Dg ¢ Dé'||; is bounded by

Ixk Dg g De'llv < |lxrDallsllxralls|De[|5
S IxrDall gl xral g || De||
<

o(2?).

Therefore,
IxrDqll7 < o(z*). (2.82)

Hence, by Lemma and Q = z¢o + ¢, we have ||e®l*IQ|| ;1 < oo and
eI DQ|| 1 < oo for some > 0.
Next, we would like to show [|€?1*/Q|| .~ < oo by bounding HA(emI'Q)H

Since HA(emx'Q) | oo (jzj<1) < 00 already holds, it remains to show ||A(eﬁ|””|Q)H <

L3+ (ja|>1)
oo. Let v = 3. Using the equation for ), we get

||A(e7‘””'c2)|!m+(,z|>1)

S AN gy TV - (VM g 0
A VR g4 oy + 1TV A +VIQN 500y
+||tcﬂ'gc'g(62)\ng+(‘$|>1 +le W'EQ”LQH >1)°

Let f and g be such that Ae’*l = f(z)e71*l and Vel = g(z)e?1l. We can
bound the first two terms loosely by

—Z4|z T
laehal 5 S lem 3 f @)oo €@ 2 (2.83)

L2+ (Jz|>1) ™~
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2.4. Detailed proof

and

(Ve ) - (VQ)I, 5

*(l2[>1)

_1
S e 35|$|9($)\|L6+(\x|>1)||€35‘ (VQ)|| 2
2 _1
S s QN + llem 37 g (@) | oo a1y 1”71 Q 2.
In a similar way, we can also bound ||6'Y|x|g(Q)HL%+(‘ 1) and ||6'V|“3|EQ||L2+ (lal>1)’
xX
Next, for ||e?1*lA - VQHL , we have

2¥ (Ja|>1)

le" A vQ|

L3* (ja|>1)

IN

||A”L3++L°<>(|’€3B|Z|VQ”L3 (lz|>1) T ||€3ﬁ|x‘VQ||

< e B (v Q)| s + [PV Q)| Lo

L3 (af>1))

We already shown above that [|?17IVQ|| 2 < co. To bound ”6%25|wleﬂ\:v| (V)| L3,
let h = ?1*l(VQ) and from above, we know that h € L?. Now, consider the
set

M = {al(e 3R > (B2} = {allh] > *R}. (280

Clearly,

=2 =2 2 2
le= PV Q)| L3 arey = lle™ M s arey < NIBI3 |l = |IBl]}> < oo
(2.85)
On the other hand, inside M, [e®I*/(VQ)| > €?/l*| and hence, |VQ| > €°I#l.
Then

He%ﬁlx\eﬁlxl(vQ)”m(M) < ||€%2'B|x"vQ|2||L3
< IVQPlLs
= Vel
< IVQIG.
Hence, we have
JAEFQ) 4, < oc. (2.86)
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2.4. Detailed proof

By Sobolev embedding, we have
1e721Q|| e < 0. (2.87)

2.4.2 Linear estimates
In this section, we will prove the following theorem.
Theorem 6. We say that (p,q) is Strichartz admissible if

2 3 3
-+ —-=—= with 2<p<6. (2.88)
qg p 2

If (q,p) and (p,q) are Strichartz admissible, then

t t
I /0 el(t_S)Hch(S)dSHL‘gW%’p + H<;L'>_U/O e%(t—s)HPcF(s)ds”LfH%
S min(”<3«">UFHL3H;> HFHL;J"W;,F)'

To prove theorem [6, we need a few preparatory lemmas. The following

lemmas and are from [30]:

Lemma 2.4.2. (Non-endpoint Strichartz estimates) Under assumptions
and@, if (p,q) and (p,q) are Strichartz admissible, we have

”eitHPcf”L‘ng S ”f”L2(]R3) (2.89)

and
t .
I / P (2)ds| o S 1l g (2.90)

Notice that the above does not include the L?-norm. Fix o > 4.

Lemma 2.4.3. (Weighted homogeneous L? estimates) Under assumptions

and |2, we have
K2)=7e ™ fllpzrs < Iflez, (2.91)
and

il;%wll(@*”(ff — (W +i0)"Ha) 2 S 1. (2.92)
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2.4. Detailed proof

The weighted resolvent estimate of lemma implies weighted inho-

mogeneous estimates for the linear evolution:

Lemma 2.4.4. (Weighted L? inhomogeneous estimates) Under the assump-

tions of lemma|2.4.

t .
)~ / Py F(s)dsl e S |1 Fllpas- (299)
0

Proof. For simplicity we may restrict to times ¢ > 0. By Plancherel, we have

t
Ixge=0y(x) ™7 / U P (2) " F(s)ds]| 12
0
o] t
= [ ey [ IIOp ) F(s)as) e
0 0
Next, change the order of the ds and dt integral and use that

/ dt eit(HfTJris)Pc (x>*UF(s)

1 ; o) 1t
= (H =74 ie) T EE Pla) T (s)

-1 _ _
= T (H =) TR () R s),
we get
g0 (@) ~° /0 =TI P (2)=0 F(s)ds]|

00 , | . .
= a7 [ dse U SR i) T )0 F(s) 1
0

= @) (H = 4 ie) " Pu(z) T /Ooo dse™TF(s)]| 2.
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If we take the L2-norm of both sides, we get

t
)~ / eH=IH+) P, (1)=0 F(s)ds]| 12 2
0 ,

< ) OH — 7+ ie) Pua) 0 / dse™ 5 F(s)| 212
0

A

o0
sup ()~ (H — 7+ i) Pula) ™" | o, 12 / dse™TF(s) 212
T 0

S |[Fllz2p2 by Plancherel and Lemma 2.4.3

Now sending € to 0, we have
t .
()70 [ MR ) P () dsllzny S 1Py (299
0 L x xT

as needed. O

Lemma 2.4.5. (Mized Strichartz weighted estimates) Let (q,p) and (p,q)

be Strichartz admissible. Then

t t
| [ e PR (s)aslugng + @) [ OO PR (s)ds gy
0

0
S min([(@)7 Fligzrz, 1Fll g )-

Proof. First,
| [ et nr sy = ([ e S Rrsds, [ e R ()
0 0 0

Moving the integrals through the inner product and rearranging the terms,
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we get

|| e trp )|,
0 x
= /)ddRF@L/)e”WﬂHRF@MU
0 0

= /mdq@yﬂfwym>U/meiﬂﬁHRF@mw

b(})f Holder inequality ’

[2) PoF(s) |22 (1)~ / " e P (s)dt]|
and by lemma

S K@) PP ()12

IN

Hence,

o o
||y = €[ RSl
0 0

N

o
n/ ¢ #H P, F(s)ds| 2 by lemma 247
0

S @) F(s)lrzrz-
Now, by a lemma of Christ-Kiselev (see [17]), we have
t .
H/ M P F(s)dsllp g S (@) F(s)l| 2z (2.95)
0
Next, let (x)7g(x,t) € LZL2. Then
> o —o > i(t—s)H
((z)7g(x, 1), (x) € PeF(s)ds)dt
0

0

— Aw@QJL/wJW®HaF@m@ﬁ

0

Moving the integrals through the inner product and rearranging the terms,
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we get
| @raten. @y [T p (s
0 0
= / ds(/ P g(x, t)dt, F(s))
0 0
by Holder inequality
< | / 0 P, )t g | F5)
S K279l 2 1) L
Hence,
[{z) ™7 /0 P (s)ds| p2pe S IE S g (2.96)

Again, by the lemma of Christ-Kiselev, we have

t
”<JI>7U /0 el(tfs)HPCF(S)dSHL%L% 5, ”F(S)HLgngl' (297)
Now by lemma 2| and lemma [2 we have shown lemma [2.4.5 O

Lemma 2.4.6. (Derivative Strichartz estimates) Let p > 2 and let
H=H+K=-A+2A-V+iV-A)+V+K (2.98)

for a sufficiently large number K. Then Hy is a positive operator on LP,

and )
1@llwie ~ [1HE ¢l e (2.99)
From this, it follows that
e 1l oo S Il (2.100)
and
! i(t—s)H
I [ M PR $)sl o S WPl (2.101)

for Strichartz admissible (q,p) and (p,q).
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Proof. We would like to first show
1
I¢llwie ~ | HY ¢l for ¢ € WP, (2.102)

Clearly ||¢|lywor = ||¢]lr = [|[HY@||zr. As shown in the appendix of [51], if

K is large enough, H; is a positive operator on LP, and

[@llw2r ~ [[H10]|Lo- (2.103)

By Theorem 1 of [24], there exist positive numbers ¢ and C, such that
Hit is a bounded operator on LP for —e <t < ¢ and ||H%!|| < C. Therefore
the hypothesis of Section 1.15.3 of [85] holds and we have that

1

[D(H1), D(HY)]y = D(HY). (2.104)

Using that D(H;) = W?P, D(HY) = LP and [WQ’p,Lp]% = WP, we find
that )

D(H}P) = WP, (2.105)

1 1
Now by Section 1.15.2 of [85], H{ is an isomorphic mapping from D(H?) =

WP onto LP. Therefore, we have

1
[éllwe ~ [[HE || e (2.106)

Finally,

t t
O e N Al S ORI
1ot
~ | | / e~ P (s)ds| 1 o
t 1
— /0 e~ P HE F(s)ds|| 11| o

1
S IHEF

!

Li'rl

HFHL?,W;}’H
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O
For s € R, denote the norm ||¢||(3)sz2 by
0]l (z)sr2 = [[{z) > @] 2 (2.107)
and the norm [[¢|[ s g1 by
91l @ys et = 1@l zysz2 + VAl (zys 12 (2.108)

Next we need derivative version of the weighted estimates of Lemma
- this is given in Lemma (2.4.9) below. First, we need two preparatory

lemmas.

Lemma 2.4.7. Fort >0, let Ay(z) = LA(%) and Vi(z) = %V(%) Let

S

. 1
H:—A+2iAt~V+i(V-At)+Vt+zK+1. (2.109)

Then there exists T > 0 such that sup,q ||H Y| L2 g2 < 00.

Proof. Take t > 1. For ¢ € L?, let h = H '¢. Then

1
613 = ((—A+2id-V+i(V-A)+Vi+ LK + Db,

1

(_A+2’iAt'v‘f’i(v'At)‘FVt‘FZK‘Fl)h)
IAR(Z + [1B]13 + [|4; - VA3 + 2/IVA[5 + F
IAR(S + 12]5 + F

vV

where F' denotes the rest of the terms, and recall that ¢ > 3. We would like
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to show that every term in F is bounded by ||A[|3,.. Here,
1
1F] = 201(AR)(Ae - VAl + 2 (AR)(V - Ae + Vi + S K)h])y

1
+2|[A(V - A + Vi + ;K)] -(Vh)h|1

1
+2[A¢ - (VR)R| + 2[|(A + Vi + ;K)QhQIh

Here,
1 )
Ah)(A; - Vh < —||Ah A(—)]| o Vh Vh
[(AR) (A - Vh)[1 S \/EH [[2]1( (ﬁ>”L +La([[VA[2 + || Hq%)
where <6
q_
< ARz (A=)l ([[Vh] +||Ah||%||Vhll$)
N \/EH 2l (A et 2 5 2

_(a=3) 3 =3
S ot 2 |[AhflAll et L (IVA[l2 + [|AR]Z VR, ),

ARV - A)+ Vit Rl

N

%HAth(H(V ' A)(%)HLOO—%LQ + Hv(ﬁ)HL"O—%LQ + K)([[7ll2 + [[7llo)

1 1 3
tE | AR[o(IV - All oy 2 + [V Il ooz + K)([All2 + [[2]l3 [ AR])-

N

Similar bounds hold for the other terms of F'. We conclude that

18113 > (1 + o(1))[|Al[72 as t — oo. (2.110)

Hence, for all ¢t large enough, we have

1R l1% < llol3. (2.111)
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Lemma 2.4.8. Let Hy be as in lemma|2.4.6. For ¢ € L? and t > 0, we
have

IV (L + 862 S (1+1)72 [l (2112)
Proof. For ¢ € L?,let ¢ = (Hy+t)~'¢. For t bounded away from zero, define
by ¢(x) = $ib(Viz). Then Ag(z) = Ad(Vix), Vib(z) = -V(Vix) and
V(@)p(x) = $V(2)d(Vix) and

(H)(Viz) = 6(). (2.113)

T

Replacing = by Vi and inverting H, we get

D(z) = H_lgb(%). (2.114)
Hence, )
Y(z) = ;[ﬁ_lcb(%)](\/ffv) (2.115)
and . |
Vip(z) = W[V(H)_lqﬁ(%)}(\/ﬁ)- (2.116)

By Lemma |H Y| 12— 12 is uniformly bounded for t > T'. Therefore,

IVo@le = VAoV,
= VATl
< t%%Hvﬁ*up%z\w%)ug
= t77]|¢]
Therefore, for t > T,
IV(Hy + )70l < 771612 (2.117)
and the lemma follows. O

Lemma 2.4.9. (Derivative weighted estimates) Let Hy be as in lemma
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12.4.6. We have
1
Ml (st ~ | HE Gll(zyor2 for s € R. (2.118)

From this, it follows that

t
()~ / S P (s)ds| 2 S (@) Fl 2 (2.119)
0

Proof. Since || f|l¢zysmr = () " flle2 + | V{2) ~°f|| 12, to show the lemma, it
suffices to show )
(@)™ Hy ? (2)*|| 22 < 00 (2.120)

and X
IV {2y Hy 2 (@) 2 e < o (2.121)

The second bound above is the harder of the two. We will show the second

bound and the first one follows by a similar argument. First,

_1 1 1
V{z)"°H, *(x)°¢ =V H, 20+ V(x) °[H, ?,(x)°]¢ (2.122)
1 _1
Now VH, ? is bounded from L? to L? since H, ? maps from L? to H! while
V maps from H' to L. )
For the second term, we use H, > = [ L(H, +t)~' and [(H; +

0 Vi
)71 (2)®] = (Hy + )" [Hy +t, (x)*](Hy + )7 to get

V<$>*S[Hf%7 ()] = V(z)™* fl/tZ(Hl + )T H 8 ()] (H + )7
’ (2.123)
Recall that
H =-A+2A-V+i(V-A)+V+K, (2.124)

SO

[Hi+t,(x)’] = (—Ax)®) —2(V(2)®)-V+2iA- (V(z)®).
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Let g(x) = (—A(z)®) + 2iA - (V(x)®) and h(z) = —2(V(x)®). Then

o dt

; \[(Hﬁrt) Hg(@) +hiz) V) (Hi+1)7!

(2.125)
Since g(x) < (x)*~!, we rewrite the g(z)-part of the above as

Vi) [ ) gt o)
~ Y fl}<x>—59<m><ﬂl+t>-1<H1+t>-1

+V{x / \/ (Hy +t)"YHy 4+ t,g(z)](Hy + )Y (Hy + )7t

The first part of the above sum is bounded. For the second part, writing
[Hy +t,g(z)] = §(x) + h(z) - V as before , we can iterate the above process

until §(x) < 1. Since h(z) < (z)*71, so by the similar argument, we have

o dt
\[

— v/ (z)(Hy 4+ ) 'V (Hy + )7t

Viz)™® (Hi+t)"'h(z) - V(Hi +1)7

YV (a / S+ 07 [+ L@, + 07V )

As before, the first part of the above sum is bounded. For the second part,
[Hi +t,g(z)] = §(x) + h(z) - V as before , we can iterate the above process

until A(x) < 1. As a result, it suffices to consider

o dt

(Hy +t)~H)m (2.126)
o Vi
and
< dt 1 —1\ym
(Hy + )" 'V(H + 1)) (2.127)
o Vi
for m > 1. Now by lemma 2.4.8, both of the expressions above are bounded
in L2 O

Now, to prove theorem [6, apply lemma 2.4.6 and [2.4.9] to lemma [2.4.5,
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we get the result.
Finally, we need a lemma from [40] for the projection operator P, onto

the continuous spectral subspace.

Lemma 2.4.10. (Continuous spectral subspace comparison) Let the contin-

uous spectral subspace H.[z] be defined as
Helz] = {n € L?|(in, D1Qlz]) = (in, D2Qlz]) = 0} (2.128)

Then there exists 6 > 0 such that for each z € C with |z| < ¢, there is a
bijective operator R|z] : Ran P. — H.[z] satisfying

Pelyg, 1 = (R[2]) 7 (2.129)

Moreover, R[z] — I is compact and continuous in z in the operator norm on
any space Y satisfying H2NWllcy c H 2+ L™,

The proof of lemma [2.4.10 is given in lemma 2.2 of [40]. We will use
lemma with Y = L2.

2.4.3 Proof of the main theorem

Lemma gives the following corollary which will form part of the main

theorem.

Lemma 2.4.11. (Best decomposition) There exists 6 > 0 such that any
Y € HY satisfying ||| g < 6 can be uniquely decomposed as

b= Q] +1 (2.130)

where z € C, n € H', (in, D1Q[2]) = (in, D2Q[2]) = 0, and || + [In]lg <
[ -

The proof of lemma [2.4.11] is essentially an application of the implicit

function theorem on the equation B(z) = 0 with

B(z) = (Bi(2), Ba(2)), Bj = (i(¥ —Qlz]), D;Q[2]) for j=1,2. (2.131)
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Details can be found in lemma 2.3 of [40].

Now, we prove theorem

Proof. Substitute
P(t) = QLz(t)] +n(t) (2.132)

into equation (2.3) to get
i(DQz+09m) = HQ+Hn+g(Q+n)

where for w € C, we denote DQ[z]Jw = D1Q[z] Rew + D2Q[z] Imw. Since
HQ+g(Q) = EQ and DQ|z]iz = iQ[z] (since Q[e'*z] = e'Q[z] for a € R),

we have

i0m = Hn—iDQZ+ EQ — g(Q)+g(Q +n)
= Hn—iDQ(:+iEz) — g(Q) + g(Q + ).

We can write this as

iom=Hn+F (2.133)
where
F=g(@Q+n)—9(Q) —iDQ(z + iExz). (2.134)
In integral form,
) = () i [ (). (2.135)
0
Let n. = P.n. Then
ne = e M P.pn(0) —i / =90 p p(s)ds. (2.136)
0
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Then for fixed o > 4, since n = Re[z]n., we have

N

Inellx
t
19Oz + | /O DI B(F(s) — 2QInl? — Qn — Inln)ds]|x

Inllx

AN

t
| /O e~ p.2Q[ + Qn? + [nf*n)ds| x

t
19O s + | / DI B (F(s) — 2QInl? — Qn — Inln)ds]|x

+|Qn? H i +[In® H Wit

13

For HQTIZHL?WL%, we have

T

QI s v1s = QI 3 1 +IV@)] 3 1

1,
LW, 1B L2 L} LZLE

S 0@+ V@l g g +Invnl 3
< 2 o0
S Qlgewpelll?, s+ 1QUzglll 3 1V, 2

< QU sllnll%-

3
For ||n HLt%Wl’%’ we have

x

I7°]] R oMl N 15+ IV R
t Wa t z t Ly
2
S il + V| Al
< n? HL3LZH?7H L 15 + [ HLgLZHVnH ¥
2
< Hn\IL?L%HnHL?W;,%a-
) 1 1
Now, using [[7] 3 < HVUHEanHz%, we get
Il 3 <||V77|!LooL2H?7|| e (2.137)

t—T ta:
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So

—

s S ||V77||L;;<’L§||77||2 L 18 S ||77||§( (2.138)

3
11,3 08 e

Together we have

t
Inllx < Oz + H/O eI P(F(s) = 2QnI* — Qn® — [nl*n)ds]| x
HIQysllmliZ + Il
< )y + 1(F(s) = 2Qnl* — Qu — In*n)l L2y - 1
Hnllx + Il

Next, for g(v) = |[¢|%9,

I(F = 2QInI* = Qn* = [nI*W) | 12 (2y-o 2
1Q%7 + 21Q 0 — iDQ(% + iE2)|| 22y o 3
S 1@* QN yree Il 2 ey + 1DQll @) o ma |12 + iE2| 2.

Next, we would like to bound (2 + iEz). Recall that we imposed

(in, - Qlel) =0 and (in, -Qlz]) =0 (2139)
through Lemma By Gauge covariance of (), we have
Q[e™2] = e™Qlz]. (2.140)
So for z = z1 + 129,

Qlz] = €*Q]|2|*] where a = tanfl(é). (2.141)

<1

Here Q : RT — R. So

0.,Q = 8., (e"*)Q+221€" Q" = €i(0,, ) Q+221°Q = i(D., ) Q+221*Q’
(2.142)
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and

02y Q = 0., (") Q+222€"Q" = €'i(D,,0)Q+220€" Q" = i(D.,0)Q+2226"*Q’.
(2.143)
So

0 = <i777 _22821Q + 21822Q> - (777 _22(821 a)Q + 21(822Q)Q>
= (=2200:,0) + 21(0,,0))(n, Q) = (n, Q).

Now differentiate (in, B%IQ[ZD = 0 and (in, %Q[z]} = 0 with respect to t
and substitute i0yn = Hn + F, we get

0 0
0 = (i0m, aisz[ZD + (in,Da—szz’>

0 . a9 .
= (Hn+F, T%Q[ZD + <”7,D872]'QZ>
Recall that F' = g(Q +1n) — g(Q) — iDQ(2 + iEz). Therefore, we have

9

0 = (Hn+9(Q+n) = a(@) ~iDQUE +i2). 5=l + in D5-Q2)
= ((H - -9(Q +en)lemo) + (9(Q + 1) — 9(@) — Lg(Q +<n)
D + i85 Ly + D2
_ZDQ(Z+ZEZ)7 8ZJQ[ ]> + < nvDasz >

7



2.4. Detailed proof

From the above, we get that

(9(Q + 1) — 9(@) — 8% (Q + =), fzj@[zn

= (—iDQ(: +iEz), fasz[ZD

+{(Hn + 8%9(Q + en)), ;’Zj@[zb
0

in. D
+(in, 92,

Q2).

Let Hn = Hn + 0%9(Q + en). By the symmetry of H and differentiating
equation (2.9) by z;, we have

0 0

0 0
<Hnaaisz> = <77’,H872J-Q> = <n’E67sz>+(8isz)<n’Q>
0 .0
= (nyEaisz» = <Z77,ZEaisz>

) 0 )
= (in, Ea—ZjDQz@

using (1, Q) = 0 and DQ[z]iz = iQ|z]. So

((9(Q + 1)~ 9(@) ~ g(Q + en)). 5 QL)

J

= (=iDQG: +iF2), QL) + (in, B-2-DQiz) + (in, D=2

0z 0z 0z Q%)

- <—¢DQ(2+¢EZ),£Q[Z]>+<m,(D£j )(2 + iEz))

For g(v) = [¢[*¢,

29(Q +en) = Q*7 + 2|Q|*n. (2.144)
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Therefore,

9@Q+n) —9(Q) —g(Q+en) = |Q+n*Q+n) —|QPPQ— Q™1 —2|Q|*n
= 2Qn>+Qn* + In*n

Since
(i) =~ k4 of) (2.145)
—Q,i—Q) =7 — o(1), .
82’]' 8Zk J
we have that
2 +iBz| S12Qn* +Qn* + [n*n, DQ)|(1 + ||n]|2)- (2.146)
Therefore,
S 2@+ Qn? + [nl*n, DO 2 (1 + 0l peor2)
S (1QDQMPl 21 + 1DQIPnllr2r2)(1 + 0l peor2)
< (||QDQ||L§°L3||77||igL§ + ||DQ”Lt°°LgH77||ing)(1 + Il pserz)
1 3 5 7
< (1KDQllceralnllee prallnll® | a5 + DR oo pallnll fee a1l * 7 42)
L3LpY ¢ L2LE
t—x t x
(L +[InllLeer2)
S nlix + ik
For |[n]|paps, we used
1 3
Inllza < ||V77||23||"7||z%- (2.147)
For [|n]|zsps, we used
5T
Inllza < Vol 3 [l % - (2.148)
T LF
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Putting the preceding estimates together we have

Inllx S 10O gt + 1) * Q2 [lzgellnllx + Il + Ik,

and since [|(z)?7Q?|| [ << 1,

Inllx < ClllnO)lla + llnllx + Inllx)

for some constant C' > 1.
Now, let X7 be the norm defined by

Wl = 0™ laggomm + Wl

Fix the initial condition |[¢)(0)||x to be small enough so that

1
< —F.
7(0) 11 < 556

Let )
T = T>0: < — 0.
1 Sllp{ > Hn“XT — 100} >
Then for 0 < 7T <717,

1 1 1 1
< <
Inllxe < 5656 + 1026 T 1018 = e

showing that T7 = cc.
Next, we would like to bound [|Z + iEz|| ;1. We have

12QInf* +Qn* + nl*n, D)L + [Inll z2) Il .1
QD[ L1y + 1DQIPll Lr12) (1 + 7]l e 2)

VAR VAR AN

(L +[Inllzeer2)

(2.149)

(2.150)

18) + 191 Lo (0,7, 11)

(2.151)

(2.152)

(2.153)

(IK=)**@DQl ge e 1{x) > 0 [l 3 12 + @) DQll e Lo 1{2) ="l La11)
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Here, the factor H<x>_"773HLt1Li can be bounded by

1 3
=)= 0 N pars < IK2)~nll gz allnliZage) S H<x>_"77|\Lng||77||2§0H1||?7||z 15

st
Putting everything together, we have
2+ 1 L} < X X
12 +iB2| 1 < nllx + [0l
Therefore, lﬁt(eifotE(S)dsz(tm = |2 +iFEz| € L}. This means that
limy_yo0 €t Jo E(s)ds (t) exists. Since |eif0t E@)ds ()| = |2, limy_o0 |2(t)] ex-

ists. Furthermore, E is continuous and F(z) = E(|z|), so limy_ E(z(t))

exists.

Finally, let H = —A 4+ 2iA-V +i(V-A)+ V. So
ne(t) = ™ (n.(0) — i / e “HP.F(s)ds). (2.154)
0
By Strichartz estimates as above, we have
T .
H/ e SHp F(s)ds|| g < || Fllx — 0 (2.155)
S
as T > S — oco. Therefore, fooo e " P Fds converges in H', and

o0
lim e, (t) = 1.(0) — z/ e 1P F(s)ds =: ny (2.156)
0

t—o00

for some . € H'. From this, we get that 7.(t) converges to 0 weakly in Hj.
Now, by compactness of R[z(t)] — I, we have that ny(t) := n(t) — n.(t) =
(R[z(t)] — I)ne(t) converges to 0 strongly in H'. Therefore

() = "l — 0. (2.157)

O]
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Chapter 3

Global well-posedness of two
dimensional radial
Schrodinger maps into the

2-sphere

In this chapter, we will discuss a result obtained jointly with Stephen Gustafson.

The main result is Theorem 4l stated in Section [1.3l

3.1 Known results and our result

Consider the two dimensional Schrodinger map equation

_)t =uU X AU
_ (3.1)
i(x,0) = ig(z), 4(0) — k € H*(R?)

where @ : R? x R — S?. Recall that we treat the S? as a sphere embedded

in R?, i.e.

S?={aeR?®:|i =1} c R3. (3.2)
Hence, we view 1 as
i(z,t) = (u1(z, 1), ua(z, 1), us(z, 1)) (3.3)
where
uf 4+ ul +uj =1 (3.4)
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Conserved quantities of this equation are the L?-mass
I(8) — FlZaque) = 1o — FlZaqee) (3.5)

and the energy
I S .
E(@) = S| Vt)|[72mz) = &) (3.6)

We will consider the problem of whether is globally wellposed. In other
words, we would like to know whether the solution @ exists indefinitely or
blows up in finite time. In an attempt to gain some understanding on
whether blow up is possible, we will see how the energy behaves under a
scaling preserving the solution. If @ is a solution of , then for A > 0,

v(x) = d(\x, \°t) (3.7)

is again a solution of (3.1). We would like to compare the energy & of ¥ to
that of 4. The energy scales differently according to the space dimension n
and is given by

E(T) = N27"E (). (3.8)

For example, for space dimensions n = 1,2, 3, we have that:

For n=1, &) = \E(u). (3.9)
For n=2, &) =&(u). (3.10)
For n—3, &(il) — %5(5). (3.11)

Here, as A — oo, @(Az, \?t) undergoes a horizontal compression. From the
energy scaling, we see that for n = 1, it costs a lot of energy to concentrate
solutions. As energy is a conserved quantity, the heuristic is that it is hard
for solutions to concentrate, so solutions are expected to be global. The
case n = 1 is called energy subcritical. On the other hand, for n = 3,
it costs very little energy to concentrate solutions, so blow up solutions are
expected. The case n = 3 is called energy supercritical. For n = 2,

the energy remains unchanged after the scaling. The case n = 2 is called
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3.1. Known results and our result

energy critical. In this case, the scaling arguement does not give us a
heuristic of whether blow up solutions are possible. It turns out that blow
up can indeed occur for n = 2. Very recently, Merle-Raphaél-Rodnianski
"11 [55] showed that within a special class of solutions to known as

1l-equivariant maps, there are blown up solutions. More specifically, let

0 -1 0 cosaa —sina 0
R=]11 0 0 and e*® = | sina  cosa 0 |. (3.12)
0 0 O 0 0 1

For an integer m, an m-equivariant map @ : R? — S? ¢ R? is a map of
the form
i(r,0) = e™R5(r) (3.13)

with #(0) = —% and U(00) = k.

The Schrodinger map preserves m-equivariance and a radial so-
lution is an example of an m-equivariant map with m = 0. It turns out
that any m-equivariant map with the boundary conditions (¢(0) = —k and
(o0) = E) defined above will have energy at least 47|m|. Various results
concerning m-equivariant maps are known. For example, [41] showed that
if m > 3 and if the energy of the initial data is slightly larger than 4m|m]|,
then the solution is global. [55] showed if m = 1, then there exists a set
of smooth initial data with £ > 47 whose solutions blow up in finite time.
The result of [55] tells us that even smooth initial data can lead to blow up
solutions.

Now, let us look at some more general known results regarding global
well-posedness of (3.1)). For n = 1, [16] showed that if (i) is finite, then
(3.1)) is global. In the same paper, they also showed that for n = 2, if ()
sufficiently small, the radial solutions to are global. [4] showed that
for n = 2, suppose the initial data ug satisfies uyg — Q € H® for all s > 0 for
some Q € S? and &(#p) is small, then the solution @ to is global and
U — @ € H® for all s > 0.

Our result shows that for n = 2, any radial solution  to is global.
This is the first result that showed global well-posedness in n = 2 without
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the smallness of energy assumption. Our result is as follows:

Theorem 7. (Global well-posedness of 2D radial Schridinger map into S?)
Suppose U(x,0) = tp(|x|) is radial and iy — ke H?(R?). Then

Uy = U x AU with @(r,0) = do(r) (3.14)

has a unique global solution i € L*([0,00); H(R?)).

3.2 Discussion and outline of the proof

In this section, we will give an outline to the proof of Theorem Finer
details of the proof will be given in the next section.

The strategy to obtain Theorem is to transform into a more famil-
iar equation and to show global well-posedness for the transformed equation.
After this, one then shows that global well-posedness of the transformed
equation implies global well-posendess of . The transformation we use
is the generalized Hasimoto transformation used by [16] to show global well-
posedness for the Schrédinger map solutions in 1D and small solutions in

2D. It transforms our radial Schrodinger map equation into the equation

. 1 < Iq(p,t)? 1
i = =8q+ o+ ([T a - D) g (3.15)

for a complex-valued function ¢ = ¢(r,t). If we look at (3.15), we see that

it is made up of the linear part
, 1
iqr = —Aq + oLt (3.16)

the local nonlinear part
1
—5lafq (3.17)

as well as the non-local nonlinear part

(/TOO W@) q. (3.18)
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The last term is called the non-local term because its value at r = ry depends
not only on the value of ¢ at rg but also on the value of ¢ at other r’s as well.
We will call the non-local nonlinear Schrodinger equation (shortened
to be NLNLS below). To show global well-posedness of Schrédinger map
equation, we will show global well-posedness of the NLNLS.

Recall that the original Schrédinger map equation is
Uy = U x Ad with d(r,0) = tp(r) (3.19)

where
iy — k € HX(R?). (3.20)

As we will see from the details of the generalized Hasimoto transformation,
we have |ii,| = |q|. Hence, Viiy € L? implies gy € L?. As a result, we would

like to show global well-posedness for

. 1 o0 )12 1
igp = —Ag+ —q+ latp.OF dp—<lal* ) q (3.21)
72 , P 2

with
q(r,0) =qo € LQ(RQ). (3.22)

To formulate a strategy in showing global well-posedness for NLNLS, let
us compare this equation with the more familiar cubic nonlinear Schrédinger
equation (shortened to be NLS below)

iug = —Au =+ |ul’u (3.23)
with radial initial data
u(z,0) = ug(r), r=]|x| (3.24)

Recall that this equation is defocusing with the + sign, and focusing with
the — sign. For n = 2, this equation is L2-critical and so it is highly non-
trivial to show global well-posedness with L? initial data (and indeed it is

false in the focusing case if the L? norm is sufficiently large).
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It turns out that NLNLS and NLS share a lot of similarities. For ex-
ample, both equations satisfy the mass conservation (conservation of the L?
norm). Here, mass conservation of NLNLS arises from the conservation of

the energy & of 4. Since |i,| = |q|, ||Vﬂ'(t)||%2(R2) = ||VU(O)H%2(R2) gives

la@®ll 22y = l9(0) [l L2 m2)- (3.25)

As mentioned above, NLS is L?-critical. One can also check that NLNLS
is also L?-critical. To do so, we just observe that if ¢ is a solution to NLNLS,
then g, defined by

(1, t) = A\g(\r, N2t) for A >0 (3.26)
is also a solution and that

laxll 22y = llall z2(r2), (3.27)

which says that NLNLS is L?-critical.
Despite the above similarities, there is a major difference between the
cubic NLS and NLNLS: the quantity

E(u(t)) = /R (;\vu(;p,t)y? + i\u(x,t)|4> , (3.28)

known as the energy, is a conserved quantity for the NLS while NLNLS has
no equivalent conserved quantity. Of course, if we only assume L? initial
data for NLS, then the energy may not be defined for the solution. However,
it turns out that energy conservation plays a big role in showing global well-
posedness of NLS for even L? data as we will see below.

To study the global well-posedness of NLNLS, we look at results of global
well-posedness for NLS. Since the two equations are similar, it may be pos-
sible to adapt a method of showing global-posedness of NLS to NLNLS. As
for NLS, Killip-Tao-Vsian [48] showed global well-posedness for NLS in 2D
with radial L? initial data in the defocusing case, and in the focusing case

when the L2-norm is below a certain level. It turns out the method used
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there can be adapted to the case of NLNLS with some significant changes,
in particular due to the presence of the non-local term and the absence of
energy conservation.

As an understanding of Killip-Tao-Visan’s method is important for un-
derstanding the proof of our result, in the next subsection, we will outline
their method.

3.2.1 Outline of Killip-Tao-Visan’s proof of global
well-posedness of NLS for radial L? initial data in 2D

The idea behind Killip-Tao-Visan’s method is a proof by contradiction.
Following a method developed by Kenig-Merle [47], Tao-Visan-Zhang [84]

showed that if there is any solution which fails to scatter in the sense that

/ lu(x, t)|*dedt = oo (3.29)
I JR2?

where [ is its time interval of existence (so this includes solutions which
blow-up), then there exists such a non-scattering solution, of minimal L?-

norm, with interval of existence I and functions
N:I —R" and C:RT = R" (3.30)

such that for each t € I and n > 0,

lu(z,t)|* dz < n and / (e, t)2 de <n.  (3.31)

/|x>0(n)/N(t) [€1=C ()N (1)

Here, one can think of ﬁ as the spatial scale of u and N(t) as the frequency

scale.
Killip-Tao-Visan refined the above and showed that one can assume N :
I — R* belongs to one of the following three scenarios:

Soliton-like solution:

I=R and N(t)=1 forall teR (3.32)
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Self-similar solution:
I=(0,00) and N(t)=t"2 forall teT (3.33)
Inverse cascade:

I =R, liminf; , N(t) = liminf; ;oo N () =0 and su]gN(t) < oo. (3.34)
te
These solutions are referred as the three enemies by Killip-Tao-Vsian.

The solutions u above have a lot of structure. For example, the soliton-
like solution exists forever and is localized in space (N (t) = 1) while the
self-similar solution concentrates and blows up in one direction in time and
spreads out in the other direction of time (I = (0,00) and N(t) = t_%).
In fact, Killip-Tao-Visan showed this structure to be incompatible with the
NLS equation. They showed global well-posedness by ruling out each of the
three enemies case by case.

It turns out that the method showing the existence of the three enemies
when global well-posedness fails is quite general and can be applied to the
NLNLS case with some modifications. However, the method used to rule
out the three enemies depends on energy conservation and does not apply
to the NLNLS case.

Indeed, energy conservation is a key tool in ruling out these highly struc-
tured solutions. As the initial data wug is only L?, energy is not a defined
quantity. However, because the special solution u has the property ,
one can in fact control the H'-norm of u. The idea is that if one is able to
improve the regularity of the solution and show that the solution is in fact
in H', then energy will be defined and this has implications on how such a
solution should behave which are incompatible with the highly structured
solutions.

We will provide a very brief outline of how solutions are ruled out. For
this discussion, we consider only the defocusing NLS. This is because, as we

will see, NLNLS has a defocusing character.
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Ruling out the self-similar case

For the self-similar case,
N(t)=t"2 and I = (0,00). (3.35)

Here, the frequency scale N(t) is decreasing in time and it is possible to
show that v € H® for all s > 0. With this, the H! global well-posedness for
defocusing NLS says that such a solution is global, but this is not compatible
with the time of existence I = (0, 00).

The method above relies on the H! global well-posedness theory of NLS
which relies heavily on the energy, so this method will not adapt well to the
NLNLS case.

Ruling out the inverse cascade case

For the inverse cascade case,

N(t) £1, liminf N(¢) =liminf N(t) =0 and I =R. (3.36)
t——o0 t—00
As the frequency scale N (t) is bounded, it is possible to show that u € L H?
for all s > 0. With this, energy conservation and the Gagliardo-Nirenberg
inequality show that ||[Vul[z2 will be bounded away from 0. However, this
is not compatible with
liminf N(¢) = liminf N(t) =0 (3.37)
t——o00 t—o0
as it can also be shown that |[Vul[z2 — 0 along any sequence of ¢ where
N(t) — 0. This is a contradiction.
Just as in the previous case, the above method relies on energy conser-
vation to show the contradiction, so this will not adapt well to the NLNLS

case either.
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Ruling out the soliton case

For the soliton-like case,
I=R and N(t)=1. (3.38)
The idea is to consider the quantity

M(t)=2Im | ux-Vudz. (3.39)

R2
Here, the quantity M (t) is formally % Jxe 2?|u|?dz, the time derivative of
the variance of |u|?. However, the above quantity may not be finite for the
solution u. To make the above well defined, one has to add a smooth cutoff
function ¢r(r) which is zero outside a disk of some large radius R > 0 and

consider instead

Mpg(t) =2Im | ¢rux - Vudz. (3.40)
R2

Again, one can show u € L{°H}, so on one hand,
[Mr(t)] S Rllull2Vull2 S R (3.41)

but on the other hand, it can be shown that

%MR(t) = 8&(u) + error terms (3.42)

where the error terms are of size comparable to
2 2 2
HUHLQ(T>R)7 HVU||L2(7~>R) and ”uHL4(r>R)‘ (3.43)

Hence, using (3.31) with N(¢) = 1, and by choosing R large enough, the

error terms can be made to be much smaller than £, so
d
@Mg(t) >E>0. (3.44)

This contradicts with |Mg(t)| < R.
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Notice in the above, the preserved quantity, energy, is used to obtain a
lower bound of the first time derivative of the quantity Mpg. To adapt the
above to the NLNLS case requires an alternative way to obtain such a lower
bound.

3.2.2 Discussion of our proof of global well-posedness of

NLNLS for radial L? initial data in 2D

As mentioned in the previous subsection, just like in the NLS case, it can
be shown that when global well-posedness and scattering for NLNLS fails,
then there exists a solution u with the structure of one of the three enemies.
As in the NLS case, to show global well-posedness, we have to rule out the
three enemies. The following is a brief discussion of how this is done. The
complete proof will be given in the next section.

As mentioned in the previous section, the method used for the NLS case
to rule out self-similar solutions and inverse cascade solutions cannot be
adapted to our case due to the lack of a conserved quantity equivalent to
the energy for NLNLS. However, the method for ruling out the soliton case
is more general and has a chance of being adaptable to the NLNLS. To rule

out the soliton and the self-similar case, we consider the quantity

Mg(t) = QIm/ oRrqx - Vadx (3.45)
R2

just as in the NLS case. Recall that in the NLS case, conservation of energy
is used obtain a lower bound on the quantity %M r(t) in attempt to reach a
contradiction. Due to the lack of energy in NLNLS, we are forced to obtain
such a lower bound by using more delicate estimates on various norms of
the solution u. In the end, such a lower bound is obtained and soliton-like
and self-similar solutions are ruled out.

However, we are unable to obtain the more delicate estimates required to
bound %M r(t) from below for the inverse cascade case. The reason is that
such delicate estimates require fine control on the structure of the solution

u. In particular, we need to have very explicit knowledge of the structure
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of the spatial scale ﬁ (and the frequency scale N(t)). However, for the
inverse cascade case, such knowledge is not available. To get around this

difficulty, instead of using Mg, we consider a different quantity

P(t) = Im /O " (@g )b (ryrdr (3.46)

for some function ¥ which tends to zero at the origin, and tends to one at
infinity. It turns out that with this quantity P, we are able to construct
arguments to rule out the inverse cascade case just like in the soliton and
self-similar case. Details on how this is done will be given in the coming

section.

3.3 Proof of our result

We will provide details of the proof of our main result in this section. There

are five parts to the proof:

e Part 1:
The goal of this part is to reduce the global well-posedness problem
of the Schrédinger map equation into the global well-posedness prob-
lem of the NLNLS equation by transforming the Schrodinger map
equation into the NLNLS equation through the generalized Hasimoto
transformation. In later parts of the proof, we will establish global
well-posedness of NLNLS. In order to be able to translate the result
back to the original Schrodinger map equation, we will also need to
show we can translate a solution of NLNLS into a solution of the

Schrodinger map equation. The result of this part is Proposition

e Part 2:
The goal of this part is to develop the local well-posedness theory
which part 3 relies on. The result of this part is Proposition [2|

e Part 3:
The goal of this part is to show if global well-posedness and scattering
of NLNLS fails, then NLNLS admits solutions, called almost periodic
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solutions, having explicit structures in terms of the spatial scale and
frequency scale. It is further shown that in this case, NLNLS admits
solutions of the soliton-type, inverse cascade type or self-similar type
(the three enemies) as discussed in the previous section. The result of

this part is Proposition

e Part 4:
The goal of this part is to show the three enemies given in the previous
part have more regularity than originally entitled to due to the extra

structure. The result of this part is Proposition 4.

e Part 5:
The goal of this part is to rule out the possibility of the three enemies.
The details of this part will be given in Subsection [3.3.5

Once the three enemies have been ruled out, by the contrapositive of
proposition[3, NLNLS must be global. Then by Proposition|1], the Schrédinger
map under consideration must be global. This shows Theorem

The propositions for the five parts are given below:

Proposition 1. There is a map i@ — q = q[u] from radial maps with 4(r) —

k € H2(R?) to complex radial functions q(r) with w(z) := e®q(r) € H(R?)
((r,0) polar coordinates on R?) such that if ii(r,t) is a (radial) solution
of (3.1), then q(r,t) = q[d] is a (radial) solution of (3.15). Further, the H'

and H? norms of Vii and w = eq are comparable:

{ lw(®)llzr 2y S IVEE | prr 2y + IVED) G2 g2y (3.47)

IVa@)| ey S ()l e g2y + 1w ()11 g2

{ lw(®)lla2(rey S NVEWE) 2 re) + VA5 g2 (3.48)
Va2 < o)l rzge) + w(b)13 g2

Moreover, the map @ — q is one-to-one: given two radial maps @4 and @P
as above, if the corresponding assoczated complex functions agree, ¢* = ¢7,

then so do the original maps, @4 =
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Here, we consider w(z,t) = eq(r,t) to handle the term % in NLNLS.

The corresponding equation for w is

o0 2 1
iwy = —Aw + / Mdp — —|w|* | w. (3.49)
p>la| P 2

Proposition [1| will be proved in the Section |3.3.1

Proposition 2. 1. For each qo € L?, (3.15) has a unique solution q €
C(L; L*) N L} (I; L*Y) on a mazimal (and non-empty) time interval

loc
I = (Thwin, Tmaz) 2 0 (possibly Tpin = —o0 and/or Thee = 00),

which conserves the L? norm.

2. If Tinaz < 00, then [|q|| a0, 100);24) = 0© (an analagous statement
holds for Tpin )

3. If Tnaz = 00 and ||ql| 3 (jo,00);1) < 00, then q scatters as t — +o0 (an

analagous statement holds for t — —o0).

4. The solution at each time depends continuously on the initial data.

Further, the solution has the “stability” property as in Lemma 1.5 of
148]-

5. If |lqol| 2 is sufficiently small, the solution is global (I = (—o0, o0))
and [|q|[ L1 (g, L) < oo

Proposition [2| will be proved in the Section [3.3.2}

Proposition 3. If there is any L? data for which global well-posedness (or
merely scattering) for (3.15) with radial L? initial data fails, then

1. there exists a non-zero solution w of NLS with interval of existence I

and functions
N:I—R" and C:RT = R (3.50)
such that for each t € I and n > 0,

/ lu(z,t)|? dz < n (3.51)
|2[>C(n)/N (t)
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and

/ e, o) de < n. (3.52)
|€|>C(n)N(t)

2. We may assume q falls into one of the following three cases

e soliton-type solution: I =R and N(t) =1
o self-similar-type solution: I = (0,00) and N(t) =t~ /2
e inverse cascade-type solution: I =R, N(t) < 1, liminf, ,_ N(t) =
liminf; oo N(t) =0
Proposition [3| will be proved in the Section [3.3.3|

Proposition 4. If a solution g of NLNLS belongs to one of the soliton-type,

the self-similar-type or the inverse cascade-type, then
w(z,t) = eq(r,t) € H*(R?) (3.53)

for every s > 0 and t € 1. Furthermore in the soliton and inverse cascade
cases,
w € L H*(R?) for each s > 0. (3.54)

Proposition 4| will be proved in the Section |3.3.4.

3.3.1 Equating the Schrodinger map equation and the
NLNLS equation

The goal of this section is to prove Proposition |1 The idea is to use the gen-
eralized Hasimoto transformation to translate the Schréodinger map equation
into the NLNLS equation. The generalized Hasimoto transformation works
as follows. First, given a solution @ of , for each fixed time t, we will
build a frame {e1(r,t),ea(r,t)} in the tangent space 7; ﬁ(r7t)82. We will show
how this is done below.

As 1, and 4; are in Tﬁ(nt)SQ, we can express them as

Uy, = q1€1 + ga€z and Uy = p1€1 + paey (3.55)
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where ¢1, ¢q2, p1 and po are real valued functions of . Now, define
q=q +ig2 and p = p1 +ips. (3.56)

Then ¢ and p are complex valued functions of r. Here, as 4 evolves over
time, ¢ does so as well. We will show here that a particular choice of the

frame €1, e> leads to the NLNLS equation.

Building the frames

Following [16], given a radial map u(r) € k + H*, we want to construct a

unit tangent vector field, parallel transported along the curve @(r) € S%:
e(r) € Tﬁ(r)SQ, lel =1, D,e(r)=0, (3.57)

where here D denotes covariant differentiation of tangent vector fields: given
£(s) € Ty)S?,

D.E(s) = Pr, 520:(s) = 0:E(s) + (Byii(s) - £(5))ii(s) € Ta)S%.  (3.58)

Since we have fixed the boundary condition (at infinity) u(r) — kasr — oo
(at least in the L? sense), we fix a unit vector in T3S?, say i = (1,0,0) to be

the boundary condition for € (at infinity) and write

~

ery=Ti+eé(r), ia(r)=k+a(r) (3.59)
so that the parallel transport equation D,e = 0 becomes
& = —(ar - [i +e(r))(k +a) = —(@)rk — (@-&)d — (a-i)a, (3.60)
which we will therefore solve in from infinity as

&(r) = —an (r)k + / h {(a(s) L &(8))@(s) — (@ (s) -z’)ﬁ(s)} ds =: M(&)(r)
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by finding a fixed point of the map M in the space XI% = der([R, o0); R?)
for R large enough. To this end, we need the simple estimate
Lemma 3.3.1.

I sl < 161y, oo = 11y, (3.62)
Proof. First by Holder, for r > R,

| [ fl)dsl =1 [ —f(s)sds| < I fllxy (3.63)

Next, setting F/(r) := [ f(s)ds so F' = —f, we have F2(r) = 2 [ F(s) f(s)ds,
so changing order of integration and using (3.63),

S

1P =2 [ rar [T Foyseas <2 [ 1E@IF)s [ i

R
S/ [ (s)ls]f(s)]sds < sup(r|F () fllxg < £ 11lxz
R r>R
(3.64)

and the proof is completed by taking square roots. ]

Now we may use Lemma to estimate the map M:

IN

1M (@)| 2, [allxz, + Nals)[(e(s)] + @ (s)Dllxy,

liall s, + Nl e, + lallxz el

IN

Since @ € H'(R?), there is Ry such that for R > Ry, ||11HX12_{ < 1/3 and

Nl s sl 2, < 1/3, so
lelxz <1 = M@y <1, (3.65)
that is, M sends the unit ball in X}Q% to itself. Also, for any é4, é8 € X%,

~ ~ . ~ ~ 1. ~
IME) = M) < lallxg e = e8llxg < 51t = eBllxg,  (366)
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so M is a contraction on the unit ball in X%%, hence has a unique fixed point
there.

Using @ € H%(R?), it follows from (3.60), that é. € X%, é/r € X3,
and, after differentiating once, €, € XIQ%. In particular, € is continuously
differentiable, so a genuine solution of (3.60).

Now we may simply solve the initial value problem for the linear ODE
from r = R (with value é(R)) down to r = 0 to get € on (0, 00). Estimates
as above imply that that é € H?(R?) (and in particular is continuous, and
defined at r = 0). It is easily shown that if, in addition, @ € H3(R?), then
€ € H3(R?).

So we have constructed a solution €(r) = 7 + é(r) of D,& = 0. It then
follows directly from this ODE that 0, (u(r) - €(r)) = 0 and 0,(e-€) = 0 and
hence that €(r) € Ty,1S* and [é(r)| = 1. So we have (3.57).

The generalized Hasimoto transformation

Recall that we have

Uy = q1€1 + q2€2 and Uy = p1€; + paea (3.67)
and
q=q +ig2 and p = p1 +ips. (3.68)

We would like to find an equation governing the evolution of q.
To do so, we rewrite (3.1) as

- - 1
Uy = —J <D;‘ + ) Up. (3.69)
r
Expressing the above in terms of ¢ and p, we get

p=—i(0r + —)q. (3.70)

r

We would like to eliminate p from the above. To do so, we use that the fact
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that D%y = D, and this gives
dyp = (0 +iT)q where D&, = Té,. (3.71)

If we take partial derivative with respect to r on both sides of (3.70) and
eliminate 0,p with the above, we get that

1
@ +iTqg = —i(A+ )g. (3.72)

Other than T which is yet to be determined, the above is an evolution

equation for ¢q. Further computation shows that T satisfies the equation
1 1
(T + 5laf*)r = =l (3.73)
r
which we can integrate to get
1 o] 2
T=—Z|q +/ la(p)” dp. (3.74)
2 r p

Putting everything together, we arrive at our evolution equation for ¢

. 1 < 1q(p,t)|? 1
i = =0+ o+ ([0, D) o (3.75)

Here, (3.75) is the result of the Schrodinger map equation after the gener-

alized Hasimoto transformation.

Equivalence of norms

We have
U = qe+ q@Je=:qoe (3.76)

(the last equality just defines a convenient notation), so

lq| = ar|, (3.77)
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and since D,e =0,
¢r0€=D,(qo¢&) = Dyil, = iy, + |0,|*@ (3.78)

SO
s A R e [ 1/ R 1 (3.79)

Setting w(z) = €q(r), and taking norms:

lwll g2y S NarllzHla/rlie STl 21T 171G /7l S IVl @) +HIVEF ge)
(3.80)
(using a Sobolev inequality at the end). And in the opposite direction,

IVl g ey S NGl 2 +Hll@/rlle S llaell o HlallZ e la/r e S lwlla gy +lwlFn ge)-
(3.81)

These last two inequalities give (3.47). Taking another covariant derivative

in r and proceeding in a similar way yields (3.48]).

One to one

Suppose @4 (r) and @5 (r) are two maps in k+ H? (R2), and let e4(r), €B(r),
and ¢(r), ¢®(r) be the corresponding unit tangent vector fields, and com-
plex functions (respectively) constructed as above. If we also denote ]? = Je,

we have the linear ODE system

p a 0 @1 ¢ i i
e e|l= -a 0 O e | =A@ | e (3.82)
f - 0 0 f f
Suppose now that ¢“(r) = ¢®(r) =: ¢(r). Then we have
it aP
W= et | -| e& | e H*R?, W, = A(QW. (3.83)
s ®
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Applying the estimate of Lemma [3.3.1], we find

HWHL%dT[R,oo) < CHWTHL;dT[R,oo) < CHQHLde[R,oo)HWHLde[R,oo)- (3.84)

Choosing R large enough so that HqHLng[Rm) < 1/C, we conclude W = 0
on [R,00). Then standard uniqueness for initial value problems for linear
ODE implies W (r) =0 for all r. O

Together, the above steps complete the proof of Proposition

3.3.2 Local theory of NLNLS

Much of the result of Proposition 2| follows from [14], [13] (also see [26]).
Following [26], part 1, 2, 3 and 5 of Proposition 2| holds for the equation

iug = —Au+ f(u)

(3.85)
u(z,0) = uo(z) € L*(R?)
where the nonlinearity f: L? N L*(R?) — L* (R2)L%(R2) satisfies
f(0)=0 (3.86)
and
190 = F@), 50,8 ey S (lellzass + Rellpaps)llu—olags (387

for any I € R and u,v € L*(I,L*(R?)). For example, the nonlinear term

f(u) = |ul?uv in NLS satisfies (3.86)) and (3.87). Adapting this to our case,
suppose ¢ is a solution to NLNLS, we will let w(z,t) = e?q(r,t). The

equation for w is equation (3.49)). We will let

(7 menE 1L
g(“’)‘</|p|>|x|p do— 3 |> | (3.88)
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Then g satisfies (3.86). To check that g satisfies (3.87)), we use a Hardy-type

inequality for radial functions

If ) ize S llrfrlle, 1<p<oo (3.89)
which gives

w(y)[?

() ?
o / dyll ass < leollue]
wilel Y2 La yI>r
8 ood 27
Sholilrg [75 [ 0Pl
21 5 3
= ol e /0 w(r, )26l S lwlds. (3.90)

Using the above, we get

lwi ()| w2 (y)[?
le fly\zr lyl* dy — wy f|y|27' v dy‘ 14/ (3.91)
S [lonliZy, + wnliZy ] = wallg,. (392

Since the cubic term 3 |w|?w satisfies (3.87) by the Hélder inequality, we see

that ¢ satisfies (3.87).

Finally, part 4 of Proposition 2| follows from [84, Lemma 3.6] by adapting
their proof with our nonlinearity g defined by (3.88).

3.3.3 Reduction to the three enemies

The goal of this section is to show Proposition 3. A version of Proposition
for NLS has been proven: part 1 of Proposition |3| for NLS has been proven
by [84] and part 2 by [48)].

Consider the equation
iug = Au+ f(u). (3.93)

When f(u) = |u|?u, equation (3.93)) is the defocusing NLS equation and
when f(u) = <f°o Mdp — %\u]2> u, equation (3.93) is the NLNLS equa-

T
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tion with u = €%q. In both cases, the nonlinearity of is cubic. Fur-
thermore, in both cases, has the same invariances such as translation,
phase, Galilean transform and scaling. We should mention that for the NLS
case, the u in is radial while for the NLNLS u is not. Our strategy
in proving Proposition 3 is to follow the proofs in [84] and [48] line by line
and only modify lines of their proofs to account for the differences between
NLNLS and NLS.

The proof of [84] on part 1 of propositionfor NLS depends very little on
the exact structure of f(u) other than that it satisfies the various invariances
mentioned above. In places where estimates on f is needed, equation [3.90|
can handle the task.

The proof of [48] on part 2 of Proposition |3/ for NLS depends even less
on the structure of f(u) other than that it satisfies the various invariances
mentioned above. As a result, our proof for part 2 of Proposition [3] follows
line by line from that in [48].

3.3.4 Extra regularity

The goal of this subsection is to prove Proposition [4. A version of Proposi-
tion 4 has been proven by [48] for NLS. As in Section [3.3.3} our strategy is to
follow their prove line by line and only modify the parts needed to account
for the differences between NLS and NLNLS, mainly in places where the
nonlinearity or the radial symmetry come into play.

The proof comes in two parts. The first part proves concerning
the regularity of self-similar solutions while the second part proves

concerning the regularity of the soliton and inverse-cascade solutions.

Regularity of self-similar solutions

Let us briefly outline Killip-Tao-Visan’s proof of (3.53) for NLS. Readers
looking for more details should read Section 5 of [48]. Here, the idea is to

prove

M(A) Sgp A0 (3.94)
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3.3. Proof of our result

for every s > 0 where
M(A) == sup e -3 (Dl 22 2)- (3.95)
To achieve this, Killip-Tao-Visan considered two more quantities
S(A) = sup lu_ -3l (r2m<me) (3.96)

and

N(A)s=sup | P_ ) (F(u) (3.97)

4
T>0 L3, ([T,2T|xR?)

for A > 0. In the above, F is the nonlinear term, so F(u) = |u|?u for the
NLS case.
Then following mass conservation, properties of self-similar solutions and

basic estimates, one gets that for all A > 0
M(A)+S(A)+N(A) S, 1 (3.98)
and
S(A) S M(A)+ N(A). (3.99)
To show (3.94)), Killip-Tao-Visan proved the following lemma:

e (Lemma 5.3 of [48])
N(A) <. s<§)\/2+ A—%[M(g) +N(§)] (3.100)

for all A > 100.

e (Lemma 5.4 of [48])

lim M(4) = lim S(4) = lim N(4) =0 (3.101)

A—o0

e (Lemma 5.5 of [48]) Let 0 < n < 1. If A is sufficiently large, then

A

o)t A0 (3.102)

M(A) <nS(
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3.3. Proof of our result

item (Corollary 5.6 of [48]) For any A > 0,

M(A) + S(A) + N(A) S, A0, (3.103)

Equation (3.94) follows by iterating (3.103|) using (3.100).

We would like to adapt Killip-Tao-Visan’s proof to our case for w(z,t) =
¢%q(r) where ¢ satisfies the NLNLS equation (3.75)). As w is not radial and
the NLNLS has a non-local term, a few places of Killip-Tao-Visan’s proof has
to be changed to accommodate for this. We will now highlight the changes.

First, the key in showing is a decomposition of w into high-,

medium-, and low-frequency components:

W = Wy (4/8)7-1/2 + w\/ZT*1/2<~§(A/8)T*1/2 + W JAT—1/2" (3.104)

Here, since N depends only the projection of the nonlinearity onto high

frequencies P F(u)), for the cubic nonlinear F(u) = |u|?u, under

o ar-3
(3.104), any term made up of solely low frequency terms will not contribute
to N. The non-local nonlinearity behaves well with respect to frequency

decomposition as well. Denoting

9] dp
1 = — .
(D= [ 10 (3.105)

for a radial function f(r), we have x - VI =rl, = —f, so

f==Ve &l =gl oglel’T (3.106)
and ) -

(&) = =z [ fnDInldn]. (3.107)

€12 Jie)

Hence if f is frequency localized in a particular disk, so is I(f). So after
decomposing w as in , one can assume, exactly as in Killip-Tao-Visan,
that each term of the resulting expansion of the high frequency projection
of the nonlinearity, Ps a7_1/2(wl(|w|?)), must somewhere include the high

frequency component W, (4/8)T7-1/2- As an aside, we should also note that
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3.3. Proof of our result

this decomposition preserves the form of function w(z) = ¢®q(r) (each term
is e multiplying a radial function).

The estimates in Lemma 5.3 then carry over, using as needed,
with one exception: the use of the bilinear Strichartz inequality to estimate
nonlinear terms containing two low-frequency factors. The problem occurs
in the non-local nonlinear term when the high-frequency factor falls outside

the integral, as in
w asgyr-1/2 ([we a1y ). (3.108)

This term does not involve a (local) product of a low-frequency and a high-
frequency “approximate solution” of the Schrodinger equation, and so it is
unclear how to apply the bilinear Strichartz estimate to it.

We can get around this problem by replacing the use of bilinear Strichartz

with an application Shao’s Strichartz estimate for radial functions [65]
HPNeitAfHLg’t(RXRQ) SNV £l 2 ge), q>10/3 (3.109)

plus a Bernstein estimate.

Remark 2. Note that is for radial functions, while our functions are
of the form w(z) = e?q(r). In fact it is easily checked that Shao’s argument
applies also for such functions — it is essentially a matter of replacing the
Bessel function Jy with J;, which has the same spatial asymptotics (and
better behaviour at the origin). The same is true for the weighted Strichartz
estimate [48, Lemma 2.7], which is also used in the [48] argument we are

following.

Indeed, since I(Jw<ps|?) is frequency-localized below M, applying Hélder,
Shao, Bernstein, and Hardy, we have, for any 10/3 < ¢ < 4

A A 4

|1 Pye f”Li{f S HIHLB%IHPM?“ fllpa, < M

x,t

4_1
M\ a 2
== P
<N> IIwSMl\Ltﬁgg L III N fllzz,

-1 1—4
I N P
| ||L?%Lq% || Py f|l 12

x

(3.110)
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3.3. Proof of our result

and the middle factor is a Strichartz norm, so is bounded by a constant.
By this argument, using also the inhomogeneous version of (which
follows in the usual way), and replacing Py by P>y (which follows easily
by summing over dyadic frequencies), we can finally arrive at the nonlinear
estimate , albeit with a slower decay factor A~(2/¢=1/2) replacing
A~Y* (notice 0 < 2/q — 1/2 < 1/10). This lower power does not matter,
however, and the remaining estimates, , and , carry
through, establishing .

Regularity of soliton and inverse-cascade solutions

Let us briefly outline [48]’s proof of for NLS. Readers looking for
more details should read Section 6 and 7 of [48]. Here, the idea is to split
the solution wu(¢) into incoming and outgoing waves and express the solution
u at time ¢ as a sum of incoming waves integrated over the past and outgoing
waves integrated over the future following the Duhamel formula.

In Section 6 of [48] defined the projection PT onto outgoing spherical

waves to be
(P = 5em [ (el Rl @) ey (31)
R2xRR2

Here, H(()l) is the Hankel function of the first kind and order zero and Jy
is the Bessel function of the first kind. The projection P~ onto incoming
spherical waves are defined similarly.

Our proof for essentially follow that of [48] but we need to modify
the definitions of Pt and P~ as our function w = eq(r) is not radial.
These projections are defined analogously for functions w(z) = e“q(r) by
simply replacing the Bessel (and Hankel) functions of order zero with those
of order one: Jy — Ji, Hy — Hf'. It is easily checked that these (new)
projections obey the kernel estimates listed in Proposition 6.2 of Killip-Tao-
Visan, essentially because J; and H; have the same behaviour as Jy and
Hj away from the origin [48, eqns. (77), (79)]. (At the origin, J; is better

behaved, while H; is worse — though this plays no role in the estimates.)
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3.3. Proof of our result

Given this, the subsequent estimates of Section 7 of Killip-Tao-Visan all
carry over to our case, as above using where needed to estimate the
non-local nonlinearity, to establish w € L{°H; for any s > 0.

This shows and completes the proof of Proposition .

3.3.5 Nonexistence of the three enemies

We will rule out each of the three enemies in this section. As before, we will
let
w(z,t) = eq(r,t). (3.112)

We will use a lower bound which follows easily from the compactness:

Lemma 3.3.2.
IVw(, )2 gy ~ lar (5 Ol72 + laC,8)/rll72 2 N2(2). (3.113)

Proof. First rescale q(r,t) = N(t)v(N(t)r,t), and set w(zx,t) = ev(r,t),
so that the estimate we seek is ||[Vw(-,t)||z2 = 1. If this fails, then for

some sequence {t,}, Wy(r) := w(x,ty,), satisfies ||Vy| r2@r2) — 0. Since
|n||r2 = const., we can extract a subsequence (still denoted w,) with

Wy, — 0 weakly in H!, and strongly in L? on disks. By the compactness, on

the other hand, for any 0 < n, [|Wn|L2(fjz|>C(n)}) < 7, & contradiction. [

The soliton case

Here I =R and N(t) = 1.

The main tool is a spatially localized version of the virial identity

dgl/oor2|q(r t),%«d?«:/oo 4‘qr‘2+4ﬁ+‘q|4 rdr (3.114)
dt22 0 ’ 0 T2

. For a smooth cut-off function

P(r) >0, ¥»=1o0nl0,1), ¥ =0on [2,00), (3.115)
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3.3. Proof of our result

and a fixed radius R > 0, define ¢r(r) := 9(r/R), and the quantity

Ir(q) == /OOO rIm(qq,)pr r dr, (3.116)

a function of time. By straightforward calculation we have

Lemma 3.3.3.

d o lq]?
iy 9 7‘2 ol - 4
o r(q) = /O {!q! +3 +4!fJ\

2
# (1o + 045 q|4> (ba—1)

3P (3.117)
2 24" L, 4
+ (I = 21— Jatt) rtom,

5q|? Llgf 4

_gﬁr2(¢3)w —1 27 P2 (@R)rrr ¢ T dr.
From Proposition |4 we have for each s > 0, and for all ¢,

Fix n > 0, and let R = 2C(n) so that, since N(t) = 1,

/ lw(z, t)’dz < n (3.119)

|z|>R/2

for all ¢. Multiplying w by a cut-off function 1 —(2r/R), and interpolating

between (3.119) and (3.118) with s = 2 (and using a Sobolev inequality)
yields

> 2 ’CI‘Q 4 2, 1y 1/2
[ a4 Jlal* [~ o UVl glul* p de S0,
T[>

(3.120)
and so using |1 — ¢g|, |7(dr)r|, [72(PR)rr]s 172 (OR)rrr| < 1 in (3.117), we

arrive at

d oo q
el = 2/ {qu2 lal® ’ |q|4} —ont/2, (3.121)
0 7“
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3.3. Proof of our result

By Lemma then, since N(t) = 1, and for 7 chosen small enough,

d
_ >
glr@) 2 1. (3.122)

On the other hand,
Ir(a)| S Bllallz2llarllrz S RCh. (3.123)

These last two inequalities are in contradiction for sufficiently large ¢, and

so the soliton-type blowup is ruled out.

The self-similar case

Here I = (0,00), and N(t) = t~1/2.

Again we use , but in this case, we need a stronger bound on the
Sobolev norms — in fact, bounds which match Lemma Such bounds
follow from the regularity estimate of [48], in the self-similar case, as adapted

to our non-local nonlinearity in Section [3.3.4}

Lemma 3.3.4. For any s > 0,

sup [ BENPIE < CoA™,  A> Agls). (3.124)
t€(0,00) J|¢|>At—1/2

As a consequence,
(-, )] o gray S 87°% = [N (D)) (3.125)

Indeed, after re-scaling w(x,t) = N(t)w(N(t)x,t), equation (3.124) reads
/ (&, 1)|*dE < C,A™ (3.126)
1€1>A

for all ¢, from which follows ||| ;. < 1, and thus (undoing the scaling) (3.125)).

~y

Now fix a small > 0, and large 7. A (localized) interpolation (just as
in the soliton case) between (3.125) with s = 2 and the L? smallness from
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3.3. Proof of our result

compactness, gives

& 2
q? 1
/20( VN {|qr|2 " |r|2 - 4|q‘4} rdr S0 wll g gy S 0N (0)?
n
(3.127)

Using this, with 1 small enough, and Lemma 3.3.2 in (3.117), we find, for
t <T,and R=2C(n)/N(T) > 2C(n)/N(t),

L Inla) 2 N7(0) = -, (3.128)
and hence for T' > 1,
T
In@)(T) 2 In@(V) + [ 5 2 og(T). (3129)
1
On the other hand
Ia()(T)) < Rla(ll e la(T)l g < %N(T) —C().  (3.130)

The last two inequalities are in contradiction for 1" large enough, and so the

self-similar-type blowup is ruled out.

The inverse-cascade case

Here I =R, N(t) S 1, and liminf; , o N(t) = liminf; ,oc N(t) = 0.

The main tool is a variant of the Morawetz identity. Set

vir) =

4r—r2  0<r<i1
{ e "= (3.131)

6-2+4 1<r<oo

r
It is easily checked that for r € (0, 00),

o 1) c(C3

e <y <6

° Y >0

o a(r) = gt + 5% = 1rr — 577 > 0
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P(q) := /000 Im(qqy )y (r)r dr. (3.132)

For solutions of (3.15]), an elementary computation gives:

Lemma 3.3.5.
d > lq? (1 14 A
—P = 29y r2 5 o -\ r .
FP@ = [ L2000 + o)+ (3800 + 12+ ol ar >0
(3.133)
Note that since |¢(r)| < 1,
1P S llallzzllgrlicz < lgrllze- (3.134)

Next recall that for some sequences t, — —oo, T, — +oo, N(t,) — 0
and N(T,,) — 0. It then follows easily from the definition of N(¢) that

llgr(tn)ll 2 — 0 and ||gr(T5)|| L2 — 0. Hence by (3.134)),
P(q(tn)) — 0, P(q(T},)) — 0. (3.135)

If P(qo) > 0, then (3.133) implies P(q(t)) > 0 and increasing for ¢ > 0,
while if P(qo) < 0, then (3.133) implies P(¢(t)) < 0 and increasing for
t < 0. In either case, (3.135) is contradicted. This rules out the inverse

cascade-type blowup.
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Chapter 4

Concluding chapter

In this thesis, we showed two results. First, we established asymptotic sta-
bility of small ground state solutions to the three dimensional nonlinear

magnetic Schrédinger equation
iug = (iV + A)2u + Vu + g(u), u(z,0) = ug(z) (4.1)

for the case where the operator (iV + A)? + V has exactly one eigenvalue.
Recall that when g = 0, equation (4.1)) models a quantum particle in the
presence of a electric potential V' and a magnetic potential A. Here, g(u) =
|u?|u is the nonlinear term. In the absence of g, equation is linear
and the time evolution of its solution is well understood. In the presence of
g, self-interactions of the solution make the behaviour of the solution more
complex and much less well-understood.

When A = 0, asymptotic stability results have been established by many
authors (such as [68], [10], [87], [86], [70], [40], [50] and [57]) for cases where
—A 4+ V has one or more eigenvalues. Our result is the first with the pres-
ence of a magnetic potential. Stability results are important from an appli-
cations perspective. For example, if a bound solution is not stable, it would
be difficult, if not impossible, to observe it experimentally or simulate it nu-
merically. The reason is that any imprecision in the initial conditions would
result in a state of the system far away from the bound state.. Furthermore,
our result can be viewed as an attempt to partially understand the time
evolution of solutions more generally. Viewed slightly differently, our result
gives the asymptotic behaviour of a solution with initial data small in H?'.
Our result states that if the initial data is sufficiently small in H!, then as

t — oo, the solution u will be composed of a bound state and a dispersive
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part.
One natural extension to our result is to consider the more complex case
where (iV + A)? +V has two or more eigenvalues. Another extension is to

consider other types of nonlinearities such as a convolution type nonlinearity

o) = (PP = ([ Fle =l dy)

arising in a Hartree-type equation.
Second, we established global well-posedness for the Schrodinger map
equation
Uy = U X Ad (4.2)

into the 2-sphere for radially symmetric initial data in two dimensions.
Equation models the time evolution of magnetization in an isotropic
magnetic material in the absence of external magnetic field and energy dis-
sipation. When the spatial dimension is one, it is known by [16] that H'
solutions of are global. However, when spatial dimensions are higher
than one, global behaviours of solutions to are not well understood.
For two dimensions, it has been known by [16] that solutions to with
sufficiently small energy are global. However, it is not clear what the long
term behaviours of solutions with arbitrary sized energy are. Our result
shows that radial solutions of arbitrary sized energy are global. Very re-
cently, [55] showed, in two dimensions, certain solutions of blow up in
finite time. However, much work still remains to be done in this area before
the complete picture of the global behaviours of solutions to can be
understood. In particular, one would like to understand the conditions on
initial data that lead to global solutions as well as conditions that lead to
blow up solutions. This is still an open problem.

Another extension is to consider the Schrodinger map equation in higher
dimension such as n = 3. A crude scaling argument suggests that blow up
solutions should be possible. However, so far, the construction of blow up

solutions is still an open problem.
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