THE EXACT TAIL ASYMPTOTICS
BEHAVIOUR OF THE JOINT STATIONARY
DISTRIBUTIONS OF THE GENERALIZED
JOIN THE SHORTEST QUEUEING MODEL

by
ZAFAR ZAFARI
B.Sc., Amirkabir University of Technology (Tehran Polytechnic), 2010

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR THE DEGREE OF

MASTER OF SCIENCE
n

THE COLLEGE OF GRADUATE STUDIES
(Mathematics)

THE UNIVERSITY OF BRITISH COLUMBIA
(Okanagan)
April 2012
(©Zafar Zafari, 2012



Abstract

Parallel queueing networks have advantage over single server queue-
ing networks, because when some servers simultaneously serve the
customers in the line, the efficiency increases. Therefore, in the real
world parallel queueing servers such as computer networks and mul-
tiple parallel processors, have become common. Since then many
scientists have been studying the analysis of parallel queueing net-
works to give the exact practical models for the real world queueing
problems.

One of the topics in parallel queueing networks is the two-dimensional
random walk, which recently have been studied by many scientists.
The formulation for a random walk model in the first quadrant has
been already studied by Fayolle, Malyshev and lasnogorodski [19].
In this thesis I extend the formulation of a general random walk
model to the half plane, including the first and fourth quadrants,
and by using kernel method and Tauberian-like Theorem I inves-
tigate the exact tail asymptotic behaviour of the joint stationary
distribution of the generating functions.

In addition, I apply the results of the formulation of a general ran-
dom walk model in the half plane to the Generalized-JSQ model,
which is a queueing system with two parallel servers that have three
streams of arrivals, two of which are dedicated to each servers, and
the third one joins the shorter queue. Suppose that arrivals are
independent Poisson processes, and service times have identical ex-
ponential distributions. Although this queueing model has been al-
ready studied by Zhao and Grassmann [75], and M. Miyazawa, [56],
in this thesis I will use a different method named kernel method
to investigate the exact tail asymptotic behaviour of the generat-
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ing functions. The kernel method is simpler and faster than other
methods, since in this method we are not dealing with the explicit
expressions in terms of generating functions, but we only discuss
the dominant singularity and its location.
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Chapter 1

Introduction

1.1 Motivation and Contribution

Previously, the formulation for a random walk model in the first
quadrant, (x > 0,y > 0), was studied by Fayolle, Malyshev and
lasnogorodski [19]. In chapter 3 of this thesis I will extend the
formulation of a general random walk model to the half plane, in-
cluding the first quadrant (z > 0,y > 0) and the fourth quadrant
(x > 0,y <0), and by using the kernel method and Tauberian-like
Theorem I investigate the exact tail asymptotic behaviour of the
joint stationary distribution of the generating functions, which can
be used as a reference for the one who is interested in analysing any
random walk model in the half plane.

In addition, in chapter 4, I will apply the result of the formulation
of a general random walk model in the half plane to a real queueing
model, the Generalized-JSQ, which is a queueing system with two
parallel servers that have three streams of arrivals, two of which are
dedicated to each servers, and the third one joins the shorter queue
upon arrival. We assume that arrivals are independent Poisson pro-
cesses, and service times have identical exponential distributions.
Although this queueing model already has been studied by Zhao
and Grassmann [75], and M. Miyazawa, [56], in this thesis I will
use a different method named the kernel method, which is a sim-
pler and faster method for investigating the exact tail asymptotic
behaviour, due to the fact that in the kernel method we are not



dealing with the explicit expressions in terms of generating func-
tions, and we only discuss the dominant singularity and its location
compared with other singularities to figure out that how far we may
expect to extend the radius of convergence in generating functions.

1.2 Literature Review

Parallel queueing networks have advantages over single server queue-
ing networks, because when some servers simultaneously serve the
customers in the line, the efficiency increases. Therefore, using
parallel queueing servers such as computer networks and multiple
parallel processors has become common. As a consequence many
scientists and engineers have been studying parallel queueing net-
works in order to give the exact practical models for these queueing
problems. We will see some of the works done in this area in the
following paragraph.

In the early 1960s and 1970s, the diffusion approximation method
for queueing systems has been discussed by Cox and Miller [13],
and later on by Gaver [30]. In 1990-1991 Adan et al. [3] intro-
duced the compensation method which was useful for some spe-
cific two-dimensional queueing models. In 1987 and 1990 Blanc
[7], and in 1988 Hooghiemstra, Keane, and Van de Ree [35] pro-
posed a new technique which was based on the power-series expan-
sion of the state probabilities. In 1995 B. Blaszczyszyn, A. Frey,
and V. Schmidt [5] applied the factorial moment expansion in or-
der to get the approximate formula for stationary characteristics
of the multi-server queue with Markov-modulated arrival process
and FIFO (first in first served) discipline. In 2005 the large devi-
ation method was applied to modified Jackson Network by Foley
and David R. McDonald [15], which is a good tool for analysing
the multi-server queueing models. Later in 2008 the large deviation
method was used on infinite dimensional stochastic dynamical sys-
tems by Amarjit Budhiraja, Paul Dupuis and Vasileios Maroulas [6].
In the first years of 1970s, V. A. Malyshev [60] [61] [62], and also in
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1977 L. Flatto and H. P. McKean proposed the generating function
method in order to get the asymptotic behaviour of the stationary
probabilities of a random walk in the quarter plane containing the
points with integer coordinates, Z2 = {(i,j) : 4,7 =0,1,2,..}. In
1994 J. W. Cohen [11] used the generating function method in two-
dimensional random walk. In 1999 G. Fayolle, R. Iasnogorodski, and
V. Malyshev [19] published a book called “Random Walks in the
Quarter-plane”, in which they have applied many different mathe-
matical tools in order to get the explicit expressions for generating
functions of the two-dimensional random walk in the quarter-plane.
Halfin [34], Mitzenmacher [63], and Winston [73] have been gain-
ing valuable results for the parallel queues. Although over the past
years many researchers have published papers in the area of par-
allel queues, still JSQ model has lots of problems that need to be
worked on. Some work has been done on the stability problems of
the JSQ model including Foley and McDonald [16], Foss and Cher-
nova [27] [28], Kurkova [44], Sharifnia [66], Suhov and Vvedenskaya
[67], Tandra, Hemachandra and Manjunath [69], Vvedenskaya and
Suhov [71], Vvedenskaya, Dobrushin and Karpelevich [72].

1.3 Organization

In chapter 2 of this thesis, I will give some basic definitions and
concepts relating to queueing systems; In addition, I will go through
the two-dimensional random walks, generating functions, stability
conditions for a random walk model, and the analysis of kernel in
a fundamental form. Moreover, some real world queueing examples
are given for each area. In chapter 3, I will get the formula for
analysis of the exact tail asymptotic behaviour of the stationary
probabilities in a general two-dimensional random walk model in
the first and fourth quadrants using the kernel method. In chapter
4, T use the results of chapter 3 to apply the kernel method to the
Generalized-JSQ (Join the Shortest Queue) model in order to obtain
the exact tail asymptotic behaviour of the Generalized-JSQ’s joint



stationary probability distributions, and finally in the last chapter,
I will summarize my main findings and achievements and give some
suggestions in the area of random walk to the motivated readers for
further studies in this area.



Chapter 2

Background

2.1 Queueing Theory

In this section, I will review some definitions and basic concepts
from Queueing Theory. A queueing system includes customers ar-
riving at random times to a system and depart after receiving ser-
vice. Queueing systems are classified according to :

(1) the input process, the probability distribution of arrival of cus-
tomers in time;

(2) the service time distribution, the probability distribution of the
time to serve the customers;

(3) the queueing discipline, the order in which customers are served;
(4) the number of servers.

A very basic queueing formula is L = AW, where

L = the average number of customers in the system,

A = the arrival rate of customers to the system,

W = the average waiting time for each customer in the system.

2.1.1 Counting Process

A stochastic process {N(t),t > 0} is called a counting process when
N(t) represents the total number of events that have occurred by
time t. N(¢) must satisfy:

(i) N(t) >0
(77) N(t) is integer valued.



(231) if s < t, then N(s) < N(t) (monotonicity).

(tv) For s < t, N(t) — N(s) represents the number of events that
have occurred in the interval (s, ).

2.1.2 Poisson Process

One of the simplest counting processes is the Poisson process.

Definition 2.1. The counting process {N(t),t > 0} is called a Pois-
son process having rate A, A\ > 0, if

() N(0) =0.

(1) The process has independent increments.

(2i1) The number of events in any interval t is Poisson distributed
with mean \t, for all s,t > 0.

P{N(t+s)—N(s)=n}= e_At(/:;)n,n: 0,1,...

Definition 2.2. A counting process is called a process with station-
ary increments if the distribution of the number of events occurring
i any time interval only depends on the length of the interval. That
18, the process has stationary increments if the number of events in
the time interval (t1 + a,ty + a) has the same distribution as the
number of events in the time interval (t1,ts).

2.1.3 Markov Chain

In this section we consider a discrete stochastic process {X,,n =
0,1,2,...} that takes on a countable number of possible values in
the state space A. If X,, = i, then the process is in state 7 at time
n. The notation p;; means the probability of moving from state ¢
to 7. If we have the following condition,

P{Xpi1 =71X0 =04, X01 =tp1,... X1 =01, Xo =i} =
P{Xn—i—l = ]| Xn = Z} = pi,j, (21)

for all states ig, 21, ...,7,-1,%, j and all n > 0, then stochastic process
is called discrete-time Markov chain. Equation (2.1) indicates that
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the next state in Markov chain only depends on its current state,
and does not depend on any previous states.

A discrete-time homogeneous Markov chain is characterized by the
stochastic matrix
P = le,jH?Z?] € Aa
such that
Pij > 0, pr- =1, Vie A.
J

The matrix elements of P" are denoted by pEZ).
Definition 2.3. A Markov chain is called irreducible if, for every

i,7, there exists m, depending on (i,j) such that

P #0.
A Markov chain is called aperiodic if, for some i,5 € A, the set
{n: pgg) # 0} has greatest common divisor equal to 1.

Definition 2.4. An irreducible aperiodic Markov chain is called
ergodic if, and only if, the equation

TP =,

where 7 is the vector m = {m,, € A}, has a unique ly-solution up
to a multiplicative factor, which can be chosen

Yome =1, my > 0.

The 7, ’s are called stationary probabilities.

A continuous-time Markov process is the continuous-time version
of a Markov chain. Hence, it is a stochastic process {X(¢) : t > 0},
which satisfies the Markovian property or memoryless property, and
can only take on values from a state space set A. For t,, > t, > 0,
the Markov property says that the conditional probability of an
event at time t,,, given the probabilities of that event for all times
up to and including time t,, is only depending on time ¢,. The
continuous-time Markov chain has many application in queueing
systems.



2.1.4 Champan-Kolmogorov Equations

We have already defined the one-step transition probabilities, p; ;,
now we want to define the n-step transition probabilities denoted
by pgz), which indicates the probability that a process in state ¢ will
be in state j after n transitions. That is,

P = p{ X = X =i}, n>0,0,5>0.  (22)

Obviously pg,lj) = p;j. The Chapman-Kolmogorov equations provide
a method to compute the n-step transition probabilities. These

equations are,
(ntm) _ N, (1), (m)
_|_
Py =D Pk (2:3)
k=0

for all n,m > 0, and all 7, 5. More information about Chapman-

Kolmogorov equation can be found in [65].

2.1.5 Queueing Models

In this section we provide basic information on some well-known
queueing models.

1. M/M/s model: The arrivals form a Poisson process, and the
service times are exponentially distributed. In this model, there are
s servers. The queueing parameters, W, the mean waiting time,
and L, the mean queue length, are as follows,



n—1 ]_ )\ )
(X 50 8|({‘_ A)) (Pt
W = °H + - (2.4)
A sl ps(l— =) :
) 2
n-l ] o\, A
2 e R
L= 3“)\ +2 (2.5)
sl ps(1 — ;)2 a

2. M/G/1: Like in the previous model, arrivals follow a Poisson
process with rate A, while service time has an arbitrary distribution,
G(y) = Pr{Y; <y} with finite mean service time v = E[Y}]. Also,

the service rate is p = —. In this model there is one server.
v

3. M/G/oo: It is like the M/G/1 model except that in this model
there is infinite number of servers instead of one server.

2.2 Transition Probabilities

In this section we introduce the transition probabilities for the first
and fourth quadrants of a two-dimensional random walk plane.

A two-dimensional transition probability is the probability of mov-
ing from state, (m,n), to another state, (m + i¢,n + j), which is
independent of m and n. The maximum step in any dimension is
+1. Transition probabilities depend only on step sizes, except for



boundaries. Therefore, we define p; ; as follows,

(pi; ifm>landn>1,—1<ij<1,
Pl if (mon) = (0,0), —1 <i,j <1,
, p) ifm>landn=0,-1<ij<1,
Plonp)mtinti) = § &) .o -

i ifm=0andn>1,—-1<1,75<1,
pz(.’;) ifm>1landn< -1, —-1<14,5<1,

\pz(.’gz) ifm=0andn< -1, -1<14,75<1,

where p; ;, pg?j), pz(,lj)’ pg?j), pggz), and pz(.’;) are non negative real num-

bers in [0, 1]. Since in this thesis we are dealing with discrete-time
Markov chains which are homogeneous random walks, we have

> pg?]) =1, ) pg,]:]) =1, ) pz(',;) =1,

1,7=0,1 1=0,+1,5=0,1 i,j=0,1
(2) _ _ (=2) _
2. by =1, > b=l ) p;7 =1
1=0,1,j=0,+1 i=0,£1,5=0,%1 i,j=0,1

2.3 Random Walk in the Quarter Plane

Discrete-time Markov chains which are homogeneous two-dimensional
random walks, have three main properties as follows,

1. The state space is two-dimensional, and consists of points with
non-negative integer coordinates. So the state space is A = Z%r =
{(i,7) : 4,7 > 0 are integers}

2. Because of the boundaries, we partition Z% as follows
72 = SusYusPu{(,0)},
where

i%{@ﬁ:@j>@,5m:{@ﬂ%i>ob S = 1(0,5): 5 >
0}.

3. We assume that jumps are bounded. Therefore,
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p(iyj)(Ha,jJrﬁ) = 0, unless —1 S Oz,ﬁ S 1,

Next we introduce an important theorem which indicates the sta-
bility conditions for a random walk model in first quadrant (x >
0,y > 0).

Theorem 2.1. Let M, MW and M@ be as Jollows
o . .

M = (M, My) = (O ipij, > jpij)

I v = (0, m) = (S ip), 5 ipY)
M® = (MP M) = (Sip), S )

\

then when M # 0, a random walk is ergodic if, and only if, one of
the following conditions holds,

M, <0, M, <0
(i) { MMy — M, MY <o,

MM — MM < 0;
(ii) My <0, M, >0, MM — MM < 0;

(iii) M, >0, M, <0, MM — M,M" < o0;
Proof. The probabilistic proof of this theorem is given in [19]. L[]

2.4 Generating Functions

In this section we introduce the generating functions and the fun-
damental form for a random walk in the quarter plane which play
an important role in the kernel analysis.

As stated in section 2.3, because of the boundaries, the state space
of two-dimensional random walk can be written as the union of
disjoint classes as follows,

7% =SusSYuSs@u{0,0)},

11



As discussed earlier, two states of the same class have the same
transition probabilities. Let X,, denote the state of the random
walk at time n. Now we define two complex variables, uq, and wus,
one for each direction. The variable u is the vector of complex
variables in C? as

u = (uy,us), |lwl =1, u; € C, 1=1,2,

and the jump generating functions are as follows

= BluX1=% X, = 2 € {(0,0)}]. (2.6)

Here

where u,,, z,, n = 1, 2, are coordinates of the vector u and z respec-
tively. Therefore we have

E[uXm] =By ryXme 0]
=By, esy)Pi(u) + Eu™1x co0n] Pa(u)+
Bl (x,es0y|Py(u) + Elu*"1(x, cqo0p] Pa(u). (2.7)

Now we introduce the generating function

m(u) = Z U,

zeS
mo(u) = Z U,
zeSM
m3(u) = Z T,
z€S®)
ma(u) = 7.0, (2.8)

12



where 7, indicates the stationary probability of being in state z.

Using (2.8) and taking the limit as n — oo in (2.7), we get

Z[l — P.(uw)]m(u) = 0. (2.9)

We can rewrite (2.9) as

—h(z,y)m(z,y) = hi(x, y)m(x) + ho(x, y)7(y) + m00ho(z,Y),

which is called fundamental form, where

=

=(p

(2.10)
( o0 ) )
ﬂ(,I,g) = Z ﬂ-i,jxl—ly]_la
ij=1
dm(a) =3 migr' (2.11)
i>1
w(y) = > mo gy,
\ Jj=1

11
asy(z Z pijr'y’ —1)

a(z)y” + b(x)y + c(x) = aly)a® + b(y)x + é(y), (2.12)

(1) (1) (1) (

1 1
P10 T PooT + p1,0x2) + (p—11,1 + pg%az + p1,2$2)y -,
(2.13)
1 1
2) 4 4
ho(z,y) =y(O_ > pllaly’ — 1)
j=—1
2 2 2 2 2
+ ooy + oo 1y?) + L + Py + o) —
(2.14)

13



1=0 5=0
= (pyp + Pi0x + Pty + phay) — 1, (2.15)
with

a(x) = —(p-11 4 porz + praz?), (2.16)
b(z) = —(p-10+ (poo — 1)z + p1,o77), (2.17)
c(z) = _(p—l,—l + Po,—1T + p1,—1:132), (2.18)
a(y) = —(p1.—1 + proy + p1ay’), (2.19)
b(y) = —(po. 1+ (Poo — 1)y + poay?), (2.20)

2.4.1 Queueing Examples

Here we give some examples of random walks in queueing systems
and their corresponding generating functions.

1. The Symmetric Join the Shortest Queue Model

In this queueing model, customers arrive to system with the rate of
A. Upon arrival, customers determine which server has the shorter
queue, and then join the shorter one. Also service rates of customers
from both servers have the same value of p. If the length of the both
server’s queues are the same, an arriving customer will join either
queue with the probability of 1/2. In this queueing model, the
random walk probabilities are as follows,

P—11= My P01 =M P1—1= A,

1 1
p(_i,l = 24, pé,i = A

2 2 2
pé,)_l = U, pi)_l = A, pé,& =
0 0

péi = A, pé,& = 2.

3

H,
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For this model the generating functions are

Wz,y) = zy — py* — pa — Az?,
hi(z,y) = 2uy + Avy —
ha(z,y) = py + p+ A —y,
ho(z,y) =2p + Ay — 1.

2. Symmetric Join the Shorter Queue with Coupled processor

This model is similar to the Symmetric JSQ with the difference that
whenever the length of ); is zero, the service rate for the other queue
will be changed from p; to p; + . In this queueing model when
z-axis represents min {Q1, @2}, and y-axis represents the |Qs — Q1],
the transition probabilities of random walk are as follows,

Pl—1= A, Do—1= [y P11 = [,

1 1
p((),% - )‘7 p(—%yl - 2:“7
2 *
pf)_l = A pé,)_l =+ 1%, p

0 0
pé,{ = A pé,& =24,

D=1 (A,

And with respect to the transition probabilities, the generating
functions are as follows,

Wz,y) = zy — py* — pa — Az?,
hi(z,y) = 2uy + Avy —
ha(z,y) = py + p+ Av —y,
ho(z,y) =2p + Ay — 1.

3. The Pre-Emptive Priority Queueing System

In this example we consider the M /M /1 pre-emptive queueing model.
In this queue we have two classes of customers with different priority
of being served. Higher and lower priority customers arrivals occur
according to a Poisson process with rates of A\; and Ao respectively.
The service rule is FIFO (first in first served), and it is preemptive.

15



That is, if a lower priority customer is being served, his service is
interrupted upon arrival of a higher priority customer to system,
and the lower priority customer is waiting at the head of the queue
until the service of the higher priority customer is completed and his
service continues again. There is one server with exponential service
time in this model, which may have different service rates, p;, and
to when serving respectively the higher priority customer or lower
one. Without loss of generality we assume that Ay + Ao+ +po = 1.

The transition probabilities of the random walk of the quarter plane
in which the z-axis corresponds to the length of the queue of higher
priority customers, and y-axis corresponds to the queue length of
lower priority customers are given by,

P1o = A1, Po1 = A2, P-1,0 = K1, Po,o = M2

pgl()) - )‘17 p(()%% - )‘27 p(—lio = M1, p(()%(% = M2,

B < n, 8 = 2o, 5=, o2 =

P,
(0) (0) 0) _

Pio = A1, Poo = 1 + p2, DPo1 = Aa.

)

According to the transition probabilities above, we have the fol-
lowing generating functions for the pre-emptive priority queueing
system,

hz,y) = xy — [Mx2 + (p2 + Aay)z + 1]y,
hi(z,y) = [Ma® + (p2 + Aoy)z + ] — =,
hao(z,y) = [Mxy + Xy + y + A\,] — v,
ho(z,y) = [Mx + Ay + pa + o] — 1.

4. The Restricted Jackson Network

In this queueing model, we have two queues, ¢;, « = 1,2. Each
of them has an external arrival stream which is a Poisson process
with rate of \;. The service times in both queues are exponential,
and departures from the servers while busy occur at rate of pu;,
t = 1,2. Each customer who completes his service in the ¢; has two
options, either he gets out of the system with probability of 7;, or

16



he joins the other queue with probability of r;;. Also without loss

of generality we assume that \; + Ao + 1 + po = 1.

For this queueing model, the transition probabilities are given by,

P10 = A1, Do = A2, P—11 = T12/41, P—1,0 = T10l41, Po,—1 = T20M2,

1 1 1
pg’g - )\17 p071 - )\2’ p(_%al = T12/1, p(—%,o = T10M1, p((),()) = M2,
2 2 2 2 2
pg% = A1, p((),i = Az, p((),(% = M1, pé}q = T20/42, pgy! = T21/42,
0 0
ﬁBZMJ%EZAmp%=4n+uz

According to transition probabilities the generating functions are,

Wz, y) =zy — (MY + rofiar® + Aoxy® + raofia® + riapny+
r10/1Y),
hi(z,y) =(rizpn + M)y + (riopa + po + Ma®) —
ha(2,y) =(raps + My)z + (raops + 1y + Aey?) — v,
ho(z,y) =AMz + Aoy + p1 + p12 — 1.

5. The Classical Tandem Queueing Model

In this model, there are two servers in tandem. Customers are
arriving to the first server with rate of \;, and being served with
rate of py. After completion of their service in the first server, they

go to the second server to receive service with rate of s, and after
completion of the their second service with server two, they leave the

system. Without loss of generality we assume that \ + p; + o =

1.

The transition probabilities for the classical Tandem queue are given

by,
PLO= A, P—11 = [1, Po,—1 = M2,
ﬁ%z&pQJ:mjﬁﬂzm,
p% = A pg& = M1, pé?)_l = M2,
P = A, phy =+ p2
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Using the above transition probabilities, one can find the generating
function as follows,

h($, y) =Y — (MlyQ + )\x2y + ,UZx)v
hi(z,y) = (M2 + pox + p1y) — ,
ha(w,y) = (Avy + p2 + py) — v,
ho(z,y) = A\x + py + po — 1.

6. Two Demands Queueing System

In this queueing model, there is one stream of customers with arrival
rate A\. The server of ¢;, ¢ = 1,2 has service rate of p;, with an
exponential service time independent of arrival rate A. The stability
conditions in this model are A < p;, and A < ps. Without loss
of generality we assume that A + p; + pus = 1. The transition
probabilities for this queue are

PL1= A, P10 = M1, Po,—1 = M2,
pfi = A, p(_li,o = p1, pff% = l2,
P =N o =, oLy = p),
pg?i = A, p(()o% = 1 + 2.

Knowing the transition probabilities for this queue, one can get the
following generating functions,

hz,y) = zy — (y + A\e*y* + pax),
hi(z,y) = A2’y + pox + 11 — x,

hi(z,y) = MNP + po + iy — v,
ho(w,y) = Azy + pin + po — 1.

2.5 Stability Condition

In this section we will derive the stability conditions of some well-
known queueing examples by using the theorem (2.1) by Fayolle,
Iasnogorodski, and Malyshev.
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1. The Symmetric Join the Shortest Queue Model

Considering the transition probabilities for the Symmetric JSQ model,
we have

So by using the theorem (2.1), we have the following situations,
((1))\<:u7 —,LL<O,

(2) MO — ) — 207 < 0,

= A+ p)(A—2u) < 0=\ <2y,

(3) (A —p)p— A <0,
= —p? <0,

—~
[SSI

—
o\

(13) A < po, —p > 0, (not possible)
(i11) p < A, —p <0,
= (u+A)(A—2u) <0= X< 2pu.

Therefore, this queue is ergodic and stable when

A < L.

2. Symmetric Join the Shorter Queue with Coupled processor
From theorem (2.1) we have

Mx — A - //[/7 My — _//[/7

1 1
MM = —2u, MY =),

2 2 %
MP =N MY =—p—

Hence, the stability conditions are as follows,
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() A<p, —p<0,

(2) AN = p) —2p% <0,

= A+ p)(A—2u) <0= X< 2y,
(3) (A= p)(p+ p*) — A <0,
(= (A —p)p —p* <0,

—
~.

N—
N\

(13) A < po, —p > 0, (not possible)
(i73) p < A, —p <0,
= (u+A)(A—2u) <0= X< 2pu.

Therefore, considering the conditions above, this queue is ergodic if

A< 2p.

3. The Pre-Emptive Priority Queueing System
For this queueing model we have

Mx:)\l—,ul, My:)\g,
M£1) — )\1 — M1, Mzsl) - )\27
MP =N, MY =X — .
Hence, the stability conditions are as follows,
(1) A< 1, A2 <0, (not possible)
(1) § (2) (M = p1)A2 = Aa(M — ) <0,
(3) AoAr — (A — ) (A2 — ) <0,
(ZZ) A< 1, /\2 > 0, /\2/\1 — (/\1 — ,ul)()\g — ,LLQ) < 0,

AL
= Aifi + Aopin — s < 0= 22 < 1,
M1 M2
(731) A > 1, A2 < 0.  (not possible)
Therefore, this queue is ergodic if, and only if p = p; 4+ po < 1,

where,
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A1 A2
—, and py = —.
M1 H2

P1 =

4. The Restricted Jackson Network

In this queue matrix M is

.

M, = N\ + ro1pto — T12p41 — T10f,

My =\ + T1of61 — To1 b2 — TooM2,

MM =\ — (r1041 + T12/01), My(l) = A2+ rafh,
\MJ(P) — A+ roupe, M = Xg — rorpn.

7\

With respect to the matrix M above, and also considering theo-
rem (2.2) we have the stability condition for the restricted Jackson
network as follows,

pr <1, and po <1.

5. The Classical Tandem Queueing Model
For Tandem queue is matrix M is
My =X — p, My = p1 — po
MY =\ — i, MY =,
MP = MY = —p.

Therefore, by applying theorem (2.1) this queue is ergodic if, and
only if A < py, and A< po.
6. Two Demands Queueing System

With respect to the transition probabilities for Two demands queue-
ing system we have

Mx:>\_,u17 My:)\_,UQ

M.él) = )‘_:ub Mzsl) = A?
2

MP =X MY =X-
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Hence, by applying theorem (2.1) this queue is ergodic if, and only
if
A < min {u, p2}.

2.6 Riemann Surfaces

Here we provide a summary of algebraic functions and Riemann sur-
faces which we need for our later discussions. An important class
of complex variable functions are algebraic functions and their inte-
grals. An analytic function y = y(z) is called an algebraic function
if it satisfies the following equation,

ao(2)y" + ar(2)y" 4+ ... Fan(x) =0, ap(z) #0, (2.21)

where a;(z), i = 0,1,2,...,n is a polynomial in z with complex
coefficients. Furthermore, a rational function of x and y is of the
form,

_ bo(@)y" + b @)y 4 b ()
) = @ + @+ o+ el

, (2.22)

where b;, © = 1,2,...,m, and ¢;, 1 = 1,2, ..., k, are polynomials in
x with complex coefficients, and the denominator is not identically
Zero.

The region on which an algebraic function is defined and single
valued is a Riemann surface. The simplest algebraic functions are
of the form

ag(x)y + ai(x) =0, (2.23)
where ag(z) and aq(z) are polynomials in x with complex coeffi-
i —a1(l’) . . .
cients. Hence, y = is a rational function of x.
ag ()

In this thesis we are dealing with algebraic functions of the form

h(z,y) = ao(z)y? + a1(2)y + as(z), (2.24)
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where a;(x), for i = 0, 1,2 are polynomials in z, and ag(z) # 0. In
this case we change the variable by

¢ = 2ap(x)y + ai(z), (2.25)

to get

¢* —p(x) =0, (2.26)

where p(z) = a?(x) — dag(z)as(x).
A two-dimensional manifold M is a topological space, if every point
of that is surrounded by a neighbourhood, which is homeomorphic
to an open disk in the complex plane C. A pair {U, ¢}, which
is formed by neighbourhood U C M and its associated homeomor-
phism ¢ is called a chart. The mapping, @ : U — C, defines a system
of local coordinated in U. A collection of charts {(U;, ¢;), © € I},
where for some index set [, {U;, i € I} is an open covering of M
is called Atlas A.
A connected two-dimensional manifold M is Riemann surface S, if
there exists an atlas Ag with the following property:

For any pair {U, ¢}, {V, ¢} of charts in Ag, such that UNV # ¢,

the mapping ¢ o 1! is holomorphic in (U N'V) c C.
The classical notion of holomoorphic functions can be generalized
to the case of Riemann surfaces. Let S be a Riemann surface,
Ag its atlas, and Y C S an open connected set of S. A function
f: Y — Cis holomorphic in Y, if, for any chart {U, ¢} in Ag, the
mapping f o o=t : o(U) — C is holomorphic in the normal sense
in the open set p(U) C C.
Now let S and T" be two Riemann surfaces. The mapping f
S — T is holomorphic if, for any pair of charts {U, ¢}, {V, ¢}
belonging to Ag and A respectively, with f(U) C V, the mapping
Y o f ¢! is holomorphic in &(U) C C. The uniqueness theorem
remains valid: if f; and f5 are two holomorphic functions from S to
T, which are equal on an infinite compact set of S, then they must
be equal everywhere.
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2.6.1 Genus 1 or Genus 0

The Riemann surfaces which are generated by fundamental form
and generating functions are divided into 2 cases, genus 1 or genus 0.
In fact, Riemann surface has genus 0 if, and only if the discriminant,
D(x) = b*(z) — 4a(z)c(z) = dyx* + d3z?® + dox® + dyz + dy, of the
generating function equation, Q(z) = a(z)y® + b(x)y + c(x) = 0,
has multiple zeros. That is, whenever the number of zeros of the
discriminant is 1 or 2 the Riemann surface is of genus 0 which
creates sphere, and when the number of discriminant’s zeros is 3 or
4 the Riemann surface is of genus 1 which creates torus. For further
studies one can refer to [19]. The following lemma gives the explicit
classification of genus 1 and 0.

Lemma 2.1. (Fayolle, Iasnogorodski, Malyshev) For all non sin-
gular random walks, a Riemann surface has genus 0 if, and only if
one the following holds,

M, = M, =0,
1o =p11=po1 =0,
P1o=p1,-1 =po,-1 =0,
P-10=p-1,-1=po,1 =0,
Po1 =p-10=0p-11=0.

2.7 Analysis of the Kernel

The equation, h(z,y) = 0, is called kernel equation. It is usually
a quadratic equation in terms of x and y. If we want to solve the
kernel equation for y, we see that for each value of z, there are two
values for y. The solutions of this equation gives us a Riemann
surface. Whenever the delta of D(x) or D(y) has three or four
distinct zeros, then the Riemann surface will be of genus 1, which
yields a torus. However, if D(x) or D(y) has one, or two distinct
roots, then the Riemann surface will be of genus 0, which yields a
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sphere. We denote the roots of D(z) by z1, 9, x3, and x4. There is
an important lemma by Fayolle, lasnogorodski, and Malyshev [19],
which indicates the relationship between x;, ¢ = 1,2,3,4, under
different conditions. Here we state the lemma.

Lemma 2.2. (Fayolle, lasnogorodski, and Malyshev) A non-singular
random walk with M, # 0, y(z) has two real branch points x; and
X9 1nstde the unit circle, and two real branch points, x3 and x4, out-
side of the unit circle. The following classifications hold for the pair

(3, 74).
1. If pro > 2\/D1ab1—1, then 1 < 23 < x4 < 00;
2. If p1o=2/p1.1P1,—1, then 1 < 3 <14 = 00;

3. If pro < 2y/prip1—1, then 1 < x3 < —x4 < 00; Also for the pair
(21, 2) we have

4- If po1o>2\/p11p-1,-1, then 0 < 1 <y < 1;

5. If p10=2\/p-11p—1,-1, then 11 =0 and 0 <z < 1;
0. If p-10 < 2y/p-11P-1,-1, then 0 < —x1 < z9 < 1.
Proof of this lemma can be found in [19].

Lemma 2.3. (Fayolle, lasnogorodski, and Malyshev) For non-
singular random walks with M, = 0, one of the branch points of y(x)
1s 1. Furthermore, if M, < 0, two branch points have a modulus
greater than 1, and the remaining ones have a modulus less than 1,
and if M, > 0, two branch points have a modulus less than 1, and
the other ones have a modulus greater than 1.

2.7.1 Queueing Examples

In this section we provide some queueing examples to see how the
above lemma works for some queueing models. Since in all queueing
examples we will study M, # 0, then we have

O0< <<l <a3<2y4, O O0< 1 < <1l<a3<24=
0.
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1. The symmetric JSQ Model and the JSQ Model with Coupled Pro-
Cessors

Referring to the transition diagrams for the Symmetric JSQ model,
and JSQ model with coupled processors, we have

pro=pi1=p-10=p-1-1=0, pro1=A p_11=p
Therefore, according to lemma (2.2) and (2.3), we obtain

D=1 <1< 1l<23<T4=00.

2. The Pre-Emptive Priority Queueing System

The Pre-emptive priority queueing model is singular, and so its
corresponding Riemann surface is of genus 0. Since we are dealing
with the non-singular random walks, we can not discuss this here.

3. The Restricted Jackson Network

From transition diagrams for these two queueing model we have

P1o = A1, P1,—1 = T2, P-10 = T1oM1, P-11 = T12M1, P11 —
p-1,-1=0.

Therefore, according to the lemmas (2.2) and (2.3), we have

O<r<re<l<uay<uy.

4. The Classical Tandem Queues

According to the transition probabilities for Tandem queue, we
obtain

pii=pi-1=p-10=DP-1-1=0, pro=A po11=pu.
Hence, referring to the two lemmas (2.2) and (2.3), we have

D=1 <19 <1 <23 <24
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5. The Queueing Systems with Two Demands

From transition probabilities for Two demand queueing model, we
obtain

pro=pi-1=p10=p-11=p-1-1=0, pi1=A
Therefore, from the two lemmas (2.2) and (2.3) above, we have

O<ri<T9<1l<a3<T4=00.

27



Chapter 3

Exact Tail Asymptotic Analysis
of a General Random Walk
Model Using Kernel Method

3.1 Kernel Method and Generating Functions

The kernel method was first introduced by Knuth [38] and then was
developed by Banderier et al [4]. Suppose we have a fundamental
form A(z,y)F(x,y) = B(z,y)G(z) + C(x,y), where F(z,y), and
G(x) are unknown, and A(x,y), B(z,y), and C(x,y) are known
two-variable complex functions. The main idea of the kernel method
is to find the solutions of the equation F'(x,y) = 0. Suppose z
and Yy(z) is the solutions of F(x,y) = 0, then obviously, G(z) =
_C(xa }/O(x))
B(x,Yo(z))
the unknown functions, as well as determination of the dominant
singularities of the generating functions are sufficient for the exact
tail asymptotics analysis.
In this section we provide the generating functions for a general
random walk model in the first and fourth quadrants of the two-
dimensional random walk. The generating functions are listed as
follows,

In kernel method, finding the location of poles of
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(1) generating functions for the first quadrant:

m>1
Qo(y) =D moay",
n>1
Qm(y) = Zﬂm,nyna
n>1
P(z,y) = Z TmnZ"Y", (3.1)
m>1,n>1

(2) generating functions for the fourth quadrant:

Prg_)(x) - Z 7"-m,nxma

m>1
Q(()_)(y) = Z 7TO,ny_na
n<—1
an_) (y) - Z 7Tm,ny_n7
n<-—1
Pz, y) = Z Tmn®"y ", (3.2)
m>1n<—1

(3) generating functions for the boundary z-axis:

Py(x) =) mmor"™. (3.3)

m>1

Using the generating functions defined above, we can write the bal-
ance equations for the first and fourth quadrants of the plane in
order to find the fundamental forms of a random walk model. Bal-
ance equation describes that the probability of leaving each station-
ary state is equal to the probability of moving to that state. We
categorize the balance equations as follows,

(1) for the boundary on x-axis:
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ifm>2andn=0,

1 1
_ (—1) (1)
Tm,0 = Tmti—1 D1 + Tmti,l P—i,—1 + Tm+i,0 P_joT
i=—1 i=—1 i=—1,1

Tm.,0 P0,04 (3.4)

ifm=1andn =0,

2 P
- 2 2
T, = Zm,—l p(_ill,l + Z i1 P—i+1,—1 + T0,—1 pg,l )+ 0,1 pg,)_1+
i=1 i=1
0 1
700,0 p§,3 + M0 p(_%,()n (3.5)

if m=0andn =0,

2) (=)

70,0 = T0,—1 p(()jl + M1 Pyt oD
0
70,0 p&%, (3.6)

(2) for the boundary on y-axis:
ifm=0andn > 2,

1 2
(_%,0 + T Po1,-1+ o P((),)—PL

1 1
Ton = 3 Tomti Phi + D Tt P—1—is (3.7)

i=—1 i=—1
ifm=0andn=1,

2 2

2 0 1
To,1 = Z i P-1,—i+1t Z T0,i p(()’)_H_l + 70,0 pé,i + 710 p(_i,p
i=1 i=1
(3.8)
ifm=0andn=—1,
-1 —1
_ P 0 1
To,—1 = Z T, p(_l),—i—l + Z 70, pé,—z')—l + 70,0 p(_i,o + 70 p(—i,—l’
i=—2 i=—2
(3.9)
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ifm=0andn < -2,

1 1
Ton = Z TT0,n+i p((f:i) + Z T1n+i p(—_l),—i7 (3.10)

i=——1 i=——1
(3) for the interior of the first quadrant:
ifm>2andn=1,

1 1
_ (1)
Tm,1 = g Tm4i0 P_iq + E Tm+i,2 P—i,—1 E Tm+i,0 P—i0t
i=—1 =1 i=—1,1

Tm,1 P00, (3.11)

ifm>2andn > 2,

1 1
mmn — m-i,n— —1, m-+i,n+ —1,— m-+i,n P—i,
s U 1 P—ig1+ s 1 P—i—1 T ™ D—i0ot
i=—1 i=—1 i=—1,1

T'm,n P0,0, (312)
ifm=1andn > 2,

1 1
_ (2 _ , _ ,
Tin = T0,n4+1i pl’_i + T2n+i P—1,—i + 1 ,n+i P0,—i;
i=—1 i=—1 i=—1,1

(3.13)

ifm=1andn=1,

2 2 2
_ NeY (2) , ,
Tl = Ti0 P_iy11 T 0 P1,—ip1 T+ T2, P—1,—i+171
i=1 i=1 i=1

70,0 pﬂ + 1,2 Po,—1, (3.14)

(4) for the interior of the fourth quadrant:
ifm>2andn=—1,

1 1
o B )y ()
m,—1 — Tim+i,0 p_¢7_1 Tim4-i,—2 p_i71 Tim4i,—1 p_z',()
i=—1 i=—1 i=—1,1

+ Tm,—1 P00, (3.15)
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ifm>2andn < -2,

1 1
Tmmn = Z Tm+in—1 p(_—z',)l + Z Tm4i,n+1 p(——z’,)—l + Z Tm+in p(_—z',)()

1=—1 1=—1 1=—1,1
+ Tim,n P0,0, (316)

ifm=1andn < -2,

1 1
2 — _
Tin = Z T0,n+i pi,_ﬁ + Z T2,n+i p(_l{_l- + Z T ,n+i p((),_)i,

i=—1 i=—1 i=—1,1
(3.17)
ifm=1and n=—1,
2 -1 ~1
1 9_ N
m™,-1 = Zm,o p(_z')+1’_1 + Z T0,i pi,_ﬁ_l + Z T2, p(_l),_i_ﬁr
i=1 i=—2 i=—2
0 — _
0,0 pgy; + 7,2 p(()yl) + 71,1 P((),o)- (3.18)

Now according to the above balance equations one can get the fol-
lowing fundamental forms.

For the first quadrant, fundamental form is

P(x,y)h(z,y) = Po(x)hi(z,y) + Qo(y)ha(z,y) + mo0ho(z, y)+
P_1(z)A(z) + mo—1B(x), (3.19)
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where

1 1

i—1j——1
1 1
1) 4 4
(o) = > pllaly’ — 1,
i—1j=0
1 1
2) 4§ 4
h2($7y) = Z Z pz(’j)x y] - 17
i=0 j=—1
1 1
0) i 4
ho(z,y) = > > pllay’ — 1,
=0 j=0

1
Alw) =Y piya,

i=—1

B(r) = pfﬁ) + pff .

For the fourth quadrant, fundamental form is

(3.20)

PO ()b, y) = R@)hy” (@,9) + Q7 W)y (2, 9)+
7T070h(()_)($, y) + P_1(x) A7) (x) + o1 B )z,

where

(3.21)
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1 1
A (z,y)=1— Z Z pg;)ﬂfiy_j,

i=1j=—1
1
1) i
hl(x7 y) - Z p;llx Y,
=1
11
_ 2—) 4 —4
hy My =303 Pl ey -1
i=0 j=—1

1
h(()_)(x7 y) = sz('?21xiya
1=0

1
AT (@) = —A@@) = = Y pi))7"

i=—1

B(_)(x) = —B(z) = —p((),_l) +pf1_)x. (3.22)

Lemma 3.1. For |z| < 1 and |y| < 1, we have the following two
expressions for generating functions as follows,

P(z,y)h(z,y)+P ) (z,y)h ) (z, y) = Py(z)Hi(z, y)+Qo(y)ha(z, y)+

QY (s (2, y) + mooHol, y),
where

Hy(z,y) = ha(z,y) + b7 (z,y), and
H()(.Slf,y> — ho(.ﬁC,y> + h(()_)(xay)

Proof. This follows from equations (3.19) and (3.21). O

3.2 Key Kernel

For the first quadrant of the random walk plane, the kernel equa-
tion, h(x,y) = 0, gives an algebraic curve which turns out to be
a Riemann surface. The zeros of the kernel equation are called
branches of the fundamental form. In this section we analyse the
kernel equation. For the first quadrant, the kernel equation becomes
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a quadratic equation in terms of y, which is

ha,y) = a(x)y? + by + c(x) =0, (3.23)
where
a(x) = —p1,1$2 — P01 — P-1.1,
b(zr) = —]91,05132 + T —=p-10,
co(x) = —p1,12° — po, 1T — po1 1. (3.24)

Therefore, the branches of the fundamental form are,

Yo (x) = _b(x>2ai(;)D(x), (3.25)

where
D(x) = b*(z) — 4a(x)c(x) (3.26)

Among the zeros, Y. (z), the one with smaller modulus is denoted
by Yo(z) and the one with greater modulus is denoted by Yi(z).
Therefore,

Yo(z) = {w) if [Y_(2)] < [V (2)]; (3.27)

Vi) i |Vi(o)| < V_(2)]

The zeros of the equation D(z) = b*(z) — 4a(x)c(x) = 0 are called
branch points. In our case there are at most four branch points
denoted by x1, 9, x3, and z4. As mentioned earlier, when the
number of branch points are one or two, the corresponding Riemann
surface of kernel equation is sphere, and when the number of branch
points are three ot four, the corresponding Riemann surface will be
torus.

We also can express h(z,y) in quadratic form of x as follows,

h(z,y) = aly)z® + b(y)z + &y) =0, (3.28)
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where

d(y) = —p1,1y2 — P1,0Y — P1,-1,
b(y) = —po,ly2 + Y — Po,-1,
c(y) = —10—1,1?J2 —P-10Y — P-1,—-1- (3.29)

Hence, the solutions of kernel equation are

~ —bly) £/ D(y)
= (3.30)

Xi(y)

where

D) = (b))~ 4alw)ety) (331)

There are at most four branch points for D(y) denoted by 1, v,
y3, and y4. Similar to (3.27), Among the roots Xi(y), the one
with smaller modulus is denoted by X((y) and the one with greater
modulus is denoted by X;i(y). Therefore,

Xo(y) = {X(y) if | X (y)| < X4 ()],
Xily) i [ Xy (y)] < [X ()]

If we write the kernel equation for the fourth quadrant, we get

(3.32)

W (z,y) = a7 @)y’ + 0 )y + (@) = 0, (3.33)
where
ol (x) = —pi )2 = pi e - P,
b(_)(;c) = — g,_o)xQ +x— p(—_1),07
c(_)(x) = - g,_—)lxz - p((),_—)ﬁ - p(—_l),—l' (3.34)
The solutions for kernel equation are now,
_ —b ) (z) £ /DO
Vi ()= D @), (3.35)
2a-) ()
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where
DI (z) = (BN () — 40 (2) T (). (3.36)

We can also write the kernel equation of the fourth quadrant as
follows,

h(z,y) = a7 (y)z* + b (y)e + &7 (y) = 0, (3.37)

where

(-) (—)

a(y) = —p )y -y —pi 7,
)

0 (y) = —poy? +y — 5
&) = —p - Sy — 0

Hence, the solutions of kernel equation are

—_p=) /D=
X(_)(y): b (y) £ Dt )(y) (3.38)

: W)
where
D (y) = (07))2(y) — 4 (1)d(y).
In this thesis, we define [x3, x4] = [—00, 24] U [x3, 00] when x4 < —1,
similarly we define [y3,y4] = [—o0,y4] U [y3, 0] when 3y, < —1.

Since all the generating functions are defined in the complex plane,
to ensure the continuity or to avoid the transition from one branch
to another, we consider the following cut planes

Co = Cy — [z3, 74,

((:333 = C, — [, 22] U [13, 24],

C, =C, — [y3,4l,

(éy = Cy — [y1, ¥2] U [y3, ya]. (3.39)

Lemma 3.2. The function Yy(z) and Yi(x) are meromorphic in cut
plane C'., Moreover,
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(i) Yo(x) has one zero and no poles. Hence, Yo(x) is analytic in

Cy.

(7i) Y1(x) has two poles and no zeros.

(111) |Yo(z)| < |Yi(z)| on the whole cut plane C:’x, and |Yo(x)| =
1Yi(x)| only on cuts.

() If |x| =1, then |Yo(x)| < 1. Moreover, Yy(1) = 1.

Proof. Since we are in the cut plane C:'x, which excludes the case of
b(x) =0, we have

- )Zj(x)p( - if —b(x) > 0,
Yia) = 2@ <o,
_b(gj>— 1(33)
Yo(a)Yi(z) = zii))

hence, it is clear that (i) Yy(z) has one zero and no poles, and (ii)
Yi(x) has two poles and no zeros. (iii) is true according to the
definition of Yj(z) and Yi(x). (iv) It is proved in lemma 2.3.4. of
Fayolle, Tasnogorodski, and Malyshev [19]. ]

3.3 Asymptotic Analysis of Py(x), Qy(y) and Qé_) (y)

In this section we find the singularities of the generating functions,
Py(x), Qo(y) and Qé_)(y) in order to find the asymptotic behaviour
of them. Let

g1(z) = hi(z, Yo(z)) + b7 (2, YO (2). (3.40)
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From lemma 3.1. and equations (3 40) we have,
)

x) + go(z)
91(33) ’

Py(x) = flz) + (3.41)

Let x* be the zero of g;(x). Hence,
g1(x™) = hy(a®, Yo(x¥)) + hg_)(x*, Y (z) = 0.

Now for analysing the singularity for Qo(y) we need the following
notations. Let

lLi(y) = — Po(Xo(y)) i (Xo(y), v),

(
lo(y) = — mo0 ho(Xo(y),y) — P-1(Xo(y)) A(Xo(y))—
m0,-1 B(Xo(y)),

92(y) =ha(Xo(y),y)- (3.42)
Hence, from equations (3.19) and (3.42) we have,

L(y) + l2(y)

92(y)
Now let * be the zero of go(y). Hence,

9o(7) = hy (Xo(y*),y*> o

Qoly) = (3.43)

Also for asymptotic analysing of the Q(()_) we need the following
notations. Let

{7 (y) = — P )b (x5 ), ).
17 (y) = — mo0 b (XS (W), y) = Po(XS () ACN(XS ) () -
01 B (Xo()),

95 (y) =hs (X5 (), ) (3.4
Therefore, from equations (3.21) and (3.44) we have,
1)+ 10y
Qoly) = LW FE W) (3.45
92 (y)
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In this equation let y , be the zero of g(_)(y). Therefore,

g5 (y) =y’ (Xé_)(y?_ﬂ, y}"_)) =0.

The following theorem is proved by H. Li and Y. Zhao in [50].

Theorem 3.1. Let z be a pole of Py(x) with the smallest modulus
in the disk |x| < x3. Then one of the following three cases must
hold:

1. z is a zero of hi(x, Yy(x));

2. y* =Yy(2) is a zero of ho(Xo(y),y) and |y*| > 1; or

3. 2 = Xo(y*) is a zero of hy(x,Yy(x)) and |z*| > 1.

Using theorem 3.1, it is easily shown that x*, 71, 717, 25, and 2

are singularities of Py(x), where

71 = Xi(y), and 57 = X[ ().

The singularity with smallest modulus greater than 1 will be called
the dominant singularity for Py(y), and consequently the radius
of convergence of Fy(y) can be extended to this point by analytic
continuation [19].

Similarly, according to (3.42) and (3.43), y*, v1, y3 are singularities
of Qo(y), where y; = Y;(z"), and according to (3.44) and (3.45), y( ),
(—)

17), and yy ) are singularities of Qé_)(x), where ¢, (") = Y1(_)($*)-

3.4 Tauberian-Like Theorem

In this section we recall the Tauberian-like theorem which is an im-
portant tool for our calculation of asymptotic analysis of generating

functions, Py(z), Qo(y) and Q(()_)(y).

Theorem 3.2. Assume that C(z) is an analytic function defined
on N(p,e) ={z:2< (1+¢€),e>0,< ¢ < g}, except at z = 1.

Suppose C(z) = > c,2", and a is the dominant singularity of C(z)

n>0
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on the convergence circle, and lim,_,,(1 — E)h C(z) =0b. then
a

b Re(h)—1
Cp ~ n as n — o0. (3.46)

Re(a)"T (Re(h))

3.5 Exact Tail Asymptotic for FP(z)

In this section we will find the exact tail asymptotic behaviour of
the marginal stationary distribution along x-axis, with applying the
Tauberian-like theorem to the generating function Py(x). For this
purpose we need the following equations. Since Y{(z) and YO(_)(:U)
can be written as

Yo(z) = a(z) + b(x) /1 — —
YO(_)(x) = a I (z) + b (x), [1 - %, (3.47)
L3

we can write the following equations,

g1(x) = a1(x) + by (x 1/1——+bz ‘/

Yi(ws) = Yi(o) = (1= )’ 1_33_3
%H(xé")—%(‘)(x):<1—%>a<—>< )= b)), [1- =,
T3 T3
91(x) — g1(w5) = (1 = )aj(@) + ba(w), [1 - —,
T3 T3
g1(2) — (2§ ) = (1= —=)al (@) + bi(2), [1— ==, (3.48)
563 xg
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To simplify our later calculations let

ale) = (/1= £ ') = b(o)),

o) (z) = ( 1 — % a7 (z) — b(—)(a:)>,

X

Bla) = ({1~ - aifo) ~ (o)),

@ = (1= -5 a0 -0w), )

L3

Hence, according to (3.49) we can rewrite (3.48) as

3mw—wmsz%a@,

g(z) —gi(z3) = /1 — x% B(x),
gi(z) — gy = [1- ﬁ B (). (3.50)

According to (3.40), (3.41), and (3.50), we divide the asymptotic
behaviour of 7, into five cases: (1) exact geometric decay rate, (2)
exact geometric decay rate with factor m~1/2, (3) exact geometric
decay rate with factor m!/?, (4) exact geometric decay rate with
factor m, and (5) exact geometric decay rate with factor m=3/2,
Next, we will show the details on the five cases above.

Case 1. If x40, = 2%, OF Zgpm = T1, OF Tgom = x](_), OF Tgom = T1 =
o Do (= et L
$1( )7 Or Tgom = L1 = Ty *, O Tdom — xl( ) = X3, O Tdom = T =

-%1 = I3, O Lgom = Tt = fl(_) - .CC(_), Or Tdom = fl — -fl(_) = I3,



257 holds, then
L

Tm,0 ~ 7
" (xdom)m’

(3.51)

where L is a constant, and x4, is dominant singularity of Fy(x).

We will prove it in the following conditions.
Condition 1.1. If z4,, = =¥, then

f(@) + fO(2) + go()

Py(x) = 5
) e = ) 1)
= dim (1- 2Ry = {EH@) )
T Tdom L dom z* gi(z*)
Therefore, applying theorem 3.2 we get
Ly
Tm,0 ™~ -
(%)
Condition 1.2. If z4,, = 71, then
Yo(z)
4 W) (=)
x + +
y*
Py(z) = ,
0( ) 91(55)
- Yo(z
) WA
= lim (1— Py (x) = ———= = = Lo,
x—mdom( xdom) () 71 Yy(Z1) g1(Z1) :

Therefore, applying theorem 3.2 we get

Condition 1.3. If 24, = 717, then
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(1- " )
f(@) + O @) + ()
y ! )( )
(1- =025
Yo
Py(x) = ,
0( ) 91(55)
OO - @)
- Yo S @)1 - » )
= lim (1-— )Po(x) = J
T—Tdom Tdom, () dYb(_)(JZ) ()
T T’xZ@H 91(931 )
- L37
Therefore, applying theorem 3.2 we get
Ls
Ty ~ ———.
0 (fl(_)>m

Condition 1.4. If x4, = 1 = 7,7, then

(4
(1- Yby(f)) - (1 Yby?_() )
f(x)(l B }/O(jj)) + f (33)(1 } Yb(_)(x)) —}—g0($)
Pyla) = ' o ,
ax
= lim (1- ——)Py(x) =
T—=Tdom Tdom
y' (1 — Yo() Y (-) Yo(_)(ﬂ?)
xd}f;(x)f( )(1 ’ ) deo(_)(ﬂ?)f (z)(1 v )
x dx
gi() v—i



Therefore, applying theorem 3.2 we get
Ly

(@)™

Tm,0 ™~

Condition 1.5. If z4,, = 71 = xé_), then

Yo(x
e ?J( )) (=)
x + V(@) + golx
y*
Py(x) = ,
0( ) 91(1’)
Yo(zx
) v fa)a -2
- xlgim(l B xdom)PO(x) - T dYb(gj) (x) r=I - L57
do g1
Therefore, applying theorem 3.2 we get
Ls
im0 ~ =
@)
Condition 1.6. If x4, = fl(_) = x3, then
(=)
Y,
Y
f(@) + O (@) ——2— + go(x)
v
Py(x) = ,
0( ) 91(55)
(=)
Y, ‘(x
v, fO@ -,
. x Y
= lim (1-— VPy(z) =
L Tdom Zdom dYO(_) (x) o=y )
R 91(2)



Therefore, applying theorem 3.2 we get
Lg
(5)™

Condition 1.7. If z4,, = 2* = 71 = 23,

Tm,0 ™~

Y
y(i-0) f@)
L O + o)
1— a(x)
Ldom
Po(x) = T ’
1— B(z)
Ldom
: Yol
) v @) -2
x_}igim( xdom) O(x) Oé(.f) 6(%) T=x !
Therefore, applying theorem 3.2 we get
L
Tim,0 ™~ m"
(@)
Condition 1.8. If 24, = z* = 7,7 = xé_),
Y(_)(x) B
ai‘) + f(x) + go(x)
1— al=)(x)
Ldom
P()(ZU) 7 )
1- 2 )(a)
Ldom
y o) x
v f) - 22
S lim (11— — ) Pyx) = J0) L,
T—=Tdom T dom Oz(_>($) 5(_)(x) r=1x




Therefore, applying theorem 3.2 we get
Lg

()™

Tm,0 ™~

Condition 1.9. If x4, = 21 = fl(_) = x3, then

() = + + go()
<1 B0 )(x)) 11— o)
* Ldom
P()(.I’) - y(_) i ’
gi()
Y\
S () <1 - Oy*( )>
= lim (1— —)Ry(x) = — &) = Ly,
T—Tdom Zdom dYO (x) o
€ T dr 91()
x
Therefore, by theorem 3.2 we get
Ly
T,
T (wg)m
Condition 1.10. If x4, = 71 = 5 () = xg_), then
Yo(@)\ e o) Yy ()
f(a:)(l— " ) y(_)f (z) 1_W
Yo\ z + 90(x)
(1 L ) 1 - al~)()
y* Ldom
Py(x) = ,
0( ) 7 (.1,’)
Yo(x
L i)
i — = =L
- x_lgg’m ! xdom)PO(x) dYb(.ﬂ?) T=1T; v
gi() '
dx
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Therefore, by theorem 3.2 we get
Ly

(@)™

Tim,0 ™~

Condition 1.11. If x4, = 2* =11 = 13 = x§_>, then

Yo(x
y* f(z) (1— Oy( ))
= + f(_)(x) + go(x)
1 - a(z)
Ldom
Py(z) = - :
1—
Ldom 5(33)
Yo(x
. y* f(z) (1— Oy( ))
li 1-— P, = =L
> AE, 0 ) P @) B@) e
Therefore, by theorem 3.2 we get
o L1
m,0 (x*)m
Condition 1.12. If 24, = 2* = 7,7 = 23 = xé_), then
Y ) (x
yzk_) f(_)(x) (1 - Oy*( )
- Sk f(@) + gola)
1— a5 (x)
Ldom
P()(.I) = T ,
1 —
Ldom 5(33)
y =)
vy fO() (1 - (x)>
~ lim (1— ") Py(a) o)
i Tdom aCI(x) Bla)
— L127
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Therefore, by theorem 3.2 we get

o Lo
m, (x*)m
Condition 1.13. If x4, = 2" =121 = fl(_) =3 = x(_), then
Yo(x) (o) Y()(_)($>
y* f(z) (1 - ) vy, @) (1 - ————
y Y-
x + x
1 - a(x) 1— a5 (x)
Ldom Ldom
Py(z) = =
1
o B(x)
N go(xx) |
1
o B(x)
lim (1 — —2)Py(x) =
= dm U= bl =

() (1 B Yo(x)) v, O (1 _ @

( v o) ) ) = L3
a(z) B(z) al-)(z) B(x) =z ’
Therefore, by theorem 3.2 we get
- L3
m, (x*)m
Case 2. If x4y, = 2% = 23, OF Ty, = x* = x(_), O Tgom = T1 = X3,
O Tdom =— fl(_) = .I(_), OF Tgom = T* = I3 = $(_), Or Tgom = T1 =
T3 = x(_), OF Tgom = T1\) = x5 = a:é_) holds, then
~1/2
o (3.52)

im0 ~ ——=———.
" ﬁ(xdom)m
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where u is a constant, and x4, is dominant singularity for Fy(x).
The proofs are given in the following conditions.

Condition 2.1. If x4,, = * = x3, then

At - 1+ 10 ol
1- B(z)

Ldom

= lim 1 — v P()(x) _ f(x) + f(_)($) + go(x)

T—Tdom Tdom 6(%) o~ -
Therefore, by theorem 3.2 we get
w, m-1/?
Tm,0 ™~ =
V(z¥)
Condition 2.2. If z4,, = 2" = x(_), then
z) + FO () + golx
1 — (-)
Ldom 6 (x>
. z ~ f@) + (@) + gol) _
R L e 165 I M

Therefore, by theorem 3.2 we get
uy /2

Condition 2.3. If z4,, = 1 = x3, then

y* f(x) (1 - M)

y*

Tm,0 ™~

+ fON @) + go(x)

90



€T
= i 1 - Py(x) =
Jm 1= By(2) o(x) 91(x)

Therefore, by theorem 3.2 we get

us 12
im0 ~ ——=—-
D Valws)n
Condition 2.4. If z4,, = &) = x(_>, then
Y
i 1) (1- 1
- St f(@) + gola)
1 - o) (x)
P (33) _ Ldom
' g1(z)
\ARIC:
vy fO () <1 Oy*( )>
- z (-)
= 1 1 — P, =
x_}}:im Ldom O(x) Oé(_) (:U) (731 (:U)
f— U47
Therefore, by theorem 3.2 we get
g 12
7Tm,0 ~N -
Ve )
Condition 2.5. If z4,, = . = 13 = x(_), then
z) + f(x) + golx
1 —
Ldom 5(33)
(=)
= lim 1 — * Py(x) = @)+ (@) + (@)
T=Zdom Ldom B(ZU)
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Therefore, by theorem 3.2 we get

s m~1/2

Condition 2.6. If x4, = 71 = 13 = x(_), then

. x Y
= 1 1— B =
2 aom \/7 b(z) a(z) gi(z)

= Ug,
Therefore, by theorem 3.2 we get
ug m1/2
im0 ~ ————
D V()
Condition 2.7. If 2y, = 717 = 23 = xé_), then
Yz
yiy f () (1 - Oy* ( ))
- S @) + qolx)
1= al-)(x)
Ldom
Py(x) = )
() g1(z)
y (=)
AP C)
= i 11— pya) ’0)
im — x) =
T Tdom Tdom a)(x) gi(x) i, )
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Therefore, by theorem 3.2 we get

wr m 12

Tm,0 ™~ \/771'7(333)7"

Case 3. If x4, = 2" = 27 = xé_), O Tgom = T = ~1(_> = x3, Or
Tdom = T* = T1 = Nl(_ = X3, O Tgom = =1 = 5/’5_) = xz(),_)
holds, then
1/2
oo ~ —e (3.53)
3 ﬁ
T(xdom)

where n is a constant, and x4, is dominant singularity for Fy(x).

The proofs are given in the following conditions.

Condition 3.1 If we have x4, = x« = 21 = x(_), then

) (1- 2

v )
Py(z) = — ,
1— (=)
Tdom 6 (x>
Yo(x
o\ 32 y* f(x) <1 - O(* )>
lim (1 — ) Py(x) = Y =ny,
T—Tdom, Tdom " dYb(.ﬂ?) 6(_)(:6) r—
dx
Therefore, using theorem 3.2 we get
ny ml/?
Tm,0 ~ ——=—.
Condition 3.2. If x4, = 2% = fl(_> = x3, then we have
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= Na,
Therefore, using theorem 3.2 we get

ny mb/2

Tm,0 ™~
Condition 3.3. If we have x4, = 2* = 1 = 23 (=) = x3, then

() <1 - YO(_*)(x ) y* f(x) (1 )

Y-

(_ +90 )
(- x)
1— " "
y( dom
Py(z) =
1_
Ldom (x)
v ()
e i 0@ (1- 12 )
lim (1— ‘ > Py(z) = &) &)
T—Tdom Tdom dYb (:U) 5( ) r=x*
X X
dx
= ns,

o4



Therefore, using theorem 3.2 we get

ng ml/?

ﬁ *\Mm
7(1’)

TTm,0 ™~

Condition 3.4. If x4, = 2" =11 = ig_) = xé_), then we have

f() (1 - W)) vy fO @) (1 - W)

Yy )
+ go(x)
(1 — Yo(x)) — a5 ()
¥ Ldom
Py(z) = < _ ,
1— (=)
B (x)
. Yo(z
3/2 y* f(r) <1 - y(* )>
lim (1-— Py(x) = = Ny,
T—Tdom ( xdom) O( ) T d}/()(x) 5(_) (x) r=x* !
dx
Therefore, using theorem 3.2 we get
g mb/2
im0
’ ﬁ .
R

Case 4. If x4, = 2% = 21, Or Ty, = 2* = fl(_), Or Tygom = 5 =
T = .fl(_) holds, then
)
rm

(xdom)m’

where 7 is a constant, and x4, is dominant singularity of Fy(x).
We will give the proofs in the following cases.

(3.54)

TTm,0 ™~
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. (1_ ; )zpo(x)y* f(x)(l— "

=T,
T Tdom Tdom ) dYp(z) s
Z Ao 9i ()
Therefore, using theorem 3.2 we get
rm
T ~ ————.
0 (x*)m
Condition 4.2. If we have 24, = z* = 7,7, then
y =)
O @) (1 - (@)
Y
(1- 2
Y-
Py(x) = = ,
<3j - xdom) gik(ﬂi)
Y (@
o (=)
: z Yo)
i (1 Tz > Po(w) = )
N o 2 0 @) iy o
dx !
f— 7"27
Therefore, using theorem 3.2 we get
T2 M
im0 ~ :
0 (x*)m

o6



Condition 4.3. If x4, = 2" =11 = xl(_), then we have

+ - go(x)
<1 — YO(x)) <1 _ M)
y i
Py(z) = = ,
<$ - xdom) gik(x)
o\ 2
T—=Tdom Ldom
(=)
Y, F - Yy ‘(@)
o152 s )
( dYy() i 4y, (z) ) -
2 0 * X « r=x
x dﬂf gl(‘x) 332 OdT gl(ﬂf)
Therefore, using theorem 3.2 we get
T3 m
T ~ .
0 (x*)m

Case 5. If x4, = x3, OF Tyom = xé_), OF Tgom = T3 = xé_) holds,
then

S m—3/2

T ~ ——=———
" \/%(xdon%)m7

where s is a constant, and 4, is the dominant singularity of Fy(x).
The proofs are given in the following conditions, but first we need
to define the following functions in order to simplify the later cal-
culations. Let

(3.55)

L) =~ ha(a, Yo(w)) 200D
(—QM%@M@%?Q—wwg%%Q)_W(;

o7



dx
(-) (-)
Oy gy P ) - dhy (x,y>)
( v dy S a y=Y{ (@)
dho(z, dhy(x,
N(a:):—<Q0(YO(a:)) 20(1 y)ﬂw¥> -
L L y=Yo(x)
(-) (-)
(o0 O @y Prz_z:y) | dho w,y))
( 0 0 dﬂf d y—Yo(_)(w)
dhi(x,y
o) = Mo
Yy y=Yo(x)
_ dh(_)(x Y)
O( )( ): 1 d ’
Yy y=Yy " (x)
dhi(z,y) dh (z,y)
2(z) = dx + 1dx ’
y=Yo() y=Yy (x)

da(z)  db(x) x
K(z) = 1——
(z) dx dx x5’
da D) (z)  db)(x) x
KO(z) = — .
(1) = ==+ — NS (3.56)

Condition 5.1. If we have x4, = r3, we write,

o8



Therefore, using theorem 3.2 we get

51 m3/2

Condition 5.2. If 24, = x|

0(x) B _
N

Therefore, using theorem 3.2 we get

, according to (3.57) we have,

5y 32

Ve

bf Condition 5.3. If we have x4, = 13 = x(_), according to (3.57)

TTm,0 ™~
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we have,

d@“”) () M(z) — WO (@) MO(a)

lim 1— =

T—=Tdom T dom dx 2
2x < 71 (x))

Therefore, using theorem 3.2 we get

= 83,

=3

53 m /2

3.6 Exact Tail Asymptotic for Q(y)

In this section we find the exact tail asymptotic behaviour of the
marginal stationary distribution along y-axis with applying theorem
3.2 to the generating function Qy(y). From (3.42) and (3.43) we
have

L(y) + 12(y)
92(9) '

Qol(y) =

Since X((y) can be written as

Xo(y) = cly) +d(y), /1 - i (3.58)

we can write the following equations

=C 1 - 2
92(y) = c1(y) + du(y), /1 "
Xo(ys) — Xo(y) = (1 - %)c*(y) —d(y), /1~ yﬁ
_ a1 Yy [ _¥Y
92(y3) — g2(y) = c1(y)(1 yg) di(y), /1 s (3.59)

Hence, according to (3.42), (3.43), and (3.59), we characterize the
exact tail asymptotic behaviour of 7, into four cases: (1) exact
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geometric decay rate, (2) exact geometric decay rate with factor

n~1/2 (3) exact geometric decay rate with factor n=%/2 and (4)

exact geometric decay rate with factor n. In the following we will

show the details on the cases above.

Case 1. If the conditions, |Ygom| = v* < min {71, Y3}, or |Yiom| =

Y =01 = Y3, OF |[Yaom| = y1 < min {y*,y3} hold, then
c

7(yd0m)n, (3.60)

To,n

where ¢ is a constant, and 4, is the dominant singularity of Qy(y).
We will give the proof in the following conditions.

Condition 1.1. If |ygom| = y* < min {7, y3}, then we have

L(y) + la(y)
(Y — Ydom)93(y)’

Qo(y) =

= lim <1_ y )Qo(y):ll(y)+l2(y) .

Y—=Ydom Ydom g>2k (y) y=y*

Therefore, using theorem 3.2 we get

Condition 1.2. If |ygom| = ¥* = 71 = y3, then

Xo(y)>

:U*

z* L (y) (1 -

St Wl - L) - )
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v 1 (y) (1 3 Xo(y))

! = C9.
V. v . .
1 - c*(y) — d(y) 1— ci(y) — di(y)
Ydom dom
Therefore, using theorem 3.2 we get
C2
To,n n”
(v*)
Condition 1.3. If |ygom| = ¥1 < min {y*,y3}, then
X
) (1- 222
)
(1 B Xo(?J))
x*
Qoly) = :
o) 2(0)
X,
) z* Iy (y) (1 - 723(}))
= lim (1 — )Qo(y) = = c3.
Y—Ydom Ydom dX (y) y=1
Y 7dy 92(y)
Therefore, using theorem 3.2 we get
C3
7'('0,” ~ — oo
(1)

Case 2. If the conditions, |Ygom| = v* = y3 < U1, O |Ydom| = 91 =
y3 < y* hold, then

tn—l/?

T ~N Y,
o ﬁ(ydom)n

where ¢ is a constant, and yg., is the dominant singularity of Qy(y).
The proofs are given in the following conditions.

(3.61)

Condition 2.1. If |ygom| = ¥* = y3 < 71, then
Li(y) + l(y
QO(y) _ 1( ) 2( )

Sl Wl - L) -aly))
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L(y) + la(y)
12 C’f(y)—d1(y)>

Ydom

= lim 1—
Y—Ydom ydom

y=y*

Therefore, using theorem 3.2 we get

tl n—l/?

Ton ~ ——=—
V)

Condition 2.2. If |ygom| = 71 = y3 < y*, then

v 1y (y) (1 B Xo(?J))

:U*

Qo(y) = \/1 ] ydzm (\/1 ) yd?im c'(y) —d(y)

= lim 1—
Y—Ydom ydom

Therefore, using theorem 3.2 we get

tg n—1/2

T ~ — .
b VT (ys)"

Case 3. If the condition |ygom| = y3 < min {1, y*} holds, then

U n—3/2

Ton ™~ ~7=7
! VT (Ydom)"
where wu is a constant, and Y4, is the dominant singularity of Qy(y).

The proof is given in the following condition, but first we need the
following assigned notations in order to simplify the calculations.

(3.62)
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In (3.19) let C(z) = P_1(v)A(z) + mo.—1B(x). Therefore, according
to (3.42) we have
l1(y) — mo,0ho(Xo(y), y) — C(Xo(y))

Qo(y) = 22(0) . (3.63)

Also lets define

D(y) = — h(Xo(y),y) AB(Xo(y)) _ dC(Xoly)) _

dx dx
dhy(z, dho(z,
(PO(XO(y>> lc(i y>+7T0,o Oc(l v)
v v z=Xo(y)
dhy(z, dho(z,
B) = - (RO P 4 T )
Yy Y x=Xo(y)
th(ajay)
Iy) = — - ,
r=Xo(y)
dh2 xay)
J(y) = C(l ,
Y la=Xoly)

V(y) = D(y)guly) — I() (z1<y> ; z2<y>),

W(y) = Ey)aly) — (o) (z1<y> ; z2<y>),

de(y) | d d(y) y
R(y) = + 11— =.
) dy dy Ys
Condition 3.1. If |ygom| = y3 < min {g1,y*}, then

(R(y)— Ay) >V(y)+W(y)

Y
2 1— =
dQo(y) v V Y3

dy (m(y)>2
. dQo(y) _ —d(y)V(y)
7y yd?im dyy 2y3 éz(y)y) 2

(3.64)

= Uuz.
Y=ys
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Therefore, using theorem 3.2 we get

w no32

T ~ — .
b VT (ys)"

Case 4. If the condition |ygom| = v* = 71 < y3 holds, then
vn
(ydom)w

(3.65)

To,n

where v is a constant, and Y4,y is the dominant singularity of Qy(y).
The proof is given below.

Condition 4.1. If |ygom| = v* = 71 < ys3, then
X,
I (1 - 0(*y)>
x
| Xo(y)
x*

+ l(y)

= lim (1— / >2Qo(y):

Y—Ydom ydom

Therefore, using theorem 3.2 we get

Because of the symmetry, the exact tail asymptotic behaviour of
the marginal stationary distribution along —y-axis is similar to the
asymptotics behaviour of m,,. Therefore, we are not going through

the details of the analysis of Qg_)(y).
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Chapter 4

Exact Tail Asymptotic Behaviour
of the Joint Stationary
Distributions of Generalized-JSQ
with Kernel Method

4.1 Generalized-JSQ Model and Kernel Method

In this section we describe the Generalized-JS(Q) model with two
servers. We will model this queue as a two-dimensional random
walk in the first and fourth quadrant of the random walk plane,
and for each quadrant we will write a specific fundamental form.
In the Generalized-JSQ model we have three arrival streams. The
first stream is a Poisson process with rate of A\;, which is dedicated
to server 1. That is, this stream only goes to server 1. The second
stream is a Poisson process with rate of Ay, which is dedicated to
server 2, and the third stream is a Poisson process with rate of A,
which is called smart stream. That is, this stream determines the
shorter queue, and joins that queue. We have exponential distribu-
tions for service times, where the rate of service in server 1 is uq,
and in server 2 is us.

Since G-JSQ is a two-dimensional random walk model, and we as-
sume that random walks are considered to be without jumps, that
is, the maximum step in any direction is 1. Therefore, the transition
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probabilities for the Generalized-JSQ model are as follows,

(pi;  fa>landb>1,-1<i,j <1,
pY.if (a,b) = (0,0), 1 <i,j <1,
_ pV  ifa>1landb=0,-1<i,j<]I,
P ) = (3
(a,b),(a+1i,b+5) (2) . _ ;o4

pij Ha=0andb>1,-1<475<1,
pfj_) ifa=0and b< -1, -1<14,5 <1,

p) ifa>landb<-1,-1<ij<]1,

where p; j, pgg-), pgj), pg?, pl(;), and pg?j_) are non-negative real num-

bers having the following property, >  p;; =1, > p(l.) =1,

0]
i,j=0%1 i,j=0,%1
0) _ 2 _ 2-) _
> bi; = L, > pi; = L, > pi; = 1, and
i=0,1,j=0,+1 i=0,1,j=0,+1 i=0,1,j=0,+1
(=) _
> D ; =1
1,7=0,%1

By modelling the Generalized-JSQ into the first and fourth quad-
rant of the random walk plane, where z-axis corresponds to min{@1, Q2 }

and y-axis corresponds to (1 — @Q)2), we have the following proba-
bilities,

Pl—1 =AM+ A, Do1= A2, po11 = [41, Po—1 = M2,

p(()lg =X+ A/2, p(li 1= M1, p(()l)1 =AM +2A/2, p(—li,—l = M2,

p(()zz_)\% pg)l_)\ +)\ p(())l ,LLQ, p(()(% M1,

p(()ol =X+ A/2, po,—1 = A1+ /2, p()’o = 2 + 2,

p§ D= p((fl) = A1, p(__l),l = [, pé,__)l = 1,

p? 1=+ A, pé?f) = A1, pg:{ = Ju1, p((fo_) = L. (4.1)

=

From the transition probabilities, one can write the balance equa-
tions as follows,

(1) for interior of the first quadrant:

if n =1, then

Tma = H2Tm2 + (A1 + N)Tm_12 + (A2 + A/2) T 0 + 1 Tm1.0,
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if n > 2, then

Tm,n = ()\1 + /\)ﬂ_m—l,n—i—l + H2Tm n+4-1 + H1Tm+1.n—1 + A27"_m,n—17

(2) for the boundary on z-axis:
if n =0, then

Tmo = (M1 + N Tm—11 + f2Tm1 + 1Tm -1 + (A2 + N1 1,

(3) for interior of the fourth quadrant:
if n = —1, then

Tm—1 = (A +A/2)Tm0 + (A2 + AN)Tm—1,—2 + H2Tm+1.0 + H1Tm, —2,

if n < —2, then

Tmn = MTmnt1 + (A2 + AN)Tm—10-1 + HoTms 1041 + M Tmn—1-
(4.2)

Hence, by using the generating functions (3.1), (3.2), (3.3), and
balance equations (4.2), we can derive two fundamental forms in-
cluding one equation for the first quadrant , and one equation for
the fourth quadrant as follows,

(1) for the first quadrant,

P(z,y)h(z,y) =Ry(z)hi(z,y) + Qo(y)ha(z, y) + mooho(, y)+
mo,—1B(x) + p_1(z)A(z), (4.3)

(2) and for the fourth quadrant,
PO, y)h ) () =Ro(a)hy” (w,9) + Q) ()hy” (7, 9)+

moohy ) (2,y) — mo 1 B(@) + i) —
poi(2)Az),
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where,
h(z,y) = <1 — oyt —x (M + Ny — Ty — Azy>,
W (z,y) = <1 — iy = Do+ Nay Tt — ey — Aly),
hy(z,y) = <,u1x_1y + Ao+ A/2)y — 1),
hy 7 (2, y) = <uzx‘1y + (A +A/ 2)y),
ha(z,y) = <(A1 +N)ay T+ Ay + pay T+ — 1) :
hg_)(x, y) = <(/\2 + Nyt Ny + oy A+ e — 1),
fae) = (O + /24 e = 1)
) = (O 372
A@) = (e + ot ).
B(x) = (()\2 + ANz + ,u1>. (4.4)

Therefore, according to lemma 3.1. the fundamental form for the
both first and fourth quadrant is

P(z,y)h(z,y) + P (2, y)h\ (2, y) = Py(x) Hi(2,y)+
Qo()halz,y) + Q5 (y)hS (2, y) + moo Holz, y), (4.5)

where,
Ho(z,y) = ho(z,y) + b (2, y). (4.6)
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4.2 Branch Points and Branches

In this section we introduce the kernel equation for the Generalized-
JSQ model, and provide details on properties of branches and branch
points of the kernel equation. The polynomial A(z,y) is called ker-
nel. Therefore, according to (3.23), for the generalized-JSQ model,
kernel equation is

h(z,y) = a(x)y” + b(x)y + c(x) =0,

o) = (= dar =)

b(z) = x,
clx) = ( — (A + N)2? — u2x>. (4.7)

where

from (3.25), the branches of the kernel equation, h(z,y) = 0, are

—b(x) £/ D1(x)
2a(x) ’

Yi(x) =
where
Di(z) = b(x)* — da(x)c(z).

Furthermore, as stated in (3.28), kernel equation for the first quad-
rant can be written as,

h(z,y) = aly)z® + b(y)z + é(y) =0,

where

- mf)- (4.8)
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from (3.30), the solutions for z are,

—b(y) Ds(y)

Xi(y) = 2(y) ,

where

Ds(y) = b(y)* — 4a(y)e(y),

Similarly as stated in (3.33), kernel equation of the fourth quadrant
is

W (2, y) = al D (@)y” + b (@)y + () =0,

where
() = (= Mz — pa),
b (x) =z,
(@) = (=N + N2 — ), (4.9)

and from (3.37), the kernel equation for the fourth quadrant can be
written as

W (z,y) = a7 (y)2* + b (y)z + 7 (y) = 0,
where
A (y) = (=X = N),
b (y) = (—\y* +y — ),
A (y) = (—pay®). (4.10)

4.3 Asymptotic Analysis of Fy(z) of the Generalized-
JSQ

In this section we make Py(z) of the G-JSQ in terms of other gener-
ating functions from the fundamental forms. For simplification and
reducing the unknown generating functions, we make the kernel
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polynomial zero by substituting the branches of kernel polynomial
of the Generalized-JS(Q into the fundamental form of the first and
fourth quadrant, and consequently get the simpler expression for
Py(x). Therefore, recalling (4.6) we have

Py(x) <h1<x, Vo)) + h), Y<‘><x>>) + Qu(Yola) ol Yola)) +
QY (Vs (@))hs (2, Yy (@) +
o o, Yoo)) + 4§, ¥ 0)) =0, (111)

where hu(z, Yo(w)), ha(x, Yo(@)), by (2, Y3 (@), By (2, Y3 (2)),
ho(z, Yo(x)), and h(()_)(x, Yo(z)) can be found from (4.5).

In order to analyse the asymptotic behaviour of FPy(x), we need
to get information about the dominant singularity of Fy(x). The

following lemma gives the solutions of the equation | hi(x, Yy(x)) +

hg_)(x, Y()(_)(x))> = 0, which is one of the singularities of Py(z).

Lemma 4.1. Suppose the following two inequalities hold,
(1) p1 — po — 2pua g 4 20optd + 2Nt + 241 a5 + 4pipe — 3pi+
205 + 113 + Ao pio < 0,
(2) p1 — po — 2pa pio + 2Xop3 + 2 ou3 + 2AuF + 213 + 21 p3+
Apdpg — 3p3 4 2p3 + p3 + Ao pia + A e > 0,

1
then x* = (;)2 = ()\fi—;:ﬁ)\)z is the solution of hi(x,Yo(z))+

By (@, Yy () = 0.
Proof. If the first inequality holds, we have Yy(p~2) = p~!. Also
from the second inequality we have vy (p~%) = p~L. Therefore,

(o, Yo(p ) + (072, (07%) =0
This completes the proof. ]
From now on let x* be the solution of hy(z, Yo(x))+hg_)(a:, YO(_) (x)) =
0, with the smallest modulus greater than 1. Hence, hy(z*, Yy(x*))+
hg_)(x*,YO(_)(x*)) =0, for |z*| > 1.



4.4 Asymptotic Analysis of Q)y(y) of the Generalized-
JSQ

Recall (4.3), which gives the fundamental form for the first quad-
rant. Now with replacing x by Xy(y) in (4.3) we get,

_ —Py(Xo)(Xo, y) — mo0ho(Xo, y)
ha(Xo,y)
(P_1(Xo) + mo,-1) (A2 + M) Xo + 1)

h2 (X07 y)

Now for finding the solution of hs(Xy,y) = 0 with the smallest
modulus greater than 1, we define the function,

f(y) = a(y)ha(Xo, y)ha( X1, ).

Hence, we have the following lemma.

Qo(y)

. (4.12)

Lemma 4.2. y = F2 is the number with the smallest modulus

A2
greater than 1 which makes f(y) = 0.

Proof. Equation f(y) = a(y)ha(Xo, y)ho(X1,y) = 0 implies,
— (M + My (y — 1) (Aay — p2) = 0.

Therefore, y = % is the zero of f(y) with the smallest modulus
2
greater than 1. ]

Lemma 4.3. y = % = y* is the zero of ho(Xo(y),y).

2

Proof. From (4.11) one can get

13 (201 + pa + Ay — 1)°
A3 ’

H2
Dy(H2) =
2(/\2)

since we assumed the stability conditions for the system, (u; >
A1+ A), which implies the inequality, 2p1 + pio + Ao > 1, from (4.11)
one can get
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2 M2 H2/1
X and X_ —
+(/\2) Ao (Az) Xo(Ap + \)
With the above stability condition it is straight forward to see that
H2 Mz
X, ntd

Therefore,

b (021,52 ) = O+ VS22l 4+ G = D2 =0

From now on we denote the solution of hao(Xy(y),y) = 0 with the
smallest modulus greater than 1 by y*. []

4.5 Asymptotic Analysis of Qé_) (y) of the Generalized-
JSQ

In this section, in order to analyse the asymptotic behaviour of
Q(()_)(y) of the Generalized-JSQ, we replace x by Xé_)(y) in (4.4) to
get,

R )R (X ), y) — mooh” (X (W), )
hy (X5 (), )
—(P(Xs () + mo ) (e + VX5 w) + )
hs (X7 (), )
Lemma 4.4. Let g(y) = a7 (y)hs (X5 (), ) (X[ (), ), then

y = % is a solution of g(y) = 0, with the smallest modulus greater
1

than 1.
Proof. T g(y) = al=) (y)hs (X5~ (1), 9)hs (X[ (y),y) = 0, then

—(A2 + N2y (y — 1) (Ay — pu) = 0.

Therefore, y = %

+

is a solution of g(y) = 0, with the smallest

1
modulus greater than 1. []
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Lemma 4.5. y = % is a solution ofh )(X(()_)(y),y) =0.
1

Proof. From (4.15) we can get

2 — Ny — /\)2
D) Hiy 1 (o 2 .
2 ()\1) )\%

By using (4.15) and assuming the stabﬂity Condition which is (g >

N ¢ xO) and x(8) = L2
9 + )7 we call ge + (Al) Al (A:[) )\1()\2+)\>
Therefore,

P (XD, T = Qo+ N+ (5 4+ (i = 1)5E =0,

)\1 )\1 )\1 )\1 )\1

From now on we denote the solution of hg_)(Xé_)(y),y) = 0 with
the smallest modulus greater than 1 by yzk_). []

4.6 Exact Tail Asymptotic for F(x) of the Generalized-
JSQ

In this section according to the results of the section 3.5 of this
thesis, we find the exact tail asymptotics behaviour of 7, o of the
generalized-JSQ by applying the theorem 3.2 to Fy(x). If the in-
equalities of lemma 4.1. and two stability conditions, u; > \;+ A for
t = 1,2 hold, then the results of the section 3.5, indicate that the

. . . . 1 M1 —|—,LL2
dominant singularity of Py(z) can be either (-)? = (————~"——)?
min 1;1 ingularity o() rll ither (p) ()\1 v )\)
or Xi(—) = Xl(m), or X\7(=) = Xl(_)(ﬂ), or x3, the third
P2 Ao 01 A1

branch point of h(x,y), or xé_), the third branch point of h(7)(z, ).
Therefore, we can characterize the exact tail asymptotic behaviour
of Py(z) of the Generalized-JSQ into 5 cases: (1) exact geometric
decay rate, (2) exact geometric decay rate with factor m=/2, (3)
exact geometric decay rate with factor m!/2 , (4) exact geometric
decay rate with factor m, and (5) exact geometric decay rate with

factor m—3/2. Next, we will show the details on the five cases above.
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2 P1
1 1 1 _
Or Tgom = X1(—) = Xl( )(—), Or Tgom = X1(—) = xé ), OT Tdom =
! P2 p11 ] P2 )
X)) = a3, o8 gom = (5)2 = X1(—) = @3, OF Zgom = (2)% =
/)11 P ] P2 ]
Xl(_)(_) - x:(%_)a Or Tdgom = Xl(_> = Xl(_)(_> = X3, O Tgom =
1/)1 1 P 1 - 1
Xi(—) = X1 (=) = 287, o wom = (5)? = Xa(—) = 25 = af,
P 1 : 1 ,0% 1
2 (-) (—) 2
or Tygom = (=) =X; (—)=x3=25 ', 0r Tgom = (—)" = Xq(—) =
1 (p) ) (,01) 3 (p) (,02>
X1(_)(_) =13 = xé_) holds, then
P1
L
im0 ™~ m)
: (xdom)
x

where (lim,_,,, (1 — )JPy(x) = L) is a constant, and x gy, is

Ldom
dominant singularity of Py(x), which can be obtained from case 1

of section 3.5.

1 1 _
Case 2. If 24y, = (=)? = 3, OF Tgom = (=) = :vé ), O Tgom =
0
1 ()1 (-) Lo
Xi(—) =23, or Tgom, = X7 '(—) = 25 7, OF Tyory = (—)° = 23 =
1(,02) 3 d 1 ) (m) d (pl) 3
x(_), or Tgom = X1(—) = z3 = x(_), OT Tdom = Xl(_)(—) = 23 =
P2 P1
xé_) holds, then
U m—1/2
Tm,0 ~ ~—F7=, o
’ ﬁ(xdom>m
where (lim, .., /1 — ’ Py(x) = u) is a constant, and g, is
dom

dominant singularity for Fy(x), which can be obtained from case 2

of section 3.5.
1 1 _
Case 3. If Ldom — \(— 2 = X1 —) = :13( ), or Tgom = (— 2 =
CF = Xi() = o} )
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1 1 1 1
X()——Zl?g,OI'ZCdom _Q—Xl_:X()—:Zng,OI‘
) wam = (G = X = X0G)
Tigom = (=)* = X1(—) = Xl(_)(—) = 247 holds, then
P2 P1
n m1/2
7Tm,0 ~ 9
m
%(*xdom)m

X

3/2
where (lim, ., <1 — ) Py(z) = n) is a constant, and 4.,
Ldom

is dominant singularity for Py(x), which can be obtained from case
3 of section 3.5.

1 1 1 _
Case 4. If 240 = (-)* = X1(—), or Zgom = (=)* = X1( )(—), or
P P2 P1
1, 1 o1
Tigom = (—)° = X1(—) = X; ’(—) holds, then
P P2 P1
rm
TTm,0 ™~ m)
’ (xdom)
x

2
where (lim, ., (1— ) Py(z) = r) is a constant, and 4., is

dom
dominant singularity of Py(x), which can be obtained from case 4

of section 3.5.
Case 5. If x4,, = 3, OF Tyom = :vé_), O Tjom = T3 = :vé_) holds,
then

s m—3/2

T ~ ——=———
" \/%(xdom)m7

—

Ldom dx
is the dominant singularity of Py(z), which can be obtained from

case H of section 3.5.

where (lim,_,,, = s) is a constant, and x 4o,
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4.7 Exact Tail Asymptotic for Qy(y) of the Generalized-
JSQ

In this section we determine the exact tail asymptotic behaviour
of m,, for Generalized-JSQ with applying the theorem 3.2 to the
generating function Qy(y). If the inequalities of lemma 4.1 and two
stability conditions, p; > \; + A for ¢« = 1,2, hold, then due to the
results of the section 3.6, the dominant singularity of Qy(x) is either
- &, or Yl(%) = E((M)2), or ys, the third branch

P2 Ao AL+ A+ A
point of h(z,y).

Hence, according to section 3.6, we can categorize the exact tail
asymptotic behaviour for the Qy(y) of the generalized JSQ into 4
cases: (1) exact geometric decay rate, (2) exact geometric decay
rate with factor n=!/2, (3) exact geometric decay rate with factor
n=3/%2 and (4) exact geometric decay rate with factor n. In the

following we will show the details on the cases above.

1 1
Case 1. If the conditions, [ysom| = — < min {Yi(=),ys}, or
P2 p

1 1 1 1
|yd0m’ = = }/1(_) = Y3, Or |yd0m| = Yi(—) < min {—,yg} hOld7
P2 p? P’ p2

then

C
(ydom)n

o )

where ( lim (1 - )Qo(y) = ¢) is a constant, and Y., is the

Y—Ydom dom
dominant singularity of Qy(y), which can be obtained from case 1

of section 3.6.

1 1
Case 2. If the conditions, |ym| = — = y3 < Yl(—2), Or |Ydom| =
I%: P

1
Yi(—) = y3 < — hold, then
p P2

tn—l/Q

\/%(ydmn)n7

To,n
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where ( lim /1 — Y
Y—Ydom ydom

dominant singularity of Qy(y), which can be obtained from case 2
of section 3.6.

Qo(y) = t) is a constant, and Y., is the

1.1
Case 3. If the condition [ygom| = y3 < min {Y;(—;), —} holds, then
P~ P2

U n—3/2

Ton ™~ —F7—=, .
! ﬁ(ydom)n

d
where ( lim 1— Y Qo(y) = u) is a constant, and g, 1S the

dominant singularity of Qy(y), which can be obtained from case 3
of section 3.6.

1 1
Case 4. If the condition |ygom| = — = Y1(—) < y3 holds, then
P2 P
vn
Ton n’
(ydom)

where ( lim <1— Y

Y—Ydom dom
dominant singularity of Qy(y), which can be obtained from case 4

of section 3.6.

2
) Qo(y) = v) is a constant, and Y., is the

Because of the symmetry, the exact tail asymptotics behaviour of
mo,—n for n = 1,2, 3, ... is similar to my, for n = 1,2, 3, ..., and so we
are not going through the details of the analysis of Q(()_)(y).
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Chapter 5

Conclusion

In this thesis, I extended the idea of a random walk model in the first
quadrant by Fayolle, Malyshev, and Tasnogorodski [19], to find the
general formulation for the generating functions, and fundamental
form for a general random walk model in the first quadrant and
fourth quadrant of the plane. In addition, I extended the results of
the kernel method in the random walk plane by Li and Zhao [50], to
investigate the exact tail asymptotics behaviour of a general random
walk model in the first and fourth quadrant of the plane.
Moreover, I found the exact tail asymptotics behaviour of the
Generalized-JSQ, which is a two-dimensional queueing model in the
first and fourth quadrant of the plane by using the kernel method.
This model was already studied by Li, Miyazawa, and Zhao [45],
and Zhao and Grassmann [75]. But the advantage of the kernel
method is that it is a simpler and faster method compared with
other methods.

Although many studies have been done in the area of random walks,
this research field has still a lot of problems to be solved and dis-
covered. Here I give some suggestions for future investigations in
this area:

(1) Studying the exact tail asymptotics behaviour of the generating
functions in the three-dimensional random walk model using the
kernel method, which has a large application in the manufacturing,
communication, and healthcare industry. As an example one can
work on parallel queueing problem with three servers.
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(2) Studying the exact tail asymptotics behaviour of the two-dimensional
queueing problems modelled in the first and fourth quadrants of the
random walk plane with jump steps bounded by two instead of jump
steps bounded by one.
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