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Abstract

This thesis develops a method (dimensional reduction) to compute motivic
Donaldson—Thomas invariants. The method is then employed to compute

these invariants in several different cases.

Given a moduli scheme with a symmetric obstruction theory a Donaldson—
Thomas type invariant can be defined by integrating Behrend’s function over
the scheme. Motivic Donaldson—Thomas theory aims to provide a more re-

fined invariant associated to each such moduli space - a virtual motive.

From the modern point of view motivic Donaldson—Thomas invariants should
be defined for a three dimensional Calabi—Yau category. These categories
often arise in a geometric context as the derived category of representations

of a quiver with potential.

Provided the potential has a linear factor we are able to reduce the problem
of computing the corresponding virtual motives to a much simpler one. This
includes geometric examples coming from local curves which we compute ex-

plicitly.
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Preface

This thesis is a compendium of three papers. The Chapters 2, 3, and 4 are

essentially three separate articles.
Chapter 2 is a version of independent work published in [38];

Chapter 3 provides an application of the reduction theorem proven in Chap-
ter 2 to the resolved conifold singularity. It is joint work with Prof. Sergey
Mozgovoy, Prof. Kentaro Nagao and Prof. Balazs Szendréi [39], my indi-

vidual contribution to this project was Section 3.3.2;

Chapter 4 generalizes the results of Chapter 3 and comprises joint work
with Prof. Kentaro Nagao [40]. Sections 4.5 and 4.9 are my main individual

contribution to the work;

[38] A. MORRISON, Motivic invariants of quivers via dimensional reduc-
tion, Selecta Mathematica, published online January 11th 2012.

[39] A. MORRISON, S. Mozcovoy, K. NAGAO, B. SZENDROL. Motivic
Donaldson—Thomas invariants of the conifold and the refined topological ver-
tex. submitted to Advances in Math., July 2011.

[40] A. MORRISON, K. NAGAO. Motivic Donaldson-Thomas invariants of
small crepant resolutions, submitted to Algebra & Number Theory, Novem-
ber 2011.
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Chapter 1

Introduction

This thesis contains work collected from three research papers [38], [39], [40]
found in Chapters 2, 3 and 4 respectively. Each of the chapters begins with

an introduction to the results it contains.

Chapter 2 - contains the dimensional reduction theorem used throughout
the thesis in the computation of motivic Donaldson—Thomas invariants. The
first six sections introduce all the basic material on quivers, moduli spaces,
motives and vanishing cycles. The last section contains the proof of our

dimensional reduction theorem.

Chapter 3 - is our first application of the reduction theorem to the resolved
conifold. Section 3.2 contains the preliminaries. Section 3.3 computes the re-
duced series. Then section 3.4 computes the motivic DT invariants (for any
choice of stability parameter). The final section identifies the DT /PT mod-
uli spaces for the resolved conifold, giving a motivic version of the DT /PT

Correspondence.

Chapter 4 - is a generalization of the results in Chapter 3 to a collection of
local toric Calabi-Yau threefolds. Sections 4.2-4.4 contain preliminaries on
root systems, non-commutative crepant resolutions and motivic DT invari-
ants. Section 4.5 computes the reduced series in a special case (modulo the
linear algebra calculations of 4.9). Then in section 4.6 this is generalized
using mutations of the quiver and potential. Section 4.7 is almost identi-
cal to 3.4 and computes the motivic Donaldson-Thomas invariants (for any
choice of stability parameter). Section 4.8 gives another motivic DT/PT

type correspondence.



Chapter 5 - is our conclusion. It recapitulates the main results of the thesis
with some added analysis. We mention some related work in theoretical

physics and end with proposals for future research.



Chapter 2

Dimensional Reduction

This chapter contains a version of independent work published in [38]. It
provides a reduction formula for the motivic Donaldson-Thomas invariants
associated to a quiver with potential. The method is valid provided the
superpotential has a linear factor, it allows us to compute virtual motives

in terms of ordinary motivic classes of simpler quiver varieties.

2.1 Introduction

In [60] Thomas defines integer valued invariants associated to compact mod-
uli spaces of stable sheaves on a Calabi—Yau threefold. These numbers con-
tain geometric information about the underlying manifold. In particular
they provide a virtual count for the number of curves in each homology
class, conjecturally equivalent [37] to the invariants of Gromov—Witten.

Recently there have been several extensions of the integer valued Donaldson—
Thomas invariant [33], [32], [4], [27]. In [33] Kontsevich and Soibelman pro-
pose to work in a general three dimensional Calabi—Yau category. For a
choice of stability condition they get moduli spaces of objects in this cate-
gory each of which has a motivic DT invariant. The Euler numbers of these
motives specialize to the classical invariant.

Quivers with potential provide concrete examples of such CY3 categories.
Although quiver categories are of independent interest in representation the-
ory [54] they often contain geometric content, in particular the derived cat-
egory of many local CY3 folds can be realized in this way.

We provide a reduction theorem for motivic DT invariants of a general
class of quivers with potential. The theorem expresses the motivic DT in-

variants in terms of the ordinary motivic classes of certain reduced quiver



representations.

In this way the theorem can be seen as a generalization of [4] where the
quiver with potential models the Hilbert scheme of C3. Or from another
point of view, in the cohomological Hall algebra, the reduction statement of
[32] section 4.8 is an analog of our motivic result.

The theorem is used here to compute the motivic DT invariants for
crepant resolutions of toric singularities. We finish by mentioning some

joint work with co-authors on the wall crossing behavior of these motives.

Let @ be a finite quiver with vertex set ), that is a finite directed graph.
The representations of @ are indexed by a dimension vector a € N®0, At
each vertex i we have a vector space V; of dimension «;, and for each arrow
a : i — j we have a linear map M, : V; — V. Such representations are
considered unique up to the linear action of GL(V;) on each vector space
Vi. We produce a fine moduli space of framed quiver representations by
taking a G.I.T quotient. The framing comes from the extra data of a vector
f € N@ \ {0}, and the stability condition is determined by a linearization

of the group action y;

N9a, f) = ] Hom(V;,V;) x [ Vi)' /x ] GL(VY).

aii—j 1€Qo 1€Qo

It is a smooth quasi-projective variety (see Section 2.3).

The path algebra CQ of the quiver @ is the vector space over C with
basis given by the paths in the quiver, the multiplication is then defined by
concatenation of paths. An element W € CQ of the path algebra is called
a potential if it is the sum of cycles, i.e. paths that form loops. We are

specifically interested in potentials that have a linear factor;
W=L-R

here L is linear, that is a sum of length one paths.



The potential defines a function on the moduli space of representations of
Q. Given a representation (M,)q:i—; insert the matrix M, in place of each

occurrence of a in W then take the trace;
Tt Ways: N9a, f) » C

the definition is invariant under the action of the gauge group and so gives a
well defined regular function on the moduli space of framed quiver represen-
tations. For a specific pair of vectors «, f € N9 we define the DT moduli

space of @, W to be the scheme theoretic degeneracy locus of Tr W, ¢;
DT (a, f) = {d Tt W, s = 0} € NOW(a, ).

Behrend, Bryan and Szendréi [4] define a virtual motive associated to each
such a locus, essentially given by the motivic Milnor fibre of the map Tr W, ;.

Using the same definition we have a motivic DT invariant;
DT (@, f)lr € Ko(Vare)[L77]

taking values in the Grothendieck ring of varieties, adjoined with a for-
mal inverse square root of the Lefschetz motive L = [AL]. The conditions
described in Section 2.5 allow us to neglect the usual ji-action on these in-
variants.

When the potential has a linear factor W = L - R, there exists a reduced

space of quiver representations;

RO (@) = {(Ma)aiwj | R(Ma)a:isj) =0} C J] Hom(Vi, V5).

a:i—j

Here the space is a variety and also we have no G.I.T quotient. Our result
expresses the virtual motives of the DT moduli spaces in terms of the ordi-
nary motives of the reduced spaces. It is best phrased in the context of a
motivic quantum torus.

Let /\/lgt be the Grothendieck ring of varieties where we formally invert

the general linear groups and a square root of the Lefschetz motive. Now



consider the formal power series over this ring, as a Mggt—module it is defined
Tg = Z Mmat® | mq € M;Et
aeNQo

The Euler form (,)g, a pairing associated to the adjacency matrix of @,

defines a non-commutative product * on this set given by,

te x t,B — L%«mﬂ)g—(ﬁ,a)Q)taJrg.

7o is the motivic quantum torus of the quiver ). The virtual motives of

the DT moduli spaces give an element;

2@WI ()= ) DT (0, lart® € To.
a€N®o

Similarly the reduced spaces can be assembled into a series;

Wiy .o [REY (D]} Liaa)opa
ROV (t) := QEEN;O WL (vaote e 7o

here GL(a) = [[;c, GLq,- In this context our main result reads simply,

ROW(Lit) = 2@ () « ROW (L~ %+t)

where (Lt)® = LA*t®. This describes all the motivic DT invariants in

terms of the ordinary motivic classes of the reduced spaces.

2.2 Quiver with Potential

Let Q be a finite quiver with vertex set Qy and arrows a : 7 — j. A path in
the quiver is a sequence of arrows ai - as - - - a, so that the head of the arrow
a; coincides with the tail of the arrow a;41, each path has a length given by
the number of arrows of which it is composed.

The path algebra of the quiver CQ is the C vector space with basis the



set of all paths and with multiplication given by concatenation of paths. An
element W € CQ is called a potential if all the monomials in W are cycles.
Then

W e CQ/ICQ,CQ)

is the class of W up to equivalence of cyclically permuting terms in any
monomial. Ginzburg [20], provides a detailed account of such algebras and
potentials. Our main interest is in their representations. For each dimension

vector a € N9 we define a linear space of representations of Q,

M%(a) = J] Hom(C®,C*)

aii—j

the group of automorphisms GL(a) = [[;cq, GLa, (C) acts on this space by
change of basis. The potential W defines a function on the representations of
Q. So that given a representation (Mg)q:i—j, we define W ((Mg)q:i—;) to be
the endomorphism obtained by inserting M, in the place of each occurrence
of a in W. Taking the trace of this linear map gives a complex number
Tr W((Ma)a:i—j) well defined under cyclic reordering of each monomial and
invariant under the action of GL(«). In particular this means that the class
W eCQ/ [CQ, CQ)] defines a GL(«) equivariant Chern—Simons functional,

Tr W, : M%(a) — C.

The potentials we consider in this paper satisfy the following special condi-

tion.

Definition 2.1. A potential W € CQR/[CQ,CQ] has a linear factor if for

some lift W € CQ there exists a factorization
W=L-ReCqQ

where L is a linear combination of arrows, so that for each pair of vertices
1,7 € Qo there is at most one such arrow a : ¢ — j between them. Moreover

we have that no arrow in L occurs in R.



For such a potential we define

MPW(a) = TeW (1),
M@ (@) = TeW N 0),
R¥W (a) {(Ma)asij € M(a) | R((Ma)asisj) = 0}

the first two being fibres of the Chern—Simons functional and the latter
the zero locus of the reduced equations R = 0. The corresponding moduli

stacks are defined,

MW () = [MPY(a)/GL(a)],
mPW (@) = [MP"(a)/ GL(a)],
REW(a) = [RYY(a)/GL(a)].

There exists a partial order on N9 given by
a> B if a; > B6; for all i € Qg

and we say that
a>pifa>p and a # B.

As a final piece of notation we introduce two pairings on the semi-group N®o
to be used later. Let o, 8 € Z90 then

a-B=> api
(@, B)g =D aifi— > aif.

a:i—j
2.3 Stability for Quiver Representations

We fix a dimension vector ov € N@0. The stability condition depends upon

a choice of framing vector f € N@0 \ {0}, introducing such will produce a



fine moduli space of framed quiver representations. Let

U9, f) = {(Mq,m) | dmC(Mo){m} = a} € M?(a) x [] (C*)”
1€Qo

where C(M,){m;}, is defined to be the span of the collection of vectors m
under the successive action of the matrices M,. Now the group GL(«) acts

freely on the U9 (a, f) giving a fine moduli space of quiver representations.

Proposition 2.1. [30, King] There exists a character x : GL(a) — C*
such that the open subset U%(a, f) is precisely the subset of stable points for
the action of GL(«) linearized by x. In particular the action of GL(«) on
U@ (o, f) is free, and the quotient

N@(a, f) == M®(a) x T (€C*)% )/ GL(a) = U%(a, f)/ GL(a)
i€Qo
is a smooth quasi-projective G.1.T. quotient.

The Chern-Simons functional can be defined on U?(«, f) as the pullback
of the one on M®%(a) via the natural projection. This functional is GL(«)
equivariant and consequently descends to a regular function on the smooth
quotient

Tt W s : N9, f) = C.

Our main object of interest is the scheme theoretic degeneracy locus of this

functional, which we define;
DT (q, f) := {d Tt W, ; = 0} € N9(a, f).

Example 2.1. Let @ be the quiver with one vertex {*x} and three arrows

{z,y, z}, potential W = x(yz — zy) then it is well known [4, Prop 2.1],
DT?W (n,1) = Hilb™(C?).

Remark 2.1. Details of more general quiver stability conditions can be

found in section 3.2.3.



2.4 Grothendieck Rings

Here is an account of Grothendieck rings following Bridgeland [8] (c.f. Toén
[59]). We are interested in spaces that are varieties or stacks over C. Denote
by

Varc C Stc

the inclusion of the category of varieties in the category of Artin stacks of

finite type. Our first definition is the Grothendieck ring of varieties.

Definition 2.2. The Grothendieck ring of varieties Ko(Varc) is the free
abelian group on isomorphism classes of varieties over C, modulo the scissor

relations

(X]=[2]+ X\ 7]

for Z a subvariety of X. Multiplication in Ko(Varc) is given by fibre product
[X]-[Y]=[X xcY].

For a variety X we will call [X] the motivic class of X. For example
consider a Zariski fibration 7 : £ — B with fibre F, then stratifying the

base by trivializing neighborhoods and using the scissor relations we get
[E] =[F]-[B] € Ko(Vare).

We can use this fact to give a nice formula for the motivic class of the general

linear group.

Lemma 2.2. We have

n—1
[GL,] = [J(L" - L*) € Ko(Vare)
k=0

where L = [AL].
Proof. The map
m: GL, — C"\ {0},

10



sending a matrix to its first column, is a Zariski fibration with fibre equal to
GL,_; xCr1
so by what was said above
[GL,] = (L" — )L™ Y[GL,_1],

and the result follows by induction. O

Recall that the Grassmannian can be defined as the free quotient of
the general linear group by the subgroup of matrices fixing a hyperplane of
dimension k, so as an immediate corollary of the above lemma we also have

a formula for the motivic class of the Grassmannian

[GLy]
[GLy)[GL,,_|[Hom(Ck, Cn—F)]

[Gr(k,n)] = € Ko(Varg).

To define the Grothendieck ring of stacks we need the notion of geometric

bijection, we say that a representable morphism
f: X—>Y
is a geometric bijection if it induces an isomorphism
f:X(C)—=Y(C)

between the groupoids of C-valued points. In our definition we shall also
need to consider stacks with affine stabilizers, that is stacks X locally of finite

type over C such that for all z € X(C), Isomc(z,x) is an affine algebraic
group.

Definition 2.3. The Grothendieck ring of stacks Ky (Stc) is the free abelian
group of isomorphism classes of finite type Artin stacks of over C with affine

stabilizers, modulo the relations

1. [XUY]=[X]+[Y].

11



2. [X] =[Y] for every geometric bijection f: X — Y.

3. [X] = [Y] for every pair of Zariski fibrations with the same base and
fibre.

Again multiplication comes from the fibre product.

The inclusion of the category of varieties in the category of stacks gives

an obvious homomorphism of rings

Ko(Vare) 2 Ko(Ste).
The following lemma shows that the image of the general linear group is
invertible.

Lemma 2.3. Fvery principal GL, bundle 7 : Y — X is a Zariski fibration.

Hence

[Y] = [X] - [GLn] € Ko(Stc)

and in particular taking Y to be a point we have that [GLy,] is invertible with
inverse [BGL,] € Ko(Stc).

Proof. The fibration 7 : Y — X is a principal GL,, bundle if its pullback to

any scheme S is

Y
)
S— X.

So f*m : f*Y — S is a principal GL,, bundle, therefore locally trivial in
the étale topology. As the group GL,, is special [56] this bundle is a Zariski
fibration. O

This lemma provides an extension of the map ¢ above. We have
Ko(Varc)[[GL,) ™ : n > 1] 5 Ko(Ste).

Kresch proves [34] that stacks with affine stabilizers are in geometric bijec-

tion with quotients Y/ GL,, where Y is a variety and n is sufficiently large.

12



This shows that the map ¢ above is surjective. In fact ¢ is actually an

isomorphism of rings.

Lemma 2.4. /8, c.f. Bridgeland, Lemma 3.9] The ring homomorphism
¢ Ko(Varc)[[GLy] ™t : n > 1] — Ko(Stc) is an isomorphism.

Since we need them for our definition of virtual motives we hereby define

two extended rings of motivic classes
Me == Ko(Varc)[L"2]  and  ME! := Ko(Ste)[L™2).

The topological Euler characteristic of classes in Ko(Varc) extends to Mc
by letting X(]L_%) = —1, giving a ring homomorphism

X : Mc—Z.

2.5 Virtual Motives

Let f: M — C be a regular function on a smooth quasi-projective variety
with Z the scheme theoretic degeneracy locus of f. Using arc spaces Denef

and Loeser [14] define the motivic vanishing cycle

loflz € Kg(VarZ).

This motivic class is relative over the the degeneracy locus Z and has an
action of the profinite group fi = limg pg of all roots of unity. From this one
can recover the cohomology with its monodromy action of the Milnor fibre
at each point z € Z (see [14] Theorem 3.5.5.). This relative motive can be

pushed forward to a point giving a coarser class
[os] € Kf (Vare)

sometimes described as the integral over Z and this class can be used directly

to give a definition of the virtual motive in the following case.

13



Definition 2.4. [4] Let f: M — C be a regular function on the a smooth
quasi-projective variety, with Z = {df = 0} C M the scheme theoretic

degeneracy locus of f. The virtual motive of Z is defined,

_dimM

[Z)vie = L™ 75 [pf] € ME.

This really depends not only on the scheme Z but on the function f
and space M. However taking the Euler characteristic will give a number
intrinsic to Z. In particular if Z is a moduli space of stable sheaves on a
Calabi-Yau threefold then x([Z]vir) will equal the Donaldson-Thomas in-
variant, by Behrend’s description of the constructible function v in terms of
the Milnor fibre [2].

In the case where f is equivariant with respect to a C*-action satisfying
the properties below, the virtual motive lives in the subring M¢ C ./\/lfé of
motivic classes with trivial monodromy action. Moreover, it is given by an

easy formula.

Definition 2.5. (Property (x).) Let f: M — C be a regular function on
a smooth quasi-projective variety M. Then f satisfies Property (%) if there
exists a C* acting on M, so that for all m € M and t € C* we have

ft-m)=t-f(m)
and secondly we have that for all m € M the limit

limt-m
t—0

exists.

Property () means that the map f : M — Cis a trivial fibration over C*.
This is easy to see, letting M7 = f~1(1) and My = f~1(0) the trivialization
is

C* x My 2™ M\ M,

sending a point m in the fibre over 1 to the point ¢ -m € M \ M.

14



Proposition 2.5. [/, Behrend, Bryan, Szendrdi] Let f : M — C be a requ-
lar function on a smooth quasi-projective variety M with C*-action satisfying
Property (x). The motwic class of vanishing cycles [¢¢] can be expressed as

the motivic difference of the general and central fibres

los] = [F V)] = [f71(0)] € Ko(Varc)

i particular

_dim M

[Z)vir = L™= ([f7HO)] = [F71(1)]) € M.

In [4] the above theorem is stated under the additional assumption that
the C*-action be circle-compact this implies that in addition to Property
(%) the C*-fixed locus be compact in the analytic topology. As they them-
selves mention [4, Section 1.7] this requirement is stronger than needed and

Property (%) will suffice.

Remark 2.2. More details on equivariant motivic classes and vanishing

cycles can be found in the excellent expository article [14].

2.6 Motivic Quantum Torus

The reduction theorem is most easily expressed as a multiplicative relation
in a certain quantum torus. Kontsevich and Soibelman see this arising
naturally in their work on motivic DT invariants of a three dimensional

Calabi-Yau categories [33] and again in the quiver context [32].

Definition 2.6. Let @ be a finite quiver with pairing (,)g. The algebra
7o, is an MZt-module
To = H Métta,
a€N®?o

with a non-commutative product,

& % tB — L%((aﬁ)Q*(ﬁ,a)Q)ta_Fﬁ'
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Roughly speaking this is a non-commutative ring of power series with
motivic classes as coeflicients. All the motivic classes we are interested in

can be neatly packaged in two such series. The DT series,

ZOWI(t) = Y DT (a, f)lvirt™ € T,
aeN@o

and the reduced series,

: — [REY (D] Liaayopa
R@W (t) ._a%:%[GL(a)]M Jat™ € 7Tg.

Remark 2.3. Notice that in the special case when the quiver () is symmetric

the algebra 7 is commutative.

2.7 Main Theorem

Here we extend the results of [4, §2.7] to a general quiver and potential with

a linear factor.

First we work without stability and consider the Chern—Simons functional
TrW, : M9 (a) — C.

One immediate consequence of the linearity of the potential is that the above
map satisfies Property (%), hence is a trivial fibration over C*. To see this
just consider C* acting diagonally on the left of the matrices appearing in
the linear factor L, one of which will be non-zero if the trace map is. Recall
the definitions of Section 2.2

MPW () = TW (1),
MZW (@) = TrW(0),
RV () {(M,) € M®(a) | R(M,) = 0},
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the first space here is the general fibre, the second the central fibre and
the space RQ7W(04) we call the reduced space, since it is the locus of the
reduced equation R = 0. The corresponding stacks defined in Section 2.2
were denoted Sﬁ?’w(a), szQ’W(a) and M@W (). The following proposition
expresses the difference of the general and central fibres in terms of the

reduced space.

Proposition 2.6. Let Q be a finite quiver with potential W. Suppose W has
a linear factor. For any dimension vector a € NQ0 [et fm?’w(a), DJT?’W(@),
RO (a) be the stacks defined above. Then

g™ ()] — [P ()] = (R (a)]

in the Grothendieck ring of stacks Ko(Stc).

Proof. The idea is to use the triviality of the fibration and the linearity of

the potential to obtain two simple relations between the motivic classes.

Fix a dimension vector a € N0, Consider the map Tr W, : M Q(a) — C,
we stratify the base C = C* U {0}. The fibre over {0} we call M(?’W(a),
the central fibre. Since the map is a C*-equivariant family with Property
(%), then over C* it is a trivial fibration, with general fibre MlQ W (a). This

decomposition of M Q(a) into two pieces gives our first motivic relation,
’W ,W
M) = Mg ()] + (L = DM (o) (2.1)

Now split the arrows of the quiver into two sets, if and only if they occur

in the linear factor of the potential;
A={a:i—jlaeLlland B:={b:i—j|bgL}

Let m = (Ma)a;i_,j be a @ representation of dimension vector «, using

the splitting we decompose m into parts

(ma,mp) € @ Hom(C*,C%) x @ Hom(C*,C%).

ai—jEeEA bii—jeB
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Then
L(m) =L(ma) € €5 Hom(C™,C%),

aii—jEA

and since W = L - R is a sum of cycles

R(m) = R(mp) € P Hom(C¥,C™).

ai—jeA

The trace map gives a non-degenerate pairing between these spaces

Tr @ Hom(C*,C%) x @ Hom(C*,C*) — C

ai—jeA ai—j€A

defined as follows. Let

X € @ Hom(C*,C%) and Y € @ Hom(C,C*%)

a:i—jEA a:i—jEA

take the product of these linear maps to get

X-Ye @ Hom(C*,C)

ait—jEA

and then take the trace of this endomorphism

Tr:(X,Y)— Tr(X-Y).

We use this pairing to compute M, ’W(a) in order to get a second relation.

Let m = (ma,mp) € M(?’W(a), so that Tr(L(ma) - R(mp)) = 0. There
are two cases to consider firstly when R(mp) = 0 and secondly when
R(mp) # 0. By definition the locus where R = 0 is equal to R%W(a).

On the compliment of this set consider the projection

T o MQ(a) \RQ’W(a) — {mp | R(mp) # 0}

(ma,mp) — mp.
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This map is a trivial vector bundle. For fixed mp the condition Tr(L(my4) -
R(mp)) = 0 is a single linear condition on the matrices m4 in the fibre,
and so in the second case the locus of m € MOQ’W(a) such that R # 0, is a
vector bundle of rank one lower. Both cases considered we have a formula
for the class of M(?’W(a),

(Mg (@)] = [RZY ()] + ([M?(a)] = [RZY ()L (2.2)
Finally relations (2.1),(2.2) together imply
(Mg ()] = (MY ()] =[R2V (@)

Dividing by the motivic classes of the automorphism groups GL(«) gives
the corresponding result for stacks.
O

In Section 2.3 we showed that for a choice of framing vector f € N?0\ {0}
there exists a fine moduli space of quiver representations with Chern—Simons

functional

TtW,.; : N9(a, f) — C.

Again we can use the C*-action given by acting diagonally on the left of all
matrices occurring in the linear factor L to produce a C*-action satisfying

Property ().

Lemma 2.7. There exists a C*-action on the moduli space N®(«, f) satis-

fying Property (% ).

Proof. Let

(ma,mp,v) € € Hom(C*,C*%)x P Hom(C*,C%)x P C™

ait—jEA Bii—jEB 1€Q0o

as above we consider the C*-action given by acting on the left of the matrices

in the linear factor

t:(ma,mp,v)— (t-ma,mp,v).
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This action is GL(«) equivariant and descends to a C*-action on

N9a,f)= [] Hom(C* C%)x ] C*/xGL(c).

ai—jeQ1 i€Qo

Moreover by the linearity of the potential the function Tr Wa, 1 is C*-equivariant.
All that remains is to check that the limits exist as ¢ — 0 (c.f. Lemma 2.4
[4]). We consider the affine quotient

Ne(e.fy= [ Hom(C*,c%)x J] C*/oGL().

ai—jEQ1 i€Qo

given by the GIT quotient at zero stability. Now N®(a, f) is projective
over Nég(a, f). For any m = (my, mp,v) € Ng?(a,f) the limit lim;_,ot - m
exists, indeed it is given by the image of (0,mp,v) in the affine quotient.
Since limits exist in NOQ(a, f) and N®(a, f) is projective over Ng?(a, f) the

result follows. O

So by Proposition 2.5 the virtual motive of DT@W (v, f) is the difference
of the general and central fibres of Tr V~Va7 ¥

7dimNQ(oz,f)

DT (0, Hlve =L~ 2z ((Tr W 3(0)] — [Tr W, (1))
In Proposition 2.6 we ignored stability and expressed the difference of the
general and central fibres as equal to the reduced space. Now on adding the

stability condition we will get a recursion relation for the virtual motives in

terms of the reduced spaces.

Theorem 2.8. Let () be a finite quiver with potential W. Suppose that
W has a linear factor. For any dimension vector a € N2 and framing
f € N@\ {0}, the virtual motives of the moduli spaces DT9W (v, f) satisfy
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a Tecursion,
REW (L7 = (L—<0¢—575>Q_1/2<5ﬁ>(2 - IDTY (B, )]wir
ROV (0 - ILTE ).
i the ring /\/lgt. Or equivalently rephrased in the language of Section 2.6
ROW(LEt) = Z@WS () « ROW (L~ %t).

Proof. Fix a dimension vector a € N?0 and a framing vector f € N?\ {0}.
First define all the objects without stability

XCa,f) = MO%a)x [T (€)%,
1€Q0
YO (a, f) = Mg () x [T (€)%,
1€Qo
Z9%(af) = M (a) x JT @
1€Qo

As shown in Proposition 2.6 the two spaces above are related to the reduced
space,
(RO ()] - LV = [Y @Y (a, )] = (29" (a, ).

The stability condition introduced in Section 2.3 depends upon the span
of the vectors {m;} under the matrices (My)q:i—;. This vector space was
earlier defined as

C(My){m;}.

For a given dimension vector § € N9 set,

X9, B,f) = {(Mg,my) | dimC(M,){m;} = 8} € X%(a, f),
YOWV(a,B8,f) = X%Ua,B,f)NnY?W(a,f) CcYOW(a, f),
Z29%(a, B, f) = X9Ua,B, /)N Z9(a, f) C 29 (a, f).
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Since the stability condition required the vectors {m;} generate the entire

representation, then in the notation of Section 2.3
UQ(a,f) = XQ(a,a,f) and NQ(a,f) = XQ(a,a,f)/GL(a).

So the virtual motive of DT@W (q, f) is the difference of the general and

central fibres

[DTQ’W(Q, f)]vir — —%Q(a’f) <[YQ7W(a7 «, f)] [ZQJ/V(aa «, f)])

[GL(a)] [GL(a)]
The dimension of N%(a, f) is

dimN9(a, f) = dim M%(a) — dim GL(a) + dim J] (C*)”
1€Qo
= —(a,a)g+a-f.

The remaining task is to compute the difference [Y9W (o, o, £)]-[Z9W (v, o, £)].
Let us start with YW (a, 8, f) and Z9W (o, 3, f).

Let Gr (3, @) be the Grassmannian of 8 dimensional subspaces in o dimen-
sional space, that is Gr (5, a) = Hz‘er Gr(B;, ;). Anelement of YW (o, B, f)
defines a subspace C(M,){m;} with dimension vector § € N the associ-

ated map

YW (a, B, f) = Gr(8,q)

is a Zariski fibration. To compute the motivic class of the fibre we fix a basis

so that

M M*
M, = ¢ (/1/
0 M

a
M7 € Hom(CPi CY%~5)

M! € Hom(CP CH)
) with
M!" € Hom(C 8 C*%~h5)

when a : i — j, and vectors

m; _ m) € Hom(1,C%)
my = with
0 0 € Hom(l,Cx5)
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when m; is at vertex i € (Jg. The image of the vectors mg under the matrices
M is now the entire S-dimensional subspace. The Chern—Simons functional

also splits with respect to this basis,
Tr Wy (M,) = Tr W(M.) + Tr W,_5(MY) =0,

in particular there is no restriction on the M/, and they factor out an affine

space of dimension —(a— 3, 5)g + (o — ) - 8. The two cases to consider are
{Te Ws(M;) = Tr W s(M;) = 0},

and
{TrWs(Mg) = = Tr Wy p(My) # 0}.

In the first case we get an element of Y@W (3,3, f) and an element of
M[?7W(a — (). The other stratum is a trivial C*-bundle, by the nonzero
value of the Chern—Simons functional. Looking at the fibre over 1 gives an
element of Z9W (3, 3, f) and an element of M1Q7W(a—6). The total motivic
class of the fibre is then,

YW (3,8, f)] L (a=B.B)g+(a=B)B [MOQ:W(Q — B, f)]
+H(IL = 1)[Z9(B,8, £)] - L~ BBat eS8 (2 W (o - g, f)].

The space Z9W(a, B, f) also fibres over the Grassmannian G7(3,q), the

motivic class of the fibre is computed similarly, as

[YOW (8,8, f)] - Lo BBat =85 (p2W (o — g, f)]
H(L—2)[29Y (8,8, f)] - L=t @=BB @V (o — g, f)]
+HZOW (5,5, 1) - L7l @AE [MEW (o - 6, 1))

We are now ready to deduce the recursion. Stratifying YW (o, f) and
YW (a, f) by the dimension of C(M,){m;} we have

YO (a, ) = [T Y9" (e, 8, f) and Z29W (o, f) = T] 29" (c, B, 1)

BLla BLa
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As mentioned the motivic difference of these two spaces was equal to the

class of the reduced space (Proposition 2.6)

[ROW(@)ILT ™ = [y W (a, 8, )] = (29" (a0, 8, f)]-

BLa

Substituting in our formulas for Y@W (a, 3, f) and Z9W («, 3, f) above gives

ROV ()L™ = Z[Gr(ﬁ,a)]L—<a—575)Q+(a—6)‘ﬁ

B<a

(Y88, ) = 1297 (8,8, )
(12" (0 = B, = PV (= B, 1))

_ [GL(a)] —(a—B,8)
D 7 e

([YeW(B,8, )] - 1297(8,8, 1)]) - [REY (a — B)]

_ ZmL—<a—ﬁ,ﬂ>Q—1/2<ﬂ,ﬁ>Q+1/2f-ﬂ
L(a —
BLa

IDTOY (B, lvic - [REY (a — B)).

This recursion formula is a relation in the ring Mc. Dividing out by the
motivic classes of the automorphism groups GL(«) and GL(«— 3) gives the
corresponding result in Mét the Grothendieck ring of stacks

fa lo— _
ROV (@)L = 3 (Lo P e 2R DTV (5, fl
B<a

ROV (0 - HILTE ).

g

Remark 2.4. As seen in the proof of Theorem 2.8 our result is essentially a
relation in the ring M. On the last line however we divide by the motivic
classes of some automorphism groups to get a corresponding statement in

./\/lét the Grothendieck ring of stacks. We make this remark as it is not know
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whether or not the homomorphism
Me = Mc[(L" —=1)7in > 1] 2 M2

is injective.
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Chapter 3

The Conifold

This chapter is joint work with Prof. Sergey Mozgozoy, Prof. Kentaro
Nagao and Prof. Balazs Szendréi [39]. We compute the motivic Donaldson—
Thomas theory of the resolved conifold, in all chambers of the space of
stability conditions of the corresponding quiver. The answer is a product
formula whose terms depend on the position of the stability vector, generaliz-
ing known results for the corresponding numerical invariants. Our formulae
imply in particular a motivic form of the DT/PT correspondence for the
resolved conifold. The answer for the motivic PT series is in full agreement

with the prediction of the refined topological vertex formalism.

3.1 Introduction

A Donaldson-Thomas (DT) invariant of a Calabi-Yau 3-fold Y is a counting
invariant of coherent sheaves on Y, introduced in [60] as a holomorphic
analogue of the Casson invariant of a real 3-manifold. A component of the
moduli space of (say stable) coherent sheaves on Y carries a symmetric
obstruction theory and a virtual fundamental cycle [6, 7]. A DT invariant
of a compact Y is then defined as the integral of the constant function 1
over the virtual fundamental cycle of the moduli space.

It is known that the moduli space of coherent sheaves on Y can be locally
described as the critical locus of a function, the holomorphic Chern—Simons
functional (see [27]). Behrend provided a description of DT invariants in
terms of the Euler characteristic of the Milnor fiber of the CS functional [2].
Inspired by this result, the proposal of [33, 4] was to study the motivic Milnor
fiber of the CS functional as a motivic refinement of the DT invariant. Such

a refinement had been expected in string theory [26, 17].

26



The purpose of this chapter is to show how the ideas of Szendréi [58] and
Nagao and Nakajima [46] can be used to study the motivic refinement of
DT theory and related enumerative theories associated to the local conifold
Y = Op1(—1,—1), the threefold total space over P! of the rank two bundle
Op1(—1) ® Op1(—1). In [58], it was realized that a counting problem closely
related to the original DT counting on Y can be formulated algebraically,
in terms of counting representations of a certain quiver with potential (see
below), the so-called conifold quiver. It was also conjectured there that the
algebraic and geometric counting problems are related by wall crossing. The

paper [46] realized this, by

e describing the natural chamber structure on the space of stability pa-

rameters of the conifold quiver,

e finding chambers which correspond to geometric DT and stable pair

(PT), as well as algebraic non-commutative DT invariants, and

e computing the generating function of Donaldson-Thomas type invari-

ants for each chamber.

In this chapter, we consider motivic refinements of these formulae. The
motivic refinement is given by the motivic class of vanishing cycles of the
conifold potential. This virtual motive “motivates” DT theory and its vari-
ants (PT, NCDT) in the sense that its Euler characteristic specialization is
the corresponding enumerative invariant of the moduli space.

The main result of this chapter is the computation of the generating
series of these virtual motives in all chambers of the space of stability con-
ditions. We constantly use the torus action on Y, together with a result
of [4]. We use the factorization property of [33, 32, 44, 51]. We also need
one explicit evaluation, Theorem 3.8; we give two proofs of that result, one
using an explicit calculation of the generating series of motives of a certain
space of matrices, another relying on a further “dimensional reduction” to
a problem on a tame quiver.

At large volume, our result agrees (up to a subtlety involving the Hilbert

scheme of points) with the refined topological vertex formulae of [26], also
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discussed in [17] in this context.

The motives considered here exist globally over the moduli spaces. Thus
our point of view is slightly different from that of [33], whose general frame-
work involves building motivic invariants from local data. The results here
are fully compatible with theirs, but the proofs do not depend on the par-
tially conjectural setup of [33], in particular their integration map.

As well as a motivic refinement, there is also a “categorification” given by
the mixed Hodge module of vanishing cycles of the potential; compare [32].
Our results can also be interpreted as computing the generating series of

E-polynomials of this categorification.

3.1.1 Main result

Let J = J(Q, W) be the non-commutative crepant resolution of the conifold,
a quiver algebra with relations coming from the Klebanov—Witten potential
W (see Section 3.3.1 for details). Let J = J(Q, W) be the framed algebra
given by adding the new vertex oco to the quiver of J. In [46], the authors
introduce a notion of ¢-(semi)stability of J-modules V with dim Vs, < 1 for
a stability parameter ¢ = ({p, (1) € R?.

Let o € N? and let sz(J, a) be the moduli space of (-stable J-modules

17, with dim V = (o, 1). We want to compute the motivic generating series

Z¢(yo,y1) = Z [fmc(j, a)]vir-yé‘oy?l € Mcllyo, y1]]-
a€eN?

Here [o],i; denotes the wvirtual motive (see Section 3.2.1), an element of a
suitable ring of motives Mc.

As proved in [46], the stability parameter space R? is a countable union
of chambers, within which the moduli spaces and therefore the generating
series Z; remain unchanged. The chambers are separated by a set of walls,

defined by a set of positive roots

Ay =AU A,
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where

A = {(i,i—1)|i>1}U{(i—1,4)]i>1},
AR = {(i,i) | i > 1}.

To each element o = (v, 1) € A4, we associate a finite product as follows:

for real roots a € A, put

apg—1
_Q0 414
Za<—y0’y1): H (1_]L 2+2+Jy840y?1>,
=0

whereas for imaginary roots o € Ai}rn, put

ap—1

_ag . -1 _ag . -1
Za(—Y0,y1) = H (1 —L 2 +1+Jy860y?1> (1 ~ L™= +2+Jy860y?1) )
j=0

Our main result is the following product formula:

Theorem 3.1. For ¢ € R? not orthogonal to any root,

Zc(yo,y1) = H Za (Y0, 41)-

OéeA+
¢-a<0

By [2, 4], the specialization Z¢(yo, y1)| , is the DT-type series at the

1
generic stability parameter ¢, computed Ifrf gpecial cases in [3, 37, 58, 62]
and in general in [13, 46]. Previously, all these results have been obtained
by torus localization; we obtain new proofs of all these formulae. Since [46]
identifies the DT and PT chambers for Y, we in particular get motivic results

for these two chambers.

Corollary 3.2. The refined DT and PT series of the resolved conifold are

given by the formulae

—_

m—

Zor(-5,T) = [ I] (1 —L—%+%+J'smT>

m>1 j=0
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and

m—1

m - -1 m . —1
Zor(~5,T) = Zpr(—s,T)- ]| (1 - L_5+1+Jsm> (1 - L‘?”ﬂsm) :
m>1 j=0

written in the geometric variables s, T, with s representing the point class

and T representing the curve class as usual.

Thus in particular we compute the first instance of a motivic DT parti-
tion function for the original geometric problem of rank-1 invariants of ideal
sheaves of points and curves [37] where a curve is present. Corollary 3.2 also
proves the motivic version of the DT/PT wall crossing formula. These re-
sults are compared to the expectation from the refined topological vertex [26]
in Section 3.5.3.

3.2 Preliminaries

3.2.1 Motives

We are working in a version of the ring of motivic weights: let M¢ denote
the K-group of the category of effective Chow motives over C, extended by
I[f%, where L is the Lefschetz motive. It has a natural structure of a A-ring
[19, 23] (see Section 3.2.2 for the definition of a A-ring) with o-operations
defined by o, ([X]) = [X"/S,] and an(]L%) — 2. There is a dimensional
completion [5]

M(C = M(C[[Lil]L

which is also a A-ring. Note that in this latter ring, the elements (1 — L"),
and therefore the motives of general linear groups, are invertible. The rings
Mc C M@ sit in larger rings Mé - //\Zé of equivariant motives, where fi is
the group of all roots of unity [35].

The map that sends a smooth projective variety X to its E-polynomial

BE(X,u,v) = Y (~1)P"dim HP(X, C)uPv!
P,q=>0
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can be extended to the ring homomorphism E : M¢ — Q[u, v][(uv)~ %]]
This map is a A-ring homomorphism, where the A-ring structure on Q[u, v][(u

is given by Adams operations (see Section 3.2.2)

lﬁn(f(uﬂf)) = f(uTL?Un)‘
The map E : Mc — Qlu, v, (uv)_%] can be further specialized to the Euler
number e : M¢c - Qbyur— 1L,v—1, (uv)fé — 1.

Remark 3.1. Note that the Euler number specialization of L3 is L2 s 1.
This differs from the conventions of [4], where the specialization is L2+ —1.
This difference results from the fact that [4] uses the A-ring structure on M¢
with o, (—~L2) = (—L2)" [4, Remark 1.7].

Let f: X — C be a regular function on a smooth variety X. Using arc
spaces, Denef and Loeser [14, 35] define the motivic nearby cycle [¢f] € ./\/lé

and the motivic vanishing cycle

los] = [y — [F1(0)] € ME

of f. Note that if f = 0, then [¢pg] = —[X]. The following result was proved
in [4, Prop. 1.11].

Theorem 3.3. Let f : X — C be a regular function on a smooth variety
X. Assume that X admits a C*-action such that [ is C*-equivariant i.e.
f(tx) =tf(z) fort € C*, x € X, and such that there exist limits lim;_,o tx
for allx € X. Then

o) = /71 W] = 1/710)] € Mc € ME.
Following [4], we define the wvirtual motive of crit(f) to be
fexit(/)luie = —(~L2) "™ X[gs] € ME.
Thus for a smooth variety X with f =0,
[Xuie = [erib(0x)Je = (~L2) 79X [X]
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Remark 3.2. The ring Mc is known to be a homomorphic image of the
naive motivic ring Ko(VarC)[L_%]. Some of the works cited above work in
this ring; the quoted constructions and results carry over to M¢ under this
ring homomorphism. We prefer to work in Mc since that is known to be a

A-ring.

3.2.2 )-Rings and power structures

Let

A =lmZ[zy, ..., 2]

be the ring of symmetric functions [36]. It is well-known that A is generated

as an algebra over Z by elementary symmetric functions

[ E Liy « - - T4y,

11 <<y

as well as by complete symmetric functions

i1 <<l

Moreover Ag = A ® Q is generated over Q by power sums p, = >z}

A Q-algebra R is called a A-ring if it is endowed with amap o : AXR — R
called plethysm, such that (—o7r) : A — R is a ring homomorphism for
any 7 € R and the maps v, = (p, o —), called Adams operations, are
ring homomorphisms satisfying ¢ = Idg and ¥, Y, = Yy for myn > 1.
Note that plethysm is uniquely determined by Adams operations. It is also
uniquely determined by maps A\, = (e, o —) : R — R called A-operations
and by maps o, = (h, © —) : R — R called o-operations.

Given a A-ring R, we endow the ring A = R[z1,...,2,] with a A-ring

structure by the rule
U (rax®) = Y (r)x"™?, re R,ae N

Let AL C A be an ideal generated by x1,...,T,,. We define a map Exp :
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Ay — 1+ Ay, called plethystic exponential, by the rule [19, 43]
1
Bxp() = S () = exp (3 (1))
n>0 n>1
This map has an inverse Log : 1 + Ay — A, called plethystic logarithm,
Log(f) = 3 ™y, 1og( )
n>1 n ’

where p is a Mobius function.
We define a power structure map Pow : (1+ A4) x A — 1+ A, by the
rule [43]

Pow(f,g) = Exp(g Log(f)).

In the case when R is a ring of motives, the power structure map has the

following geometric interpretation [22]. Let

f =1 + Z[Aa]xa7

a>0
where A, are algebraic varieties. Then
Pon( XD = 3 [(Fugx o TT A89)/ T S o240
k:N™—N aEN™ acNm™

where the sum runs over maps k : N — N with finite support, |k| =

Y acnm k(a), the configuration space Fy, X is given by
Fo X ={(z1,...,2n) € X" | x; # xj for i # j},

and the product of symmetric groups [[,cpm Sk(a) acts on both factors in

the obvious way. The quotient in square brackets parametrizes elements in

U Il 4w

P X—Nm zeX

with ¢ : X — N satisfying #{z € X | ¥(z) = a} = k() for any o €
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N™\{0} (see [41]). Therefore we can also write

Pow(f, (X)) = > [][Ap@]=*®,

Y X—Nm zeX

where the sum runs over maps ¥ : X — N with finite support.

3.2.3 Quivers and moduli spaces

Let @ be a quiver, with vertex set Qg and edge set (J1. For an arrow a € @1,
we denote by s(a) € Qo (resp. t(a) € Qo) the vertex at which a starts (resp.
ends). We define the Euler-Ringel form x on Z&° by the rule

X(aaﬁ) = Z a;fi — Z as(a)ﬁt(a)a a,p € ZQO
i€Qo a€Q1

We define the skew-symmetric bilinear form (e, e) of the quiver @ to be

(@, 8) = x(a, B) = x(B,0), @, B €LY,

Given a @Q-representation M, we define its dimension vector dim M €
N@0 by dim M = (dim M;);eq,- Let a € N?° be a dimension vector and let
Vi =C*, i€ @Qo. We define

R(Q,@) = @ HOHl(‘/S(a), Vvt(a))

a€@Qq

and

Go = [] GL(VY).

i€Qo

Note that G, naturally acts on R(Q, «) and the quotient stack

M(Q, @) = [R(Q,a)/Gal

gives the moduli stack of representations of () with dimension vector .
Let W be a potential on (), a finite linear combination of cyclic paths

in Q. Denote by J = Jgw the Jacobian algebra, the quotient of the path
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algebra C(@) by the two-sided ideal generated by formal partial derivatives
of the potential W. Let
fa: R(Q,a) » C

be the G,-invariant function defined by taking the trace of the map asso-
ciated to the potential W. As it is now well known [55, Proposition 3.8], a
point in the critical locus crit(f,) corresponds to a J-module. The quotient
stack

M(J, @) = [crit(fa)/Gal
gives the moduli stack of J-modules with dimension vector «.

Definition 3.1. A central charge is a group homomorphism Z : Z90 — C
such that
Z(a) €Hy = {re™ |r>00< o<1}

for any o € N?0\{0}. Given o € N@\{0}, the number p(a) = ¢ € (0,1]

such that Z(a) = re'™, for some r > 0, is called the phase of a.

Definition 3.2. For any nonzero @Q-representation (resp. J-module) V', we
define (V) = ¢(dim V). A @Q-representation (resp. J-module) V is said
to be Z-(semi)stable if for any proper nonzero @-subrepresentation (resp.
J-submodule) U C V we have

p(U)(L)p(V).

Definition 3.3. Given ¢ € R?, define the central charge Z : Z& — C by
the rule
Z(a) = —C-a+ilal,

where |af = 3,0 a;. We say that a Q-representation (resp. J-module) is

(-(semi)stable if it is Z-(semi)stable.

Remark 3.3. Let the central charge Z be as in Definition 3.3. Define the
slope function g : N20\ {0} — R by u(a) = % Ifl c H=H,;U{0}is aray
such that Z(«) € [ then [ = R>o(—p(a),1). This implies that ¢(a) < ¢(5)
if and only if u(a) < u(B).
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We say that ¢ € R?0 is a-generic if for any 0 < 8 < a we have ¢(3) #
(). This condition implies that any (-semistable @Q-representation (resp.
J-module) is automatically (-stable.

Let R¢(Q, ) denote the open subset of R(Q, a) consisting of (-semistable
representations. Let f¢, denote the restriction of f, to R¢(Q,a). The

quotient stacks

Me(Q. @) = [Re(Q,0)/Ga],  Mc(J,a) = [erit(fea)/Gal (3.1)

give the moduli stacks of @-representations and J-modules with dimension

vector a.

3.2.4 Motivic DT invariants

Let (Q,W) be a quiver with a potential and let J = Jg w be its Jacobian
algebra. Recall that the degeneracy locus of the function f, : R(Q,a) — C

defines the locus of J-modules, so that the quotient stack
M(J, ) = [erit(fa)/Gal

is the stack of J-modules with dimension vector . We define motivic

Donaldson-Thomas invariants

[crit(fo)lvir
[m(Ju a)]vir - y
[Ga]vir

where [G]vir refers to the virtual motive of the pair (Gq,0).

Definition 3.4. A subset I C @ is called a cut of (Q, W) if in the associated
grading gr on ) given by

1 ael,

gr(a) =
0 a¢l,

the potential W is homogeneous of degree 1.

Throughout this section we assume that (Q, W) admits a cut. Then the
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space R(Q,«) admits a C*-action satisfying the conditions of Theorem 3.3
for the function f, : R(Q,«) — C. This implies

e — (LA~ dim R@a Mo (0] = [fa (1))
[m(‘]a )]VII‘ ( L ) [Ga]vir

_ (LA /a1 (0] = [fa ' (V] (3.2)

Generally, for an arbitrary stability parameter ¢, we define

(o) Fea O] = [fea(V)
G

[i)nC(‘L a)]vir = (_L%) (3.3)

where, as before, f¢ o denote the restriction of f, : R(Q, ) = Cto R¢(Q, ).

Lemma 3.4. Let a € N0 be such that o; = 1 for some i € Qq (this will
be the case for framed representations studied later) and let ¢ € R20 be

a-generic. Then

erit(foo e

[mC(J7a)]ViF = [Ga]vir

Proof. Let
Me(Q, a) = Re(Q, ) /Ga

be the smooth moduli space of (-semistable Q-representations having di-
mension vector «, and let fé’a : M¢(Q,) — C be the map induced by
feo : Re(Q, ) = C. Note that R:(Q,a) = M¢(Q,«) is a principal bundle
with the structure group PG, = G,/C*. The group PG, is a product of
general linear groups (here we use our assumption that there exists i € Qo
with a; = 1). Therefore R:(Q,a) — M¢(Q,«) is locally trivial in Zariski
topology. This implies

[Crit(fC,Oé)]vir . [Crit(fé,a)]vir
[Ga]vir B [GLl]vir

As (Q,W) admits a cut, the space M(Q, ) admits a C*-action satisfying
the conditions of Theorem 3.3 for the function f; , : M¢(Q,a) — C (one
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uses the fact that M¢(Q,a) is projective over R(Q, «)/Gy). This implies

[Crit(fé,a)]\’ir _(—L%)—dimMc(Q,a) [(’Ofé,a]

[GLiJvir (—L3)-}(L — 1)
R ety
— (—Lz (@) [fg’j‘(o)][ C;a][f“l”(l)]. (3.4)
O

3.2.5 Twisted algebra and central charge

Definition 3.5. The twisted motivic algebra associated to the quiver @ is

the associative M@—algebra

To= [] Mc-y"

aeNQo

generated by formal variables y“ that satisfy the relation
y* -y = (L) @Plyats,

with (e, e) the skew-symmetric form of the quiver Q.

Note that if the quiver @) is symmetric, i.e. its skew-symmetric form is

identically zero, then 7¢ is commutative.

Remark 3.4. This algebra, which is all we are going to need, is (a com-
pletion of) the “positive half” of the motivic quantum torus of Kontsevich—
Soibelman [33].

A ray in the upper half plane H = H U {0} is a half line which has the

origin as its end. For a ray [ C H and a central charge Z, we put

Tz, = H Mc -y,

ac€Z-1(1)NNYo
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a subalgebra of the twisted algebra 7g.

Lemma 3.5 (Kontsevich-Soibelman [31, Theorem 6]). For any element

A=) enao Aay® € Tg with Ag = 1, there is a unique factorization
m
A=][Az (3.5)
ICH

with Az, € Tz, where the product is taken in the clockwise order over all

Tays.

Proof. For a positive real number r, we put

7= Il Mew, m= I My

a€ENRO |al<r a€Z~1(1)NNVo |a|<r

which we consider as factor algebras of Tg and 7z respectively. Let A ¢
Tcgr) denote the image of A under the canonical projection 7o — Tcgr). It is

enough to show that for any r there is a unique factorization

A0 =] 48]
ICH

with A(Zr)l € TZ(TZ) Note that the set of rays | € H such that
{aeZ X D) ||a|<r}#0
is finite. We order this set (I1,...,Ix) so that

arg Z(lh) < --- < arg Z(ly).

First we put A(Zr)l1 to be the summand of A") contained in 7'Z(rl)1 For 1 <

1 < N we define A(Zr)ll to be the summand of

r r -1 r -1
A (AG )T (AG),)

contained in 7-Z(7? Uniqueness is clear from the construction. O
b2
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3.2.6 Generating series of motivic DT invariants

Let (@, W) be a quiver with a potential admitting a cut, and let J = Jgo w

be its Jacobian algebra.

Definition 3.6. We define the generating series of the motivic Donaldson-
Thomas invariants of (Q, W) by

it a)|vir o
o= X el gt = Y e e,
a€eNQo aeNQo v

the subscript referring to the fact that we think of this series as the universal

series.

Given a cut I of (Q, W), we define a new quiver Q7 = (Qo,Q1\I). Let
Jw,1 be the quotient of CQ; by the ideal

(0iW) = (0W/0a,a € I).
Proposition 3.6. If (Q, W) admits a cut I, then

R(Jwr,a)|
Ap= Y (-Lbyer o] ([gf] e

a€eN®o
where di(a) = 324 5)e1 @0y for any a € ALY

Proof. Let f = fo: R(Q,a) — C. According to (3.2) we have

_ % x(a,a [f_l(o)] B [f_l(l)]
(T, @)y = (—L7 )X a. :

It is proved in [51, Theorem 4.1] and [38, Prop. 7.1] that

M) = 1F7H0)] = ~L (R (Jwr, o).

Therefore

onr = (LA @ +2dr(@) ETwr, )]
DN(J, @)lvir = (—1L2) cl
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Let ¢ € R%0 be some stability parameter and let Z : Z90 — C be the

central charge determined by ( as in Definition 3.3.

Definition 3.7. Let | = R>o(—p,1) C H be a ray (see Remark 3.3). We
put

Azi=Acu= Y M, @)l y* € To.

aeNQo
Z(a)€el

The Harder-Narashimhan filtrations provide a filtration on R(Q, ). This

filtration induces the following factorization property.

Theorem 3.7. Assume that (Q, W) has a cut. Then we have
Ay = H Az,
l

where the product is taken in the clockwise order over all rays.

Proof. This is originally a result of Kontsevich—Soibelman [33], though their
proof depends on a conjectural integral identity. Assuming the existence of a

cut, Theorem 3.3 leads to a simplified proof, written out in [51] and [44]. O

3.3 The Universal DT Series of the Conifold
Quiver
3.3.1 Motivic DT invariants for the conifold quiver

Let (Q, W) be the conifold quiver with potential. Recall that @ has vertices
0,1 and arrows a; : 0 — 1, b; : 1 — 0 for ¢ = 1,2. The potential is given by

W = alblang — albgazbl.

We have
x(a,a) = af + af — dapas.

Let Jyw = CQ/OW be the Jacobian algebra of (Q, W). Then I = {a;}
is easily seen to be a cut for (Q,W). Let Qr = (Qo, @1\I) be the quiver
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defined by the cut, and Jw,; the quotient of CQ); by the ideal
(01W) = (0W/0a,a € I).

It follows from Proposition 3.6 that the coefficients of the universal Donaldson-

Thomas series Ay = ) cneo Aay® are given by

— (_L3X(@a)+2a0a1 [R(Jw.1, @] — (— %(ao—alﬁi[R(']W’I’a)]
Ao = (=12 AT Gal

The goal of this section is to prove the following result.

Theorem 3.8. We have

A () = p (R =L 00 R0 57 0). o
n>0

Fquivalently,
Av(yo,yn) = [] A%(wo, ), (3.7)

CVGA+

where for roots o € AL, we put

1
L~z A
o () = [T (1-2n)
A%(yo, 1) = 720
1+L o L .
Exp <1 _+L71 yo‘> = H (1 — I[ija) ! (1 — ]L*JHyO‘) ! ac AP
j20

The equivalence of the exponential and product forms (3.6)—(3.7) follows
from formal manipulations. In the following two subsections, we give two
proofs of Theorem 3.8. The first one develops the method of [18] (c.f. [12]).
The second proof uses another “dimensional reduction” to reduce the prob-

(1)

lem to that of representations of the tame quiver of affine type A;"’.

3.3.2 First proof

The goal is to compute the generating function of motives of moduli of

representations of Jy ;-modules. Up to a group action, these moduli spaces
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are given concretely as spaces of triples of matrices:
R(Jw,r,a) = {(As, By, Bz) € Hom(Vp, Vi) xHom(V4, Vi) *? | B1A2 By = By A3 B}

In this section, for simplicity, we will denote this space by R(«). The proof
begins by reducing the problem to two simpler ones via a stratification of
R(«). For (As, B1, B2) € R(«), consider the linear map

As® By : Vo Vi — Vo @ V.

For any such endomorphism, the vector space V = Vi @ V7 has a second
decomposition V = V@V on which Ay@® By decomposes into an invertible

map and a nilpotent map (c.f. [18, Lemma 1]). Namely,
Ale BL v 5 viand AY @ BY - vN vV,

Define VI (resp. ViV) to be the intersection of V; and V! (resp. V), so
that we have decompositions Vy = V{ @ V§¥ and V4 = V{f @ VY, with

Ay = AL @ AY € Hom(V{, Vi) @ Hom(VY, Vi),
By = B} & BY € Hom(V, Vi) & Hom(V", Vi).
Notice that A% , B% are invertible, in particular we have
. I . I 1 . I
dim(Vy ) = dim(V}') = 3 dim (V7).

A little bit of linear algebra shows that a matrix By satisfying B1As By =
By Ao By has a similar block decomposition with respect to the splitting
V=vievh

B = Bl @ BN e Hom(V{, Vi) @ Hom(V{N, V).
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The relation By As By = By Ay B1 now becomes two independent sets of equa-
tions, B{ ALBl = BYALB] and BY) AY BY = BY AY BN. Define

Rl = {(As, By, By) € R((a,a)) | Ay ® By is invertible};

R(JIV = {(Ag, By, B2) € R(«) | A3 @ By is nilpotent}.

Over the stratum of R(a) where dim(V') = 2a, we have a Zariski locally
trivial fibre bundle

Rl x R —— {(A2, B1, B2) € R(a) | dim(V7) = 2a}

J

M(a, )

where M(a, «) is the space of direct sum decompositions Vj = VOI @ VDN ,
Vi 2 VI @ V{¥. Hence stratifying R(a) by dim(V?’) gives the following

relation in the Grothendieck ring of varieties:

min(ag,a1)
[GLag, ] [GLa, ]
[R(Oé)] - az() [R(Il] . [Ré\;()ia’alia)] . [GLa] [GLoco—a] . [GLG] [GLal_a] .

We collect the above motives into two generating series

I
1) =3

a>0

and
[13(]1\[] 1/2\(ap—a1)?, a0, o
N = E L ap—ai 0491
(y07 yl) . [GLao][GLa1]( ) Yo Y1

Multiplying the above relation by (—L!/ 2)(a0*°‘1)2t8‘0t‘f‘1 and summing gives

an equality of power series

Ay = I(yoy1) - N(yo,y1)-

It remains to compute I(y) and N (yo, y1)-
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First consider I(y). If m is a partition of a we will write 7 F a, and

denote its length I(7), and size |r|. Then we have two spaces
Rl = {(A2, B1, By) € Iso(V{, Vi) xHom (V{, Vil ) xIso (V!V} ) | B1A2B2 = B2 A2 By}

and
Clh = {(Cy,Cy) € End(V]) x GL(V{) | C51C1Co = 4},

together with a map 8 : R. — C! given by
B(Az, B1, Ba) = (A2 B, A2 B).

The map 3 is a GL(V{)-torsor associated to a global gauge fixing, g -
(A2, By, Bs) = (Asg™!, gBy1, gBs). Since the general linear group is a special
group, the map 3 is a locally trivial GL(V{) bundle in the Zariski topology.

The base of the fibration C! is a commuting variety whose motivic class is

QLS LI,

7a

known [12] to equal

Therefore

R£ a Ct{ a ™ T
0 = Lo = Lt - XL

a>0 a>0 T
= 1

—_ _ n

- i -mo (LX)
=1 n>1

All that remains is to compute the series N(yo,y1). Given now that the

matrix Ay @ By is nilpotent, there exists a basis of VN, {al,b2,ci3 di4},
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1<4; <kj, 1< s gr,{, such that

=
1&
s

Vgl 3 afi_l a afi_l_l P o a' € ViV \ 0 and By(a’') =0,
VN s b P e, B B € VY \ 0 and A5(0) = 0,
Vs e Prs & Bl e v\ 0 and Ag(cl) =0,
VI3 B 8 s, B i € VY0 and Bl —0
As the numbers r},r? are always even and r?,r} always odd, it is com-

binatorially convenient to define 7} = r}!/2,72 = r?/2, 73 = (13 +1)/2,7} =
(rd 4+ 1)/2. Also after reordering we may assume that f'f > ff +1- Uptoa
choice of the above basis, the matrix As@® By is determined by four partitions
Tt |m| =P+ Py Py Ly
Ty || = 7 75+ R L,
T3 1 |ma| =Y+ 75+ P 4L T
T4 |7 :f'il+f'§+f§+...+fﬁ4
with
ag = |m1| + |ma| + |m3| + |ma| — U(ms)
ar = |m| + |mo| + |ms| + |ma| — U(m3).
With respect to the above basis, denote the normal form of Ay & By by

Aéﬂj} &) B;Wj}. The space RY can be stratified by this data, giving

[RY] = Y [R(m,m,ms,m)],

m,T2,73,74

where R(my, 7o, T3, m4) is the stratum of R, where Ay @ By has normal form
A;ﬂj} @ Bé{ﬂj}. The space R(m1, 72, T3, m4) is a vector bundle

p: R(my,m,m3,ma) — {(As, Ba) | Ay ® By ~ AV} @ BY™hy
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over the space of all matrices with this normal form, with fibre the linear

space of matrices

(B | ByAY BY = Bt Al By,
We compute the fibre and base by a linear algebra calculation to deduce
[R(m1, 9,75, 74)] = [GLag - [GLa, | £ (1) f (m2) g (m3) g (a) (—L1/2) ~U(m) =Hm)”,
where we are given

f(m) = HLb%/[GLbJ for m = (1b12b23b3 ),
i>1

and
g(r) = [ (=LY /[GLy,] for = = (1712%23% ...).

1>1

Substituting this into the generating series gives

N(yo,;) = > > Fm) f(m2)g(ms) g (ma)yg y™

0,01 >0 T1,72,73,T4
ao=|m1|+|me|+|m3|+|ma| —1(7a)
ar=|m1|+|me|+|m3|+|ma|— l(WS)

= Zf 7T1 yoyl |W1|Zf 7T2 yUyl ‘ﬂ'2|Zg 71—3 y0y1)|ﬂ'3‘ I(ms3)

Zg (7r4)( yo?ﬂ)'“‘ i Y,

4

The series for f and g have well known formulas [36]

Zﬂ:f(ﬂ)y“' = [[a-L"y) " =Exp (Ll Zy”>

ij=1 n>1
and

_ N i1 i L1/2 .
S gyl ® = T] (1+(—LY2) %+ 1>=Exp( Yy )
= ij=1 n>1
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Hence

2L n _]]"’1/2 n, n—1 n—1_n
N(yo,y1) = Exp ﬁZ(yOyl) -Exp L_1 Zyolh tY% Y-

n>1 n>1

Multiplying the series I and N gives

L+12 —LY2(y + .
AU(yanl) _ EXp <( )Z/Oyi — (yO yl) Z(yoyl) )
n>0

3.3.3 Second proof: another dimensional reduction

Recall that representations of the cut algebra Jy,; are given by triples
(A2, By, B2), where Ay : Vo — Vi, By, By : Vi — Vj are linear maps satisfy-

ing

ByAsBy = ByAsBy. (3.8)

The pair (Ag, B2) gives a representation of the quiver
C?=(0,1;a:0—=1,b:1—0).

Given the dimension vector v € N2, let R(Jw.1, ) be the space of repre-
sentations of Jy; having dimension vector a.. Let R(C?, ) be the space of

representations of C? having dimension vector o. There is a forgetful map
9: R(Jw,r,a) = R(C? a), (A2, B1, B2) = (A2, Ba).

Its fibers are linear vector spaces. This map is equivariant with respect
to the natural action of G4 = GLg4, X GL4, on both sides. Given a C%-
representation M = (Mg, My; My, My), let p(M) be the dimension of the
fiber of g over M. Let MY = (My; MyM,) and M' = (My; M,M,) be
representations of the Jordan quiver C'' (one vertex and one loop). Then it
follows from (3.8) that

p(M) = dim Homea (MY, M©).
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More generally, for any two representations of C2
M = (Mo, My; Mg, My), N = (No, N1; Nq, Np)

we define
p(M,N) = dim Homei (M1, N9).

If M is some representation of C? having dimension vector «, then the
contribution of its G,-orbit (i.e. isomorphism class) to [R(C?,«)]/[G4] is
1/[Aut M]. The contribution of the preimage of its G,-orbit to [R(Jw.1, @)]/[Ga]
is LM /[Aut M].

Let M = ®&M," be a decomposition of a C?-representation M into the

sum of indecomposable representations. Then by [41, Theorem 1.1]

[Aut M] = [End(M)] - [T,
where (q)n, = (¢;q)n = [[r—;(1 — ¢*) is the g-Pochhammer symbol. Thus
the contribution of the preimage of the G,-orbit of M to [R(Jw.1, ®)]/[Gal
is
LP(M) LP(MM)=h(MM) T, ; i (p(Ms, M) —h(M;,Mj))
= =" 3.9
Aud] ~ ILE D L., oG9
where h(M,N) = dim Hom(M, N) for any C?-representations M, N. We
will compute the numbers h(M, N) and p(M, N) for indecomposable repre-

sentations M, N of C?. As is well known, the indecomposable representa-

tions of C? are the following:
1. Representations I, of dimension (n,n — 1), n > 1.
2. Representations P, of dimension (n —1,n), n > 1.

3. Representations Ry, = (Idy, Jin), n > 1, t € C, of dimension (n,n).
There are also representations R n = (Jon,Idy,), n > 1, of dimension
(n,n). Here Ji, denotes the Jordan block of size n with value t on

the diagonal.
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Remark 3.5. Define duality on representations of C? by

D(Mo, My; Mg, M) = (My', My'; My, My5).
Then Hom(DM, DN) = Hom(N, M) and

D(I,)=1,, D(P,) =P, D(Ri)=Ry1,.
Define equivalence (cyclic shift) by

C(Mo, My; Mia, M2y) = (M, Mo; May, Miz).

Then Hom(CM,CN) = Hom(M, N) and

C(I) = P, C(Py) =1, C(Rin)=Re1,.

The proofs of the following two propositions are easy exercises.
Proposition 3.9. We have

1. h(Rsm,Ripn) = min{m,n} if s =1t or s,t € {0,00}. It is 0 otherwise.
rmin{m —1,n} t=0;

2. h(Im, Rt,n) = h(Rt7n, Pm) = min{m’ n} t = oo;
0 t e C*.

(
min{m — 1,n} ¢ = oo;

3. h(Rt,na Im) = h(Pm, Rt,n) = min{m’ n} t = 0;

0 t e C*.

4. h(Ipm, I,) = h(Py,, P,) = min{m,n}.
5. h(Ipm, Py) = h(Py, In,) = min{m,n} — 1.
Proposition 3.10. We have

1. p(Rsm, R pn) =min{m,n} if s=1t ors,t € {0,00}. It is 0 otherwise.
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min{m — 1,n} t=0,o00;

0 te C.

IS

. p(Im7Rt,n) = P(Rt,na Pm) =

min{m,n} t=0,00;

0 t e C*.

Co

. p(Rt,mIm) = P(va Rt,n) =

4. p(Im, 1) = p(Pyn, Py) = min{m — 1,n}.
5. p(Ip, Py) = min{m,n} — 1.
6. p(Py,I,) =min{m,n}.
Corollary 3.11. For any C?-representations M, N, let

d(M, N) = p(M,N) — h(M, N).

If M, N are indecomposable, then

1 M =1, N = Py;
d(M,N)+d(N,M) =< -1—6,,, M =1I,,N=1, or M =Py, N = Py;
0 otherwise.

Proof of Theorem 3.8. We can decompose any C?-representation as

M=IoPo@PrR =PI oPr" @EB@RZ“)-

tep! i>1 i>1 tepl i>1

With the representation M we associate partitions u,n € P and \(t) € P,

for t € P!, in the following way:

pe=Y mi = mi, M) =) mit).

i>k i>k i>k
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Applying Corollary 3.11, we obtain

p(M, M) = h(M, M) =" mgm;— > (mimy +niny)

ij>1 i>j>1

:—;<<Z(mi—nz) +Y mi Y n ) (3.10)

i>1 1>1 i>1

an expression that we are going to denote by d(u,n). The dimension vectors

of the summands of M are given by

i = (S ims, Y6 1 ) = = )

>1 i>1

dimP:(Z(i nz, zm ) (Inl = n1, [nl),
1>1

am e~ Y int) Zm): Ol MOD.

i>1 i>1

Applying equation (3.9) we obtain

Ay = Z (_L%)(aofal)z [R<JVVJﬂ a)]ya

acN?2 [Ga]
|+ ml—m |u|+|7l| i d(p,m)
1 —m)2 Yo L
= (_]Lg)(m ) _ _ f
“%ezp HZZl(L 1)“i_“i+1(l" 1)77i_77i+1 A:E;;Ptgl "

(3.11)

where
(yOyl)w

HiZl (Lil))\i—/\wrl ‘

By Hua formula’s (see [24] or [43, Theorem 6]) applied to the quiver with

=

one loop, we obtain

f=) fH=Exp (Lﬂii Z(yoyl)”)-

AEP n>1

Therefore, using the geometric description of power structures (Section 3.2.2),
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we obtain
L+ 1)L .
> T s = Powtr ') = B (5205 S ).
API—P tePt n>1
On the other hand it follows from (3.10) that

(1 —m)® +2d(p,m) = = > _mi = n?

i>1 1>1

and therefore

\u\+|n\—my|1u|+|n|—u1 (—]L%)* >, (m24n2)

L+ L2 n
Ay = Exp < L1 Z(yoyl) > Z . [Tis1 (L7, (L7 1)y, 7

n>1 wn€eP
(3.12)

where we denote m; = p; — pit1, n; = 1; — Mi+1. Define

,nQ

e =% SO L G e (725,

where the last equality follows from the Heine formula [28, 42]. Then the

sum in (3.12) can be written in the form

1\n; —]L%
5,

(ml)l>17(nz)z>1 1>1
% i\n 1i_p
—m Z(yo lyl) ( ]L2) 2
(L)n

i>1 Sm>0 n>0
1
o . L2 .
ZIIH@@iﬂLﬂH@OyLLﬂ=ﬂkp<lLE:@M1-+%1’O.
i>1 i>1
The second proof of Theorem 3.8 is complete. 0

3.3.4 Decomposing the universal series

In this section, we decompose the product from Theorem 3.8. We will say

that a stability parameter ¢ is generic, if for any stable J-module V, we
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have ¢ - dim V' # 0. For generic stability parameter (, let Wé(J,a) (resp.
M, (J,@)) denote the moduli stacks of J-modules V' such that dimV =
« and such that all the HN factors F' of V' with respect to the stability
parameter ¢ satisfy ¢ -dim F' > 0 (resp. < 0). We put

AT = > IRE(, )i -y
a€eNg,

Lemma 3.12. The generating series Ag_[ are given by

+ _ a
Ar= [ 4~
OtEA+
+(-a<0

where A% = A%(yo, y1) were defined in Theorem 3.8. We have
— At A
Av = AFA;.

Proof. By Theorem 3.7, we have a factorization in 7g (note that Tg is

commutative and we don’t need to take the ordered product)

Ay =[] Acs
peR

where A¢ , were defined in Definition 3.7. Similarly we have A? =[lis0Acu
By Theorem 3.8, we have

Ay = H A%,

OLEA+

where A% contain only powers 3", k > 0. By the uniqueness of the factor-

izations from Lemma 3.5, we obtain

Acp = H A®
aEA L
wle)=p

and the statement of the lemma follows. O
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3.4 Motivic DT with Framing

3.4.1 Framed quiver

Let @) be a quiver with a distinguished vertex 0 € Qg and let W be a
potential. We denote by @ the corresponding framed quiver, the new quiver
obtained from @ by adding a new vertex oo and a single new arrow co — 0.
Let J = J@,W be the Jacobian algebra corresponding to the quiver with
potential (@, W), where we view W as a potential for @ in the obvious
way. Any @—representation (resp. j—module) V can be written as a triple
(V,Vao, 8), where V is a Q-representation (resp. J-module), Va is a vector
space, and s : 1700 — Vp is a linear map. We will always do this identification
without mentioning.

The twisted motivic algebra 7T¢ of the original quiver sits as a subalgebra
inside the algebra T@ associated to the framed quiver @ Note that in T@

we have
1

Yoo * y(avo) — (_]LE)*O‘O . y(a71) — ]Lfa() . y(a’o) Yoo, (3]_3)

where we put
Yoo = y(071)-

In particular, T@ is never commutative.

3.4.2 Stability for framed representations

Let ¢ € R0 be a vector, which we will refer to as the stability parameter.

Definition 3.8. A Q-representation (resp. j—module) V with dim Vo, = 1
is said to be (-(semi)stable, if it is (semi)stable with respect to ((, (s) € R?
(see Definition 3.2), where ( = —( - dim V. Equivalently, the following

conditions should be satisfied:

e for any @—subrepresentation (resp. j—submodule) 0 # V/ C V with
V., =0, we have
¢-dim V' (<) 0;
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e for any @—quotient representation (resp. j—quotient module) Vo
V" # 0 with V” = 0, we have

¢-dim V" ()0,

As in Section 3.3.4, a stability parameter ¢ € R%0 is said to be generic,
if for any stable J-module V' we have ¢ - dim V' # 0.

3.4.3 Motivic DT invariants with framing

For a stability parameter ¢ € R? and a dimension vector a € N9 let as
before (o = —C - a, @ = (a, 1), and let

M(Q, ) = [Ric)(Q,@)/Gal,  M(T,0) = [Ri.e)(,8)/Gal

denote the moduli stack of (-stable Q-representations (resp. J- -modules) with
dimension vector a. The corresponding stacks for the trivial stability { =0
will be denoted by 9(Q, o) and M(J, ).

Remark 3.6. Note that the stack smc(é, «) is slightly different from the
stack i)ﬁ(“m)(@,&) which was defined in (3.1) to be [R(C,Cm)(éva)/G&]-

The same applies to the stacks of J-modules.

Definition 3.9. Let

Av= Y [M(J.a)], 4" € T
a€eNWo

where [Dﬁ(j , a)}vir is defined similarly to (3.2). For any stability parameter
¢ € R let
Ac= Y [M(.a)], v €Tg,

aeNQo

where [smc(f ) &)]vir is defined similarly to (3.3). Let also, as in the Intro-

duction,

Z = Z [ (T, )], -y € To
aeNRo
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3.4.4 Relating the universal and framed series

In this subsection we assume that @) is a symmetric quiver and therefore
7Tq is commutative. The following theorem relates results of the previous

section on the universal series to the framed invariants of this section.

Theorem 3.13. For generic stability parameter ¢, we have

1
A” (—L2yg, y1,. ..
Z = ¢ (L2501 ), (3.14)

AE(_Liéy()?yh .. )

where AC_ were defined in Section 3.3.4.

This result is [45, Corollary 4.17]. In the rest of this subsection, we
provide an alternative approach to this theorem. The main difference is
that here we study just two stability parameters, while the result in [45] was

obtained by studying an infinite sequence of parameters between these two.

Proposition 3.14. Let V be a @—representation (resp. a j—module) with

dim Voo = 1. Then there exists the unique filtration
0=0cU'cU*cU’=V
such that with Vi = U' /U we have

1. ‘7010 = 0 and all the HN factors F of V' with respect to the stability
parameter ¢ satisfy ¢ - dim F' > 0,

2. 17020 =1 and V2 is ¢-semistable,

3. ‘7030 = 0 and all the HN factors F of V3 with respect to the stability
parameter ¢ satisfy ¢ - dim F' < 0.

Proof. We will work only with @-representations. We take sufficiently small
€ > 0 and define the central charge

Ze (@) = —C - a+ (ela] + as)V—1, a=(o,0x).
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Let W be a @—representation with dim ﬁ//oo = 1. For any submodule W' =
W’ of W with W/, = 0, we have

¢ dimW 20 <= arg Zc(dim W) 2 arg Zc . (dim 7).
Hence W is Z¢-stable if and only if it is (-stable. Then, the Harder-
Narashimhan filtration for Z; .-stability is the required filtration. |

The filtration from Proposition 3.14 induces the following factorization

in the same way as Theorem 3.7:

Proposition 3.15. We have
Ay = Azr . AC . AE
in the motivic algebra 7’@

Proposition 3.16.
Ay = Ay * Yoo-

Proof. Any é—module (resp. j—module) V with dim 1700 =landdimV = «
has a unique filtration

0CcVcVv

with
V)V ~ Ss,

the simple module concentrated at the vertex oco. Thus the factorization
follows. O

Proof of Theorem 3.13. We have

Ac = (Azr)_1 Ay - (AE)_1 (Proposition 3.15)

= (AZF)*1 . (AZF CA  Yoo) - (AC_Y1 (Prop. 3.16 and Lemma 3.12)
A7 (Lyo, y1, - - -

= Yoo 2 (Lyo.y1,--) (Equation (3.13))

A (yoyrs--n)
(3.15)
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It follows from (3.13) that y - ZC(—IL%yO, )= EC' Combining this with
(3.15) we get the statement of Theorem 4.21. O

3.4.5 Application to the conifold

The following theorem is the main result of this section, announced as The-
orem 3.1. Let (Q, W) be the conifold quiver with potential.

Theorem 3.17. For generic ¢ € R?,

ZC(yanl) = H Za(y(byl)? (316)
OéeA+
¢-a<0
with
ap—1 o
[T (1-n-%+sty) o€ AT

i—0
Zo(—Y0,y1) = 030_1

o . —1 « . —1 .
H (1 _ L—70+1+]yoz> <1 _ L—70+2+]ya> = Ain
=0

Proof. Substituting the result of Lemma 3.12 into Theorem 3.13, we get the
product form (3.16), with

1 1
Za(yo,y1) = A%(=L2yo, y1) /A% (=L " 2y0, y1).

Now use the expression for A% from Theorem 3.8. O
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3.5 DT/PT Series

3.5.1 Chambers and the moduli spaces for the conifold

Let (Q, W) be the conifold quiver with potential. In the space R? of stability

parameters, consider the lines

Ly(m) ={(¢0,¢1) |m¢+ (m—1)¢ =0} (m=>1),
Loo ={(¢0,¢1) | Co + 1 =0},
L_(m) = {(¢0,¢1) |mC+ (m+1)G1 =0} (m >0).

It is immediately seen that these are exactly the lines orthogonal to the
roots in A, with respect to the standard inner product. Let L C R? denote
the union of this countable set of lines. The complement of L in R? is
a countable union of open cones. Denote by YT the flop of Y along the

embedded rational curve.

Theorem 3.18. [46, Lemma 3.1 and Propositions 2.10-2.13] The set of
generic parameters in R? is the complement of the union L of the lines
defined above.

1. For ¢ with {y < 0 and {1 < 0, the moduli spaces img(j, a) are the
NCDT moduli spaces, the moduli spaces of cyclic J-modules from [58].

2. For ¢ near the line Lo with (o < (1 and (o+ (1 < 0, the moduli spaces
smg(f, «) are the commutative DT moduli spaces of Y from [37], the
moduli spaces of subschemes on Y with support in dimension at most
1.

3. For ¢ near the line Loo with (o < (1 and o+ (1 > 0, the moduli spaces
zmc(f, «) are the PT moduli spaces of Y introduced in [53]; these are

moduli spaces of stable rank-1 coherent systems.

4. For ¢ near the line Lo, with (o > (1 and {o+ (1 < 0, the moduli spaces
zmc(], «) are the commutative DT moduli spaces of the flop Y.
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5. For ¢ near the line Lo, with (o < (1 and (o+ (1 > 0, the moduli spaces
Emg(j, a) are the PT moduli spaces of the flop Y.

6. For ¢ with (o > 0 and (1 > 0, the moduli space smg(f, a) consists of a

point for a = 0 and is otherwise empty.

Remark 3.7. Note that “near” in the above statements means sufficiently

near depending on the dimension vector (a, 1).

3.5.2 Motivic PT and DT invariants

Proposition 3.19. The refined partition functions of the resolved conifold
Y for the DT and PT chambers are given by

1
Zpr(—yo. 1) = [ H (1 — B+ gHiymym= 1) (3.17)
m>1 j=0

and

Zpt(—yo, 1) = Zpr(—Y0, Y1)

m—1 . 1 o 1
11 11 (1—L‘7+1+]y6”y1”) (1 —L‘?”ﬂy(ﬁ”y?ﬁ) . (3.18)

m>1 j=0

Proof. Let ( = (—14¢,1), 0 < € < 1, be some stability corresponding to
PT moduli spaces. Then

{ae AL |¢(-a<0}={(mm—1)|m>1}.

Applying Theorem 3.17 we obtain

m—1
1
Zpr(—yo0,y1) H Za(=Y0,91) H H ( EERERELT T 1)~
¢a<0 m>1 j=0

The proof of the second formula is similar. O

Let us re-write these formulae in the perhaps more familiar large radius
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parameters 1" =y, 1 s = yoyi1, corresponding to the cohomology class of a

point and a curve on the geometry Y. We obtain

Zor(-5.T) = || H (1 - z+%+ﬂ‘smT) (3.19)

m>1 j=0

and

m—
-1 =
Zpr(—s,T) = Zpp(— | | | | ( 2+1+]8m> (1 _L—7+2+jsm>
m>1 §j=0

(3.20)
The specializations at L3 = 1 are the PT and DT series of the resolved

conifold respectively, given by the standard expressions

Zontoo) = [T =067 =B (=)

m>1

and
Zpr(-s,T) = M(s)* [[ @ —=Ts™)"
m>1
with M(s) = [[,,>1(1 — s™)™™ the MacMahon function, and ~ denoting
generating series OE numerical (as opposed to motivic) invariants.

Wall crossing at the special wall L, is the PT/DT wall crossing of [53].
On the PT side, the coefficient of the T term is just 1, since if there is no
curve present, the only possible PT pair consists of the structure sheaf of Y
(with zero map). On the DT side, the moduli space with zero curve class
is the moduli space of ideal sheaves of point clusters on Y, in other words
the Hilbert scheme of points of Y. Hence the ratio of the 7° terms gives
the generating function of virtual motives of the Hilbert scheme of points of
Y [4]:

H

o0 m—

V" ( }L“J’%smyl (1 - L2+jf%sm>_

n=0 m>1 j=0
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At L3 = 1, we obtain the MNOP result M (s)?. Note in particular that, as
proved in [4] but contrary to the speculations of [17], the motivic refinement
is not a square, though both products are combinatorial refinements of the

usual MacMahon series.

Remark 3.8. Note that our results in fact imply a full factorization

[e.e]

Zpr(s,T) = (Z[Y[n}]virs"> Zpr (s, T), (3.21)
n=0
with the middle sum being a product of refined MacMahon series as in [4].

This is a motivic analogue of the factorization
Zxpr(s,T) = M(s) ™ Zx pr(s, T) (3.22)

conjectured for a quasi-projective Calabi—Yau threefold X in [37, 53], proved
in [9] following earlier proofs of a version of this statement in [57, 61]. In gen-
eral, the only definition we have of the motivic Zx pt and Zx pr is through
the partially conjectural setup of [33]. Assuming that relevant parts of [33]
are put on a firm footing, including the integration ring homomorphism from
the motivic Hall algebra to the motivic quantum torus, it seems likely that

the proof of [9] can be adapted to prove the motivic version (3.21) in general.

3.5.3 Connection with the refined topological vertex

The standard way to compute the unrefined PT series of the resolved conifold
Y is via the topological vertex [1]. From the toric combinatorics, we obtain

the formula
—vertex — —
Zpr (=5, T) =Y Chyp(s)Chepy(s)(—T),
A

see e.g. [26, (63)]. On the right hand side, the sum runs over all partitions;
for a partition A, A\’ denotes the conjugate partition, and 6)\“”(8) is the
topological vertex expression of [1]. In the case when u = v = 0, Cygp(s)

can be expressed as a simple Schur function, and then Cauchy’s identity
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immediately gives

Zparlttex(_s,T) _ H (1 N Tsm)m — ZPT(_SaT)-

m>1

In mathematical terms [37], this equality (or rather its DT version) ex-
presses torus localization, the combined expression M (s)C ),y (s) being the
generating function of 3-dimensional partitions with given 2-dimensional
asymptotics along the coordinate axes.

The refined PT partition function as computed by the refined topological
vertex is [26, (67)]

Zf’g.[l:tex(t7 q, T) - Z CA@@(Q? t)C/\t@(Z)(tv Q)(_T)M‘,
A

where C),,(q,t) is now the refined topological vertex expression. Using the

Cauchy identity again, this sum reduces to [26, (67)]

z55(ta,T) = T] (1-Td0773) (3.23)
3,j>1

Proposition 3.20. We have

Zp3'(t,q,T) = Zpr(—s,T),
when we make the change of variables ¢ = ]L%s, t= ]L_%s, with (qt)% = s.
Proof. This is immediate when we compare (3.19) with (3.23). O

Thus we obtain a proof of the “motivic=refined” correspondence [17] in
this example. Note however that the situation is very different from the
unrefined story: here we are not giving a full mathematical interpretation

of the refined topological vertex expression C),,(q,t); indeed, it remains a
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very interesting problem to find one. We are only checking that the results

agree in the particular case of the resolved conifold.

3.5.4 Connection to the cohomological Hall algebra

An alternative to considering the refined motivic invariants is to consider
the mixed Hodge modules of vanishing cycles [16, 32]. The description as
the vanishing locus of the trace of the potential endows the moduli spaces
?J)Tc(j ) &) with the mixed Hodge modules of vanishing cycles of the trace
function. Recently, the cohomologies of the moduli spaces with coefficients in
these mixed Hodge modules have been organized into an algebra in [32], the
(critical) cohomological Hall algebra. Replacing IL by ¢ in all our formulae,
we obtain generating series of E-polynomials of these mixed Hodge modules,

the analogues of the formulae of [16] in our situation.
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Chapter 4

Local Toric Examples

This chapter is joint work with Prof. Kentaro Nagao [40]. Here we generalize
the work of the previous chapter to compute the motivic Donaldson—Thomas

theory of small crepant resolutions of a toric Calabi—Yau 3-folds.

4.1 Introduction

As mentioned this Chapter is a continuation of [39]. We recall that a
Donaldson—Thomas (DT) invariant of a Calabi-Yau 3-fold Y is a count-
ing invariant of coherent sheaves on Y, introduced in [60] as a holomorphic
analogue of the Casson invariant of a real 3-manifold. A component of the
moduli space of stable coherent sheaves on Y carries a symmetric obstruc-
tion theory and a virtual fundamental cycle [6, 7]. A DT invariant of a
compact Y is then defined as the integral of the constant function 1 over
the virtual fundamental cycle of the moduli space.

It is known that the moduli space of coherent sheaves on Y can be locally
described as the critical locus of a function, the holomorphic Chern—Simons
functional (see [27]). Behrend provided a description of DT invariants in
terms of the Euler characteristic of the Milnor fiber of the CS functional [2].
Inspired by this result, the proposal of [33, 4] was to study the motivic Milnor
fiber of the CS functional as a motivic refinement of the DT invariant. Such

a refinement had been expected in string theory [26, 17].

On the other hand, in [58], it was proposed to study counting invariants
for the non-commutative crepant resolution (NCCR) of the conifold, which
are called non-commutative Donaldson-Thomas (ncDT) invariants. It was
also conjectured there that ncDT and DT invariants are related by wall

crossing. The paper [46] realized this, by
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e describing the chamber structure on the space of stability parameters
for the NCCR,

e finding chambers which correspond to geometric DT and stable pair

(PT), as well as ncDT invariants, and

e computing the generating function of DT type invariants for each

chamber.

For the conifold, the dimension of the fiber of the crepant resolution is
less than 2 (we say that the resolution is small). This condition plays an
important role in many places of the paper. Affine toric Calabi—Yau 3-folds

which have small crepant resolutions are classified as follows:
L. X =Xy, = {XY — ZNoW™N} for Ny >0 and Ny > 0, or

2. X = X op)2 := C*/(Z/2Z)* where (Z/2Z)* acts on C* with weights
(1,0), (0,1) and (1,1).

Figure 4.1: Polygons for Xy, n, and X(Z/gz)z

In [47], counting invariants for non-commutative and commutative crepant
resolutions of {XY — ZNoWMN} were studied. First, we provided descrip-
tions of NCCRs of {XY — ZM WM} in terms of a quiver with potential.
Given Ny and Ny, the quivers with potential are not unique. However it was
also shown that any such quivers with potential are related by a sequence

of mutations. Finally, generalizations of the results in [46] are given.

In [39], we provided motivic refinements of formulae in [46]. For the
proof, we needed one explicit evaluation of the “universal” series ([39, §2])

and a wall-crossing argument ([39, §3]).
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In this chapter, we will show similar formulae for { XY — ZNoW M1 that
is, motivic refinements of the formulae in [47]. The wall-crossing argument
works without modifications (§4.7, 4.8), while the evaluation part is more

involved (Theorem 4.1). Our strategy is as follows:

e First, in §4.5, we evaluate the universal series for a specific NCCR

using a generalization of the calculation [39, §2.2].

e Then, in §4.6, we evaluate the universal series for a general NCCR. In
[51], Nagao has provided a formula which describes how the universal
series changes under mutation (§4.7, 4.8). Although we assume that
the quiver has no loops and 2-cycles in [51], we can apply a parallel

argument in our setting as well.

Since any two NCCRs are related by a sequence of mutations, the evaluation

is done.

4.1.1 Main result

Let T be the quadrilateral (or the triangle in case N1 = 0) as in Figure 4.1
and o be a partition I', that is, a division of I' into N-tuples of triangles
with area 1/2. We will associate o with a quiver with potential (Q,,ws).
The set of vertices of the quiver @), is I:= Z/NZ, which is identified with
{0,..., N —1}. A vertex has a loop if and only if it is in the subset I.clI
(see (4.1) for the definition). It is shown in [47, §1] that the Jacobian algebra
Jy := J(Qu,ws) is an NCCR of

X = Spec (C[X,Y, Z,W]/(XY — zNow ™).

Let A be the set of roots of type Ay and Ag 4 (resp. AF,, Ai;fbr) denote

the set of positive (resp. positive real, positive imaginary) roots. 1

For a € NI, let M(Js, ) be the moduli stack of J,-modules V' with

dim V = «. We define the generating series of the motivic DT invariants of

'From the view point of the root system, a choice of a partition o corresponds to a
choice of a set of simple roots.
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(Qo, Wy) by

A5 () = A5 (W0, uv1) = 3 Mo @)lie-y™ € Mellyor -, yv-1]).2
aeNQo

Here y® := [[(y:)® and [e]i, denotes the virtual motive (see Section 4.4.1),
an element of a suitable ring of motives M¢. The subscript referring to the
fact that we think of this series as the universal series.

To each root o € A, 4, we associate an infinite product as follows:

e for a real root o € A, such that Zkef oy, is odd, put

_L—l/Q
A%(y) = Exp mya

=11 (1 _ ]L—j—l/zya)

320

e for a real root @ € A, such that Zkgél} oy, is even, put

1
A%(y) == Exp (1_Llya>

=JJ-Ly)""

>0

e for an imaginary root a € Agfbr, put

o N-1+L
A%(y) == Exp (1—]L—1y >

=TI~ Loiy)' ™Y (1 =Lty
7=>0

The main result of this paper is the following formula:

2For the wall-crossing of motivic DT theory, a twisted product on y,’s twisted by the
Euler form plays a crucial role. In this case, the twisted product coincides with the usual
commutative product since the Euler form is trivial.
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Theorem 4.1.
Az = T A“Ww).

Q€lq,+

This is proved in §4.5 and §4.6.2.

4.1.2 Corollaries

Let J, = J(Qq, W) be the framed algebra given by adding the new vertex
oo and the new arrow from oo to 0 to the quiver of J,. In [46], the authors
introduce a notion of ¢-(semi)stability of J-modules V with dim Vs < 1 for
a stability parameter ¢ € R

For o € Nf, let fmg(j,a) be the moduli space of (-stable J-modules V

with dim V = (cr, 1). We want to compute the motivic generating series

Zg(y) = ZC(yo, .. ,yN_l) = Z [gﬁc(j, a)} B yO‘ S M((j[[yo, ... ,yN_l]].

vir
aeNI

To each root o € A, 4, we put

— Aa(_L1/2y07y17 e 7yN—1)
Aa(_]Lil/ZyO; Y1y .- 7yN71)

Za(y[)a .. anyl) :

They are given as follows:

e for a real root @ € A, such that Ekngr oy, is odd, we have

ap—1
_e0 1.,
Za(_yOa'-'ayN—l) = H (1_L 2 +2—Hya)7
=0

re 3
e for a real root @ € Af?, such that Zkgél} oy, is even, we have
apg—1

a ) -1
Za(_y07"'7yN—1) = H <1 _L_TO—HH_Zya) )
=0
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. . lm
e for an imaginary root a € A", we have

ap—1

_ %0 ; 1-N _ag . —1
Zo(=Y0,---,YN-1) = H (1 —L 2 +1+Zy0‘> .(1 L™ +2+Jya>
i=0

Applying the same argument as [39, §3], we get the following formula (§4.7):

Corollary 4.2. For ( € R not orthogonal to any root, we have

Zecwy)= ] Zalwo..- un-1).

OéEAo‘,«k
¢-a<0

By [2, 4], the specialization Z¢(y) , is the DT-type series at the

i,
generic stability parameter ¢, computed in [47].

Let YV, — X be the crepant resolution corresponding to ¢. The non-
commutative crepant resolution J, is derived equivalent to ),. In [46, §3],
we find a stability parameter (pr (resp. (pr) such that the moduli space
coincides with the Hilbert scheme (resp. the stable pair moduli space) for
Vo

Let Zr(s,T1,...,Tn—-1) (vesp. ZZp(s,T1,...,Tn—-1)) be the generating
function of DT (resp. PT) invariants of )),. Here s is the variable for the
homology class of a point and 7; is the variable for the homology class of the
i-th component C; of the exceptional curve. The variable change induced

by the derived equivalence is given as follows:
s:=yo Y1 yn—1, Li =y
For1<a<b< N -1, we put
Clap) = [Ca] + -+ [Cb] € H2(V5,7Z),
where C; is a component of the exceptional curve and let

Ty =Ta T
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be the corresponding monomial. Let ¢(a,b) denote the number of (—1, —1)-

curves in {C; | a <1i < b}. We define infinite products as follows:

e If ¢(a,b) is odd, we put

Ziap) = Zag) (s Tiayy) = [ | (H (1 — LB (_S)n‘T[a,b]>> :

n=1

e If ¢(a,b) is even, we put

-1

Zia) = Zia) (5. Trag) = || (H (1 L5t (_S)"'T[a,b})_l> .

n=1 \i=0

e For imaginary roots, we put

Zim = Zim(s) := ﬁ (ﬁ <1 _ L*%JrlJri(_s)n)l_N <1 B L*%JFQJri(_S)n) —1) |

n=1 \i=0

Corollary 4.3. (1) The refined DT and PT series of Y, are given by the

formulae :
Zpr(s,T1, ..., TN-1) = Zim(s) - H Z1a.5)(8, Tiap)

1<a<b<N-1

and

Zpr(s, T, ..., Tn_1) = H Z1a3 (8, Tlag))

1<a<b<N-1

(2) The generating function of virtual motives of the Hilbert scheme of

points on YV, is given by the formula :
o
Zoam(s) = Y |Wo)"] 5" = Zim,
n:[) VIr
(8) The refined version of DT-PT correspondence for Y, holds :
Zpr(s,T1,...,TN-1) = Zo-aim(s) x Zp(s,T1,..., Tn-1).
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Remark. The formula in (2) is a direct consequence of the formula for Zpr

in (1), since the polynomial in the Tj,; variables does not contribute.

4.2 Root Systems

Let Ny > 0 and N; > 0 be integers such that Ng > Nj and set N = Ng+ V3.
We set

For I € Z and j € Z,let 1 €I and j € I be the elements such that
l—1=j—j=0modulo N.

Let Z! be the free Abelian group with basis {o | i € T}, where o is
called a simple root. We put

Afin . — {aey =aag+ap|[1<a<b< N1}
AT’JF = {a[a,b] +n-6| Qg € Afj_n,n € Z>o}

Af’_ = {—a[a,b] +n-d | Qg € Aﬁn,n € Zso}
and
AT = ATTUATT, AT i={n-0|n€Zo}

where § := ag + - - - + an_1 is the (positive minimal) imaginary root.
For k € I, the simple reflection at k is the group homomorphism given

by A A
/AN 7!

(o7 e d ai—Cik-ak

where C is the Cartan matrix of type Ay. This gives a self-bijection of
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A\ {ay).

4.3 Non-Commutative Crepant Resolutions

4.3.1 Quivers with potential

We denote by I' the quadrilateral (or the triangle in case N7 = 0) with
vertices (0,0), (0,1), (No,0) and (N1,1). Note that the affine toric Calabi—
Yau 3-fold corresponding to I'is X = {XY — ZNoWw M},

A partition o of I is a pair of functions o,: I — Z and oy: I {0,1}
such that

e 0(i) := (0,(i), 0,(i)) gives a bijection between I and the following set:

Uz) (20) (o 20) (20) (31) (M 2)

e if i < jand oy(i) = oy(j) then o,(i) > 0.(j).

Giving a partition o of I" is equivalent to dividing I" into IN-tuples of triangles
{T;},c; with area 1/2 so that T; has (0(i) & 1/2,0,(i)) as its vertices. Let
I'; be the corresponding diagram, A, be the fan and f,: J, — X be the

crepant resolution of X. We put

I = {kef’ay(lﬂ—;)—ay(k—l—;)}. (4.1)

Example 4.1. Let us consider as an example the case Ng = 4, N; = 2 and

ona=((39) () ). (39)-(2) ()

We show the corresponding diagram I', in Figure 4.2.

Let S be the union of an infinite number of rhombi with edge length 1
as in Figure 4.3 which is located so that the centers of the rhombi are on a

line parallel to the z-axis in R? and H be the union of infinite number of
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NARNS

Figure 4.2: T',

hexagons with edge length 1 as in Figure 4.4 which is located so that the

centers of the hexagons are in a line parallel to the z-axis in R?. We make

e e e e e

Figure 4.3: S

R P N PN

.

g B g gy Sl VY o

Figure 4.4: H

the sequence 7 = 7,: Z — {S, H} which maps [ to S (resp. H) if [ modulo
N is not in I, (resp. is in f,,) and cover the whole plane R? by arranging
S’s and H'’s according to this sequence (see Figure 4.5). We regard this as
a graph on the 2-dimensional torus R?/A, where A is the lattice generated
by (v/3,0) and (Ng — N1, (Ng — N1)v/3 + Ni). We can color the vertices of
this graph black or white so that each edge connects a black vertex and a

white one. Let P, denote this bipartite graph on the torus. For each edge
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Figure 4.5: P, in case Example 4.1

hY in P,, we make its dual edge h directed so that we see the black end of
hY on our right hand side when we cross h" along h in the given direction.
Let @, denote the resulting quiver. The set of vertices of the quiver ), is
I, which is identified with Z/NZ. The set of edges of the quiver Q, is given
by

H = ]_‘[hzJr U Hh; L Hrk

iel iel kel,
Here h; (vesp. h;) is an edge from i — % to i+ % (resp. from i+ 3 toi— 3),
rE is an edge from k to itself.

For each vertex g of P,, let wy be the potential® which is the composition

of all arrows in ), corresponding to edges in P, with ¢ as their ends. We

define
Wy = Z Wq — Z Wq-

q : black q : white

The relations of the Jacobian algebra are as follows:

- _ + - _ p- o T
o I or; 1 —rH_%ohi and ri_%ohi = h, 0T 1 for ¢ € I such that

3 A potential of a quiver Q is an element in CQ/[CQ, CQ)], i.e. a linear combination of
equivalence classes of cyclic paths in () where two paths are equivalent if they coincide
after a cyclic rotation.
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ohfori_%:hi;l foriel

suchthati—%efr,i—i-%géfr.

+ oopt — b oh— ot
Ohi+10hi andri_%ohi =h; ohHlohiJrl

o hi ohfjohiy=ri1ohf and hijohi ohy =hi ory foriel
suchthati—%gé[r,i—i-%efr.

+ 1+ - - +
® hjoh yoh,_y =h; 0ohi,

foriEfsuchthati—%,i—k%§Z.fr.

oh and by oh;  ohy = hy oh, oht,,

oh+lohi_ =h

n R
il Ohi+§ for k € I,.

Remark 4.1. Note these quivers were previously considered in ?7. Another

detailed account of their definition can be found there.

4.3.2 NCCR and derived equivalence

Let 7: V, — X be the crepant resolution corresponding to o.

Theorem 4.4. [47, Theorem 1.15 and Theorem 1.20]
D*(modJ,) ~ D°(CohY,)

The equivalence is given by an explicit tilting vector bundle which is a
direct sum of line bundles [47, Theorem 1.10]. In particular, the following

map is compatible with the derived equivalence:

HY(Y,,Z) @© H*Y,,Z) — Z!
[pt] )
[CZ] a7

where «; is the i-th fundamental vector and ¢ := ag + a1 + - - - an_1.

4.3.3 Mutation and derived equivalence

Derksen—-Weyman-Zelevinsky’s mutation ([15]) of a quiver with a potential

induces a derived equivalence of the derived categories of Ginzburg’s dgas
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([29]). Moreover, the relation between the module categories of Jacobian
algebras has a description in terms of torsion pair and tilting, which plays
a crucial role for the wall-crossing formulae ([33, 48]). In this paper, we
can not apply [15] and [29] since we have loops and oriented 2-cycles in the
quiver. In this subsection, we see derived equivalences and descriptions of
module categories using the explicit computations given in [47, §3].

Let k be an edge of the partition o which is a diagonal of a parallelogram.
Note that such k corresponds to a vertex without loops. Let ¢’ denote the
partition which is obtained by a “flip” of the edge k.

Let P; be the indecomposable projective J,-module associated to a ver-
tex 7. Note that as a vector space P; is the space of linear combinations of

path ending at the vertex ¢. We define
P} .= coker(P, — Pi_1 @ Pyy1)-

and put P/ = P; for i # k. Here the map P, — Py1; above is induced by
the arrow from k to k £ 1.

Theorem 4.5. [}7, Proposition 3.1]

(1)
End(6P)P ~ J,/.

(2)
®y := RHom(® P/, e): D’(modJ,) — D’(mod.J,)

provides an equivalence.
For a J,-module V = @ieri, we have

Vi i#k,j=0,

. ker (Vi—1 @ Vier1 — Vi) i=k,j=0,
(Hoas,, (@x(V))) = -
g coker (Vi1 @ Vip1 — Vi) i=k,j =1,

0 otherwise.
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As for dimension vectors, the simple reflection is compatible with the derived
equivalence.

By the description above, we have

mod.J, N ®; *(mod.J,) = {V € modJ, | coker (Vi_1 ® Viy1 — Vi) = 0}
={V € modJ, | Hom(V, sx) = 0}
=: (modJ,)*,
modJ, N ®; H(modJ,)[1] = {V € modJ, | V; =0 (i # k)}
=: Sp.
In other-words, ((mod.J,)*,S) is a torsion pair of mod.J, and ®; *(mod.J,)

is obtained from modJ, by tilting with respect to this torsion pair (see [48,
§3.1]). Then we have

mod.J,» N ®x(modJ,) = {V € modJ,, | Hom(s},V) =0}
= (mOdJO/)k.

In summary, we have the following:

Proposition 4.6. The equivalence @ induces an equivalence of (mong)k
and (modJ, ).

In the proof of [47, Proposition 3.1], the author provides the isomorphism
in Proposition 4.5 (1) explicitly. For V € modJ, N ®,*(modJ,), the map

(Hhoar,, (@(V) = (Hioas,, (@1(V)))

k

is induced by the following morphism:
Ri—1® Rg—1k+1: V-1 = Vi1 @ Vi

where
Tk—1 k—1¢€¢ fr,

k—1¢1,
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and

- + +
Ry 141 := hk-ﬁ-% o hk:—i—% oh e

4.3.4 Cut and mutation

Let (Q, W) be a quiver with potential. To each subset C' C @)1 we associate
a grading go on @ by
1 aeC,

0 acC.

gc(a) =

A subset C' C Q1 is called a cut if W is homogeneous of degree 1 with respect
to go. Denote by Q¢, the subquiver of @) with the vertex set Qg and the
arrow set Q1\C. We define the truncated Jacobian algebra by

J(Q,W)c = J(Q,W)/(C)

Let k be a vertex of @, without loops and C be a cut of (Q,,w,) such
that QC(hZJr;) = 1%, We define a cut ¢’ of (Q,/,wy) by the following
2

conditions:

[ ] gcl<h;: %) = 1, and

o gor(hf) =go(hf)ifi#£k— L k+ 1.

Proposition 4.7. (See [51, Proposition 4.12]) The equivalence ®y, induces
an equivalence of (modJ, ), and (modJ(,/C,)k.

Proof. 1t is enough to show that if h;r , vanishes on V' then hz_ , vanished
on &y (V). ’ ’

Since gc(hf_l) =0, we have
2

e go(rp—1)=1ifk—-1¢€ I., and

. gc(h;%) =lorgo(h, ) =1ifk—1¢1,

»

“We can construct a cut of (Qo,ws) asAfollows: First, by coupling hZ’ and h; for each
i, we group the arrows in @, into N + |I.| groups. Note that N + |I,.| is even. These
groups have the natural cyclic order and we label each of them by odd or even. Choose
(any) one arrow from each odd (or even) labelled group, then we get a cut.
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and so Rj_1 vanishes. Since go(h;r 1) =1, we see that Rj_; ;41 vanishes.
2
O

4.4 Motivic Donaldson—Thomas Invariants

4.4.1 Motives

We are working in a version of the ring of motivic weights: let M¢ denote
the K-group of the category of effective Chow motives over C, extended by
L_%, where L is the Lefschetz motive. It has a natural structure of a A\-ring
[19, 23] with o-operations defined by o, ([X]) = [X"/S,] and an(]L%) =1L%.
We put

//Vlv(c = ./\/l(c[[]L_l]],

which is also a A-ring. Note that in this latter ring, the elements (1 — L"),
and therefore the motives of general linear groups, are invertible. The rings
Mc C M@ sit in larger rings Mé C Mfé of equivariant motives, where [i is
the group of all roots of unity [35].

Let f: X — C be a regular function on a smooth variety X. Using arc
spaces, Denef and Loeser [14, 35] define the motivic nearby cycle [¢f] € Mé

and the motivic vanishing cycle

los] == (5] — [F(0)] € ME

of f. Note that if f = 0, then [¢g] = —[X]. The following result was proved
in [4, Prop. 1.11].

Theorem 4.8. Let f : X — C be a regular function on a smooth variety
X. Assume that X admits a C*-action such that f is C*-equivariant i.e.
f(tz) =tf(x) fort € C*, x € X, and such that there exist limits lim;_,q tx
for allxz € X. Then

lps] = /71 (W] = [f71(0)] € Mc € ME.
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Following [4], we define the virtual motive of crit(f) to be
forit(f)]yir = —(=1L2)~ ™ ¥ ] € ML,
For a smooth variety X, we put
[XJuie = [erit(O0x) e = (~1L2) =X [X],

4.4.2 Quivers and moduli spaces

Let @ be a quiver, with vertex set Qg and edge set ()1. For an arrow a € @1,
we denote by s(a) € Qo (resp. t(a) € Qo) the vertex at which a starts (resp.
ends). We define the Euler-Ringel form y on Z?0 by the rule

X(Oé,,B) = Z aiﬁi - Z as(a)ﬁt(a)a O‘)ﬁ € ZQO-

i€Qo a€Q1

Given a Q-representation M, we define its dimension vector dim M €
N@0 by dim M = (dim M;);cq,. Let a € N9 be a dimension vector and let
Vi =C*, i€ Qo We define

R(Q,CV) = @ Hom(v:s(a)vv;f(a))
ac@Q1

and

Go = ] GL(V).
1€Qo

Note that G, naturally acts on R(Q, «) and the quotient stack

M(Q, @) = [R(Q, @) /G

gives the moduli stack of representations of Q with dimension vector .
Let W be a potential on @), a finite linear combination of cyclic paths

in Q. Denote by J = Jg w the Jacobian algebra, the quotient of the path

algebra CQ by the two-sided ideal generated by formal partial derivatives
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of the potential W. Let
fa: R(Q,0) = C

be the G,-invariant function defined by taking the trace of the map asso-
ciated to the potential W. As it is now well known [55, Proposition 3.8], a
point in the critical locus crit(f,) corresponds to a J-module. The quotient

stack
M(J, a) := [crit(fa)/Ga]

gives the moduli stack of J-modules with dimension vector a.

Definition 4.1. A central charge is a group homomorphism Z : Z& — C
such that
Z(a) €H, = {re™ | r > 0,0 < ¢ < 1}

for any o € N?0\{0}. Given o € N@\{0}, the number p(a) = ¢ € (0,1]

such that Z(a) = re™, for some r > 0, is called the phase of a.

Definition 4.2. For any nonzero @Q-representation (resp. J-module) V', we
define (V) = ¢(dim V). A Q-representation (resp. J-module) V is said
to be Z-(semi)stable if for any proper nonzero @-subrepresentation (resp.
J-submodule) U C V' we have

p(U)(L)p(V).

Definition 4.3. Given ¢ € R?, define the central charge Z : Z% — C by
the rule
Z(o) = =C-a+ilal,

where |a| = Zz’er a;. We say that a Q-representation (resp. J-module) is

(-(semi)stable if it is Z-(semi)stable.

Remark 4.2. Let the central charge Z be as in Definition 4.3. Define the
slope function g : N9\ {0} — R by u(a) = %T Ifl c H=H,U{0}is aray

such that Z(«) € [ then | = R>¢(—u(«),1). This implies that ¢(a) < p(3)
if and only if u(a) < p(B).
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We say that ¢ € R?0 is a-generic if for any 0 < 8 < a we have ¢(3) #
(). This condition implies that any (-semistable @Q-representation (resp.
J-module) is automatically (-stable.

Let R¢(Q, ) denote the open subset of R(Q, a) consisting of (-semistable
representations. Let f¢, denote the restriction of f, to R¢(Q,a). The

quotient stacks

Me(Q, @) == [Re(Q, ) /G, Me(J, ) == [crit(fea)/Gal (4.2)

give the moduli stacks of (-semistable Q-representations and J-modules with
dimension vector .
4.4.3 Motivic DT invariants

Let (Q,W) be a quiver with a potential and let J = Jg w be its Jacobian
algebra. Recall that the degeneracy locus of the function f, : R(Q,a) — C

defines the locus of J-modules, so that the quotient stack
M(J, @) := [erit(fa)/Gal

is the stack of J-modules with dimension vector . We define motivic

Donaldson—Thomas invariants by

R, &)} := [[gf]”

For a stability parameter (, we define

[erit(fe a)lvir

[mC(J’ a)lvir = [Galvie

(4.3)
where, as before, f¢ o denote the restriction of f, : R(Q, ) = Cto R¢(Q, ).

4.4.4 Generating series of motivic DT invariants

Let (Q, W) be a quiver with a potential admitting a cut, and let J = Jo w

be its Jacobian algebra.
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Definition 4.4. We define the generating series of the motivic Donaldson—
Thomas invariants of (Q, W) by

[Crit(fa)]vir .

[ a]vir

Av@) = Y M)y = >

a€eN?o aeN?o

y* € Tg,

the subscript referring to the fact that we think of this series as the universal

series.

Given a cut C of (Q, W), we define a new quiver Q¢ = (Qo, Q1\C). Let
Jo be the quotient of CQ¢ by the ideal

(OcW) = (0W/da,a € C).
Proposition 4.9. [39, Proposition 1.14] If (Q, W) admits a cut C, then

Avly) = Y (_Lé)x(ava)Jr?dl(a)[R([‘éi]a)]ya?

aeNQo
where do(@) = 3. j)ec @iy for any o € YALE

The quiver with potential (Q,,w,) introduced in §4.3 admits a cut (see
§4.3.4) and Proposition 4.9 can be applied. In the next section we use this

to compute the universal series in a specific case.

4.5 The Universal DT Series: Special Case

Let us fix an integer N’ with 0 < N’ < N. Throughout this section we fix
o to be the unique partition defined such that

I, =10,1,2,3,...N' —1}.

In other words the partition such that the quiver with potential (Q,w,)
has loops at the first N’ vertices only. The aim of this section is to prove

Theorem 4.1 for this quiver with potential.
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We define three fixed subsets of the vertices

L = {0,1,...,N' =1} C Z/N,
Iy = {N' N +2, N +4,...,N -2} CZ/N,
Iy = {N'+1,N'+3 N +5,...,N—1} CZ/N.

Then there exists a cut C' given by the collection of arrows

cz{h;yi—;gfg}.

By Proposition 4.9 the coefficients of the universal DT series Af,(y) =
> aene Aay® are given by

)X(a,a)+2dc(a) M o

A= (-4 Gl

where de(a) = 3.0 j)ec @icj. To begin we find a simple expression for

the term x(a, a) + 2dc () in the exponent. We know by definition that

2 2
x(o, o) = Z %—Zai— Z Q41 — Z Q+105,

iel1UlUls i€ly iel1UlLUls i€el1UlUls
di(a) = E sz‘Oéi+1+E Qi1
i€l i€ls

so it follows

x(a,a) +2do(a) = Z ol —2- Z Q41

icloUlg i€lq
§ 2

= (ai—f—l — Ozz‘) .
i€lo

Our next goal is to factorize Af;(y) into two simpler series. This proceeds

by analyzing the motivic classes [R(Jo,c, )].

86



Given a dimension vector o € N9 and a representation of a Jo,c-module
V- @
i€l1UlUl3

we focus on a specific element

Hi=hiy+hiy+-+hi_ € @  Hom(Vi, Vi)
iel1UlUls3
This map H acts as an endomorphism of the vector space V. Given any

such linear map

H: V-V
there exists a unique splitting V = V! @ V¥ with maps
H' - VIV invertible
HN . VN 5 VN ilpotent

so that

H=H"&HO".
Moreover in our case the above splitting respects the grading by ¢ € I; U
Io U I3. To be explicit we have that

vI— EB Vi

€Ul UIg

where V! := V;NV? (similarly VY = Dicrunur VN with VN .= V;nV¥).

7

One immediate consequence of this is that

dim (V}') = dim (V}},) forallie I; UL U I,

(3

indeed this is clear since the block form of H! demands that it map V! to
Viil via an isomorphism. We are now ready to decompose the computation

of AZ(y) into two simpler subproblems.
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Definition 4.5. (Invertible series) We define
R(a) := {r € R(J,c,a) | H is invertible, a; = a Vi}

and the series [RI( )
') = 2, G

a

Definition 4.6. (Nilpotent series) We define
RN(a) := {r € R(J,c,) | H is nilpotent}

and the series

[RM(a)] 4

o — _m1/2 ZieIQ(ai+1_o‘i)2
N = Y (L) e

aeNQo

The following lemma shows that the series Af;(y) factorizes into the

product of the two just defined.

Lemma 4.10. We have

AG(y) =1 (yo---yn—1) - N7 (y).

Proof. This formula follows directly from a stratification of the variety R(J, ¢, o)
by the dimension of Vi] .
Fix a € N0, we stratify R(J,.c,a) by dim(V!) = a. Let

a:=(a,a,...,a) € N9,

and
o such that a =a+d' € N@Qo

There is a Zariski locally trivial fibration
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Ri(a) x RN(«/) — {r € R(Jyc,q) | dim(V) = a for H € r}
i
M(a, ).

Here M(a, ) is the space parameterizing splittings V; = Vi{ @ VN. To

see this one checks that the arrows r;, h in the representation also

i+1/2
preserve the splitting, so the entire representation splits into V! @ V. This
follows easily from the relations and some basic linear algebra.

Splittings of the vector space V; = Vil &) ViN are parameterized by
GL()/ (GL(a) X GL(a;))

and hence the motivic class of the base is

(G
[GL(a)]Y - [Gar]

(M(a, a)] =

Summing over each stratum with dim(V;!) = a we get
EPSSIERNS St CIRLACS
TeTa T GL@] " [Gu]

a=0

2
Multiplying both sides of this expression by (—L!/ 2)21'512(0"'“70”) y® and

summing gives

N-1
[R!(a) LS oty —at)? BV (@] o
A¢ y) = y? . 1L i€ \ Y41~ Y ya
o= (S I 2 ol
proving the result. O

In the next two sections we compute formulas for 17 (y) and N9 (y).
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4.5.1 Step One: The invertible case 17(y)

Proposition 4.11. We have

1°(y) = Exp <L1_yy> :

Proof. A Jsc-module r € R(Jy ¢, o) is given by a vector space

V= P v

i€l1UlLUI3

of dimension o € N9 and a collection of linear maps

T s Vi—= VY fori e I
h;+1/2 Vier =V foriel
h;:l/2 Vi—=Via forie [ UIUI3

satisfying the relations coming from cyclic differentiation of the potential

rihl = I rict forie[l,N' —=1]NI
740}%4/2 = hE71/2hJJ\rff3/2h1_vf3/2

h]?f'+1/2hﬁf+1/2h;/—1/2 = hJJ(V—1/27"N’—1

hi_+3/2h7::-3/2h2—':1/2 = Bl ol fori=[N"+1,N —3]N1s.

assuming moreover that r € R!(a) then

th

i+1/2 : Vi — Viyq is invertible Vi € 11 U Ip U I3.

This allows us to express R!(a) as a Hfi;l GL(V;) torsor over a commuting

variety
© : Rl(a) — C(a)
(ri’hal/zvhi_ﬂﬂ) = (TO’hJJ\rffl/zth:sm"'h;/2hir/2)
where

C(a) = {(A, B) € End(Vp) x GL(Vy) | AB = BA}.
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The free action of Hi\:ll GL(V;) on R!(a) is given by

(g1, 9n—1) © T girig; " for i € [1, N/ — 1]

hijs = 91hi)

+ + —1
hN—l/Q = hN—l/QgN—l

r—>glh

Wiy g = Gisihiyy p9i " forie [LN —2]
- - 1 .
P2 = Gl o9 for i € I.

As GL(a) is a special group the torsor splits in the Zariski topology, motivi-

cally we have
[R(a)] = [GL(a)]Y"" - [C(a)].

Thus

C(a
0= Y cr

a>0

The generating series for the commuting variety is obtained in [12] giving
the result. g

4.5.2 Step Two: The nilpotent case N(y)

This section is the final step in the calculation. Here we compute N?(y) and
obtain the formula of AZ(y).

We fix a dimension vector o € N@0. As before a Jo,c-module is given by

v= P v

i€l1UlUl3

a vector space

of dimension « and a collection of linear maps

T s ViV fori e I
hi_+1/2 Vier =V fori el
h;—l/? Vi—Vig forie [ UL U3

satisfying the relations of the potential (see Proposition 4.11). Throughout
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this section we insist that the map

H=hip+hiy+hl ,€ € Hom(V; Vi)

i€l1UlUl3

is nilpotent. In fact RV (a) is exactly the collection of all such representa-
tions (see Definition 4.6). In particular if we let |a| := dim(V") then we know

that H!®l = 0. This gives a filtration of the vector space,
V=vll oyl 5 5yl 5v0 = {0}

where

VIi={veV|H (v)=0}.

Moreover the filtration respects the grading by ¢ € I; U Is U I3, by which we
mean that
vi= @ (V)
i€ ULUI3
where V; is the summand at the ith vertex of the quiver. By considering the
vector space V as a representation of the nilpotent matrix H we can identify
V with a C|z]-module supported at the origin. Modules for a principal ideal

domain have a simple structure. In particular we have

(Cla]/(@7))®”

1

Vv

I

d

J

as a C[z]-module. The next proposition provides a more refined version of
this statement where each factor in this decomposition is generated by a

vector from a vector space V;.

Proposition 4.12. For each i € I1UlsUI3 there exists collection of integers
b;- so that

v

I

d .
P P (/@)™

i€eULUI; j=1

where the factor ((C[m]/(mj))@bé is generated as a C[z]-module by vectors in
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Vi. Moreover the numbers b; are uniquely determined by the above condi-

tions.

Proof. We will argue by induction on d, the largest integer such that by # 0.
As such we can assume that for each j < d — 1 the factor C[z]/(27) is
generated by a vector in some V;. Now let ey, ..., e, be a generating set for
the factor ((C[x]/(xd))@bd, and define W := span{ey,...,ep,}. We consider

the projection operators
pi:V = Vi/Vinvet

and set W; := p;(W) and bfj = dim W;. We claim that po & --- ® py_1 :
W = Wy@--- @ Wp_1 is an isomorphism. The map is clearly onto and an
injection since any vector in the kernel must lie in V41, Now consider a

lifting of the vector space V; D W/ — W; C V;/V; N V4! then

(]
W e HW & - & HI7 W/ c v

is a submodule of V isomorphic to (Clz]/ (:cd))@bji. Summing over all i
we have that (C[z]/ (a:d))z" ’# is a submodule of V', hence it follows that
S, dimW; =Y, 0% < by = dim W and so for dimension reasons we get

N-1 1\ @ d-1 @b
Ve (@ (C[x]/(x )) )EB P (Clz]/(27))™"
i=0 Jj=1

Here each factor (C[z]/ (a:d))ﬂabé is generated by vectors in V;, so by our
inductive hypothesis the entire module is generated by vectors in V.
Finally we prove the uniqueness statement. Assume we have two distinct

such decompositions
d .
P (Clal/(a7))®.
By restricting to subrepresentations if necessary we can assume that bﬁl #* cﬁl
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for some ¢. However in this case
i = dim (ker(Hd Vi = Viea)/Vin Vdfl) =d
is a contradiction. This proves the last part of the lemma. O

Next we organize this data in the way most helpful to our cause.

Definition 4.7. Let 0 < a,b < N — 1. We define
|b—al = min{r € {0,1,...,N =1} |[b=a+r mod N}.

Intuitively this is the distance from a to b in the cyclic direction ¢ — i+1

corresponding to the map H.

Definition 4.8. Suppose we have a decomposition of V' as a C[x]-module
as in Proposition 4.12 . Define V®? to be the vector subspace corresponding

to summand

@ <C[$]/($N(l_1)+|b—a|+l)) ON =1)+lb—al+1 .

>1

and relabel the integers

ab . ja
by = ON (1) p—al+1°

to define partitions
glabl . (1b‘f’b2b§’b3b§’b ).

Notice that the above definition depends on the choice of the decompo-
sition in Proposition 4.12. However all such vector spaces are isomorphism
abstractly as C[z]-modules. We can think of these vector spaces as being
generated by the nilpotent vectors that start at the ath vertex and are an-
nihilated at the b + 1th vertex under the action of the map H.

The next lemma makes explicit how to recover the dimension vector of
a representation from the datum of the N? partitions {7l*% | 0 < a,b <
N —1}.
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Lemma 4.13. Given a representation r € RN (a) so that the endomorphism

H has type {W[“’b]} the dimension vector of the representation r is given by

ap =Y |xl = N i(xlet)
a,b

a,b:ié[a,b)

where |7l and 1(71*) are the size and length of the partition wl*.
Proof. This is clear since

v=pv
a,b

and

(a,b] if 4 b
. (V“’bﬂVi> _ ) 7 i Z.G [a, b]
’W[a,b]‘ _ Z(W[mb]) if i & [a,b)].

O

We can use this to give a simple reformulation of the term x(«,a) +

2d¢(«v) appearing in the series N7.

Corollary 4.14. We have

x(a, ) + 2dc(a) = Z Zl(ﬂ[i+l,b]) _ Z (1)

i€l \ b#i c#itl

Proof. In our initial analysis of these terms we saw that

X(, @) + 2de(a) = > (a1 — ;)

icls

and now by lemma 4.13 we have

Qi1 — O = Zl(ﬂ[i+l7b]) — Z l(ﬂ[c’i]).

bti citl
O

The above classification has been for the purpose of breaking the variety

RY(a) down into simpler pieces.
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Definition 4.9. Given N? partitions {7l*! | 0 < a,b < N — 1} and a

dimension vector « as in lemma 4.13 we define
R({x1**}) = {r € RN(a) | H has type {ml®"}.

This provides a stratification of R™(a) into strata where the normal
form of H has a fixed type. We will proceed to compute the motivic classes
of each of these stratum.

A representation in R({n[*"}) is given explicitly by a vector space V =
D,c nunurs Vi and a collection of linear maps corresponding to the arrows
r; with 1 € I} >hz‘_+1/2 with ¢ € Iy and b, with ¢ € I; Uly U I3. In addition

i+1/2
the linear maps satisfy relations

rihl = i forie[l,N' —1]NI
+ _ ot + -

TOhN—l/Q = hN—l/QhN—3/2hN—3/2

— + + _ ot
hnrirjohbni ot s = hiipine—a

- + + _ gt + - C_
hitapaltivsjaltiyye = hayehia el for i = [N"+1,N =3]n .

and we require that the map
H=hip+hi,+--hf_,e € Hom(ViVin)
i€l1UlUl3

has a type given by the partitions {n[*% | 0 < a,b < N —1}. The linear map
+

i+1/2°
following definition packaging all the remaining linear maps into one.

H contains all the information of the maps h For brevity we make the

Definition 4.10. Given a representation as above, we define the linear map

L :=ro+ri+-- 'TN/—1+h]_V/+1/2+' .. }LJ_\P:,)/2 € @ Hom(V;, V) EB Hom(Vj41,V;).

el i€ly

From now on in order to compute the motivic class of R({xl*"}) we will

work with a choice of coordinates. Let
a,b
v, (k) € Vy
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be such that ’U;l’b(k) generates the kth summand of C[x]/(xNU*l)Hb*aHl)@bf’b

in the decomposition of Proposition 4.12. Then we have that
B:={HPv (k) [1 <k <" 0<a,b< N-1,0<p < N(I—1)+[b—al+1}

forms a basis of V.

Definition 4.11. We define H (7[*") to be the matrix representation of the
map H with respect to the basis B. Also define

F({x*"}) = (L[ (L H#"")) € R({x'*"})}
N({#*"}) = {H | H has type {x@}.
Then R({r*"}) has a decomposition as a vector bundle.

Lemma 4.15. R({n%"}) has the structure of a vector bundle

F({xl*}) = R({x!*"})

1
N({zle8})

In particular we have that

[R({x" )] = [F({x“")] - [N ({x*"})]

in the Grothendieck ring of varieties.

Proof. The projection map

p o R{EY) = N((rl))
(L,H) H.

defines the bundle structure with zero section H — (0, H). The fibre is the

linear space of all such L. O

Here the base of the vector bundle is the space of all matrices of type
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{2} these are all conjugate to H(wl®"), therefore we have a torsor,

T Gy — N (rlebh
P — PH(nlb)p-1

This is a torsor for the group S'({zl®"}) := Stabg, (H(7*")). This group
is given as the group of units in an algebra.

Definition 4.12. We identify S’({r*!}) with the group of multiplicative

units in the following algebra

N-1

S{xl@ty) = {N € H End(a;)
1=0

NH (rl®tl) = H(w[“’b])N} .

Since S’ ({n[%!}) is the group of units of an algebra it is a special group
and so the above torsor splits in the Zariski topology. The next lemma gives
a formula of the motivic class of the group S’ ({z[**}) and via the splitting
of the above torsor we deduce a formula for the class of N({r*!}). Before

stating the lemma we create some notation.

Definition 4.13. The following linear spaces have dimension

T{x*)) = dim F({x*"})
B({xl®}) = dim S({x*"}).

Lemma 4.16. We have

S (7w = (st [ e

o<apen—1 4 (M%)

where

a7 [End()]
() H [CL(b;™)

So as a consequence

[R({r**})] = [Ga] LT =B({xly) | H f (W[a,b]) .

0<a,b<N—-1
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Proof. Let
I/Vla’b = span(c{vla’b(k‘) |1<k< bf’b}

be the span of the basis elements vf"*(k) for 1 < k < b""". We have both

inclusion and projection
Wa,b a,b
= Vo W
This gives a map of algebras

o SHreM) - H End(T/Vla’b)
a,b,l
N — @avble‘Wla’b'

This splits as a trivial vector bundle, whose rank is the dimension of the
total space minus the dimension of the base. Since we have that the group
S'({r*¥}) is the group of units in S({7l*%}), we can identify S'({xl**})
as the inverse image of the units on the right hand side. This is a trivial
vector bundle of rank equal to dim S({n[*"}) — dim [as, End(T/Vla’b). We

have an isomorphism of varieties

S’ 7_[_[a,b] = S({ﬂ-[a’b]}) GL Wa,b
R Ha,b,lEndWVﬁ’b)XyM W)

so motivically we have

S = s T+

0<ab<N—1 f ()

In lemma 4.15 we saw that

[R({x" )] = [F({x“"})] - [N ({x**})]

Now we know that N({zl*"}) is a torsor for the group S’({r!*%}) whose
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motive we have just computed we deduce

O <
[R{n"N) = P i

= rla:bl C 1Ga] lab]
PURID] - oy OSGEN_lf( )

= [Ga] LTt —B({rled}) | H f (ﬂ[a,b}) '
0<a,b<N-1

g

The next proposition computes the difference T'({x[*"}) — B({xl!}).

Its proof is found in Section 4.9.
Proposition 4.17. We have T({z[*"}) — B({nl*¥}) equals to

2
_%Z (Zl(ﬂ_[wrl,b]) S l(ﬂ_[c,i]))

i€ly \ b#i cF£i+1

S IDIDICEET ID MDY

a€ls bgls i>1 agls bely i>1

Proof. The proof is a linear algebra calculation. See Section 4.9. O
As a corollary we deduce the formula for N7(y).

Proposition 4.18. Let

S = {[a,b] |a € I3,b& Iy ora ¢ I3,b € I},
Yab) = Ya - Ya+1" Yo,
Y= Yo yryn—1,

then we have

- L 1 1
N°(y) = Exp (Llly’ ( Z Yap — L2 Z y[a,b]))-

[avkaS [a,b]ES
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Proof. Recall our initial definition of N7 (y)

o _ 1 1/2\x(a,0)+2d (@) [RN(a)] el
V= 3 (L s,

In Proposition 4.12 we saw that it was possible to stratify each of the varieties
RN (a) by the type {r®!} of the cycle H. This gives

No(y)= ) (FLiPpecrziolg =t [R{aI] |y

a€eNQo {rlab o

The motivic class of R({n[*"}) was computed in lemma 4.16 substituting

this into the above formula gives

Z (_]Ll/Z)X(oz,a)—i-Qdc(oz) Z ]LT({W[G»b]})—B({ﬂ[ayb]}) ] H f (W[a7b]) yoz.

aENRo {mla:bl Yo 0<a,b<N-1

Lemma 4.13 showed how the dimension vector depended on the partitions

we had
o = Z [a b Z l la b]

0<a,b<N-— 1 [a,b]#i
and an immediate corollary was that

2

x(a, @) + 2do(a Z Zl [e+1.8]y Z 1(xle)

i€ly \ b#i c#i+1

Combining this with the formula for the difference T'({r*!}) — B({rl®%]})
(Proposition 4.17) gives

No(y) = Z H f <7T[a7b]> ) H f ( [a, b]) H( %)_(b?,b)Q
{mle-tl} \la,b]gS [a,b]eS 151
N-1
So<aben—1 T30 4z Ul
. Y .
1l
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To simplify notation set

g(m) = f(n) [l (-L2)"% for 7= (1012023%...)

then rearranging the products and summations gives

No(y) = H Z f(ﬂ'[a’b]> ‘y/|ﬂ—[avb]’_l(ﬂ.[a,b]) ‘yft(:;)[]a,b])

[a,b]€S rla.b]

H Z ( [ab).y/‘w[a,bw,l(ﬂ[a,b]) yfg;}ab])

[a,b]€S rlasb]
Both of these series are know to have product expansions [36]

flta) = S, f(md@iO = Exp (= 1)
10
g(t.a) = Y, g(m)d@dr-lm = Exp((ﬁilﬁ-l“_t)

Now N is a product of such series and multiplying together the correspond-

ing exponential generating series gives the desired result

L 1
N?(y) = Exp ﬁ?y’ Z Yiab] — Z Yla,b]
[a,b]gS [a,bleS

Now we have computed 19, N? and so by lemma 4.10

o Y L 1 L-1/2
AY(y) =Bxp | L+ g1y S Yar —LTY ) gy
[a,b]gS [a,b]€S
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or to reformulate this as a product over the set of roots

1 _1
Exp | ;=5 |[L+N-1 > "+ > yt-Lz > 4
aeAg’jgr a€Ale, acAze,

212u13 o is even ZIQUIs a; is odd

Thus proving Theorem 4.1

Az = [ A“w)

aGAU7+

for the special case of the partition o.

4.6 The Universal DT Series: General Case

In this section we will prove Theorem 4.1 for any partition o.

4.6.1 Mutation and the root system

Recall that the simple reflection provides a bijection between A, \{oy}
and A, 1 \{a}} (see §4.3.3). The simple root oy, maps to —c.

For a € A, let o be a simple module with dima. By [47, Proposition
2.14], Zigéfr ; is odd (resp. even) if and only if ext!(x,z) = 0 (resp. = 1).
In particular, the parity of ZZ ¢i, i is preserved by the simple reflection.

4.6.2 Wall-crossing formula

Theorem 4.19. [51, Theorem 4.9]
AZ(y) = T x By, )
Proof. Step 1 : By the observation in §4.3.3, we have the following factor-

ization:

Af = E(yr) x AF
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where

E(y) = [G[E)jvir Y Yk = Yoy,

and Af is the generating series of virtual motives of moduli stacks of objects

in (modJ,),. We also have
7 - 4 X )

where A7* is the generating series of virtual motives of moduli stacks of
objects in (mod.J,/)*.
Step 2 : By Proposition 4.7, we have A7 = A7 * (see [51, Theorem4.7]). O

Now Theorem 4.1 for any o follows from the result in §4.5 combined with
Theorem 4.19 and the remark in §4.6.1.

Remark 4.3. These mutations were first used in [47] for the case of the

classical invariants.

4.6.3 Factorization of the universal series

We will say that a stability parameter { is generic, if for any stable J,-
module V', we have ( - dimV # 0. For generic stability parameter (, let
szr(Jg, a) (resp. M, (Jy, @) denote the moduli stacks of J,-modules V such
that dim V' = « and such that all the HN factors F' of V' with respect to the
stability parameter ¢ satisfy ¢ -dim F' > 0 (resp. < 0). Let [W?(Jg,a)]vir
denote the virtual motive of the moduli stack defined in the same way as
(4.3). We put
AT) = D IME Q)i - y™
aeN/!

Lemma 4.20. /39, Lemma 2.6] The generating series AZF are given by

AZw = ] AWw).

a€As, 1, £(a<0
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4.7 Motivic DT with Framing

We denote by QU the new quiver obtained from @), by adding a new vertex
oo and a single new arrow oo — 0. Let J, = JQg,wo be the Jacobian algebra
corresponding to the quiver with potential (Q,,ws), where we view w, as a
potential for Q, in the obvious way.

Let ¢ € R be a vector, which we will refer to as the stability parameter.
A J,-representation V with dim Vs, = 1 is said to be (-(semi)stable, if it
is (semi)stable with respect to (¢, () € RIU{o} (see Definition 4.2), where
Coo = —C-dim V. As in §4.4.2, a stability parameter ¢ € R?0 is said to be
generic, if for any stable J-module V' we have ¢ - dim V' # 0.

For a stability parameter ¢ € R?° and a dimension vector a € (Zzo)f , let
Z)JTC(,Z,, ) denote the moduli stack of ¢-semistable .J,-representations with
dimension vector (o, 1). As in the introduction, we define the generating

function:

Ze(Yos - yn—1) = Z¢(y) == Z [mC(jma)] -y

N vir
a€(Zxo)!

Theorem 4.21. [39, Proposition 4.6] For a generic stability parameter C,

we have

Ai(_L%y07 Y1y .- 7yN71)
Zely) = ——— : (4.4)
AC (_L 23/0,2/1>---,2/N—1)

where AC_ were defined in §4.6.3.
Combined with Lemma 4.20, we get the formula in Corollary 4.2.

Remark 4.4. If we cross the wall W,, we get (or lose) a factor Z,(y) in

the generating function. This is compatible with the result in [50].
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4.8 DT/PT Series

4.8.1 Chambers in the moduli spaces

For a root a € A, let W, denote the hyperplane in the space R of stability

parameters which is orthogonal to . We put

W =W;sU U W,,.

aEAffﬂL

A connected component of the complement of W in R/ is called a chamber.

Theorem 4.22. [47, Proposition 2.10], [46, Proposition 3.10, 3.11] The set

of generic parameters in RI js the compliment of W.

1. For ¢ with (; < 0 (Vi), the moduli spaces img(j, a) are the NCDT

moduli spaces, the moduli spaces of cyclic J-modules from [58].

2. For ¢ in the same chamber as (1— N +¢,1,1,...,1) (0 <e < 1), the
moduli spaces i)ﬁc(j, «) are the DT moduli spaces of Yy from [37], the

moduli spaces of subschemes on Y, with support in dimension at most
1.

3. For ¢ in the same chamber as (1 — N —e,1,1,...,1) (0 < e <« 1),
the moduli spaces img(j ,a) are the PT moduli spaces of Y, introduced

in [53]; these are moduli spaces of stable rank-1 coherent systems.

Remark 4.5. In the above statements ¢ depends on the dimension vector
(a,1).

4.8.2 Motivic PT and DT invariants

Let

CDT:(l—N—E,l,l,...,l), CPT:(l—N+€,1,1,...,1)
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(0 < e < 1) be stability parameters corresponding to DT and PT moduli

spaces. Then we have

{a € AJ7+ ‘ (pr-a< 0} = Af’Jr,
{a€Api | Cpr-a <0} =ATT LA,

As we mentioned in the introduction the variable change induced by the

derived equivalence is given by

S:=yo-y1 " Yn-1, 1Li =y

Here s is the variable for the homology class of a point and 7T; is the variable
for the homology class of C;. Then we get the formulae in Corollary 4.3.
4.8.3 Connection with the refined topological vertex

As studied in [49], we can apply the vertex operator method [52] to get a
product expansion of the refined topological vertex for ),. Then we see

that the PT generating function can be described by the refined topological

vertices normalized by the refined MacMahon functions. °

4.9 Linear Algebra Computation

Throughout this computation we will work with a fixed choice of basis B.

In §4.5.2 we chose a basis
B={HPv"(k) [1<k<b"’0<a,b<N-1,0<p<N(I—1)+|b—a|+1}

and defined linear spaces F({nl%!} equal to

Le @Hom(Vi, Vi) ® GEHOm(VH_17 Vi) (L,H(ﬂ'[a’b})) c R({W[a,b}})
i€l i€l

SUnfortunately, the DT generating function does not coincide with the refined topo-
logical vertex. See [39, §4.3] for detail.
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and S({rl*!}) equal to

Ne €p Hom(V;,V)
iel1UlUl3

[N,H(w[avb})} —0

with dimensions T'({7l*?}) = dim F({z[*"}) and B({xl*"}) = dim S({x[*!}).
Our goal is to prove Proposition 4.17, that is to show that the difference
T({rl@t}) — B({rl*"}) is equal to

2
_%Z SOl = $ (e
i€y \ b#i ctitl
5 Y Tetres Y e
2 a€l3, bl i>1 2 agl3,bely i>1

For some early examples it becomes clear that the dimension of F({rl®!})
and S({r*"}) are determined by solving a set of linearly independent equa-
tions. We will see that these dimensions are quadratic polynomials in the
number of parts b;l’b of the partitions {7[*?}. An initial means of simplify-
ing the calculation is to break the spaces F({rl*"}) and S({x*!}) down
into simpler spaces. One easy observation is that not only are the spaces
F({rl*"}) and S({x[*?}) linear but they come with a natural vector space
structure, the origin corresponding to the zero matrix in both cases. This

means that as vector spaces we have decompositions

F({rlothyy = @ F(rlob] rled)

0<a,b,c,d<N-1

Siredy = @ s xled)

0<a,b,c,d<N-1

whose summands are given by the following definition.
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Definition 4.14. We define

F(alotl gledy = P({xl*"})n @5 Hom(V*P,ved)

i€l1Ul2

S(rletl pledy = g(aletl zledyn @ Hom(Veb, ved).

i€l1UlUl3
These subspaces are essentially given by the block matrices for the de-
composition V = @y, pen_q V.

Definition 4.15. We define

T(ﬂ'[“’b],ﬂ[c’d]) = dimF(W[“’b],Tr[c’d])
B(?T[a’b],ﬂ'[c’d}) = dimS(ﬂ'[“’b],W[c’d]).

Both T'(zl®t, zled) and B(xl@t, zledl) can be written as quadratic ex-
pressions in the number of parts of 7l and 7l¢. To do this we introduce a
quadratic form on the space of all partitions and a combinatorial operation

that removes a box from each column of the the partition.

Definition 4.16. We define

M ’P®’P—>ZZO

(1b12b23b3_”)®(1c12c2363...)p-)Z ij ch
i>1 \ j>i j=i

" PP
m = (1b12b23b3 . ) — 7-[-, — (1b22b33b4 . )
Let us begin with the easier case. We compute dimensions B(Tr[%b]’ W[c,d])
of the spaces S(rl®t! rled),

Lemma 4.23. Let N € S(nl%% 7l then the matriz N is uniquely deter-
mined by its value on the vectors v?’b(k). Moreover the only restriction on

the image of such a vector is that it lie in the linear subspace
N(Ula,b) c Va m Vc,d m VN-(171)+“)*CLH’1.
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Proof. To define the linear map N on the space V®? it suffices to define its

value at each of the basis vectors
{(H""(k) |0<r < N-(I—=1)+|b—a|,1 <k<b"}.
However for N € S(rl*t rled) we have
r. .ab r a,b
N(H"v)"(k)) = H"(Nv;"(k)),

therefore the value of N at each H "vla’b(k) is determined by N v?’b(k). This
proves the first part of the lemma. Now we know that the matrix /N maps the
vector space at the ath vertex to itself V, — V, also since N € S (TF[a’b], TI'[C’d])
we insist that its image be in V. The only additional condition on the

image of the vector v*"(k) is
HNDFbmal L (Nt () = N(EN D Fbmalt b () = o,
Combining these three conditions above we have,

N (k) € V, nved nyN =L+,

Corollary 4.24. We have

M (wlob]l gled] if a € [e,d] and |d —al < |b— al

Bl qledly M ((rlatly rledl) if a € [¢,d] and |d —a| > |b— a|
’ M (mlobl (rledly ifa & [c,d] and |d —al <|b—al

M ((mlethy (zledyy if a & [c,d] and |d — a] > |b— a.

Proof. Let N € (x4, i), Bach vector vf"’(k) with 1< k < 4 can
take any value in the vector space V, N Ved 0 YN (=D+b-al+l 4nq 50 the

dimension of S(7%?, 7led) is given by

B(ﬂ_[a,b},ﬂ_[c,d]) _ Z b?’b . dim (Va N Vc,d N VN-(171)+|bfa|+l) )
>0
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Counting the number of basis vectors of V¢ that lie in Vj, we see there are
four possibilities for dim (Va nvedn VN‘(Z—1)+|b—a|+1);

S bt 1Y b5 if a € [¢,d] and |d — a| < |b—
ST+ (1 —1) Yy b5 ifa € [e,d] and |d —a| > [b—ql
Sl b U 0 if a & [c,d] and |d —a| < |b— ql
Sicribi + (=) by ifad fe,d and |d—a] > [b—al.

Consider the first case a € [¢,d] and |d — a|] < |b — a| then

l

Blrlod pled) = S peb o [ $ et 43 e

>1 i=1 i>1

> (s ) (zw

i>1 \ 1> 1>
= M(xl®tl gledy,

The other three cases are identical. The relabeling of the partitions in these

cases is encoded by the operation 7 > 7’. O

Now we turn to computing the dimensions T' (W[a’b],ﬂ'[c’d]> of the spaces

F(rlotl zled) This will be more intricate.

Lemma 4.25. Suppose a € I} Ul and L € F(xl®Y 7led) then the map L
1s uniquely determined by its value on the vectors vla’b(k:). Moreover the only

restriction on the image of such a vector is that it lie in a linear subspace

Vo N VN1 tb=al+1 A yed ifa €l and b ¢ I
Vo N VN (=) +b—al A yed ifaeli andbe Iy
Va1 NVNU=DHb=al+2 nyed Gt g e I3 and b & I,
Vay NVNU=DHb—altl nyed  if g e I3 and b € Is.

Lot (k) e

Proof. To define the linear map L on the space V%? it suffices to define its
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value at each of the basis vectors
{H™ v (k) |0<r < N-(I—1)+[b—a|,1 <k <b"}.

However for L € F(rl* zlod) we know that the pair (L, H(xl*%)) €
R({r!*"}) satisfy the relations coming from the potential:

Tihztlm = h;r_l/gﬁ‘—l forie[1I,N' —1]nI
Toh]—i\—/71/2 = h14\}71/2h1—~\_f73/2h]_\773/2

hl_\/’+1/2hztf/+1/2h?\rﬂf1/2 = h]—i\_f/fl/Zerfl

hﬁsm@im@iuz = hitrl/zhf_mh;_l/g fori=[N"4+1,N —3]NIs.

As in Lemma 4.23 once the value of L is determined for vla’b(k:) it is uniquely
determined for all H ’"vla’b(k‘) by the condition that the above relations be
satisfied for the pair (L, H(7l®). To be precise if a € I; we have

H LW (k))  ifa+rel
L:H Wk)—< 0 if a4rely
H’"*lL(vl&’b(k)) ifa+rel;

and if a € I3 then

H’”HL(vla’b(k)) ifat+rel
L:H Wk) < 0 if a4+rel
H'L@wM (k) ifa+rels

Since L € F (W[“’b],ﬁ[c’d]) by definition its image must lie in the space V&4,
alsoif a € I then L :V, —» V, and if a € I3 then L : V, — V,_1. The only
further condition on the image of a vector vla’b(k) is that its image be killed
by a high enough power of H. It is given that HN'(Z_1)+|b_“|+1UlCL’b(k) =0
so then H t(Lvla’b(k:)) = 0 where the exponent ¢ is read off for the defining
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relations on L above. In the separate cases

V, NV N-(=D)+Hb=al+1 A yed ifacland bd I
V, N VN (=D+lb—al  yred ifaecl and be I,
Va1 NVNU=Dtb—al+2 qyed if g ¢ J3 and b & I
Voor N VN U=Dtb—altl qyed if g e [5 and b € L.

Lot (k) e

proving the result. O
We have a result similar to Lemma 4.25 when a € Is.

Lemma 4.26. Suppose a € I and L € F(zl® 7lod) then the map L is
uniquely determined by its value on the vectors va’b(k:). Moreover the only

restriction on the image of such a vector is that it lie in a linear subspace

vV, N VN~(l—1)—Hb—aH—1 N qu Zf b g I

a,b
L(Hv;"(k)) € { V, N VN-(=D+b=a| y/ed if be Iy

Proof. Again we know that to define the linear map L on the space V? it

suffices to define its value at each of the basis vectors
{(H " (k) |0<r < N-(I—=1)+[b—al,1 <k <b"}.

Since by definition if a € Iy then Lv?’b(k) = 0 the map is already trivially
determined on these vectors and their image does not suffice to determine
the map in general. However if we consider the vectors H vl‘l’b(k) then once
the value of L is determined for H vla’b(k) it is uniquely determined for all
H ’”vl‘z’b(k) by the condition that the relations (see Lemma 4.25) be satisfied
by the pair (L, H(x%%). To be precise if a € I, we have

H'L(HvM' (k)  ifa+rel
L:H (0" (k) < 0 if a+r el
H™'L(Hv"' (k) ifa+r € I

By definition we know that the image of L lies in V¢ and also that for

a € Iy we have L : V11 — V,. As before the only remaining condition on
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the image of v?’b(kz) is that it be killed by a high enough power of H. From

the definition of L above we see that

V, N VN-(=D+b-al+l qyed fp g,

L(Hv™ (k) €
(Hvy" (k) {‘vaﬂHFDHFdﬂvmd ifbely

proving the result. O

The following notation collects the dimensions of all the vector spaces

encountered in the last two Lemmas.

Definition 4.17. We define integers

dim(V, N VN -(=D+b—al+1 ny/ed) ifae;]Ulyand b ¢ I
(Vy N VN (U=D)b—al ry yre.d) ifaechUlyandbe Iy

dim(V,_y N VN-U=Dlb=al+2 nyedy if g ¢ I3 and b ¢ I
(Va1 NVNU=Dtb—altl qyed) if g ¢ J3 and b € Is.

dim
da,b:c,d (l) =

dim(V,

From Lemmas 4.25 and 4.26 we deduce the dimension of the spaces
F(rlot] gled),

Corollary 4.27. Ifa € [ Ul and b & I then T(x%%, rlod) equals

M (rlat] gledl) if a € [¢,d] and |d —a| <|b—al
M ((wlotly ledl) if a € [e,d] and |d —a| > |b—q]
M (rlet] (rledly if a & [c,d] and |d —a| <|b—al
M ((wlablY (zledyy  if a & [e,d] and |d —a| > |b—al.

Ifae [, UI and b € Iy then T(xl@¥, 7lod) equals

M (lob] gledl) ifa€lc,d and|d—a| <|b—a|l—-1
M (ol TI'[Cd]) ifa€le,d] and |d—a] > |b—a|—1
M (mlobl (rledly ifadle,d and|d—a] <|b—a|—1
M ((mletly (zledyy if o & [e,d] and |d —a| > |b—a| — 1.
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If a € I3 and b & I5 then T(T['[a’b], TI'[C’d]) equals

M (rlat] ledl) ifa—1€]ce,d] and|d—(a—1)| <|b—al+1
M (ol Tr[Cd]) ifa—1¢€(c,d] and|d— (a—1)] >|b—al+1
M (bl (rledl)y ifa—1¢[c,d] and|d— (a—1)| <|b—a|+1
M((wlablY (zledyy  ifa —1 ¢ [e,d] and |d — (a — 1) > |b—a| + 1.
Ifa € I3 and b € Iy then T(rl*? 7lod) equals
M (rlab] rled] ifa—1¢€](c,d] and |d— (a —1)| < |b—al
M ((wlotly ledl) ifa—1¢€c,d] and |d— (a—1)| > |b—al
M(xled (o) ifa—1¢ [e.d) and |d— (a—1)| < b—a]
M ((mlethy (mledyy  ifa —1 ¢ [e,d] and |d — (a —1)| > |b— al.

Proof. We know that if a € I) U I3 (resp. a € I3) then the map L €
F(rlot] zledl) is determined by its value at the vectors v?’b(k) (resp. va’b(k))
for 1 <k < b?’b. In the notation of the previous definition such a vector
takes values in a space of dimension dgp.cq(l). So in all cases the total

dimension of the space F(xl® zlodl) equals

T(rlatl, gled) = Z b dapic.a(l).

>1

In the above definition of dq p.c4(l) there are four possible forms depending
on the value of a and b. Lets consider the first case when a € I U I and
b & I,. Then we have that dgp.q(l) = dim (V, N VN --DFb-altl qyed),
Counting the number of basis vectors of V¢ that lie in V,, we see there are
four possibilities for dim (Va nvedn VN'(Z_U“"I’_“'H):

S b S b5 ifa€lc,d and |d—a| <|b—al
ST+ (1= 1) Yy b5 ifa € [e,d] and |d —a| > [b—qf
i 1zb‘;f1 1Y U if a ¢ [c,d] and |d — a| < [b— al
ST A+ (1= 1) Y, b5 ifa ¢ [e,d] and |d — a| > [b—al.
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In the first case a € [¢,d] and |d — a|] < |b — a| and

l

1>1 i=1 i>l
=y () (o

i>1 \ 1> 1>i
= M(xlol gled)y,

In the second case a € [¢,d] and |d — a| > |b— a| and

-1
T(rled pled) = 3 pr. (Zz’bf’d +(0-1) be’d)

1>1 i=1 i>l

5 (z b;::a) - (z b?’d)
1>1 >4 >4

_ M((ﬂ,[a,b])/,ﬂ_[c,d])'

In the third case a ¢ [¢,d] and |d — a| < |b— a| and

l
T(rlod, gled) = 3 peb. (Zz’bgflJrszgfl)

1>1 i=1 i>l

S (z b?’b> - (z bz*:a)
i>1 >4 >4

— M(T['[a’b], (ﬂ_[c,d})/).
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Finally in the fourth case a ¢ [c,d] and |d — a| > |b — a| and we have

-1
Tl gledy = S et (ST aed 4 - 1) bl
>1 i=1 i>1
= Z Zbla—;-bl ' Zblcfl
i>1 \ I>i 1>

= M((e Y (2o,

This completes the situation when a € Iy U Is and b € I5. In the other
situations a € [ Ul and b€ I, or a € I3 and b & Is, or a € I3 and b € I5.

All of these cases can be dealt with in a similar manner. O

Now we have computed all the dimensions T'(7[®?, 7l¢dl) and B(zl®b), rledl),
The next lemma combines corollaries 4.24 and 4.27 to compute their differ-

ence. We see that in most cases there is an exact cancellation.
Lemma 4.28. We have

T(w[“’b],w[c’d]) = B(w[a’b],w[c’d}) aside from the following cases,
Case 1: ac 1 Uly,, b=de I,

M ((rlotly, pletl) — M (rlat], mled]) ifa€fe,b]
M((rledly, (xledly) — M(xlod], (xled)) if a & [c,b].

Case 2: a€ls, b lr,d=a—-1€

M(Tr[a,bh Tr[a,a—l]) _ ‘]\4((7T[¢1,b})/7 ﬂ.[a,a—l]) ifa=c
M (e, wleetl) — M((ale?), (wloeY) - ifat e

Case 3: a€l3,bd I, a=c,d#*a—1,

M(rled, (zlosdly) — M(zlet) zlo) ifld—a < b~ dl,
M((xledY, (xlodY) — M((rledy, wied) if Jd—al > b—al.
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Case j:a€lz,bel,d=a—1,

M (rlad) glaa=1ly _ pp((rlably gla.a—1] ifa=candb#a—1
M (rloa=1 glea=1ly _ pp(gleal] (glea=Ihy if g £ cand b=a — 1
M(ﬂ'[avb},ﬂ'[cva_l]) — ]\4((7‘[‘[avb])/7 (7‘[‘[07@_”)/) Zf a ?é C and b # a — 1

Case 5: a€ I3, bely,a—1€]c,d,d#a—-1,b=d
M((zlably | zlebly _ pp(rlad] rledly.
Case 6: a€ I3, be lr,a—1¢&[c,d],a=c, |d—a| <|b—al
Ml (zladlyy = ap(glet] glod)y.
Case T: a € I3, b€ Is, a—1 ¢ [c,d]

M ((wlobly | (mlathyry — pp(lob] glabl ifa=candb=d
M (w2l (wledlyy — M((wletl) wledl) if a = ¢ and |d — a] > [b—al
M((wlely, (wlebly) — M (xlet] (xlebly) if a # ¢ and b= d.

3

Proof. Compare corollaries 4.24 and 4.27. U

Our aim throughout this appendix has been to prove Proposition 4.17
and deduce that the difference » g, . a<n 1 T (mlabl gled)y — B(glab] gled)

equals

2
;Z(Z“”“*w) Zz(#@“)) D MDD DD S RN

i€ly \ bi ctit1 aclsb@ls i>1 agls,bels i>1

So all that remains is to check this sum agrees with the values we computed.

First we will transform it into a expression in terms of the M (xlt, zled),
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To do this we need the simple identities

Ml oDy — M (Y, o)) = ST TR ST = Y - Db

>1 i>1 >l i>1 >l
o a,b c,d
i>1 >1

= (xly . (rled)

and

M(ﬂ_[a,b]?ﬂ_[a,b]) o ]\4((7_[_[a,b])l7 7_‘_[(Jb,b]) _ Z Z b?’b . Z b?’b B Z b;z—;)l Z b?’b

1>1 \ i>l i>l i>l i>l

SN

>1 i>l

1 1
_ Sy(lab\2 | a,b\2
= Sl LSt
1>1
Using these two identities and some simple algebraic manipulations we can
rewrite Proposition 4.17 as the statement that the difference > o<, ;. 4<n—1 T (rlat] gled)y—
B(rlet! rledl) equals

Yien Lppiepin M@l aled) — M ((xlHLY (rled))
+ Dien 2 5, M (b1l (rlitLdlyy M (mli+18] gli+1d)
+ 21612 Zag;zi-l M((ﬂ-az]) (m cz})/) . M(ﬂ"”] ﬂ.cz])
+ Vaenpenppa—t M@)oty — M (rlebl rlably
+ Z[a,b}es M((?Tab]) ﬂ[ab}) _ M(ﬂ.ab] 7Tab])

We will take a systematic approach, accounting for these terms one by one,
all in all we will check nine separate cases.

First let us assess the contribution from terms involving partitions 7™
with r,s € I;. Comparing with Lemma 4.28 in all seven cases there is no
discrepancy when a,b € I; or ¢,d € I and therefore there is no contribution

from these terms in agreement with the above sum.
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Secondly we assess the contribution from terms involving partitions ™!

with € I; and s € Is. Considering Lemma 4.28 we note the following cases,

Case l: a€e [LUIly,be ls,b=d
M ((wlablY glebly — pp(zlabl zledl) if a € [c,b]
M((mle Py (wled)) — M (e, (7led)) i a & [e, ).

Case 2: a€l3,bd Ir,cel1,d=a—-1€ I
M(ﬂ.[a,b]’,n.[c,a—l]) _ M((ﬂ'a’b)/, (ﬂ.[c,a—l})/).

Case 4: a€ lz,belr,cel;,d=a—-1
M(ﬂ_[a,afl}ﬂr[c,afl]) _ M(ﬂ_[a,afl], (W[c,afl])/) ifb=a—1
M (lad) glea=1ly — pp((wlably | (rlea=1ly ifb#a—1.

Case 5: a € Is,be Iy,c€ Isp,b=d,a—1€ [c,b],bF#a—1
M((W[a,bb/’ﬂ.[c,b}) _ M(ﬂ.[a,b],ﬂ.[c,b]).

Case T: a€ Is,be Ir,ce 1,b=d,a—1¢[c,}]
M ((rloY, (rletly) - M (e, (o).

The sum total of these cases gives

Z ]\4((71.[%()})/7 ﬂ_[a,b]) _ M(ﬂ.[a,b]’ 7.[.[a,b])
a€ly,bels
+ Z M((ﬂ'[a’b])/, (ﬂ.[c,b])/) _ ]\4(7.‘_[a,b]7 ﬂ_[c,b})
a<c:a,c#b+1
a€l; ,bely or celq,bels
+ Z M(W[i+1’b]ﬁ[c’i]) _ ]\4((7.‘_[2‘-1-1,b])/7 (Tr[c,i])/)

b#i,cel,i€ls

this accounts for all the terms involving partitions 7% with a € I; and
bels.
Thirdly we assess the contribution from terms involving partitions 7"

with r € I} and s € Is. Comparing with lemma 4.28 in all seven cases

there is no discrepancy when a € I and b € I3 or ¢ € I} and d € I3
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and therefore there is no contribution from these terms in agreement with
Proposition 4.17. We have now observed the correct contributions from all
terms involving partitions 71"* where r € I.

Fourthly we will consider contributions from terms involving partitions
78] where r € I> and s € I1. As in the first and third cases on comparing
with lemma 4.28 in all seven cases there is no discrepancy when a € Iy and
be Iy orcée lyand d € I;. Again this is in full agreement with Proposition
4.17.

Fifthly we consider contributions from terms involving partitions /™!
where r € Is and s € I5. This time on comparing with lemma 4.28 we ob-
serve some nontrivial contributions as desired. This case is almost identical

to when r € I; and s € Is. In the lemma the following cases contribute

Case l: a€e [LUly,be Iy, b=d
M ((wlabl) glebly — pp(rlabl zlebl) if a € [c,b]
M((xly, (xloM)y — Mzl (xlefly) it a & [e,b)].

Case 2: a€l3,bd Is,ce lr,d=a—-1€ I
]\4(7.‘_[11,1)]7 7.‘.[c,a—l]) _ M((ﬂ'a’b),, (ﬂ.[c,a—l})/)‘

Case 4: a € I3,be lr,ce lr,d=a—1
M(ﬂ.[a,a—l},ﬂ.[c,a—l]) _ ]\4(71.[(1@—1]7 (W[c,a—l])/) ifb=a—1
M (rlod) glea=1ly — pr((wlably | (rlea=1ly ifb#a—1.

Case 5: a€ I3,be lr,ce lh,b=d,a—1€[c,b],bF#a—1
M((W[a,b])/’w[c,b}) _ M(W[a,b]m[ab]).

Case 7: a € Is,b€ Is,c€ Iy, b=d,a—1¢ [c,b]
]\4((7r[a,b})/7 (ﬂ[c,b]>/) _ M(ﬂ[a’b], (W[c,b})/)_
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The sum total of these cases gives

Z M((ﬂ.[a,b])/,ﬂ.[a,b}) _ M(ﬂ.[a,b]’ﬂ.[a,b])

a€lz,belr

+ > M((xledly (zletlyy — M (glad] gled)

a<c:a,c#b+1
a,bels or c,belr

+ Z M(ﬂ.[i-i-l,b}ﬂ.[c,i]) o M((ﬂ.[i-I—l,b])l’ (,n_[c,i})/).
celyieLbti

These terms again agree with those of Proposition 4.28.

Sixthly we move to consider terms involving partitions 7" where r € I,
and s € I3. considering the lemma we see that there is no contribution for
these terms as desired. We have now observed the correct contributions
from all terms involving partitions 7™l where r € I; U I only the cases
when r € I3 remain, we may restrict to consider only those differences
T(rletl rled) — B(rlabl zledl) where both a,c € I.

Seventhly we consider terms involving partitions 7% where r € I3 and
s € I;. Considering lemma 4.28 we see that the following cases give non-

trivial contributions.

Case 2: a€ I3, b ¢ Ir,d=a—1¢€ I
M(ﬂ_[a,b]’ﬂ.[a,a—l]) _ M((ﬂ.[a,b])/’,n.[a,a—l]) ifa=c
Ml wlea=tl) — M ((nled, (realY) ifa e

Case 3: a€ls,bZ Ir,a=c,d#a—1
M (bl (glasdlyry — pp(rlat] glad) if |d—a| < |b—aql,
M((zlY, (zled)y) — M((rletly, 7led) if |d —a > [b—al.

Case 6: a € Is,be Ir,a—1¢ [c,dl,a=c,|d—a| < |b—al|,de ],
M(ﬂ.[a,b}’ (Tr[a,d])/) _ M(ﬂ.[a,b}’ﬂ.[a,d})‘

Case 7: a € Is,b € Ir,a—1¢& [c,d],d e I
M ((wlobly (gledyy — M ((xloblY xlodl) if @ = ¢ and |d — a| > |b— al.
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The sum total of these cases gives

Z M((ﬂ'[avb] >/7 W[avb]) — M(?T[a’b] , ,n.[a,b])

aEIg,bEIl

+ Z M((Tr[‘H-l,b])/, (W[a+1,d})/) o M(W[“‘H’b], W[a+1,d})

b<d:b,d#a
a€lz and bely or dely

+ Z M(ﬂ.[i+l,b],ﬂ.[c,i]) _ M((ﬂ.[i+1,b})/’ (ﬂ_[c,i])/)'

i€label

Eighthly we consider terms involving partitions 7%l where r € I3 and s € I5.

Here considering lemma 4.28 we see that the following cases give non-trivial

contributions.

Case 2: a€l3,b& Ir,d=a—-1€ I
M(Tr[a,b]77.(.[a,a—1]) _ M((ﬂ_[a,b})/,ﬂ.[a@—l]) ifa=c
M(W[a,b]ﬂr[c,afl}) _ ]\4((7T[a,b])/7 (W[c,afl})l) if a # c.

Case 3: a€ I3, b€ Ih,a=c,d#a—1
M (rlat] (gladlyy — pp(rlat] glad) if |d —a| < |b—aq,
M((xly, (rled)y)y — M((rletly, 7led) if [d —a| > [b—al.

Case 6: a € Is,be Ir,a—1¢ [c,dl,a=c,|d—a| < |b—al,de I3
M(ﬂ'[a’b}, (Tr[a’d])/) _ M(W[a’b},ﬂ[a’d]).

Case T: a€ I3, be Ir,a—1¢ [c,d],d e I3

M (el (rladyy — pp((mloblY gled) if ¢ = ¢ and |d — a| > |b— al.
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The sum total of these cases gives

Z M((ﬂ'[avb] >/7 W[avb]) — M(?T[a’b] , ,n.[a,b])

aEIg,bEIg

+ Z M((Tr[‘H-l,b])/, (W[a+1,d})/) o M(W[“‘H’b], W[a+1,d})

b<d:b,d#a
a€ls and bEls or del3

+ Z M(ﬂ.[i+l,b],ﬂ.[c,i]) _ M((ﬂ.[i+1,b})/’ (ﬂ_[c,i])/)'
i€lsbels

Now we have accounted for all terms involving partitions other that the
case 7l with r € I3 and s € Is. So we can now restrict to consider terms
T (xlob) zled)y — B(rletl rled) with a,c € I3 and b,d € I as follows.
Ninthly we consider terms involving partitions 7™ where r € I3 and
s € Is. Here considering lemma 4.28 we see that the following cases give

non-trivial contributions.

Case 4: a€ I3,be lr,d=a—1,
M (rlod) gloa=1ly — pp((rlably | glaa=1) ifa=candb#a—1
M (wlaa=1l glea=1ly _ pp(glea=l] (glea=Iyyif g £ cand b=a — 1
M (lat] glea=1ly — pr((mlobly | (rlee=1y ifa#cand b#a—1.

Case 5: a€I3,belr,a—1€c,dl,d#a—-1,b=d
M ((wloblY gledly — pp(glabl zlebl),

Case 6: a € Is,b€ Ir,a—1¢ [c,d,a=c,|d—a|] <|b—a
M(ﬂ'[a’b], (ﬂ_[a,d})l) _ M(’/T[a’b]ﬂ'l'[a’d]).

Case 7: a € Is,b € Ir,a—1¢ [c,d]
M ((wlably | (mlathyy — pp(rlabl glably ifa=cand b=4d
M ((rloblY (zladyy — M ((xleblY rled) if g = ¢ and |d — a| > |b— a]
M ((wlabl) (mleblyy — p(rlet] (zlethy if ¢ # ¢ and b = d.
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The sum total of these cases gives the remaining terms

> M((xlady (lablyy M (wlad] rlat))
a€l3belz,a—14b
+ Z M((Tr[‘H-l,b])/, (W[a+1,d})/) o M(W[“‘H’b], W[a+1,d})

b<d:b,d#a
a€lz and bels or dels

* > M((aladly, (mledlyy = M(xlet] gledl)

a<c:a,c#b
belz and a€l3 or c€l3

+ Z M(W[Hl,b}’ﬂ[c,i]) _ ]\4((7r[i+1,b})/7 (W[c,i])/)'

b#i and a—1#1
1€l and bels or cel3

This completes the proof of Proposition 4.17.
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Chapter 5

Conclusion

5.1 Summary of Results

The central goal of this thesis was to produce a method to compute the
motivic Donaldson—Thomas invariants of three dimensional Calabi—Yau cat-
egories [33]. Theorem 2.8 now provides a schematic way to determine these

invariants.

We have applied this to the derived category of coherent sheaves on various
Calabi-Yau threefolds [39] [40]. In particular we have produced formulas
for the motivic Donaldson—Thomas invariants of crepant resolutions in all
chambers of our space of stability parameters, for example Theorem 3.1 and
Corollary 4.2.

One obvious drawback of the method is that the categories we work with
must come from a quiver with potential. In this way it is not possible to
study derived categories of sheaves on a projective Calabi—Yau threefold. In-
deed this remains a problem in the computation of the classical invariants,
which have yet to be computed for the quintic threefold, the main known

examples are toric [37].

Secondly, from the quiver point of view we have an affine space of stability
conditions. In the cases we have studied the classical DT /PT /ncDT moduli
spaces are all present in this picture [46],[47]. However when the threefold

contains a divisor class (e.g. local surfaces) this is not known to be true.

Hopefully new techniques can be developed in the future to broaden our
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field of view. Joint work with Jim Bryan is underway in this direction, see

future work below.

5.2 Connections to String Theory

In type IIB string theory there exists a collection of dynamical objects know
as D-branes. The branes which saturate a certain energy bound are called
BPS-states. Mathematically these BPS-branes can be described by the cat-
egory of coherent sheaves on a Calabi—Yau threefold. Bridgeland defined a
stability condition on this category inspired by the notion of Il-stability in
the physics literature [10]. From this modern point of view the Donadlson—
Thomas invariants should be considered virtual counts of the number of
stable BPS-branes.

Recently string theorist have been working to understand a so called re-
fined BPS state count. It is conjectured that these refined counts are given
by the motivic Donaldson-Thomas invariants computed in this thesis. One
validation of this comes from comparing our results with those of Dimofte
and Gukov [17]. Another interesting recent development of physicists is the
formulation of a refined topological vertex [26], this provides a formalism
to compute refined BPS invariants on toric Calabi—Yau threefolds. We no-
tice that this formalism is in agreement with our motivic calculations (see
Section 3.5.3 and Section 4.8.3). Hopefully future work will be fruitful in

producing a mathematical version of this refined vertex.

5.3 Future Research

5.3.1 Localization

This is work in progress with Jim Bryan. Our aim is to discover a localiza-
tion type formula for computing motivic vanishing cycles (and hence motivic

Donaldson-Thomas invariants).
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Let f: X — C be a regular function on a smooth quasi-projective scheme.
We assume that f is C*-equivariant so that f(t-xz) =1t f(z) and also that
limy ot - x exists for all x € X. Then we know (see Theorem 2.5) that
the (absolute) motivic vanishing cycle has a trivial monodromy action and

equals the difference of the general and central fibers

sl = [f7HW)] = [f7H(0)] € Ko(Varc).

We would like to describe this motivic class as a sum over the fixed points
of the C*-action. We have shown that the only fixed points that have non-
trivial contribution are those in the singular locus of the central fibre. As
mentioned above a good localization formula would potentially be useful
in the calculation of motivic DT invariants. We would like to prove the

following:

Conjecture 5.1. The motivic DT series for the orbifold C?/Zs x 7o equals

m—1
Z(yOa y17y2>y3) = H (H (1 - L_%—Fl—’—kym)_g(l - L_rg+2+kym)_1>

m>1 \ k=0

m—1 3
. (H (1+L?+é+kymyi)1(1+L7g+§+kymyi—1)l>
k=0 1=0

m—1

H H (1_L*%+1+kymyi—lyj—l)

where y := Yoy1y2y3.

I have verified this conjecture with a computer in low degrees.

In [62], B. Young solved the corresponding enumerative problem by using
Graber-Pandharipande localization [21]. Then the classical DT invariant
equals the number of torus fixed points on the Hilbert scheme. There is a

bijection
{piles of 3d - boxes} +— {C*- fixed points of Hilb(C?)}.
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Young enumerates piles of colored 3d - boxes using a clever trick involving
vertex operator algebras. I am optimistic that finding a motivic localization
formula will provide a refined combinatorial generating series which can be
handled in a similar way. Through solving this problem we are aiming to

develop a mathematical framework for the refined topological vertex.

In physics the topological vertex [1] provides a powerful formalism to com-
pute the A-model topological string partition function. A mathematical
counterpart of this was developed via localization [37] [11] giving a way to
compute the classical DT invariants of any toric Calabi-Yau threefold solely

in terms of its web diagram.

Recently, A. Igbal, C. Kozgaz and C. Vafa [26] have proposed a refined
topological vertex as a means to compute the refined topological string par-
tition function. This vertex is more subtle giving refined BPS state counts
and breaking much of the symmetry enjoyed by the usual vertex. I hope that
by providing a localization formula for motivic vanishing cycles we will give
a mathematical description of this object and provide a calculus formalizing
the computation of motivic DT invariants on toric Calabi-Yau threefolds.
However such a localization formula could be useful for computing the co-

homology of vanishing cycles in other contexts.

5.3.2 Motivic zeta functions

Another interesting avenue for future research comes from the singularities of
schemes M = {df = 0} that are the degeneracy locus of a regular function on
a smooth variety f : X — C. The motivic zeta function contains much more
information about the singularities of M than the motivic vanishing cycle.
The theory of local zeta functions also has analytic and p-adic versions. The
interaction of these theories is very interesting. In particular the geometry
of the singularities of f determines much of the number theoretic behavior.
It is conjectured (see [25]) that the poles of the local zeta function are given

by the roots of the Bernstein-Sato polynomial by (s).

129



Bibliography

1]

2]

M. Acanacic, A. KLEMM, M. MARINO, C. VAFA. The Topological
Vertex, Commun.Math.Phys. 254 (2005) 425-478.

K. BEHREND. Donaldson—-Thomas invariants via microlocal geometry
To appear in Annals of Math. arXiv:0507523v2

K. BEHREND AND J. BRYAN, Super-rigid Donaldson—Thomas invari-
ants, Math. Res. Lett. 14 (2007), no. 4, 559-571.

K. BEHREND, J. BRYAN, B. SZzENDROIL Motivic degree zero
Donaldson—Thomas invariants. arXiv:0909.5088v1.

K. BEHREND AND A. DHILLON, On the motivic class of the stack of
bundles, Adv. Math. 212 (2007), no. 2, 617-644.

K. BEHREND AND B. FANTECHI. The intrinsic normal cone, Invent.
Math. 128 (1997), no. 1, 45-88,

K. BEHREND AND B. FANTECHI, Symmetric obstruction theories and
Hilbert schemes of points on threefolds, Algebra Number Theory 2
(2008), no. 3, 313-345.

T. BRIDGELAND. An introduction to motivic Hall algebras.
arXiv:1002.4372v1.

T. BRIDGELAND, Hall algebras and curve-counting invariants, 2010,
arXiv:1002.4374.

T. BRIDGELAND, Stability conditions on triangulated categories, Annals
of Mathematics, 166 (2007), 317345.

130



[11]

[12]

[13]

[14]

[18]

[19]

J. Bryan, C. CabpMaAN, B. YOUNG, The Orbifold Topological Vertex,
Advances in Mathematics, to appear, arXiv:1008.4205.

J. BRYAN AND A. MORRISON, Motivic classes of commuting varieties

via power structures, in preparation.

W. CHUANG AND D.L. JAFFERIS, Wall crossing of BPS states on

the conifold from Seiberg duality and pyramid partitions, Comm. Math.
Phys. 292 (2009), no. 1, 285-301.

J. DENEF AND F. LOESER. Geometry on arc spaces of algebraic va-
rieties. European Congress of Mathematics, Vol. I (Barcelona, 2000),
327348.

D. DERKSEN, J. WEYMAN, AND A. ZELEVINSKY Quivers with po-

tentials and their representations II: Applications to cluster algebras,
arXiv:0904.0676v2

A. DiMcA AND B. SzZENDROI, The Milnor fibre of the Pfaffian and the
Hilbert scheme of four points on C3, Math. Res. Lett. 16 (2009), no. 6,
1037-1055.

T. DIMOFTE AND S. GUKOV, Refined, motivic, and quantum, Lett.
Math. Phys. 91 (2010), no. 1, 1-27.

W. FEIT AND N.J. FINE, Pairs of commuting matrices over a finite
field., Duke Math. J. 27 (1960), 91-94.

E. GETZLER, Mized Hodge structures of configuration spaces, Preprint
96-61, Max Planck Institute for Mathematics, Bonn, 1996.

V. GINZBURG. Calabi-Yau algebras. arXiv:math/0612139v3.

T.Graber and R. Pandharipande, Localization of virtual classes, Invent.
Math. 135 (1999), 487-518.

S. M. GUSEIN-ZADE, I. LUENGO, AND A. MELLE-HERNANDEZ, A

power structure over the Grothendieck ring of wvarieties, Math. Res.
Lett. 11 (2004), no. 1, 49-57.

131



[23]

32]

[33]

[34]

F. HEINLOTH, A note on functional equations for zeta functions with
values in Chow motives, Ann. Inst. Fourier (Grenoble) 57 (2007), no. 6,
1927-1945.

J. Hua, Counting representations of quivers over finite fields, J. Alge-
bra 226 (2000), no. 2, 1011-1033.

J. Igusa, An introduction to the theory of local zeta functions, Studies
in Advanced Mathematics. AMS, 2000.

A. IqBAL, C. Kozgaz, AND C. VAFA, The refined topological vertex,
J. High Energy Phys. 10 (2009), 1-56.

D. JoYycE, Y. SONG. A theory of generalized Donaldson-Thomas in-
variants. arXiv:0810.5645v6

V. KAc AND P. CHEUNG, Quantum calculus, Universitext, Springer-
Verlag, New York, 2002.

B. KELLER AND D. YANG. Derived equivalences from mutations of
quivers with potential. arXiv:0906.0761v3.

A.D. KING. Moduli of Representations of Finite Dimensional Algebras.
Quarterly J. of Math. 45 (1994), 515-530.

M. KONTSEVICH AND Y. SOIBELMAN, Affine structures and mon-

Archimedean analytic spaces, The unity of mathematics, Progr. Math.,
vol. 244, Birkh&user Boston, Boston, MA, 2006.

M. KONTSEVICH, Y. SOIBELMAN. Cohomological Hall algebra, expo-

nential Hodge structures and motivic Donaldson—Thomas invariants.
arXiv:1006.2706v1

M. KONTSEVICH, Y. SOIBELMAN. Stability structures, mo-

tivic Donaldson-Thomas invariants and cluster transformations.
arXiv:0811.2435.

A. KRrRESCH. Cycle groups for Artin stacks. , Invent. Math. 138 (1999),
no. 3, 495-536.

132



[35]

[36]

[37]

[38]

[39]

E. LOOLJENGA, Motivic measures, Astérisque 276 (2002), Séminaire
Bourbaki.

I. G. MACDONALD, Symmetric functions and Hall polynomials, second
ed., Oxford Mathematical Monographs, Oxford University Press, 1995,
With contributions by A. Zelevinsky.

D. MAULIK, N. NEKRASOV, A. OKOUNKOV AND R. PANDHARIPANDE.

Gromov Witten theory and Donaldson Thomas theory, I. Compositio
Mathematica (2006), 142: 1286-1304.

A. MORRISON, Motivic invariants of quivers via dimensional reduction,

2011, to appear Selecta Mathematica.

A. MORRISON, S. Mozcovoy, K. NAGAao, B SzeENDROIL Motivic
Donaldson—Thomas invariants of the conifold and the refined topological
vertex. submitted to Advances in Math., arXiv:1107.5017v1.

A. MORRISON, K. NAGAO. Motivic Donaldson—Thomas invariants of

small crepant resolutions. submitted to Algebra & Number Theory,
arXiv:1110.5976.

S. Mozcovoy, Motivic Donaldson-Thomas invariants and McKay cor-
respondence, arXiv:1107.6044

S. Mozcovoy, Fermionic forms and quiver wvarieties, 2006.
arXiv:math/0610084.

S. Mozcovoy, A computational criterion for the Kac conjecture, J.
Algebra 318 (2007), no. 2, 669-679.

S. Mozcovoy, On the motivic Donaldson-Thomas invariants of quiv-
ers with potentials, 2011. arXiv:1103.2902

S. Mozcovoy, Wall-crossing formulas for framed objects, 2011.
arXiv:1104.4335.

K. NAGAO AND H. NAKAJIMA, Counting invariant of perverse coherent
sheaves and its wall-crossing, IMRN, to appear, arXiv:0809.2992.

133



[47]

[50]

[59]

K. NAGAO, Derived categories of small toric Calabi-Yau 3-folds and

counting invariants, arXiv:0809.2994.

K. NAcao. Donaldson-Thomas theory and cluster algebras.
arXiv:1002.4884.

K. NAGAO. Non-commutative Donaldson-Thomas theory and vertex op-

erators. arXiv:0910.5477v3, to appear in Geom. Topol.

K. NAGAO. Refined open non-commutative Donaldson-Thomas theory
for small toric Calabi- Yau 3-folds. arXiv:0907.3784v3, to appear in Pa-
cific J. of Math.

K. NAcao, Wall-crossing of the motivic Donaldson-Thomas invariants,
2011. arXiv:1103.2922.

A. OkouNKOV, N. RESHETIKHIN, AND C. VAFA. Quantum Calabi-Yau
and classical crystals. Progress in Mathematics, 244, 2006, 597-618

R. PANDHARIPANDE AND R. P. THOMAS, Curve counting via stable
pairs in the derived category, Invent. Math. 178 (2009), no. 2, 407-447.

M. REINEKE. Poisson automorphisms and quiver moduli. Journal of
the Inst. of Math. Jussieu (2010) 9(3), 653667.

E. SEcAL, The Ay deformation theory of a point and the derived cat-
egories of local Calabi-Yaus, J. Algebra 320 (2008).

J.P. SERRE. Espaces fibrés algébriques FExposé 5, Séminaire C. Cheval-
ley, Anneaux de Chow et applications, 2nd année, IHP. 1958.

J. STOoPPA AND R. P. THOMAS, Hilbert schemes and stable pairs: GIT
and derived category wall crossings, 2009, arXiv:0903.1444.

B. SzZENDROI. Non-commutative Donaldson-Thomas theory and the
conifold. Geom. Topol. 12 1171 (2008).

B. TOEN. Grothendieck rings of Artin n-stacks. arXiv:0509098.

134



[60]

[61]

[62]

R. THOMAS. A holomorphic Casson invariant for Calabi-Yau 3-folds
and bundles on K3 fibrations. JDG 54 (2000), 367-438.

Y. TopA, Curve counting theories via stable objects I. DT/PT cor-
respondence, J. Amer. Math. Soc. 23 (2010), no. 4, 1119-1157,
arXiv:0902.4371.

B. Younc. Generating functions for colored 3D Young diagrams and
the Donaldson-Thomas invariants of orbifolds. Duke Math. J. Volume
152, Number 1 (2010), 115-153.

135



