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Abstract

We study the link between two different factorization theorems and their
proofs : Brenier’s Theorem which states that for any u € LP(2), where € is

a bounded domain in R and 1 < p < 00, u can be written as
u=Vpos

where ¢ is a convex function, and s a measure preserving transformation,
and on the other hand Ghoussoub and Moameni’s theorem which states that
for any u € L*>(Q),

u(w) = ViH(S(2), ),

where H is a convex concave anti-symmetric function, and S is a measure
preserving involution.
In a second time we prove that Ghoussoub and Moameni’s theorem is true

in L2, and find the decomposition for particular example : u(z) = |z —1/2|.
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Chapter 1

Introduction

This thesis tackles the issue of factorization in analysis. We study two polar
decomposition theorems, one by Y. Brenier ([1]) which states that for any

u € LP(Q2), with 1 < p < oo, u can be written as
u=Vpos

where ¢ is a convex function, and s a measure preserving transformation and
a more recent one by N. Ghoussoub and A. Moameni ([5]) which states that
for any u € L*>(Q),

u(z) = V1H(S(z), ),

where H is a convex concave anti-symmetric function, and S is a measure

preserving involution.

Brenier’s first approach to the polar factorization was a "projection ap-
proach", working in the space L?(2). His idea was to do the Hilbert projec-
tion of u onto the subspace S of all the measure preserving transformations,
then via geometrical arguments, he wanted to deduce the factorization. But
this approach failed for technical reasons. So he invented a clever proof based
on Monge-Kantorovich’s mass transportation theory, which is briefly shown

in chapter 1.

Three years later, Gangbo ([3|) invented a new proof for Brenier’s theorem



using a completely different approach. He proved the result for u € L*()
using only elementary convex analysis tools and a variational resolution, and
he deduced the result for u € LP(Q) via a density.

Using a variational method similar to Gangbo’s, Ghoussoub and Moameni
proved a new version of the polar factorization, the self dual polar factoriza-
tion in L*°(Q).

The goal of this thesis is to study the link between the new self dual polar
factorization theorem and Brenier’s geometrical approach, and to extend
the self dual polar factorization theorem to L?(£2) using a density argument
similar to Gangbo’s. In the last chapter is presented an explicit computation

of the factorization for a simple function.



Chapter 2

The mass transportation

problem.

We first review a simplified case of the Monge-Kantorovich mass transporta-

tion problem, and explain how it can lead to Brenier’s polar factorization.

2.1 Monge Kantorovich problem
Let X € RY and Y C R% Consider (X,)) and (Y,v) two probabilised

spaces. Now consider the class § of all transformations s : X — Y which

rearrange A into v, i.e. such that s#X = v which means that

Vh e (Y, RY), /
X

h(s(2))dA(z) = / B(y)dv(y).

Y

Now we introduce a cost function ¢ : X x Y — [0,00), and a total cost

functional :
I(s) := / c(x, s(z))dA.
X
The problem is to find

in/l(s).
min I(s)

It turns out that, for the cost function c(z,y) = |z — y[?, there is an

s* such that s*#A = v which minimize I, and s* is such that s* = D¢* for

3



some convex function ¢*. More over, s* is unique.
The idea of the proof is to introduce a "relaxed" version of the problem,
called the Monge-Kantorovich problem, and solve it via a dual variational

principle. To do so, we need to introduce a new class :
M := {Radon probability measures m on X xY | 7[AxY] = A[4], n[X xB] = v[B]}.
We now have a relaxed cost functional :
J[r] == / c(z,y)dn(x,y),
XxY
and we want to find 7* such that

J[r*] = min J[rx].
TeM
Under appropriate assumptions on the cost ¢, a compactness argument gives

the existence of one optimal measure. Such a measure need not be generated

by a one to one mapping s € S.

In order to get a better characterization of the optimal plan, Kantorovich,

inspired by linear programming, introduced a dual problem by defining :
L:={(u,v) |u: X =R, v:Y = Ru(x)+v(y) <clz,y) (z,y € R}
A new functional :

Klu.o] = [ wl@ax@) + [ v@wiv(y).
X Y
and consequently the dual problem is to find an optimal pair (u*,v*) € L
such that

Ku*,v*] = max Klu,v].
(u,w)eL

So rather than constructing an s* € & satisfying a non linear constraint,
we now have to find the optimal pair (u*,v*), which turns out to be a lot

easier, and leads to some precise characterization of the optimal plans. For



the complete proof, see [8].

2.1.1 Mass transportation and polar factorization

Let’s consider (€,\), where © is a bounded subset of R? and X is the

Lebesgue measure.

Theorem 2.1.1. (Brenier [1]) Let u : Q — Q be a non degenerate L? vector
field. There is a unique pair (Vi),s) such that :

¥ : Q= R%is a conver function.
s:Q — Qis measure preserving (i.e SN = \)
u=Viyos

Moreover, s is the unique orthogonal L? projection of u onto S, the set of all

measure preserving mapping 2 — €.

The idea of the proof is the following : We look for a map s which
minimizes

/ () — o () 2dA
Q

among all 0 € S. We introduce the image measure m = (u x 0)#, then we
have to find :

min{ |z — y|?dm(x,y); ™= (uxo)#N o#N= N}
i XxY
Then the idea is that the Monge Kantorovich theory gives a convex ¢ such
that (Vo ou)#XN = A\, and 7 = (u x V¢ o u)#X\ is concentrated on the
graph of V¢, and is optimal. Then setting s := V¢ o u and ¢ = ¢*, we get
Vipos=Vep*oVe¢ou=u, hence the polar decomposition.



2.2 Polar factorization via a variational approach

2.2.1 Gangbo’s approach

Another proof of Brenier’s polar factorizations theorem was developed by
W. Gangbo in [3] The idea is to solve a minimization problem whose Euler-
Lagrange equation turns out to be u = V¢ os. The proof does not rely
on any of the Monge-Kantorovich tools, and just uses convex analysis. The
proposition is proved for mappings u € L°°, and the L? version is deduced
by an approximation argument. The idea is the following : let R be such
that u(Q2) C Bg. Then if we introduce

Er ={(¢,¢) |¢ € C(Br)NL™(Bg), ¢ € C(YNL>(Q), ¢(y)+¢(2) = yzV(y, 2) € Brx 2}

and

S={s:Q— Q|s is a measure preserving mapping}.

The variational problems are the following :

where

1(64) = /Q [B(u(z)) + ()dr,

and the dual problem is to find

sup{/Q u(z).s(x)dx |s € S}.

2.2.2 A self-dual polar factorization

Using a similar variational approach, Ghoussoub and Moameni recently

proved the following :

Theorem 2.2.1. (Ghoussoub, Moameni,[5]) Let Q be an open bounded set
in RN, such that mea(9S)) = 0, and let uw € L=(Q, RY) be a non degener-
ate vector field. Then there exists a globally Lipschitz skew-adjoint saddle

6



function H, and an idempotent measure preserving mapping s such that
u(z) = ViH(s(x),x) a.e. x €,

and

[ wte)sta)ds = sup [ (uie).s@)io)

fes

If we define Ly (x,p) = supyeq{(y-p)—H(y, )}, we have that [, Ly (x,u(x))dr =
inf 554 Jo L (z,u(x))dz} and s = VoLy(z,u(x)).

The question now is to understand what is the link between the self-dual
polar decomposition, Monge-Kantorovich’s theory, and the Brenier’s polar

factorization.



Chapter 3

Polar factorization and Hilbert

projections

3.1 Abstract polar factorization

We saw that regardless of the approach, in each case, to find the measure
preserving mapping (or the self-dual measure preserving mapping), one has
to find s such that

[ w@)-sta)yds = sup [ (ula).ote)de).

c€eS

or equivalently, find

i — o(x)|? .
min /Q u() — o(z) 2N}

ceS

It turns out that the study of the projection problem on a closed set S
can lead to an abstract polar factorization theorem , which states that if S
is a closed semi group of real Hilbert space H (understand here H = L?(2),
and the group law is the composition of functions) then for "almost every"
u € H (in the sense of Baire) there exists a unique projection of u on S and
there is an element in K such that v = k o s, where K is the polar cone of
S defined as follow :



Definition 3.1.1. The polar cone Kg of S is :
K ={ue H;((u,e—s)) >0,Vs € S}

K is the set of all u € H for which the identity map e is a Hilbert projection

of wonS.

This approach is developed in [1]. The problem for our case is that S is not
a group in both cases. The set of all measure preserving transformation is a
semi group but not a group (some of its elements are not invertible), and the
set of all self dual measure preserving transformation is not a semi group,

but all its elements are invertible.

Since Brenier was still able to prove that the polar cone of the set of all mea-
sure preserving transformation is exactly the set {V, ¢ € WH2(Q), 4 conver},

we tried to see what would still hold in the case where
S = {Self dual measure preserving transformations},

and find its polar cone.

3.2 The self dual case

All the theorems that still hold need the assumption that S is closed. It is

the case indeed :

Proposition 3.2.1. Let S be the set of all self dual measure preserving

transformation, i.e. Vs € S :

Vfe L' (w), fosec L'(w), and /fos(x)dx:/f(m)d:c,
Q Q

and sos=e.
Then S is closed.

Proof. Let (sp)neny € SV, s, — 5. s is still measure preserving (see [1]).
s is also idempotent : VH € L' N C°, H antisymmetric, the dominated

9



convergence theorem and the continuity of H give :

/Q H(sp (), z)dz —> /Q (s(z),z)dz,

which gives us

/Q H(s(z),z)dz = 0.

Now for any H € L', there exists a sequence H,, of continuous antisymmetric

functions, converging to H. We get :

/QHn(s(x),x)dm—>/§1H(s($),x)dm,

which gives

/Q H(s(x),z)dx = 0.

Then, considering H(z,y) = |s(x) — y| — [s(y) — x| and [, H(s(z), z)dzx =
Jo Is*(z) — a|dz = 0. O

The first theorem that still holds is the one giving the existence of the

projection.

Theorem 3.2.2. (Edelstein) Let S be a closed bounded subset of a real
Hilbert space H. Then, the set of all w € H for which there is a unique
Hilbert projection w(u) on S contains a dense countable intersection of open
sets H\N, defined by : H\N = u € H;¥e > 0,30 > 0 such that ||s1 — s2|| <
€, 81,82 € S, whenever |s; — u| < dist(u,S) = 0,i = 1,2. Moreover, m is
continuous from H\N into H.

Theorem 3.2.3. Let S be a closed bounded subset of a sphere centred at the
origin in a real Hilbert space H. Then, the projector operatorm : H — S can

be characterized as the gradient of the Lipschitz continuous convex function

J(u) = sup((u, s)).
ses

More precisely, one has 0J(u) = 7(u), for allu € H\N

10



The proof can be found in [1].

Then we managed to determine what S’s polar cone is :

Proposition 3.2.4. Let K = {u € L*(Q);u = Vi H(x,x)} for some H €
H} Then K is S’s polar cone, i.e. K = Kg.

In the proof, we will use the following lemma, due to Krauss ([6]):

Lemma 3.2.5. For each monotone operator A C H x H, such that D(A) #
(0, there exists a lower closed skew symmetric saddle function Ly : H X
H — R with coD(A) C DomLy C coD(A) such that Ty,,, defined by

feTr,x:=[f,—f] € 0La(x,x), is a mazximal monotone extension of A.

Proof. First step : K C Kg. Let u € K, u = V{H(x,2) with H € H. For
all se€ S, H(s(z),z) > H(x,z) + ViH(z,z).(s(x) — x)
We get that :

/ ViH(z,x).(x — s(x))dx > / H(s(z),z) — H(x,x)dx
Q Q

/ ViH(z,z).(x — s(z))dz > 0,
Q

Because since s is measure preserving on €, (sx Id) is also measure preserving
on 2

Second step : Kg C K. Letue K, s, then u is monotone. Let us consider
a pair (1, z2) € Q. When R is small enough, then B(z;, R) C Q,Vi € {1,2}.

Then we define s,., which is a Lebesgue measure preserving involution :

x—x9 4z if z € B(xa, R)
sp(z) =4 @ —x1+xy if v € Bz, R)

x otherwise

Since u € Kg we have [, u(z).(x — sy(x))dz > 0, which is :

(21 — 22). UBR w(zy + Ry)dy — /BR w(zs + Ry)dy] > 0.

11



Since u is Lebesgue integrable, almost every point x € € is a Lebesgue point,

which means

u(z) = ]Lbigh | B! /Bu(x + Ry)dy.

This leads to :

(x1 — z2).(u(x1) —u(zz)) > 0,for a.e. x1,x2 €

We now have that every v € Kg is monotone. We now use Krauss’
theorem, and the graph {(z,u(x)),xz € Q C (x,ViL(z,x)),z € Q}, for some

skew symmetric saddle function L, which gives u € K. O

We did not succeed in proving the self dual polar factorization in L? via
the abstract polar factorization theory, but we found out some similarities
between the polar cone of S and the V{H that appears in Ghoussoub and
Moameni’s theorem. Even though this technique did not work, we still man-
aged to prove that the self dual polar factorization holds in L?, using an
approximation argument, similar to the one that Gangbo used to prove the

polar factorization in L? using the L™ result.

12



Chapter 4

The self dual polar

factorization in L2

Ghoussoub and Moameni proved the polar factorization theorem (theorem
2.1) for u € L>®(Q).

We want to prove this result in L?. The following proof is the work of
Abbas Moameni and me. I would like to thank him for all his help.

Let u € L?(Q) be a non degenerate vector field. Define u,, :  — R by
un(z) = rp(u(z)),

where 7, is a diffeomorphism from R? onto B,, such that ||r,(y)|| < ||y||, for
all y € R? and 7,(y) — v uniformly on any compact subset of R%.

We have that for each n € N, u,, € L>®(Q, R%), and u,, is non degenerate.
As sup{||un(z)|||x € Q} < n, we have, using the self dual polar factorization
theorem, that there exists an measure preserving involution s,,, a continuous

Lipschitz (the constant depends on n) saddle function H,, such that

up(x) = ViHp(sp(x),z) ae. z€Q,

13



and

/Q (tn(2)-$n(2))dz = sup /Q (un(a).f (x))dz).

fes

Let us show that (Hy)nen is bounded in L?(€2).

Since H, is convex in the first variable, we get :
H,(y,z) — H,(Spz,z) > (y — Spx.V1Hy,(Spx, ))
Hy(y,x) — Hyp(Spx,z) > (y — Spz.un(x))
H,(Spz,x) > |up(x)||Spz — |
We also have that H,(Spz, Spx) — Hyp(z, Spz) > (Spx — x.up(z))
Hy(x,Spx) < (Spx — z.up(z))
Ho(S02,2) > 1S — ol ()|

We get that :

—|Spx — z||un ()| < Hy(Spz, x) < |up(z)||She — x|.

Now, we have the following :
Hy(y, ) — Hy(Spz, ) > (y — Spa.ug ()
Hn(y,z) > (@) + Hn(Shz, )
Hy(y,x) > —|y — Spa||un(2)] — |un(z)||Snz — 2|
Hy(2,y) < |y — Snalfun ()] + [un(2)||Sne —

’y - Sanun

Similarly we have
Hy (2, y) — Hn(Sny,y) > (¢ — Spy-un(y))
Hu(z,y) = —|z = Spyllun(y)| + Hn(Sny,y)
Hy(z,y) = =[x = Spyllun ()] = [un(y)[|Sny — vl

So we get that :
= |z =Snyllun(y)|=lun(W)l[Sny =yl < Hn(z,y) < ly=Spz|[un(z)|[+[un(z)[|Sna—z],
which implies that H,, is a bounded sequence in L?(2 x ().

Up to a subsequence, H;, —>yeakly H. Now, H is still an anti-symmetric

function almost everywhere:

14



Let (w0, y0) € Q2. Let’s consider

1
(r,y) = 77— 1B e\,
Tl 9) = B ooy B0 (#:9)

1
ez, = 1 z0).e)\ Ly .
97 ) = 1B e zoy )] B0 (#:9)

We have, for € small enough, Vn € N,

/m Je(z,y)Hp(z,y)dxdy + /m ge(z,y)Hy(z,y)dxdy = 0.

Taking the limit when n — oo we have that

Ve > 0,/ Jelw,y)H (2, y)dxdy = —/ ge(x, y)H(z, y)dxdy.
02 02
Now, using Lebesgue’s differentiation theorem, we get, when ¢ — 0 :

H('r(by(]) = _H(y(be)a a.e.

Since Hy, —rypeakly H in L?, there exists a sequence (ﬁn)nGN of convex
combinations H; = Zﬁmte &inHy, a;n > 0,> a;n, =1 which converges
to H strongly. So up to a subsequence, we have H,(z,y) — H(x,y) for
almost every x € Q and every y € Q. For every y € (1, let’s denote by G|,
the set G, C Q, of all the points 2 in  such that H,(z,y) — H(z,y). We
have |G| = [Q].

Now, let’s fix yg € . Let

Vo : f{(.%',yo) = inf{z )\iH(.%'i,y(]), Z)\Z = 1, x; € Gyov xr = Z)\ﬂ?z}

H(.,y0) is a convex function and H(x,yo) < H(z,y0). But H(.,y0) =
H(.,yo) almost everywhere. Indeed, for any x € G, for any convex com-
bination of points (z;); in Gy, such that ) A\z; = z, we have H(z,y9) <
ST\ H (24, 10) so, going to the infinitum we get H(z,y0) < H(z,y0), Yz €

15



Gy, -

Since for every y almost everywhere H(.,y) = H(.,y) and almost ev-
erywhere in Q2 H(x,y) = —H(y,x), we have, almost everywhere in 02,

For every y € Q, x — H(x,y) is convex. Since H(.,y) is in L*(Q), it is
finite for almost every . By convexity it is finite every where on the interior

of Q, so it is also continuous on the interior of €.

Putting together the two last points, we get that

H(LL’7y) = —H(y,flf)
for every x,y € €.

Let’s consider gn(x) = Ln(x,un(x)) = (sp.un) — Hp(sn(x),z). Since
gn € LQ(Q)7 9n —weakly 9 in L2,
We have that
Ln(xa un(x)) —>weakly g(x),
which implies

/Q (@, 1 (2) ) —> /Q o(z)dz.

Now for every x,y we have : Hy,(y,x) + Ly (z,un(z)) > (y.u,), which gives

when taking the integral over €2 :

/Q (2, un(2))dz + /Q Hy(y, 2)dz > /Q (-t ()

/QLn(x,un(a:))da: > /(yun(x)) — Hy(y,z)dzx

Q
Now let us introduce, for any yg € 2, € >0 :

1
fewo (y) == mlB(yo,e)-

16



Now, for any yo € €2, we multiply the previous inequality by f.,, and inte-
grate on ) with respect to y :

/Q/QLn(x,un(a?))da:fe,yo(y)dyZ/Q/Q((y.un(x))—Hn(y,x))fgyo(y)dmdy.

Now we can take the limit because H,, is weakly convergent, and get :

oo = [ [ (i) B0 )dady

Since H = H almost everywhere :

[ a@de= [ [ (@) = .0 ) dady

Now, H is continuous so we can use Lebesgue differentiation theorem by

taking the limit when ¢ — 0. We get , for every yg € 2,

[ 9@z = [ (goaate) ~ Ho)da.
Q Q

Now, taking the supremum over g :

/g@szwg/@ﬂ@»—ﬁ@wwL
Q Q

yeN

which is :

/ g(z)dxr > / Ly (z,u(x))dx.
Q Q
Now, for any He ‘H, we have :

/QLH(:L‘,un(:U))d:L’S/Lg(:n,un(m))dm,

Q

taking the limit we have :

/QLH(x,u(a:))da:S/Qg(a:)dacS/QLﬁ(x,u(x))dx.

17



So we found an optimal H, anti symmetric convex concave. Now if we take
S(x) € O2Lg(x,u(x)),

we have that S is self dual measure preserving and that
u(z) = V1H(S(z),x).

(See [5]).

18



Chapter 5
Case study

In this section we study a particular case. Q = [0,1] and u(x) = |z — 1/2].
The following computations are due to Bernard Maurey from university Paris
VII.

5.1 Finding S

We find s by maximizing [, u(x).S(x)dx. We are looking for S of the fol-
lowing type : S(z) =a—=z if z € [0,a] and S(z) = x for x € [a, 1]. We find
a=+2/2.

5.2 Finding H(x,Sx)
Let’s set @ = \/5/2 When 0 < za, St = a — x. Set

f(x) = H(z,00 — )
such that
f'(z) =ViH(z,a — x) — VoH (z,a — x) = u(Sz) + u(z) = u(a — x) + u(x).
When 0 < z < §:= a—1/2, we have u(a—z) = a—zr—1/2 and u(x) = 1/2—x
so f'(x) = a —2x. When 8 < z < 1/2, we also have 8 < a — x < 1/2,

f'(z)=1/2—(a—x)+1/2—2 =1— q, and to finish when 1/2 < z < a,

19



f(x)=2-1/2+4(1/2— (a—=)) = 22 —«. Since f(a/2) = H(a/2,a/2) =0,

we can deduce
flz)=Q1-a)(z—a/2)=(1-a)z— /2

when B <z <1/2,50 f(B)=(1—a)B—-B/2=0/2—1/24+a/2=a—3/4,
and f(1/2) = (1 —«)(1/2 - B/2) = —a + 3/4. then when 0 < z < f3,

T

flx)=f(B)+ /ﬁ (o —2t)dt = —2? + ax + a/2 — 1/2.

We have f(0) = —af. When 1/2 <z < a,

x

f(x)—f(1/2)+/ (2t — @)dt = 2° — ax + af.

1/2

When o <z <1, we have Sz =z and f(z) = H(z,z) = 0.

5.3 Convexity inequalities

We are now going to give lower and upper estimates on H obtained by
concavity - convexity. When 0 < yo < 3, we have 1/2 < xg > «, H(xg,y0) =
f(zo) = 23 — axp + af and for any x we get the lower estimate on H by

finding the tangent in x at xy to the convex function H(.,yp) by setting :

Co(z,y0) = H(wo,y0) + (x — z0) V1H (20, y0) = H (20, y0) + (x — zo)u(yo)-

We get that

Co(z,yo) = wg—azotaf+(z—w0)(1/2-y0) = (a—yo)*~a(a—yo)+(z+yo—a)(1/2—yo)+ap,

Co(z,y0) = (z +yo — ) (1/2) —xyo + af = —xyo + ( +y0)/2 = 5.

We have that

Co(z,y) = —zy+(x+y)/2—-8, 0<y<p.

20



When 1/2 < yo < a, we have 0 < 29 < «, H(xo,y0) = f(20) = —23 + axo —
af and for any x :

Co(z,0) = —x3 + azo — af — (z — 20)(1/2 — yo).
We have that

Co(z,y) =xy—(x+y)/2+ 8, 1/2<y<a

When 8 < yo < 1/2, we have 8 < z9 < 1/2, H(xo,y0) = f(z0) = (1 —
a)zg — /2 and for any z

Clz,y0) = (1 — a)zo — B/2+ (z — 20)(1/2 — yo)

Clz,y0) = (1 — a)(a—yo — B/2) + (z 4+ yo — a)(1/2 — yo)
C(z,yo) = —y% —zyo+ /24 (a+ Byo — 1/4

So we have that

Clz,y)=—y* —ay+a/24+ (a+By—1/4, B<y<1/2

For yo > «, we have xg = yo, f(zo) = 0 and for any x

Co(w,90) = (z —yo)(yo — 1/2),

Co(z,y) =(r—y)(y—1/2), a<y<lLl

Let’s now find the upper estimates C1(z,y) concave (actually affine) in y.

By construction we find that Ci(x,y) = —Cy(y, z), so we get

Ci(z,y) =2y —(z+y)/2+5, 0<z<8,
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Ci(z,y) =2’ +ay—y/2— (a+Hz+1/4, [f<a<1/2,
Ci(z,y) = —wy+ (x+y)/2-6, 1/2<z<a
Ci(z,y)=2*>—azy—z/2+y/2, a<z<l

It looks like Cy < C1, which is necessary if the problem has a solution that
uses this transformation S. The solution H has to satisfy
Co < H <.
In the square 0 < z < 3, 1/2 < y < a, we have
Co(z,y) =2y — (x+y)/2+ B = Ci(z,y)

which shows that we found at least that part of the definition of H.
The functions f = Cy and f = C both satisfy the equations

Vif(x,Sz) =u(Sz), Vaof(x,Sz)=—u(x).

Since Cy < (Y, it turns out that any function between Cy and C7 will
still satisfy the equations. We can then try to regularize : if C g is the
convexified in x of C1; we have C1p < C; by definition and Cyp < Ci
because Cp is convex in . We could imagine a succession of regularization
in x (convexification), and in y (concavification), but it turns out that here
the convexified Cj in x of C} appears to be convex - concave. (This has
been checked only on a computer for now.) And it satisfies both equations.
We will finish by setting

H(z,y) = (Cro(z,y) — Cro(y,x))/2.
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We first give what we found for Cy . If

agygland0<w<x1(y)::\/ﬁa

then
Cro(z,y) = —21(y)* +y/2 + 2201 (y) —y — 1/2)
Cro=—zy+22\/y—B—x/2—y/2+ B,
If
B<y<aand zo(y) :=a— 20y — 2 <z <a,
then

Cro(z,y) = —xo(y)® +1/4 — y/2 + 2(2x0(y) +y — o — B)

Cro(z,y) = 2y—22v/2By — B2 +x/2—(1/24+2B)y+2av/ 2By — B> +1/2—o;

When it is not those two cases we just set
Cr0 = Ci(z,y).

C1, is the largest convex concave function satisfying our equations.

5.4 Final expressions for H

Here are the equations, assuming 0 < x <y < 1.
(1) H(z,y) = —y*/2+a\/y—B—x/2+ /2
fa<y<land0<z <+ y-—p0,

(2) H(z,y) =2°/2—y*/2—x/2+y/2

fa<y<landyVy—-p<z<y,

(3) H(x,y) =2y —x/2—y/2+ 3
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if<zx<pand1/2<y<a,

(4) H(z,y) =2*/2 = (a —y)V/2Bz — B2 —y/2+ a/2 - 1/8
if f<z<atf—VI-—aanda—/28x—F2<y<p/2+ (a—x)*/(28),

(5) H(z,y) = (o —x)V2By — B2 — (a —y)v 20z = f* + a(z —y)
ifa—{—ﬂ—\/l—agygaanda—\/nggy,

(6) H(z,y) = —y*/2+ By + a/2 - 3/8

if0<z<pfand g <y<1/2,

(7) H(z,y) = 2*/2 —y*/2 — Bz + By

fg<zr<a+pB-vVl—-aandz<y<a—+28x— 32

(8) H(z,y) =0

ifo<y<pfand <z <y.
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Figure 5.1: Expression for H
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Chapter 6

Conclusion

Even though it is still not clear whether the self dual polar factorization can
be written as a mass transportation problem, the geometrical approach in
L? via the projection onto the space of all measure preserving involutions S
shows a lot of similarities with Brenier’s theory, for instance the polar cone
that we find is K = {u € L*(Q);u = Vi H(zx,z)}. This approach does not
give a proof of the self dual polar decomposition, but it still gives a new

geometrical meaning to it.

The fact that we were able to extend the result to L?(2) comforts the idea
that the measure preserving involution found in the decomposition is the

Hilbert projection of u onto S.

The explicit computation of H and s for a simple function shows that even
though the theorem is a powerful existence result, constructing the decom-
position is a problem, even for simple functions, because the proof of the

decomposition is not constructive.

The next step would be to build a numerical scheme to find H and S, in

order to better understand the link between u and its decomposition.
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