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Abstract

Recently, convex relaxations have achieved notable success in solving NP-
hard optimization problems. This thesis studies semidefinite and second-
order cone programming convex relaxations of the maximin dispersion prob-
lem. Providing nontrivial approximation bounds, we believe that our SDP
and SOCP relaxation methods are useful in large-scale optimization.

The thesis is organized as follows. We begin by recalling some basic con-
cepts from convex analysis, nonsmooth analysis, and optimization. We then
introduce the weighted maximin dispersion optimization problem; locating
point(s) in a given region X C R™ that is/are furthest from a given set of
m points. Also given are several reformulations of the original problem, in-
cluding a convex relaxation problem and semidefinite and second order cone
programming relaxations. Using well known results on Lipschitz functions
and subdifferentials of Lipschitz functions we then derive a theoretical char-
acterization of the optimal solutions for a given convex region X and equal
weights. Next, we provide a proof that the weighted maximin dispersion
problem is NP-hard even in the case where X is is a box and the weights are
equal. We then propose an algorithm for finding an approximate solution
using the SDP relaxation, and derive an approximation bound that depends
on the subset X. In the case that X is a box or a product of low-dimensional
spheres, we show that the convex relaxation reduces to a second-order cone
program, and provide further results on the bound provided. Lastly, we pro-
vide numerical examples using the SDP and SOCP relaxations, and suggest
future work.
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Chapter 1

Introduction

The fundamental building blocks of all studies in optimization can be
found in calculus, linear algebra and analysis. This chapter collects back-
ground materials and known facts which will be used in later chapters. Sec-
tions 1.1, 1.3 and |1.4 give a brief overview of the necessary results from these
fields which are used to build the basic theoretical results of optimization.
Sections 1.5.1] and 1.5 then introduce concepts which are required specifi-
cally for solving non-convex optimization problems, like the one presented
in this thesis.

1.1 Preliminaries

In this work the geometry of problems is mainly concerned with Eu-
clidean space and finding solutions that are subsets of R™. In this section
we discuss the geometry and fundamental concepts of the real vector space
R™. We also recall a few very basic definitions from calculus which are
required throughout the rest of this thesis.

We denote the set of n-dimensional real vectors by R", and for any
z € R™ we denote the i*" component of z by x;. Thus, each z € R" is a

column vector
T

T2
€Tr =

Tn

For any z,y € R™ we define the inner product (-,-) by

n
(w,y) =a2Ty =" ;. (1.1)
i=1
Definition 1.1. A norm ||-|| on R" is a function that assigns a scalar ||x||

to every z € R™ with the following properties:

1. ||lz|| > 0 for all z € R™.
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2. ||z|]| = 0 if and only if = = 0.
3. |lax|| = || ||z|| for all « € R and = € R™.

4. |z +y| < |lz|| + ||ly|| for all z,y € R™. This is known as the Triangle
Inequality.

Throughout this thesis we will be working exclusively with the Fuclidean

norm
n 1/2
|z, = (a72)"? = (Zx?) (1.2)

i=1
and so we will drop the subscript, so that ||z|| refers to the Euclidean norm.

Based on the definition of a norm we have the notion of distance. In
general, the distance between two vectors x and y is given by

d(z,y) = |z = yll. (1.3)

The Euclidean distance between two vectors x,y € R" is given by:

n 1/2
||x—y||2=¢<x—y>T<x—y>=(Zm—yi)?) L ()

=1

As this is the only distance measure used throughout this thesis, we will
again drop the subscript.

A useful inequality that we will apply throughout this thesis is the
Cauchy-Schwarz inequality:

Fact 1.2. (Cauchy-Schwarz Inequality) ;9] Let x,y € R™. Then

[z, y)| < ]l {lyll, (1.5)

with equality holding if x and y are collinear, i.e., x being a scalar multiple
of y or vice versa.

A basic result of analysis is that

Fact 1.3. All norms in R™ are equivalent. More precisely, suppose that |- |4
and || - ||p are norms in R™, then there exists o, f > 0 such that

allzlle < llzllp < Bllzlle Vz € R™.
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1.2 Existence of Maximizers and Minimizers
Definition 1.4. The domain of a function f, denoted dom (f), is given by
dom (f) = {z € R"| f(z) < +o0}.

Example 1.5. The domain of some common functions:
— dom (2?) =R
— dom (yz)={z€eR |z >0}
— dom (})={z€R |z #0}

Definition 1.6. We say that the function f is proper if its domain is
nonempty and f > —oo.

Definition 1.7. The a-sublevel set of a function f is the set
{z € dom f|f(x) < a} (1.6)
and the epi-graph of f is the set
epi (f) = {(z,7) € R™" |z € dom f and f(z) < r}. (1.7)

The indicator function associated with S C R" is defined by

{0, if 2 € S

400, otherwise.
Associated with f : R"™ — [—o0, +00] we let
argminf = {x € R"| f(z) = min f} (1.8)

and
argmaxf = {r € R"| f(z) = max f} . (1.9)

Recall that

Definition 1.8. A set S C R" is compact if it is closed and bounded.

A continuous function on a compact set always has maximizers and min-
imizers.
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Theorem 1.9. (Extreme Value Theorem) (9] Assume that f : R™ — R is
continuous and X C R"™ is compact. Then

argmin (f +ty) = {.CE eXx ‘ f(z) = m/‘i{nf} #0 (1.10)

and

argmax (f +tx) = {:p eXx ’ f(z) = m)?xf} # 0. (1.11)

Building on the vector space R™, the next section focuses on real matri-
ces; that is, the set of all p x ¢ matrix with entries a;; € R. Given the vector
space R™, the Euclidean norm, and the theories of linear algebra presented
in the next section, we can define many optimization problems of interest.

1.3 Matrix Algebra

For any matrix A, we denote its i, j"* element by A; j. The transpose
of A, denoted A” is defined by A;fj = Aj;. For an n x n matrix, we write
A e R 7

Definition 1.10. Let A be a square matrix. We say that A is symmetric if
A= AT (1.12)

The space of all n x n symmetric matrices is denoted S™.
Definition 1.11. The n x n identity matrix is a diagonal matrix whose

diagonal elements are equal to 1, and is denoted I or sometimes I,,. That
is, Ijj=1for j=1,...,nand I;; = 0 for all 7 # j.

Definition 1.12. The trace of an n x n square matrix A is defined to be
the sum of the elements on the main diagonal. That is,

trace(A) = tr(A) = zn:A“ (1.13)
i=1

Definition 1.13. For A, B € 8™ we define the inner product by

(A, B) = tr(AB). (1.14)
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Fact 1.14. (/24] p.29 and p.45) For any A, B € 8™ we have
tr(AB) = tr(BA) (1.15)

and
tr(A+ B) = tr(A) + tr(B). (1.16)

Definition 1.15. A matrix A € 8" is said to be positive definite if
T Az >0 for all z € R™\ {0} (1.17)
and we write A > 0. The matrix A € S™ is negative definite if
2T Az <0 for all x € R™\ {0} (1.18)
and we write A < 0.
Definition 1.16. A matrix A € 8" is said to be positive semidefinite if
T Az >0 for all z € R" (1.19)
and we write A > 0. The matrix A € 8™ is negative semidefinite if
zT Az <0 for all x € R" (1.20)
and we write A < 0.

Definition 1.17. The set of a positive semidefinite symmetric matrices is
denoted S7.

Definition 1.18. Let A be any n X n square matrix. A principal submatrix
of A is any m x m submatrix of A obtained by deleting n — m rows and
corresponding columns.

Example 1.19. Let A =

d
h o
e One example of a principal

S O o
Q9 o

a
e
7

m o p

submatrix of A is obtained by deleting the second and third columns and

o [ ;’; Z } . (1.21)

Another principal submatrix might delete just the fourth column and
row, or the first and third, etc.



1.3. Matrix Algebra

Proposition 1.20. If A € 8" is positive semidefinite, then every principal
submatriz of A is symmetric positive semidefinite.

Proof. Let A, be any principal submatrix of A. First, note that since we
have deleted corresponding rows and columns of A, a symmetric matrix, the
submatrix A, must be symmetric.

Now, let z, be any nonzero vector of size p. “Enlarge” x, to a vector
x of size n by inserting zeros into the positions corresponding to the rows
(and columns) of A which were deleted to form A,. Then we have that

ngpxp =z Az > 0. (1.22)
Hence, A, is positive semidefinite. O

Corollary 1.21. Let A € 8™ be positive semidefinite. Then for each i =
1,...,n—1 we have

[ Aii Ain

—
anan ] = 0. (1.23)

This follows directly from Proposition 1.20.

Definition 1.22. The eigenvalues of an n X n matrix A are the values
AL, .-y Ap (nOt necessarily distinct) such that det(A — AI) = 0.

Fact 1.23. (/24] p.278) The determinant and trace of an n x n matriz A

can be expressed in terms of the eigenvalues of A by:

n

det(4) = [T A tr(A) = zn: A (1.24)
=1

=1

Fact 1.24. (/24] p.309) An n x n matriz A is positive semidefinite if and
only if all of the eigenvalues of A are nonnegative.

Proposition 1.25. If A is a 2 x 2 symmetric matriz, then A is positive
semidefinite if and only if det(A) > 0 and trace(A) > 0.

Proof. Suppose first that A is positive semidefinite. Then by Fact [1.24 we
have A1, A2 > 0. Then by Fact 1.23 we have

2

det(A) = [Ai= A >0 (1.25)
i=1
and
2
trace(A) = Z)‘i =X+ >0 (1.26)
i=1
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as required.

Now, suppose that det(A) > 0 and trace(A) > 0. By Fact [1.23 we have

that
2

det(A) = [Ai= A >0 (1.27)
i=1
so that A; and Ay must have the same parity. Furthermore, by Fact [1.23 we

also have ,

trace(A) = Z/\i =X+ >0 (1.28)

i=1
and thus we can conclude that A1, A2 > 0 and hence A is positive semidefi-
nite. ]

Fact 1.26. (The Cholesky Factorization, [18] page 154.) Let A € 8™ be
positive definite. Then A = LT L, where L is a nonsingular upper triangular
matriz.

1.4 Convex Analysis

Recent applications of optimization are focused strongly on finding opti-
mal solutions to non-convex problems. The approach to solving non-convex
problems however, often involves creating convex relaxation problems which
can then be solved by existing optimization methods. The following section
provides a brief overview of convex analysis.

1.4.1 Convex Sets and Convex Functions

Definition 1.27. A set C C R" is affine if, for any z1,29 € C and § € R
we have
Ox1+ (1 —0)xe € C. (1.29)

That is, an affine set contains the linear combination of any two points
in the set, provided the coefficients sum to one. A point of the form
frx1+ - -+ Opxi, where 01 + - - - + 0, = 1, is called an affine combination of
the points x1, ..., xg.

Definition 1.28. A set C C R" is convex if, for any x1,z5 € C and 0 <
0 <1 we have
Oxi + (1 — 9)1‘2 e C. (1.30)
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Graphically, a set C' is convex if the line segment between any two points
in C is also contained in C, see Figure 1.1. Every affine set is convex, since
if a set contains the line through any two points, it must obviously contain
the line between those two points. Given 6; > 0 with 8, +---+ 6 = 1 and
points x1,...,xr € C, we say that the point 6121 + - - - + Opxi is a convex
combination of the points x1,..., .

Figure 1.1: Examples of convex sets.

Figure 1.2: Examples of nonconvex sets.

Definition 1.29. The convex hull of a set C' is the set of all convex combi-
nations of points in C"

k

conv (C) = {Z 0;x;

=1

k
zeC, 0;>0,i=1,... k, Zai:mzl .
i=1

(1.31)

The convex hull of the set C' is the smallest convex set that contains C.
That is, if D is any convex set such that C' C D then conv (C) C D.
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Figure 1.3: The convex hull of some nonconvex sets.

Fact 1.30. [22] If C C R"™ is compact, i.e. closed and bounded, then conv(C')
18 compact.

Corollary 1.31. Given x1,z2,...,x; in R™, conv{xy,...,x} is compact.

Definition 1.32. A set K C R"” is called a cone if, for any x € K and 6 > 0
we have 0z € K.

A set K is a convex cone if it is convex and a cone; that is, for any
r1,T9 € K and 01,02 > 0 we have

0121 + Oa2s € K. (1.32)
Example 1.33.
— Ry ={z| z > 0} is a convex cone in R.
— R% ={(x1,...,2,) | 21 >0,...,2, > 0} is a convex cone in R".

— 8% = {A]| Ais an n x n matrix, A is positive semidefinite} is a con-
vex cone.

A point of the form 61x1 + - + Oz, where 6; > 0 for i = 1,...,k is
called a conic combination of the points x1,...,zg.

Definition 1.34. Let L C R™ be a cone. The dual cone of I, denoted K*
is the set
K*={yeR"|y"z>0Vz €K} (1.33)

Definition 1.35. A hyperplane is a set of the form
{z eR" |aTm =b} (1.34)

where a € R”, a # 0 and b € R.
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Analytically, a hyperplane is the solution set of a nontrivial linear equa-
tion. Geometrically, the hyperplane H = {:U ‘CLT:L‘ = b} can be interpreted
as the set of points with constant inner product to a given vector a; that is,
a hyperplane with normal vector a. Note that a hyperplane is affine (and
thus convex).

Definition 1.36. A (closed) halfspace is a set of the form
{z eR" |CLT1E < b} (1.35)

where a # 0.

A hyperplane divides R™ into two halfspaces (see Figure 1.4). Ana-
lytically, a halfspace is the solution set of one nontrivial linear inequality.
Halfspaces are convex, but not affine.

Figure 1.4: A hyperplane with normal vector a divides R? into two half-
spaces.

10
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Some frequently seen convex sets are listed below:

— The closed norm ball in R™ with center x. and radius r is given by

Bz ={z e R"| ||z — z.|| <7} (1.36)
where r > 0 and ||-|| denotes any norm on R".
— The norm cone associated with any norm ||-|| is given by
{(z,t) | |z|| <t,x € R",t € R} C R". (1.37)

The norm cone is a convex cone. See Figure 1.5 for an example of the
norm cone associated with the Euclidean norm.

— A polyhedron is the solution set of a finite number of linear equalities
and inequalities, and is of the form

{meR”‘afxgbj, j=1,...,m, c{xﬁdk, kzl,...,p}. (1.38)

Graphically, a polyhedron is the intersection of a finite number of
halfspaces and hyperplanes.

Note that the norm cone associated with the Euclidean norm is referred
to as the second-order cone or Lorentz cone.

Definition 1.37. The Lorentz cone is the cone in R™ defined as

} . (1.39)

n—1

Figure 1.5: The Euclidean norm cone in R3.

11
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Figure 1.6: A polyhedron.

Definition 1.38. A function f : R” — (—o0,00] is said to be a convex
function if dom f is a convex set and, for all z,7 € dom f and 0 < 0 < 1
we have

flOz+(1—-0)y) <0f(x)+(1—-0)f(y). (1.40)

Graphically, a function f is convex if the line segment joining (z, f(x))
and (y, f(y)) lies above the graph of f, (see Figure 1.7). A function f
is strictly convex if strict inequality holds in (1.40) whenever x # y and
0 < 0§ < 1. We say that the function f is concave if —f is convex, and
strictly concave if — f is strictly convex.

Figure 1.7: A convex function.

Remark 1.39. A function f is convex if and only if epi (f) is a convex set.

Fact 1.40. Every norm is a convex function on R™.

12
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Proof. Let 0 < 60 <1, and consider

[0z + (1= 0)y) = [|6x + (1 = O)y||
<[] + (1 = )y
=0zl + (1 —=0) ]yl
=0f(z) +(1-0)f(y).

Hence, f is convex.

Alternatively, simply note that the epigraph of the function f(x) = ||z||
is given by

epi (f) = {(z,1) | |l=]| <} (1.45)
which is a convex set in R**! (the norm cone), and so by Remark 1.39 f is
a convex function. O

Definition 1.41. Let f : R® — R™ and = € int dom f. If f is differentiable
at x, its Jacobian matrix V f(z) € R™*" is given by

6 i\ T
Vf(z)i = g;j)

(1.46)

foralli=1,...,m,j=1,...,n.

Definition 1.42. For a real-valued function f : R" — R, if f is twice
differentiable at x, its Hessian matrix V2 f(z) € R™*" is given by
82
V2f(a) = 2 (1.47)

i =
J 8%8:}5]

foralli,j=1,...,n.

Convexity of a differentiable function can also be established using the
following conditions:

Fact 1.43. (First order convexity condition)
Suppose f is differentiable on an open set O CR"™. Then f is convex on O
if and only if O is convexr and

fy) = f(@) + V(@) (y - x) (1.48)

for all z,y € O (122] page 46).

13
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Fact 1.44. (Second order convezity condition)
Assume f is twice differentiable on an open set O C R™. Then f is convex
on O if and only if O is convex and V2f is positive semidefinite; i.e.,

V2if(x) =0 (1.49)
for every x € O ([22] page 46).
Fact 1.45. The function
il12
fi(z) sz’HJS—x‘ H (1.50)

is a convex function on R", where w; >0 € R and z* € R™ is fized.

This follows from the second order convexity condition, and the fact that
V2f2(x) = 2w,~I i 0.

Definition 1.46. A vector v € R" is said to be a subgradient of the convex
function f at the point z if

fy) = fx) + v,y — ), Vy € dom f. (1.51)

The set of all subgradients of f is called the subdifferential of f at x, and is
denoted Of(z).

A subdifferential mapping, being a surrogate for derivative, is fundamen-
tally important in convex analysis and optimization.

Definition 1.47. A vector z* is said to be normal to the convex set C at
the point z € C' if
(y—z,2") <0 Yy e C. (1.52)

The set of all vectors z* that are normal to C' at the point x is called the
Normal Cone to C' at z, and is denoted N¢(z). If ¢ C, then N (z) = 0.

Recall that for C C R™, x is an interior point of C' if there exists € > 0
such that B.(z) C C. The set of interior points of C' will be denoted by
int(C).

Example 1.48. Let C' C R™. Immediately from the definition of dic, we
have
Otc = Ne.

Moreover, if x € int(C), then dvc(z) = {0}, i.e. No(x) = {0}.

14
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Definition 1.49. Let f : R" — [—o00, 0], and let = be a point such that
|f(x)] < oco. The one-sided directional derivative of f at x with respect to a
vector y is defined to be the limit

Fary) = lim L&) = f(@)

1.
AL0 A (1.53)

if it exists (here +oo are allowed as limits).

Definition 1.50. Let f : R" — [—o00, 0], and let = be a point such that
|f(z)] < co. We say that f is differentiable at z if and only if there exists a
vector x* with the property

im JA @ =tz (1.54)

e I —al
Such an z*, if it exists, is called the gradient of f at x and is denoted V f(x).

Fact 1.51. If f is differentiable at x, then f'(x;y) exists and is a linear
function of y for all y. In particular,

floy) = (Vf@)y)  VyeR™ (1.55)
Fact 1.52. [2, Proposition 2.3.2] Let z € int(C), C C R™. Suppose that
continuous functions go, g1, - --,gm : C' — R are differentiable at T, that g is
the max function
g(r) = max g;(x) (1.56)
i=0,...,m

and define the index set I = {i|g;(Z) = g(&)}. Then for all directions d in
R™, the directional derivative of g is given by

(@:d) = max {(Vg:(2), )} (157)

It turns out that the directional derivative of a convex function can be
used to compute its subdifferential.

Fact 1.53. [19, Theorem 23.2] Let f : R" — (—o00,+00] be conver and
x € dom f. Then f'(x;y) exists for every y € R™. Moreover,

of (z) = {v e R"| f'(z;y) > (v,y) Yy e R"}.

15



1.5. Nonsmooth Analysis

1.4.2 Minimizers or Maximizers of Convex Functions
Theorem 1.54. [19, page 264] For a convex function f, we have that
x € argminf < 0€ df(x). (1.58)
Remark 1.55. We say that x € D is an extremal point of D if
r=Ay+ (1 -z (1.59)
with 0 < A < 1, y,2 € D implies that y = z.

Theorem 1.56. [22, Theorem 32.3| Let f : R™ — R be convezx, and K C R"
be compact and conver. Then

max f(z) = pona f(z) (1.60)

where ext(K) denotes the extremal points of K.

1.5 Nonsmooth Analysis

Since maximin problems are nonconvex in general, in Subsection 1.5.1
and 1.5.2| below we introduce the concept of a Lipschitz function and nons-
mooth analysis. They are used in Section 3.2 to derive necessary optimality
conditions for the solutions of nonconvex maximin optimization problem.

1.5.1 Locally Lipschitz Functions

Definition 1.57. Given a function f : R™ — R, we say that f is locally
Lipschitz continuous at a point x if there exists § > 0 and A > 0 such that
whenever ||z — z¢|| < ¢ and ||y — zo|| < § we have

|f(z) = fy)l < Allz -yl (1.61)
Fact 1.58. If f is locally Lipschitz at xq, then — f is locally Lipschitz at xq.

The above fact follows directly from

|=f(x) = (=fW)| = [=(f(x) = f)] = [F(z) = Fy)|. (1.62)
Fact 1.59. If f1, fo are locally Lipschitz at xg, then
max {f1, fo} (1.63)
and
min { f1, fo} (1.64)

are locally Lipschitz at xg.
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1.5. Nonsmooth Analysis

Proof. Since f; is locally Lipschitz at xq, there exists §; > 0 and Ay > 0
such that

[f1(2) = i)l < Avlz =yl (1.65)

whenever ||z — zg|| < 01 and ||y — z¢|| < 0. Similarly, there exists do > 0
and Ay > 0 such that

|f2(2) = fa(y)] < Az |z — vl (1.66)

whenever ||z — zg|| < d2 and ||y — xo|| < 2.

Set 6 = min {01, d2}, and A = max {A1, Aa} so that whenever ||z — x| <
d and ||y — zg|| < § we have

—Allz =yl < filz) = fi(y) <Az =y (1.67)

—Allz —yll < fo(z) = fa(y) < Allz =yl (1.68)
From this we have

fi(@) —max {f1(y), f2(y)} < Allz -yl (1.69)

fo(x) —max {fi(y), f2(y)} < Allz —y|. (1.70)

Combining the above two equations we have

max { fi (), fo(z)} — max { f1(y), f2(y)}

= max {f1(z) — max {f1(y), f2(y)}, f2(x) — max {f1(y), f2(y)} }
< Az =yl (1.71)

Similarly,

—Allz —yll < filz) = fily) = fily) = file) <Az -yl (1.72)
—Allz =yl < fo(2) = f2(y) = foy) = fo(2) < Allz—yl|  (1.73)

(1.74)
so that
fi(y) — max{fi(z), f2(x)} < Alflz —y| (1.75)
fa(y) — max{fi(z), f2(x)} < Aflz -y (1.76)
and thus
max { f1(y), f2(y)} — max {fi(z), fa(x)} < Alflz —y|
= max {f1(z), f2()} —max{fi(y), fo(y)} = —Allz—y|.  (1.77)



1.5. Nonsmooth Analysis

Hence, whenever ||z — zg|| < 0 and ||y — z¢|| < § we have that

imax {f1(y), f2(y)} — max{f1(z), f2(x)}| < Az -yl (1.78)
which shows that max {f1, fa} is locally Lipschitz at x.

Now,
min { f1, fo} = — max {—f1, —fa}. (1.79)

Using Fact [1.58 we know that —f1, —fo are both locally Lipschitz at xg.
Then max {— f1, — f2} is locally Lipschitz at 29 by the above proof. Applying
Fact 1.58 once more, we have that — max {—f1, — fo} and thus min{ f1, fo}
is locally Lipschitz at xq. O

Remark 1.60. Fact |1.59 can also be seen by using
+ —
Ji+ fo n | f1 f2|’

maX{flafZ} = 2 2
ming f1, fo} = fi -gf2 A ; f2l
Fact 1.61. Assume that f; is locally Lipschitz at xo fori=1,...,m. Then
max {f1,..., fm} (1.80)
and
min{fi,..., fm} (1.81)

are locally Lipschitz at xg.

Proof. This follows directly from applying induction to the results of Fact
1.59. ]
1.5.2 Subdifferentials and Critical Points

Let O C R” be an open set. For a locally Lipschitz function f: O — R,
and x € O, we define its Clarke directional derivative with respect to v € R"

by
f°(x;v) = limsup fly+t) = ) (1.82)
y—ax,t]0 t
and the Clarke subdifferential
f(x) ={z" e R" | f(z;v) > (z*,v) Vv e R"}. (1.83)

The Clarke subdifferential plays a fundamental role in optimization problems
involving nonconvex functions. Some key properties are:
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1.6. Some Convex Optimization Problems

Theorem 1.62. Let f,g : O C R® — R be locally Lipschitz and x € O.
Then

1. 9°f(x) is compact and convex (/7] page 40).

°(f +g)(x) CO°f(x)+ 0°g(x) (/7] Proposition 2.3.3).

0°(—f)(x) = =0°f(x) (/7] Proposition 2.3.1).

If f is a convex function on O, then 8°f = Of (/7] Proposition 2.2.7).

Gvot Lo e

If f is continuously differentiable on O, then 0°f(x) = {V f(x)} (/7]
Proposition 2.2.7).

Theorem 1.63. [23, Proposition 7.4.7] If f is locally Lipschitz about T and
Z s a local minimizer or a local mazimizer of f, then 0 € 0°f(Z).

Theorem 1.64. [23, Proposition 7.4.7] Let I be a finite set, and for all
i €I let g; : R — R be locally Lipschitz continuous around x. Let g be the
maz-function defined as

g(z) =max{gi(x)| i €1} (1.84)
and define the active index set at T by

I(z) ={iel|gi(T) =g(T)} . (1.85)

Suppose that g; is differentiable at T. Then the Clarke subdifferential of g at
T 1s given by

9%g(z) = conv{Vyg;(z)| i€ I(x)}. (1.86)

1.6 Some Convex Optimization Problems

In this section we give the general and standard forms of a semidefinite
programming optimization problem (SDP) and a second-order cone pro-
gramming problem (SOCP), which we will use in section 2.2. For a convex
cone K C RP and z € RP, we write x = 0 if x € K.

Definition 1.65. ([4]) A conic form program (or conic program) is an op-
timization problem which has a linear objective function and one inequality
constraint function

min ¢z (1.87)
st. Fr4+G=g0
Ax =b
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1.6. Some Convex Optimization Problems

where ¢,z € RP, A € R™*P, b € R™, F € SP, G € RP and K is a convex
cone in RP.

Definition 1.66. When K is S, the cone of positive semidefinite n x n
matrices, the associated conic form problem is called a semidefinite program,
and has the form

min ¢z (1.88)
st. ziFi+- - +xzpFn+G=0
Az =b

where ¢,z € R™, G, FY,...,F, € S" and A € RP*™,
A standard SDP in inequality form is

min ¢’z (1.89)

st. A1+ +rAn B

where Aq,..., Ay, B € S8", ¢,z € R™.
A standard SDP is in the following form:

min (C, X) (1.90)
s.t. <A1,X>:b2 i:1,...,m
X=0

where C, X, A; € 8™ and b; € R. One can show that (1.90) has a dual given
by

max blx (1.91)
st. A1+ + TpAm < C

which is in the form of (1.89), see [4, Example 5.11], [29].

Definition 1.67. ([4]) The second-order cone program (SOCP) is of the
form

min flz (1.92)
st. A +b|| <clz+d;, i=1,....,m
Fr=g

where f,z € R?, A; € R"™*" and F € RP*"™,
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Constraints of the form ||Az + b|| < ¢!z +d are called second-order cone
constraints because the affinely defined variables v = Az +band t = ¢ z+d
must belong to the second order cone. Note that SOCP is a special case of
SDP by using

T . .
||Ai$+bz’||§CZT33+di & <(Ci$+d)l A’$+b’>io.

(Aix +b;)T (el +d)
Further readings on SDP and SOCP may also be found in [32], [27], [29].

1.7 NP-Complete Problems

In this section we will give a brief overview to the concept of complexity
theory and NP-completeness. In order to begin discussing complexity of
problems however, we first need a few basic definitions.

Definition 1.68. [12] A problem is a general question to be answered, usu-
ally containing several parameters with values left unspecified. A problem
is described by giving a general description of all of its parameters, and a
statement of what properties the answer (or solution) is required to satisfy.
An instance of a problem is obtained by specifying particular values for all
the problem parameters.

Definition 1.69. [12] An algorithm is a general, step-by-step procedure for
solving a problem.

For concreteness, we often think of algorithms as being computer pro-
grams written in a precise computer language. We say that an algorithm
solves a problem II if that algorithm can be applied to any instance I of 11
and be guaranteed to provide a solution for that instance.

Definition 1.70. [12] The input length for an instance I of a problem II is
defined to be the number of symbols in the description of I obtained from
the encoding scheme for II.

Definition 1.71. [12] The time complexity function for an algorithm ex-
presses its time requirement by giving, for each possible input length, the
largest amount of time needed by the algorithm to solve a problem instance
of that size.

Note that by this definition, this function is not well-defined until the
encoding scheme to be used for determining input length and the computer
model for a particular problem are fixed. However, the particular choices
made for these have little effect on the broad distinctions made in the theory
of NP-completeness ([12] p.6).
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1.7. NP-Complete Problems

1.7.1 The Theory of NP-Completeness

In this section we discuss measures for the complexity of algorithms, and
introduce the concept of NP-complete problems.

Definition 1.72. [12] We say that a function f(n) is O(g(n)) whenever
there exists a constant ¢ such that

[f(n)] < c-g(n)] (1.93)

for all values of n > 0.

Definition 1.73. [12] A polynomial time algorithm is defined to be one
whose complexity function is O(p(n)) for some polynomial function p, where
n is used to denote the input length. Any algorithm whose time complexity
function can not be so bounded is called an exponential time algorithm.

Note that this definition includes certain non-polynomial time complex-
ity functions (like n!°8™) which are not normally regarded as exponential
functions.

Definition 1.74. [12] A problem is called intractable if no polynomial time
algorithm can possibly solve it.

The idea of polynomial time reducibility is integral to the theory of NP-
completeness, and refers to reductions for which the transformation can be
executed by a polynomial time algorithm. This is significant, since if we
have a polynomial time reduction from one problem to another, then this
ensures that any polynomial time algorithm for the second problem can
be converted into a corresponding polynomial time algorithm for the first
problem.

The simplest way to explain the idea of NP-completeness is as follows.
First, define two classes of problems:

1. The class of problems with solution algorithms bounded by a polyno-
mial of fixed degree, P [8].

2. The class of problems with solutions that are verifiable in polynomial
time, NP. That is, given a solution S to problem II, a polynomial
time algorithm exists to verify that S is in fact a solution of II [31].

Fact 1.75. [8] P C NP.
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1.7. NP-Complete Problems

One of the most important open questions in theoretical computer sci-
ences is whether or not P=NP. The notation NP stands for “non-deterministic
polynomial time”, since the original definition of the class NP is the class
of problems which can be solved by a non-deterministic Turing machine in
polynomial time [31].

A problem P; is NP-hard if every problem in NP is polynomially re-
ducible to P;. One can say that

’ P; is NP-hard < If P; is solved in a polynomial time, then P = N P.

A problem P; is NP-complete if it is both NP-hard and an element of NP.
In essence, the NP-complete problems are the “hardest” problems in NP
[12]. The question of whether NP-complete problems are intractable is still
a major open problem in mathematics and computer science (See [31] and
references therein).

How to show that a problem F; is NP-hard? One often uses a reduction
argument:

1. Confirm that P; is a decision problem;

2. Take one problem P; that is already known to be NP-hard or NP-
complete;

3. Show that the problem P; is polynomially reducible to P;;
4. This shows that P; is NP-hard.

This is what we will use in the thesis.

1.7.2 Some NP-Hard Problems

Based on the previous section, we see that the simplest way to prove
that a problem is NP-complete is to reduce it in polynomial time to another
problem which is known to be NP-complete (or NP-hard). In order for this
to be possible, we require a compendium of problems which are already
known to be NP-complete (or NP-hard). There are many books and papers
including lists of problems that have been proven to be NP-complete or NP-
hard (for example, see [12], [17], [6]). Here, we provide two examples of
NP-hard problems that are integral to the work of this thesis.

Fact 1.76. [6, MP1] It is NP-hard to determine the solvability of the integer
linear program
By=b, ye{-1,1}7, (1.94)

with B € ZP*9, b € 7P.
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1.7. NP-Complete Problems

Given an undirected graph G = (V, E) with weights w;; = wj; = 1 on
the edges (i,j) € E, the Max Cut Problem is that of finding the set of
vertices S C V that maximizes the weight of the edges in the cut (S,S).
Put w;; = 0 if (¢,5) ¢ E. The weight of a cut (5,5) is

1€S,5¢€S
The Max Cut problem is to

max w(S, S).
Scv

Assume that the graph has g nodes, i.e., |V| = ¢q. Define two ¢ x ¢ symmetric
matrices A = (a;j) and W respectively by setting a;; = aj; = w;;, and
W = Diag(Ae) — A € 29%1
where e = (1,...,1)T € R%
Definition 1.77. (See [21, page 309], [27], [14]) The MaxCut problem on a

graph with ¢ nodes may be formulated as

T
max Wy, 1.95
jnax v Wy (1.95)

where W € Z9%9 and W > 0.
The Max Cut problem has long been known to be NP complete.

Fact 1.78. ([14, page.1116], [21]) The Maxcut problem (1.95) is NP-hard.
For further details on complexity theory and NP-hard problems, see [12].

1.7.3 The Complexity of Algorithms for Solving SDP and
SOCP

To some extent, SDP is very similar to linear programming. Given any
€ > 0, SDPs can be solved within an additive error of € in polynomial time
(€ is part of the input, so the running time dependence on € is polynomial in
log(1/€)), [14]. This is can be done through ellipsoid algorithm, polynomial
algorithms for convex programming, as well as interior point methods. See
[14], [15], [1]. If the feasible region is bounded, then SOCPs can also be
solved to arbitrary fixed precision in polynomial time, [13]. For the current
state of the art in SDP, see [32].

Currently, available software packages solving SDPs and SOCPs include
SeDuMi (self-dual minimization) [25], CVX (a modeling system for disci-
plined convex programming) [11] and SDPT3.
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Chapter 2

The Weighted Maximin
Location Problem

2.1 General Problem and Motivation

Definition 2.1. The problem of finding a point  in a closed set X C R"
(n > 1) that is furthest from a given set of points z!,...,2™ in R” in a
weighted maximin sense is given by

. . P12
vp 1= max f(e) with f(r)= min wile—a'], (2.1)

where w; > 0. This is known as the weighted mazimin dispersion prob-
lem.

In general ||-|| denotes the Euclidean norm; in the case that we consider
another norm we will make the distinction explicit.

In the equal weight case of w; = - -+ = wyy,, (2.1) has the geometric in-
terpretation of finding the largest Euclidean sphere with center in X’ and en-
closing no given point. To illustrate, let Bs(z) = {y| |ly — z| < 0,y € R"},
and f(z) = minj—1,__m Hx — a:ZHQ

Example 2.2. Set r = /f(z). Then B,(z) N {z!,...,a™} = 0.

Proof. Indeed, r? < Hx — IL’ZH2 Vi = 1,...,m by definition. If 2% € B,(z)

then Hx — :rZOH <r, so Hx - xiOH2 < r2. Thus we have
r? < |z — iL‘iOHZ <r? (2.2)

which is a contradiction. Hence, B,(z) N {:L'l, cee xm} = 0. ]
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Our interest in the minimax distance problem arises from deterministic
function modeling in statistics [16]. We begin with a deterministic computer
code which models a complex physical system. It is assumed that the code
is very costly to run, and so our goal is to build a computationally cheap
surrogate of the computer code. The statistical approach to this problem is
to place a prior belief on the function space, X, and then use the weighted
maximin distance criteria to choose a set of sites in X' at which to run the
computer code, so that we may model the resulting deterministic output as
a stochastic process (see [26]).

In general, the weighted maximin problem also has many diverse appli-
cations in facility location, spatial management and pattern recognition (see
[10], [30] and references therein). One applied example in facility location
would be the determining of the location for a new and highly polluting in-
dustry within some region X'. Suppose that there are m cities within region
X, represented by the points 2!, ..., 2™. One criteria in choosing a location
for the facility could be that the amount of pollution reaching any city be
minimized. Then the optimization problem (2.1) may be used in choosing
the location of the facility, provided we can assume that the amount of pol-
lutant reaching a city is monotonically decreasing function of the distance
between the city and the facility.

For ease of notation throughout this thesis we define

fi(z) Zwin—xiHQ (2.3)

where w; > 0 is a fixed constant and z* € R™. Thus, the maximin dispersion
problem becomes

max f(x) (2.4)

where, for all z € R", i € {1,...,m}

f(x) = min f;(x). (2.5)

1<i<m

In particular, we will focus on the case that X’ in (2.1) is convex under
componentwise squaring:

X:{xeR”

(2,...,22,1)" € IC} , (2.6)

for some closed convex cone K C R"!. We will examine two specific cases:
the case where X = [—1,1]" (a box) corresponding to

K={yeR"™ |y; <yni1,j=1,...,n}, (2.7)
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2.1. General Problem and Motivation

and the case of a unit Euclidean ball X = {x cR"™
ing to

z)? < 1} correspond-

K={yeR" fy1+ -+ yn < yns1} - (2.8)

Even in the simple case of a box, X = [—1,1]", the function f(z) can
become complex quite quickly. Figure 2.1 shows f(z) for two sets of points
in X; the set S = {(—1,-1),(-1,1),(1,-1),(1,1),(0,0)} and the set T, a
randomly generated set of 10 points in X.
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Figure 2.1: Plots of f(x) for X = [~1,1]?, with the set S on the left and set
T on the right.

Remark 2.3. The function

f(z):= min w; H:U - x"HQ (2.9)
i=1,....,m

in Equation (2.1) is neither convex nor concave whenever m > 2 and " # z”.

This is illustrated in Figure 2.1.

Proposition 2.4. The optimal value of the maximin dispersion problem
satisfies
vp > 0.

Proof. Take x € X with z # 2% for i = 1,...,m. We have f(x) > 0. Then
vp > f(z) > 0. O

Since the weighted maximin dispersion problem is a nonconvex problem,
we cannot apply convex programming methods. The goal of this thesis then
is to consider convex relaxations of the problem, the solutions of which can be
found using known techniques. The solutions to the relaxation problems can
then provide a nontrivial lower bound for the original nonconvex problem.
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2.2. Convex Relaxations

2.2 Convex Relaxations

In this section we give several alternative formulations of the original
problem (2.1) as well as defining the convex relaxation problems. First note
that

Proposition 2.5. If we let

i I —a’ 1
o=y i e
and .
X = |: x$xT ) :| esn—l-l

where I € R™*™, then
#{AX] = 2] =2 (2%) " & + ||

Proof. We have

. 1 —z rzl oz
A'X = , .
e |
- rxT — 2T z—zxt
L @) TraT + 22T —(2f)Te + ||
so that
trA'X = tr(za’ — 2'2T) — (%) Tz + ||2¢||?
= tr(zeT) — tr(z’zT) — ()T + |27
= tr(zTz) — tr(zT2®) — () Tz + |22

= |l = 2(2") T2 + [J2**.

For any x € R" and i € {1,...,m}, by Proposition 2.5 we have

) ) ) T T
H:z:—a:ZHQZ||:r||2—2(xz)Tx+HmZ||2:<AZ, o "’”D (2.10)

where

o 2.11
@) .
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and

By substituting X = { mwT :1E } , we can reformulate the original prob-

lem (2.1) as

Up ::magx ¢ (2.12)

s.t. wi<Ai,X> >(i=1,....m
(X11,.. -, Xpm, )T € K
KXot =1
X*=0
rankX =1,

where “s.t.” abbreviates for “subject to”, K is given as in either (2.7) or
(2.8), and A’ is given in (2.11).

Proposition 2.6. Let n > 2. The rank function rank : R™™ — [0,n] :
X — rankX is neither convex nor Lipschitz.

Proof. Tt suffices to consider the case when n = 2. Consider matrices

10 0 0
&_QO»'&_Q1>

1 1 1 1
rank<2X1 + 2X2> =2>1= iranle + §rankX2,

We have

which implies that X +— rankX is not convex.

Now let € > 0 and
10
y_<0 )

rankX; —rankY|=1-2|=1, || X;-Y|=¢

We have

which gives

[rankX; —rankY| 1 L oo
X =Y e

when e | 0. Therefore, rank is not Lipschitz at X;. ]
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Since the rank function is neither convex nor Lipschitz, we drop the
rank-1 constraint. This yields a convex programming relaxation of (2.1):

= e €
st w; <Ai,X> >( i=1,....m
(XH,...,Xm—L,l)T ek (213)
Xnyinr1 =1
X =0.

As (2.13), a convex relaxation of (2.12), is obtained by relaxing some of
the constraints (2.12), all possible solutions of (2.12) are feasible for (2.13).
Hence,

Proposition 2.7.
Uep 2 Up-

Our SDP and SOCP relaxations are formulated in next two subsections.

2.2.1 SDP Relaxation

We will make the mild assumption that (2.13) has an optimal solution.
This holds whenever X" is compact. If X' is convex, then we can strengthen
this relaxation by adding the constraints (X1 p41, ... 7Xn,nJrl)T € X. Since
vp > 0, ¢ # 0 at an optimal solution of (2.13). By making the substitution
Z = X/(, we can reformulate (2.13) more compactly as

— = min Zn+1,n+1
Vep 7

st wi (ALZ)>1,i=1,...,m (2.14)
(Z117 RN Znna Zn+1,n+1)T S IC
Z = 0.

Note that when K is a polyhedral set having a tractable algebraic repre-
sentation, for example (2.7), then (2.14) reduces to a semidefinite program
(SDP), so we will refer to this as the semidefinite-programming relaxation
of (2.1).

Lemma 2.8. Let Z* € SCHX(+1) be an optimal solution of (2.14). Then
Zptipnt1 >0
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Proof. This follows from

1

*
Zn—i—l,n-{—l

= Vgp = vp > 0.

O
Theorem 2.9. When K = {y eR"™ | y; <ypi1,7=1,...,n}, we have

1. X solves the convex relazation problem (2.13) < Uij solves (2.14).

2. Z solves (2.14) < X = Zvey = Z——— solves (2.13).

Zn+1,n+1

3. If Z* solves (2.14), then vy = Z—

n+1,n+1 ’

2.2.2 SOCP Relaxation

Lastly, we consider a further relaxation that replaces the semidefinite-
cone constraint, Z > 0, of (2.14) with the following constraints

[ Zj; Zjnt1

=0, j=1,...,n. 2.15
Zint1  Lntin+l ] - J (2.15)

Lemma 2.10. The constraints of equation (2.15),

VAY Zjnt+1 ] ,
’ ’ =0 i1=1,...,n 2.16
|: Zj,n—i—l Zn+1,n+1 B ( )

are equivalent to second order cone constraints.

Proof. For each j =1,...,n, let ZJ denote the matrix

. 7. 7.
73 — JJ Jin+1 :| ) 2.17
|: Zj,n+1 Zn—l—l,n-l—l ( )

Then by Proposition 1.25 we know that the constraints Z7 > 0 are equivalent
to the constraints det(Z7) > 0 and trace(Z7) > 0 for j =1,...,n. Now,

det(Z7) >0 &  Zj;jZniiner — (Zjn1)? >0
& ZjjZniinsr = (Zjng1)” (2.18)

and ‘
trace(Z?) >0 &  Zjj+ Zntint1 > 0. (2.19)
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2.2. Convex Relaxations

We will show that (2.18) and (2.19) are equivalent to second order cone
constraints, namely

2Zjn+1 ]
7 =Ziits ) 2.20
H |: ZJ:J - Zn+17n+1 -~ n+1,n+1 ( )

0< Zjj+ Znsins1- (2.21)

To see that (2.18) and (2.20) are equivalent, consider the following:

2Zjn+1 ]
’ < Zjj+Z
H |: Zjj = Zntln+1 Y n+1,n+1

27
PN Jin+1 }
H [ Zjj — Znt1n+1

& A Zjnt1)” +(Z55)? = 2Zj 5 Znsrms1 + (Znginer)”
<(Zjj)* +2Z; Zni1m1 + (Znginm)?
& AZjn1)’ <AZjZni1n
& (Zjn41)? < Zj,j Zns1n1 (2.22)

2
<(Zjj+ Zni1n41)”

Equation (2.21) is exactly equation (2.19), which is already a second order
cone constraint. That is, we have

||A.T + b” S Zjd + Zn+1,n+1 (223)
with A =0 and b = 0. ]

Thus, substituting (2.15) for Z > 0 in (2.14) yields the second-order cone
programming (SOCP) relaxation of (2.1):

1

= min Zn+1,n+1
Usocp Z

st w (ALZ)>1,i=1,...,m
(Z11s- -+ Zons Zns1ns1)" €K
Zjj Zjn+1
Zin+1  Lntintl

(2.24)

=0, 7=1,...,n.

Theorem 2.11. One always has

Up < Uep < Usocp-
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2.2. Convex Relaxations

Corollary 2.12. Let Z* € S"! be an optimal solution of (2.24). Then
Z 1 nar > 0.

n

Proof. This follows from

1
ﬁ = Vsocp = Vep = Up > 0.
n+1l,n+
O
We have v ocp = % if Z* solves (2.24).
n+1,n+1
2.2.3 More Properties on the Constraints of Convex
Relaxations
(1) Constraint (Z11, ..., Zun, Zni1ne1). € K.
In either (2.14) or (2.24), what does the constraint
(ZH, RN Znna Zn+1’n+1)T cK (225)
look like? We explicitly consider two cases:
Box case: When
K={yeR"" gy <ypi1,i=1,...,n}
(2.25) transpires to
ij < Z’fH-LTH—l VJ == 1, ey n. (226)
Ball case: When
n
K ={y e R"| Zyj < Yn41}
j=1
(2.25) transpires to
n
> Zj; < Znjimir. (2.27)
j=1

In both cases, (2.25) consists of linear inequalities.
(2) Constraint w; (A%, Z) > 1. In both (2.14) and (2.24), what does the
constraint

wi(A', Z) > 1 (2.28)
look like?
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2.2. Convex Relaxations

We can exploit the structure of A’ For a matrix Z € S"*!, let

z = (Zl,n+la ceey Zn,n+1)T
and
Z11
Z* = k% . kk
Znn
so that we can write
z* z
7 = . 2.29
[ ()" Znt1in ] (2.29)

into a block form.

Now consider the trace:

I —zt
— ()" [l

(A" Z) = Tr ( Z>
I —xi 7% z
- (xl)T Hf’le2 [ (2)" Zn+1,n+1 ])
A 2 — 2 Zni1m11
- (xi)TZ*+ Hx’HQzT —(2)Tz + HxiHQZnJFLnH

=Tr

[
=

=Tr(Z* —2'2") + Tr (—(aci)Tz + HleQ Zn+1,n+1>

= Zjj—(@")'z | + (_(iﬂi)TZ + HﬂfZHQ Zn+1,n+1>
j=1

= ij - 2(xi)TZ + szHz Zn+1,n+1- (230)
=1

J
Hence (2.28) is equivalent to
w; < > Zj =20z + || Znﬂ,m) > 1. (2.31)
j=1

(3) The feasible region of (2.24) is strictly larger than the one in (2.14).
A special case suffices. To this end, let n = 2, we consider the matrix

1 21
Z=12 10
1 0 2
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2.2. Convex Relaxations

Zu Ziz\ (11 2
<231 Zss) ~\1 2) €5+

Zoo Zaz\ (1 0 2
<Z32 Z3,3> - (0 2) €S

but Z ¢ Si because its principle submatrix

Z11 212 . 1 2 2
(Zzl Zzz)_(Z 1>¢S+'

This shows that algthough

We have

and

Zij Zin+1 ]>;0Vj:1,...,n

=0 = J
: [ Zintl  Lntin+tl

always holds, the converse implication fails.
The above discussions allow us to conclude:

Theorem 2.13 (box case). Let
K={yeR" y; <yni1,j=1,...,n}.
Then
1. The SDP relaxation (2.14) has an explicit form:

1 .
— = min Zn+1,n+1
Uep Z
s.t. ’(UZ<Z;L1 ij — 2(Ii)TZ + HleQ Zn+l,n+1) Z 1, 7= ]_, oo,
Z]J SZn+17n+1 jzl,...,n
7 =0,
(2.32)
where z = (Z17n+1, ey Zn,n-i—l)T
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2.2. Convex Relaxations

2. The SOCP relaxation (2.24) has an explicit form:

1 .
= min Zn+1,n+1
Usocp zZ
. . 2 .
s.t. wi<2?:1 ij — 2($Z)TZ + HQ?ZH Zn+1,n+1> Z 1, 1= 1, 1
ij SZn+17n+1 jzl,...,n
Zj Z] n—+1 :| .
’ >0, 7=1,...,n,
[ Zin+1 Zntin+1l | J
(2.33)
where z = (Z1 p+1, - - -, Zn’nH)T.
Theorem 2.14 (ball case). Let
n
K={y eR"™ Y y; <y}
j=1
Then
1. The SDP relaxation (2.14) has an explicit form:
1 .
— = min
Vep 7 n+1,n+1
. . 2 .
s.t. wi<2?1 Zj; — 2(x))Tz + Hx’” Zn+1,n+1> >1,i=1,....,m
Z;bzl Zjj < Znyin+1
7 =0,
(2.34)
where z = (Z1 p+1, - - -, ZWLH)T.
2. The SOCP relaxation (2.24) has an explicit form:
1 .
= min Zn+1,n+1
Usocp zZ
. . 2 .
s.t. ’LU1'<Z?:1 ij — Q(l‘Z)TZ + HIBZH Zn+1,n+1> Z 1, 1 = 1, 1
E?:l Zjj < Znt1nt1
Zjj Zjn+1 ;
’ >0, 7=1,...,n,
[ Zin+1 Zntin+1 | J
(2.35)
where z = (Z1 p+1, - - -, Zn’nH)T
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2.2. Convex Relaxations

Remark 2.15. Note that in both box case and ball case, the SOCP relaxation

. T
only relies on (Z11, ..., Znny Zntin+1) and 2 = (Z1 415+ - Znnt1) -

Remark 2.16. In both box case and ball case, the feasible regions are un-
bounded. Indeed, if Z is feasible, then kZ is also feasible for every k > 1.
Amazingly, in next section we show that both (2.14) and (2.24) do have

optimal solutions!

2.2.4 Why Does the SDP or SOCP Relaxation Have an

Optimal Solution?

For a matrix Z € R™"™ we define its norm by
1Z]l2 = max{|| Zul| lu]| <1}.
Fact 2.17. For every Z € R™"™ we have
1Z]l2 = Anax(Z7Z).
Theorem 2.18 (box case). Let
K={yeR"™ yj <yps1,j=1,...,n}.

Then the following hold:

1. The SDP relazation (2.14) has vy < 400 and at least one optimal

solution.

2. The SOCP relazation (2.24) has Vseep < +00 and at least one optimal

solution.

Proof. Part 1. First we show that v, < co. Assume to the contrary that

vep = 00. Then there exists a sequence Zq(@]fg1,n+1 1 0 when k — oo. Since by

(2.26),

k k .
0<zWM<z® . vi=1..n

we have limy,_, o Z](-?) = 0. Now the matrix Z*) = 0 implies

(k) (k)
G0 e =0 =1
Z(k Z(k) [ gty
7,n+1 n+1,n+1
so that " " w
Zn—l—l,n—i—lej 2 (Zj,n+1)2 >0

(2.36)
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2.2. Convex Relaxations

from which limy_,o Z\*), | = 0. By (2.31), we obtain that

w (L2 o A ) 21

where ()T = (Z ﬁ)bﬂ, . .,Zfll?lﬂ). When k — oo, (2.37) gives 0 > 1, a
contradiction.
Next we show that v, is achieved. Assume that there exists a feasible
sequence (Z*))%  such that Z(le nt1 + 1/vep when k — oo. Since 0 <
(k) < 7(k)

ntlnt1 for j =1,...,n, the sequence (Zj(j))k | is bounded for j =

1 ,n. This shows that (trZ (k)y%e | is bounded. As the largest eigenvalue
0 < Amax(ZF)) < trz®)
we see that (Amax(Z*)))22, is bounded. Note that
1Z®]2 = Amax(2*)

because Z*) ¢ Sﬁ“. Since all norms are equivalent in finite dimensional
space SMHDX(+1) " this means that (Z(*))$° | is bounded. Therefore, there
ex1sts a subsequence of (Z(*))% | converges to a Z* € S?*!. In particular,
* is feasible because each Z(¥) is feasible. Without relabeling, let us assume
that Z® — z*. Then Z), 11 = Zi i ppr and Zyq 4y = 1/vg. Hence
Z* is an optimal solution.
Part 2. Apply the similar arguments as in Part 1. O

Theorem 2.19 (ball case). Let

n
K={yeR"™| > 4 <ynia}.
i=1

Then the following hold:

1. The SDP relazation (2.14) has vy < 400 and at least one optimal
solution.

2. The SOCP relazation (2.24) has Vsoep < +00 and at least one optimal
solution.

Proof. The proof is similar to that of Theorem 2.18. Instead of using (2.26),
we use (2.27). O
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Chapter 3

A Necessary Condition for
Optimal Solutions

In this Chapter we prove general results about the objective functions of
the maximin dispersion problem, as well as deriving a necessary condition
for the optimal solutions of (2.1).

3.1 Properties of the Maximin Objective
Functions

In this section, we will apply the results of Sections 1.4, (1.5 and 1.5.1| to
the objective functions of the maximin dispersion problem, (2.3).

First, we show that f(z) as defined in (2.1) is locally Lipschitz at any
i) in R™.

Theorem 3.1. The function f; as defined in (2.3) is locally Lipschitz at
any xg € R".

Proof. Fix xyp € R™ and choose z,y € R" such that ||z — x| < § and
lly — xo|| < 6 for some § > 0. We have

wille = 2P - wi - | 51
i (e = 2] = = =) (o = o' + Jy— )|

= w(le ==l = ly =] (o o) + Jy— =)
s ([ =)~ (= a)]) (o = o] + [y — ]

wi ([lz = yl) (lo — 2" + ||y = ="])) -

|fi(z) = fily)] =

IN
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3.1. Properties of the Maximin Objective Functions

Now,
lz == < flll + [l
= Hx—xo—{—xoﬂ—{—HxiH
<l = ol + [lzo]l + [|2°]]
< 5+ [|lzoll + |27
= L; <oo. (3.2)

Similarly, there exists Ly < oo such that Hy — :clH < Ly. Then
o -l + - 21 < 24 + I 33
so that by setting M = w;(Ly + L2) we have

[filx) = fily)| < wille =yl (L1 + Le) (3.4)
= Mz -y

whenever |z — zp|| < § and ||y — xo|| < 0, and hence f; is locally Lipschitz
at xp. ]

Corollary 3.2. The function

flx) = ':1}1in filx) = ,:r{lin w; Hac — wZHQ (3.5)

18 locally Lipschitz at any xy € R™.

This follows directly from Theorem 3.1 and Fact 1.61.

Lastly, we characterize the gradient of f;(z) as defined in (2.3), and give
a theorem for the existence of solutions.

Fact 3.3. For eachi=1,...,m, and every x € X the function f; is differ-
entiable, with derivative

Vfi(z) =2w; (z —2") . (3.6)
Proof. This follows from that

fi(x) = wi(x — mi,x — x2> = wi(<x, x) + 2<:1:i,x> + ||xl||2)
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3.2. Characterization of Optimal Solutions

Theorem 3.4. Assume that X is a compact subset of R™. Then

argmax,c v f # 0.
Proof. This follows directly from Theorem 1.9. 0

Remark 3.5. If X is not compact, then it may happen that argmaxf = (.
For example, let X = R™. Then

sup f = o0
zeR?

so that argmax,cpn f = 0.

3.2 Characterization of Optimal Solutions

In this section we will provide a theoretical result that gives a necessary
condition for Z to be an optimal solution of the equally weighted maximin
dispersion problem, which is (2.1) with w; = -+ = w,, = w.

To begin, first rewrite the original problem (2.1) as

zeX \1<i<m

iy (mox ) (3.7)

and note that this is equivalent to

min <lr§nlag)7<n —fi+ LX> . (3.8)
Theorem 3.6. Let T belong to the interior of X, and let
f(z) = min w H:v — arlH2 (3.9)
i=1,....m

We have that if T is an optimal solution of

mazgqex f(x) (3.10)
then A
z € conv{z']i € I(Z)} (3.11)
where
H@:{in—ﬂW:;ﬁm\h—ﬂW}. (3.12)
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3.2. Characterization of Optimal Solutions

Proof. Since Z is a critical point of f if and only if Z is a critical point of —f,
we begin by converting our min-function f(x) into a max-function — f(z) as
follows:

— flx) = —Z:qlufmex—xZW (3.13)
—f(z) = max (—w |z — x’”2> (3.14)
—flz) = max gi(z) (3.15)
where g;(z) = —w ||z — mZHQ = —fi(x).

Now, by Theorem 3.1, we know that f;(x) is locally Lipschitz at any
x € R™, and so applying Fact 1.58 we know that g;(x) is locally Lipschitz
at any x € R"™. Furthermore, by applying Fact 1.59 we know that the
max of a family of locally Lipschitz functions is locally Lipschitz, so that
—f(z) = max;=1__mgi(x) is locally Lipschitz at any = € R™. Thus, by
applying Theorem 1.63| we know that if  is a possible critical point of
—f + tx, then we must have 0 € 9°(—f + tx)(Z) C 9°(—f)(Z) + 0°x(T).
Thus, in order to derive a necessary condition for Z to be a critical point of
—f(x), we need to characterize 9°(—f)(z). Since —f(z) is locally Lipschitz
at any * € R™ and g; is differentiable for each ¢, by Theorem 1.64 the Clarke
subgradient of —f at T is given by

I(—f(z)) = conv{Vygi(z)|iel(z)}. (3.16)

Applying Fact 3.3 to the equally weighted case, we have that the derivative
of the functions g; is '
Vgi(x) = —2w(z — z") (3.17)

so that '
9°(—f(z)) = conv {—2w(z —2")| i € I(z) } . (3.18)

Thus 0 € 9°(—f)(z) + 0°tx(Z) implies that
0 € conv{—2w(z —2')| i € I(Z) } + O ().

Dividing both sides by w and using the fact that 9°tx(Z) = Ny (Z) is a cone,
we have

& 0€econv{—(T—a")|iel(@)}+0x(T) (3.19)
& 0€—z+conv{z'|i€I(T)}+ 0x(). (3.20)



3.2. Characterization of Optimal Solutions

Since Z € intX, we have 0°.x(Z) = 0 by Example 1.48 so that
z €conv{z'|i€cl(z)}. (3.21)

Lastly, since i € I(z) if and only if

6i(7) = —1(2) (3.22)
o —w|z -2 = —f(z) (3.23)
<:>wHa7:—:L"iH2 = f(2) (3.24)
@wa—ajiHQ :i:rflinmea’;—xin (3.25)
& Hi:—a:ZHQ :Z:quana’c—a:’HQ (3.26)

we have that Z is a critical point of f(x) = minj—y __,w H:c - leQ if and
only if

Z € conv {xz lieI(z)} (3.27)

where
1@ ={i|le =1 = min o=} G2
O

Thus, we have provided a necessary condition for z € R™ to be a possible
maximizer for the equally weighted maximin dispersion problem.

Remark 3.7. Let f be given as in (3.9). Then Z is an optimal solution of
max,cy f(x) only if
0€9%(=f)(z) + Nx (7).

That is,
0 €conv{—w(z —2')|i€I(z)} + Nx(T) (3.29)
&7 € conv {z'| i€ I(z)} + Nx(z) (3.30)
&z €conviz'| i€ I(z)} + Nx(z). (3.31)

See Theorem 1.30.
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Chapter 4

NP-Hardness Results

Fact 4.1. The general weighted maximin distance problem is known to be
NP-hard, even in the case where the distances satisfy the triangle inequality
120].

In this chapter we focus on a particular subset of maximin distance
problems, such that w; = -+ = wp,, X = [~1,1]" and z!,..., 2™ are in
X. We show that even in this reduced case of equal weighting and X an
n-dimensional hypercube, the problem is still NP-hard (see Theorem 4.5).
We also present a suggested heuristic for solving (2.1) which involves solving
restricted subproblems, and show that the restricted subproblems are still
NP-hard.

4.1 The Case That X is a Box

In this section we will show that the equally weighted maximin optimiza-
tion problem given by

max min w H:c - lez (4.1)
ze[-1,1]" i=1,....,m

is NP-hard.
In order to prove this result, we first provide some preliminary results.

Proposition 4.2. The following are equivalent to solve:
1. y is a solution of the integer linear program
By=b, ye{-1,1}7, (4.2)
with B € ZP*4, b € 7P.
2. x is a solution to
Cx<0, ze{-1,1}7", (4.3)

B —b]‘

wzthC’::[_B b
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4.1. The Case That X is a Box

Note that when we say that (4.2) and (4.3) are equivalent to solve, we
mean it in the following sense:

y € {—1,1}7 solves (4.2) = (y,—1) solves (4.3).

I Ty

z = (x1,...,2q,2Zg+1) solves (4.3) = ( > solves (4.2).

) Y
Lg+1 Tq+1

Proof. Consider:

[ Bu Bio Big —b1 |
Boy Bao Byg —b2
X1 0
i) 0
By Bps Bpq —bp . < (4-4)
—B11 —DBi2 —Big b
Lg+1 0
L —Ppl T DPp2 _qu bp i

Biix1 + Biaxg + - - + quxq — blxq+1 <0
Ba1x1 + Bagxo + -+ - + Bagxg — bawgy1 <0

= Bplxl + BPQI‘Q + -+ qul‘q — bpTgt1 <0
+B1121 + Biawg + -+ - + Bigrg — bizg41 > 0

—l—Bpll'l + Bpg.fg + -4 qul‘q — 0pTgt1 >0
bizgy1 < Briwy + Browo + - - + Bigrg < b1y
= :
bpTa+1 < Bpix1 + Bpaxa + - -+ + Bpgg < bpg1

And thus, since x; = 1 for ¢ = 1, .., ¢ we obtain

ZTg+1b < Bx < 2g41b
& Bx=w¢41b

& B( ”” )—b. (4.5)

Lg+1

Since z441 = 1, we have —*— € {—1,1}?, and -2~ solves (4.2). O

Tq+1 ZTg+1

Proposition 4.3. The following are equivalent to solve:
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4.1. The Case That X is a Box

1. x is a solution to
Czr <0, wze{-1,1}" (4.6)

B

with C = [ B

_bb ] c 72px(g+1)

2. x s a solution to
2Cx < pe, xe€{-1,1}7", (4.7)
for any 0 < p <1, where e = (1,...,1)T.

In this case, when we say that (4.6) and (4.7) are equivalent to solve, we
mean that
x solves (4.6) < x solves (4.7) .

Proof. We can rewrite the inequality (4.7) in item 2 as
p q+1
Cx < 26 TE€ {-=1,1}7"". (4.8)

Now, since 0 < p < 1 we have 0 < ’5) < % Furthermore, as C' e 72> (a+1)
and z € {—1,1}9" it is obvious to see that Cz € Z% so that solving
Cz < %e is equivalent to solving Cx < 0. O

Proposition 4.4. The integer linear program (1.94) is reducible in polyno-
mial time to the equally weighted mazximin dispersion problem

max  min HZL‘ — :UZH2 (4.9)
z€[—1,1]atl i=1,...2p
Moreover,
max  min_ |l — arlH2 = max min ||z— arlH2 (4.10)
z€[-1,1]at1 i=1,...2p ze{—1,1}a+1 i=1,..2p

Proof. From Fact [1.76 we know that it is NP-hard to determine the solv-
ability of
By:b) yE {_1’1}(17 (411)

with B € ZP*4 b € ZP. By Proposition 4.2 this is equivalent to

Cx <0, ze{-1,1}", (4.12)
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4.1. The Case That X is a Box

WithC::[ B _b].

-B b
By Proposition 4.3, it is equivalent to solve
20z < pe, xe{-1,1}9, (4.13)
for any 0 < p < 1, where e = (1,...,1)7.
We assume without loss of generality that C has no zero row. Let ¢!

denote the ith column of C*. Then (c)” is the ith row of C' so that ||c’|| # 0.
Let

2= 0id € R with o := ’f||2,i:l,...,2p. (4.14)
C
Then g;p = ﬁ = sz 2, since
il — |0 — P i = _P_
o = Nl = -2 e =

Furthermore, we have
T
200 =2 ()" (&) ()] 2= (4.15)
and thus

2Cxr < pe < 2(ci)Tx§p Vi=1,...,2p
& 2Qi(Ci)T.CE§Qip Vi=1,...,2p

o 2@ 2 < |, Vi=1,...,2p. (4.16)
Then (4.13) is equivalent to
2(a) @< |||, i=1,...,2p, we {1,134, (4.17)
Now, from [Ja — 2|2 = [ai[[* = 2 (%) 2 + ], we have

Hm’Hz > 2(a;i)T:1: 1=1,...,2p

& Hxi—m||2—|—2(xi)Tx— Bl 22(wi)Tm i=1,...,2p
& Ha:zf:L“H2 >z i=1,...,2p
o et —a|P>q+1 i=1,...,2p (4.18)
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4.1. The Case That X is a Box

(since z € {—1,1}7"" implies ||z||* = ¢ + 1). Hence, (4.17) is in turn is
equivalent to

q+1§Ha:i—x‘2

L i=1,...,2p, xe{-1,1}"". (4.19)

Thus (1.94) has a solution if and only if the optimal value of

max  min HJ;’ - CL'H2 (4.20)
xe{—l,l}q“ i=1,...,2p
is no less than ¢ + 1. That is,
Iz e {—1,1}9" such that ¢+1 < |2 — ZL'H2 Vi
& Jaze{-1,1}9" such that ¢+1 < min - a:H2
i=1,...,2p
& ¢+1< max  min H:zz—:cHQ (4.21)
wE{fl,l}(ﬁ_l i=1,...,.2p
Now, we show that (4.20) is equivalent to
max  min H:El - mHQ (4.22)
mE[—l,l]q+1 i=1,...,.2p
Indeed, since H:clH = ”cpi”, we can take
pzmin{l,minHCiH/S}, (4.23)
(2
so that Hl‘lH < % for all i. To see this, simply note that by (4.23) we have
p<min Il Ml
- i 3 -3
P L.
MR

Now we show that the objective function value of (4.22) is strictly im-
proved by setting z = {+1}91:

For any = € [—1,1]9"!, if 0 < xj < 1 for some j € {1,...,¢q+ 1}, then, for
each i € {1,...,2p}, either
(i) :L‘; < z; so that

|xj—x§’:xj—$§<1—x§:}l—x§-

, or (4.24)
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(ii) x; > x; so that

. . 1 . 4
‘xj—x;‘:$;—xj§x;<§<l—x§-:|1—$;‘. (4.25)
Then the objective function value of (4.22) is strictly improved by setting
xj = 1. Similarly, if 0 > z; > —1 for some j € {1,...,¢+ 1}, then the
objective function value of (4.22) is strictly improved by setting x; = —1.

Lastly, it is readily seen that the size of z!,..., 2% (encoded in binary)
is polynomial in the size of [B b] ([12] p.9-10, p.21). Thus the solvability of
(1.94) is reducible in polynomial time to the optimization problem (4.22).

]

We now state the main theorem of this Chapter:

Theorem 4.5. Let w > 0. The equally weighted mazimin optimization
problem given by

max min w H:L’ — ur:’H2 (4.26)
ze[—1,1]" i=1,...m

is NP-hard.

Proof. By Proposition 4.4, we know that the integer linear program (1.94) is
reducible in polynomial time to (4.22). Since (1.94) is NP-hard (Fact 1.76)),
this implies that (4.22) is NP-hard. Lastly, since (4.22) is simply (4.26) with
w; =1 for all i, we thus have that (4.26) is NP-hard. O

4.2 NP-Hardness of Restricted Problems

In [30], the author describes an heuristic approach for solving (2.1) based
on partitioning X into m Voronoi cells

Xti= {x eX ‘wi Hx —xiHQ < wj H:): —xjH2 Vi # z} i=1,...,m, (4.27)
and maximizing Hx — :1:7’H2 over x € X* for i = 1,...,m. However, since
(2.1) is NP-hard, at least one of these restricted problems (or subproblems)

is NP-hard. In fact, we show below that the restricted problem is NP-hard
even when w; = --- = w,, and X = R™.

Theorem 4.6. We have
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4.2. NP-Hardness of Restricted Problems

1.
wi |l — w;}lj ifoe ﬁ
fla) = min wlle—o/" =1 " L “: Tee (4.28)
Wy ||z — ™| if z € X™
where
xi={oex|wlo-a <ujlo-a|* v},
fori=1,...,m.
2.
max f(x) = max {xmeix f(@),..., max f(x)} .
3. Ifwy =--- = wy, then each X is a convex set, since
{vex|wle-o| <wlle -, 5 #i}
= {eex|(@l —a'a) < [0 " - [l2"]*s # i} -
Note that max,c yi f() is:
max /@) = magle -+
st Jlo—at | < |lo -2 j A4 (4.29)

Let W € Z7*9 and assume that W is positive semidefinite and symmet-
ric. We have the following Lemma:

Lemma 4.7. The MaxCut problem on a graph with ¢ nodes

T
ma; Wy, 4.30
jnax v Wy (4.30)

s equivalent to the following problem:

max yl (W 4 D)y, (4.31)
ye[—l,l]q

where D € RY*? 4s any diagonal matriz chosen so that W + D is positive

definite.

50



4.2. NP-Hardness of Restricted Problems

To prove Lemma 4.7 we recall Theorem 1.56), which states that if D C R™
is compact and convex and f : R™ — R is convex, then

G R (4.32)

where ext(D) is the set of extremal points of D.

Proof. Note that the set of extremal points of [—1,1]? is {—1,1}?. Then

T T T
ma W+ D = ma Wy +y' D
nax y ( )y e {y" Wy +y" Dy}

q
T 2

= max Wy + E D

ye{fl,l}q Yy Yy jZIy] 17

q
= max yI Wy + Z Dj;

ye{-1,1}* =
q
T e )
Since 23:1 Dj; is constant, it is equivalent to solve
max yl Wy. (4.34)

yE{—l,l}q
O

Now, since W + D is nonsingular, positive definite, by Fact 1.26 we can
decompose W + D = LTL where L € R9*? is a nonsingular and upper (or
lower) triangular matrix, and make the substitution x = Ly, which leads to
the following lemma:

Lemma 4.8. Solving (4.31) is equivalent to solving

max HxHQ
reRY

st 2 (uZ)Ta: <1, -2 (ul) r<1 i=1,...,q, (4.35)

where u® denotes the ith column of (L*I)T /2.
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4.2. NP-Hardness of Restricted Problems

Proof. This follows from

2ul
2ul
' =@u,...2u) =L = | 7 (4.36)
2ug
so that
2ul ]
. 2ug T
xr=Ly=y=L"z= . r=y=2(w) x i=1,...,q (4.37)
|
and
il <1 Vi=1,...,q & 2(ui)Tx‘ <1Vi=1,....q (4.38)
Lastly, it is easily seen that
lz|* = (Ly, Ly) = y" (L"L)y = y" (W + D) y. (4.39)
O
Remark 4.9. z solves (4.35) if and only if y = L~ x solves (4.31).
Lemma 4.10. Problem (4.35) can be written as
2
max ||z
zeR? , (4.40)
2 a2 .
stz < |z =27, i=1,...,2q.
where u’ denotes the ith column of (L_l)T /2 and
. . . . 1
= put, = —puut,  with p; = W, i=1,...,q. (4.41)
u
Proof. By definition of z*, we have HxZH = leu’H = ”JHQ HuZH = HuliH’ o)
that
lol* < flo = 2" = fla]* = 2 (@, 2") + [l27]
. 1 4
&S 0K -2 <:U,ac’> + || ’||2 = -9 <x,xz> + p;
u
& 2(z,2")<p, i=1,...,2q (4.42)
& ‘2<:L‘,ul>‘ <1.
O]
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4.2. NP-Hardness of Restricted Problems

Theorem 4.11. The MaxCut problem on a graph with q nodes is reducible
in polynomial time to the problem (4.40),
max |z]?
zeRa ) - (4.43)
st |z)* < ||z — 2t

,1=1,...,2q.

Proof. By applying Lemmas 4.7, 4.8 and 4.10 we know that the MaxCut
problem is reducible to solving (4.40). Since W > 0, W € Z9%9, and by
choosing D appropriately, we can ensure that 2!, ..., 227 have rational en-
tries and the size of 2!, ..., 2?9 (encoded in binary) is polynomial in the size
of W ([12]). Thus MaxCut is reducible in polynomial time to the restricted
problem (4.40). O]

Corollary 4.12. The restricted problems of the heuristic method of | 30],

max |z
z€RY , - (4.44)
st |z|* < e =27, i=1,...,2q.

are NP-hard.

Proof. By Theorem |4.11, we know that MaxCut is reducible in polynomial
time to the restricted problem (4.40). Thus, since the MaxCut problem is
NP-hard (Fact 1.78), we have that (4.40) must be NP-hard.

O
Corollary 4.13. One of the restricted problems
max f(z)
must be NP-hard.
Proof. Apply Corollary 4.12 and Theorem 4.6 part 2. O
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Chapter 5

Convex Relaxation Based
Algorithms

Given that (2.1) is NP-hard, see Chapter 4, in general it is very im-
portant to explore methods for finding approximate solutions to (2.1). In
this chapter, we outline an algorithm which can be used to find approximate
solutions to (2.1) using our convex SDP (2.14) and SOCP (2.24) relaxations.

5.1 Auxiliary Results

Let Z* € 8™ be an optimal solution of the SDP relaxation (2.14).
Then Z* ¢ SZH so that Z7; > 0 for j =1,...,n+1. Fori=1,...,m, let

b* € R" be given by
b=\ Zie G =1 (5.1

where 2%, i = 1,...,m are the given set of points from (2.1).

To prove our main result, Theorem 5.4, we require the following tail
estimate by Ben-Tal, Nemirovski, and Roos; see [3]. For completeness, we
include the proof.

Lemma 5.1. Let ¢ € {—1,1}" be a random wvector, componentwise inde-
pendent, with

1 .
Pr(@zl)zPr(@z—l)zi Vi=1,...,n. (5.2)
Then for any o > 0,

Pr(() ¢z valp|) e i=1,.m.

Proof. (based on proof of Lemma A.3 in [3]):
First, note that ¢ is a random variable and b’ is fixed for each i, so (b*)7'¢
is a random variable. Since a > 0 and ||b’|| are fixed, (b")7¢ — v/ ||b|| is
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also a random variable.
Now, for any random variable y with density function f, for any p > 0 we
have

0 e’}
E(e) = / e f(y)dy + /0 e £ (y)dy

v

O—i-/ fly (since e”¥ > 1 for y > 0)
Hence, substituting y = (bi)TC — Va||b*||, we have:

Pr((B)7C = va[]) = Pr(0)7C— va || =0
< E<eﬂ((bi)T<—\/5HbiH)>

E <€P((bi)TC)> e (5.4)

and thus
B (7)) — [[E(0)

(epbé' + e_pbj') (from 5.2)

<.
Il
—

<
Il
—

Il Il

cosh (pbé) (5.5)
1

<.
I

2

Apply the inequality cosht < et (which holds by Taylor’s series) to obtain

E (ep((bi)TC)>

Hence, we have for p > 0
Pr(B)7¢ > vallpl) < B (er(070) emevall
(ezpzllblll )efpx/allbill

] (5.6)

IA
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5.2. SDP Relaxation Based Algorithm

The right hand side of this equation is minimized at p = /a/ HbZ

}, with
o3V DI - cvas o hvalie] = -5 (5.7)

Thus, we have
Pr((6)" ¢ valp||) < e (5.8)

as required. O

5.2 SDP Relaxation Based Algorithm

In this section, we consider the case of (2.6) and propose an algorithm for
constructing an approximate solution of (2.1) based on the SDP relaxation
(2.14), with an approximation bound of

1—ay*
%Ucp- (59)
We will see in Section 6.1 that, in the case of X = [—1,1]", this yields an

approximation bound that is uniformly bounded away from zero as n — oo.
First we give some elementary properties of optimal solutions to the SDP
relaxation.

Lemma 5.2 (box case). Let
K={yeR"y; <ypt1, j=1,...,n}. (5.10)

If the SDP

1
— = min Z
Vep 7 n—l—l,n—‘l—l
s.t. wi<A’,Z> >1,+=1,...,m

(lea ceey Znna Zn+1,n+1)T S IC
Z = 0.

has a solution, then it has a solution Z* € St such that
Z5=Zpiipyr Vi=1l...,n

In particular, Z7; > 0 for j =1,...,n.
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5.2. SDP Relaxation Based Algorithm

Proof. The constraint (Z11, ..., Znn, Zn+1,n+1)T € K gives
Zj; < Zniinin Yi=1,...,n. (5.11)
The constraint w; <Ai, A > > 1 gives
n
w<z Zij + |2 Zns i1 — 2 (xi)Tz*> > 1. (5.12)
j=1
If Z is a feasible solution, by (5.11)
Diag(Zn+1n+1 — Z11s -+ - Znt1n41 — Znn,0) = 0.
Then
Z = Z +Diag(Zni1ms1 — Z11, -+ Znsinid — Znn,0) = 0
and also verifies (5.11) and (5.12), so Z is feasible. Moreover,
Zjj = Zntinn Vji=1,...,n.
Hence any optimal solution Z* to the SDP can be modified so that
Zi=Zpinsr Yi=1...,n
The proof is complete by using Lemma 2.8 O
Lemma 5.3 (ball case). Let

n
K={yeR"™ > y; <y} (5.13)
j=1

If the SDP

— = mZin Zni1n41

s.t. wi<Ai,Z> >1,+=1,...,m
(lea DI Znna Zn+1,n+1)T € IC
Z = 0.

has a solution, then it has a solution Z* € St such that

n
Z Z;j = Z:H,nﬂ-
j=1
In particular, 2?21 Z3; > 0.
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5.2. SDP Relaxation Based Algorithm

Proof. The constraint (Z11, ..., Znn, Zn+1,n+1)T € K gives
n
Y Zj < Zovius (5.14)
j=1
The constraint w; <Ai, Z > > 1 gives
n
np T
wi<Zij + 2% Znsrnrr — 2 (27) 2 ) > 1. (5.15)
j=1
If Z is a feasible solution, by (5.14)

n
Dia‘g(Zn+1,n+1 - Z Z]]a 07 s 70) = 0.
j=1

Then
B n
7 =7 + Diag(Znt1mi1 — Y _ Zjj,0,...,0) = 0
j=1
and also verifies (5.14) and (5.15), so Z is feasible. Moreover,

n
E Zij = Zntinil-
i=1

Hence any optimal solution Z* to the SDP can be modified so that

n
ZZ;j = :L+17n+1'
j=1
The proof is complete by using Lemma 2.8 O

Theorem 5.4. Let Z* € S be an optimal solution of the SDP-relazation
problem (2.14)

— = mZin Zn+1,n+1

s.t. w; <Ai,Z> >1,i=1,...,m

(lea ey Znna Zn+1,n+1>T S K

Z =0
and define

man:Lm’n Z]*]
=175

Then there exists a feasible solution X for the original optimization problem
(2.1) such that
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5.2. SDP Relaxation Based Algorithm

\/Z:L-Q—Ln-i-l \/Z;-H,n-ﬁ—l \/ Z:;-H,n-i-l

where ¢ = ((1,...,Cn) satisfies ¢ € {—1,1}" and (b')T¢ < Ja||b*
and o = 21In (m/p).

T =

7

_min S Ve (5.17)

3. f(z) > 1Y,

Before proving Theorem |5.4] we provide some Propositions and defini-
tions. Recall that in Section 5.1 we let Z* € S™*! be an optimal solution of
the SDP relaxation (2.14), and for i = 1,...,m, we let b’ € R” be given by

b= (\/ZT‘lxil, o ﬁx) . (5.18)

Proposition 5.5. Fiz any 0 < p <1, and set o = 2In (m/p). Then

Pr(() ¢zvalpl) <L, i=1,....m. (5.19)

r
m
Proof. Indeed, by Lemma 5.1/ we have

pr((6) ¢ 2 vap]) < e ()7

—lnm™

= e P
= €ln%
. (5.20)
m
O

Proposition 5.6. Fiz any 0 < p < 1, and set « = 21In(m/p). We have
Pr((b")T<<\/aHbiH, z’:l,...,m)z1—p>0, (5.21)
so that there exists a ¢ € {—1,1}" satisfying

(v)" ¢ < Va '

L i=1,...,m. (5.22)
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5.2. SDP Relaxation Based Algorithm

Proof. Consider:

Pr(()" ¢<valvl, i=1,..,m)
=1—Pr <(bi)TC > \/aHbZH for some i € {1,...,m})

Zl_ipr(@i)%z au)

m
>1-
i=1
1—p>

i (Apply Proposition 5.5)
m
0.

(5.23)
O

How do we find the random vector ¢ verifying (5.22)? Such a (
can be found by repeated random sampling, and the probability of finding
such a ¢ after N samples is at least 1 — p. That is, the probability that
we do not find such a ( in each sample is less than or equal to p, so the
probability of finding such a ¢ in N samples is greater than or equal to 1—p” .

Now, set Z € R™ and Z,41 according to

§j = ”Z;jij ] = 1, cee, Ny §n+1 = W/Z;;—Q—l,n—i-l‘ (5.24)

Z2=(Z5C s 2 Cn),s (5.25)
(2%7 cee 72272721+1)T = (pr o '7Z’;;n> :L—i-l,n—l—l)T € K.

We will show that HZ — $i2n+1}|2 is not too small for all 4, yielding a non-
trivial approximation bound.

Then

Proposition 5.7. With Z given in (5.24), we have
; 2 O AT N2
I =l = 325 -2 007 ¢\ Zivas + I Ziin 6:26)
j=1
Fori=1,...,m.
Proof. First,
12— 2z, | = 1217 - 2 (2%) 2201 + |27 * 220, (5.27)
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5.2. SDP Relaxation Based Algorithm

Then apply (5.1):

by =/Z5x5 = xj = o (5.28)
\ Tii

and .

()Tz = ' x;zjzz? 735G = (1)¢ (5.29)

j=1 J=1 3j
to get the desired result. ]

Now, define
max;—i,... Z%

5 :]”—ZZ”‘ (5.30)

Zj:l Ji

Proposition 5.8. We have
n
Sz —20) /2 + 9 Ziin (5.31)
j=1

n n
=z ZZ;J' =2, oy ZZ;j HxZH M"' Hle2 Zp i1
=1 J=1

Proof. First, since ( satisfies (bi)TC < a HbZH , ©=1,...,m, we have that

Z;j -2 (bi)T C\/Znsini t HxZHQ Z i1

NE

1

Z Z.;kj B 2\/& HbZH \/ Zz-l-l,n—&—l + H$ZH2 Z;:+1,n+1' (532)
1

J

<.
SE

Furthermore, we have

6] = i%’% (&1’

= (V* ZZ}}) el (5.33)
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5.2. SDP Relaxation Based Algorithm

by (5.28) and (5.30). Then

> 25— 2/a |V \ Zir i + 12 Zia (5.34)
7j=1
n
= Z 2| Z H:): H m"‘ Hx H n+1,n+1-
j=1

Combining equations (5.32) and (5.33) gives the desired result. O

Proposition 5.9. We have

n
ZZ;j - 2 O[’y Z HJJ H \/ n+1n+1+Hx H Zn+1n+1
7j=1

v
—

) (Z + H Zpi1 n+1) . (5.35)

Proof. First,

n
Z =2, |y Z Akl V Zntin1 T o H Zpi1mt1
=1

(5.36)

(1~ )(Z s+ ] znmﬂ) +¢a7(4 zijlzgz—HwiH ﬁ)

which can be seen by simply expanding and grouping terms:

2
(1 var) (Z 7z + :I:iQZ;+1,n+1> + /oy (@ e \/m)
j=1 j=1

n
= (=) 325+ (= Vo) o' Zis
j=1

\/W(Xn; =2 Z Hx Hmﬂ\w | Z:L+1n+1>
- z s+ g 2 cwz A Rc—

_l’_
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Then simply note that

2
Ma’y*( ZZ;j||xi1/Z:+1’n+1) > 0. (5.38)
j=1

and hence

2
n n
(1 Y 0‘7*) (Z Zj; + H‘TZH2 Z:L+1,n+1) +vay (4 ZZ;]' = '] \/ Z;+1,n+1)
j=1 j=1
n
> (1= var) (Z z3;+ 1 z) . (539
j=1

Next, we provide results that will help to establish our lower bound.

Proposition 5.10. For eachi=1,...,m,

1 N N2
w; =2 (z:l Zjj + HxZHQ Zn+1,n+1) . (5.40)
J:

Proof. Recall that in (2.14) our first constraint is that w; (A%, Z) > 1 or
w%_ < <Ai, Z > for : = 1,...,m. Consider the following sequence of inequali-
ties, which we will justify later:

1

o < (A4, Z*)
Il —x .
< — @) [)? ’Z>
,
= ZZ;j_Q(xi)Tz*—i_HxiHQZ:H-l,n—l-l (5.41)
7=1

IN

n
2 (Z Zj; + xi}zz;;+1,n+l> : (5.42)
7j=1

For (5.41), let

Z* — (Zi‘:n+17 ey Z;;,n_;’_]_)T
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5.2. SDP Relaxation Based Algorithm

and
*
Z1
kk .
Z7 = Kok Lk
*
Znn

so that we can write
(Z*) Z';:—&—l,n—i—l

Now consider the trace:

(5.43)

r T ill12
= @)
Z% — (297 2% — fL‘iZZ+1,n+1 ] )

r . .
— @) 2P )L ET Ziaan
= (@) 2+ [l T @+ P 2
=Tr (2" —2'(z*)") + Tr (—(a:i)Tz* + szH2 Z;;—f—l,n-i-l)

n
= Zj; — <ml)Tz*> + (_(xi)Tz* + HxZHQ Z;+1,n+1>
j=1
=375 =22 + |2 Zh (5.44)
j=1

For (5.42), we have that Z* »= 0 so that

7%, 7
[ L in+l ] =0, j=1,...,n. (5.45)
Zj,nJrl Zn+1,n+1

Then

(Z5) (Zhsrms1) = (Z5ng1)? 20 forj=1,...,n  (5.46)
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and thus
2 ’(m’)Tz* < 2 Hle l|2* ] (Cauchy-Schwarz)
. i 2
= 20| || > (%) (5.47)
\i=
) n
< 2| \ N Z5ZE i (see (5.46))
j=1
) n
= 2 (HﬂH \/ Z:L+1,n+l) ZZ}Z‘
j=1
< |2 Zim + D25 (2ab < a® + b?).
j=1
Hence,

n
>z —2() =+ o 2
j=1

n n
<D 7+ chsz Ty + Y 25+ HleQ Zpi1mt1
j=1 Jj=1

n

=2 (Z Zj; + HleQ Z:H—l,n-i-l) : (5.48)
j=1

0

5.3 Proof of Theorem 5.4: SDP Relaxation
Based Algorithm

Using the results of the previous section (5.2) we now provide the proof
of Theorem 5.4.

Proof. First, by combining Propositions 5.7, 5.8 and 5.9, we have

n
|z - xizn+1||2 > (1 — \/cw*) (Z Z35 + HxiH2 Z;;H,M) . (5.49)
j=1
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Combining the equation (5.49) with Proposition 5.10 we have that

(1= var) (S5 25+ |2 Zia )

min w; HE — xi2n+1}|2

i—=1,... - * P12 7%
=L 2 (S0 25 + 11 Zsy )
1 _ *
TVer (5.50)
2
Thus & € R" given by
z
T = —", 5.51
Zn+1 ( )
belongs to X given by (2.6), since, by (5.24)
A zZ*
~2 ~2 11 nn
i,...,2) = . e S , (5.52)
( n) (Zn+1,n+1 Zn+1,n+1>
and (Zfy,..., 2%, Z:H-l,n-‘rl) € K by feasibility. Since K is a convex cone,
1 * * *
T (Zi1s-- Zp Zy 1) €K, (5.53)
n+1n+1
so that (ﬁ, e, 22 1) € K and thus £ € X. This establishes part 1.
Furthermore, Z satisfies
; 1—+vay* 1 1—avy*
F(@ = min w|i-a| > = DY teps (5.54)
i=1,..,m 2 Zni1 2
since, by (5.49),
- 2
. ~ il12 . z i
~min wZHx—xH = min w; -
1=1,....m i=1,....,m Zn+1
= min o |72z
i=Lm 32 n
1—+Vay* 1
> L VAY (5.55)

~2 .
2 Zn—i—l

Now, Z* is an optimal solution to (2.14) and Z2,, = Z%,; .., so that

by (2.14) . .

= = U .
2 * cp
Zn—i—l Zn+1,n+1
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Thus, we have shown that there exists a feasible solution Z of the original
problem (2.1) such that

f(@) > H;chp (5.56)

as required in part 2.
Finally, part 3 follows by combining part 2 and Theorem 2.11. O

Remark 5.11. Notice that we do not need Z* = 0 but only (5.45) to estab-
lish (5.17). Since (5.45) is equivalent to second-order cone constraints, see
section 2.2.2 or [3, 25], it suffices to solve a second-order program (SOCP)
instead of an SDP, which is computationally much more expensive.

To summarize, the key point is to find (Z7;, ..., Z;+1,n+1) using the SDP
or SOCP relaxations. Upon obtaining (2], ..., Z;;+1,n+1)7 we can construct
a feasible solution & of (2.1) as follows:

1. Find (Z7,,..., Zr*z+1,n+1)v which is obtained from a solution Z* to the
SDP (2.14) or SOCP (2.24) relaxation.

2. Generate ¢ € {—1,1}" as in Proposition 5.6.
3. Set
) z 1 ;
#O) = = = (VZ0GVZinG) - (5:57)
“ntl \/ Z;;-i—l,n—&-l

5.4 Examples on the Lower Bound ~*

We would like v* to be small for the bound (5.17) to be tight. In this
section we provide concrete examples of calculating the lower bound ~*.

Example 5.12. Let X = {—1,1}", corresponding to
K={yeR" "y =ynpt1, j=1,...,n}. (5.58)
As (Yl*l, LY Y7;‘+17n+1)T € K, in particular, Y* = 0, we have
Y=Y, d=1..m, (5.59)

so that * *
o maxj—i,..n Y _ Yotin+1 — 1 (5.60)
S Y5 Y iintr N
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Example 5.13. Suppose n is even, and let
X={zeR"|z] +25=1,j=2/4,...,n}.
This corresponds to
K={y e R |y;_1 +yj = ynt1, j=2,4,...,n} . (5.61)

As (Y§y,..., Y Yﬁk+1,n+1)T € K, in particular Y* >= 0, we have

o nn?

n
SV = (VY8 o (Yt Vi)
j=1

n

- §Yr§k+1,n+1 (5.62)
and
Yii < Yiinsn J=1....n (5.63)
Thus,
. maXj—y . Y < YVitinsr _ 2 64
Zj:l i PR S WO B

More examples of v* will be given in Chapter 6.
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Chapter 6

Numerics and Examples

In this chapter we begin by considering two specific cases of the weighted
maximin problem, and use the results of section 5.2 to derive approximation
bounds. In the last section, we numerically compute the SDP and SOCP
approximation bounds for a few specific examples, and (where applicable)
compare these results to an alternate approximate solution based on a grid
search method.

6.1 Approximation Bounds: Box Case

Lemma 6.1. If X = [—1,1]" so that K is given by (2.7), i.e.
K={yeR" | y; <ypi1, j=1,...,n}

then the relaxation problem (2.14) given by

1
 — min Z
Vep mZIII n+1,n—'|—1
s.t. wi<Al,Z>21, t=1,....m (6.1)
(lea DRI Znna Zn+1,n+1)T € IC
Z = 0.
has at least one optimal solution Z* with Z7; = Z; 4,1y for j =1,....n,

corresponding to which v* = 1/n.

Proof. Since X = [—1,1]" which is compact, (2. 14) has an optimal solution
Z*. Suppose that Z7; < Zy., for some j € {1,...,n}. Then, for
i=1,...,m, by (5.44) we have

(4',27) Z 2 Za g -2 () 2

which is increasing with Z2-. Thus, increasing Z—— to Z} 1 p41 will maintain

all constraints in (2.14) to be satisfied while not changing the objective
1

function value. Hence, Z7; = Z ;.4 Vj =1,...,n, and so v* = + as in

Example 5.12. O
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6.2. Approximation Bounds: Ball Case

It follows from o = 2In(m/p), (5.17) and Lemma 6.1 that the feasible
solution Z of (2.1) found by the SDP-based algorithm in Section 5.2 satisfies

£(7) > 1—+/2ln(m/p)/n (6.2)

Vep-
9 P

Thus, 1 > f(Z)/vep > 1_2‘/B whenever 21n (m/p)/n < 5 < 1. As we noted
at the end of Section 5.2, the approximation bound (6.2) still holds when we
further relax the SDP constraint Z = 0 in (2.14) to the SOCP constraints.
To our knowledge, this is the first nontrivial approximation bound for an

NP-hard problem based on SOCP relaxation.

Theorem 6.2. If K is given by (2.7), then when n — oo,

lim inf 1(@)

n—00  Ugp

1
=53 (6.3)

Moreover,

Proof. This follows from Lemma 6.1 and the fact that as n — oo,
(2In (m/p)/n) — 0 so that

T 1—4/21 1
tim inf 2% lim in n(m/p)/n 1 (6.4)
n—00  Uep n—00 2 2
As v, < vy and f(z) > 0, we have
1@ _ 1@
Up — Uep
so that ~ ~ .
liminfM > liminf /(@) > —,
n—oo U n—00  Ugp 2
O

6.2 Approximation Bounds: Ball Case
In this section we consider the case of

X ={reR" |||z <1},
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6.2. Approximation Bounds: Ball Case

and derive analogous results for an approximation bound as we did in sec-
tion 6.1.

As noted in section 5.2, we want v* to be small for the bound to be tight,
so we begin by placing a lower bound on ~*.

Lemma 6.3. If X = {z € R"|||z|| < 1} is a Fuclidean ball so that
K= {yeR”+1\y1+y2+...+yn < Ynt1}

as in (2.8), then v* > 1/n. Furthermore, v* = 1/n when Z3; = %Z;;—i-l,n—i-l
fori=1,....n

maxX;—1

e won Z3
Proof. In order to minimize v* = Zniz*“ we want to maximize Z 1255
=1
while minimizing max;—1,..n Z7; . From the definition of K it obvious that
Z?:l Z3; is maximized at Z ntint1- Now, setting Z7, = 1Z*+1 ny1 for
j=1,...,nylelds 3%, Z7; = Z; 4 11, and

n

max;—1i,..n Z;; 1ZZ+1 n+1 1
Y= STz = (6.5)
j=1%jj n+1n+1
To show that this solution minimizes 7*, suppose that Z7; = /\ L 7x 1,41 for
j=1,...,nsothat >0, 7% = Z n+1’ but assume that 5~ < 1 for some
je{1,2,...,n}. Then we must have )\ > 1 for some k 7& ] in 1 ,n (in
order that ZF = Zn1n41 18 still satlsﬁed). Thus,
1
. Maxj_1 . Z;j B Z;+1,n+1 maxj=1,..n x; %Z:L+1,n+1 1
V= T = 7 > > =. (6.6)
Zj:l 37 n+1,n+1 n+1,n+1 n

O]

Then we have an analogous result to Lemma 6.1 for the Euclidean ball
bounded case:

Lemma 6.4. If K is given by (2. 8), then (2.14) has an optimal solution Z*
with Z7; = nZn+1 ne1 for j =1,...,n corresponding to which v* = 1/n.

Proof. Since X is compact, (2.14) has an optimal solution, Z*. We know
that

(4',27) Z T H”UlH2 Zpiing1 — 2 (JJZ)T z" (6.7)
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6.3. Where the SDP Relaxation Fails

is increasing with Z;‘:l Z;;. Then setting Z7;, = %Z;’; 4141 Maximizes
Z;L:1 Z3; at Zp 4 p4q, which maintains all constraints of (2.14) while not
changing the objective function value. Thus, applying Lemma 6.3, we have
v =1/n. O

Then, as in section 6.1, we can set o = 21n (m/p), and apply (5.17) and
Lemma 6.4 so that the feasible solution z of (2.1) found by the SDP-based
algorithm in Section 5.2 satisfies

1—+/2Iln(m/p)/n (6.8)

f('fi.) 2 2 UCp'
Theorem 6.5. If K is given by (2.8), then when n — oo,
T 1
iminf L&) > 1 (6.9)
n—00  Ugp 2
Moreover,
lim inf f(2) > 1
n—oo Uy 2

The proof is analogous to the proof of Theorem [6.2.

6.3 Where the SDP Relaxation Fails

In this section we consider the approximation bound (6.2) for the case
that n is small and m is large. The following example shows that the SDP
relaxation (2.14) can be a poor approximation of (2.1) in such a case, so
(6.2) cannot be significantly improved upon.

Example 6.6. Suppose n = 1 (i.e. in R), w; = 1, and 2% = @ -1

)

for i =1,...,m+ 1. Since z!,..., 2z form a grid of equal spacing on
X =[-1,1], we will have an optimal point (call it 2*), at the halfway point
between any two z*. For convenience, choose ' = —1 and z? = —1+ %, SO

that * = -1+ % Then the optimal solution is given by

Up = ‘33 — T
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6.3. Where the SDP Relaxation Fails

On the other hand, Z = I is a feasible solution of (2.14) with objective
function value of 1.
To see that Z = I« is feasible, need to show the following;:

— (A", Z) > 1. Recall that (A%, Z) = trace[A’Z]. Then we have

i i i 1 _<2(iml)_12
AZ =AT=A" = _(#-1) <¥_1>

= (AL Z) =1+ <2(in; D) —1>2 > 1

— Here X = [~1,1] so that K = {y € R?|y; < y2}. Then (Z11, Z22) =
(1,1) € K is obvious.

- Z=1=0.

Thus we have that U—ip =ming Z,+1n+1 < 1 so that v, > 1.
Hence, v, > 1 is significantly larger than v, = # In fact,
Uep = m2vp

which shows that in the case of n small and m large, v, is a poor approxi-
mation for v,.

6.3.1 Necessary Condition for Non-trivial Bounds

In order for the approximation bounds to be useful, we need to ensure
that they yield non-trivial results (bounds > 0). In this section we give con-
ditions on the values of m and n for the case that X is a box or a ball and
thus v* = 1/n which will ensure that the approximation bounds provided
by the SDP and SOCP relaxation problems are bounded away from 0.

To obtain a non-trivial lower bound, we require that

1—+/2In(m/p)/n

2

Vep > 0. (6.10)
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6.4. An Alternate Approach

Since vep > 0 (since v, > vp), we need only verify that

1—+/2W(m/p)/n _ (6.11)
2
& 1>+/2In(m/p)/n (6.12)

@g>m%) (6.13)
m n n
& ) < exp (5) = m < exp (5) . (6.14)

Thus, we can guarantee that the approximation bounds provided by the SDP
and SOCP based algorithms will yield a non-trivial lower bound whenever
n and m satisfy m/p < exp(%).

Table 6.1/ shows the largest value of m that will yield a non-trivial bound
for a given value of n (setting p = 1): m = |exp 5|, i.e m = the largest
integer < exp 5.

n|l 2 3
m|1l 2 4

4 5 6 7 8 9 10
7 12 20 33 54 90 148

Table 6.1: Maximal value of m yielding a non-trivial approximation.

Note that this means that we can not guarantee a non-trivial bound for
cases that m > exp(5).

Remark 6.7. Consider the function

1—+/2/nln(m
g:(0,1] > R:p— /2 ( /p)
Since p +— In(m/p) is a decreasing function, g is an increasing function,

therefore g(1) = max,¢ (9,1 9(p)-

6.4 An Alternate Approach

Of course, SDP relaxation is not the only way to construct an approxi-
mate solution of (2.1). For example, consider the following simple procedure
for constructing an approximate solution that is not based on SDP.

Definition 6.8. The ceiling, or least-integer function, is a function from
the real numbers R to the integers Z, that maps any real number z to the
the smallest integer y such that y > x. It is denoted by [z]. For example,
we have [1.5] =2, [-3.2] = —3 and [4] = 4.
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6.5. Numerical Results

Example 6.9. Let N := [(m%—l)l/ﬂ. We partition X = [—1,1]" into
N™ boxes of length 2/N in each dimension. Since this box contains the
Euclidean ball centered at z of radius 1/N, we have ||& — :ﬂH > 1/N for all

7. Hence
. . a2 min; w; _ min; w;
@) = minwille - 2 =1 = [(m+1)/n]
Also & € X. Assuming that z',...,2™ are in X so that HZL’ — x’Hz < 4n for

all x € X, then v, < 4nmin; w;. Therefore

1
) > Up.
f( ) = 4n [(m—i— 1)1/n‘| P
The approximate solution & is good when z!,..., 2™ are distributed “uni-
formly” over X but can be arbitrarily bad when z',...,2™ are clustered

near each other. In particular, unlike (6.2), the above approximation bound
tends to zero as n — co; namely

1
y
oo 4nf(m + 1)1/n]

— 0. (6.15)

6.5 Numerical Results

In this section, we use cvx [11], an optimization package for Matlab, to
numerically compare the SDP and SOCP approximation bounds.

cvx is a modeling system for disciplined convex prgramming (DCP).
DCP’s are convex programming problems that are described using a limited
set of construction rules. cvx can solve standard problems such as linear
programs (LPs), quadratic programs (QPs), second-order cone programs
(SOCPs) and semidefinite programs (SDPs), as well as many other more
complex convex optimization problems.

Since the original optimization problems in the examples do not have
a simple closed form solution, a Matlab program was written to find the
approximate optimal point, yielding an approximate solution to the original
weighted maximin dispersion problem (see Appendix C). Note that this code
depends upon the full factorial (fullfact) function in Matlab, so that for
high dimensional problems or very large grid sizes the computational time
is very high, and thus this program is not meant to take the place of more
complex solvers.
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6.5. Numerical Results

Example 6.10. Suppose that X = [—1, 1]5, w;=1fori=1,...,3 and

zt = (1,0,0,0,0) (6.16)
= (0,0,1,0,0) (6.17)
=(0,0,0,0,1) (6.18)

so that we have the following equally-weighted maximin dispersion problem:

r[nalxl]5 erilglzg |z — = H (6.19)

Remark 6.11. We can easily derive the exact optimal solution for (6.19). Set
x = (x1, w2, x3, T4, 25). Then

gyl ==
= min {(z1 — 1)® + 23 + 23 + 2] + 23,27 + 23 + (x5 — 1)> + 2] + 22,
o} + x5 + 23 + 2] + (25 — 1)}
= min {(z, — D2+ a2+ o? + (3 — 12+ 22,08 + 22 + (25 — 1)2}

+a:% + :L'i.
Thus, the optimal solution requires that 1 = z3 = x5 = —1. Then we can
set 11 = x3 = x5 = —1 and zo = +1 and x4 = +1 to obtain an optimal

point, corresponding to the optimal solution of
vp=4+2+2=8.

First, we obtain an approximate solution of (6.19) on a grid using the
Matlab code from Appendix A:
Using grid sizes of 5, 9 and 11, we have an approximate solution of

v, =8 (6.20)

in each case, with the optimal value being achieved at one of four points:

x] = (-1,— —1,-1)
ah = (— 1,1, —1,—1)
a5 =(-1,-1,-1,1,-1)
zh = (— 1,1, 1,1, 1). (6.21)

Now, we want to solve the SDP and SOCP relaxation problems using cvx
and Matlab to compare the approximation bounds. Since X = [—1, 1]5 is a
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6.5. Numerical Results

polyhedral set having a tractable algebraic representation, equation (2.14)
yields the following semidefinite program:

1
— = min ZGG
Uep z .
st. (AL Z)>1,i=1,2,3 (6.22)
(le, ey Zﬁ6)T e
Z = 0.

while equation (2.24) yields the following second-order cone program:

= min Z66
Usocp Z ]
st. (AL Z)>1,i=1,2,3

(Zi1y- -, Zes)" € K

Zjj Zjg } :
6 1=0, j=1,...,5.
[ Zis Zoo )= 7

(6.23)

where K = {y € R®|y; <ye for j=1,...,5}.
Solving both the SDP and SOCP relaxation problems using cvx yield
an optimal solution value of

1 1
— = = 0.125. (6.24)

Ucep Usocp

See Appendix B. Interestingly, % = 0.125 = v, = 8, so that in this case,
Vep = Up. However, this is not the case in general, and from our results in
this paper we can only say with certainty that

1— V2G5

= 2 cp-

Up

Substituting ve, = 8 and choosing p = 1 (recall that 0 < p < 1), we have
the following lower bound on the optimal solution:

> 1= v2in)/5 V221n(3)/58 ~ 1.348.

Since this is a case where n and m are both quite small, v, is not a
very good approximation of the true solution v,. However, in cases where
X is a box and n and m are small, it is certainly feasible to use the Matlab
code provided in Appendix A to obtain an approximate solution to (2.1).
We begin by examining the case where n = 5, which is still feasible to solve
using the code in Appendix A to yield an approximation bound and we
compare the results to those produced using cvx.

Up

7



6.5. Numerical Results

Example 6.12. Suppose that X = [—1,1]5, w; = 1fori=1,...,3 and
we have m = 3,4,...,12 points where each point x/ is randomly selected
from X'. Using a grid size of 11 the following table compares the lower bound
based on the optimal values v, and vs.p resulting from solving the SDP and
SOCP relaxation problems with cvx to the approximate optimal solution v,
found using the grid solver. Table |6.2| summarizes the results of using the
grid solver and CVX (setting p = 1). Since n is small we expect the bound
to not be very good, and this expectation is confirmed form the reults in
Table 6.2, However, for small values of m the bound will significantly help
in narrowing the search space for finding the optimal solution.

m 1—4/2 12n(m)/5 Vep 1—+/2 12n(m)/5 Usoep | Vg Grid
3 1.2100 1.2100 6.9436
4 0.8238 0.8238 5.7219
5 0.7549 0.7549 6.1027
6 0.5184 0.5184 5.3748
7 0.5189 0.5189 5.8145
8 0.3272 0.3272 5.4333
9 0.2482 0.2482 5.7362
10 0.1341 0.1341 5.9963
11 0.0868 0.0868 4.9257
12 0.0119 0.0119 5.0090

Table 6.2: Numerical Results for Large n = 5.

What we are more interested in is cases where n and m are large, so that
applying the grid program becomes impossible. In particular, we examine a
few cases where n is “large” (n > 5) and m < exp (%) (setting p = 1), which
guarantees that the SDP and SOCP based algorithms will yield a non-trivial
lower bound.

Example 6.13. Let X = [-1,1]", w; =1 fori =1,...,m, and z2!,... 2™
are a set of randomly generated points in X'. The following table gives the
lower bound to the original problem 2.1 based on the approximate solutions
Uep and Usoep resulting from using cvx to solve the relaxation problems (2.14)
and (2.24):

From this example it is once again apparent that the optimal solution
to the simpler SOCP relaxation problem is identical to the optimal value of
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6.5. Numerical Results

n m 17@”0}7 17\/212n(mvsocp
6 | 20 0.0025 0.0025
71 33 0.0027 0.0027
8 | 54 0.0061 0.0061
9 | 90 0.0001 0.0001
10 | 148 0.0016 0.0016
11 | 244 0.0016 0.0016
12 | 403 0.0006 0.0006
13 | 665 0.0001 0.0001

Table 6.3: Numerical Results for Large n and m.

the SDP relaxation. Since the original problem is NP-hard, and the values
of n and m are large enough that applying the grid solution is not feasible,
we do not have a way to compare these results to the actual solution of the
problem. However, since all of the bounds given are strictly greater than
zero, Table 6.3 at least confirms that the lower bound for (2.1) resulting

from the SDP and SOCP relaxation problems is a non-trivial bound.
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Chapter 7

Conclusions and Future

Work

7.1 Results

The purpose of this thesis has been to develop SDP and SOCP convex
relaxations for tackling the weighted maximin dispersion problem, which is
NP-hard.

We began by describing the general weighted maximin dispersion prob-
lem in Section 2.1, and defining the convex relaxation problems in Section
2.2. Next, in Section 3.2, we used theoretical results from nonsmooth anal-
ysis to derive a necessary condition for the optimal solutions of the equally
weighted maximin problem. Provided that the set X is convex, we showed
that £ € int(X) is a possible solution of

max min wa—xiH2 (7.1)
zeX i=1,...m
only if Z € conv {a' |i € I(z)}.

Chapter 4 was dedicated to the theory of NP-completeness. While it is
well known that the general weighted maximin distance problem is NP-hard,
we have provided a proof to show that even in the case of equally weighting
and X is a box, the problem is NP-hard. That is, the problem given by

o . P2
flx) = xe?i%ﬁ]”i:q}.lﬂmw Hx x H (7.2)
is NP-hard. Also in this Chapter, we investigated an heuristic approach
based on partitioning the space X into Voronoi cells and considering sub-
problems based on restricting = to be in one of m Voronoi cells. Again, we
showed that even in the case of equal weighting and X = R", the restricted
subproblems are NP-hard.

Finally, in Chapter 5, we used the convex relaxations problems given in
Section 2.2 to develop an algorithm to construct an approximate solution
to the general weighted maximin dispersion problem. Pulling results from
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7.2. Future Work

statistics, convex analysis and matrix algebra, we showed that there exists
a feasible solution Z to the original problem

ma i wi o — ' (7.3)

such that

f@)zl_ggwwp (7.4)

where 1/v,, is the optimal value of the SDP relaxation problem (2.14), and

max;—1

L 21<m> (7.5)
’y = s o = n — . .

Chapter 6 began by focusing on two specific examples - the case that
X is a box, and the case that X is a ball. We showed that in either case,
there exists an optimal solution to problem (2.10) with Z%, = Z; ., .,
for j = 1,...,n and v* = 1/n. Finally, Chapter 6 finished with a few
numerical examples to apply the SDP relaxation based algorithm developed
in Chapter 5. Matlab code was provided for implementing the algorithm
developed in Chapter 5, as well as Matlab code that was developed for
finding approximate solutions over a grid.

7.2 Future Work

Possible directions for further investigation into the weighted maximin
dispersion problem and the approximation bounds derived in this paper are:

1. Can we extend Lemma 6.1, or Lemma 6.4 to other X" of the form (2.6)?
Or more generally, when & is invariant under permutation.

2. Is (2.1) NP-hard for other choices of X’ besides the box (e.g., X’ is the
Euclidean ball)?

3. Can the above results be extended to locate multiple points in X'?
And maxsum dispersion problems?

4. Can we improve the approximation bound by using the rank reduction
scheme of Goemans-Williamson [14] (also see [28]) or its variant pro-
posed by Bertsimas and Ye [5]7 In particular, instead of generating ¢

81



7.2. Future Work

uniformly on {—1,1}", generate £ ~ N(0, Z*), the real-valued normal
distribution, and set

1 ifg >0 .
Cj:{_l else'] ]:1,...,71.

Note that this requires Z* = 0. Analyzing this will likely require new
large deviation estimates.

. Create specialized algorithms to solve the SOCP relaxation more effi-
ciently when n and m are large (and large number of points to locate).

. Find the lower bound for the performance of the SOCP relaxation.

. One always has v, > v,. Under what conditions do the convex re-
laxation problems (2.14) or (2.24) yield the exact solution. That is,
under what conditions will we have v¢, = vp?

. Do some comparisons of our SDP and SOCP relaxations to existing
relaxation methods, such as [16, 30, 33].

. In the thesis, we are considering the Maximin problem only for m
points in R”. What happen if we consider the Maximin problem for
m convex sets in R™?
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Appendix A

Matlab Code

The following matlab code was used to produce 3-dimensional pictures of
the minimum distance function. Note that this function calls the MinNorm

function, the code for which is also given.

% Plot the minimum distance function over [-1,1]"2

% define the range over which to calculate the minimum distances

x1=(-1:0.01:1);
x2=(-1:0.01:1);

xmat=[kron(x1,ones(length(x2),1)) kron(ones(length(x1),1),x2)];

[x yl=meshgrid(x1,x2);

% create two sets (S and T) of 10 points
% in the 2-D unit square

% S is a "nice" set of points
s=C[-1,1];[1,-1];[1,1];[-1,-1];[0,01];

% T is a random set of points
t=randi([-10,10],[10,2]);

T=t/10;

% get the function values for S and T
fminS=MinNorm(xmat,S) ;
fminT=MinNorm(xmat,T) ;

zS=reshape (fminS,length(x1) ,length(x2));
zT=reshape (fminT, length(x1) ,length(x2));

figure(1)
surf (x,y,zS, ’edgecolor’, ’none’)
print(’-f1’, ’MinDistExS.eps’,’-depsc2’)
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figure(2)
surf (x,y,zT, ’edgecolor’, ’none’)
print(’-f2’, ’MinDistExT.eps’,’-depsc2’)

The following code was written to estimate the optimal solution to (2.1)
when X = [—1,1]" and w; = 1 for all i. Using a grid of size ¢ + 1, we find
the point in z* € X that is furthest away from the given set of points .5,
using the maximin distance criteria.

function [Mx, P]=MaximinGrid(q,S)

%#This function takes a set of points S and finds the

% furthest point in [-1,1]"{n} based on the maximin distance
% criteria, using a g+l grid

% S is an m by n array, where n is the number of dimensions
% and m is the number of points (each ROW is a point)

[m n]l=size(S);

% create the gq+1 grid on [-1,1] n:
x=((gq+1)*ones([n,1]));

% a vector of length n with entries g+1
X=fullfact(x);

% a grid of size (gq+1)°{2} by n

% scale the grid to be in [-1,1]

[r cl=size(X);

Y=-1+2*%((X-1)/q) ;

d=999%ones ([r,1]);
% a vector that stores the mindist from each point
% on the grid to the closest point in S

for ii=1l:r
% for each point on the grid
k=0;
% condition for the while loop
while k==0
% enter loop
for jj=1:m
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% for each point in S

Mx=max (d) ;

D = sum( (Y(ii,:)-S(jj,:))."2);
% calculate the distance

if D==0
% if the grid point is in S
d(ii)=D;

% so it won’t have the max value of 1!
k=1;
% skip this point by exiting the while loop
break;

elseif D < d(ii)

% if the new distance is smaller but not equal O
d(ii) = Dy
% store the new mindist

end

% get the maximin distance

ind=(d==Mx) ;
P=Y(ind,:);

Mx=max (d) ;

end
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Matlab Output

In this section we provide the Matlab output from Example 6.10.
Solve Example 6.10 using the MaximinGrid function with different grid
sizes ¢l = 4, ¢q2 = 8 and ¢3 = 10:

% Find the approximate optimal point for Numerics Example 1
% Do a couple of trials with different grid sizes

% Define the given set of points S

x1 = [1,0,0,0,0];
x2 = [0,0,1,0,0];
x3 = [0,0,0,0,1];

S = [x1; x2; x3];

% Choose the different mesh sizes for the grid
ql=4;
q2=8;
q3=10;

% Find the optimal points using the different grids
[d1 pil]l=MaximinGrid(ql,S);

a1 = 8
pl =
-1 -1 -1 -1 -1
-1 1 -1 -1 -1
-1 -1 - -1
-1 1 -1 -1

[d2 p2]=MaximinGrid(q3,S);

d2 = 8
[d3 p3]=MaximinGrid(q3,S);
d3 = 8
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Output from solving the SDP relaxation for Example 6.10:

Calling sedumi: 29 variables, 8 equality constraints

SeDuMi 1.21 by AdvOL, 2005-2008 and Jos F. Sturm, 1998-2003.
Alg = 2: xz-corrector, Adaptive Step-Differentiation, theta
eqs m = 8, order n = 15, dim = 45, blocks
nnz(ADA) = 64, nnz(L) = 36
delta rate

nnz(A) = 39 + 0,

it : bxy

O N Ok WN - O
N

: -9.09E-002
.32E-001
.26E-001
.25E-001
.25E-001
.25E-001
.25E-001
.25E-001

gap
4.82E+000
1.99E+000
8.58E-001
2.41E-001
1.18E-002
3.71E-005
7.28E-006
5.39E-007
6.57E-009

iter seconds digits

.000
.000
.000
.000
.000
.000
.000
.423
.000

O O O O O O o oo

C*X

O O O O O O o o

.4133
.4308
.2805
. 0489
.0032
.1960
.0741
.0122

O O O O O O o o

8 0.8 8.1 1.2500000099e-001
[Ax-b| = 2.7e-009, [Ay-c]l_+ = 3.7E-010,
Detailed timing (sec)

Pre IPM Post
4 .836E-001 7.800E-001 1.560E-001
Max-norms: |Ibll=1, |lcl|l| =1,
Cholesky ladd|=0, |skipl = 0, |IL.L||

=2

t/tP*

.9000
.9000
.9000
.9900
.9990
.9000
.9900
.9902

b*

t/tD*

.9000
.9000
.9000
.9900
.9990
.8959
.9438
.9900

O O O O O O o o

y

= 316.544.

1.2499999993e-001
|x|= 5.3e-001,

feas

.47
.31
.57
.22
.01
.00
.00
.00

e e e N

Iyl

Status: Solve

d

Optimal value (cvx_optval): +0.125

Z:

0.1250
-0.0000
0.1250
-0.0000
0.1250
-0.1250

.0000 0.
.1260  -0.
.0000 0.
.0000 -O0.
.0000 0
.0000 -0

1250
0000
1250
0000

.1250
.1250

.0000
.0000
.0000
.1250
.0000
.0000

.1250
.0000
.1250
.0000
.1250
.1250

.1250
.0000
.1250
.0000
.1250
.1250

= 0.250, beta =

cg cg prec

e T
e e
WNN R DR RN

= 3.5e-001

90

.7TE+000
.4E-001
.0E-001
.8E-003
.5E-005
.9E-006
.2E-007
.3E-009

0.500
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Output from solving the SOCP relaxation for Example 6.10:

Calling sedumi: 23 variables, 12 equality constraints

SeDuMi 1.21 by AdvOL, 2005-2008 and Jos F. Sturm, 1998-2003.

Alg = 2: xz-corrector, Adaptive Step-Differentiation, theta = 0.250, beta = 0.500
eqs m = 12, order n = 19, dim = 29, blocks = 6

nnz(A) = 47 + 0, nnz(ADA) = 144, nnz(L) = 78

it b*y gap delta rate t/tP* t/tD*x feas cg cg prec
0 : 3.80E+000 0.000
1 : -1.06E-001 1.62E+000 0.000 0.4249 0.9000 0.9000 2.47 1 1 2.8E+000
2 : 1.35E-001 6.38E-001 0.000 0.3950 0.9000 0.9000 4.86 1 1 3.3E-001
3 : 1.24E-001 5.51E-002 0.000 0.0863 0.9900 0.9900 1.45 1 1 2.4E-002
4 : 1.25E-001 5.14E-004 0.358 0.0093 0.9945 0.9945 1.07 1 1 2.3E-004
5 : 1.25E-001 1.23E-005 0.000 0.0240 0.9900 0.9900 1.00 1 1 b5.9E-006
6 : 1.25E-001 6.14E-007 0.082 0.0498 0.9900 0.9356 1.00 1 1 3.1E-007
7 : 1.25E-001 1.11E-008 0.000 0.0182 0.9905 0.9900 1.00 1 1 8.7E-009
iter seconds digits c*x bxy
7 0.1 7.5 1.2500000462e-001 1.2500000087e-001
|Ax-b| = 3.6e-009, [Ay-c]_+ = 2.7E-009, |x|= 5.0e-001, |yl= 3.5e-001

Detailed timing (sec)

Pre IPM Post
6.240E-002 6.240E-002 3.120E-002
Max-norms: |Ibll=1, |lcl|l| =1,
Cholesky ladd|=1, |skip| = 0, |IL.L|| = 108.52.

Status: Solved
Optimal value (cvx_optval): +0.125

Z:

0.1250 -0.0000 0.1250 -0.0000 0.12560 -0.1250
-0.0000 0.1250 -0.0000 -0.0000 -0.0000 0.0000
0.1250 -0.0000 0.1250 -0.0000 0.12560 -0.1250
-0.0000 -0.0000 -0.0000 0.1250 -0.0000 0.0000
0.1250 -0.0000 0.1250 -0.0000 0.12560 -0.1250
-0.1250 0.0000 -0.1250 0.0000 -0.1250 0.1250
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