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Abstract

Digital microfluidic devices provide a new technology platform for controlled

motion of small volumes of fluid. These systems can provide high speed mi-

crodroplet transport on integrated electrode arrays. The generic nature of

these electrode architectures offers versatility, scalability, and reconfigurabil-

ity that is crucial for biomedical, chemical, and sensing applications.

The structural layout of digital microfluidic devices and the employed elec-

trical activation schemes must be considered together in the design and op-

eration of successful fluid actuation. Microfluidic models provide an effec-

tive tool for predicting this device performance and optimizing parameters

to achieve high efficiency. Numerical simulation of the electrodynamics of

microdroplet motion in digital microfluidic systems will provide better un-

derstanding of the effects of electrode shape on actuation forces, actuation

voltage/frequency and liquid properties (e.g., conductivity, permittivity, and

surface tension) on microdroplet actuation. However, the development of

such models is far from trivial as many complex physicochemical phenomena

become involved in the transport.

In this thesis, a novel numerical multiphysic approach is used to model the
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Abstract

microdroplet motion in digital microfluidic systems. The actuation force in

the system of the interest is provided by applying voltage to the underlying

electrodes. The main focus of this study is on the conductive liquids, however

the electromechanical approach used in this research cab be readily extended

to dielectric liquids. The proposed model employs an electrohydrodynamic

approach for estimating the driving, wall and filler forces. Additionally, the

effects of the evaporation are considered from two aspects: it is shown that

an additional force is needed to balance the dynamic equation of the mi-

crodroplet motion, and the microdroplet interface is deformed due to the

change in the microdroplet radius. Finally, the effects of the biomolecular

adsorption are included by adding a new force to the dynamic equation of the

microdroplet motion, and the adsorption rate is then related to the change

in the interfacial tensions and the capacitance of the underlying layers. The

results of the developed model are presented and verified with experimen-

tal data obtained from literature, and it is shown that the model provides

an accurate representation of microdroplet transport in digital microfluidic

systems.
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Chapter 1

Introduction

In recent years, there has been a trend toward miniaturization of biomed-

ical and electromechanical devices. One of the obvious advantages of this

scaling down, from the decimeter scale to the micrometer scale, is the dra-

matic reduction in the required sample volumes. For instance, a linear size

reduction by a factor of 103 results in a volume reduction by a factor of 109.

Therefore, instead of handling one liter or one milliliter of fluid, a miniatur-

ized system works with volumes as small as one nanoliter or one picoliter.

Such small volumes allow for shorter analysis times and efficient detection

schemes when large amounts of sample are unavailable. Moreover, the small

volumes make it possible to develop compact and portable biomedical sys-

tems (known as lab-on-a-chip (LOC) devices) which integrate one or several

laboratory functions on a single chip of only millimeter or centimeters scale.

LOC systems [17–20] can be considered as the natural generalization of the

existing electronic integrated circuits and micro-electro-mechanical systems

(MEMS) [21–23]. It is expected that LOC systems will have a great impact

in biotechnology, pharmacology, medical diagnostics, forensics, environmen-

tal monitoring and basic research. Finally, it is the hope that, similar to
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1.1. Microfluidics

microelectronics, manufacturing costs could be reduced by mass production

of these microsystems.

1.1 Microfluidics

The main purpose of a LOC system is to handle fluids. Therefore, LOC sys-

tems essentially are microfluidic devices [24, 25]. Microfluidics signifies any

kinds of experimental and theoretical research on liquid streams generated

in chips comprising microsized channels, including fabrication, handling and

practical use of these chips [25]. Microfluidics has developed remarkably over

the past few decades. In the 1980s, microfluidics was introduced for accu-

rate control in specific dispensing applications (i.e. ink jet printing). Today,

biotechnology industrial sectors are witnessing numerous benefits from the

microfluidic systems, as these technologies are well-suited for control of bio-

logical samples, aqueous solutions, and microscopic organisms [24–29]. Mi-

crofluidic devices have numerous advantages compared to conventional tech-

niques, including reduced sample and reagent volumes, reduced processing

costs and time, increased sensitivity levels (due to higher precision and selec-

tivity of the process), and reduced risks associated with the manipulation of

toxic or dangerous products. Inherently, these benefits are the result of the

enhanced automation and parallelization in microfluidic systems.

Microfluidic technologies have certain well-defined challenges at the present

time. The integration and miniaturization of numerous system components,
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for example, is proving to be particularly challenging, as many process ele-

ments (such as pumps, valves and mixers) must be merged into individual

chips. High levels of microfabrication complexity are needed to meet the

design goals for this integrated system. In addition, structural challenges

associated with micron-scale physics must be overcome, as high operational

sensitivities are needed to accommodate reduced sample volumes, and en-

hanced capillary effects must be accommodated for the increased surface to

volume ratio.

The first generation of microfluidic devices is based largely upon continuous

flow structures. Design concepts for these first generation of microfluidic

devices are basically adopted from macroscopic implementations, with com-

binations of microfluidic, electric, magnetic, optic, acoustic, and chemical

processes performing the required functions. While these processing tech-

niques can be carried out with continuous flow or discrete flow systems, it

is discrete flow systems that are of particular interest in this thesis. This

new generation of digital or droplet implementations provides enhanced re-

configurability and scalability with reduced sample volumes. This point is

particularly evident from the scale in Figure 1.1. It has been shown that

microdroplets can be manipulated in series using continuous flow in mi-

crochannels (see Figure 1.2) [30]. However, digital microfluidics is a distinct

paradigm as each microdroplet can be dispensed, moved, merged and split

into smaller microdroplet independently. In other words, each microdroplet

can be addressed individually (see Figure 1.3) [31–33]. Moreover, since each
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microdroplet acts as a discrete microvessel, reactions are carried out without

cross-contamination between samples or reagents. Since digital microfluidics

is inherently an array-based technique, it is the best choice for array-based

biochemical applications [34–45]. Finally, due to the generalized nature of

microdroplet transport, digital microfluidic systems are highly reconfigurable

and scalable.

Figure 1.1: Volume scales for various microfluidic systems are shown.

4



1.2. Digital microfluidics

Figure 1.2: A droplet microfluidic system is shown.

Figure 1.3: Microdroplet transport on electrode arrays is shown.

1.2 Digital microfluidics

Digital microfuidics is a relatively new technique for microscale liquid han-

dling. In essence, digital microfluidic devices transport small volume of
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microdroplets (ranging from microliter to picoliter) on arrays of electrodes

[31, 32, 46]. Currently, digital microfluidic platforms are employed in a wide

range of applications including airborne chemical detection, DNA sequencing

by synthesis, and tissue engineering. The advantages of this new platform

are reduced sample size, fast heat transfer and reaction rates, and increased

integration capacity (for lab-on-a-chip applications).

1.2.1 Device configurations

Typically, there are two configurations for digital microfluidic implementa-

tion: closed systems and open systems. In closed systems, which are also

known as two-plate systems, the microdroplet is sandwiched between two

substrates patterned with electrodes (See Figure 1.4). In open systems, also

known as single-plate systems, microdroplets are moving on top of a sub-

strate (See Figure 1.5). To limit the current and power consumption and

prevent electrolysis, the actuation electrodes are covered by an insulating

layer of a dielectric material. Typically, an additional hydrophobic coating is

deposited on top of the insulating layer to make the solid surface hydropho-

bic and reduce friction.

Both closed and open digital microfluidic configurations have their own ad-

vantages. Closed systems show more feasibility for a wide range of micro-

droplet operations (such as dispensing, moving, splitting, and merging [47]).

Typically, in open systems, splitting and dispensing are not possible, and the
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evaporation rate is higher. On the other hand, sample and reagent mixing is

faster in open configurations [48], and larger microdroplets can be moved in

the open systems. Finally, open configurations offer better access to samples

for external detectors.

Figure 1.4: A closed (two-plate) digital microfluidic system is shown.

Figure 1.5: An open (single-plate) digital microfluidic system is shown.

1.2.2 Device fabrication

Conventional microfabrication techniques such as photolithography and etch-

ing (in a clean-room) are usually used to fabricate the digital microfluidic sys-

tems. The most common conductive films on the substrate are chromium,

gold, indium-tin oxide (ITO), and doped polysilicon. A variety of techniques,
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including vapor deposition (for parylene, amorphous fluoropolymers, and sil-

icon nitride), thermal growth (for silicon oxide), or spin-coating (for PDMS

or SU-8) are used to deposit the dielectric layer on top of the electrodes.

Teflon-AF is currently the most popular hydrophobic layer which is typically

deposited by spin-coating. Most of the current digital microfluidic designs

use a liquid filler medium (such as silicone oil) to prevent the evaporation and

bimolecular adsorption effects [14]. Liquid filler systems, however, have some

drawbacks; normally, gaskets or other structures are required to contain the

oil bath. Moreover, analytes can be diffused into the surrounding oil at the

liquid-liquid (microdroplet-filler) interface [49]. Additionally, liquid filler sys-

tems have been shown to be incompatible with the oil-miscible liquids such

as organic solvents [37]. For these cases, the microdroplet transport will be

conducted in the air. One of the examples in which the transport in air is

required is in proteomics where sample preparation involving the removal of

unwanted impurities has been performed in an air medium by drying the

sample on the digital microfluidic surface, and then rinsing the surface with

a water droplet to dissolve and remove the hydrophobic impurities [37, 50].

Recently, it has been demonstrated that flexible substrates can be used to

fabricate the digital microfluidic devices [49]. The new design is based on the

microdroplet actuation on nonplanar surfaces which allows for the integra-

tion of multiple physicochemical environments on the same device [51]. The

new technique uses inexpensive and accessible fabrication methods such as

a microcontact printing [52], laser printing [53], and rapid marker masking

8



1.2. Digital microfluidics

[54], which make digital microfluidic technology very accessible.

Electrode density is the main limitation of the all of the above mentioned

fabrication methods; to address the electrodes, electrical contacts must be

positioned in the limited space between the electrodes. To address this issue,

the use of the cross-referenced (multiplexed) electrodes has been proposed

[12, 55]. In the proposed design, two sets of linear electrodes are patterned

on both the bottom and top plates of a closed digital microfluidic device,

and the plates are aligned to be perpendicular to each other. Alternatively,

the multilayer printed circuit board (PCB) fabrication can be used to isolate

the contact wires from electrodes [56]. As another solution to the electrode

density limitation, optically actuated virtual electrodes can replace the hard-

wired electrical contacts [57]. In this method, different patterns of light are

projected onto a photoconductive substrate, and the desired pattern of elec-

trodes can be actuated. Although the above mentioned designs are more

complicated than the conventional designs, they highly increase the scalabil-

ity of the digital microfluidic systems.

1.2.3 Actuation mechanism

A number of methods have been used for manipulating microfluidic droplets.

These techniques can be classified as being based on chemical, thermal, acous-

tical, and electrical principles.

Gallardo et al. [58] proposed an electrochemical method, whereby a voltage-

9



1.2. Digital microfluidics

controlled, reversible electrochemical reaction is used to create or consume

redox-active surfactants (surface-active molecules). This reaction generates a

surface-tension gradient along a channel which is capable of driving the liquid

droplets through a simple fluidic network. It was observed that the fluid ve-

locity is a function of the applied potential; moderate velocities (2.5 mm/sec)

were obtained at low voltages (smaller than 1 V). However, since the electro-

chemical gradient must be established along the entire length of the channel,

this technique (similar to electrokinetic methods used in continuous-flow sys-

tems) does not provide a convenient way to independently control multiple

droplets.

In another electrochemical method, Ichimura et al. [59] used a photore-

sponsive surface to generate surface-energy gradients to produce the droplet

motion. However, the reported droplet movement velocities of 50 µm/sec are

very low, and many liquids (including water) cannot be transported by this

technique due to contact-angle hysteresis.

Another type of effect, namely thermocapillarity [60, 61], uses the tempera-

ture dependence of surface tension to move the droplet. Thermocapillarity-

based systems incorporate multiple (independently) controllable microma-

chined heaters into a substrate to control multiple droplets. The design and

analysis of these systems is complex due to the critical requirement of com-

plete and complicated heat-transfer analysis. However, a relatively high tem-

perature gradient (a differential of 20-40 ◦C) is needed to achieve a moderate
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velocity (e.g., 20 mm/sec). Unfortunately, such large temperature variations

are unacceptable for many biochemical applications.

Surface acoustic waves (SAW) [62] can be used to propagate across a piezo-

electric substrate (similar to earthquakes), and force the droplets to move on

the substrate surface. Using the right signal frequency, a mechanical wave

is launched across the chip and the resulting forces (within this nano earth-

quake) are used to actuate the droplet on the surface. SAW-based technology

can also be used to perform droplet mixing as SAW is converted into an in-

ternal flow in the droplet. In contrast to diffusion, the internal vortices lead

to efficient mixing and stirring within the droplet. Moreover, quasi-chaotic

mixing [62] can be obtained by applying different frequencies.

In addition to the above mentioned chemical and thermal methods, electri-

cal methods to actuate droplets have received considerable attention in re-

cent years. Dielectrophoresis (DEP) [63, 64] and electrowetting-on-dielectric

(EWOD) [65–78] are the two most common electrical methods. DEP is based

on the application of high frequency AC voltages, and EWOD is based on

DC (or low-frequency AC) voltages. Both these techniques use electrohy-

drodynamic forces, and they can provide high droplet speeds with relatively

simple geometries.

Liquid DEP actuation is defined as the attraction of polarizable liquid masses

into the regions of increasing or decreasing electric field intensity (according

to the physical properties of liquid). In the first case, the force is called

11



1.2. Digital microfluidics

positive dielectrophoresis (pDEP), while in the second case it is called nega-

tive dielectrophoresis (nDEP). The DEP-based microfluidic systems usually

rely on coplanar electrodes patterned on a substrate, coated with a thin

dielectric layer, and actuated with AC voltage (typically 200-300 Vrms at

50-200 kHz). Rapid dispensing of large numbers of picoliter-volume droplets

and a voltage-controlled array mixer have been demonstrated using DEP

[63, 63, 64]. However, excessive Joule heating is recognized to be a challenge

for DEP actuation.

EWOD uses DC (or low-frequency AC) electric fields to directly control the

interfacial energy between solid and liquid phases [32, 79–82]. Compared to

DEP actuation, Joule heating is virtually eliminated as the dielectric layer

covering the electrodes blocks DC electric current. As a consequence, aque-

ous solutions with salt concentrations as high as 0.15 M can be actuated with

little heating at a very high speed (up to 250 mm/s [83]).

1.2.4 Biological applications

The digital microfluidic platform is well suited to biological applications with

expensive or precious reagents. However, nonspecific adsorption of the bi-

ological molecules (which leads to sample loss, cross contamination and in-

creased microdroplet sticking) is the main challenge in the implementation

of this new technology. Srinivasan et al. [34] have shown that by suspending

the microdroplet in an immiscible oil, fouling can be minimized. The feasi-
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bility of the proposed technique was tested for a variety of fluids containing

high concentrations of potential surface-fouling molecules, including blood,

serum, plasma, urine, saliva, sweat, and tears. Alternatively, to facilitate the

actuation of serum and other concentrated solutions, Wheeler et al. [84] pro-

posed the use of low concentrations of amphiphilic polymer (Pluronic F127)

(which is a solution additive) as a simple and effective method for limiting

the extent of protein adsorption.

In summary, it seems that digital microfluidics is a promising technology for

a new generations of biological systems. In the following subsections sev-

eral examples of biological applications of digital microfluidic systems are

described.

DNA extraction, repair, and amplification

Recently, DNA handling, purification, and characterization have been per-

formed using digital microfluidic systems [49]. Aqueous droplets containing

a mixture of DNA and proteins were driven into and out of a pool of phe-

nolic oil using all-terrain droplet actuation (ATDA) [49], and as a result, the

nucleic acid was purified. Chang et al. [85] developed a digital microfluidic

device with an embedded microheater to implement the polymerase chain

reaction (PCR). In their work, microdroplets containing an oligonucleotide

and PCR reagents were merged, mixed, and then delivered to the integrated

heater.
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Proteomics and enzyme assays

Although a completely integrated proteomic digital microfluidic setup has

not yet been developed, research is underway in this direction. In one of the

earliest work, a digital microfluidic setup was developed to purify peptides

and proteins from heterogeneous mixtures [35, 86]. Recently, as an impor-

tant step toward integrated proteomic sample processing, on-chip enzymatic

digestion has been demonstrated [84].

Srinivasan et al. [34] demonstrated a fully automated digital microfluidic

glucose assay for a range of physiological fluids (serum, saliva, plasma, and

urine). In their work, microdroplets containing glucose oxidase were merged

and mixed with sample microdroplets spiked with glucose, and finally, the

glucose concentration was measured using an integrated LED/photodiode

detector.

Cell assays

In recent years, cell-based assay processes have been miniaturized due to the

high cost of the reagents and other materials. However, until very recently,

cell-based assays have not been considered as a potential application for

digital microfluidic systems. This trend changed when cell manipulation was

performed successfully on the digital microfluidic chips [87–89]; Zhou et al.

[87] showed that the digital microfluidic actuation had no significant effect

on cell vitality. Barbulovic-Nad et al. [87] merged microdroplets containing
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Jurkat-T cells and microdroplets containing the surfactant Tween 20 (lethal

to cells) and viability dyes. In their technique, microdroplets were analyzed

using a fluorescence plate reader.

Immunoassays

Recently, analyte detection in biological samples (immunoassays) with high

selectivity has been found to be another application for digital microfluidic se-

tups. Sista et al. [90] used the digital microfluidic technique to detect insulin

and Interleukin-6. In their work, microdroplets containing magnetic beads

(modified with immobilized antibodies) were merged with microdroplets car-

rying known concentrations of analyte. The beads were separated from the

supernatant using a magnetic field, and resuspended in a new microdroplet

afterwards. Finally, immobilized analyte was detected by chemiluminescence.

Digital microfluidics is a revolutionary technology which is distinctly different

from continuous flow-based microfluidic systems. Of all the potential appli-

cations discussed above, proteomics is the most attractive target for digital

microfluidic systems. However, it seems that the ultimate killer application

[51] may not yet be known as there exist several challenges and unanswered

questions about digital microfluidic systems. In fact, a consensus on the

physics of microdroplet motion has to be reached by the digital microfluidic

community. Numerical simulations of the electrodynamics of microdroplet

motion in digital microfluidic systems will provide better understanding of

the effects of electrode shape on actuation forces, actuation voltage/frequency
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and effects of liquid properties (e.g., conductivity, permittivity, and surface

tension) on microdroplet actuation.

1.3 Modeling

The structural layout of digital microfluidic devices and the employed elec-

trical actuation schemes must be considered together in the design and op-

eration of successful fluid actuation systems [91–93]. The physical layout

and electrode actuation are closely linked, so one must carefully consider the

architecture, materials, and fluid characteristics in developing the appropri-

ate electrode voltage switching algorithm. Ultimately, the optimal actuation

scheme will provide rapid droplet transport between neighboring electrodes,

while inappropriate control can make continuous droplet motion impossible.

Microfluidic models provide an effective tool for predicting device perfor-

mance and developing optimal designs. However, the development of such

models is far from trivial as many complex physicochemical phenomena be-

come involved in the transport. Driving forces [94] are balanced against

opposing forces [15, 95–97]; while threshold voltage conditions [32, 95] and

saturation phenomena [98] impede the droplet motion at low and high actu-

ation voltages, respectively. Moreover, for the systems which use air as filler,

effects of the evaporation and molecular adsorption on the microdroplet mo-

tion have to be considered.
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1.4 Previous modeling efforts and their

limitations

Given the above challenges in quantifying the electrical/physical characteris-

tics of digital microfluidic architectures, the most recent microdroplet mod-

eling efforts have treated these phenomena in isolation.

In one of the earliest modeling efforts, Ren et al. [95] developed a steady-

state transport model for electrowetting-induced microdroplet motion. The

developed model was based on the principle of balancing the work done by

the capillary force with the energy transformed and dissipated during the

microdroplet transport. In their model, they derived the driving force based

on the change of the solid/liquid interfacial tension created at the interface

between the microdroplet and the insulator due to the applied voltage. The

components of energy dissipation were contributed by the viscous flow in-

side the microdroplet during transport, the microdroplet viscous effect, the

filler resistance, as well as the friction around the contact line. Moreover, a

threshold initiation force term was added to the dynamic equation to take

into account contact angle hysteresis between the front and back of the mi-

crodroplet and/or any other static friction (such as friction from adsorption).

This constant threshold force represented the decrease in the external force

once transport is initiated. This work is a very important benchmark as for

the first time the authors identified the critical operating parameters in the

performance of electrowetting-based digital microfluidic systems. However,
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in their work, all the forces opposing the microdroplet motion were repre-

sented by semi-empirical models consisting of multiple fitting parameters,

which were obtained from experimental results.

As was mentioned above, Ren et al. [95] identified the key parameters to

be the microdroplet and filler viscosity, contact-line friction, system geome-

try, and surface tension. Most recent modeling efforts have focused on these

phenomena in isolation as explained below.

Driving force

Baird and Mohseni [99] studied pressure effects for a variety of actuation

forces, including electrowetting on dielectric, continuous electrowetting, di-

electrophoresis, and thermocapillary forces. The researchers expressed these

actuating forces in terms of pressure differences, although a one dimensional

flow was assumed inside the droplet, and an analytical relation was used to

consider the hysteresis effects.

Later, Baird et al. [94] used a theoretical and numerical approach to calculate

the force distribution on the advancing and receding fluid faces. Dependence

of the force distribution and its integral on the system geometry, droplet

position, and material properties were described.

Bahadur and Garimella [96] developed an energy-based model for estimat-

ing the electrowetting actuation force acting on the microdroplet during its

motion. They showed that the results obtained from their model are similar
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to those obtained from an electromechanical model. Therefore, the authors

concluded that electrowetting-induced droplet motion is essentially an elec-

tromechanical phenomenon, rather than being the result of the contact-angle

change. In their analytical approach, they combined the actuation force

model with semi-empirical models (from Ren et al. [95]) to develop a mean

to predict transient microdroplet motion. They investigated the origins and

the fundamental physics behind the conductive microdroplet actuation, and

used parametric variation to find the conditions which maximize the driving

force. In their analytical approach, the size of the conductive microdroplet,

however, was restricted to the electrode size, and a simple one-dimensional

flow was assumed inside the microdroplet.

To include the effects of the microdroplet size, Bhattacharjee and Najjaran

[93] used energy minimization analyses (presented by Bahadur and Garimella

[96]), and modeled the digital microfluidic systems for different microdroplet

sizes, actuation voltages, dielectric thicknesses and electrode sizes. However,

in their work, electrode shapes were assumed to have a simple square geom-

etry.

Kumari et al. [97] used the energy minimization analyses presented by Ba-

hadur and Garimella [96], and developed a model for studying the electrical

actuation of dielectric microdroplets.

Chatterjee et al. [100] presented an electromechanical model that enabled

calculation of the forces acting on conductive and dielectric liquids in closed
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digital microfluidic devices. The device was modeled as an equivalent circuit

in which the dielectric layers and filler medium (air or oil) were modeled

as capacitors, while the liquid being actuated is described as a resistor and

capacitor in parallel. The total electromechanical force and the relative con-

tributions of electrowetting and dielectrophoresis forces on the microdroplet

were calculated. However, the effects of the viscous and interfacial forces

that impede droplet movement were not included.

Fluid dynamics

In one of the earliest work on modeling electrocapillary dynamics, the dy-

namics of a liquid slug in a capillary tube was studied [65, 66]. In this work

the pressure difference (due to electrowetting along the slug) was approxi-

mated using the Poiseuille flow assumption for the central part of the slug.

Since Poiseuille flow is fundamentally a one-dimensional flow approximation,

an end-correction length for the curvature of the streamlines near the ends of

the slug was introduced. Moreover, Young’s equation was used to take into

account the friction forces at the three phase contact line (with the assump-

tion of linear dependence of the friction force on the average slug velocity).

Kuo et al. [101] modeled the electrowetting-induced pressure gradient in

terms of the contact-angle change due to the applied voltage. In their model,

the pressure gradient (due to the electrowetting) was used to compute the in-

ternal velocity profile and estimate the droplet velocity by solving the Navier-

Stokes equation subject to the appropriate boundary conditions. A typical
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parabolic flow profile was assumed, and the Navier-Stokes equation was inte-

grated over the directions orthogonal to the flow direction to obtain a spatial

average velocity.

Walker et al. [102] presented a partial differential equation model capable of

capturing the evolution of the liquid-gas interface in two dimensions. Hele-

Shaw type equations including the relevant boundary phenomena were used

to model the fluid dynamics.

Fair [103] developed a hydrodynamic scaling model of droplet actuation in

a digital microfluidic systems. The proposed analytical model included the

effects of the contact angle hysteresis, drag from the filler fluid, drag from

the solid walls, and the change in the actuation force while a microdroplet

traverses a neighboring electrode. It was shown that reliable operation is

possible as long as the device is operated within the limits of the Lippmann-

Young equation.

Interface

Walker and Shapiro [104] used the level set method to model droplet motion,

mixing and separation phenomena. To simplify the model, they used a Hele-

Shaw flow assumption for the viscous flow region of the fluid in the narrow

gap between the parallel plates. However, the scope of their work was limited,

as the hysteresis and saturation effects were not included in their model.

Clime et al. [105, 106] developed a three-dimensional multiphase Lattice-
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Boltzmann model to study basic operations such as transport, merging and

splitting of microdroplets actuated by electrowetting in digital microfluidic

devices. The model was employed to study the dynamics of the splitting

processes at different contact angles and different geometries of the system.

Keshavarz-Motamed et al. [107] investigated the electrowetting phenomenon

in parallel plate microchannel, and concluded that ignoring dynamic features

of wetting leads to the overestimation of the effect of electrowetting actuation

on various parameters including contact angle, aspect ratio and velocity of

the droplet.

Electrohydrodynamics

Arzpeyma et al. [108] developed a numerical model based on coupling the hy-

drodynamic and electrostatic governing equations to investigate the optimum

actuation condition. They investigated the effects of the switching frequency

on the microdroplet motion and proposed a position-based actuation algo-

rithm for achieving higher microdroplet velocities. They also recognized the

limitations of their model in terms of hysteresis effects.

In a recent modeling effort, SadAbadi et al. [109] investigated the effects

of electrode switching frequency on the maximum possible microdroplet ve-

locity. They showed that the best time for switching/actuating the next

electrode is when the microdroplet leading edge contacts that electrode, and

late or early actuation will result in discontinuity in the microdroplet velocity.
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1.5 Motivation and purpose of thesis

Currently, electrowetting (EW) or electrowetting-on-dielectric (EWOD) is

the most popular actuation technique. The term EWOD was used by the

pioneers of the digital microfluidic field [32, 33] and refers to the reduc-

tion in the microdroplet contact angle due to the applied voltage. In this

scheme, microdroplet motion was understood as being a consequence of cap-

illary pressure arising from non-symmetrical contact angles on either side

of the microdroplet. However, the electrowetting description cannot explain

the microdroplet actuation for dielectric liquids or for low-surface tension

liquids (that show no apparent changes in the contact angle with the ap-

plied voltage). Moreover, using the electrowetting description, microdroplet

contact-angle saturation and its effects on the microdroplet dynamics cannot

be explained. A better understanding of the physics of microdroplet actua-

tion can be derived from an electromechanical analysis [94, 110, 111]. The

electromechanical analysis explains the microdroplet actuation force as the

electrical force acting on the free charges in the microdroplet meniscus (in

the case of conductive liquids) or on the dipoles inside the microdroplet (in

the case of dielectric liquids).

Unlike the current digital microfluidic modeling efforts which have focused

on some particular aspects of the microdroplet motion in isolation, in this

work a novel numerical mutiphysic approach is used to model the micro-

droplet motion with different aspects mentioned above. The actuation force
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in the system of interest is provided by applying voltage to the underlying

electrodes. The main focus of this study is on conductive liquids. However,

the electromechanical approach used in this research can readily be extended

to dielectric liquids. Due to the numerous complex physicochemical phenom-

ena influencing the microdroplet motion, the proposed model has different

submodules which are explained briefly here and in detail in Chapter 2.

1.5.1 Dynamics

As described by Ren et al. [95], the most important forces in the micro-

droplet dynamic equation are the driving force, wall force (due to the solid

walls), filler force and contact line force. However, as it will be shown in the

present work, for the systems which use air as filler, two additional forces

must be added into the dynamic equation to take into account the effects of

evaporation and adsorption. In this work, an electrohydrodynamic approach

is employed to develop a model for estimating the driving, wall and filler

forces. Electrostatic and hydrodynamic governing equations are solved simul-

taneously, and the obtained electric and velocity fields and the electrostatic

and hydrodynamic pressures are then used to calculate the electromechanical

driving force, velocity gradient (and the resulting shear force) and the filler

drag force. The electromechanical driving force is estimated by integrating

the electrostatic pressure along the microdroplet-filler interface. The wall

force is calculated by integrating the shear force over the wetted area, and

the filler force is obtained by integrating the hydrodynamic pressure along
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1.5. Motivation and purpose of thesis

the microdroplet-filler interface.

1.5.2 Interface

After finding the electrostatic and hydrodynamic pressures, the Laplace law

[112] is used to find the curvature of the advancing and receding interfaces. A

method based on the fractional volume of fluid (VOF) [108, 113] is developed

to model the microdroplet moving boundary. The VOF method is based on

the averaging of phases at the interface, in which the volume fraction is

advected with the fluid flow. Moreover, the effects of the dynamic contact

angle and contact angle saturation are implemented using Frenkel-Eyring

activated rate theory of transport in liquids [107, 114].

1.5.3 Evaporation

Although the energy equation is not solved (i.e., the constant temperature

assumption), the effects of evaporation are considered from two aspects: 1) it

is shown that an additional force is needed to balance the dynamic equation

of the microdroplet motion, and 2) at each time step the microdroplet inter-

face has to be deformed due to the change in the microdroplet radius. In the

present work, Fick’s law [115] is used to relate the mass loss due to evapora-

tion to the curvature of the microdroplet-filler interface. The Laplace law is

then coupled with Fick’s law to correct the microdroplet boundary condition.
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1.5.4 Biomolecular adsorption

The rate of the change in the interfacial tensions is a strong function of

the concentration of the solution. This change is very important in appli-

cations where the microdroplet carries biomolecules. In such systems, the

biomolecule concentration changes due to permanent adsorption to the solid

surface and the evaporation, if the air is used as a filler medium. Therefore,

the effects of evaporation have to be considered simultaneously with the ef-

fects of adsorption. The effects of protein adsorption are modeled by adding

a new force to the dynamic equation of the microdroplet motion. The Ward

and Tordai equation [116] is used to model the diffusion-controlled protein

adsorption. The adsorption rate is then related to the change in the interfa-

cial tensions and the capacitance of the underlying layers.

1.6 Overview

In the following chapters the theory and proposed methodology for model-

ing the microdroplet motion are explained, and the results obtained from

the model are presented and discussed. In Chapter 2 the theory behind the

physics of microdroplet motion is explained. Microdroplet motion dynamic

equations and electrohydrodynamic governing equations and their bound-

ary conditions are introduced. The developed model for evaporation and

biomolecular adsorption are explained, and finally, the algorithm for simul-

taneous solution of the governing equations is described. In Chapter 3 the de-
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tails of the numerical procedure used for solving the governing equations and

implementing the boundary conditions are explained. A numerical scheme

based on the Finite Volume Method (FVM) used here to solve the governing

equations numerically by expressing the partial differential equations in a

volume integral form. Discretization is based on the evaluation of volume

integrals over small control volumes, and the overall solution is represented

by control volume averages. In Chapter 4 the results of the developed model

are presented and verified with experimental results, and it is shown that the

model provides an accurate representation of digital microfluidic transport.

Moreover, an extensive parametric variation is used to derive the Maximum

Actuation Switching Frequency for different microdroplet sizes, gap spacings

between the top and bottom plates and electrode pitch sizes. As a result of

this study, an adjustable force-based actuation switching frequency imple-

mentation is proposed, and it is shown that faster microdroplet motion is

obtained by in-situ adjusting of the switching frequency. Finally, Chapter 5

concludes this work and lists suggestions for future research.
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Chapter 2

Theory

In this chapter, the theory behind the dynamics of the motion of a conduc-

tive microdroplet in a covered (electrocapillary-based) digital microfluidic

system is studied. The most important physiochemical phenomena (such

as electrohydrodynamics, protein adsorption, evaporation) influencing the

microdroplet motion are described, and effects of each phenomenon on the

microdroplet dynamics are explained.

The system under study consists of a microdroplet sandwiched between two

plates (see Figure 2.1). A two-dimensional array of electrodes is patterned

on the bottom plate, and both top and bottom plates are covered with di-

electric/hydrophobic layers. The incorporated actuation process is largely

based upon electrocapillarity [32, 79–82] between underlying electrodes and

conductive liquids.

In the following sections, an electromechnical approach is used to derive the

driving force (due to the applied voltage to the underlying electrodes) and

resisting forces (due to the walls and the filler fluid). Moreover, an electrohy-

drodynamic approach is presented to include the effects of the biomolecular
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2.1. Electrohydrodynamics

adsorption and evaporation in the microdroplet dynamics.

2.1 Electrohydrodynamics

The applied voltage and the resulting electric field have two major effects on

the microdroplet kinetics. The first effect is present in the electromechanical

driving force acting on the microdroplet-filler interface. In the present work,

an electromechanical approach [108, 110, 111, 117] is used to calculate the

horizontal force exerted due to the applied voltage to the underlying elec-

trodes. The second effect, on the other hand, is manifested in the change

of the shape of the drop-filler interface. The shape of the microdroplet-filler

interface is also a function of the hydrodynamic pressure inside and outside

the microdroplet. Therefore, the hydrodynamic governing equations have to

be solved to obtain the hydrodynamic pressure distribution and the shear

and drag forces due to the walls and the filler. In the following subsections,

the electrostatic and hydrodynamic governing equations are introduced and

the calculation of driving, wall and filler forces are explained. Finally, the

coupling of the hydrodynamic and electrostatic solutions are described.
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Figure 2.1: Schematic of a covered digital microfluidic system is shown.

2.1.1 Electrostatics

In the presence of an electric field, the net force acting on the microdroplet

can be obtained by an integration of the Korteweg-Helmholtz [118] defined

by

~fk = σs
~E − 1

2
| ~E|2~∇ǫ+ ~∇

[

1

2
| ~E|2 ∂ǫ

∂ρ
ρ

]

, (2.1)

where ~fk is the Korteweg-Helmholtz body force density, ρ and σs are the mass

density and free electric charge density of the media, respectively. Here, ~E

is the electric field vector and ǫ is the permittivity of the medium. Since σs

is zero within a conductive fluid, the first term on the right hand side of the
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2.1. Electrohydrodynamics

equation (2.1) disappears. The second term on the right hand side of the

equation (2.1) is known as the ponderomotive force density and is propor-

tional to the dielectric constant gradient of the media. This term vanishes

everywhere inside the microdroplet, but remains finite at the surface [118].

Since the mass density of the liquid remains constant, the last term in the

equation (2.1) describing electrostriction can be neglected.

It has been shown that the integration of the momentum flux density (Maxwell

stress tensor [118]) over the surface of the microdroplet leads to the same re-

sults as the integration of the equation (2.1) over the microdroplet volume.

The Maxwell stress tensor is defined as

Tij = ǫ(EiEj −
1

2
δijEkk), (2.2)

where δij is the Kronecker delta (δij = 0 if i 6= j and δij = 1 if i = j), and

Ei and Ej are the components of the electric field. The net force acting on

a volume element (as shown in Figure 2.2) is

Fi =

∮

∂dV

TijnjdA, (2.3)

where ∂dV represents the surface of the volume element, dV . For a conduc-

tive microdroplet, integrating the Maxwell stress tensor along the surface of

the volume element shows that the only nonzero component of the force is
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directed along the outward surface normal (~n), with

d~F

dA
=

ǫ

2
( ~E · ~E)~n =

ǫ

2
(| ~E|2)~n. (2.4)

In this relationship, dA is the element of the surface area of the microdroplet-

filler interface. This normal electromechanical force can be expressed by

introducing the electrostatic pressure (pel) which has a negative contribution

to the total pressure of the liquid as

pel =
ǫ| ~E|2
2

. (2.5)

Using the electrostatic pressure definition, the electromechanical force acting

on the microdroplet-filler interface, Fel, can be expressed as

~dFel = peldA~n. (2.6)

Although it has been shown before that the electric field (force) is singular

at the three-phase contact line [119], the electrostatic pressure is integrable

along the microdroplet-filler interface. The driving (electromechanical) force

acting on the microdroplet interface can be calculated by integrating the

electrostatic pressure along the microdroplet-filler interface as [1]

Fdriving =

∫

dFel,x, (2.7)
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in which Fel,x is the x-component of the electromechanical force acting on

the microdroplet-filler interface, and x is the direction of the microdroplet

motion (see Figure 2.1).

To obtain the electrostatic pressure, pel, the electric field has to be found.

The electric field is obtained by solving the Maxwell equation [120]

~∇ · ~D = ~∇ · (ǫ ~E) = ~∇ · (−ǫ~∇Φ) = 0, (2.8)

where ~D is the electric displacement field vector, and Φ is the electric poten-

tial. Note that the equation (2.8) must be solved in three material regions:

the dielectric layers, filler and microdroplet interior.

Figure 2.2: Electric force acting on the droplet-filler interface is shown.
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2.1.2 Hydrodynamics

To take into account the effects of the microdroplet viscosity (which causes

the wall force) and the filler (which causes the drag force), the continuity

and Navier-Stokes equations have to be solved in the microdroplet and filler

regions. The continuity equation for the incompressible flow is

~∇ · ~v = 0, (2.9)

where ~v is the velocity vector of the fluid particles. The Navier-Stokes equa-

tion for the motion of the fluid is

ρ[∂t~v + (~v · ~∇)~v] = −~∇phyd + µ∇2~v + ρ~g + σs
~E, (2.10)

where ρ and µ are the fluid density and the viscosity, respectively, ~g is the

gravitational acceleration (which is ignored in the digital microfluidic field

as the Bond number is smaller than 1 [108]), and σs is the free charge den-

sity. Since the Navier-Stokes equation is solved inside the conductive liquid

microdroplet and a dielectric filler fluid, the last term of the equation (2.10)

vanishes. While both the velocity and hydrodynamic pressure of the fluid

are unknown, it has been shown [121] that the continuity equation (2.9) and

Navier-Stokes the equation (2.10) can be solved simultaneously using the nu-

merical methods.

After solving equations (2.9) and (2.10), the velocity vector inside the micro-
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droplet is then used to find the wall (shear) force on the wall (Fwall) as

Fwall =

∫

walls

τ dA, (2.11)

where τ is the shear stress which is defined as

τ = µ

(

∂u

∂y
+

∂v

∂x

)

, (2.12)

in which u and v are the x- and y-components of the fluid particle velocities,

respectively.

Moreover, using the filler hydrodynamic pressure (which is obtained from the

solution of the equations (2.9) and (2.10)) at the microdroplet-filler interface,

the filler drag force, Ffiller, can be calculated as

Ffiller =

∫

phyddAinterface,y, (2.13)

where dAinterface,y is the projection of the microdroplet-filler interface area

element on the y-z plane.

2.1.3 Electrohydrodynamics

Using the Laplace law, the relation between the electrostatic pressure, hy-

drodynamic pressure and microdroplet surface curvature can be expressed as
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[122]

[[pel]]~n− [[phyd]]~n = γdf(~∇ · ~n)~n, (2.14)

where [[pel]] and [[phyd]] are the respective electrostatic and hydrodynamic

pressure changes across the microdroplet-filler interface, ~n is the normal unit

vector to the interface, and γdf is the droplet-filler surface tension. This

discontinuity equation can be simplified by noting that the surface force

density of the electric origin must have no shearing component [111, 117].

The simplified form of the equation (2.14) can be written as

[[pel]]− [[phyd]] = γdfk = γdf

(

1

r1
+

1

r2

)

, (2.15)

where r1 and r2 are the radii of curvature shown in Figure 2.3, and k is the

mean curvature. The curvature of the interface can then be extracted from

the equation (2.14) by determining the electrostatic pressure from the elec-

tric potential and field in the system, and by determining the hydrodynamic

pressure from the Navier-Stokes and continuity equations inside the micro-

droplet and filler.

The boundary conditions used for the microdroplet and filler along the solid

surfaces are the no-slip, no-penetration and zero pressure gradient conditions.

The microdroplet-filler interface is moving with the microdroplet transport

velocity, vtransport, and is implemented by defining fictitious velocities within

solid cells adjacent to fluid cells [123].
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A method based on the fractional Volume Of Fluid (VOF) method [108, 113]

is used for modeling the moving boundary of the microdroplet. This volume

fraction, f , for each small computational grid cell is defined as

f =
Vliq

Vtot
, (2.16)

where Vliq and Vtot are the volume occupied by the liquid and total volume

of the computational grid cell (which will be discussed in the next chapter in

detail), respectively. The volume fraction function of the cells must satisfy

the advection equation

[∂tf + vtransport∂xf ] = 0. (2.17)

Figure 2.3: Radii of curvature of the microdroplet-filler interface are shown.

37



2.2. Adsorption

2.2 Adsorption

Nonspecific adsorption of the biological molecules, which leads to sample

loss, cross contamination and increased microdroplet sticking, is the main

challenge in the implementation of the digital microfluidic technology. Most

of the current digital microfluidic designs use a liquid filler medium (such

as silicone oil) to prevent the evaporation and bimolecular adsorption effects

[14]. However, some applications require microdroplet transport in the air.

Therefore, to predict the microdroplet behavior in such systems which use

air as filler, the effects of the biomolecular adsorption have to be included

in the model. Biomolecular adsorption has two major effects on the micro-

droplet kinetics. The first effect is the change in the interfacial properties

of the microdroplet. The second effect is the permanent change of the solid

surface (and hence capacitance of the underlying layers) due to the irre-

versible biomolecular adsorption to the surface. In this section, the physics

behind the bimolecular transport inside the microdroplet and adsorption of

the molecules to the surface are first explained. The adsorption is then related

to the change in the interfacial tensions and the change in the capacitance

of the underlying layers. Finally, the changes in the interfacial tension and

capacitance are included in the microdroplet kinetics by deriving a new ad-

sorption force.

In the digital microfluidic systems which use air as filler the interfacial ten-

sion at the liquid-vapor or solid-liquid interface decreases due to adsorption
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of protein molecules. The kinetics of these interfacial tension changes are

very complex, since the presence of adsorbed protein molecules, and also

the arrangement and conformation of the adsorbed molecules, determine the

change in the interfacial tension values. As it can be seen in Figure 2.4,

proteins diffuse toward an interface and adsorb. Subsequently, proteins may

desorb or undergo conformational changes from their native state to adapt

to a state of minimal interfacial tension.

There are two main models for molecule transport and adsorption, and these

are shown in Figure 2.5. In these models, a subsurface is taken as an imagi-

nary plane, a few molecular diameters distant from the interface. The models

are described as follows:

1. The diffusion controlled model - it assumes the molecules diffuse from

the bulk into the subsurface, and once in the subsurface they directly

adsorb at the interface. In this model the diffusion process from the

bulk to the subsurface is the rate-controlling step, and the timescale of

adsorption from the subsurface to the interface is very fast.

2. The mixed kinetic-diffusion model - it assumes that the molecules dif-

fuse from the bulk to the subsurface, but the rate-controlling process

is the transfer of these molecules to the interface. Once the molecules

have diffused to the subsurface, there may be an adsorption barrier

present preventing the molecule from adsorbing. This barrier may be

due to an increased surface pressure, or attributed to there being less
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vacant sites available for adsorption. There may also be steric restraints

on the molecule in the proximity of the interface, and it may have to

be in the correct orientation to adsorb. This will cause the molecule

to back diffuse into the bulk rather than adsorbing, thereby increasing

the timescale of the dynamic surface tension decay.

Since digital microfluidic microdroplet transport is a fast process, the molec-

ular transport can be assumed to be purely a diffusion controlled process (the

first model mentioned above). In the following section, the relationship be-

tween the biomolecular adsorption process and the change in the interfacial

tensions is shown.

Figure 2.4: Transport of monomer to the interface is shown.
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Figure 2.5: Proteins diffuse toward an interface and adsorb. Subsequently,
proteins may desorb or undergo conformational changes from their native
state to adapt a state of minimal interfacial tension.

2.2.1 Interfacial tension

There are several models available to describe the interfacial tension as a

function of the adsorption time [124, 125]. Serrien and Joos [126] proposed

a model that accounts for the contributions of both diffusion-controlled ad-

sorption and subsequent conformational changes of adsorbed molecules to

the decrease in the interfacial tension value. In this model, adsorption of na-

tive protein molecules is assumed to be reversible; while adsorbed molecules

may undergo conformational changes that causes an irreversible adsorption

state with a rate constant k. Accordingly, the interfacial tension is described

by

γ(t) = γ∞ + [αexp(−
√

−4t

πτD
+ β]exp(−kt), (2.18)

in which τD is the diffusion relaxation time and (α+ β) represents the max-

imal change in the interfacial tension, γ(0) − γ∞. In this equation α has
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been interpreted as the fraction of the the equilibrium interfacial pressure,

Π(t) = γ(0)− γ(t), due to diffusion-controlled adsorption, and β is the frac-

tion of the equilibrium interfacial pressure due to the conformational changes

at the interface. Equation (2.18) does not account for an adsorption energy

barrier and, consequently, τD is not related to the real protein diffusion co-

efficient, but only to an apparent diffusion coefficient including diffusion and

adsorption. When the conformational changes at the interface are ignored,

i.e., when k and β are set to zero, a simpler equation is derived which ac-

counts for purely diffusion-controlled adsorption. This equation is called the

Ward and Tordai equation [116] which accounts for the diffusion of monomers

from the bulk to the interface, and also the back diffusion into the bulk as the

interface becomes more crowded. At the start of the process, monomers from

the subsurface adsorb directly with the assumption being that every molecule

arriving at the interface is likely to arrive at an empty site. This is a rea-

sonable postulate for the start of the adsorption process. However, as the

surface becomes crowded with the absorbed molecules, there is an increased

probability that a monomer will arrive at a site which is already occupied.

Back diffusion from the subsurface to the bulk must then be considered. If

the subsurface concentration is known, then the diffusion of molecules from

the subsurface to the bulk can be treated with Fick’s diffusion equations.

The classic Ward and Tordai equation correlating the interfacial tension (or
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surface excess, Γ(t)) to the concentration of the biomolecules is described as

Γ(t) = 2C
√

Dt

π
− 2

√

D

π

∫

√
t

0

Csd
√
t− t′, (2.19)

where D is the diffusion coefficient, t is the adsorption time, C and Cs are the

protein bulk and subsurface concentration, respectively, and t′ is a dummy

variable of integration. Including a convolution integral, the equation (2.19)

cannot be solved to find back diffusion. However, at the start of the adsorp-

tion process there will be no back diffusion (see the crossed processes shown

in Figure 2.5). Therefore, the Ward and Tordai equation is simplified to

Γ(t) = 2C
√

Dt

π
. (2.20)

Since the microdroplet transport is very fast, it can be assumed that all

molecules arrive at the surface by diffusion, and adsorb irreversibly (perfect

sink condition [124, 125]). Thus, the decrease in the interfacial tension is a

linear function of the number of adsorbed segments per molecule, and can

be described as

Π(t) = γ(0)− γ(t) = 2nCRT

√

Dt

π
, (2.21)

where γ(0) is the initial interfacial tension, and Π(t) is the interfacial pressure.

In this equation n is equal to 1 for non-ionic surfactants, neutral molecules

or ionic surfactants in the presence of excess electrolyte, and is equal to 2 for

1:1 ionic surfactants. The use of the equations (2.20) and (2.21) is justified
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as long as the interface acts as a sink. Consequently, linearity between γ

and t1/2 can only be found at small concentrations or in the beginning of

the adsorption process [127, 128]. Also in the case of reversible adsorption,

the equation (2.20) is still applicable for the initial stage of the adsorption

process. With respect to adsorption kinetics, not only diffusion but also

the actual interaction between the protein and the interface (denoted as the

reaction component) should be considered. However, in digital microfluidic

applications, since the transport time is short, the adsorption can be assumed

to be diffusion controlled.

Protein adsorption causes a time dependent change in both the solid-liquid

and liquid-vapor interfacial tensions. Using Young’s equation, the interfacial

tensions can be related to the microdroplet contact angle as

γlv(t) cos θ(t) + γsl(t)− γsv = 0 (2.22)

where γsl(t), γlv(t) and γsv are the solid-liquid, liquid-vapor and solid-vapor

interfacial tensions, and θ(t) is the static contact angle of the microdroplet

(see Figure 2.6).
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Figure 2.6: The balance of the interfacial tensions (a) before the applied
voltage and (b) after the applied voltage are shown.

2.2.2 Capacitance

From an energy perspective, in electrocapillary-based digital microfluidic sys-

tems, the driving force is provided by change of the solid-liquid interfacial

tension via an applied voltage to the underlying electrode. Using the Lipp-

mann law, the change in the solid-liquid interfacial tension can be determined

as

γsl,ac = γsl(t)−
c(t)V 2

2
(2.23)

where γsl(t) and γsl,ac are the solid-liquid interfacial tensions before and after

applying voltage, V is the applied voltage and c(t) is the capacitance per unit

area of the underlying layer(s) (see Figure 2.6). As it can be seen in Fig-
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ure 2.7, in the absence of adsorption the cosine of the contact angle increases

from its initial value, cos θ, to its actuated value, cos θac, by the amount of

c0V
2/(2γlv0), where c0 and γlv0 are the capacitance and the liquid-vapor in-

terfacial tension without adsorption (which could be considered as the values

for c(t) and γlv(t) at time zero). However, it has been observed that in the

presence of biomolecular adsorption, both θ and θac will change with respect

to time. The time dependent change of the non-actuated contact angle, θ(t),

is due to the change in the liquid-vapor and solid-liquid interfacial tensions;

whereas the change in the actuated contact angle, θac(t), is due to the change

in the liquid-vapor and solid-liquid interfacial tensions as well as capacitance,

c(t). If the biomolecular adsorption is included, the change in the capaci-

tance will be due to not only the applied voltage but also the formation of

a thin layer of the molecules on top of the dielectric and hydrophobic layer.

This layer decreases the total capacitance of the system as

c(t) =
1

1/c0 + 1/cads(t)
, (2.24)

where cads(t) is the capacitance per unit area of the protein layer on the

surface (see Figure 2.8) which can be related to the solid-liquid surface protein

concentration, Γsl, as

cads(t) =
Γsl(t)

Γsl∞
c∞, (2.25)

where Γsl∞ and c∞ are the saturated solid-liquid surface protein concentration

and capacitance, respectively.
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Figure 2.7: Effects of the interfacial tension and capacitance changes on the
microdroplet contact angle are shown.

Figure 2.8: The capacitance of the protein layer on the surface is shown.
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2.2.3 Adsorption force

The force due to adsorption, Fads, can be derived by using the energy min-

imization method. The negative derivative of the energy variation due to

adsorption provides the adsorption force. Using the Lippmann law the mi-

crodroplet free energy, E, can be written as

E =

(

γsl0 −
cl(t)V

2
1

2
−∆γsl,ads(t)

)

A1 +

(

γsl0 −
cl(t)V

2
2

2
−∆γsl,ads(t)

)

A2+

(

γsl0 −
cu(t)V

2
3

2
−∆γsl,ads(t)

)

A3 + γdfAdf(t),

(2.26)

where γdf is the droplet-filler interfacial tension, and Adf is the microdroplet-

filler interface area. As it is shown in Figure 2.9, A1 represents the bottom

surface area covering the activated electrode(s), A2 represents the bottom

surface area not covering the actuated electrode(s), and A3 represents the

top surface area of the microdroplet, and V1, V2 and V3 are the voltage

differences across each capacitance, respectively. Here, cl(t) and cu(t) are

the capacitance per unit area of the lower and upper plates. The change in

the microdroplet free energy is due to two effects: electrocapillarity [96] and

adsorption. Therefore, the microdroplet free energy can be written as

E = E0 −∆Eelectrocap −∆Eads, (2.27)
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where E0 is the initial microdroplet free energy defined as

E0 = γsl0Aw + γlv0Ap, (2.28)

where Aw and Ap are the solid-liquid and droplet-filler interface areas. The

changes in the microdroplet interfacial energy due to the electrocapillarity,

∆Eelectrocap, and adsorption, ∆Eads, are

∆Eelectrocap =
cl(t)V

2
1

2
A1 +

cl(t)V
2
2

2
A2 +

cu(t)V
2
3

2
A3 (2.29)

and

∆Eads = (γsl0 − γsl(t))Aw + (γlv0 − γlv(t))Ap. (2.30)

The force acting on the microdroplet can be obtained by finding the negative

derivative of the microdroplet free energy as

F = −dE

dx
= −d(E0 −∆Eelectrocap −∆Eads)

dx
. (2.31)

This force can be written as

F = −d(E0 −∆Eelectrocap)

dx
− d(−∆Eads)

dx
. (2.32)

The first term on the right hand side of the equation (2.32) is the original

driving force acting on the microdroplet in the absence of adsorption, and it

has been shown that it can be obtained using an electromechanical approach
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(the equation (2.7)). Therefore, the equation (2.32) can be re-written as

F = Fdriving − Fads, (2.33)

where the adsorption force, Fads is defined as

Fads = − d

dx
[(γsl0 − γsl(t))Aw + (γlv0 − γlv(t))Ap] . (2.34)

Figure 2.9: Three different areas are shown: A1 represents the bottom surface
area covering the activated electrode(s), A2 represents the bottom surface
area not covering the actuated electrode(s), and A3 represents the top surface
area of the microdroplet.

2.2.4 Protein bulk concentration

It was assumed that all molecules arrive at the surface by diffusion, and

adsorb irreversibly (the perfect sink condition [124, 125]). Therefore, the
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protein bulk concentration will change due to the adsorption of the molecules

to the interfaces. The bulk concentration of the proteins is related to the

surface protein concentration, Γ, as

d(mprotein)

dt
=

d(CV )

dt
=

d((Γsl(t)Awet + Γdf(t)Ap)M)

dt
, (2.35)

where mprotein is the mass of the protein in the microdroplet, and V is the

microdroplet volume. Here, Γsl and Γdf are the solid-liquid and droplet-filler

surface protein concentration, and M is the protein molecular weight.

The rate of change in the interfacial tensions is a strong function of the

concentration of the biomolecules. For the systems which use air as a filler

medium, however, the biomolecule concentration changes due to two main

reasons: 1) adsorption of the molecules to the interfaces and 2) evaporation.

Therefore, the effects of evaporation have to be considered simultaneously

with the effects of adsorption. In the following sections, the effects of evap-

oration on the microdroplet dynamics are modeled and described.

2.3 Evaporation

Although the evaporation theory was introduced in the 1910s, a more com-

plete understanding of the evaporation process of microdroplets has just re-

cently been obtained. It has been observed experimentally [129] that wetting

and non-wetting droplets do not evaporate in the same way. As it is shown
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in Figure 2.10, in the case of a hydrophilic droplet the contact radius remains

constant during the evaporation process (except at the very end, when a very

small amount of the drop volume remains). This phenomenon is attributed

to contact line pinning. In the case of a hydrophobic droplet, on the other

hand, the contact angle remains constant (except at the very end of the evap-

oration process). It has been shown that in both cases, the mass flow rate of

liquid loss is proportional to the height of the drop [129, 130]. In the case of

a wetting substrate the contact angle decreases linearly with time; whereas

in the case of a non-wetting substrate the droplet radius decreases as the

square root of time [131].

In digital microfluidic applications, however, the microdroplet evaporation

is more complicated as the microdroplet shows both hydrophobic and hy-

drophilic behavior. Moreover, a different trend in contact angle (and radius)

changes is expected due to microdroplet motion and the resulting pinning

and dynamic contact angle effects. Finally, due to the mass loss during evap-

oration, the microdroplet dynamics must be re-considered, and an additional

force due to evaporation has to be added to the force balance equation.

Using Fick’s law, the evaporation rate for the microdroplet can be obtained

as [115]

dm

dt
= −Dv

∫

∇Cv · d~S, (2.36)
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2.3. Evaporation

where Dv is the diffusion coefficient of the vapor and Cv is its concentration.

Equation (2.36) can be developed under the form of

dm

dt
= −Dv

∫

∂Cv
∂n

dS, (2.37)

where n is the direction normal to the microdroplet-air interface.

Most of recent studies have focused on calculating the concentration gradient

for a spherical microdroplet [115, 130, 131]. Due to the spherical isotropy,

the gradient of the vapor concentration is uniform. Using the boundary

conditions of Cv = Cv∞ at r → ∞, and Cv = Cv0 at r = rd, and taking

into account that the diffusion profile around a sphere varies as 1/r, the

concentration gradient can be approximated by [115]

∂Cv
∂n

= −Cv0 − Cv∞
rd

, (2.38)

where rd is the radius of the spherical liquid drop, and Cv = Cv0 and Cv∞
are the concentrations of the vapor at the droplet-vapor interface (saturated

vapor at the temperature of the drop) and far from the interface, respectively.

However, in the covered digital microfluidic systems (see Figure 2.11), the

microdroplet shape cannot be assumed to be spherical. To address this issue,

in the present work it is assumed that the concentration gradient is directed
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radially outward and equal to

∂Cv
∂n

= −(Cv0 − Cv∞)
k

2
, (2.39)

where k is the mean curvature of the interface, and can be expressed as

k =
1

r
+

1

R
, (2.40)

where R is the microdroplet radius, and r is the interface radius of curva-

ture in the x − y plane. The curvature of the interface can be extracted

from Laplace law by determining the electrostatic pressure from the electric

potential and field in the system and the hydrodynamic pressure from the

Navier-Stokes and continuity equations inside the microdroplet and the filler

as

[[pel]]− [[phyd]] = γdfk = γdf(
1

r
+

1

R
). (2.41)

Therefore, the microdroplet evaporation rate can be obtained as

dm

dt
= −2D

γdf

∫

−(Cv0 − Cv∞)([[pel]]− [[phyd]])dS. (2.42)

Finally, the evaporation force, Fevp, is introduced as

Fevp =
dm

dt
vtransport. (2.43)
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Figure 2.10: Evaporation schemes for hydrophilic and hydrophobic droplets
are shown.

Figure 2.11: The implementation of Laplace Law for the advancing face is
shown where R is the radius of the microdroplet, and r is the radius of
curvature of the interface in the x− y plane.
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2.4 Multiphysics

In the previous sections, the effects of the electrohydrodynamics, adsorption

and evaporation were included to model the ideal behaviour of the micro-

droplet. However, it has been shown that due to the microscopic surface de-

fects and roughness and dissipation effects in the submillimeter liquid phase,

additional effects have to be included in the model. In the following sub-

section the implementation of the three-phase contact line force, dynamic

contact angle and hysteresis effects are explained.

2.4.1 Three-phase contact line force

The molecular-kinetic theory [114] states that the attachment or detachment

of fluid particles is the main source of energy dissipation at the moving three-

phase contact line. Although dynamics of wetting can be described by the

microdroplet velocity and the dynamic contact angle [107, 114], it was shown

[15, 95] that an additional force has to be added to the dynamic equation

of the microdroplet motion. Using the molecular-kinetic theory, this three-

phase contact line force can be expressed as

Ftpcl = 2Pξvtransport, (2.44)

where P is the perimeter length of the microdroplet, and ξ is the friction

factor. This linearly dependent friction force is especially accurate at low
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and intermediate velocities [15, 95].

2.4.2 Microdroplet dynamic contact angle

It is shown that the contact angle of a moving microdroplet (dynamic contact

angle) differs from its static value (static contact angle) at equilibrium [107,

114]. Using Frenkel-Eyring activated rate theory of transport in liquids [107,

114], the static contact angle, θS, and the dynamic contact angle, θD, can be

related to the microdroplet transport velocity as

cos θS − cos θD =
vtransportξ

γdf
. (2.45)

2.4.3 Threshold condition

It has been shown before that there exists a threshold force caused by pinning

and hysteresis which prevents droplet motion prior to a sufficient applied volt-

age [132]. However, implementing the threshold condition to the proposed

algorithm is not a trivial task. Most of recent modeling efforts propose the

subtraction of a constant threshold force from the driving force [15, 95–97].

However, since the threshold force cannot be greater than the driving force,

subtracting a constant threshold force leads to inaccurate results. There-

fore, in this thesis the hysteresis condition is implemented by considering an

effective voltage as

Veff =
√

V 2
app − V 2

tr, (2.46)
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where Veff and Vtr are the effective and the threshold voltage, respectively.

2.5 Dynamics

Taking into account the effects of electrohydrodynamics, evaporation and

adsorption in microdroplet dynamics, the governing transient equation for

the microdroplet in the direction of the motion can be written as

m
dvtransport

dt
= Fdriving − Fwall − Ftpcl − Fevp − Fads, (2.47)

where m is the mass of the microdroplet, vtransport is the microdroplet trans-

port velocity, and Fdriving, Fwall, Ftpcl are the driving, wall and three-phase

contact line forces. Two new forces, Fevp and Fads, are added to compensate

for the effects of evaporation and adsorption.

It is important to note that the microdroplet transport velocity, vtransport,

must be known for implementing accurate boundary conditions to the equa-

tions (2.9) and (2.10). A dilemma arises here as, in calculating the trans-

port velocity from the equation (2.47), equations (2.9) and (2.10) have to be

solved first to find the accurate shear and filler forces acting on the micro-

droplet, Fwall and Ffiller. With this in mind, an iterative numerical procedure

is proposed here for solving the hydrodynamic equations (2.9) and (2.10)

and electrostatic equation (2.8) and linking these solutions to the transport

described by the equation (2.47). In the proposed iterative algorithm, at
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each time step, the electrostatic and hydrodynamic equations are numer-

ically solved simultaneously using the Finite Volume Method (FVM). As

a result, the electrostatic and hydrodynamic pressures, and hence the new

shape of the microdroplet is calculated. In the next step, the driving force,

resisting forces, adsorption and evaporation forces are calculated. Moreover,

the change in the microdroplet radius due to the evaporation is calculated.

Equation (2.47) is now solved to find the transient velocity of the micro-

droplet. Finally, the transient velocity is used in a Volume Of Fluid (VOF)

based method to model the moving boundary of the microdroplet. The al-

gorithm used for these analyses is shown in Figure 2.12, and the details of

the numerical procedure for solving the governing equations are explained in

the following chapter. .

59



2.5. Dynamics

Figure 2.12: The flowchart of the numerical algorithm is shown.
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Chapter 3

Methodology

In this chapter, the numerical procedure used for solving the overall electro-

hydrodynamic equations is explained. The Finite Volume Method (FVM) is

used here to numerically solve the electrostatic and hydrodynamic governing

equation by expressing the partial differential equations (PDEs) in a volume

integral form. Discretization is based on the evaluation of volume integrals

over small control volumes, and the overall solution is represented by the

control volume averages.

It has been shown before [15, 133] that velocity fields inside the microdroplet

deviate from the parabolic assumption used in most recent modeling efforts

[96, 102]. As it is shown in Figure 3.1, although significant recirculation has

been observed near the microdroplet interface, streamlines are parallel far

from the interfaces [133]. Therefore, a pseudo-three-dimensional approach

[15] is employed in this work (see Figure 3.2 and Figure 3.3), and a standard

two-dimensional grid is used for the FVM solution of the equations in the

meridian plane (cross section A-A in Figure 3.1). Governing equations are

solved in the meridian plane, and the microdroplet is analyzed as a collec-

tion of planes parallel to this meridian plane. This analysis is carried out
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in dimensionless form such that the solution for the meridian plane can be

extended to all the planes.

Figure 3.1: It is shown that although significant recirculation has been ob-
served near the microdroplet interface, streamlines are parallel far from the
interfaces.

x

z

y

i

j

k

Figure 3.2: Schematic of discretization of the microdroplet is shown. Ele-
ments for calculating shear force are shown.

62



Chapter 3. Methodology

Figure 3.3: The discretized regions of the digital microfluidic system are
shown: microdroplet (region 1), filler (region 2) and dielectric layers (region
3). Black circles show the center of each cell, and the dashed lines show the
borders of each cell.
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3.1 Hydrodynamics

3.1.1 Discretization scheme

The incompressible Navier-Stokes equations are mathematically complicated

as they are a coupled system of non-linear elliptic partial differential equa-

tions (PDEs). There are a reasonably large number of similarity transfor-

mations that can be applied to these equations. Furthermore, the continuity

equation is physically not an evolution equation but a partial differential

constraint on the velocity field.

The combination of these attributes makes the incompressible Navier-Stokes

equations difficult to solve numerically. There are a number of approaches for

solving this system, each characterized in a way that the continuity equation

is satisfied.

In the present work, the artificial compressibility method is used to satisfy

the continuity equation. The artificial compressibility method adds a phys-

ical time derivative of pressure to the continuity equation. This derivative

is scaled by a parameter β that effectively sets the pseudo-compressibility

of the fluid. The addition of the time derivative of the pressure couples the

continuity equation more tightly to the momentum equations and allows us

to advance pressure and velocity in time together. It should be noted that

the right choice of the parameter, β, is very crucial, as it affects the final

solution of a problem. In this work, the artificial compressibility value, β,
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is chosen according to the mesh size and numerical parameters to accelerate

the convergence of the procedure.

The non-dimensional continuity and Navier-Stokes equations in artificial

compressibility form can be written as

∂p∗

∂t
+

1

β

∂u∗

∂x∗
+

1

β

∂v∗

∂y∗
, (3.1)

∂u∗

∂t
+

∂u∗2

∂x∗
+

∂u∗v∗

∂y∗
= −∂p∗

∂x∗
+

1

Re

(

∂u∗2

∂x∗2
+

∂u∗2

∂y∗2

)

(3.2)

and

∂v∗

∂t
+

∂u∗v∗

∂x∗
+

∂v∗2

∂y∗
= −∂p∗

∂y∗
+

1

Re

(

∂v∗2

∂x∗2
+

∂v∗2

∂y∗2

)

, (3.3)

where p∗ is the dimensionless hydrodynamic pressure, Re is the Reynolds

number, and u∗ and v∗ are the x- and y-components of the dimensionless

velocity vector which are defined as

u∗ =
u

Lref

v∗ =
v

Lref

p∗ =
p

ρV 2
ref

Re =
inertia

viscosity
=

ρVrefLref

µ
,

(3.4)

where ρ and µ are the density and viscosity of the fluid, and Vref and Lref are

the reference velocity and length.
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Equations (3.1)-(3.3) can be re-written as

∂U

∂t
+

∂F

∂x
+

∂G

∂y
= 0, (3.5)

where

U =













p∗

u∗

v∗













F =













u∗

β

u∗2 + p∗ − 1
Re

∂u∗

∂x∗

u∗v∗ − 1
Re

∂v∗

∂x∗













G =













v∗

β

u∗v∗ − 1
Re

∂u∗

∂y∗

v∗2 + p− 1
Re

∂v∗

∂y∗













. (3.6)

Equation (3.5) can be written in a vector form as

∂U

∂t
+ ~∇ · ~P = 0, (3.7)

where ~P is defined as

~P = F î+Gĵ. (3.8)

In this equation, î and ĵ are the unit vectors in the x- and y-direction.

Equation (3.5) can be integrated over the two-dimensional control volume

shown in Figure 3.3. Therefore, it can be written as

∫

CV

∂U

∂t
dV +

∫

CV

~∇ · ~PdV = 0. (3.9)

Now the divergence theorem can be used to convert the second integral in

the equation (3.9) to surface integral over boundaries of the control volume

66



3.1. Hydrodynamics

as
∫

CV

∂U

∂t
dV +

∫

∂CV

~P · n̂dA = 0, (3.10)

where n̂ is the outward unit normal vector, and ∂CV represents the bound-

aries of the control volume CV. The implementation of the equation (3.10)

is shown in Figure 3.4, and this equation can be written in a discrete form

for the control volume cell (i, j) as

∂Ui,j

∂t
∆x∆y = ~Pi+ 1

2
,j · ~ni+ 1

2
,j∆y + ~Pi− 1

2
,j · ~ni− 1

2
,j∆y+

~Pi,j+ 1
2
· ~ni,j+ 1

2
∆x+ ~Pi,j− 1

2
· ~ni,j− 1

2
∆x,

(3.11)

where ∆x and ∆y are the dimensions of the control volumes in the x and y

directions. Considering the components of ~P , equation (3.11) can be written

as

∂Ui,j

∂t
∆x∆y + (Fi+ 1

2
,j − Fi− 1

2
,j)∆y + (Gi,j+ 1

2
−Gi,j− 1

2
)∆x = 0. (3.12)

Equation 3.12 can be written as

∂Ui,j

∂t
+

Fi+ 1
2
,j − Fi− 1

2
,j

∆x
+

Gi,j+ 1
2
−Gi,j− 1

2

∆y
= 0. (3.13)

The time-derivative term can be discretized as

Un+1
i,j − Un

i,j

∆t
+

F n
i+ 1

2
,j
− F n

i− 1
2
,j

∆x
+

Gn
i,j+ 1

2

−Gn
i,j− 1

2

∆y
= 0, (3.14)
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where n and n+1 represent the values at time t and t+∆t. This discretization

uses the explicit Euler time advance scheme. The explicit case is simple to

implement, as it only requires the computation and differentiation of the

fluxes. However, the explicit schemes often prove to be inefficient. The

implicit discretization of the conservation law would be in the form of

Un+1
i,j − Un

i,j

∆t
+

F n+1
i+ 1

2
,j
− F n+1

i− 1
2
,j

∆x
+

Gn+1
i,j+ 1

2

−Gn+1
i,j− 1

2

∆y
= 0. (3.15)

However, calculating the terms in the implicit form is not straightforward.

For instance, according to the equation (3.6), F n+1
i+ 1

2
,j
is a function of Un+1

i,j

and Un+1
i+1,j . However, we can approximate

F n+1
i+ 1

2
,j
≡ F (Ui,j, Ui+1,j)

n+1 ≈ F (Ui,j, Ui+1,j)
n +∆t

∂F (Ui,j , Ui+1,j)

∂t
|n (3.16)

and

∂F (Ui,j , Ui+1,j)

∂t
|n =

∂F

∂Ui,j

∂Ui,j

∂t
|n + ∂F

∂Ui+1,j

∂Ui+1,j

∂t
|n. (3.17)

In practice, it is easier to write this equation in a so-called δ-form by replacing

Un+1
i,j with Un

i,j+δUn+1
i,j . The δ-form is much more convenient near the steady-

state condition, where round off errors in the calculation of U can easily

exceed δU , i.e., the change in U from one time level to the next. Therefore,
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the equation (3.16) can be written as

F n+1
i+ 1

2
,j
= F (Un+1

i,j , Un+1
i+1,j) = F (Un

i,j + δUn+1
i,j , Un

i+1,j + δUn+1
i+1,j)

≈ F (Un
i,j, U

n
i+1,j) +

∂F n
i+ 1

2
,j

∂Ui,j
δUn+1

i,j +
∂F n

i+ 1
2
,j

∂Ui+1,j
δUn+1

i+1,j .

(3.18)

This result requires that we calculate the flux Jacobians which are the deriva-

tives of the fluxes with respect to the unknowns in nearby control volumes.

As an example, one of the Jacobians can be obtained as

∂F n
i+ 1

2
,j

∂Ui,j

=













0 1
2β

0

1
2

u∗

i,j
+u∗

i+1,j

2
+ 1

∆x.Re
0

0
v∗i,j+v∗i+1,j

4

u∗

i,j+u∗

i+1,j

4
+ 1

∆x.Re













. (3.19)

By substituting the expanded fluxes into the fully-discrete equation, we ob-

tain

(

I∗

∆t
+

1

∆x

∂F n
i+ 1

2
,j

∂Ui,j
− 1

∆x

∂F n
i− 1

2
,j

∂Ui,j
+

1

∆y

∂Gn
i,j+ 1

2

∂Ui,j
− 1

∆y

∂Gn
i,j− 1

2

∂Ui,j

)

δUn+1
i,j

+
1

∆x

∂F n
i+ 1

2
,j

∂Ui+1,j

δUn+1
i+1,j −

1

∆x

∂F n
i− 1

2
,j

∂Ui−1,j

δUn+1
i−1,j

+
1

∆y

∂Gn
i,j+ 1

2

∂Ui,j+1
δUn+1

i,j+1 −
1

∆y

∂Gn
i,j− 1

2

∂Ui,j−1
δUn+1

i,j−1

= −
F n
i+ 1

2
,j
− F n

i− 1
2
,j

∆x
−

Gn
i,j+ 1

2

− F n
i,j− 1

2

∆y
,

(3.20)
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where I∗ is the unit matrix. Multiplying by ∆t and labeling the terms, the

above equation can be written as

(

I∗ +∆tB∗
x +∆tB∗

y

)

δUn+1
i,j

∆tC∗
xδU

n+1
i+1,j +∆tA∗

xδU
n+1
i−1,j

∆tC∗
yδU

n+1
i,j+1 +∆tA∗

yδU
n+1
i,j−1

= −∆t
F n
i+ 1

2
,j
− F n

i− 1
2
,j

∆x
−∆t

Gn
i,j+ 1

2

− F n
i,j− 1

2

∆y
.

(3.21)

Equation (3.21) can be re-written as

(

I∗ +∆tD∗
x +∆tD∗

y

)





















































δUn+1
1,1

δUn+1
2,1

...

δUn+1
i−1,j

δUn+1
i,j

δUn+1
i+1,j

...

δUn+1
I−1,J

δUn+1
I,J





















































= −∆t

(

F n
i+ 1

2
,j
− F n

i− 1
2
,j

∆x
−

Gn
i,j+ 1

2

− F n
i,j− 1

2

∆y

)

,

(3.22)
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where I and J are the maximum number of the cells in x- and y-directions,

and D∗
x and D∗

y are

D∗
x =





















































B∗
x;1,1 C∗

x;1,1

A∗
x;2,1 B∗

x;2,1 C∗
x;2,1

. . .
. . .

. . .
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x;i−1,j B∗

x;i−1,j C∗
x;i−1,j

A∗
x;i,j B∗

x;i,j C∗
x;i,j
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This system of equations can be solved using the Thomas algorithm [121]. It

should be noted that in this case, each line problem is a 3∗3 block tridiagonal

problem. The details of the solution of the block tridiagonal problems are

explained elsewhere [121].

Figure 3.4: The implementation of equation (3.11) is shown.
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3.1.2 Boundary condition

The boundary conditions used for the microdroplet and filler along the solid

surfaces are the no-slip, no-penetration and zero pressure gradient condi-

tions. Thus, implicit Neumann boundary conditions can be used. The

microdroplet-filler interface is moving with the microdroplet transport ve-

locity, vtransport, and is implemented by defining fictitious velocities within

solid cells adjacent to fluid cells [123]. As it can be seen in Figure 3.5, a

method based on the VOF method [108, 113] is used for modeling the moving

boundary of the microdroplet. The VOF method is based on the averaging

of phases at the interface, in which the volume fraction, f , is advected with

the fluid flow. The volume fraction, f , for each cell is defined as

f =
Vliq

Vcell
, (3.24)

where Vliq and Vcell are the (microdroplet) liquid volume and total cell volume,

respectively.

As it is shown in Figure 3.6, the main idea for the implementation is that

the microdroplet-filler interface is moving with the transport velocity of the

microdroplet, and in each time step the volume fraction of each cell, f , is

updated according to the motion of the boundaries. This volume fraction of

the cells must satisfy the advection equation

[∂tf + vtransport∂xf ] = 0. (3.25)
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3.1. Hydrodynamics

Using the volume fraction of each cell, density and viscosity of each cell are

defined as

ρi,j = fi,jρmicrodroplet + (1− fi,j)ρfiller (3.26)

and

µi,j = fi,jµmicrodroplet + (1− fi,j)µfiller, (3.27)

where ρmicrodroplet and ρfiller are the microdroplet and filler densities, and

µmicrodroplet and µfiller are the microdroplet and filler viscosities, respectively.

Figure 3.5: The concept of the fractional VOF method is shown. This method
is based on averaging of phases at the interface, in which the volume fraction,
f , is advected with the fluid flow.
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3.1. Hydrodynamics

Figure 3.6: The updating process for the shape of the advancing interface
is shown. The volume fraction of each cell, f , is updated according to the
motion of the boundaries.

3.1.3 Stability

Solutions obtained from three mesh sizes M1, M2, and M3 are û|M1, û|M2

and û|M3, respectively, where M2 has twice as many mesh points as M1, and

M3 has twice as many as M2. The error in each solution is proportional to

its mesh spacing to some power k (which is 2 in the developed FVM scheme

[121]); then the solutions can be written as

û|M1 = ue + Ĉ(∆x)k, (3.28)

û|M2 = ue + Ĉ(
∆x

2
)k (3.29)
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3.1. Hydrodynamics

and

û|M3 = ue + Ĉ(
∆x

4
)k. (3.30)

The norm of the difference of the solutions can be obtained as

‖û|M1 − û|M2‖ = Ĉ(1− 1

2k
) (3.31)

and

‖û|M2 − û|M3‖ = Ĉ(
1

2k
− 1

4k
). (3.32)

This difference should get smaller as the mesh is refined. The ratio of these

last two expressions can be written as

‖û|M1 − û|M2‖
‖û|M2 − û|M3‖

=
1

2k
. (3.33)

The results of stability analysis for number of meshes on the vertical line

are shown in table 3.1, and they indicate that the minimum number of 160

meshes in the vertical direction is needed for obtaining accurate results.

M1 M2 M3 k
10 20 40 1.15
20 40 80 1.56
40 80 160 1.96

Table 3.1: The minimum number of 160 meshes in the vertical direction is
needed for obtaining accurate results.
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3.1.4 Force calculation

After solving the hydrodynamic equations, the velocity vector inside the

microdroplet is then used to find the shear force on the wall as

Fwall =

∫

walls

τ dA, (3.34)

where τ is the shear stress which is defined as

τ = µ

(

∂u

∂y
+

∂v

∂x

)

, (3.35)

where u and v are the x- and y-components of the fluid particle velocities.

Therefore, as it is shown in Figure 3.7, shear stress can be written as

τi,j = µi,jwall

(

ui,jwall

∆y
+

vi+1,jwall−i,jwall

∆x

)

. (3.36)

Equation 3.34 now can be written as

Fwall =
∑

i

τi,j∆x. (3.37)

Moreover, using the filler hydrodynamic pressure (which is obtained from the

solution of the equations (2.9) and (2.10)) at the microdroplet-filler interface,

the filler (drag) force, Ffiller, can be calculated as

Ffiller =

∫

phyddAinterface,y, (3.38)
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where dAinterface,y is the projection of the microdroplet-filler interface area

element on the y-z plane. Therefore, the equation (3.39) can be written as

Ffiller =

∫

phyd,i,j∆y. (3.39)

Figure 3.7: The cells adjacent to the wall are shown.
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3.2 Electrostatics

3.2.1 Discretization scheme

In the present work, an electromechanical approach [108, 122] is used to

calculate the horizontal force acting on the microdroplet interface. A volume

integral form of the Maxwell equation (2.8) can then be written as

∫

CV

~∇ · ~D dV =

∮

∂CV

~D · ~n dA = 0, (3.40)

where CV represents the control volume, and ∂CV represents the control

volume cell boundary. The divergence theorem allows the volume integral

within the interior to be performed as a surface integral over the control

volume cell boundary.

The implementation of the equation (3.40) is shown in Figure 3.8, and this

equation can be written in a discrete form for the control volume cell (i, j)

as

∮

∂CV(i,j)

~D · ~n dA = ~Di+ 1
2
,j · ~ni+ 1

2
,j∆y

+ ~Di− 1
2
,j · ~ni− 1

2
,j∆y

+ ~Di,j+ 1
2
· ~ni,j+ 1

2
∆x

+ ~Di,j− 1
2
· ~ni,j− 1

2
∆x,

(3.41)
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where ∆x and ∆y are the dimensions of the control volumes in the x- and y-

directions. Since the electric displacement vector, ~D, has two components,

(Dx, Dy), and the normal vectors are oriented either horizontal or vertical,

the equation (3.41) can be written as

Dx,i+1/2,j∆y −Dx,i−1/2,j∆y −Dy,i,j−1/2∆y +Dy,i,j+1/2∆y = 0. (3.42)

Equation (3.42) expresses the Maxwell equation for the cell (i, j) in terms

of the electric displacements at the boundaries of the cell. The electric dis-

placement can then be written as the electric field gradient as

~D = (Dx, Dy) = ǫ(Ex, Ey) = −ǫ(
∂Φ

∂x
,
∂Φ

∂y
), (3.43)

where Ex and Ey are the x- and y-components of the electric field, respec-

tively. Using the equation (3.43), the equation (3.42) can be written as

[

ǫi+1/2,ja+ ǫi−1/2,ja+ ǫi,j+1/2 + ǫi,j−1/2

]

Φi,j

−ǫi+1/2,jaΦi+1,j

−ǫi,j+1/2Φi,j+1

−ǫi−1/2,jaΦi−1,j

−ǫi,j−1/2Φi,j−1 = 0,

(3.44)

where a = ∆y
∆x

, and ǫi+1/2,j , ǫi−1/2,j , ǫi,j+1/2 and ǫi,j−1/2 are the permittivities

at the boundaries of the cell (i, j). There are three distinct permittivity
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3.2. Electrostatics

regions in the overall system, and for sufficiently small cells, two distinct

permittivity regions within cells along the microdroplet-filler interface. It

should be noted that the mesh size is adjusted in a way that the cells at the

microdroplet-solid and filler-solid interfaces contain one phase. Acquiring the

permittivity values for interface cells is not a trivial task. Using the volume

fraction method, the permitivity of each interphase cell can be calculated as

ǫi,j = fi,jǫmicrodroplet + (1− fi,j)ǫfiller, (3.45)

where fi,j is the volume fraction of the cell (i, j), and ǫmicrodroplet and ǫfiller

are the microdroplet and filler permitivities, respectively.

Finally, the equation (3.44) is solved using the Gauss-Seidel approach, and

the electric potential, Φ, is found in all the regions. To accelerate the iterative

procedure, the Successive Overelaxation by Lines (SLOR) method [121] is

implemented. Thus, the equation (3.44) can be written as

[

ǫi+1/2,ja + ǫi−1/2,jβ + ǫi,j+1/2 + ǫi,j−1/2

]

δk+1
i,j

−ǫi+1/2,jaδ
k+1
i+1,j − ǫi−1/2,jaδ

k+1
i−1,j =

+ǫi+1/2,jaΦ
k
i+1,j + ǫi−1/2,jaΦ

k
i−1,j

+ǫi,j+1/2Φ
k
i,j+1 + ǫi,j−1/2Φ

k
i,j−1

−
[

ǫi+1/2,ja+ ǫi−1/2,ja+ ǫi,j+1/2 + ǫi,j−1/2

]

Φk
i,j,

(3.46)
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where k is an index for the iteration number, and δ is the increase (or de-

crease) in the electric potential, Φ, at each iteration. As the update to the

solution is always smaller than necessary, it is possible to increase the update

by an SOR factor defined as

Φk+1
i,j = Φk

i,j + ωδk+1
i,j , (3.47)

where ω is the over-relaxation parameter which must be less than two for

stability [121]. Since the equation (3.46) is stated for each independent cell,

a system of equations must be solved in each iteration.

Figure 3.8: The implementation of equation (3.40) is shown. The electric dis-

placement vector, ~D, has two components, (Dx, Dy), and the normal vectors
are oriented either horizontal or vertical.
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3.2.2 Boundary condition

An implicit Neumann boundary conditions is used. The electric potential at

the actuated electrode is Φ = Vapplied, and the other electrodes are grounded.

3.2.3 Driving force calculation

After finding the electrostatic potential, Φ, the electric field and electrostatic

pressure, pel, can be found at the cells adjacent to the microdroplet-filler

interface. This electrostatic pressure distribution is used to determine both

the curvature of the interface and the driving force, Fdriving, acting on the

microdroplet.

To obtain the curvature and driving force, the electric field is first calculated

for the cells adjacent to the interface by way of

~Ei,j = (Ex,i,j, Ey,i,j) = −(
∂Φi,j

∂x
,
∂Φi,j

∂y
) =

(
Φi,j − Φi+1,j

∆x
,
Φi,j − Φi,j+1

∆y
).

(3.48)

Using this relationship, the electrostatic pressure can be calculated for the

cells using the following relationship:

pel,i,j =
ǫ| ~Ei,j |2

2
. (3.49)
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The driving force can be calculated by integrating the electrostatic pressure

along the interface [94, 111]. The force element acting on one cell is therefore

∆Fi,j = pel,i,j∆Ai,j, (3.50)

where Fi,j is the force acting on the interface. As it is shown in Figure 3.9, this

force is perpendicular to the surface element area ∆Ai,j . Thus, considering

the direction of the interface, the horizontal component of the force can be

written as

∆Fx,i,j = pel,i,j∆Ai,j sin(θi,j), (3.51)

where θi,j is the angle of the interface at the point of interest. It should be

noted that the effect of the vertical component of the electrostatic force on

the microdroplet dynamics are neglected here. Although it has been shown

before that the electric field (force) is singular at the three-phase contact line

[119], the electrostatic pressure is integrable along the interface as

Fx,interface =
∑

j

pel,i,j∆Ai,j sin(θi,j). (3.52)

Finally, the total horizontal driving force will be sum of the forces acting on

the advancing and receding faces given as

Fdriving,meridian = Fx,advancing − Fx,receding. (3.53)
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This force is summed over planes parallel to the meridian plane to give the

total driving force.

Figure 3.9: The direction of the electrostatic force acting on the microdroplet
interface is shown.
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3.3 Electrohydrodynamics

After finding the electrostatic and hydrodynamic pressures, the equation

(2.14) can be used to find the curvature of the advancing and receding sur-

faces. For conductive liquids, the electrostatic pressure inside the micro-

droplet is zero. Thus, as it is shown in Figure 3.10, the equation (2.14) (for

the advancing face) becomes

pel,i+1,j + phyd,i+1,j − phyd,i−1,j = γdf(
1

r
+

1

R
) = γdf(

d2xinterface,i,j

dy2
+

1

R
)

= γdf(
xinterface,i,j+1 − 2xinterface,i,j + xinterface,i,j−1

∆y2
+

1

R
),

(3.54)

where R is the microdroplet radius, and r is the interface radius of curvature

in the x−y plane. Equation (3.54) is solved for xinterface,i,j+1 for all the droplet-

filler interface cells to obtain θi,j for calculating the force in the equation

(3.52).

Since the microdroplet voltage is known from the electrostatic solution, the

Lippmann-Young equation can then be used to extract the static contact

angle as

cos θS,bottom,adv = cos θ0 +
c

2γdf
(Vapp − Vdrop)

2, (3.55)

where θS,bottom,adv is the advancing lower (static) contact angle of the mi-

crodroplet, θ0 is the initial contact angle, c is the capacitance of the dielec-

tric layers, Vapp is the applied voltage, and Vdrop is the microdroplet voltage
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(which is uniform inside the conductive microdroplet).

Since the electrode underlying the receding interface is grounded, the equa-

tion (3.58) for the receding face can be written in an analogous form as

cos θS,bottom,rec = cos θ0 +
c

2γdf
(Vdrop)

2, (3.56)

where θS,bottom,rec is the receding lower (static) contact angle of the micro-

droplet. It is shown that the contact angle of a moving microdroplet (dy-

namic contact angle) differs from its static value (static contact angle) at

equilibrium [107, 114]. Using the Frenkel-Eyring activated rate theory of

transport in liquids [107, 114], the static contact angle, θS, and the dynamic

contact angle, θD, can be related to the microdroplet transport velocity as

cos θS − cos θD =
vtransportξ

γdf
, (3.57)

where ξ = 0.04 is the friction factor [95]. As it is shown in Figure 3.10, the

shape of the interface for the first two cells now can be expressed as

xinterface,i,jwall+1 − xinterface,i,jwall

∆y
=

1

tan(θD,bottom)
. (3.58)
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Figure 3.10: The implementation of the Laplace Law for the advancing face
where R is the radius of the microdroplet is shown, and r is the radius of
curvature of the interface in the x− y plane.
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3.4. Adsorption

Figure 3.11: Use of the Lippmann-Young equation is shown for the advancing
interface.

3.4 Adsorption

3.4.1 Force calculation

As explained in Chapter 2, the adsorption force, Fads, is defined as

Fads = − d

dx
[(γsl0 − γsl(t))Aw + (γlv0 − γlv(t))Ap] . (3.59)

89
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Therefore, the adsorption force at each time step can be calculated as

Fads = −([(γsl0 − γsl)Aw + (γlv0 − γlv)Ap]
n+1

− [(γsl0 − γsl)Aw + (γlv0 − γlv)Ap]
n)/ (vtransport∆t) ,

(3.60)

where n+ 1 and n represent the values at time t and t+∆t.

3.4.2 Capacitance change

As it was mentioned in Chapter 2, the adsorbed proteins to the solid sur-

face form a new layer on top of the dielectric and hydrophobic layer, which

decreases the total capacitance of the system as

c(t) =
1

1/c0 + 1/cads(t)
, (3.61)

where cads(t) is the capacitance per unit area of the protein layer on the

surface which can be related to the solid-liquid surface protein concentration,

Γsl, as

cads(t) =
Γsl(t)

Γsl∞
c∞, (3.62)

where Γsl∞ and c∞ are the saturated solid-liquid surface protein concentration

and capacitance, respectively. However, in this equation, c∞ is the saturated

capacitance which has to be measured for each surface and protein. In the

present work, a new methodology for in-situ characterization of the system

capacitance is introduced and implemented as explained below.
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Experimental setup

The setup for this sampling protocol is shown in Figure 3.12. The electrodes

are activated by a high voltage DC power supply (Stanford Research Sys-

tem, PS350) that is triggered by a relay (SANYOU, DSY2Y-S-205L) and

a computer. A large resistor Rmajor is used to match the resistance of the

microfluidic system, and a small resistor Rminor creates a voltage divider by

a digital oscilloscope (Tektronix, TDS 2004B) for sampling. The digital os-

cilloscope has an internal finite resistance, Rosc, and capacitance, Cosc. The

time-variant waveform recorded by the oscilloscope is processed by the com-

puter to extract the microfluidic capacitance values, i.e., Cdiel and Cdrop, and

microfluidic resistance values, i.e., Rdiel and Rdrop.

The contact angle values of the microdroplet are determined simultaneously

to the capacitance values by means of digital imaging using a microscope

(Leica Z6 APO) which is connected to a high resolution digital CCD camera.

The digital CCD camera is used for accurate measurement of the micro-

droplet contact angle (see Appendix A).

Capacitance sampling

The sampling technique is applied here to digital microfluidic architectures

with a capacitance sampling submodule. The capacitance sampling is well

suited to the systems with dielectric layers covering the electrodes, and it is

an alternative method to the conductance sampling method (see Appendix
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B). The time variation of the internal dielectric properties can be effectively

mapped onto the recorded voltage forms by measuring the time-varying ca-

pacitance. The capacitance of the structure is recorded as an effective capac-

itance (C eff) of the multilayered system with contributions from all internal

dielectric regions (C diel) and fluid regions (C drop). The method employed

to sample capacitance must be particularly sensitive, as capacitance values

are exceedingly small for micro- and milli-scale fluid structures. To provide

this high level of sensitivity, voltage actuation signals used for the digital

microfluidic control are incorporated directly into the capacitance sampling

process. This also omits the need for an additional capacitance measuring

voltage signal which would be applied by an external capacitance measuring

instrument. The complete configuration for this submodule is shown in Fig-

ure 3.12. The displayed circuit quantifies the conduction and displacement

effects within the droplet with the resistor Rdrop and capacitor C drop, respec-

tively, between overlying and underlying dielectric layers with resistance and

capacitance values of Rdiel and C diel, respectively. The capacitor across the

complete digital microfluidic system is the parameter of interest, and it can

be extracted by way of time contstant curve fitting with the voltage divider

external circuitry shown in Figure 3.12. The resistor Rmajor = 50 MΩ is made

to be sufficiently large, in comparison to the resistor Rminor = 500 kΩ, to 1)

provide an observable time constant, 2) minimize the effects of the voltage

sampling oscilloscope’s finite input resistance Rosc = 1 MΩ, and 3) to scale

down the oscilloscope input voltage.
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The circuitry is energised at time t = 0 sec by a high voltage DC power

supply with a fixed voltage V applied. The high voltage is switched on using

a computer-controlled high-voltage relay. The resulting voltage waveform

across Rminor is then recorded by the computer-controlled data acquisition

system. The time-varying evolution of this transient V C2(t) provides a mea-

sure of the charge build-up and discharge across the microdroplet. It is

important to note that the time-dependent response is also a function of the

oscilloscope capacitance C osc. These two capacitors control the charging and

discharging of the structure, and the voltage across the oscilloscope terminals

can be found through the transient circuit analysis. The complete result is

VC2 (t) =
Vapplied

(s1−s2)

(

1
R3C2

+ R2s2
R1+R2+R3

)

(es1t − es2t)+

Vapplied R2

R1+R2+R3
(1− es2t) ,

(3.63)

where

s1,2 = −b/ (2a)±
[

b2 − 4ac
]1/2

/

(2a) (3.64)

and

a = R1R2R3C1C2

b = R1R2C1 + R1R2C2 + R1R3C1 + R2R3C2

c = R1 + R2 + R3.

(3.65)

The capacitance values here are defined across the microfluidic structure,

C 1= (1/C drop+2/C diel)
−1, and the measurement oscilloscope, C 2= C osc.
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The resistance values are defined with R1=Rdrop+2Rdiel,R2= (Rosc+Rminor)
−1

and R3= Rmajor. The rise of the voltage waveform will initially be dominated

by the oscilloscope capacitor as it charges while the fall of the voltage wave-

form back down towards zero is dominated by the microdroplet capacitance.

The capacitance sampling module extracts the voltage waveform from the

oscilloscope and uses a curve fitting algorithm to determine the capacitance

across the digital microfluidic system, C 1, as a function of time. This process

is repeated at the discrete time steps that are used to actuate the micro-

droplets, and the transient voltage waveform is recorded during this process.

The details of these in-situ measurements are explained in Appendix A.

Figure 3.12: The setup for the capacitance sampling.
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3.4.3 Evaporation

In the present work it is assumed that the concentration gradient is directed

radially outward and equal to

∂Cv
∂n

= −(Cv0 − Cv∞)
k

2
, (3.66)

where k is the mean curvature of the interface, and can be expressed as

k = [[pel]]− [[phyd]]/γdf . (3.67)

The curvature of the interface can be extracted from Laplace law by determin-

ing the electrostatic pressure from the electric potential and field in the sys-

tem and by determining the hydrodynamic pressure from the Navier-Stokes

and continuity equations inside the microdroplet and the filler. Therefore,

the concentration gradient can be written as

∂Cv
∂n

|i,j = −(Cv0 − Cv∞)
pel,i+1,j + phyd,i+1,j − phyd,i−1,j

2γdf
. (3.68)

Finally, the microdroplet evaporation rate can be obtained as

dm

dt
= −2Dv

γdf
(Cv0 − Cv∞)

∑

j

(pel,i+1,j + phyd,i+1,j − phyd,i−1,j)∆y. (3.69)
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The mass loss due to the evaporation can be related to the change in the

microdroplet radius as

dm

dt
= 2ρdropletπRH

∆R

∆t
. (3.70)

As it is shown in Figure 3.13, this change in the radius can be implemented

into the numerical scheme. In each time step, first, microdroplet electro-

hydrodynamic deformation is calculated, and then the change in the micro-

droplet radius is implemented.

3.5 Dynamics

Finally, after calculating all the forces, the dynamic equation can be solved

to find the microdroplet velocity. The dynamic equation can be written as

m
dvtransport

dt
= Fdriving − Fwall − Ftpcl − Fevp − Fads. (3.71)

Using an explicit scheme, this equation can be solved to find the microdroplet

velocity. The explicit scheme can be written as

m
vn+1
transportv

n
transport

∆t
= F n

driving − F n
wall − F n

tpcl − F n
evp − F n

ads. (3.72)

In the following chapter, the results of the developed model are presented and

verified with experimental results, and it is shown that the model provides
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an accurate representation of digital microfluidic transport. Moreover, an

extensive parametric variation is used to derive the Maximum Actuation

Switching Frequency for ranges of the microdroplet size, gap spacing between

the top and bottom plates and electrode pitch size. As a result of this study,

an adjustable force-based actuation switching frequency implementation is

introduced, and it is shown that rapid microdroplet motion is obtained by

in-situ adjusting of the switching frequency.

original interface

(time t)

deformed interface

(time t, after implementing Laplace law)

evaporated interface

(time t)

DR

Figure 3.13: In each time step, microdroplet electrohydrodynamic deforma-
tion is calculated, and then the change in the microdroplet radius is imple-
mented.
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Chapter 4

Results and Discussion

In this chapter, the results obtained from the developed model are presented

and discussed. As it was explained in the previous chapters, the developed

numerical model has different submodules. To show the accuracy of the

model and its submodules, the modeling results are compared to the exper-

imental observations. After verifying and validating the results, the results

obtained from different submodules of the numerical model are discussed.

Finally, to show the application of the developed numerical model, the mi-

crodroplet motion in digital microfluidic systems is optimized, and using the

model, a new algorithm is proposed to achieve higher microdroplet velocities.

4.1 Verification

To verify different submodules of the model, the effect of each phenomena has

to be studied in isolation. First, a system including silicone oil as the filler

fluid is modeled; thus, the effects of evaporation and adsorption are neglected.

This will allow us to verify the electrohydrodynamic submodule of the model.

After verifying the electrohydrodynamic results, a system which uses air as
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filler fluid is modeled. For such a system, the effects of evaporation and

adsorption become important. Therefore, these effects are included next,

and the results are compared to the experimental observations.

4.1.1 Electrohydrodynamics

In this section, the results of the developed model are presented and verified

with experimental results in the absence of evaporation and adsorption. The

experimental setup introduced by Pollack et al. [14] is used here. The filler

fluid is 1 cSt silicone oil. An 800 nm thick film of parylene C provides

insulation over the control electrodes. Both the top and bottom plates have

a 60 nm thick top-coating of Teflon AF 1600. The applied voltage is 26 V,

and the dynamics of a 900 nl droplet of 0.1 M KCl solution with a diameter

of D=1.9 mm in a system including an electrode pitch of L = 1.5 mm and

gap spacing of H = 0.3 mm is modeled. The modeling results are compared

to the experimental results [14].

Verification of the Model with Single Electrode Transport

The proposed model must be accurate in terms of both displacement and

velocity, as the model will be applied to the actuation analyses of the motion

across numerous electrodes. As it can be seen in Figures 4.1 and 4.2, the mi-

crodroplet displacement and velocity obtained from the model show strong

agreement with the experimental results. The model displacement in Fig-

ure 4.1 closely follows the rising edge of the experimental displacement. The
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model then shows complete transport over the 1.5 mm electrode pitch over

1.0 s. The experimental results in Figure 4.1 show nearly-complete transport

over the electrode pitch, but the initial misalignment in the microdroplet

position and insufficient voltage lead to a final displacement of 1.2 mm in

0.4 s.

Figure 4.2 shows that the microdroplet velocity obtained from the model is

in excellent agreement with the experimental values. The sharp peak around

the maximum driving force originates from the sudden change in the rate of

the increase in the wetted area. The observed difference between the exper-

imental and modeling values at the beginning of its motion is attributed to

the hysteresis effects in the system [14] and the ideal nature of the model.

Application of the Model to Multiple Electrode Transport

The result in the previous section applied to transport over a single electrode

system. Practical devices will, however, include multiple electrodes with the

goal of achieving steady-state transport across many of these electrodes by

applying appropriator switching frequencies. For this reason, it is impor-

tant to understand the electrohydrodynamic effects and their relationship to

the applied voltage switching frequencies. The switching frequencies deliver

appropriately-timed voltages to the underlying electrodes, and it is impor-

tant that the switching frequencies be optimized for the desired microdroplet

average velocity. The relationship between these frequencies and the average

velocity is studied in this subsection.
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Figure 4.3 shows the arrival time for the microdroplet leading edge at various

positions (i.e. displacements) across a three-electrode structure. Results are

shown for four switching frequencies (2.5, 5, 10 and 15 Hz) and an applied

voltage of 26 V. The optimal case for transport occurs with a switching fre-

quency of approximately 13 Hz. It is immediately apparent from this figure

that the increase in the frequency leads to shorter arrival times at the end

of the third electrode: the 2.5 Hz case has an arrival time of 0.91 s; the 5 Hz

case has an arrival time of 0.48 s; the 10 Hz case has an arrival time of 0.24

s. Note that this trend does not apply to the 15 Hz case (which is above the

optimal frequency of 13 Hz), as the microdroplet does not successfully com-

plete its transport over each individual electrode. Such a phenomenon has

been observed before [14, 108] suggests that there is a Maximum Actuation

Switching Frequency (MASF) that exist for each applied voltage. Figure 4.4

shows the MASFs over a range of voltages. The results from the proposed

electrohydrodynamic model are compared to the experimental observations

[14] and the results obtained from the explicit electrostatic and hydrody-

namic modeling approach [15]. The ability of the proposed approach to

follow the experimental data is readily apparent, and compared to the previ-

ous approach, the new methodology models the microdroplet dynamics with

greater accuracy for both low and high transport velocities.
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Figure 4.1: The displacement is compared to the experimental results [14].
The applied voltage is 26 V, and the results are shown for the transition of
the microdroplet over one electrode.
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Figure 4.2: The velocity is compared to the experimental results [14]. The
applied voltage is 26 V, and the results are shown for the transition of the
microdroplet over one electrode.
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Figure 4.3: The arrival time for the microdroplet leading edge is shown for
various positions (i.e. displacements) across a three-electrode structure. The
applied voltage is 26 V, and the results of the model are shown for four
switching frequencies (2.5, 5, 10 and 15 Hz).
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Figure 4.4: The maximum switching frequencies for the proposed coupled
electrohydrodynamic (EH) model are shown for a range of voltages and com-
pared to the explicit electrostatic and hydrodynamic modeling [15] and [14]
experimental results. The filler fluid is 1 cSt silicone oil.
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4.1.2 Evaporation

In this subsection the results are obtained for the system which uses air as

a filler medium. The experimental setup introduced by Pollack et al. [14] is

used here with air as the filler liquid, rather than oil.

Figure 4.5 shows the MASF values obtained from the experimental and mod-

eling results over a range of voltages. It is apparent that the modeling results

are in excellent agreement with the the experimental data, and the model

successfully simulates the microdroplet motion in air-filler digital microfluidic

systems.

4.1.3 Adsorption

To verify the accuracy of the adsorption submodule, the calculated capaci-

tance is compared to the measured capacitance of the system. The experi-

mental setup introduced by Yoon and Garrell [16] is used here. A 120 nm

thick film of silicone oxide provides insulation over the control electrodes.

Both the top and bottom plates have a 50 nm thick top-coating of Teflon AF

1600. The dynamics of a 5 µl droplet of 4 µg/ml BSA solution (pH of 6.5) is

observed in this experimental system and compared to the proposed model.

The comparison is shown in Figure 4.6.
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Figure 4.5: The maximum switching frequencies for the proposed model are
shown for a range of voltages and compared to the experimental results [14].
The filler fluid is air.
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Figure 4.6: The capacitance values obtained from equation (3.61) are shown
and seen to be in excellent agreement with the values calculated for the
experimental results presented in [16].
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4.2 Study of microdroplet dynamics

4.2.1 Liquid-filler systems

To gain insight into the switching frequency response, the model is applied to

the case of transport with a 10 Hz switching frequency at 26 V, with a thresh-

old voltage of 13 V. Solutions of the microdroplet hydrodynamics (inside) and

electrostatics (outside) are shown at four different times in Figure 4.7. The re-

lationship between the electrostatic and hydrodynamic equations is apparent

as the microdroplet is transported from the uncharged left electrode to the

charged right electrode. Figure 4.7a shows the system under the condition of

no applied voltage for which all the contact angles are 104◦ (i.e. the contact

angle value defined for 0.1 M KCl on Teflon [14]). Vortices form inside the

microdroplet due to its motion [15]. These two-dimensional vortices in the

x-y plane show that the flow inside the microdroplet is not one-dimensional,

and hence the Hele-Shaw flow assumption used in current microdroplet hy-

drodynamics modeling is not an accurate assumption. This is an important

observation in terms of pressure. The multi-dimensional nature of the mi-

crodroplet internal flow causes a hydrodynamic pressure gradient along the

microdroplet faces which plays a crucial role in determining the microdroplet

shape. The streamlines inside the microdroplet represent the microdroplet

internal flow as seen by an observer sitting on a coordinate system moving

with the microdroplet velocity. The streamlines can be used to calculate the

velocity gradient and the wall (shear) force acting on the microdroplet, Fwall.
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4.2. Study of microdroplet dynamics

Coupled multiphysics equations of the model are numerically solved simul-

taneously and plotted in Figures 4.8-4.11 to characterize the electrohydro-

dynamics of the microdroplet motion. The results are shown as the mi-

crodroplet passes three electrodes. Figure 4.8 shows the values of different

forces acting on the microdroplet. Since the gap spacing is relatively small

(H = 0.3 mm) compared to the microdroplet diameter (D = 1.9 mm), the

filler force, Ffiller, has the smallest value among all the forces, whereas the

wall force, Fwall, is more significant. Moreover, it is observed that the three-

phase contact line force, Ftpcl, is the largest resistance force. This shows

that molecular adsorption and desorption processes around the contact-line

could not be accounted for by viscous effects of the microdroplet and filler.

Finally, the electric potential distribution changes as the microdroplet passes

the electrodes (as shown by the color map of Figure 4.7). This leads to the

rising and falling of the driving force during transport.

The driving force increases from zero to a maximum value, then it dips to a

local minimum value as the advancing face of the microdroplet reaches the

next electrode. This change in the driving force represents the change in

the electrostatic pressure, microdroplet voltage, and hence the microdroplet

shape and contact angles. This observation is confirmed in Figure 4.9 which

shows the voltage of the microdroplet as a function of its position. The volt-

age of the microdroplet increases as it passes each electrode, and its potential

drops to zero as it reaches the next electrode. Figure 4.10 shows the advanc-

ing bottom, receding bottom and top contact angles of the microdroplet as
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4.2. Study of microdroplet dynamics

a function of position as it passes over three electrodes. The contact angle

changes are due to the varying microdroplet voltages as it passes the elec-

trodes: the advancing bottom static (and dynamic) contact angle increases

from 70.6◦ (and 70.6◦) to 75.9◦ (and 76.14◦) as the microdroplet passes each

electrode due to the increase in the microdroplet voltage from 0 V to 2.2 V

(or the decrease in the voltage drop across the dielectric layer). Changes in

the top contact angles follow a different trend, as the contact angle decreases

due to the increase of the voltage difference across the 60nm Teflon AF top

layer. Since the bottom layer is thicker than the top layer, the receding bot-

tom contact angle does not change as much as the top contact angle. It is

apparent that the model is capable of capturing the very small change in the

contact angle due to the low applied voltage.

The presented multiphysics model simultaneously solves the dynamic equa-

tion of microdroplet motion and ultimately tracks the microdroplet. The

transient velocity of the microdroplet is shown as a function of position in

Figure 4.11. Jerky motion of the microdroplet motion is apparent here. The

microdroplet starts its motion with zero velocity and quickly reaches its max-

imum velocity. Interestingly, the velocity of the microdroplet does not reach

to zero as it approaches the next electrode due to its momentum. Since the

force balance is changing (Figure 4.8), the minimum values are not the same

for different electrodes, and the microdroplet is accelerating as it passes the

electrodes. This is a very interesting observation which highlights the cru-

cial role of the optimum switching frequency for achieving higher transport
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4.2. Study of microdroplet dynamics

velocities.

Figure 4.7: The modeling results for microdroplet hydrodynamics and elec-
trostatics are shown at four instants: (a) time = 0 s (with no applied voltage),
(b) time = 0.14 s, (c) time = 0.22 s and (d) time = 0.5 s.
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Figure 4.8: Driving, contact line, filler and wall forces are shown as functions
of microdroplet position.
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Figure 4.9: The microdroplet voltage is shown as a function of its position.
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Figure 4.10: Microdroplet advancing bottom, receding bottom and top con-
tact angles are shown as a function of position.
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Figure 4.11: Transient velocity of the microdroplet is shown as a function of
its position.
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4.2.2 Air-filler systems

In this section, the effects of evaporation on the microdroplet dynamics are

studied using the proposed model. The experimental setup introduced by

Pollack et al. [14] is used here. The filler fluid is air with the relative hu-

midity of 44% and temperature of 21◦C. The actuation voltage is 55 V, and

the threshold voltage is 47 V. The dynamics of a 900 nl droplet of 0.1 M

KCl solution with a diameter of D = 1.9 mm studied on a device with an

electrode pitch of L = 1.5 mm and gap spacing of h = 0.3 mm. The micro-

droplet diameter was calculated as a function of its displacement as it passes

a single electrode (see Figure 4.12). The decrease in the microdroplet diam-

eter from its original value, D = 1.9 mm, to D = 1.65 mm (13% decrease in

the diameter as it moves over one electrode) shows the significance of evap-

oration in microdroplet dynamics. Evaporation can significantly affect the

microdroplet transport which can only be achieved when the microdroplet

diameter is larger than the electrode size. Thus, for the configuration used

in this thesis, the drop diameter D =1.5 mm (i.e., the same as the elec-

trode size) will be the critical value. For diameters smaller than the critical

value, microdroplet will not complete its transport. Also, the change in the

microdroplet diameter due to evaporation can significantly affect the force

balance as the driving and resisting forces depend on the microdroplet size.

Figure 4.13 shows the driving force, Fdriving, as a function of its displacement.

In essence, the driving force for the non-evaporating microdroplet is larger

than that for the evaporating microdroplet. Since the microdroplet diameter
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4.2. Study of microdroplet dynamics

gets close to its critical value, D = 1.5 mm, the driving force for the evapo-

rating microdroplet decreases drastically at the end of its transport.

The combined effects of the decrease in the microdroplet size and driving

force can be seen in Figure 4.14 which presents the microdroplet velocity as

a function of its displacement. The driving force is smaller for the evaporat-

ing microdroplet which which leads to a decrease in the velocity. However,

the effect of mass loss and decrease in the diameter due to evaporation is

initially more than that of the driving force. Thus, the microdroplet tends

to accelerate, and hence, the evaporating microdroplet moves faster at the

beginning of its motion. As the driving force for the evaporating micro-

droplet significantly decreases at the end of the electrode, the microdroplet

decelerates and its velocity becomes smaller than that of the non-evaporating

microdroplet. However, due to the competitive effects of mass loss and the

reduced driving force, the time periods required for both evaporating and

non-evaporating microdroplets to pass one electrode are very close, which is

in agreement with the observed velocity trend (see Figures 4.14 and 4.15).

118



4.2. Study of microdroplet dynamics

Displacement (mm)

D
ia

m
e

te
r

(m
m

)

0.0 0.5 1.0 1.5
1.5

1.6

1.7

1.8

1.9

2.0

Non-evaporating
Evaporating

Figure 4.12: The microdroplet diameter is shown as a function of its dis-
placement as it passes a single electrode.
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Figure 4.13: The driving force, Fdriving, is shown as a function of its displace-
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Figure 4.14: The microdroplet velocity is shown as a function of its displace-
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Figure 4.15: The time required for microdroplet transport is shown as a
function of its displacement.

4.2.3 Adsorption

In this section the effects of the protein adsorption and evaporation are stud-

ied for the structure in the previous section. The total BSA concentration and

pH of the solution are 5 µg/ml and 6.5, respectively. The BSA mass in the so-
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lution is shown as a function of the microdroplet displacement in Figure 4.16.

As it can be seen here, the BSA mass decreases due to the permanent protein

adsorption to the solid surface. Since the microdroplet is moving, the solid-

liquid interface constantly changes, and as a result, adsorbed to the surface

will be left behind. The mass of the BSA decreases to the point at which all

the molecules are adsorped onto the surface. This observation is confirmed in

Figure 4.17 which shows the surface protein concentration at the solid-liquid

interface as a function of the microdroplet displacement. As it can be seen

here, the surface protein concentration increases from zero to a maximum

value, 2.95 mg/m2, and suddenly drops to zero when no more molecules in

the bulk solution exist. The calculated surface protein concentration values

are in good agreement with the experimental observations [34].

Finally, the combined effects of the evaporation and protein adsorption on

the concentration of the BSA is shown in Figure 4.18. The BSA concen-

tration initially increases due to the lower adsorption rate (Figure 4.17) and

higher evaporation rate (Figure 4.16). As the adsorption rate increases, the

BSA concentration decreases, despite the decrease in the volume, and finally

reaches to zero. Therefore, adsorption and evaporation have competitive

effects on determining the BSA concentration.
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Figure 4.16: BSA mass is shown as a function of microdroplet displacement.
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Figure 4.17: The protein surfaceconcentration is shown as a function of mi-
crodroplet displacement.
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Figure 4.18: The BSA bulk concentration is shown as a function of micro-
droplet displacement.

4.3 Optimization

In this section, an extensive parametric variation is used to derive the Maxi-

mum Actuation Switching Frequency (MASF) for ranges of the microdroplet

size, gap spacing between the top and bottom plates and electrode pitch
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size. As a result, the scalability of microfluidic devices is investigated, and

it is shown that the microdroplet transfer rates change inversely with the

microdroplet size (measured based on the microdroplet diameter), and the

microdroplet average velocity is nearly the same for different system scales.

As a result of this study, an adjustable force-based actuation switching fre-

quency implementation is proposed, and it is shown that faster microdroplet

motion is obtained by in-situ adjusting of the switching frequency. Finally,

it has been observed that the fastest microdroplet motion, despite similar

studies conducted in the literature, is not achieved via actuating the next

electrode as soon as the microdroplet touches it. Indeed, the switching fre-

quency spectrum depends on the physical and geometrical properties of the

system.

4.3.1 Effects of the microdroplet size

In this section the effects of the microdroplet size on the microdroplet electro-

hydrodynamics and the Maximum Actuation Switching Frequency (MASF)

is studied. The microdroplet motion is modeled for its transport over three

electrodes (with an electrode pitch size of L = 1.5 mm and gap spacing of

H = 0.3 mm). The selected applied voltage is 35 V, which is between the

upper and lower values of the voltages, 13 V and 40 V (see Figure 4.4). The

numerical MASF value calculated for this selected voltage (35 V) is in good

agreement with the experimental value. An arbitrary switching frequency of

15 Hz is used. Microdroplets with three different diameters of 1.6 mm, 2.25
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mm, and 3 mm are modeled. The results of the model are presented in terms

of the microdroplet displacement and driving and opposing forces during its

motion. Figures 4.19 and 4.20 presents the behavior of the microdroplet with

different sizes under the same actuation conditions. The leading edge position

of the microdroplet is shown as a function of time in Figure 4.19. The dif-

ference in the initial positions is due to the fact that the microdroplet centre

is aligned with the centre of the initial electrode. This is the most common

initial position for a stationary microdroplet as it self-centres itself with the

initial electrode after dispensing [92]. As it can be seen in Figure 4.19, the

smallest microdroplet reaches the last electrode in the shortest time. How-

ever, since the same 15 Hz switching frequency is used, the average transport

velocity is the same for all of the microdroplet sizes. The driving force for

each microdroplet is shown in Figure 4.20 with respect to the leading edge

position. The driving forces acting on the larger microdroplets are larger.

On the other hand, the opposing forces (i.e., shear, drag and three-phase

contact line) increase due to the increased microdroplet mass and surface

area. Therefore, the microdroplets move slower as their sizes increase. The

results presented reveal the fact that the microdroplet size is a key parameter

in determining the microdroplet electrohydrodynamics.

To investigate the relation between the microdroplet size and MASF, trans-

port of three different microdroplet sizes over six electrodes is studied (for

the same system as before). Figure 4.21 shows the time required for com-

pleting the transport for three different microdroplet sizes as a function of
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the switching frequency. For each size, the time required decreases as the

switching frequency increases. However, the switching frequency cannot be

increased above the defined MASF. Interestingly, MASF strongly depends

on the microdroplet size (see Figure 4.21); smaller microdroplets allow for

higher MASF values.
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Figure 4.19: The effect of the microdroplet size on electrohydrodynamic prop-
erties is shown for three different diameters. The microdroplet leading edge
position is shown as a function of time.
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Figure 4.20: The effects of the microdroplet size on electrohydrodynamic
properties are shown for three different diameters. The driving force is shown
as a function of the microdroplet leading edge position.
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Figure 4.21: The time required to complete the transport over six electrodes
is shown as a function of the switching frequency for microdroplets of three
different diameters.

4.3.2 Effects of system architecture

The system architecture plays a crucial role in microdroplet dynamics. In

essence, structural layers and geometric parameters of the device have the

most important effects on the microdroplet motion [95]. In this section the ef-
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fects of the gap spacing and electrode pitch size on the MASF are individually

analyzed, and scalability of digital microfluidic architectures is investigated.

Figure 4.22 shows the MASF versus microdroplet diameter for three different

gap spacings (i.e., H = 0.6 mm, 0.3 mm and 0.15 mm). The electrode pitch

size is kept constant as L = 1.5 mm. The results from Figure 4.22 confirm

again that as the droplet diameter increases, the MASF value will decrease

(for each gap spacing). However, for the same microdroplet diameter, de-

creases in the gap spacing lead to slower microdroplet motion, due to the

resulting increase in the wall force. This is an interesting observation, as it

shows that for pre-fabricated top and bottom plates, faster transport can be

achieved simply by controlling the gap spacing and the microdroplet volume.

The effect of the electrode pitch size on MASF is shown in Figure 4.23. The

gap spacing is kept constant at H = 0.3 mm. The results show that by de-

creasing the electrode pitch size the system MASF increases. To determine

the effect of the electrode pitch size on the transport velocity, a similar plot

is shown in Figure 4.24. Interestingly, by decreasing the electrode pitch size

and keeping the gap spacing constant, for the same diameter-electrode pitch

size ratio, higher transport velocities can be achieved. This increase in the

velocity can be due to the decrease in the shear force because of the reduc-

tion in the wetted area. It has been shown before that digital microfluidic

structures are highly scalable [14]. The scalable nature of these systems is

studied here. Two system designs are modeled: L = 1.5 mm and H = 0.6

mm; L = 0.75 mm and H = 0.3 mm. The size of the second design (i.e., the
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size of the electrode pitch size and the gap spacing) is half of the size of the

first design. Figure 4.25 shows the MASF values of these setups over a range

of microdroplet diameter-electrode pitch size ratios (D/L). The MASF of

the smaller system is larger than that of the larger system. However, the

transport velocity of both systems is the same (see Figure 4.26). This is

a very important observation which confirms the scalable nature of digital

microfluidic systems.
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Figure 4.22: MASF is shown for three different gap spacings as a function of
microdroplet diameter.
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Figure 4.23: The effect of the electrode length on the system MASF is shown.
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Figure 4.24: The effect of the electrode length on the microdroplet transport
velocity is shown. The increase in the transport velocity due to the decrease
in the wetted surface area is shown.
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Figure 4.25: The MASF of two designs is shown over a range of microdroplet
diameter-electrode pitch size ratios (D/L).
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Figure 4.26: The microdroplet transport velocity of two designs over a range
of microdroplet diameter-electrode pitch size ratios (D/L) is shown.
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4.3.3 Adjustable force-based switching frequency

implementation

Constant switching frequency implementation is the simplest actuation algo-

rithm. However, by applying a constant frequency the device will not operate

at its optimum throughput and maximum transport velocity. In Figure 4.27

the maximum number of electrodes in which the microdroplet can be trans-

ported is shown as a function of the actuation switching frequency. Depend-

ing on the constant switching frequency, the microdroplet will ultimately

stop after completing its transport over a limited number of electrodes. Ad-

justable switching frequency algorithms have been proposed to address this

issue [108, 109]. Arzpeyma et al. [108] showed that optimum actuation is

achieved via actuating the next electrode as soon as the microdroplet touches

it. This has been referred to as an adjustable position-based actuation algo-

rithm. In this work a new electrode actuation algorithm is proposed in which

actuation is based on finding the maximum force acting on the microdroplet

(i.e., adjustable force-based actuation). As it can be seen in Figure 4.28, the

proposed algorithm is based on a feedback control submodule which moni-

tors the microdroplet location. After sensing the microdroplet position, the

algorithm considers two potential actuation scenarios. This is demonstrated

in Figure 4.29. After calculating the driving force using the electrohydrody-

namic model for each scenario, the proposed algorithm chooses the optimum

actuation scheme which leads to a higher velocity. The performance of the
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proposed algorithm was examined with respect to the other methods avail-

able (i.e., constant frequency and adjustable position-based frequency). Fig-

ure 4.30 presents the results of this comparison. It shows the time required

to complete transport over six electrodes as a function of the microdroplet

leading edge position for three different algorithms: constant frequency, ad-

justable position-based frequency and adjustable force-based frequency. It is

evident from the results that the adjustable force based frequency results in

faster microdroplet motion. It should be noted that both adjustable position-

based actuation and adjustable force-based actuation will lead to the same

result for the case where the microdroplet diameter is equal to the electrode

length.

The in-situ control of microdroplet motion in digital microfluidic systems

is a crucial task. Depending on the size of the system, the most suitable

switching frequency spectrum has to be found to achieve the highest trans-

port velocity. The adjustable force-based actuation algorithm can achieve

this rapid transport.
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Figure 4.27: The maximum number of electrodes over which the microdroplet
can be transported is shown as a function of the actuation switching fre-
quency.
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Figure 4.28: The proposed adjustable force-based algorithm is based on a
feedback control submodule which monitors the microdroplet location.

Figure 4.29: The algorithm considers two potential actuation scenarios. Af-
ter calculating the driving force using the electrohydrodynamic model for
each scenario, the proposed algorithm chooses the optimum actuation scheme
which leads to a higher velocity.
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different algorithms: constant frequency, adjustable position-based frequency
and adjustable force-based frequency.
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Chapter 5

Conclusions and Future Work

In this thesis, an electrohydrodynamic approach was used to model the micro-

droplet motion in electrocapillary-based digital microfluidic systems. Differ-

ent physicochemical phenomena influencing the microdroplet dynamics such

as electrostatics, hydrodynamics, evaporation and biomolecular adsorption,

were accurately modeled, and the individual and combined effects of each

phenomenon were investigated. Ultimately, the developed model was used

to optimize the microdroplet motion and the overall design of the device.

5.1 Conclusions

• Numerical scheme - The Finite Voulme Method (FVM) has been

extensively used in solving the fluid dynamic governing equations. In

this thesis, the concepts of the FVM were employed to develop a new

numerical scheme for solving the electrostatic and hydrodynamic equa-

tions inside the microdroplet and the filler fluid. The analysis provided

important findings on the developed scheme are the electrostatic and

hydrodynamic pressures as well as the velocity field.
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5.1. Conclusions

• Moving boundary - The calculated electrostatic and hydrodynamic

pressures were used to determine the microdroplet shape, and a new

method based on the concept of Volume of Fluid (VOF) was developed

to model the microdroplet moving boundary. Moreover, Frenkel-Eyring

activated rate theory of transport in liquids was used to relate the static

and dynamic contact angles, and correct the boundary conditions.

• Hydrodynamics - The developed electrohydrodynamic model is ca-

pable of capturing the hydrodynamic vortices inside a microdroplet

which (despite the reports from similar studies in literature) highlights

the multi-dimensional nature of the fluid flow inside a microdroplet.

Moreover, a new method for calculating the filler force was developed

which was based on integrating the hydrodynamic pressure along the

microdroplet-filler interface.

• Evaporation - A new model based on the Fick’s law was developed

for simulating the microdroplet evaporation. The effects of the evap-

oration were included by considering an additional force term in the

dynamic equation and the mass loss (and the resulting change in the

microdroplet radius). The modeling results indicate that mass loss due

to evaporation tends to accelerate the droplet, whereas the competitive

effect of the reduced driving force decelerates it. It was observed that

mass loss due to the evaporation plays a crucial role in determining the

microdroplet dynamics.
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• Adsorption - The effects of protein adsorption were modeled by adding

a new force to the dynamic equation of the microdroplet motion. The

Ward and Tordai equation was used to model the diffusion-controlled

protein adsorption. The adsorption rate was then related to the change

in the interfacial tensions and the capacitance of the underlying layers.

Moreover, to obtain the saturated capacitance (which is a key param-

eter in the adsorption model), a new capacitance sampling procedure

was proposed and successfully tested.

• Optimization - The proposed methodology provides a vital tool for

the design and control processes and can be used for numerous applica-

tions that require optimum routing and high transport velocities. The

modeling results shows that for prefabricated top and bottom plates,

faster transport can be achieved simply by controlling the gap spac-

ing and the microdroplet volume. It was also shown that constant

switching frequency algorithms can lead the microdroplet to ultimately

stop after completing its transport over a limited number of electrodes.

Therefore, a force-based adjustable switching frequency was proposed

and implemented. Compared to the constant frequency and adjustable

position-based algorithms, the proposed adjustable forced-based algo-

rithm provides higher velocities.
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5.2. Future work

5.2 Future work

• It was observed that the three-phase contact line force, Ftpcl, is the

largest resistance force, and a semi-empirical relation was used to esti-

mate this force. This estimation can be improved in future work using

molecular kinetic theory for an accurate estimation of this force.

• The pseudo-three-dimensional approach used in this thesis can be ex-

tended to a three-dimensional analysis. The three-dimensional analysis

will be capable of predicting microdroplet boundaries and simultane-

ous motion of multiple microdroplets. Moreover, different microdroplet

operations such as merging, mixing and splitting can be modeled using

such a three-dimensional approach.

• Hysteresis effects play a crucial role at the verge of the microdroplet

motion. Therefore, an accurate estimation of the hysteresis voltage for

different systems can offer higher accuracy for future investigations.

• The developed model is capable of capturing the fluid motion inside

the microdroplet. Substrate coating has been proposed as one of the

potential applications of the digital microfluidic systems, and the qual-

ity of the coating operation depends on the internal fluid flow. The

developed model can be used to optimize such coating processes. This

task can be performed by controlling the microdroplet speed and the

resulting internal flow.
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• To avoid the trial-and-error design processes, the developed model can

be used to predict the behavior of different materials and fluids (e.g.,

non-polar and low surface tension liquids).

• In this thesis the microdroplet was assumed to be conductive. How-

ever, the proposed model, with slight modification can be used for a

wide array of fluid. In fact, one of the main advantages of the electyro-

hydrodynamic approach is its applicability to be applicable to systems

with dielectric droplets.
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Appendix A

Contact Angle Measurement

Accurate measurement of microdroplet contact angles is important for char-

acterizing the interfacial properties of microfluidic systems. Different meth-

ods have been developed for this purpose. The choice of a particular method

depends on the geometry of the system as well as the materials involved. Cur-

rently, the most frequently used methods for contact angle measurement are

the conventional goniometer method and drop shape techniques, such as Ax-

isymmetric Drop Shape Analysis (ADSA) [134]. In the goniometer method

the contact angle is measured by aligning a tangent to the droplet profile

at the point where the three phases meet (i.e., at the base of the droplet).

The main drawback of the goniometer method is that it is subjective, and

the results largely depend on the experience of the operator. In ADSA, an

image of a droplet is obtained, and the droplet profile is extracted using im-

age processing techniques. The experimental droplet shape is fitted to the

Laplace equation of capillarity which defines the balance between the gravity

and interfacial forces applied to an axisymmetric droplet. The contact angle

is calculated from the slope of the theoretical curve at the contact point. Al-

though ADSA is widely used and accurate, it is not applicable to a number
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of specific systems including non-axisymmetric drops, covered systems, and

where an electric field is applied to the droplet. Therefore, ADSA (or other

droplet shape techniques) cannot be used for digital microfluidic systems as

they can present one or more of these characteristics.

Recently, the automated polynomial fitting (APF) approach has been intro-

duced for the measurment of the contact angles that cannot be obtained using

ADSA. The original APF scheme consists of two steps: first, the experimen-

tal drop profile is obtained from the image of the drop using image analysis

techniques. Then, a polynomial curve is fitted to a part of the experimental

profile near the contact point, and the contact angle is calculated using the

slope of the theoretical curve. In the APF method, highly magnified images,

acquired at the vicinity of the contact points, are used. The camera is slightly

tilted to capture the reflection of the droplet. This reflection is required to

detect the contact point which is critical for accurate measurement of the

contact angle. In the next step, a series of coordinate points are selected,

starting at the contact point, and a polynomial is fitted to the selected pixels.

Different numbers of points and different orders of the polynomial were ex-

amined [135]. A third-order polynomial fitted to 130 points, which resulted

in the highest correlation coefficient (R2), was used for all the images with

the Laplacian of Gaussian (LOG) edge detection method. Then, the contact

angle was computed from the first derivative of the polynomial at the contact

point.
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In the present work, the original APF method was enhanced for digital mi-

crofluidic contact angle measurements, for which the entire microdroplet pro-

file is desired. This resulted in Canny edge detection which was found to be

with greater efficiency compared to LOG in the original APF method. Fig-

ure A.1 presents the extracted profiles for two microdroplet images using

the Canny method (acquired before and after applying voltage). Different

orders of polynomials were examined. The third-order polynomial was also

used since it produces the highest correlation coefficient. However, it has

been found that the optimum number of points for fitting depends on the

pixel to radius ratio and magnification ratio of the microdroplet in the image.

Unlike the original APF method, which uses 130 coordinate points for all the

images (acquired with different magnifications), the new program calculates

the optimum number of the points for every image based on the correlation

coefficient which makes the calculation independent from the image resolu-

tion and magnification ratio. Figures A.2 (a) and (b) show the steps taken

to select the number of coordinate points.
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Figure A.1: The extracted profiles for two microdroplet images acquired (a)
before and (b) after applying voltage. The Canny edge detection method is
used.

173



Appendix A. Contact Angle Measurement

Figure A.2: The (a) number of coordinate points is determined by the max-
imum value of R2, and the (b) contact angle is determined for the obtained
number of coordinate points.
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Conductance Sampling

Conductance sampling provides an inherently sensitive probe to the spatial

distribution of conductive fluids in digital structures as its sensitivity is set

by the local conductance-per-unit-area. Localized conduction and measure-

ment sensitivity both increase drastically as the ion concentration increases,

as changes in conductivity between fluidic states can range by as much as

six orders of magnitude (typically varying for fluids from σ = 10−5 S/m to

σ = 10 S/m [136, 137]). This dynamic range dominates over that of other

sampling processes (capacitance sampling for example [138]) as ionic conduc-

tion avoids dielectric saturation.

Conductivity sampling has proven to be a particularly useful tool in the char-

acterization and measurement of isolated electrolytic solutions [139]. The

technique introduced in this research is equally important for probing the

spatial distribution of fluids in a digital microfluidic structure. The key

design issue for the proposed system relates to the achievable spatial resolu-

tion, since the conductance state under investigation is inherently frequency-

independent, and multi-frequency sampling algorithms for probing scales be-

low the structural dimensions are not possible [92]. With this in mind, a digi-
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tal multiplexer structure [140] is investigated here. The multiplexer structure

incorporates two overlapping and mutually perpendicular linear electrode ar-

rays between which lies the microfluidic control plane. Differential signals

are acquired between the m underlying row electrodes (x-electrodes) and

overlying n column electrodes (y-electrodes). Such a configuration provides

a greatly simplified level of addressability (with only m + n signal inputs)

when compared to standard single-layered two-dimensional electrode matri-

ces (with m∗n signal inputs). Furthermore, such a system can be more easily

scaled down to small electrode widths as the need to independently address

numerous individual electrode elements in the two-dimensional grid without

crossing, overlapping, or electrical shorting does not apply. A theoretical

model for the microdroplet-conductance within such a system is presented

here, and a MATLAB-based sampling algorithm is applied to a digital mi-

crofluidic multiplexer prototype to verify the proposed technique.

Sampling algorithm

As the underlying fluid dynamics and motion within digital microfluidic mul-

tiplexers have been analyzed elsewhere [34], it is the intent here to analyze

the capability of these electrical/fluid control structures for sampling of the

spatial state of internal microdroplets. A SolidWorks schematic of such a

digital microfluidic multiplexer is shown in Figures B.1(a) and (b). The

structure is comprised of an underlying x-channel linear electrode array and

an overlying y-channel linear electrode array. The orientations of these arrays
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are made to be perpendicular, such that (with electrowetting-based systems,

for example) x-channel voltages can create net surface tensions on droplets

perpendicular to the x-electrodes, and y-channel voltages can create net sur-

face tensions on droplets perpendicular to the y-electrodes. The conductive

electrodes are fabricated on insulating substrates and have a width (w) and

a periodic centre-to-centre pitch (p) as shown in the figure. This bi-layer

configuration is shown magnified in Figure B.1(b).

The multiplexer gap between the electrode arrays forms the region in which

microdroplet sampling, actuation, and control can be carried out. The

spatially-dependent differential conductance associated with arbitrary fluid

distributions are measured using the linear electrode arrays, as the regions of

overlap between x- and y-electrodes without electrolyte will exhibit negligible

conductance with

Gmin = 0, (B.1)

whereas, the regions of overlap between x- and y-electrodes with electrolyte

will exhibit higher levels of conductance. The maximum possible conduc-

tance,

Gmax =
σw2

d
, (B.2)

is obtained when the fluid fully covers the w2 area of intersecting xy elec-

trodes. An arbitrary xy multiplexer location will have a conductance varying

between these minimum and maximum values, and these conductance values

can be used to map out the profile of the microdroplet.
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For digital microdroplet routing algorithms it is necessary to have an effec-

tive means of extracting both droplet positions and sizes. Such a system

is demonstrated here by way of a numerical area-weighting algorithm using

circular microdroplet profiles. This simplified system can be characterized

by a total of 3N parameters for a system of N microdroplets. The algorithm

takes as its input the measured two-dimensional discrete conductance dis-

tribution Gxy and computes an output consisting of each microdroplet’s: i.

centre (x0,y0) location and ii. radius r0. These quantities are defined here

as unitless values on the grid having been normalized with respect to the

electrode pitch p. A numerical series sum over all y-channels is executed for

each x-electrode conductance, producing a one-dimensional array of the total

conductance of each x-channel,

Gx =

n
∑

y=1

Gxy =
σw

d
· Lx = Gmax ·

Lx

w
. (B.3)

Similarly, a numerical series sum over all x -channels is carried out for each y-

channel conductance, producing a one-dimensional array of y-channel summed

conductances,

Gy =

m
∑

x=1

Gxy =
σw

d
· Ly = Gmax ·

Ly

w
. (B.4)

The total conductance associated with the microdroplet is given by
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Gt =

m
∑

x=1

Gx =

n
∑

y=1

Gy = Gmax ·
At

w2
. (B.5)

In these expressions, Lx and Ly, when multiplied by w, give the areas of

overlap between the microdroplet and the respective x - or y-electrode, and

At is the total microdroplet area covering the regions of overlapped elec-

trodes. The numerical execution is simplified by introducing dimensionless

and normalized summed conductances defined for each circular microdroplet

as

gx =
Gx

Gmax

, (B.6)

gy =
Gy

Gmax

, (B.7)

and

gt =
Gt

Gmax

. (B.8)

Having collected the discrete two-dimensional grid of differential conduc-

tances Gxy and calculated the normalized summed conductances gx, gy, and

gt from this grid, the numerical algorithm is completed with the computation

of the microdroplet centre and radius from

x0 =

m
∑

x=1

x · gx
gt
, (B.9)
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y0 =

n
∑

y=1

y · gy
gt
, (B.10)

and

r0 =

√

1

π
· gt, (B.11)

respectively. The centre location is found here from weighted positional av-

erages of the x- and y-channel normalized summed conductances gx and gy,

in proportion to the total normalized conductance gt, and the radius is cal-

culated from the normalized area of the circular microdroplet. As before,

locations are defined in terms of unit-multiples of pitch p with integer posi-

tions corresponding to the middle of each respective electrode. With these

definitions the (x0,y0) and r0 results are recorded as generalized and unitless

quantities, as the overlapping electrode area w2 cancels in the gt normaliza-

tion process, and unit-multiples of the pitch p give an effective conducting

area of p2 = 1.

Execution of the algorithm described above may be complicated by complex-

ity issues relating to the presence of multiple microdroplets in the system.

The algorithm described above incorporates weighted positional averages

which, in the presence of multiple drops, will give erroneous intermediate

centralized averages. To overcome this, a pre-processing step is added to the

algorithm after the collection of the measured two-dimensional conductance

grid Gxy and before the calculation of conductance sums. In this a priori
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step, the nonmonotonic nature of the measured data sets is investigated, and

the presence of peaks and troughs in the microfluidic conductance is used as

a decisional factor in sectioning the Gxy data into separate two-dimensional

conductance grids. A Gxy grid is created for each individual microdroplet in

isolation, and the subsequent algorithm steps are independently applied to

each of these microdroplet Gxy grids. The complete algorithm is shown in

Figure B.2.

The operation of the conductance sampling algorithm is presented in Fig-

ure B.3(a) for a hypothetical microfluidic system incorporating two micro-

droplets. The first microdroplet has a radius of r01 = 5 and centre at (x01,y01)

= (22,8), while the second microdroplet has a radius of r02 = 3 and centre

at (x02,y02) = (10,30). A cylindrical profile is used to represent the physical

microdroplet area in the model, and the theoretical discrete conductance val-

ues, Gxy, are calculated for the two-dimensional grid. Each Gxy value gives

a proportional measure for the degree of microdroplet area overlap at that

position, and the resulting discrete conductance distribution is shown. The

two Gxy grids (each associated with one of the two microdroplets) are then

processed by the conductance sampling algorithm, and the weighted posi-

tional averages are calculated. The centres and radii of each microdroplet,

with (x01,y01) = (22,8) and r01 = 5 for the first droplet and (x02,y02) =

(10,30) and r02 = 3 for the second of droplet, are equal to the initial values

of these hypothetical microdroplets (within a 2% accuracy). These theoret-

ical model results, shown in Figure B.3(b), are in good agreement with the
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initial microdroplet attributes.

Sampling structure

The bottom (x-channel) layer of the constructed digital microfluidic multi-

plexer structure is shown isolated in the photographs of Figure B.4(a) and

(b). The structure is comprised of periodic copper electrodes with a width

of w = 200 µm and a centre-to-centre pitch of p = 400 µm fabricated on an

insulating epoxy substrate. The identical top (y-electrode) layer is positioned

on top of the bottom layer in a perpendicular orientation with a central gap

of d = 150 µm separating them. The electrode patterns are designed such

that the copper electrode lines transition easily to the copper contact pads.

The copper contact pads are made to be of a sufficient length to protrude

from the overlapping central multiplexer region, and electrical contacts are

established from each contact pad to the electrical sampling system. Con-

ductance sampling is carried out through the measurement of conductance at

each differential xy channel pair, and the resulting discrete two-dimensional

Gxy conductance grid is recorded.
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Figure B.1: SolidWorks schematic views of a portion of the proposed digital
microfluidic multiplexer design with an (a) orthographic projection and (b)
magnified isometric.
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Figure B.2: Flowchart for the employed conductance sampling algorithm.
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Figure B.3: Theoretical results for hypothetical microdroplet fluid profiles
with (a) an arbitrary fluid distribution and (b) two separated microdroplets
in the digital microfluidic multiplexer. 185
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Figure B.4: Photographs of (a) the bottom (x-channel) electrode layer and
(b) a microdroplet on this layer.

Conductance sampling results

The conductance sampling process within the digital microfluidic multiplexer

is tested first for a system with one microdroplet. The microdroplet is com-

186



Appendix B. Conductance Sampling

prised of an NaCl electrolytic solution with a 2.8 M electrolyte concentration

(with a conductivity measured to be approximately σ = 0.2 S/m). The mi-

crodroplet is dispensed between the perpendicular x- and y-electrode plates,

and conductance sampling of the differential Gxy combinations is carried out.

The discrete experimental sampling results are shown in Figure B.5(a) as a

function of x- and y-channel indices. The distribution here shows a definitive

nonmonotonic profile at the location of the microdroplet, with conductance

values in the two-dimensional array varying from the background minimum

value Gmin = 0 (below the 0.1 µS measurable limit of our apparatus) to

the maximum value at the center of the microdroplet, Gmax = 40 µS. The

algorithm introduced in the previous section is then applied to the discrete

sampled values, and the normalized summed conductances are used to extract

the location and size of the microdroplet. The measured results are shown

visually in Figures B.5(b) and (c). The measured microdroplet is charac-

terized by a location of (x0,y0) = (30.0,26.6) and a radius of r0 = 3.6, and

these experimental results are in qualitative agreement with overhead obser-

vations of the investigated microdroplet. As described in the introduction,

these overhead measurements are particularly challenging in multi-layered

architectures and limited in accuracy due to the presence of the overlying

metal electrode array. The conductance sampling process demonstrated here

will have an ultimate measurement resolution that is set by the transverse

dimensions of the multiplexer structure (ie. the electrode width w and pitch

p).
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A subsequent investigation is carried out with the proposed conductance sam-

pling method for a system containing two separate microdroplets. The mi-

crodroplets are dispensed into the central gap of the digital microfluidic mul-

tiplexer, and electrical sampling is carried out to extract the two-dimensional

conductance grid Gxy. The discrete experimental sampling results are shown

in Figures B.6(a)-(c). Nonmonotonic profiles are again exhibited in the re-

gions of the microdroplets shown here, as the conductance values range from

a background of Gmin = 0 to maximum values of Gmax1 = 34.5 µS and Gmax2

= 40.0 µS at the centres of each of the two microdroplets. The results are

pre-processed and separate sampling algorithms are carried out for the mi-

crodroplets to give the resulting locations and radii. For the first (lower max-

imum conductance) microdroplet a centre location of (x01,y01) = (9.5,10.5)

and radius of r01 = 2.4 are determined, and for the second (higher maximum

conductance) microdroplet a centre location of (x02,y02) = (17.4,10.8) and

radius of r02 = 2.6 are determined. As was the case for Figure B.5, the ex-

perimental results here are in qualitative agreement with overhead imaging

observations, though the challenges of imaging through the top metal elec-

trode array (being a major motivation for this work) again limit the accuracy

of these visual observations.
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Appendix B. Conductance Sampling

Figure B.5: Experimental results for a single microdroplet within the digital
microfluidic multiplexer as a (a) discrete conductance surface, (b) extracted
microdroplet model surface, and (c) extracted microdroplet model overhead
view.
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Appendix B. Conductance Sampling

Figure B.6: Experimental results for two microdroplets within the digital
microfluidic multiplexer as a (a) discrete conductance surface, (b) extracted
microdroplet model surface, and (c) extracted microdroplet model overhead
view.
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