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Abstract

The direct modulation of semiconductor lasers has many applications in

data transmission. However, due to the frequency response it has been chal-

lenging to use directly modulated lasers for high speed digital transmission

at bit-rates above 10 Gbps. With this in mind, designing a laser with a

large modulation bandwidth to be used in high data-rate optical links is

very important. Transistor lasers (TLs) are a potential candidate for this

purpose.

Based on these motivations, the main focus of this PhD research is on

understanding the physics of the TL and predicting its performance. A

detailed model that correctly incorporates the transistor effects on laser

dynamics did not exist. The previous models do not differentiate between

the bulk carriers and the quantum well (QW) carriers in the rate equations,

do not include the effects of the capture and escape lifetimes in the QW,

and significantly overestimate the bandwidth.

To account for these phenomena, a model has been developed to study

the dynamics of the TL. The model is based on the continuity equation in

the separate confinement hetero-structure region of the conventional laser

and the base region of the TL. It uses the quantum mechanical escape and

capture of carriers in the quantum well region and the laser rate equations to
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model the laser operation. The model has been used to gain insight into the

conventional separate confinement hetero-structure lasers, and the results of

the model have been compared with the experimental results obtained for

850 nm vertical cavity surface emitting lasers (VCSELs). Analytical expres-

sions have been derived for DC and AC parameters of the TL operating in

common-base and common-emitter configurations. It has been shown that

the TL operating in the common-emitter configuration has a similar mod-

ulation bandwidth as a conventional laser (∼ 20 GHz). The common-base

configuration, on the other hand, has a very large small-signal modulation

bandwidth (> 40 GHz) due to bandwidth equalization in the TL. The large-

signal performance of the TL has been studied. Finally, it has been shown

that the common-emitter configuration with feedback has improved band-

width by a factor of 1.5 in high bias currents.
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Chapter 1

Introduction

1.1 Motivation

Lasers came to be during the 1960s. Basically, a laser is an optical oscillator.

Similar to its electrical counterpart, it is a feedback system with an ampli-

fication mechanism. The feedback is provided through the mirrors, e.g.,

dielectric-air interface in edge emitter lasers and distributed Bragg reflector

(DBR) in vertical cavity surface emitting lasers (VCSEL). Two mirrors along

with the material between them compromise an optical resonator [1]. The

resonator creates a frequency-selection mechanism. Two conditions must be

satisfied to have oscillation:

• The amplifier gain should be higher than the loss in the feedback

system

• The total phase shift in a single round trip must be a multiple of 2π

The first condition is achieved by population inversion via pumping the

material and the second condition is satisfied by the optical resonator. The

useful output is extracted by coupling a portion of the optical power out of

the oscillator.

1



1.1. Motivation

On 16 May 1960 the first laser came out of Hughes Research Laboratories

in Malibu, California, USA [2]. The first laser was based on ruby, which was

pumped by a pulsed photographic flash-lamp. From that time there has

been extensive research and investment put into lasers. Lasers have gone

through a myriad of changes and innovations and many new applications

have been developed, e.g., optical communication, chip interconnect.

Direct energy gap materials, e.g., GaAs, InP were obvious candidates to

generate light. Semiconductor lasers (SLs) began in 1962 with III-V alloys

(GaAs and alloy GaAsP), developed by four research groups [3–6]. In the

beginning they were pulse-operated simple pn junctions; they slowly devel-

oped into double hetero-structures during the 1970, operating continuously

at room temperature. In 1977 quantum wells (QWs) were used in SLs to

enhance the density of the states and laser performances [7]. The important

properties of the SLs are:

• Small size, e.g., cavity length of distributed feedback (DFB) lasers :

∼ 200 μm and of VCSELs: 1 - 2 μm).

• Low power consumption (VCSELs: few mW, DFB: few 10 mW).

• Direct modulation of the output light.

• Semiconductor based fabrication.

• Wide range of wavelengths and optical powers (from 0.4 to 10 μm).

VCSELs are a class of semiconductor lasers that confine the light through use

of the DBRs. Figure 1.1 shows a schematic of a VCSEL. DBRs are fabricated

by stacking lattice-matched low and high refractive index layers with the

2



1.1. Motivation

proper widths. The gain regions are provided by using QWs. To increase the

confinement of the carriers, a separate confinement heterostructure (SCH)

is used. For VCSELs based on the AlxGa1−xAs material system one or more

oxidation layers are used to confine the pump current to a small area and

reduce the threshold current. DBRs are highly reflective, so the cavity is

small (1 - 2 μm) and VCSELs essentially are single longitudinal mode lasers

and have a low threshold current (< 1 mA for mesa with raduis of ∼ 10 μm)

P Contact

N Contact

Substrate

QWs and SCH Layer
Oxide Layer

P-DBR mirror

N-DBR mirror

Direction of the Light

Figure 1.1: Schematic of the VCSEL. P-doped and n-doped DBRs are used
as the mirrors and oxide layer is used to confine the light to small area to
reduce the threshold of the laser. Current is pumped from the top contact
and QWs are used as the active region. SCH layer is used to confine the
electrical carriers.

The material system used in the VCSEL design depends on the applica-

tion and consequently on wavelength. For short-range applications (850 nm

and 980 nm) DBRs are fabricated by using AlxGa1−xAs material system.
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Oxide confinement is based on the Al-based layers.

In VCSELs, because of the top-emitting geometry, fabrication costs are

reduced. To give a number, a VCSEL in a computer mouse costs just 10

cents to be fabricated [8].

VCSELs have found many applications in the field of optical communi-

cation, especially in short-range data transmission. For example, a 12-fiber

ribbon cable and a 1x12 array of VCSELs each sending data at 10 Gbps pro-

vides 100-Gigabit Ethernet (100 GigE). Such an example of space division

multiplexing is just coming onto the market [8].

An emerging application for VCSELs is active optical cables (AOCs).

Datacom companies are making networking easier for data-center companies

by attaching optical transceivers to the ends of optical fibers. AOCs use the

same pin configuration as the traditional copper cables but carry the signal

over an optical fiber. AOCs are much lighter than metal wires. A typical

AOC operates at 850 nm and uses VCSELs at both ends, each working at

5 Gbps or higher.

IBM also used VCSELs in the Terabus project [9]. Terabus was based

on a chip-like optoelectronic packaging structure assembled directly onto a

card with integrated waveguides. Each Tx or Rx module consists of a 4 x 12

array of VCSELs or photodiodes that are flip-chip bonded to the driver and

receiver IC array. Transmitter and receiver operation was demonstrated up

to 14 and 20 Gbps per channel.

Figure 1.2 shows a typical optical communication link. It includes a

transmitter, transmission medium and a receiver. The goal of an optical

link is to send the RF signal so that at the receiver end a replica of the
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Figure 1.2: Fiber optic analog link. An electrical signal with a center fre-
quency of fRF is transmitted by an optical transmitter with a center fre-
quency of fOptical. An optical fiber is the communication channel. In the
receiver side a high speed photo-detector recovers the electrical signal.

signal is reproduced reliably. The details of the optical link (e.g., laser type,

modulation scheme, fiber length, and multiplexing method) depend on the

application and they vary widely according to the system requirements. Ta-

ble 1.1 summarizes the most important properties of optical links. Typically,

the fiber, optical amplifiers, photo-detector, and electronic amplifiers have

very good performance in terms of linearity. It is the optical transmitter

that usually limits the performance of the link. The optical transmitter

includes a semiconductor laser at the desired wavelength.

In general there are two ways to modulate laser output power: external

modulation and direct modulation. External modulation is achieved by us-

ing optical modulators. As it offers the highest performance, it is currently

prevalent in most analog links and in digital links with bit-rates above 10

Gbps. Very high bandwidths, > 100 GHz, can be achieved with exter-

nal modulators [10]. However, there are several disadvantages: the optical

modulator component is bulky, expensive and consumes much RF power.

Furthermore external modulators have an optical loss, typically 3-6 dB,
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Table 1.1: Optical communication links.

Network Type Long-Haul Metro Access (e.g., FTTH) Interconnect

Distance > 100 km > 10 km

Limited to 20 km by Inter-
national Telecommunication
Union standard

< 100m

Laser type mainly DFB DFB,
VCSEL

Downstream: DFB,
Upstream: DFB or FP

VCSEL

Wavelength

1550 nm (C-
band), 1565 to
1625 nm (L-band)

1310 nm,
1550 nm

Downstream: 1490 nm,
and/or 1550 nm, Upstream:
1310 nm

850 nm, 1310 nm

Modulation Direct or external Direct Direct Direct

Speed 10 Gbps 10 Gbps Downstream: <2.5 Gbps,
Upstream: <1.24 Gbps

10 GigE, 40 GigE, and
100 GigE (expected)

standards

Multiplexing WDM, DWDM
or coarse WDM

Coarse
WDM,
DWDM

WDM Dictated by Ethernet
protocols and fiber

channel
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Laser Diode
Chip Parasitics

Laser Diode
Package
Parasitics

Laser Diode
DC

Bias-T

RF

H(f)

f

H(f)

f f

H(f)

Figure 1.3: Intrinsic and extrinsic limitation to the laser-chip direct mod-
ulation response. Laser is biased by using a DC source and RF signal is
added by using a bias-T. The overall direct modulation response of a laser is
affected by three sources: Laser intrinsic response (right square), laser chip
parasitics (middle square)and package parasitics (left square).

mainly due to coupling loss.

Direct modulation of the laser diode is achieved by modulation of the

electrical current which modulates the optical power. This method is easy

to implement and has many applications.

In general, the direct modulation bandwidth of a laser is limited by

extrinsic and intrinsic effects. The intrinsic effects include laser resonance

and carrier dynamics and the extrinsic effects include parasitics (from the

chip and packaging) and driver circuits (RF source limitation and bias-T).

Figure 1.3 shows the contribution of the intrinsic and extrinsic limitation

to the laser chip direct modulation response. The limitations to laser direct

modulation bandwidth are discussed next.
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1.1. Motivation

1.1.1 Laser Resonance

Experiments have shown the existence of the resonance frequency, referred

to as the relaxation oscillation frequency, which results from the interplay

between the optical field and the population inversion. The physics of the

relaxation oscillation frequency will be discussed in Chapter 2. A low res-

onance frequency is the most fundamental limitation on laser bandwidth.

By small-signal analysis of the rate equations, the relaxation oscillation fre-

quency can be obtained from [11]:

fRO =
1

2π

√
G0S0

τp
, (1.1)

where G0 is the temporal growth coefficient (cm3s−1), S0 is the photon

concentration in the active region (cm−3), e.g., a QW, and τP is the photon

lifetime (s) and is given by:

τP =

n

c

α− 1

2L
ln(R1R2)

, (1.2)

where L is the length of the cavity, R1,2 the reflectivity of the facets, α is the

cavity loss (m−1), n is the active region group refractive index of refraction,

and c is the speed of light in the vacuum. The modulation bandwidth of

the laser is widely accepted to be equal to 1.55fR for low damping values

[11]. Equation (1.1) gives three ways to increase the laser bandwidth; i.e.,

increasing optical gain (G0), increasing steady state photon density (S0),

and decreasing photon lifetime (τP ).

8



1.1. Motivation

By engineering the laser structure and material properties and maximiz-

ing the fR in equation (1.1), laser bandwidth can be increased. However,

there is a trade off in optimizing the parameters of the equation (1.1). For

example, decreasing the length of cavity (L) will reduce the photon lifetime

(τP ), however, such a laser has to be driven at a higher current densities

and the thermal effects due to excessive heating will reduce the gain hence

limiting the modulation bandwidth [12].

1.1.2 Carrier Dynamics

For a high-gain structure such as a strained QW in addition to the pa-

rameters of the equation (1.1), carrier transport can significantly affect the

small-signal response of the laser and its bandwidth [13]. Carrier transport

puts an upper limit on the laser bandwidth. The origin of these effects is in

the interaction of the carriers with each other and the lattice atoms. Diffu-

sion, tunneling, thermionic emission, and transition from continuum energy

states to bound energy states and gateway states (e.g., from bulk material

to QW) [14] are the main effects that limit the laser bandwidth [13]. To at-

tempt to reduce the carrier transport effect on laser bandwidth the physics

of carrier dynamics should be known. These effects are modeled by using

lifetime constants and the laser rate equations are changed accordingly [13].

1.1.3 Device and Packaging Parasitics

Device and packaging parasitics are the extrinsic contribution to the laser

modulation response. The parasitic response results principally from bond

wire inductance, contact resistance, the capacitance associated with the

9



1.2. Transistor Laser

chip, and depletion-layer capacitance [15]. These parasitic elements intro-

duce a low-pass filter between the modulation current and laser diode. In

VCSELs, the parasitics are modeled by a first order RC circuit, where the re-

sistance is determined by the DBR layers’ resistance, contact resistance, and

sheet resistance (resistance between the active region and bottom contact);

capacitance is determined by the junction capacitance and oxide capaci-

tance. For typical VCSELs the 3 dB bandwidth of the parasitics is in the

range of 3 - 6 GHz [16].

1.1.4 Driver Circuits

The driver circuit imposes some limitations on laser modulation bandwidth.

The driver circuit delivers tens of milliamperes of current. The scaled tech-

nologies impose lower supply voltages making it complex to design broad-

band and high power driver circuits for laser diodes used in optical commu-

nication. A 60 GHz transceiver on 0.13 μm CMOS technology was designed

in [17]. In [18], the authors have implemented driver circuits that can supply

11 mA of modulation current at data rates up to 20 Gbps for a 4×12 array

of VCSELs.

1.2 Transistor Laser

The first integration of the laser and the transistor was reported in [19]. In

that work, a two-state device was fabricated and according to the voltage

polarity on the junction the device could toggle between the emission state

and non-emission state. The device had an heterojunction bipolar transistor
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1.2. Transistor Laser

(HBT) structure to confine the holes in the base region while operating in

the emission state. The intensity of the output light could be controlled by

the base current. More recently, a TL operating at room temperature was

fabricated and demonstrated by using a QW in the base of the HBT [20, 21].

The transistor laser (TL) is a three-contact device that exploits the tran-

sistor to enhance some of the characteristics of the laser diode. A very simple

schematic of a TL is shown in Figure 1.4. Figure 1.4 (a) shows the important

elements of a TL. It has three electrical ports, i.e., an emitter, a base, and a

collector, it has one QW that generates the laser light. The light travels in

the direction perpendicular to the paper. Laser mirrors are not shown in the

figure. The details of the transistor biasing and the junctions behaviors will

be discussed in the Chapter 3. Figure 1.4 (b) shows the circuit schematic for

the TL. The emitter-base junction is shown with an arrow and the direction

of the arrow is from the p-doped side to the n-doped side.

Emitter Collector

IE ICIB

Base

Laser Light
QW

(a)

Collector
Base

Emitter
I

I

I

B

C

E

Laser Light

(b)

Figure 1.4: Simple schematic of the TL. a) Important elements in the TL.
It consists of an emitter, base, and collector of a transistor and a QW inside
the base. The QW acts as an optical collector and converts the carriers to
photons. b) Circuit schematic of the TL.

The operation of the TL is based on the operation of the transistor.
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1.2. Transistor Laser

Part of the carriers (electrons or holes for the n-p-n or p-n-p transistors,

respectively) that are injected from the emitter to the base generate light

and part of them are swept to the collector and contribute to the collector

current.

As the base-collector junction is considered as an alternative path for

removing the carriers from the active region of the laser diode, the carriers

effective lifetime is reduced and the TL has attracted attention as a solution

to the limited modulation bandwidth of the laser diode. Figure 1.5 shows the

carrier distributions in the SCH region of the regular laser diode and base

region of the TL. In Figure 1.5 (a), as the carriers are injected into the active

region, because of the energy barriers they will be confined in the SCH region

and the mechanisms to remove the carriers are recombination (radiative and

non-radiative) and stimulated emission. In Figure 1.5 (b), the reverse-biased

collector-based junction in the TL forces the minority carrier concentration

to be (almost) zero at the collector-base boundary. The collector current

originates from this tilted distribution [22] and creates another path for the

carriers to get depleted from the base region. In Chapter 3, we will see that

this effect changes the dynamics of the laser greatly.

Because of the removal of the carriers from the base region through the

base-collector junction, the average lifetime of the carriers is reduced. This

reduction of the lifetime causes new effects such as RF gain and modulation

bandwidth equalization in the common-base and common-emitter configura-

tions [23], and modified carrier dynamics [24] take place in the TL. Because

of the stimulated emission of the laser, some of the characteristics of the

transistor are changed. These include reduction in the AC and DC current
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QW

x

E
SCH SCHDoped

Cladding
Doped

Cladding

Carrier Injection

Carrier Distribution

(a)

QW

x

E

Base BaseEmitter-Base
Junction

Carrier Injection

Carrier Distribution

Collector-Base
Junction

(b)

Figure 1.5: Carrier spatial distribution in different laser structures. a) Car-
rier distribution in the SCH region of the conventional laser diode. Because
of the energy barrier the carries are confined in the SCH region b) Carrier
distribution in the base layer of the TL. Because of the reversed-biased base-
collector junction the carriers concentration is very small at the interface of
the base-collector.

gain, compression in the carrier distribution [24], and compression in the IV

characteristics [25]. Small-signal modulation measurements are presented in

[26] and a bandwidth of 13.5 GHz is obtained while it is concluded that the

intrinsic bandwidth of TL is 44 GHz.

Different modulation configurations can be considered for the TL. This

is because the transistor has three ports. These are briefly explained in

Figure 1.6 where just the AC part of the circuits are shown. In the common-
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1.2. Transistor Laser

Laser Light

(a)

Laser Light

(b)

Laser Light

(c)

Figure 1.6: Schematics of the different configurations of the TL. These are
the AC schematics and the details of the biasing are not shown. a) Common-
emitter: the RF signal is applied to the base and the emitter is grounded.
b) Common-base: the RF signal is applied to the emitter and the base is
grounded. c) Common-collector: the RF signal is applied to the base and the
collector is grounded. vo is the output electrical voltage and RL represents
the load resistance of the next stage.

emitter, Figure 1.6 (a), the emitter is grounded and the RF signal is applied

to the base and the electrical output is taken from the collector. Figure 1.6

(b) shows the common-base where the RF signal is applied to the emitter and

the base is grounded and the collector gives the electrical output. Figure 1.6

(c) shows the common-collector where the RF signal is applied to the base,

the collector is grounded and the electrical output is taken from the emitter.

For regular transistors each configuration has its own characteristics and

applications and they are discussed in micro-electronic books [27] and they

will be reviewed briefly in Chapter 3. In the TL, however, because of the QW

the situation is different and we need to study each configuration separately

to find out the features.

In [28], the authors presented a model based on the charge control
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1.2. Transistor Laser

method and laser rate equations, which predicts a large intrinsic modu-

lation bandwidth in the common-emitter configuration. However the model

does not differentiate between the bulk carriers and the QW carriers in the

rate equation and does not include the effects of the capture and escape

lifetimes in the QW, and significantly overestimates the bandwidth, i.e., a 3

dB bandwidth of 70 GHz for an edge emitting TL. Recently, in [29], a model

based on the charge control model for the transient analysis of the bipolar

transistor laser has been developed to describe the dynamics of electron,

photon and charge densities. The model is based on the integration of the

bulk carrier densities with the QW carrier densities through the quantum

capture with a constant lifetime. It predicted 55 GHz bandwidth for the

common-emitter configuration and the authors also report the large-signal

modulation performance of the TL. This model does not give the spatial

distribution of the carriers and does not consider the QW carrier escape

and capture processes.

New formulation is needed to correctly predict the modulation band-

width observed in experimental devices in the common-emitter configura-

tion, e.g., [26]. In [23], by modeling we compared the optical and electrical

performances of the common-base and common-emitter configurations. We

showed that the TL modulated in the common-base configuration can have

a bandwidth equalization which significantly increases the 3 dB modula-

tion bandwidth and its response can suppress relaxation oscillations which

is important in distortion-free modulation [30].

For TLs there are two possibilities: edge-emitting TLs and vertical-

emitting TLs. In particular VCSELs are very interesting because of their
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importance in the next generation of optical communication systems, where

many very low-cost transmitters will be needed. These transmitters could

be constructed from our proposed high-speed transistor VCSELs. Figure 1.7

shows the TVCSEL structure and the details of the device we have designed.

Figure 1.7 (a) shows the cross-sectional view of the TVCSEL. It consists of

three contacts: emitter, base, and collector. The base region is between the

top and bottom DBRs and emitter and collector contacts are on the top and

bottom DBRs, respectively (intra-cavity contacts). Figure 1.7 (b) shows the

top view of the TVCSEL. The contacts are annular regions surrounding the

VCSEL active region.

1.3 Thesis Objective and Chapter Summary

This work studies the optical and electrical characteristics of the TL. The

objective of the thesis is to show that the TL has new features which may

be useful for future applications in optical communications. To achieve the

objectives the following contributions have been made:

• A novel analytical model has been created. This is a 1D model that

predicts the necessary characteristics of the device, including optical

output power, small-signal and large-signal modulation responses in

common-base and common-emitter configurations.

• The model has been validated with the experimental data for conven-

tional two-contact VCSELs.

• The small-signal modulation response of the TL under different bias
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Figure 1.7: TVCSEL structure a) Cross-sectional view of the TVCSEL. Ac-
tive region is inside the base layer of the transistor and emitter and collector
contacts are on the top and bottom DBRs, respectively. b) Top view of the
TVCSEL. The contacts are annular regions.

configurations has been studied and comparisons have been made with

the responses of regular laser diodes.

• The large-signal modulation response of the device has been studied

by numerically solving the model.

• The model was integrated with external circuits, and the effect of

electronic feedback has been studied. This is a new application for the

TL, which it can be described by our model.
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The organization of the thesis is as follows: In Chapter 2, the rate equa-

tions of the laser are reviewed and it is shown how to obtain the modulation

response of the laser diode analytically and numerically. The concept of

the gain compression and its origins are discussed and the modulation re-

sponse changes are simulated in the presence of the gain compression. The

quantum capture and escape processes are explained and it is shown how to

integrate them in the model, and their effects on the modulation responses

are simulated. A verification of the model based on a comparison with the

experimental data is presented at the end of the chapter.

In Chapter 3, the details of the analytical modeling for the DC and small-

signal modulation of a TL are presented. The limitations and possibility for

the generalization of the model are explained. The concept of RF gain and

optical bandwidth equalization for the TL is presented for the first time. We

also show that the small-signal modulation response of the TL in both the

common-emitter and the common-base configurations can be represented by

a third order transfer function.

In Chapter 4, large-signal modulation of the TL in the common-emitter

and the common-base configurations is studied. The turn-on delay of the

device is investigated and eye-diagrams for different bit-rates are shown.

Frequency chirping analysis is presented.

In Chapter 5 the thesis is concluded by a brief summary and a discussion

which shows the contributions of this thesis in the bigger picture. Future

research directions are discussed.
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Chapter 2

Direct Modulation of

Semiconductor Lasers

2.1 Introduction

The semiconductor laser can be modulated directly by modulating the ex-

ternal current. This is very important, as other type of lasers cannot be

modulated directly. In this section we review the theory behind laser dy-

namics and develop the necessary modeling. These concepts will be used in

the next chapter to model the transistor laser.

2.2 Rate Equation

Figure 2.1 shows the measured response of the small-signal direct modulation

of a VCSEL. This VCSEL is designed for 1550 nm and its threshold is 0.66

mA [31]. The modulation response can be modeled by the rate equations

that were introduced in [12] to study the bulk and QW lasers.

The rate equations are the bookkeeping of the supply, annihilation, and

creation of the electrons and photons inside the laser cavity [12]. In the
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Figure 2.1: Transfer function of direct modulation of 1550 nm VCSEL for
different bias currents. The resonance peak is obvious in two graphs (2Ith
and 3Ith). The VCSEL had a threshold of 0.66 mA [31]. a) linear scale, b)
logarithmic scale. Both scales are used in the literature interchangeably.

simplest form the rate equations can be written as [11]:

dN

dt
=

I

qdA
− N

τs
− vggS , (2.1)

dS

dt
= ΓvggS − S

τP
+R

′
sp , (2.2)

where S is the photon concentration (cm−3), N is the carrier density (elec-

tron) in the active region, e.g., QWs in the VCSELs (cm−3), Γ is the optical

confinement factor and is defined as the overlap of the optical field with the

active region, g is the material gain (cm−1), vg is the group velocity of the

optical field in the active region (cm s−1) and equals to
c

ng
where ng is the

refractive index of the active area, τP is the photon lifetime (s), R
′
sp is the

spontaneous emission that is coupled to the lasing mode (cm−3s−1), I is the

electrical pump current (A), q is the electronic charge (C), d is the active
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region thickness, e.g., QW width in the VCSEL (nm), and A is the area of

the active region (μm2). Equations (2.1) and (2.4) are called 1-level rate

equations as there is one equation to describe carrier density.

In equations (2.1) and (2.4), the recombination processes have been mod-

eled by a single lifetime τS . Generally, recombination processes have well-

known carrier dependency:

R = AN +BN2 + CN3 , (2.3)

where, N is the carrier density, A is the monomolecular recombination co-

efficient, B is the bimolecular recombination coefficient, and C is the Auger

recombination coefficient which is a function of the valence band structure

of the material. In practice, near or above threshold carrier concentration

does not vary significantly so an average lifetime can be used in the rate

equations which simplifies the analytical expressions [11].

We define:

G = vgg , (2.4)

as the optical temporal gain (s−1). In general, G is a nonlinear function of

the carrier and photon densities, but the simplest form is a linear function

of the carrier density:

G(N,S) = G0(N −Ns) , (2.5)

where Ns is the fitting parameter that sometimes is referred as the trans-

parency carrier concentration [11] and G0 is the temporal growth coefficient
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and is related to the material gain (g) through:

G0 = vg
∂g

∂N
, (2.6)

where
∂g

∂N
is called the differential gain. The spontaneous emission term is

given by:

R
′
sp = Γβ

N

τs
, (2.7)

where β is the spontaneous emission coupling coefficient. By solving equa-

tions (2.1), (2.4), (2.5), and (2.6) numerically (e.g., finite difference), steady-

state and frequency responses are obtained.

It is important to mention that in the laser diode, active regions are

undoped and charge neutrality dictates that the electron density equals the

hole density, i.e., N = P . This condition greatly simplifies the modeling and

only one type of carrier, e.g., electrons, can be used in the rate equations.

Further, the laser works under the forward-biased condition and carrier den-

sity levels are about 1018 cm−3. At this level of injection, unintentional

background doping can be ignored [13].

The optical output power is calculated by using:

Po =
αm

αm + αi

hc

λ

SAd

τPΓ
, (2.8)

where Po is the output optical power measured in mW, αm and αi are

mirror loss and internal loss respectively, c is the light velocity, λ is the laser

wavelength, and h is the Planck constant.

The above equations are solved by using the finite difference method
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Parameter Unit Symbol Value

Mesa size μm2 A 9π
Carrier lifetime ps τS 500
Photon lifetime ps τP 3
Group velocity cm/ns vg 5.13
Mirror loss cm−1 αm 40
Internal loss cm−1 αi 25
Active area thickness nm d 12
Optical confinement factor - Γ 0.05
Fitting parameter cm−3 Ns 1.2× 1018

Temporal growth coefficient cm3s−1 G0 3× 10−6

Spontaneous emission coupling coefficient - β 10−4

Table 2.1: Simulation laser parameters. The values are chosen for a typical
980 nm VCSEL.

[32]. The device parameters are shown in Table 2.1. The values are chosen

for a typical 980 nm VCSEL.

The most important DC characteristic is the laser light-current (LI)

curve, which is the optical output power against the bias current. This

is shown in Figure 2.2(a).

To find the small-signal modulation response of the laser, in the simula-

tions the driving current is taken as:

I(t) = I0 + im sinωt , (2.9)

where I(t) is the total current used in the rate equations, I0 is the bias

current, im is the amplitude of the RF current, and ω is the RF angular

frequency. To be in the small-signal regime im is assumed to be very small

in comparison to I0. Using equation (2.9) the steady-state optical output
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Figure 2.2: Rate equations simulations. 1-level equations have been used,
no gain compression included. The parameters are chosen for a 980 nm
VCSELs. a) LI curve of the VCSEL. Ith = 0.7 mA. b) Modulation response
at different bias points. Relaxation oscillation frequency and the damping
increase as the bias current increases. The amplitude of the RF current is
set to im = 10 μA. 20log10(pm/im) is used.

power of the laser will be:

Po(t) = P0 + pm sinωt , (2.10)

where Po(t) is the total optical output power, P0 and pm are the DC and

the AC part of the optical output power, respectively. The output power

small-signal modulation transfer function is defined as:

H(ω) =
pm
im

, (2.11)

Figure 2.2(b) shows the small-signal modulation response of the laser.

The small-signal modulation curves are for bias points above threshold. To

find the transfer function the simulation is done for all RF frequency values
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2.2. Rate Equation

of interest.

In Figure 2.2(b), we are using 20log10(H(ω)). To see the reason, we

have to explain how a network analyzer measures the laser transfer function.

We are assuming an ideal photo-detector with a responsivity of 1 A/W is

present. The output electrical power is calculated as:

pe = R0i
2
e = R0R

2
Dp

2
m , (2.12)

where pe is the electrical power, ie is the electrical current, R0 is the impedance

of the electrical power meter, RD is the photo-detector responsivity, and pm

is the optical power as in equation (2.10). If the injected RF power, used to

modulate the device is pin, what a network analyzer shows is:

HNA(ω) = 10 log10

(
pe
pin

)
, (2.13)

where HNA(ω) is the transfer function from the network analyzer in the

logarithmic scale. By using equations (2.11) and (2.12) it is easy to show

that:

10 log10

(
pe
pin

)
∝ 10 log10

(
p2m
i2m

)
= 20 log10 (H(ω)) . (2.14)

In this thesis we use equation (2.11) for the simulation results and equa-

tion (2.13) for the measurement results.

From Figure 2.2(b) a few interesting behaviors of the laser dynamic can

be seen. First, there is a peak in the modulation response. This peak comes

from the resonance between the photons and active region carriers. Second,
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2.2. Rate Equation

as the bias current is increased the magnitude of the peak first increases then

decreases and at very high bias current the peak almost disappears. Third,

the slope of the small-signal modulation response in high frequencies is -40

dB/dec, indicative of a two pole system. It is important to mention that

the equations (2.1) and (2.4) predict the general behavior of the modulation

response (e.g., slope after resonance, resonance dependance on bias current,

... ) correctly, however, they do not provide precise information on the

bandwidth and generally, they overestimate it.

The resonance between the photons and the carriers in a modulated laser

can be explained by the use of the rate equations. We assume the following

forms for I(t), N(t), and S(t):

I(t) = I0 + i(t) , (2.15)

N(t) = N0 + n(t) , (2.16)

S(t) = S0 + s(t) , (2.17)

where I0, N0, and S0 are the DC values, i(t), n(t), and s(t) are small-signal

time-varying values for the modulation current, carrier density, and photon

density, respectively. By putting equations (2.15), (2.16), and (2.17) into

equations (2.1) and (2.4) and separating DC and time-varying values we

obtain the following rate equations for the time-varying values:

dn(t)

dt
=

i(t)

qdA
− n(t)

τs
− s(t)

ΓτP
−G0S0n(t) , (2.18)
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ds(t)

dt
= ΓG0S0n(t) . (2.19)

In writing the equations (2.18) and (2.19), spontaneous emission effect is

ignored as above laser threshold the spontaneous emission effect is much

less than the stimulated emission effect. From equation (2.19), as n(t) in-

creases and becomes positive, s(t) increases due to an increase in the laser

gain. From equation (2.18), as s(t) becomes positive it decreases n(t) by in-

creasing the stimulated emission. As n(t) decreases and becomes negative,

it decreases s(t). As s(t) becomes negative it increases n(t). This cycles

repeats itself and produces resonance in the laser cavity.

To find an analytical expression for the small-signal modulation response

of the laser, we assume a sinusoidal form for the time varying signals:

i(t) = Re
[
imejωt

]
, (2.20)

n(t) = Re
[
nmejωt

]
, (2.21)

s(t) = Re
[
smejωt

]
, (2.22)

where im, nm, and sm are amplitudes of the small-signal modulation cur-

rent, carrier density, and photon density, respectively. By putting equations

(2.20), (2.21), and (2.22) into equations (2.18) and (2.19), analytical form

of the small-signal modulation response can be obtained:

sm(ω)

im(ω)
=

ΓG0S0
qdA

−ω2 + jωγ + ω2
r

, (2.23)

where ωr is the relaxation oscillation frequency and γ is the damping coef-
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2.3. Gain Compression

ficient and are given by:

ωr = ωr,0 =

√
G0S0

τP
, (2.24)

γ = γ0 = G0S0 +
1

τs
. (2.25)

Considering the effect of the spontaneous emission, i.e., β in equation (2.7),

these expressions are changed to:

ω2
r = ω2

r,0 + β
ΓN0

τs
(G0 +

γ0
S0

) , (2.26)

γ = γ0 + β
ΓN0

τsS0
. (2.27)

In general, ωr increases as the photon concentration increases, however the

damping increases as well which limits the bandwidth of the modulation

response. However, the magnitude of the damping observed in the experi-

ments is larger than what was predicted by the spontaneous emission factor.

In order to more accurately predict the frequency response, further details

need to be included in the model. Non-linearity in the gain is the next

improvement in the laser model.

2.3 Gain Compression

The origins of the gain compression lie in the carrier dynamics. The car-

rier dynamics can be divided into three main categories. 1) inter-band, 2)

intra-band, and 3) diffusion. Inter-band processes change the carriers con-

centration (e.g., recombination), intra-band processes change the carriers
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energy within the band (e.g., conduction band or valence band), and dif-

fusion changes the spatial distribution of the carriers. These processes are

shown in Figure 2.3.

(a) (b) (c)

Figure 2.3: Different carrier dynamics involved in the laser operation. a)
Inter-band process changes the carriers concentration. b) Intra-band process
changes the carriers energy. c) Diffusion process change the carriers spatial
distribution.

Intra-band processes are present in bulk and QW lasers while the inter-

band processes are more important in QW lasers. Diffusion processes change

the spatial distribution of the carriers in the SCH region. These processes

explain the different mechanisms involved in the gain compression. It is im-

portant to mention that laser dynamics depends on the carriers distribution

change (both in energy and space) and the time constants of the changes.

2.3.1 Spectral Hole Burning

In spectral hole burning, stimulated emission of the laser rapidly removes

the carriers with energies close to the lasing wavelength so the optical gain

near the lasing wavelength decreases. This is an inter-band process.
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2.3.2 Spatial Hole Burning

Because of the standing wave in the laser cavity, the optical intensity is

not uniform in the longitudinal direction. So the carriers are depleted in the

vicinity of the intensity peak. Consequently the optical gain is also decreased

at the intensity-peak location. This process is called spatial hole burning.

Spatial hole burning happens in the lateral direction as well. The optical

intensity is not uniform in the lateral direction so the optical gain decreases

near the field-intensity peaks. Spatial hole burning is an inter-band process.

2.3.3 Carrier Heating

The pump and probe experiments [33] showed that there is another mecha-

nism that contributes to the gain compression and that is the carrier heating.

The carrier heating falls into the realm of intra-band process and it explains

the dependence of the optical gain on the energy of the carriers. The car-

rier temperature is increased by the free carrier absorption and stimulated

emission. Free carrier absorption increases the energy of the carriers and

hence increases the carrier temperature. Stimulated emission increases the

carrier average temperature by removing the low energy, cool carriers. The

heated carriers do not contribute to the optical gain until they are cooled

down to the lattice temperature. The cooling mechanism is based on the

electron-phonon scattering and has a relaxation time of 0.5-1 ps [34].

In general the dependence of the optical gain profile to the above men-

tioned processes is a complicated function [35]. By adding a phenomeno-

logical coefficient to the rate equations [11, 36] the effects of these processes
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2.3. Gain Compression

on the laser modulation response can be modeled. This coefficient which

is called the gain compression coefficient, modifies the gain term, G(N,S)

such that it becomes photon-density dependant. In this work we use the

following form [11]:

G(N,S) = G0
N −Ns

1 + εS
, (2.28)

where ε is the gain compression factor. Figure 2.4 shows the characteristics

of the same laser that was simulated in Figure 2.2. In these simulations

gain compression factor was integrated in the rate equations. Figure 2.4 (a)

shows the LI curve of the laser for different values of ε. Comparing this

figure with Figure 2.2 (a) shows that non-zero ε decreases the slope of the

LI curve of the laser. Slope decreasing can be explained by noting that with

the gain compression factor, the carrier concentration in no longer clamped

above threshold and a higher inversion is required to maintain lasing. At a

specific bias current the photon concentration will be lower to account for

the increase in the carrier concentration. Figure 2.4 (b) shows the small-

signal modulation response of the laser at one bias point for several ε values.

Comparing this figure with Figure 2.2 (b), shows that non-zero ε decreases

the damping which limits the bandwidth. The low-frequency RF gain is also

affected by the non-zero ε and it can be explained by the decrease in the slope

of the LI curve. The gain compression puts a practical upper limit on the

modulation bandwidth for the direct modulation [36]. For InGaAs/GaAs

material system that is used for 980 nm VCSEL, ε = 3×10−17 cm3 is used

in the simulations.

Analytically, using the gain compression factor in the rate equations and
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Figure 2.4: Rate equations simulations. 1-level equations have been used
and gain compression is included. a) LI curve of the VCSEL for the different
values of ε. Slope of the LI curve decrease for the large values of ε. b) Samll-
signal modulation response for the different values of ε. Laser is biased at
I0 = 1 mA and the amplitude of the RF current is set to im = 10 μA. As
the ε increases the damping increases and bandwidth of the laser decreases.

ignoring the spontaneous emission effect, β, the expressions for ωr and γ are

written as:

ω2
r =

G0S0

τP

1

1 + εS0
+

εS0

τpτs
, (2.29)

γ =
1

τs
+

G0S0

1 + εS0
+

εS0

τP
. (2.30)

The numerical simulations confirm the analytical expressions.

2.4 Carrier Capture and Escape

It has been found that in SCHs with a QW as the active region, trans-

port effects can significantly change the dynamics of the laser [11]. When

QW semiconductor lasers were introduced, it was predicted that their di-

rect modulation bandwidth could exceed 60 GHz due to the increased optical
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QW SCH CarriersQW Carriers

12
3

1 2
3

Vb

Figure 2.5: Carrier transport in an SCH laser. Different processes are shown
with numbers: (1) diffusion in the SCH region moves the electron and holes
in the SCH layer to the QW, (2) diffusion in the QW, and (3) quantum
capturing moves the carriers to the sub-bands and quantum escaping takes
the carriers out of QW. Effective barrier height, Vb, is also shown.

gain they provide [37]. However, experiments showed that the bandwidth

enhances only a small amount compared with the bulk semiconductor laser.

More experiments carried out on the subject of the spontaneous emission

from different parts of the SCH QW semiconductor lasers confirmed that the

carrier transport can change the modulation response of the laser [38]. These

experiments suggested that the SCH carriers should also be considered in

the modeling.

The important forms of the carrier transport that we need to consider

in the modeling are the diffusion of the carriers in the SCH region, quantum

capture and escape processes. Figure 2.5 shows these processes. In this

figure the conduction and the valence band of the SCH and QW regions

are shown. Carriers diffusion brings the carriers to the QW and in the QW

quantum capturing process lowers down the carriers energies and quantum

escaping process takes the carriers out of QW.
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We will explain the physical source of these mechanisms and will show

how to integrate them into the rate equations. Experimentally, the mea-

surement process of the carrier dynamics (quantum capture, escape, carrier

diffusion) is based on the wavelength-selective optical modulation [15]. By

selecting the wavelength of the pumping laser to lie either in the SCH re-

gion or QW absorption band it is possible to directly modulate the carriers

located in the QW or SCH region [39].

2.4.1 Modeling Using Effective Capture/Escape Lifetimes

There have been different ways to integrate the carrier transport effects

into the laser rate equations. The simplest way is to add another equation

describing the dynamics of the SCH region carriers. This new equation

includes the carrier capture, escape and diffusion lifetimes by using effective

capture and escape lifetimes. Figure 2.6 shows the reservoir model. In this

model additional time lifetimes are used to describe the loss of the carriers

from SCH layer and the gain of the carriers by QW (τc) and loss of carriers

from QW and the gain of carriers by SCH layer (τe).

From the figure, the rate equations can be easily derived [13]:

dN1

dt
=

I

qdschA
− N1

τs
− N1

τc
+ Γe

N2

τe
, (2.31)

dN2

dt
=

1

Γe

N1

τc
− N2

τe
− N2

τs
−GS , (2.32)

dS

dt
= ΓoGS − S

τP
+ Γoβ

N2

τs
, (2.33)

in equations (2.31), (2.32), and (2.33) N1 is the carrier concentration in the
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Figure 2.6: Carrier transport model. 2-level system for carriers. Conduction
energy band of an SCH laser is shown. Current is injected to the SCH region
via the doped cladding layers. In this model the carriers in the continuum
energy states of the SCH and QW areas, N1, are connected to the carriers
in 2D states of the QW, N2, through the capture lifetime, τc and escape
lifetime, τe. In this model the gain compression effects are separated from
the capturing and escaping lifetimes.

continuum states of the SCH region, N2 is the carrier concentration in 2D

states in QW, dsch is the SCH region thickness, Γe = d/dsch is the electrical

confinement of the carriers to account for the fact that N1 and N2 are

normalized with respect to two different volumes, τS is the recombination

lifetime in both SCH and QW regions, τc is the effective capture time, and

τe is the effective escape time. This modeling leads to the so-called “2-level

rate equations” [40]. Equation (2.31) describes the dynamics of the carriers

in the continuum energy states of the SCH and QW regions. The first

term is this equation is the carriers injected through the electrical current,

second term describes the recombination process, third term is the loss of

carriers due to the capturing, and last term is the injection of the carriers to

the continuum states from 2D QW states. Equations (2.32) and (2.33) are

similar to the equations (2.1) and (2.4) except the electrical current injection
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Figure 2.7: Rate equations simulations. Small-signal modulation transfer
response at different bias points. 2-level equations have been used. Car-
riers effective capture and escape, and gain compression are included (ε =
3×10−17 cm3). The amplitude of the RF current is set to im = 10 μA

term is replaced by:

1

Γe

N1

τc
− N2

τe
(2.34)

Figure 2.7 shows the small-signal modulation response of the same laser

studied in the previous section that includes the carrier transport effects.

For the simulation, in equations (2.31), (2.32), and (2.33) τc = 6 ps and τe

= 100 ps are used [11]. From the study it has become clear that the damping

increases and slope of the curve increases in high frequencies.

Using this model an analytical expression for the small-signal modula-

tion can be obtained [11]. It can be shown that the effect of the carrier

transport is to introduce a low-pass parasitic-like roll-off which limits the

maximum possible modulation bandwidth; in the case of the Figure 2.7, it

is approximately at 26 GHz. The small-signal modulation response can be

36



2.4. Carrier Capture and Escape

written:

Ht(ω) =
s(ω)

i(ω)
=

1

1 + jωτc
· ω2

t,r

−ω2 + jωγt + ω2
t,r

, (2.35)

in equation (2.35), the resonance frequency has the following shape:

ω2
tr =

ω2
r

χ
, (2.36)

where ωr is defined by equation (2.26) and χ is defined as:

χ = 1 +
τc/τe

1 + ωτc
≈ 1 +

τc
τe

. (2.37)

The added pole due to the carrier transport depends only on capture time.

The carrier transport reduces the relaxation oscillation frequency. This mod-

ification in the rate equations leads to the better agreement with the exper-

imental data [13].

From this simple model some valuable insights are gained for the high-

speed laser design. The transport time across the SCH has to be minimized.

Long carrier transport delay in the un-doped regions of the laser, as in the

SCH, limits the modulation bandwidth. A narrow SCH is desirable toward

this end, but this will increase the internal loss in the case where the cladding

loss is dominant. It is worth noting that the effect of the carrier transport

on the resonance frequency and damping can be modeled as an effective

gain compression factor and can be added to the phenomenological gain

compression, ε, from other sources in this case ε will be larger than 3×10−17

cm3 that is used in the simulations. In this work we separate the effects of

the carrier transport, as it will be critical in formulating the transistor effect
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on the laser response.

In the 2-level rate equations model, SCH carriers and QW carriers oc-

cupying the continuum energy states are described by one variable, N1 in

equation (2.31). There is a 3-level rate equations model that distinguishes

between the carriers in the bulk SCH region with the carriers localized in the

QW position through the usage of the virtual or gateway states [41]. These

states aid in the conversion of carriers between 3D states above the well and

2D states within the quantum well, through phonon radiation. These states

are localized to the quantum well, but occupy energies larger than the band

gap of the barrier material. Carriers having energies at or just above the

QW

x

E

SCH SCH

Doped 
Cladding

Doped 
Cladding

I

N2

N1

�cap�esc

N1
�D �G

N3

Figure 2.8: Carrier transport model. 3-level system for carriers. In this
model the SCH region carriers, N1, are connected to the carriers of the 3D
virtual states, N2, through the lifetimes of τD and τG. Carriers of the 3D
virtual states, N2, are connected to the carriers in 2D states of the QW, N3,
through the capture lifetime, τcap and escape lifetime, τesc.

barrier material band gap are rapidly depleted (captured by the well) un-

der gain conditions [42]. Figure 2.8 shows the schematic of the 3-level rate

equations. In 3-level rate equations the gateway states can be viewed as a

temporary storage location for carriers which are supplied from the SCH.
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Stored charge is lost either by capture to the bound states of the QW, or by

release back into the SCH reservoir. Carriers captured into the bound states

may return to the gateway states, or preferably, contribute to the stimulated

emission of photons [43]. In [40], 2-level and 3-level rate equations models

are compared and it is concluded that the impact of the carrier virtual states

can be significant towards the understanding of the dynamics of QW lasers.

In Figure 2.8 the lifetimes associated with virtual states (τcap and τesc)

have a quantum mechanical origin.

Capture Time: The carriers in the continuum states need to be captured

to the QW bound states in order to contribute to the laser operation. This

requires that the carrier in some initial state in the SCH region emits a lon-

gitudinal optical (LO) phonon and ends up in the some final state within the

QW as dictated by energy and momentum conservation conditions [13]. Sub-

picosecond time-resolved measurements of the barrier luminescence decay in

the GaAs/AlGaAs system have determined the quantum carrier capture and

escape lifetimes [44].

Escape Time: The dominant processes of transferring carriers into and

out of the III-V QW are via LO phonon emission and absorption [45]. An-

other mechanism in the escape of the carrier from the QW to the SCH region

is the thermionic emission. Assuming that the carriers in the barriers have

bulk-like properties and obey Boltzmann statistics the thermionic emission
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lifetime from a quantum well can be calculated as [46]:

τe =

(
2πm∗d2

kBT

)
exp

(
EB

kBT

)
, (2.38)

where d is the QW width, EB is the energy barrier presented to carriers in

the QW, τe is the escape lifetime of the carriers from the QW, m∗ is the

density of states (DOS) effective mass of the carriers, kB is the Boltzmann

constant and T is the temperature in Kelvin. From equation (2.38), it is

clear that the carrier escape rate is a function of the barrier height and

temperature.

Under ordinary conditions, hole diffusion is much slower than electron

diffusion in the SCH layer. This may imply that the bandwidth limitation

is due to the hole transportation. However, the quantum capture time of

the holes is much shorter than the electrons [41]. For this reason we will

consider only the effects of the electrons on the bandwidth. Further studies,

e.g. in [47], show that capture time is constant with respect to effective

barrier height (Vb in Figure 2.5), and carrier density of confined states in

the QW (for the laser operation this corresponds to the threshold carrier

density). This is very important in our modeling, as in a modulated laser

the carrier density of the QW changes.

2.4.2 Modeling Using Quantum Capture and Escape

Lifetimes

In the above approaches, the spatial distribution of the carriers in the SCH

region is ignored. However, to analyze the behavior of the transistor it is
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Figure 2.9: Semi-classical model for the carrier dynamics. Above part shows
the carrier spatial distribution, δn(x), due to the current I. In the position
of QW δn(x) = NV.S., virtual states concentration. Below part shows the
conduction band of the SCH and QW and the carriers in QW 2D states.
These carriers are connected to the virtual sates carriers by τesc and τcap.
W is the width of SCH region including the QW thickness.

necessary to discover the spatial distribution of the minority carriers in the

base [22]. This can be easily done by usage of the virtual state as a con-

nection between the continuum states and bound states and introducing the

quantum capture and escape lifetimes [48]. This model shows that in spite

of their small values, these lifetimes have significant effect on the dynamics

of the laser. Figure 2.9 shows the anatomy of this semi-classical approach.

The spatial distribution of the carriers in the SCH region is found by

41



2.4. Carrier Capture and Escape

solving the charge-density continuity equation for the excess electrons [22]:

∂δn(x, t)

∂t
=

1

q

∂Jn(x, t)

∂x
− δn(x, t)

τB
, (2.39)

where δn(x, t) is the excess injected carrier concentration in the SCH

region, Jn(x, t) is the current density due to carriers, τB is the carrier re-

combination lifetime (radiative and non-radiative) in the SCH region. In

equation (2.39), it should be emphasized that both δn and Jn are functions

of position (x) and time (t); dependance on x and t will not be written in

forthcoming equations.

We assume that diffusion is the dominant mechanism (neglecting the

drift) for transport across the SCH region. The current term in equa-

tion (2.39) can be written as:

Jn,diffusion = qDn
∂δn

∂x
, (2.40)

in equation (2.40), Dn is the diffusion coefficient in the SCH region. Substi-

tuting equation (2.40) into equation (2.39) we obtain the diffusion equation

for excess carriers:

∂δn

∂t
= Dn

∂2δn

∂x2
− δn

τB
. (2.41)

The injected current can be found from the slope of the carrier distribution

[22]:

J = qDn
∂δn

∂x x = 0
. (2.42)

The energy barrier between the SCH region and the doped cladding causes
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the current to be zero at the right side of SCH region (ignoring the leakage

current due to carrier jumping above the barrier, i.e., current efficiency of

100%):

∂δn

∂x
= 0

x = W
. (2.43)

The virtual states’ carrier concentrations and current density can be de-

scribed by the following equations [48]:

δn

(
(
W

2
)−
)

= δn

(
(
W

2
)+
)

= NV.S. , (2.44)

JV.S. = qDn
∂δn

∂x
x = (

W

2
)−

− qDn
∂δn

∂x
x = (

W

2
)+

, (2.45)

where, NV.S. is the carrier concentration in the virtual states. Equation (2.44)

states that the concentration profile δn(x) is a continuous function and equa-

tion (2.45) states that the current flowing to virtual states (JV.S.) is the

difference of the continuum states currents at x = W/2.

The laser is described by the conventional laser rate equations [11], in

terms of the current entering the QW region:

dS

dt
=

(
ΓG− 1

τP

)
S +R

′
sp , (2.46)

dNQW

dt
=

JQW

qd
− NQW

τS
−GS , (2.47)

G =
G0 (NQW −Ns)

1 + εS
, (2.48)

in equations (2.46)-(2.48), S is the photon concentration, NQW is the QW
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carrier density, Γ is the optical confinement factor, G is the optical gain,

τP is the photon lifetime, R
′
sp is the spontaneous emission that is coupled

to the lasing mode and is found from equation (2.7), JQW is the current

density entering the 2D QW energy states from the virtual states, d is the

QW width, τS is the spontaneous emission lifetime, ε is the gain compression

factor due to spectral hole burning, spatial hole burning, and carrier heating.

Ns is the fitting parameter of the optical gain function.

The carriers entering the virtual states have three possibilities: falling

into the QW states, or diffusing to the SCH region or undergoing recombina-

tion (radiative and non-radiative). The rate equation describing the virtual

states concentration is:

dNV.S.

dt
=

JV.S.
qd

− JQW

qd
− NV.S.

τS
. (2.49)

Equation (2.49) describes the charge conservation for the virtual states in

the QW region and is proven in Appendix B. The virtual state carriers are

linked to the QW 2D carriers by:

JQW

qd
=

NV.S.

τcap
− NQW

τesc
, (2.50)

where τcap is the quantum capture lifetime for the carriers falling from the

virtual states to the QW 2D states, and τesc is the escape lifetime from the

QW 2D states to the virtual states.

Equations (2.40) to (2.50) are a complete set describing the laser per-

formance. We solve these equation in different regimes, e.g., small-signal
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2.4. Carrier Capture and Escape

and large-signal for different devices, e.g., SCH laser and TL using different

method, e.g., analytical and numerical. These are the main the contribu-

tions of this study and are discussed in the rest of the thesis.

The solving procedure starts with replacing equation (2.41) with its finite

difference approximation. We use the following notation:

Cp
m = C(m, p) = δn(mΔx, pΔt) , (2.51)

wherem and p are used as indices to x and t, respectively and Δx and Δt are

the spatial and temporal grid size, respectively. Using the finite difference

approximations for the derivatives:

∂δn

∂x
� Cp

m − Cp
m−1

Δx
, (2.52)

∂2δn

∂x2
� Cp

m+1 − 2Cp
m − Cp

m−1

(Δx)2
, (2.53)

∂δn

∂t
� Cp

m − Cp−1
m

Δt
, (2.54)

equation (2.41) is converted to:

− DnΔt

Δx2
Cp
m−1 +

(
1 + 2

DnΔt

Δx2
+

Δt

τB

)
Cp
m − DnΔt

Δx2
Cp
m+1 = Cp−1

m . (2.55)

In equations (2.53), and (2.54), we are using backward difference for the time

derivative term and second-order central difference for the space derivative.

This is an implicit method for the 1D continuity equation. The method is

always numerically stable and convergent but it is more numerically intensive
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than the explicit method [32], where forward difference is used for the time

derivative term. The numeric error due to finite difference for time derivative

is proportional to the temporal grid size, i.e., O(Δt) and for second order

spatial derivative it is proportional to O(Δx2). The boundary conditions are

applied to equation (2.55) and knowing the initial values of the parameters

and injected current a matrix structure of equation (2.55) is formed:

AC(p) = B(p−1) , (2.56)

where A and B are known matrices. A is a constant coefficient matrix

which is computed once for a specific device. Defining κ, η, μ, and ξ as:

κ =
Δt

τB
, (2.57)

η = 1 + 2
DnΔt

Δx2
+

Δt

τB
, (2.58)

μ =
Dn

d

Δt

Δx
, (2.59)

ξ = 1 + 2
Dn

d

Δt

Δx
+

Δt

τcap
+

Δt

τS
. (2.60)
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A will have the following format:

Am,n =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0 · · · 0 0 0

−κ η −κ 0 · · · 0 0 0

0 −κ η −κ · · · 0 0 0

...
...

...
...

. . .
...

...
...

0 0 · · · −μ ξ −μ · · · 0

...
...

...
...

. . .
...

...
...

0 0 0 0 · · · −κ η −κ

0 0 0 0 · · · 0 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

μ and ξ are the parameters relating the continuum states’ carriers to QW

carries. Values of B depend on the parameters at t = (p − 1)Δt and the

pumping current and it has the following form:

Bm =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Δx
Dn

J
e

Cp−1
2

Cp−1
3

...

Cp−1
v.s +

Δt

τesc
Nqw(p− 1)

...

Cp−1
M

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Solving equation (2.56) gives C. Having the carrier distribution in the SCH

region, the other parameters can easily be obtained. Figure 2.10 shows the

flowchart for solving the equations. The solving procedure starts with the
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initialization of the matrices and depending on DC or AC simulation the

current vector is updated. The variables are calculated in the simulation

time period and in the final stage all the parameters are found. The simu-

Initialize the matrices
(A, B, C)

Add RF
signal to DC
bias current

Start

Get the laser
and transistor
parameters

DC or AC AC

Find S and Nqw
from rate equations

using finite
difference method

Update B and find
C, C=A\B

DC

DC or AC

Find the transistor
currents and optical

power

DC

All frequencies
are swept?

AC

Next f

End

Yes

No
t=t_max

Next t

No

Yes

Figure 2.10: Flowchart of the simulation. The core of the simulation is based
on the finding the carrier concentration, matrix C, in every time step for
each value of the current or frequency.

lation time is characterized by tmax in the flowchart. tmax values depend on

the type of the simulation, i.e., it should be long enough to let the transient
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2.4. Carrier Capture and Escape

portion go away. In the DC analysis, tmax is 2 - 5 ns, in AC analysis tmax

∼ 50 ns, and in digital modulation tmax = nT where n is the number of the

bits and T is the bit’s period.

Table 2.2 shows the values of the additional parameters used in the

simulation. We consider a symmetrical structure where the QW is placed

in the middle of the SCH region. In practical situations asymmetrical SCH

regions (different doping and different length) are used to reduce the carrier

transfer effect [49].

Parameter Unit Symbol Value

Diffusion coefficient cm2s−1 Dn 80
Quantum capture lifetime ps τcap 1
Quantum escape lifetime ps τesc 50
SCH region recombination lifetime ns τB 1
SCH region thickness nm dsch 88
QW thickness nm dQW 12
QW position nm x0 50

Table 2.2: Typical simulation laser parameters. The values are chosen for
typical 980 nm VCSELs.

Figure 2.11 shows the carrier distribution in the SCH layer. The energy

barrier atX =W = 100 nm blocks the carriers from further diffusion beyond

the SCH region and the distribution has a zero slope. As the injection

current increases the magnitude of the distribution increases and the slope

of the distribution on the left side increases. An interesting feature of this

figure is the effect of the stimulated emission on the carrier distribution.

Above threshold, the carrier distribution does not grow as fast as below

threshold.

Figure 2.12 shows the small-signal modulation response of the same laser
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Figure 2.11: Carrier distribution at the different bias currents. The com-
pression of the carrier distribution profile above laser threshold is evident by
the decreased spacing of the curves. The simulated device has a threshold
of Ith = 0.6 mA.

that was simulated with 1- and 2- level rate equations at different bias

currents. Further damping in the response is evident and it is explained by

the effect of the carrier transport.

Here we investigate the effect of the carrier transport on the dynamics of

the laser. Figure 2.13 shows the small-signal bandwidth variation for two dif-

ferent quantum capture lifetimes and the same escape lifetime as a function

of bias current. Increase in the bandwidth with decreasing the capture time

is evident. In general the capture lifetime of the holes is smaller than the

electrons [41] so the limitation on the small-signal modulation bandwidth

mainly comes from the electrons. From Figure 2.13 the bandwidth has a

maximum value at a specific bias current and beyond that the bandwidth

saturates at a high bias current, this phenomenon comes from the damping,
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Figure 2.12: Simulation results for the small-signal modulation response of
a 980 nm VCSEL at different bias points by using the semi-classical model.
The amplitude of the RF current is set to im = 10 μA.
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Figure 2.13: Small-signal modulation bandwidth variation of a 980 nm VC-
SEL versus DC bias current.
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gain compression, carrier transport and diffusion. In the section 2.6, we will

see that this model leads to a good agreement with the experimental data.

2.5 VCSEL Parasitic Modeling

In VCSELs the RF signal passes through a number of resistors and capac-

itors before reaching the active region. The important resistors are: the n-

and p- DBRs resistance, contact-wafer resistance, and sheet resistance be-

tween the bottom DBR to the contact [49]. The main capacitors are oxide

layer capacitance and junction capacitance. The effect of the parasitics can

be modeled approximately by a low-pass single pole transfer function [49].

This is due to the capacitive and resistive elements which can be approxi-

mated by the equivalent RC circuit. The justification for the use of a single

pole transfer function for the parasitics comes from the fact that it can ac-

curately represent the small-signal modulation response over a large range

of currents [50]. The overall transfer function can be written as:

H(ω) =
p(ω)

is
=

isch
is

p(ω)

isch
, (2.61)

where is is the current from the electrical source, isch is the current entering

the SCH region. isch/is is the parasitic term and the next term is the transfer

function from the model.

By using semi-classical modeling, writing the transfer function of small-

signal modulation of the laser analytically in a closed form similar to the

equations (2.23) and (2.35) requires much effort. We will do this in the
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next chapter. Meanwhile we can approximate the small-signal modulation

response by a third order transfer function similar to equation (2.35). Con-

sidering the parasitic effect as a first order transfer function, the normalized

transfer function can be written as:

H(ω) =
1

1 + j
ω

ωpar

· 1

1 + j
ω

ωa

· 1

1− (
ω

ωr
)2 + j

γ

2πωr
· ω

ωr

, (2.62)

where ωpar is the parasitic pole, ωa is the pole due to the carrier dynamics,

gain compression, and γ and ωr are the damping and relaxation oscillation

frequency, respectively.

2.6 Model Verification

In this section we show that the modeling based on the rate equations can

match the real experimental results. These results are obtained for 850 nm

VCSELs.

2.6.1 Sample Preparation

Conventional VCSELs operating at 850 nm and 980 nm have been success-

fully fabricated by Dr. Mark Greenberg, a Research Associate, and their

DC and AC characteristics have been measured. The necessary layer struc-

tures for the laser operation have been designed. The wafers were ordered

from different companies and research centers. Most of the processing steps

including metallization, etching, oxidation, planarization are done in the

UBC AMPEL nano-fabrication facility. Figure 2.14 shows a high speed 850
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nm VCSEL working in different regimes of biasing. The device is not ox-

idized so the threshold is high. This figure shows the basic method used

to find out if the device is working. It uses an infrared camera so that the

user can see the light, as in Figure 2.14 (b) and (c). Above threshold the

user can see the interference pattern due to reflection of the laser light from

the microscope lenses, as in Figure 2.14 (d). The samples are oxidized at

(a) (b)

(c) (d)

Figure 2.14: High speed 850 nm VCSEL in different biasing regimes. a)
No biasing b) I = 1 mA, spontaneous emission c) I = 10 mA, just below
threshold and d) I = 15 mA, above threshold.

different temperature and for different amounts of times. Oxidation layers

are used in the VCSEL design to reduce the threshold current of the laser

by confining the current to a smaller area and hence increasing the current
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density. Aluminum-oxide (AlOx) is used to accomplish this goal. AlOx is

an electrical insulator which is highly selective on Al composition, and has

low refractive index. AlOx is formed from high Al composition (x > 0.9) of

AlxGa1−xAs [51]. Oxidation is done in a furnace at a temperature of >400

◦C. The oxidation is a one-run process.

2.6.2 DC Measurements

The DC setup consists of DC probes for the biasing of the laser and a Keith-

ley 2602 unit which is used as a precise current source to bias the laser. A

Newport 2830C power-meter and a Newport 818IR photo-detector are used

for the optical power measurement. A wide aperture lens is used to collect

almost all of the optical power to increase the power-reading accuracy. An

Ando AQ6317B optical spectrum analyzer is used for the spectrum mea-

surements.

Figure 2.15 (a) shows the voltage and output power against the bias

current (L-I-V). The laser diode turn-on voltage, a good measure of the

excess voltage drop from the hetero-barriers of the DBRs, is 1.4 V. This

low threshold voltage is the consequence of the low threshold current. The

device has a slope efficiency of 0.33 W/A corresponding to a differential

efficiency of 29% and current threshold of ∼ 1 mA.

Figure 2.15 (b), shows the normalized optical spectrum of the 850 nm

VCSELs. It is a single mode laser with side mode suppression ratio (SMSR)

of > 40 dB.

55



2.6. Model Verification

0 5 10 15 20
0

2

4

6

Current (mA)

O
pt

ic
al

 P
ow

er
 (m

W
)

0 5 10 15 20
0

1

2

3

V
ol

ta
ge

 (V
)

(a)

800 820 840 860 880

−60

−50

−40

−30

−20

−10

0

Wavelength (nm)

A
m

pl
itu

de
 (d

B
)

(b)

Figure 2.15: DC measurement of a 850 nm VCSEL. a) L-I-V curves of the
850 nm VCSEL at T = 25 oC. b) Measured optical spectrum of 850 nm
VCSEL. The spectrum has been normalized.

2.6.3 AC Characteristics

Figure 2.16 shows the AC setup used for the AC measurements. It consists

of a bias-T to add the RF modulation signal to the DC current. The VC-

SEL was probed on the wafer using a 40 GHz probe and a lensed fiber was

used to collect the optical power from the VCSEL. The small-signal mod-

ulation response (S21) was characterized using an Agilent E8361A 67 GHz

network analyzer using a resolution bandwidth of 10-1000 Hz. The mod-

ulated VCSEL output was directly detected using a high speed Discovery

Semiconductor Inc. photo-detector (bandwidth of 10 GHz) with a known

S21. A through calibration of the network analyzer was performed to cali-

brate the frequency response of the cables. The frequency response of the

photo-detector, measured independently, was subtracted from the S21 data.

Thus, the frequency responses data reported here are the actual response

of the VCSEL including device parasitics. The RF power is set to a small
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Figure 2.16: AC measurement experimental setup. Laser is biased by a high
speed probe. AC and DC currents are applied by using a BiasT. The light
of the laser is collected by a fiber and a high speed photo-detector converts
the modulated light to the electrical current. RF response is measured by a
network analyzer.

value (-20 to -15 dBm) to make sure that small-signal modulation regime is

achieved.

Figure 2.17 shows the measured RF response for different bias currents.

The device under test had a threshold of 0.9 mA. The low DC gain is ex-

plained by the large coupling loss and low responsivity of the detector at

the operation wavelength. The frequency response of the detector has been

de-embedded from the final result. As it is clear from the figure, increasing

the bias current will first increase the resonance peak and then decrease it

as the model predicts.

Further insight can be obtained by the curve-fitting of the measurement

results to the equation (2.62). First the parasitic pole is found. One method

of determining the device parasitics of the VCSEL is by de-embedding the

parasitics term from the modulation response [52]. In this method, the
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Figure 2.17: Measured small-signal modulation responses at different current
injection levels. The low-frequency fluctuations are mainly from the detector
used in measurements.

modulation response is measured at two bias conditions, assuming that the

device parasitics are independent of the bias current, by dividing the two

responses we can get rid of the first term in equation (2.62) and the result

will be:

|H2(f)|2/|H1(f)|2 = 1

1 +

(
f

fa1

)2 · 1(
1−

(
f

fr1

)2
)2

+

(
γ1

2πfr1
· f

fr1

)2

/
1

1 +

(
f

fa2

)2 · 1(
1−

(
f

fr2

)2
)2

+

(
γ2

2πfr2
· f

fr2

)2
,

(2.63)

where fa1 is the pole due to carrier dynamics, fr1 is the relaxation oscillation

frequency, and γ1 is the damping at first bias current. fa2 is the pole due
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to carrier dynamics, fr2 is the relaxation oscillation frequency, and γ2 is the

damping at second bias current.

We apply this method to the measurement results. Figure 2.18(a) shows

the measured frequency responses (Hm,1 and Hm,2) of the small-signal mod-

ulation at two different bias currents. These responses are in dB scale and

we find the difference response by subtracting the modulation response, i.e,

Hm,2 − Hm,1. This is shown in the Figure 2.18(b). We fit the equation

(2.63) into the difference response and find the values of the parameters

of the model. Table 2.3 summarizes the results of the curve-fitting to the

measurements of Figure 2.18(a). It is worth noting that the accuracy of

the pole due to carrier transport, i.e., fa1 and fa2, is not high. It is partly

due to the finite dynamic range of the measurement system. To accurately

find those poles we need to measure the modulation responses to the higher

frequencies (> 50 GHz).

Parameter I = 4 mA I = 7.5 mA Unit

fr 5.6 8 GHz
fa 13.3 14 GHz
γ 13 24 GHz

Table 2.3: Extracted values for the laser modulation transfer function. These
values are for the model parameters in the Equation (2.62).

Using the Table 2.3 we construct the model based transfer functionsHt,1:

Ht,1 =
1

1 +

(
f

fa1

)2 · 1(
1−

(
f

fr1

)2
)2

+

(
γ1

2πfr1
· f

fr1

)2
.

(2.64)

The parasitics response can be obtained by comparing the measurement
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Figure 2.18: Parasitic estimation method. a) Two measured frequency re-
sponse curves at different bias current. b) Difference between the responses.
The measurement curve is obtained by the subtracting the measurement
responses and the model curve is obtained by curve-fitting equation 2.63 to
the measurement curve.

results of Figure 2.18(a) and model based transfer function:

Hpar = Hm,1 −Ht,1 . (2.65)

We have assumed that the parasitics response is independent of the bias

point. This can be checked by calculating the parasitics response at different

bias point and compare the results. Figure 2.19(a) shows the parasitics of

the modulation responses in Figure 2.18(a) and the analytical result:

|Hpar(f)|2 = 1

1 +

(
f

fpar

)2 , (2.66)

where fpar is the parasitic response 3-dB bandwidth. Ignoring the low

frequency oscillations which are partly from calibration and partly from
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high speed photo-detector response, there is a good agreement between two

curves.

0 5 10 15
−10

−8

−6

−4

−2

0

2

f (GHz)

P
ar

as
iti

c 
R

es
po

ns
e 

(d
B

)

Measurement
Model

(a)

0 5 10 15
−75

−70

−65

−60

−55

−50

−45

f (GHz)
M

od
ul

at
io

n 
R

es
po

ns
e 

(d
B

)

I = 7.5 mA, Measurement
I = 4 mA, Measurment
I = 4 mA, Model
I = 7.5 mA, Model

(b)

Figure 2.19: Parasitic estimation method. a) Parasitic frequency response.
The measurement curve is obtained by using equation (2.65) and the model
curve is obtained by using equation (2.66) and curve-fitting. From the model
curve fpar = 8 GHz is obtained. b) Parasitic-free modulation responses.
The measurement curves are obtained by subtracting the measured parasitic
response from the curves of Figure 2.18(a) and the model curves are obtained
by using the equation (2.64) and values of Table 2.3.

Finally, subtracting the parasitic response from the measured data, the

parasitic-free modulation response is obtained and it is shown in Figure

2.19(b).
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Chapter 3

Transistor Laser ∗

3.1 Bipolar Junction Transistor

In this section we review the fundamental principles of the bipolar junc-

tion transistors (BJT). This introduction will help in understanding the

TL. A BJT is a three terminal device made of two back-to-back simple p-n

junctions. As shown in the Figure 3.1 (a) the forward-biased n-p junction

(emitter junction) injects electrons into the center p region (base). These

minority carriers (electrons) make the reverse current through the p-n junc-

tion (collector junction). A few observations can be made from this figure.

First, it is important that electrons can diffuse to the depletion layer of the

reversed-biased junction before they recombine in the base layer. For this

reason the base layer should be narrow. In general Wb � Ln, where Wb is

the length of the base region and Ln is diffusion length of the electrons in

the base:

L2
n = Dnτn, (3.1)

∗A version of this chapter has been published: B. Faraji, W. Shi, D. L. Pulfrey, and
L. Chrostowski, “Analytical modeling of the transistor laser,” IEEE Journal of Selected
Topics in Quantum Electronics, vol. 15, pp. 594-603, 2009.
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Figure 3.1: An n-p-n transistor. a) Schematic of an n-p-n transistor.
Forward-biased emitter junction injects the electrons to the narrow base,
where electrons diffuse to reversed-biased collector junction and contribute
to the collector current. b) Major current components in an n-p-n transis-
tor: (1) injected electrons reaching the reversed-biased collector junction,
(2) electron lost in the base due to recombination with the holes in the
base, (3) holes supplied by the base terminal, (4) holes that are injected
to the emitter through the forward-biased junction, (5) thermally gener-
ated electrons in the base reaching to the reversed-biased junction, and (6)
thermally generated holes in the collector reaching to the reversed-biased
junction. Components (5) and (6) make the saturation current at collector
junction.

where Dn is the diffusion coefficient of the electrons in the base and τn is

the recombination lifetime. Second, the emitter current, IE , should be com-

posed mainly of the electrons injected to the base. This requirement can be

achieved by increasing the doping of the emitter region which results in a

n+-p junction. Base current results from different components 1) recombi-

nation of the injected electrons from the emitter with the holes in the base

2) injection of the holes to the emitter 3) injection of the thermally gen-

erated holes in the collector to base. The dominant process is usually the

recombination and we will ignore the other two mechanisms in the modeling.
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Figure 3.1 (b) summarizes the major electron and hole current components.

The emitter injection efficiency, γ, is defined as the ratio of the desired

forward emitter current to the overall emitter current:

γ =
iEn

iEn + iEp
, (3.2)

where iEn is summation of currents of the arrows (1) and (2) in the Figure 3.1

(b) and back injection current iEp is the current associated with arrow (4) in

the Figure 3.1. Ignoring the saturation current at the collector junction, the

base transport factor, B, is the defined as the ratio of the collector current

to the desired emitter current:

B =
iC
iEn

, (3.3)

where iC is the collector terminal current. To have a good n-p-n transistor,

the emitter current should be made up mainly from the electrons injected

to the base and these electrons should reach to collector before significant

recombination, in the other words γ and B should be very close to one.

Using the above parameters, we can relate the collector to the base

current in the following manner:

iC
iB

=
BiEn

iEp + (1−B)iEp
=

B
iEn

iEn + iEp

1−B
iEn

iEn + iEp

=
Bγ

1−Bγ
≡ β .

(3.4)
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3.2. Transistor Laser Modeling

In equation (3.4), β is the base to collector amplification factor. For well-

designed transistors β is large (100 - 200). A p-n-p BJT is treated in the

same way that an n-p-n BJT was studied with the exception that the roles

of the electrons and the holes are switched.

3.2 Transistor Laser Modeling

In the TL a light source (e.g., a QW) is embedded in the base of a hetero-

junction bipolar transistor (HBT) which acts as an optical collector. One

interesting feature of the TL is the potential for an enhanced small-signal

modulation bandwidth due to the reduced carrier lifetime in the base re-

gion. The reduced carrier lifetime is due to the reverse biased base-collector

junction which introduces a gradient in the carrier concentration (as shown

in Figure 3.2). The physical parameter associated with this slope is the

base transit time (τt) which is the average time an electron spends in transit

across the base.

For the modeling of the TL we use the concepts developed in Chapter 2.

The concept of virtual states [43] is necessary to obtain a useful amalgama-

tion of the laser rate equations and the diffusion equation.

We consider an N-p-n HBT. We use the convention that the capital

letter shows the larger energy band gap, in this case the material used in

emitter has larger energy gap than the base material. The choice of HBT

comes from its very high emitter injection efficiency. As the back injection

current experiences large energy barrier because of the hetero-structure in

the emitter-base junction, γ can be very close to 1.
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3.2. Transistor Laser Modeling

Figure 3.2: Schematic of carrier diffusion and quantum capture in the QW,
and the conduction band energy diagram of the base region. The emitter is
at the left side of the base (x < −WB/2) and the collector is at the right
side (x > WB/2).

We assume that the transistor is operating in its normal, active mode,

i.e., the base-emitter junction is forward-biased and the base-collector junc-

tion is reversed-biased. Figure 3.2 shows the conduction energy band of the

base and the excess minority carrier distribution, δn(x), in the base region.

We assume that there is only one QW which is located in the middle of the

base region and acts as a source for the laser emission. The generalization

for more that one QW will be discussed in Section 3.7. We assume that the

base is neutral and the excess majority carriers are provided through the

base contact to maintain the charge neutrality. However, the collector cur-

rent is mainly due to excess minority carriers. This is the reason of tracking

the minority carriers in the base of the TL.

The carriers injected from the emitter diffuse across the base and reach

to the QW. These unbounded carriers may undergo quantum capture to

the bound states in the QW with a lifetime of τcap, or diffuse across to the
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3.2. Transistor Laser Modeling

collector where they are swept out by the reverse-biased base-collector junc-

tion. The carriers may escape the QW with a lifetime τesc. The unbounded

carriers at x = 0 are located at the virtual bound states. These states are

localized at the QW, but occupy energies higher than the conduction energy

band edge of the barrier material and aid in the conversion of carriers from

the 3D states (nV.S.) above the well to the 2D states within the QW (nQW )

and vice versa [43].

The QW adds another recombination region in the base which has a

variable recombination rate. Below laser threshold, carrier removal from

the QW is dominated by the spontaneous emission which is characterized

by the lifetime of τS , while above the laser threshold the carriers are removed

from the QW through the stimulated emission. From simple rate equation

the effective recombination lifetime of the QW carriers can be written as:

1

τr,eff
=

1

τS
+

GS

Nth
. (3.5)

Equation (3.5) states that, above the threshold, carriers are removed faster

as the output power of the laser increases. The base current consists of

two components: 1) the regular base region recombination current which

is characterized by a base region recombination lifetime (τB) and a diffu-

sion coefficient(Dn), 2) the current needed to drive the laser. We derive

expressions for both currents.
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3.2. Transistor Laser Modeling

3.2.1 General Consideration

The key point in the analysis of the bipolar transistors is to find the excess

minority carriers distribution in the base region which are electrons in the

case of an N-p-n HBT. For this purpose we solve the continuity equation for

the injected electrons to the base region [22]:

∂δn(x, t)

∂t
=

1

q

∂Jn(x, t)

∂x
− δn(x, t)

τB
, (3.6)

where δn(x, t) is the excess carrier (electrons) concentration in the base,

Jn(x, t) is the current density due to excess carriers (electrons), τB is the

carrier recombination lifetime in the base region, and q is the electronic

charge. In equation (3.6), δn and Jn are functions of position (x) and time

(t); we will not write the x and t dependency in forth-coming equations.

We assume that diffusion is the dominant mechanism (negligible drift)

for transport across the base. This assumption is valid in most situations

where the base is heavily doped, and is discussed further in Section 3.7.

We can replace the current term in equation (3.6) by the expression for the

diffusion current, i.e.:

Jn, diffusion = qDn
∂δn

∂x
, (3.7)

in equation (3.7), Dn is the diffusion coefficient of the electrons in the base.

Substituting equation (3.7) into equation (3.6) we obtain the diffusion equa-

tion for excess carriers:

∂δn

∂t
= Dn

∂2δn

∂x2
− δn

τB
. (3.8)
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3.2. Transistor Laser Modeling

The emitter and collector current densities are found by ∗:

jE = qDn
∂δn

∂x
x = −WB

2

, (3.9)

jC = qDn
∂δn

∂x
x =

WB

2

, (3.10)

where the WB is the width of the base. If the collector junction is strongly

reversed biased (VCB � 0, Figure 3.1), the excess carrier concentration on

the collector side of the base is found from [22]:

δn(
WB

2
) = np(e

VCB/kT − 1)

= −np ,

(3.11)

where np is the base equilibrium hole concentration. In equation (3.11), if

we assume that the equilibrium hole concentration is negligible compared

with the injected concentration δn(−WB/2), equation 3.11 is reduced to:

δn(
WB

2
) = 0 . (3.12)

The equations for the carrier concentration (nV.S.) and the current density

(jV.S.) of the virtual states located at x = 0 are:

δn(0−) = δn(0+) = nV.S. , (3.13)

∗Small letters with capital subscripts are used for total quantities (DC+AC); capital
letters with capital subscripts are used for DC quantities; and small letters with small
subscripts are used for the AC terms.
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3.2. Transistor Laser Modeling

jV.S. = qDn
∂δn(0−)

∂x
− qDn

∂δn(0+)

∂x
. (3.14)

Equation (3.13) states that the concentration profile δn(x) is continuous

function and equation (3.14) states that the current flowing to virtual states

(jV.S.) is the difference of the continuum states currents at x = 0. The

current relation of the transistor is:

jE = jC + jB , (3.15)

where jB is the base current density. Equation 3.15 is proven in Appendix

A.

The laser is described by the conventional laser rate equations [11], in

terms of the current entering the QW region:

dS

dt
=

(
ΓG (nQW , S)− 1

τP

)
S +R

′
sp , (3.16)

dnQW

dt
=

jQW

qd
− nQW

τS
−G (nQW , S)S , (3.17)

G (nQW , S) =
G0 (nQW −Ns)

1 + εS
. (3.18)

In equations (3.16) - (3.18), S is the photon concentration, nQW is the QW

carrier density, Γ is the optical confinement factor, G(nQW , S) is the optical

gain, τP is the photon lifetime, R
′
sp is the spontaneous emission that is

coupled to the lasing mode, jQW is the current density entering the QW 2D

energy states from the virtual states carriers, d is the QW width, τS is the

spontaneous emission lifetime, ε is the gain compression factor, and Ns is
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3.2. Transistor Laser Modeling

the fitting parameter of the optical gain function [11].

The carriers entering the virtual states have two possibilities: falling in

the QW states, or diffusing to the collector. The rate equation describing

the virtual states concentration is:

dnV.S.

dt
=

jV.S.
qd

− jQW

qd
− nV.S.

τS
. (3.19)

Equation (3.19) describes the charge conservation for the virtual states in

the QW region and is proven in Appendix B. The virtual state carriers are

linked to the QW carriers by:

jQW

qd
=

nV.S.

τcap
− nQW

τesc
, (3.20)

where τcap is the capture lifetime for the carriers falling from the virtual

states to the QW 2D states, and τesc is the escape lifetime from the QW 2D

states to the virtual states.

The numerical values used in the model are summarized in Table 3.1.

The values are chosen to describe a transistor vertical cavity surface emitting

laser (TVCSEL), e.g., [53]. The values of the τcap and τesc used in the

simulations are for SCH laser. However, their usage in the TL simulations

is justified with the argument of Section 2.4 as the value of τcap does not

change with carrier density variation and the background carrier density

due to the diffusion of the holes from heavily doped base to the QW, i.e.,

doping modulation effect [54]), can be ignored in comparison with the carrier

densities above threshold.
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3.3. DC Analysis

Parameter Symbol Value Unit

Mesa size A 9π μm2

Spontaneous emission lifetime τS 500 ps
Photon lifetime τP 3 ps
Quantum capture lifetime τcap 1 ps
Quantum escape lifetime τesc 20 ps
Base recombination lifetime τB 200 ps
Diffusion coefficient Dn 26 cm2/s
Linewidth enhancement factor α 3 -
Group velocity vg 5.13 cm/ns
Mirror loss αm 40 cm−1

Internal loss αi 25 cm−1

Active area thickness d 12 nm
Optical confinement factor Γ 0.05 -
Fitting parameter Ns 1.2× 1018 cm−3

Temporal growth coefficient G0 3× 10−6 cm3s−1

spontaneous emission coupling coefficient β 10−4 -
Active region refractive index ng 5.8 -
Gain compression factor ε 1.5× 10−17 cm3

Table 3.1: Values of the parameters used in the simulations. The values are
chosen for a 980 nm TVCSEL.

3.3 DC Analysis

DC analysis is done by setting all the time derivatives to zero in the equations

described in the previous section. We ignore the coupling of the spontaneous

emission to the lasing mode. This assumption does not affect the generality

of the solutions but makes the mathematical derivation simpler.

Using equation (3.8) and the above mentioned boundary conditions the
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3.3. DC Analysis

carrier concentrations can be found:

δN1 =
NV.S.e

WB/2LD − LD
qDn

JE

2 cosh
(

WB
2LD

) ex/LD +
NV.S.e

−WB/2LD + LD
qDn

JE

2 cosh
(

WB
2LD

) e−x/LD ,

(3.21)

δN2 =
−NV.S.e

−WB/2LD

2 sinh
(

WB
2LD

) ex/LD +
NV.S.e

WB/2LD

2 sinh
(

WB
2LD

) e−x/LD , (3.22)

where δN1 and δN2 are the DC carrier concentrations in the regions before

the QW and after the QW, respectively; LD is the diffusion length defined

as L2
D = DnτB. We can find transistor currents, JE , JC and JB, in terms of

JV.S. and NV.S.:

JE = NV.S.
qDn

LD

⎛
⎝sinh

(
WB

2LD

)
+

cosh2
(

WB
2LD

)
sinh

(
WB
2LD

)
⎞
⎠+ JV.S. cosh

(
WB

2LD

)
,

(3.23)

JC = NV.S.
qDn

LD

⎛
⎝cosh2

(
WB
2LD

)
sinh

(
WB
2LD

)
⎞
⎠ , (3.24)

JB = 2NV.S.
qDn

LD
sinh

(
WB

2LD

)
︸ ︷︷ ︸

recombination current

+ JV.S. cosh

(
WB

2LD

)
︸ ︷︷ ︸

laser current

. (3.25)

Equation (3.25) states that the base current has two components. The base

current of a BJT is in the form of [22]:

JB = ΔnE
qDn

LD
sinh

(
WB

2LD

)
, (3.26)
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where ΔnE is the change of the minority carrier density of the base at x = 0

due to injection of the carriers from emitter. Comparison of equations (3.25)

and (3.26) shows that the first term in equation (3.25) is the (radiative or

non-radiative) recombination of the carriers. We call this term the recombi-

nation current. The second term is the additional (radiative) recombination

due to the laser operation and we call it the laser current. The recombina-

tion current is the dominant term below laser threshold (IB < IB,th) because

there is no stimulated emission in the QW and we may ignore the laser cur-

rent. For currents well above threshold (IB > IB,th), the laser current is

much larger than the recombination current.

The semiconductor optical gain function is approximated by its Taylor

expansion about the threshold point, i.e., NQW = Nth and S = 0. For the

cases considered, the term εS0 is small, and we can write:

G (NQW , S0) =
G0 (NQW −Ns)

1 + εS0

≈ G0 (NQW −Ns) (1− εS0)

≈ G0 (Nth −Ns) +G0 (NQW −Nth)

− εG0 (Nth −Ns)S0 .

(3.27)

Using equation (3.16) and neglecting spontaneous emission, it can be shown

that:

Gth = G0 (Nth −Ns) =
1

ΓτP
, (3.28)

which states that at threshold, the optical gain equals the loss in the cavity.

Using equations (3.27) and (3.28), we can write the DC rate equations. From
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equation (3.17):

0 =
JQW

qd
− NQW

τS
− S0

ΓτP
, (3.29)

and from equations (3.27) and (3.17):

0 = G0 (NQW −Nth)− εS0

ΓτP
. (3.30)

From equations (3.29) and (3.30), S0 may be found in terms of the QW

current and the threshold carrier concentration:

S0 =

ΓτP
qd

JQW − 1

τS
Nth

1 +
ε

G0τS

. (3.31)

Using equations (3.19), (3.20), (3.25), and (3.31), the DC analysis is

completely described.

Figure 3.3(a) shows the minority carrier distribution in the base of the

transistor for different base currents. Below threshold, the spontaneous

emission is the dominant process in converting the QW carriers to propa-

gating photons. This explains the similarity of the carrier distribution of

the TL to that in the base of a BJT [22]. As base current increases, the

stimulated emission dominates and the current to the QW (JQW ) increases

to supply the large carrier removal from QW, and the carrier distribution

curves bend slightly at the location of the QW.

The bending of the carrier distribution above threshold in Figure 3.3(a)

is not obvious due to the large current gain of the transistor near laser

threshold (β ≈ 50). Figure 3.3(b) shows the carrier density distribution for
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Figure 3.3: a) Calculated minority carrier density distribution, plotted for
uniformly spaced base current values. The compression of the carrier dis-
tribution profile after laser threshold is evident by the decreased spacing of
the curves. The red curve, labeled IB,th = 1.5mA, is the carrier density
distribution at threshold. The calculated threshold current is IB,th ≈ 1.5
mA. The compression can be understood by comparing the value of the
emitter current IE for different values of base current IB. At IB,th, IE =
76 mA and at IB = 4.5 mA, IE = 92 mA. This compression corresponds to
the decrease in βDC . This graph is for the carrier density in the continuum
energy states. The 2D bound carrier density in the QW is not shown here.
b) Carrier density distribution for a low current gain TL. Above threshold
the kink in the profile is obvious.

another TL. Design parameters are chosen so that the transistor current

gain is small (β ≈ 5). Above laser threshold, the kink in the carrier density

distribution profile is obvious.

Figure 3.4 shows the output power and variation of the DC current gain

(βDC = IC/IB) and AC current gain (βAC = ΔIC/ΔIB) as a function of the

base current. Laser stimulated emission above threshold is the reason for the

current gain decrease in Figure 3.4. Above threshold, the laser current in

equation (3.25) increases significantly, as does the base current. The decrease

in the current gain can be explained by changes in the effective carrier
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lifetimes in the base. The quantum capture and stimulated recombination

in the QW are fast processes competing against carrier transit in the base;

these deplete the base so the effective carrier lifetime in the base decreases.
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Figure 3.4: Calculated βDC and βAC (left axis, blue curves) and the output
power (right axis, green curve) as a function of the base current. Above
threshold, the current gain decreases corresponding to a decrease in the
minority carrier lifetime in the base. The simulated device has a threshold
of IB,th ≈ 1.5 mA.

To further verify this explanation we need to prove that the transit time

across the base is not significantly affected by the addition of the QW in the

base region. For this we calculate the base transit time for the two cases: a

regular BJT and a TL. We use the general definition for the transit time of
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the base of the BJT:

τt =
dQB

dIc
, (3.32)

where the QB is the stored charge in the base region. Applying equa-

tion (3.32) to the triangular distribution in the base of an n-p-n BJT yields

τt = W 2
B/2Dn [22]. Using the values in table 2.1, for the case of the base

without QW, τt = 1.92ps. For the case of the base with QW, we can use the

results of the Figure 3.3(a) to calculate equation (3.32) and find τt = 2.08ps

(difference of 8.33%), showing that the QW does not change the transit time

significantly.

3.4 AC Analysis

In the presence of small-signal sinusoidal modulation of the base or emitter

currents, common-emitter or common-base configurations respectively, we

can assume that the excess carrier distribution has the following form:

δn = δN0 +Re
[
δnmejωt

]
, (3.33)

where δN0 is the steady-state solution of the diffusion equation, δnm is the

amplitude of the AC component, and ω is the modulation angular frequency.

Using equations (3.8) and (3.33), we obtain the small-signal diffusion equa-

tion:

jωδnm = Dn
∂2δnm

∂x2
− δnm

τB
. (3.34)
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Solving equations (3.8)-(3.15) to find the small-signal emitter and collector

current densities (je and jb) in terms of jv.s. and nv.s. results in:

je = nv.s.
qDn

Ld

⎛
⎝sinh

(
WB

2Ld

)
+

cosh2
(
WB
2Ld

)
sinh

(
WB
2Ld

)
⎞
⎠+ jv.s. cosh

(
WB

2Ld

)
, (3.35)

jb = 2nv.s.
qDn

Ld
sinh

(
WB

2Ld

)
+ jv.s. cosh

(
WB

2Ld

)
, (3.36)

where Ld is the modified frequency-dependant diffusion length defined as:

L2
d =

DnτB
1 + jωτB

. (3.37)

At high frequencies diffusion can be a limiting factor, as the diffusion length

decreases with frequency and carriers may recombine before reaching the

QW. In typical QW the diffusion limit (∼ 80 GHz) is well above the intrinsic

and practical factors [48].

It is interesting to note that the form of equation (3.36) is the same as the

equation for the SCH laser. For the SCH laser the equation relating the input

current density, j, to the virtual states current density and concentration is

j = 2nv.s.
qDn

Ld
sinh

(
WB

2Ld

)
+ jv.s. cosh

(
WB

2Ld

)
. (3.38)

The only difference would be in the choice of the parameters. This differ-

ence is not inherent to the TL operation. From this result we may conclude

that the small-signal behavior of the TL in common-emitter configuration is
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the same as the conventional laser and that there is no physical mechanism

for a bandwidth enhancement. Importantly, the resonance frequency of the

laser is unaffected by the TL in common-emitter operation. This result is

in direct contrast to what is published in [28], where the effect of the transit

time of the transistor was incorrectly incorporated in the laser rate equations

so that the small-signal modulation bandwidth of the TL in the common-

emitter configuration was over-estimated. However, equation (3.35) shows

that when the signal is applied to the emitter in the common-base configu-

ration, we will obtain a response different from the conventional SCH laser

– this will be shown in the simulation results. Furthermore, none of the

modeling papers, e.g., [29], [28] have sought to differentiate between the

common-base and common-emitter configurations, and all have discussed

the only common-emitter configuration.

In the small-signal regime the laser operation is described by the lin-

earized rate equations [11]. Equations (3.16) and (3.17) in the small-signal

regime are:

jωs = (ΓG0S0)nqw −
(
εS0

τP

)
s , (3.39)

jωnqw =
jqw
qd

−
(
1− εS0

ΓτP

)
s−

(
1

τS
+G0S0

)
nqw , (3.40)

where the S0 is the DC value of the photon concentration which can cal-

culated from equation (3.31). Using equations (3.35), (3.36), (3.39), and

(3.40), the small-signal modulation response for the TL can be obtained.
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From equations (3.39) and (3.40), we can write:

H1 (jω) =
s (jω)

jqw (jω)
=

−ΓG0S0
qd

ω2 − jω
(

1
τS

+G0S0 +
εS0
τP

)
−
(
G0S0
τP

+ εS0
τSτP

) ,

(3.41)

H2 (jω) =
s (jω)

nqw (jω)
=

ΓG0S0

jω + εS0
τP

. (3.42)

H1(jω) and H2(jω) are the transfer functions describing the dynamics of

the photons in terms of the QW current and the QW carrier concentra-

tion, respectively. Equation (3.41) models the modulation response for a

conventional laser neglecting the effect of carrier transport. It describes the

modulation of the output power with respect to the current entering the

active region (QW). If we ignore the gain compression effect for a while, i.e.,

ε = 0, equation (3.42) describes that photons and active area carriers are

90◦ out of phase. When there is resonance in the photon density the car-

rier density, gets depleted. Gain compression brings both quantities slightly

in-phase.

By using equations (3.19) and (3.20), we can find the transfer functions

relating the photons to the virtual states current and carrier concentration:

H3 (jω) =
s (jω)

jv.s. (jω)
=

1

1 +
τcap
τS

+ jτcapω

H1(jω)
+

qd
τcap
τesc

(
jω + 1

τS

)
H2(jω)

,
(3.43)

H4 (jω) =
s (jω)

nv.s. (jω)
=

1
τcap
τesc

1

H2(jω)
+

τesc
qd

1

H1(jω)

. (3.44)
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Finally, using the above results and equations (3.35) and (3.36), we can find

the common-emitter and common-base modulation transfer functions:

HCE (jω) =
s (jω)

jb (jω)
=

1

2

H4(jω)

qDn

Ld
sinh

(
WB

2Ld

)
+

1

H3(jω)
cosh

(
WB

2Ld

) ,

(3.45)

HCB (jω) =
s (jω)

je (jω)
=

1

2 qDn

Ld

⎛
⎜⎜⎝sinh

(
WB

2Ld

)
+

cosh2
(
WB

2Ld

)
sinh

(
WB

2Ld

)
⎞
⎟⎟⎠

H4(jω)
+

cosh

(
WB

2Ld

)
H3(jω)

.

(3.46)

The common-emitter and common-bas modulation responses, equations (3.45)

and (3.46), will be studied in the following sections. Equations (3.45) and

(3.46) are the photon concentration modulation response. In the follow-

ing sections we will use the output power modulation response as in equa-

tion (2.11).

3.4.1 Common-Emitter Configuration

In this section we study the AC behavior of the common-emitter configura-

tion. In common-emitter configuration as shown in the Figure 3.5, the base

terminal of the TL serves as the input, the collector terminal is the electrical

output and the emitter is common for both. The optical output is the light

coming out of the base region.

A BJT common-emitter amplifier is used in electric circuits as a high
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gain stage. For the circuit shown in Figure 3.5, ignoring the laser operation

for a while, for the current gain and voltage gain we have:

Bias-T

RF

Collector

Base

Emitter

i

i

i

B

C

E

Laser Light

BEV

CEV

LR

ov

Figure 3.5: An n-p-n TL in the common-emitter configuration. The base-
emitter junction is forward-biased through VBE and the base-collector junc-
tion is reversed-biased through VCE . The base terminal is the electrical
input and an RF signal is applied by using a Bias-T.

Ai �
ic
ib

= β , (3.47)

Av � vo
vb

= −gmRL , (3.48)

where Ai is the current gain, ic is the amplitude of the collector small-

signal current, ib is the amplitude of the base small-signal current, vo is

the amplitude of the collector small-signal voltage, vb is the amplitude of

the base small-signal voltage, RL is the load resistance connected to the

collector, and gm is the transistor transconductance which is:

gm =
IC
VT

, (3.49)
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where IC is the collector bias current, VT is the thermal voltage which is:

VT =
kBT

q
where, kB is Boltzmann’s constant, T is the temperature, and q

is the electron charge.

With the laser operation we are mainly interested in the optical output.

Figure 3.6 shows the normalized small-signal modulation response for the TL

in the common-emitter configuration. This includes: (1) |H1(jω)|2=|s/iqw|2:
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Figure 3.6: Normalized small-signal modulation responses for the transistor
laser, with respect to the different device currents. The intrinsic response
has a bandwidth of 41.5 GHz (blue curve, labeled H1(jω)); the quantum
capture and escape effects slightly reduce the bandwidth to 39 GHz, green
curve, labeled H3(jω); and the overall response shows bandwidth of 17.2
GHz (red curve, labeled HCE(jω)). The reduction in bandwidth is due to
the low-pass effect of the combination of the diffusion, quantum capture and
escape processes. The modulation response of the SCH laser is labeled as
Hcon.(jω). Both lasers are biased at IB = 5IB,th.

the intrinsic response without quantum capture and diffusion effects, (2)

|H3(jω)|2=|s/iv.s.|2: the response including the quantum capture and escape

effects, and (3) |HCE(jω)|2=|s/ib|2: the full response including the quantum
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and diffusion effects. Similar to a SCH laser, the modulation response of the

TL in the common-emitter shows parasitic effects which reduce the 3 dB

modulation bandwidth. For comparison Figure 3.6 shows the modulation

response of the SCH laser. Both lasers are biased at IB = 5IB,th. From the

figure, both lasers show almost the same small-signal modulation behavior,

the minor differences are due to using different values for the parameters.

3.4.2 Common-Base Configuration

In this section we study the AC behavior of the common-base configuration.

In the common-base configuration as shown in the Figure 3.7, the emitter

terminal of the TL serves as the input, the collector terminal is the electrical

output and the base is common for both. The optical output is the light

coming out of the base region.

Bias-T

Collector

Base

Emitter Laser Light LR

RF
BEV

i B

ov

i E

CBV

i C

Figure 3.7: An n-p-n TL in the common-base configuration. The Base-
emitter junction is forward-biased through VBE < 0 and the base-collector
junction is reversed-biased through VCB. The emitter terminal is the elec-
trical input and an RF signal is applied by using a Bias-T.

A BJT common-base amplifier is used in electric circuits as a high band-

width stage. For the circuit shown in Figure 3.7, ignoring the laser operation

85



3.4. AC Analysis

for a while, for the current gain and voltage gain we have:

Ai �
ic
ie

≈ 1 , (3.50)

Av � vo
ve

= gmRL , (3.51)

where Ai is the current gain, ic is the amplitude of the collector small-

signal current, ie is the amplitude of the emitter small-signal current, vo is

the amplitude of the collector small-signal voltage, ve is the amplitude of

the emitter small-signal voltage, RL is the load resistance connected to the

collector, and gm is the transistor transconductance.

Figure 3.8 shows the small-signal modulation responses of the common-

base and common-emitter configurations at different bias currents. There
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Figure 3.8: Transfer function for the small-signal modulation of the tran-
sistor laser considering both the common-emitter and common-base config-
urations. The laser threshold is IB,th = 1.25 mA. The bias current for the
both configurations is varied from IB = 1.1IB,th to IB = 4IB,th with current
step of ΔIB = 1.1 mA.
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are three main differences between common-emitter and common-base mod-

ulation responses. First is the slope of the curves at frequencies above the

resonance: the common-emitter configuration has a -60 dB/dec slope while

the common-base configuration shows a slope of -40 dB/dec. The second

difference is the low-frequency gain value: the common-emitter configura-

tion has a higher DC gain than the common-base configuration, and finally

in the common-emitter configuration curves, as the bias current increases,

the damping increases and the peak corresponding to the relaxation oscil-

lation frequency diminishes; at high bias currents, over-damping due to the

gain compression and carrier transport effects are the limiting factors which

saturate the bandwidth. In the common-base configuration, the peak cor-

responding to the relaxation oscillation is critically damped and the curves

are flat; most importantly there is no bandwidth saturation effect in the

small-signal response of the common-base configuration.

The common-collector is another transistor configuration as shown in

Figure 1.6(c). However, it turns out that its optical modulation response

is exactly same as the common-emitter configuration. This is because the

photons do not sense if either the emitter or the collector is grounded.

To further investigate the physical origin of the removal of the gain

compression of the common-base modulation response, we plot the intrinsic

modulation response, i.e., |H1(jω)|2=|s/iqw|2. This response does not in-

clude the quantum capture and diffusion effects and is obtained from equa-

tions (3.39) and (3.40). It has been shown in Figure 3.9. The relaxation

oscillation peaks are apparent even at high bias.

Next, we investigate the relationship between the current entering the
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Figure 3.9: Intrinsic modulation response of the TL, s/iqw, without any
transistor carrier dynamics (diffusion or quantum capture/escape). The
bias current is varied from IB = 1.1IB,th to IB = 4IB,th.

laser QW, and the applied external emitter current, Figure 3.10. In a conven-

tional SCH laser and common-emitter, Figure 3.10(a), this corresponds to

a low-pass filter parasitic due to the diffusion and quantum capture/escape

effects (which reduce the bandwidth as shown in Figure 3.6). However,

the situation is very different for the common-base configuration of the TL,

Figure 3.10(b), where a band-reject filter is observed at exactly the reso-

nance frequency of the intrinsic laser response, as well as a low-pass filter at

approximately 100 GHz. The physical interpretation for this phenomenon

is that during a relaxation oscillation, the excess electrons in the QW can

escape from the laser and be swept out to the collector. This effectively

dampens the relaxation oscillation. This is evident in Figure 3.10, which

shows that the transistor adds an electrical equalization which removes the

laser relaxation oscillation.
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Figure 3.10: Plot of the current ratios a) iqw/ib, this corresponds to the
current entering the QW for a given applied base current. The electrical
equalization effect of the transistor laser in the common-base configuration
is evident, and removes the relaxation oscillation peak in the overall modu-
lation response. b) iqw/ie, this corresponds to the current entering the QW
for a given applied emitter current. The low-pass effect is evident.

The frequency dependant current gain (β) of the transistor laser shows

a resonance effect, which is shown in Figure 3.11. The increased transistor

β at the laser resonance frequency indicates that more carriers are being

swept out to the collector, while less photons are emitted at the resonance.

The damping of the relaxation oscillation is also partially evident in the

common-emitter case, where the oscillation peaks are reduced in magnitude.

The physical interpretation is again that the electrons participating in the

relaxation oscillations can escape the QW and be swept out to the collector.

We note that the relaxation oscillations are not completed removed. The

experimental measurements in Ref. [26] show that the modulation responses

have damped resonance peaks with a magnitude of approximately 1 - 2 dB,

with a bandwidth below 20 GHz, in qualitative agreement with this model.
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Figure 3.11: Small-signal current gain of the transistor, 20 log β, in dB. The
laser relaxation oscillations alter the behavior of the transistor, giving rise
to higher current gains near the laser resonance. The bias current is varied
from IB = 1.1IB,th to IB = 4IB,th.

By decreasing the capture time, or increasing the escape time, or increasing

the length of the base, we can artificially reduce the effect of the transistor

on the transistor laser overall response. In such a case, we find the mod-

ulation responses of the common-emitter and common-base configurations

approach the intrinsic laser response (but with a difference in RF gain due

to the transistor beta), shown in Figure 3.12. The relaxation oscillation

peaks increase in magnitude for both common-emitter and common-base

configurations.

To illustrate the gain compression removal in the common-base con-

figuration, we show the bandwidth variation of the common-emitter and

common-base configurations as a function of the bias current (IB) in Fig-

ure 3.13. For comparison, the intrinsic modulation bandwidth is also shown.

At low bias currents both configurations show almost the same bandwidth.
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Figure 3.12: Transfer function for the small-signal modulation of a transistor
laser, where the effect of the transistor has been reduced by increasing the
escape lifetime by a factor of 10X (threshold is thus reduced to IB,th =
0.5mA). The result is that the response becomes more similar to the intrinsic
laser response, with stronger relaxation oscillations, and lower modulation
bandwidths. The bias current for the both configurations is varied from
IB = 1.1IB,th to IB = 4IB,th.

As IB increases the bandwidth of the common-base configuration increases

rapidly while the bandwidth of the common-emitter configuration saturates,

as in the case of a regular SCH laser which is discussed in Chapter 2 and

[48].

The different modulation bandwidths seen in the TL configurations are

due to the different types of carriers used in the common-emitter and common-

base configurations, i.e., holes in the common-emitter case and electrons in

the common-base for an n-p-n TL. This is shown in the Figure 3.14. Figure

3.14(a) shows what happens in the common-base modulation. The injected

electrons from the emitter to the base have three options: 1) direct recom-

bination with the base valence band holes, 2) capturing into the QW and
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Figure 3.13: Bandwidth variation of the transistor laser and intrinsic re-
sponse, versus DC bias current. The upper (red) curve shows the intrinsic
bandwidth of the device. This curve does not incude any parasitic effects and
represents the upper limit for conventional lasers’ bandwidth. The middle
(blue) curve shows the bandwidth of the common-base configuration. The
bandwidth of the common-base closely follows the intrinsic bandwidth but
is smaller due to low-pass filtering effect of the carrier dynamics parasitic.
A bandwidth of 48 GHz is predicted for 10IB,th. The lower (green) curve
shows the bandwidth of common-emitter configuration, which is also iden-
tical to the SCH conventional laser case. A maximum bandwidth of 17 GHz
is observed. The bias current for all curves is varied from IB = 1.1IB,th to
IB = 10IB,th.

recombination with the QW valence band holes, and 3) getting collected

by the collector junction. The injected electron average lifetime is affected

by the above processes which are characterized by the lifetimes τB, τS , and

τt, respectively. Figure 3.14(b) shows what happens in the common-emitter

modulation. The injected holes from base terminal to the base have two

options: 1) direct recombination with the base conduction band electrons,

2) capturing into the QW and recombination with the QW conduction band
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Figure 3.14: Energy band diagram of the an n-p-n TL in the normal mode:
emitter junction is forward-biased and collector junction is reversed-biased.
a) Common-base modulation. The injected electrons to the base through
the emitter junction have three choices: direct recombination with the base
valence band holes (path 1), capturing to QW and recombination with the
QW valence band holes (paths 2 and 3), or getting collected by the collector
junction. b) Common-emitter modulation. The injected holes to the base
through the base terminal have two choices: direct recombination with the
base conduction band electrons (path 1), capturing to QW and recombina-
tion with the QW conduction band electrons (paths 2 and 3).

electrons. The injected hole average lifetime is affected by the above pro-

cesses which are characterized by the lifetimes τB and τS , respectively. The

above argument shows that different types of carriers have different lifetimes.

From simple 1-level rate equations (2.1) and (2.4), we can show that [1]:

ωr =

√
1 +G0τPΓNtr

ττP

(
I0
Ith

− 1

)
, (3.52)

where, τ is the carrier lifetime, Ith is the threshold current. From equation

(3.52), ωr is inversely proportional to the square root of τ . Decreasing

the lifetime τ increases the relaxation oscillation frequency ωr and band

bandwidth increases.

Alternatively, the difference between the modulation response if the
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common-emitter and common-base can be understood from transistor charge

control analysis [22]:

iE =
QB

τt
+

dQB

dt
, (3.53)

iB =
QB

τB
+

dQB

dt
, (3.54)

where QB is the stored charge in the base region when the transistor is in its

normal mode. From these equations the small-signal base current is related

to stored charge in the base region through the carrier recombination lifetime

(τB), while the small-signal emitter current is dependent on the transit time

(τt), which is in the range of pico-seconds. In TL case two mechanisms,

carrier transit through the base and stimulated emission work in parallel to

reduce the carrier effective lifetime in the base region, thereby enhancing

the small-signal bandwidth in the common-base case.

For moderate bias levels, the modulation response of the common-base

case approaches the intrinsic modulation response. This indicates that if a

laser can be designed to have a large intrinsic modulation bandwidth with a

high resonance frequency, then the common-base transistor laser structure

is an effective method of improving the modulation bandwidth by removing

the damping effects due to the carrier dynamics, thereby ultimately realizing

nearly the full inherent bandwidth. It should be noted that the bandwidth

cannot be increased beyond the intrinsic bandwidth of the laser, compared

with the injection locking mechanism where the bandwidth is enhanced be-

yond the intrinsic bandwidth of the laser [55].
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3.4.3 3rd Order Modulation Response Approximation

In this section we present a polynomial transfer function for the small-signal

modulation response of the common-emitter and common-base configura-

tions. We represent both modulation responses by:

H(f) =
1

1 + j
f

f0

· 1

1− (
f

fr
)2 + j

γ

2πfr
· f

fr

, (3.55)

where f0 is parasitic pole frequency due to diffusion, transit through the

base, quantum capture and escape lifetimes; γ is the damping rate; fr is

the effective resonance frequency of the modulation response. Our simu-

lations show that a 3rd order response, equation (3.55), can accurately fit

the analytic modeling results, as shown in Figure 3.15. To compare the

common-base and common-emitter modulation responses, we perform the

curve fitting of equation (3.55) to the common-base and common-emitter re-

sponses obtained through the numerical modeling in the previous sections.

Table 3.2 shows the parameter values obtained after curve fitting us-

ing equation (3.55) to the modeling results at two different bias points

IB = 2IB,th and IB = 3IB,th. The parasitic pole of the common-base con-

figuration is much larger than the common-emitter configuration parasitic

pole, so in frequencies < 100 GHz the common-base shows a −40 dB/dec

rate. One important point is that equation (3.55) predicts a −60 dB/dec

roll-off for both common-base and common-emitter configurations for very

high frequencies. However, the value of the parasitic f0 is very different
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Figure 3.15: Normalized transfer functions for the small-signal modulation
of the transistor laser in common-emitter and common-base configurations,
at IB = 3IB,th. Solid curves show the curve-fit by equation (3.55), while the
circles are the data points from the simulated results.

for common-base and common-emitter configurations (> 100 GHz vs. < 30

GHz, respectively). Thus, in the practical range of frequencies (< 100 GHz),

the common-base has a −60 dB/dec slope while the common-emitter shows

a −40 dB/dec slope. The curve-fitting also indicates that the effective reso-

nance frequency of the common-base is enhanced, owing to the equalization

effects which remove the relaxation oscillation peak and leaves a critically

damped overall modulation response. There is very good agreement between

the two curves showing that the third order transfer function described by

equation (3.55) models the small-signal modulation response of the TL in

common-base and common-emitter configurations.
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Parameter Common-emitter Common-base Unit

fr 10, 16.5 16, 23 GHz
γ 60, 124 134, 181 Hz
f0 29, 26 108, 108 GHz

Table 3.2: Equivalent 3rd order model parameter values found by curve-
fitting. The two numbers in each row correspond to values for IB =
{2IB,th, 3IB,th}.

3.5 Feedback in TL∗

By using feedback we have more freedom to exploit the gain-bandwidth

trade-off in the TL modulation. Additional equations for the voltage-current

relations at each terminal are added by using the law of the junction [22]:

n(0) =
n2
i

NB
eqVBE/kBT , (3.56)

n(WB) = 0 , (3.57)

where n(0) is the carrier concentration at emitter-base interface, ni is the

intrinsic carrier concentration, NB is the base doping, VBE is the applied

base emitter voltage, kB is Boltzmann’s constant, T is the temperature, and

the quasi-neutral base lies between x = 0 and x = WB. Figure 3.16 shows

the transistor laser with the capacitive feedback (Cf ) from the collector to

the base.

Cf is assumed to be a short in AC operation. This is an example of

the current-current feedback [27], meaning that the feed-forward amplifier

∗A version of this section has been published as a conference paper: B. Faraji, N. A. F.
Jaeger, L. Chrostowski, “Modelling the Effect of the Feedback on the Small Signal Mod-
ulation of the Transistor Laser,” Photonics Society Annual Meeting, Denver, Colorado,
US, 2010.
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Figure 3.16: Simulation circuit. The circuit shows the necessary elements
to bias and modulate the TL with capacitive feedback. Inductors (Lb and
Lc) are used for the DC biasing, capacitor Cb is used to inject RF signal
to the base, and capacitor Cf is used as a feedback from collector to the
base. Lb and Lc are assume short, zero resistance, in the DC operation and
open, infinite resistance, in the AC operation. Cb is assumed open, infinite
resistance, in DC operation and short, zero resistance, in the AC operation.
Cf = 50 pF is used in the simulations.

is characterized by a current gain βac(ω) and the feedback network by a

current ratio. The RF signal is injected through the coupling capacitor Cb,

and inductors Lb and Lc are used to bias the device. With this circuit,

the laser transfer function is changed. Without feedback the small-signal

modulation transfer function, H(ω), is defined as:

H(ω) =
s(ω)

ib(ω)
. (3.58)

In fact H(ω) is the transfer function of the TL without feedback in the

common-emitter configuration. While with feedback the transfer function,
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Hf (ω), is defined as:

Hf (ω) =
s(ω)

im
, (3.59)

where Hf (ω) is transfer function with the feedback and im is the amplitude

of the RF current injected to the base of the TL. Writing Kirchhoff’s current

law in the base node we get:

im = ib + ic

= ib(1 + βac(ω)) . (3.60)

Substituting im from equation (3.60) into equation (3.59) and using equation

(3.58), results in:

Hf (ω) =
H(ω)

1 + βac(ω)
. (3.61)

From equation (3.61) it is obvious that the transfer function of the laser is

modified by using the feedback and, as we showed in [56], in a transistor

laser, the quantum well carriers are coupled to the excess minority carriers in

the base; oscillations in the quantum well carriers thus lead to oscillations

in the base minority carriers, and to oscillations in the collector current.

Hence, the relaxation oscillations seen in the optical output are also evident

in the collector current. This is reflected in the frequency response of the

transistor. By using the feedback and injecting collector current to the base

we can effectively remove the resonance in the laser transfer function. Ideal

capacitive feedback, i.e., direct base-collector connection, is exactly the same

as in common-base configuration. It is may be possible to engineer the small-

signal modulation response of the TL by utilizing more elaborate feedback
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systems.

Figure 3.17(a) shows the small-signal modulation response of the common-

emitter configuration without feedback while Figure 3.17 (b) shows the mod-

ulation response with feedback. The TL with feedback shows very similar

behavior to the common-base configuration, i.e., the DC gain decreases and

bandwidth increases (bandwidth equalization), a reduction in damping at a

low bias current and -40 dB/dec slope in high frequencies.
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Figure 3.17: Small-signal modulation transfer function of the TL. a)
Common-emitter configuration without feedback. Bandwidth varies from
11.4 GHz to 18.5 GHz. b) Common-emitter configuration with feedback.
Bandwidth varies from 12.7 GHz to 36.4 GHz. The bias current is varied
from IB = 2IB,th = 1.9 mA to IB = 10IB,th = 9 mA

We can analytically compare the common-emitter configuration with an

ideal capacitive feedback with the common-base configuration. The transfer
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function of the common-base configuration can be written as:

Hcb(ω) =
s(ω)

ie

=
s(ω)

ib(1 + β(ω))

= Hf (ω) . (3.62)

Ideally, the common-emitter with a capacitive feedback will have the same

characteristics as common-base configuration. However, due to limited re-

sponse of the feedback network common-base and common-emitter with

feedback will have different responses. To elaborate this, suppose the elec-

tric feedback has an input-output relation as:

iout = Vf (ω)iin , (3.63)

where iout is the output current, iin is the input current, and Vf (ω) is the

feedback transfer function. Using Equation (3.63) in Equation (3.61), we

can write the the optical transfer function of the TL as:

Hf (ω) =
H(ω)

1 + Vf (ω)βac(ω)
. (3.64)
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3.6 Model Verification∗

In this section we verify some aspects of the developed model with the sim-

ulation results obtained from a commercial package. We have used an ad-

vanced numerical simulation software (Crosslight PICS3D) [57] that solves

the electrical and optical models self-consistently. The carrier transport is

described based on the classic drift-diffusion model [58], with the thermionic-

emission model used at hetero-junctions. The QW capture and escape pro-

cesses are described by phonon-scattering theory. Lateral optical modes are

calculated by the effective-index method [59]. In the QWs, the conduction

bands are assumed to be parabolic, and the valence bands are calculated by

the 6×6 kp method for the valance-band mixing [60]. Coulomb enhancement

(many-body effect) [61] is involved in calculating optical gain. The electrical

and optical models are solved self-consistently by the finite-element method

and Newton’s method [57].

To verify the software models, we have simulated a conventional VC-

SEL that has the same QW structure, taking self-heating effect into con-

sideration. The simulated results from PICS3D and experimental data are

demonstrated in Figure 3.18. There is a good agreement between the mea-

surements and simulations.

In the next step a transistor VCSEL has been designed; Figure 3.19

shows the structure [62]. It is an N-p-n In0.49Ga0.51P / GaAs HBT structure.

The bottom and top distributed Bragg reflectors consist of 30 pairs and 24

∗A version of this section has been published as an invited journal paper: W. Shi, B.
Faraji, M. Greenberg, J. Berggren, Y. Xiang, M. Hammar, M. Lestrade, Z. Li, S. Li, L.
Chrostowski, “Design and modeling of a transistor vertical-cavity surface-emitting laser,”
Optical and Quantum Electronics, 1 - 8, 2011 (Invited).
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Figure 3.18: PICS3D simulation and measurement data. LIV curves of a
MQW In0.17Ga0.83As / GaAs VCSEL. The photoluminescence data for the
simulation and experiments are shown in the inset.

pairs of Al0.85Ga0.15As / GaAs, respectively. The base region utilizes an

asymmetric base doping profile where the whole base region is composed of

a 15 nm heavily doped (1×1019 cm−3) layer, a 30 nm doping grading layer,

three intrinsic In0.17Ga0.83As / GaAs QWs, another 30 nm doping grading

layer, and a 40 nm heavily doped (1×1019 cm−3) base contact layer. The

heavily doped layers are aligned with the valleys of the longitudinal standing

wave in the vertical optical cavity to reduce the optical absorption. A 6 μm

oxide aperture is used in the simulation [62].
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Figure 3.19: Structure of transistor VCSEL. It is an N-p-n InGaP/GaAs
HBT with 30 and 24 pairs of AlGaAs/GaAs layers as bottom and top DBRs,
respectively.

By simulating the structure of Figure 3.19, we find the LI curve of the

device, Figure 3.19(a). Also transistor terminal current characteristics (IC

vs IB) are shown in the Figure 3.19(b).

The average gain function, G(N), of one QW is extracted from the

PICS3D simulation. It is assumed that all the QWs contribute equally

to total gain. The gain function is multiplied by number of the QWs in the

design and is then used in our model. We obtain good agreement between

the PICS3D and our model after fine-tuning the parameters. Our model

results are super-imposed on the PICS3D results in Figure 3.19.

Table 3.3 shows the parameters values extracted from the PICS3D sim-

ulations. For comparison we repeat the parameter values used in our pre-

vious simulations. The effective QW width used in our simulations to fir

our model results to numerical simulations is 3 (number of the QWs used in

104



3.6. Model Verification

0 2 4 6 8 10
0

0.5

1

1.5

Base Current (mA)

O
pt

ic
al

 P
ow

er
 (m

W
)

Analytical Model
PICS3D

(c)

0 2 4 6 8 10
0

10

20

30

40

50

60

IB (mA)

I C
 (m

A
)

Analytical Model
PICS3D

(d)

Figure 3.19: a) The LI curve of the TVCSEL. The results of PICS3D and
our developed model are shown. b) IC vs IB. Above laser threshold the
current gain of the transistor drops, it is predicted by both simulations:
PICS3D and our model.

Figure 3.19) times the single QW thickness.

By using the parameters, we then simulate the small-signal modulation

response of the designed TVCSEL in common-emitter and common-base

configurations in the way described in Section 3.4. Figure 3.20 shows the

results. A few observations can be seen from this figure: 1) DC gain of the

common-emitter is higher than the common-base, 2) common-base has a

slope -40 dB/dec at high frequencies while it is -60 dB/dec for the common-

emitter, 3) the peak in the transfer function is shifted to the higher fre-

quencies in common-base configuration. A bandwidth of 25 GHz for the

common-base configuration at bias current of IB = 8 mA is predicted.
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Parameter (symbol) Extracted Simulation Unit

A 20π 9π μm2

τS 300 500 ps
τP 5 3 ps
τcap 1.9 1 ps
τesc 30 20 ps
τB 150 200 ps
Dn 36 26 cm2/s
vg 9.6 5.13 cm/ns
αm 45 40 cm−1

αi 20 25 cm−1

d 3×6.7 12 nm
Γ 0.04 0.05 -
β 10−4 10−4 -

Table 3.3: Values of the parameters. The first column shows the parameters,
the second column is the value obtained by comparing our model result with
the numerical simulation. The third column shows the values we used in our
model. The values are chosen for a 980 nm TVCSEL.

3.7 Discussion

In this section we discuss some of the limitations and extensions to this

model.

3.7.1 Trade-off between RF Gain and Bandwidth

The most important limitation in a laser is due to the low-pass nature of

the frequency response. This would ideally be overcome by an increased

resonance frequency with a critical damping rate, with no change in the RF

amplitude. Unfortunately, in the transistor laser, we have shown that there

is no resonance frequency enhancement in the common-emitter configura-

tion, as compared with a conventional laser. However, we have shown that

the common-base configuration shows a larger bandwidth, with a trade-off
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Figure 3.20: Transfer function for the small-signal modulation of the tran-
sistor laser considering both the common-emitter and common-base config-
urations. Bandwidth varies from 6 GHz to 18.5 GHz for common-emitter.
Bandwidth varies from 6.5 GHz to 25 GHz. The laser threshold is IB,th =
1.5 mA. The bias current for the both configurations is varied from IB = 2
mA to IB = 8 mA with current step of ΔIB = 2 mA.

in RF gain. Hence, there may be some potential for applications to utilize

the common-base configuration if the RF gain can be improved.

The trade-off between gain and bandwidth has been exploited in many

devices (e.g., feedback in transistors) to obtain a larger modulation band-

width. In order to obtain a large modulation bandwidth in a conventional

laser, an equalizer and an amplifier could be employed. Specifically, this

could be in the form an electrical filter at the input, or an optical filter at

the output [63]. In both configurations, there are some challenges, namely

1) the RF phase shifts by 180◦ beyond the resonance frequency, hence the

filter would need to adjust the phase, 2) the equalization would introduce

additional noise, and 3) additional components are needed. In the transistor
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laser operated in common-base, the equalization is done internally in the de-

vice, hence all that is required is a flat frequency response current amplifier

at the input. This can be achieved by adding a wide-bandwidth amplifier

stage at the emitter (the cascode configuration) [27] to compensate the gain

reduction of the common-base configuration. Figure 3.21 shows such a de-

sign. The idea is to introduce a high small-signal resistance in the emitter

of Q2.

2

1

LLaser Light

RFi     = i   sin�tm

Figure 3.21: Cascode configuration. Q2 is the TL while Q1 is the driving
transistor acting as a high output resistance current source.

The analysis of the circuit shown in Figure 3.21 can be summarized

as follows. Transistor Q1 is in the common-emitter configuration and its

current gain according to the equation (3.47) is:

Ai(ω) =
ic1
im

= β(ω) , (3.65)

where im is the amplitude of the RF current source, β(ω) is the base to

collector gain amplification factor of the transistor Q1. TL Q2 is in the

common-base configuration and its optical transfer function is found by
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using equation 3.46:

HQ2(ω) =
s(ω)

ie2
= HCB(ω) , (3.66)

where s(ω) is the AC part of the photon concentration. In the figure 3.21,

ie2 = ic1, and the total modulation response of the cascode configuration is:

Hcascode(ω) =
s(ω)

im
= β(ω)HCB(ω) . (3.67)

The gain of the transfer function comes from β(ω) and the bandwidth comes

from the HCB(ω).

3.7.2 Modeling the Multi-Quantum Well (MQW) TL

In Section 3.2.1 we assumed that there is just one QW in the middle of

the base region. This assumption is made to simplify the mathematical

derivations. In practical cases, for conventional lasers one QW is rarely

used in laser design due to insufficient optical gain.

From our results in Section 3.6, single QW system can be used to model

a MQW system, however, it parameters need to be modified (e.g., gain,

thickness). Single QW model does not provide detail information on the

carrier dynamics of the MOQW system.

To more accurately model a MQW TL, we need to modify the model

to include: 1) multiple quantum capture and escape of the carriers in the

transport across the base, 2) tunnelling of the 2D QW carriers to the ad-

jacent wells. Multiple quantum capture and escape of the carriers can be
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addressed by solving the continuity equation, equation (3.6), for each region

between the QW, and link the current and carrier concentration of the vir-

tual states of each QW to the QW 2D carriers through the quantum capture

and escape lifetimes (τcap and τesc). Tunneling of the carriers from a QW to

the neighbor QWs can be addressed by using the proper tunneling lifetime

(τtun) which can be calculated for given QW parameters (QW thickness,

energy barrier height and thickness). We may modify the rate equations for

the QWs carriers, equation (3.17), to include the tunneling effect.

When there is more than one QW, solving the diffusion equation with

the rate equations will result in very large equations which may not be easy

to solve analytically. One possibility is solving the equations by a numerical

method like the finite difference method.

3.7.3 Limitation of the Diffusion Model

In the modeling, we assumed that diffusion is the dominant mechanism for

transport across the base and we neglected other mechanisms (e.g., drift

of carriers). This assumption may be violated when the base thickness is

comparable to the carriers mean free path in base region.

In a thin base BJT, the ballistic current becomes dominant. We need to

update the equations and the boundary conditions accordingly [64]. The dif-

fusion assumption can be used safely when the carrier concentration changes

slowly in a distance equal to a mean free path [54].

In HBTs, the carriers injected to the base will gain kinetic energy be-

cause of the discontinuity in the emitter and base conduction band. The

hetero-junction step acts like an electric field impulse which accelerates the
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carriers. These carriers in the thin base will have the probability statistics of

ballistic transport. However, in the heavily doped base, the carrier-plasmon

scattering rate is so high that the mean free path can be very low, and ballis-

tic transport will be small [54]. Hence, for the HBT TL devices considered,

the diffusion approximation is justified.
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Chapter 4

Large-Signal Analysis

4.1 Introduction

Large-signal modulation is related to small-signal modulation [11], and in

general, an improvement of the small-signal modulation response enhances

the large-signal modulation response leading to a higher bit-rate. In large

signal (digital) modulation, the frequency of the optical power oscillations in

transition from one current level to another current level are closely related

to the relaxation oscillation frequency [11]. Increasing the relaxation oscil-

lation frequency reduces the rise time and increasing the damping (equiv-

alent to the peak height in the small-signal modulation response) reduces

the settling time of the large signal response. In short, having wide-band re-

sponse for the small-signal modulation improves the large-signal modulation

response.

In large-signal modulation the deviation from the steady-state is com-

parable to the steady-state values themselves. The small-signal modulation

results cannot be directly applied to study the large-signal modulation be-

havior. To model the large-signal dynamics, we need to solve the general

form of the equations of the model in the previous chapters. These equations

are valid for the large-signal modulation provided the nonlinear changes in
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the gain with the carrier and photon density are included. The equations

cannot be solved analytically, therefore we need to use the numerical tech-

nique developed in Chapter 2.

In semiconductor lasers with the modulation of the electric current, both

photon density and carrier density are modulated. Photon modulation was

discussed in Chapter 2. Carrier modulation in the small-signal modulation

regime can be found by solving rate equations 2.1 and 2.4:

nm(ω)

im(ω)
=

jω

qdA

ω2 − jω

(
1

τs
+G0S0

)
− G0S0

τP

. (4.1)

With the carrier density modulation, the index of the active region, na, is

modulated. As a result the cavity length is modulated causing the resonant

mode to shift in frequency. This is called frequency modulation (FM) or

frequency chirping [11]. This parasitic FM most of the time is undesired. In

large-signal modulation because of the large variation in the electric current

FM effects are bigger. FM results in the spectral broadening of the laser field

which in the dispersive fibers increases spreading of the optical pulses. Pulse

spreading results in inter-symbol interference which limits the performance

of the digital optical links. FM is related to the laser line-width enhancement

factor, α, by [36]:

Δν =
α

4π
ΓG0ΔN , (4.2)

where Δν is the frequency shift, ΔN is the carrier change because of the

modulation.

In this chapter we study the digital modulation performance of the TL in

113



4.2. Large-Signal Modulation

different configurations and study the turn-on delay and FM performance.

4.2 Large-Signal Modulation

By using the model which was developed in Chapter 3 and solving the

equations in the large-signal domain, we can find the large-signal behavior

of the device. Figure 4.1 shows the variation of the output optical power

and quantum well carrier density of a SCH laser. In these simulations we
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Figure 4.1: Turn-on delay for a SCH VCSEL. Laser threshold is Ith = 0.7
mA. Output optical power and carrier density variations are shown.

have used the same values for parameters as in Chapter 3. The bias current

at t = 0+ increases from zero to I(0+) = 2Ith. A few interesting effects

take place during the transition time. Initially, the carrier density increases

to fill up the reservoir, in the beginning, there is little optical power as the
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4.2. Large-Signal Modulation

spontaneous emission is the dominant process in producing the photons.

As the carrier density reaches its threshold value, the stimulated emission

increases and finally it limits further increase of the carriers. The time

needed for the carrier density to reach its threshold is called turn-on delay,

td. From Figure 4.1, td ≈ 1 ns. There are oscillations in both photon

and carrier dynamics, the frequency of the oscillations is equal to the laser

relaxation oscillation frequency at the new bias condition.

However in the TL the situation is different and depending on the mod-

ulation configuration, the results would be different. Figure 4.2 shows the

variation of the output optical power and quantum well carrier density of a

TL in the common-emitter configuration. The base bias current at t = 0+
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Figure 4.2: Turn-on delay for a TL in common-emitter configuration. Laser
threshold is IB,th = 1 mA. Output optical power and carrier density varia-
tions are shown.

increases from zero to IB(0
+) = 2IB,th. In Chapter 3, we showed that the
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small-signal modulation response of the TL in the common-emitter configu-

ration is exactly the same as the conventional SCH laser. This is the case for

the large-signal as well. If we choose the same values for the simulation pa-

rameters, the results will be the same. For a TL with suitable parameters,

from Figure 4.2, td ≈ 164 ps. The difference between the turn-on delays

between SCH laser and TL in common-emitter configuration comes from

the parameter values [24]. This difference is mainly due to the fact that

the SCH layer is intrinsic while the base of the TL is highly doped. This

leads to difference in the diffusion coefficient, Dn, recombination lifetime,

τB, escaping lifetime, τesc, of the two structures.

Figure 4.3 shows the variation of the output optical power and quantum

well carrier density of a TL in the common-base configuration. At t = 0+ a

step in current is applied, the laser is biased so that the optical output power

at steady-state is the same as the common-emitter configuration. From the

figure, the turn-on delay time equals 47 ps which is much less than the

common-emitter configuration.

The decrease in the turn-on delay can be explained by considering the

different lifetimes involved in the common-emitter and common-base config-

urations. For an n-p-n TL as shown in Figure 3.14, in common-base config-

uration electrons in conduction band play important role in the modulation,

while in the common-emitter configuration holes in the valence band are

used for modulation. The Electron lifetime is smaller than the hole lifetime

due to extra path to the reversed-biased collector junction.

Mathematically, the effect of the transistor on the turn-on delay can be

explained by the simple rate equations. Numerical analysis of the full rate
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Figure 4.3: Turn-on delay for a TL in common-base configuration. Laser
threshold is IB,th = 1 mA. Output optical power and carrier density varia-
tions are shown. The emitter bias current at t = 0 increases from zero to
IE(0

+) = 46 mA. This value corresponds to the 2IB,th.

equations [65] shows that if the laser is switched on from below threshold,

the stimulated and spontaneous recombination terms in the photon rate

equation are small and can be ignored. In this regime assuming there is no

photon build-up below threshold, carrier density can be written as:

dN

dt
=

i

eVactive
− N

τ0
, (4.3)

where time constant τ0 summarizes all the escaping processes from the active

region, e.g., radiation and non-radiation recombination and quantum escape.

Assuming this lifetime is constant an immediate solution of this first order

differential equation for a step in the current (switching from 0 to i0 at
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t = 0+) will be:

N(t) =
i0τ0

eVactive
(1− e

− t

τ0 ) . (4.4)

Because of the stimulated emission, the carrier density will be clamped at

Nth. The time required for N to reach Nth defines the turn-on delay. Setting

N(ttd) = Nth and solving for td we obtain:

td = τ0 ln
i0

i0 − ith
. (4.5)

Equation (4.5) shows the linear dependence of the turn-on delay on the

carrier lifetime. As we explained in Chapter 3 for TL in the common-

base configuration the effective carrier lifetime in the base is reduced and

common-base configuration shows better turn-on delay. However finding an

analytical formula for the turn-on delay from the model is difficult because

of the complexity of the describing equations, so we use the results obtained

by numerical solution.

The improved turn-on delay of the TL in common-base configuration

can bring about better performance in digital modulation. Figure 4.4 shows

the eye-diagram of the TL in the common-emitter and common-base config-

urations for bit rates of 2.5 Gbps and 10 Gbps. The input data stream used

in simulation included 500 non-return zero (NRZ) pseudorandom square

pulses with a finite rise-time and fall-time of 0.08 bit period and finite band-

width. As in practical applications the rise-time of the input signal maybe

significant due to the finite speed of the electronic drive circuit and the

slowing-down effect of the parasitics. The input data stream range is cho-
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Figure 4.4: Eye-diagram of the digital modulation of the TL in the common-
emitter and common-base configurations for different bit-rates. High level
and low level are shown with red lines. The eye height is shown as the
difference of the two 3σ points of high and low levels. a) 2.5 Gbps, common-
emitter. b) 2.5 Gbps, common-base. c) 10 Gbps, common-emitter. d)
10 Gbps, common-base. The laser has threshold of IB,th = 1 mA. The
amplitude of the data stream is varying from IB,min = 2 mA to IB,max = 4
mA and ER = 5 dB. Parameters of Table 3.1 are used in the simulations.
The choice of IB,max = 4 mA comes from the fact that common-emitter has
it maximum bandwidth, e.g. Figure 3.13
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sen so that both common-emitter and common-base configurations give the

same optical power in steady-state. To plot the eye-diagram the optical

power is normalized as follows:

Pnorm =
Po − μo

σo
, (4.6)

where, μo is the average power of the output bit stream and σo is its standard

deviation. Extinction ratio defined as:

ER = 10 log10

(
Po,max

Po,min

)
, (4.7)

where ER is the extinction ration (dB), Po,max is the optical power in high-

level, and Po,min is the optical power in the low-level.

Figure 4.5 shows the eye-diagram of the TL in the common-emitter

and common-base configurations for bit rates of 20 Gbps and 40 Gbps.

Comparing Figures 4.5 and 4.4 shows that common-base and common-

emitter large-signal modulation performance are very similar in low bit rates

(2.5 Gbps and 10 Gbps). As the bit rate increase the opening of the eye-

diagram in common-emitter configuration reduces more than the common-

base configuration (20 Gbps and 40 Gbps). For an NRZ signal, there are

only two levels: the high level and the low level. The eye height is the differ-

ence of the two 3σ points of high and low levels. The 3σ point is defined as

the point that is three standard deviations away from the mean value of a

probability distribution function (PDF) of each level [66]. From Figure 4.5,

for the case of 40 Gbps modulation, common-base has an eye height of 1.6
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Figure 4.5: Eye-diagram of the digital modulation of the TL in the common-
emitter and common-base configurations for different bit-rates. High level
and low level are shown with red lines. The eye height is shown as the
difference of the two 3σ points of high and low levels. a) 20 Gbps, common-
emitter. b) 20 Gbps, common-base. c) 40 Gbps, common-emitter. d) 40
Gbps, common-base. The laser has threshold of IB,th = 1 mA. The ampli-
tude of the data stream is varying from IB,min = 2 mA to IB,max = 4 mA
and ER = 5 dB. Parameters of Table 3.1 are used in the simulations.
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AU while common-emitter has an eye height of 1 AU. The enhanced per-

formance of the common-base configuration of the TL is a result of higher

bandwidth and lower carrier lifetime.
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Figure 4.6: Eye-diagram of the digital modulation of the TL in the common-
emitter and common-base configurations for different bit-rates. High level
and low level are shown with red lines. The eye height is shown as the
difference of the two 3σ points of high and low levels. a) 20 Gbps, common-
emitter. b) 20 Gbps, common-base. c) 40 Gbps, common-emitter. d) 40
Gbps, common-base. The laser has threshold of IB,th = 1 mA. The ampli-
tude of the data stream is varying from IB,min = 2 mA to IB,max = 8 mA
and ER = 8.6 dB. Parameters of Table 3.1 are used in the simulations.

For comparison, the performance of the TL in the common-emitter and

common-base configurations in the digital modulation (20 and 40 Gbps )
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under higher extinction ratio is shown in Figure 4.6. The common-base

configuration has a larger eye height for high bit rates than the common-

emitter configuration.

4.3 FM Analysis

In this section we compare the large-signal FM performance of the common-

emitter and common-base configurations of the TL. For an SCH laser it can

be shown that the large-signal FM can be written as [36]:

Δν =
α

4π

(
1

P (t)

dP (t)

dt
+ κP (t)

)
, (4.8)

where α is the linewidth enhancement factor, κ = 2Γε/Vactivehν, and P (t)

is the output optical power.

We use equation (4.8) to analyze the large-signal FM of the TL. To

justify this, we note that from our model in Chapter 3 and Figure 3.3, the

variation of the base excess minority carriers is the range of 1016 cm−3 while

the QW concentration is in the range of 1018 cm−3, hence we can attribute

the FM to QW carriers and use equation (4.8).

α is defined as the variation of the real part of the active region index of

refraction (n) due to carrier density variation (N):

α = − 4π

λG0

dn

dN
, (4.9)

where G0 is the differential gain and λ is the optical wavelength. The first

term in the equation (4.8) is the transient frequency chirping and the second
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term is the adiabatic frequency chirping which gives rise to frequency offset

between the on and off levels due to differences in the steady-state values of

N. Figure 4.7 shows the FM analysis of the TL in the common-emitter and

common-base configurations. Both configurations show the same perfor-

mance in terms of the adiabatic and the transient frequency chirping in low

bit-rate digital modulation. In high bit-rate digital modulation, common-

base performance degrades slightly, since the common-base has lower rise-

time and fall-time hence should have a higher transient frequency chirping

(transient frequency chirping is proportional to the time derivative of the

optical power).

4.4 Discussion

In this chapter we studied the large-signal performance of the TL by solving

the model introduced in the Chapter 3. TL in the common-base config-

uration due to enhancement in the small-signal bandwidth shows better

large-signal performance, i.e., smaller turn-on delay, capability of high bit

rate (> 40 Gbps) digital modulation, bigger opening in eye-diagram. TL

in the common-emitter configuration has similar performance as a conven-

tional laser. FM analysis shows that TL does not improve the frequency

chirping characteristics.
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Figure 4.7: Large-signal FM analysis of the TL in the a) 2.5 Gbps, common-
emitter configuration and b) 2.5 Gbps, common-base configuration. c) 40
Gbps, common-emitter. d) 40 Gbps, common-base.
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Chapter 5

Conclusion and Future

Works

5.1 Summary and Conclusion

This thesis discussed the dynamics of the conventional SCH laser and TL.

Direct modulation of the conventional laser and TL was studied. The effect

of the gain compression and carrier transport effect were studied. For this

purpose two-level and three-level rate equations were used and modeled

and it was found that the effect of the gain compression on small-signal

modulation response is different from the carrier transport effect.

Integration of the laser rate equations and continuity equation was ac-

complished by using the quantum capture and escape. A model to predict

the large-signal and small-signal modulation of both conventional laser and

TL was developed. Quantum mechanical capture and escape were modeled

by their lifetimes and reservoir models. However, they can be calculated

based on the information obtained through analyzing the QW structure.

Such a modeling is discussed in [67], where analytical formulas were derived

for the quantum capture and escape lifetimes and they matched with the
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experimental results. These fast processes (∼ ps), when considered together,

can change the small-signal response by increasing the effective capture life-

time and introducing parasitic effect.

Based on the developed model the small-signal modulation response of

the conventional VCSEL was modeled. The parasitics effect on the small-

signal modulation was described by a single pole low-pass transfer function

and it was shown that the intrinsic response of the SCH laser can be approx-

imated by a third order transfer function. To verify the model, we fabricated

and prepared 850 nm VCSELs and performed DC and AC measurements

on them. We showed that the model can fit experimental results.

In our study, it was shown that the TL has better modulation characteris-

tics in comparison to a conventional laser due to enhanced carrier dynamics.

To prove this, the model was extended with the use of proper boundary con-

ditions to include the transistor effect. It was found that common-emitter

configuration has the same small-signal modulation response as the SCH

laser. However, common-base configuration of the TL has a very different

response and its bandwidth can be much higher than the SCH laser, albeit

with reduced RF gain. This finding was explained by the reduced lifetime

of the carriers in the base region.

It was also shown that DC characteristics of the TL are very different

depending whether the bias point of the transistor is below or above thresh-

old current of the laser. The DC and AC current gains of the transistor

were reduced upon reaching the threshold. The frequency response of the

transistor, β(ω), was changed as the resonance of the small-signal modula-

tion of the laser was coupled to the collector current showing the resonance
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behavior in the current gain.

It was shown that the small-signal modulation response of the TL in both

the common-base and common-emitter configurations can be approximated

by a third order polynomial transfer function. With this method it was

shown that the relaxation octillion frequency is effectively enhanced in the

common-base configuration.

The effect of feedback on the common-emitter configuration of the TL

was studied and it was shown that with feedback we can get a response

similar to the common-base configuration. In the large-signal modulation

regime the common-base displayed better performance then the common-

emitter in terms of the smaller turn-on delay and better eye-diagram opening

in higher data bit-rates. FM analysis showed that both configurations have

almost the same performance.

The limitations of the model can be described in a few directions. Our

developed model is based on the diffusion in the base of the BJT, it ignores

drift of the carriers. It ignores the thin base effects, band discontinuities,

e.g., in an HBT. It is for single QW and the QW is treated as a point in

the diffusion equation. Quantum mechanical capture and escape effects are

described by their lifetimes. Comparing to the model in [28], our model is

more detailed in the sense that it can be used to calculate the carrier dis-

tribution, different configurations of TL can be modeled, and more physical

insights can be gained about device operation. The model in [68] is very

similar to our work.
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5.2 Future Work

One important task that could be done is to derive the equivalent SPICE

circuit from the TL model. Such equivalent circuits have been considered

before this study for the QW lasers [43, 69]. For TL we would need to include

the equivalent circuit for the transistor. In simple BJT the equivalent small-

signal circuit comes from the junction law and base charge control equation

[22] in which the ib is related to the vbe through a first order differential

equation:

ib = Gsevbe + Cse
dvbe
dt

, (5.1)

where Gse =
e

kT
IB and Cse =

e

kT
IBτB which are the transistor AC con-

ductance and capacitance, respectively and they are associated with the

emitter-base junction due to charge storage effects. With this approach we

can achieve the famous small-signal hybrid-π model of the BJT. However,

with the addition of the QW to the base of the transistor we need to change

the basic charge control equation to account for the current of spontaneous

and stimulated recombination in the QW. This can be done by adding a vari-

able current source and necessary capacitors where their values will depend

on the QW characteristics. A similar approach was used in [70].

We may consider using a more elaborate model for the transistor section.

In short base BJTs, the boundary conditions described by equations (3.12)

and (3.56) need to be updated [71]. It has been shown that the following

boundary conditions can model the short base effect accurately [64]:

δn(0) =
JE
2evR

+ n∗
E , (5.2)
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δn(WB) =
−JC
2evR

, (5.3)

where vR =
√

kBT/2πm is a unidirectional velocity associated with the

Maxwellian velocity distribution. In HBTs, there may be a band spike in the

emitter base junction. Band discontinuity causes thermionic emission and

quantum mechanical tunneling which can distort the velocity distribution

of the injected electrons from Maxwellian form. A simple charge density

continuity equation cannot be used in this circumstance. By solving the

Boltzmann transport equation, it is shown that in the presence of the band

discontinuity drift-diffusion model may fail [72].

Another important aspect of the model would be comparing the model

predictions with the experimental results. To the best of our knowledge there

has been just one published measurement result for the direct modulation

of TL in [26]. In that work, the authors reported a 13.5 GHz small-signal

bandwidth for the common-emitter configuration of an edge-emitting laser.

Our group is working on the TVCSELs and as soon as measurement results

are obtained we will be able to compare the model predictions with actual

experimental data.
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Appendix A

Derivation of the Kirchhoff’s

Current Law in the

Transistor Laser

For the transistor laser with 3-ports for the electrical signals and one optical

port, equation (3.15) can be proven by applying the continuity equation to

the electrons and holes in the base region. We start from the general form

of continuity equation:

1

q
∇ · je = δn

τB
+

∂δn

∂t
, (A.1)

where je is the electron current density in the base region, τB is the recom-

bination lifetime of the carriers, and δn is the carrier distribution. We can

convert this differential equation to an integral equation by integrating the

equation A.1 in the closed volume of base region:

∮
V
(∇ · je) dv =

Qn

τB
+

dQn

dt
. (A.2)
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Appendix A. Derivation of the Kirchhoff’s Current Law in the Transistor Laser

In equation (A.2), V is the base region volume, Qn is the total electrons

charge in the base. By using the Gauss theorem, the left hand side of the

equation (A.2) may be replaced by surface integral of the electron current

density which equals the total current of the electrons in the base:

∮
V
(∇ · je) dv =

∮
S
je · dS = Δie , (A.3)

where S denotes the surface that encloses the base volume, and Δie is the to-

tal current of the electrons that flows into base region. Combining equations

(A.2) and (A.3) leads to:

Δie =
Qn

τB
+

dQn

dt
, (A.4)

which is the equation for the charge control analysis that can be used, e.g.,

in pulse analysis of the BJTs. A very similar equation holds for the holes

since the base is assumed to be neutral:

−Δih =
Qn

τB
+

dQn

dt
, (A.5)

where Δih is total current of the holes that flows into base region. Combin-

ing equations (A.4) and (A.5) leads to Krichhof’s current law in the TL:

Δin +Δih = 0 . (A.6)
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Appendix B

Derivation of Charge

Conservation for the Virtual

States in the QW Region

Equation (3.19) can be proven by applying the continuity equation to the

virtual states in the QW region. Decomposing the charge in the QW to

nV.S. and nQW , we can write the continuity equation for the virtual states

carriers:

1

q
∇ · je = δnV.S.

τS
+

∂δnV.S.

∂t
, (B.1)

where we have shown the recombination lifetime by τS . Repeating the same

steps as in Appendix A and noting that there are two charge flow mecha-

nisms, i.e., diffusion current (jV.S.) and QW current (jQW ), the divergence

term can be written as:

∮
V
(∇ · je) dv =

∮
S
je · dS = iV.S. − iQW . (B.2)

Combining the equations (B.1) and (B.2), we obtain equation (3.19).
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