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Abstract

Spinning disks have substantial applications in today’s industries (e.g., saw mill
industries). Developing a greater understanding the dynamics of spinning disks is a
central topic for this thesis. Specifically, this thesis investigates the linear and nonlinear
vibrations of spinning disks.

In some of the spinning disk applications, the disks may experience a rigid body
translational degree of freedom. Having this degree of freedom can change the stability
characteristics of spinning disks. Using analytical techniques and a two-mode
approximation, the stability characteristics of elastically guided spinning disks having a
rigid body translational degree of freedom are thus studied.

The effect of axisymmetric non-flatness on the frequency behaviour of spinning
disks is also studied. The equations of motion are based on Von Karman plate theory.
Assuming that the shape of initial runout is in the form of mode shapes with zero nodal
diameters, the equations of motion are then discretized. Neglecting higher order terms,
the equations are linearized and the effects of different levels of initial runout on the
dynamics of spinning disks are thus studied.

Using experimental measurements, the effects of large deformations on the
frequency behaviour and amplitude of response for the spinning disks are investigated.
Disks with different thicknesses are used in this study. The disks were under the
application of a space fixed external force which can produce different levels of
nonlinearity. By measuring the disk displacement and conducting FFT analyses, the
frequencies were measured for different levels of initial deflection.

In order to see how the geometrical nonlinear terms affect the frequency behaviour
of spinning disks, the nonlinear governing equations are discretized and then solved to
find the equilibrium solutions. By assuming a small perturbation around the equilibrium
solution, the nonlinear equations of motion are linearized. Using the linearized form of
the equations of motion, the effect of large deformations of the frequency characteristics
of spinning disks is analyzed. The analytical results are then compared with the

experimentally obtained results.
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Chapter 1. Introduction

Chapter 1- Introduction

1.1. Background

Spinning thin disks can be found in many engineering applications. Common
industrial applications include circular saws (Figure 1.1), turbine rotors, brake systems,
fans, precision gyroscopes, and computer storage devices. Spinning disks may experience
severe vibration which could lead to fatigue failure of the system.

A disk is usually defined as a thin, flat, circular plate. Hence, the analysis of
spinning disks involves the theory of thin plates. The first step in investigating the
vibrations of the spinning disk is to set up a mathematical model of the system. The aim

is to set up a model that captures the essential physics of the problem.

Blade

Arlboun

Guide 3R

Figure 1.1. Guided saw blade

One of the most common applications of the rotating disks is in the saw mill
industry. For several years, the blade that was used in this industry had a fixed inner
boundary condition and free outer boundary condition. These types of saws are called
“clamped” saws. Later on, less and less guided clamped saws were used in the saw mill
industry. In the splined guided saw blades, the guide is composed of two flat pads in a
space fixed point, and the blade rotates between the pads. The clearance between the pads
and the blade is in the order of several thousandths of an inch. A combination of water
and air is used to keep the blade cool and also to lubricate the blade. The splined saw

blades have a rigid body translational degree of freedom. This degree of freedom can
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substantially change the stability characteristics of spinning disks. Therefore, there is the
need to study the effect of the rigid body translational degree of freedom on the dynamic
behaviour of saw blades.

Saw blades in the mill industry have different sources of imperfections including
those imperfections due to the initial non-flatness of the disk. The initial lack of flatness
may change the frequency and critical speed behaviours of saw blades. Therefore in order
to see how a non-flat saw blade performs at very high speeds, the effect of initial runout
on the dynamics of spinning disks should be studied.

When saw blades are in the cutting modes, they experience external forces in the
radial, tangential, and lateral directions. The lateral forces cause lateral deflections where,
in some cases, these lateral deflections may change the dynamics of spinning disks at
critical speed ranges. The effect of large deformations on the dynamics of spinning disks
can be looked at both numerically and experimentally. Here, it will be determined how
the frequency behaviour of spinning disks changes with regard to large deformations.

In the theory of vibrations for spinning disks, two different approaches have been
taken. The first one utilizes linear theory where the effects of nonlinear terms are
neglected; the second approach, nonlinear theory, instead takes those effects into account.

The following sections introduce and discuss these two theories in detail.

1.2. Linear Theory of Vibration

In the approach based on the linear theory of vibration, the effect of higher order
terms in the strain-displacement relations is neglected. Thus the resulting equations of
motion are solely linear. The governing equation of transverse vibration of a spinning

disk in terms of lateral displacementw(r, H,t), with respect to a space fixed polar

coordinate system shown with (r,4), can be written as [36]:

Ph(W,n +2QW,t9+Q2W,95)+ D 4W—2(Jrrwr)‘r —r—rlqgwgg =F(t) (1.1)

Where D and pare the flexural rigidity and mass density of the plate
respectively, F(t) is the applied external load, a is the inner radius, b is the outer radius, h
is its thickness, and Q represents the angular velocity. o,and o, the radial and

tangential stresses, respectively, can be obtained through:

2
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0. = pQ? c:l+—C22 +C,r? (1.2a)
r
o, = pQ? C——C2+C r (1.2b)
6~ 1 2 4 .

r
Two different disks with different boundary conditions are considered in this

research work: the clamped disk and the splined disk. As mentioned above, for a clamped
disk it is assumed that the inner boundary is fixed and the outer boundary is free. For the
splined disk it is assumed that both of the boundaries are free. In the above equations

C,.C,,C; and c, are constants that can be determined from the boundary conditions. For

disks clamped at in the inner rim and free at the outer rim, the following equations can be

used:

1+v (v-1)a* - (3+v)p*
8 (v-1a’-(+vh?’
1-v _,, (V+1)a® - (3+v)p?
a’b ,
8 (v-1)a? -(1+v)?
C,=-(3+v)8,
c, =-(@+3v)s.
For a splined disk with an idealized free-free boundary condition for both inner and

C =

C, =

outer rims C, and C, remain unchanged and C, and C, are:

01:3'|'TV( 2+b2)

C,= AL
8

The main focus of this work is to study the dynamics characteristics of the clamped
disks. At first, brief discussions regarding the dynamical characteristics of clamped disks
are presented. Following that considerations and discussions will be made of the effect of
elastic constraints and the effects of elastic constraints and rigid body modes on the

vibration characteristics of the spinning disks.

1.2.1. Clamped Disks

Figure 1.2 shows the natural frequencies of a disk calculated with respect to
stationary coordinates with the inner and outer diameters of 6” and 17", respectively, and
a thickness of 0.05". In this graph the modes are distinguished from each other by the
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number of their nodal circles —n— and also the number of their nodal diameters —m— and
shown as mode (n,m). Corresponding to each mode there are two waves travelling around
the disk. One travels in the direction of rotation (forward travelling wave) and the other
travels in the opposite direction (backward travelling wave). It can be seen that natural
frequencies of the backward and forward travelling waves of a mode are the same when
the disk is stationary. Once the disk starts to spin, the natural frequency of the forward
travelling wave increases and that of the backward travelling wave decreases as the
rotation speed increases. It can be seen that for the modes having more than one nodal
diameter a speed is reached at which the natural frequency of its backward travelling
wave is zero. This speed is called the disk “critical speed.”

There has been a large body of research work concerning the dynamic
characteristics of clamped spinning disks. Lamb et. al. [1] investigated the transverse
vibration of a circular disk of uniform thickness rotating about its axis with constant
velocity. Tian and Hutton [2] developed an analytical model for wood cutting of circular

saws in order to understand the washboarding mechanism.

100

90F

80F

T0F

60

50F

40}

Natural Frequency (Hz)

301

20F

101

X

0 500 1000 1500 2000 2500 3000 3500 4000
Rotation Speed (RPM)

Figure 1.2. Natural frequencies versus rotation speed

Yu [3] presented a generalized Hamilton’s principle and the associated equation of
motion for finite elastic deformation. By means of the generalized variational equation of
motion, it is possible to deduce immediately the nonlinear equation of motion. He then
employed the generalized variational equation of motion for the derivation of plate

equations for both flexural and extensional motions. Mote [4] analyzed the free vibration

4
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characteristics of centrally clamped, variable thickness disks by the Rayleigh-Ritz
technique. Natural frequencies of transverse vibration were computed, taking into
consideration rotational and thermal in-plane stress as well as purposely induced initial
stress. Based on his analysis initial stresses can significantly raise the minimum disk
natural frequency throughout a prescribed rotational and thermal environment. VVogel [5]
derived the frequency determinants for various combinations of boundary conditions
associated with the transverse vibrations of uniform annular plates. From these equations,
he calculated the values of the resonant frequencies for various normal modes.

Chen [6] analyzed the forced response of a spinning disk under space fixed couples
analytically using the eigenfunction expansion method. He considered a general couple
on the disk surface as a superposition of two components. One of the components was
pitching which was in the radial direction and the other one is a rolling component which
is in the circumferential direction. He investigated the transient and steady state
deflection of the disk. Nishio [7] investigated variations of the lateral vibration mode, the
natural frequency, and the critical rotational speed of a slotted circular saw blade through
both experiment and by numerical calculations.

J.-S. Chen performed numerous studies in the linear region of the rotating elastically
constrained rotating disks. He [8] used the orthogonality properties that govern the modes
to determine the certain derivative of modes with respect to a specified parameter. He
then found the derivative of the natural frequencies of the system with respect to
constraint parameters such as mass, damper, and stiffness. He [9] also used a series
approximation to show that stress distribution induced by the friction effect from a fixed
space source cannot affect the stability of the system. In other works ([10], [11] and [12])
he studied the effect of edge loads on the stability characteristics of a rotating disk.

DasGupta and Hagedorn [13] modelled the dynamics of spinning ring with a
variable thickness external ring attached to it. They used von Karman plate theory to
develop the equation of motion for the rotating disk with a ring attached to it. They found
that a considerable change in the critical speed was achieved by designing an appropriate
external ring. Kim and Renshaw [14] studied the effect of asymmetry of a spinning disk,
using the finite element method. They investigated the effect of asymmetry on the natural
frequencies of a rotating disk. Shen and Song [15] studied the effect of asymmetric

5
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membrane stresses resulting from stationary in-plane edge loads. They used the method
of multiple scales to study the stability of the disk subjected to stationary in-plane edge
loads. Gupta et. al. [16] studied the asymmetric vibration of polar orthotropic circular
plates. Adams [17] studied the effect of an elastic foundation on the critical speeds of a
spinning disk. Eid et. al. [18] used Mindlin plate theory, which includes shear
deformation and rotational inertia, to find the critical speeds of a spinning disk.

Parker and Mote [19] proposed a method for initially stressing the disk that can
increase the natural frequencies of some of the modes simultaneously. In another work
Parker and Mote [20] used a perturbation solution to analytically determine the
eigensolutions of an annular plate. Young and Wu [21] studied the dynamic instability of
a spinning disk with a periodically varying speed, subjected to a stationary in plane edge
load. They used perturbation method to analyze the effect of varying speed on the
vibration characteristics of the disk. Tian and Hutton [22] introduces a general approach
which predicts the physical instability mechanism that take place when the rotating disk
is in interaction with a fixed space constraint. They used a physical energy flux equation
for the disk to explain its instability. Then they investigated the effect of conservative and
non-conservative forces on the stability of the disk.

Shahab [23] used the Ritz method to investigate the transverse vibration of a disk
with variable thickness. He developed a thick three dimensional element that includes the
effect of rotary inertia and shear deformation for this purpose. Chung et. al. [24]
investigated the effects of misalignment on the natural frequencies of a spinning disk.
Huang, Wang, and Yap [25] studied feedback control of a rotating disk in an enclosure at
flutter instability speed. They studied the effect of different gains on suppressing the
transverse vibration of the disk. Gabrielson [26] presented the natural frequency of a disk
with different boundary conditions and also different ratios of outer to inner diameter.
Chen and Jhu [27] investigated the inplane vibrations of rotating disks. They studied the
effect of clamping ration on the natural frequencies and critical speed of a rotating disk.
Lee and Kim [28] developed direction frequency response functions for rotating disks.
They then used this method to separate backward and forward travelling waves. Leissa,
Laura, and Guiterez [29] studied the free vibration of circular plates having non-uniform
edge loads. They studied edge supports having translational and rotational flexibilities

6
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which both vary in an arbitrary manner around the boundary of the disk. Gutierrez and
Laura [30] studied the transverse vibration of a circular plate with a concentric circular
support. Tandon, Rao, and Agrawal [31] performed experimental studies on vibration and
noise generated by computer hard disk drives. Irie, Yamada, and Aomura [32] studied
vibration and stability of radially stiffened annular plates subjected to in plane forces
uniformly distributed at the edges by means of the energy method. Huang and Chou [33]
studied the vibration feedback control of rotating disks. They used the root locus
approach for an infinite number of poles and zeroes. By means of one sensor and one
actuator they designed a feedback control algorithm for suppressing vibration in rotating
disks. Chen [34] used a transfer function model to design a feedback control algorithm
for suppressing vibration of rotating disks at sub- and super-critical speeds. He used one

sensor and one actuator to implement his feedback control algorithm.

1.2.2. Elastically Constrained Spinning Disks

There are some applications for spinning disks such as in saw mill industry where
they are elastically constrained. The constraint is generally modelled with a mass-spring-
damper system. In this research work, only the spring component is considered. Figure
1.3 shows the natural frequencies and the real parts of eigenvalues of the elastically
constrained spinning disk with the aforementioned dimensions. It is assumed that the

spring stiffness is 4kN /m and that it is acting at the outer rim of the disk. It can be seen

that the frequency characteristics of the spinning disk is different from the unconstrained
disk.

Chen et. al. [35] studied the interaction of the mode at sub- and super-critical
speeds. He categorized modal interactions to be four and he studied the effect of each of
the constraint parameters on the stability of the system at sub- and super-critical speeds.
He concluded that the interaction between the natural frequencies of backward and
reflected travelling waves causes flutter type instability for an elastically constrained disk

as shown in Figure 1.3.
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Figure 1.3. The (a) natural frequencies and (b) real part of the eigenvalues of an elastically
constrained disk

When flutter instability happens, the real parts of eigenvalues have positive parts.
Another source of instability for an elastically constrained disk is at the location of
critical speed. This type of instability is called “divergence instability.” When the
divergence instability occurs, there is one eigenvalue for the system with a zero
imaginary part and a positive real part.

There are some works in the literature that studied the dynamics of elastically
constrained spinning disks. Hutton, Chonan, and Lehmann [36] studied the dynamic
response characteristics of rotating circular disks when subjected to the effect of forces
produced by stationary spring guides. Young et al. [37] studied the free vibration of a
rotation clamped disk under the constraint of an elastically fixed space oscillating unit.
The unit he considered was composed of two parallel combinations of springs and
dampers attached above and under a mass. He studied the flutter type instabilities
imposed by these two units.

Ouyang and Mottershead [38] studied the instability of a transverse vibration of a
disk excited by two sliders on each side of the disk. He modeled the sliders with a mass-
spring-damper system. He considered the effect of friction due to movement of these two

sliders on the disk which produces a fluctuating couple on the disk.
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1.2.3. Effects of Rigid Body Translation on the Dynamics of Spinning Disks

Some of the spinning disk applications may have the rigid body translational degree
of freedom along the axis of rotations. In this case, Eq. (1.1) should be modified such that
it takes into account the effect of the rigid body translational degree of freedom.

When the rigid body translational degree of freedom is taken into account, the
dynamic response of the disk will be different. Figure 1.4 shows the frequencies of the
guided disk having the rigid body translational degree of freedom. Here it is also assumed

that the spring stiffness is 4kN /m and it is acting at the outer rim of the disk.

Through comparison of Figure 1.4 with Figure 1.3 it can be seen that when the disk
is elastically constrained with one spring the divergence instability does not occur at the
location of critical speeds. Thus, the speed ranges at which the disk is stable are changed
when the disk has a rigid body translational degree of freedom. It may be also noted that
at sub-critical speeds there is a natural frequency which is constant and does not change
with the speed. This natural frequency corresponds to rigid body motion. The interaction

of this natural frequency with other natural frequencies may produce flutter instability.
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Figure 1.4. The (a) natural frequencies and (b) real part of the eigenvalues of an elastically
constrained disk having rigid body translational degree of freedom
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There has been a limited number of works that studied the effects of the rigid body
translational degree of freedom on the stability characteristics of spinning disks. Yang
[39] studied the vibration of spinning disks with translational and rotational rigid body

motion. He considered the coupling effect between the rigid body motion and the annular
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disk modal function. He showed that there is a stability region above the critical speed
due to the coupling effect.

Mote [40] studied the effect of a collar (which was allowed to move freely on the
arbor) on the stability of a guided rotating disk. Price [41] studied the dynamics of the
plates with clamped-free boundary conditions and studied the effect of a rigid body
translational mode on the dynamic response of rotating plates. Chen and Wong [42] used
finite element analysis to study the effect of evenly fixed spaced springs on the
divergence instability of a rotating disk having translational degrees of freedom. Chen

[43] studied the effect of rigid body tilting on the natural frequencies of a rotating disk.

1.3. Nonlinear Theory of Vibration

In the nonlinear theory of vibration, the effect of higher order stress terms in strain-
displacement relations are taken into account. Based on the linear theory of oscillations
for spinning disks, disk deflection is unbounded at speeds corresponding to flutter or
divergence instabilities. In fact, in these very cases, the disk deflection is beyond the
validity range of linear equations of motion and it is necessary to use nonlinear equations

for better predictions of the dynamics of spinning disks.

1.3.1. Nonlinear Analysis and Basic Assumptions

Nowinski [44] was amongst the first researchers to develop the nonlinear equations
of motion for a spinning disk. He assumed the disk thickness to be much less than the
outer radius. He also assumed that the disk is perfectly flat and is made of an isotropic
material. He also assumed that the disk is free of any initial stress and that the effect of
in-plane vibrations and rotary inertia are negligible. Based on these assumptions, he
developed the nonlinear equations of motion of a spinning disk with speed Q in the

space-fixed polar coordinate system ((r,8)) as:
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Later on, Baddour et. al. [45] developed a full model of the nonlinear governing

L(w,g)

equations of motions considering the effects of in-plane displacements. The predicted
responses based on the linear and nonlinear theories could be dramatically different. For
instance, Figure 1.5 compares the linear and nonlinear analyses for a spinning disk with
free-free boundary conditions at 1850 RPM. The rigid body degrees of freedom are taken
into account in this analysis. The dimensions of the disk are the ones that are indicated
previously. The disk was assumed to be elastically constrained by four linear springs at
the radial locations: 0.58b,0.88b and the angular positions 8, = +0.65,+0.41Rad . It can

be seen that when the disk deflection is relatively small, e.g. w/h<1, there is no
significant difference in the amplitude of disk oscillations. It may be noted that in this
case, there is a small difference in the oscillation frequencies. When the level of
nonlinearity is high enough (e.g., w/h >1), the predicted amplitudes of oscillations and
their frequencies through nonlinear analyses are very different compared to those
predicted by the linear analysis. Therefore, there is a need to investigate the effect of
large deformations on the dynamical behavior of spinning disks. The effect of large
deformations can either be investigated experimentally or analytically. Both of these
methods are discussed in this work. Also, through the nonlinear form of the equations of
motion, one can study the effect of initial disk runout on the frequency behaviour of the

spinning disks.
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1.3.2. Disk Initial Runout

Initial disk non-flatness can change the frequency characteristics of spinning disks.
It also can change the critical speeds of spinning disks. To have a better understanding of
the performance of spinning disks in real life applications, we have to know how the
frequency and critical speed characteristics of spinning disks change when assuming the
initial runout for them.

In order to study the effect of initial runout on spinning disk natural frequencies, one
must use the governing equations of motion for initially non-flat spinning disks.

There have been a few studies in the literature that focus on the dynamics of non-flat
disks. Jia [46] used the linear equation of motion to investigate the effect of runout on the
vibration of a rotating disk. He approximated the runout of the blade with the summation
of some modes having different nodal diameter numbers and then determined the
deflection of the disk analytically. Since he used linear equations of motion, he could not
study the effect of initial non-flatness on the frequency characteristics of spinning disks.
Benson et al. [47] studied the effect of initial runout on the amplitude of oscillations,
using both numerical and experimental techniques. At the same time, Carpino [48]
investigated the effect of initial curvature of the dynamics of a disk rotating near a rigid
surface.

While the aforementioned studies employed linearized equations of motion, other
literature studies have considered the effect of geometrical nonlinear terms on the

response of a non-flat spinning disk. Chen et al. [49] used the nonlinear governing
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equations of motion to investigate the impact of symmetrical initial runout on the
amplitude of spinning disk deflection. He concluded that depending on the shape and
level of initial non-flatness, the disk may snap from one side to another. To verify his
results, he used a warped disk with an initial level of non-flatness almost eight times
higher than the disk thickness. In another work, Chen et al. [50] used the nonlinear
equations of motion to consider an unsymmetrical initial non-flatness for the disk. In this
paper, he studied the effect of unsymmetrical terms on the snapping speed while the disk

was spinning.

1.3.3. Experimental Investigations on the Effects of Large Deformations

As it was mentioned earlier, large deformations may substantially change the
vibration characteristics of spinning disks. Large deformations can change the amplitude
of disk oscillations and they can also modify the frequency characteristics of spinning
disks. In most of the experimental research work available in the literature, the amplitude
response of spinning disks has been investigated experimentally.

Tobias and Arnold [51] investigated the effect of disk imperfections on the dynamic
behavior of spinning disks. In their studies, they conducted experiments on the amplitude
response of a spinning disk in the region of its critical speeds while subjected to a space
fixed external force. They observed that a stationary wave develops in the region of a
critical speed and collapses sometime after the critical speed. They did not consider the
effect of large deformations on the frequency response characteristics of the disks that
were tested. In another work [52], Tobias studied the large vibrations of stationary disks.
He was able to record phase and amplitude jumps while the disk was being excited with a
frequency close to one of its natural frequencies.

Thomas et. al. [53] measured the amplitude response of an imperfect stationary disk.
Due to the presence of imperfections, there were two different configurations associated
with each mode. He was able to measure the amplitude response of each configuration
and compare them with analytical predictions. Raman and Mote [54] conducted
experiments to study the behaviour of an imperfect spinning disk near its critical speeds.
In their experimental work they were able to observe the existence of a critical speed for

very small disk deflections.
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In all of the aforementioned studies, the amplitude response of spinning disks has
been studied. There are a few investigations in the literature that are concerned with the
effect of large deformations on the frequency behaviour of spinning disks. DAngelo and
Mote [55] were amongst the first researchers to measure the oscillation frequencies of a
spinning disk having large deformations. They noted that at supercritical speeds, the
measured frequency of backward travelling waves maintain a constant level.

Raman et. al. [56] investigated experimentally the post-flutter frequency response of
spinning disks. They recorded sudden jump and drops in the frequency response of the
disks tested. Also, they noticed that the frequency response of the backward travelling
wave of one of the modes was nearly constant over a specific speed region.

Namchelo and Raman [57] studied the vibrations of a spinning disk in a gas-filled
enclosure. More recently, Jana et. al. [58] conducted experiments to investigate the
aeroelastic phenomena of a disk rotating in air. They measured the amplitude and
frequency responses of a spinning disk and noticed jumps and drops in the frequency
response. They also reported that, in some supercritical speed ranges, a frequency lock-in

phenomenon occurred.

1.3.4. Numerical Investigations on the Effects of Large Deformations

There has been an exhaustive amount of research work that explore the effects of
geometrical nonlinear terms on the dynamics of spinning disks.

Jana and Raman [59] investigated the nonlinear dynamics of a flexible spinning disk
coupled to a precompressed spring. They studied large amplitude wave motions and their
stability using the averaging method. Chen [60] also studied the steady-state deflection of
a rotating disk in the neighbourhood of its critical speed and found that after surpassing
the critical speed there are three steady state solutions to the nonlinear equation of motion
and only one of them is stable in the presence of space-fixed damping.

Nayfeh, Jilani, and Manzione [61] used the method of multiple scales to investigate
the transverse nonlinear vibrations of a centrally clamped rotating circular disk. Chen
[62] used the multiple scales method to investigate the internal resonance between a pair
of forward and backward modes of a spinning disk under space fixed pulsating edge

loads. Touze et al. [63] studied the nonlinear oscillations of a stationary disk with
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imperfections. They also examined the coupling between preferential configurations and
investigated its effect on the travelling wave components in the response.

Yang and Hutton [64] used polynomial expansion functions as the approximation
function in Galerkin’s method to solve the nonlinear equations of motion for thin rotating
disks. Luo and Mote [65] used a new plate theory to study the effect of large amplitude
displacements on the frequency behaviour of spinning disks. Based on energy principles
they calculated the frequencies of a spinning disk with consideration of the effect of
nonlinear terms.

Arafat, Nayfeh, and Faris [66] studied the behaviour of an annular disk subjected to
axisymmmetric in-plane thermal load with a clamped-clamped boundary condition. They
investigated the effect of thermal loads on the natural frequencies of a stationary disk and
found that, depending on the thermal load, there may be a three-to-one combination
internal resonance between the modes having the same number of nodal diameters.

Avrafat and Nayfeh [67] studied a three-to-one internal resonance between the first
and second axisymmetric modes of an annular disk with a clamped-clamped boundary
condition, which was subjected to an external force and a thermal load. They used
multiple scales to find the governing equations for the amplitudes and phases of the
responses. Arafat and Nayfeh [68] used von Karman plate theory to study the
combination of internal resonance for a thermally loaded annular plate subjected to
harmonic excitation near primary resonance of one of the modes with a clamped-clamped
boundary condition. Chen, Hua, and Sun [69] used von Karman’s plate theory to
investigate the secondary resonance of a rotating disk under space fixed force. Heo,
Chung, and Choi [70] used a finite element method to study the time domain response of
a rotating disk misaligned from its axis of symmetry. In their analysis they considered
both inplane and out of plane deformations of the disk. Raman and Mote [71] studied the
large amplitude vibration of a rotating disk with imperfections near the critical speed.

Manzione and Nayfeh [72] studied the transverse vibrations of a circular spinning
disk with uniform thickness subjected to a space fixed spring-mass-dashpot system. They
used the method of multiple scales to find the nonlinear coupled governing equations of
the motion and they studied the stability of the equilibrium solutions. Jalali and
Angoshtari [73] used a Hamiltonian formulation to study the dynamics of forced spinning
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disks. Using a Poincare map, they showed that a one mode approximation of rotating
disks may have chaotic behaviour. Also they studied the effect of structural damping and

showed the existence of asymptotically stable limit cycles for the damped system.

1.4. Objective and Scope

In this thesis, the vibration characteristics of spinning disks are investigated. This
research work aims to examine the linear and nonlinear vibration characteristics of
spinning disks with applications to the saw mill industry.

As was mentioned above, for some of the saw mills industries saw blades are not
constrained in the inner rim and may have a rigid body translational degree of freedom.
Thus, it is important to determine how the rigid body translational degree of freedom
might affect the dynamics stability of saw blades at supercritical speeds.

There are several sources of imperfections in real saw blades. One such source is the
imperfection due to a lack of flatness. These types of imperfections can change the modal
stiffness characteristic of a saw blade. As such, they can change the frequency and critical
speed behaviour of saw blades. Therefore, in order to have a better understanding of the
dynamics of real saws, there will be a discussion on the effect of imperfections on the
frequency and critical speed behaviour of spinning disks. Runouts can be axisymmetric
or unsymmetrical. As a first step, the axisymmetric case is investigated in this work.

Real saw blades in cutting modes experience the application of radial, tangential,
and lateral cutting forces. The lateral forces produce lateral deflections and when the
lateral deflection is large compared to its thickness (e.g., greater than 0.3 of its thickness)
the frequency and critical speed behaviour of saw blades change. This change is
especially more noticeable at supercritical speeds. Therefore, the objective of this
research work is to first study the effects of the rigid body translational degree of
freedom, initial non-flatness, and large deformations on the dynamics of spinning disks.
To meet these general objectives, the approach taken in this thesis consists of the
following sub-objectives:

To understand the stability mechanics of a guided rotating disk with rigid body
translational mode. The linear theory will be used to study the effect of rigid body modes

on the stability characteristics of an elastically constrained rotating disk.
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To study the effect of symmetrical non flatness on the frequency response of an
elastically constrained disk. Also the effect of such these imperfections on the critical
speeds of different modes are of major concern.

To experimentally investigate the amplitude and frequency characteristics of
spinning disks under the application of a space fixed external force.

To analytically investigate the effect of nonlinear terms on the frequency response of
a rotating disk using a linearization method. The aim is to study the effect of the level of
nonlinearity on the forced frequencies of a rotating disk.

This thesis is presented in six chapters. In Chapter 2 a discussion on the linear model
prediction for the stability of the disk is made. The linear equations of motion coupled
with the rigid body translational mode are used to investigate the stability characteristics
of an elastically constrained disk. The effect of the rigid body mode on the stability
characteristics of a spinning disk is studied. Generally there are three types of interaction
between the rigid body translational mode and bending modes: the rigid body
translational mode may have interactions with a forward, backward, or reflected wave.
The stability characteristics of the disk at the speeds corresponding to these types of
interactions are studied. Also, a one mode approximation model around the critical speed
is utilized to study the effect of the rigid body translational mode on the divergence
instability of the disk.

Chapter 3 is concerned with the effect of non-flatness on the frequency response of a
spinning disk assuming symmetric non-flatness. Since the non-flatness is assumed to be
axisymmetric, the equations of motion can be expressed in an inertial frame. The non-
flatness is assumed to be expressed as a summation of the eigenfunctions of the modes
with a zero number of nodal diameters. As an approximation, the effect of higher order
terms in the nonlinear equations of motion is neglected. Using this assumption the
particular solution for the stress function is found from the compatibility relation.
Substituting the stress function into the governing equation of motion and utilizing
Galerkin’s method while neglecting higher order terms, a linearized system of equations
is found. Using the obtained linear system, the effect of symmetrical non-flatness on the

frequency response of an elastically constrained spinning disk is investigated.
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Chapter 4 is concerned with the effects of large deformations on the amplitude and
frequency characteristics of spinning disks. This chapter describes attempts made to
experimentally study the effects of nonlinear terms on the dynamics of spinning disks
under the applications of space fixed external forces. Three disks with the same inner and
outer radii and different thicknesses were used. Different levels of force are applied to
these three disks and their amplitudes of oscillation and frequencies were measured.

Chapter 5 is primarily concerned with the effect of nonlinear terms on the forced
frequency response of a disk using the linearization method. Using Galerkin’s method,
the nonlinear equations of motion are discretized. The equilibrium solution for a spinning
disk under the application of a space fixed external force is found. Then, the nonlinear
equations of motion are linearized around that equilibrium solution to obtain a linearized
system of equations of motion. These linearized equations of motion are used to study the
effect of different levels of nonlinearity on the frequency response of a rotating disk.

Finally, Chapter 6 presents the conclusions and suggestions for future investigations

on this subject.
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Chapter 2- On the Effects of Rigid Body

Translational Mode”

2.1. Introduction

Elastically constrained rotating circular disks constitute components in many
important engineering applications. In some of these applications the disks may be
elastically constrained and have rigid body degrees of freedom. In these cases rigid body
degrees of freedom need to be considered in the analysis of the vibration response.
Hutton, Chonan, and Lehmann [1] studied the dynamic response characteristics of
rotating circular disks when subjected to the effect of forces produced by stationary
spring guides. Mote [2] studied the effect of a collar (which was allowed to move freely
on the arbor) on the stability of a guided rotating disk. Price [3] studied the dynamics of
plates with clamped-free boundary conditions and studied the effect of a rigid body
translational mode on the dynamic response of rotating plates. Tian and Hutton [4]
developed an analytical model for modeling wood cutting of circular saws in order to
understand the mechanism of washboarding. Jia [5] studied the vibration characteristics
of a disk which has initial non-flatness.

Jana and Raman [6] investigated the nonlinear dynamics of a flexible spinning disk
coupled to a precompressed spring. They studied large amplitude wave motions and their
stability using the averaging method. Nayfeh, Jilani and Manzione [7] used the method of
multiple scales to investigate the transverse nonlinear vibrations of a centrally clamped
rotating circular disk.Yang and Hutton [8] used a polynomial expansion for the
approximation function in the Galerkin method to solve the nonlinear equations of
motion for rotating thin disks.

“ A version of this chapter has been accepted for publication. Khorasany, R.M.H., and Hutton, S.G.,
2010, “ An Analytical Study on the Effect of Rigid Body Translational Degree of Freedom on the Vibration

Characteristics of Elastically Constrained Rotating Disks”, International Journal of Mechanical Sciences.
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Among all of the works that have been done so far in this subject, only a few of
them have been concerned with the effect of rigid body degrees of freedom on the
stability characteristics of spinning disks. Chen and Wong [9] used finite element
analysis to study the effect of evenly fixed spaced springs on the divergence instability of
rotating disks which have translation degrees of freedom. Yang [10] studied the
transverse vibration of a disk with free-free boundary conditions and studied the effect of
translational and tilting rigid body degrees of freedom. He used numerical techniques to
study the effect of rigid body degrees of freedom on the vibrations of a spinning disk.

In this chapter, previous numerical work is generalized by the use of an analytical
approach to investigate the stability characteristics of an elastically constrained spinning
disk with one space fixed spring, around a critical speed. In order to do so, a three mode
approximation is used around the critical speed and it is shown that the disk is neutrally
stable at its critical speed. It is also confirmed that the critical speed does not change with
changing the spring stiffness and it is the same as for the unguided disk

For a spinning disk, the rigid body translational mode may interact with a forward, a
backward or a reflected wave. An analytical approach is taken to investigate the stability

characteristics of the guided disk for each of the above three types of interaction.

2.2. Linear Equations of Motion

A flexible spinning disk having a rigid body translational degree of freedom is
considered. The inner radius of the disk is “a”, its outer radius is “b” and its thickness is
‘h’. The disk is assumed to be elastically constrained with one space fixed spring. The
disk is rotating with an angular speed Q about the z axis and is free to have rigid body
translation along the z axis. Figure 2. 1 presents a schematic diagram of the annular
spinning disk.

In this chapter, we assume that the disk is capable of having rigid body translation.
A flexible disk without having any rigid body degrees of freedom has three components
of acceleration in the z direction: bending, Coriolis and centrifugal acceleration. When
rigid body translation is added to the system, one more component of acceleration (rigid

body translational acceleration,Z,) should be taken into account. This component of

acceleration is uniform in the disk domain. By simply adding this component of
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acceleration to the left hand side of the equation of motion (Hutton et. al. [1]), one can
find the governing equation for the bending of the spinning disk (Eqg. (2.1)). It has to be

noted that we assume that there is no lateral external force acting on the disk.

Figure 2. 1. A guided rotating disk with rigid body degrees of freedom

In addition to the governing equation for the disk bending, we need one more
equation which governs the rigid body translational motion in the z direction. The same
components of acceleration that have been stated above are potentially present in the
governing equation for the rigid body motion and one has to find the net effect of them
on the rigid body motion. It has to be emphasized that that the Coriolis and centrifugal
accelerations only exist for the preferential modes. Therefore, the net effect of these two
terms in the governing equation of rigid body motion in the z direction is zero. The only
two remaining acceleration components are: rigid body acceleration and bending
acceleration. One has to integrate the bending acceleration over the disk area to find the
effect of this component of acceleration on the motion of the spinning disk in the z
direction. Since the disk is elastically constrained, the spring exerts a force in the z
direction that appears in both of the governing equations. Therefore, the non-
dimensionalized equations of motion for an elastically constrained flexible spinning disk

having rigid body translational degrees of freedom are obtained to be

9° 0 9’ Q°

at\;VJ’ZQaa;iJ’ Zaevg 4W_F(C"W'”+Crw”+C“”’Wﬂf’) (2.1)

+7,=- (k/r)J(r — rk)J(B—H")[W(r,ﬁ,t)+ Z.]
T T R 22
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where the relation between the actual parameters and normalized parameters (shown with

prime) are
4 2
retwe i g gale w2y AN
b h2 h D b

wherew is the transverse deflection of the disk, Z,is the rigid body translational degree
of freedom, pis disk density, E is Young’s modulus, v is Poisson’s ratio, A, is the area
of the disk, D is the disk rigidity, Qs the rotation speed, d( ) is the Dirac delta function
and kis the stiffness of the spring and (rk,Hk)is its space fixed polar location in the

inertial coordinate system. In the current paper it is assumed that the disk is rigidly fixed
in its inner boundary to a collar. The collar is capable of having rigid body translation in

the z direction. C,,,C.,and C,, are constants defining the in-plane stresses due to

rotation found from the following equations

C
C, =C,+ 2 +C,r’p?,

r’b
C C
C =b =x-—2+3C.rb,
' b ripd 3
C C
Coo = b rzl;Z - I’4;4 +C, .

where

_1+v(v-1)a* - (3+v)?
8 (v-1a%-(+vp?’
_1-v, , (v +1)a? - (3+v)b?
K (v-1)a2-(1+v)p?’
C,=-(3+v)s,
C,=-(+3v)s.

Cl

CZ

2.3. Interaction Between a Backward Traveling Wave and Its Complex

Conjugate with Rigid Body Translational Mode

In order to investigate the stability of a guided disk at around its critical speed, a
three mode approximation is used here. Let’s consider the following approximation for
the eigenfunction of the disk at around its critical speed
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W(r.6,t) = R ()ere ™ +cre ™|+ z, (2.3)
where iis the imaginary unit (\/—_1), Iirfn (r) is the mode shape in the radial direction of

the disk at round its critical speed. R" (r)e"™ and R" (r)e™ are the backward and

forward traveling waves, respectively, and c"and c; are their associated expansion
coefficients, respectively. It is assumed that m is positive. In order to simplify the
equation of motion, we assume the natural frequency of the disk without rigid body

degrees of freedom in the vicinity of the critical speed and in the inertial frame to be @, .

Indeed at the critical speed one of the natural frequencies of the system is zero. Therefore

using Eqg. (2.1) and ignoring the rigid body translation mode we can see that

2 2 2 2 - _
a 2 + ) _Q_z Crra_2+cri+cﬁﬁa_2 Rr‘:lvn(r)eilmg
04 b or or 04 (2.4)
= &-)mn (CT)mn i zmg)ﬁn\:’n (r)eiimg'
It is assumed that the spring acts at r =1 andd =0 and its stiffness isk. After

QZ

substituting Eq. (2.3) into Egs. (2.1) and (2.2) and using the general relation stated in Eq.
(2.4) and then utilizing the Galerkin’s projection the following coupled linear equations

are obtained

MX+GX+KX =0, (2.5)
¢’ 10 0 2mQi 0 0
X=c¢', M=01 0,G= 0 -2mQi 0,
Z, 00 A 0 0 o0

S, tkR?  KkR? KR
K= kR® S, +kR? kR,
kR kR k

where kis the stiffness of the spring and R = ﬁrﬁvn(l). It should be mentioned that the

natural frequencies of the two traveling waves interacting at the critical speed are the

same but with opposite signs; therefore S, is the same for both of the interacting
traveling waves and equals@,, (@, +2mQ). In this equationd, is assumed to be
positive at the speed lower than the critical speed and negative for the speeds above the
critical speed. If we substitute e™ instead of Y(t) in Eq. (2.5), the characteristic equation
Is:
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alX+aX+aX+a, =0, (2.6)
where
a, = A,
a, = A)(2kR? + 25, +4m?Q?)+k,
a, = AS, (2kR? +S, )+ 2k[2m?Q? + ),
a, =kSZ.

Eq. (2.6) is a third order polynomial equation in terms of A*. Therefore in order to
have three distinct roots for A, the discriminant of Eq. (2.6) should be positive. The
discriminant of the above equation is:

A=-4aia, + aial - daa; +18aa,a,a, - 2707 a. (2.7)

After substitutinga, ,a,, a, and a,into Eqg. (2.7), the discriminant is found to have

the following form

A= ﬁSSr?m + :84S:m + ,Bssr?m + IBZSrf'In + BSo + By, (2.8)
where
B, =16m*Q*k?|[4R*AZ +1+ 4R?A K2 + (1BR*A2M?Q? - 8m?Q? A, K
+16m*Q*A2]
B, =8m*Q?(2+8AIR® +16ALR +10A R k" +
64m‘Q* (2A2R? - 3A, + AASR* K +256m°Q°AZ (A R? + 2K?,
B, = AR*AZ(1+4R*A% + 4R?A, Jk* +8m’Q2A, (- 10R?A, +8R°A% - 8R*A? - 8)’

(2.93)

(2.9b)

(2.9¢)
+32m°Q* A2 (AR?A +11+ 8R*AZ k2 -~128m°Q° AZK,
B, =8R*A3(2R?A, 1) +16m?Q?AZ (6 + 8R*AZ ~5R?A k2 2 o
+64m*'Q* AL (-3+ R?A, ), (299
B, = AR*ALK? +8m?Q7 AS (LOR?A, —8)k +16m‘Q*A!, (2.9)
B, =16m*Q°A’. (2.9)

In a very close vicinity of the critical speed, @, is very close to zero. Therefore in
the vicinity of critical speed we can conclude that S, <<1. As a result, it may be

concluded from Eq. (2.8) that the only term which affects the sign of the discriminant in

the vicinity of the critical speed is 3,. From Eq. (2.9a) it can be seen that £, is a fourth

order equation in terms ofk . As shown in this equation, k*can be factored out and these
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remains a second order polynomial equation in terms ofk. So f,can be written as
16m*Q*k*B; where

B = (4R*A2 +1+ 4R?A, K + (I6RZAZM?Q? - 8M°Q2A Jk +16m‘Q*AZ  (2.10)

Therefore, the sign of the discriminant in the close vicinity of the critical speed

depends upon the sign of B,. B, is a second order polynomial equation in terms ofk . If

we put S, =0, the two roots of the equation for the stiffness are obtained to be

_ 4l2A,R? -122R =2, JAm*Q?
kl,2 - 1+4R4Aé +4R2AD . (211)

Since A, is always positive, from Eq. (2.11) it can be seen that the numerator is

imaginary. Therefore, there is no real root fork which can make S3'to be zero, based on

Eqg. (2.10). The coefficient of the second order term (k?) in Eqg. (2.11) is positive.

Therefore it can be concluded that S, is always positive in the close vicinity of the
critical speed for any value ofk . As a result of that the discriminant of Eq. (2.6) is always

positive. This implies that the characteristics equation has always three real roots for A in

the vicinity of the critical speed. In a close vicinity of the critical speeda, ,a,, a, and a,

are always positive for any value of k. This means that the three real roots for #* must be
negative which implies that all the eigenvalues at around the critical speed are imaginary.
Indeed, the guided disk does not experience divergence type instability in the vicinity of
the critical speed. If we substitute &, =0into Eq. (2.6) we can see that one of the roots
for A is zero which implies that by adding a spring to the system the critical speed does
not change and remains the same as the one for an unguided disk. In order to investigate
this issue numerically, a disk made of steel with clamped-free boundary conditions is
considered. It is assumed that E =2el1N/m?v=0.3, ,=7800kg/m?,
n=a/b=0.3529, b=0.2159m, h=1.27mm. In Figure 2. 2 comparisons between the

normalized natural frequencies of the guided disk when k =0.057and k = 2.85 (broken
lines) with the unguided disk (solid lines) are carried out. It should be emphasized that

k =0.057and k =2.85 are normalized stiffness and the actual corresponding stiffness are
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10°N/m and 5x10*N/m, respectively. In this figures (m,n)b means the backward
traveling wave of the (m,n) mode and ‘RB’ stands for the rigid body translational mode.
It can be seen that by adding a spring to the system, at a critical speed of the unguided

disk, divergence instability is not induced. In fact, the guided disk has the same critical

speeds as the unguided disk.

Frequency
Frequency

4
( a ) Rotation Speed ( b ) Rotation Speed

Figure 2. 2. Normalized natural frequencies of the guided disk (shown with the broken lines)
versus normalized speed when (a) k = 0.057 and (b) k = 2.85. The solid lines show the
normalized natural frequencies of the unguided disk

2.4. Interaction Between a Forward or Backward or Reflected Traveling
Wave with Rigid Body Translational Mode
Another interesting issue that we can look at is the interaction of rigid body
translational mode with another bending mode at speeds other than the critical speed.
Generally we have three types of interactions and they happen when the rigid body
translational mode interacts with a forward, backward or a reflected traveling wave mode.
In order to investigate these three types of interactions, we can use the following
approximation for the eigenfunction of the rotating disk:
w(r,6,t)=c'R" (r)e™ + Z,, (2.12)
where ﬁ;:n (r)e‘"‘g is the backward or forward traveling wave component (depending on
the sign of m) and c"is its associated expansion coefficient. When mis negative, the

assumed mode is either a forward or reflected wave and when m is positive, the assumed
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mode is a backward wave mode. After substituting Eq. (2.12) into Egs. (2.1) and (2.2)
and utilizing the Gelerkin’s projection the following coupled linear equations are

obtained
M X +GX+KX =0, (2.13)
where
- _ ¢ ~ 1 0 ~ 2mQi 0
X = , M= , G= \
Z 0 A 0 0
}Z: Smn+|(R2 kR ’
kR k

where S_. equals@,, (E)mn + 2mQ). It is important to note that S, is less than zero when

we deal with a reflected wave and greater than zero when we deal with a backward or
forward traveling wave. After substitution of X = Xe™into Eq. (2.13), the following
characteristic equation is obtained

AA +2imQA, E + (A S, + AKR? + K JF +2imQkA +S_ Kk = 0. (2.14)
We assume that A =iw wherewis a real number. After substitution of A =iw into

Eq. (2.14), the following characteristics equation is obtained
f(w,k)= Agw" +2mQALW° — (ApS,, + AKR? +kJw? -~ 2mQkew + S, k =0 (2.15)
For a backward or forward wave it may be noted that S,k is always positive. The
general shape of f(w,k)for any given values of k using the characteristics of a
backward or forward traveling wave is shown in Figure 2. 3. As it can be seen from this
figure, whenw =0, f(w,k)is greater than zero. In order to show that when a backward
or forward traveling wave interacts with the rigid body translational mode flutter type
instability is not induced, we have to prove that Eq. (15) has always four real roots for a

backward or forward wave.

At first consider a backward traveling wave. If we substitute w, = -a@,. —2mQ into

Eq. (2.15), the following expression is found

f(-a, -2mQ k)= -kR?A (@, +2mQ). (2.16)
Also if we substitute w, = @, into Eq. (2.15), the following expression is found
(@ k) = kR A, (@, (217)

33



Chapter 2. On the Effects of Rigid Body Translational Mode

fl.k)

: \/ Y

Figure 2. 3. A general shape for f (a), k) using the characteristics of a backward or forward
traveling wave

From Egs. (2.16) and (2.17) it can be seen that at w, = -@,,, -2mQ and w, = a,,,,
f (w,k) is always negative for a backward traveling wave. For a backward or forward
traveling wave, w,is always positive. For a backward traveling wave «, is always
negative. For a forward traveling wave, w, is negative for the speeds less than the critical
speed and for the speeds above the critical speed it is positive. Therefore, for a forward
traveling wave we use w, = —\/k/—AD , instead of «,, which is always a negative real
value. If we substitute w; into Eq. (2.15), the following expression is obtained

(- K/ Ay k)= —kR2, (2.18)
This equation implies that for a backward or forward traveling wave, there always

exists a point in the left and right hand side of the vertical axis (Figure 2. 3) at which
f(a), k) is less than zero. Also in order to show that the plotted graph (Figure 2. 3) is a
general shape of f(w,k) for a backward or forward traveling wave, we also have to show
that f(a),k) has two inflection points. If we differentiate Eq. (2.15) with respect to w),
the following equation is obtained

9°f

0w’
Eq. (2.19) is a second order polynomial in terms of w. Since the coefficients of the

=12A,0" +12mQA W - 2(A.S,,, + AKR? +k) (2.19)

second and zero order terms have opposite signs, therefore the discriminant of the above
equation is always greater than zero. As a result of that, Eq. (2.15) always has two

inflection points. Having two inflection points forf(a),k) implies that this function

always has two local minima and one local maximum. Therefore based on the above
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reasonings, Figure 2. 3 is a general shape of f(w, k) for a backward or forward traveling
wave.

Finally since f(w,k) always has two local minima and one local maximum and also
since this function is positive atw = 0and negative at w = w,and w = w, for a backward
wave (and negative at w=wandw=w, for a forward traveling wave) ; it can be

concluded that this function always has four real roots. Two of the real roots are positive
and the other two are negative values. This implies that the interaction between the rigid
body translational mode and a backward or forward traveling wave does not induce
flutter type instability.

When the rigid body translational mode interacts with a reflected traveling wave
mode, the situation is different and speed dependent. As was mentioned above, for a
reflected traveling wave, S, is negative. Eq. (2.15) can be decomposed into two parts:
the first part which does not depend upon the spring stiffness and the second part which
depends upon the spring stiffness. Therefore we can write Eqg. (2.15) in the following
from

f(w k)= f(w,k)+ f,(w k) (2.20)
where

f(w k)= Ajw* + 2mQAw* - AS, &,
f,(,k) = ~(AkR? + ko - 2mQkw + S, k.
fz(w,k)is a second order polynomial equation in terms of w. The discriminant of this

equation ( f,(w,k)) is found to be

A = 4k%|m?Q + (A,R? +1)s,,. | (2.21)
As can be seen from Eq. (2.21), the sign of the discriminant does not depend upon
the stiffness of the spring. The sign only depends upon the speed, the mode itself and the

disk characteristics such as area and also the radial position of the spring. SinceS,, is
negative for a reflected wave, the two roots of f,(w,k) are positive real values and the
other two roots are zero. There are two possibilities: either the discriminant of f,(w,k)is
negative or positive. As a first step we assume that the discriminant of fz(w,k)is

positive. In this case fz(w,k)has two real solutions forw for any given value of spring
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stiffness and both of them are negative real values. Figure 2. 4 shows a typical plot for
f,(w,k) and f,(w,k) (using Eqgs. (2.16) and (2.17) and the fact that w,and cw, are the real
roots of f,(w,k)). By increasing the stiffness of the spring, the local maxima of f,(w,k)
moves upward. This figure shows the plot of fz(a),k) for a relatively small and large
value of spring stiffness (k). From this graph it can be seen that for a sufficiently small
value of spring stiffness, f(w,k)has four real roots of which three of them are positive
and the fourth one is negative. If the stiffness is further increased to a certain level (e.g.
stiffness is equal to k;), a situation is reached at which f(w,k) only intersects the

horizontal axis at two points. This case can be qualitatively verified from Figure 2. 4

when the spring stiffness is relatively high. This point is the starting point of flutter type
instability. It should be noted that k; depends upon the mode, disk characteristics and

rotation speed.

<

JACRY)

Figure 2. 4. A typical plot of fl(a), k)(solid line) and f, (w,k)for a relatively small (dotted line)
and large (dashed line) value of k when the discriminant of fz(a), k) is positive

Since the discriminant of f,(w,k)is assumed to be positive, it can be concluded that
the maximum value of f,(w,k)for any given value of spring stiffness is always positive.
So if the stiffness is further increased (e.g. stiffness is equal tok,") a situation is reached

in which f (w,k)starts to have four real roots again. In this case again, three of the real
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roots are positive real values and the last one is negative. This stiffness (k, ) corresponds
to the stiffness for which the flutter type instability disappears for a given rotation speed.
Therefore at any speed that the discriminant of f,(w,k)is positive whenk; <k <k, , the
interaction of the backward wave and rigid body translational does not produce flutter
type instability. Determination of the explicit values for k;" and k; is difficult.

Another possible situation is that the discriminant of f,(w,k)is less than zero. In this
case fz(w,k) does not have any real roots. Also for any given value of the spring
stiffness, f,(w,k) is always negative as shown in Figure 2. 5. One of the major
differences between this situation and the previous situation is that f,(w,k)always lies

below the horizontal axis for a nonzero given value of spring stiffness. In this case, when

the spring stiffness is relatively small, f(a), k) has four real roots of which three of them

are positive and the fourth one is negative.

[l

f@.h)
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Figure 2. 5. A typical plot of fl(a), k) (solid line) and f, (a), k)for a relatively small (dotted line)
and large (dashed line) value of k when the discriminant of fz(w, k) is negative

From Figure 2. 5 it can be seen that by increasing the stiffness of the spring to a
certain level (k; ), a situation is reached at which f(w,k) does not have four real roots

any more. In this case, a flutter type instability is induced due to interaction between the
rigid body mode and the reflected wave. From Figure 2. 5, it may be noted that by further
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increasing the spring stiffness the flutter type instability does not disappear. Therefore,
for anyk >k, , the disk losses its stability due to flutter type instability.

Figure 2. 6 shows non-dimensional natural frequencies (measured by a stationary
observer) plotted against non-dimensional speed of the spinning disk with clamped-free
boundary conditions for different levels of spring stiffness. The spring stiffneses in this
figure are normalized. It is assumed that the disk has a rigid body translational degree of

freedom, as explained previously.
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Figure 2. 6. The interaction between the (0,2) mode of the clamped disk with rigid body
translational mode when (a) k =1, (b) k =2, (c) k =5, (d)k =10, (e) k =10* and (f) k =10°
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In Figure 2. 6, a two-mode approximation is used and the interaction between the
(0,2) bending mode and the rigid body translation mode is investigated. The response
depends upon the relationship between the magnitude of the spring stiffness and the
bending stiffness of the (0,2) mode. For sufficiently high values of k the spring behaves
as a rigid support. It can be seen that when the reflected wave of (0,2) mode interacts
with the rigid body translational mode, flutter type instability is induced. It may be noted
that as the stiffness increases up tok =10*, the region of flutter type instability moves
toward higher speeds.

By a comparison between Figure 2. 6e and Figure 2. 6f it may be noted that although
the spring stiffness is increased above 10* the response does not change and thus the
spring acts as a rigid support and the starting point of flutter type instability is the same
for both of these plots (k =10* and k =10°) and occurs at Q =14.72. This speed

corresponds to the starting region of speeds at which the discriminant of fz(a),k)is

negative. As can be seen from these figure, when the stiffness changes from k =10%to

k =10°, the starting point of flutter type instability regions does not change. Also for any
speed greater than Q =14.72, there is a threshold of the stiffness such that if the spring
stiffness exceeds this threshold, the disk looses its stability due to flutter instability and
never disappears. This flutter instability is induced due to interaction between the rigid
body translational mode and the reflected wave of (0,2) mode. It is difficult to find an

explicit value for the speed at which the gradient of fz(a), k)starts to be negative and also

to find the stiffness threshold that was discussed above.

2.5. Conclusions

Using analytical calculations, the effect of rigid body translational motion on the
stability characteristics of an elastically constrained disk with only one space fixed spring
was studied. It was shown that because of the effect of the rigid body translational degree
of freedom, divergence instability does not take place. In fact, it was shown that in this
case the guided disk still has the same critical speeds as the unguided disk. This result
corresponds to the fact that the bending wave speed in the disk is not altered by the

presence of a point constraint.
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Using analytical calculations, it was shown that the interaction of a forward or
backward traveling wave with the rigid body translational mode does not induce flutter
type instability. When the rigid body translational mode interacts with a reflected
traveling wave, there are two possibilities: the discriminant of f,(w,k)is (i) positive or
(i) negative. It was shown that in the first case (discriminant is positive) there is a range
of spring stiffness (k; <k <k;") for which flutter type instability will be induced. In the
second case (discriminant is negative), if the spring stiffness exceeds a certain value
(k >k2‘), then flutter instability will be induced and never disappear as the spring

stiffness is increased.
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Chapter 3- On the Effects of Initial Runout™

3.1. Introduction

Rotating disks have many industrial applications. However, no real disks are
perfectly flat. Even if they are manufactured with the utmost care, imperfections will still
exist. Although much research has been done on the subject of spinning disks [1-3], in
most of these studies, the disk is assumed to be perfectly flat.

In some spinning disk applications, the lateral displacement of the disk is large
compared to its thickness. For these, one must consider the effect of geometrical
nonlinear terms in order to better predict the disk vibration behavior. Nowinski [4], one
of the first researchers to study the nonlinear equations of motion of a spinning disk,
presented a formulation for the nonlinear vibration of rotating disks. Later on, Yang and
Hutton [5] used a polynomial approximation for the function in the Galerkin’s method to
solve the nonlinear equations developed by Nowinski. They studied the effect of
geometrical nonlinear terms on the frequency behavior of a spinning disk.

All of the aforementioned researchers assumed that the disk was perfectly flat. There
have been a few works in the literature concerned with the effect of initial runout on the
dynamics of a spinning disk. Benson et al. [6] studied the effect of initial runout on the
amplitude of oscillations, using both numerical and experimental techniques. At the same
time, Carpino [7] investigated the effect of initial curvature of the dynamics of a disk
rotating near a rigid surface. Later, Jia [8] used the linear equations of motion, which
allow for initial non-flatness, to study the effect of initial runout on the amplitude of disk
deflection. He also investigated its effect on in-plane stress distributions.

While the abovementioned studies employed linearized equations of motion, other

literature has considered the effect of geometrical nonlinear terms on the response of a

“ A version of this chapter has been accepted for publication. Khorasany, R.M.H., and Hutton, S.G.,
2010, “The Effect of Axisymmetric Non-Flatness on the Oscillation Frequencies of a Rotating Disk,”
ASME Journal of Vibration and Acoustics.
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non-flat spinning disk. Chen et al. [9] used the nonlinear governing equations of motion
to investigate the impact of symmetrical initial runout on the amplitude of spinning disk
deflection. He concluded that depending on the shape and level of initial non-flatness, the
disk may snap from one side to another. To verify his results, he used a warped disk with
an initial level of non-flatness almost eight times higher than the disk thickness. In
another work, Chen et al. [10] used the nonlinear equations of motion to consider an
unsymmetrical initial non-flatness for the disk. In this paper, he studied the effect of
unsymmetrical terms on the snapping speed while the disk was spinning.

To the best of our knowledge, no research has been done to date on the effect of the
initial runout on the frequency behavior of a spinning disk. In this paper, we use the
previously developed nonlinear governing equations of motion for a disk with an initial
runout to study the effect of an assumed initial runout on the frequency behavior. The
initial runout is assumed to be of the axisymmetric type. The equations of motion are
expressed in a fixed frame to allow future studies to more conveniently study the effect of
space fixed constraints. It is assumed that the bending deflection of the disk is small
compared to its thickness. Accordingly, we can neglect some nonlinear terms in the
equation of motion. Using Galerkin’s method, the equations of motion are discretized.
The developed equations are then used to study the effect of initial axisymmetric runout
on the frequency behavior of the disk. The mechanism by which the frequency is affected
by the lack of flatness is discussed. Also, the effect of the lack of flatness on the critical
speed behavior of the disk is studied. For verification purposes, the numerical results are

compared with those predicted by a commercial software.

3.2. Formulation

The normalized form of the equations of motion of a spinning disk with initial

runout in an inertial frame is [10]

d°w 0°w 02w ) ]
ot? 2l 0ot +Q° 062 + Hw-wg)= W (r 9+ 2%9) o
tep, (r_lw,r + r_ZW,ee)_ Zg(r_lW,g),r(r_lQe),r -Q° %rz 2w+ r?}_\:\/ )
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4, _ -1 -2 -1 -2 2 R -1. R -2, R
¢_[_Wrr(r W,r+r W,ea)"'(r W= T W,a) +W0,rr(r Wo,r"'r Wo,ee)

a (r_lw(?,re - r_ZW(?,e)Z]"' th(l_ V)Qz/‘g-
The equations of motion are non-dimensionalized using the following non-

3.2)

dimensional variables (the actual parameters are denoted by primes)

r' bw’' bw," 1,
rEs WESTL WiES e, SIT, Q=20 D = Eh®/12(1-v?)
, b2 D ]/2
V=gt T =%, £=120-v?)n?/b?,

where w; is the initial deformation (non-flatness) of the disk, w is the transverse

displacement, E is Young’s modulus,v is Poisson’s ratio, h is the disk thickness, D is the
flexural rigidity of the disk, p is the density, outer radius is b, andg is the stress
function. Qis the rotation speed of the disk, measured in a polar coordinate system
designated by (r,8).
In order to make the equations of motion easier to manipulate, the displacement field
is defined as
u=w-w. (3.3)
Substitution of the newly defined displacement field (Eg. (3.3)) into Egs. (3.1) and

(3.2), results in the following non-dimensionalized equations of motion:

2 2 2
6_u+ZQ ou L O ou
ot’ 0 &t 06?

+ep, [r'l(u + W) )'r + r‘z(u + Wi )’99]— 2£(r‘1¢'€)yr[r‘l(u + W) )ﬂ],r (3.4)

4U = £(U + W(?),rr(r_lw.r + r_zqﬂ’gg)
-0 Let cfusg) e rfor ),

‘o= [— u, (r‘lu’r + r‘zuﬂg)+ (r‘luw - r‘zuyg)2 + 2(r‘1u1,9 - r‘zulg)x
(r‘lwgrg - r‘zwolg) - Wy (r‘lu]r + r‘zuﬂg)— U, (r‘lwgr + r‘zwgfgg)] (3.5)
+2(1-v)Q?/e,
In many industrial applications of spinning disks, the runout is nearly axisymmetric.
Therefore, in this paper we study the effect of axisymmetric runout on the frequency
behavior. Assuming that the initial runout is axisymmetric, the equations of motion can

be simplified as follows:
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@+2 o'y +Qzazuz+ 4
ot 0 6ot 06
+ep, [r‘l(u +Wg )'r + r‘zuﬂg]— 25(r‘1¢)ﬂ)’r(r‘luﬂ)’r (3.6)

u=elurwi), (P, +170,)

-Q? %rz 2(u+w§)+r(u+w§)‘r ,

_ _ _ _ 2
‘p= [— U, (r u, 2u199)+ (r =T 2ulg)
R (-1 -2 -1 R
- WO,rr (r u,r tr u,H&)_ r u,rrWO,r] (37)

+201-v)Q?/e.
Chen et al. [9] assumed that in the snapping phenomenon of a spinning disk with

initial axisymmetric non-flatness, the deformations may be considered axisymmetric.
They then simplified the equations of motion accordingly. Here, we do not make this
assumption and it will be seen that the initial axisymmetric non-flatness can change the
frequency behavior of all the modes. Egs. (3.6-7) are the simplified nonlinear equations
of motion. To discretize the equations of motion, we approximate the stress function and
transverse displacement as the summation of known spatial functions with unknown
time-dependent coefficients. Then, using Galerkin’s method, we discretize the equations
of motion.

The disk is assumed to have an inner radius ‘a’. It is also assumed that it has

clamped-free boundary conditions. Therefore, at the inner rim (/7 =a/b), the transverse

displacement and its slope vanish as follows:
u=0 at r=n, (3.8
u =0 at r=n. (3.9
At the outer rim, the bending moment and Kirchoff edge reaction are zero. In non-

dimensional form, they can be expressed as follows:

0 , 1-vo9° du u
u+ —

ar r> 06° or r
0°u 10u . 1 du
T2tV oot
or ror r-o6
Moreover, at the inner rim, radial and hoop displacement must vanish, as is

=0 at r=1, (3.10)

at r=1. (3.11)

expressed in the following forms: ([11])

0%p 19p 1 0% 1-v
or? ror r?o6? 2¢

Qr*=0 atr=n, (3.12)
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O 19°% 109 2+v 89 3+vop 1-v
ar® ror® r¥or r® oreg> r* 06° ¢
Also, at the outer rim, in-plane stresses o,, and o4 are zero. In terms of the non-

Q’r=0 at r=7.(3.13)

dimensional variables, these boundary conditions can be written ([11])

lop 1 %y 1

—Z+ = -—Q%r*=0 at r=1 3.14
ror r?of0* 2¢ (3.14)
2
_1ow 100, at  r=1. (3.15)
rorod r<o6

The stress function can be separated into two parts: homogenous (¢") and particular

(@"). The homogenous part is a function of speed and satisfies the speed-dependent part

of Eq. (3.7). The particular part is a function of lateral displacement and satisfies the
nonlinear part of Eq. (3.7). Therefore, one can write the stress function in the following
form:

p=¢"+¢". (3.16)

From Eq. (3.7), the governing equation for ¢" is obtained as follows:
‘o =21-v)Q?/e. (3.17)
The general solution for ¢", using Eq. (3.17) is obtained as

o= cri+c,Inr+(1-v)Q%r*/32

£
c, and c, are constants that can be found using the boundary conditions. Since ¢" is

(3.18)

not a function of &, the boundary condition stated in Eq. (3.15) is automatically satisfied.
Also, if we substitute ¢" into Eq. (3.13), we see that this boundary condition is also
automatically met. Using Eq. (3.18) and the boundary conditions stated in Egs. (3.12) and
(3.14), ¢, and c, are found to be
= rvlrve vy,
16[L+v + [1-v)p?
_ 2 _ 2

_{-vpy [3+|/ (1+2v_)/7 ]QZ,

eftrv+@-v)7]

C,
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3.3. Solution Method

In this part, the equations of motion are discretized using Galerkin’s method. The
eigenfunctions of the following two eigenvalue problems are used as the approximation

functions in Galerkin’s method:

w=(e fu, (3.19)
‘0=(15.)0 (3.20)
The eigenfunctions of Eq. (3.19) are U, = R;n(/\mnr)sin mé and R, (/\mnr)cosmH

and the eigenfunctions of Eq. (3.20) are assumed to

beg,, =R’ (A r)sinmd andR? (A r)cosmé@. Here, mis the number of nodal diameters

and n is the number of nodal circles. In this paper, a mode with m number of nodal

diameters and nnumber of nodal circles is shown as the (n,m) mode. The associated

boundary conditions for the eigenvalue problem stated in Eq. (3.19) are those stated in
Egs. (3.8-15), assuming that the speed is zero. The eigenfunctions of the eigenvalue
problem stated in Eq. (3.19) form an orthonormal basis. Therefore, any initial
axisymmetric runout can be approximated in terms of the eigenfunctions of Eq. (3.19) as

follows:

Ng
g (r): ZWiERgi ()I;ir)! (3.21)
where W, is the amplitude of runout corresponding to an axisymmetric mode with

inodal circles (and zero nodal diameter) and N is the number of axisymmetric modes

with which the runout of the disk can be approximated. The transverse displacement can
be described by a modal expansion as:

u(r,6,t)= MZN [Sr‘;n (t)sinma+ct (t)cos mH]Q:m (/\fmr) (3.22)

m,n=0

In Eqg. (3.22), M and N are, respectively, the number of nodal diameters and nodal
circles that have been used in the approximation. Based on Eq. (3.7), the governing
equation for the particular part is

‘o = [— U, (r‘luyr + r‘2u159)+ (r‘lu,n,, - r‘zuﬂ)2

(r'luyr + r'zuﬁg)— r'lu’rrwo',], (3:23)

- W,

0,rr
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If we substitute u(r,6,t)from Eq. (3.22) into Eq. (3.23), some second-order

expressions will appear in the right-hand side in terms of the coefficients of the expansion

u

functions (S;,,andC., ). Of course, to better predict the frequency behavior of the disk,

one must consider all of the terms. In this paper, as an approximation, we assume that the
bending deflection of the disk is small compared to disk thickness. In other words, we

suppose that the ratio of u/his small enough that we can neglect the effect of the

nonlinear terms that appear in the equations of motion. Therefore, those terms that are

u
m

second order regarding S andC. can be neglected. After dismissing these terms in Eq.

(3.23), the following governing equation is obtained for the particular part of the stress
function:
0= b, 1),
¢ - WO,rr r U’r+|’ U,HH r u,rrWO,r (324)
To solve the above equation, the particular part of the stress function is
approximated as follows:
M,N
p(rot)=3 [Sf;n (t)sinm@+C? (t)cos mé?hﬁn (#.r) (3.25)

m,n=0

The eigenfunctions of the eigenvalue problems stated in Egs. (3.19) and (3.20) are

normalized using the following relations:

u,u,dS=9_0
I

mn~ ij mi~’nj?

J’¢mn¢|jds = Jmia-nj'
S
In the above two relations, Jj;is the Kronecker delta and S is the disk domain. After

substituting Egs. (3.25) and (3.22) into Eq. (3.24) and multiplying both sides by

RY, ()I“r’,qr)sin pé@ and another time by Rg’q()lf,q)cos pé, and integrating the resultant over

the area of the plate, using the orthogonal property of the eigenfunctions, the following
equations are obtained for the coefficients of the expansion functions of the particular

part of the stress function:

- Ng
Srqrjn = (ﬁ ; qi qupl(oi)(mq)(mn)sriq’ (3263.)
N F H) Z Z LWUP, o) Cov (3.26b)
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where

ZRU drR® A 2
LWUP; (g7)(pq)(mn) :Wigjj d R(;}.(z/‘mr) ps(grpqr)_%R;q(Alqur)

uf 2pu u

L ARy, (/]Oir)d qu(/\pqr) R,ﬁn(/\ﬁnr)fdl’,
rdr dr?

From Egs. (3.26), it may be noted that the coefficient of the sinusoidal term in the

stress function depends solely upon the coefficient of the sin waves of the lateral
displacement. In other words, the amplitude of the sinusoidal terms in the stress function
do not depend upon the amplitude of the cos waves of the lateral deflection. Also, the
coefficients of the approximating functions with m nodal diameters only depend upon the
coefficients of the expansion function of transverse displacement with the same number
of nodal diameters. Indeed, this means that in this case the transverse displacement of a
mode with m nodal diameters can only affect the in-plane stress (due to bending) of a
mode with the same number of nodal diameters. Therefore, Egs. (3.26) can be rewritten

in the following form:

N

Srﬁn = q;arfmqsr:]q’ (3278.)

N

Ch = 2 a’ Cr, (3.27h)
£ q~mq
where

—_ - ]T NR
al, = W Z LWUP4 (61)(mg)(mn)

If we substitute ¢ (from Eqgs. (3.26)) into Eq. (3.6), second-order expressions will

appear in terms of the coefficients of the expansion functions of the transverse
displacement. As mentioned earlier, we assume that the transverse displacement of the
disk is small enough that we can ignore these terms. After dismissing the second-order

terms, the following governing equation of motion is obtained:
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