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Abstract

In this thesis we exhibit an explicit non-trivial example of the twisted fusion
algebra for a particular finite group. The product is defined for the group
G = (Z/2)® via the pairing %) R(G) @) R(G) —%r®) R(G) where
0: H*(G,7Z) — H3(G,Z) is the inverse transgression map and ¢ is a carefully
chosen cocycle class. We find the rank of the fusion algebra X(G) = >_
95(®)R(G) as well as the relation between its basis elements. We also give
some applications to topological gauge theories.

We next show that the twisted fusion algebra of the group (Z/p)? is
isomorphic to the non-twisted fusion algebra of the extraspecial p-group of
order p? and exponent p.

The final point of my thesis is to explicitly compute the cohomology
groups H*(X/G;Z) where X/G is a toroidal orbifold and G = Z/p for a

prime number p. We compute the particular case where X is induced by

the ZG-module (IG)™, where IG is the augmentation ideal.
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Chapter 1

Introduction

In the past twenty years there has been a great influence of physical ideas
on mathematics. One such example is the subject of string theory which
increased the interest on some topological objects such as orbifolds, a very
natural generalization of manifolds, and also on the invariants related to
these objects, for example, the Euler characteristic, homotopy groups, ho-
mology groups and cohomology rings. The study of orbifolds in physics
began with the introduction of the conformal field theory model on singular
spaces by Dixon-Harvey-Vafa-Witten in 1985.

Orbifolds are spaces that locally look like a quotient of an open set of a
vector space by the action of a group such that the isotropy group at each
point is finite. Chen and Ruan [19] discovered a cohomology theory for these
inspired by their ideas in quantum cohomology and orbifold string theory.
The interest in K-theory is also introduced from the consideration of a D-
brane charge on a smooth manifold and the notion of discrete torsion on
an orbifold by Vafa. K-theory relates to equivariant theories if the orbifolds
are the quotient of a smooth manifold M by a compact Lie group acting
on M. Adem and Ruan [7] defined the twisted orbifold K-theory to study
the resulting Chern isomorphism. In [8], Adem, Ruan and Zhang give an
associative stringy product for the twisted orbifold K-theory of a compact,

almost complex orbifold. This product is defined on the twisted K-theory
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of the inertia orbifold AX where the twisting gerbe 7 is assumed to be
in the image of the inverse transgression map H*(BX) — H?*(B A X).
If the orbifold is X = A[x/G| and G is a group then the resulting ring
TKomp(A[%/G]) is called fusion algebra.

One way to approach the fusion algebra is the finite group modular data
which is mainly explored in [20]. In our context, when we mention the term
modular data one should understand two symmetric matrices associated to a
finite group G. This modular data was originally introduced, in Lusztig’s de-
termination of the irreducible characters of the finite groups of Lie type [31],
[32]. To describe the unipotent characters, he considered the modular data
for some particular finite groups. The primary fields of the fusion algebra
parametrize the unipotent characters associated to a given 2-sided cell in the
Weyl group. Lusztig interprets this fusion algebra as the Grothendieck ring
for G-equivariant vector bundles; in other words, the equivariant K-theory.

The most physical application of this modular data is in (241)-dimensional
quantum field theories where a continuous gauge group has been sponta-
neously broken into a finite group [13]. Non-abelian anyons (i.e. particles
whose statistics are governed by the braid group rather than the symmetric
group) arise as topological objects. The effective field theory describing the
long distance physics is governed by the quantum group of [23].

A set of modular data (i.e. matrices S and T') may be obtained for any
choice of finite group G. Much information about a group can be recov-
ered easily from its character table including whether it is abelian, simple,
solvable, nilpotent, etc. For instance, GG is simple if and only if for all ir-
reducible xy # 1, x(a) = x(e) only for a = e. Thus it may be expected
that finite group modular data, which probably includes the character ta-

ble, should provide more information about the group, i.e. be sensitive to a
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Chapter 1. Introduction

lot of the group-theoretic properties of G.

One way to generalize this data is to twist with a cocycle from the co-
homology group. One can obtain topological (e.g. oriented knot) invariants
from this twisted data, as explained in [9]. These invariants are functions
of the knot group (i.e., the fundamental group of the complement of the
knot). Although non-isomorphic knots can have the same invariant, these
invariants can distinguish a knot from its inverse (i.e., the knot with oppo-
site orientation), unlike the more familiar topological invariants arising from
affine algebras.

Another important example of orbifolds is obtained by group actions on
tori induced by the integral representations of finite groups. These orbifolds
appear as examples of interest in physics. For this reason we are interested
in computing the cohomology groups H*(X/G;Z) where X/G is a toroidal
orbifold.

One can give an integral presentation ¢ : G — GL,(Z) for finite group
G. In this way G acts linearly on R™ preserving the integral lattice Z",
thus inducing a G-action on the torus X, = X := R"/Z". The quotient
X — X/G naturally has the structure of an orbifold as a global quotient,
and these kind of orbifolds are usually referred to as toroidal orbifolds. The
goal of this chapter is to compute the cohomology groups H*(X/G;Z) for

the particular case where G = Z/p for a prime number p.

The quotients of the form X/G appear naturally in different contexts.
For example, given a topological space Y, the m-th cyclic product of Y is

defined to be the quotient

CP™(Y) :=Y™/Z/m,
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where Z/m acts by cyclically permuting the product Y. In the particular
case where the representation ¢ : G — GL,(Z) induces the ZG-module
(ZG)™, the associated torus X is (S1)P)", where G acts cyclically on each
(S1)P and diagonally on the product ((S)P)". In this case

X/G = (((SH")M)/Z/p= (S /L /p
where now Z/p acts cyclically on the ((S')")?. Therefore
X/G = CPP((SYH").

The homology groups of quotient spaces of the form X" /K, where K C ¥,,,
have long been studied. In particular, in [38] Swan formulated a method for
the computation of cyclic products of topological spaces.

In Chapter 2, the stringy product on twisted orbifold K-theory in [§]
is reviewed, and an example for non-trivial twistings is calculated. For a
finite group G this reduces to the twisted fusion algebra. Here we exhibit
an explicit non-trivial example of the twisted fusion algebra for a particular
finite group. The product is defined for the group G' = (Z/2)? via the pairing
%) R(G) @ (?) R(G) —%1(®) R(G) where 0 : H*(G,Z) — H*(G,Z) is the
inverse transgression map and ¢ is a carefully chosen cocycle class. We
find the rank of the fusion algebra X(G) = >_ .4 999 R(G) as well as the
relation between its basis elements. We also provide some applications to
topological gauge theories.

In Chapter 3, we study the twisted fusion algebra for the finite group
(Z/p)3. One way to calculate the coefficients in the fusion algebra is to use

conformal field theory. The modular data in conformal field theory provides
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the Verlinde formula, which gives the fusion coefficients for fusion algebras.
The modular data associated to finite groups is introduced in the work of
Coste, Gannon and Ruelle [20]. They also consider the data arising from a
cohomological twist, and write down the modular data for a general twist
in terms of quantities associated directly with the finite group. We utilise
the results from the conformal field theory, namely finite group modular
data, to prove this algebra is isomorphic to the non-twisted fusion algebra
of extraspecial p-group with exponent p and of order p3.

Chapter 4 is devoted to computing the cohomology of orbit space X/G
where G = Z/p and X = ((S1)P~1)* and the action is induced by the action
on the ZG-module H!(X) = L = IG*, where IG is the augmentation ideal
of Z@G.



Chapter 2

A Twisted Fusion Algebra

Inspired by the Chen-Ruan cohomology for orbifolds, it has been shown by
Adem, Ruan, Zhang [8] that there is an internal product in twisted orbifold
K-theory ® K,,5(X). The information determining this stringy product lies in
H*(BX,Z) instead of H3(BX,Z): Given a class ¢ € H*(BX,Z), it induces
a class 0(¢) € H*(B A X,Z) where AX is the inertia stack. As a result, one
can define a twisted K-theory on ?(?) K(AX). The map 6 can be thought of
the inverse of the classical transgression map.

The construction of this internal product is motivated by the so-called
Pontryagin product on Kg(G) for a finite group G. Indeed, if the orbifold
is X = A[*/G], one obtains the same product for the orbifold K-theory
in the untwisted case. There is also an explicit calculation of the inverse
transgression map 6 for the cohomology of finite groups (see [8]). Using these
results, we exhibit a non-trivial product structure in the case of G = (Z/2)3.
We use an integral cohomology class ¢ € H*(G,Z) such that under the
inverse transgression it maps non-trivially for every twisted sector, yielding
a product structure on the algebra P K4 (G) = X(G) = > geG %5 R(G)
defined via the pairing % (%) R(G) @%(?) R(G) —%(®) R(G). In this chapter,
we derive the relations between the basis elements of the algebra X(G), and
we prove the uniqueness of this product in this particular case. G = (Z/2)3

is indeed the abelian group of smallest rank such that it has non-trivial
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transgressions (see [8], section 5).

These twisted rings have also been worked out in the conformal field
theory literature. In [35], the modular invariant (i.e. S and 7' matrices)
of this group G = (Z/2)3 is calculated. As a result, one can calculate
the relations between basis elements of X(G) using the Verlinde formula.
Moreover, the same example is considered in [15], where a decomposition
formula for twisted K-theory is given and the product is calculated after
tensoring by rational numbers.

There is also a physical counterpart of this theory. In our case this
map is the inverse transgression map, which is actually the map coming
from the correspondence between the Chern-Simons action and the Wess-
Zumino terms that arise in connecting a specific three-dimensional quantum
field theory to its related two-dimensional quantum field theory. One can
see that the Chern-Simons theory associates to each group element g; €
G a 2-cocycle f3; of the stabilizer group Ny,, which is G = (Z/2)% in our
abelian case. We use the formulations in [25] to calculate the partition
function Z (St x S x S1). Tt is also worth mentioning that the algebra X(G)
corresponds to a fusion algebra in this physical context.

In this chapter, we first introduce projective representation and its basic
properties. We next give some preliminaries and the definition of our fusion
algebra. In the third section, we calculate the rank and the uniqueness of
this algebra as well as the relation between the basis elements which are the
projective representations. Finally, we present the application to topological

gauge theories by using the formulation in [25].
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2.1 Projective representations

For the entirety of this section, G is a finite group. More information on

projective representations can be found in [30].

Definition 2.1.1. Let V be a complex vector space. A projective represen-
tation of G is a map p : G — GL(V') such that there exists o : G x G — C*
with

o p(x)p(y) = a(z,y)p(xy) for all z, y € G, and
e p(l)=1.

One can easily see that « is a 2-cocycle of G. The associativity of
multiplication in GL(V') combined with the first condition gives the cocycle
condition, and a(g,1) = a(1,g) =1 for all g € G by the second condition.

Any projective representation associated to « is called an a-twisted rep-
resentation of G. As in the case of complex representations of GG, we have a

notion of isomorphism between two representations.

Definition 2.1.2. Two a-twisted representations p; : G — GL(V;), i = 1,2,
are called linearly equivalent if there is a vector space isomorphism f : V3 —
Vo with

p2(9) = fp1(g)f~" forall g € G.

Clearly, the direct sum of two a-twisted representations is an a-twisted
representation. Thus we can form the monoid of isomorphism classes of a-
twisted representations of G. R%(G) is the associated Grothendieck group.
Note that if « is the trivial cocycle, then RY(G) is R(G), the complex

representation ring of G.
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It is not hard to see that the tensor product of two a-twisted represen-
tations is no longer an a-twisted representation. Note however that if o and
(G are two cocycles, then the tensor product of an a-twisted representation
and a (-twisted representation is an (« + [3)-twisted representation. This

can be extended to a pairing

R*(G) ® R%(G) — RTA(@).

In order to study R*(G), we introduce the a-twisted group algebra C*G.
We denote by C*G the vector space over C with basis {g}seq and with
product gh = a(g, h)gh extended by linearity. This makes C*G into a C-
algebra with 1 as the identity.

Definition 2.1.3. If a and 3 are cocycles of G, then we say that C*G and
CAQG are equivalent if there exists a C-algebra isomorphism ¢ : C*G — CPG
and a mapping t : G — C* such that ¢(g) = t(g)g for all g € G, where g

and § are the bases for the two twisted group algebras.

This defines an equivalence relation on such twisted algebras, and we

have the following result.

Lemma 2.1.4. There is an equivalence of twisted group algebras, C*G ~
CAG, if and only if a is cohomologous to B. In fact, a — C*G induces a
bijective correspondence between H?(G,C*) and the set of equivalence classes

of twisted group algebras of G over C.

In [30], it is proved that these twisted group algebras play the same role
in determing R*(G) that CG plays in determining R(G):

Theorem 2.1.5. There is a bijective correspondence between a-twisted rep-

resentations of G and C*G-modules. This correspondence preserves sums

9



Chapter 2. A Twisted Fusion Algebra

and bijectively maps linearly equivalent representations into isomorphic mod-

ules.

2.2 The twisted fusion product for finite groups

In this section, we review a special case for the product in twisted orbifold K-
theory which is formalised by Adem, Ruan and Zhang in [8]. We consider
the inertia orbifold A[*/G] where G is a finite group. In this case, the
untwisted orbifold K-theory of A[x/G] is simply K(G), which is additively
isomorphic to _y R(Z¢(g)), where Zg(g) denotes the centraliser of g in
G, and the sum is taken over conjugacy classes. The product in Kg(G) is
defined as follows. An equivariant vector bundle over G can be thought of as
a collection of finite dimensional vector spaces V, with a G-module structure

on deG Vy such that gVj, = V;,,-1. The product is defined as

(V*W)g = @ Vo, @ W,

9192=g

One can give an alternative definition. We first define the maps e; :
GxG — G, ea: GXxG— Gandep: GxG— G ase(g,h) =g,
e2(g,h) = h and ej2(g, h) = gh respectively, which are G-equivariant up to
the conjugation action. If o, 3 are elements in K¢(G) the product is defined

as

ax 3= ew.(e1(a)ez(0)).

We now need to review the inverse transgression map for finite groups
to extend the latter definition to twisted K-theory. In order to define the
product in twisted K-theory, Adem, Ruan and Zhang [8] define a map to

match up the levels which appear in the twistings. This cochain map 6 is

10



Chapter 2. A Twisted Fusion Algebra

called inverse transgression map, and it induces the homomorphism
0. : H**1(BS,Z) — H*(B A G, 7).

If the orbifold G is [*/G], where G is a finite group, the inverse trans-
gression has a classical interpretation in terms of the shuffle product. Re-
call that A[x/G] is equivalent to | |, [*/Za(g)] (see [8]). Hence we would
like to focus on the map 0, : CK(G,U(1)) — C*¥1(Za(g9),U(1)). If G
is a finite group then the cochain complex C*(G,U(1)) is in fact equal to
Homg(B«(G),U(1)), where B,(G) is the bar resolution for G (see [18], page
18). If t is the generator of Z, the shuffle product is Bx(Zg(g)) @ B1(Z) —

Bi41(G) given by

911g2] - - lgr] % [t] = > olgrlgz] - - - lgklgr+1],

g

where gp41 = ¢', o ranges over all (k, 1)-shuffles and

olglgal - - lgk+1] = (1) g, 1) |902) | - - - 90 (k11)]- (2.1)

A (k,1)-shuffle is an element oin the symmetric group Sk such that o (i) <
o(j)for1<i<j<k.

We can dualize this using integral coefficients. Given a cocycle ¢ €
C**1(G,Z), one can see that the inverse transgression 0,(¢) € C*(Z¢(G),Z)

can be defined as

0(9)(lg1lg2l - - - |gr]) = o([g1lg2l - - - lgx] * [9]) (2.2)

where g1, g9, ..., g € G. Hence it induces a map in integral cohomology.

11



Chapter 2. A Twisted Fusion Algebra

We can now induce the inverse transgression map for H*(G,F3) for
G = (Z/2)? using Bockstein homomorphism. We want to find a non-trivial
cocycle in the image of the inverse transgression map. Notice that H*(G, F2)
is a polynomial algebra on three degree one generators z, y and z. In
general, for an elementary abelian 2-group, the modulo 2 reduction map
for k > 0 is a monomorphism H*(G,Z) — H*(G,F3) which is the kernel
of the Bockstein homomorphism Sq¢' : H*(G,Fy) — H*1(G,F5). In order
to get nontrivial cocycle in the image of the inverse transgression map, we
choose a = Sq'(wyz) = x%yz + xy?z + xyz?, which represents a non-square
element in H*(G,Z). The following lemma is proved in [8] by analyzing the

multiplication map in the cohomology.

Lemma 2.2.1. Let g = 2%°2¢ be an element in G = (Z/2)3, where we
are writing in terms of the standard basis (identified with its dual). Let us
consider a = Sq'(xyz) = 2?yz + xy?z + xy2% which represents a non-square

element in HY(G,Z). Then
KON (02 2 2 2 2 2
05(a) = a(y”z + 27y) + b(z"2 + 227) + c(z7y + 2y7),

and so 0 (a) is non-zero on every component except the one corresponding

to the trivial element in G.

Proof.  See [8], Lemma 5.2.

This implies that for all g, h € G, 05 +0; = 0, in the cohomology up to
coboundaries. This also implies that the correspondence g — 604(a) defines
a homomorphism. In the case of G = (Z/2)3, we have the isomorphism
0:(a) : G — H3(G,Z) = G.

We now define the product as follows:

12



Chapter 2. A Twisted Fusion Algebra

Definition 2.2.2. Let 7 be a 2-cocycle for the orbifold defined by the con-
jugation action of a finite group G on itself which is in the image of the
inverse transgression. The product on "Kg(G) is defined by the following

formula: if o, B €7 Kg(G), then
ax = ei(e(a)ez(B)).

If 7 = 60(¢) then we have the following formula proved in [8]:

eiT + e5T = eljyT

up to coboundary. Hence the product e;(a)ea(3) lies in
e’l‘TJre;TKG(G) :e’l‘QT KG(G)

Applying €124, this is mapped to "Kg(G), which gives the product in
the twisted K-theory.
Using the identification 6 + 60} = G;h, the following product is defined

on the algebra

"KG(G) =X(G) =) “R(G)
geG

via the pairing

b R(G)® "PRG) — Y PIR(G).

In the next section, we investigate the properties of this algebra while
calculating its rank and the relations between the irreducible projective rep-

resentation.

13



Chapter 2. A Twisted Fusion Algebra

2.3 Calculations

2.3.1 2-cocycles in G with values in U(1)

We will assume that G = (Z/2)3 for the remainder of this chapter. We
recall that, for a finite dimensional complex vector space, a mapping p :
G — GL(V) is called a projective representation of G if there exists a U(1)-
valued 2-cocycle a € Z2(G;U(1)) such that p(x)p(y) = a(z,y)p(x,y) for
all z,y € G and p(1) = Idy. Hence in order to compute %(®) R(G) we
first need to find the 2-cocycles in H?(G,U(1)) corresponding to 6,(¢) in
H3(G,7Z) where both cohomology groups are isomorphic to G. For this

purpose, we consider the isomorphism

H?*(G,U(1)) — H3(G,7Z)

induced by the natural coefficient sequence 0 — Z — R — U(1) — 1. As
H3(G,7Z) = G, we need to find the eight non-cohomologous 2-cocycles in
H?(G,U(1)) corresponding to each 6,(¢) for all g € G.

We now determine the relations in order to obtain the 2-cocycles in

C?*(G,U(1)). Any 2-cocycle 8 in C?(G,U(1)) should satisfy:
0 =1.

By the boundary formula of the bar resolution of G, we derive:

B(g2,93)3(9192, 93) ' B(g1, 9293)B(g1,92) " = 1

for all g; € G, i = 1,2,3. Some interesting relations result when we plug in

14
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g1 = g3 = g and go = 1 into this formula and we obtain

/B(gal) :B(lvg)' (23)

Moreover, for g1 = go = g, we have

B(1,93)B(g,9) = B(g,93)B(g,993)- (2.4)

As f3 is defining a projective representation, say p, it should satisfy p(1)p(g) =
B(1,9)p(g). This implies 5(1,g) = 1 for all g € G. Now we consider the fol-
lowing tables for 2-cocycles 3; : G x G — U(1) which satisfies the identities
(3.3) and (2.4). We call these cocycles fundamental cocycles.We choose (3
as the trivial co-cycle. Here, xz;, y; and z;’s are in U(1), and they will be

determined later.

Po|l|g2| 93 | 94 | 95 | 96 | 97 | 98
1 (1] 1 1 1 1 1 1 1
g | 1|1 T T r1 | X2 | x3 T3
g3 | 1| @ | =1 | x4 | —21 |26 | —T4 | —T6
gs | 1| x2 | —24 1 Ty | X9 | —x4 | T3

gs |1 | a1 | —x1 | —x5 | —1 | 28 | —x3 | =5
g6 | 1| @2 | —x6 | 22 | —28 | 1 | —18 | —76
gr | 1| x3 | x4 T4 rs | xs 1 T3
gs |1 | a3 | ¢ | —x5 | —x5 | 6 | T3 1

15



Chapter 2. A Twisted Fusion Algebra

Bs | 1| 92 | 93| 94 | 95 | 96 | 97 | 98

g2 | 1| =1 w1 | 2 | —y1|—vy2| ys | —¥s3

g3 | 1| y1 | 1| wa Y1 Y6 Y4 Y6

g4 | 1| —y2 | ya| 1 Ys | —Y2 | Y4 | Y5

g5 | 1| —y1 |y | —ys | =1 | ws | —ys | ¥s

g6 | 1| w2 |we| w2 |—ys| 1 | —ys| ¥s

gr | 1| —ys | ya | wa ys Y8 1| —ys

98 | 1| w3 | Y | —¥s | —¥s | ¥e Y3 1

Ba | 1| 92 | 93| 94 | 95 | 96 | 97 | 9s
1 11] 1 1 1 1 1 1 1
ga | 1| =1 | 21| 29 —z1 | —22 | 23 —23
g3 | 1| =21 | 1| z4 | = 26 24 26
gs | 1| 29 | 24| —1 25 —20 | —z4 | —25
gs | 1| 21 | 21| 25 1 28 28 25
g6 | 1| —22 | 26 | —22 | —28 | 1 | —2z8| 26
gr | 1| —23 | 24| —24 | —28 | 28 -1 z3
98 | 1| 23 |26 | —25| 25 | —26 | —23 | —1

As the multiplication of two cocycles gives us another cocycle, one can con-
struct five more cocycles, one of which is the trivial cocycle. We recall that
for 3 € Z?(G;U(1)), an element g € G is called S-regular if 3(g,z) = B(x, g)
for all z € Cg(g) (see [30], page 107). Thus all of the 2-cocycles have two

16



Chapter 2. A Twisted Fusion Algebra

(B-regular elements, one of which is 1, the other one is different for each
cocycle. For example, one can immediately see that the -regular elements
for B9, B3 and B4 are go, g3 and g4, respectively.

On the other hand, from the boundary formula we note that a 2-coboundary
should satisfy (g1, 92) = o(g1)o(92)0(g192) ! where o is in CY(G,Z). As

G is abelian, we have

B(gi, 95) = B(95, i)

for all g; and g; in G. This implies that all of these eight cocycles represent
different cohomology classes, as multiplication with a coboundary does not

change the g-regular elements. Thus, we have following proposition.
Proposition 2.3.1. The rank of %\?) R(G) is 2 if 0,(¢) is nontrivial.

Proof. A basic result of projective representations states that “R(G)
is a free abelian group of rank equal to the number of distinct a-regular
conjugacy classes of G (see [30], theorem 6.7). So, the ranks of % R(G) is 2
for any non-trivial g;.

On the other hand, we obtained eight non-cohomologous cocycles which
should correspond to ,(¢)’s because H2(G,U(1)) and H3(G, Z) are isomor-
phic to G. The result follows. O

We can therefore conclude:
Corollary 2.3.2. The rank of X(G) is equal to 22.

Proof. The ranks of % R(G) are 2 for any non-trivial 8; accounting for 14
and %' R(G) has rank 8.
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2.3.2 The projective representations

In order to compute the irreducible projective representations of G, it is
helpful to determine the x;, y; and z;’s. From the boundary formula, we

have the following relations in (:

—-1= T1T3X4T5

—1= ToIx3X5L
1= TeIL{L3X -

By a routine calculation, one can check that the other relations depend
on these three relations. We can choose £1 = 9 = 3 = T4 = —T5 = Tg =
r7 = xg = 1 that obviously satisfy these relations. Similarly, we find y;’s
and z;’s. The other cocycles are computed by multiplying 32, 83 and 4.
We will later show that the choice of z;, y; and z;, from the set {£1} does

not change our representations. Here are our eight cocycles.

Bo|1|g2| 93 | 9a| 95 | 96 | 97 | 98
111 1|11 ]1]1]1

g |11} 11} 1|1} 1]1

gg |1 |1 |—-1]1|-1]1|-1|-1

g 1| 1] =11 |-1|1]|-1]-1

gs |11 |-1|1}|-1]1}]-1]-1

g |11 |-1|1|-1]1}]-1]-1

gr |1l 1|1 [1]1|1]1]1

g |11 11} 1|1} 1]1

18
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B3 g2 | 93| 94| 95 | 96 | 97 | 98
1 11|11 |1]1]1
g 1|11 |=1]|-1]1]-1
g3 11|11 |1]1]1
g4 1|11 |=1]-1]1]-1
g5 1|11 |=1]|-1]1]-1
g6 11|11 |1]1]1
g7 1|11 |=1]=-1]1]-1
gs 1111 |1]1]1
B4 92 | 93| 94 | 95 | 96 | 97 | 98
1 1111 |1]1]1
g 1] 1|1 |-1]-1]1]-1
g3 1] 1|1 |=1]|-1]1]-1
o 1|1 =11 ]-1|-1]-1
gs 11|11 |1]1]1
g6 11|11 |1]1]1
g7 1|1 |-1|-1|1]-1]|1
g3 1|1 |=1]1]-1|-1]-1
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Bs | 1| 92| 93 |9a| 95 | g6 | 97 | gs
111|111 |1|1]|1
g | 1| —-1] 1 1|-1|-1] 1 | -1
g3 |1 1 | =11 |—=1]1/]-1]-1
gr | 1| =1 |=1|1] 1 |-1|-1]1
gs | 1| -1 —-1]1 1 | —-1|-1] 1
g | 1| 1 | =11 |—-1] 1 |-1]-1
gr 1| =11 |1 |=1]|-1]1|-1
g | 1] 1| 111|111
Be | 1| 92| 93 | 94 | 95 | 96 | 97 | 98
111|111 |1]1]1
g |1 =11 |1 |=1|-1|1]-=1
g3 | 1| —-1|—-1|1 1 |—-1|-1] 1
g | 1] 1 | =1 —=1]|-1|-1]1/]1
g | 1] 1 | =11 |=1|1|~-1|-1
g |1 | —-1|—-1|-1|1 1 1 | -1
gr |1 =11 |=1]-1]1/|-1]|1
g |1 1 |1 |=1|1|=1|-1|-1
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Br | 1| g2 | 93| 94| 95 | 96 | 97 | 98
111111111

g | 1] 1 1 1 1 1 1 1

gs | 1| —-1]1 1 | -1|-1] 1 |-1

ge |1 | -1} 1 |-1|-1] 1 |-1]1

gs | 1] 1|1 1 }-1}-1} 1 |-1

g | 1| -1 1 |-1|-1] 1 |-1]1

gr | 1| 1 1 /-1 1 |-1|-1]-1

g | 1] 1 1|-1} 1 |-1]-1|-1

B | 1| g2 | 93| 94 | 95| 96 | 97 | g8
1 1 1 1 1 1 1 1 1

g | 1| 1 1 1 1 1 1 1

gs | 1] —-1]—-1|1 1] -1}-1]1

gs |1 | -1 -1|-1]1 1 1| -1

gs | 1| =1 -1 1 1| -1|-1]1

g6 |1 | -1 —-1|-1|1 1 1| -1

gr | 1| 1 1 /-1}1|-1|-1]-1

gg | 1| 1 1/ -1}1|-1|-1]-1

By considering the 2-cocycles that we obtained, it is obvious that there
is no 1-dimensional projective representation whenever the 2-cocycle is not
trivial. For the trivial cocycle, we have eight 1-dimensional representations
which are just the irreducible linear representations of G. For the other
cases, we find two 2-dimensional irreducible representations for each of the
2-cocycles (see [30], Theorem 6.7). Let p! and pi be the irreducible rep-

resentations corresponding to the cocycle 3;. It is also enough to give the
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matrices corresponding to the generators of G. Without loss of general-
ity, we assume go = (1,0,0), g3 = (0,1,0), g2 = (0,0,1), g5 = (1,1,0),
g6 = (1,0,1), g7 = (0,1,1), gs = (1,1,1). Here, #R(G) is the projective
representation for 2-cocycle 3;. We give only the matrices corresponding to

three elements the rest can be obtained from these.

P2R(G) :
9 1 0 0 1 0 1
p1:G92 — gs — g4 —
0 1 -1 0 1 0
9 -1 0 0 -1 0 -1
P2 g2 — gs — g4 —
0 -1 1 0 -1 0
BSR(G)
3 0 1 -1 0 0 1
P1:92— g3 — g4 —
-1 0 0o -1 1 0
3 0 -1 1 0 0o -1
P2 g2 — gs — gq —
1 0 0 1 -1 0
54R(G)
4 0 1 0 = 1 0
P1:93— g5 — g6 —
—1 0 0 -1
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4 0 -1 0 —¢ -1 0
P2 g3 gs — ge —
- 0 ] 0 1
BQR(G)
5 0 1 0 1 10
P1:92 g4 = gs —
-1 0 10 0 1
5 0 -1 0 -1 -1 0
P2 g2 g4 = g4 —
1 0 -1 0 0 -1
56R(G)
6 0 1 0 ¢ 10
P1:92— g3 — ge —
-1 0 1 0 01
6 0 -1 0 — -1 0
P2 92— g3 — ge —
1 0 -1 0 0 -1
67R(G)
- 0 1 0 =« 1 0
P1:92 g3 — ge
0 -1 0 0 -1
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- 0 -1 0 — -1 0
P2 92— g3 — g6 —
— 0 /) 0 1
BSR(G)
3 0 1 0 = 1 0
P1 92 gs — ge
0 —1 0 0 -1
8 0 -1 0 —2 -1 0
P2 g2 — gs — g6 —
— 0 i 0 0 1

The projective representations p; and ps are not linearly isomorphic to

each other. Indeed, for the 2-cocycles (B2, O3, O5 and g, there exist g; such

that
1 0
p1(g:i) =
01
while
-1 0
p2(gi) =
0 -1

. Thus there is no M € GLy(Z) such that Mp1(g;)M ' = pa(g;). The other
representations of G4, 87 and (g are obtained from the book of Karpilovski
[30] (see page 120 and 124 Theorem 7.1 and 7.2). Thus none of them are
linearly isomorphic to each other.

One question that needs to be answered is whether these representations

depend on the choice of z;, y; and z;. One can check by calculation that
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the representations only depend on the values of ;(g,g). More precisely,

p(g)p(g) should be equal to 3(g, g) for all ¢ € G. For example,

p(93)p(gs) = B(93,98)p(g7)
< p(93)B(92, g7)p(92)p(g7) = B(g3, 98)B(92, 94) p(92) p(ga)
< p(93)B(92, 97)p(92)8(g3, 94) p(93) p(94) = B(93, 98)B(9g2, 94) p(92) p(94)

< p(g3)p(93)B(92, 97)5(g3, 94) = B(g3, 98)B(92, 94)1

which is true if and only if p(g3)p(g3) = 5(g3,93)] by the relations we get
from the boundary formulas. The other elements can be checked in a similar
manner.

Thus we found the basis of our algebra. We will show that this product

is unique up to coboundary. First we prove the following result.

Proposition 2.3.3. If ¢ and ¢’ are cohomologous cocycles in H*(G,Z) then

the fusion algebras corresponding to these cocycles are isomorphic.

Proof. If ¢ and ¢’ are cohomologous cocycles then 04(¢) and 64(¢’) rep-
resent the same cohomology class in H?(G,Z). In order to compute the
2-cocycle corresponding to 0,(¢) € H3(G,Z) = G, we will use the isomor-

phism induced from the short exact sequence

0—-Z—-R—-U(1l) —1.

Thus 6,(¢) is mapped to a certain class of 2-cocycles in H2(G, U(1)) = G.
As we found eight non-cohomologous 2-cocycles in G, it is enough to check
how the representations change if we multiply our fundamental 2-cocycles

by a 2-coboundary. This is a basic result of projective representation theory
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(see page 72 in [30]). After multiplying our fundamental 2-cocycles by a
2-coboundary, the new projective representation of this cocycle becomes
linearly isomorphic to the former one. The result follows from the above

argument. O

2.3.3 The relations.

Now we are able to calculate the relation of this basis using the pairing
0 R(G) @ YDrR(G) — PenR(G). The calculations are nothing but
solving linear equations. Namely one should prove that pf ® pﬁ’s are linearly
isomorphic to a sum of some basis elements. Here pZ1 denotes the irreducible
regular representations of G for i =1,2,...,8.

Let us start with p! ® p{ which is linearly isomorphic to pi, for some k €
{1,2} where j # 1 because p%@ pg should be 2 dimensional 3; representation.

Here is the results of these multiplications:
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$0 18| S| Jd |G| 8|8 || |80 |&|Ld|8L || mQ td mQ WQ Nﬂi WQ mm
o wlew|wl|w|w|w||w|w|w|w|w|w|iw|w|w|t]|w]|sd]w]
R A A R A R R R R R R G R R
I I I T I O T/ B A O A T A T I T I O WQ Nﬁi 1d WQ ¢d mQ mm mQ
Wlwlw|ewlw|w|lw|w|w|w|w|w|w|w|w|i|w]|ss|Ww]w]|w]|tw]|mw
R A R R A R R R R R AR R
$0 18| S| Jd |5 ||| |d|L ||| %Q WQ td mQ mQ mQ 1d | & | &
| Wwlw|wlew|wlw|w|w|w|w|w|w]|iw|sd]w|w]|s|w]|i|w]|i]|w
N A A R A R R G G R G G R
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Another type of multiplication is pg ® pg , which is linearly isomorphic
to a sum of four irreducible regular representations pj as 3j(g,h)? = 1
for all j. We calculate all of these using the associativity of our algebra
X(G) and investigating the eigenvalues of the matrices. Of course, one
can also calculate them by defining the linear isomorphism explicitly. As

pi(g;) = —pb(g;) for three g;’s in the definitions of representations, we have

PL® P = pb @ ph as well as ph @ pi = pj © ph.

® i %
P} | p1+ Py + i+ Pk | P+ P54 g+ ok
P3| p5+ Pt + ot +ps | P14 PS4 0l + ot
® p3 o3
p3 | pt+ Py +pd+ 0§ | P34 PE+ Pt + pi
Py | P+ Py + Pt 408 | oL+ ps+ i+ b
® pi P
pt | pi+ps+pt+pl | o+ pd+ ph + ol
py | i+ Py + Pk +pb | ph+pb+ Pt + pd
® I Iz
Py | pt 4Pt + ot + ok | P34 P54 ol + Pt
P3| Py pi+pi+pt | pl+pl+ ok + 0k
® o o
o8 | p}+ P+ o+ ok | Py +pd+ Pl + ot
p5 | py+ Pk + Pl +pt | pl 4 Py + ot + pi
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® Pl ps
pl | P+ pi+ oL+ 06 | ol + s+ Pt + pl

Py | oL+ ps+ o+ pd | pA+ i+ Pt + pi

® I s

oS | Py + s+ ok + 0t | ol + pt+ ot + p3

p5 | pt+pt+ pt+pt | ps+ Py + Pk + pd

The last type of multiplication that we have to consider is p{ ®pp,, where
distinct 4, m are in {1,2} and j and n are in {2,3,...,8}. As p{@pfn is four-
dimensional, it should be linearly isomorphic to 2pll, 2p12 or pll + pIQ. None
of —2pll, —2p12 nor — pll - pé are possible as they are not [3; representations
as indicated by the list of our representations in the previous section. The
representations 2pll and 2p12 are also impossible by the following associativity
argument.

Suppose pg ® plt, = 2pt by the table above we can always find p,lg such
that ,0,1€ ® pz = pg and p,l€ ® ,Oll = pIQ. This gives a contradiction if we multiply
each side of pg ® pt, = 20} by pi.

We can conclude pg ® pl, = p' + p,. We have finished calculating all the

relations.

2.4 Topological gauge theories

In [25], Dijkgraaf and Witten show that three dimensional Chern-Simons
gauge theories with a compact gauge group can be classified by the integer
cohomology group H*(BG, 7). Wess-Zumino interactions of such groups G
are classified by H3(G,Z). The relation between three dimensional sigma

models involves a certain natural map of H*(BG,Z) to H*(G,Z) which is
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the inverse transgression map defined in the second section. Our calcu-
lations provide an example of three-dimensional topological theories with
finite gauge group. In this context, our algebra X(G) is a fusion algebra. In
QFT (Quantum Field Theory) one can associate to a (d + 1)-dimensional
manifold M a certain number Z(M), the partition function. A detailed
discussion is provided in [25].

We consider the partition function of the 3-torus S' x S' x 8. If ¢, h
and k are three commuting gauge fields, the partition function is evaluated
to give

Z(St x 81 x 81 = |(1;| > Wi(g,hk),
g,h,keG

where [g, h] = [h, k] = [k, g] = 1. We define W as

alg, h,k)a(h, k,g)a(k, g, h)
a(g,k,h)a(h, g, k)a(k, h, g)

Wi(g,h, k) =

for « € H3(BG,U(1)).

The Chern-Simons theory associates to each group element g; € G a
2-cocycle (§;, which we calculated above. Again, by the result of Witten and
Dijkgraaf [25], we may express 3; in terms of a 3-cocycle a € H3(G,U(1)):

a(gza hla hQ)Oé(hl, h27 gz)
a(h1, gi, ha) '

Bi(h1, he) =
This may also be obtained by the formula for inverse transgression map (2.2):

a([gilh1lha]) ([P |h2]gi])
a([h1]gi|hz]) .

Bi(h1, he) = Og,(a)([h1|h2]) = a([h1]ho] * [gi]) =

Note that the shuffle product (2.1) is defined via additive notation.
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Thus the action W can be written in terms of 2-cocycles:
W (gi, by k) = Bi(h k)Bi(k, h)~".

We define €,4(h) = B(g, h)B(h,g)~" for fixed g which is a one dimensional
representation of G. Thus an element g is S-regular if and only if ¢, = 1.
This implies

"G, B) = é, S g, h)B(h,g)""
g9,heG
where r(G; ) denotes the number of irreducible projective representations of
BR(G). Our 2-cocycles defined in the second section satisfies this condition.

Comparing all these results we obtain the following result for the parti-

tion function of the 3-torus where G = (Z/2)3:

Proposition 2.4.1.
Z(S' x St x 8 = " r(G;B) = 22.
i
Using our representations, we find that the basis elements v, of Hilbert

space corresponds to 3-torus in QFT. These basis elements are given in [25]

as

Va(gis h) = Trpi(h).

In this context, our algebra X(G) can be regarded as the smallest twisted

non-trivial fusion algebra for abelian groups.
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The Fusion Algebra of an

Extraspecial p-group

3.1 Introduction

In this chapter, we give an application of the finite group modular data which
is mainly explored in [20]. This modular data was originally introduced, in
Lusztig’s determination of the irreducible characters of the finite groups of
Lie type [31], [32]. To describe the unipotent characters, he considered the
modular data for some particular finite groups. The primary fields of the
fusion algebra parametrize the unipotent characters associated to a given
2-sided cell in the Weyl group. Lusztig interprets this fusion algebra as
the Grothendieck ring for G-equivariant vector bundles; in other words, the
equivariant K-theory.

The most physical application of this modular data is in (2+1)-dimensional
quantum field theories where a continuous gauge group has been sponta-
neously broken into a finite group [13]. Non-abelian anyons (i.e. particles
whose statistics are governed by the braid group rather than the symmetric
group) arise as topological objects. The effective field theory describing the
long distance physics is governed by the quantum group of [23].

A set of modular data (i.e. matrices S and 7') may be obtained for any
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choice of finite group G. Much information about a group can be recov-
ered easily from its character table including whether it is abelian, simple,
solvable, nilpotent, etc. For instance, G is simple if and only if for all ir-
reducible x # 1, x(a) = x(e) only for a = e. Thus it may be expected
that finite group modular data, which probably includes the character ta-
ble, should provide more information about the group, i.e. be sensitive to a
lot of the group-theoretic properties of G.

One way to generalize this data is to twist with a cocycle from the co-
homology group. One can obtain topological (e.g. oriented knot) invariants
from this twisted data, as explained in [9]. These invariants are functions
of the knot group (i.e., the fundamental group of the complement of the
knot). Although non-isomorphic knots can have the same invariant, these
invariants can distinguish a knot from its inverse (i.e., the knot with oppo-
site orientation), unlike the more familiar topological invariants arising from
affine algebras.

In this chapter, we consider the internal product in twisted orbifold K-
theory *K,,(X) formalised by Adem, Ruan and Zhang [8] employing results
from the associated finite group modular data. Our aim is to exhibit that
the non-trivial product structure for *K¢(G) for G = (Z/p)? is the same
as the product structure for Ky (H) where H is the extraspecial p-group
of order p3 and exponent p. The product structure in these theories is the
same as in the fusion algebras associated to the same finite group.

We first give some preliminaries and the definition of finite group mod-
ular data, then mention the results of Coste, Gannon and Ruelle [20] who
calculated the S matrix for (Z/p)® with the particular twist. After this, we
calculate the S matrix of the extraspecial p-group and show that it gives

the same fusion algebra as the twisted case of (Z/p)3.
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3.2 Finite group modular data

In this section, we concentrate on the modular data associated with any
finite group GG. We first fix a set R of representatives of each conjugacy
class of G. The identity e of G is in R, and more generally the center Z(G)
of GG is a subset of R. For any a € G, let K, denote the conjugacy class of
a in G and Cg(a) be the centralizer of a in G. We have |G| = |K,||Cg(a)].

The primary fields of the G modular data are labeled by pairs (a, X),
where a € R, and where x is an irreducible character of Cg(a). We will

write @ for the set of these pairs. We define the S matrix and T matrix as

1

Sa = b —1\*x / 710/ *
@0-0x) = [ @Cal) QEGZ(M)X(Q g~ )"X (g™ ag)
1 —1\% —1\*
=1 > x(@ha ™) X (ygy )",

g€Ka,he KpnCa(g)

(a)
()

where G(a,b) = {g € Glagbg~! = gbg—'a} and where x and y are any

>

Tia)(@' ) = Oa,a’ Oy’

=

solutions to g = x 'az and h = y~'by. If G(a,b) is empty then the sum is
equal to zero.

The matrix S is symmetric and unitary, and gives rise (via the Verlinde

N(C7X3)

(a,x1)(b,x2)’ where

formula) to non-negative integer fusion coefficients

SadSvdS
gbzz dObdeq

S,
ded 0d

One way to generalize the group data is by introducing some twisting.

The twisting of the modular data is described in [20], where the explicit
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expressions for the modular matrix S appear.

The primary fields &% in the model twisted by a given 3-cocycle « consist
of all pairs (g, x) where g € R and x is a 3, twisted irreducible character of
C(g), where 3, is defined by

By(a,b) = alg, a,b)ala,a” ga,b) " a(a, b, (ab) "' gab)

from a normalized element o of H3(G,U(1)). The S matrix is calculated as

! Bo(g',z)By (g™ \"

S N = — Z < g g X(h)*xl(h/)*

(3001 2T Weloy |
’G‘ gEKa, g’ €eKpNCe:(g) /Bg(.’L' 7h’)ﬁg (y 7h)

1 a\ T, /ﬁamlvxilﬁ ) ﬁ ) -1 : * *

_ @ Z (ﬁ ( g) ﬂi(j x_l);bfé/yyg_)l;)(yg Yy ) X(h) X/(hl) ’

9€Ka,9'€K,NCa(9) ’ ’
where g = 2 lax = y Wy, ¢ =y by =z ha, h € Cg(a), W € Cg(b).

In order to compute the 7" matrix, in [20]the 1-cochain ¢, : Cg(a) — U(1)

is introduced. It is determined by the following equalities:

Ba(h,g) = Ea(h)ea(g)ﬁa(hg)ila

€r—1qp (T hz) = W

for all g, h € Cg(a) and x € G. Then the T" matrix is

€a(h),

X(a)
T 1 vy = Oq.a/ I —€q .
(a,x)(a’,x") 0 ) 5X,x X(e>€ (‘1)
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3.3 Twisted example G = (Z/p)?

The simplest non-cyclic group is G' = (Z/n)? for a positive integer n, but it

does not lead to something new (see [8]). The cohomology group
H?((Z/n)?,U(1)) = (Z/n)’

has three generators, but all 3-cocycles give 3’s which are all coboundaries.
Thus all twistings are cohomologically trivial.
The more interesting case of G = (Z/n)? is given in [20]. Here, we recall
that work in order to compare it with our calculation in the next section:
The cohomology H3(G,U(1)) = (Z/n)" is generated by the following

cocycles:

o (a,b,¢) = exp {2imj(ba’ +ej—bj+ Cj)/n2}7 l<j<s,

Ozgjlk)(a, b, c) = exp {Qiﬂaj(bk +cx — b + ck)/n2}, 1<j<k<3,
arrr(a, b, c) = exp {Ziﬂ'albgc?,/n},

where the group elements are the triplets a = (a1, a2,a3). The cocycles
which involve a non-trivial power of ajr; define non-trivial twistings. The

2-cocycles are of the form

Ba(b, c) = exp {2i7rq(a1bQC3 — brages + 516203)/”}‘

Given a, we wish to count the number of classes b (elements here)

which are f,-regular, i.e., which satisfy (,(b,c) = [a(c,b) for all c. Tak-
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ing ¢ = (1,0,0),(0,1,0) and (0,0,1), the ,-regular elements b are those
which satisfy

agbs — azbe = a1bs — azby = arby — agby =0 (mod f),

where f = n/ged(q,n). The number of solutions (b1, ba, b3) € (Z/n)? to this
system is equal to n3[ged(ay, as, as, f)/f]*.

It remains to sum those numbers for all a to obtain the number of pri-

maries:
6
n _ _
=" I [0 -0 +p ) +1]
p|f
p prime

We now consider the case when n is an odd prime number p, and when
the 3-cocycle is ajyy.
When G is abelian, all factors in the formula for S% that involve the

cocycles drop out, and one is left with the simple expression:

« 1 * /%
Slag).(b.3) = el (b) X (a),

where x and Y’ are respectively (3, and [,-projective characters, for the
cocycles given above with ¢ = 1.

It remains to compute the projective characters. One then finds p dis-
tinct, irreducible B,-projective representations of dimension p if a is not the
identity, while there are of course p? representations of dimension 1 if a = e.
Depending on the value of a = (a1, ag,as), the characters are given in the
following table, where it is implicit that the element g = (g1, g2, g3) must

be Bq-regular for the character not to vanish. In the first three cases, the

character label u runs over Z/p, and in the last column, @ takes all values

37



Chapter 3. The Fusion Algebra of an Extraspecial p-group

in (Z/p)3.
‘ a1 #0 ‘a1:0,a2#0‘a1:a2:0,a3¢0‘a1:a2:a3:0
ay Tugy—aj lagazg:/2 ay Tugy ag Tugs g
x(g) | rép rép pép &p

If for instance a9 is also invertible, then al_l g1 = ay g9, so that the first

-1 -1 9
o a5 “uge—aia, - asgs/2
=p&p

character value is also equal to x(g) . The primary

fields are thus (e, xz) and (a, x4), for a total of
2% =p° + (* = Dp=p" +1° — p.

The matrices S* and T% are now straightforward to establish. Taking

[0}

the condition of [-regularity into account, one finds that S(a ) (bxr) is

almost block-diagonal:

1 lgfulblfuzbzfusbB
pSp

1 —ugby—ugbg
o pép

1,.—ugb3
P P

p
, , , —uwa] by —u/b7 Yay +(agagby +bobzar)/2
lé_“lal_“q%—“:sa?) £p 0 0
1 PSP x8(bg—a “anby) s(bz—al ‘agby) )
— -1

P Wl ol P bo—u'by Tag
1, uge2—ugag 0 p 0
p x8(bg—ag Lagby)

—1 7 —1
—uaz tbz—u'b3  ag

/
L —ubag
pép 0 0 P

where the blocks correspond to the subsets {a = e}, {a1 # 0} , {a1 =
0, ag # 0}, and {a; = ag =0, a3 # 0}.
The entries T, ).,y are 1 for a = e = (0,0,0) and 5},‘7(11@2“3/2 in any
other case.

In the next section, we observe that the modular data of the extraspecial

p-group gives the same fusion coefficients with this twisted case. Hence we

can conclude that these two fusion algebras are the same.
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3.4 Modular data for extraspecial p-group

When discussing what he called electric/magnetic duality in [35], Propitius
observed that the modular data for (Z/2)? with a particular twist equals
that of the untwisted dihedral group Dg (for an appropriate identification
of primary fields). In the more recent work of [20] it is claimed that there
are many more such examples; when calculating the modular data for an
appropriately twisted (Z/p)3, it is noted that the quantum dimensions and
number of primaries suggest that this twisted data would yield the modular
data for the extraspecial p-group H of order p?, which is the central extension

of the cyclic subgroup Z/p x Z/p. This group may be represented as
(A,B,C|A? = BP =(C? =[A,C] =[B,C]=1,[A,B] = C).

In this section we prove that this is indeed the case.
It is convenient to use an isomorphic realization of H via (r, s,t) € (Z/p)?

with the following defining relations.
(r,s,t)"1 = (=1, —s, —t — r5),

(rys,)(r', 8", t") = (r+71",s+ &, t+t —sr').

The irreducible characters are calculated in [29]. For fixed z, y, zin {1,2,...,p—

1}, we define the character as

0, if Etsv(5trnz#0);

X(T’ S, t) = pfltjz-l—mc-i-sy7

otherwise;

where d = ged(z,p). It may be rewritten in a more compact form using the
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Kronecker delta function:

re+sy . _n.
D , if z=0;

x(r,s,t) = rotspits
d(p|r)o(pls)pép , if 2 #0;

where (p|r) = 1 if p = r and 0 otherwise. Using this triple realization, the
conjugacy class of the element (a,b,c) can be given as C(, ) = {(a,b,c +
bx —ay) | x,y € Z/p}. Thus two elements, (a,b,c) and (a’,V, ), belong to
the same conjugacy class if and only if a = a’, b = b and there exist integers
x, y and z such that ¢ = ¢ — ay + bz + pz. This equation is solvable if and
only if ¢ = ¢ ( mod ged(a, b, p)). Therefore every conjugacy class contains

exactly one element of the set
L ={(a,b,c) €{0.....,p—1}*c < gcd(a,b,p)}.

If neither a nor b is equal to 0 then ged(a,b,p) = 0. Hence ¢ should be
equal to 0. If a = b = 0 then ¢ can be any number in {0,...,p — 1} as
gcd(0,0,p) = p in this case. So the representative of the conjugacy classes
are either in the form of (a,b,0) # (0,0,0) or (0,0,c¢). We now calculate
the centralizer for each element. The elements (r, s,t) of Ci(a,b,0) should
satisfy

(r,s,t)(a,b,0) = (a,b,0)(r,s,t),

(a+r,s+bt—as)=(a+rs+0bt—rb).

Therefore as = rb and (r,s,t) = (a,asr~1,c). Cg(a,b,0) is of order p?.
From the basic results of finite group theory there are two groups of order
p? up to isomorphism. Cg(a,b,0) cannot be the cyclic one as it has at least

two elements of order p, namely (a,0,0) and (0,0,¢). Thus, Cg(a,b,0) is
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isomorphic to Z/p x Z/p.
The elements (r, s,t) of Cg(0,0,c) should satisfy

(r,s,t)(0,0,¢) = (0,0,c)(r,s,t),

(rys,c+t)=(r,s,c+1t).

Hence C(0,0,¢) = G.

Let us denote the irreducible characters by I' fil and X"]fijfp L for Z/px
Z/p and G, respectively. The primary fields of the modular data may be
written as ((0,0,C),Xi) for all ¢ € G and ((a,b,O),Fi) where (a,b,0) #
(0,0,0). We find that the number of the primary fields is p(p? +p — 1) +
(p? — 1)p? = p* + p* — p which is equal to the number of primary fields of
twisted modular data of (Z/p)3.

We next calculate the entries of the S matrix. We first consider the
primary fields (a, x*) and (b, x’) where a = (0,0,7) and b = (0,0,¢). We use
the formula given in the second section:

Slaxi)b0) = TCa@lCa®] vecap X (909X (9™ ag)".

We know |Cg(a)||Cq(b)| = pb, G(a,b) = {g € Glagbg™' = gbg~ta} =
{g € G|(0,0,7 +t) = (0,0,r + )} = G as well as x*(ghg™!) = x*(b) for

g € G. Hence
1

Stani)o) = 75X (0)x ()"
By the above formula for y, if z in the formula is equal to 0 then there are
p? characters such that x(0,0,f) = 0. We denote these characters by
where 7 and j are in {0,...,p — 1}. If z # 0 then there are p — 1 characters
of the form as z € {1,...,p — 1}. We denote these characters by y* after

indexing the (p — 1) 2’s. Hence, by the formula for the S matrix, we have
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_ 3
(0,0 xi+9)((0,0.6) x5y = 1/
—rz;i—tz;
S(0,0)x7) (0,0, 57) = L/PEp 7,
2¢6—Tz
S((0,0,7),x09)((0,0,6),x7) = /P&,

One may compare these results with the S matrix of the twisted mod-
ular data for (Z/p)3. In order to get the same entries as S, we change
((0,0,t), x*) to ((0,0,Zi_lt),xzi), and notice that z; corresponds to a3 in
the notation of the twisted matrix. We basically proved that the blocks
at the corners of each matrix are the same. It is trivial to see that the
dimension of these blocks is also the same.

We now need to check the other blocks. For the other blocks we need to
consider the primary fields ((r, s,0), ') where s or t are not equal to 0. We

have the following formula

1 ; * —1 N\«

S(rs 00005 = TG @ ICa] QGGZW)) T'(gbg™")"x*(g ™ ag)
where a = (0,0,t) and b = (r,s,0). By the Kronecker delta functions §(p|r)
and d(p|s) in the definition of y, the character x?(¢g~'ag) should be equal
to zero as at least one of r or s is nonzero. These zeros corresponds to the
(4,2), (4,3), (2,4) and (3,4) block entries of the S matrix of the twisted
case if we index the blocks starting from the left upper corner which is the
(1,1) block.

Another kind of entry that we need to consider is

1 ij —1ykis o —1 . \%
S(O00X (5001 = [ ICa )] eg(: b)x 7(9bg™" )" T (9™ ag)
g a,
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where a = (0,0,t) and b = (r,s,0). Here, we know |Cg(a)| = p3, |Ca(b)| =
p? and
G(a,b) = {g € Glagbg™" = gbg™"a}

={g € G|(r,s,t —as+rb) = (r,s,t —as+1b)} = G.

Moreover, we have g 'ag = a for g € G and

gbg™! = (91,92, 93)(r, 5,0)(—g1, —g2, —g3 — g192) = (7,8, g — G15)

by the formula for y, X/ (gbg™!) = &7

where z, y € G are fixed for each
character x*/. We can change the notation = and y to u1 to up. On the other
hand, I'(0,0,t) = 5;3t where we can define T'(r, 5, ) = 5;155331& where v and
as are fixed for each character I'. We recall that, for (z,y, z) € Cg(r, s,0),
x and y are the same up to a constant while z is independent than the other
coordinates. For the character I'® of Z/p x Z/p we thus consider the second

and third coordinates without loss of generality. We use this fact again in

the next calculation. As a result, we obtain

S((O,O,t),Xi,j)((r,s,o)ypi) = 1/1)25;7””1 —sug—tag

Hence if  # 0 this block coincides with (1,2) and (2,1) blocks of the S¢
matrix. If » = 0 it coincides with the (1,3) and (3, 1) blocks if we change r,
s and t to a1, az and us, respectively.

The remaining blocks that we need to check are the four blocks at
the center. Let us first check S s0),r%)((~,s,0),r7) Where r" # 0. In this
case we see that G(a,b) = {g € Glagbg™! = gbg~la} = {g € G|(+',s +

s’ gor’ — qus’) = (', s + 8, gor’ — 18’ — sr’) = 0 because sr’ # 0. Hence
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S((0,,0),0%)((r",s',0),r5) = 0 corresponds to the zero blocks ((2,3) and (3,2)
blocks) at the center.

We continue with the block corresponding to S(o s,0),ri)((0,s',0),r4)- Here
we have G(a,b) = {g € Glagbg™' = gbg~la} = {g € G|(0,5+ &', —g15') =
0,5+ 5", —g15")} = G, gbg™! = (0,8, —5s'g1) and g~tag = (0, s, sg1) where
g = (91,92, 93), and recall that we defined I'" and TV as I''(r,s,t) = 5;’551’;3'5

and I'V(r,s,t) = 5;,’,5 b3t If ags’ = bss then

: _ - ! ’ —'se—b
Fi(ghg™)"TY (g ag)” = & g1y 1g o
— 51)—’1)5’_1]/5551 (5’a3—b38) — gp—ys’_v/s.

If ags’ # bzs which means d(ags’ — bss) = 0, then

Fi(gbg—l)*rj(g—lag)* _ gp—vsf_vls gl(sla:’)—b?,s).

We now consider the S-matrix formula

S((O,s,()),l"i)((O,S’,O),Fj) _ 1/p4 Z é—;vs/,wsézg;l (s’asfbss)'
geG

If a3s’ # bgs, then §g1(sla3_b3s) is summed while g1 is covering all Z/p p?
times. As the sum of all the roots of unity is 0, the entry S s.0),r¢)((0,5,0),1%)

vs'—v's

must be zero. Otherwise S(o.s.0),r4)((0,5,0),r9) = 1/P&, . Any non-zero

L and

power of £, is also a pth root unity. Hence we can choose v = uay
v = u’b;l. If we change the notation s = as and s’ = by, we obtain the
(3,3) block of the twisted S matrix of (Z/p)3. Note that this assignment
does not change the order of the entries in the first column or in the first

row as they are determined by second factor §g3t of the character I'%.
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The (2,2) block is the only block left in the twisted S of (Z/p)3. We
need to calculate S ;.04 s,0),09)- Here G(a,b) = {g € Glagag™t =
gbg_la} = {g € G‘(T + rla s+ Sla g2r — 915/ - rls) = (T + rla s+ Sla _glsl - SIT)
is G if and only if 's = s'r. Otherwise G(a, b) is an empty set, a case which

1

is covered by examining the Kronecker delta functiond(s’ —r~'sr’), as these

terms are in the abelian group Z/p.

/ 1

We now assume that s = s'r. We also have gbg~ = (r/,s',1'gy —
s'g1) and g~tag = (r,s,591 — rg1) where g = (g1, 92,93). By the formulae
I(r,s,t) = 5;)55[‘}3'5 and TV (r, s,t) = 5;/355@ we get the multiplication
T (gbg~)*T9 (g ag)* = gp—vs’—v’s gl(s’a3—b35)+g2(r'a3—7"b3)'

We note that s’az — b3s = 0 if and only if r’ag — rb3 as r’s = s'r. If these
exponents are non-zero, the entry in our .S is zero because g; is covering
the set G by resolving the power sum of the {, which is equal to zero.
Hence another Kronecker delta function appears in our expression which is
d(r'ag — rbsg). If §(r'az — rb3) = 1 then S((r,5,0), T ((r",57,0),19) = 1/p5p*v8’*v’s.
We now make the conventional choice of v and v’ as uay L aqas /2 and

u'b>~1 — b1b3/2. Hence

—(uayt—aras/2)s'—(u'b2 "1 —b1b3/2)s
S((T‘,S,O),Fi)((T’,,S/,O),Fj) — ]_/pgp( 2 1 3/ ) ( 1 3/ ) .

We also change the notation r = a1, s = as, v’ = by and s’ = by to obtain

fuaglbzfu’b;1a2+(a1a3b2+b1b3b2)/2 o fuafllnfu’bflal+(a2a3b1+b2b3a1)/2,

&p &p

where the equality follows from bias = a1be and bsas — bsas = 0. The choice

of v and v’ is the same as the last part we have calculated because r = a1 = 0
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in that case. We note that the change in variables does not change the order
of the entries in first column or row as they are determined by second factor
§g3t of the character I'". This completes our calculation of the S matrix of H
which as a result is the same as the twisted S® matrix of the group (Z/p)?

We can write the change of variables as a map from the primary field
((r,s,0),T%) to ((a1,az,as3),xu) in the twisted fusion algebra where r and s
are mapped to a; and ao, respectively. The two factors in the character I'
are mapped to as and u.

We next calculate the T" matrix. We again start with the primary field
of type ((0,0,t),x"?) for which

T((0.0.6) x9)((0.0.8) i) = X7 (0,0,£)/x*7(0,0,0) = 1.
If the field is ((0,0,t), x*) then

tz;

T((Ovovt)7le)((0707t)7xz7’) = XZl (07 07 t)/XZZ (0’ 0’ 0) = P -
Remember that we replace (0,0, t) by (0,0,tz; ). Hence T(0,0,6),x) ((0,0,6),x71)

is &"It).

If the field is of type ((0,s,0),T%) then

T (0,5,0).T)((0,5,0).01) = I(0,5,0)/T%(0,0,0) = &".

By our previous change of v and s to uay Land ag, respectively, we obtaingy
for this primary field.
The last primary field to check is the field of type ((r, s,0), %) for which

T((r.5.0).T)((rs.0).0%) = L' (7, 5,0)/T(0,0,0) = &7,
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where we replace s and v by as and uay ' aias /2, respectively. Therefore
we obtain the term &, ~m1023/2 yo conclude that the matrix 7% of the group
(Z/p)? for a particular twist o and the 7' matrix of the extraspecial p-group
H of order p? with exponent p coincide.

As a result, we have proved the following theorem.

Theorem 3.4.1. The twisted modular data of the group (Z/p)® are the same

as the modular data of the extraspecial p-group of order p® with exponent p.
We also have the following corollary.

Corollary 3.4.2. The twisted fusion algebra of (Z/p)3, which is isomor-
phic to the twisted orbifold K-theory Kop(A[x/G]) in the sense of [8], is
isomorphic to the fusion algebra of the extraspecial p-group of order p® with

exponent p, which is isomorphic to the orbifold K -theory Kyp(A[x/H]).
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Chapter 4

Cohomology of Toroidal
Orbifolds

4.1 Introduction

Let G be a finite group and ¢ : G — GL,(Z) an integral representation
of G. In this way G acts linearly on R™ preserving the integral lattice Z",
thus inducing a G-action on the torus X, = X := R"/Z". The quotient
X — X/G naturally has the structure of an orbifold as a global quotient,
and these kind of orbifolds are usually referred to as toroidal orbifolds. The
goal of this chapter is to compute the cohomology groups H*(X/G;Z) for

the particular case where G = Z/p for a prime number p.

The quotients of the form X/G appear naturally in different contexts.
For example, given a topological space Y, the m-th cyclic product of Y is

defined to be the quotient
CP™Y):=Y"/Z/m,

where Z/m acts by cyclically permuting the product Y. In the particular
case where the representation ¢ : G — GL,(Z) induces the ZG-module
(ZG)™, the associated torus X is (S1)P)", where G acts cyclically on each
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(S1)P and diagonally on the product ((S)P)"™. In this case

X/G = (((sYy")")/2/p = (SH)")/Z/p
where now Z/p acts cyclically on the ((S!)")P. Therefore
X/G = CPP((SYH™).

The homology groups of quotient spaces of the form X /K, where K C ¥,,,
have long been studied. In particular, in [38] Swan formulated a method for

the computation of homology of cyclic products of topological spaces.

4.2 Preliminaries

Let G be a finite group and ¢ : G — GL,(Z) an integral representation of
G. Consider X = X, the standard torus with the action of G induced from

. Then there is a fibration sequence
X — X xg EG — BG. (4.1)

Using the long exact sequence in homotopy groups associated to this fi-
bration, it follows that X x& EG is an Eilenberg-Maclane space of type
K(I',1), where I' := m (X X EG). The G-action on X makes L := m(X) =
H(X;Z) = Z" into a ZG-module. Moreover, since [0] € R"/Z" is always
a fixed point for the action of G on X, it follows that the fibration (4.1)
has a section. The existence of such a section implies that the short exact
sequence

1 —m(X) = m(X xg EG) — m1(BG) — 1
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has a section and therefore I' = L x (fis a semi-direct product. For example,

when the representation ¢ is injective, the group I' is a crystallographic
group.

The cohomology groups of the groups of the form I' & L x G, when
G = Z/p for a prime number p, were computed in [4, Theorem 1.1] where
it is shown that a certain special free resolution ¢ : F — Z of Z as a
Z[L)-module admits an action of G compatible with . This implies that
the Lyndon-Hochshild-Serre spectral sequence associated to the short exact
sequence

1-L—-T—-G—1

collapses on the Es-term without extension problems, thus for any £ > 0

j
HYT;Z) = € HY(G; \(ILY)),

i+j=k

where L* denotes the dual module Hom(L,Z).

One application of this, by [4, Theorem 1.2] is when G = Z/p acts on X
via a representation ¢ : G — GL,(Z), then

HYX x¢ EG;Z) = @ H'(G:H!(X;Z)).
i+j=k
for each k > 0. The strategy we will use to compute the cohomology groups
H*(X/G;Z) is as follows. Let F' denote the subspace of fixed points under
the G-action. In general, F' will be a disjoint union of product of circles.
Then the long exact sequence in cohomology associated to the pair (X/G, F')

can be used to compute the cohomology groups H*(X/G;Z). To make this
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work, the relative cohomology groups H*(X /G, F';Z) need to be determined.
For this, we consider the equivariant projection 7 : X x FG — X. On the

level of orbit spaces m; induces a map

¢: X xqg EFG — X/G.

By [17, Proposition V 1.1], ¢ induces the isomorphism

¢*H"(X/G,F;Z) — H(X,F; 7).

This reduces the problem to one of determining the cohomology groups
H¢(X,F;Z). These groups will be computed using representation theory
and the fact that the Lyndon-Hochshild-Serre spectral sequence associated

to the fibration sequence

X - X xqg EFG — BG

collapses on the Es-term without extension problems.

Let L := HY(X;Z) = m1(X). As explained, L has the structure of a
ZG-lattice; this structure determines the cohomology groups of X/G. Let
R = Z) be the ring of integers localized at the prime p. Then (see [21])
there are only three distinct isomorphism classes of RG-lattices, namely
the trivial module R, the augmentation ideal IG and the group ring RG.
Moreover, if L is any finitely generated ZG-lattice, then there is a ZG-lattice
L' 27" & ZG* @ IG" and ZG homomorphism f : L' — L such that f is an
isomorphism after tensoring with R. In general, a ZG-module of the form

7" ® ZG* ® IG! is called a module of type (r,s,t).
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A fundamental tool in the computation of the cohomology groups of the

toroidal orbifolds is the next lemma.

Lemma 4.2.1. Suppose that p is a prime number. Let G = Z/p act on a
finite dimensional space X with fixed point set F'. If there is an integer N
such that H*(X, F;7) =0 for k > N, then Hg(X,F;Z) =0 fork> N.

Proof.  This follows by applying [17, Exercise I11.9] and [17, Proposition
VII 1.1]. O

From now on G denotes the group Z/p for a prime number p. Given
a representation ¢ : G — GL,(Z), X denotes the G-space R"/Z" with
the G-action induced by ¢ and F denotes the fixed point set under this
action. The representation ¢ makes L : H'(X;Z) into a ZG-module whose
structure completely determines the cohomology groups H*(X/G;Z) as it

will be shown in the next section in the case of L = IG™.

4.3 The case L =IG™

In this section the particular case where the ZG-lattice L equals IG™ is
considered. Let p,, := @mp : G — GLN(Z) be the integral representation
inducing the ZG-module L, where N = m(p — 1). The fixed point set of

such an action is easily identified by the following straightforward lemma.

Lemma 4.3.1. If X = Xg, , is the G-space induced by the representation
Smp then the fixed point set F' under this G-action is a discrete set with p™

points.

Proof.  Consider the short exact sequence of G-modules defining the G-
space X
0—-L—-LxR—(LxR)/L=X —0.
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This short exact sequence induces a long exact sequence on the level of group

cohomology

0— H%G,L) — H°(G,LxR) — H*(G,X) — H(G,L) — H (G, LxR) — ...

Note that HY(G,L x R) = 0 and H°(G,L) = H°(G,L x R) = 0, thus
there is an isomorphism F = H%(G, X) = HY(G, L) = (Z/p)™. O
We are interested in computing the cohomology groups H¢, (X, F'). These

can be computed using the Serre spectral sequence for the pair (X, F')
By = H(G,H'(X,F)) = HS” (X, F).

Therefore the structure of H?(X, F) as a G-module needs to be studied. To
this end, we consider the long exact sequence in cohomology associated to the
pair (X, F). Since H(F) = 0 when j > 1, it follows that H’ (X, F) = H/(X)

for 7 > 2 and there is a short exact sequence
0—2Z\" 7' - HY(X,F) — (IG)™ — 0. (4.2)

By the classification theorem for ZG-modules in [21], there are integers a;, b;
and ¢; > 0, ideals Ay, ..., Ay; of ZG rank p—1 and projective indecomposable

modules P, ..., P, such that

aj b; cj
HI(X,F) = (@AZ) o|@r|e (@Z).
1

1 1
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In particular,

zbiteiif =0,
HY(G,H'(X,F)) =< (Z/p)% if iisoddandi> 0,
(Z/p)% if diseven and > 0.

On the other hand, for j > 2 we obtain
J

H/(X,F)= H(X)= ANIG)™

Hence the rank of A7(IG)™ is equal to the rank of H7 (X, F) = (@}’ A;) @
(@Iij P) @ (B Z). This implies the following equation when j > 2:

(;,n(pfl)) = aj(p —-1)+ bjp + c;j. (4.3)

For each m,j > 0, we define p,,(j) to be the number of all possible
sequences of integers [y, ..., [, such that 0 < . <p—landl1 +- -l = j
This forces py,(j) =0 for j > N = (p— 1)m, pn(0) = 1, ppr(1) = m and by

induction it is easy to see that

m(p—1)
> pm) =p™

J=0

When j > 2, it follows from [3, Proposition 1.10] that

. . Z/p)pm() if i+ jiseven and i > 0,
wiewx.ry=] PP /
0 if 44 jisodd and ¢ > 0.
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This result implies

pm(7) if 7 is odd and
aj =
0 if j is even and
and
0 if 7 is odd and
Cj =

pm(7) if j is even and

J =2,

Jj=2

We also need to find H(G, H/ (X, F)) = Z%%%. When j > 2 by equa-

tion (4.3) we obtain

[(;”(pfl)) —(p— 1)pm(j)}
() - )]

A

b =

if
if

7 is odd,

j is even.

The E;] of the this spectral sequence is described below

0 it j =0,
Zbite if i=0and j >0,
Eid = (Z)p)Pm(D) if i+ j is even and i > 0,
0 if i+ 7 is odd and ¢ > 0,
(Z/p)™ if i is odd and
(Z/p)* if i is even and

Consider the Serre spectral sequence

EY = HY(G,H' (X)) = H57 (X)

Jj=2,
Jj=2
J=1
j=1.
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associated to the fibration sequence X — X xg FG — BG. As it was
pointed out before this sequence collapses on the Fs-term. The inclusion
X — (X, F) defines a map of spectral sequences fli . g BN Notice
that fé’j is an isomorphism when j > 2. This implies that the only possible
nontrivial differentials in the spectral sequence {Eﬁ] } must land in EX'. On
the other hand, by Lemma 4.2.1 it follows that HE (X, F) = 0 for k > N; this
means that there are no permanent cocycles of total degree k with & > N.
We notice that all the differentials that end at ESkH’I > (Z/p)™ start at
trivial groups. This implies that if 2k +1 > N then E’gkﬂ’1 must be the
trivial group and thus a; = 0. On the other hand, when 2 < j < N and i+
even, the only possible nonzero differential starting at E;] >~ (Z/p)Pm) is
d; E;-’j — E;+j’1.

If i + 7 > N, there are no permanent cocycles in E;] and thus d; must be
injective. We note that the spectral sequence Eﬁ] is a spectral sequence of
H*(BG)-modules and we can find ¢t € H?(BG) such that multiplication by
t* is an isomorphism t* : E;] — E]H%’j . Since d; is a map of H*(BG)
modules, we are able to choose k big enough such that ¢ + j + 2k > N; it
follows that d; : EJZJ — E;.Jrj s injective for all ¢ + 7 > 0 and its image has
rank ¢; = py,(j) when i = 0 and j is even. Moreover Z% C (H’(X, F))“
lies inside the image of the norm map.

We next consider the transfer map associated with the trivial subgroup
{1} — G. This map preserves the filtrations that induce the Serre spectral

sequence and thus it induces a map of the corresponding spectral sequences
T H({1}, H (X, F)) — H'(G, H (X, F)).
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Since the image of the transfer map
' HO({1}, H/ (X, F)) — H*(G, H/ (X, F))

consists of elements in the image of the norm map, it follows that all the
differentials in the Serre spectral sequence vanish on the elements that are
in the image of the norm map; in particular, d; is trivial on the summand
75,
We conclude that when 2k > N, Egk’l = (Z/p), Egk’l >~ (Z/p)r—Pm()
) ,E?fjrll = (Z/p)cl_(zé'vz2 pm (7)), Also, if 2k+1 > N, the group E?fjrll must
vanish because its elements are not permanent cocycles and there are no
nontrivial differentials with target E%erll as E}VJH = 0 for j > 2. This shows

that ¢; = (Z;VZQ pm (7)) = p™ — 1 — m. By the short exact sequence (4.2),

we obtain b; = m.

Therefore E%' = 755 pm(3)) — zr" -1 phl > (Z/p)(zjim pm(9) for
0 < k < N even, E%F o~ 7biter for 1 < k < N and the other groups are

trivial.

By studying the Serre spectral sequence for the pair (X, F') with coeffi-
cients in Z/q with g a prime number different from p and also with rational
coefficients, we can conclude that there are no extension problems and the

following theorem is obtained.

Theorem 4.3.2. Suppose that G = Z/p acts on X = ((S1)P~1)™ wia the
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representation ®pyp. If F denotes the fized point set under this action, then

;

0 if k=0,
/. if k=1,
HE(X,F) = /
AL if Kk is even and k > 0,
m(p—1) .
| 2w @ (z/p) & PO ks odd and k> 0.

where 3 = b+ e = 1/pl (77" ) + (=10 = Dpun (k).

Consider now the long exact sequence in cohomology associated to the
pair (X/G, F). Since F' is a discrete set in this case, it follows at once that
H¥(X/G,F) = H*(X/G) whenever k > 2. On the other hand, for k = 1
it is easy to see directly that H'(X/G) = 0. This fact, together with [17,

Proposition VII 1.1] proves the following corollary.

Corollary 4.3.3. Suppose that G = Z/p acts on X = ((SHP~H)™ wia the

representation pp,, then

Z if k=0,
0 if k=1,
HYX/G;7) = /
AL if k is even and k > 0,
m(p—1) .
| 2+ & (Z/p)(zﬁfz pm) itk is odd and k > 0.

where v = by + ¢ = % [(g(p_l)) + (=Dk(p— 1)pm(k)|.
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