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Abstract

After an introduction to Hilbert spaces and convex analysis, the proximal
average is studied and two smooth operators are provided. The first is a
new version of an operator previously supplied by Goebel, while the second
one is new and uses the proximal average of a function and a quadratic to
find a smooth approximation of the function.

Then, the kernel average of two functions is studied and a reformulation
of the proximal average is used to extend the definition of the kernel aver-
age to allow for any number of functions. The Fenchel conjugate of this new
kernel average is then examined by calculating the conjugate for two spe-
cific kernel functions that represent two of the simplest cases that could be
considered. A closed form solution was found for the conjugate of the first
kernel function and it was rewritten in three equivalent forms. A solution
was also found for the conjugate of the second kernel function, but the two
solutions do not have the same form which suggests that a general solution

for the conjugate of any kernel function will not be found.
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Chapter 1

Introduction

When averaging functions the most natural place to start is the arithmetic
average, defined by
A= A1+ (1= X\)fo, (1.1)

where 0 < A < 1. This works well if both functions f; and fy are every-
where defined. But if the functions are not differentiable at some points
or if their domains do not intersect, then the arithmetic average will not
be differentiable or will be 400 everywhere. In [2] Bauschke, Lucet, and
Trienis define a new average, the proximal average, and discuss the benefits
of using the proximal average for these types of cases. In particular, the
proximal average produces a continuous and differentiable function even if
the original functions are non-smooth and their domains do not intersect,
provided at least one of the functions is differentiable with a full domain.
From the definition of the proximal average, the more general kernel av-
erage [3] was defined for averaging two functions based on a kernel function.
Both the arithmetic and proximal averages can be derived as special cases of
the kernel average. This thesis extends the definition of the kernel average
to an arbitrary number of functions and examines the convex conjugate of

the kernel average for n functions.



Chapter 2

Hilbert Spaces

In this chapter we give some background material on inner product spaces.
The notion of vector spaces and their extensions are central to much of the
following thesis, so a quick reminder of some concepts from linear algebra is
also included to refresh the reader’s memory. For more on vector spaces see

[7, Chapters 1 and 7] or [11, Chapter 4].

2.1 General Vector Spaces

Definition 2.1.1 (Vector Space) A wvector space consists of a set V' with
elements called vectors, along with two operations such that the following

properties hold:

(1) Vector addition: Let u,v € V, then there is a vector u+v € V and the

following are satisfied.

(i) Commutativity: w+v = v+ u, Yu,v € V.
(ii) Associativity: u+ (v +w) = (u+v) + w, Yu,v,w € V.
(iii) Zero: there is a vector 0 € V such that 0+u=u=u+0,Vu € V.

(iv) Inverses: for eachu € V, there is a vector —u such that u+(—u) =

0.



2.1. General Vector Spaces

(2) Scalar multiplication: Let u,v € V and r,s € R, then the following are
satisfied.
(i) Left distributivity: (r + s)v = rv + sv.
(ii) Associativity: r(sv) = (rs)v.
(#ii) Right distributivity: r(u + v) = ru + rv.
(iv) Neutral element: 1v = v.
(v) Absorbing element: Ov = 0.

(vi) Inverse neutral element: (—1)v = —wv.

Example 2.1.2 The space R™ consists of vectors v = (vy,--- ,vy) with v; €

R for 1 <i <n and operations defined by

(w1, s un) + (V1,0 vp) = (U + U1, Uy + Uy)
r(vi, - vn) = (rog, -, TOR),
where r € R.

Definition 2.1.3 A subspace of a vector space V is a subset W of V with

W # & and W is a vector space using the operations of V.

Definition 2.1.4 Let S C V, the span of S is the smallest subspace con-

taining S and is denoted by span S.

Fact 2.1.5 The subspace spanned by a nonempty set S C V' consists of all

linear combinations of the elements of S.



2.2. Inner Product Spaces

Definition 2.1.6 A linear transformation A from a wvector space V to a

vector space W is a function A :V — W satisfying

A(rv1 + rove) = r1Avy + 1o Ave, Yur,vg €V oand Vry, o € R.

2.2 Inner Product Spaces
We recall the definitions of a norm and an inner product.

Definition 2.2.1 4 norm on a vector space V is a function || -] : V —

[0, +oo[ with the following properties.
(i) Positive definite: ||z|| = 0 if, and only if, x =0,
(ii) Homogeneous: ||azx| = |a|||z||, Yz € V and o € R,
(iii) Triangle inequality: ||z +y| < ||z|| + [|y||, Y2,y € V.
Definition 2.2.2 An inner product on a vector space V' is a function (-, ) :
V x V — R satisfying the following properties.
(i) Positive definite: (xz,x) >0, Vx € V and (z,x) =0 only if z = 0;
(i) Symmetry: (z,y) = (y,x), Vx,y € V;
(i4i) Bilinearity (ax + By, z) = alz, z) + B(y, 2), Vx,y,z € V and a, f € R.

We call a vector space paired with an inner product and norm induced by

1/2

lz|| :== (z,x)"/*, an inner product space.

Definition 2.2.3 In a normed vector space (V| - ||), a sequence (v,)5

converges to v € V if lim ||v, —v| =0.
n—oo



2.2. Inner Product Spaces

Definition 2.2.4 A sequence (vy)22; is called a Cauchy sequence if for
every € > 0, there is an integer N > 0 such that v, — vp|| < € for all

n,m > N.

Remark 2.2.5 While every convergent sequence is a Cauchy sequence, the

converse is not true. For example, consider the sequence

1 14 141 1414 14142
107 100" 1000" 10000’

in Q approaching V2. This sequence does not converge in Q.

Definition 2.2.6 An inner product space V is complete if every Cauchy

sequence in V' converges to some vector v € V.
Definition 2.2.7 A complete inner product space is called a Hilbert space.

Example 2.2.8 The following inner product spaces are Hilbert spaces:

(i) [7, Theorem 4.2.5] R™ paired with the inner product (z,y) = x1y1 +

cr T+ TpYn-

(ii) [7, Theorem 7.5.8] The space {?, consisting of all sequences x = (x,)°>

1
o0
such that ||z||2 = <Z w%) is finite, with the inner product (x,y) =
~ n=1
> Tnyn.
n=1

(iii) [10, Evample 2.2-7] The space L*[0,1], consisting of all (equivalence
classes of ) functions f on [0,1] such that ||f|2 := (fol \f(x)\de)% <

+o00, paired with the inner product (f,g) = fol f(x)g(z)dx.



2.2. Inner Product Spaces

Definition 2.2.9 [/, Section 1.1] Let X,V be vector spaces and let A : X —
V' be a linear operator. The corresponding adjoint linear transformation

fromV to X is the unique operator A* such that the following identity holds

(Az,y) = (z, Ay) (2.1)
forallx € X andy e V.

Example 2.2.10 Let X be a vector space and Ai,--- , A, € R. Let A :
X" — X be the linear operator defined by v = (x1, -+ ,xn) — Aix1 +
<o+ + Apxpn. Then the adjoint of A is the operator A* : X — X" such that

z (A1z,o 0, A\p2).

Proof. Let x € X™ and y € X, then

n

(Az,y) = (Ma1 + -+ Ao y) = Y Nila, v).
i=1

On the other hand,

<.%', A*y> - <(x17 T ;xn)7 ()‘13/7 R /\ny)>

= (21, My) + -+ (@, Any) = D Al y).
i=1

Since (Ax,y) = (x, A*y) Vo € X",y € X and the adjoint is unique then A*

is the adjoint of A. |



2.3. Facts on Maximization and Minimization

2.3 Facts on Maximization and Minimization
In this section, we assume that X is an inner product space.

Fact 2.3.1 Let x € X then

0, if £ =0;

sup (z,y) =
ve 400, otherwise.

Fact 2.3.2 Let f and g be functions from X — |—o0, 40|, then

(i) sup (f(x)+g(y)) = sup (f(x))+ sup (9(y))

z,yeX zeX yeX
(i) inf (f(x) +9(y) = inf (F(@)) + inf (s(s)).

Fact 2.3.3 Let x,y € X then

(1) sup sup f(z,y) = sup sup f(z,y)

zeX yeX yeX reX
) 1f inf g i
(it) Jnf inf f(z,y) Jnf inf f(z,y)

These will be used frequently later on.



Chapter 3

Convex Analysis

Let H denote a real Hilbert space with inner product (-, -), norm || - ||, and
identity mapping Id. We’ll now introduce some necessary convex analysis,

for a more in-depth look at convex analysis please see [12].

3.1 Convex Sets

Definition 3.1.1 A set A CH is affine if x € A, y € A, and 6 € R imply
that 0z + (1 — 0)y € A.

Definition 3.1.2 A set C C H is convex if t € C,y € C, and 0 < 6 <1

imply that 0z + (1 —0)y € C.

This means that for any two points in a convex set C, the line segment

joining the two points is also contained in C.

Example 3.1.3 The following sets are convex:
(i) Affine sets;

(i) Halfspaces: A set H is a halfspace if for some b € H and § € R,
H={zeH: (z,b) <BL



3.1. Convex Sets

(iii) Closed ball of radius r > 0 centered at a point x.: B(xc, 1) :={x € H:

e — af| <7}
The following definitions describe some important properties of sets that are

frequently used in convex analysis.

Definition 3.1.4 The indicator function of a set C C 'H is the function

tc : H — [0, +00] defined by

0, if v € C
e(z) =
400, otherwise.

Definition 3.1.5 The support function of a set C' C H is the function

oc: H — ]—o0,+0o0] defined by

o0 (x) = sup(, u).
ueC

3.1.1 Cones

A set C is called a cone if for every x € C and € > 0 we have 0z € C. A
set C' is a convex cone if it is both convex and a cone. That is, for every

z1,x2 € C' and 01,05 > 0 then 0121 + 6225 € C.

Definition 3.1.6 The conical hull of a set C C 'H is the set

coneC = U{)\m cx e Ch.
A>0



3.1. Convex Sets

Fact 3.1.7 [5, Section 2.1.5] The conical hull of C is the smallest convex

cone that contains the set C.

Example 3.1.8 Let D = {z = (x,9,0) € R3 : ||z|| < 1} be a closed unit

disc in R3, then cone D = R? x {0}.

Definition 3.1.9 Let C' be a nonempty convex set in H. We say that C
recedes in the direction of y, y # 0, if and only if xt+ Ay € C for every A > 0
and x € C. Directions in which C recedes are also called the directions of

recession.

Definition 3.1.10 The recession cone of a set C is the set of all vectors
y € H such that for each x € C, x + Ay € C for all X\ > 0. The recession

cone of C is denoted by 07C.

Fact 3.1.11 [12, Theorem 8.1] Let C' be a non-empty convex set. Then the

recession cone, 0TC, is a convex cone containing the origin.

3.1.2 Interiors of Sets

Definition 3.1.12 The interior of a set C' C H is the set

int C = {x € H:3e >0 such that B(xz,e) C C},

where B(x,e) = {y: ||y — x| < €}.
Definition 3.1.13 The relative interior of a convex set C C 'H is the set

riC ={z € H: cone(C — x) = span(C — x)}.

10



3.2. Convex Functions

The following example illustrates the need to distinguish between the interior

and the relative interior of a set.

Example 3.1.14 Consider again the closed disc D = {z = (x,y,0) € R3 :
|lz|| < 1}.We get that int D = @ since no ball in R3 can be contained in D,

however i D = {z = (z,y,0) € R3 : ||z|| < 1}.

Definition 3.1.15 A point x is a limit point of a subset C C H if there

is a sequence ()52, with x, € C such that x = lim z,. A set C CH is
n—oo

closed if it contains all of its limit points.

Definition 3.1.16 The closure of a set C C H is the smallest closed set
containing C, and is denoted by clC.

3.2 Convex Functions

The effective domain of a function f : H —| — 0o, +00] is the set of points:

dom f ={z e H: f(z) < +o0}. (3.1)

The set of global minimizers of f is denoted by argmin, 4, f(z).

Definition 3.2.1 We call a function f proper if it never takes on the value

of —oo and is not identically equal to +oo.

Definition 3.2.2 A function f is lower semicontinuous at a point xg if

liminf f(z) > f(x0),

T—T0

11



3.2. Convex Functions

where liminf is as defined in [13, Definition 1.5]. The function is said to be

lower semicontinuous if it is lower semicontinuous at every point rog € H.

Definition 3.2.3 A function f is coercive if

i, f (@) = co.

A function is supercoercive if

flz) _

Iz —oo |||

Definition 3.2.4 The epigraph of a function f : H — |—00, +00] is the set

epi f ={(z,t) e H xR : f(z) < t}.

This is illustrated in Figurel5.1.

Definition 3.2.5 A function f : H — ]|—o0,+00] is convez if epif is a

convex set.

We denote the set of proper, lower semicontinuous, convex functions in H
by T'o(H). While Definition 3.2.5/ conveniently ties the notion of a convex
function to that of a convex set, in practice a convex function is usually

synonymous with the following result.

12



3.2. Convex Functions

epi f ;

Figure 3.1: Epigraph of a function
[0, Figure 3.5]

Theorem 3.2.6 [12, Theorem 4.1] A function f :H — ]Joo,+0o0] is convex

if and only if for z,y € H and 0 < 0 < 1,

f0z+ (1 —0)y) <O0f(z)+ (1—06)f(y).

A function is said to be strictly convex if the inequality in Theorem [3.2.6 is
strict; that is, that f(0x + (1 — 0)y) < 6f(z) + (1 — 0)f(y) provided that

Fact 3.2.7 [1j, Theorem 2.5.1(ii) and Proposition 2.5.6] If a function f is

both coercive and strictly convex then it has a unique minimizer, . That is,

argmin, cp, f(z) = {z}.

13



3.2. Convex Functions

Definition 3.2.8 A function f : H — Joo,+o0] is concave if —f is convex.

Definition 3.2.9 A function f : H — Joo,+o0] is affine if f is finite and

both convex and concave.

Example 3.2.10 Let f : H — |oo, +00| be defined by x — (a,x) — b where

a€H andbeR. Then f is an affine function.

Proof. Let z,y € H and 0 € R, then

flz+(1—-0)y) =(a,0z+(1—0)y)—>b
=0((a,z) —b) + (1= 0)({a,y) - b)
=0f(x)+ (1 —-0)f(y)
Therefore the conditions for convexity and concavity are both satisfied and
f is affine. ]

Another method of determining if a function is convex is by checking the

first and second order conditions for convexity.

Fact 3.2.11 (First order condition) /5, Section 3.1.3] Let f : R" —
|—00,400] be a differentiable function; that is, its gradient Vf exists at
each point of its open domain. Then f is convex if and only if its domain

18 convex and

fy) = fx) + (Vf(z),y — =)
holds for all x,y € dom f.

This condition says that for a convex function the first-order Taylor series

approximation is a global underestimator of the function, and conversely if

14



3.2. Convex Functions

the Taylor approximation is a global underestimator then the function is

convex.

Fact 3.2.12 (Second order condition) /5, Section 3.1.4] Let f : R" —
|—00,4+00] be a twice differentiable function; that is, its Hessian or second
derivative V2 f(z) exists at each point of it open domain. Then f is convex

if and only if dom f is convexr and its Hessian is positive semidefinite:

V2f(z) = 0.

Remark 3.2.13 A matriz A € R™ " is positive semidefinite if y* Ay > 0

for all y € R™, and is denoted by A = 0.

Fact 3.2.14 (Composition with affine mapping) /3, Section 3.2.2] Sup-
pose f:R" - R, A€ H™ "™ and b€ R". Define g:R"™ — R by

g(x) = f(Az + b);

with domg = {x : Ax +b € dom f}. Then if f is convex, so is g; if f is

concave, S0 1S g.

Definition 3.2.15 Given two functions f, g from H — |—o0, +00], f is said

to majorize g if f(x) > g(z) Vx € H.

Definition 3.2.16 Let f be a function from H — R. The lower semi-
continuous hull of f is the greatest lower semi-continuous function majorized

by f, i.e, the function whose epigraph is the closure of the epigraph of f.

15



3.2. Convex Functions

Definition 3.2.17 Let f € I'o(H). The recession function of f is the func-
tion f> : H — ]—o0,+0o0] whose epigraph is the recession cone of the epi-

graph of f, 07 (epi f).

Fact 3.2.18 [1j, Theorem 2.1.5 (ii)] Let f € To(H) be such that int(dom f) #
@ and let tg € dom f. The function g, : dom f\{to} — R defined by
f(t) — f(to)

P = Ty

s nondecreasing; if f is strictly convex then @y, is increasing.

Proposition 3.2.19 Let f € T'o(H) and z¢p € dom f, then the recession

function of f is

foo(u) — lim f(xO + tU) — f(xO)

t—00 t

for allu € H.

Proof. Using Definition [3.2.17 and Definition [3.1.10/ we have

(u, \) € 07 (epi f) & Vt > 0: (z0, f(20)) +t(u, \) € epi f

N f(wo + tl;) — f(20)
f(zo + tu) — f(x0)

& sup <A\
>0 3

<A

f(zottw) = f(wo)

Fix u € ‘H, the function ¢ — n

is nondecreasing on |0, +oo] due
to the convexity of f and Fact 3.2.18. Then,
f(@o + tu) — f(zo) f(@o + tu) — f(z0)

(u, \) € 0T (epi f) & lim = sup <\
t—o0 t >0 t

16



3.2. Convex Functions

Therefore for all uw € H, f>(u) = tlim w. ]

3.2.1 Subgradients

In order to deal with nonsmooth convex functions, we will now introduce a

concept that is analogous to a derivative of a differentiable function.

Definition 3.2.20 We say thaty € 'H is a subgradient of a convex function

f at the point x if
f(z) +(y, 2 —z) < f(2) (Vz € H). (3.2)

The set of all subgradients of f at z is called the subdifferential of f at z and
is denoted by 0f(x). That is,

Of () :={yeH: f(x)+ (y,z—z) < f(2) Vz € H}. (3.3)
Example 3.2.21 Let f(x) = |z|, then

{_1}7 me < 0;

of (z) = [—1,1], ifx=0;

{1}, if ¢ > 0.

Fact 3.2.22 [12, Theorem 26.1] Let f : H — |—o0, +0o0] be a differentiable
function. Then Of ={Vf}.

Fact 3.2.23 [14, Theorem 2.5.7] If f is a proper convex function, then

x € dom f is a minimum point for f if and only if 0 € Of (x). In particular,

17



3.2. Convex Functions

if [ is differentiable at x then x is a minimum if V f(z) = 0.

Fact 3.2.24 (Bronstead-Rockafellar) [1/, Theorem 3.1.2] Let H be a
Hilbert space and f € To(H). Then dom f C domdf and dom f* C randf.

3.2.2 Fenchel Conjugate

Definition 3.2.25 Let f : H — ]—o00,+00]. The Fenchel conjugate, or

convex conjugate, of f is defined as

f(y)= sup ((z,y) — f(z)),

zedom f

for ally e H.

It is interesting to note that since (z,y) — f(x) is affine with respect to y
for a fixed x, then f* is the supremum of a set of convex functions and
is therefore convex regardless of whether f is convex or not. In the case
where f is a finite, coercive and twice continuously differentiable function,
the Fenchel conjugate is also referred to as the Legendre transform of f [13|

Example 11.9].

Proposition 3.2.26 (Fenchel-Young Inequality) Let f: H — |—o00, 4+00].
The following holds
f@)+ (@) = (z,27) (3.4)

for all x,x* € H.

Proof. Follows directly from the definition of the conjugate function. ]

Proposition 3.2.27 If fi < fy then f{ > f5.

18



3.2. Convex Functions

Proof. Let y € H, since fi < fa then (z,y) — fi(x) > (z,y) — fa(x) for all

x € H. Taking the supremum over = of each side yields

sup ((z,y) — fi(x)) = sup ((z,y) = f2(2)).

zeH zeH

Therefore ff(y) > f5(y). ]

Proposition 3.2.28 Let f : H — |—00,+00] and ¢ € R be a constant.
Then

(f(- =) (@) = (%) + [7(27).

Proof. Let x* € H, then (f(- — ¢))*(z*) = sup ((z*,z) — f(x — ¢)). Letting

z — ¢ = 2/, this becomes

Example 3.2.29 Let q = || - ||, then q* = q and this is the only self-

conjugate function, i.e. f = f*.

Proof. From the definition of the conjugate we get that

) =sup (.0} - el

Setting h(z) = (z,y) — 3|lz||* and differentiating, we get h'(z) = y — 2 and

h"(xz) = —1d, which is negative definite: Hence, h is strictly concave and
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3.2. Convex Functions

therefore the critical point x = y is the maximizer. Setting z = y in the
equation above yields q*(y) = 3||y/|*.
On the other hand, suppose f is a convex function satisfying f = f*. Then

f is proper and using Proposition [3.2.26 we get

(z,2) < f(z) + f*(2) = 2f(x)

& q(r) < f(x)

Then by Fact [3.2.27 f* < g* = q. Since f* = f, we get q < f < q, therefore

f=a. L

Due to its frequent use, from here on we will use the notation that

1 2
a= I (35)

Example 3.2.30 Let f: R — R be defined by f(x) = %|l“p then for p =1

0, if —1<z*<1;

400, otherwise.

And when p > 1

() = ;\x*rq

1,1 __
wherep—i—q—l.

Proof. When p =1, f(z) = |z| and f*(z*) = sup (zz* — |z|)
zeR
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3.2. Convex Functions

400, ifx*>1;
Ifz* >0, f*(*) = sup (za* —x) = sup (z(z*—1)) =

ek ey 0, if o < 1.
0, if * > —1;
Ifz* <0, f*(z*) = sup (zz* +z) = sup (x(z*+1)) =
vER- vER- 400, ifax*<-—1.
Altogether,
0, if —1<a*<1;
fi(@%) =

400, otherwise.

When p > 1, f(z) = 1|zP and f*(z*) = sup (mw* - l|a:|p>
P zeR P
Differentiating to find the critical point,

d 1
——(za” — ~[2f’) = 2" — |2~  sgn(z) =0,
p

dx
where sgn(z) denotes the sign of x. Then solving for z yields
o* = [z sgn(z) = [o¥| = |2 = Ja] = 277
Substituting this back into the definition of the conjugate,

_ 1 4 1 1
wlalP~ sgn(z) = ~|alf = |z|lz Pt = |l = 2l — ~|af?
p p p

= = )lal = )y = (=

p
x*|P-T.
’ e

Letting ¢ = ;75, we get that f*(2*) = %]m*]q where % + % =1 |

21



3.2. Convex Functions

Example 3.2.31 Let f(x) = Z%\a: — c|P for some constant ¢ with p > 1.
Then f is conver.

Proof. Let

1 1
g(z) = (=|2|D)* = —|2|?,
(2) = (I = 7l

where % + % = 1. Then ¢(z) is convex since it is a conjugate function and

f(x) is convex by Fact 3.2.14. [ |

Fact 3.2.32 (Biconjugate theorem) [1j, Theorem 2.3.3] Assume that
f:+H — |—00,+00]| is a proper function. Then f** := (f*)* = f if and
only if f € To(H).

Fact 3.2.33 (Conjugate of the difference of functions) /8, Theorem 2.1]

Let g € T'o(H) and let h € I'o(H) such that h and h* both have full domain.
Then

(V™ € H)(g — h)"(2") = sup (6" (") = h*(y" — 7)) (3.6)

Definition 3.2.34 Let f : H — |—o0,+00], and A be a linear transforma-
tion from H to H. Define

Af(z) :=inf{f(y) : Ay = z}.

Proposition 3.2.35 Let f : H — ]—o00,+0o0], and A be a linear transfor-

mation from H to 'H. Then

(Af)* = f* 0 A",
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3.2. Convex Functions

Proof. Let x* € 'H, then

(Af>*<x*>=sup<<x,x*>—Af<x>>:sup(<x,x*>— inf f<y>)

veM veM {y:Ay=a}
=sup ((z,27) — f(y) : (z,y) e H X N, Ay = z)
=sup ((Ay,z") — f(y) :y € H)

=sup ((y, A"2") — f(y) 1y €H)

= fH(A%2") = (f7 0 A7) (a").

Fact 3.2.36 (Fenchel’s Duality Theorem) [12, Theorem 31.1] Let f and
g be a proper conver functions on H. Suppose at least one of the following

holds:
(i) ri(dom f) Nri(dom g) # &,
(ii) f and g are lower semicontinuous, and ri(dom f*) Nri(dom g*) # &.

Then

inf (f(z) + g(x)) = sup (—g" (") — f*(")).

Fact 3.2.37 [1j, Theorem 2.3.1] Let f : H — ]—o00,+o0] and o, € R.
If a > 0 then (af)*(x*) = af*(a"tz*) for every x* € H; if B # 0 then
(f(B)) (a*) = f*(B~"a*) for every z* € M.

23



3.2. Convex Functions

3.2.3 Epi-addition and Epi-multiplication

Definition 3.2.38 Let fi1,fo € To(H). The infimal convolution, or epi-

addition, is defined by

(fOg)(x) == inf (fi(z1) + fa(22)) (3.7)

r1+To=x

for all x € H.

The infimal convolution is said to be exact at a point z if the infimum is

attained.

Definition 3.2.39 Let f € T'o(H) and o > 0. We define epi-multiplication
by

' ) . 07
axfm af(-/a), ifa> 58)

L{0}s if a = 0.

Proposition 3.2.40 [, Proposition 3.1] Let f, f1,-+ , fn € To(H). Then

the following properties hold:
(i) dom(ax f) = a(dom f)
(#7) dom(f, O---0Of,) = (dom f1) + - - - + (domfy)
Proposition 3.2.41 Let a > 0. Then the following hold:
(i) (af)" =axf
(ii) (ax f)* = af*
(i) (fLO---Ofn)" = ff+-+ f7
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3.2. Convex Functions

Proof. (i) Let x* € H, then we consider two cases.

(1) If a« >0,

(af)"(«") = sup ((z,2") — af(z)) = asup ((z,2"/a) — f(z))

xT

=af*(z*/a).
(2) fa=0
0, ifa*=0;

400, otherwise (3.9)
= 1oy (@*) = (ax ) (a")
Altogether, (af)*(z) = (ax f*)(z*).
(id)
sgp ((z,z*) — af(z/a)) fa>0
sup ((z,2*) —10p(x))  ifa=0

asgp((m/a,m*) — f(z/a)) ifa>0

0 fa=0

\

= af*(z7).
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3.2. Convex Functions

(i)

(RO 0h) @) =sw ((@a?) = inf (o) 4+ fulan)) )

T T1++Tn=

— sup <<x1 4o dag, )+ osup (—filx) — - — fn(xn))>

x r1++xTn=x

=sup ({z1,27) = fa(@1)) + -+ +sup ((z1,27) = fila))

x1

=T+ + ")

Fact 3.2.42 [I, Fact 3.4] The following hold.
(i) If intdom fi N ---int dom f,,—; Ndom f,, # &, then (f1 +- -+ fn)* =
f7O---0fr and the infimal convolution is exact.
(i) Ifintdom fyN---intdom f' ;Ndom f} # @, then f1O---0O f, is exact
and epi(fl Q- Dfn) = (epifl) +ot (epifn)'
Lemma 3.2.43 (A +(fi + q)0---OXNy*(fn +9)* = M(ff0Oq) + -+ +
Aa(fr Ba)

Proof. Using Proposition 3.2.41((iii), Proposition 3.2.41(i), Fact 3.2.42, and

Example 3.2.29, we get that

Mr(fi+a) O OXx(frn+a))" = Mix(fi +a)" 4+ (A x(fn +9))°
=M1t ++ A(fn+a)
=M(fT0d) + -+ A(f 0d7)
=M(fi0a) +--+ A/ 0a).

(3.10)
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3.3. Proximity Operators

The following lemma illustrates the beauty of the epi-multiplication no-

tation and will be used for a couple of proofs in the following chapters.

Lemma 3.2.44 Let f; : H — |—00,400| for1 <i <n. Letf = (f1, -, fn),

2= (21, ,mn) and f(x) = 3 Nifi(w;): Then f*(z*) = é&*f?(w?)-

Proof.

F*(@*) = sup{(,2") — f(x)}

zeH

= sup {{z1,27]) + - {xn,x}) *Z)\zfl(xl)}

z=(x1, ,xn)EH

= Avsup{(z1, 27/A1) = fi(@)} + - 4 An sup{(an, 2/ An) = fr(an)}

* *

= M)+ M () = M i) 4 dx S (a).

n

3.3 Proximity Operators

Definition 3.3.1 The proximity operator, or proximal mapping, of a func-

tion f € T'o(H) is defined by
(Vo € H) Proxyx = argmin,cq (f(y) +d(z —y)). (3.11)
Fact 3.3.2 [6, Section 2.2] For all x € H and for allp € H

p=Proxpz &z —pedf(p),
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3.4. Minimax Theory

and

Prox; = (Id+0f)*

Remark 3.3.3 Note that since the function y — f(y) + q(z — y) is strictly

convex and supercoercive, it has a unique minimizer, p = Prox f(a:)

3.4 Minimax Theory

Minimax problems are optimization problems that involve both minimiza-
tion and maximization. Let X and Y be arbitray subsets of H with X # &
and Y # &, and let F' be a function from X x Y to [—o0,+o0]. Minimax
theory deals with problems of the form sup inf F(z,y) or inf sup F(x,y).

zeX YEY YEY zeX
For more on minimax theory please see chapters 36 and 37 in [12].

Definition 3.4.1 If sup 1nf F(z,y) = mf sup F(x,y) then the common
r€EX Y€ YEY zeX

value is called the minimax or the saddle-value of F'.

Definition 3.4.2 F' is a concave-convex function if F(-,y) is a concave
function on X for ally € Y and F(z,-) is conver on Y for all x € X.
Similarly, F is a convex-concave function if F(-,y) is convex on X for all

y €Y and F(z,-) is concave on'Y for all x € X.

The following fact gives us conditions for determining whether the saddle-

value exists.

Fact 3.4.3 [12, Theorem 37.3] Let F' : R™ x R" — |—o00,400| be a proper

concave-convex function with effective domain X x Y. Then either of the
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3.4. Minimax Theory

following conditions implies that the saddle-value of F' exists. If both condi-

tions hold, the saddle-value must be finite.

(a) The convex functions F(x,-) for x € ri X have no common direction of

TeCcession.

(b) The convex functions —F(-,y) for y € riY have no common direction

of recession.
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Chapter 4

The Proximal Average

When averaging functions, the traditional arithmetic average
/\1f1+"'+)\nfn (4-1)

is the natural place to begin. However, when the domains of the functions do
not intersect then the result of (4.1) is a function that is everywhere infinity.
The proximal average provides a useful method of averaging functions, even
when their domains do not intersect.

In this chapter, we give a new proof to the self-duality of the proximal

average:

(P(£, X)) =P(f", \).

We also supply two self-dual smooth operators, Szf and Tjf.
For this chapter, let f1,---, f, € To(H), and Aq,--- , A, be strictly pos-

n
itive real numbers such that > \; = 1.
i=1
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4.1. Definitions

4.1 Definitions

Definition 4.1.1 (Proximal Average) Letf = (fi,---, fn) and A = (A1, --

The A-weighted proximal average of n functions f;, 1 <i <mn, is

P(ﬁ)‘):/\1*(f1+q)D"'D)\n*(fn+q)_q' (4’2)

That is,

(Vo € H) P(f,A)(z) = inf Z( (filwi/ ) +q(xi/)\i))> —q(z).

> oxi=x =1

=1

This can be reformulated in two different ways.

Proposition 4.1.2 The proxzimal average can be equivalently defined by

(i) P(£,A)(z) = 5 inf (Z/\ifi(yi) + Z&ﬂ%)) —q(z)

Aiyi=x

(7;7:) P(fv )‘) = ()\l(fl + q)* +eee )\n(fn + CI)*)* — 4.

Proof. Using the change of variables y; = x;/\; in Definition [4.1.1/ we im-
mediately get ().

For (ii), first note that by Proposition [3.2.40(ii),

(Vi € N)dom(f* Oq) = (dom f) + (domq) = H.

31



4.2. Properties

Then Fact 3.2.42(i), Proposition 3.2.41(i), and Fact [3.2.32] yield

M(fi+a) +-+lfa+a))" =i +a9)7) O OAa(fn +9)%)°
- Al*(fl + q)**D' : D/\n*(fn + CI)**

=M A(fi +q) O OXyx(fr +9q).

4.2 Properties

Theorem 4.2.1 (Domain)

domP(f,A) = Ay dom f1 + - -+ + A\, dom f,

Proof. Using Proposition [3.2.40il and Proposition |3.2.40 i

dom P(f,A) = dom(A +(f1 +q)O---O Xy x(fr +9))
= dom(A1 *(f1 +q)) + -+ dom(Ap *(fr + q)) 43)
= A dom(f1 +q)+---+ A\, dom(fy, + q)

= A dom f1 + -+ + A, dom f,.
[ |

Corollary 4.2.2 If at least one function f; has full domain and \; > 0 then
P(f, ) has full domain.
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4.2. Properties

4.2.1 Fenchel Conjugate

Next we examine the conjugate of the proximal average. The purpose of
this section is to give a new proof for (P(f,A))* = P(f*, A) without using
Toland’s Duality Theorem. First we must prove the following lemma, which

will also be used later to reformulate the proximal average.

Lemma 4.2.3 The following identity holds

Sval) — o ) = 5 S ANl -l (44)
=1 =1

i=1 j=1

Proof. Consider first the left hand side of (4.4),

Z)‘zq yz Z)\zyz
=3 Z)\z’Hyz’HQ - 5” Z/\z'yiHQ
5 ZA lyill> — = Z)\zHyzHQ Z/\ iNi(Yir ) (4.5)

i#]

On the other hand, from the right hand side we get,
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4.2. Properties

D303 Al —
i=1 j=1
= o A(Sw —yj!!2>
sz (Z Ol =2+ s )
SE O OV TEE) SPNURAES SR
i=1 j=1 j=1 j=1
= o (Il 23 ) ¢ ZAjuyjH?)

(ZMW%ZZM " +ZA (iwy]u?))

i=1 j=1
*ZA IR 9) SRV
=1 j=1
= *ZA HyzHQ—*ZAQHysz D NN i yg)- (4.6)
i#]
Since (4.5) and (4.6) are equal, the proof is complete. [ |

The following lemma, is new.

Lemma 4.2.4 Let

gyi, - yun) = Mq(w) + -+ Ad(yn) — g My + -+ Anyn),
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4.2. Properties

for (1, ,yn) € H™ and 3" A\, = 1. Then
=1

g*(xa'j7 t 7x:1 =
400, otherwise.
Proof. For every (z7,---,z)) € H"™ we have
g' (@], @) = sup <<93’{,y1> o (@ yn) — Aa(yn) — - = And(yn)
yl)..'?yn
+ q()‘lyl +---+ /\nyn)> . (47)

In light of Lemma 4.2.3 the equation within the supremum is concave and
therefore solving for critical points will yield the supremum. Taking the
partial derivatives, with respect to y; for ¢ = 1...n, and setting them equal

to zero gives

i — My + My + -+ Ayn) A =0

$;’; - )\nyn + (Alyl + -+ )\nyn)An =0.

Then taking the sum of all of the above equations yields

n n n n
fo - Z Aiyi + Z )\i(z Aiyi) =0
i=1 i—1 =1 =1
n n n n
Y x> Ayt > i e Yy aj=0.
i—1 =1 =1 i1
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4.2. Properties

So zj + -+ 2 = 0 and if we let y1 = 27/A\1, -+ ,yp = /A, then
(y1,- -+ ,yn) is a solution to (4.8). Consequently, A\jy1 + -+ + Apyn = 0

and (zf,z7/Ni) = 2 iq(z/Ni) = 2(Nixq)(x)) for i = 1---n. This gives us

that
(T, y1) + -+ (@, yn) — M1a(y1) — - — And(yn)
93 Awaled) — Mra(ed) — o~ Auxa(el)
i=1
A a(e) + o Anxa(])
If Z xf # 0 then let y; = y2 = -+ =y, = y and then (4.7) becomes
g (@], ay) 2 sup <<Xn: xi,y) — Ma(y) — - — Ana(y) + q(y))
i=1
> sup (&wz,w ~ao) +a0))
i=1
> sup <(§n: xi‘,y>) = +o0.
i=1
Thus,
Ma(e) + o Aexa(en), a4l =0
g (@1,

400, otherwise.

Remark 4.2.5 It can be noted that g—i = Niyi — (My1 + -+ + Anyn)Ni for
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4.2. Properties

i=1---n so that%’l—i—--'%—%zo. This means that

vandg C {(f, - o) ral + o+ = 0).

Conversely, if xi+---+z =0 and we let y1 = x5 /M1, ,yn = 1 /Ny, then

*

v.q(yh ’yn) — (x*l" ’xn) and
{(‘/L‘Ta 7$2)$T++x;:0}gran8g

Therefore randg = {(x%, -+ ,x}) 1 a7 + -+ x = 0}. Now since randg C

’rn

dom g* C randg by Fact|3.2.24 and we have ran Og = ran dg then dom g* =

{(xf,---,x}) ay + -+ 2, =0}, as we saw in the previous lemma.

Theorem 4.2.6 (Fenchel Conjugate) [1, Theorem 5.1]
(P(f, X)) = P(f", A) (4.9)
Proof. Let

F@) = PEN@) = int (M) + e Aufulin) + Mian) 4+ aln)
_;1&%:58

- q()‘lyl +-+ An?Jn))a

and let A : H" — H be a linear operator defined by A = <)\1’ e )\n>,

n
ie. A(xy, - ,xn) = >, Ax;. Then A* : H — H"™, the adjoint of A, is
i=1
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4.2. Properties

A =1 ' |, ie. A*(z) = (A1z,-+ ,Apz). Then we can write f as f = AF

F(y) = Mfi(y)+ -+ falyn) FA1a(1)+ -+ nq(yn) —a(Ayr+ -+ Anyn)

and

AF (y) :== {miéxr;f:y} F(x).

For ease of notation, say that F' = j + g where j(y) = Aifi(y1) + -+ +

Anfn(yn) and g(y) = Aq(y1) + -+ And(yn) — a(Ay1 + -+ + Anyn). By
Proposition 13.2.35,

fi(@®) = (AF)*(27) = (F" 0 A")(27).

Since j € T'g(H) and dom g = H x - - - x H, then int(dom f)Nint(dom g) # &

and we can use Fact 3.2.42(i) and Lemma [3.2.44 to get

@) = (709" A% (@)

= (()\l*fl* + Ak ) Dg*)A*(w*).
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4.2. Properties

Then using Lemma 4.2.4/ we get

fr(z*) = <()\1 *fi 4+ Ak f) Dg*> (AMz™, - Apa™)

= inf (Alfl*(yl/h) + o+ Aafa /M) + g5 Mz — 1, A2 — yn)>

Y1, 5Yn

= inf A ST A o A fr (Yn/ M
Alx*y1+--l-1:l|*/\nx*yn:0< lfl (yl/ 1> + + fn(y / )
A *— )\n Y- n
+A1q(u)+...+)\nq(7x Yy )
A1 An
= inf (Alfik(:m/)\l)+"'+>\nf;(yn/>\ )+)‘1q(a7 - y1)+ o
T*=y1++yn A1
x  Yn
Az — 22y,
+ Ang(z An>>

Expanding the last set of terms in the above equation yields

Yz A

Aiq(a” — *) = *II o 1771 = (i) + *II H2

= Xiq(z") — (2%, yi) + AM(;)

for alli = 1---n. Taking the sum of all of these terms and substituting back

into the infimum equation produces
fe) =, (Alff (/M) + 4 Anfo(gn/An) + a(2*) = (@50 + -+ )

U1 Yn
+A1q(A )+ +Anq(An)>

= mf

“ it
)

MFE WA+ - A fn/ M) + m(i—p +
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4.2. Properties

Making the simple change of variable z; = y;/\; for i = 1---n generates

RN I (T CI RS WACH PO CARENPWIEAREES)
= P(f*, ).
|

Example 4.2.7 Let f = (f, f*) and A = (%, %), then P(f,A) = q.

Proof. By Fact [4.2.6,

(P(£,A)" =P(f", X).

Since £* = (f*, f**) = (f*, ), then we get that P(f*, A) = P(f, ). There-
fore, using Example 3.2.29 we see that (P(f,\))* = q. [ |

Corollary 4.2.8 P(f, ) is convez, lower semicontinuous, and proper.

Proof. We can apply Fact 4.2.6] twice to see that
(P(£,A))™ = (P(f%, A))" = P(£, ).

Therefore, in light of Fact 3.2.32 P(f, A) € T'o(H). ]

Definition 4.2.9 (Moreau Envelope) The Moreau envelope of f € T'o(H)

with parameter p > 0 is

enf = fOpxq.

Fact 4.2.10 (Moreau Envelope of the Proximal Average) |1, Theo-
rem 6.2]
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4.3. Applications

(1) e ,P(£,X) = Mepfi + -+ Aeufn
(ii) (epP(E,X))" = Arx(enf1)" 0 - DA x(epfn)”

Fact 4.2.11 (Proximal Mapping) [, Theorem 6.7]

Proxp ) = A1 Proxy, +--- + A, Proxg,

4.3 Applications

4.3.1 Self-dual Smooth Approximations

A function f in R™ is smooth if f is finite and differentiable everywhere in
R™. It can be helpful in cases of nondifferentiable convex functions to find
a smooth approximation of the function. Here, two smooth approximations
are defined using the proximal average. The first smooth operator, Ssf,
has a simple expression in terms of the Moreau envelope which can be seen
in [9]. The second smooth operator, T f, has a simple expression in terms
of the proximal average and is new. Both approximations are ”self-dual”
in the sense that the conjugate of the approximation of f is equal to the
approximation of the conjugate of f.

Recall that,

P(fi, M, fos ) = (M(fi+ @) -+ A(fn +0))" —q.

For 0 < 8 <1 and a proper lower-semicontinuous function f, define Sgf :

41



4.3. Applications

R™ — |—00, +00] by

-6 25
1+ﬁ7 ’1+ﬁ

x
1+3

Spf(x) = (1+5)? (f, ) ) (4.10)

for all x € R™.

Theorem 4.3.1 (i) (Sgf)* = Saf*

(i1) When 0 < 8 <1, we have

A%fz(b+mpﬂ—ﬁJM1®+ﬁq=Orﬁ%%fD;®+ﬁq(4H)

Therefore when 3 — 0, Sgf — Bhr(r)lJr(fD %CI) =

Proof. (i) By Theorem 4.2.6, we have

=0 4,20y Q*
1+ﬂ’ "1+ 81+

C%ﬁ*=<ﬂ+ﬁ)(ﬁ

By Fact 3.2.37/ and Proposition 13.2.41/(i) we then get

St = (4 9P TG00 ()

B 28\ (48

— 1+ 0P (P S ) (SR
AV

i e S (e}

= Saf".

(ii) For every z, by the definition of the proximal average, Proposi-
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4.3. Applications

tion [3.2.41/(i), and Example [3.2.29

29 Nz 1 e
Spf() = (1+5)° (1+ﬁ it +q)) T3 30+
1+ﬂ2(§ 1+@) (55 -
(1+ﬂ)<(1 B)(f +a)° +ﬁq) () - a(x)

o) (-0 +ar ) @ - aw)] + st

This is the first equality in (4.11). To continue, apply Fact[3.2.42(i), Fact3.2.32,

Example 3.2.29, and Proposition 3.2.41(i) to
$p = (14 9)((1= D)+ + 5a) ()~ ala).
to get

S (@) = (14 ) (1 = A)(F +0)")" D)) () — a(x)
—(1+5) (=B +

Using Definition 13.2.38,

501(0) = 1+ 8)int [ (1= B)7 + () + ate — )] — ()

U U 1
— (4t (1= A + (- Bal ) + Sale - )] - ala)
=(1-p4%in “ Y ! T—u ! T
= (1= )i | £ ) Al )+ el — ) - (o)
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4.3. Applications

Simplifying the portion of (4.12) containing q and using W—i—ﬁ =

1 1 1 _ 1
sa-p7 A 505 ~ @ = B

A5) + 59— ) — =)
B S N - P SN SO 1 N S
G-0F 2 "B0-p 2 po-p T EIm 2 T 2
_ 1 Jul* 1 () + 1 |l =]*
Ba-pF 2 05 T I #) 2

1 u 2 1 1 |lz|?
_ 1 U2 B =l?

Plugging this back into (4.12) gives

$310) = (1= ) int (F(5)+ Gale = 1) + 1 a(o))

— (1= )it (fw) + ale = w) ) + Gate)

—(1- ) (70 40) (@) + o),

which is the second equality of (4.11). The convergence result follows from

[13, Theorem 1.25]. [

Another smooth operator is defined by
Tsf :=P(f,1-B,q,0) (4.13)

Theorem 4.3.2 (i) (Tpf)" =1Tsf*
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4.3. Applications

(i) When 0 < 8 <1, we have

p
2-p

TﬁfZ(l—ﬂ)<fD2_

ﬁﬁq>(236-)+ q.

Proof. (i) This follows from Theorem [4.2.6/ and Example 3.2.29

(Tﬁf)* - (P(fvl _ﬁquﬁ))* :P(f*al _/87q*7ﬁ) :P(f*al _57q7/8)

ii) Applying Proposition 4.1.2{({i)), Proposition [3.2.41(i), Example [3.2.29,
ying

Fact 3.2.42(i), and Definition 3.2.38|,

Tsf(x)

(1= B)(f +a)" + B(20))" () — a(x)
= (=AU +a)"+53) (@) - a)

(-0 + (=5 050) (@) - 4@

—ing (1= IG5 + (0= Bal ) + el — ) ) - ato)
This is equivalent to,
Ts5(a) = (1=8)int (F(25) 4 a2 5) + g9 =) = 12 5a(0))-

45



4.3. Applications

Note that
o)+ ﬂ(f_mq@c—u) - 1_1ﬁq<w>
P, 2 el 2wl 1 o)
A-p7 2 " BI-9) 2 -5 2
_ 2o P 2w 2-5 el
BA-PF 2 BU-05)  BA-p) 2
:2—B< I S ”2> <2 5 4 >Hx\2
25 \0-p2 29515 B1-5) Be-p) 2
_2-p, 2w 24 8 chll2

28 2-8 1-8 1-p)2-8) 2

Substitute this back into (4.14) to get

Ths) = (- Byt (1) + A1 - )+ 2
==t () + 25 G2 - w) + 57t
— -9 (1025%) 2 + 7w

which proves the desired equality. m
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Chapter 5

The Kernel Average of Two

Functions

5.1 Definition

The kernel average for two functions is given by Bauschke and Wang in
[3] as a generalization of the proximal average. A natural extension of the
definition of the proximal average, the kernel average replaces the use of g
with any kernel function g. Using the same notation as the previous chapter,
we assume f1, fo, and g are functions in I'g(H), and A1, A2 are strictly positive

real numbers such that A\ + Ay = 1.

Definition 5.1.1 (Kernel Average) Let f = (f1, f2) and X = (A1, A2),
we define P(f,A,g) : H — [—00,+00] at x € H by

P(f, X, g)(x) = inf (A fi(yr) + Aafa(y2) + Mdeg(y1 — y2))
Ay1+Aey2=z (5 1)
= inf ([ MACED) + Ah(Z) + Mdag(EE — 22 |
_x:zlJrZz L1 /\1 2J2 )\2 1429 )\1 /\2 '

We call this the average of f; and fo with respect to the kernel g, or the

g-average of f1 and fo.
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5.1. Definition

Example 5.1.2 (Arithmetic Average) Set g = 1(g), then

P(f, X, g)(x) = /\lylgngm (A f1(yr) + A2 fa(y2) + Adavo(y1 — y2))

= inf A + A
Alylirim:x( 1f1(y1) + X2 fa(y1))

=AM f1(z) + A2 fa(z)
1s the arithmetic average.

Lemma 5.1.3 The following equality holds when Ay + Ay = 1.

MAallyr — vell? = My ||? + Xallw2l? = [[Ayn + Xyl

Proof. Let y1,y2 € ‘H then by Lemma 4.2.3|

2

2
1
Allwall® + Aallyall? = [Arys + Aawell® = 2<4 DD ANllyi - ?/j||2>
i=1 j=1

1 1
= 2<4)\1/\2||y1 — o + ZAQ)\lHZJQ - y1||2>

= MAo|lyr — 2

Example 5.1.4 (Proximal Average) If g = q, then

. 1
P(f, X, g)(x) = inf MA) + Aafo(y2) + MAe=|lyr — wa? ).
Ay1+Aey2=z 2
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5.2. Properties

Applying Lemma 5.1.3

1 1 1
P(f,X\,g)=  inf A A Ml P45 A2l —= )
e = it (et Dl Pl el

which is the proximal average with n = 2.

Example 5.1.5 Let f1 = t(q) and f2 = vy, with a,b € R. Then

AAag(a—0b) if 2 = Aa+ \ob
P(f, X, g) =

+o0 otherwise.

5.2 Properties

Fact 5.2.1 (Fenchel Conjugate) [3, Theorem 2.2] Let f1, fa,g € To(H).

For every x* € H,
(P(£, X, 9))"(z") = (clp) (M7, Agz”) (5.2)

where

Ay e
Mo Ay Y

1
—  inf M Xofs “Mda(g*
W(u’ U) AlZl"l‘i?ZQ:uJF'U < 1f1 (Zl) + 2f2 (22) + 2 ! 2(g (

Furthermore, if (ridom fi —ridom fo) (ridom g # & then the closure oper-

ation in (5.2) can be omitted and we get that

(P(£,X,.9) (") = P(£", X, (g7)") (5:3)
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5.2. Properties

where for a given function g € To(H), let g¥(x) = g(—=x), and the infimum

in Definition |5.1.1 is attained, that is

P(£5, X, (97)")(z") = pein (M ST (21) + A2 f3 (22) + MAog™ (22 — 21)) -
(5.4)

Corollary 5.2.2 Let f1, fa,9 € T'o(H), and assume that both g and g* have
full domain. Then both P(f,\,g) and P(f*, X, (¢*)") are in To(H) and

(P<f> )‘vg))* = P<f*7)‘a (g*)\/)' (5'5)

In particular, for g = %H [P with p > 1, we have

1 P\\* * 1 .19
(PCEA 2177 = PO A1) (5.6)

1 1 _
where;—ka—l.

Can the definition of the kernel average be generalized for n functions?
What is the reformulation of Definition 5.1.17 This will be addressed in the

next chapter.
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Chapter 6

The Kernel Average of n

Functions

6.1 Motivation

In this chapter, we look at another reformulation of the proximal average
and see how that reformulation can be used to extend the definition of the
kernel average to n functions. Similar to the previous chapters, we assume
fi, -+, fn and g are functions in Tg(H), and Ay, --- , A, are strictly positive
real numbers such that i A; = 1. First we will prove a new reformulation
of the proximal average.zz1

Theorem 6.1.1 Let f = (f1, -+ fn) with f1,---,fn € To(H), and X =
(A1, A\n) with Ap, -+, Ay >0 and En: Ai = 1. Define

i=1

Fi=PEXN = M+ + -+ Al fo+0)) = 0.
Then for every x € H,

1
= inf h) o Mo (yn - Xiilly — 12
f(z) N vfi(yn) + -+ A fulyn) + 5 i§<j illyi = ysll
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6.1. Motivation

Proof. By Proposition [4.1.2(i) and Lemma 4.2.3

n
ANiyi=x  i=1
i=1

i=

= inf (Z)\ifi(y,-) +Z/\¢q(yi) —q(z Aiyi))
=1 =1

i=1

= _inf (3" Nfilw) + % DD Aillyi = wil?)

> Niyi=x

fl@)y=inf () Nfilw) + > Na(w) —a(x))
i=1

i=1 j=1
_ (s NSl — 2
= inf_ (D Afilw) +§AZA]2||% ill*)-

|
This reformulation of the proximal average suggests a generalization
I?

where %H - ||* is replaced by a function g. We’ll call this generalization

the kernel average of n functions, defined by

Qo(f, N () == _inf (D Nifilwa) + D XNidjg(yi — v5)). (6.1)

Aiyi=
Y ANiyi=T i<y

This definition is the same as the kernel average when n = 2, but extends
the kernel average definition by allowing more than two functions. We’ll now
explore the kernel average for n functions in a bit more detail, and from here

on when we refer to the kernel average we mean Q4(f, ).
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6.2. The Kernel Average Conjugate

6.2 The Kernel Average Conjugate

We will now consider the kernel average as

Qo€ N) () = inf {h(y) = (1) +3(0)} = (A)(x),

where

Az, o) = Z AiziAh = inf{Ay = z}{h(x)},

=1
fly) = Z)\ifi(yi), and
9y) =D Aidig(yi — uy).

1<j

In light of Proposition 3.2.35, we get

Q3(e") = (" o A")(a)
= ((Fraroa))

so we can see that to get Q7 we need to compute h* = (f + g)*, which by
Fact [3.2.42 we have h* = f*0g*. It is quite simple to compute f*, and this
was done in Lemma 3.2.44, but ¢* is more challenging.

To consider g* = (Z AiNig(yi — yj))*, we'll first begin with the case
which gives us the proxlir<rial average, where g = ¢, with the hope that this

will allow us to find a general formula for any g.

M=

1 2
> gl — 24| =

Proposition 6.2.1 Let x = (21, ,x,) and g1(x) =

i=1j
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6.2. The Kernel Average Conjugate

25" Y@ — a;]? then
i<j

n n
s 3 2 llet — a3l etk eeal =0
+00, otherwise.

Proof. Let \; = % for i =1---n, then g; can be rewritten as

ZZ s — 5| = ZZH%—%HQ

=1 j=1 'Ll]l

Using Lemma 4.2.3|
(- nae) — a(Y v )
i=1 i=1
= 2712 : g(l‘),

where g(x) is as defined in Lemma 4.2.4. Then by Proposition [3.2.41(1) and

Lemma 4.2.4

00, otherwise.
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6.2. The Kernel Average Conjugate

Applying Lemma 4.2.3

2t (o neat)) = 5 (a0 N+ § D vl - 512,

7
; n? bt £
i=1 =1 j=1

* * n
Since 2xng+~--+$"—0@21H<)\1x“{+---+)\nx7*1) =0& > Nz =0, we

2n2 =
get
- z* 1/1 -
2 ( Lrewaen)) = 3 (T vl - i)
i=1 i=1 j=1
1 n n
=532 D el —a5l”
i=1 j=1
Altogether,

n n

S lep -l g =0,
i=1j=1

400, otherwise.

Proposition [6.2.1 can also be proven directly using critical points. Proof.
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6.2. The Kernel Average Conjugate

By definition,

n n
* * * * 1
i) = swp () + ot (e = 23 gl =)

Tl 5T i—1 =1

n n
Let gi(z) = (2,21) + -+ + (2}, 2n) — > 3 3llwi — 2]°. Since §2 =
i=17=1

3

n

Vi (x —22 T — x1), , 22(9%—551))-

I=1
Setting this equal to zero to solve for the critical points, we see

n

(l‘f,"',l’jl):(22($1—l‘l 22 _5171

=1

and therefore that 7 4 --- 4+ x5, = 0. And we also get

(@] —a) =2 (wi—m) = (w; —m) =2 (2 — xj) = 2n(w; — x7),
=1

=1

*

which implies that (z; — x;) = ﬁ(:z:l - x;‘) for all 7,7 with 1 < 4,5 < n.
Since ¢; is a sum of linear and concave functions, then ¢ is concave. Thus,
the critical point is a maximum and we can substitute into g7 to find the

supremum.
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6.2. The Kernel Average Conjugate

Doing this, we find

g1(z") = (@7, 21) + -+ (Tp_1, Tn—1) + (=2 — - — 251, Tp)
n n
1,1
_ZZQ(QH) 3 _x*HZ
i=1 j=1
1 n n
:(x’{,xl—mn>+'--+<x2_1,xn_1—xn>—@ZZfo—x;‘fH2
i=1 j=1
1 1 1 = w—
— (@1, 5 @1 = @R} + o+ @iy 5 @hy —2h) — 5 DD llaf — )
i=1 j=1
= %(@517371) +o (T, ) — %<x1a$n> - %<$n—1>fﬁn>
1 n n
o3>l =l
i=1 j=1
1 %112 * 2 1 * * *1|2
= LI b Il o (- = w03 — g D03 e - 5
=1 j=1
1 n 1 n n
= YR 5 D N &
i=1 i=1 j=1
1 ac .
*ZH R S i)

i=1 j=1

Then using (4.2.3), we get that

n n
510 = 5 S s a1 - Ly S5 ot —

i=1 j=1 i=1 j=1
1 n n
_ * *12
=532 lai —jl
i=1 j=1
when 7 +---+z;, =0. If 27+ ---+ 2}, # 0 then set 1 = --- = x,, = x and
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6.2. The Kernel Average Conjugate

get that
n
gi(a") > sup (<Zx:,z>> ~ oo
z i=1

|
This formula can be written in several equivalent forms using the fact

n
that > xF = 0. Using this, we can see that
i=1

ZZIIﬂf —z}|* = ZZ 711 + ll511* — 2427, 27))

i=1 j=1 i=1 j=1

-y (Zwa::rQ ) - 2(a, Zx?>)
i=1 N j=1 j=1
S (1P + l51P) - o)
j=1

2
-y (Z(Hx, 12+ l231P) + 2(at Zx;>)
i=1 N j=1
>
=1

Jj=1

2} + 5.
=1 j=1

And from the first proof of Proposition 6.2.1 we also see that
n
2 * (12
G0 = 5 33 a5 = %quxiu .

=1 j=1

So that the following three formulations for the conjugate of g; are equiva-

lent:

% 1 Nn N (o 2 _ N 15T g2
(1) g7 (@*) = g= > > o] —2j[I° = ZZQH szH

i=1j=1 i=1j5=1

(2) gi(2") = %

||M:

n L x-‘,—ac
X_Ellfc +aj|? = ZZ%II oI

i=1j=
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6.3. P-norm Kernel Conjugate for General p Case when n = 3

n

(3) gi(@") =5, Zl%\lcmll2
1=

when z7 +--- + x} = 0 and ¢j(z*) = 400 otherwise.

NE
S

n
The next step we wish to consider is the case where g =  >° llx; —
i=13

x||P for both general p > 1 and general n > 1. The conjugate is known for

<
Il
-

general p > 1 and n = 2, so in the next section we begin looking at general

p with n = 3.

Example 6.2.2 (General p, n =2) Let f(x1,x2) = %Hm — x2||P with p >
1. Then,

. 1
(g1, 92) = sup (<x1,yl> + (an,an) — T - x2|rp)

1,22

1
~ sup (<x1 ~ e n) + o+ )~ e - x\)

1,22

And using Example |3.2.30, with % + = =1, we get

1
q

i Jlwlle, if yr +y2 = 0;
[y, y2) =

00, otherwise.

6.3 P-norm Kernel Conjugate for General p Case

when n = 3
3 3
We now wish to consider the case where gy = %

)

%Hﬂfz — :Eij, that is
1

1y

1 1
ga(w1, 22, 23) = —||z1 — 22" + —[|l22 — 23|" + =23 — 217
p p p
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6.3. P-norm Kernel Conjugate for General p Case when n = 3

Then ¢5(y1, Y2, y3) is equal to

1 1 1
sup {z1y1 + 22y + w3ys — —[lw1 — wal|” — —[lws —wsl]” — ~[lez — [}
T1,T2,T3 p p p

1 1 1
= sup {z1y1 + x2y2 — —[|z1 — 22|’ + sup(wsys — —[|z2 — @3]’ — —[|zz — 21[]P)}
z1,T2 b T3 b p

(6.2)

Recognizing that sup{zsys — %”1'2 — x3||P — %ng — x|’} = (%Hxl — P+
w3

%sz —|”)*(y3), then applying Fact 3.2.42(i)

1 1 1 1
sup{z3ys — — [lz2 —23]|" — —[Jws — 21|’} = ((= || —21||") " O(= |- —22[") ") (y3
13{ pH | p“ 17} ((pH 1”) (p” 7)) (s)

(6.3)
Using Proposition 3.2.28 and Example 3.2.30 we get
1 - Lo
(};IISE —z|")*(y) = (v, 2) + gllyll : (6.4)

Combining (6.4) and (6.3)

((;H - —x1|P)* D(;H ) (ys) = (2,, 9 '>)D(;H 1+ (2, )
= JnE ol Sl + (o1, + (22,00}

(6.5)

Substituting (6.5) back into (6.2) and setting v = y3 — u yields

% ) 1 1 1
95 (Y1, y2,y3) = sup inf[(x1,y1) + (@2, y2) — I;Hfl —xa|” + gllullq + 6Hu —y3||?

1,22

+ (71, u) + (72,y3 — u)].
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6.3. P-norm Kernel Conjugate for General p Case when n = 3

Looking at the above equation we can see that

1 1 1
F(@,w2),u) = (i y)+{ee, yo) = llor =2l el llu=ys]l 4@, w) 42, ys—u)

is concave-convex since F'((x1,x2),-) is a sum of linear and convex functions
and F'(-,u) is a sum of linear and concave functions.

Fix x = (x1,22) € H x H, and let F((z1,22),u) = Fy(u). Using
Fact [3.4.3 we show that a saddle value exists by showing that 0" (epi F,) =
{(0,\) : A > 0}.

By definition, 0" (epi F},) = epi F2°, so

(u, \) € 07 (epi F;) & (u, \) € epi F2°

S A > FP(u).

Using Proposition 3.2.19/ to compute F2°(u) yields

F(u) = Jim (Fww); Fx<o>>

. Al + 2l A = ys[|9 + (21, Au) + (22,93 — M) — ¢llysl|? = (2, y3)
= lim

el \
. (/\q}]HquJr)\q;Hu_ B [J9 4 A1, 1) + Mo, 2 _u>>
A A
400, if u#0;
) 0, if u=0.

Therefore (u, ) € epi F2° < u = 0. Since there is no common nonzero

direction of recession for F,, we can use Fact 3.4.3 to swap the positions of
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6.3. P-norm Kernel Conjugate for General p Case when n = 3

the infimum and supremum, and combining the appropriate inner product

terms produces

. , 1 1 1
92(y1, Y2, y3) = inf sup ((x17y1+U>+(w27y2+y3—U>—va1—932||p+HUIq+Ilu—y3Hq>-
1,72 p q q
(6.6)
Considering the inner supremum first, we will fix z; and let 9 — 21 = 2.
Then (6.6) becomes
ST . (-
inf { ~[lul|? 4+ —[lu — y3]|? + sup(a1, y1 + u) + sup(z1 + 2,42 + ys —u) — —||z]|
v \q q 1 z p
; Loy 1 q Lo
=inf [ —||u|?+ = ||u — y3||? + sup(x1, y1 + y2 + y3) +sup(z,y2 +yz —u) — —||z||” |.
v \q q 1 z p
Here we can see that the supremum on the right is the definition of (% |- I1P)*

evaluated at yo+y3—u. Using Example 3.2.30 and the fact that y;+y2+ys =

0 we then get
* ; Lyoway L ¢, 1 q
92(y1,y2,y3) = nf { ~flul[? + ~Ju —y3]|? + ~[ly2 + y3 — ull
v o\q q q

where y1 + y2 +y3 = 0 and %—i—%zl.
Since go is symmetric under permutation of its variables, we interchange
y1 and y3 so that the previous description of ¢g5 turns into the more sym-

metric form
* : 1 g 1 g 1 q
gQ(ylay2ay3):Hxlf 5“1‘—1/1” +5Hm—(y1+y2)ll +§H$—(y1—l—y2+y3)|l

whereyl—i—yg—I—yg:Oand%—l—%:l.
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6.4. P-norm Kernel Conjugate when p = %, qg=3,andn=3

In R, the problem becomes

1 1 1
il Zle — 19+ Zlp — T4 Z|xl? 6.7
fcnel]{{} <q|:p yi|? + q|$ (y1 +y2)|7 + q|$| > (6.7)

with % + % =1and y1 + y2 + y3 = 0. We will define

1 1 1
h(z) == a\x — 1|7+ g\iﬂ —(y1 +y2)|7+ amq’ (6.8)

so that we are solving miﬁ% h(z). Since the case with p = 2 and ¢ = 2 was
re

already solved, we consider this problem with the next simplest case, ¢ = 3

3

which corresponds to p = 5.

6.4 P-norm Kernel Conjugate when p = %, q = 3,
and n =3
Considering (6.8) with ¢ = 3 gives the problem
min h(x) (6.9)
zeR
where
1 3, 1 3, L 3
h(x):§|x—y1| +§|x—(y1—i—y2)| +§\JJ| ) (6.10)

and y1,yo are constants.
In order to find the optimal value of (6.9) we need to consider eight
cases, which cover all possible values of the three absolute values in (6.10).

The eight cases are as follows:
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6.4. P-norm Kernel Conjugate when p = %, qg=3,andn=3

(1) x>y, z>y1+y2,and x >0
(2) <y, z>y1+y2,and x >0
(3) 2>y, <y +y2,and x>0
(4) 2>y, 2>y +y2, and x <0
(5) z <y, x <y +y2, and z >0
6) 2 <y, x>y +y2, and x <0
(7) 2>y, x<y1+y2,and 2 <0
8) x<y1,z<yi+y2,and x <0

We now consider each case in depth, and set y = (y1,y2).

6.4.1 Casel: z>y, x>y + ¥y, x>0

Using the constraints of this case, we define the function to be minimized as
1 1 1
hiy(@) = 5@ —y1)° + (@ = (g + )" + 327,

and we minimize hy , over the region where max{yi,y1+y2,0} < z. Because
h1 y(x) is convex with respect to x, see Example [3.2.31, then by Fact 3.2.23
any critical point will be the minimizer. Differentiating to solve for critical
points yields

Ohy,,

el G y1)* + (@ = (y1 + y2)) + 2°
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6.4. P-norm Kernel Conjugate when p = %, qg=3,andn=3

Oh1,y

Setting —>* = 0 and solving for z, we get the critical points
1 2 1 \/
= - = —4/—2y2 -2 — 217
T 3y2 + 3y1 + 3 Y2 Y1y2 Y1
1 2 1
T2 = Y2 + V1~ 5\/—2(@% — 2y1y2 — 23

To see if the critical points are real, the value of —2y3 — 2y1y2 — 2y must

be examined and we see that

—2y3 — 2y1y2 — 2y7 = —(U5 + v3) — (i + 2192 + v3)

=—(Wi+u3)— (y +y2)* <0.

Since —2y3 — 2y1y2 — 2y < 0 for all values of y; and y» then there are
no real critical points of hi,, so we next check the boundary points, z >
max{0,y1,y1 + Y2}

If max{0,y1,y1 + y2} = y1 + y2, i.e. when y; > 0 and y2 > 0, or when

y2 > 0 and —yo < y; < 0, then the minimum value of h1111,y2 (z) is

1 1
hiy(y1 +y2) = gyg + g(yl + ).

If max{0,y1,y1 + y2} = y1, or rather when y; > 0 and y2 < 0, then we get

a minimum value at

1 1
hiy(y1) = g\y2|3 + gy%-

If max{0,y1,y1 +y2} =0, i.e. if y; <0 and yo <0, or y2 > 0 and yo < —y1,
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6.4. P-norm Kernel Conjugate when p = %, qg=3,andn=3

then the minimum value is

1 1
h1,4(0) = glyll3 + gl + .

This case is summarized graphically in Figure [6.1.

17

Minimum Value
hy 0+

Figure 6.1: Case 1 summary
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6.4.2 Case 2: <y, x>y + ¥y, x>0

The conditions for this case give the following function,

3,

W =

1 1
hay(@) = S —2)° + S (2 = (51 +12))° +
for minimization on the region where max{0,y; + y2} < = < y;. Again,

differentiating to find the critical points gives us

Ohay
ox

= —(p —2)* + (@ = (g + ) + 2,

And solving agijy = 0 yields the two critical points

T1=Y2+ 20192
T2 = Y2 — \/ —2Y1Y2.

Considering the constraints, we see that y; > x > 0 and y1 +y2 < x <y,
so that y; > 0 and yo < 0 is the region of interest. This makes —2yiyo > 0
so that the critical points are real. We need = > 0, but xo < 0 for all y1,ys
in this region, and if zo = 0 then y» = y; = 0 and =1 = 22 = 0. Hence, it
suffices to consider only x;.

Next, we check that x1 satisfies the three conditions of this case: = > 0,

z <y, and x > y; + yo. For 1 = y2 + /—2y1y2 > 0, it is required that

1
—yo = |yo| < V20112 & ¥3 < 212 & |yo| < 21 & Slval <.
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For 1 <y, this is equivalent to

Y2+ /2012 <1 2 —2u112 < (y1 — y2)? = 0 <yl + 3.

Therefore this condition is always true. For x1 > y1 + y2, we get

Yo + V25192 > Y1 +v2 /24152 > 1 © 20ye| > yi.

Since hg y is convex with respect to x, then if these three conditions hold
then z1 is the minimizer. So if §|ya| < y1 < 2|yo| then the critical point is

the minimizer and we get the minimum value of hg () is

1
hay(x1) = —gyl?ﬂ(?)yl — 3y2 — 4v/ —2y192)

If the conditions for the critical point are not satisfied then we must check
the boundary conditions. In this case the boundary points are max{y; +

y2,0} <z < y;, and we consider two subcases:

Subcase 1: y; +y2 > 0

To determine which is the minimum, we evaluate the difference between the
upper boundary value and the lower boundary value. When y; + y2 > 0,

the max{y; + y2,0} = y1 + y2 so we look at the difference

1 1 1 1
hoy(y1) — hoy(y1 + y2) = g(*w)g + g’y? - g(*yz)?) - g(yl + 12)?
1 1 1
= gyi’ - §(y1 +y2)? = —gyg' —y1y2(y1 + y2).
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Since y; > 0, yo < 0 and y; + y2 > 0 the above difference is always positive.

This means that the minimum value is

1 1
hay(y1 +y2) = g(yl +y2)% — gyg’.

Subcase 2: y; +y2 <0

With y; + y2 < 0 the max{y; + y2,0} = 0 so we calculate the difference

1 1 1 1
hay(y1) — hay(0) = gy% + g(—?ﬂ)?’ - §yi1)) - g(—yl —y2)°
1 1 1
= g(—m)g - g(—yl - 92)3 = gy% +y1y2(y1 + y2).

Again, because of the signs of y1, y2, and y; + yo the difference is positive

so the minimum is

1 1

h2,(0) = gy% - g(yl + y2)3.

Case 2 is summarized graphically in Figure [6.2.

643 Case3d: z>y, 2 <y;+ys, x>0

For this case, the function we are looking to minimize is

1 1 1
h3y = g(l’ — 1)’ + g(yl +yp— )+ 51’37

over the region where max{y;,0} < x < y; + y2. Differentiating hs , yields

Ohsy
ox

= (z—y1)?— (1 + 12 — 2)* + 22
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)
Minimum Value

hy &)

Figure 6.2: Case 2 summary

And setting Bg% = 0 and solving for x gives us the critical points

r1=—Yy2+4/ 2y2 + 2y1 92
Ty = —Yy2 — \/2U3 + 2y112.

Looking at the constraints for this case we can see that y1 + yo > = > yi,
so we must have yo > 0. And y; +y2 > x > 0 gives us that y; + y2 > 0.
Knowing that yo > 0, it is obvious that xo < 0 and when x5 = 0 then
y2 = y1 = 0 and 1 = 22 = 0. So this case can be covered by considering
only x7.

For z1 to be a real critical point, we need 2y5+2y1y2 > 0 < 2y2(y1+y2) >

0. Since both y; > 0 and y; + y2 > 0 always holds for this case then this is
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always true. We also require that the critical point x; satisfies the conditions

for this case. For 1 > 0,

—y2 + /203 + 2y1y2 > 06 25 + 2192 > 45 © 21ye > —ys 21 > —1p

For 1 > 11

—ya1/203 + 2102 > Y1 < \/ 203 + 2010 > yitye S 205420102 > YiH2u1Ya+Ys

Sy >yl ey > |yl

And for 1 < y1 + y2

— 2+ /203 + 2512 < y1 + v © 203 + 2012 < T+ Ao + 43

S0 <yl +2y1y2 +2y5 © 0 < (y1 +u2) + v

So x1 < y1 +yo is always true, and z1 > 0 and x1 > y; hold when 2y; >
—y9 and yo > |y1]|, respectively. This means that when both 2y; > —y9 and

Y2 > |y1| are true, the critical point 21 will produce the minimum,

1
hay(z1) = §y2(y1 + y2)(3y1 + 6y2 — 4/ 2y2(y1 + 12)).

Next, we will need to consider two subcases of y; > 0 and y; < 0
separately in order to find the minimum value for each region where the

critical point does not satisfy the conditions of this case.
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Subcase 1: y» >0, y1 <0

If y1 < 0 and 2y; > —ys then the critical point x; is the minimizer and
the minimum value is as stated above. If 2y; < —yo then there are no
critical points and we look at the boundary points, which in this subcase
are max{0,y1} = 0 < x < y; +y2. Taking the difference of the two potential

minimums yields

1 1 1 1
h3y(y1 + y2) — h3y(0) = gyg + g(yl +92)? — §|y1|3 - g(yl +92)?

- 3.

1 4 1‘
392 3 Y1
Since y1 +y2 > 0 y2 > —y1 < y2 > |y1], then h3z,(0) < hz,(y1 + y2) and
the lower bound is the minimizer and the minimum value is

1 1
h34(0) = g(yl +y2)° — gyi’.

Subcase 2: y3 >0, y1 >0

Since both y; and yo are always positive then 2y; > —yo always holds.
Therefore the critical point is good everywhere within the region where
y2 > y1. When y; > yo then the boundary points are max{0,y;} = y1 <

x < y1 + yo. Taking the difference produces

1 1 1 1
hsy(y1 + y2) — h3y(y1) = *yg + =(y1 + y2)3 — 7yg’ _ ﬂ/i”
3 3 3 3
1 3 13
=2 — sy >0
31+ u2)” =gy =
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So the minimum value is

1

1
h3y(y1) = gyg’ + gy:{)-

Case 3 is summarized graphically in Figure 6.3l

1 —_
0.8 .
| Minimum Value
hy (x)
0.6 S
5 ]
0.4+
Outside Effective Domain - ]
T T
-1 -0.5 0 0.5 1
Yy

Figure 6.3: Case 3 summary

6.44 Cased: x>y, x>y + Y2, <0

For this case we minimize the function

1 1 1
hay(@) = 5 (@ = y1)® + 3@ =y - y2)3 — §x3
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over the region where max{yi,y1 + y2} < x < 0. Solving % = (x —y1)?+

(x —y1 — y2)2 —22=0 yields the critical points

1 =2y1 + Y2 + /20192 + 23/%
T2 = 2y1 + Y2 — /20192 + 2y

The constraints for this case lead us to the inequalities y; < 0 and y1+y2 < 0,
or y» < —y; = |y1|. In order for the critical points to be real, we require
2y192 +2y? > 0 < |y1| > y2 which is always true in this case. Therefore the
critical point will give the minimum value. To satisfy < 0 and determine
which critical point is the one we want, we need x1,zs < 0. Looking first at

X

Yo + 21 +1/2y192 + 2y <0 & (—y2 — 2u1)% > 2y1y2 + 297

S s+ Ay +4y7 > 2y + 207 S 5 + 2y + 205 > 0

S (y1+y)° +yi >0.

This always holds, so we check the next condition, 1 > y1 + ya:

Yo+ 2u1 + 1/ 2y192 + 207 > 1 + Y2 & Y1 +\/201y2 + 242 > 0

S22+ 22 > e p+ i >0 (2 +y1) >0

1
S2p+y1 <0y < §!y1|-
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And the final condition, x1 > y1, yields

Y2+ 21+ 2012 + 203 > Sy e+ /20182 + 257 >0

& 2y1y0 + 297 > (—y1 — 12)° € 2y1y0 + 297 > yT 4 2u100 + 5

Sy -y >0 |yl > |yl

So the critical point x; is in the region of interest when gy < %|y1‘ and
ly1| > |y2| both hold.

Next looking at xo, if we look at the condition xs > y; we see that

2u1 + Y2 — \/ 2012 + 203 > 1 & (y1 +y2) — \/ 2y192 + 2y? > 0.

This only holds if y; = yo = 0, in which case 1 = x5 so this point is not
in the interior of the region and we do not need to consider it. So when

y2 < $|y1| and |y1| > |ya| both hold then the minimum value is

1
hay(z1) = _gyl(yl + y2)(6y1 + 3y2 + 4/ 2y1(y1 + 12)).

Next, we examine the boundary conditions max{y;,y1 +y2} < z <0 for
the two subcases y2 > 0 and ys < 0, to determine the minimum when the

constraints needed for the critical point do not hold.
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Subcase 1: y3 > 0

When y2 > 0 then the max{y1, y1+y2} = y1+y2, so we look at the difference

1 1 1 1
hay(0) — hay(y1 + v2) = —gy? -z y2)? — gyg’ + 3+ y2)®
1l e 1

Since |y1| > y2 then the above difference is positive, so the minimum is

1

1
hay(y1 +y2) = gyg - g(yl +y2)3.

Subcase 2: y; <0

When y, < 0 then the max{y1,y1 + y2} = y1, so we look at the difference
1 1 1 1
h 0) — h _ 3 - 3 - 3 - 3
1y(0) = hay(y1) = gly” + glyn + 42" = Sly2l” = glu

1 3 1 3
= _ + — .
3|y1 Yo 3|y2\

Since |y1 + y2| > |y2| then the difference is positive and the minimum is
|3

1 1
hay(y1) = §|yl|3 + §|y2

Case 4 is summarized graphically in Figure 6.4l
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Outside Effective
Domain

863

I T T T T T T T T T
-1 -08 -0.6 -04 -02
7y

Minimum Value

{a %)

Figure 6.4: Case 4 summary

6.4.5 Caseb: x<y;, x<y;+ys, >0

For this case we look at minimizing

1 1 1
hsy(z) = g(yl —z)® + g(yl +y2 — ) + §$3,

over the region where 0 < z < min{y;,y1 + y2}. Differentiating hs, with

respect to x yields

Ohs
ox

=—(y—2)*— (1 +y2—2)* + 2%
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ag% = 0 gives us the critical points

T1 =2y + Y2 + /20192 + 2u3
To = 2y1 + Y2 — \/2y1y2 + 2y

These critical points are the same as in the previous case, but must be re-

Then solving

examined using the new constraints of this case. We see that y; > = > 0, so
y1 > 0 and similarly y; + y2 > 0. In order for the critical points to be real,
we need 2y1y2 + 232 > 0 < y; + y2 > 0 which always holds for this case.
Next, we check where the critical points are valid.

When we check z1 < y1, we see that 2y; + y2 + \/m <y e

Y1+ Y2 + v/ 2y1y2 + 297 < 0, but since y1 + y2 > 0 and /2y1y2 + 2yf > 0

then this does not hold except when y; = y2 = 0, and it that situation
x1 = x2. Therefore, for this case we need only consider xs.

Looking at x4, we see for xo > 0,

21 + Y2 — /2152 + 203 > 0 & (21 + y2)* > 2y1yn + 247

& 4?4+ dyrys + v > 210 + 297 207 4 212 + 3 > 0

S+ +y)?>0.

This always holds, so next we check xo < y1:

201 +y2 —\/20192 + 207 <1 & (g1 + y2)? < 2y192 + 27

Syl 4 2y1ye +y3 < 2y1ye + 207 S vi — 2 < 0S| > |wal.
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And checking the last condition we see that for zo < y1 + yo,

201+ Y2 — /2012 + 207 <y ey — /2012 + 2y <0

S 21ys + 207 > 48 & 2y +yi >0

Sy1(2y2 +y1) > 0& 2y2 +y1 >0

So the critical point x3 is in the region of interest when both |y;| > |y2| and

2ys 4+ y1 > 0 hold, and the minimum value is

1
hsy(22) = —gyl(m + y2)(—6y1 — 3y2 + 4/ 2y1(y1 + 12))-

Now we look at the boundary conditions 0 < z < min{y;,y1 + y2} in
the two subcases y2 > 0 and y» < 0 to determine the minimum when the
critical point is not in the region of interest. That is, when |y1| < |y2| and

2y +y1 < 0.

Subcase 1: y3 > 0

With yo > 0 the min{y1,y1 + y2} = y1 and the difference that we need to

consider is

1. 1. 1. 1
hs.y(y1) — By (0) = —ys + ~yf — —yf — =(y1 +1o)?

3 39173 3
1 1 1,
= §y2 3(y1 +y2)° = —gYr - y1y2(y1 +y2) <0
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So the upper bound is the minimizer and the minimum value is

1

1
hsy(y1) = gy:f + gyg-

Subcase 2: 3, <0

When y, < 0 then the min{y;, y1+y2} = y1+y2 and we look at the difference

1 1 1 1
hsy(y1 + y2) — hs4(0) = g(—y2)3 + g(yl +42)° — gyzf - g(yl + y9)?
1 3 14
= 3( ?/2) 391

Since y2 <0, y1 > 0, and y; +y2 > 0 then y; > |y2| and the above equation
is always less than or equal to zero, which makes the upper bound, y; + y2

the minimizer with a minimum value of

1 1
hsy(y1 + y2) = g(yl + 92)3 - gyg-

Case 5 is summarized graphically in Figure 6.5.

6.4.6 Case6: <y, >y +1y, <0

For this case we have the function

1 1 1
ho() = 5 — )+ 50— g — )’ + 5 ()’

to minimize. Differentiating with respect to x to get our critical points yields

Ohe y
ox

=—(n —x)2+ (x —wy —y2)2—$2
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363

_0.5_

1 Outside Effective
Domain

Figure 6.5: Case 5 summary

Setting this equal to zero and solving for x then gives us the critical points

r1=—Yy2+4/ 2y2 + 2y1 9o
Ty = —y2 — \/ 203 + 2y112.

Looking at the constraints of the case, notice that y; + yo < x < y; and
y1 +y2 <z <0 imply that both y;1 +y2 < 0 and y2 < 0. For the critical
points to be real we need 2y3 + 2y1y2 > 0 < 2ya2(y1 + y2) > 0, which is
always true since y2 and y; + yo are both always negative. It is easy to see
that critical point x; is always positive, so it does not satisfy the conditions

of this case, except when y; = yo = 0 which makes z; = z5. So it suffices

to check only xo for this case.
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Checking the condition zo > y1 + ¥o,

Y1 +y2 < —yo — \/2y§ +2y1y2 & \/23/5 +2y192 < —y1 — 2y
& 205 + 2u1y2 < Y + A1y + 495

S 0<yi+ 20y + 295 © 0 < (1 +12)° + 03
This condition always holds. Next, we check xo < y1,
—y2 — /203 + 20192 < y1 & —y1 — y2 < (/295 + 2102

Syl +2y1y2 +¥5 < 295 + 25192

Sy <y5 e |yl < el
And the last condition is zo < 0,
—y2 — /205 + 2p1y2 < 0 & —y2 < /202 + 2y192

& ys <205 + 2y1y2 © 0 < Y3 + 2y1y0

<0<y (y2+2y1) © y2+2y1 <0 2y < [yl

So x is the minimizer when both |y1| < |y2| and 2y; < |y2| hold and the

minimum value is

1
he y(22) = —§y2(yl + y2) (By1 + 6y2 + 4/ 2y2(y1 + y2)).

Outside this region we check the boundary conditions y; + yo < x <

min{0, y; } to determine the minimizer.
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Subcase 1: y; >0

With y; > 0 the min{y;,0} = 0 so we look at the difference

1 1

1 1
hﬁ,y(o) - h6,y(y1 +y2) = gy% + 5(—?41 - y2)3 - g(—y2)3 - 5(—?41 - y2)3
_} 3 1 3 _} 3 } 3
=31 — 3(=w2)” = gui — gluel”.

Since y; + y2 < 0 we know that |yz| > y1 and the above equation is less
than or equal to zero. This makes the upper boundary the minimum and

the minimum value is

1. 1 ,
Y8 =~y + ).

h67y<0) = 3 3

Subcase 2: y; <0

When y; < 0 the min{y;,0} = y; and we consider the difference

1 1 1 1
hG,y(yﬁ - hﬁ,y(yl +y2) = g(—?ﬂ)g + g(—yl)g - g(—?ﬂ)g - g(—yl - Z/2)3
1 3 1 3
—3!y1\ 3!y1+y2| .

Because y; and yy are both negative then |y; + y2| > |y1| and the equation

above is less than or equal to zero, giving us a minimum value of

13 14
Y1 33/2'

hﬁ,y(yl) = - 3

Case 6 is summarized graphically in Figure [6.6.
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T T T T T 1
- 0 0.5 1
-0.2 71
-0.4+ Outside Effective
Yy 1 Domain
- 06 -
Minimum Value_ 038 _
he ) o

_1_

Figure 6.6: Case 6 summary

6.4.7 Case7: x>y, x <y +ys v <0

In this case the equation to be minimized is
1 1 1
hry(z) = g(w —y1)’ + g(yl +y2— )’ + g(—$)3,

over the region where y; < 2 < min{0,y; + y2}. Differentiating h7, with

respect to x yields
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Setting ag;y = 0 and solving for x gives us the critical points

T1=Y2+ /29192
T2 = Y2 — \/ —2Y1Y2.

Looking at the constraints we see that y; <z <0and y; <z <y +yo
so we have y; < 0 and yo > 0 for this case. For the critical points to be real,
—2y1y2 > 0 must hold, and because of the signs of y; and yo this is always
true. The critical point 21 < 0 so it does not lie in the interior of the region
of interest. And when x1 = 0 then y; = yo = 0 and so x1 = z2. Therefore
we need only consider x9, and we check x2 against the constraints. First,

T2 2 Y1,
Y2 — /20192 > y1 & (ya — y1)? > —2y192 & y5 + i > 0.
This will always hold, so next we look at xo <0

Y2 —/—2y192 <0 & ys < 2192 S ya + 2192 <0 S ya(ya +2y1) <0

S Y2+ 251 <0 2y > yo.

And finally at zo <y + o,

1
Yo — /212 <Y1+ 12 Syl < 2y1ye & (1| < 20 & il < v

Then the critical point x5 is the minimizer if %|y1\ < yo < 2|y1|, and the
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minimum value is

1
hry = u192(3y1 = 3y2 + 4/ =2u130).

Outside this region, we look at the boundary conditions y; < x < min{0, y;+

y2} to determine the minimizer.

Subcase 1: y; +y2 > 0

When y; + y2 > 0 the min{0,y; + y2} = 0 so we look at the difference

1 1 1 1
hy(0) = hry(1) = = (—1)° + =(y1 + v2)°* — —y3 — —(—)?
3 3 39273
1 1 1
=3+ y2)® — gyg’ = gy? + y1y2(y1 + o).

Because 41 < 0, y2 > 0, then y1 +y2 < y2 and (y1 + y2)* < 43 so that the

above equation is always negative and therefore the minimum value is

1 1
h7,4(0) = g(yl +12)% — g?/:f-

Subcase 2: y; +y2 <0

Here the min{0,y; + y2} = y1 + y2 so the difference to consider is

1 1 1 1
hey(y1 + y2) — hry(y1) = gyg’ +5(=m - y2)® — gyg — g(—y1)3
1 1 1
= g(—yl —y2)® — g(_y1)3 = —gyi’ —y1y2(y1 + y2)
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Again, because of the signs of y; and y2, we get that (—y; — y2) < —1n

and (—y1 — 12)® < (—y1)? so that this equation is always negative so the

minimum value is

1 1
hiy(y1 +y2) = §y§’ — 3(3/1 +12)3.

Case 7 is summarized graphically in Figure 6.7,

Minimum Value

ha, )

Minimum Value

hy (v, +3,)

, Y

Yy

Figure 6.7: Case 7 summary
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6.4.8 Case 8 z<y, z <y +1y, <0

For the final case the function we minimize is
1 1
hsy(@) = S —2)* + S +92 =) + 3 (=x)”,

over the region where x < min{0,y;,y1 + y2}. Differentiating hg, with

respect to x yields

Ohsg.y
ox

=—(y1 — 95)2 —(y1 +y2 — 96)2 — 2.

Setting this equal to zero and solving for = gives the critical points

2 1 1\/
= - - “\/=2¢y2 —2 — %02
Y Y1 — 201Y2 — 2Y;
2 1 1\/
== —yo — =4/ —2yf — 2 — 2y3.
T2 3y1 + 3y2 3 A Y1Y2 Ys

As we saw in case 1,

=203 — 2y1yo — 2y5 = —(yi +v3) — (y1 +42)> <0

so the critical points are only real when y; = yo = 0. Thus we are only left
with the boundary conditions z < min{0, y1,y1+y2}. If min{0, y1,y1+y2} =

0 then the minimum value is

1 1
hg,(0) = gy% + g(yl +12)3.
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When the min{0, y1,y1 + y2} = y1 then the minimum value is
Lg 1 3
hsy(y1) = 3¥ 5(—91) :
And finally, if min{0, y1,y1 + y2} = y1 + y2, the minimum value is
1 3,1 3
hsyyr +y2) = 5(=y2)” + 5 (=y1 —12)”.

Case 8 is summarized graphically in Figure 6.8l

Minimum Value
hs, y(O)

Figure 6.8: Case 8 summary
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6.4.9 Combining the Eight Cases

Now that each possibility has been examined, each case must be compared
against the others to determine the global minimum in each region. Cases
2,3, and 4 and Cases 5,6, and 7 can be plotted without any overlap, as seen
in Figure 6.9/ on page 97. This leaves 12 regions each with four possible
minimizers.

Since we can see from equation (6.10) that h(x) is convex with respect
to x, the critical point will be the minimum in regions where there is a valid
critical point. Combining all of the eight cases, we can see that there is
a valid critical point for every possible region. We therefore have only six
regions, as seen in Figure 6.10/ on page 98. The regions are divided by the
lines y1 —yo = 0, 2y1 + y2 = 0, and y; + 2y» = 0, and each region has a
critical point minimizer.

The six regions are defined as follows. Let y = (y1, y2), then

1
yeAif — o=y <y (6.11)
. 1
y € Bif —§y2§y1§y2,
1
ye Cif —2y2§y1S—§y2,

. 1
yGD1fy1§y2§f§y1,

1
ye Fify, <y < —5¥2; and

1
y € Fif —2y1§y2§—§y1-

The minimum for each region is outlined below
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(A) When y € A, then the minimizer is the critical point z from Case 5,

and the minimum value is

hsy(x2) = hsy(2y1 +y2 — /24102 + 2y3)

1
= —gyl(?h + y2)(—6y1 — 3y2 + 4v/2y1(y1 + y2)).

(B) When y € B, the minimizer is the critical point x; from Case 3, and

the minimum value is

hay(21) = hay(—y2 + /203 + 2y192)

1
= —§y2(y1 + y2)(=3y1 — 6y + 4v/2y2(y1 + 12))-

(C) When y € C, the minimizer is the critical point x5 from Case 7, and

the minimum value is

h7y(x2) = h7y(y2 — V/—2y192)
1
= §y1y2(3y1 — 3y2 + 4/ —2y132).

(D) When y € D, the minimizer is the critical point x; from Case 4, and

the minimum value is

hay(x1) = hay(2y1 +y2 + m)

1
= _gyl(yl + y2)(6y1 + 3y2 + 4v/2y1 (y1 + v2)).

(E) When y € E, the minimizer is the critical point z from Case 6, and
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the minimum value is

h6,y(952) = h6,y(—yz - ng + 2y192)
1
= ——y2(y1 +1y2)(By1 + 6y2 + 41/ 2y2(y1 + 2)).

3

(F) And when y € F, the minimizer is the critical point z; from Case 2,

and the minimum value is

hay (1) = hay(y2 + /~24192)

1
= §y1y2(*3yl + 3y2 + 4/ —2y192).

6.4.10 Bringing It All Together

If you recall, the goal was to solve
min h(z) = min (1]3!: —y]? + l\x — (1 + )’ + 1|x]3,> .
z€R z€R \ 3 3 3

in order to get ¢5(v1,y2,y3), where y1 +y2 +y3 =0

2 3 2 3 2 3
g2(z1, w2, 3) = §||$1 — 2|2 + §||562 —x3]]2 + §||$3 — z1]|2

The minimizer of h(x) has been found for each of the six regions, and so
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we have found that ga2(y1, y2, —y1 — y2) =

— 21 (1 +y2)(—6y1 — 3y2 + 4/ 2y1 (1 + 12)), ify € A;
—3ya(y1 + 12)(=3y1 — 6y2 + 44/ 2y2(y1 +12)), ify € B;
$y1y2(3y1 — 3y2 + 4/ =2uy112), if y € C;
—3u1(y1 +y2)(6y1 + 3y2 + 4/ 2y1(y1 +12)),  if y € D;

1 : .
—3Y2(y1 +y2)(3y1 + 6y2 + 4/2y2(y1 +42)),  ify € E;

$y1y2(—3y1 + 3y2 + 4/ =2y112), ify € F,

(6.12)

where the regions A, --- , F are as defined in (6.11) on page 90.
Examining a plot of the above function and its contour plot, in Fig-
ure [6.11 on page 98, we see that g5 is convex which is what we would
expect from a conjugate function, even though g5 is not obviously convex
upon inspection.
Recall from (6.7) on page 63 that we had three conjugate variables,
Y1, Y2, and ys such that y; + y2 + y3 = 0.

Making the substitution y3 = —(y1 + y2) allows us to write (6.12) in the
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more symmetric form

Ty1y3(3ys — 3y1 + 4v/=2y1y3), if (y1,12) € A;
223 (3ys — 3y2 + 4v/=2y2y3), if (y1,12) € B;
. sY192(3y1 — 3y2 + 4V =2y19n),  if (y1,42) € C;
92(y17927?/3) = (613)
T1ys(3yr — 3ys + 4v/=2y1ys), if (y1,y2) € D;
$y2y3(3y2 — 3ys + 4v/=2y2y3), if (y1,12) € E;

$v192(3y2 — 3y1 + 4V =2y1y2), if (y1,92) € F,

where the regions A, --- , F are as defined in (6.11) on page [90.

With the y3 variable added back into the equation, we can then recognize
that the three boundaries y; —y2 = 0, 2y1 + y2 = 0, and y; + 2yo = 0 are
equivalent to y1 = y2, y1 = y3, and yo = y3. If we consider region A defined

by y1 > y2 > —3y1, and look at the difference,

Yo —ys=y2 — (—y1 —y2) = y1 + 2y

1
>y + 2(—591) =0,

so min{yi,y2, y3} = y3 and max{y1, y2,y3} = y1. Thus, we can rewrite using

Ymaz = max{y1,y2,y3} and ymin = min{y, v, y3}

1
g5 (Y1, Y2, y3) = §y1y3(3y3 — 3y1 + 4/ —2y1y3)

4
= ymamyzm'n - y?mx@/mm + gymazymin vV —2YmazYmin,

if (yl,yg) c A.
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Similarly, all of the other regions can be rewritten in the same manner

so that (6.13) can be rewritten using Ymqer = max{yi,y2,y3} and Ymin =

min{yh Y2, y3} as

4
g; (yla Y2, y3) = ymaxy?nin - yrznaxymin + gymamymin V —2YmazYmin, (6-14)

without the need to specify the region.

Remark 6.4.1 Although g5 does not look convex, it is because it arose as a
conjugate function. Convexity can also be shown with calculus if you proceed
as follows.

We have three variables such that Ymaz = Yo = Ymin N Ymaz + Yo +

Ymin = 0, SO Yo = —Ymaz — Ymin and hence
Ymax 2 —Ymax — Ymin Z Ymin-

Equivalently, 2ymaz + Ymin = 0 and —2Ymin — Ymaz = 0. Now define x :=
Ymaz aNd Y ‘= —Ymin, then both x > 0 and y > 0 and we care about the
region where

2 —y >0 and 2y — x > 0. (6.15)

Then we get the function

4
f(z,y) = 2y + ya® — 37UV 22y,
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with
(2/Ty—V2y)y 2y\/TY+21,/TY—3/ 2xy
2 _ N Ty
Vif(@y) 2y, /Fy+ 22 /Ty—3/ 2zy (2yTG—V2x)z
Ty VzY

It can be shown that the (1,1) and (2,2) elements of V2f(x,y) are pos-
itive using the constraints in (6.15). The determinant of V2f(x,y) can be
shown to be positive by assuming © = a®> and y = b, factoring the resulting
equation, and considering the signs of each of the factors. Since the Hessian

1$ positive semidefinite then f is conver.
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Minimum Value

0.5
hy 0ty

Minimum Value

Minimum Value
hy )
5,971

Minimum Value
hy 0, +5,)

-0.5

Minimum Value
he 0

Minimum

Value
h_ (0)
6,y

(c) Cases 5, 6, and 7

Minimum Valug

h, (0)
3,y

Minimum Value
hy &)

-1 -0.5
Minimum Valy
Minimum Value hy 0ty

)

Minimum Value
Minimum Value hzy y(xl)
hy 0D

(b) Cases 2, 3, and 4

Minimum Value
8.y

Minimum Value

hs, 0y +—"1)

(d) Case 8

Figure 6.9: Overview of the eight cases
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10 10

(a) The function g5 (y1,y2, —y1 — y2) (b) The contour plot of g5 (y1,y2, —y1 — Y2)

Figure 6.11: Plots of g5 (y1,y2, —y1 — y2)
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Chapter 7

Conclusion

The kernel average was previously only defined for two functions. We have

used the identity

S ) — a>" A = 1 30D Al — will
=1 =1

i=1 j=1

and the definition of the proximal average to define the kernel average for n

functions,

Qy(f, A)(z) := __ inf (Z)\z’fi(yi) + Z)\i)\jg(yi —yj))-

> Aiyi=x i<y

We then examined a specific case of the kernel average, namely the prox-

imal average, and its conjugate and calculated that for

n n
1 1
91(x) = ZZ §||93z‘ — x| = 22 §Hl‘z‘ — )%,

the conjugate function is
1 N v 2
* * : * * _ 0.
gz 2o 2 ey =27, ifai 442 =0
i=1j5=1
400, otherwise.
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This can also be written using any of the following equivalent formulations

when 27 +--- 4+, = 0:

- 1 = 2 _ 1% —%5 12
(i) g1 (@) = gz 22 2 o] —2|° = ZZ@H ol |

i=1j=1 i=1j=

() i07) = g &= 2l + 251 = 2 3 417557

i=1j5=1 i=1j=

Next, we computed the conjugate when
2 3 2 3 2 3
92(@1, 2, 03) = [|w1 — @2l|2 + w2 — @2 + S llws — a2,
3 3 3
and found that

3Y13(3ys — 3y1 + 4V =2u1y3), if (y1,92) € 4;
$Y2y3(3ys — 3y2 + 4v/=2y2y3), if (y1,92) € B;
31y2(3y1 — 3y2 + 4/ =2y1y2), if (y1,12) € C;
sy1y3(3y1 — 3ys + 4v/=2y1ys), if (y1,42) € D;
$y293(3y2 — 3ys + 4v/=2u2y3), if (y1,42) € E;

s1y2(3y2 — 3y1 + 4/ =2y1y2), if (y1,12) € F,

g;(ylay%?JS) =

where the regions A, B,C, D, E, and F are as defined in (6.11), or equiva-

lently using ymar = maX{?/l, Y2, y3} and Ymin = min{yh Y2, y3},

* 4
9o (yh Y2, 3/3) = ymawy?nin - ygna:cymin + gymaacymin V _Qymaxymin- (71)
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Chapter 7. Conclusion

It was expected that we might find a similar form for g5 as was found for
g7, which would help formulate a closed form solution for ¢* in the general

case where

9@) =D AiNjgli — ),

i=1 j=1
for any function g. However, due to the fact that there does not appear
to be any correlation between the solutions for ¢gj and g3, it seems unlikely

that a general solution will be found.
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Appendix A

Maple Code

The following is the Maple code used to verify the calculations for chapter

6.

>restart: with(plots):
Case 1:
> hl = x> (1/3)*(x—y[1]) "3+ (1/3)*(x—y[1]—y[2]) "3+ (1/3)*x"3;

1 1 1
r— > g(ff —)’ + g(fﬂ —y1 — 1)’ + 5903

> dhl := diff(hl(x), x); criticalpointsl := solve(dhl = 0, x);

1 2 1\/ 1 2 1
“yo 4 Syr + =4/ =202 — 21y — 202, —yo + = —f\/—22—2 — 22
392 + 32/1 + 3 Ys Y1Y2 Y1s 3y2 + 3y1 3 Y3 Y1Y2 Y1

Case 2:

> h2 = x> (1/3)*(y[1]—x)"34+(1/3)*(x—y[1]—y[2]) "3+(1/3)*x"3;

1 1 1
r— > g(yl - 96)3 + g(ﬂﬁ — Y1 — y2)3 + gﬂc?’

> dh2 := diff(h2(x), x): criticalpoints2 := solve(dh2 = 0, x);
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Y2 + V29192, y2 — 29192

> h2solnl := factor(simplify (h2(criticalpoints2[1])));

1
—§y1y2(3y1 — 3y2 — 4V2/~y1y2)

> h2soln2 := factor(simplify (h2(criticalpoints2[2])));

1
—~y1y2(3y1 — 3y2 + 4vV2v/—y1y2)

3
Case 3:
> h3 = x> (1/3)*(x—y[1])"34+(1/3)*(y[1]+y[2] —x)"3+(1/3)xx"3;
1 3 1 3. 13
x >3(w Y1) +3(y1+y2 x) +3e
>dh3 := diff(h3(x), x): criticalpoints3 := solve(dh3 = 0, x);
—y2 + /203 + 25192, —y2 — /205 + 2192
>h3solnl := factor (simplify (h3(criticalpoints3[1])));
1
—3¥2(y2 +y1)(=3y1 — 6y + W2/ ya(yo + 1))
>h3soln2 := factor (simplify (h3(criticalpoints3 [2])));
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1
51/2(1/2 + v1)(3y1 + 6y2 + 4\/5\/ y2(y2 +y1))

Case 4:

> hd = x> (1/3)*(x—y[1]) "3+ (1/3)*(x—y[1l]—y[2]) "3 —(1/3)*x"3;

1 1 1
r— > g(m — )’ + §($ —y1— o)’ + §x3

>dh4 := diff(h4(x), x): criticalpoints4 := solve(dh4 = 0, x);

Y2 + 2y1 + 1/ 2u192 + 201, 2 + 201 — \/ 20192 + 247

>h4solnl := factor (simplify (h4(criticalpoints4[1])));

1
—3u (y2 + 1) (By2 + 6y1 + 4v/2y1(y2 + y1))

>h4soln2 := factor (simplify (h4(criticalpoints4[2])));

1
Sy1(y2 + y1)(=3y2 — 6y1 + 4v/2y1(y2 + 1))

3
Case 5:

> h5 = x—=> (1/3)*(y[1]—x)"34+(1/3)«(y[1]+y][2] —x) "3+ (1/3)xx"3;

1 1 1
T— > g(y1 —z)® + g(y1 +yo— ) + gxg
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>dh5 := diff(h5(x), x): criticalpointsb := solve(dh5 = 0, x);

Y2 + 2u1 + 1/ 20192 + 201, Y2 + 201 — \/ 20192 + 247

>hbsolnl := factor (simplify (h5(criticalpointsb[1])));

1
U1 (y2 + y1)(By2 + 6y1 + 4v/2y1 (y2 + 1))

>hbsoln2 := factor (simplify (h5(criticalpointsb[2])));

1
—3h (y2 +y1)(—=3y2 — 6y1 +4v/2y1(y2 + y1))

Case 6:

> h6 = x—=> (1/3)*(y[1]—x)"34+(1/3)*(x—y[1]—y[2]) "3 —(1/3)*x"3;

1 1 1
T— > g(yl —z)* + g(fc —y1 —y2)? — §903

dh6 := diff(h6(x), x): criticalpoints6 := solve(dh6 = 0, x);

—y2 4+ 1/ 203 + 25192, —y2 — \/ 203 + 2y102

>h6solnl := factor (simplify (h6(criticalpoints6[1])));

1
§y2(y2 + y1)(—3y1 — 6y2 + 4v/2y2(y2 + 11))
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>h6soln2 := factor (simplify (h6(criticalpoints6[2])));

1
—§y2(y2 +y1)(By1 + 6y2 + 4v/2y2(y2 + 1))

Case T:

> h7 = x> (1/3)*(x—y[1]) " 34+(1/3)*(y[1l]+y[2] —x)"3—(1/3)*x"3;

1 1 1
r— > g(iﬁ — ) + §(y1 +yo — ) — gl'?’

>dh7 := diff (h7(x), x): criticalpoints7 := solve(dh7 = 0, x);

Y2 + 29192, Y2 — /29192

>h7solnl := factor (simplify (h7(criticalpoints7[1])));

1
—§y1y2(3y2 —3y1 +4v/ —2y132)

>h7soln2 := factor (simplify (h7(criticalpoints7[2])));

1
§y1y2(3y1 — 3y2 +4v/—2y112)

Case 8:
> h8 = x—=> (1/3)*(y[1]—x)"3+(1/3)x(y[1]+y[2] —x)"3—(1/3)*x"3;
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1 1 1
r— > g(yl —2)* + g(yl +yp— )’ — 5303

>dh8 := diff(h8(x), x): criticalpoints8 := solve(dh8 = 0, x);

1
FY2t Y2 +

2 1
3 sy — g\/—ng — 2y1y2 — 2y}

2 1 1
*y1+—gx/—2y§—-2yun-—2y%‘* 3

3 3

Plotting:

>restart: with(plots):

> f1 := (yl,y2)—> —(1/3)*yl*(y2+yl)x(—6xyl—3xy2+4xsqrt (2)x
sqrt (yl*(y2+yl))):
> 2 = (yl,y2)—> —(1/3)*xy2x(y2+yl)x(—3xyl—6xy2+4xsqrt (2)=
sqrt (y2x(y2+yl))):

= (yl,y2)—> (1/3)xylsy2*(3xyl—3xy244xsqrt (2)*sqrt(—yl

*xy2)):

yl,y2)—>
sqrt (yl*(y2+yl))):
>

= —(1/3)xylx(y24yl)* (6% yl+3+y2-+dssqrt (2)x
(
> {5 = (yl,y2)—
(
=

—(1/3)xy2%(y2+yl)*(3+yl+6xy2+4xsqrt (2)=

sqrt (y2x*(y24yl))):

> f6 yl,y2)—> (1/3)xylsy2x(—3xyl+3xy24+4xsqrt (2)*sqrt(—yl
*xy2)):
>fpiece := (yl,y2)—> piecewise (0 <= yl and —(1/2)xyl <= y2

and y2 <= yl, fl(yl,y2), 0 <= y2 and —(1/2)*xy2 <= yl and
yl <= y2, f2(yl,y2), yl <= 0 and —(1/2)xyl <= y2 and y2 <=

—2xyl, f3(yl,y2), yl <= 0 and yl <= y2 and y2 <= —(1/2)x*yl,
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f4(yl,y2), y2 <= 0 and y2 <= yl and yl <= —(1/2)xy2,
f5(yl,y2), 0 <= yl and —2%yl <= y2 and y2 <= —(1/2)xyl,

6 (y1,y2)):
>plot3d (fpiece(yl,y2), yl=-10..10, y2=-10..10, axes=normal);

>plots[contourplot]( fpiece(yl,y2), yl=-10..10, y2=-10..10,

contours=100);
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