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Abstract
This dissertation studies various standard facets of nonlinear control problems in the impulsive setting, using a framework of measure-driven systems.
Containing a Borel measure in their dynamics, these systems model significant time scale discrepancies; the measure may weight actions at instants,
producing trajectories that mix discrete and continuous dynamics on the
“fast” and “slow” time scales, respectively. A central feature of our work
is the careful use of a time reparametrization to transform these systems
into standard, non-impulsive ones, so that the wealth of recent results in
nonlinear control may be applied.
Closed-loop stabilization of impulsive control systems containing a measure in the dynamics is addressed. It is proved that, as for regular affine
systems, an almost everywhere continuous stabilizing impulsive feedback
control law exists for such impulsive systems. An example illustrating the
loop closing features is also presented.
Necessary conditions for optimal control have recently been developed in
the non-convex case by Clarke and Vinter, among others. We extend these
results to generalized differential inclusions where a signed, vector-valued
measure appears. In particular, we offer a set of stratified necessary conditions in optimal control of measure-driven systems, as well as a set of standard (global) conditions under weak regularity hypotheses on the differential
inclusion maps. An auxiliary result essential to our proof extends existing
free end-time necessary conditions results to Clarke’s stratified framework.
We work in the context of pseudo-Lipschitz multifunctions, which provide
localized Lipschitz-like properties in the absence of convexity.
We take a well-evolved solution concept framework in new directions,
introducing a workable system of state-dependent measures and measureii

Abstract
based constraints, such as a forced impulse schedule, a restriction to purely
discrete impulse dynamics or a state-dependent impulse restriction, and
prove necessary conditions in optimal control for this new framework. This
is an important step in the renewed use of measure-driven systems in modeling a broad range of applications within a familiar, mathematically sound
framework.
Taken together, these results span a broad range of topics in nonlinear,
state-space control in the impulsive context, and refresh the measure-driven
framework, paving the way for future research and further value in applications.
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Chapter 1

Introduction
Imagine yourself throwing a ball towards a brick wall. As it arcs through
the air, the ball traces out a trajectory that is roughly parabolic, and we can
predict the ball’s position and velocity using Newton’s famous equations of
motion.
But what happens when the ball hits the brick wall? The dominant
physics at play seems to be quite different; our list of essential concepts to
model includes deformation, elasticity, friction and spin. Yet all of these
new forces seem to play out in an instant, after which the ball is on a new
parabolic trajectory heading away from the wall.
This type of scale discrepancy is at the heart of impulsive systems: one
set of dynamics accounts for the “slow” time scale (the ball arcing through
the air) and another the “fast” time scale (the bounce).
Impulsive dynamical systems model shock behaviour, where a shock (or
impulse) may be thought of as an action occurring on a very fast time scale
(modeled as an instant) relative to the other dynamics of the system. In impulsive control systems, the magnitude and timing of the impulse may both
be considered as choice variables. The two primary ways of describing such
systems mathematically are: including both a continuous dynamics map
and an explicit jump map that describes the discrete jumps in the trajectory, or using a measure in the place of a standard linear control-dependence
and working with an integral equation to capture the discrete behaviour by
weighting impulse times to permit action at an instant. Use of a measure
does complicate the analysis somewhat as, among other issues, a full solution concept must be presented; indeed, of the many applications involving
impulsive models, the former method of explicit jump maps appears to be
the most popular. We employ the latter concept in our discussion, however,
1
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as it includes a straightforward description of the action at an instant via
explicit dynamical subsystems (which in turn allows more descriptive modeling), and permits a helpful transformation to and from a standard control
problem where existing results are abundant.
When the system under consideration involves a control, we may work
with a differential inclusion that incorporates the control parameter as a
selection from a multifunction (set-valued function). Writing such a system
in a differential form so that we may include a measure as a special control
parameter, we arrive at the general form
dx(t) ∈ F (t, x)dt + G(t, x)dµ(t),

x(0− ) = x0 ,

(1.1)

where the measure µ takes on vector values in a closed cone, K, while
G takes as values sets of matrices. Solutions of such a system, impulsive
trajectories, may be described as a sequence of continuous arcs separated by
discrete “jumps”; our solution concept is presented in detail in Section 3.2.1.
One feature of our chosen method is that it permits the transformation of a
given impulsive trajectory to a standard trajectory of a related system via
a time reparametrization. Applying this to each of the relevant trajectories
in our optimal control problem, we obtain a new optimal control problem
that enjoys the same cost function, a related differential inclusion with no
measure involved, but with the sacrifice that the time interval endpoint
becomes a choice variable. This differs from the solution concepts used in,
for example, [30, 43, 55, 67] where jumps give rise to dynamic subsystems
on a unit interval; the time stretch we use here (also used in [23]) weights
instants and produces subsystems on intervals of varying length where the
jump dynamics of G are active.
This dissertation provides extensions to state-of-the-art results in stabilization and necessary conditions in optimal control of impulsive systems via
creative use a of a well-established time reparametrization. While of value
in their own right, these may also serve as a template for a host of future
results ranging across the field of control theory. An overarching goal is to
describe a framework based on measure-driven differential inclusions where
2
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the various control problems involving “impulsive”, “discrete-continuous”,
or “hybrid” systems may be subsumed under a unified theory.
We review in Chapter 2 the mathematical tools we will employ, primarily the concept of differential inclusions and the associated elements of
nonsmooth analysis.
In Chapter 3, we provide an overview of solution concepts in impulsive
systems, and introduce our measure differential inclusion solution concept,
with comparison to its closest relatives in the literature. An important
feature of this solution concept is a transformation whereby discontinuous
trajectories are paired with continuous versions with the impulse instants
“stretched out”. We review the history of impulsive control theory, drawing
attention to the diverse character of the field since its first appearance in the
mid-20th century, and list the significant research leaders from the various
conceptual models to attempt to put the current work in context.
With the stage set, we proceed to our key results. In Chapters 4 and 5,
we prove fundamental results in closed-loop stabilization and necessary conditions in optimal control, respectively, in both cases overcoming concerns in
the recent literature in the general vector-valued measure case, and adapting
state-of-the-art results in standard (non-impulsive) nonlinear control theory
to our impulsive framework.
In Chapter 6, we present possible approaches in imposing standard types
of modeling constraints on our solutions, whereby our framework covers a
broad class of impulsive and hybrid systems. With this eye towards modeling
issues, we prove a tailored version of our necessary conditions for optimal
control which captures behaviour that is typical of contemporary impulsive
models, and we discuss examples where such constraints may arise.
We conclude in Chapter 7 with a summary of novel contributions included in this dissertation, as well as a number of future research directions
that may be pursued in building on this fundamental work.
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Chapter 2

Preliminaries
This chapter introduces the mathematical objects and concepts that will
help us treat our conceptual problems in the later chapters. After a brief
discussion of function regularity in Section 2.1, we will mention some of the
basic elements of control theory in Section 2.2, and follow that with a primer
in Section 2.3 on the basic tools in nonsmooth analysis which have proved
invaluable in the study of nonlinear control.

2.1

Function Regularity: Lipschitz Continuity
and Related Properties

Early questions in the theory of differential equations were concerned with
solutions of the basic first-order ordinary differential equation
ẋ(t) = f (t, x),

(t, x) ∈ [a, b] × Rn ,

x(a) = x0 ,

(2.1)

and mathematicians attempted to determine properties of x based on properties of f , traditionally a vector-valued function in Rn . Unique solutions
exist under fairly weak assumptions on f : that f is measurable in t for each
fixed x, obeys some form of continuity in x for each t, and is bounded above
by a measurable function for each (t, x) (a classic reference for existence and
uniqueness theorems for solutions of differential equations is [20]).
One convenient property that sufficiently captures sufficient continuity
and boundedness for f is that of Lipschitz continuity in x.
Definition (Lipschitz continuity for a function). A function f : [a, b] ×
Rn

→ Rn satisfies a Lipschitz condition with respect to x on the set C ⊆

4
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[a, b] × Rn with a function K = K(t) if
|f (t, x1 ) − f (t, x2 )| ≤ K(t) |x1 − x2 |
holds for every (t, x1 ), (t, x2 ) ∈ C. We also write “f is K-Lipschitz in x” to
refer to the same property (where C is the appropriate domain, usually not
mentioned explicitly).
We ask only that the differential equation (2.1) be satisfied for almost
every t in the Lebesgue sense. The result, for each initial condition x0 , is a
solution (also called a trajectory) x(·) that is absolutely continuous on the
interval [a, b].

2.2
2.2.1

State-Space Control Theory
Classical Control Systems

Many physical phenomena are modeled by the autonomous, first-order differential equation
ẋ(t) = f0 (x(t)) ,

x(0) = x0

(2.2)

where the independent variable t usually represents time, and where x takes
values in a vector space (the state space). In this document, we will work
with states in Rn , but results may be readily adapted for more general
settings such as smooth finite-dimensional manifolds [28]. We will concern
ourselves with continuous-time systems, where the underlying dynamics take
place over the time interval [0, ∞). There is a parallel development for
discrete time systems, where the time is captured in “instants” and the
trajectories are discrete sequences in the state space. This is a favoured
approach in engineering disciplines, where analysis occurs primarily in the
frequency domain.
Solutions to the differential equation (2.2), which may also be interpreted
in the sense of the corresponding integral equation, are called trajectories,
and one significant topic of study in such systems is the qualitative behaviour
of trajectories. In particular, if we assume that f0 (0) = 0, an equilibrium
5
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exists at the origin x = 0, and various techniques exist to determine if this
equilibrium is stable (nearby trajectories head towards or remain close to
the origin) or unstable (nearby trajectories head away from the origin). We
call a system globally asymptotically stable with respect to the origin (GAS)
if, for every initial value x0 ∈ Rn , the trajectory x(t) with x(0) = x0 satisfies
limt→∞ x(t) = 0. (We will consider only the special case of stability with
respect to the origin.)
An autonomous control system is a dynamical system of the form
ẋ(t) = f (x(t), u(t)) ,

u(t) ∈ U,

a.e. t

(2.3)

where the parameter u is called the control parameter. Values of this parameter, chosen from U , the control space, may influence qualitative properties
of the system, in particular stability. As a simple theoretical setup, we assume f (0, 0) = 0, and think of the underlying dynamics defined by f as fixed,
while the control parameter is a user-defined function that, under the right
circumstances, can ensure that the origin is a stable equilibrium. We may
impose regularity conditions on the function u(t) (e.g., continuity, differentiability), and declare only those functions satisfying these conditions to be
admissible controls. A control system is globally asymptotically controllable
to the origin (GAC) if, for every initial value x0 ∈ Rn , there exists an admissible control u(t) such that the resulting trajectory x(t) with x(0) = x0
satisfies limt→∞ x(t) = 0. Global asymptotic controllability depends on f ,
as in the uncontrolled case of (2.2), but could also depend on the control
space which may restrict available control actions.
One desirable outcome is the development of a control scheme such that
the value of u(t) only depends on the current state, x(t). In other words,
we seek a function k(x), called a state feedback control, such that the choice
u(t) = k(x(t)) stabilizes the system. We refer to the original system (2.3) as
open loop when u is explicitly a function of time; control actions are taken
at every time instant according to some predetermined plan. By contrast,
we call the system
ẋ(t) = f (x(t), k(x(t)))

(2.4)
6
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closed loop in the sense that control actions are prescribed by the current
state, regardless of the time instant that state is encountered. This implies
a sense of automation on the part of the control scheme based solely on
measurements of the system state, hence the term “feedback”.
It should be stressed that, in practice, determining whether or not a
system is controllable can be a process very much removed from developing
an appropriate control scheme, even when both of these are possible. The
discussion in Chapter 4 will focus almost exclusively on questions arising
from the latter, such as: Given a GAC control system, what sort of state
feedbacks can we expect or construct that produce a closed-loop system that
is GAS?

2.2.2

Linearity in Control Systems

The most basic and best-understood control systems are those where the
dynamics are linear in both the state and the control vectors:
ẋ = Ax + Bu

u ∈ U,

(2.5)

where A and B are matrices of size n × n and m × n, respectively. The
control space U is, in elementary treatments, the unbounded space Rm , but
is bounded in a more typical model setting; usually we assume convexity
(allowing more natural combinations of different control configurations) and
boundedness (realistic in physical models), and usually 0 ∈ U so we can
turn the control “off” as well.
Linear system dynamics and the effects of controls may be investigated
via properties of the matrices A and B. Recalling that stability of the linear,
uncontrolled differential equation ẋ = Ax is determined by the eigenvalues
of A, one approach in the stabilization of (2.5) is to determine a matrix F
based on A and B such that setting u = F x produces the closed-loop system
ẋ = Ax + BF x
that is stable at the origin; equivalently, if all eigenvalues of the matrix
7
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A + BF have negative real part.
Offering a step up in generality, control-affine systems are of the form:
ẋ = h(x) +

m
X

ui gi (x)

u ∈ U,

(2.6)

i=0

where h and the gi are smooth n-vector-valued functions with h(0) = 0, and
the ui are scalar. The system (2.6) is also commonly expressed as:
ẋ = h(x) + G(x)u

u ∈ U,

where the gi form the columns of the matrix G and u is the control m-vector.
(The linear case (2.5) is recaptured by taking h(x) = Ax and G(x) = B.)
Such systems describe a wide variety of nonlinear phenomena where a basic
linear system (2.5) is insufficient as a model. We call the function h the
drift, which provides the dynamics of the system when the control u is set
to zero. Control-affine systems without drift (i.e., h ≡ 0) are by themselves
of great interest in robotics and other models that are inherently nonlinear
but retain their current state if the control is not active.
Controllability of control-affine systems like (2.6) is a more complicated
issue than in the linear case, but may be analyzed using Lie derivatives.
Given a smooth field h : Rn → Rn and a differentiable function V : Rn → R,
the Lie derivative of V with respect to h at x is defined by
Lh V (x) = hh(x) , ∇V (x)i ,
and quantifies the flow according to the field h in the direction of the gradient
of V . That is, if x(·) obeys ẋ(t) = h(x(t)), then Lh V (x(t)) =

d
dt V

(x(t)). We

consider Lh as a first-order differential operator. Given another smooth field
g, we may compose Lie derivatives, writing Lh ◦ Lg as Lh Lg , a second-order
differential operator:
Lh Lg V = g T HV h + ∇V g∗ h,

8
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where HV is the Hessian of V and g∗ the Jacobian of g. We define the Lie
bracket of h and g as:
[h, g] = g∗ h − h∗ g,
which defines another smooth field on Rn , that with Lie derivative operator:
L[h,g] = Lh Lg − Lg Lh .
This bilinear, skew-symmetric bracket operation allows us to define a Lie algebra: a set of smooth vector fields on Rn closed under the bracket operation
[·, ·].
Roughly speaking, when system (2.6) involves a sufficiently nice control
space U , we need only examine the Lie algebra formed by the functions
f, g1 , · · · , gm to examine a variety of controllability issues. Chapter 4 of
[58] provides an introduction to these concepts in the smooth case on Rn .
There is a parallel development on manifolds - see [28] which incorporates
this approach from the beginning.

2.2.3

The Differential Inclusion Setting

An alternative approach to the study of control systems is the use of differential inclusions. Rather than considering the controlled differential equation
ẋ = f (x, u)

u ∈ U,

(2.7)

where f is a function of the state and the control parameter, we consider a
set-valued function (also called a multifunction) of the state:
n
F : Rn →
→ P(R ),

where P is the power set, so F maps vectors in Rn to sets of vectors in Rn .
We will say that a multifunction is any one of closed, non-empty, or convex,
to mean that the property holds for all the image sets F (x) for x in the
appropriate domain. We then refer to F as the differential inclusion map in

9
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the following differential inclusion:
ẋ ∈ F (x).

(2.8)

For each x, we call the set F (x) the velocity set for the state, x.
If F is single-valued, say F (x) = {g(x)}, then (2.8) reduces to an uncontrolled differential equation in the style of (2.2). Apart from this trivial
connection, however, the two setups are connected by the following: suppose
that F (x) = f (x, U ) = {f (x, u)|u ∈ U } for the function f of (2.7), that is,
the velocity set contains the velocities of all possible control actions at a
given state, x. It is a famous result, Filippov’s Lemma (see, for example,
[15]), which confirms that x is a solution of (2.8) with F (x) = f (x, U ) if and
only if a measurable selection u(·) of U exists such that (2.7) is satisfied. (A
“measurable selection u(·) of U ” means that u takes values in U and is a
measurable function with respect to the time variable.)
In answering questions of controllability and stability of the control system (2.7), the inclusion (2.8) lends itself more readily to geometric analysis
when we consider properties of its graph,
gph(F ) = {(x, v) : v ∈ F (x)} ,
thereby expanding our available set of tools.
We extend our notion of Lipschitz continuity to multifunctions, where it
can help to guarantee properties of solutions when the multifunction is used
as a differential inclusion map. As opposed to the single-valued case (which
it reduces to directly), the definition for multifunctions must be stated in
terms of set inclusions.
Definition (Lipschitz continuity for a multifunction). A multifunction
F : [a, b] × Rn →
→ Rn satisfies a Lipschitz condition with respect to x with
modulus function K : [a, b] → (0, ∞), K measurable, if
F (t, x1 ) ⊆ F (t, x2 ) + K(t) |x1 − x2 | B

n

holds for every x1 , x2 ∈ Rn and for almost every t ∈ [a, b]. We also write “F
10
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is K-Lipschitz in x” to refer to the same property.
We note that K may be a function of the time interval. A further useful
extension is the notion of local Lipschitz continuity,
Definition (Local Lipschitz continuity for a multifunction). A multi→ Rn satisfies a local Lipschitz condition at x with
function F : [a, b] × Rn →
modulus function K : [a, b] → (0, ∞), K measurable, if there exists ² > 0
such that
F (t, x1 ) ⊆ F (t, x2 ) + K(t) |x1 − x2 | B

n

holds whenever x1 , x2 ∈ B[x; ²] and for almost every t ∈ [a, b]. We also write
“F is locally K-Lipschitz at x” to refer to the same property, or “F is locally
K-Lipschitz” if this occurs for all x in the domain of F .
A yet weaker form of regularity, pseudo-Lipschitz continuity, will be
introduced in Chapter 5.

2.3

Nonsmooth Analysis

In optimal control, even with smooth data in the initial problem formulation, we often arrive at objects with a nonsmooth character: functions
that fail to be differentiable at isolated points (or worse), or multifunctions
with graphs that have corners or cusps. These objects can be approached
with the tools of nonsmooth analysis. The power in these methods is the
relation of geometric properties, normal vectors in particular, of a function
(or multifunction) graph, to properties analogous to differentiability. These
concepts have a rich history, which the excellent standard reference of Rockafellar and Wets [52] discusses and extends. We also mention the book of
Clarke, Ledyaev, Stern and Wolenski [15] as another popular reference with
a focus on control theory, and the work of Mordukhovich with many significant results in variational analysis, where [40, 41] provides a summary and
extensive reference list.
We now proceed to define the key objects in nonsmooth analysis we will
use in later chapters.
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2.3.1

Normal Vectors and Cones

Let S be a given closed set in Rn . For any point s̄ ∈ S, we say that vector
z is a proximal normal to S at s̄ if there exists a constant σ > 0 such that
hz, s − s̄i ≤ σ |s − s̄|2

∀s ∈ S

(in this and what follows, | · | denotes the 2-norm in Rn ). We will often
refer to the point s̄ as the base point when it appears in this manner. The
proximal normal cone to S at s̄ is the set of all proximal normals to S at s̄,
and denoted by NSP (s̄). Clearly, this cone consists only of the zero vector
when s̄ is an interior point of S. When the boundary of S is smooth at s̄,
the cone is one-dimensional, and we recover the classic notion of a normal
vector in smooth analysis. The cone may be higher-dimensional at corners
and cusps of S, but it depends on whether they are inward- or outwardpointing.
An incredibly useful, related object is the limit normal cone to S at s̄,
defined by
NSL (s̄) = NS (s̄) = {z ∈ Rn |z = limk→∞ zk for sequence zk
ª
where zk ∈ NSP (sk ), sk →S s̄ .
In other words, NSL (s̄) is the set of limit vectors resulting from sequences
of proximal normals at base points in S near to s̄. This cone is sometimes
referred to simply as the normal cone, which explains the second, simpler
notation style in the above. These vectors can give information at boundary
points were the proximal cone is trivial, and the limit normal cone is at
the heart of some of the sharpest-known necessary conditions statements in
optimal control, including those extended in the later chapters of the present
work.
There is one more popular cone associated with normals to the set S,
but we first require the notion of convexification. The convex hull of a set
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S is denoted coS, and defined by
(
coS =

k
X
i=1

¯
)
k
¯
X
¯
λi si ¯ si ∈ S, λi ∈ [0, 1],
λi = 1, k ∈ N ,
¯
i=1

the set of convex combinations of points in S. The Clarke normal cone to a
set S at point s̄ is defined as
NSC (s̄) = coNSL (s̄),
the convex hull of the limit normal cone.

2.3.2

Subgradients

We next define some generalizations of derivatives, called subgradients, and
mention the relation to the normal vectors in the previous section. To do
so, we first define an appropriate type of function regularity: a function
Q : Rn → R ∪ {∞} is lower semicontinuous at a point x0 if
lim inf Q(x) ≥ Q(x0 ).
x→x0

The function Q is lower semicontinuous if its epigraph, the set of points
lying above or on the graph of Q and denoted epi Q, is closed.
Given a lower semicontinuous function Q : Rn → R ∪ {∞} and a point x
where Q(x) ∈ R, the proximal subgradient at x, denoted ∂P Q(x), is the set
of vectors z satisfying the inequality:
∃ ρ, C > 0 s.t. Q(y) − Q(x) + C||y − x||2 ≥ hz, y − xi

∀ y ∈ x + ρBn ,

where Bn is the unit ball in Rn . The limiting subgradient of Q at x is defined
by:
∂L Q(x) = {lim zk : xk → x, zk ∈ ∂P Q(xk )} .
We define the generalized directional derivative of a locally Lipschitz func-
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tion Q at x in the direction v by
DQ(x; v) = lim sup
y→x,t↓0

Q(y + tv) − Q(y)
,
t

and then the Clarke subgradient of Q at x:
∂Q(x) = {z : DQ(x; v) ≥ hz, vi ∀v ∈ Rn } .
If Q is locally Lipschitz, the Clarke subgradient is the convex hull of the
limiting subgradient:
∂Q(x) = co ∂L Q(x).
A comprehensive calculus has been developed with these various subgradients. They are also of value in connection with the cones of the previous
section. The matching nomenclature is intentional; for example, a vector z
is a proximal subgradient of Q at x if
P
(z, −1) ∈ Nepi
f (x, Q(x)),

and a similar relation is true for the limiting and Clarke subgradients.
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Chapter 3

Impulsive Solution Concepts
for Measure-Driven
Differential Inclusions
Impulsive systems have been studied in a mathematical framework since
the mid-20th century, motivated by the space travel research programs of
the time. In modeling control of space trajectories, a large rocket impulse
for planetary escape is paired with stabilizing thrusters in orbit that are
much lower in energy; the model attempted to decouple these dynamics, by
treating the large impulse as a discontinuity in the state (velocity and/or
position). The most-cited summary references in the English language of
that period are Rishel [51] and Lawden [34]. An extensive Russian literature also exists. Zavalishchin has been a significant contributor, publishing
mostly in Russian; his [74] is an English survey of his results dating back
to the 1960s. Miller and Rubinovich also provide a record of the Russian
developments in [39].
One natural approach in determining solutions for such problems is to
look at the limit of continuous trajectories, where one increases the effect
of the stronger (impulse) dynamics and tracks the effect on the resulting
trajectory. This turns out to be unsatisfactory under certain conditions
where the limit is not unique; this is due to a suppression of the structure
on the fast time scale when it is sufficiently complex (we quantify this below).
Subsequent work has produced methods of dealing with this structure. The
alternative, frameworks that explicitly permit discontinuous trajectories, fall
into two basic categories: explicit jump maps and measure-driven dynamics.
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3.1

Explicit Jump Maps and Hybrid Systems

Many, if not most, impulsive systems have been modeled by a system of
the following type on the time interval [a, b]: given some set T ⊆ [a, b] of
(typically a finite number of) impulse times,
(

ẋ(t) = f (t, x, u)
x(τ ) =

g (τ, x(τ − ), v

if τ ∈
/ T,
τ)

if τ ∈ T .

(3.1)

Here, f can be any standard control differential equation map, and determines the continuous behaviour of x, while g is the explicit jump map that
determines the “exit point” of a jump at t = τ , x(τ ), based on input data
that may include the “entry point” of the jump,
x(τ − ) = lim x(t).
t→τ −

In general, the control choices in the problem could involve both the standard
control parameter u and the jump policy choice vτ at each jump instant,
τ ∈ T , though in many models only one type of control is available. In
[70], the three cases: u absent, v absent, or both present, are introduced as
three types of impulsive system, each useful in modeling different behaviour.
When u is absent, we have fixed, naturally evolving continuous dynamics and
some choices to make at jump instants, providing some form of shock control,
as in pesticide spray in agriculture or setting of bank rates in economics.
When v is absent, we have a control system that is subject to natural shocks
when it attains certain states, such as our ball thrown against the wall.
When both are present, we have control choices available at both time scales,
such as the space navigation problem where low-energy thrusters and highenergy launch rocket are both available to achieve a specific orbit.
Remark: The term “hybrid system” has not had a consistent definition,
but has been somewhat of a catch-all for systems that mix discrete and
continuous behaviour. One of the more accepted definitions is a system
of the form (3.1) where the map T = [a, b], and the map g depends only
on the state, x. In other words, jumps may only occur for certain state
16
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configurations. This is typical of impact and friction modeling, for example
[61].
The standard reference on these types of systems, still cited for its fundamental results in systems like (3.1), is the book of Lakshmikantham, Baı̆nov,
and Simeonov [33]. The book diverges into various engineering treatments
(linear versions), all based on analysis in the explicit jump map case. A
further book by Baı̆nov and Simeonov [9] also remains influential for its
extension of the Floquet theory for periodic solutions, which is of value to
applications as disparate as biological systems modeling [63] and synchronization of chaotic circuits [75], to name but two examples.
In any case, systems of the form (3.1), due to their simplicity, require a
careful notion of solution once the jump map, g, is sufficiently complicated.
One significant limitation of many simple concepts is that they cannot account for more than a finite number of impulses. Once an infinite number of
state jumps are possible on a finite interval, some notion of a limit point for
impulses must be defined. Consider our initial example of a bouncing ball,
this time with the ball left to bounce on the ground. If we assume some proportionate dissipation of energy upon impact, the ball will rise less and less
after each successive bounce, and the bounces come at shorter and shorter
intervals. The limit of such a process is referred to as “Zeno behaviour”,
recalling the ancient paradox of the arrow that, so the argument goes, can
never reach its destination since it much first reach the halfway point, then
the quarterway point, and so on; only intermediate stages are reached and
so the final stage is always halfway again farther away.
Of course, the ball in our example eventually comes to rest, but the solution concept for the trajectory model must be carefully formulated. Goebel
and Teel present such a solution concept for hybrid systems [53], which addresses these concerns by a careful deconstruction of the time and space
domains (see also their more recent survey with Sanfelice, [26]). The result
is a framework for explicit jump maps in the case of state-dependent impulses, that is, when g = g(x(τ − )) only in (3.1), that permits continuation
beyond Zeno behaviour. This type of state-dependent impulse motivates our
work in Chapter 4. The recently published book of Haddad, Chellaboina,
17
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and Nersesov [27] also acknowledges links between hybrid and impulsive
systems, in this traditional setting and in the measure-driven framework below. The very comprehensive thesis of Yunt [72] includes numerical methods
and optimal control with applications in engineering, focusing on the purely
discrete, instantaneous change that characterizes hybrid systems and intentionally avoiding what he calls the “interval opening” approach, that being
the measure-driven point of view we describe next.

3.2

Measure-Driven Systems

We refer to a system as “measure-driven” when a dynamics term that involves a measure is added to a standard control differential equation or
inclusion. The measure determines the activity of the impulsive dynamics,
including (but not necessarily limited to) those actions modeled as instantaneous. Roughly speaking, when the total variation of the measure weights
an instant as nonzero, the impulsive dynamics run as a subsystem whose velocity is proportional to that weight. The continuous part of the dynamics
is ignored during this action, and the state is observed to have “jumped” to
the exit point of that subsystem. The key distinguishing feature from (3.1)
is that the measure-driven dynamics must provide a continuous dynamical
system path connecting the entry and exit points of any jump in the state
at a time t = τ , while the map g in (3.1) is under no such obligation. This
connecting path represents the result of a continuous flow during a “fasttime” interval whose length scales with the measure of the time instant τ ;
this all occurs at an instant in the observed, “slow time”.
We now describe our solution concept in full detail. It adopts the extension used in [23] and [21], which is similar to the extension [68] of [43, 44], but
employs the measure-differential inclusion (as opposed to equation) framework.
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3.2.1

Impulsive System Solution Concept and Time
Reparametrization

We now provide our solution concept for the measure differential inclusion
system
dx(t) ∈ F (t, x)dt + G(t, x)dµ(t),

x(0− ) = x0

(3.2)

on the time interval [0, T ]. Our basic hypotheses require F : [0, T ]×Rn →
→ Rn
and G : [0, T ] × Rn →
→ Rn × Rm to take as values sets which are closed and
nonempty. We also assume that µ takes values in the closed cone K ⊆ Rm .
The solution concept we adopt was introduced in [43, 44] for the case where
the measure control takes values in the positive cone of the Euclidean space
Rm . We make the necessary modifications to the solution concept to allow
for the measure controls to take values on the whole Euclidean space instead
of only on the positive cone. We note that (3.2) is in differential form; this
permits the measure, µ, to appear in full, and suggests that µ determines
a new time scale, potentially faster than t. This effect will become clearer
below, after we review a few key facts about measures.
Denote R := R ∪ {±∞}. Let B be the Borel σ-algebra on [0, ∞). We
recall that a signed Borel measure is a function ν : B → R such that ν(∅) = 0,
ν assumes at most one of the values ±∞ and if {Ej }∞
j=1 is a disjoint sequence
´ P
³S
∞
∞
in B, then ν
j=1 ν(Ej ).
j=1 Ej =
Given a signed measure ν and any ν-measurable set E, we denote the
positive variation by ν + (E) = max{0, ν(E)}, the negative variation by
ν − (E) = min{0, ν(E)}, and the total variation by ν̄(E) = ν + (E) − ν − (E),
noting ν(E) = ν + (E) + ν − (E).
A signed Borel vector-valued measure is a function µ where each component µj , j = 1, · · · , m, is a signed Borel measure. We denote by µ̄ the total
variation of the signed vector-valued measure µ, i.e.,
m ³
m
´ X
X
+
−
µ̄(E) :=
µj (E) − µj (E) =
µ̄j (E).
j=1

j=1

We say that the measure µ is regular if µ̄ is regular.
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It is necessary to introduce a change of the time variable before we
present the solution concept; this time reparametrization will be central in
our main theorems. We fix a regular, signed vector-valued measure µ, and
let

Z
ψj (t) =

t

0

µ̄j (ds), for j = 1, . . . , m and t > 0,

with ψj (0) = 0, and consider the nondecreasing function
η(t) := t +

m
X

|ψj (t)|,

j=1

and the associated multifunction
η̄(t) := [η(t− ), η(t)]
(the set values are closed intervals). We note that when t is not an atom
of µ̄, this set-valued function has the singleton value η̄(t) = {η(t)}. The
function η is a reparametrization of the time variable, t. We define the
(single-valued) function θ to be the “inverse” of η̄; that is,
s ∈ η̄(t) ⇔ θ(s) = t,
and we will maintain this notation throughout the work below. Finally, we
introduce the concept of robust solution for (3.2), which is the same as in
[23, 43–45].
Definition (Measure Differential Inclusion Solution Concept). We say
that x, with x(0− ) = x0 , is a trajectory (or solution) for (3.2) if x(t) =
xac (t) + xs (t) ∀t ∈ [0, ∞), where xac is absolutely continuous and satisfies
ẋac (t) ∈ F (t, x(t)) + G(t, x(t)) wac (t) a.e. t ∈ [0, T ],
while

Z
xs (t) =

0

Z

t

gsc (σ) wsc (σ) µ̄sc (dσ) +

[0,t]

Ga dµ̄sa .

Here, µ̄ is the total variation measure associated with µ; µsc , µsa and µac are,
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respectively, the singular continuous, the singular atomic, and the absolutely
continuous components of µ; wac is the time derivative of µac ; wsc is the
Radon-Nikodym derivative of µsc with respect to its total variation, gsc (σ) ∈
G(θ(σ), x(σ)) for all σ ∈ [0, t], and Ga (·) is a µ̄sa -measurable selection of the
multifunction
G̃(t, x(t− ); µ({t})) : [0, ∞) × Rn × Rm ,→ P(Rn ).
Here, by definition,
ζ ∈ G̃(t, x(t− ); µ({t})) ⇔ ζ =

w(η(t)) − x(t− )
µ̄sa ({t})

for some process Xt = (w(·), Υ(·), v(·)) satisfying
Z
−

Υ(s) = ψ(t ) +

v(σ) dσ

(3.3)

[η(t− ),s]

ẇ(s) ∈ G(θ(s), w(s)) v(s),
where v : η̄(t) → K ⊆ Rm satisfies
θ̇(s) +

m
X

R

η̄(t) v(s)ds

|vj (s)| = 1

a.e. s ∈ η̄(t)

(3.4)

= µ({t}) and

a.e. s ∈ η̄(t),

j=1

and w(η(t− )) = x(t− ), Υ(η(t− )) = µ([0, t)), with (w, Υ) : [0, ∞) → Rn ×
Rm absolutely continuous. We refer to a collection of such processes X =
{Xt }µ({t})>0 as a graph completion associated with µ.
This terminology of “graph completion” is apt: whenever x has a discontinuity at an instant, t0 , X provides a connecting path using the G-dynamics
that occurs at an instant in the slower t-time, but over the nontrivial interval
[η(t−
0 ), η(t0 )] in the faster s-time. For any trajectory x of our measure-driven
impulsive system (3.2), we may use the associated measure µ and process
collection X to determine a trajectory in the following “stretched-time” sys-
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tem:
"

θ̇(s)
ẏ(s)

#
∈ F (θ(s), y(s))
("

where F(θ, y) =

a.e. s,

#¯
)
¯
¯
,
¯ β ∈ K ∩ Bm
1
F (θ, y) (1 − |β|1 ) + G (θ, y) β ¯
(3.5)
1 − |β|1

with y(s) = x(θ(s)) when η(t) is single-valued, and y follows the graph
completion otherwise.
The jump dynamics of (3.2) are captured here by β: when |β(s)|1 = 1,
we have θ̇(s) = 0, and the dynamics of y are determined solely by GK; this
corresponds to η̄(t0 ) taking an interval value for a “jump” instant, t0 , and
that portion of trajectory y is the same arc as determined by Xt0 . We will
refer to the pair (x, X) as a solution for the system (3.2), but sometimes refer
to this solution by x alone, with an implicit graph completion subprocess
set, X.
In this new system (3.5), the atoms of µ̄ have been “stretched out”,
replaced by subintervals whose lengths are determined by the magnitudes
of the atoms’ measures. This new trajectory in s is thus defined on a time
interval determined by the inverse of the reparametrization, and conversion
of a different trajectory of (3.2) may produce an s-interval of different length
according to the measure used; this fact compels our discussion of free endtime problems in Section 5.4. We note that F is autonomous relative to
the stretched time s; the “time” dependence from t has moved to the state
variable θ.
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Example measure and time reparametrization
Suppose that λ is the Lebesgue measure and we define a scalar-valued µ in
(4.1) by the following:
for any subset M of [0, 1),

µ(M ) = −λ(M ),

for any subset P of [1, 2),

µ(P ) = 2λ(P ),

for any subset S of (2, ∞),

µ(S) = 0,

and µ ({2}) = 1.5
The first three statements refer to the absolutely continuous part of µ, while
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Figure 3.1: Sample time reparametrization function η and its completion η̄.
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In Figure 3.1, η shows the cumulative effect of µ (via µ̄) in stretching
the time t. On the right, by “connecting up” the discontinuity in η, we have
η̄, whose “inverse” is η̄ −1 (s) = θ(s).
Impulsive trajectories on the interval [0, 4] look like: x(t) = xac (t)+xs (t),
satisfying
ẋac (t) ∈ F (t, x(t)) + G(t, x(t))wac (t)

a.e. t ∈ [0, 4],

where wac = −1 on [0, 1), wac = 2 on [1, 2), zero otherwise, and
Z
xs (t) =

Z

[0,t]

g(σ)wsc (σ)dµ̄sc (σ) +

[0,t]

ga (σ)dµ̄sa (σ).

Here, wsc ≡ 0. At the time instant t = 2, we “flow” from x(2− ) for 1.5
˙
stretched time units according to ξ(s)
∈ G (2, ξ(s)) from ξ (η(t− )) to ξ (η(t)),
thereby jumping to x(2− ) + ξ (η(t)).
The stretched-time F-trajectory, (θ, y), has first component determined
by θ(s) = η̄ −1 (s), as noted above, and the second component satisfies
y(s) ∈ F (θ(s), y(s)) (1 − |β(s)|1 ) + G (θ(s), y(s)) β(s)
for some β taking values in Bm
1 ∩ K, and the relation
θ(s) = 1 − |β(s)|

∀s ∈ [0, η̄(4)].

Final notes about our solution concept definition
We emphasize that, along with the challenge it adds to the analysis, the singular continuous measure part, µsc , is often undesirable in terms of physical
interpretation; it is simpler and often more appropriate to work only with
the pure “flow” part of µ represented by µac and the pure “jump” component
of µ represented by µsa (strictly speaking, the jumps occur according to µ̄sa ,
as noted below). A good feature of our closed-loop feedback in Chapter 4 is
that it has no such singular continuous component, and we discuss modeling
approaches that avoid singular continuous measures in Chapter 6.
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We also remark that the use of the total variation of the measure is
essential in defining the time reparametrization. Because the measures may
be signed, an instant t0 could have µ({t0 }) = 0, with the function v in the
subsystem at instant t0 taking, for example, the value 1 for 2 s-time units
followed by the value of −1 for 2 s-time units. This is consistent with our
solution concept: the instant t0 has µ-measure zero, but µ̄({t0 }) = 4. In the
scalar case, this adds no real effect, since the resulting trajectory will have
no discontinuity at time t0 . If we combine this “forward and back” motion
in a vector-valued case, however, the situation is more complicated. If the
vector fields commute, then a mixture of “forward and back” motion will
again result in continuity of the trajectory at t0 . If the fields do not commute,
an interweaving of this type of motion need not return the subsystem to its
starting point, and we would observe a discontinuity at time t0 even with
µ({t0 }) = 0, though µ̄({t0 }) > 0 is certain.

3.2.2

Recent Results in Measure-Driven Systems

The transformation techniques above recall the pioneering work of Rishel
[51] and Warga [66] in the context of optimal control. Related solution
concepts are used in a somewhat different context for impulsive dynamical
systems in [10, 11, 24, 39]. We elaborate on related solution concepts and
measure-drive frameworks in the next section. We now turn our attention
to the most recent developments (1980s and later) in measure-driven impulsive control, acknowledging major contributors and identifying our most
immediate predecessors.
Dal Maso, Bressan and Rampazzo
These authors developed ideas from Sussman’s work [62] on stochastic differential equations with a measure in a similar position to (3.2). They produced
much fundamental work in measure-driven control systems, and produced a
precursor to the solution concept we use in this dissertation, even extending
to vector-measures both in the case of commutative fields in G [10, 11] and
with some work in the non-commutative case [12].
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Miller
Boris Miller has many Russian publications regarding impulsive systems
studied via time reparametrization; a key English-language reference is [39],
and also the more recent [38]. Like Dal Maso, Bressan and Rampazzo, he
works with what he calls “robust” solutions, which are those with commutative fields in G, with limited work in the noncommutative case. Research
involves optimal control in many applications including observation control
in radar sensing.
Silva, Vinter, Pereira
The solution concept in this dissertation is closest in spirit and technical
details to the collaborations of these three authors in particular, and their
other collaborators. They developed a solution concept, based on the work
of Dal Maso, Bressan and Rampazzo (above) that decomposes the measure
into parts, including the singular continuous part, and is able to handle
noncommutative jump dynamics [43].
Wolenski and Zabic
Further work in this vein appears in the work of Wolenski and Žabić [68],
[67]. In the dissertation [73], the measure differential equation is treated in
the autonomous case (the inclusion maps depend only on the state variable,
not explicitly on the time variable) with convex control sets.
Chapter 2 of [73] covers the solution concept with comparison to its most
direct predecessor, the solution concept of Bressan and Rampazzo. Care is
taken to demonstrate an equivalence in the two solution concepts. The
decomposition of the measure is discussed in detail, and care is taken in
examining and providing an example for the singular continuous component
of the measure.
The primary results of [68], [73] involve an approximation to impulsive
trajectories by discrete graphs, using the graph distance. Some convergence
is proved, and this system is applied to the issue of weak invariance for
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impulsive systems. A similar style of result, encompassing both weak and
strong invariance, has since been proved [42] using the same solution concept.
Karamzin
The work [30] may be considered in the Russian tradition; indeed, the primary results given for comparison are those of Miller (above), and Karamzin
was a student of Arutyunov, a major contributor to the field of optimal
control who has also studied impulsive systems (the connection being collaboration with Pereira [6], [7]).
Karamzin addresses head-on the issue of nonuniqueness for impulses involving noncommutative fields in the impulse dynamics by defining a solution concept where an “impulsive control” is defined by a measure and a set
of appropriate graph completion subsystems based on that measure’s weight
of each of the instants in the time interval in question. Rather than stretching the time interval in the way we described above, this solution concept
effectively stretches every instant to a unit interval, where the measure may
introduce some motion in the fast time scale. These objects are found to
form a complete metric space, with a metric that defines distance based on
the total variation of the measure as well as the accumulated distances (essentially in the W 1,1 sense) between the graph completion subsystems (the
distance function we employ in Chapter 5 measures analogous quantities in
our setting). Impulsive controls with absolutely continuous measures, which
produce continuous trajectories, are found to be dense in this space; this fact
is exploited in proving various necessary conditions (with and without phase
constraints) by using controls with absolutely continuous measures to approximate arbitrary impulsive controls and using the excellent convergence
properties conferred by the metric. This work avoids the singular continuous
issue by working with integral equations rather than differential-form MDIs,
and treating general measures as limits of absolutely continuous ones.
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Ahmed
N. U. Ahmed has produced a string of articles, including [1–4], proving a
number of generalizations not found in the other measure impulsive systems
literature, such as work with operator-valued measures (by contrast, this
thesis considers regular, signed, vector-valued measures with values in a
cone, a much more typical setup). Work is attempted in Banach spaces (we
remain in Rn ). However, there does not appear to be much collaborative
overlap with the others mentioned above, as the reference lists of any of
the citations can attest. This is unfortunate, due to the volume of abstract
results with a clear eye for applications, especially where the linear subcase
is concerned.
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Chapter 4

Closed-Loop Stabilization
In this chapter, we study the stabilization problem for the impulsive control
system
dx(t) =

m
X

fi (x(t)) ui (t)dt +

gj (x(t)) µj (dt) a.e. t ∈ [0, ∞),

j=1

i=1

x(0)

q
X

= x0 ,
(4.1)

where fi , gj :

Rn

→

Rn ,

for i = 0, 1, · · · , m, j = 1, · · · , q are smooth func-

tions, u(t) ∈ U a.e., U is a convex, compact, nonempty subset of Rm that
contains 0, the µj are real-valued, regular (signed) Borel measures defined
on Borel subsets of [0, ∞), and x0 ∈ Rn is the initial state. More specifically,
we study the calculation of state-dependent control choices of u and µ in
(4.1) such that the resulting impulsive dynamical system is globally asymptotically stable (GAS) with respect to the origin; that is, for any choice of
all x0 ∈ Rn , the impulsive trajectories for (4.1) satisfy
lim x(t) = 0.

t→∞

We have chosen to work in the measure differential equation framework
here, as opposed to measure differential inclusions (which will be used in
Chapters 5 and 6); this will be more compatible with the results from the
literature on which we draw. The solution concept involved is the same as
that defined in Chapter 3 in terms of the measure structure and the resulting
time reparametrization described by η and θ.
This chapter is organized as follows. We begin with a discussion in
Section 4.1 of the necessary background involving Lyapunov functions, a
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key tool in the classical theory which we update to the impulsive system
(4.1). Section 4.2 presents some background in terms of stabilization for
control systems in the impulsive case as outlined in Section 3.2.1. Our
main stabilization results for impulsive systems are presented and proved
in Section 4.3, with the time reparametrization of our solution concept as a
key element. We demonstrate our closed-loop framework with an example in
Section 4.4 and conclude in Section 4.5 with a discussion of future directions
for this topic.

4.1

Classical Stabilization via Lyapunov
Functions

A long-favoured technique in analysis of dynamical systems is due to Lyapunov [37]. To describe it, we recall that a function Q : Rn → R is proper if
its sublevel sets {x : Q(x) ≤ c} are bounded for all c, which in this case is
equivalent to being weakly coercive, that is,
lim V (x) = ∞.

|x|→∞

We say Q is positive definite if Q(0) = 0 and Q(x) > 0 for all x 6= 0. A
Lyapunov function (LF) for the control-free system ẋ = f (x) with f (0) = 0
is a continuous function V : Rn → R that is proper, positive definite, and
satisfies the infinitesimal decrease condition: there exists a proper, positive
definite, continuous function W defined on Rn \ {0} such that
∀x ∈ Rn \ {0},

∀ζ ∈ ∂P V (x),

hf (x) , ζi ≤ −W (x).

One of Lyapunov’s results in the seminal work [37] is that existence of a
smooth Lyapunov function implies that a dynamical system is GAS. A significant converse result, that a GAS system ẋ = f (x) with f continuous
must admit a smooth Lyapunov function, is due to Kurzweil [32].
This notion can be extended to control systems. A control-Lyapunov
function (CLF) for the system ẋ = f (x, u) is a continuous function V : Rn →
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R that is proper, positive definite and satisfies the infinitesimal decrease
condition: there exists a proper, positive definite, continuous function W
defined on Rn \ {0} such that
∀x ∈ Rn \ {0},

∀ζ ∈ ∂P V (x),

min hf (x, u) , ζi ≤ −W (x).
u∈U

If a CLF is available for a given control system then stability is assured.
A variety of converse theorems have also been proved, where we assume
a system is GAC and prove existence of a CLF. Given a GAC system, the
Lyapunov function indicates appropriate control actions at each state. More
specifically, when the system is at state x, a stabilizing action is to choose a
direction that follows the decrease of the Lyapunov function. Following this
idea at every state in the space gives a closed-loop feedback, k(x). Due to
the “min” in the decrease condition, it is clear that the control-Lyapunov
function is then a Lyapunov function for the closed-loop system.
Regularity of the feedback k is a central question in control systems.
The stability and solution properties of the closed-loop system (2.4) depend
on the regularity properties of k. A further practical advantage of a more
regular feedback is robustness: if k is sufficiently regular, then control actions
for nearby states will be similar in magnitude and direction, hence (2.4)
may be robust with respect to perturbations in state (these perturbations
are often called the “measurement error”). For a more detailed overview of
Lyapunov function and feedback regularity, we refer the reader to Clarke’s
survey [16].

4.1.1

Smooth Case

Though its existence cannot be guaranteed, availability of a smooth CLF
simplifies many calculations. In the control-affine case for example, the
Lyapunov decrease condition may be expressed in terms of Lie derivatives
of the CLF; for the system
ẋ = f (x) +

m
X

uj gj (x)

u ∈ Bm ,

j=1
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where Bm is the m-dimensional unit ball, we state the decrease condition
as:
∀x 6= 0,

∃ u such that

Lf V (x) +

m
X

Lgj V (x)uj < 0.

(4.2)

j=1

Moreover, there is a formula in this case for a state feedback control
due to Sontag and Lin [59] (“Sontag’s formula” for the unbounded control
case is mentioned often in the literature, originating in [57]). If the system
admits a differentiable Lyapunov function V that satisfies the “small control property”, which requires that the decrease condition applies for small
control actions near the origin (one sufficient condition for these to hold is
the existence of some other continuous feedback), then the function
k(x) = ϕ (Lf V (x), ||LG V (x)||) LG V (x)
is a state-feedback that stabilizes the system. Here, LG V (x) is the m-vector
with entries Lgj V (x), and ϕ is defined by

√
a2 +b4
 − a+ √
2
b (1+ 1+b2 )
ϕ(a, b) =
 0

if b > 0,
if b = 0.

The feedback k globally stabilizes the closed-loop system, and is guaranteed
to be smooth for x 6= 0 and continuous everywhere.

4.1.2

Semiconcave Case

Only relatively recently has a minimal regularity for Lyapunov functions
been established in the general control-affine case. In a series of publications,
Rifford answers a long-standing pair of questions in nonlinear control: Given
a GAC system, what sort of feedback is guaranteed to exist? Given a GAC
system, what sort of Lyapunov functions must exist?
One earlier approach to these questions was to prove existence of a
sample-and-hold style feedback, that is, a feedback where the control value
is fixed over time intervals of possibly varying length. In practice, this is
often all that is available anyway; one assumes continuous dynamics, but
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can only measure and adjust the control action at discrete time instants.
For this reason, much literature discusses the limits of such an approach,
for example, conditions under which a stabilizing feedback may be designed
with some lower-bound on the sampling interval; arbitrarily fast switching of
the control value, called “chattering”, may work in mathematical theorems,
but is undesirable from an engineering standpoint [16], [31].
Sontag’s formula does not apply in general since no smooth CLF exists
for certain systems. Sontag did establish in [56], however, that a continuous
CLF always exists for a GAC system.
Rifford improved upon this twice in the context of model (2.6), first
demonstrating in [47] the existence of a Lipschitz CLF, and then more recently in [48] the existence of a semiconcave (see below) CLF leading to a
global stabilizing feedback that is smooth except for a set of measure zero,
which coincides with the singular set of the CLF. He required the additional
assumption that the control-affine system satisfy a “bracket-generating condition” at each state, i.e., that the Lie algebra formed by the system’s component functions span the state space.
A continuous function h : Rn → R is called semiconcave if for any
x0 ∈ Rn there exist ρ, C > 0 such that
µ
h(x) + h(y) − 2h

x+y
2

¶
≤ C||x − y||2

∀x, y ∈ x0 + ρB.

Such functions may be considered locally as the sum of a smooth function
and a concave function [13]. In fact, they are smooth wherever they are
not concave. For control-affine systems, Rifford demonstrates in [48] construction of a semiconcave CLF, which in turn may be used to define a
feedback that is smooth except on the CLF’s singular set (where the CLF
is necessarily concave).

4.1.3

SRS Feedback

The latest feedback results of Rifford (apart from adapting the whole scheme
to manifolds) further refine the above in two and three dimensions (in [49]
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and [50], respectively), providing further detail about the feedback for states
on the singular set of the semiconcave CLF. A smooth repulsive stabilizing
(SRS) feedback is defined as a stabilizing feedback that is smooth except
possibly on the singular set of the CLF (which has Lebesgue measure zero)
and which causes trajectories in the closed loop system to remain outside
that singular set for all positive time.
It is thus known for standard control-affine systems, those of the form
ẋ(t) =

m
X

fi (x(t)) ui (t),

i=1

that global asymptotic controllability implies the existence of a controlLyapunov function which is semiconcave outside the origin [47]. Such a
control-Lyapunov function allows the construction of a stabilizing feedback
which is continuous outside a zero measure set [48]. The state of the art
regarding stabilization theory for standard control systems on Rn can be
found in [50].

4.2

Stabilization for Impulsive Systems

Stability in terms of control-Lyapunov functions for impulsive control systems has been addressed, for example, in [44] and [45]. The stability of
solutions for this class of impulsive systems via perturbation of the measures is to be found in [39]. When a control measure is approximated by
a sequence of absolutely continuous measures, several authors have proved
under a variety of hypotheses that the solutions to the systems with corresponding absolutely continuous measures converge to the solution of the
system corresponding to the general measure; recent results include [54] for
scalar-valued measures, and [30, 68] for vector-valued measures which take
their values in closed, convex cones in Euclidean space.
Despite all the research in the field of impulsive control systems and the
recent advances in feedback stabilization theory for standard control systems, to the best of our knowledge, very little is known about stabilization
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of impulsive systems in the context of measure differential equations (or inclusions). This work is an attempt to bring some understanding to how one
might build a stabilizing feedback law for such systems. That aim is accomplished by proving that it is possible to construct a smooth (Theorem 4.2) or
an almost everywhere smooth (Theorem 4.1) feedback law for system (4.1)
under appropriate assumptions.
An admissible control for system (4.1) consists of a pair (u, µ) where u(·)
is a measurable function taking values in U and µ = (µ1 , · · · , µq ) is a regular
Borel signed vector measure.
The impulsive system (4.1) is globally asymptotically controllable (GAC)
if, for each x0 ∈ Rn , there is an admissible control (u, µ) such that the
corresponding trajectory x(t; u, µ, x0 ) tends to zero as t increases to infinity.
System (4.1) is an open-loop system. We now consider the corresponding
closed-loop system
dx(t) =

m
X

fi (x(t)) ki (x(t)) dt +

i=1

a.e. t ∈ [0, ∞),

q
X

gj (x(t)) ρj (x(t); dt)

i=1

(4.3)

x(0) = x0 ,

obtained by replacing ui (t) with ki (x(t)) and µi (t) with ρi (x(t); dt).
The closed-loop system (4.3) is said to be globally asymptotically stable
at the origin (GAS) if
1. for every x0 ∈ Rn there exists a trajectory x(t; x0 ) starting at x0 that
tends to zero as t goes to infinity;
2. for each ² > 0 there is a δ > 0 such that for each x0 ∈ Rn with
kx0 k ≤ δ the trajectory x(·; x0 ) starting at x0 that tends to zero as t
goes to infinity, as in Item 1, obeys kx(t; x0 )k ≤ ² for all t ≥ 0.
System (4.3) may have more than one solution at each starting point due
to the possibly noncommutativity of the vector field g. So in the definition
of stability above it is desirable that all trajectories starting at the same
initial value would obey the listed conditions. However, as will be clear in
Section 4.3, our method in the main stability result guarantees that just one
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solution among infinite possibilities can be chosen to satisfy the stability conditions. When either the control measure takes values in a one-dimensional
vector space (q = 1), or the vector fields g1 , · · · , gq associated to the control
measure are commutative, the system (4.3) has a unique solution for each
initial point. Hence it is GAS in the usual sense (all trajectories tend to
zero).
We also consider the associated auxiliary system:
y 0 (s) =

Pm

i=1

Pq

fi (y(s)) αi (s) +

j=1

gj (y(s)) βj (s) a.e. s ∈ [0, ∞),

y(0) = x0 .
(4.4)
Admissible control functions for (4.4), which is not impulsive, are Lebesgue
measurable functions α = (α1 , · · · , αm ) : [0, ∞) → U and
β(s) = (β1 (s), · · · , βq (s)) : [0, ∞) → Bq1 ⊂ Rq ,
where Bq1 := {β ∈ Rq :

Pq

j=1 |βj |

≤ 1}, the closed unit “ball” when using

the 1-norm.
We say that V : Rn → R is a control-Lyapunov function (CLF) for (4.4)
if it is positive definite (i.e., V (0) = 0, and V (y) > 0 for y 6= 0), proper (i.e.,
V (y) → ∞ when kyk → ∞) and satisfies the infinitesimal decrease condition
∀y ∈ Rn \ {0}, ∀ζ ∈ ∂p V (y),

min

α∈U, β∈Bq1

hζ, f (y) α + g(y) βi ≤ −W (y),
(4.5)

for some continuous positive definite function W , where
f (y)α + g(y)β :=

m
X
i=1

fi (y) αi +

q
X

gj (y) βj .

j=1

When system (4.1) is GAC then system (4.4) is also GAC (Lemma 4.1,
in Section 4.3) and hence, by Theorem 2.4 of [48], there exists a semiconcave control-Lyapunov function V : Rn → R which satisfies an exponential
decrease condition (that is, obeys (4.5) with W = γV for some γ > 0).
When a control-Lyapunov function is known, it enables the construction of
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a feedback law for the non-impulsive system via a generalization of Sontag’s
formula [59] to the nonsmooth case (Theorem 2.7 of [48]). Moreover, in the
case n = 2, it is possible (see [49]) to exploit the affine structure of the system, combined with the semiconcavity properties of the Lyapunov function,
to prove the existence of a smooth repulsive stabilizing (SRS) feedback law
for system (4.4), which is smooth outside a zero measure set and directs
any trajectory starting on that special set to leave the set for all positive
time (i.e., the set is “repulsive”). Alternatively, an everywhere differentiable
CLF may exist, in which case we may work with Sontag’s result [59] more
directly. In the present work, we set out to adapt such feedback laws for the
impulsive system (4.1).
Existence of a continuous feedback control on a dense open set of Rn
(or possibly everywhere on Rn ) will be proved using the fact that auxiliary
non-impulsive system (4.4) is GAC whenever the original impulsive system
(4.1) is GAC. Then we assume a control-Lyapunov function for the auxiliary
system and deduce an appropriately smooth feedback law a : Rn \ {0} → U
and b : Rn \ {0} → Bq1 . Using this feedback law, we write a closed loop
system
y 0 (s) = f (y(s)) a (y(s)) + g (y(s)) b (y(s)) ,
y(0) = x0 .

(4.6)

This system is GAS in the sense of Carathéodory solutions. From the
feedback scheme a(·) and b(·), we are able to construct the feedback pair
k and ρ for the impulsive system via the “time-stretching” transformation
explained in Section 3.2.1.

4.3

Closed-Loop Feedback Stabilization Results

We now state our main results.
Theorem 4.1. If n = 2 or n = 3 and the system (4.1) is GAC and
satisfies Hormander’s bracket condition, Lie{f1 , . . . , fm , g1 , . . . , gq } = Rn ,
then it permits a closed-loop state feedback (k, ρ) and a zero-measure set Σ
such that
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i) On Rn \ Σ, both k(·) is smooth and ρ(·; dt) is continuous.
ii) Any trajectory x(·) with x(0) ∈ Σ obeys x(t) ∈
/ Σ for all t > 0.
iii) The closed-loop system (4.3) is GAS if n = 2 or asymptotically stable
in a neighborhood of the origin if n = 3.
Theorem 4.2. If the system (4.1) is GAC and permits a differentiable CLF then it further permits a closed-loop state feedback (k, ρ) with
k(·) smooth and ρ(·, dt) continuous such that the closed-loop system (4.3) is
GAS.
To develop a feedback control for (4.1), we consider the auxiliary system
y 0 (s) = f (y(s)) α(s) + g (y(s)) β(s),

α(s) ∈ U,

β(s) ∈ Bq1 .

(4.7)

This is a control-affine system that has many available feedback results,
typically derived from analysis of a control-Lyapunov function (CLF).
Lemma 4.1. If system (4.1) is GAC then system (4.7) is GAC.
Proof. Suppose system (4.1) is GAC and let x0 ∈ Rn be given. Hence there
exists an admissible process (x, u, µ) for (4.1) such that x(0) = x0 and x(t) →
0 as t ↑ ∞. Fix the functions η and θ as in Section 3.2.1, and let {ti }∞
i=1 be an
enumeration of the points of discontinuity of the reparametrization function
η. Set α(s) := u(θ(s))θ̇(s), and β(s) ∈ Bq1 as the reparametrization selection
associated to µ for almost every s ∈ [0, ∞). Noting that θ̇(s) = 1 − |β(s)|1 ,
we can rewrite (4.7):
z 0 (s) = f (z(s)) (1 − |β(s)|1 ) u (θ(s)) + g (z(s)) β(s).

(4.8)

The unique solution of (4.8) corresponding to initial value x0 is given by
(
z(s) =

x(θ(s)) if s ∈ [0, ∞) \ ∪∞
i=1 η̄(ti );
ξ(s)

if s ∈ ∪∞
i=1 η̄(ti )

Since θ(s) → ∞ as s ↑ ∞ and due to the definition of z(·), we conclude
that z(s) → 0 as s ↑ ∞ as required.
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We will now treat the system (4.8) as an open-loop system in its own
right:
z 0 (s) = f (z(s)) (1 − |β(s)|1 ) v(s) + g (z(s)) β(s).

(4.9)

We seek a state feedback control scheme for (4.9), and we may then transform back to the impulsive setting. We first determine such a scheme for
system (4.7).
Given stabilizing feedback controls a(·) and b(·) for (4.7), we say that
V is a Lyapunov function for the closed-loop system with α(s) = a(y(s))
and β(s) = b(y(s)) if V is positive definite, proper, and satisfies, for all
y ∈ Rn \ {0} and all ξ ∈ ∂V (y):
m
X

hfi (y)ai (y), ξi +

i=0

q
X

hgj (y)bj (y), ξi ≤ −W (y),

(4.10)

j=0

for some positive continuous function W . Existence of such a function guarantees that all trajectories of the closed-loop system converge to the origin
as time increases.
When a differentiable CLF exists, Sontag [59] has determined a formula
for a robust continuous feedback for closing the loop. The most current
general results given our standing assumptions on f and g, however, are
due to Rifford [48–50], where the existence of a semiconcave CLF is proved,
along with a state feedback control that is smooth except on a stratified
singular set of measure zero. Indeed, there may be some flexibility in the
determination of a feedback control at this step; our interest is in how such
a control can be used in our impulsive system.
We will discuss our method first in the context of Theorem 4.1. We
are assured by Lemma 4.1 that (4.7) is GAC; let V be a semiconcave CLF
for (4.7), which is then a Lyapunov function for the closed-loop system
with some SRS feedback controls a(·) and b1 (·) (this is a feature of the
construction):
y 0 (s) = f (y(s)) a (y(s)) + g (y(s)) b1 (y(s)) ,
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where a(·), b1 (·) and V satisfy the decrease condition (4.10) with W = W0
for some function W0 as above.
For any y where V (·) is differentiable, we group the terms using the
following notation:
LF V (y) =

m
X

hfi (y)ai (y), ∇V (y)i ,

i=0

LG V (y) =

q
X

®
gi (y)b1i (y), ∇V (y) .
j=0

(We note that LF V is the sum of Lie derivatives with respect to the ai fi ).
We may thus rewrite the decrease condition (4.10) as:
LF V (y) + LG V (y) ≤ −W0 (y),

∀y where ∇V (y) exists.

(4.11)

We claim that V is a CLF for (4.9), which we will be prove by showing
that V is a Lyapunov function for the closed loop employing the control
scheme a(·) with a modified version of b1 (·). Where V (·) is smooth, we will
replace b1 (·) with b0 (·) = M (·)b1 (·), where M (·) is defined by:



 0³
´ if LG V (z) ≥ 0,
LG V (z)
G V (z)
if − 1 ≤ LW
< 0,
φ W0 (z)
M (z) =
0 (z)


 1
if LG V (z) < −W0 (z)

(4.12)

Here, φ(·) is any monotonic decreasing scalar function that ensures a smooth
¡ ¢
transition from 1 to 0 over the interval [−1, 0] and has φ 21 = 21 .
Lemma 4.2. For any z where V is differentiable,
¯
¯ ¢
®
Pm ¡
1 − ¯b0 (z)¯D
f
(z)
a
(z),
∇V
(z)
i
i
i=0
E
Pq 1
0 (z), ∇V (z)
+
g
(z)
b
≤ − W04(z) .
j
j
j=0
In other words, V is a Lyapunov function for the closed-loop version of (4.9)
using a(·) and b0 (·) as feedback controls, satisfying the decrease condition
(4.10) with W = 41 W0 .
¯
¯
¯
¯
Proof. Using r(z) := 1 − ¯b0 (z)¯1 = 1 − M (z) ¯b1 (z)¯1 and linearity of the
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Lie derivatives, we may rewrite the desired inequality as:
r(z)LF V (z) + M (z)LG V (z) ≤ −

W0 (z)
.
4

(4.13)

We examine four cases:
• When LG V (z) ≤ −W0 (z), we have M (z) = 1; noting that 0 ≤ r(z) ≤
1, (4.13) holds.
• If −W0 (z) < LG V (z) ≤ − W02(z) then

1
2

≤ M (z) ≤ 1 and due to (4.11)

we have LF V (z) < 0, hence
1
r(z)LF V (z) + M (z)LG V (z) ≤ 0 +
2

µ
¶
W0 (z)
W0 (z)
−
=−
.
2
4

• If − W02(z) < LG V (z) < 0 then 0 ≤ M (z) ≤ 21 so 21 ≤ r(z) ≤ 1 (recall
¯ ¯
that ¯b1 ¯1 ≤ 1), while (4.11) ensures that LF V (z) < − W02(z) , hence
1
r(z)LF V (z) + M (z)LG V (z) ≤
2

µ
¶
W0 (z)
W0 (z)
−
+0=−
.
2
4

• Finally, for LG V (z) ≥ 0, we have M (z) = 0 and thus r(z) = 1; then
(4.13) follows directly from (4.11).
This completes the proof.
Our feedback control scheme a(·) , b0 (·) ensures stability of the closedloop system:
¯
¯ ¢
¡
z 0 (s) = f (z(s)) 1 − ¯b0 (z(s))¯1 a(z(s)) + g (z(s)) b0 (z(s)).

(4.14)

In order to reverse the change of variables to recover our impulsive system, we may need to further modify this feedback to prevent a jump taking
“infinite time” if b0 (·) = 1 on any neighbourhood of the origin; this may be
accomplished by dividing the value of b0 (·) in half near the origin. We pick a
tolerance ε from the origin and insist that b0 (·) decrease smoothly from b0 (·)
to 21 b0 (·) between radius ε and ε/2. We call the resulting feedback control
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b(·), and note that trajectories still head towards the origin, though perhaps
more slowly in this small region than when b0 (·) was in use. Indeed, it is
easy to check that this modification does not disrupt the inequalities in the
proof of Lemma 4.2.
We are now ready to reverse our change of variables. This will be done
one trajectory at a time, after which we will “paste” the resulting trajectories
together to demonstrate that the impulsive process is of sufficient regularity.
Let ξ ∈ Rn be given. We denote the unique solution to (4.14) with initial
point ξ by zξ . Define
Z
θξ (s) =

0

Z
ρξ (A) =

s¡

¢
1 − |b(zξ (σ))|1 dσ
b (zξ (τ )) dτ

θξ−1 (A)

s ∈ [0, ∞),

∀ A ∈ B.

The increasing function θξ (·) maps [0, ∞) to [0, ∞); it is not difficult
to verify that ρξ (dt) is a signed vector-valued regular measure. It is now
possible to show, by changing variables, that x(t) = zξ (η(t)) is a solution of
the closed-loop system
dx(t) = f (x(t)) a (x(t)) dt + g (x(t)) dρξ (x(t); dt)

(4.15)

satisfying x(0) = ξ and which furthermore tends to the origin as t ↑ ∞. We
refer to [44] for the details.
We remark that a(·) is unchanged throughout this process, and hence
retains its regularity. It remains to show that the measure in (4.15) is
continuous with respect to the chosen initial value ξ and hence the resulting
trajectories zξ (·) and x(·).
We first determine that θ˙ξ (·) is continuous in ξ. Let ε > 0 be given and
suppose that ξ0 and ξ1 outside the singular set of V are the initial points
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for trajectories of (4.15) z0 and z1 , respectively. For i = 0, 1, we define
Z
θi (s) =
ρi (A) =

Z0

s

(1 − |b (zi (σ))|1 ) dσ
b (zi (τ )) dτ

θi−1 (A)

s ∈ [0, ∞),

∀ A ∈ B.

Then θ˙i (s) = 1 − |b (zi (s))|1 , and for fixed s̄ ∈ [0, ∞), we have
¯
¯
¯˙
¯
¯θ1 (s̄) − θ˙0 (s̄)¯ = ||b (z1 (s̄))|1 − |b (z0 (s̄))|1 | < ε

(4.16)

as long as |z1 (s̄) − z0 (s̄)| is sufficiently small, which we may guarantee by
ensuring their initial points ξ0 and ξ1 are sufficiently close together; it is
important here that b(·) is SRS, so any points of discontinuity for b(·) are
not an issue since we are only looking along trajectories.
Continuity of θξ (·) in ξ follows directly from (4.16), noting of course that
θξ (0) = 0 for any initial point ξ. As a monotone continuous function, θξ (·)
has a maximal monotone set-valued inverse, θξ−1 (·).
Given nonempty bounded open set A ⊂ [0, ∞),
¯Z
¯
Z
¯
¯
¯
¯
|ρ1 (A) − ρ0 (A)| ≤ ¯
b (z1 (τ )) dτ −
b (z0 (τ )) dτ ¯
−1
¯ θ1−1 (A)
¯
θ1 (A)
¯Z
¯
Z
¯
¯
¯
¯
+¯
b (z0 (τ )) dτ −
b (z0 (τ )) dτ ¯
−1
¯ θ1−1 (A)
¯
θ0 (A)
Z
Z
≤
|b (z1 (τ )) − b (z0 (τ ))| dτ +
|b (z0 (τ ))| dτ
≤

θ1−1 (A)
¡
¢
m θ1−1 (A) max |b (z1 (τ ))
¡
¢
+ m θ1−1 (A)∆θ0−1 (A) .

θ1−1 (A)∆θ0−1 (A)

− b (z0 (τ ))|

(Here, “m” refers to the Lebesgue measure, and |·| is the usual 2-norm.)
The first term is small (as before) for sufficiently close initial values, while
the second is small due to uniform convergence of the θi (·) with respect to
initial values which implies a graph convergence for the θi−1 .
Having demonstrated the desired regularity in our measure for the jump
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dynamics, we have completed the proof of Theorem 4.1. We remark that ρξ
has no singular continuous component due to the regularity of b(·).
The arguments above still apply if we drop the assumption that n = 2
but insist that the original CLF, V , be differentiable (indeed, our analysis
focuses on the regions where V is differentiable), in which case the resulting
feedbacks a and b1 (and thus b) may be assumed to be smooth rather than
SRS, Lie derivatives exist everywhere. Given these small modifications, we
have proved Theorem 4.2.

4.4

Stabilization Example

Consider the impulsive control system on R2 , given by
dx(t) = f (x(t)) u(t)dt + g (x(t)) µ(dt) a.e. t ∈ [0, ∞),

(4.17)

where
Ã"
f

x1

#!

"
=

x2

#

−x31
x2 (x2 − x1 )

Ã"
,

g

x1
x2

#!

"
=

x2
−x1

#
,

and u ∈ [0, 1]. The fields are shown in Figure 4.4. The auxiliary system is
f

g

1
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Figure 4.1: “Flow” field f and “jump” field g
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then:
y 0 (s) = f (y(s)) α(s) + g (y(s)) β(s)

a.e. t ∈ [0, ∞),

(4.18)

with α ∈ [0, 1] and β ∈ [−1, 1]. Here, we have “jump” dynamics that travel
along circular arcs, and the “flow” dynamics guide trajectories to the origin
in the half-plane y2 < y1 . We will describe two different stabilizing feedbacks
that involve jumps: a simple feedback that demonstrates the transformation
back to the impulsive setting, followed by a feedback determined via Sontag’s
formula that uses the techniques of Section 4.3.

4.4.1

Feedback By Inspection

We first construct a simple feedback scheme by considering the properties
of f and g. We denote the polar angle of y in the plane by φ(y) (measured
from the y1 axis), and partition R2 into the following regions:
¾
½
n
πo
7π
π
π
, I = y : − ≤ φ(y) ≤
⊂ {y : y1 ≥ 2 |y2 |} ,
J = y : < φ(y) <
4
4
8
8
n
π
πo
< φ(y) ≤
,
M+ = y :
8
4

¾
½
15π
7π
≤ φ(y) <
M− = y :
4
8

We define the following state-feedback scheme:
(
a(y) =

0
1
2

if y ∈ J
(cos (4φ(y)) + 1)



 1
b(y) =




1
2

0

if y ∈ M+ ∪ M− ∪ I
if y ∈ J

(cos (8φ(y)) + 1)

if y ∈ M+ ∪ M−
if y ∈ I

Flow in the closed-loop system y 0 = f (y)a(y) + g(y)b(y) may be qualitatively described according to the initial state. If we start in J, only g is
active, and the trajectory is a clockwise circular arc until it hits M+ . On
M+ , trajectories flow to I. When the state is in I and close enough to the
origin, the trajectory will remain in I and approach the origin as time in45
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Figure 4.2: a(y) and b(y) versus polar angle φ(y)
creases. Otherwise, the trajectory will escape to either M+ or M− . In the
former case, the trajectory must return to I eventually and remain there on
its approach to the origin. On M− , the trajectory will enter either I or J.
We are assured stability since any trajectory in J must leave J in finite time
and never return, and its radius is strictly decreasing when not in J.
We expect the same qualitative behaviour from the companion system
z 0 (s) = f (z(s)) (1 − |b(z(s))|) a(z(s)) + g (z(s)) b(z(s));

(4.19)

the trajectory of (4.19) starting at z0 = (1.5, −0.9) is highlighted in the
plotted trajectories in Figure 4.3 (where J, M+ , M− and I are indicated),
with corresponding reparametrization θ(·) in Figure 4.4.
Closing the loop in (4.17) using a(·) and a measure defined via integration
of b (as in Section 4.3), we will see continuous flow due to f (·) alone on
the set I, “mixed” flow on M+ and M− where both f (·) and g(·) (via the
absolutely continuous component of our measure) are active, and we will see
a jump from any state in J to M+ (via the singular atomic component of
the measure).
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4.4.2

Feedback Via CLF and Formula

In this section, we construct a feedback for (4.18) based primarily on Sontag’s formula. This requires a control-Lyapunov function for (4.17); we will
use

¡
¢¡
¢
V (y1 , y2 ) = (y1 − 1)2 + y22 + 1 y12 + y22 ,

(see Figure 4.5) which is smooth everywhere and has a Lie derivative with
respect to g of

¡
¢
Lg V (y1 , y2 ) = −2y2 y12 + y22 .

As there is no drift term, Sontag’s formula for unbounded controls reduces to
¡
¢
β∞ (y1 , y2 ) = −Lg V (y1 , y2 ) = 2y2 y12 + y22 .

α∞ (y1 , y2 ) = −Lf V (y1 , y2 ),

These may be scaled to fit our control constraints while maintaining a stabilizing effect; we may imagine a smooth transition to saturation for α ∈ [0, 1]
and β ∈ [−1, 1], with results as in Figures 4.7 and 4.6, contour plots of a(·)
and b1 (·), respectively. The pair a and b1 satisfy the CLF decrease condition
(4.10) with the continuous function
(
W (y1 , y2 ) =

1
10
1
10

¡ 4
¢2
y1 + y24
¡ 4
¢
y1 + y24

if y14 + y24 ≤ 1
if y14 + y24 > 1

Following the notation of Section 4.3, we now modify b1 (·) to obtain
b0 (·) (here, we use φ(w) =

1
2 (1

− cos(πw)) in the definition of M (·)). As

no jumping occurs near the origin in this case, no further modification is
necessary, and we may take b(·) = b0 (·), shown in Figure 4.8. Unlike the
feedback scheme in Section 4.4.1, the a(·) and b(·) here are smooth even at
the origin.
We are now assured stability of the closed-loop system
z 0 (s) = f (z(s)) (1 − |b(z(s))|) a(z(s)) + g (z(s)) b(z(s));
(we plot (1 − |b(z)|) a in Figure 4.9 for reference) Figure 4.10 shows a col47
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lection of trajectories, while Figure 4.11 shows the parameterization θ(·) for
the bold trajectory starting at z0 = (−1.5, 0.1).
Trajectories in the impulsive system look like those in Figure 4.10, but
¯
¯
with jumps to the edges of the ¯b1 (·)¯ = 1 contours in the y1 > 0 half-plane;
the time is given by θ, and the jumps correspond to horizontal parts of the
θ graph.

4.5

Final Considerations

Having built a stabilizing feedback for the impulsive system from a feedback
for the auxiliary system, we may immediately state a result for open-loop
systems:
Corollary 4.1. The open-loop impulsive system (4.1) is GAC if and only
if the open-loop auxiliary system (4.4) is GAC.
An equivalence result for existence of a state feedback is less clear, as
the reparametrization we have defined is only valid in one direction. This is
a subject for future consideration. Other future work may involve extension
to the case where drift is permitted.
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Figure 4.4: Reparametrization θ(s).
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Figure 4.5: A CLF for the auxiliary system
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Chapter 5

Necessary Conditions in
Optimal Control
In this chapter, we turn our attention to problems in optimal control, where
a cost function is associated to control system, as in the following:


Minimize ` (x(a), x(b))



 over x with x : [a, b] → Rn satisfying
(SAMPLE)

ẋ(t) ∈ F (t, x), a.e. t ∈ [a, b]



 (x(a), x(b)) ∈ C.
In problem (SAMPLE), F is a given multifunction and C is a given set of
available starting and ending points for the trajectories under consideration.
This is called a Mayer problem, characterized by its cost function that depends only on the state values at either end of the time interval. It is a
fundamental problem type in the sense that more elaborate cost functions,
including integral costs, may be expressed as a problem of this form by the
clever addition of a cost-tracking state whose endpoints are the input variables in a new objective function. As stated, (SAMPLE) implies a search
for a global minimizing arc x; often, as below, this is weakened to a discussion of the minimum among a smaller bundle of nearby trajectories. Local
minimization is stated in terms of a reference trajectory, x∗ , and a distance
function for trajectories; the minimization is performed over arcs within a
certain distance of x∗ . The development of necessary conditions for optimality is an attempt to characterize minimizers in terms of a costate arc with
restrictive properties, including a related differential inclusion and endpoint
constraints. Excellent resources for the modern theory of such problems are
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[36] and [15].
Significant milestones in the theory of optimal control of impulsive systems date back to the 1950s [34], with early significant use of measures
contributed by Rishel [51] and Warga [66], though the measure differential
inclusion (MDI) setting is more recent; see [24], [54]. As noted earlier, our
solution concept most closely resembles that of Wolenski and Žabić [67] and
matches that of Code and Silva [23]. Optimal control of MDIs include the
result of Silva and Vinter [55], where the measure is scalar while F is Lipschitz in x, measurable in t, and the impulsive map G is continuous in (t, x),
Lipschitz in x. In [7], the authors consider a variety of associated issues in
the free-time, scalar measure case, including state constraints and nondegeneracy of the maximum principle. Results for vector-valued measures were
limited for a long time to the “commutative” case, where the component
fields in the matrix-valued map G were assumed to commute (see [10], [11],
[39]; the latter refers to this as the “robust” case).
Some results have been established in the “non-commutative” vectorvalued measure case under the case of smooth maps in the differential equation setting [12], [39]. More recently, Karamzin tackled these using differential equations and a somewhat different impulsive scheme; in [30], f (t, x, u)
(the control-parametrized analogue of multifunction F ) must be measurable in t, C 1 in (x, u), while g(t, x) (analogue of G, but single-valued) is
C 1 and has no u-dependence (it is a field whose product is taken with the
control measure); however, explicit state constraints and a discussion of nondegenerate conditions are presented, and a free end-time setup (where the
time interval endpoints are choice variables) is also considered for impulsive
problems. Karamzin’s work [30] is closer in setup and the comparisons are
more direct to Miller and Rubinovich [39] (who include a significant survey of impulsive results in general and the Russian literature in particular)
than others, though the latter uses the time change method to work with
theorems for standard control problems; we adopt a similar approach below. The concluding discussion in [30] sees this as limiting in that convexity
assumptions are needed, but Clarke [17] addresses this limitation, and we
bring these results together in the present work.
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In [43], Pereira and Silva provided a framework for vector-valued measures using the general MDI:
dx(t) ∈ F (t, x)dt + G(t, x)dµ(t),

(5.1)

where the differential inclusion maps F and G were only measurable in the
time and space variables (jointly in (t, x) in the case of G). The setup in the
present work is most closely related to [43], but here we remove convexity
and incorporate sub-Lipschitz assumptions on F and G.
In this chapter, we study a Mayer-style problem where the differential
inclusion in question is instead a measure differential inclusion:

Minimize ` (x(0), x(T ))






 over impulsive solutions (x, X) such that
(P)
x : [0, T ] → Rn satisfies




dx(t) ∈ F (t, x)dt + G(t, x)dµ(t)



with graph completion X associated to µ,
where the measure µ takes on vector values in a closed cone, K, while G
takes sets of matrices as values. We continue the use of our solution concept
from Chapter 3, and take as our starting point the relatively recent results
of Vinter [64] and Clarke [17], where convexity of the velocity sets is no
longer needed in the hypotheses. The primary regularity assumptions for
the differential inclusions maps in [17] are twofold:
1. A pseudo-Lipschitz condition, which calls for a Lipschitz-like behaviour
in a restricted velocity set; this is the Aubin property (as described
in [52] and elsewhere), but with the neighbourhood about the optimal
trajectory identified with an explicit radius that later appears in the
necessary conditions (which makes them “stratified”).
2. A growth restriction on the map; the most general of these provided in
[17] is called the tempered growth condition, which is shown to imply
other standard growth restrictions.
The attention paid to the radius in the pseudo-Lipschitz condition leads to a
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stratified set of necessary conditions based on the radius functions involved;
this is the core contribution of [17]. We first review this result and the
requisite definitions.
In what follows, we will use Bn to denote the unit ball in the usual 2norm in n-dimensions, Bn1 for the unit ball using the 1-norm in n-dimensions,
and B[x; r] to denote the open ball (2-norm) centred at the point x and with
radius r; here the dimension is inherited from x. We write B[x; r] = B[x; r]
for the closure. Our trajectories will be right-continuous in time variable t,
but we will denote the initial point (prior to any impulse at time t = 0) by
x(0− ). We will use δA as the indicator function for set A: it takes the value
zero on the set A, and the value +∞ otherwise.

5.1

Current Necessary Conditions for
Nonimpulsive Problems

Clarke [17] uses a positive-valued “radius function” R : [a, b] → (0, +∞] to
make three definitions. The first of these is:
Definition (PLC). A multifunction F : [a, b] × Rn →
→ Rn is said to satisfy
(PLC), a pseudo-Lipschitz condition of radius R near x∗ , if there exist ε > 0
and k ∈ L1 [a, b] such that, for almost all t ∈ [a, b] and for every x1 and x2
in B[x∗ (t); ε], one has
F (t, x1 ) ∩ B[ẋ∗ (t); R(t)] ⊆ F (t, x2 ) + k(t) |x2 − x1 | B.
Put another way, each of the set-valued maps F (t, ·) has the Aubin
property (as in [52]) with the ball B[ẋ∗ (t); R(t)] relative to x∗ (t) for almost
every t ∈ [a, b]. By comparison, a locally Lipschitz function is pseudoLipschitz with radius function R ≡ +∞.
In the context of differential inclusions, the localizing effect of the radius
in pseudo-Lipschitz functions restricts our focus to velocities in the vicinity
of the reference (optimal) trajectory, ignoring any irregular behaviour of
the maps elsewhere. This permits us to work with maps that are locally
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well-behaved in terms of image sets, but not locally Lipschitz (where the
term “locally” refers to local input values, not the image sets). Consider the
simple example where Fray : R2 →
→ R2 is defined by
Fray (x) = {cx | c ≥ 0} ,
in other words, the set value at x is the ray in the plane containing x. This
map is pseudo-Lipschitz about any point, with any finite radius. Consider
the point x∗ = (2, 0); the ray in question is the positive horizontal axis. To
have (PLC) hold at x∗ , we require an ε, radius R and Lipschitz modulus
k such that the above inclusion holds. For ε = R = 1 (this map has a
special relationship between input values and output sets), and given a ray
Fray (x0 ) that intersects the unit disc centred at x∗ , we need to uniformly
cover all such rays by fattening Fray (x0 ). This is achieved by any k ≥ 2.
In fact, we may determine a value of k for any chosen radius, though as
R grows, so must k. We may even define a sequence of radii, growing to
infinity, where the pseudo-Lipschitz property holds. The map Fray is not
globally nor locally Lipschitz at x∗ , however; no ray near to Fray (x0 ) can
be covered by a finite fattening of Fray (x0 ). In the theorems below, we are
able to recover “global” results (i.e., equivalent to the results for Lipschitz
multifunctions) for maps where an increasing sequence of radii exists.
The other two definitions are related to growth of the map relative to
growth of the input value.
Definition (TG). A multifunction F : [a, b] × Rn →
→ Rn satisfies (TG),
the tempered growth condition of radius R near x∗ , if there exist ε > 0,
λ ∈ (0, 1) and r0 ∈ L1 [a, b] obeying both 0 < r0 (t) ≤ λR(t) and
F (t, x) ∩ B[ẋ∗ (t); r0 (t)] 6= ∅,
Definition

∀x ∈ B[x∗ (t); ε],

a.e. t ∈ [a, b].

(ESSINF). The pair of a radius function R with some

k ∈ L1 [a, b] will be said to satisfy (ESSINF), the essential infimum condition,
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if
essinf

½

t ∈ [a, b]

R(t)
k(t)

¾
> 0.

It is demonstrated in [17] that assuming (PLC) with (ESSINF) using
the same radius function R and Lipschitz modulus function k implies (TG).
We will work with this pair of assumptions in our main theorem, with our
additional condition that the radius functions involved be bounded away
from zero; our goal is to extend the core result of [17] quoted below.
Given a radius function R, an F -trajectory x∗ with endpoints in C is
a local W 1,1 minimum of radius R for the cost function ` if there exists
ε > 0 such that every F -trajectory x with endpoints in C satisfying the
localization conditions
|ẋ(t) − ẋ∗ (t)| ≤ R(t) a.e. t ∈ [a, b],
Z
a

b

|ẋ(t) − ẋ∗ (t)| dt ≤ ε,

and ||x − x∗ ||∞ ≤ ε,

must also satisfy ` (x(a), x(b)) ≥ ` (x∗ (a), x∗ (b)).
Theorem 5.3 (Theorem 3.1.1 of [17]). Suppose, for the radius function
R, that F satisfies (PLC) and (TG) near x∗ , a local W 1,1 minimum of
radius R. Then there exist an arc p and a number λ0 ∈ {0, 1} satisfying the
following four conditions:
• Nontriviality (N ):
(λ0 , p(t)) 6= 0

∀t ∈ [a, b]

• Transversality (T ):
(p(a), −p(b)) ∈ ∂L λ0 ` (x∗ (a), x∗ (b)) + NCL (x∗ (a), x∗ (b))
• Euler inclusion (E):
n
o
L
ṗ(t) ∈ co ω : (ω, p(t)) ∈ Ngph
(x
(t),
ẋ
(t))
∗
∗
F (t,·)

a.e. t ∈ [a, b]
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• Radius R Weierstrass condition (WR ), for almost every t ∈ [a, b]:
hp(t), vi ≤ hp(t), ẋ∗ (t)i

∀v ∈ F (t, x∗ (t)) ∩ B[ẋ∗ (t); R(t)]

If x∗ obeys (PLC), (TG) and local minimality for a sequence of radius functions Ri and
lim inf Ri (t) = ∞
i→∞

a.e. t ∈ [a, b],

then conclusions (N ), (T ), and (E) hold for some arc p which satisfies the
global Weierstrass condition (W ):
hp(t), vi ≤ hp(t), ẋ∗ (t)i

5.2

∀v ∈ F (t, x∗ (t))

a.e. t ∈ [a, b]

Statement of Main Results

To build on Theorem 5.3 in an impulsive context, we will use a stronger
assumption than measurability in t (the technical details will appear through
the course of the proof) and assume that G satisfies a form of (PLC) jointly
in t and x:
Definition (JPLC): A multifunction F : [a, b] × Rn →
→ Rn is said to
satisfy a joint pseudo-Lipschitz condition of radius R near gph(x∗ ) if there
exist δ > 0 and kF ∈ L1 [a, b] such that, for almost all t ∈ [a, b], for every
(t1 , x1 ) and (t2 , x2 ) in B[(t, x∗ ) ; δ], one has
n

F (t1 , x1 ) ∩ B[ẋ∗ (t); R(t)] ⊆ F (t2 , x2 ) + kF (t) |(t1 , x1 ) − (t2 , x2 )| B .
Given a multifunction G : [a, b] × Rn →
→ Rn×m , which takes as values sets
of matrices with m columns of n-dimensional fields, we say that G satisfies
(JPLC) with radius R if each of those m component (sets of) fields satisfy
the above. That is, if we define Gv = {gv : g ∈ G} ⊆ Rn for each v ∈ Rm ,
then G satisfies (JPLC) with radius R if all of the Rn -valued multifunctions
Gê1 , · · · , Gêm satisfy (JPLC) with radius R (here, êi is the i-th standard
basis function in Rm ).
Remark: This joint regularity in (t, x) is reminiscent of the hypothesis
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(H3) in Theorem 8.2.1 of [64] (a result we will extend in Section 5.4), where
it is used to accommodate free interval endpoints. We need it for a similar
reason here; due to the “instantaneous” actions in our impulsive system,
we require regularity in the time t beyond measurability, the current minimal hypothesis ([64] has measurability in time in its Theorem 8.4.1, which
requires much more work to prove). This is still less demanding, however,
than a requirement of Lipschitz behaviour in t for each x, which is a recent
standard hypothesis (as noted in the introduction). Our (JPLC) is further
distinguished from that in [64] insofar as a single radius is identified (in the
style of [17]), which will permit our stratified result.
We will assume a pseudo-Lipschitz behaviour and an appropriate growth
restriction for F , G, and F +GK, jointly in (t, x). As we show in Section 5.3,
this level of regularity is preserved under the time reparametrization to a
free end-time optimal control problem. We may then appeal to the stratified necessary conditions result we establish (of interest in its own right) in
Section 5.4, which extends Theorem 8.5 of [64]. Finally, we determine the
implications of this result for the original impulsive system, (5.1).
To clarify our notion of local minimum, we define the distance between
solutions (x1 , X1 ) and (x2 , X2 ) by
¯¯
¯¯
m ((x1 , X1 ), (x2 , X2 )) = ¯¯y1ext − y2ext ¯¯W 1,1 + |S1 − S2 |
¯
RT ¯
= |x1 (0− ) − x2 (0− )| + 0 ¯ẏ1ext (s) − ẏ2ext (s)¯ ds
¯
¯
+ ¯max θ1−1 (T ) − max θ2−1 (T )¯ ,
(5.2)
©
ª
−1
−1
where T = max max θ1 (T ), max θ2 (T ) , yi is the time-stretched trajectory for xi using reparametrization θi , Si is the right endpoint of the
stretched time interval (i.e. θi (Si ) = T ), and yiext refers to the extension
(if necessary) of yi to the interval [0, Sj ] by setting yiext (s) = yiext (Si ) for
s ∈ [Si , Sj ], if Si < Sj . We thus consider (x∗ , X∗ ) to be a local minimum
in the impulsive problem if there exists some δ > 0 such that (x∗ , X∗ ) gives
the lowest cost function value over all (x, X) such that
m ((x, X), (x∗ , X∗ )) ≤ δ
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We are now able to state our main results.
Theorem 5.4 (Stratified Necessary Conditions). Assume F is nonempty,
closed-valued, locally bounded and locally Lipschitz with Lipschitz modulus
function kF , with kF bounded above by the constant k0 > 0. Assume G
obeys (JPLC) and (ESSINF) with radius RG bounded below by the constant
R0 > 0 and with Lipschitz modulus kG . Assume that either
1. the radius RG is more than double the local bound for F , or
2. the combinations F + Gr, for each r ∈ K, uniformly obey (JPLC) and
(ESSINF) with radius RF +GK and Lipschitz modulus of kF +GK , with
kF +GK also bounded above by the constant k0 > 0.
Suppose that (x∗ , X∗ ) gives a local minimum in (P), where X∗ is a graph
completion for x∗ with associated measure µ∗ . Then there exist a number
λ0 ∈ {0, 1} and impulsive arcs p : [0, T ] × Rn → Rn and q : [0, T ] × Rn → R
with graph completions P and Q, respectively, both associated to µ∗ , which
satisfy:
• Transversality condition (T )
¡ −
¢
¡
¢
¡
¢
p(0 ), −p(T ) ∈ λ0 ∂L ` x∗ (0− ), x∗ (T ) + NCL x∗ (0− ), x∗ (T )
• Euler inclusion (E), for almost every t ∈ [0, T ]:
n
o
L
(−q̇(t), ṗ(t)) ∈ co (ω, ν) : (ω, ν, p(t)) ∈ Ngph(F
(t,
x
(t),
ẋ
(t))
∗
∗
+GK)
• Radius R0 Weierstrass condition (WR0 ), where R0 is a radius function
defined in (5.32):
hp(t), vi ≤ hp(t), ẋ∗ (t)i ,

∀v ∈ (F + Gκ(t)) ∩ B [ẋ∗ (t); R0 (t)] ,

where the set-valued function κ(t) = {γ s.t. |γ| = |µ̇∗ac (t)|}; µ̇∗ac (t) is
the time derivative of the absolutely continuous part of µ∗ at t.
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• The graph completions X∗ , P and Q consist of subsystems for each
t where µ̄∗ ({t}) 6= 0. These subsystems involve arcs yt , pt and qt ,
satisfying the following conditions for almost every s ∈ [η(t− ), η(t)]:
– Euler inclusion at impulse instant t, (E t ):
(−q̇t (s),nṗt (s))

o
L
∈ co (ω, ν) : (ω, ν, pt (s)) ∈ Ngph(G(·,·)b
(t,
y
(s),
ẏ
(s))
,
t
t
∗ (s))

– Weierstrass condition at impulse instant t of radius R defined in
t ):
(5.7), (WR

hpt (s), νi ≤ hpt (s), yt (s)i = 0,
£
¡
m ¢¤
∀ν ∈ G (t, ẏt (s)) K ∩ B1 ∩ B [ẏt (s); R(s)]
where
η(t) = t +

m Z
X
j=1

0

t

µ̄∗j (dτ )

represents a time reparametrization (µ∗j being the j-th component of
measure µ∗ ) and b∗ satisfies
Z

η(t)

η(t− )

b∗ (s)ds = µ∗ ({t}).

• Nontriviality (N ):
(λ0 , p(t), pt , q(t), qt ) 6= 0

∀t ∈ [0, T ],

where we interpret the subsystem trajectories pt and qt to be zero if
they are zero over [η(t− ), η(t)].
We note for clarification that the derivative of pt in (E T ) and those like
it in the later discussion are with respect to the input argument, s, and not
t, which acts in that situation as an index to associate the subprocess to a
particular jump instant.
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Theorem 5.5 (Global Necessary Conditions). If the hypotheses of joint
pseudo-Lipschitz conditions and essential infimum growth restrictions of
Theorem 5.4 hold for a sequence of radius functions Ri and
lim inf Ri (t) = ∞
i→∞

a.e. t,

then the conclusions (N ), (T ), and (E) hold for some arcs (p,P ) and (q,Q)
which satisfy the global Weierstrass condition (W ):
hp(t), vi ≤ hp(t), ẋ∗ (t)i

∀v ∈ (F + GK) (t, x∗ (t))

a.e. t ∈ [0, T ].

In the degenerate case where µ̄∗ ([0, T ]) = 0, we have
q(t) ≤ hp(t), ẋ∗ (t)i =

max

v∈F (t,x∗ (t))+G(t,x∗ (t))K

hp(t), vi

a.e. t ∈ [0, T ].

Otherwise, for µ̄∗ ([0, T ]) > 0, the arcs (p,P ) and (q,Q) satisfy the Hamiltonian condition (H):
q(t) =

max

v∈F (t,x∗ (t))+G(t,x∗ (t))K

hp(t), vi

a.e. t ∈ [0, T ],

and the analogous subsystem conditions for pt and qt . In addition,
hp(t), gbi ≤ 0

∀gb ∈ G(t, x∗ (t))K,
) t ∈ [0, T ] \ supp(µ̄∗ )

hp(t), ẋ∗ (t)i = hp(t), f∗ (t) + g∗ (t)κ∗ (t)i = q(t)
hp(t), g∗ (t)µ̇∗ac (t)i ≤ 0
hpt (s), ẏt (s)i = 0
hpt (s), f i ≤ qt (s)

, t ∈ supp(µ̄∗ac )
)

∀f ∈ F (t, yt (s))

, s ∈ [η(t− ), η(t)]

The proofs are provided in Section 5.5, and are followed by some concluding remarks and a simplified conclusion in the autonomous case in Section 5.6.
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5.3

PLC, TG and ESSINF in the Stretched-Time
System

We next discuss the regularity hypotheses we use in determining necessary
conditions. They are expressed in terms of some fixed reference trajectory
x∗ for (3.5) defined on [a, b].
We are interested in the regularity of the map F defined in (3.5) based
on hypotheses involving F and G. Rockafellar and Wets [52] provide the
following related result:
Theorem 5.6 (Coderivative Chain Rule, 10.37 of [52]). Suppose S = M ◦J
for outer semicontinuous mappings J : Rn →
→ Rk and M : Rk →
→ Rm . Let x̄ ∈
domS, ū ∈ S(x̄), and assume
(a) the mapping (x, u) 7→ J(x) ∩ M −1 (u) is locally bounded at (x̄, ū),
(b) D∗ M (z̄|ū) (0)∩D∗ J (x̄|z̄)−1 (0) = {0} for every z̄ ∈ J(x̄)∩M −1 (ū).
Then the graph of S is locally closed at (x̄, ū), and
D∗ S (x̄|ū) ⊆

[

D∗ J (x̄|z̄) (0) ◦ D∗ M (z̄|ū) (0).

z̄∈J(x̄)∩M −1 (ū)

(An outer semicontinuous multifunction S satisfies lim supx→x̄ S(x) ⊆
S(x̄), but we will not dwell on this approach long enough to worry more
about it.) The subsequent Corollary 10.38 of [52] establishes the Aubin
property. We may follow the proof of this pair of results from [52], which
describes Lipschitzian properties under composition of multifunctions, in
proving the following:
Lemma 5.3. Suppose that F and G each satisfy (JPLC) and that G is
locally bounded. Then the set-valued map F(θ, y) satisfies a pseudo-Lipschitz
condition (PLC) for some ε > 0 and for some radius R for almost every s.
Proof sketch. Our local minimum, x∗ , under transformation has the space
trajectory y∗ and time reparametrization θ∗ built from some selection β∗
from K ∩ Bm
1 .

65

5.3. PLC, TG and ESSINF in the Stretched-Time System
We compose J : Rn →
→ Rn(1+m) and M : Rn(1+m) →
→ Rn , where


F (x)


 Gê1 (x)
J(x) = 
..

.

Gêm (x)








and


f


 Gv1

M
 ..
 .
Gvm


)
 (
m
X

 = f (1 − |β| ) +
Gvi βi |β ∈ K ∩ Bm
.
1
1


i=1

We thus describe the space component of F by the composition S = M ◦ J.
For a given t, the hypotheses in [52] concern the set J(x∗ (t)) ∩ M −1 (ẋ∗ (t)),
which is locally bounded based on our hypotheses. We also note that M is
Lipschitz with constant 1 on this set, and we thus have sufficient conditions
to apply the theorem.
While the Chain Rule theorem above does establish the Aubin property
with an estimate on the Lipschitz function k, it works with general neighbourhoods of the optimal trajectory and does not provide direct information
about a possible radius function. We next present a more explicit calculation
in this regard, as the radius function features prominently in our stratified
necessary conditions. Our additional hypotheses arise, roughly speaking,
from the need for some form of boundedness for the set J(x∗ (t))∩M −1 (ẋ∗ (t))
described above.
We will employ the following technical result in our argument.
Lemma 5.4. Given r > 0, t > 0, and a ∈ Rn \ {0}, the following are
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equivalent:
(i)
(ii)

B[a; r] ⊆ tB[a; r0 ] = B[ta; tr0 ]
1
r0 ≥ (r + |a||t − 1|)
t

Proof. (ii =⇒ i) Assume (ii). Pick any x ∈ B[a; r], and estimate
|x − ta| = |(x − a) + (a − ta)|
≤ |x − a| + |1 − t||a|
≤ r + |a||t − 1|
≤ tr0

by (ii).

a
. Clearly
(i =⇒ ii) Assume t 6= 1. Let σ = sgn(1 − t). Define x = a + σr |a|

x ∈ B[a; r], so by (i),
tr0 ≥ |x − ta|
¯
¯
¯
¯
σr
a − ta¯¯
= ¯¯a +
|a|
¯
¯
¯
σr ¯¯
¯
= |a| ¯1 − t +
|a| ¯
= |(1 − t)|a| + σr| .
When t < 1, σ = 1, so this gives
tr0 ≥ (1 − t)|a| + r = r + |a||t − 1|.
When t > 1, σ = −1, so we find
tr0 ≥ |(1 − t)|a| − r|
= |(t − 1)|a| + r|
= (t − 1)|a| + r
= r + |a||t − 1|.
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In either case (and trivially when t = 1), we recover (ii).
We now proceed with our regularity extension to F. For the remainder
of this section, we assume a time interval of [0, T ] for the impulsive system.
Lemma 5.5. Suppose that F is locally Lipschitz in (t, x) near gph(x∗ )
with function kF and is locally bounded by a function Fmax in the following
sense:
F (t, y) ⊆ Fmax (θ∗ (s))B,

∀(t, y) ∈ B[(θ∗ (s), y∗ (s)); ε],

a.e. s,

(5.3)

and that G satisfies (JPLC) with radius RG near gph(x∗ ) with function kG ,
both with the same ε > 0. Suppose further that there exists α > 1 such that
RG (θ∗ (s)) ≥ 2αFmax (θ∗ (s))

a.e. s.

(5.4)

Then F satisfies (PLC) with radius
¢
¡
RG (θ∗ (s)) α−1
α
,
R(s) =
1 + 2Fmax (θ∗ (s))

(5.5)

and function
κ(s) = kF (θ∗ (s)) + kG (θ∗ (s)),
for the same ε.
Proof. A key object in our analysis is the time reparametrization function
θ∗ (s) of the reference trajectory x∗ (t). That is, x∗ (t) and its subprocess
graph completion correspond to a time-stretched F-trajectory (θ∗ (s), y∗ (s)),
where θ∗ (s) captures the stretch of the original time interval according to
µ̄∗ .
We seek to establish, for some radius function R and some integrable κ,
that
F(θ1 , y1 ) ∩ B[(θ̇∗ (s), ẏ∗ (s)); R(s)] ⊆ F(θ2 , y2 ) + κ(s) |(θ2 , y2 ) − (θ1 , y1 )| B
whenever (θ1 , y1 ) and (θ2 , y2 ) are sufficiently close to (θ∗ (s), y∗ (s)).
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As θ̇∗ (s) ∈ [0, 1], we may infer from (5.4) that
θ̇∗ (s) ≤

RG (θ∗ (s))
.
2αFmax (θ∗ (s))

(5.6)

holds for almost every s. Restricting ourselves to such s, we will work
with the stretched optimal trajectory y∗ (s) directly as we cannot work with
x∗ (θ∗ (s)) when θ̇∗ (s) = 0.
We may represent y∗ (s) = f∗ θ̇∗ (s) + g∗ b∗ and, assuming R(s) > 0, let
h
i
(z1 , f1 z1 + g1 b1 ) ∈ F(θ1 , y1 ) ∩ B (θ̇∗ (s), f∗ θ̇∗ (s) + g∗ b∗ ); R(s) .
We may calculate:
¯
¯
¯
¯
¯
¯
¯
¯
|g1 b1 − g∗ b∗ | ≤ ¯(f1 z1 + g1 b1 ) − (f∗ θ̇∗ (s) + g∗ b∗ )¯ + ¯f∗ θ̇∗ (s) − f1 z1 ¯
¯
¯
¯
¯
≤ R(s) + ¯θ̇∗ (s)¯ |f∗ | + |z1 | |f1 |
³
´
≤ R(s) + 2Fmax (θ∗ (s)) θ̇∗ (s) + R(s) .
For the left hand side to be majorized by RG (θ∗ (s)), we require that
R(s) ≤

RG (θ∗ (s)) − 2θ̇∗ (s)Fmax (θ∗ (s))
.
1 + 2Fmax (θ∗ (s))

Due to (5.6), we are assured that
2θ̇∗ (s)Fmax (θ∗ (s)) ≤

1
RG (θ∗ (s))
α

and may conclude that
RG (θ∗ (s)) − 2θ̇∗ (s)Fmax (θ∗ (s)) ≥

α−1
RG (θ∗ (s)).
α

Our choice of R(s) in (5.5) is then sufficient, for any α > 1, to apply the
(JPLC) condition for G, which in turn supplies g2 ∈ G(θ2 , y2 ) and b2 ∈
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Bm
1 ∩ K with |b2 |1 = |b1 |1 such that
g1 b1 ∈ g2 b2 + kG (θ∗ (s)) |(θ1 , y1 ) − (θ2 , y2 )| B.
To finish, we appeal to the locally Lipschitz property of F :
f1 ∈ F (θ2 , y2 ) + kF (θ∗ (s)) |(θ1 , y1 ) − (θ2 , y2 )| B,
so that ((1 − |b1 |), f1 (1 − |b1 |) + g1 b1 ) is in the set
"

#

(1 − |b1 |1 )

"
+

F (θ2 , y2 )(1 − |b1 |1 ) + G(θ2 , y2 )b2

0
κ(s) |(θ1 , y1 ) − (θ2 , y2 )| B

#
.

As the right hand side is included in F(θ2 , y2 ) + κ(s) |(θ1 , y1 ) − (θ2 , y2 )| B,
we have demonstrated (PLC) for F.
The situation can be more complicated if the pseudo-Lipschitz radius for
G is ever less than double the local bound function for F ; in the next result,
we introduce a notion of multiscale dynamics to deal with this.
Lemma 5.6. Suppose that F is locally Lipschitz in (t, x) near gph(x∗ )
with function kF , and is locally bounded by a function Fmax in the sense of
Lemma 5.5; that F + Gr, for each r ∈ K, satisfies (JPLC) with radius R
near gph(x∗ ) with function k; and that G satisfies (JPLC) with radius RG
near gph(x∗ ) with function kG , all with the same ε > 0. Then F satisfies
(PLC) with radius


R(s) =



RG (θ∗ (s))( α−1
α )
1+2Fmax (θ∗ (s)) ,
R(θ∗ (s))θ̇∗ (s)

√

if θ̇∗ (s) ≤

RG (θ∗ (s))
2αFmax (θ∗ (s)) ,

,

otherwise,

kF (θ∗ (s)) + kG (θ∗ (s)),

if θ̇∗ (s) ≤

k(θ∗ (s)),

otherwise,

R(θ∗ (s))+1+

2

1+|ẋ∗ (θ∗ (s))|

(5.7)

and function
(
κ(s) =

RG (θ∗ (s))
2αFmax (θ∗ (s)) ,

for the same ε and for any α > 1.
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Proof. Our approach will be multiscale, in the sense that we distinguish
between “small” and “large” selections from K; these represent system dynamics that are “slow” or “fast”, respectively.
We first examine the “slow dynamics”, where
θ̇∗ (s) >

RG (θ∗ (s))
.
2αFmax (θ∗ (s))

(5.8)

(We recall that RG (t) > 0 for any value of t ∈ [0, T ].) If any such s exist,
we fix one and let
(z1 , v1 ) ∈ F(θ1 , y1 ) ∩ B[(θ̇∗ (s), ẏ∗ (s)); R(s)].
Here, R(s) > 0 is defined in (5.11) below; for now it suffices to note that
R(s) is positive. By Lemma 5.4, we are assured that the inclusion
h
i
B (θ̇∗ (s), ẏ∗ (s)); R(s) ⊆ z1 B[(1, ẋ∗ (θ∗ (s))); R(θ∗ (s))]

(5.9)

holds precisely when
θ̇∗ (s)
R(θ∗ (s))θ̇∗ (s) ≥
z1

µ
¯
¯
¯
¯
R(s) + ¯(θ̇∗ (s), ẋ∗ (θ∗ (s))θ̇∗ (s))¯

¯¶
¯
¯
¯ z1
¯
¯
¯ θ̇ (s) − 1¯ .
∗

We may rearrange this inequality to obtain
¯
¯
¯
¯
z1 R(θ∗ (s)) − |(1, ẋ∗ (θ∗ (s)))| ¯z1 − θ̇∗ (s)¯ ≥ R(s),
¯
¯
¯
¯
and using the fact that ¯z1 − θ̇∗ (s)¯ ≤ R(s), the inequality is true provided
that
z1 R(θ∗ (s)) − |(1, ẋ∗ (θ∗ (s)))| R(s) ≥ R(s),
which we rearrange to provide the following condition which guarantees
(5.9):
R(s) (1 + |(1, ẋ∗ (θ∗ (s)))|)
.
(5.10)
R(θ∗ (s))
¯
¯
¯
¯
As already noted, our choice of z1 ensures that ¯z1 − θ̇∗ (s)¯ ≤ R(s), hence
z1 ≥
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z1 ≥ θ̇∗ (s) − R(s), and so we impose the condition
R(s) (1 + |(1, ẋ∗ (θ∗ (s)))|)
= θ̇∗ (s) − R(s).
R(θ∗ (s))
This statement ensures z1 > 0, and it is equivalent to a choice of
R(s) =

R(θ∗ (s))θ̇∗ (s)
q
.
R(θ∗ (s)) + 1 + 1 + |ẋ∗ (θ∗ (s))|2

(5.11)

As (z1 , v1 ) ∈ F(θ1 , y1 ), we have a representation of the form
v1 = f1 z1 + g1 b1 ,

f1 ∈ F (θ1 , y1 ),

b1 ∈ Bm
1 ∩ K,

g1 ∈ G(θ1 , y1 ),

z1 = 1 − |b1 |1 ,

and we may conclude that
(z1 , v1 ) ∈ F(θ1 , y1 ) ∩ B[(1, ẋ∗ (θ∗ (s))); R(θ∗ (s))]z1
f1 z1 + g1 b1 ∈ B[ẋ∗ (θ∗ (s)); R(θ∗ (s))]z1
f1 + g1

b1
∈ B[ẋ∗ (θ∗ (s)); R(θ∗ (s))].
z1

Hence, by our hypothesis of (JPLC) for F + G zb11 ,
f1 + g1

b1
b1
∈ f2 + g2 + k(θ∗ (s)) |(θ1 , y1 ) − (θ2 , y2 )| B,
z1
z1

for some f2 ∈ F (θ2 , y2 ), g2 ∈ G(θ2 , y2 ), and so
(z1 , f1 z1 + g1 b1 ) ∈ F(θ2 , y2 ) + k(θ∗ (s)) |(θ1 , y1 ) − (θ2 , y2 )| B,
as required.
We may think of the case where (5.8) is false as representing the “fast
dynamics”, as it represents s-times where the GK dynamics dominate the
system, either completely as during a jump (θ̇∗ (s) = 0) or almost completely
for small θ̇∗ (s) > 0. Of course, this is precisely where (5.6) does hold, and
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we appeal to the work of Lemma 5.5 to handle this case.
Based on these result, we may observe the following facts:
Lemma 5.7. If, in addition to the hypotheses of Lemma 5.5, G each
satisfies (ESSINF) and both RG ≥ R0 for some constant R0 > 0, and kF ≤
k0 for some constant k0 > 0, then F(θ, y) satisfies (ESSINF) for its radius R
paired with function κ as defined in Lemma 5.5, and there exists a constant
R̄ > 0 such that R ≥ R̄.
Lemma 5.8. If, in addition to the hypotheses of Lemma 5.6, F + Gr and
G each satisfy (ESSINF) with their respective radii and Lipschitz functions,
and those functions satisfy the further conditions that RG ≥ R0 for some
constant R0 > 0 and both k ≤ k0 and kF ≤ k0 for some constant k0 > 0,
then F(θ, y) satisfies (ESSINF) for its radius R paired with function κ as
defined in Lemma 5.6, and there exists a constant R̄ > 0 such that R ≥ R̄.

5.4

Free End-Time Problems

At an intermediate stage of our main proof, we will consider the following
“free end-time” problem, where we include the time interval endpoints, a
and b, as choice variables:


Minimize ` (a, y(a), b, y(b))



 over intervals [a, b] and arcs y ∈ W 1,1 ([a, b]; Rn ) such that
(FETP)
 ẏ ∈ F (t, y) a.e. t ∈ [a, b]



 (a, y(a), b, y(b)) ∈ C
We assume that the cost function ` is locally Lipschitz and the endpoint set
C is closed. We will be interested in necessary conditions for a local W 1,1
minimum of (FETP) under suitable hypotheses on the differential inclusion
map, F .
The first free end-time result in [64] (Theorem 8.2.1) employs a condition
similar to our pseudo-Lipschitz condition on F that is joint in time and
space but demands an infinite and growing set of radii. As demonstrated in
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[17], such a hypothesis is stronger than the combination of (JPLC) with a
modified version of (ESSINF) that we introduce below, and does not lead
to a stratified conclusion in the spirit of Theorem 5.3. We thus proceed by
extending the cited theorem for use in the stratified framework.
To compare interval-trajectory pairs in the free end-time problem, we
define (as in [64]) the metric
d (([a, b], x), ([A, B], y)) := |a − A| + |b − B| + |x(a) − y(A)|
R b∨B
+ a∧A |ẋext (r) − ẏext (r)| dr,

(5.12)

where xext and yext are the constant extensions of x and y at their endpoints;
for example,



 x(a) if t < a,
xext (t) =
x(t) if a ≤ t ≤ b,


x(b) if t > b.

We may then call any feasible ([A∗ , B∗ ], x∗ ) a W 1,1 local minimizer for
(FETP) if there exists some δ0 > 0 such that
`(a, x(a), b, x(b)) ≥ `(A∗ , x∗ (A∗ ), B∗ , x∗ (B∗ ))
for all ([a, b], x) feasible for (FETP) that are within δ0 of ([A∗ , B∗ ], x∗ ) with
respect to the metric d. With this notion in place, we are ready to state our
result. We note again that we impose an additional constraint on the radius
function, R, in requiring it to be bounded away from zero; the value of this
will become clear in the course of the proof.
Theorem 5.7. Let ([A∗ , B∗ ], x∗ ) be a W 1,1 local minimizer for the free
end-time problem (FETP) such that B∗ > A∗ . Suppose that F (t, x) is
nonempty and closed for all (t, x), and that F satisfies both (ESSINF) and
(JPLC) with a radius function R that satisfies R(t) ≥ R0 > 0 for some
constant R0 for all t, a function kF and a constant ε, all shared by both
conditions. Then there exist arcs
p ∈ W 1,1 ([A∗ , B∗ ]; Rn ) ,

h ∈ W 1,1 ([A∗ , B∗ ]; R)
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and a number λ0 ∈ {0, 1} such that the following properties hold:
• Nontriviality (N free ):
(λ0 , p(t)) 6= 0

∀t ∈ [A∗ , B∗ ]

• Transversality (T free ):
(−h(A∗ ), p(A∗ ), h(B∗ ), −p(B∗ )) ∈ ∂L λ0 ` (A∗ , x∗ (A∗ ), B∗ , x∗ (B∗ ))
+ NCL (A∗ , x∗ (A∗ ), B∗ , x∗ (B∗ ))
• Euler inclusion (E free ), for almost every t ∈ [A∗ , B∗ ]:
³
´
©
ª
L
−ḣ(t), ṗ(t) ∈ co (β1 , β2 ) : (β1 , β2 , p(s)) ∈ Ngph
F (t, x∗ (t), ẋ∗ (t))
free
• Radius R Weierstrass condition (WR ), for almost every t ∈ [A∗ , B∗ ]:
hp(t), vi ≤ hp(t), ẋ∗ (t)i

∀v ∈ F (t, x∗ (t)) ∩ B[ẋ∗ (t); R(t)]

If F satisfies (ESSINF) and (JPLC) as above for a sequence of radius functions Ri (allowing all parameters to depend on i) with
lim inf Ri (t) = ∞
i→∞

a.e. t,

then conclusions (N free ), (T free ), and (E free ) hold for some h, p, λ0 , where
p satisfies the global Weierstrass condition (W free ):
hp(t), vi ≤ hp(t), ẋ∗ (t)i

∀v ∈ F (t, x∗ (t))

a.e. t ∈ [a, b]

and moreover we have the Hamiltonian relation (H free ):
h(t) =

max

v∈F (t,x∗ (t))

hp(t), vi = H (t, x∗ (t), p(t))

a.e. t ∈ [a, b]

Proof. We proceed in the manner of [64], employing a time reparametriza75
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tion to translate (FETP) into a fixed-interval problem which reuses the cost
function, `; the change of variables we employ does not alter the cost function
value of the corresponding trajectories, thus we retain the local minimum
when moving to the fixed-interval problem. The key issues to resolve are
translation of the hypotheses to establish those of Theorem 5.3, and then
the translation of the resulting arc back to the free end-time problem.
By our definition of a local W 1,1 minimizer, there exists some δ 0 > 0
such that ([A∗ , B∗ ], x∗ ) provides the minimum in (FETP) over all feasible
trajectories satisfying
d (([A, B], x), ([A∗ , B∗ ], x∗ )) < 5δ 0 .
We will use this δ 0 in the localization considerations below.
We first choose ϕ ∈ C 2 ([A∗ , B∗ ]) to approximate x∗ as follows:
ϕ(A∗ ) = x∗ (A∗ )

and

d (([A∗ , B∗ ], ϕ), ([A∗ , B∗ ], x∗ )) < δ 0 .

(5.13)

¢
¡
Then we select some ᾱ ∈ 0, 21 such that
ᾱ||ϕ̇||L∞ ≤ 1

and

ᾱ||ϕ̇||L∞ |B∗ − A∗ | < δ 0 .

We next choose Γ ∈ (0, 1) and then α : [A∗ , B∗ ] → [0, ᾱ] such that
¾
½
(1 − Γ)R(s) (1 + |ϕ̇(s)|)
.
α(s) ≤ min ᾱ,
R(s) + |ẋ∗ (s)|

(5.14)

(We set α(s) = 0 if the second entry is undefined, which may occur on a set
of at most Lebesgue measure zero.) We then define
ρ(s) :=

α(s)
≥ 0,
1 + |ϕ̇(s)|

(5.15)

along with the function
£
¤
n
F̃ : [A∗ , B∗ ] × A∗ − δ 0 , B∗ + δ 0 × Rn × R+ →
→R × R × R
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defined by
F̃ (s, τ, y, z) =





 w



 wv  : w ∈ [1 − ρ(s), 1 + ρ(s)], v ∈ F (τ, y), ξ ≥ |wv − ϕ̇(τ )| ,




ξ
(5.16)
and
D(τ0 , y0 , z0 , τ1 , y1 , z1 ) = |τ0 − A∗ | + |τ1 − B∗ | + |y0 − ϕ(A∗ )|
Z A∗ ∨τ0
+ |y1 − ϕ(B∗ )| +
|ϕ̇(σ)| dσ
Z

A∗

B∗

+
B∗ ∧τ1

|ϕ̇(σ)| dσ + |z1 − z0 | ,

and consider the fixed interval problem:

Minimize ` (τ (A∗ ), y(A∗ ), τ (B∗ ), y(B∗ ))



¡
¢

1,1 [A , B ]; R1+n+1


∗
∗
 over (τ, y, z) ∈ W
(XP)
(τ̇ , ẏ, ż) ∈ F̃ (s, τ, y, z) a.e. s ∈ [A∗ , B∗ ]



 (τ (A∗ ), y(A∗ ), τ (B∗ ), y(B∗ )) ∈ C



D (τ (A∗ ), y(A∗ ), z(A∗ ), τ (B∗ ), y(B∗ ), z(B∗ )) ≤ δ 0 .
Next, we present what amounts to a revision of the proof in [64] in
showing that the trajectory
µ
Z
(τ∗ (s), y∗ (s), z∗ (s)) = s, x∗ (s),

¶

s

A∗

|ẋ∗ (σ) − ϕ̇(σ)| dσ

is a minimizer for (XP); we keep the spirit of the argument there but adapt
it for clarity.
Let (τ, y, z) be a feasible triple in (XP). According to the Generalized
Filippov Selection Theorem ([64] Theorem 2.3.13), there exist measurable
functions w and v such that
w(s) ∈ [1 − ρ(s), 1 + ρ(s)],

v(s) ∈ F (τ (s), y(s)) a.e.
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τ̇ (s) = w(s),

ẏ(s) = w(s)v(s),

ż(s) ≥ |w(s)v(s) − ϕ̇(τ (s))| a.e.,

and since (τ, y, z) is feasible by assumption,
D (τ (A∗ ), y(A∗ ), z(A∗ ), τ (B∗ ), y(B∗ ), z(B∗ )) ≤ δ 0 .

(5.17)

Our first task is to demonstrate that (τ, y, z) being “local” using D in (XP)
implies that the corresponding solution, with time reparametrized by the τ
variable, is “local” using d in (FETP). We note that τ is an absolutely continuous, strictly increasing function, and we may thus convert freely between
y, defined on [A∗ , B∗ ] in (XP), and its free-end-time equivalent in (FETP)
by defining

¡
¢
x(t) = y τ −1 (t) ,

so x(τ (s)) = y(s).

We will maintain this convention of s as the independent (fictional time)
variable in (XP) and t as the time variable in (FETP) as we proceed, and
to simplify the notation we define
A = τ (A∗ ),

B = τ (B∗ ),

the endpoints of the τ coordinate; we thus pair our (XP) trajectory (τ, y, z)
with the (FETP) trajectory ([A, B], x).
We continue via distance estimates involving the smoother, constructed
function ϕ:
d (([A, B], x), ([A∗ , B∗ ], x∗ )) ≤ d (([A, B], x), ([A, B], ϕext ))
+ d (([A, B], ϕext ), ([A∗ , B∗ ], ϕ))
+ d (([A∗ , B∗ ], ϕ), ([A∗ , B∗ ], x∗ )) .
In examining the right hand side of this estimate, we note that third term is
smaller than δ 0 by our constraints (5.13) in the construction of ϕ, and recall
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the definition of d to probe the other two separately:
d (([A, B], ϕext ), ([A∗ , B∗ ], ϕ))

Z

B∨B∗

= |A − A∗ | + |B − B∗ | + |ϕext (A) − ϕ(A∗ )| +
|ϕ̇ext (t) − ϕ̇ext (t)| dt
A∧A∗
¯Z A∗ ∨A
¯
¯
¯
¯
= |τ (A∗ ) − A∗ | + |τ (B∗ ) − B∗ | + ¯
ϕ̇(t)dt¯¯ + 0
Z
≤ |τ (A∗ ) − A∗ | + |τ (B∗ ) − B∗ | +

A∗
A∗ ∨τ (A∗ )

|ϕ̇(t)| dt
A∗

≤ δ0
by (5.17), and
d (([A, B], x), ([A, B], ϕext ))

Z B
= |A − A| + |B − B| + |x(A) − ϕext (A)| +
|ẋ(t) − ϕ̇ext (t)| dt
A
Z B∗
= 0 + 0 + |x(τ (A∗ )) − ϕext (τ (A∗ ))| +
|v(s)w(s) − ϕ̇ext (τ (s))w(s)| ds
A∗

≤ |y(A∗ ) − ϕ(A∗ )| + |ϕext (A) − ϕ(A∗ )| +
Z
≤ |y(A∗ ) − ϕ(A∗ )| +

A∗ ∨τ (A∗ )

Z

B∗

A∗

|w(s)(v(s) − ϕ̇ext (τ (s)))| ds

B∗

|ϕ̇(t)| dt +
A∗

Z

A∗

|v(s)w(s) − ϕ̇ext (τ (s))w(s)| ds.

We estimate this final integral term on its own:
Z

B∗

A∗

|v(s)w(s) − ϕ̇ext (τ (s))w(s)| ds
Z

B∗

≤
A∗
Z B∗

≤

|v(s)w(s) − ϕ̇ext (τ (s))| + |ϕ̇ext (τ (s)) − ϕ̇ext (τ (s))w(s)| ds
Z

B∗

ż(s)ds +
A∗

A∗

ρ(s) |ϕ̇ext (τ (s))| ds

≤ z(B∗ ) − z(A∗ ) + ᾱ||ϕ̇||L∞ |B∗ − A∗ |
≤ z(B∗ ) − z(A∗ ) + δ 0 ,
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according to properties of ᾱ. Applying this estimate to the previous calculation and recalling our locality assumption in (XP), we conclude that
d (([A, B], x), ([A, B], ϕext )) ≤ 2δ 0 ,
whence
d (([τ (A∗ ), τ (B∗ )], x), ([A∗ , B∗ ], x∗ )) ≤ 4δ 0 < 5δ 0 .
In other words, any feasible trajectory for (XP) corresponds to a feasible
interval-trajectory pair in (FETP). In particular, since both problems share
the cost function, `, our candidate (τ∗ , y∗ , z∗ ) in (XP) will have the same
(minimal) cost as ([A∗ , B∗ ], x∗ ) in (FETP), and is therefore a minimizer in
the fixed-time problem.
Further, again as in [64], we note that the final constraint of (XP) is
inactive for endpoints near those of (τ∗ , x∗ , z∗ ) (enforced by the constructed
auxiliary constants and functions); this ensures the feasible trajectories are
local to the minimum, but the constraint may then be omitted in our statement of necessary conditions.
In verifying that our hypotheses are sufficient to apply Theorem 5.3 to
(XP), we begin by showing that (JPLC) for F implies (PLC) for F̃ for a
radius related to R. Let
(τ1 , y1 , z1 ) ∈ B [(τ∗ (s), y∗ (s), z∗ (s)); ε] = B [(s, x∗ (s), z∗ (s)); ε]
and
w1 ∈ [1 − ρ(s), 1 + ρ(s)] ,

v1 ∈ F (τ1 , y1 ),

ξ1 ≥ |w1 v1 − ϕ̇(τ1 )|

h
i
so that (w1 , w1 v1 , ξ1 ) ∈ F̃ (s, τ1 , y1 , z1 ) ∩ B̄ (1, ẋ∗ (s), ż∗ (s)) ; R̃(s) , where we
reserve our definition of R̃(s) for a moment, assuming for now only that it
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is positive. We observe that
|w1 v1 − ẋ∗ (s)| ≤ R̃(s)
|w1 v1 − w1 ẋ∗ (s)| − |w1 ẋ∗ (s) − ẋ∗ (s)| ≤ R̃(s)
(1 − ρ(s)) |v1 − ẋ∗ (s)| − ρ(s) |ẋ∗ (s)| ≤ R̃(s)
|v1 − ẋ∗ (s)| ≤

R̃(s) + ρ(s) |ẋ∗ (s)|
.
1 − ρ(s)

Recalling the definitions of α in (5.14) and ρ in (5.15), setting
R̃(s) := (1 − ρ(s))R(s) − ρ(s) |ẋ∗ (s)|
ensures both that ΓR(s) ≤ R̃(s) ≤ R(s) and |v1 − ẋ∗ (s)| ≤ R(s). As
v1 ∈ F (τ1 , y1 ) by definition, this latter inequality allows us to invoke (JPLC),
and we may thus express
v1 = v2 + kF (s) |(τ1 , y1 ) − (τ2 , y2 )| b1
for some v2 ∈ F (τ2 , y2 ) and some b1 ∈ Bn . If we define w2 = w1 , then we have
already established the necessary inclusion for (PLC) of F̃ at (s, x∗ (s), z∗ (s))
for (1, ẋ∗ (s), ż∗ (s)) of radius R̃ in the top two coordinates; it remains to
express ξ1 in terms of an appropriate ξ2 . Since
|w1 v1 − ϕ̇(τ1 )| ≤ ξ1 ≤ |ẋ∗ (s) − ϕ̇(s)| ,
we will require |w2 v2 − ϕ̇(τ2 )| to be yet smaller but with a pseudo-Lipschitz
modulus function term permitted. We calculate:
|w2 v2 − ϕ̇(τ2 )| = |w1 (v1 − kF (s) |(τ1 , y1 ) − (τ2 , y2 )| b1 ) − ϕ̇(τ2 )|
≤ |w1 v1 − ϕ̇(τ1 )| + |ϕ̇(τ2 ) − ϕ̇(τ1 )|
+ w1 kF (s) |(τ1 , y1 ) − (τ2 , y2 )|
≤ |w1 v1 − ϕ̇(τ1 )| + Φ |τ2 − τ1 |
+ (1 + ρ(s)) kF (s) |(τ1 , y1 ) − (τ2 , y2 )|
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where Φ is the largest magnitude of |ϕ̈| over [A∗ − ε, B∗ + ε]. Thus, even in
the “worst case” of ξ1 = |w1 v1 − ϕ̇(τ1 )|, we may still choose an appropriate
ξ2 to satisfy the (PLC) inclusion by taking as our pseudo-Lipschitz function
k̃F̃ = (1 + ρ(s))kF (s) + Φ; we have established
|w2 v2 − ϕ̇(τ2 )| − k̃F̃ (s) |(τ1 , y1 ) − (τ2 , y2 )| ≤ |w1 v1 − ϕ̇(τ1 )| ≤ ξ1 . (5.18)
Having demonstrated (PLC) for F̃ , we examine the ratio of R̃ and k̃F̃ . By
construction, R̃(s) ≥ ΓR(s) and with k̃F̃ as above, (ESSINF) for F̃ is clear
when we recall that essential infimum of R alone is bounded away from zero
by R0 .
As our new system satisfies the hypotheses of Theorem 5.3, we may
conclude that there exist adjoint arc components
p : [A∗ , B∗ ] → Rn ,

h : [A∗ , B∗ ] → R,

γ : [A∗ , B∗ ] → R

and λ0 ∈ {0, 1} such that we have
• nontriviality (Ñ ):




−h(s)



 

λ0 ,  p(s)  6= 0 ∀s ∈ [A∗ , B∗ ],
γ(s)
• this transversality condition (T̃ ), with γ(B∗ ) = 0:


−h(A∗ )





A∗




 p(A∗ ) 


 ∈ ∂L λ0 `  x∗ (A∗ )
 h(B ) 
 B
∗
∗



−p(B∗ )
x∗ (B∗ )





A∗





 + NCL  x∗ (A∗ )

 B
∗


x∗ (B∗ )








(which is (T free ) already),
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• this Euler inclusion (Ẽ) for almost every s ∈ [A∗ , B∗ ]:
³

´
−ḣ(s), ṗ(s), γ̇(s)





β
1













β
2

 β1





 β


3

 


L
∈ co  β2  : 
 ∈ Ngph F̃ (s,·,·,·) 






 −h(s) 


β3





p(s)







γ(s)

s
x∗ (s)
z∗ (s)
1
ẋ∗ (s)
ż∗ (s)













 ,











• and this radius R̃ Weierstrass condition (W̃R̃ ), a.e. s ∈ [A∗ , B∗ ]:

 


 

* −h(s)
* −h(s)
+
w +
1

 


 

 p(s)  ,  wv  ≤  p(s)  ,  ẋ∗ (s) 
γ(s)
ξ
γ(s)
ż∗ (s)


w





1










∀  wv  ∈ F̃ (s, τ∗ (s), x∗ (s), z∗ (s)) ∩ B  ẋ∗ (s)  ; R̃(s) .
ż∗ (s)
ξ
Our final step is to translate these conclusions for (XP) back to our original
(FETP). We begin by expressing the inequality in (W̃R̃ ) as:
−w h(s) + w hp(s), vi +

wγ(s) |wv − ϕ̇(s)|
≤ −h(s) + hp(s), ẋ∗ (s)i + γ(s) |ẋ∗ (s) − ϕ̇(s)|
(5.19)

for all v ∈ F (s, x∗ (s)) and w ∈ [1 − ρ(s), 1 + ρ(s)]; we have used |wv − ϕ̇(s)|
as the minimum of the relevant ξ.
We may deconstruct (Ẽ) via analysis of proximal normals. Let


β1

 

−h(s)





s

 

1




 


 

L
 β2  ,  p(s)  ∈ Ngph F̃ (s,·,·,·)  x∗ (s)  ,  ẋ∗ (s)  .
β3
γ(s)
z∗ (s)
ż∗ (s)
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This means there exist both a sequence of base points in gph F̃ (s, ·, ·)


si

 

wi





s

 



1


 


 

 xi  ,  wi vi  −→  x∗ (s)  ,  ẋ∗ (s)  ,
zi
ζi
z∗ (s)
ż∗ (s)
and a sequence of proximal normals


β1,i

 

−hi





β1

 



−h(s)


 


 

 β2,i  ,  pi  −→  β2  ,  p(s) 
β3
γ(s)
β3,i
γi
satisfying


β1,i

 

−hi





si

 

wi




 


 

P
 β2,i  ,  pi  ∈ Ngph F̃ (s,·,·,·)  xi  ,  wi vi  .
β3,i
γi
zi
ζi
There exists a quadratic function Qi with a minimum of zero at the i-th
base point αi = (si , xi , zi , wi , wi vi , ζi ) such that, if we use the notational
convention that α = (σ, x, z, w, v, ζ),
Qi (α) ≥ h(β1,i , β2,i , β3,i , −hi , pi , γi ) , α − αi i
whenever (w, wv, ζ) ∈ F̃ (s, σ, x, z). This inequality implies that the function
Wi0 (α) = Qi (α) − h(β1,i , β2,i , β3,i , −hi , pi , γi ) , αi
when subject to the constraint (w, wv, ζ) ∈ F̃ (s, σ, x, z), has a minimum
when α = αi . We may unpack F̃ to express the constraint inclusion as the
set of three constraints:
v ∈ F (σ, x),

w ∈ [1 − ρ(s), 1 + ρ(s)],

ζ ≥ |wv − ϕ̇(σ)| .
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With this in mind, we see that the function Wi defined by
Wi (σ, x, z, w, v, ζ) = Wi0 (σ, x, z, w, v, ζ) + δgph F (σ, x, v)

+ δ[1−ρ(s),1+ρ(s)] (w) + γi (|wv − ϕ̇(σ)| − ζ)+

shares (with no constraints) this same minimizer with Wi0 (where explicit
constraints were enforced). A necessary condition for this minimality is that
the zero vector is in the subgradient of Wi evaluated at the minimizer, αi .
We calculate, using the Sum Rule (see [64] Theorem 5.4.1, among others):
∂Wi (αi ) ⊆ (−β1,i , −β2,i , −β3,i , hi − hpi , vi i , −wi pi , −γi )
+ {(a1 , a2 , 0, 0, a5 , 0) |(a1 , a2 , a5 ) ∈ Ngph F (si , xi , wi vi ) }
¯
n
o
¯
P
+ (0, 0, 0, a4 , 0, 0) ¯a4 ∈ N[1−ρ(s),1+ρ(s)]
(wi )
+ γi {λ (h−ϕ̈(σ), ui , 0, 0, hwi vi , ui , wi u, −1)) |λ ∈ [0, 1], u ∈ Bn } .
Using (0, 0, 0, 0, 0, 0) ∈ ∂Wi (si , xi , zi , wi , wi vi , ζi ), we collect terms in each
coordinate:
P
(β1,i , β2,i , wi pi ) ∈ Ngph
F (si , xi , wi vi ) + (−λγi hϕ̈(σ), ui , 0, λγi wi u) , (5.20)

β3,i = 0,
(

hi + hvi , γi wi u − pi i = 0
if ρ(s) > 0 and i suff. large s.t. wi ∈ (1 − ρ(s), 1 + ρ(s)),
(1 + λ)γi = 0.

(5.21)
(5.22)
(5.23)

Taking the limit as i → ∞ in (5.21) and (5.23), we have β3 = 0 and γ(s) = 0,
hence γ ≡ 0. Accounting for this, the limit in (5.20) gives precisely (E free ).
Our new information about γ transforms the inequality in (5.19) to
−w h(s) + w hp(s), vi ≤ −h(s) + hp(s), ẋ∗ (s)i ,
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which we may rearrange to
(1 − w)h(s) + w hp(s), vi ≤ hp(s), ẋ∗ (s)i .

(5.24)

By construction, α(s) is positive for almost every s, hence so is ρ(s). For
any such s, if we choose w = 1 + ρ(s), we have
hp(s), vi − h(s) ≤

1
hp(s), ẋ∗ (s) − vi ,
ρ(s)

while w = 1 − ρ(s) leads to
h(s) − hp(s), vi ≤

1
hp(s), ẋ∗ (s) − vi .
ρ(s)

Recalling that the inequality holds for all v ∈ F (s, x∗ (s)) ∩ B[ẋ∗ (s); R̃(s)]
(which certainly includes ẋ∗ (s)), we deduce that h(s) = hp(s), ẋ∗ (s)i. This,
in turn, forces h(s) = 0 whenever p(s) = 0, provided that α(s) > 0. If p ≡ 0
then h(s) = 0 for almost every s, whence h ≡ 0 since it must be continuous.
With γ ≡ 0 in (Ñ ), we deduce (N free ).
At this stage, we proceed in a separate manner for each of the stratified
and global Weierstrass conditions.
We recover a result we may call (WR̃free ) by choosing w = 1 in (5.24) to
obtain
hp(s), vi ≤ hp(s), ẋ∗ (s)i

∀v ∈ F (s, x∗ (s)) ∩ B[ẋ∗ (s); R̃(s)].

This holds for every s since w = 1 is available regardless of the value of α.
So far in our analysis, we have placed no further restrictions on the constant
Γ. We may thus build a sequence of inequalities corresponding to a sequence
Γi → 1. Passing to the limit, we recover some p where
hp(s), vi ≤ hp(s), ẋ∗ (s)i

∀v ∈ F (s, x∗ (s)) ∩ B[ẋ∗ (s); R(s)].

We may conclude the same when the open ball is replaced with B[ẋ∗ (s); R(s)]
by taking limits of vectors in the open ball intersection as needed (these do
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not disrupt the inequality); this is (WRfree ).
Alternatively, if we fix Γ and have a growing sequence of radius functions
Ri in our hypotheses for F , we generate a sequence of systems with R̃i
which also grow (since R̃i ≥ ΓRi ); this permits us to introduce the global
Weierstrass condition of Theorem 5.3 in place of (W̃R̃ ). The translation back
to the free end-time problem is similar to that above, but simpler as the
radius no longer appears. The conclusion (H free ) also follows directly.
As remarked in [64], we may draw further conclusions in the case where
the differential inclusion map is autonomous (depends only on the state
variable and not the time).
Corollary 5.2. In addition to the hypotheses of Theorem 5.7, assume
that F (t, x) = F (x) only, and hence satisfies (PLC) rather than (JPLC).
Then the necessary conditions of Theorem 5.7 still hold, but h is constant
and (E free ) may be replaced by the Extended Euler inclusion (EE free ):
n
o
L
ṗ(t) ∈ co ω : (ω, p(t)) ∈ Ngph
F (t,·) (x∗ (t), ẋ∗ (t))

a.e. t ∈ [a, b]

Proof. To obtain the new conclusion, we combine (T free ), (E free ) to see
that h is constant. Then (EE free ) follows directly from (E free ).

5.5

Proof of Main Results

With the requisite results in place, our path is now clear: we time stretch the
trajectories of our impulsive system to obtain a bundle of trajectories feasible
for a free end-time optimal control problem with a higher-dimensional state
and adapted endpoint set. The translated optimal trajectory will give a
minimum in this new, free end-time problem, which we reparametrize to
a fixed interval problem where the necessary conditions of [17] apply. We
finish the stratified result by translating the conclusions back through the
two stages of time reparametrization. Finally, we consider the global case
where a sequence of radius functions is present.
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5.5.1

Proof of Theorem 5.4

Proof. Phase 1: We start by “stretching” all of the impulsive trajectories
that are near (i.e. all included in the definition of local minimum) to the
optimal one we are provided for (P). The result is a bundle of F-trajectories
on stretched time intervals that in general will have different endpoints. We
consider these in the context of a free-end-time optimal control problem in
s-time, with endpoint set
(
C=

"
{0} ×

{0}
c0

#

"
× [T, ∞) ×

{T }
cT

#¯
)
¯
¯
¯ (c0 , cT ) ∈ C
¯

(5.25)

and localization distance d defined in (5.12) of Section 5.4. The distance
m defined in (5.2) matches the distance value for d, where the s-interval
endpoints may differ:
d (([0, S1 ], (θ1 , y1 )), ([0, S2 ], (θ2 , y2 )))
= |0 − 0| + |S1 − S2 |
+ |y1 (0) − y2 (0)| +

Z

S1 ∨S2

0

¯ ext
¯
¯ẏ1 (s) − ẏ2ext (s)¯ ds

= m ((x1 , X1 ), (x2 , X2 )) .
Thus we have a one-to-one relation between solutions “near” (x∗ , X∗ ) in the
impulsive system and solutions “near” ([0, S∗ ], (θ∗ , y∗ )) in the free end-time
system that uses endpoint set C.
If we use the cost function:
˜ y(0), S, y(S)) = `(y(0), y(S)) = `(x(0− ), x(T )),
`(0,
then we have established a free end-time optimal control problem in the
form of Section 5.4. By employing the same cost function, and with the
distance defined above, we have established a preservation of the notion of
local minimum under the time-stretching transformation (for the same localization parameter, δ) provided there are no “additional” trajectories in

88

5.5. Proof of Main Results
the new problem. We are assured of this last fact by the one-to-one correspondence of impulsive solutions and those in the stretched time, proved in
[73].
Phase 2: Our next step is to determine a costate in this free end-time
optimal control problem. We may invoke the relevant pair, either Lemma 5.5
with Lemma 5.7 or Lemma 5.6 with Lemma 5.8, that transfers regularity of
our impulsive MDI maps to the new F system, and are then ready to apply
Corollary 5.2 to the autonomous inclusion map F.
According to Corollary 5.2, there exist arcs
ζ ∈ W 1,1 ([0, S∗ ]; R) ,

ρ ∈ W 1,1 ([0, S∗ ]; Rn ) ,

a constant h, and a number λ0 ∈ {0, 1} such that the following properties
hold:
• Nontriviality (N free ):
(λ0 , ζ(s), ρ(s)) 6= 0 ∀s ∈ [0, S∗ ]
• Transversality (T free ):


−h








 −ζ(0) 




 ρ(0) 




˜

 ∈ ∂L λ0 ` 



h



 ζ(S ) 

∗



−ρ(S∗ )

0









θ∗ (0) 





y∗ (0) 
L 
 + NC 


S∗ 




θ∗ (S∗ ) 


y∗ (S∗ )

0





θ∗ (0) 


y∗ (0) 



S∗ 


θ∗ (S∗ ) 

y∗ (S∗ )
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• Extended Euler inclusion (EE free ), for almost every s ∈ [0, S∗ ]:
³
´
−ζ̇(s), ρ̇(s)



ω





 v
∈ co (ω, v) : 
 −ζ(s)






ρ(s)









y∗ (s) 


θ̇∗ (s) 





ẏ∗ (s)



θ∗ (s)





L
∈N

gph F 




free ):
• Radius R Weierstrass condition (WR
*"

−ζ(s)
ρ(s)

"
∀

ω
v

# "
,

ω

#+

v

*"
≤

ρ(s)

""

#
∈ F (θ∗ (s), y∗ (s)) ∩ B

−ζ(s)

θ̇∗ (s)
ẏ∗ (s)

# "
,

#

θ̇∗ (s)

#+

ẏ∗ (s)
#

; R(s)

a.e. s ∈ [0, S∗ ]

We begin our conversion back to the impulsive system with the transversality condition, (T free ), which implies h ≤ 0 if S = T or h = 0 if S > T ,
∗

∗

and
(ρ(0), −ρ(S∗ )) ∈ ∂L λ0 ` (y∗ (0), y∗ (S∗ )) + NCL (y∗ (0), y∗ (S∗ )) ,
which is equivalent to
¡
¢
¡
¢
(ρ(0), −ρ(S∗ )) ∈ ∂L λ0 ` x∗ (0− ), x∗ (T ) + NCL x∗ (0− ), x∗ (T ) .

(5.26)

free ); we have
We next examine (WR
− ωζ(s) + hρ(s), vi ≤ −θ̇∗ (s)ζ(s) + hρ(s), ẏ∗ (s)i
∀(ω, v) ∈ F (θ∗ (s), y∗ (s)) ∩ B

h³
´
i
θ̇∗ (s), ẏ∗ (s) ; R(s)

(5.27)

a.e. s ∈ [0, S∗ ],

where we may rewrite v = f ω + gb for
f ∈ F (θ∗ (s), y∗ (s)),

g ∈ G(θ∗ (s), y∗ (s)),
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m

b ∈ B1 ∩ K

with

1 − |b|1 = ω.

We may select ω = θ̇∗ (s) to obtain:
D

E D
E
ρ(s), f θ̇∗ (s) + gb ≤ ρ(s), f∗ θ̇∗ (s) + g∗ b∗ ,

for all b such that 1 − |b|1 = θ̇∗ (s), from which we conclude
À
¿
b
≤ hρ(s), ẋ∗ (θ∗ (s))i ,
ρ(s), f + g
ω

if θ̇∗ (s) > 0,

(5.28)

and
hρ(s), gbi ≤ hρ(s), g∗ b∗ i ,

if θ̇∗ (s) = 0.

(5.29)

We deconstruct (EE free ) by an analysis of proximal normals. To begin,
we let
L
(ω, ν, −ζ(s), ρ(s)) ∈ Ngph
F (θ∗ (s), y∗ (s), θ̇∗ (s), ẏ∗ (s)).

There exists a sequence (ωi , νi , −ζi , ρi ) converging to (ω, ν, −ζ(s), ρ(s)) and
satisfying
P
(ωi , νi , −ζi , ρi ) ∈ Ngph
F (θi , yi , zi , vi )

for some (θi , yi , zi , vi ) that is a sequence of vectors with limit (θ∗ , y∗ , z∗ , v∗ )
as i → ∞. For each i, we look at the proximal normals using (θi , yi , zi , vi )
as a base point and then examine limits of such normals in determining the
limit normal cone at (θ∗ , y∗ , z∗ , v∗ ). Inclusion in the proximal normal cone
is equivalent to the existence of a function σ = σ(θ, y, z, v) that is quadratic
near (θi , yi , zi , vi ) with a minimum of 0 at (θi , yi , zi , vi ) such that
σ(θ, y, z, v) ≥ ωi (θ − θi ) + hνi , (y − yi )i − ζi (z − zi ) + hρi , (v − vi )i ,
under the constraint that (z, v) ∈ F(θ, y). We may thus conclude that the
function
Γ0 (θ, y, z, v) = σ(θ, y, z, v) − ωi θ − hνi , yi + ζi z − hρi , vi
constrained by (z, v) ∈ F(θ, y), has a minimum of 0 at (θi , yi , zi , vi ). Rewrit91
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ing the variable z = 1 − |b|1 for b ∈ Bm
1 ∩ K, there is some bi such that
vi = fi (1 − |bi |1 ) + gi bi for appropriate selections from F and G (uniqueness
is not essential in what follows), and we see that the function:
Γ(θ, y, v) = Γ0 (θ, y, 1 − |bi |1 , v) + δgph F (·,·)(1−|bi |1 )+G(·,·)bi (θ, y, v)
also has a minimum (with no constraints) at (θi , yi , vi ). A necessary condition for this minimality is that (0, 0, 0) is an element of the subgradient
∂Γ(θi , yi , vi ), which in turn satisfies the inclusion:
P
∂Γ(θi , yi , vi ) ⊆ (−ωi , −νi , −ρi ) + Ngph
F (·,·)(1−|bi |1 )+G(·,·)bi (θi , yi , vi )

by the Sum Rule. We deduce that
P
(ωi , νi , ρi ) ∈ Ngph
F (·,·)(1−|bi |1 )+G(·,·)bi (θi , yi , vi ),

and, passing to the limit, we obtain a preliminary (time-stretched) version
of the Euler condition:
³
´
−ζ̇(s), ρ̇(s)
¯
n
¯
L
∈ co (ω, ν) ¯(ω, ν, ρ(s)) ∈ Ngph
F (·,·)θ̇

∗ (s)+G(·,·)b∗

o
(θ
(s),
y
(s),
ẏ
(s))
.
∗
∗
∗
(s)
(5.30)

Here, we have included the convex hull, as the limit points we draw from
(EE free ) are of this form.
Phase 3: Finally, we translate these necessary conditions back to the
original impulsive MDI system.
We will determine the costate p based on the ρ calculated above via a
time transformation using the optimal time reparametrization, θ∗ . Just as
we insist that x∗ (θ∗ (s)) = y∗ (s) when θ̇∗ (s) > 0, we will define p(θ∗ (s)) =
ρ(s) and q(θ∗ (s)) = ζ(s) for the same s, and consider ρ in terms of a graph
completion for p associated with the optimal measure µ∗ . We recover (N )
as well as a transversality condition based on (5.26):
¡ −
¢
¡
¢
¡
¢
p(0 ), −p(T ) ∈ ∂L λ0 ` x∗ (0− ), x∗ (T ) + NCL x∗ (0− ), x∗ (T ) .
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The Euler inclusion is in multiple parts; when θ̇∗ (s) > 0, (5.30) becomes
(−q̇(θ∗ (s)), ṗ(θ∗ (s))) θ̇∗ (s) ∈

¯

 
¯
θ
(s)


∗

¯

¯


L
co (ω, ν) ¯(ω, ν, ρ(s)) ∈ Ngph F (·,·)θ̇ (s)+G(·,·)b (s) 
,
x
(θ
(s))


∗
∗
∗
∗

¯



¯
ẋ∗ (θ∗ (s))θ̇∗ (s)
where we may “divide out” by θ̇∗ (s) to obtain
(−q̇(θ∗ (s)), ṗ(θ∗ (s))) ∈
¯
½
¾
¯
L
¯
co (w, v) ¯(w, v, p(t)) ∈ N
,
b (s) (t, x∗ (t), ẋ∗ (t))
gph F (·,·)+G(·,·) ∗
θ̇∗ (s)

and note that

b∗ (s)
θ̇∗ (s)

∈ K to conclude

¯
n
o
¯
L
(−q̇(t), ṗ(t)) ∈ co (w, v) ¯(w, v, p(t)) ∈ Ngph
F (·,·)+G(·,·)K (t, x∗ (t), ẋ∗ (t)) .
(5.31)
Meanwhile, for θ̇∗ (s) = 0, (5.30) already provides the correct inclusion.
The Weierstrass condition of radius R0 is also in multiple parts; once we
define
R0 (θ∗ (s))θ̇∗ (s) = R(s),

(5.32)

we have a statement for the absolutely continuous system:
hp(t), vi ≤ hp(t), ẋ∗ (t)i ,
for any κ with |κ| =

b
,
θ̇∗ (η −1 (t))

∀v ∈ (F + Gκ) ∩ B [ẋ∗ (t); R0 (t)] ,

(5.33)

which follows from (5.28), and one for each

of the “jump” subsystems given already by (5.29). This produces a radius
function which shrinks near jump times, but whose stretched-time counterpart is bounded away from zero in the jump subsystems.
We now proceed in our proof of the global conditions.
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5.5.2

Proof of Theorem 5.5

Proof. We pick up where the previous proof leaves off, with the stratified
Weierstrass conditions for a possibly shrinking radius function. This shrinking, however, does not ruin our conclusions in the global case, where a
sequence of radius functions is provided; in that case, we use the same
free ), but have no radius to contranslation for (W free ) as we did for (WR
sider, and we may assert our global Weierstrass condition in the impulsive
system.
Finally, we consider the Hamiltonian condition in the global case. Condition (W free ) states:
−ωζ(s) + hρ(s), vi ≤ −θ̇∗ (s)ζ(s) + hρ(s), ẏ∗ (s)i
∀(ω, v) ∈ F (θ∗ (s), y∗ (s))

a.e. s ∈ [0, S∗ ],

which we may rewrite for each s as
D
E
−ωζ(s) + hρ(s), f ω + gbi ≤ −θ̇∗ (s)ζ(s) + ρ(s), f∗ θ̇∗ (s) + g∗ b∗
∀ω ∈ [0, 1], f ∈ F (θ∗ (s), y∗ (s)) ,
g ∈ G (θ∗ (s), y∗ (s)) , b ∈ Bm
1 , |b|1 = 1 − ω.
(5.34)
We set f = f∗ , g = g∗ , and will determine properties of ζ(s) by perturbation,
using values of b near b∗ .
When b∗ 6= 0, we set b = (1 + γ)b∗ for small γ (positive or negative).
This produces the inequality:
³
´
D
³
´
E
− θ̇∗ (s) − γ|b∗ |1 ζ(s) + ρ(s), f∗ θ̇∗ (s) − γ|b∗ |1 + (1 + γ)g∗ b∗
D
E
,
≤ −θ̇∗ (s) ζ(s) + ρ(s), f∗ θ̇∗ (s) + g∗ b∗
which is equivalent to
À
¿
b∗
.
γζ(s) ≤ γ ρ(s), f∗ − g∗
|b∗ |1

(5.35)

When 0 < |b∗ |1 < 1, we may choose γmax > 0 sufficiently small so that
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(1 + γ1 )b∗ and (1 − γ)b∗ are elements of Bm
1 for any γ ∈ (0, γmax ]. This
freedom in our choice of γ forces an equality:
À
¿
b∗
ζ(s) = ρ(s), f∗ − g∗
|b∗ |1

for 0 < |b∗ |1 < 1.

(5.36)

When |b∗ |1 = 1, we have θ̇(s) = 0, so f∗ is not defined, and we may only
perturb using γ < 0. This leads to the inequality:
À
¿
b∗
for |b∗ |1 = 1, ∀f ∈ F (θ∗ (s), y∗ (s)) .
ζ(s) ≥ ρ(s), f − g∗
|b∗ |1

(5.37)

When b∗ = 0, we perturb using small vectors b ∈ K with |b|1 = γ > 0.
In this case, g∗ is not defined, and we deduce from (5.34) that
γζ(s) + hρ(s), −γf∗ + gbi ≤ 0,
which leads to
À
¿
b
for |b∗ |1 = 0, ∀g ∈ G (θ∗ (s), y∗ (s)) .
ζ(s) ≤ ρ(s), f∗ − g
|b|1

(5.38)

Now (H free ) states:
h =

max

(w,ν)∈F(θ∗ (s),y∗ (s))

−wζ(s) + hρ(s), νi = H̃ (θ∗ (s), y∗ (s), ρ(s))

(5.39)

for almost every s ∈ [0, S∗ ]. Fix any s where both (W free ) and (H free )
apply. According to (T free ), we have h ≤ 0 if S∗ = T or h = 0 if S∗ > T .
Whenever θ̇∗ (s) = 1,
ẋ(θ∗ (s)) = ẏ(s) = f∗ (s),
and we simplify (5.39) with (5.34) in this case, to obtain:
h + ζ(s) = hρ(s), f∗ (s)i .

(5.40)
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We combine this with the perturbation result (5.38) to produce:
0 ≥h ≥

À
¿
b
, ∀g ∈ G (θ∗ (s), y∗ (s)) ,
ρ(s), g
|b|1

and
q(t) ≤ hp(t), ẋ∗ (t)i .

(5.41)

In fact, these inequalities are still true for any t where µ̄∗ ({t}) = 0 (even
when we have θ̇∗ (s) < 1 elsewhere).
If the measure µ̄∗ is active, then S∗ > T and h = 0. Combining (5.39)
with (5.34), using the optimality of the velocity ẏ(s), we have
D
E
θ̇∗ (s) ζ(s) = ρ(s), f∗ θ̇∗ (s) + g∗ b∗ .
For the case 0 < θ̇∗ (s) < 1, this implies that
q(t) = hp(t), ẋ∗ (t)i when 0 < θ̇∗ (s) < 1.
Substituting from (5.36), we obtain both
0 = hp(t), g∗ (t)µ̇∗ac (t)i ,
and
q(t) = hp(t), f∗ i .
Finally, when θ̇∗ (s) = 0, we have
0 = hρ(s), ẏ∗ (s)i ,
and use (5.37) to deduce that
ζ(s) ≥ hρ(s), f i

∀f ∈ F (θ∗ (s), y∗ (s)) .

This completes our proof of the global conditions.
We may compare this result with that of [64], where the costate for the
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time reparametrization variable appears in the necessary conditions. The list
of inequalities in the Hamiltonian condition recalls the necessary conditions
in [55] and [43]; all of them are in the global context only, and our stratified
necessary conditions are new.

5.6

Final Considerations

We may also state a companion result for the autonomous case.
Corollary 5.3. In addition to the hypotheses of Theorem 5.4, assume
that F (t, x) = F (x) and G(t, x) = G(x) only, and hence each satisfies (PLC)
rather than (JPLC). Then the necessary conditions of Theorem 5.4 still hold,
but q ≡ 0 and (E) may be replaced by the Extended Euler inclusion (EE):
©
ª
L
ṗ(t) ∈ co ω : (ω, p(t)) ∈ Ngph
F +GK (x∗ (t), ẋ∗ (t))

a.e. t ∈ [0, T ]

Proof. We note how (E) greatly simplifies in this case, and forces q to be
constant via (5.30). It is a consequence of (W ) and analysis of the possible
values taken by θ̇∗ (s) that determine this constant value to be 0.
Remark: In this setup, we have assumed that a local minimum exists
in the impulsive problem where the minimizing process produces a finite
stretched-time interval. While we have bounded the values of the measure
in some sense using K, trajectories are permitted unlimited use of the jump
dynamics in minimizing the cost function. This freedom does not appear
practical in applications. For example, in a system where we seek to minimize the norm of the final state (with no restriction on where that state
must be), where G represents exponential decay to the origin and F = 0,
there can be no feasible minimizer, as use of the impulsive G dynamics can
always lower the cost function in an instant of time. With no bound on
the total variation of the measure, any feasible trajectory (that is, one that
actually ends at some x(T )) will be further from the origin than one which
“jumps” for a greater amount, i.e., with a longer stretched time.
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In terms of an impulsive model of a system with “fast” and “slow” dynamics, this would seem to break our model, where we are using the “infinitely fast” dynamics over an “infinitely long” period of time. Introducing
a maximum size for the stretched-time interval is thus a natural concept; we
will study this and related measure constraints in the next chapter.
As a final note regarding our auxiliary free end-time result in Section 5.4,
we speculate that the extension of the free end-time work in [64] to Clarke’s
stratified framework may be possible in the case where the differential map is
only integrable in the time variable (this is Theorem 8.4.1 of [64], whose proof
is considerably more involved than the joint Lipschitz case we’ve extended).
This strengthening would not have benefited our approach for the impulsive
system, however, as the time reparametrization in Phase 1 of our main proof
leads to an autonomous free end-time problem.
Our baseline result in terms of necessary conditions for impulsive systems
of this form (with no state constraints) enjoys a more general differential
inclusion than the state-of-the-art analogue in [30], as well as the other
predecessors already mentioned. This work may serve as a template for
extensions of the many results in optimal control to the measure differential
inclusion framework.
Broadly speaking, the use of stratified necessary conditions are useful in
the following two ways:
1. Differential inclusion maps which are not Lipschitz but are “nearly”
Lipschitz, where they are pseudo-Lipschitz for a sequence of radius
functions that grow to infinity, are sufficient to obtain some global
necessary conditions in the manner of Lipschitz functions. As Clarke
notes in [17], the relation of these radius functions to their respective
Lipschitz modulii need not be linear, and moreover this may all occur
in the absence of convexity.
2. When global conditions are not available, necessary conditions for optimality can be developed in a special local sense. Consider, for example,
a differential inclusion map which has as values sets that are strictly
separated into two or more pieces. Such maps are not Lipschitz, but
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may be pseudo-Lipschitz if those pieces are sufficiently regular. A radius function about a reference trajectory permits focus on the single
piece where the reference trajectory takes its velocity. We will exploit
this fact in Chapter 6.
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Chapter 6

Applications via Measure
Constraints
Theorems 5.4 and 5.5 permit significant freedom in the choice of measure;
apart from standard exclusion of non-regular measures, the cone K is the
only major restriction. In most applications involving impulses, however,
some limits on the impulsive behaviour arise naturally in modeling. The
most common modeling restriction in impulsive and hybrid systems when
expressing in terms of a measure-driven framework is that the impulsive
dynamics be purely impulsive, that is, there are no nearby large velocity
choices to the “infinite” velocity spikes of the impulse; the state is either
jumping or flowing, but not approximating a jump in a continuous manner.
This is unlike the systems modeled in space navigation [34] or impact and
friction between rigid bodies, already set in terms of measure differential inclusions [60, 61] and where such intermediate velocities make sense. Rather,
this is the effect produced by a system such as (3.1) in Chapter 3, used to
model a wide variety of phenomena, including:
1. Resource control [18], integrated pest management strategies [25, 63].
2. Chaotic system stabilization/synchronization, for example chaotic circuits used in cryptography [70, 71].
3. Switched systems, where discrete transitions occur between continuous
operating modes [69].
4. Hybrid systems, where impulses may be forced or optional, according
to the state [26, 27].
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5. Multiprocesses, treated as concatenated subprocesses with boundary
conditions at discrete transition points [18, 19].
Each of the last three cases is a framework used in modeling, and there is
overlap in what they are able to model. Indeed, the multiprocess framework
of Clarke and Vinter, using bounded, state-Lipschitz, convex differential
inclusions covers a broad set of models where a finite number of discrete
transitions occur (their timing need not be fixed) [19]. In this and the hybrid
and switched system frameworks, a significant issue is the accumulation of
discrete transitions when there are an infinite number of such transitions.
As mention in Chapter 3, Goebel and Teel have proposed a solution concept
for hybrid systems that can account for this “Zeno behaviour” [53], but our
measure-driven approach can handle these quite naturally [73].
The existing literature in scientific applications, regarding , for example,
pest management and chaotic circuit synchronization, focuses on issues of
existence of equilibria and possible stabilization strategies, with some use of
ad-hoc methods to draw conclusions about impulsive optimal control [5,
8, 29, 35, 65]. In the following section, we propose a general measuredriven framework that is appropriate for these problems, with a look towards
optimal control strategies. This will be achieved by a careful analysis of what
we call “measure constraints” and their effect on our impulsive trajectories.
Constraining the total variation of the measure has been considered in earlier
treatments [46].
The conversion of a given jump map is not a clear process; there may
be multiple ways to interpret the state discontinuities, and several choices
in modeling that can produce identical trajectories. In many models, however, this would make explicit the structure of the “fast” dynamics, which
may already have some physical basis. Our necessary conditions provide
insight into both the “slow” and “fast” components of an optimal control
strategy. The basic idea, that systems in a measure-driven framework may
be analyzed in terms of a stretched-time system, is used once again. We
note that our stretched system will have an intrinsic lack of convexity even
in simple models, and we appeal again to the relatively recent results in
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optimal control of non-convex systems featuring pseudo-Lipschitz regularity
of the data.

6.1

Measure Constraints

We consider measure constraints for impulses in three broad categories:
1. Imposing an overall budget on the fast dynamics over the course of
the planning horizon.
2. Restricting or forcing impulsive behaviour at specific times.
3. Employing our notion of state-dependent impulses from Chapter 4.
These three categories are discussed in their own sections.
A key issue here is that placement of constraints on the measure, apart
from the overall “impulse budget” listed first, will impose constraints on the
control set in the stretched-time problem by taking appropriate subsets of
Bm
1 ∩ K. As long as these are imposed and translated in the correct manner,
the resulting trajectories in the corresponding free end-time control problem will still obey standard hypotheses, just with a shrunken control set;
pseudo-Lipschitz regularity and the explicit use of radius functions will be
essential to the subsequent analysis. Our ultimate goal in Section 6.1.3 is to
demonstrate that a wide variety of jump-map systems appearing in applications can be translated to our measure-driven framework, where results
such as those of the preceding chapters (and their attendant subcases and
extensions) are applicable.

6.1.1

Impulse Budget

We may think of an “impulse budget” as an overall budget of the fast dynamics that is available to be used. With no limit to the overall variation of
the measures, instants may be weighted arbitrarily heavily by the measure
with potentially negligible changes in state.
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In our typical measure differential inclusion from the previous chapters,
dx ∈ F (t, x)dt + G(t, x)dµ(t) a.e. t ∈ [0, T ],
we consider the constraint
Z
T+
[0,T ]

dµ̄ ≤ Smax

(6.1)

as a simple requirement which achieves this goal. We recall from our description of the solution concept that the integral on the left corresponds to
the maximum value attained by the function η̄, the time reparametrization
multifunction which is the “inverse” of θ. Indeed, the value of this integral
is precisely the interval length in the stretched-time system under our usual
time reparametrization. This explains the choice of notation for the bound:
we could describe the constraint above by saying that feasible measures must
produce a stretched-time system on an interval [0, S] with T ≤ S ≤ Smax .
Implementation of this type of constraint in the framework of Theorem 5.4 is thus straightforward: we modify the state endpoint set C defined
in (5.25) in the auxiliary free-end-time problem such that the interval endpoint (a choice variable in that problem) must lie in [T, Smax ]. The major
effect is on the constant component r of the costate: now we obtain sign
information based on the position of the optimal interval endpoint, S∗ , in
[T, Smax ]. Specifically, r ≤ 0 if S∗ = T , r ≥ 0 if S∗ = Smax , and r = 0 if S∗
lies in (T, Smax ).
Corollary 6.4. The conclusions of Theorem 5.4 still hold when measures
for all solutions are subject to the budget constraint (6.1), with the additional
information that h ≤ 0 if S∗ = T , h ≥ 0 if S∗ = Smax , and h = 0 if
S∗ ∈ (T, Smax ), where S∗ is the interval endpoint for the optimal solution
(x∗ , X∗ ) under the Phase 1 time reparametrization.
This type of constraint appears in the oldest impulsive problem models,
such as fuel use in space navigation [34], where impulse timing may or may
not have been flexible, but where an overall budget is a core assumption.
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6.1.2

Time-Dependent Measure Constraints

In this section we focus on the introduction of strictly impulsive phenomena (i.e., where only the discrete part of the measure is nonzero). We will
discuss measure constraints associated with timing, and combine the different flavours of constraints in a new theorem for necessary conditions in
Section 6.1.3.
Fixed impulse schedule
Suppose that the measure for all trajectories is fixed a priori to one that
is nonzero only in its discrete component and only at a finite number of
times. Even if multiple graph completions are available, this still simplifies
our analysis significantly, as the time reparametrization is common to all
trajectories and their impulse subsystems. Translation of all feasible trajectories results in a trivial free end-time problem where all intervals are of the
same length; in other words, the resulting time-stretched problem is on a
fixed interval.
We consider the MDI
dx ∈ F (t, x)dt + G(t, x)dρ(t)

a.e. t ∈ [0, T ],

(6.2)

where ρ is a fixed measure with ρac = ρsc = 0 and taking values in a
closed, convex cone K, and with discrete support on the finite set τ =
{τ1 , τ2 , · · · , τN }. Any solution (x, X) to this MDI will correspond to a solution (θ, y) of the stretched time system:
 ("
#¯
)
¯

¢
¡
0
¯

−

¯ β ∈ B s − η(τi ), τi


¯

G(τ
,
y(s))β
i

"
# 


if θ = τi ∈ τ and s ∈ η(τi− ) + [0, ρ̄({τi })), or
θ̇(s)
∈

ẏ(s)


("
#)



1


otherwise,


F (θ(s), y(s))
where we refer to B as a fixed impulse schedule associated to the measure ρ
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and its impulse time set τ . For each τi ∈ τ , we define B as a selection:
¯

n
B(σ, τi ) ⊆

β∈

K¯
Bdim
¯ |β|1
1

o
=1 ∩K

∀σ ∈ [0, ρ̄({τi })].

This definition builds in the flexibility to fix B as single-valued for some
or all of its outputs, which represents further fixed structure in any graph
completions for solutions to (6.2). Alternatively, we could use a set equality
rather than inclusion in the selection above for B; this leaves the full range
of graph completions for ρ available, even though they must occur at the
fixed times in τ . We remark that a forced impulse may be chosen to have
no effect on the system dynamics if the zero matrix is available in G(τi , y),
which leads to greater flexibility in modeling.
Restricted impulse times
Rather than forcing impulses to occur, as in the previous section, we now
consider problems where impulse behaviour is optional, but is restricted to
strictly impulsive dynamics; again, only the atomic part of the measure will
be permitted to be nonzero. We also allow for the impulsive action to be
restricted to certain times.
We consider the MDI
dx ∈ F (t, x)dt + G(t, x)dν(t)

a.e. t ∈ [0, T ],

(6.3)

where the measure ν takes values in closed convex cone Kν , and has νac =
νsc = 0, and supp(ν) ⊆ T , where T is a given closed subset of [0, T ] which
restricts the impulse times of ν. The set T need not be a finite set; just
as in the standard, free-measure, case, solutions are only valid if the timereparametrization η arising from ν is bounded. Any solution (x, X) to (6.3)
will correspond to a solution (θ, y) with velocities in the stretched-time system given by:
("

)
#¯
¯
¯
dim K
∩ K, |β|1 ∈ {0, 1}χT (θ) .
¯ β ∈ B1
F (θ, y) (1 − |β|1 ) + G(θ, y)β ¯
(1 − |β|1 )
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(Here, χA is the characteristic function for set A that takes the value 1 on
the set A and is zero otherwise.)
Precedence for multiple measures
We next combine the impulse concepts above with our standard unrestricted
measure. In doing so, we may choose to impose further structure on the
graph completions arising from the multiple measures involved where their
supports overlap.
We consider the MDI
dx ∈ F (t, x)dt + G(t, x)dµ(t) + H(t, x)dν(t) a.e. t ∈ [0, T ],

(6.4)

where the multifunctions G and H are each matrix-valued, and their respective measures are to be regular and signed, with µ taking values in the
m-dimensional cone K and ν taking values in the r-dimensional cone J.
Without any further assumptions, this is clearly equivalent to our standard
MDI, but with the impulsive dynamics expressed in two pieces: for each
(t, x), G(t, x) and H(t, x) could be combined to produce a block matrix
paired with an (m + r)-dimensional measure consisting of the elements of µ
and ν and expressed in the form:
"
dx ∈ F (t, x)dt + [G(t, x)|H(t, x)] d

µ
ν

#
(t) a.e. t ∈ [0, T ].

(6.5)

Indeed, we use this standard form so that we may access our standard solution concept.
In modeling, we may prefer certain impulsive actions to occur first during
a jump instant, such as a budget reset at the beginning of the year before any
new expenditure. To accommodate this structure, we introduce a notion of
precedence for the measures involved that restricts the available solutions.
Definition (Measure precedence). For any solution (x, X) of the MDI
(6.4), the constraint “µ has precedence over ν” requires that, for any t
such that µ({t}) =
6 0 and ν({t}) 6= 0, the subsystem Xt = (w(·), Υ(·), v(·))
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satisfies
Z
−

Υ(s) = ψ(t ) +

v(σ) dσ
[η(t− ),s]

ẇ(s) ∈ [G(s, w(s))|H(s, w(s))] v(s),
"

K

a.e. s ∈ η̄(t)

#

"

for s ∈ [η(t− ), η(t− ) + µ̄({t})) and v(s) ∈
0
s ∈ [η(t− ) + µ̄({t}), η(t)].

where v(s) ∈

0
J

#
for

In effect, this precedence partitions the graph completion’s stretchedtime interval η̄(t) and the dynamics with precedence operate “first” during
the instant. We may define a notion of precedence for more than two measures in a similar manner (below, we will have three), and note that the
property is transitive.

6.1.3

Necessary Conditions for Systems Including
Impulse-Only Dynamics

In this section, we add the behaviour described in Section 6.1.2 to our standard MDI, creating a system that can accommodate a more general type of
model. We first recall our definition for the distance M between solutions
(x1 , X1 ) and (x2 , X2 ):
M ((x1 , X1 ), (x2 , X2 ))
¯¯
¯¯
= ¯¯y ext − y ext ¯¯
1

2

W 1,1
(0− )|

+ |S1 − S2 |

= |x1 (0− ) − x2
¯
R max{max θ1−1 (T ),max θ2−1 (T )} ¯ ext
¯ẏ (s) − ẏ ext (s)¯ ds
+ 0
1
2
¯
¯
+ ¯max θ1−1 (T ) − max θ2−1 (T )¯ ,
where yi is the time-stretched trajectory for xi using reparametrization θi ,
Si is the right endpoint of the stretched time interval (i.e., θi (Si ) = T ),
and yiext refers to the extension (if necessary) of yi to the interval [0, Sj ]
by setting yiext (s) = yiext (Si ) for s ∈ [Si , Sj ], if Si < Sj . We thus consider
(x∗ , X∗ ) to be a local minimum in the impulsive problem if there exists some
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δ > 0 such that (x∗ , X∗ ) gives the lowest cost function value over all (x, X)
such that
M ((x, X), (x∗ , X∗ )) ≤ δ
Given initial data of a set C, a closed set T ⊆ [0, T ], a function `, multifunctions F , Gµ , Gν , and Gρ (the latter three matrix-set-valued), closed,
convex cones Kµ and Kν and a measure ρ with fixed impulse schedule B in
the style of Section 6.1.2 (whereby ρac = ρsc = 0), we consider the following
optimization problem in impulsive control:


















(IP)

Minimize ` (x(0), x(T ))
over (x, X) with x : [0, T ] → Rn satisfying, a.e. t ∈ [0, T ],
dx ∈ F (t, x)dt + Gµ (t, x)dµ(t) + Gν (t, x)dν(t) + Gρ (t, x)dρ(t)
subject to:

µ takes values in Kµ ,




ν takes values in Kν , νac = νsc = 0, supp(ν) ⊆ T ,





ρ has precedence over ν,





ν has precedence over µ,



(x(0), x(T )) ∈ C.

All measures in the problem are assumed to be regular, signed and potentially vector-valued. We approach (IP) with the understanding that if any
of Kµ , Kν , and/or B are/is empty, then the corresponding measure is identically zero. In other words, the various combinations of styles of measures
are all under consideration in the theorem below.
We consider (x∗ , X∗ ) to be a local minimum in (IP) if there exists some
δ > 0 such that (x∗ , X∗ ) gives the lowest value for ` over all (x, X) such that
M ((x, X), (x∗ , X∗ )) ≤ δ.
With this enhanced version of the setup in Chapter 5, we are able to
extend Theorem 5.4. Our strategy is the same as that of Chapter 5: we
apply the time reparametrization to all trajectories local to the optimal one
and describe them as free interval-endpoint trajectories that share a common
differential inclusion map sufficiently regular to qualify for Theorem 5.7, and
thus produce necessary conditions from Theorem 5.3 (due to Clarke [17]).
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We finish by a translation back through the two transformations to obtain
our stated conclusions.
Theorem 6.8. Assume F is nonempty, closed-valued, locally bounded
and locally Lipschitz with Lipschitz modulus function kF . Assume Gµ , Gν
and Gρ are closed-valued and each obeys a joint pseudo-Lipschitz condition
and essential infimum growth restriction for the same radius RG and with
Lipschitz modulus kG , with RG bounded below by the constant R0 > 0 and
both kG and kF bounded above by the constant k0 > 0. Assume that either
1. the radius RG is more than double the local bound for F , or
2. the combinations F + Gr, for each r ∈ Kµ , uniformly obey the joint
pseudo-Lipschitz condition and the essential infimum growth restriction of radius Rµ , and with Lipschitz modulus of kµ , with kµ also
bounded above by the constant k0 > 0.
Suppose that (x∗ , X∗ ) gives a local minimum in (IP), where X∗ is a graph
completion for x∗ with associated measures µ∗ , ν∗ and ρ. Then there exist
a radius function R0 < 1, a number λ0 ∈ {0, 1} and impulsive arcs p :
[0, T ] × Rn → Rn and q : [0, T ] × Rn → R with graph completions P and Q,
respectively, both associated to µ∗ , ν∗ and ρ, which satisfy:
• Transversality condition (T )
¡ −
¢
¡
¢
¡
¢
p(0 ), −p(T ) ∈ λ0 ∂L ` x∗ (0− ), x∗ (T ) + NCL x∗ (0− ), x∗ (T )
• Euler inclusion (E), for almost every t ∈ [0, T ]:
(−n
q̇(t), ṗ(t)) ∈
o
L
co (ω1 , ω2 ) : (ω1 , ω2 , p(t)) ∈ Ngph(F
(t,
x
(t),
ẋ
(t))
∗
∗
+Gµ Kµ )
• Radius R0 Weierstrass condition (WR0 ):
hp(t), vi ≤ hp(t), ẋ∗ (t)i ,

∀v ∈ (F + Gµ κ(t)) ∩ B [ẋ∗ (t); R0 (t)] (6.6)
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where the set-valued function κ(t) = {γ s.t. |γ| = |µ̇∗ac (t)|}; µ̇∗ac (t) is
the time derivative of the absolutely continuous part of µ∗ at t.
• The graph completions X∗ , P and Q consist of subsystems for each
t where at least one of µ∗ ({t}), ν∗ ({t}), ρ({t}) is nonzero. These
subsystems involve arcs yt , pt and qt , satisfying, at impulse instant
t, an Euler inclusion, (E t ), and Weierstrass condition of radius R
t ), as follows (with all normal cones evaluated
defined in (6.17), (WR

at the optimal path base point (t, yt (s), ẏt (s))),:
– for almost every s ∈ [η(t− ), η(t− ) + ρ̄({t})),
n
o
L
ρ
(−q̇t (s), ṗt (s)) ∈ co (ω, v) : (ω, v, pt (s)) ∈ Ngph(G
,
ρ (·,·)b∗ (s))
(6.7)
hpt (s), vi ≤ hpt (s), yt (s)i ,
∀v ∈ [Gρ (θ∗ (s), y∗ (s))B (s − η(θ∗ (s)− ), θ∗ (s))] ∩ B [ẏt (s); R(s)] ;
(6.8)
– for almost every s ∈ [η(t− ) + ρ̄({t}), η(t− ) + ρ̄({t}) + ν̄∗ ({t})],
n
o
L
(−q̇t (s), ṗt (s)) ∈ co (ω, v) : (ω, v, pt (s)) ∈ Ngph(G
,
ν
ν (·,·)b∗ (s))
(6.9)
hpt (s), vi ≤ hpt (s), yt (s)i ,
∀v ∈ [G
n ν (θ∗ (s), y∗ (s))B] ∩ B [ẏt (s); R(s)] , o
B = β ∈ Kν ∩ B1dim Kν such that |β|1 = 1 ;
(6.10)

110

6.1. Measure Constraints
– and, for almost every s ∈ [η(t− ) + ρ̄({t}) + ν̄∗ ({t}), η(t)]
n
o
L
µ
(−q̇t (s), ṗt (s)) ∈ co (ω, v) : (ω, v, pt (s)) ∈ Ngph(G
,
µ (·,·)b∗ (s))
(6.11)
hpt (s), vi ≤
h hpt (s), yt (s)i , ³
´i
dim Kµ
∀v ∈ Gµ (θ∗ (s), y∗ (s)) Kµ ∩ B1
∩ B [ẏt (s); R(s)] .
(6.12)
where
η(t) = t +

dim Kµ Z t
X
j=1

0

µ̄∗j (dτ ) +

dim
Kν
X
j=1

Z
0

t

ν̄∗j (dτ ) +

dim
XB Z t
j=1

0

ρ̄j (dτ )

represents a time reparametrization (µ∗j being the j-th component of
measure µ∗ ) and bρ∗ , bν∗ and bµ∗ satisfy
Z

η(t− )+ρ̄({t})
bρ∗ (s)ds
−
η(t )

Z
= ρ({t}),
Z

η(t)

η(t− )+ρ̄({t})+ν̄∗ ({t})
bν∗ (s)ds = ν∗ ({t}),
−
η(t )+ρ̄({t})

bµ∗ (s)ds = µ∗ ({t}).

η(t− )+ρ̄({t})+ν̄∗ ({t})

• Nontriviality (N ):
(λ0 , q(t), p(t), qt , pt ) 6= 0

∀t ∈ [0, T ],

where we interpret the subsystem trajectories qt or pt to be zero if they
are zero over [η(t− ), η(t)].
Proof. Our first step is apply our usual time-reparametrization to the impulsive trajectories local to (x∗ , X∗ ) and establish the stretched-time differential
inclusion. We develop the differential inclusion map, which we again call F,
in stages, noting that it will depend on the stretched-time parameter s due
to the fixed impulses of ρ.
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We appeal to the work in Section 6.1.2 to define











Fρ (s, θ, y) =



¯
¯
0



¯


¯
−
 Gρ (θ, y)β ¯ β ∈ B (s − η(θ ), θ)

¯



¯
(β, 0, 0)










 ∅

(6.13)

if s ∈ [η(θ− ), η(θ− ) + ρ̄({θ})),
otherwise.

Here, as in the definitions below, the third component (in this case, of the
form (β, 0, 0)) has dimension m = dim B + dim Kν + dim Kµ .
According to Section 6.1.2, we may define








Fν (θ, y) =











¯
¯
0



¯


¯
dim Kν
, |β|1 = 1
 Gν (θ, y) β ¯ β ∈ Kν ∩ B1

¯



¯
(0, β, 0)
∅

if θ ∈ T ,

otherwise,
(6.14)

to describe the impulses restricted to t ∈ T .
Finally, we have our unrestricted measure term, the only one permitted
to have non-impulsive dynamics, which must remain in combination with
the continuous dynamics represented by F :


¯
¯
1 − |β|1



¯


¯
dim Kµ
Fµ (θ, y) =  F (θ, y) (1 − |β|1 ) + Gµ (θ, y) β ¯ β ∈ Kµ ∩ B1

¯



¯
(0, 0, β)
(6.15)
We may then define F piecewise using (6.13), (6.14) and (6.15):

−
−

 Fρ (s, θ, y) if s ∈ [η(θ ), η(θ ) + ρ̄({θ})),
F(s, θ, y) =
Fν (θ, y)
if s ∈ [η(θ− ) + ρ̄({θ}), η(θ) − µ̄({θ})],


Fµ (θ, y)
otherwise,

(6.16)

where we have accounted for the precedence of the measures.
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This new map is more complicated than (3.5), the stretched-time inclusion map used in Chapter 5, in two significant ways. Firstly, it incorporates
the three measures in order, allowing only one to be active at a time. Secondly, it has the third coordinate, which tracks the β from each case (they
may differ in dimension), a quantity that was not tracked in Chapter 5 but
here will permit us to separate the dynamics associated with the different
measures during our analysis; this component in each case must be a distance of at least 1 in the m-dimensional 1-norm from such components in
the other two cases. The piecewise definition for F may thus be seen as a
union of three disjoint graphs, a fact we will exploit.
We proceed by establishing (JPLC) and (ESSINF) for F. We revisit
Lemmas 5.5 and 5.6 of Chapter 5 in defining the radius function


R̃(s) =



RG (θ∗ (s))( α−1
α )
1+2Fmax (θ∗ (s)) ,
Rµ (θ∗ (s))θ̇∗ (s)

if θ̇∗ (s) ≤

√

Rµ (θ∗ (s))+1+

1+|ẋ∗ (θ∗ (s))|2

,

RG (θ∗ (s))
2αFmax (θ∗ (s)) ,

otherwise,

for any α > 1. We define our new R for use in the theorem by
½
R(s) = min

¾
1
√
, R̃(s) ,
m+1

(6.17)

and pair it with the function
(
κ(s) =

kF (θ∗ (s)) + kG (θ∗ (s)),

if θ̇∗ (s) ≤

kµ (θ∗ (s)),

otherwise,

RG (θ∗ (s))
2αFmax (θ∗ (s)) ,

If we are now given (s1 , θ1 , y1 ) and (s2 , θ2 , y2 ) within ε of (s, θ∗ (s), y∗ (s)),
where
ẏ∗ (s) = f∗ (s)θ̇∗ (s) + g∗ (s)b∗ (s),
then any



z



 
 v  ∈ F(s1 , θ1 , y1 )
b
may be identified as belonging to one of (6.13), (6.14) or (6.15) based on b;
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if it has the form (0, β, 0), for example, then we deduce that


z



 
 v  ∈ Fν (θ1 , y1 ).
b
(We note that β = 0 indicates inclusion in Fµ (θ1 , y1 ).) In particular, if we
pick an arbitrary


z1





 v1  ∈ F(s1 , θ1 , y1 ) ∩ B [(s, θ∗ (s), y∗ (s)); R(s)] ,
b1
then the maximum value of

√ 1
m+1

for R ensures that (z1 , v1 , b1 ) is in the

same piece (6.13), (6.14) or (6.15) as b∗ (s). In the case of either (6.13) or
(6.14), we note that θ̇∗ (s) must be zero, and since R(s) < RG (s) for sure,
we are assured of (JPLC). In the other case, (6.15), we may repeat the
arguments of Lemmas 5.5 and 5.6 to conclude (JPLC) in this case as well.
The (ESSINF) condition for F then follows directly.
With sufficient regularity now established, we use F as the differential
inclusion map for a free end-time problem where the converted optimal
trajectory, defined on [0, S∗ ], is still optimal (the cost function is reused).
The free end-time problem will use the endpoint set C defined in (5.25):
(
C=

"
{0} ×

{0}
c0

#

"
× {0} × [T, ∞) ×

{T }
cT

#

¯
)
¯
¯
× Rm ¯ (c0 , cT ) ∈ C .
¯

We apply Theorem 5.7 to obtain arcs
h, q ∈ W 1,1 ([0, S∗ ]; R) ,

p ∈ W 1,1 ([0, S∗ ]; Rn ) ,

u ∈ W 1,1 ([0, S∗ ]; Rm )

and a number λ0 ∈ {0, 1} such that the following properties hold:
• Nontriviality (N free ):
(λ0 , q(s), p(s), u(s)) 6= 0 ∀s ∈ [0, S∗ ]
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• Transversality (T free ):


−h(0)

 

h(S∗ )




 

 −q(0)   q(S∗ ) 

,

∂L λ0 ` (y∗ (0), y∗ (S∗ ))
 p(0)   −p(S )  ∈
∗ 

 
−u(0)
u(S )
 ∗


0
S∗


 

 0  
T
L





,
+ NC 


y
(0)
y
(S
)
∗
∗
∗

 

0
w∗ (S∗ )
• Euler inclusion (E free ) for almost every s ∈ [0, S∗ ]:



−ḣ(s)


 −q̇(s)

 ṗ(s)

−u̇(s)



















 ∈ co 



















α1








 
 α2 




 α3 

 





α2 





L
 :  α4  ∈ N
gph F 






α3  


−q(s) 





α4



 p(s) 

−u(s)
α1

s
θ∗ (s)
y∗ (s)
w∗ (s)
θ̇∗ (s)
ẏ∗ (s)
ẇ∗ (s)





























free ): ∀v ∈ F (s, θ (s), y (s)) ∩
• Radius R Weierstrass condition (WR
∗
∗
B [ẋ∗ (t); R(s)],
*



−q(s)





 p(s)  , v
−u(s)

+


 

* −q(s)
θ̇∗ (s) +

 

≤  p(s)  ,  ẏ∗ (s) 
−u(s)
ẇ∗ (s)

a.e. s ∈ [0, S∗ ]

Our first step in translating these conditions back to the problem (IP)
is to deconstruct (E free ) via analysis of proximal normals. We let
α = (α1 , α2 , α3 , α
³4 , −q(s), p(s), −u(s))

´
L
∈ Ngph
F s, θ∗ (s), y∗ (s), w∗ (s), θ̇∗ (s), ẏ∗ (s), ẇ∗ (s) .
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By definition, there exists a sequence αi = (α1i , α2i , α3i , α4i , −qi , pi , −ui )
converging to α and satisfying
P
(α1i , α2i , α3i , α4i , −qi , pi , −ui ) ∈ Ngph
F (si , θi , yi , wi , zi , vi , βi )

for some sequence of vectors γi = (si , θi , yi , wi , zi , vi , βi ) with limit at the
base point of the cone for α, which we will denote by γ∗ . For each i, we look
at the proximal normals using γi as a base point and then examine limits of
such normals in determining the limit normal cone at γ∗ . Inclusion in the
proximal normal cone is equivalent to the existence of a quadratic function
Qi = Qi (σ, θ, y, w, z, v, β) = Qi (γ) with a minimum of 0 at γi such that
Qi (γ) ≥ hαi , (γ − γi )i
under the constraint that (z, v, β) ∈ F(s, θ, y). We conclude that the function
Wi0 (γ) = Qi (γ) − hαi , γi ,
constrained by (z, v, β) ∈ F(s, θ, y), has a minimum of 0 at γi . We substitute z = 1 − |β|1 , since this holds whenever the constraint is satisfied.
Our next step is determined by the value of ẇ∗ (s); this particular vector
determines which of Fρ (s, θ∗ (s), y∗ (s)), Fν (θ∗ (s), y∗ (s)), or Fµ (θ∗ (s), y∗ (s))
contains (θ̇∗ (s), ẏ∗ (s), ẇ∗ (s)); ẇ∗ (s) is of the form (bρ∗ (s), bν∗ (s), bµ∗ (s)), but
for any s, at least two of the components must be zero. Since Fρ , Fν , and
Fµ are identifiable by this property, the sequence (zi , vi , βi ) must be contained in this same “piece” of F for sufficiently large i (we may assume all
i by taking an appropriate subsequence). We will calculate explicitly in the
case where Fµ is in use; the other two are similar.
Assuming (θ̇∗ (s), ẏ∗ (s), ẇ∗ (s)) ∈ Fµ (θ∗ (s), y∗ (s)), we have (zi , vi , βi ) ∈
Fµ (θi , yi ). Then βi = (0, 0, bi ) for some bi ∈ Rdim Kµ , and we may define the
function
Wi (σ, θ, y, w, v) = Wi0 (σ, θ, y, w, 1 − |βi |, v, βi )
+δgph F (·,·)(1−|bi |1 )+Gµ (·,·)bi (θ, y, v),
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which has an unconstrained minimum at (si , θi , yi , wi , vi ). Hence (0, 0, 0, 0, 0)
must be an element of the subgradient ∂Wi (si , θi , yi , wi , vi ), while that subgradient is in turn a subset of


−α1i


 −α2i

 −α3i


 −α4i
−pi














+ 















0
c2
c3
0
c5


¯
¯

¯




¯

θi 
¯ c2


¯ 



P
¯  c3  ∈ N
gph F (·,·)(1−|bi |1 )+Gµ (·,·)bi  yi 
¯
¯


vi 
¯ c5

¯


¯

by the Sum Rule. We deduce that α1i = 0, α4i = 0 and
P
(α2i , α3i , pi ) ∈ Ngph
F (·,·)(1−|bi |1 )+Gµ (·,·)bi (θi , yi , vi ).

Passing to the limit, we obtain a time-stretched version of the Euler condition:
(−q̇(s), ṗ(s)) ∈
¯


 

¯ α1
θ∗ (s)



¯

¯



L
co (α1 , α2 ) ¯ α2  ∈ Ngph F (·,·)θ̇ (s)+G (·,·)bµ (s)  y∗ (s)  ,
∗
µ
∗


¯


¯ p(s)
ẏ∗ (s)
(6.18)
as well as the information that ṙ(s) = 0 and u̇(s) = 0 for the s under
consideration. The same method as in the proof of Theorem 5.4 may be
applied to (6.18) in deriving the Euler inclusions involving F + Gµ Kµ and
Gµ .
We apply a similar calculation involving a function like Wi to each of
the cases where Fν and Fρ are in use to obtain
(−n
q̇(s), ṗ(s))¯ ∈
o
¯
L
co (α1 , α2 ) ¯(α1 , α2 , p(s)) ∈ Ngph
(θ
(s),
y
(s),
ẏ
(s))
ν
∗
∗
∗
Gν (·,·)b (s)

(6.19)

∗
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when (θ̇∗ (s), ẏ∗ (s), ẇ∗ (s)) ∈ Fν (θ∗ (s), y∗ (s)), and
(−n
q̇(s), ṗ(s))¯ ∈
o
¯
L
co (α1 , α2 ) ¯(α1 , α2 , p(s)) ∈ Ngph
(θ
(s),
y
(s),
ẏ
(s))
ρ
∗
∗
∗
Gρ (·,·)b (s)

(6.20)

∗

when (θ̇∗ (s), ẏ∗ (s), ẇ∗ (s)) ∈ Fρ (s, θ∗ (s), y∗ (s)). We note that ṙ(s) = 0 and
u̇(s) = 0 for each s in these cases as well to conclude that ṙ(s) = 0 and
u̇(s) = 0 for almost every s ∈ [0, S∗ ].

In examining the transversality condition, (T free ), we discover that

u(S∗ ) = 0, hence u ≡ 0, and we may simplify this condition to pick out
q and p:
(−q(0), p(0), q(S∗ ), −p(S∗ )) ∈

∂L λ0 ` (y∗ (0), y∗ (S∗ ))
+ NCL (0, y∗ (0), T, y∗ (S∗ )) .

Finally, we examine the Weierstrass condition, (WRfree ). We define
R0 (θ∗ (s))θ̇∗ (s) = R(s)

(6.21)

and distinguish between the cases of the condition listed in the theorem
statement based on, for each s, the value of β∗ (s), where the optimal trajectory’s velocity is given by


θ̇∗ (s)





1 − |β∗ (s)|1




 

v∗ (s) =  ẏ∗ (s)  =  f∗ (s)(1 − |β∗ (s)|1 ) + g∗ (s)β∗ (s)  ,
ẇ∗ (s)
β∗ (s)
where we define the term f∗ (s)(1 − |β∗ (s)|1 ) to be zero if
v∗ (s) ∈ Fν (θ∗ (s), y∗ (s))
or
v∗ (s) ∈ Fρ (s, θ∗ (s), y∗ (s)).
If v∗ (s) ∈ Fρ (s, θ∗ (s), y∗ (s)), then the separation due to the third coordinate
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(distance from β∗ (s)) of at most R(s) implies that


s





θ̇∗ (s)










F  θ∗ (s)  ∩ B  ẏ∗ (s)  ; R(s) ⊆ Fρ (θ∗ (s), y∗ (s)),
ẇ∗ (s)
y∗ (s)
whereby we conclude that


z





s





θ̇∗ (s)








 


 v  ∈ F  θ∗ (s)  ∩ B  ẏ∗ (s)  ; R(s)
ẇ∗ (s)
y∗ (s)
b

(6.22)

implies v ∈ Gρ (θ∗ (s), y∗ (s))B (s − η(θ− ), θ) .
free ), and recalling u ≡ 0, to obtain the inequality:
Next, we apply (WR
−zq(s) + hv, p(s)i ≤ −θ̇∗ (s)q(s) + hẏ∗ (s), p(s)i
for all (z, v, b) as in (6.22); the inclusion (6.22) also implies that z = 0, which
establishes (6.8).
The approach for v∗ (s) ∈ Fν (θ∗ (s), y∗ (s)) to obtain (6.10) is similar, and
the case v∗ (s) ∈ Fµ (θ∗ (s), y∗ (s)) is again similar in the subsystem (where z =
0) for (6.12) and follows the proof of Theorem 5.4 for the t-time statement
(6.6).
We remark that rearranging the measure precedence in (PI) for Theorem 6.8 will produce the same conclusions, re-ordered as appropriate. We
also note the omission of the global conclusions like those in Theorem 5.4.
The “impulse-only” dynamics result from using edges of the unit 1-ball,
which renders the differential inclusion map F non-convex and at best jointly
pseudo-Lipschitz in its variables; the localization of velocities provided by
the radius function is crucial to our extension of regularity and translation
of necessary conditions in the proof.
We acknowledge that some simplification occurs in the autonomous case
if there is no fixed-impulse schedule:
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Corollary 6.5. In addition to the hypotheses of Theorem 6.8, assume
that F (t, x) = F (x), Gν (t, x) = Gν (x) and Gµ (t, x) = Gµ (x) only, and hence
each satisfies (PLC) rather than (JPLC). Suppose further that the fixed impulse measure, ρ, is zero. Then the necessary conditions of Theorem 6.8 still
hold, but q ≡ 0 and (E) may be replaced on both time scales by the Extended
Euler inclusion (EE) describing only the derivative of p.
We note further that an overall budget as described in Section 6.1.1 for
the impulse dynamics is compatible with this extended framework.
Corollary 6.6. The conclusions of Theorem 6.8 still hold when measures
for all solutions are subject to the budget constraint (6.1), assuming that
the budget is large enough to accommodate any fixed impulses. We have the
additional conclusion that r ≤ 0 if S∗ = T , r ≥ 0 if S∗ = Smax , and r = 0
if S∗ ∈ (T, Sm ax), where S∗ is the interval endpoint for the optimal solution
(x∗ , X∗ ) under the Phase 1 time reparametrization.
As a final note, one future investigation could attempt the use of more
general “radii” than simple hyperspheres; it does not appear to be necessary
that the radius in the “G-dimension” should be kept below

√ 1 ,
m+1

a condi-

tion that is used only to localize in the “β-dimension” in F. While requiring
a more general definition of radius function (adding to the complexity of the
framework above), this would permit more range in the stratified condition
of Theorem 6.8.

6.1.4

Case Study: Pest Control Using Natural Predators

We now demonstrate an application of this framework to an existing problem
in biological systems theory: the interaction of pests with pesticides and natural predators. While the use of pesticides involves significant modeling in
its own right, mixed methods, where a natural predator is introduced to control the pest population in addition to a pesticide regime, are now preferred
in many agricultural settings due to the environmental hazards of pesticides
(despite their efficacy). Such a mixed strategy is called “Integrated Pest
Management”, and has been demonstrated to be more cost-efficient than
pesticide-only strategies for certain systems [63].
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A variety of impulsive models for pest control have been proposed, including plant-pest-predator interaction, two predators and one prey, etc. All
implement known models for population dynamics (Lotka-Volterra, Holling
Type II, IV, other), and all use the explicit jump map to model the impulse,
which is a population shock due to pesticide, an artificial boost of the predator population, or harvesting which reduces all population in a proportional
way (for example, when the plants are the homes of the fauna in question).
Fixed impulse model
We recreate first a fixed impulse model, in the style of [14], where an impulse
schedule of predator introduction is developed and compared to a previously
attempted continuous-time dynamic programming model intended to mimic
impulsive behaviour. The model given in [14], where the decision variable
is represented by the sequence {u(0), u(20), · · · , u(180)}, is



















Minimize x1 (200) +
over x : [0, 200] →

PN −1
k=0

(x1 (20k) + x2 (20k))

R2

subject to:
ẋ1 = x1 (a − γx1 − αx2 ),

ẋ2 = x2 (−b + βx1 ),




x1 (τk+ ) = x1 (τk ),





x2 (τk+ ) = x2 (τk ) + u(τk ),





τk = 20k, k = 0, 1, · · · , N − 1,



x1 (0) = 100, x2 (0) = 0, x1 (200) ≤ 20.

(6.23)

The case study involves soy plants attacked by caterpillars (Anticarsia
gematalis) with population density represented by the variable x1 and a
population of predators that may be artificially introduced, including wasps
and spiders, with density represented by x2 . Based on empirical observations, typical values of the parameters are a = 0.16, b = 0.19, α = 0.02,
γ = 0.001 and β = 0.0029 for the interaction of these species. There is
a linear penalty incurred in terms of cost of soy plant damage based on
the caterpillar density, but here the soy plant population is assumed large
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enough that it is not in danger of elimination, and we ignore it in the model.
One unit of predator density increase incurs a unit cost, and the rate of expense per pest density is also a unit cost; these are scaled for the purposes
of simulation, and we retain them here for the purpose of direct comparison
with [14]. Both forms of cost function increase are calculated only when t
is a multiple of 20, representing 20 days in the full 200 day time interval.
This system has a stable equilibrium at x1 = 65.5172, x2 = 4.7241, though
the level of pests deemed acceptable is x1 ≤ 20, and the pest level must be
beneath this threshold by the end of the 200 days.
We first translate the above model to a problem of the form (IP). We
consider the following pest management impulsive problem:

Minimize x3 (200)




3


 over (x, X) with x : [0, 200] → R satisfying
(PMIP)
dx ∈ F (x)dt + G(x)dρ(t) a.e. t ∈ [0, 200],



 subject to:



(x(0), x(T )) ∈ C.
where T = {0, 20, 40, · · · , 180, 200},




 x1 (a − γx1 − αx2 ) 


F (x) = 
x2 (−b + βx1 )
 ,




0





G= 



ρ({τ }) = 1, B(σ, τ ) = {1} ∀σ ∈ [0, 1],


¯
¯

¯

¯
u
¯ u ≥ 0 ,
¯


u + x1 ¯
0

∀τ ∈ T

C = {100} × {0} × {0} × [0, 20] × [0, ∞) × [0, ∞)
We note the following choices:
• We introduce the cost as a third state variable, a standard trick employed to adapt endpoint cost results to more general cost functions.
• The cost due to pests is evaluated only at the impulse time, proportional to the number of pests at that instant. This is measured at
t = 200 days as well.
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• Predators may be introduced every 20 days, but in the work below,
we assume that no new predators will be introduced at t = 200; this
would clearly be suboptimal as this incurs cost but the slow time scale
is at an end, so there is no time to affect the pest population.
• We have restricted the number of pests at t = 200 to be 20 at most.
Remark:

Our framework offers multiple ways to reproduce the model of

[14], for example, we could fix Gν = {(0, 1, 1)} and introduce a measure ν
restricted to the impulse times (thereby taking the role of u above), and pair
that with fixed impulses of Gρ = {(0, 0, x1 )}. We will see in the Weierstrass
condition below that it will be convenient to keep the flexibility in G rather
than the measure, and we have the further simplification in (PMIP) that
the measure is scalar-valued.
The regularity requirements of Theorem 6.8 are all satisfied here. We
now posit the existence of a (local) minimizing trajectory for (PMIP), x∗ ,
which uses the constant ck at impulse k (we write c∗ if the k is implicit) and
examine the necessary conditions for its optimality. We note that there are
many trajectories with equivalent cost at the impulses where the c chosen
is not constant over the stretched impulse interval; we are using x∗ as a
representative that is easy to analyze.
We obtain a constant, λ0 ∈ {0, 1} and arcs q and p. The transversality
condition implies that p1 (200) ≤ 0, p2 (200) = 0 and p3 (200) = −λ0 . The
Euler inclusion in t simplifies due to F being single-valued and that single
value representing an autonomous, differentiable function. We conclude that
q ≡ 0 and that


ṗ1





 

 ṗ2  = 
ṗ3

−p1 (a − 2γx1 − αx2 ) − βp2 x2
αx1 p1 + bp2



.

0
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We have a similar story in s, where


ṗτ,1 (s)






 
 ṗτ,2 (s)  = 
ṗτ,3 (s)

−pτ,3
0



,

s ∈ [η(τ − ), η(τ )]

0

so ṗ3 ≡ 0, and the interval endpoint condition forces p3 ≡ −λ0 . We thus
have the complete Hamiltonian system in t:


ẋ1





x1 (a − γx1 − αx2 )

 

x2 (−b + βx1 )
 ẋ2  
 

 ẋ3  = 
0
 

 

 ṗ1   −p1 (a − 2γx1 − αx2 ) − βp2 x2
ṗ2
αx1 p1 + bp2










and in s:
(ẏ1 (s), ẏ2 (s), ẏ3 (s), ṗt,1 (s), ṗt,2 (s)) ∈ { (0, c, c + y1 (s), λ0 , 0)| c ≥ 0}
Next, we examine the Weierstrass condition during the impulses. For v
near ẏt (s),
hpt (s), vi ≤ hpt (s), ẏt (s)i
−

cpt,2 (s) + (c + x1 (t ))pt,3 (s) ≤ c∗ pt,2 (s) + (c∗ + x1 (t− ))pt,3 (s)
c (pt,2 (s) − λ0 ) ≤ c∗ (pt,2 (s) − λ0 )
0 ≤ (c∗ − c) (pt,2 (s) − λ0 )
If c∗ = 0, we learn only that pt,2 (s) ≤ λ0 , but based on the sample in [14],
we expect this would be suboptimal except at the final impulse at t = 200,
where c∗ = 0 is clearly optimal, as the predators have no time to reduce the
pest population. In fact, since p2 (200) = 0, either c∗ = 0 at the final impulse
or λ0 = 0, or both. We study the abnormal case where λ0 = 0 below.
In any case, we assume that c∗ > 0 for every impulse before t = 200, and
this implies the that pt,2 (s) = λ0 for every s (we recall that ṗt,2 ≡ 0). This
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imposes a significant constraint on the system, as the entry and exit point
for p2 at every impulse (except the final one) must be λ0 .
Now we consider the abnormal case, where λ0 = 0. This case includes
any x∗ with a nonzero final impulse, which is clearly not optimal. This
implies p3 ≡ 0 and p2 = 0 at every impulse instant, and there is no impulsive
effect on p1 . The p-system is linear, with time-varying coefficients, so if
p1 (200) = 0 then p ≡ 0 (since p2 (200) = 0 occurs at the impulse instant 200),
which violates our nontriviality condition. Hence we must have p1 (200) < 0,
which is possible only when x1 (200) = 20. Our empirical results indicate
that this endpoint condition for p1 prevents the connection of p2 (180) = 0
and p2 (200) = 0, so we reject this case.
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Figure 6.1: Approximate optimal trajectories in pest control system.
In the normal case, λ0 = 1, we implement a combined “shooting” and
“relaxation” technique as follows:
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Shooting:
1. For a given set of impulses, run the system forward from t = 0 in the
x (state) variables using their initial conditions.
2. Using the conditions for the p (costate) variables at t = 200, run the
system backwards in time with the calculated x values from the forward system (the state system is independent of the costate variables).
3. Determine the error by adding up the squares of the differences of the
p2 values from 1 at the impulse times.
This is a “shooting” method for a system of equations with known values
at different times; in our case, we know (for a given set of impulses) the
initial value of the state, x, the final value of the costate variable p1 and the
value of the costate variable p2 at every impulse time. The goal is to run
the system forward with guessed initial conditions, then backward using the
known final data.
Relaxation:
1. We start with an initial impulse sequence.
2. For each impulse (there are ten), we use the Shooting method on the
same impulse sequence where one impulse is increased by 1 or decreased by 1. The result is a set of 21 system trials, one neutral, ten
perturbed up, ten perturbed down, where the accumulated error in p2
is known for every perturbation of impulse times, and for the initial
(neutral) impulse sequence.
3. We choose the impulse perturbation that produces the greatest drop in
overall error, and iterate with this modification as the new “neutral”
impulse sequence to be perturbed.
The result of the successive iterations is that the system “relaxes” towards
an impulse sequence with minimal error in the p2 trajectory, corresponding
to an optimal x (state) trajectory.
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We obtained an optimal cost very similar to that of [14], using a predator
impulse sequence of 39, 31, 26, 28, 28, 27, 29, 29, 28, 21, with the resulting
state and costate variables plotted in Figure 6.1. We do not prove it here,
but the empirical data also suggest that this is a unique solution of the above
Hamiltonian, so this is in fact the global minimizer.
It is worth noting that this shooting and relaxation could have been
applied to the minimization problem directly (relaxing to the minimal cost,
rather than the correct costate arc), however, the costate system provides
us with more guidance about an appropriate initial guess for the impulse
sequence; we found a specific set of targets for the costate variable p2 , but
have no a priori goal for the objective function. Put another way, we know
if a perturbed arc is closer to being a desired costate arc based on how well it
matches the targets at the impulse times, but in simply relaxing and looking
for overall cost decrease, we do not have a way of quantifying how close we
might be to a minimum.

6.2

State-Dependent Measure Constraints

One feature of hybrid systems is the notion of state-dependent impulses,
where impulses may not be the direct result of a control choice, but are
instead consequent to system’s arrival at certain states. A typical example
would be impact dynamics, studied extensively by Stewart [60, 61]; some
control over the continuous dynamics of an object may be permitted, but
when it hits a surface an impulse is applied where, in the simplest model,
normal velocity is “instantly” reversed while tangential velocity is preserved.
As noted in [61], measures may be used in modeling such impact behaviour. However, some other models with “forced” or “optional” impulses
may be described by explicit jump maps [53], and we seek to codify these
in our measure-driven framework. To this end, we will define the impulsive
measure (possibly paired with a graph completion) as in the closed-loop
stabilization result of Chapter 4, as this was designed to produce jump arcs
according to state.
This translation is most effective when the impulsive action may be de127
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scribed as a continuous change of state that is very fast. In the case of a
bouncing ball in the impact problem, for example, the modeling via impulses
is of use in contrasting the time scales of the falling versus bouncing ball, but
even during that bounce where the velocity sustains an “instant” change,
we expect continuous physics at play on the fast time scale. Indeed, a model
for impact based on elasticity and other properties of material may be built
into that term, and included as part of the system description, whereas a
jump-map type of description might omit this substructure.
Conversely, such a translation may not always be of great modeling value:
if there is no sensible substructure on the fast time scale and the state
changes are purely discrete artifacts, as in the case of switched systems,
the dynamics associated with the measure may be inappropriate, seem too
artificial, or be impossible to achieve (these are concerns expressed in the
introduction to [72]). However, these systems may still benefit from our
theoretical results if they can be expressed in measure-driven terms.
In terms of our optimal control considerations, the stretched-time system will now involve state-dependent values for our selection from the cone
m

(which was the full B1 ∩K in the stretched-time system in the unconstrained
case). This presents no obstacle in our method. We consider the following
optimal control problem with state-dependent impulses:

Minimize ` (x(0), x(T ))





over (x, X) with x : [0, T ] → Rn satisfying, a.e. t ∈ [0, T ],






 dx ∈ F (t, x)dt + Gµ (t, x)dµ(x; t) + Gρ (t, x)dρ(x; t)
(ISP)
subject to:



 µ takes values in Kµ (x)





ρ takes values in Kρ (x), ρac = ρsc = 0,



(x(0), x(T )) ∈ C.
All measures in the problem are assumed to be regular, signed and potentially vector-valued. We approach (ISP) with the understanding that where
Kµ , Kρ consist only of the zero vector, the corresponding measure is zero;
these are states where impulsive behaviour is explicitly prohibited. We will
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insist that
(
Kµ (x) =

K1

if x ∈ J1

0

otherwise

(
Kρ (x) =

K2

if x ∈ J2

0

otherwise

(6.24)

where K1 and K2 are each a fixed, closed, convex cone, and J1 and J2 are
fixed, jump-permitting, sets.
We may define


¯
¯
0



¯


¯
dim Kρ (y)
Fρ (θ, y) =  Gρ (θ, y) β ¯ β ∈ Kρ (y) ∩ B1
, |β|1 = 1 ,

¯



¯
(β, 0)

(6.25)



¯
¯
1 − |β|1



¯


¯
dim Kµ (y)
Fµ (θ, y) =  F (θ, y) (1 − |β|1 ) + Gµ (θ, y)β ¯ β ∈ Kµ (y) ∩ B1
,

¯



¯
(0, β)
(6.26)
as components of the stretched-time system:
F(θ, y) = Fρ (θ, y) ∪ Fµ (θ, y)

(6.27)

where we note the absence of the precedence introduced in Section 6.1.2.
The third coordinate allows us, as before, to “separate” the free µ dynamics
from the impulse-only ρ dynamics. We may state the following theorem:
Theorem 6.9. Under the regularity hypotheses of Theorem 6.8 for F ,
Gρ and Gµ , and with cones of the form (6.24), analogous localized necessary
conditions hold in the problem (ISP), with the impulse Euler inclusions and
Weierstrass conditions tracking the optimal trajectory on (6.25) or (6.26),
as appropriate. The Extended Euler inclusions hold in the autonomous case,
as in Corollary 6.5, and the addition of an impulse budget produces the same
effect described in Corollary 6.6.
Proof. The proof follows the methods described earlier in this chapter, again
making great use of the localization of velocity sets in the pseudo-Lipschitz
condition. The only significant item to check is that the state-dependence of
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the cones is simple enough that our transfer of (PLC) to the stretched-time
system is not disrupted.
Following the optimal F-trajectory, y∗ (s), and its nearby velocities according to the radius function (6.17), we again obtain separation of the two
“pieces”, Fρ and Fµ , of F. As a result, if ẏ∗ (s) is selected from Fρ , velocities
at any y ∈
/ J2 that is close to y∗ (s) have no effect in our pseudo-Lipschitz
inclusion, nor in the Weierstrass inequality (those being the two major appearances of the stratification).
The situation where ẏ∗ (s) is selected from Fµ is slightly more delicate,
but is still covered: any y ∈
/ J1 that is close to y∗ (s) obeys


1





F(θ, y) =  F (θ, y) 
0

∀y ∈
/ J1 ∪ J2 ,

but the analysis is no different than in Lemmas (5.5) and (5.6) due to our
carefully constructed radius function.

6.3

Final Considerations

The results presented in this chapter add a considerable level of complexity
to the fundamental work in Chapter 5. This is a consequence of the wide
range of phenomena we seek to model with our measure-driven framework.
This convergence and extension of our techniques from previous chapters
brings such systems back to their roots in scientific and engineering models
after a long theoretical development in the general free-measure case. We
anticipate great specific value of these results in application to discretecontinuous systems, many of which lack such a comprehensive framework.
With the discussion of state-dependent impulsive systems, we have returned thematically to the bouncing ball of the Introduction, and concluded
our presentation of new results in measure-driven impulsive control. We
proceed to summarize these results, and suggest possible extensions, in the
final chapter.
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Chapter 7

Conclusion and Open
Problems
We begin our final chapter with a list of the significant contributions of this
dissertation to the field of impulsive and nonlinear control theory.
1. A refinement and extension of a state-of-the-art solution concept for
a very general class of measure-driven systems. This includes:
(a) Introducing a type of “state-dependent measure” in measuredriven dynamics for use in both closed-loop feedback and in modeling impulse dynamics that do not act like a control (e.g. impact
and friction of free bodies with fixed boundaries, where bouncing
dynamics are influenced only by state at impact, not by the user).
(b) Introducing “measure constraints” in order to adapt existing impulsive models to our framework, thus making progress in addressing the long-standing concerns of applicability in the “free
measure” case.
2. Using the “state-dependent measure” to prove a pair of constructive
stabilization results in the drift-free, control-affine measure differential
equation setting, adapting recent results in Lyapunov theory to the
impulsive case. In particular, we establish for the first time existence of
a control Lyapunov function with baseline regularity (semiconcavity)
for measure-driven impulsive systems.
3. Stratified necessary conditions in optimal control of impulsive systems
in a nonconvex MDI setup, signed vector-valued measures and with
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pseudo-Lipschitz state regularity of the impulsive differential inclusion
map. This is the first work to bring the tools for the nonconvex case to
measure-driven impulsive systems, producing the first stratified result
for impulsive systems as well as weaker regularity hypotheses than its
various predecessors in the global case.
4. The optimal control section includes an auxiliary result, Theorem 5.7,
which extends necessary conditions for optimal control where interval
endpoints are a choice variable (“free end-time problems”) to the case
of pseudo-Lipschitz regularity and in terms of stratified conditions.
5. Stratified necessary conditions in optimal control of impulsive systems
involving our measure constraints. The localizing nature of the pseudoLipschitz regularity is used to great advantage in handling these decidedly nonconvex systems. Such a general result was not previously
available despite modeling advantages when measures are restricted.
A demonstration is provided where an existing pest control model is
analyzed under this new framework.
6. Performing all of the above work via careful analysis of the time
reparametrization and direct transformation of all feasible trajectories,
without an appeal to perturbation and/or approximation by more regular trajectories (such as the trajectories with absolutely continuous
measures) and taking limits of such objects. This latter approach is
far more common in the literature, so we see our methods themselves
as a significant contribution.
The common threads running through these results should by now be
clear: tools from nonsmooth analysis to handle missing convexity, the minimum regularity of pseudo-Lipschitz functions that permits the decoupling
of time scales in the carefully defined solution concept, and meaningful extensions of that solution concept to better accommodate modeling.
An exciting feature of the above results and techniques is that they set
the stage for further exploration. Future projects could include:
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• Proving a closed-loop analogue of Corollary 4.1: existence of a statefeedback for the auxiliary system is equivalent to existence in the given
system.
• Extension of our stabilization result to allow a drift term.
• Exploring a further weakening of hypotheses for the necessary conditions of Chapter 5; for example, is it possible to work with the tempered growth condition in place of the essential infimum condition, or
to remove the bound above zero for the radius functions?
• Applying our necessary conditions ideas to our stabilizing feedback: is
there any objective function (some sort of minimum time problem, for
example) for which this feedback is optimal?
• Introducing phase or mixed constraints, especially in application where
the measure is also constrained.
• Determining necessary conditions with measure constraints where the
notion of “precedence” is modified or removed.
• Extending the measure-driven necessary conditions to a free-interval
impulsive control problem.
• Recasting the measure-constraints (both time- and state-based) as a
single problem where the cone values for the measure can vary significantly in time and/or space (i.e., K = K(t, x) for more general K(t, x)
than in Chapter 6).
• Development of numerical methods to take advantage of the theoretical
results in closed-loop stabilization and necessary conditions (including
measure constraints) in optimal control.
• Application of this technology to impulsive systems in science and engineering that have survived on ad-hoc techniques in discrete-continuous
systems without having access to a sound, fundamental theory of nonlinear optimal control via measure-driven systems.
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[31] P. Kokotović and M. Arcak, Constructive nonlinear control: a historical
perspective, Automatica 37 (2001), 637–662.
[32] J. Kurzweil, On the inversion of liapunov’s second theorem on stability
of motion, Translations of AMS 24 (1963), 19–77, originally appeared
in Czechoslovak Mathematical Journal, 81 (1956), 217-259.
[33] V. Lakshmikantham, D. D. Baı̆nov, and P. S. Simeonov, Theory of
impulsive differential equations, Series in Modern Applied Mathematics,
vol. 6, World Scientific Publishing Co. Inc., Teaneck, NJ, 1989. MR
MR1082551 (91m:34013)
[34] D. F. Lawden, Optimal trajectories for space navigation, Butterworth,
London, 1963.
[35] Bing Liu, Yujuan Zhang, and Lansun Chen, The dynamical behaviors of
a Lotka-Volterra predator-prey model concerning integrated pest management, Nonlinear Anal. Real World Appl. 6 (2005), no. 2, 227–243.
MR MR2111652 (2005k:34026)
[36] Philip D. Loewen, Optimal control via nonsmooth analysis, CRM Proceedings & Lecture Notes, vol. 2, American Mathematical Society, Providence, RI, 1993. MR MR1232864 (94h:49003)

137

Chapter 7. Bibliography
[37] A. Lyapunov, The general problem of the stability of motion, Internat.
J. Control 55 (1992), no. 3, 521–790, Translated by A. T. Fuller from
douard Davaux’s French translation (1907) of the 1892 Russian original.
[38] Boris M. Miller and Joseph Bentsman, Optimal control problems in
hybrid systems with active singularities, Nonlinear Anal. 65 (2006),
no. 5, 999–1017. MR MR2232490 (2007c:49025)
[39] Boris M. Miller and Evgeny Ya. Rubinovich, Impulsive control in continuous and discrete-continuous systems, Kluwer Academic/Plenum
Publishers, New York, 2003. MR MR2024011 (2004m:49006)
[40] Boris S. Mordukhovich, Variational analysis and generalized differentiation. I, Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences], vol. 330, Springer-Verlag, Berlin,
2006, Basic theory. MR MR2191744 (2007b:49003a)
[41]

, Variational analysis and generalized differentiation. II,
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 331, Springer-Verlag, Berlin, 2006,
Applications. MR MR2191745 (2007b:49003b)

[42] F. L. Pereı̆ra, G. N. Silva, and V. Oliveı̆ra, Invariance for impulsive control systems, Avtomat. i Telemekh. (2008), no. 5, 57–71. MR
MR2437452 (2009j:60129)
[43] Fernando L. Pereı̆ra and Geraldo N. Silva, Necessary conditions of optimality for vector-valued impulsive control problems, Systems Control
Lett. 40 (2000), no. 3, 205–215. MR MR1827552 (2002f:49046)
[44]

, Stability for impulsive control systems, Dyn. Syst. 17 (2002),
no. 4, 421–434, Special issue: Non-smooth dynamical systems, theory
and applications. MR MR1975122 (2004j:93089)

[45]

, Lyapunov stability for impulsive control systems, Differential
Equations 40 (2004), no. 8, 1122–1130.

138

Chapter 7. Bibliography
[46] Franco Rampazzo, Optimal impulsive controls with a constraint on the
total variation, New trends in systems theory (Genoa, 1990), Progr.
Systems Control Theory, vol. 7, Birkhäuser Boston, Boston, MA, 1991,
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[65] Weiming Wang, Xiaoqin Wang, and Yezhi Lin, Complicated dynamics of a predator-prey system with Watt-type functional response and
impulsive control strategy, Chaos Solitons Fractals 37 (2008), no. 5,
1427–1441. MR MR2412346 (2009d:34119)
[66] J. Warga, Optimal control of differential and functional equations, Academic Press, New York, 1972. MR MR0372708 (51 #8915)
140

Chapter 7. Bibliography
[67] Peter R. Wolenski and Stanislav Žabić, A differential solution concept
for impulsive systems, Dyn. Contin. Discrete Impuls. Syst. Ser. A Math.
Anal. 13B (2006), no. suppl., 199–210. MR MR2268791 (2007i:34017)
[68]

, A sampling method and approximation results for impulsive
systems, SIAM Journal on Control and Optimization 46 (2007), no. 3,
983–998.

[69] Guangming Xie and Long Wang, Necessary and sufficient conditions
for controllability and observability of switched impulsive control systems, IEEE Trans. Automat. Control 49 (2004), no. 6, 960–966. MR
MR2064371 (2005a:93025)
[70] Tao Yang, Impulsive control theory, Lecture Notes in Control and
Information Sciences, vol. 272, Springer-Verlag, Berlin, 2001. MR
MR1850661 (2002g:93001)
[71] Tao Yang and Leon O. Chua, Impulsive stabilization for control and
synchronization of chaotic systems: theory and application to secure
communication, IEEE Trans. Circuits Systems I Fund. Theory Appl.
44 (1997), no. 10, 976–988, Special issue on chaos synchronization,
control, and applications. MR MR1488197
[72] Kerim Yunt, Impulsive optimal control of finite-dimensional lagrangian
systems, Ph.D. thesis, ETH Zurich, 2008, Doctoral Thesis.
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