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Abstract

The three essays in this thesis address the design of performance-based contracts in

decentralized supply chains when a supplier’s effort is unobservable.

The first two essays explore various issues in the design of service level agreements
(SLAs), a type of performance-based incentive scheme widely used for outsourcing
manufacturing and services. We consider a supply chain in which a supplier manages
the supply of a durable product for a buyer and the buyer contracts with the sup-
plier on the supplier’s inventory service level. The SLAs are discontinuous incentive
schemes with a multi-period review strategy, and the supplier’s performance measure

is the ready rate (1 - stockout rate).

The first essay (Chapter 2) investigates the effectiveness of two common types
of SLAs: a lump-sum penalty SLA and a linear-penalty SLA. The key finding is
that when the supplier can observe the performance history and dynamically adjust
the investment in inventory to affect her review period performance, to mitigate the
supplier’s incentive for strategic behavior, the penalty should be dependent on the

degree of the supplier’s performance deviation from the target.

The second essay (Chapter 3) focuses on the effectiveness of performance measures
in SLAs. The problem is similar to that in the first essay, but the supplier can
invest both in inventory and in inventory replenishment lead time. We consider
two inventory performance measures: the immediate ready rate and the time-window
ready rate, and find that there exists a unique positive time window such that a ready
rate with window induces the first-best investments. Our findings demonstrate the

importance of choosing the right performance measure to align a supplier’s incentive.

The third essay (Chapter 4) investigates the design of performance-based volume
incentive schemes in the form of allocating business between suppliers when a buyer

maximizes his long-run discounted payoff from repeated dual sourcing. We consider
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Abstract

both the case where a supplier’s effort cost is proportional to her volume of business
and the case where the cost is independent of her volume. We find that to induce and
maintain suppliers’ competition over time, the optimal scheme depends on each sup-
plier’s current share of business and is generally not a simple rank-order tournament;
handicapping the definition of winner can do better than a simple first-past-the-post

rule.
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Chapter 1
Introduction

1.1 Motivation

Outsourcing manufacturing and services is a common practice in both the public
and private sectors. As supply chains become more decentralized and the suppliers
perform tasks on behalf of the buyer, effectively managing these suppliers becomes
vital for a buyer’s success in business. Mechanism design for aligning a supplier’s
incentive with the buyer’s interest has consequently drawn attention from operations
researchers. This has been driving a stream of literature at the interface of operations
management and economics, which addresses the contract design for various opera-
tions management problems such as inventory management, production management,
capacity investment, and quality control.

Traditional contracts often focus on how the work is performed and the payment
is either a fixed price or cost/revenue sharing. For example, a contract may dictate
the inventory level or production capacity in which a supplier should invest. How-
ever, implementing such a type of contract could be infeasible or expensive in many
situations because a supplier’s effort is often unobservable to the buyer and costly to
monitor, which is known as the moral hazard problem in the principal-agent theory.
Performance-based contracting has therefore gained a wider use in recent years due to
its key feature of contracting on outcomes instead of dictating how the work is done.
Service level agreements (SLAs) are a common type of performance-based contract
for managing suppliers. In an SLA, the performance, or outcome of a task desired
by the buyer is specified in terms of a service level target. According to a survey
(Oblicore Inc. 2007), 91% of organizations use SLAs for managing suppliers, inter-
nal agreements, or external customer agreements. Performance-based incentives are
also often used together with competition in the form of allocating business between
multiple suppliers based on the suppliers’ performance (volume incentive). Dyer and

Ouchi (1993) report that Japanese firms usually employ a ‘two-vendor policy’ to mo-
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tivate suppliers to innovate and improve performance. Sun Microsystems allocates
demand among multiple suppliers using a scorecard system (Farlow et al. 1996). An
empirical study by Bensaou (1999) also shows that Japanese buyers typically split
their purchases among multiple suppliers and then demand that the suppliers make
specialized investments to obtain and keep their business.

Despite the widespread use of performance-based contracts and volume incentives
in practice, there is little theoretical research in the literature on their design. This
thesis attempts to understand performance-based incentives as well as volume incen-
tive schemes by studying issues in the design of SLAs for a single supplier and volume
incentives under supplier competition. Some features of the performance-based in-
centive schemes distinct from traditional contracts present new issues which haven’t
been fully addressed in the literature. For example, performance-based contracts are
typically associated with one or more performance measure, which creates the basis
for compensation. Because SLAs are very context dependent, we study a particular
application to inventory management, in this case for a durable product. To mea-
sure the inventory performance, off-the-shelf (immediate) fulfillment rates are often
used in theory, but time-window fulfillment rates are more commonly used in practice
(LaLonde and Zinszer 1976, LaLonde et al. 1988). We therefore also examine the

effectiveness of both types of performance measures for incentive alignment.

1.2 Related Literature

The research in this thesis is at the interface of operations management and eco-
nomics, and relates to four areas of literature: inventory management, supply chain
contracting, non-cooperative games driven by demand allocation, and principal-agent
theory. The following is an overview of the relevant research work. More detailed

review of the literature can be found in each essay.

1.2.1 Inventory management

A number of papers in the inventory management literature investigate inventory per-
formance measures. Examples are Schneider (1981), Choi et al. (2004), Boyaci and
Gallego (2001), Wang et al. (2005), Thomas (2005), and Katok et al. (2008). Choi et

al. (2004) investigate choosing supplier performance measures for vendor-managed-
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inventory when the supplier’s capacity and inventory policy are private information.
The performance measure in their study is mainly the ready rate. Off-the-shelf (imme-
diate) fulfillment rates are often used and studied in theory to measure the inventory
performance, but time-window fulfillment rates are more commonly employed in prac-
tice. Among the few papers that consider time-window performance measures, Boyaci
and Gallego (2001) study the problem of minimizing average inventory costs subject
to fill-rate and fill-rate-with-window service-level constraints in serial and assembly
systems; and in an (s,S) inventory system with service level target represented by a
time-window ready rate, Wang et al. (2005) find a significant tradeoff between the
window length and the inventory costs, and suggest that a longer fulfillment window
and lower price may be used for price-sensitive but time-insensitive customers.

The majority of the inventory management literature considers performance mea-
sures in the long run using expected performance (see Zipkin 2000, for example, for an
introduction on the inventory theory in the literature). This is because the research
questions are generally operations-oriented for an integrated supply chain. Those con-
sidering incentive issues tend to assume a contract can be on the long-run expected
performance (see, e.g., Choi et al. 2004), which can have problems in implementation.
When an SLA is used for a supplier with unobservable effort, the supplier’s perfor-
mance measure in a finite review period is a random variable, which often differs more
or less from the long-run expectation. A contract based on the expected performance
(service level) alone, either being unobservable or needing too long a review period
gives no basis to the supplier for identifying and rectifying underperformance and
thus cannot provide an adequate incentive.

For an SLA to work, it is critical to understand and employ in its design the
probability distribution of its performance over the (typically short) review period in
order for incentive to provide the right alignment. Thomas (2005) and Katok et al.
(2008) consider the fill rate in a finite horizon. Thomas uses simulation to illustrate
its distribution, and Katok et al. use an experimental method for analysis. Both
papers examine how the length of a review period and the bonus/penalty affect the
agent’s choice of the base-stock level. They only investigate a supplier’s stationary
inventory policy but do not consider time-window fulfillment rates.

To address the above issues, for the problem of contracting for inventory manage-
ment service, we are therefore interested in the design of an SLA on the basis of a

random performance measure, as well as the difference between the incentive provided
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by an immediate fulfillment rate and that by a time-window one. These two issues

are examined in the first and the second essays respectively.

1.2.2 Supply chain contracting

We introduce two types of contracts which are related to the SLAs studied in the first

two essays.

Supply chain coordination contracts

The coordination of inventory investment (order quantity) with contracts has been
extensively studied in the supply chain literature. A comprehensive review can be
found in Cachon (2003), which includes the coordination of single-period single or
multiple newsvendor problem as well as the coordination of infinite-horizon inventory
investment on a durable product. In particular, for a single-location base-stock model
with linear backorder cost, the optimal coordination contract is essentially a cost
sharing one, with the retailer (agent) and the seller (principal) each bears a portion
of the total supply chain cost (inventory holding and backorder costs). Employing
such a contract means micromanaging the agent because the inventory level and
the backorders at any time need to be recorded, which will definitely result in large
administrative and transaction costs. Moreover, when the backorder cost is nonlinear,
the coordination contract may have a complex form that is difficult to implement,

which will not be an issue when using SLAs.

Performance-based contracts

The design of performance-based contracts has drawn operations researchers’ at-
tention in recent years. Examples can be seen in Plambeck and Zenios (2000), Plam-
beck and Zenios (2003), Kim et al. (2007), and Kim et al. (2009). Plambeck and
Zenios (2000) consider a principal delegating operational control of a production sys-
tem to an agent who can exert unobservable effort to maintain the system, and inves-
tigate the compensation scheme dependent on the observed system state transition.
Plambeck and Zenios (2003) study a vendor-managed-inventory problem in which an
agent chooses a privately known production rate to build inventory for the principal,
and derive a contract based on the observed inventory level. Both papers consider a
dynamic principal-agent problem with a risk-averse agent. Kim et al. (2007) study

an after-sales service supply chain in which a customer operates assembled systems
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with each system consisting of distinct parts each provided by a different supplier.
If any of the parts fails, the system is down, and that part has to be replaced by a
spare part. When there is no spare part available, a backorder occurs. Each sup-
plier determines her stock level of spare parts, which is unobservable to the customer.
Facing a system uptime requirement, the customer offers contracts to the suppliers.
The authors propose a contract linear in the backorders of each part, and show that
it induces the first-best solutions when all parties are risk neutral. They only con-
sider suppliers’ stationary policies in a static formulation, and study a coordination
problem with no supplier competition. Kim et al. (2009) focus on the choice of per-
formance measure in a contract for restoration service of mission-critical systems. A
risk-averse supplier makes a one-time service capacity investment unobservable to the
customer of a system with infrequent but costly failure. The supplier’s incentives un-
der the performance measures of sample-average downtime and cumulative downtime
are compared.

The SLAs on inventory management in our study are based on an aggregate
performance measure — the demand fulfillment rate, rather than on the individual
performance outcome such as the number of backorders. This type of contract dif-
fers from most of the aforementioned papers on inventory coordination contract and
performance-based contracts. Thus it is interesting to find out its structure and

understand how it generates the incentive for investment.

1.2.3 Non-cooperative games driven by demand allocation

In the operations management literature, a few papers investigate firms’ competi-
tive behavior under an exogenous demand allocation mechanism, often driven by the
switching behavior of customers in the market, which is dependent on the firms’ real-
ized service levels. Lippman and McCardle (1997) consider a single-period multiple-
competitive-newsvendor problem in which each newsvendor chooses an inventory level
to meet a random demand and a rule specifies the allocation of initial market demand
among the firms and the allocation of excess demand among those firms with remain-
ing inventory. They derive the equilibrium inventory levels under specific allocation
rules. Hall and Porteus (2000) and Liu et al. (2007) consider a multi-period competi-
tive newsvendor problem where two firms make capacity (inventory) decision in each

period, and the demand for each firm is dependent on the realized level of customer
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service (product availability) in the prior period. Both papers look for the firms’
equilibrium behaviors in the dynamic game.

Some other papers consider a buyer specifying the allocation rule. Cachon and
Lariviere (1999) investigate a special allocation rule commonly used in the automobile
industry by considering a single supplier allocating capacity to multiple retailers based
on their past sales. A two-period game is studied.

Both Benjaafar et al. (2007) and Cachon and Zhang (2007) consider a buyer
outsourcing a fixed demand at a fixed unit price to multiple suppliers. Benjaafar et al.
(2007) examine two competitive mechanisms used for outsourcing to a set of potential
suppliers in a single-period setting. One mechanism is allocating the whole demand
to one supplier with the probability of being selected increasing with her committed
service level, the other allocating the demand to each supplier in proportion to her
committed service level. Under both cases, it is assumed that the contractual promises
of the suppliers regarding effort or service level are enforceable. The authors compare
the service quality the buyer can achieve under both mechanisms. Cachon and Zhang
(2007) study a queuing system where each supplier’s service time is determined by her
capacity investment, and the buyer allocates the demand among multiple suppliers
based on their service times to minimize the average service time over an infinite
horizon. Suppliers are homogeneous in terms of their capacity costs. Each supplier
chooses a capacity level to maximize her own profit. Several commonly used allocation
rules are evaluated and an optimal rule is proposed.

There exists a vast literature on sourcing policies for the problem of a buyer
awarding a divisible business to one or more suppliers among multiple suppliers. The
research questions are often related to the design of competitive mechanisms in the
form of bidding and the suppliers’ competitive behaviors under the bidding rule.
Elmaghraby (2000) provides a survey on the research of this topic in the operations
research and economics literature. Most of the models are for a one-time decision
problem. The incentive from future business is largely not considered.

Since the suppliers’ competitive behaviors that are influenced by future business
and by the design of competitive mechanisms with no future consideration have been
studied separately in the literature, the natural research question would be: How to
design a competitive mechanism with the suppliers’ incentive coming from the future
business, i.e., a rule for allocating the buyer’s future business among the suppliers

based on their past performance? What is the impact of a supplier’s current share of
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business on the form of the optimal allocation rule? How to design an allocation rule
to maintain the suppliers’ competition over time? All these questions are addressed

in the third essay.

1.2.4 Principal-agent theory

Recent years have seen the application of principal-agent theory to operations man-
agement problems for incentive contract design. We also employ this theory as an
analytical tool for all the research problems in this thesis. Bolton and Dewatripont
(2005) provide a broad coverage of literature on principal-agent theory. All three es-
says in the thesis are on the repeated moral hazard problem, with the first two essays
on a single agent and the third on multiple agents.

The SLAs studied in the first two essays are a blend of multiple-period review
strategies and discontinuous incentive schemes. Radner (1985) investigates multiple-
period review strategies for a repeated principal-agent game. The agent’s performance
in a period is a noisy signal of her effort level in that period. The agent’s performance
is reviewed every R periods. If the performance is within a margin of error of the
expected output under the desired efficient effort level, the agent 'passes’ the review.
Otherwise they enter a penalty phase of M periods. The penalty in the SLAs under
our study is monetary, not a subsequent phase of a non-cooperative game. With
discontinuous incentive schemes, the payment from a principal to an agent changes
only when some threshold of good or bad performance is reached (McMillan 1992).
They are typically derived in single-period models. When this type of incentive
scheme is used together with a multi-period review strategy, some new issues emerge.

Spear and Srivastava (1987) study a repeated moral hazard problem with dis-
counting between a principal and an agent, and show that history dependence can be
represented by using the agent’s expected utility as a state, and thus the problem of
characterizing the optimal contract of such a model can be reduced to a constrained
static variational problem. Monetary compensation is used for an incentive. The
third essay considers the problem between a principal and two competing agents, and
the compensation is in the form of future demand. The optimal allocation rule is also
derived from a constrained static variational formulation, but we are also concerned
about the equilibrium of the agents’ dynamic game.

Competitive compensation schemes studied in the economics literature can come



1.3. Research Methodology and Findings

in the form of rank-order tournament or relative performance evaluation (RPE), gen-
erally for a single-period problem. The relevant research can be found, for example, in
Lazear and Rosen (1981), Green and Stokey (1983), Hart (1983), Holmstrom (1982),
and Nalebuff and Stiglitz (1983). RPE compensates the agents based on their output
levels, and the total compensation varies with the agents’ realized output levels. In
our case the total demand to be split is a constant. In tournaments, rewards are
based on rank order of the individuals, not on their actual output levels. Lazear and
Rosen (1981) show that for risk-neutral agents rank-order tournaments work as well
as independent contracts; and for agents with known heterogeneous ability, handicap-
ping will improve the efficiency of the tournaments. We want to find out if rank-order
tournaments are still optimal when incentives come from future business, and how
the demand allocation varies with the agents’ outputs. Both questions are examined

in the third essay.

1.3 Research Methodology and Findings

All three essays study the incentive mechanism design in the presence of suppliers’
moral hazard problem. We therefore apply principal-agent theory to the analysis in
each essay.

The first two essays deal with a single supplier’s service level agreement design
and examine specific forms of discontinuous incentive schemes, so the focus is mainly
to find out if by choosing the contract parameters carefully, the buyer’s optimization
problem constrained by the supplier’s incentive compatibility and individual rational-
ity (participation) constraints can result in the same optimal solution as the first best
(the optimal solution to the unconstrained problem). In the first essay, the analysis
is complicated by the existence of the supplier’s strategic behavior over time due to
the multi-period review structure of SLAs, so we need to use a dynamic programming
technique to solve for the supplier’s optimal policies under the contract offered by the
buyer.

The third essay studies a single-principal/two-agent /multi-period problem, in
which the principal (buyer) designs an allocation rule to dictate how the two agents
(suppliers) play a non-cooperative stochastic game. Therefore, in addition to principal-
agent theory, we also apply stochastic game theory to the suppliers’ problems and

look for the suppliers’ subgame perfect Nash equilibrium in a finite-horizon game as
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well as their stationary Nash equilibrium in an infinite-horizon game.

The contribution and findings of each essay are as follow.

1. The main contribution of the first essay is to argue for a methodology for
studying the design of SLAs, specifically applying principal-agent theory. We have
investigated two frequently observed forms of SLAs: the lump-sum penalty SLA and
the linear-penalty one. We have identified the issue of potential supplier’s strategic
behavior under an SLA when the supplier can observe the performance history and
dynamically adjust her effort level to affect her review period performance. We find
that to mitigate the supplier’s incentive for strategic behavior, the penalty should
be dependent on the amount of supplier’s performance deviation from the target. In
particular, a simple linear-penalty SLA can do well over a lump-sum penalty one for
this purpose. When using a linear-penalty SLA, the performance threshold should
be kept close to the target, i.e., the allowable deviation of the performance from the
target should be small.

2. The second essay investigates the effectiveness of performance measures in
SLAs for a multi-task problem. Specifically, we examine two types of linear-penalty
SLAs using either the immediate or time-window ready rate as a performance mea-
sure when the supplier can make privately observed investments in inventory and
supply lead time. We find that there exists a unique positive time window such that
a ready rate with window induces the first-best investment, and so an SLA using
only the immediate ready rate generally cannot induce the first-best investment. The
immediate ready rate can induce near optimal outcome when the buyer’s cost for
delayed demand fulfillment is linear in the length of delay, but the efficiency loss is
higher when the cost is convex. Our findings demonstrate the importance of choos-
ing the right performance measure to align a supplier’s incentive, and provide some
theoretical basis for the use of time-window fulfillment rate in practice for incentive
purpose.

3. The main contribution of the third essay is to examine special features
of performance-based volume incentives under supplier competition over time, and
tackles the topic of volume incentives for operations management which has been little
studied in the literature. For both the case where a supplier’s cost of effort to perform
is proportional to the volume of business and the case where it’s independent of the
volume, we have found: to induce and maintain suppliers’ competition over time, the

optimal volume incentive scheme is generally not a simple rank-order tournament;
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handicapping the definition of winner can do well over a simple first-past-the-post rule
even when the suppliers have an identical capability of doing the work, and the role
of handicapping in volume incentive is either to enhance the suppliers’ competition
intensity or to provide a stronger incentive to the supplier with a larger share; and
volume incentives often need to take into account each supplier’s current share of
business even when a supplier’s effort cost is independent of the business volume. All
these special features of volume incentives differ from those shown for the monetary
incentives in the literature. We have also found that by limiting a supplier ‘s maximum
share in each period, volume incentive schemes can always induce a unique stationary
Nash equilibrium in the suppliers’ stochastic game over an infinite horizon.
Performance-based incentive schemes for operations management have opened an
area with many issues for research. For example, because SLAs are context dependent
and we have only studied the application to inventory management, future research
can investigate SLAs for other types of services such as those for health care, logistics,
and maintenance. The second essay has demonstrated the importance of choosing the
right performance measure for incentive alignment. Future research can be investi-
gating performance measures for various applications. This thesis has focused on a
risk neutral buyer and suppliers. In practice, firms especially the small ones often do
not want to bear a lot of risk. A firm’s risk attitude may have a big impact on the
effectiveness of a contract and its associated performance measures. Future research
can therefore be on the optimal structure of performance-based incentives under risk-
averse buyer or suppliers. Adverse selection is another issue that often exists in reality
but has not been fully examined in the literature. It refers to the situation where an
agent’s capability to do the work is privately known but unobservable to the principal.
In the presence of adverse selection, the performance measure and particularly the
performance target need to be carefully selected and the structure and the values of
the contract parameters may be affected as well. Choi et al. (2004) study the choice
of performance measures for vendor-managed-inventory when the supplier’s capacity
and inventory policy are unknown to the buyer. The third essay has looked into
volume incentives under competition. How monetary incentive interacts with com-
petitive mechanism hasn’t been well investigated and understood in the literature.
With competing suppliers, some conclusions can differ from those for a single agent.
The design of performance-based monetary incentives under competition can be an

avenue for future research.
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1.4 Structure of the Thesis

The rest of this thesis consists of three chapters from two to four. Each chapter is a
stand-alone paper with an introduction, a literature review, the main body and a con-
clusion. Following them is the bibliography for all three chapters. The mathematical

proofs for each chapter are in the appendices at the end of the thesis.
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Chapter 2

Designing Service Level
Agreements For Inventory

Management

2.1 Introduction

Service level agreements (SLAs) are a common type of performance-based contract
for managing suppliers. A survey by Oblicore Inc. in 2007 found that 91% of organi-
zations use SLAs for managing suppliers, internal agreements, or external customer
agreements. In an SLA, the performance, or outcome of a task desired by the buyer is
identified and a service level target specified. The buyer neither dictates nor needs to
know how the work is done; the vendor can freely choose the most cost-efficient way:.
As described by the US Office of Federal Procurement Policy about Performance-
Based Contracting;:

The Performance-Based Acquisition (PBA) means an acquisition structured around
the results to be achieved as opposed to the manner in which the work is to be per-
formed (see, e.g., Acquisition Central website).

In return, the buyer pays a fixed price over a certain time period. As a fixed price
alone is not enough to guarantee the required performance, incentives are needed. For
example, a penalty might be imposed when the vendor underperforms over a period
of time.

Despite widespread use of SLAs for outsourcing manufacturing and services, few
papers address their design. This chapter examines some fundamental issues of SLA
design by studying an application to inventory management from a principal-agent
perspective. Specifically, consider a single supplier and a single buyer, where the
supplier manages the supply of a single product for the buyer, and can invest in

inventory to meet a service level target, but the investment level is unobservable to
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the buyer — a moral hazard problem in agency theory.

A problem with SLA design is that they are very context dependent. However,
companies do need to answer five questions. First, what performance measure should
be used. Since the performance is reviewed over a period of time, this measure should
be an aggregate one. Second, what performance target is appropriate, as a higher
performance means the buyer pays more. A performance target should consider
both the buyer’s valuation of performance and the vendor’s cost of doing the task.
The third question is how frequently performance will be reviewed. Any sufficiently
complex task will result in some natural variation (noise) in performance, which will
be affected by the review frequency. It is undesirable to penalize minor deviations
from the target that are due purely to noise, so the fourth question is how much
deviation is allowed from the target. Lastly, what penalty the vendor should pay
when performance exceeds the allowable deviation. Here we mainly address the last
two questions. Our objective is to study key issues in SLA design and the effectiveness
of different forms of penalties.

We do not explicitly consider the buyer’s backorder cost, but take the target
service level as exogenous. In Section 28] we discuss the situations under which an
SLA is preferred over a traditional coordination contract, e.g., when the backorder
cost is nonlinear. We investigate two choices of a penalty that the buyer might employ
to manage the supplier. The first is where the supplier incurs a lump-sum penalty
if her review phase performance is below a performance threshold. The second is
a linear-penalty SLA, where the supplier incurs a penalty linear in the amount of
deviation from a performance threshold. For example, again from the Acquisition
Central website (on Performance-Based Service Acquisition), we have:

Ezxample 1. ”The firm-fized-price for this ... shall be reduced by 2% if the perfor-
mance standard is not met.” (A lump-sum penalty)

Ezxample 2. 7For each 5% degradation in ... performance observed ..., the firm-
fized-price for ... will be reduced by 1%.” (A linear-based penalty)

Under an SLA, the supplier’s inventory performance is reviewed every R periods,
the review phase. Unlike most inventory models we must measure performance (a
random variable) over the finite period R. A contract based on the expected perfor-
mance (service level) alone, being either unobservable or needing too long a review
phase gives no basis to the supplier for identifying and rectifying underperformance

and thus cannot provide an adequate incentive. Therefore we need the distribution
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of review phase performance. The commonly used inventory performance measures
in both the practice and the literature are fill rate and stockout rate. Fill rate is the
long-run fraction of demands that are filled immediately. The steady state distribu-
tion of the fill rate is very hard to derive. The only study on its distribution is by
Thomas (2005) using simulation for a static periodic-review base-stock model with
zero leadtime. Our problem is more than obtaining the distribution of a performance
measure because we need to find out the supplier’s optimal response and the buyer’s
optimal choice of contract parameters given a performance measure. For simplicity
in exposition, most of this chapter focuses on the ready rate — the long-run fraction
of periods that demands are filled from stock, which is equal to 1 — stockout rate.
But the major insights hold for the fill rate as well. The conventional fill rate and
ready rate are performance measures of the immediate order fulfillment. In practice,
time window fulfillment rates are more commonly used (LaLonde et al. 1988), so
we also consider the ready rate with a window — the long-run fraction of periods
that demands are filled within a pre-specified time window. We provide a theoretical
approximation to the distributions of the immediate and time window ready rates.

In our problem, the optimal inventory policy for the integrated supply chain is a
static one. We first address the SLA design problem assuming the supplier employs a
static inventory policy. However, the supplier can observe her performance during the
review phase and adjust her inventory level, inducing supplier’s strategic behavior. We
investigate the different incentives of the two penalty regimes in achieving the target
performance and avoiding sub-optimal dynamic behavior. We find that although both
the lump-sum penalty and linear-penalty SLAs can induce a nonstrategic supplier to
choose the first-best (system optimal) base-stock level, they can result in very different
inventory investments in the case of a strategic supplier. Specifically, under a lump-
sum penalty SLA, a strategic supplier can achieve a significant cost saving from using
a dynamic inventory policy; but such cost saving is minimal under a linear-penalty
SLA.

The main contribution of this chapter is to argue for a methodology for studying
the design of SLAs, specifically applying principal-agent theory. Our results have
direct managerial implications to the design of SLAs. When the supplier can observe
the performance history and dynamically adjust her effort level to affect her review
phase performance, to mitigate the supplier’s incentive for strategic behavior, the

penalty should be dependent on the degree of supplier’s performance deviation from
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the target. In particular, a simple linear-penalty SLA can do well over a lump-sum
penalty one for this purpose. When using a linear-penalty SLA, the performance
threshold should be kept close to the target, i.e., the allowable deviation of the per-
formance from the target should be small; as a consequence, the penalty rate in a
linear-penalty SLA is small so that the supplier has a low chance to pay an ‘unafford-
able’ penalty. Another drawback with the lump-sum penalty SLA is that the penalty
is generally large, which may not be feasible in practice. Although the application is
to SLAs in inventory management, the lessons are applicable to SLA design in other
situations.

The rest of this chapter is organized as follows. Section reviews the literature.
Section describes the model, with the distribution of the ready rate derived in
Section [Z4l Section studies the buyer’s problem and the supplier’s long-run
average cost under the two SLAs. Section investigates the supplier’s strategic
behavior and Section 7 presents numerical results. The chapter concludes with a

discussion in Section and a summary in Section

2.2 Literature Review

Most inventory management literature considers performance measures in the long
run using expected performance. In a finite review phase, and the fact that the
buyer cannot (and does not wish to) observe (micromanage) supplier effort, it is
critical to use the distribution of random performance to try and unravel whether
poor performance results from weak effort by the supplier or simply noise. Punishing
suppliers for mere noise means suppliers overinvest, and charge more, an inefficient
outcome. Thomas (2005) and Katok et al. (2008) consider fill rate in a finite horizon,
using a static periodic-review base-stock model with zero lead time. The former
considers a lump-sum penalty SLA; the latter a lump-sum bonus one, which gives
the supplier a fixed bonus if the actual fill rate is above a threshold. Thomas uses
simulation to investigate how the length of a review phase R and the penalty affect
the optimal base-stock level. Katok et al. use an experimental method to examine
how R and the bonus affect the human subjects’ choice of the base-stock level. These
two papers only consider the lump-sum penalty /bonus incentive, and do not examine
the supplier’s strategic (dynamic) behavior during a review phase.

Multiple-period review strategies are first studied by Radner (1985) for a repeated
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principal-agent game. The agent’s performance in a period is a noisy signal of her
effort level in that period, and the performance in each period is independently and
identically distributed (i.i.d.). The agent’s performance is reviewed every R periods.
If performance is within a margin of error of the expected output under the desired
efficient effort level, the agent 'passes’ the review. Otherwise they enter a penalty
phase of M periods.

In the supply chain context, Ren et al. (2008) apply a modified multiple-period
review strategy to an information sharing game between a buyer and a supplier in
a decentralized supply chain. In each period, the market demand is a function of a
demand state and some normally distributed random variable, the buyer privately
observes the realized demand state and sends a forecast to the supplier. A review
strategy is used to evaluate whether the buyer truthfully shares the demand state
information. The review strategy in their model differs from the one in Radner
(1985) in two aspects. First, the review of the buyer’s truthfulness of information
sharing is started right at the beginning of each review phase and is conducted every
period instead of only once at the end of a review phase. Second, the review phase is
not fixed, R periods is the maximum length, but the phase can be terminated earlier
once a review indicates that the buyer will have no incentive to share information
truthfully during the rest of the review phase.

Both papers show that the two parties’ payoffs can be arbitrarily close to the
equilibrium efficient payoffs when R is sufficiently large. In our model, the SLA
is also a multiple-period review strategy, but there are two major differences. Our
review period length R is exogenous, and our penalty is monetary, not a subsequent
phase of a noncooperative game. Also in our model, the performance in each period
can be correlated. We and Radner (1985) study a moral hazard problem and Ren et
al. (2008) a hidden information one.

Choi et al. (2004) investigate choosing supplier performance measures in a vendor-
managed-inventory context. The supplier’s capacity and inventory policy are private
information, so the buyer sets performance measures for the supplier to meet an end-
customer service level target. They show that in a capacitated supply chain, the
supplier’s service level is in general not sufficient to guarantee the target customer
service level, and they propose a menu of contracts instead. Although supplier’s
actions are unobservable in their model, Choi et al. focus on the choice of performance

measures rather than the noise in the observed measures and the penalty for failing
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to meet targets. The performance measure in their study is mainly the ready rate.

The economics literature studies discontinuous incentive schemes where the pay-
ment from a principal to an agent changes only when some threshold of good or
bad performance is reached (McMillan 1992). These are typically single-period mod-
els. We study discontinuous incentive schemes under a multi-period review strategy,
which bring about issues that do not exist in a single-period model.

As we employ a principal-agent framework, a reasonable question is whether our
work is simply a special case. The answer is ‘yes’ at the most abstract level, but the
implementation details differentiate them markedly. In the principal-agent literature,
when both parties are risk neutral, a fixed-fee contract can be used to induce the
first-best effort level, under which the buyer pays the supplier a fixed fee and the
supplier bears all the system costs. Our study differs in two aspects. First, the
SLAs in our study have a specific payment structure in that the supplier only pays
a penalty for underperformance. So an SLA gives a specific form of risk-sharing rule
for the two parties. Secondly, in the principal-agent literature, the distribution of
the performance usually has a simple form such as an additive noise. As we focus
on specific applications, the specific distribution of the performance is critical and
typically quite complex.

The application of SLAs to call center outsourcing is studied by Milner and Olsen
(2008) and Hasija et al. (2008). Both papers consider SLAs based on the expected

performance and do not consider a multi-period review strategy.

2.3 Model Description

Consider a supply chain consisting of a single supplier and a single buyer, where
the supplier manages the supply of a single product for the buyer near the buyer’s
site. Both parties are risk neutral. The demand is stochastic, and the demand in
each period is i.i.d. with mean A\ and standard deviation . Assume the distribution
of single-period demand is unimodal and can be either discrete or continuous. The
supplier owns the inventory and incurs a constant unit inventory holding cost h per
time period. The supplier uses a periodic-review base-stock policy with a constant
inventory replenishment lead time L and a base-stock level S. Her only choice is the
base-stock level. At the beginning of period ¢, the supplier determines the base-stock

level and places an order. The order placed at time ¢ arrives by the end of period
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t + L and is used to fill demands occurred before the end of period t + L.

If a demand is not filled immediately, it is backlogged, and the buyer incurs the
backorder (delay) cost, Cp(y), which is increasing and convex in the length of delay y.
The buyer pays a unit transfer price p for the product to the supplier. The supplier’s
unit ordering cost c is constant. Under our assumptions on the inventory holding
cost and backorder cost, the optimal inventory policy for the integrated supply chain
is a static base-stock (order-up-to-S) policy, which has been shown in, for example,
Zipkin (2000).

In order to induce the supplier to invest in inventory, the buyer contracts with the
supplier on the supplier’s inventory service level. This SLA uses some aggregate level
of performance, sets a target service level, and reviews the supplier’s performance

every R periods (a review phase). Assume R > max{L,1}.

2.4 Performance Measure

Commonly used measures of inventory performance are fill rate and ready rate. Fill
rate is the long-run fraction of demands that are filled immediately. Ready rate is the
long-run fraction of periods in which demands are filled immediately, which measures
the inventory availability and is equal to 1 — stockout rate. The ready rate and fill
rate in our model are the a-type and ~-type service levels as defined in Schneider
(1981) and used by Choi et al. (2004). For simplicity in exposition, we mainly focus
on the ready rate. We note that the major insights apply to fill rate as well. We
consider two types of ready rates: the conventional immediate ready rate and the
time window ready rate, which measures the performance of filling demands within

a delivery time window.

2.4.1 Performance measure under a multi-period review
strategy

The supplier’s performance is evaluated every review phase of length R demand peri-

ods. Let D(t) be the demand in ¢ periods, D(t) > 0. Let D[t,7) denote the demand

in the interval [¢,7), i.e., from period ¢ through period 7 — 1. Let W (0 < W < L) be

the delivery time window. W = 0 means immediate demand fulfillment, and W > 0

means demand fulfillment within a time window W. Let the performance indicator
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for period ¢t (1 <t < R) be X}V, X}V =1{D[t — L,t+1-W) < S, 1} € {0,1},
where X}V = 1 and X}V = 0 represent the situations where there is no or some de-
mand delayed longer than time W at the end of period ¢, and S;_j, is the supplier’s
base-stock level chosen in period ¢t — L.

We define Pr{XV =1} =Pr{D[t —L,t +1-W) < S; 1} =Pr{D(L+1-W) <
Si—r} = Fre1-w(Si—1), where F,(-) is the cumulative distribution function (cdf)
of demands in n periods. Let f,(-) denote the corresponding probability density
function (pdf) for continuous demand, or the corresponding probability mass function

for discrete demand. For continuous demand, assume F,,(-) and f, () are continuous.
R

Let the supplier’s cumulative performance during a review phase be 5% = Z XV,

n%W is the number of periods without delay longer than W, and 0 < n¥% < R%iéo the
ready rate in a review phase is Ay =n}¥' /R, and is random. A% is the review phase
immediate ready rate, and A% (W > 0) the review phase time window ready rate.
In each period of a review phase, the supplier receives a constant unit transfer price.
Given a performance threshold « for the review phase ready rate AY , if the observed

AW < qa,i.e., n% < Ra, then the supplier incurs a penalty.

2.4.2 Distribution of ready rate under a static base-stock
policy

Under a static base-stock policy, the supplier uses the same base-stock level S in every
period. Because the demand in each period is i.i.d, X}V has an identical distribution
for each t. Pr{XV = 1} = Fr1_w(S), and the ready rate (in the long run) is

AW = 1iIIlR_>OO A}A{ = FL—&—I—W(S)'

The case when L =0 :

We only need to consider the immediate ready rate, W = 0. The probability
of no stockout in a period is Pr{X? = 1} = Pr{D(1) < S} = F(S). Because
the demand in each period is i.i.d, the performance in a period X; is i.i.d. So the
cumulative performance 7% has a binomial distribution B(R, Fi(S)), and Pr{n% =
Jj= (1;”) (F1(S))?(1—Fy(S))®7. Moreover, the distribution of the review phase ready

BS)1-F(5))

rate A% is approximately normal N(F(S), =

The case when L > 0 :
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We can have either W = 0 or W > 0. The performance in each period can
be correlated. The performance outcomes in any two periods, X" and X ]W , are
independent for |i—j| > L+1—W because D[i—L,i+1—W)and D[j—L,j+1-W)
have no periods overlapped; and they are correlated for |i — j| < L — W because
Dli—L,i+1—-W) and D[j— L, j+1—W) have some periods in common. Proposition
21 describes the theoretical distribution for n% .

Proposition 2.1 Under a static periodic-review base-stock policy with base-stock level
w_
S, M converges in distribution to a standard normal random variable as R
R

approaches oo, where

R
=Y E(X") = RFp1_w(9),

t=1

and variance
(0f)* = RFLpw(S)—[(L—=W)2R—L+W —1)+ R)(Fry-w(S))?

+ i 2R—(L+1)+n+ W)/OS(FL-H—n—W(S —x))%dF,(x). (2.1)

Proposition ZIlimplies that for sufficiently large R, n)¥ is approximately normally
distributed with mean RFy,; 1 (S) and standard deviation oly. Therefore, in our
numerical analysis, we will use normal approximation for the distribution of 1} .
Because the supplier’s review phase ready rate A% = n% /R, Corollary |2:[| follows.

B(AY)
W/R
converges in distribution to a standard normal random variable as R approaches oo,

Corollary 2.1 Under a static base-stock policy with base-stock level S,

where
E(AR) = Fra-w(S).
So for sufficiently large R, A} is approximately normally distributed with mean

Fri1-w(S) and standard deviation o)y /R. Proposition 22 shows the effect of the

length of a review phase, R, on the variability of performance measure A} .
Proposition 2.2 Var(AY) is decreasing in R.

Proposition implies that a long review phase reduces the variability of the
supplier’s performance outcome. The fill rate distribution obtained by Thomas (2005)

using simulation shows a similar property.
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2.5 Buyer’s Problem

In this section we consider a nonstrategic supplier, assuming the supplier uses a static
inventory policy. We derive the optimal contract parameters for the buyer’s prob-
lem. In Section we consider the dynamic inventory policy and study a strategic
supplier’s problem under an optimal contract.

Consider two types of SLAs. The first one has a lump-sum penalty under which
a supplier pays the buyer a lump-sum penalty K if the supplier’s ready rate with
window W during a review phase, A%, is not above the performance threshold .
The second type is a linear-penalty SLA, under which if AY is no more than «, then
the supplier will pay the buyer a penalty proportional to the difference between A}
and a. Specifically, for the realized number of periods without stockout i, i < R, the
supplier will pay a penalty K (Ra+1—1). Let Cp(A%, a, K|S) denote the supplier’s
average penalty per period when the supplier chooses a static base-stock policy with
base-stock level S and the realized review phase ready rate is A%, given the ready
rate threshold oo and penalty parameter K.

The supplier’s objective is to maximize her long-run average profit, which is her
long-run average revenue minus cost, including the inventory holding cost, the ex-
pected penalty and the ordering cost. Because of full backlogging, all demands are
filled. So the supplier’s base-stock level in each period does not affect the average
ordering cost. Without loss of generality we assume the unit ordering cost ¢ = 0.

Given the lead time L and the base-stock level S, the buyer’s average cost is
UL(S) = pA+ AECp(y|S) — ECp(A}, o, K|S),
and the supplier’s average profit is
7.(S) = pA\ — hE[S — D(L+1—W)|" — ECp(AY , o, K|S),

where D(L + 1 — W) is the realized demand in L + 1 — W periods.

The buyer’s problem is to choose contract parameters p, @ and K such that

min, o x5 Ur(S)
7"—L(S) Z ™ )
S e argmanﬂL(g)

subject to (

IR):
(1C) -
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where 7 is the supplier’s reservation profit per period, and the first constraint is
called the individual rationality (IR) constraint, which guarantees the supplier to
gain at least her reservation profit so that she will accept the contract; and the
second constraint is called the incentive compatibility (IC) constraint, which reflects
the supplier’s optimal solution given the contract offered by the buyer. The above
formulation with the (IR) and (IC) constraints is a standard formulation for incentive
mechanism design in agency theory.

The buyer can choose p to make the supplier earn only her reservation profit and
extract the rest of supply chain profitl. So the buyer’s problem can be reformulated

as
min, ks hE[S —D(L+1—W)|t + AECp(y|S)

' ~ . (2.2)
subject to S € argmaxzm(S5)

Let S* be the optimal solution without constraint ([Z2)). Under our assumptions on
Cp(y|S), S* minimizes the long-run average supply chain cost. So the target ready
rate is Fri1_w(S*), and the buyer’s problem is to choose o and K to induce the
first-best base-stock level S* and ready rate F1_w(S*). In practice, a reasonable
performance threshold should not be above the performance target, so we only con-
sider av < Fp1-w(5%).

2.5.1 Choice of contract parameters

Let VL(S) denote the supplier’s average cost under a static base-stock S policy. Un-
der the buyer’s contract, the supplier’s average revenue pA does not affect S, so
the supplier’s profit-maximizing problem is equivalent to minimizing V7(S5). Be-
cause the review phase ready rate AY = 7% /R, in the supplier’s average penalty
ECp(AY o, K|S), A} can be replaced by n}¥ /R.

Under a lump-sum penalty SLA with the ready rate threshold o and lump-sum
penalty K, the supplier’s problem is

Ra
mSin Vi(S)=hE[S—D(L+1—-W)]" + % ;Pr{ng = 1|5}. (2.3)

Under a linear-penalty SLA with threshold o and penalty rate K, the supplier’s

IThe unit transfer price p can be regarded as a fixed fee. By choosing a higher p, the buyer can
realize any desired profit division between the two parties.
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problem is
K Ra
minVi(S) = hE[S = D(L+1=W)J* + & > (Ra+1—i)Pr{ny =ilS}. (24)
=0

For L =0 and W =0,

petah = i) = () (810 - () (25)

where

Fi(S) = Pr{D(1) < S}.

For L > 0 and 0 < W < L, using the result in Section Z4.2] the distribution

of n}¥ is approximately normal with mean RF,; w(S) and standard deviation o

where ¥ is given by ([Z1]). Using a continuity correction,

Pring = 0[S} = (),
Pr{n}/g = Z’S} = CI)(ZZ> — @(21;1) O<i< R,

Pr{ng = RIS} =1-®(zp), (2:6)
where ®(-) is the cdf of the standard normal distribution and z; = 08 RPp-w(S)
R

Now what values of parameters (a, K) ensure that the supplier chooses S*, the
first best integrated solution? We approach this in two steps; first, the necessary
condition for the supplier’s problem gives us a set of («, K') candidates for each type
of SLA, and then we look into the unimodality of the supplier’s cost function under
the (o, K') candidates.

Proposition 2.3 The (a, K) values that ensure S* satisfies the first order necessary
conditions for optimality of either (Z3) and (274) are such that for continuous de-
mand, there is a unique optimal K*(«) for a given «; and for discrete demand, there

is an interval of optimal K*(«), [K*(a),?*(a)], for a given a.

Formulas for both can be found in Appendix [Al Proposition 23 identifies multiple
optimal candidates (o, K) for both discrete and continuous demands and both types
of penalties. Because n%¥ only takes integer values, we pay particular attention to

©, the set of (Ra, K) values under which S* is the supplier’s local optimum; thus
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0 = {(Ro, K)|0 < o < Fro1_w(S*), Ra is integer, K € [K*(a), K (a)]}. Note
K*(a) =K (a) = K*(a) in the continuous case. We also note that © can be empty.

2.5.2 Unimodality of the supplier’s objective function

The candidate parameters («, K) above are derived from the necessary conditions for
optimality, but may not be sufficient. In this section we examine the unimodality of
the supplier’s average cost under the (a, K) pairs derived above. If the supplier’s cost
function is unimodal then we can be assured that S* is a global optimum. Otherwise
the solution might be only a local optimum and care needs to be exercised. The
supplier’s cost function is very complex due to the complicated distribution function of
the performance measure. Even with strong assumptions on the demand distribution,
it is generally difficult to prove its unimodality® We show that the supplier’s cost
function under a lump-sum penalty SLA is generally not unimodal. To show its
unimodality under a linear-penalty SLA, in particular for L > 0, we have to rely on

numerical results.

Lump-sum penalty SLA

For (Ra, K) € ©, V(S), the supplier’s average cost under a static base-stock S
policy, may not be unimodal and S* not a global optimum. Consider the following
example.

Consider a normal demand distribution N (10, v/10), which can also be considered
as an approximation for a Poisson demand with A =10; h=1, R=30, L=W =0,
S* = 14, and hence the performance target Fr 1w (S*) = F1(S*) = 90%. Figure 21l
shows five supplier’s cost functions V4 (S) under different pairs of parameters

(Ra, K) € {(23,283), (24, 146), (25,92), (26,80), (27,77)} C ©. Observe that in
this continuous example the K*(«) are unique, not intervals. For example (27,77)
gives a = 27/30 = 90% and (24,146) gives a = 80% compared to the target of
Fi(S*) =90%. The plots have increasing Ra corresponding to a decreasing intercept
on the vertical cost axis. Each curve has S* = 14 as a local optimum, however
none of the curves is unimodal and S* is the global optimum only for Ra = 23 and
24. For the remaining three pairs, S = 0 is the global optimum and S* only local.

Intuitively, under a lump-sum penalty SLA, reducing the base-stock level will only

2For the special case when L = 0 and f](S*) < 0, we can prove that S* is a local optimum for
the supplier’s problem with either penalty regime. Interested readers can refer to the Appendix.
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increase the supplier’s probability of being penalized, not the penalty itself. For a
large performance threshold, the penalty is small; hence the supplier may prefer not to
stock at all because the holding cost saved may exceed the expected penalty increase.

Thus S = 0 can be the global optimum for large «.

Cost 2T

0 5 10 15 §=0

Figure 2.1: Supplier’s cost function (lump-sum penalty, L=0)

Linear-penalty SLA

For the same example but with a linear penalty, Figure plots the five sup-
plier’s cost functions for (Ra, K) € {(23,171),(24,79), (25,43), (26,27),(27,20)} C
O. Again, the curve with higher Ra has lower intercept on the vertical cost axis, and
the first-order condition gives S* = 14 for each curve, but now Figure shows that

they are all unimodal and S* is the global optimum.

150
Cost

100

50 7

Figure 2.2: Supplier’s cost function (linear penalty, L=0)

Comparing figures ZTland 22 observe the cost of choosing too small a value of S

is much more with a linear than a lump-sum penalty. This is because once the target
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2.6. Supplier’s Strategic Behavior

has been missed, with a lump-sum penalty any further deterioration is costless. With
the linear penalty however, the expected cost keeps rising as performance deteriorates.
For L = 1, similar patterns can be found.

Thus there are multiple choices of optimal («, K) for either penalty regime. The
linear-penalty SLA appears more likely unimodal than the lump-sum penalty case.
This is because the supplier’s penalty increases with the amount of performance
deviation from the target. When reducing the base-stock level, the supplier will not
only increase the probability of being penalized, but also the probability of paying
a higher penalty, so the expected penalty increase will offset the holding cost saved.
From Section 2.5.1] and this section, we can conclude that in the case of a lump-sum
penalty SLA, V7(S5*) is likely to be the global minimum only under relatively small
thresholds. The linear-penalty SLA is more likely to have S* as the global optimum.

2.6 Supplier’s Strategic Behavior

The optimal contract parameters are derived above under a static inventory policy.
However the supplier, aware of her performance, may prefer to dynamically adjust
inventory as the review period progresses. If her performance so far is good with
few periods left in that review phase, her probability of exceeding the performance
threshold « is large, then she has an incentive to decrease inventory to reduce cost.
If the supplier’s probability of exceeding « is small due to poor performance, she
may have an incentive to increase inventory to repair the damage or alternatively to
abandon any chance of improving and at least reduce cost by not keeping any further
inventory.

In this section we formulate the dynamic program for computing a strategic sup-
plier’s optimal average cost under a dynamic inventory policy and the optimal contract
obtained above. We first investigate the supplier’s cost minimization problem in a
single review phase under a contract offered, ignoring the impact of the inventory
policy on the subsequent review phases. After we obtain the supplier’s minimum
cost from a single-review-phase problem, we then calculate the supplier’s minimum
long-run average cost.

In this chapter, we mainly study the cases of L = 0 and 1 with W = 0. But
the major findings also hold for the situation of L > 1 and 0 < W < L. For a

positive lead time L > 0, the supplier’s performance realization from her action in
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any period is delayed until L periods later. So when choosing the base-stock level
in period t, the supplier has to anticipate possible performance outcomes in periods
t,t+1,...,t + L — 1, which depend on the base-stock levels chosen in period ¢t — [
(l=1,...L).

2.6.1 Single-review-phase problem

Consider a single review phase with R periods. The decision epochs = {1,2,..., R, R+
1}, and there is no decision made in period R + 1. Let

d; = demand in period t;

S; = inventory order-up-to level chosen in period t; and

n, = supplier’s performance history — number of periods without a stockout up
to the end of period t, 0 <n, <tfor 1 <t < R.

Assume the supplier can always observe her performance history.

For the dynamic programming problem we consider discrete demand, but, without
loss of generality, we scale demand so that 1 unit is ‘small’. The purpose of this will be
clear in Section 2.7 and is only to make the exposition clearer. The dynamic program
for L = 0 is a straightforward derivation from L = 1, so below we will only give the
L =1 case.

By Proposition Bl and letting L = 1 and W = 0, the distribution of 7y is

approximately normal with mean RF5(S) and standard deviation og, where

o5 = RFy(S) — (3R — 2)(Fy(9))* + 2(R — 1) Y _(FA(S — d))* f(d).

Let _/f; = the supplier’s inventory position (inventory plus the order made in the
last period) at the beginning of period t, before an order is placed in period t; and

I, = max{—1,1,}.

So the base-stock level chosen in period t, S; > I;.

Let 7} (S4]i, I;) denote the supplier’s cost to go from period ¢ in a single review
phase given performance history i, I, and S;; and 7} (i, [;) = ming,>p, m; (S|, ;)
denote the supplier’s optimal cost to go from period t given ¢ and I;.

Because the supplier does not incur backorder cost, for any negative net inventory
in a period the supplier has the same immediate cost (zero inventory holding cost)

and performance outcome (stockout) in that period. Thus in the state space, we can
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use a single state —1 to represent all the states of negative inventory.

The state space is {(n, 1, ;) : 0 <7, <t—1,-1 < I, < S} wherel <t < R+1
and S is a large number such that Fy(S) ~ 1.

Actions (inventory order-up-to level in a period): S € {0,1,.., S}

State transition:

T]t—l + ]_ lf ]t Z dt

I, 1 = max{—1,5, —d;},n, = .
o (=L S =ik {m4 if I, < d,

Let n,_, =i for 1 <t < R+ 1. Note that n, = 0. All the expectation calculations
‘E’ below are on d;.

Rewards:

Tt((Z.,It), St) == hE[It - dt]Jr 1 S t S R,

K ifi < Ra
0 if7i> Ra

Y

lump-sum penalty: g 1((i, [ry1)) = {

linear penalty: rgi1((i, [gy1)) is similarly defined by

replacing K by K(Ra + 1 —1). (2.7)

The supplier’s base-stock level decision made in period R of a review phase cannot
affect her performance in that review phase, but it determines the inventory holding
cost and performance outcome in period 1 of the next review phase. So the optimal

base-stock level Sk in period R is Sg = argmingsy, Em(0,max{—1,5 — dr}),
S
where Em1(0, max{—1,5 —dgr}) = Z Pr{D(1) = d}m(0,S —d)+ F,(S)m(0, —1)
d=0

is the supplier’s expected cost to go from period 1 of the next review phase. We
conjecture that if possible, the supplier will choose the first-best base-stock level S*
in period R. So Sg = max{Ig, S*}.

Transition probabilities:

Pr{D(1) =81} j=i+1,8>u,0<S—I<ul>0
Pr{D1)=S-1} j=i,S>u,S—1>u,l>0
Pr{D(1) > S} j=14,5>ul=-1

0 otherwise

pl(5, DI u), S) =
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The dynamic program is

Ther (6 Irr) = TR (6, Ipsar)),
for 1<t<R:
my (i, 1) = hE[L — d,]* + min[E{m, (i + 1,8, — dp)|d, < I}

+E{7T%+1(7:, maX{—l, St — dt})ldt > [t}]

From the dynamic program, we can obtain 71 (0, I;) for various opening inventory level
I;. The optimal base-stock policy obtained for this single review phase is not optimal
in general for the infinite horizon problem because the terminal reward rgy; ignores
the inventory holding cost in the early periods of the next review phase resulting from

the supplier’s base-stock choice in period R of the current review phase.

2.6.2 Infinite-horizon problem

Instead of treating the infinite horizon as consisting of many time periods, we can
think of each review phase as one time period in the infinite horizon, i.e., the infinite
horizon consists of many review phases. So all of the supplier’s base-stock policies
in the n'* finite review phase can be denoted by a vector 771 = (V5,7 €T,
where 47 is the supplier’s base-stock policy in period ¢ of the n'* review phase, and
I' is the set of possible base-stock policies in a review phase. Although the supplier’s
base-stock policy within a review phase depends on her performance history in that
review phase and so is history dependent, 5, and 71(0, ;) only depend on I, the
opening inventory of a review phase. Let the opening inventory of a review phase be
the system states. Thus the system states and I" do not vary with time, and the state
transitions (from the opening inventory of a review phase to that of the subsequent
phase) as well as the supplier’s rewards (expected total cost in a review phase) are
Markovian. So the supplier’s problem in an infinite horizon consisting of review phases
is a Markov decision process. Assume the supplier only uses deterministic base-stock
inventory policies. Due to demand uncertainty, this MDP is unichain.

To find out the supplier’s optimal average cost in an infinite horizon, we use
value iteration. Let 7' (I) denote the supplier’s expected total cost in a single review
phase with an opening inventory I as derived above. Let 7 (I) denote the supplier’s

expected total cost in n review phases with an opening inventory I for the first review
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phase. With n review phases, the review phases are indexed reversely from 1 to n,
i.e., the last review phase is indexed by 1 and the first by n.

The algorithm is as follows.

1. Let #*(I) = 71(0,1), e = 0.01, and set n = 1.

2. For each I € {—1,0,.., S}, compute #*(I) by applying the dynamic program
as defined above for a single-review-phase problem but with the terminal reward
rr+1((%; Ir+1)) added by 7" (Ir41).

3. If mlax{ﬁ”“(]) —7(1)} — m}n{ﬁ”“(]) — 7 (1)} < ¢, then go to step 4.
Otherwise, increment n by 1 and return to step 2.

4. Let VP = %mjax{%”“([) — 7(I)}. Then VP is an approximation to the
supplier’s optimal long-run average cost.

2.7 Numerical Analysis

We numerically investigate the supplier’s incentive for strategic/dynamic behavior
using either the lump-sum or linear penalty SLA. We compare the supplier’s optimal
average cost when using a static base-stock S* policy with that under a dynamic
policy. The numerical results demonstrate that the strategic supplier’s gain under a
lump-sum penalty SLA can be large, but that under an optimal linear-penalty SLA
is minimal. It is also shown that a longer inventory replenishment lead time reduces
such gain under both regimes.

Consider two distributions: a Poisson demand with arrival rate A and a Normal(\, o)
demand per period® With a normal demand, we can study the impact of various
parameters on the supplier’s gain from a dynamic inventory policy while keeping the
performance target fixed. For the dynamic policy we discretize the normal demand.
Pr{D(1) = d} = ®(£2) — &(=L=2) for d > 0, and Pr{D(1) = 0} = ®(=2). Now it
can be seen why we scaled demand so that 1 unit was ‘small’. Leadtime L € {0, 1}.
The performance threshold « is chosen such that Ra is an integer. The range for the

optimal penalty, [K*(a), K ()], is obtained using the formulas in Section 2511

3The problem of negative demands with the normal distribution is not significant in our examples,
as is ignored below. Only nonnegative demands are considered in the numerical analysis by using
truncated normal distribution.
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2.7.1 Lump-sum penalty SLA

Under a lump-sum penalty SLA, if the supplier’s ready rate during a review phase
does not exceed the performance threshold «a, then the supplier will pay the buyer a
lump-sum penalty K. We show that in this case the supplier can benefit significantly

from a dynamic policy.
e Poisson demand

The following parameter values are used: h = 1, R = 30. With A = 8,9, 10, for
L =0, we have §* = 12,13, 14; and for L =1, S* = 21,24, 26.

First consider the static base-stock policy.

Consider L = 0. For A = 10 and Ra = 24 (i.e., o = 80%), [K*(a), K ()] =
[146,853]. It can be checked that S* = 14 is the global optimum for the static
inventory policy for any K in [146,853]. For K = 146, 200 and 300, the supplier’s
cost savings from using a dynamic policy are 20.3%, 20.9% and 22.4%, respectively.
So even for the same threshold «, the supplier’s percentage cost saving from a dynamic
policy varies with the penalty and is increasing in K.

Although by definition all (Ra, K) € © give S*, this might not always be a global
optimum. For example, with Ra = 25 and using the smallest K in the interval
92, 318], S* is not the global optimum. Let k*(a) = min{K|K € [K*(a), K ()] and
S* is the supplier’s global optimum} if it exists, then any K € [k*(a), K (a)] can in-
duce the supplier to choose S*. If the interval is empty we say that K («) = ‘Infeasible’.
Define ©* = {(Ro, K)|0 < o < Fr1_w(S*), Ra is integer, K € [k*(a), K ()] s.t.
the interval is not empty}. So ©* C © is the set of (Ra, K) values under which S* is
the supplier’s global optimum for a static policy.

Now consider the dynamic base-stock policy. Table BTl shows the supplier’s per-
centage cost saving from using a dynamic policy under various Ra and Ek*(«) for
L = 0 and 1. Note that for Ra = 27 (i.e. a = 90%) the result is ‘Infeasible’. The
results show that the supplier can benefit significantly from a dynamic policy. The
smaller the value «a, the greater motivation for dynamic behavior, so the buyer should
choose the performance threshold « as close to the performance target as possible.
Regardless of such choices however, under a lump-sum penalty SLA, the supplier has
a considerable incentive to adopt a dynamic inventory policy and increase costs for

the buyer.
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Table 2.1: Supplier’s cost saving (lump-sum penalty,Poisson demand)
A

Ra 8 9 10
24 26.14% 22.95% 20.28%

L=0 25 1841% 16.27% 15.21%
26 13.62% 14.69%  Infeasible
24 16.70% 20.51% 18.50%

L=1 25 14.24% 15.21% 14.41%
26 Infeasible Infeasible Infeasible

Table 2.2: Supplier’s cost saving (lump-sum penalty,normal demand)
o
Ra 5 10 15 20
L=0 24 20.09% 20.79% 21.09% 21.19%
25 15.20% 15.21%  15.23% 15.25%
L=1 24 16.68% 18.13% 18.50% 18.51%
25 15.18% 15.83% Infeasible Infeasible

e Normal demand

We use normal demand to better study the impact of lead time on the supplier’s
cost saving from using a dynamic policy. The following parameter values are used:
h=1, R=30, A =50. With o = 5,10, 15,20, for L = 0, we have S* = 57,64, 71, 78;
and for L = 1, §* = 110, 120, 130, 140. In all scenarios the target ready rate is the
same, about 92%. For L = 0 and 1, and Ra = 26 and 27, S = 0 is the global
optimum and the first-best S* is only a local optimum for all values of K in their
intervals, that is k"(«) does not exist. For L = 1, R = 24 and 25, S* is the global
optimum in some of the cases, thus k*(«) is within the interval. Table 22 shows the
supplier’s percentage cost saving from using a dynamic inventory policy. They are all
very large. Comparing the results for L = 0 and 1, we can see that given the same
performance threshold, the supplier’s percentage cost savings from using a dynamic

policy decreases as the lead time increases from 0 to 1.

2.7.2 Linear-penalty SLA

We have shown that a lump-sum penalty SLA will greatly induce supplier’s strate-

gic behavior. Now we investigate the ability of a linear-penalty SLA to discourage
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Table 2.3: Supplier’s cost saving (linear penalty,Poisson demand)

L=0 L=1
Target=91.7% Target=95.1% Target=92.2% Target=94.8%
Deviation %saving Deviation %saving Deviation %saving Deviation %saving
1.7% 2.04% 1.8% 1.38% 2.2% 2.63% 1.4% 1.16%
5.0% 6.32% 5.1% 6.62% 5.5% 6.64% 4.8% 5.22%
8.3% 12.66% 8.5% 17.77% 8.9% 12.07% 8.1% 10.94%
11.7% 20.09% 11.8% 23.11% 12.2% 18.32% 11.4% 17.77%

supplier’s strategic behavior. We also investigate the effects of lead time L, demand
variability §, and the length of a review phase R, on the supplier’s cost saving from
using a dynamic policy under a linear-penalty SLA. For all the scenarios in the numer-
ical examples below, the supplier’s cost functions have been checked to be unimodal

using plots under the optimal penalty K given a.
e Poisson demand

We use h = 1 and R = 30. We compare the supplier’s optimal average cost under
a static base-stock S* policy with that under a dynamic base-stock policy, using a
penalty K = k*(a). We note that for all the numerical examples here we have found
that k" (a) = K*(«).

To compare the supplier’s cost saving under various performance thresholds «, we
use a demand rate A = 10. For L = 0, §* = 14 and 15 with the target service levels =
91.7% and 95.1%, respectively; and for L = 1, S* = 26 and 27 with the target service
levels = 92.2% and 94.8%, respectively. Table show the results for L = 0 and 1.
The threshold « is represented by the allowable deviation from the target, which is
equal to the target ready rate — «. Similar conclusion can be drawn here as that
under a lump-sum penalty SLA. The greater the allowable deviation from the target
(thus the smaller «), the greater the supplier’s percentage cost saving. Therefore,
to reduce the supplier’s cost saving from using a dynamic policy, the performance
threshold should be chosen to be as close to the performance target as possible.

We also investigate the supplier’s cost saving from using a dynamic policy for
different demand rates, using the smallest possible allowable deviation from the target
(the largest possible a). For A = 7,8,9,10, the corresponding parameter values for
L = 0 are S* = 11,12,13,14; and those for L. = 1 are S* = 19,21,25,26. Table

2.4 shows the results. « is again represented by the allowable deviation from the
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Table 2.4: Supplier’s cost saving (linear penalty,Poisson demand)

L=0 L=1
A Target Deviation %saving Target Deviation %saving
7 94.7T% 1.3% 1.10% 92.3% 2.3% 2.62%
8 93.6% 3.6% 3.87% 91.1% 1.1% 1.89%
9  92.6% 2.6% 2.80% 95.5% 2.2% 1.50%
10 91.7% 1.7% 2.04% 92.2% 2.2% 2.63%

Table 2.5: Supplier’s cost saving (linear penalty,normal demand)
Ra L=0 L=1
24 20.85% 18.39%
25 13.90% 12.58%
26 7.40% 6.57%
27 2.64% 2.63%

target. The supplier’s percentage cost saving is small in all the cases. So under a
linear-penalty SLA with a performance threshold close to the target, the supplier will
have little incentive to adopt a dynamic inventory policy. A linear-penalty SLA can

greatly mitigate the supplier’s strategic behavior.
e Normal demand

The following parameter values are used: h = 1, R = 30, A = 50, 0 € {5, 10, 15,20},
L € {0,1}. Note that we use the same demand process (single-period demand distri-
bution) for both L = 0 and 1, so we can investigate the supplier’s cost saving from a
dynamic inventory policy as the lead time increases from 0 to 1.

We first compare the supplier’s cost saving under various «, using A = 50 and
o = 15 for the single-period demand. For L = 0, S* = 71 with the target service
level = 91.9%; and for L = 1, S* = 130 with the target service level = 92.1%. The
results are shown in Table The supplier’s percentage cost saving decreases with
«, indicating that a tight allowable performance deviation from the target is required
to limit the supplier’s gain from strategic behavior. The results also indicate that
given the same performance threshold, a longer leadtime will reduce the supplier’s
cost saving from strategic behavior.

Next, we investigate the effects of demand variability and leadtime on the sup-
plier’s cost saving from using a dynamic policy. We fix A\ = 50 while changing o,

so the coefficient of variation of demand § € {0.1,0.2,0.3,0.4}; we use the smallest
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Table 2.6: Supplier’s cost saving (linear penalty,normal demand)
Target ~ 92% Target =~ 96.5%
o/ L=0 L=1 L=0 L=1
0.1 2.41%  2.06% 2.72%  2.17%
0.2 2.51% 2.07% 2.81%  2.44%
0.3 2.64% 2.63% 2.90%  2.45%
0.4 2.68% 2.67% 2.95%  2.45%

possible deviation from the target (the largest a@ < target and Ra is integer). For
o € {5,10,15,20}, S* is chosen so that the target service level is equal for L = 0,1
and different 0. We consider two target service levels: one is about 92% and the other
about 96.5%. Table lists the numerical results. Each column shows that the sup-
plier’s gain from strategic behavior increases with the demand variability. Intuitively,
when demand is less variable, the optimal safety stock under a static inventory pol-
icy is small, and the optimal safety stock under a dynamic inventory policy will not
deviate much from the static one, so the supplier’s gain from a dynamic policy will
be relatively small. Comparing the two columns for each target service level, we can
see that the supplier’s cost saving from a dynamic policy decreases as the leadtime
increases from 0 to 1. So a longer leadtime will likely mitigate the supplier’s incentive

for strategic behavior. We will discuss the insights from this result in Section 2.8
o Effect of length of a review phase R

We also evaluate the impact of the length of a review phase on the supplier’s
percentage cost saving from a dynamic policy. We use A = 50 and ¢ = 15 for single-
period demand, R € {30,60}, L € {0,1}, S* is chosen so that the target service
levels for L = 0 and 1 are both about 92%, and the same performance threshold
a = 90% (thus the same allowable deviation from the target). Table P27 compares
the supplier’s cost saving under different values of R with the other parameters fixed.
It indicates that as the review phase becomes longer, if the performance threshold
remains unchanged, then the supplier will benefit more from a dynamic inventory
policy. This can be explained by Proposition 2] which says that the variance of
the supplier’s review phase ready rate decreases with R. So if « is fixed, then as
R increases, the absolute allowable performance deviation from the target remains
constant, but the relative allowable deviation increases, giving the supplier more

flexibility to dynamically adjust the base-stock level. This implies that as R increases,
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Table 2.7: Effect of R (linear penalty,normal demand)
L=0 L=1
R =30 2.64% 2.63%
R =60 4.12% 4.08%

there should be less allowable performance deviation from the target (thus bigger «)
in order to discourage the supplier from strategic behavior. We have assumed that
R is exogenous because in practice R can be determined by other factors such as

transaction costs and the accounting policy.

2.8 Discussion

The numerical results have shown that under a linear-penalty SLA with the per-
formance threshold close to the target ready rate, the supplier’s gain from using a
dynamic inventory policy instead of a static one is small. In practice, implementing
a dynamic inventory policy is more complicated than implementing a static one. To
implement a dynamic inventory policy, the supplier has to determine the ordering
quantity based on not only the inventory on hand and the performance history in the
current review phase, but also every order placed in the past yet not arrived. So the
implementation cost of a dynamic policy is higher than that of a static one. In this
chapter, we do not explicitly model the supplier’s costs of implementing an inventory
policy. When the complexity and cost of implementing a policy is taken into account,
a dynamic inventory policy will bring less benefit. So under a linear-penalty SLA
with carefully chosen contract parameters, the supplier will have little incentive for

strategic behavior.

2.8.1 SLA vs. traditional coordination contract

To provide an incentive to the supplier for inventory investment, the buyer can use ei-
ther a traditional supply chain coordination contract or an SLA. Traditional contracts
coordinate the supply chain via a holding cost and backorder cost transfer payment.
Cachon (2003) provides an analysis on this type of contract in a single-location base-
stock model with linear backorder cost. As a special case of this contract, the supplier

pays a penalty on each individual delayed delivery. To micro-manage the supplier in
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this way, the buyer will have to make a detailed record of every single demand. When
demands occur frequently, the buyer will incur large administrative and transaction
costs. With an SLA, the buyer only needs to measure the supplier’s aggregate per-
formance over a period of time. So an SLA is preferable over a traditional contract
for frequent demands.

In most inventory theory, the backorder cost is generally linear in the amount of
delay. But in practice, the backorder cost is often nonlinear; a short delay may not
matter much, but a long delay is very costly. In this case, if a traditional coordination
contract is used, then the contract will likely be quite complicated in order to correctly
align the supplier’s incentive with the supply chain. However, an SLA has a simple
form and is easy to implement even if the backorder cost has a complex form, as in
our model, the backorder cost is convex in the length of delay.

Service levels for inventory performance are widely used in practice. The most
frequently cited reason is that backorder costs are hard to measure because a stockout
may affect not only a firm but also external parties (e.g., customers), so firms prefer to
set a desired performance target. This makes traditional coordination contracts hard

to design. But with an SLA, the performance target can be set exactly as desired.

2.8.2 Lump-sum penalty SLA vs. linear-penalty SLA

A lump-sum penalty SLA is a highly discontinuous incentive scheme used with a
multi-period review strategy. For a single period problem with a risk-neutral buyer
and supplier, any optimal combination of the performance threshold and penalty
can induce the supplier to choose the first-best effort level, and thus a lump-sum
penalty SLA can be optimal. However, the multi-period review strategy brings in
additional issues for the design of discontinuous incentive schemes. In our model, the
supplier can observe her performance history throughout the review phase and can
adjust her effort level at any time to affect her performance outcome at the end of
the review phase. In this case, as demonstrated by the numerical results in Section
2.7 a discontinuous incentive scheme with a lump-sum penalty will cause supplier’s
strategic behavior. If either condition is violated, i.e., the supplier cannot observe her
performance history or cannot adjust her effort level dynamically, then a lump-sum
penalty SLA will be less vulnerable to supplier’s strategic behavior.

From the formulation of the supplier’s dynamic program in Section ZG.1] we can
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see that under a lump-sum penalty SLA, after observing the performance history in
any period of a review phase, the supplier can take the following strategy. If her past
performance has already exceeded the threshold (call it an ‘early pass’), she will not
put in any effort during the remainder of the review phase. If her past performance
has been poor enough so that she will have no chance to attain the threshold in the
current review phase (call it an ‘early failure’), then she will also not put any effort
into the remaining periods of the review phase. In other situations, she will choose
effort levels depending on the past performance and the number of periods left in that
review phase. In practice, a service level target such as the ready rate for inventory
performance is generally very high (above 90%), so the chance for an early pass is
very small. On the other hand, the chance for an early failure is large. Under a
lump-sum penalty SLA, if an early failure occurs, the supplier’s penalty is fixed no
matter how poor her performance is. Thus a lump-sum penalty SLA will not mitigate
the supplier’s strategic behavior after an early failure. A linear-penalty SLA makes
the supplier’s penalty for poor performance linear in the amount of deviation from
the threshold, and so can better mitigate the supplier’s strategic behavior after an
early failure.

In the case of a positive inventory replenishment lead time, orders placed in a
period will arrive L periods later, and the performance as a result of any effort will
be revealed after a time lag of L periods. Because of the information delay, the
supplier cannot respond to the performance history as effectively as in the case of no
delay. Moreover, when the number of periods left in a review phase is less than L,
the supplier cannot adjust the base-stock level to affect her performance at the end
of the current review phase. So we can anticipate that the supplier will benefit less
from her strategic behavior in the case of a positive lead time. This is supported by
the numerical results in Section 2.7 comparing the supplier’s percentage cost savings
from a dynamic policy for L = 0 and L = 1. In practice, the target ready rate or fill
rate is usually high. Due to this and the positive lead time, unless a review phase is
extremely long and/or « is small, there is little chance that the supplier will know she
can meet the performance threshold with probability 1 before a review phase ends.
At the low performance side, the linear-penalty scheme will provide the supplier with
an incentive to prevent her performance from getting worse once it falls below a.

The linear-penalty SLA we study here does not provide incentives concerning

performance beyond a threshold. So to induce a desired target service level, the

38



2.8. Discussion

Table 2.8: Expected penalty vs. supplier’s total cost
A o L Lump-sum Linear

10 3 0 8.9% 12.9%
10 4 0 9.3% 13.1%
10 3 1 5.1% 13.8%
10 4 1 5.1% 14.3%

Table 2.9: Actual penalty vs. supplier’s total cost

L Lump-sum Linear

0 Prob 9.03% 22.01% 13.05% 5.96% 2.18% 0.66% 0.17%
ratio 99.3% 16.3%  32.5% 48.7% 65.0% 81.2% 97.4%

1 Prob 3.28% 21.79% 14.73% 7.06% 2.40% 0.58% 0.10%
ratio 156.8% 16.1%  322% 48.4% 64.5% 80.6% 96.7%

allowable deviation for the supplier performance from the target should be small, i.e.,
a is not too far from the target. This has been shown by the numerical results on
the supplier’s cost savings under different values of a.

A linear-penalty SLA imposes a small penalty on the bad outcomes more likely due
to random variability in the performance than to wrong effort levels. This can be seen
by comparing the size of the supplier’s penalty with her revenue under both types of
penalty schemes in two ways. Note that the supplier’s revenue is at least her total cost,
including the inventory holding cost and expected penalty. So we use the supplier’s
total cost as a proxy for her revenue. The first way is to compare the supplier’s
expected penalty with her total cost, and the ratios are shown in Table using
normal demand distributions. The second way is to compare the supplier’s actual
penalty with her total cost, as shown in Table using a Normal(10, 3), in which for
a lump-sum penalty, the probability of incurring a penalty and the penalty to total
cost ratio are provided; and for a linear penalty, both the probability of incurring
a penalty level and the actual penalty to total cost ratio are provided. The results
show that although the expected penalty under a lump-sum penalty SLA is small, the
actual penalty could exceed the supplier’s revenue, making the supplier earn nothing.
On the contrary, the supplier is unlikely to pay a large penalty under a linear-penalty
SLA. Therefore, a linear-penalty SLA is a mild penalty scheme compared with a

lump-sum penalty one and thus induces a more stable inventory investment.

39



2.8. Discussion

2.8.3 Extensions

When studying supplier’s strategic behavior under an SLA, we have mainly focused
on the immediate ready rate as a performance measure for inventory and considered
a periodic-review base-stock policy. The main findings also extend to time-window
ready rate and fill rate as well as a continuous-review inventory policy. When a time-
window ready rate is used with W < L, the performance indicator for period t ,
XYV =1{D[t — L,t +1—W) < S;_1}, and the supplier decides a base-stock level
in each period to fill demands in the subsequent L + 1 — W periods instead of L + 1
periods. So a time window can reduce the supplier’s inventory risk and inventory cost.
Let L' = L —W. Because an order placed in a period will still arrive L periods later,
the supplier’s decision problem is like the one with lead time L’ but the performance
resulting from a base-stock level decision is realized after L' + W periods, so the
supplier cannot adjust the base-stock level under a dynamic policy as timely as in
the case of lead time equal to L’. Therefore, the supplier’s gain from using a dynamic
inventory policy given lead time L under a time-window-W ready rate will not exceed
that under an immediate ready rate given lead time L —W. When the fill rate is used
as the performance measure, supplier’s incentive for strategic behavior still exists,
and the supplier’s objective is to dynamically adjust the base-stock level to affect the
proportion of demands filled on time in a review phase instead of the proportion of
periods with all demands filled on time. This will only slightly change the calculation
of the supplier’s expected penalty, but the issues and insights from the ready rate as
performance measure all hold here.

Now suppose the supplier uses a continuous-review base-stock policy (L > 1).
Because the supplier’s performance is revealed at the end of each period, assume the
supplier chooses the base-stock level once every period. The only difference between
the two inventory policies is that the supplier’s inventory cost is relatively lower
under a continuous-review policy. The supplier’s ability to dynamically adjust the
base-stock level and the effect of the information lag due to positive lead time are
similar under both policies. So the insights from a periodic-review policy also hold
for a continuous-review policy.

When the ready rate is used as inventory performance measure, the supplier may
have other strategic behavior in addition to adopting a dynamic inventory policy.
For example, if the supplier cannot fill all demands in a particular period so that the

performance in that period will be bad no matter what proportion of the demands are
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filled, then the supplier may hold inventory instead of filling partial demands in order
to save the transportation cost in that period. This will increase the supplier’s inven-
tory holding cost. In our model, the supplier manages inventory near the buyer’s site,
so the transportation cost is negligible. In other situations where the transportation
cost is large relative to the holding cost, then the fill rate may be preferred because

it measures the proportion of demands filled.

2.9 Conclusions

In this chapter, we have provided a methodology for studying service level agree-
ments by applying the principal-agent theory to the design and choice of contract
parameters of SLAs. Using a single-location uncapacitated inventory management
problem, we have identified issues in the design of SLAs for inventory management,
where the ready rate is the performance measure. In the case of a positive inventory
replenishment lead time, the supplier’s performance in each period can be correlated.
The ready rate in a finite review phase is a random variable; we have shown that its
distribution is approximately normal for a long review phase. We have studied two
types of SLAs: a lump-sum penalty SLA and a linear-penalty one. Due to their multi-
period review structure, SLAs with a target service level provide the supplier with
an incentive for strategic dynamic behavior. Specifically, we have found that under
a lump-sum penalty SLA, the supplier will have a significant incentive for strategic
behavior. On the other hand, a simple linear-penalty SLA can greatly mitigate sup-
plier’s strategic behavior. This has implication for the design of SLAs in general:
when the supplier can observe the performance history and dynamically adjust her
effort level to affect her review phase performance, to mitigate the supplier’s incentive
for strategic behavior, the penalty should be dependent on the amount of supplier’s
performance deviation from the target. To effectively mitigate the supplier’s incentive
for strategic behavior using a linear-penalty SLA, the allowable deviation of the per-
formance from the target service level should be small. For the application of SLAs
to inventory management in particular, a positive inventory replenishment lead time

and a high fulfillment rate target can further mitigate such strategic behavior.
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Chapter 3

Managing Supplier’s Delivery
Performance With Service Level

Agreements

3.1 Introduction

With the increased outsourcing of manufacturing and services to suppliers comes a
need for better contractual agreements between suppliers and buyers. One of the most
widely employed contractual instruments is a type of performance-based contracts
called Service Level Agreements (SLAs). A survey by Oblicore Inc. in 2007 revealed
that 91% of organizations use SLAs for managing suppliers, internal agreements,
or external customer agreements. According to the Office of Federal Procurement
Policy at the Office of Management and Budget, the US Federal Government expects
agencies to make half their service contracts performance-based acquisitions in fiscal
2008, an increase from the goal of 45% for 2007. SLAs are typically employed when
the buyer neither wants or is not able to micromanage the supplier and has no interest
in how the product or service is delivered; but is interested only in the outcome.
SLAs are often used when the parties involved have a long-term relationship, where
the transactions are not one time. Since a fixed price alone is not enough to guaran-
tee the delivery of the required performance, positive and/or negative performance
incentives are needed. For example, a penalty might be imposed when the supplier
underperforms compared to some target service level. The penalty is not based on
daily transactions but performance over a period of time; reducing the administrative
costs of enforcement and freeing the buyer to concentrate on their core business.
Despite the widespread use of SLAs in practice, there is little theoretical research
on their design. In Chapter 2 studying an application to inventory management,

we identified five fundamental issues of SLA design that need to be answered: what
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performance measure should be used, what performance target is appropriate, how
frequently the performance should be reviewed, how much deviation of the perfor-
mance is allowed from the target, and what penalty the supplier should pay when
the performance exceeds the allowable deviation. The performance measure should
align the supplier’s incentive with that of the buying firm. The allowable deviation
and the penalty together determine how strong the incentive is for the supplier. We
mainly addressed within the framework of a simple inventory management problem
where the supplier’s decision variable is the base-stock level alone. In this chapter,
we concentrate on the first two questions and briefly address the other three, within
a more complex problem. The natural framework for the study of SLAs is from a
principal-agent perspective, and that is the perspective we take.

Specifically, we study a single-item inventory system with a continuous-review
base-stock policy, stochastic and stationary demand, and full backlogging. We con-
sider a supply chain consisting of a single supplier and a single buyer, where the
supplier can invest both in inventory and in inventory replenishment lead time to
meet a service level target, and both investments are unobservable to the buyer. The
supplier owns the inventory and incurs a linear inventory holding cost. For each de-
layed delivery, the buyer incurs a cost which is a convex and increasing function of
the amount of delay. An SLA uses a multi-period review strategy, under which the
supplier’s inventory performance is reviewed every R periods (called a review phase),
and if it is below a pre-specified performance threshold, then the supplier will pay a
penalty linear in the amount of performance deviation from the threshold.

Fill rate and stockout rate are commonly used in both the practice and the litera-
ture for measuring delivery and inventory performance. Most inventory management
literature studies performance measures in the long run using expected performance.
But the performance measure in a finite review phase is a random variable. When
the supplier’s actions are unobservable, it is important to know the distribution of
the performance measure in order to provide an incentive to the supplier. It is very
difficult to derive the distribution of fill rate. Interested readers can refer to Thomas
(2005) for its distribution obtained using simulation in a static periodic-review base-
stock model with zero lead time. For the same reason as in Chapter 2, we focus
mainly on the ready rate, which is the long-run fraction of time that demands are
filled immediately from the stock. It measures inventory availability, and is equal

to 1— stockout rate. The conventional ready rate and fill rate are measures of the
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off-the-shelf or immediate order fulfillment performance. In practice, time-window
fulfillment rates are more commonly used than off-the-shelf performance measures
(LaLonde and Zinszer 1976, LaLonde et al. 1988). In Quick Response and other
forms of time-based competition, the performance measure for customer service is
often the ability to meet delivery promises, where the promised time window is usu-
ally small. For example, around 1995, Hewlett-Packard aimed at a 93% fulfillment
rate within 3 days, and IBM PC and Compaq 95% within 5 days (Hausman et al.
1998). When the performance measure is based on on-time delivery by a supplier to a
buyer, time-window fulfillment rates are also used. Therefore, we also study another
form of ready rate, the ready rate with a window, which is the long-run fraction of
time that demands are filled within a pre-specified time window. We study the ready
rate for simplicity in exposition, but similar insights can be obtained when either the
immediate or time-window fill rate is used as the performance measure.

Because the supplier is responsible for investments in both inventory and lead time
and is evaluated by a single performance measure — the ready rate, our problem is
a multi-task agency problem with a single output. Since both increasing the stock
level and reducing the replenishment lead time can achieve a better performance, the
supplier’s two tasks are substitutes.

The objective of this chapter is twofold. First, we address the design of SLAs in
supply management, including choosing the performance measure, determining the
performance target, allowable deviation and penalties for underperformance. Specif-
ically, we examine two types of SLAs using either the immediate or time-window
ready rates as performance measures. Second, we compare these two forms of SLAs
in terms of the average supply chain cost. We show that when the supplier employs
a static inventory policy, can invest both in inventory level and in supply lead time,
with the investments unobservable to the buyer, an SLA using the time-window ready
rate can induce the supplier to make the investments compatible with overall supply
chain optimization. An SLA using only the immediate ready rate generally cannot
induce this first-best investment. We also discuss the issue of using a single perfor-
mance measure for aligning the supplier’s incentive when the supplier has multiple
ways to achieve inventory performance. The time window in the performance mea-
sures plays three roles. It aligns the supplier’s tradeoff between inventory and lead
time investments with that of the supply chain, allocates inventory risk between the

buyer and a supplier, and to some extent transfers the buyer’s delay cost structure
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to the supplier.

The rest of this chapter is organized as follows. Section reviews the literature.
Section B3 describes the model and provides mathematical expressions for the waiting
time distribution. Section B4 examines SLAs using the immediate or time-window
ready rate as a performance measure and discusses the issue of incentive alignment
using a single performance measure. Numerical analyses are in Section BAl We
conclude in Section B.0l

3.2 Literature Review

This chapter relates to three primary literatures: agency theory, inventory manage-
ment, and supply chain contracting and coordination.

Multiple-period review strategies have been studied in the economics literature by
Radner (1985) for a repeated principal-agent game. Ren et al. (2008) investigate a
modified strategy for an information-sharing game between a buyer and a supplier in
a supply chain context. Both papers use trigger strategies as punishments for non-
cooperation. Details of these approaches can be found in Chapter 2, which studies a
multi-period review strategy in a service level agreement for inventory management.
The review strategy differs from those in Radner (1985) and Ren et al. (2008) in
two major aspects: the length of a review phase R is exogenous and the penalty
is a monetary payment instead of a phase of noncooperative game. Moreover, the
performance outcome of the agent (supplier) in each period can be correlated. The
current chapter studies a multi-task moral hazard problem, whereas both Radner
(1985) and Chapter 2 study single-task moral hazard problems and Ren et al. (2008)
a hidden information one.

The immediate fulfillment rate is commonly employed in the inventory manage-
ment literature, however in practice, time-window fulfillment rates are more common.
Boyaci and Gallego (2001) study the problem of minimizing average inventory costs
subject to fill-rate and fill-rate-with-window service-level constraints in serial and as-
sembly systems. In an (s, .S) inventory system with service level target represented by
a time-window ready rate, Wang et al. (2005) find a significant tradeoff between the
window length and the inventory costs, and suggests that a longer fulfillment window
and lower price may be used for price-sensitive but time-insensitive customers. The

above papers study inventory management from a single agent perspective, and do
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not deal with incentive issues in a decentralized system. Our concern is the use of
either the immediate or time-window ready rate as a performance measure to induce
investments by an independent supplier.

The inventory management literature generally considers performance measures
in the long run using expected performance. In practice, a supplier’s delivery perfor-
mance will be evaluated over a finite period of time. At the end of a finite review
phase R, the buyer, unable to observe the supplier’s effort, observes a single noisy
performance signal. How is the buyer to unscramble poor effort from ‘bad’ random
effects? The buyer needs to know how the supplier’s efforts affect the random distri-
bution of performance. Thomas (2008) uses simulation to investigate the distribution
of fill rate in a static periodic-review base-stock model with zero lead time and Er-
lang demand. Chapter 2 provides a theoretical approximation for the distribution of
the review-phase immediate/time-window ready rate under a static periodic-review
base-stock policy with general demand and discrete lead time. In this chapter, we
employ a similar result under a continuous-review base-stock policy and continuous
lead time.

Choi et al. (2004) investigate choosing supplier performance measures in a vendor-
managed-inventory context. The production of the supplier and the manufacturer are
capacitated. The supplier holds inventory, and her capacity and inventory policy are
private information. So the buyer chooses performance measures for the supplier.
Choi et al. study both the ready rate and the fill rate, and demonstrate that in a
capacitated supply chain, the supplier’s service level is in general not sufficient to
guarantee the manufacturer’s target customer service level. They propose a menu
of contracts with different combinations of the ready rate and expected backorders.
In our model, the buyer incurs a cost for each delayed delivery, and determines the
service level target for the supplier. Moreover, we do not consider production by the
buyer, and the supplier’s supply is uncapacitated. Although the supplier’s actions are
unobservable in their model, Choi et al. only study immediate fulfillment rates in the
long run, and focus on the choice of performance measures, ignoring the variability in
the observed performance measures and the penalty for failing to meet a target. We
study both the immediate and time-window ready rates, and compare the efficiency
of each performance measure at aligning the supplier’s incentive.

In all the aforementioned studies, the target fill rate or ready rate and the time

window are assumed to be given. We allow both the time window and the target
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ready rate to be endogenous.

Our study is also related to incentive contracting on inventory management. In
this stream of literature, principal-agent theory is applied to inventory management
in decentralized systems. Bolton and Dewatripont (2005) provide a broad coverage
of literature on incentive contracts. Literature on moral hazard problems in agency
contracting can be found therein. Corbett (2001) studies the allocation of decision
rights between a single buyer and a single supplier in an order-quantity /reorder-point
(@, r) inventory system with stochastic and stationary demand and backlogging. The
delivery lead time between the two parties is constant. Consignment stock is studied,
where the supplier holds inventory at the buyer’s site and bears the holding cost until
the goods are sold to the final customer. Corbett considers two situations: one in
which the buyer is the principal and the supplier has private information about her
setup cost; another in which the supplier is the principal and the buyer has private
information about backorder costs. In our model, the supplier carries inventory and
incurs the holding costs, and there is information asymmetry on the supplier’s base-
stock level and lead time.

Lutze and Ozer (2008) examine promised lead time contracts offered by a supplier
to a buyer, under which the buyer places orders in advance and the supplier guarantees
the shipment of full order on time after a promised lead time. Both the supplier and
the buyer hold inventory. They investigate how a promised lead time contract can be
used to share inventory risk between a buyer and a supplier. Our model demonstrates
that both the service level agreement structure and the window in the inventory
performance measure allow the two parties to share inventory risk. Lutze and Ozer
study an adverse selection problem, where the buyer has private information about
his shortage cost, but there is no uncertainty in the supplier’s performance to meet
the promised delivery lead time. We study a moral hazard problem, in which only the
supplier holds inventory, the buyer offers the contract, and the supplier’s performance
is a random variable.

Kim et al. (2007) study performance-based contracting between a single buyer
and multiple suppliers in after-sales service supply chains. The buyer is a customer
of assembled systems, where each system consists of some distinct parts. Each type
of spare part is stocked by a different supplier. If any of the parts fails, the system
is down, and that part has to be replaced by a spare part. Failed parts are repaired

and then returned to the spare part stock. When there is no spare part available,
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a backorder occurs. Each supplier determines her stock level of spare parts, which
is unobservable to the customer. Facing a system uptime requirement, the customer
offers contracts to the suppliers. Because the uptime requirement is equivalent to a
system backorder target, the authors propose a contract linear in the backorders of
each part, and show that it induces the first-best solutions when all parties are risk
neutral. In our problem, the contract is based on the supplier’s aggregate delivery

performance — the ready rate, not on individual backorders.

3.3 Model and Preliminaries

Consider a supply chain consisting of a single supplier (she) and a single buyer (he)
with the supplier producing a single product for the buyer. The supplier makes to
stock and the buyer makes to order. Without loss of generality, we assume that the
supplier’s unit ordering and processing costs are zero. The supplier holds inventory
at a unit cost of h per period of time, and replenishes her inventory from an unlim-
ited supply source at a constant lead time L using an order-up-to-S inventory policy.
Assume the supplier can invest in the replenishment lead time with cost C,.(L) for
lead time L. The lead time between the buyer and the supplier is taken as zero, rep-
resenting a situation where the supplier holds inventory at a site near the buyer, such
as a vendor-managed-inventory (VMI) program. Customer demands are stochastic
and stationary. Demands in each period of time are independently and identically
distributed (i.i.d.) with mean A and standard deviation o. The buyer incurs a cost
of waiting if a demand for the product cannot be filled immediately. The buyer’s
processing time is negligible and is assumed to be zero.

Both the buyer and the supplier are risk neutral. Assume the distribution of
the demand and the supplier’s inventory holding and lead time costs are common
information.

In order to induce the supplier to invest in inventory and lead time, the buyer
contracts with the supplier on the supplier’s inventory service level. The service level
agreement uses a multi-period review strategy, under which the supplier’s delivery
performance is evaluated every R periods (a review phase). As the review period
progresses the supplier has an incentive to dynamically (state-dependent) change
her stock level S depending on her performance to date. In the earlier chapter,

we investigated this issue and concluded that such strategic behavior was mitigated
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with the choice of penalties proportional to the deviation and that the supplier gains
little from adopting them given a small allowable deviation from the target. Such
dynamic inventory policies will also have higher implementation costs than a static
one. Therefore, to allow us to focus on other aspects of SLA design we assume
throughout this chapter that only such linear penalties are used and that the supplier
uses a static inventory policy.

The following notation is used throughout this chapter.

Supplier’s decision variables:

S : base-stock level

L : inventory replenishment lead time

Buyer’s decision variables:

W : time window

Aw : supplier’s expected ready rate (with window W)

p : unit transfer price

« : performance threshold for A

K : penalty rate — penalty paid by the supplier to the buyer per 1% below «

Other:

A : demand rate

o : standard deviation of demand per period

R : length of a review phase, assumed to be large compared with likely lead times

A : supplier’s realized ready rate (with window) in a review phase

C,(L) : cost of attaining lead time L for each unit of demand

Cp(y) : buyer’s cost of delay per unit demand if the demand is filled after y periods

C(S, L) : average supply chain cost if S and L are chosen

Cp(S, L) : buyer’s average cost if the supplier chooses S and L

7(S, L) : supplier’s average profit if she chooses S and L

I(S, L) : average inventory level if S and L are chosen

D(t) : demand in ¢ periods

D(t,u] : demand in the interval (¢, u].

Because working with discrete-valued demand and decision variables S and L
makes our analysis much more complex, and our purpose is to gain insights in in-
centive contracting, we use continuous demand, S and L as an approximation in the

analysis. We assume that the supplier uses a continuous-review inventory policy.
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Let the cumulative distribution function (cdf) and probability density function
(pdf) of D(t) be denoted by F(z|t) and f(x|t), respectively. F(z|t) = Pr{D(t) < x}.
The average inventory level given base-stock level S and lead time L is

I(S,L) = E([S — D(L)]*) = [.

xS

(S —x)f(z|L)de = S — [,_(F(z|L)dx, (3.1)

where F(z|L) = 1— F(x|L). Let F,(y|S, L) and f,(y|S, L) denote the cdf and pdf of
the waiting time w given S and L, respectively. The distribution of the waiting time

(see Appendix [B] for derivation) is

0 for y <0
Fu(ylS,L)={ Pr{D(L—y)<S} forye 0] (3:2)
1 for y > L.

It follows from ([B2) that

Pr{D(L) < S} fory=0
fulylS, L) =  H=lSt) for y € (0, L)

0 othewise.

Assume the delay cost function Cp(-) and lead time cost function C,(-) are con-
tinuous and differentiable; C,(-) > 0, C%(-) > 0, Cp(0) = 0; C.(-) < 0, CV(-) > 0,
limy, o C, (L) = oo, and lim; 7 C/(L) = 0, where 0 < L < co. Without loss of gener-
ality, we assume that at time 0, the inventory is S, the base-stock level. We consider
the situation where the supply chain optimal (first-best) base-stock level S* > 0 and
lead time L* < Z, i.e., it is optimal for the supply chain to invest in both inventory

and lead time.

3.4 Optimal Ready-Rate Contract

A typical SLA will be of the following form, somewhat abbreviated for simplicity.

The buyer will pay $25 for each part. The target is to ensure that parts are available
95% of the time. Every 90 days (one quarter), a review will determine the % of time
that parts are available within 1 day, and if this figure falls beneath 93% a penalty of
$200 per 1% below 93% will be deducted from the buyer’s invoice.
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The buyer makes a service level agreement with the supplier under a long-term
relationship of the form (R, W, Ay, p,«, K). The supplier’s inventory performance
is reviewed every R periods (90 days), which constitute a review phase. The per-
formance measure is the ready rate A with window W (1 day), A € [0,1]. The
distribution of A will be discussed below. The target service level is Ay (95%). A
transfer price p ($25) is paid for each unit of demand. If the supplier’s performance
falls below « (93%), then the supplier is charged with a linear penalty proportional
to the difference between the actual performance and « (K ($200) per 1% below
«). The buyer chooses the SLA to minimize his long-run average cost, including the
payment to the supplier, the expected order delay cost, minus the penalty paid by
the supplier. Given the SLA offered, the supplier chooses S and L to maximize her
long-run average profit.

In practice, a reasonable performance threshold a should be below the performance
target Ay . So to provide an incentive to the supplier, the candidate K and « must
be such that K > 0 and « € (0, Aw).

We assume R is exogenous because in practice R can be determined by other
factors such as transaction costs and the accounting policy. Katok et al. (2008)
use experimental methods to examine the effect of review periods in a finite-horizon
periodic-review base-stock inventory model. The inventory replenishment lead time is
zero. They find that longer review periods may be more effective than shorter ones at
inducing service improvements. In our model, the supplier’s performance is reviewed
every R periods repeatedly. The supplier makes investment to maximize her long-run
average profit over repeated review periods. The supplier chooses the lead time once,

which is unchanged over time; there is no emergency expediting.

3.4.1 Performance measure

The immediate ready rate and time-window ready rate are two common measures for
inventory performance in practice. The immediate ready rate is the fraction of time
that demands are filled immediately; the time-window ready rate is the fraction of
time that demands are filled within a time window. When demand arrivals see time
averages (e.g., Poisson process), the ready rate (with window) is equal to the fill rate
(with window), the fraction of demands that are filled immediately (within a time

window). We study the ready rate for ease of exposition, but the major findings still
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hold if the fill rate is used as performance measure.

Let Ay = Aw (S, L) denote the supplier’s expected ready rate with window W if
she chooses the base-stock level S and lead time L. Note that Aj is the supplier’s
expected immediate ready rate. Using the waiting time distribution in ([B.2), we

obtain
Aw =Pr{w < WIS, L} =Pr{D(L-W) < S} =F,(W|S,L) W e€|[0,L]. (3.3)

We assume that the supplier’s delivery performance is evaluated at the end of every
period. Note that the review-phase ready rate with window W is the proportion of
periods in the review phase that at the end of the period no demand is delayed longer
than time W. Denote the distribution of the review-phase ready rate A € [0, 1] with
the mean Ay by V(A|Aw). V(A|Aw) € [0,1], U(1|Aw) = 1 and V'(A|Aw) > 0. Let
its pdf be denoted by (A|Aw).

Proposition 3.1 Under a static continuous-review base-stock policy with base-stock

level S and lead time L, A;;‘;W converges in distribution to a standard normal random

variable as R approaches oo, where

1
R?

o =

(RAw — R?A}, +2) " Py(S,L,W)), (3.4)
1<j
and Pij(S,L,W) =Pr{D(i—L,i—W]<S,D(j—L,j—W]<S}(1<1i,57<R)is

the probability that both performance outcomes in periods i and j are good.

Note that A is the supplier’s realized ready rate with window W (W > 0) in
a review phase. So when the review phase is sufficiently long, A is approximately
normally distributed with mean Ay and standard deviation oy, and V(A|Ay) =
@(%) and Y(AlAw) = ﬁgb(%), where ®(-) and ¢(-) are the cdf and pdf
of the standard normal distribution. It can be shown that oy is decreasing in R,
meaning that the supplier’s performance measure is more accurate with a longer

review phase.

3.4.2 First-best solution

Using the result in Proposition B.I], the supplier’s expected average penalty under the
SLA is
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/ (a—A)d¥ (A Aw)
EKlae = look /A U(A|Aw)dA.
<«

The buyer’s expected average cost and the supplier’s expected average profit given
the SLA are

ECH(S, L) = pA — % U(A| Ay )dA + AECp(y|S, L) (3.5)
A<a
and
100K -
En(S,L) =p\ — T U(A|Aw)dA — hI(S,L) — \C,(L), (3.6)
A<«
respectively.

If the supplier’s choice of S and L are observable and verifiable, then the optimal
(first-best) contract is the solution to the following problem:
Wp}ror[l’lKn’S’L ECg(S,L)
subject to Emw(S,L) > 7 (3.7)

where Em(S, L) is given by B04), Aw by B3), and 7 is the supplier’s reservation
profit per period. Constraint (371 is called the individual-rationality (IR) constraint
in agency theory. It ensures that the supplier will expect to earn from this contract
at least her reservation profit, and thus accepts the contract.

The expected total average cost of the supply chain is
EC(S,L) = hI(S,L) + AECp(y|S, L) + AC,(L). (3.8)

Assume EC(S, L) is jointly unimodal in S and L® Proposition B2 characterizes
the optimal solutions of the supply chain and the buyer.

4The property of EC(S, L) depends on the demand distribution, delay cost Cp(y|S, L) and lead
time cost C.(L). So it is generally difficult to prove unimodality of EC(S,L) in S and L. But for
normal demand, linear delay cost and C,.(L) with certain property, EC(S, L) can be shown to be
unimodal. See the Appendix for details.
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Proposition 3.2 (S*, L*) is the solution to

hF(S|L) + A% 0 (3.9)
OF (z|L OECp(y|S, L ,
h fx<s%d:p + A% FACKL) =0, (3.10)

and it is the buyer’s optimal solution when S and L are observable and verifiable.

The corresponding optimal expected average supply chain cost is EC(S*, L*).

Next we investigate the optimal SLA using either a time-window ready rate or
an immediate ready rate as the performance measure when the supplier’s choice of
S and L are unobservable. We call the SLA using the time-window ready rate, a
ready-rate-with-window contract and the SLA using the immediate ready rate, a

ready-rate-without-window contract.

3.4.3 Ready-rate-with-window contract

When the supplier’s choice of S and L are unobservable, the supplier’s optimal choice

is contingent on the contract parameters. The buyer’s optimization problem is

min  ECg(S,L)

Wip,a,K,S,L
subject to (IR) : En(S,L) > 7
(IC) : (S,L) € argmax Ex(S, L) (3.11)
5L

We make the following three assumptions throughout this chapter.

OFy, (y|va) /aFw(y|S’L)

Assumption 3.1 ¢ 51— is strictly monotonic in y € [0, L].

Many probability distributions such as those in the location-scale family and Pois-

son distribution satisfy this assumption.

a(/ U(A|Aw)dA)/0S
Assumption 3.2 For any S,L > 0 such that Aqg > 0.5, A<a =

8(/ U(A|Aw)dA)/OL
A<a

gig?gi for any W € [0, L.
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Note that Ag is the expected immediate ready rate, and is usually greater than
50% in practice. This means that when the performance measure is the ready rate
with window W, the ratio of the marginal changes in the supplier’s expected penalty
with respect to S and L is the same as that of the performance target. For normal
distribution, this assumption is approximately satisfied. Theoretical validation is not

easy, but the validation can be done through numerical examples (see Appendix [BI).

Assumption 3.3 The first-order conditions for the supplier’s optimization problem

given the contract offered by the buyer are sufficient.

This allows us to replace the (IC) constraint ([B.I1]) by the first-order conditions
for the supplier’s problem. Even for fixed L and no lead time cost it is difficult to
prove the unimodality of the supplier’s profit function Em(S, L) (see Chapter 2). So
we have to rely on numerical results to check unimodality. Now we present the main

result of this chapter.

Theorem 3.1 Assume that the optimal solution for the problem of the supply chain
is interior, then there exists a unique optimal time window W* € (0, L*) that induces
the first-best effort levels.

Theorem 3.1l implies that as long as the relative change in the supplier’s expected
penalty with respect to .S and L is the same as that in the expected performance, then
the buyer can always find a time window W* and use the ready rate with window

W* as the performance measure to coordinate the supply chain.
Let A}, = F(S*|L* — W*). Corollary Bl follows from the proof of Theorem Bl

Corollary 3.1 W* is such that

DECp(y|S*, 1*)/0S  0A%,/0S
OECp(y|S*, L") /0L ~ 0A%, JOL

(3.12)

To understand the role of W* in the optimal SLA, note that % is

the marginal rate of technical substitution (MRTS) for the expected delay cost in

economics theory, ‘9‘64—5‘” and E)‘;—LW

Aw with respect to the base-stock level S and lead time L, respectively. So in the

are the marginal change in the expected performance

service level agreement here, the role of the optimal window W* is to set a right

performance measure (and target) so that the optimal MRT'S in the integrated system
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3.4. Optimal Ready-Rate Contract

is transferred to the supplier, and the supplier’s investments in inventory and lead
time are perfectly balanced.

Because Theorem B.] implies that the ready rate with window W* is the unique
ready rate that induces the first-best effort levels and W* > 0, we can conclude that
the immediate ready rate is suboptimal. Corollary follows.

Corollary 3.2 The SLA wusing the immediate ready rate as performance measure

cannot induce the first-best effort levels.

So in general, a service level agreement using the immediate ready rate as the

performance measure is suboptimal.

Proposition 3.3 The first-best ready-rate contract is such that:

1) W* is characterized by (312), where (S*,L*) is the first-best solution deter-
mined by (39) and (Z10);

2) Ay, = F(S*|L* — W),

3) there are multiple choices of (K*,a*) such that K* > 0, o* € (0, A},) and
satisfy

Kr = —— FREEUL)  gng W) 1A < 0
oW (A|AY,) A<ar 95 ’
WA

S
A<a*

4)pr =T 4 0K / U(A|Ajy)dA + §T(S", L) + Co(L).

AR
A<a*

Proposition implies that in practice, managers have many choices for the
threshold performance level v and the penalty rate K. Note that the threshold
performance level determines the allowable deviation of the supplier’s performance
from the target. As noted in Section B3] in Chapter 2 we had found it best that «
should be close to the performance target to mitigate the supplier’s strategic behavior.
So although the choice of the optimal « is not unique, it should not be too far from

the target.

Proposition 3.4 If the demand distribution is normal, then for fized %, L*, W* and

Ay, are independent of A\, and S* is proportional to \.

Proposition B.4] implies that for normal demand and the same coefficient of vari-
ation, the first-best inventory replenishment lead time, the optimal window and the

performance target in the optimal ready-rate-with-window contract are identical, and
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3.4. Optimal Ready-Rate Contract

the first-best base-stock level is proportional to the demand rate. This has implica-
tions for implementing an SLA. If the demand rate changes, as long as the coefficient
of variation of demand remains the same, the optimal window W* and the target
ready rate Aj;, in the SLA need not be changed.

Next, we have a result for the first-best immediate ready rate Aj for general de-
mand distributions and linear delay costs under the optimal ready-rate-with-window
contract. A linear delay cost means Cp(y) = dy, where 6 > 0.

Proposition 3.5 If the delay cost is linear, then A = h%&.

Proposition BAlindicates that for a linear delay cost, even if the supplier can invest

to attain a different lead time, it will not affect the first-best immediate ready rate

Af. A§ is only determined by the holding cost to delay cost ratio h/d.

3.4.4 Ready-rate-without-window contract

A ready-rate-without-window contract has the same interpretation as a ready-rate-
with-window contract except that the supplier’s delivery performance is measured in
terms of the immediate ready rate, i.e., W = 0. So the buyer’s optimization problem
is similar to that under a ready-rate-with-window contract with W = 0, and the

optimal solution is provided in Proposition

Proposition 3.6 Under a ready-rate-without-window contract,
1) the optimal (S**, L*™*) that the buyer can induce is the solution to the constrained

optimization problem:

min  EC(S, L) (3.13)

p,o, K, S, L
9A/OL OF (x|L)

subject to hF(S|L)0AU/8S +hf, s oL

dz — \C'(L) = 0; (3.14)
and

2) the optimal ready-rate-without-window contract is such that:

the optimal immediate ready rate AS* = F(S™|L**);

there are multiple choices of (K**,a**) such that K** > 0, o € (0, A§*) and
satisfy
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wr _ ____ RRhF(S*™|L**) OV (A|AF") :
K= W (A|AF*) and /A<a** 05 A <b
100 . —55 —dA
<a**
and
=T %/ W(AJAS)AA + BT(S™, L) + Cy (L),
A<a**

Proposition B is a counterpart of Proposition B4 under a ready-rate-without-

window contract.

Proposition 3.7 If the demand distribution is normal, then for fived <, L™ and Ag*

are independent of X, and S*™ is proportional to .

Similar to the result in Proposition B.4] Proposition B.7] implies that when the
demand rate changes, as long as the coefficient of variation is not changed, the per-
formance target in the optimal ready-rate-without-window contract is still optimal.
Both Propositions B4 and B.7 imply that the optimal performance target in a ready-
rate contract is dependent on the coefficient of variation of demand. Corollary

follows from Propositions B.4] and B and the fact that w is independent of A
for fixed %.

Corollary 3.3 For normal demand, the system loss — the % increase in the aver-
age supply chain cost from not using a window in the contract is identical when $is

constant.

The results in PropositionsB.4l& B. and Corollary B3l will be useful for conducting

numerical analysis in Section

3.4.5 Incentive alignment using an inventory performance

measure

In the supplier’s expected average penalty, let TI(S, L, W) = / U(A|Aw)dA, then
OU(S,LW)/OS _ o0Aw/0S Ase

AI(S,L,W) /0L 9Aw [OL° where

1 — Jowies p(etw) (et

5 Ay /05 P
- . (3.15)
dow /O a— a—
1= aAvvvvéaEQb( GVA;W)/CI’( o;?/w)
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The derivation of 6 is from (B.4)) in Appendix [Bl So Assumption B2 holds if and

f gzvv"végg = SZ;VV//% for any S, L > 0 with Ay > 0.5. From Proposition B1],

if the inventory replenishment lead time L < 1, then the performance outcomes in

only i

any two periods 7 and j are independent, and RA, the number of periods in a review

phase that have good performance (no demand is delayed longer than the window

W), has a binomial distribution with independent outcomes and 3‘2,‘, = M, SO

R
SZ;VV%‘; = gj;vvégﬁ holds. For L > 1, if any two periods 7 and j differ by less than

L periods, then the performance outcomes in these two periods are positively corre-

lated. When changing the base-stock level S and lead time L, the relative change
in the performance variability oy, due to S and L may be different from that in the

, gjlvvvvég‘; = gz;"vﬁgi may not hold. Other order fulfillment

rates for measuring inventory performance such as the fill rate have similar properties

performance target Ay, i.e.

for positive lead times. From the proof for Theorem B.1], for a demand distribution

. Oow /0S Oow /OL
with 777755 7 9Aw oL’

window W induces the supplier to make the first-best investment (S*, L*), or the opti-

there may not exist a W € [0, L] such that a ready rate with

mal time window W may not be unique. This implies that for inventory management
in a decentralized system, to effectively align a supplier’s incentive with the buyer’s
when the supplier has multiple ways to perform, a single aggregate performance mea-
sure such as the ready rate may not be sufficient. This is due to the performance
variability resulting from positive inventory replenishment lead time. If this is the
case, then other performance measures are needed to complement the fulfillment rate.
In Choi et al. (2004), a ready rate target for the supplier is not a sufficient guarantee
due to the capacity constraints of both the buyer and the supplier, and they propose
average backorders as a second performance measure. But in a finite-horizon, this
measure is also a random variable, and its variability also needs consideration when

designing an SLA.

3.5 Numerical Analysis

We use numerical examples to illustrate how the first-best S*, L* and optimal contract
parameters are affected by the demand rate A, the variability of demand o, and related
costs including the inventory holding cost, lead time cost and delay cost. Moreover,
because both the immediate and time-window ready rates are seen in practice, we

compare the system performance (the optimal average supply chain cost) under both
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types of SLAs.

Assume the demand per period has a normal distribution. The lead time cost
function is C\.(L) = £ (r > 0). To simplify the notation, let z = i‘—\/’% Following the
results in Propositions B4l & B.7 and Corollary B3] under the SLA using either type
of ready rate as performance measure, the optimal lead time is independent of § and
the optimal base-stock level is proportional to A; and the system loss from using the
immediate ready rate instead of the time-window one is also independent of . So we
only need to examine the results for demands with different coefficient of variation of
demand by varying ¢ with A fixed.

In the inventory management literature, the delay cost is known as the backorder
cost and is usually assumed to be linear in the waiting time. In reality, however, it
may be nonlinear. For example, if the buyer provides after-sales services, customers
may not mind waiting for one or two days to have their laptops, televisions or cars
etc. fixed, in which case the supplier provides spare parts to the buyer; but the
loss of customers’ goodwill goes up quickly when their waiting time is beyond their
tolerance. In the automobile industry, if a customer’s preferred vehicle model is not
immediately available at a car dealer, the customer is often willing to wait for a few
days before receiving it; but if the customer has to wait longer, then she may leave
and go to another dealer. Therefore, we consider two types of delay costs: linear
delay cost with Cp(y) = dy, and convex delay cost with Cp(y) = dy?, where ¢ > 0.

To be consistent with our continuous approximation of the underlying model, we
report the continuous-valued optimal solutions in the numerical examples. We use
the following parameter values: h € {1,2},0 € {2,10,20},r € {2,4},\ = 10, and
o€{1,2,..,5}. All the formulas for the calculations can be found in Appendix

3.5.1 Linear delay cost

Linear delay cost is a common assumption in the theoretical analysis. This represents
the situation where the marginal cost of a delayed delivery does not vary with the
amount of delay. Under linear delay cost,the optimal window W* can be computed

from the simple formula below:

S*
X — 2\C/(L*)/h

Wi=L*— (3.16)

To examine the optimal ready-rate-with-window contract, we compute the first-
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best (S*, L*) and W; for the parameters given above. The results are plotted in
Figures [3.1H3.3

140

120 4
100 —4—h=18=10,r=2
20 4 —B—h=108=10r=4
A —&—h=108=20,r=2
60 h=28=10,r=2
3 ——ty

40 4 —*—h=208=2r=2

20

Figure 3.1: First-best base-stock level (linear delay cost)
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Figure 3.2: First-best lead time (linear delay cost)

Figures indicate that the optimal window increases with the coefficient
of variation. Because greater demand variability poses higher inventory risk on the
supplier, we can interpret the optimal window as being used for sharing the inventory
risk between the buyer and the supplier. For fixed demand rate, both the first-best
base-stock level and lead time go down with the variability of demand (o). Similar
results are found for the optimal base-stock level and lead time under a ready-rate-
without-window contract. Intuitively, with shorter lead time, the supply chain can
respond more quickly to demand with large variability.

We also examine the performance of a ready-rate-without-window contract by

comparing its optimal average supply chain cost C** with the first-best one C* and
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Figure 3.3: Optimal window (ready rate with window, linear delay)

Table 3.1: Cost increase from not using a window contract (linear delay cost)
Parameters % Cost Incre

1,0 =10,r =2 0.69%

1,0 =10,r =4 0.69%

1,0 =20,r =2 0.44%
2,0
2,

= 10,7 =2 1.12%
§=21r=2 3.65%

h
h
h
h
h

computing the percentage cost increase from not using a window contract. Table B.1]
demonstrates its performance for different demand variability and related costs.

It turns out that with other parameters fixed, the system loss — the percentage
increase in the average supply chain cost, from using a ready-rate-without-window
contract, is independent of the coefficient of variation of demand for the fixed demand
rate. With other parameters fixed, the system loss is independent of the lead time
cost, decreases with the delay cost, and increases with the holding cost. Proposition
has shown that for linear delay cost, the first-best expected immediate ready rate
Ay = 2 = 2 The numerical results indicate that for small h/§ ratio (high

hto 1+h/s"
target service level), the system efficiency loss from using an immediate ready rate

as performance measure is small. So when the holding cost A is small compared with
the delay cost §, an immediate ready rate will induce the system performance close

to the optimal; if A is close to 9, then a time-window ready rate should be used.
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3.5.2 Convex delay cost

In practice, the cost of delayed delivery to a buyer may not be linear in the amount of
delay. The marginal cost of delay is increasing in the amount of delay, i.e., the delay
cost is convex. Convex delay cost is often assumed for customers’ value of service
time in customer service models.

Similar to the analysis for linear delay cost, we examine the optimal ready-rate-
with-window contract by computing the first-best solution (S*, L*) and the optimal
window W/ for the parameters given above. The optimal window W* can be com-

puted from the formula

S*P(z*)

AB(=") — BCOULY) — f=o(=")

W5 =L" — (3.17)

% _ ST AL
where z* = VI

0g
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Figure 3.4: Optimal window (ready rate with window, convex delay)

Similar patterns are found for convex delay cost about the first-best base-stock
level S* and lead time L*, the optimal window W, as well as the optimal base-stock
level S** and lead time L** under a ready-rate-without-window contract as those
in the case of linear delay cost, and similar conclusions can be made. The optimal
window here can be regarded as being used for sharing the inventory risk between
the buyer and the supplier. Compared with linear delay cost, convex delay cost is
smaller for short delay and larger for long delay. So the optimal window also plays a
role of partially transferring the buyer’s delay cost structure to the supplier. This can

be seen by comparing Figure with Figure B4 where the optimal window under
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Table 3.2: Cost increase from not using a window contract (convex delay cost)

h=106=10 h=10=10 h=1,6=20 h=20=10 h=2,0=2

o r=2 r=+4 r=2 r=2 r=2
1 3.78% 3.35% 2.75% 5.74% 10.46%
2 3.38% 2.95% 2.50% 5.17% 9.43%
3 3.35% 2.89% 2.52% 5.14% 9.16%
4 3.46% 2.94% 2.64% 5.30% 9.20%
5 3.63% 3.05% 2.79% 5.54% 9.39%

convex delay cost is generally larger than that under linear delay cost. For the system
loss from not using a window contract, Table shows that unlike that in the case
of linear delay cost, it varies with the coefficient of variation of demand and is not
monotonic. With other parameters fixed, the system loss decreases with the delay
cost, but increases with the holding cost. Similar pattern has been found for linear
delay cost. However, the effect of lead time cost on the system loss is different. Here
the system loss decreases with the lead time cost. In all the scenarios, the system loss
is much greater than that of linear delay cost.

From the above numerical results for linear and convex delay costs, we can see
that a time-window fulfillment rate is preferred to an immediate one for measuring a
supplier’s delivery performance in two situations. One situation is when the buyer’s
cost of delay is not large compared with the inventory holding cost of the product. An
example is perishable products such as expensive electronics, of which the inventory
holding cost also includes the depreciation of the product. Another situation is when
the marginal cost of a delay increases with the length of delay, that is, the delay cost
is small for short delay but very large for long delay, often the case in reality. Linear

delay cost is commonly used in theoretical analysis.

3.5.3 Effect of the length of review phase R

We first consider an SLA using the optimal time-window ready rate. We have assumed
that both the buyer and the supplier optimize their long-run average payoff, so under
a ready-rate-with-window contract, the optimal (S*, L*) and thus W* (and Aj},) are
not affected by R. This can be seen from Propositions and Similarly, under
an SLA using the optimal immediate ready rate, the optimal (S**, L**) and thus A}*
are not affected by R, which follows from Proposition
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For both types of SLAs, let m = , W > 0. m is the relative allowable

deviation of the performance from the target. Because the variability of performance

Oé—AW
o

ow is decreasing in R and a < Ay, for fixed m, the performance threshold « is

increasing in R, i.e., the threshold should be closer to the target for large R.

3.6 Conclusions

In this chapter we examine the design of service level agreements in decentralized
supply chains when a supplier has multiple ways to do things. Specifically, we study
ready-rate contracts for managing a supplier’s delivery performance from a principal-
agent perspective, in which the supplier can invest both in inventory and in replen-
ishment lead time, and the investments are unobservable to the buyer. Therefore, we
study a multi-task moral hazard problem.

The SLA in our study is a linear-penalty scheme under a multi-period review
strategy. We investigate two common measures of inventory performance observed in
practice — the immediate ready rate and the time-window ready rate, and show that
under a static continuous-review base-stock policy, the distribution of the supplier’s
review-phase ready rate is approximately normal. Because a single performance mea-
sure is used but the supplier has two choices — inventory and lead time — to affect
the performance, we examine the effectiveness of immediate and time-window ready
rates at aligning the supplier’s incentive with that of the buyer. We also find that
due to positive inventory replenishment lead time, the performance outcome in each
period can be correlated. As a result, the relative change in the variance of the review-
phase ready rate with respect to the base-stock level and lead time may be different
from that of the performance target. In this case, a single performance measure such
as the ready rate cannot align the supplier’s incentive to make first-best investment
in inventory and lead time, and additional performance measure is needed.

We propose a ready-rate-with-window contract, and show that under some mild
conditions the SLA with a time-window ready rate as performance measure always
induces the supplier to choose the first-best level of investment in inventory and lead
time. For normal demand, the optimal window is identical for demands with the
same coefficient of variation; and the greater the coefficient of variation in demand,
the larger the optimal window.

We find that for linear cost of delayed delivery, a simpler form of ready rate
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contract, ready-rate-without-window contract, is near optimal. However, in the cases
where the delay cost is convex, a ready-rate-without-window contract can result in
high system loss — increase in the average supply chain cost; thus a ready-rate-with-
window contract is preferred. The gain from using a ready-rate-with-window contract
instead of a ready-rate-without-window one increases with the convexity of the delay
cost. Therefore, a simple inclusion of window in performance measures can make a
big difference.

The window used in the ready-rate contract plays three roles. First, it transfers
the MRTS of the expected average delay cost to the supplier to balance the supplier’s
investment in inventory and lead time, making the supplier’s tradeoff between inven-
tory and lead-time investments same as that of the supply chain. Second, it facilitates
the sharing of inventory risk (cost from excessive inventory and inventory shortage
from stochastic demand) between a buyer and a supplier by allowing a small delay of
delivery when evaluating the supplier’s delivery performance. Moreover, the window
to some extent transfers the buyer’s delay cost structure to the supplier. This finding
provides a theoretical support for the common use of time-window fulfillment rate in

practice.
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Chapter 4

Volume Incentive Through
Performance-Based Allocation Of

Demand

4.1 Introduction

Buyers of products or services commonly employ multiple suppliers rather than a
single one. There are a large number of reasons why this might happen. For example
in the case of some accident (e.g., supply disruption) the buyer does not want to lose
his single source of product or service. Even without accidents the buyer does not
want to be in a ‘holdup’ situation if switching to another supplier is not easy. In cases
where the purchase amount is uncertain or the supply available is uncertain, then a
backup or emergency source is needed. Finally of course there is the simple need often
to keep supply price competition vigorous by maintaining a stable of suppliers. This
chapter however assumes away all these reasons in order to concentrate on another
widespread motivation. A great deal of innovation in the quality and performance
of products and services is expected to be done by suppliers. The suppliers can
make an effort (invest resources) to improve their performance, which benefits the
buyer. Such investment is costly to the supplier and is often unobservable to the
buyer. Through sourcing from multiple suppliers, the buyer can create competition
between the suppliers and motivate them to invest for better performance. Dyer
and Ouchi (1993) report that Japanese firms usually employ a ‘two-vendor policy’
to motivate suppliers to innovate and improve performance. An empirical study by
Bensaou (1999) also shows that Japanese buyers typically split their purchases among
multiple suppliers and then demand that the suppliers make specialized investments
to obtain and keep their business.

In this chapter we assume away the risk of supply disruption by confining un-
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certainty only to the results of the investment, by all parties being risk neutral, by
supply being fixed to one standardized unit (one million components or ten thousand
payrolls serviced or 1,000 kilometers of yellow lines down the centre of city streets
maintained), and by suppliers being essentially uncapacitated. In addition the price
per unit is fixed. The only way for a supplier to gain a larger share of next period’s
(e.g., year’s) contract for this unit is to improve quality or performance. To improve
quality the buyer will announce in advance how next year’s shares will depend on
this year’s observed performance or quality. This performance-based allocation of
business provides an incentive in the form of business volume, which is commonly
used in practice. For example, Toyota adjusts business volume between just two
suppliers based on their performance to achieve effective competition between the
suppliers (Dyer et al. 1998). Sun Microsystems allocates demand among multiple
suppliers using a scorecard system (Farlow et al. 1996). When allocating business
between two suppliers based on their performance, the buyer’s objective is to keep
suppliers competitive in terms of quality, delivery, or whatever supplier’s performance
characteristic the buyer deems important (Spekman 1988, Hahn, Kim & Kim 1986),
and to motivate suppliers to improve by providing positive incentives (in the form of
increased business volumes) or negative incentives (in the form of decreased business
or competition). The buyer seeks for better supplier performance rather than the
optimal supply chain efficiency. The actual measurement of quality or performance
will be kept as simple as possible in this chapter but the key assumption is that the
buyer can observe the supplier’s performance or quality only and this is a noisy signal
of the supplier’s effort level.

Despite its widespread use, this volume incentive is seldom studied in the litera-
ture. In the absence of direct monetary incentives, volume incentives in the form of
delayed rewards or penalties from gaining or losing future business may be a substi-
tute. The objective of this research is to study special features in the performance-
based volume incentive schemes and the effectiveness of different forms of volume
incentives. We look for answers to the following questions: How can a buyer use the
allocation of demand to induce competition between two suppliers to obtain better
performance when the suppliers’ investments are unobservable? What is the buyer’s
optimal volume incentive scheme that maintains the suppliers’ competition over time?

Specifically, we consider a buyer repeatedly outsourcing a fixed amount of divisi-

ble service or product from two suppliers. The suppliers can make effort to improve
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their performance, and in order to isolate the key structure of what drives an opti-
mal allocation we make the two suppliers equal in every way. The effort levels are
unobservable to the buyer — a moral hazard problem in agency theory. The buyer
allocates his business between the two suppliers based on their past performance in
order to maximize his long-run discounted payoff from repeated dual sourcing. A key
part of the modeling is the suppliers’ cost function. We examine two cases; where a
supplier’s effort cost is proportional to her share of business (the proportional case)
and the case where the cost is independent of her share (the independent case). An
example of the latter might be where a new product is developed in a laboratory and
then can be applied in their supplier’s factory without further tooling; compared to
the former case where the same product is made but the process improvement means
that all the machines must be upgraded. An innovation of new software to payroll
management that could then be rolled out to all accounts would be the latter, but
one which needed the reformatting of accounts one by one would be the former. A
new yellow paint formulation that dried quicker would be the latter but a drying
process that cost per kilometer would be the former. An important example here
is ‘learning by doing’. A firm with a large share might in some circumstances have
much more opportunity to innovate at a lower cost. The company with 999 of the
1,000 kilometers might have greater testing costs than the one with 1 kilometer, but
the cost per kilometer is likely a lot less. Of course in practice this is going to be a lot
more complex, but using these two cases and seeing how the results depend critically
on them gives us insights into the importance of including this aspect.

A natural allocation rule by the buyer that comes readily to mind is to give all
the business to the one with the better performance, often termed a ‘winner-take-all’
or WTA rule, essentially treating the competition as a rank-order tournament. Our
finding addresses both the A, the ‘all’; of this acronym and the W, the ‘winner’. In the
proportional case the optimal is not ‘all’, but in the independent case it essentially is
‘all’. However in neither case is the definition of ‘winner’ a simply ‘first-past-the-post’.
We find that winning must be relative to current shares, essentially an endowment
with which a company enters this year’s competition. For symmetric suppliers with
an identical cost function, in both cases, the optimal rule of business allocation is
what we might term a ‘handicapped’ one. A parallel might be drawn to competitive
sailing where point handicaps reflect equipment endowments or past successes, or to

the game of golf where success is handicapped. Both examples are mainly to ensure
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a vigorous competition, the handicapped player has to work harder to win by being
given a handicap at the start. Thus the competition may also look like a ‘fair’ one. In
some horse races, handicaps give extra weight into the saddles in order to make it a
‘fair’ race, although this may be more to do with making the punting more interesting
with a more evenly balanced field. Thus the supplier with a better performance in the
current period may not get a bigger share in the next period. So in the proportional
case, although the optimal allocation rule is not a WTA one, numerical results show
that a handicapped-winner-take-all (HWTA) rule can perform well compared with the
optimal when the variability (noise) in the performance measure is small, but worse
when the variability (noise) is large, while a common rank-order tournament type of
allocation rule, simple WTA (SWTA) rule, always performs far worse compared to
both the HWTA rule and the optimal one. In the ‘independent’ case, the optimal
allocation rule for a finite horizon problem is a HWTA one. Both a share-dependent
HWTA and a SWTA allocation rules are studied for an infinite horizon problem,
and numerical results indicate that a HWTA rule can often perform much better
than the SWTA one. Therefore, when the incentive comes from the allocation of
business among competing suppliers, each supplier’s current share of business plays
an important role, and using a handicap can be very effective for incentive provision.

The main contribution of this chapter is to examine these special features of
performance-based volume incentive schemes. Our results have direct managerial im-
plications to the design of volume incentive contracts in practice. To induce compe-
tition among suppliers and maintain the competition over time, the optimal volume
incentive scheme is generally not a simple rank-order tournament, which has been
shown in literature to be effective under the monetary incentive scheme. Instead,
handicapping the definition of winner can do well over a simple first-past-the-post rule
and the optimal rule may not be to give all the demand to one company. Performance-
based volume incentives often need to take into account each supplier’s current share
of business.

The rest of this chapter is organized as follows. Section reviews the literature.
Section 4.3 describes the model. Sectiond.4studies the buyer’s problem under the two
types of supplier’s effort cost and presents numerical results. The chapter concludes

with a summary and a discussion of future work in Section 1]
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4.2 Literature Review

Our study is at the interface of operations management and economics, and thus is
related to both streams of literature.

There exists a vast literature on dual (multiple) sourcing. Elmaghraby (2000)
provides a survey on the research in operations research and economics literature on
sourcing strategies for the problem of a buyer awarding a divisible business to one or
more suppliers among multiple suppliers. The research questions are mostly one-time
decision problems which are related to the design of competitive mechanisms in the
form of bidding and the suppliers’ competitive behavior under the bidding rule.

In the operations management literature, a number of papers investigate the effect
of demand allocation on the behavior of competing firms.

Lippman and McCardle (1997) study a single-period competitive newsvendor
problem in which each newsvendor chooses an inventory level to meet a random
demand and a rule specifies the allocation of initial market demand among the firms
as well as the allocation of excess demand among firms with remaining inventory.
They investigate the relationship between four specific allocation rules and equilib-
rium inventory levels. Both Hall and Porteus (2000) and Liu et al. (2007) consider
a multi-period competitive newsvendor problem where two firms make capacity (in-
ventory) decision in each period, and the demand for each firm is dependent on the
realized level of customer service (product availability) in the prior period. The firms’
equilibrium behavior in the dynamic game is identified. In all three papers, firms’
incentive for competition is governed by an exogenous demand allocation mechanism
driven by the switching behavior of customers in the market, which is dependent on
the firms’ realized service levels in the current (first paper) or prior period (the other
two papers), and there is no buyer dictating the supplier competition. In our model,
a buyer designs the incentive mechanism — a demand allocation rule which is based
on the firms’ past performance levels. So the focus of our study is on the design of a
demand allocation mechanism.

Our study is closely related to two papers. Both Cachon and Zhang (2007) and
Benjaafar et al. (2007) consider a buyer outsourcing a fixed demand at a fixed unit
price to multiple suppliers. Cachon and Zhang (2007) study a queuing system where
each supplier’s service time is determined by the capacity she invests, and the buyer

allocates the demand among multiple suppliers based on their service times to mini-
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mize the average service time over an infinite horizon. Suppliers are homogeneous in
terms of their capacity costs. Each supplier chooses a capacity level to maximize her
own profit. The authors evaluate several allocation rules and show that performance-
based allocation may not motivate suppliers to improve service times. In Benjaafar
et al. (2007), a buyer outsources the demand to a set of potential suppliers. Com-
petition between suppliers is created either by allocating the whole demand to one
supplier with the probability of being selected increasing with her committed service
level — market-seeking (MS) approach, or by allocating the demand to each supplier
in proportion to her committed service level — market-augmenting (MA) approach. In
the MA case, each supplier’s service level is assumed to be independent of the demand
allocated to her. Under both cases, it is assumed that the contractual promises of the
suppliers regarding effort or service level are enforceable. The suppliers are hetero-
geneous in production and service costs. Fach supplier chooses a committed service
level to maximize her expected profit. The authors compare the service quality the
buyer can achieve under the MA and MS mechanisms. Neither paper considers the
hidden action problem. There is no noise in the suppliers’ performance outcome, and
the demand allocation is based on the suppliers’ observable effort levels or expected
performance in the first paper and on the suppliers’ committed performance in the
latter.

Cachon and Lariviere (1999) study a special allocation rule commonly used in the
automobile industry by considering a single supplier allocating capacity to multiple
retailers based on their past sales. They examine a two-period game under a given
allocation rule, so their focus of study is not on the design of allocation rule.

In all the aforementioned papers, only Cachon and Zhang (2007) examine the
optimal allocation rule. Our chapter differs from these papers by investigating the
design of volume incentives which are on the basis of past performance and studying
a multi-period multi-agent moral hazard problem.

Our research is also related to the economics literature. Spear and Srivastava
(1987) study a repeated moral hazard problem with discounting between a principal
and an agent, and show that history dependence can be represented by using the
agent’s expected utility as a state, and thus the problem of characterizing the optimal
contract of such a model can be reduced to a constrained static variational problem.
Monetary compensation is used for an incentive. We study a repeated moral hazard

problem between a principal and two competing agents, the compensation is in the
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form of future demand, and the state is Supplier 1’s current share of the business.

Lewis and Yildirim (2002) examine the design of competitive mechanisms for
dual sourcing with supplier learning by doing. Each time only one supplier is selected
through bidding. The buyer faces an adverse selection problem because the suppliers’
production cost is private information. Supplier’s investment in performance is not
in consideration.

In the economics literature, incentive schemes are usually on the basis of mon-
etary reward or penalty. Competitive compensation schemes can come in the form
of rank-order tournament or relative performance evaluation. The relevant research
can be found, for example, in Lazear and Rosen (1981), Green and Stokey (1983),
Hart (1983), Holmstrom (1982), and Nalebuff and Stiglitz (1983). The problems are
generally for a single period. Relative performance evaluation (RPE) compensates
the agents based on their output levels, and is often used when there is a common
shock to the agents’ performance, which is not considered in our problem. The total
compensation in RPE varies with the agents’ realized output levels, but in our case
the total demand to be split is a constant. In tournaments, rewards are based on the
rank order of the individuals, not on their actual output levels. Lazear and Rosen
(1981) show that for risk-neutral agents rank-order tournaments work as well as in-
dependent contracts; and for agents with known heterogeneous ability, handicapping
will improve the efficiency of the tournaments. We find that when incentives are from
future business, rank-order tournaments are generally not optimal, and handicapping

significantly improves the efficiency even when the agents are homogeneous in ability.

4.3 Model Description

Consider a buyer outsourcing the supply of a fixed one unit of a divisible product or
service from two suppliers repeatedly over an infinite horizon. Both the buyer and
the two suppliers are risk neutral. For tractability we make a number of simplifying
assumptions. Each supplier can make effort to improve her performance (e.g., delivery,
quality, cost, etc.). For instance, when contracting for inventory management, a
supplier’s demand fulfillment performance can be measured by the fill rate. In each
period ¢ (t = 1,2, ...), Supplier i’s realized performance zi = ¢! + ¢; (i = 1,2), where

e! is Supplier ¢’s effort level in period ¢, €; and &, are independently and identically
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distributed (i.i.d.) with the probability distribution N(0,¢ )2 In this chapter, we use
a supplier’s effort level to refer to her target performance level. The suppliers have
identical effort cost function, and the cost of effort takes the form C(e, ) = g(ﬂ)%,
where b > 0, (3 is a supplier’s share of demand in a period, g(8) > 0 and ¢'(g) > 0.
It is important that marginal increases in performance are increasingly costly to
achieve. The actual quadratic nature is a matter of convenience. Other strictly
convex functions are possible but the analysis would be formidable. The effort cost
is common information. Only two special cases of g(f) are considered: ¢(f8) =
and g(f) = 1, the proportional and independent cases respectively. The unit transfer
price p of the product or service between the buyer and each supplier is identical and
constant in every period, which can reflect a dominant market price. The unit cost of
supplying the product or service c is constant in every period. Consequently, the unit
profit of supplying the product or service m = p — ¢ is also constant and identical for
both suppliers. All parties have a common discount factor v € (0, 1).

Let a; denote Supplier 1’s share of demand in period t. So Supplier 2’s share
in period t is 1 — ;. The state in period t is «ay, Supplier 1’s share in that period,
a; € [0,1]. Each supplier’s feasible action set is A = [0, €], where € is a sufficiently
large number.

The buyer’s allocation rule for the next period is restricted for simplicity to be
based on the current share and performance. Rules such as based the average of
previous year’s shares or performance levels are not considered. In a repeated moral
hazard problem between a principal and an agent, Spear and Srivastava (1987) have
shown that history dependence in the compensation scheme can be represented by
using the agent’s expected utility as a state, thus the optimal compensation scheme
is independent of the history of the agent’s performance and compensation. In our
problem, because a supplier’s expected future payoff is directly linked to her next
period share of business, by analogy the optimal allocation rule is likely to depend
only on the suppliers’ immediate past performance outcomes and shares. So the
restriction does not necessarily limit our findings.

The sequence of events is as follows. At the beginning of the horizon, the buyer

announces an allocation rule to be used for each period and gives each supplier an

5The case of correlated noise has been studied but essentially no added insights were available and
the complexity was greatly increased. The normal assumption is just for tractability and appears
reasonably benign.
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initial share of the business, with the two suppliers’ total share equal to one. In
every period t (except for period 1), the buyer allocates his business between the
two suppliers based on the suppliers’ performance levels in the previous period and
the allocation rule. The suppliers choose their effort levels simultaneously and incur
the effort costs. Their performance levels are realized at the end of the period and
observed by all parties.

We study a moral hazard problem, where the buyer can only observe both sup-
pliers’ realized performance but not their effort levels in each period. Therefore, the
share of demand allocated to each supplier in a period can only be based on immediate
past performance realizations and demand allocations.

Let v¢ and v denote Supplier i’s profit and the buyer’s payoff from period ¢
onwards. The buyer’s payoff will be taken as the discounted weighted average quality
(or performance) level in each period. So for ¢t > 1, the buyer’s payoff to go and the

suppliers’ profits to go from period ¢ onwards are

o) = BQ 7wy + (1 - ar)zl)) (4.1)

T=t

= > v et (1= an)ed],
T=t

and
v = Yy ma, - OISy
U?(l _ Oét) _ Z,yrfl[m(l _ 047-) . bg<1 — gT)(eT) ]

The buyer uses a stationary allocation rule /3, (z1,x2), which states that given
Supplier 1’s share in a period = a and the suppliers’ performance outcomes (1, x2)
in that period, Supplier 1’s share in the next period is 3, (x1, z2). Under the allocation
rule 5, (x1, z2), the two suppliers play a stochastic game in an infinite horizon. If the
two suppliers’ equilibrium policies are stationary, then the buyer’s problem can be

represented as a static variational problem (omitting the time index in the notations),
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with the buyer’s payoff at period 1 being

vp(a) = age; + (1 —aq)ex + 7//1)3(ﬁa(x1, x9)) f(x1|er) f(xa|ea)drdry,  (4.2)

where f(zle) = Lp(%£<) and ¢(-) is the probability density function (pdf) of the
normal distribution, and the payoffs of suppliers 1 and 2 at period 1 being

vi(a) = am— byl el —1—7// o1, 29)) f(x1]er) f(xa|es)drydad4.3)
wml—a) = (1—aym— bg(l_;‘
+’y//vg(1 — Bo(x1,22)) f(x1]er) f(xa|es)dx das. (4.4)

In general we would like to keep the analysis simpler so that any allocation
B € [0,1] was possible. Two circumstances prohibit this. First, given a buyer’s
allocation rule, the suppliers will play a stochastic game, so that we must ensure
proper conditions for the Nash equilibrium to exist. Secondly, as the formulation
of the buyer’s problem is basically a repeated principal-agent formulation with the
outcome of the suppliers’ game as the agent, the participation of the suppliers needs
to be ensured via the participation (individual rationality) constraints. Both of these
considerations can place limits on the size of § that the buyer can employ. The main
results can be best appreciated by thinking that  is between 0 and 1; however to do
the modeling correctly we have to calculate the limits that g can feasibly take. By
the symmetry of the two suppliers, the limits are identical for the two suppliers. Let
B and B denote a supplier’s maximum and minimum shares in a period. The actual
values will be addressed later. Note that =1 — B.

We are interested in the form of the buyer’s optimal stationary allocation rules.
For this purpose, we first derive the optimal allocation rule g7, (z1, z5) from the static
formulation of the buyer’s infinite-horizon problem, under the assumption that the two
suppliers use stationary policies to play the stochastic game; we then check that under
this (G (z1,x2), the suppliers’ infinite-horizon stochastic game has a unique Nash
equilibrium which is stationary and is the one derived from the static formulation.
Let e} and e denote the optimal stationary-policy effort levels of suppliers 1 and 2
under an optimal allocation rule g} (x1, z3).

As discussed above we consider two special forms of g(3): ¢g(5) = 3, representing
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a demand-dependent effort cost which is linear in the demand §; and g(5) = 1, a

demand-independent effort cost.

4.4 Buyer’s Problem

The buyer designs a demand allocation rule to maximize the long-run discounted
aggregate performance of the suppliers over the horizon. Given the allocation rule,
the suppliers choose their effort levels in each period to maximize their respective
long-run discounted profit. So the suppliers play a stochastic game governed by the
buyer’s allocation rule.

To simplify our analysis, assume the suppliers’ incentive compatibility constraints
can be written as first-order conditions. The validity of this assumption will be
checked later for each specific allocation ruld®. To focus on the form of the opti-
mal allocation rule and each party’s equilibrium result, we mainly present the static
formulation of the buyer’s problem in the main body, leaving in the appendix the
dynamic formulation of each party’s problem and the verification of the existence of a
unique stationary Nash equilibrium in the suppliers’ stochastic gamée?. So the buyer’s

problem is to choose an allocation rule (1, x2) such that

maxﬁa (x1,22) UB (Oé)

amﬁaU>—gwwa+w//bma@h@»ﬂuﬂavuMQmea=o

—ﬂﬂ—aW@+7/ 01— B (w1, 22)) f(w1]e2) £ (alen)darydiy = 0

vi(e) >0

( —a) =2
BS 5 ($1,$2) SB
(4.5)

The first two constraints are the incentive compatibility constraints for suppliers
1 and 2 respectively, where f* = 9f/0e;. The third and fourth constraints are the

SGenerally an agent’s incentive compatibility constraint can be replaced by both a first-order
condition and a second-order condition (i.e., concave objective function - a sufficient condition for
the extreme point to be the global optimum). In the appendix we use the seond-order condition as
the sufficient condition for the Nash equilibrium.

“We provide in the appendix the proof of the existence of a unique stationary Nash equilibrium
in the suppliers’ stochastic game under the optimal general allocation rule for the case of g(8) = .
The proof for other forms of allocation rules follows similar methodology and is thus omitted.
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suppliers’ individual rationality constraints which guarantee each supplier’s long-run

discounted payoff to be nonnegative.

4.4.1 Volume incentive under proportional effort cost

As discussed above, the proportional effort cost is taken to be the case of g(3) = f.

Allocation rules

We first study the buyer’s optimal allocation rule which maximizes his long-run dis-
counted payoff, and investigate some simple heuristics. We then obtain numerical
results for each type of allocation rule to examine the efficiency of simple heuristics

compared to the optimal rule.
e Optimal allocation rule

As the details of Theorem L Tlmake the main message a bit opaque we shall discuss
the main message as-if 3 = 1 and B =0. In Figure L1l the axes are the performance
outcomes of the two suppliers. The point (e}, e}) is where the optimal efforts should
be, and would be if the signal was not noisy. The dashed straight line is the 45° line.
The optimal allocation for the buyer would be to allocate all demand to Supplier 1 or 2
in all quadrants based on the point (e}, e}) except for quadrant (+,+). Thus Supplier

1 gets all when z1 — ef > x9 — €} and vice versa. However in the (+,+) quadrant

emanating from (e}, e}), Supplier 1 should get a share 8 where S(3) = 2:21 and we
have H/(1 - B
m + -
S(B) = R (4.6)
m+H/B

where H > 0 is defined in Theorem [Tl

Because Theorem [T indicates that e and e} are functions of «, the optimal
allocation rule for the infinite horizon problem is not a WTA one and is a function
of each supplier’s share in the current period. Since the two suppliers’ optimal effort
levels in a period differ when they have unequal shares, the optimal allocation rule
is a handicapped rule in the sense that the suppliers are not compared by their
actual performance but by the deviation from their respective target performance.
Although the two suppliers are symmetric in terms of their effort cost function, for

unequal starting shares in a period, their marginal costs for the same effort level differ
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_ ey ' + !
2 o

Figure 4.1: Optimal allocation rule with maximum share = 1

because of the demand-dependent effort cost structure. Therefore, the optimal rule
uses a handicap to cope with unequal marginal effort cost. The supplier with a larger
current share has a lower optimal effort level and a lower handicap under the optimal
rule. This is because a larger share results in a higher marginal effort cost. It can also

be seen from (A1) that when both suppliers overperform, the optimal allocation rule

r1—e]

dictates that for a range of values, Supplier 1’s share in the subsequent period

xo—el
is dependent on the two sup2p112ers’ relative deviations from their respective target
performance, regardless of how good their actual performance levels are. Moreover,
the optimal allocation rule is symmetric in the suppliers’ performance deviation from
their respective target one.

Theorem [.T] gives the result but with the correct limits to 3.

Theorem 4.1 For supplier’s cost function with g(8) = B:

1. The buyer’s optimal allocation rule is characterized as below: given Supplier 1’s
share in the current period equal to «,

for xy > €] and xy > €5:

if r1—e] > S(B)(%—@;); 53,4*(1?1,%2) = B; if 11— e < S(B)(z2—e3), 55(3?1,%2) = ﬁ;
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otherwise, B (1, z5) is determined by

T — €]

S(Ba' (21, 72)) = (4.7)

Ty — eb’
for x1 < €] or xy < e5: 53(171,372) =B if 11 — e] > x3 — €5 and 53(5’3175172) =p

otherwise;

where S(f) is defined by [4), e] = v2H es = (1‘_/3?\/5, and H > 0 is the solution to

z QbH: 1/\* 1, Qm—,\*L 1 gdldg, 48
7V [ ) o olnoluindy (4.8)

y; ~ N(0,1), and B*(yl, y2) = B (€5 + oy1, 5+ oys) and is independent of a.
2. Under BY (w1, 1), (e, €b) is the unique stationary Nash equilibrium in the suppli-

ers’ stochastic game.

The correct version of Figure 1] is shown below. The interpretation is the same.

Figure 4.2: Optimal allocation rule with maximum share < 1

Corollary [Tl provides the formulas for calculating the value functions of the buyer

and the suppliers.

80



4.4. Buyer’s Problem

Corollary 4.1 Under the optimal allocation rule 35 (x1, ), given Supplier 1’s ini-

tial share o, the suppliers’ value functions
vi(a) = v3(a) = v*(a)
for any a due to symmetry,

H
vi(a) = ozm—EJer,

1 i H
Vi = — LY2)M — 1 o )dy1dyo,
1) [ B wmm = = S otmotundy

and the buyer’s value function is

2V2H
L=V

vy =

From the suppliers’ value functions in Corollary [T, we can see that under the
optimal allocation rule a supplier’s expected future payoff V' is independent of her
current share. Therefore, the optimal allocation rule uses a handicap to provide the
suppliers with different level of incentive, but it is also a ‘fair’ rule in that it gives the
suppliers equal expected future payoff.

Also note that the nonlinear equation ([A.8]) may not have a unique positive solution
of H. Because v} is increasing in H, the buyer would prefer the largest H. However,
the nonnegativity of v*(«) and V' may restrict such choices because they may become
negative at the largest H. In fact, in the later section of numerical analysis, we have
found that in some cases there are two solutions of H to ([8]), but both v*(/5) and V'

are always negative at the bigger H, thus only the smaller H is used.
e Simple heuristics

Due to the complexity of the optimal allocation rule, we also investigate simpler

rules. Consider the family of WTA allocation rules with the following form®

B2 (w1, m2) = { g LT > Oa , (4.9)

¢ 1—5 £C1—£L'2<0a

8We ignore the case of equality, i.e., z1 — 23 = 04, because the probability for this to occur is
zero. Similarly for all the WTA rules we are investigating hereafter.
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where 0, and 3 € (%, 1) are parameters to be determined. Note that we use WTA to
refer to both HWTA and SWTA allocation rules.

Theorem 4.2 For supplier’s cost function with g(f) = 8, among the family of WTA
allocation rules as defined in {f-9), the optimal rule has 6, # 0 for o # 3.

Let

5 _ 4o B-F) | \/1 _ et @512

Av(p — = =
7 (26 - 1) 2mbo? B(1 - B)
then we obtain Corollary following Theorem

Corollary 4.2 Given any B € (%, 1), the optimal

~

. YAv(B) 1-2a
2 2y/mbo a(l —a)’

* *
0, =e—e

the optimal 5* is a boundary solution, and is constrained by

-~ m

1
o) = 17 = S D) 2o
12U (1) < b1 - By (4.10)

and the value functions of the buyer and the suppliers are

) = A
B 1—~ /mbo’
(o) = am — DLW 3 e () e - ).

It is obvious from Theorem result that the optimal ‘take all’ allocation rule is
also a handicapped one with the definition of 8. The reasoning is similar to that for
the optimal general allocation rule. Again, the supplier with a larger current share
has a lower optimal effort level and a lower handicap under the optimal rule, and
the optimal ‘take-all’ allocation rule is a ‘fair’ rule because both suppliers have equal
expected future payoff. We also note that vj(«) is independent of «. This is due to
the special structure of each supplier’s effort cost which is proportional to the demand

and quadratic in the effort level.
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The simplest form of a WTA allocation rule is the one with 67, = 0, i.e., the SWTA

rule,

~

ﬁi*(xl,xz)z{ A m>o (4.11)

1—5 1 < Tg

A WTA scheme is usually used in a tournament. It has been extensively studied
in the economics literature for a single-period monetary incentive problem, where
the winner receives an extra reward in addition to a common compensation to each
supplier. Such an incentive scheme has been shown to be optimal when the two
suppliers are symmetric.

Let € be the solution to

v e (23—1)2 »
" /2bo (\/—U 51-3 )m+ )[2'@(\[0)+1—y] , (4.12)

|

where ®(-) is the cumulative distribution function (cdf) of the normal distribution.

Proposition 4.1 Under the SWTA rule defined in ({{.11]), the optimal * < 1 and
s not necessamly a boundary solution; the optimal eﬁbrt levels of a supplier with a
(1-B)e _ B

current share ﬂ and 1 — (3 are eB =5 and e 3T 1 respectively.

Corollary follows from Theorem 1] and Theorem

Corollary 4.3 For supplier’s cost function with g(8) = 8, any WTA allocation rule
1s suboptimal, and a HWTA rule provides better incentive than a SWTA rule.

Numerical analysis

The method for numerical calculation of the optimal H from (£.8)) and the calculation
of e}, e3, vi(a) and v*(a) can be found in Subsection 6 of Appendix [ Tables 1]
and show the numerical analysis results under the optimal allocation rule, the
HWTA and SWTA rules respectively?. Under all three rules, a supplier’s maximum
(minimum) share 3 (3) goes up (down) with o. The reason is that when a performance
measure becomes noisier, the suppliers’ Nash equilibrium can still be maintained at a
larger gap in their shares. In return, the more extreme maximum /minimum share can

provide a stronger incentive to the suppliers and counter the disincentive effect of the

9We use the minimum share B obtained for the HWTA rule as that for the optimal rule so that
the comparison is on the structure of the rules only without the interference of the minimum share.
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4.4. Buyer’s Problem

v o b m B vy Voour(B) v(B)
09 05 1 1]25.9%|6.08 3.81 3.51 4.11
09 1 1 1|11.3% |548 325 270 3.77
09 2 1 1] 35% [365 290 218 3.56
09 3 1 1] 17% |266 275 196 3.45
09 05 1 2 [336%|783 828 7.56 8.00
09 1 1 2 [181% |856 7.00 597 7.00
09 2 1 2] 65% |651 611 475 6.37
09 3 1 21| 32% 494 576 4.25 6.12
09 05 2 1 |181% |4.28 350 3.08 391
09 1 2 1] 65% [325 3.05 241 3.65
09 2 2 1| 18% |1.97 277 198 3.47
09 3 2 1] 08% |140 264 180 3.36
05 05 1 1 ]179% 084 085 048 1.22
05 1 1 1] 63% |059 083 0.31 1.34
0.5 1 1| 17% |0.33 0.82 0.23 1.39
05 3 1 1] 08% [0.23 082 0.21 1.40
0.5 05 2 1 |11.0%|0.52 0.84 0.38 1.29
05 1 2 1] 34% 1032 083 0.26 1.37
0.5 2 1] 09% [0.17 083 0.21 1.40
05 3 2 1| 04% |0.12 0.83 0.21 1.41

Table 4.1: Optimal allocation rule (proportional case)

performance variability. On the other hand, as 8 becomes smaller, the supplier with a
share 8 will put more effort and incur higher effort cost, which does not substantially
benefit the buyer overall because this supplier only contributes to a small portion of
the buyer’s business, but does greatly reduce the supplier’s profit. However, the buyer
would prefer this since he is maximizing his own payoff and a larger § will strengthen
the suppliers’ incentive.

Table .4l compares the effectiveness of the three allocation rules by calculating the
percentage increase in the buyer’s long-run discounted payoff from using a HWTA
rule instead of a SWTA rule, and from using the optimal allocation rule instead
of a HWTA rule. In all the cases, a HWTA allocation rule is much more effective
than a SWTA one. The buyer’s long-run discounted payoff from using a HWTA
rule can be more than doubled of that under a SWTA rule. The incentive can be
further strengthened by using the optimal but more complex allocation rule, with

the improvement generally small for less variable performance measure and large for
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4.4. Buyer’s Problem

" o b m] B v V 0@ v
09 05 1 1 259%]6.05 3.81 3.51 4.11
09 1 1 1 |11.3%|529 326 274 3.78
09 2 1 1] 35% |330 3.01 236 3.66
09 3 1 1 1.7% | 231 295 227 3.63
09 05 1 2 [336%|782 828 790 8.67
09 1 1 2 ]181% |843 7.00 6.17 7.83
09 2 1 2| 65% |6.09 620 5.00 7.40
09 3 1 2| 32% |444 599 4.68 7.30
09 05 2 1 |181%|4.21 3.50 3.09 3.92
09 1 2 1| 6.5% |3.05 310 2.50 3.70
0.9 2 1 1.8% | 1.72 2.95 227 3.63
09 3 2 1] 08% |1.18 292 223 3.62
05 05 1 1 |179%|0.83 0.85 0.48 1.22
05 1 1 1] 63% |058 082 0.30 1.34
0.5 1 1 17% 1032 0.81 0.23 1.38
05 3 1 1| 08% |0.22 0.80 0.22 1.39
05 05 2 1 ]11.0%]051 083 0.38 1.29
05 1 2 1| 34% |0.31 0.81 0.26 1.37
05 2 2 1| 09% |0.17 0.81 0.22 1.39
05 3 2 1| 04% |0.11 0.80 0.21 1.40

Table 4.2: HWTA allocation rule (proportional case)



4.4. Buyer’s Problem

v o b m| B [v v v
09 05 1 1 |250%]321 4.85 4.47
09 1 1 1 |164% | 252 4.98 4.44
09 2 1 1] 96% |1.71 514 444
09 3 1 1] 67% |129 5.22 4.45
09 05 1 2 1[1295%|488 959 8098
09 1 1 21205%1|4.09 9.82 8.90
09 2 1 2|127%]299 10.12 8.87
09 3 1 2| 91% |233 10.31 8.88
09 05 2 1 20.5% 205 491 4.45
09 1 2 1(127%]1.49 5.06 4.44
09 2 2 1| 71% 1095 5.21 4.45
09 3 2 1] 49% |0.70 5.29 4.46
05 05 1 1 20.8%|047 1.21 0.71
05 1 1 11]1125% (1035 130 0.63
05 2 1 1 6.7% | 0.22 1.38 0.58
05 3 1 1| 45% |0.16 1.41 0.55
05 05 2 11164%|0.29 1.25 0.67
05 1 2 1 93% |020 1.34 0.60
05 2 2 1| 48% |0.12 1.41 0.56
05 3 2 1| 32% |0.08 1.43 0.54

Table 4.3: SWTA allocation rule (proportional case)
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4.4. Buyer’s Problem

v o b m|HWTA vs SWTA | Optimal vs HWTA
09 05 1 1 88.6% 0.5%
09 1 1 1 110.2% 3.7%
09 2 1 1 92.7% 10.6%
09 3 1 1 79.2% 15.3%
09 05 1 2 60.5% 0.1%
09 1 1 2 106.1% 1.6%
0.9 1 2 103.9% 6.8%
09 3 1 2 90.7% 11.2%
09 05 2 1 106.1% 1.6%
09 1 2 1 103.8% 6.8%
0.9 2 1 81.1% 14.6%
09 3 2 1 69.5% 19.1%
05 05 1 1 76.6% 0.4%
05 1 1 1 69.0% 1.1%
05 2 1 1 48.7% 2.9%
05 3 1 1 39.6% 3. 7%
05 05 2 1 76.7% 0.8%
05 1 2 1 58.6% 1.6%
05 2 2 1 40.7% 3.6%
05 3 2 1 33.8% 4.2%

Table 4.4: Comparison between rules (% increase in buyer’s payoff)

noisier performance measure. Overall, the improvement in the buyer’s payoff from
using the optimal rule over a HWTA one or from using a HWTA rule over a SWTA
one is better for a larger discount factor. Apparently a handicap can be very effective

for incentive provision.

4.4.2 Volume incentive under demand-independent effort

cost

In Section .41l we have studied the optimal allocation rule and two simple WTA
rules for the volume incentive design in the case of proportional effort cost. We have
found that the optimal allocation rule is not WTA and is handicapped. Sometimes,
a supplier’s cost of investment is independent of her share of demand, such as a fixed
investment in technology or innovation. Would the finding for the proportional effort
cost still hold for the demand-independent effort cost? We will answer this question

in this section by studying the buyer’s problem in the case of g(f) = 1.
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4.4. Buyer’s Problem

Allocation rules

We first study the buyer’s optimal allocation rule for a finite-horizon problem, which
maximizes his expected payoff over the horizon. We then investigate some simple
heuristics for the infinite-horizon problem, and use numerical analysis to compare the

buyer’s expected payoff under different heuristics.
e Optimal allocation rule for finite-horizon problem

Before investigating the buyer’s optimal allocation rule for an infinite-horizon
problem, we first consider a finite-horizon problem with T periods and study the
optimal rule for this problem, which is not necessarily a stationary rule. Let oy
denote Supplier 1’s share in period ¢, ei* and z} denote Supplier i’s target and realized
performance in period ¢, and 3, € (%, 1] be the maximum share a supplier can have
in period t + 1. Also let T’y = v/(c;)? + (1 — ay)2. Theorem 3 provides the optimal

allocation rule for the finite-horizon problem in the case of demand-independent effort

cost.

Theorem 4.3 For supplier’s cost function with g(B) = 1, the buyer’s optimal allo-

cation rule for a finite-horizon problem is a HWTA rule with the form:

50{ 1(x1 1,2) _ ﬂt—i—l Odt<x% - 6%*) > (1 - 0575)(1.152 - 6?*) (4 13)
t to - % % 9 .
’ 1= B Oét(il?tl - 6% ) < (1— Oét)(:v? — ef )
where
ot — YAV 1 (Biy1) o
! v 2mbo r,’
A 1—
ef* _ 7 Ut+1(5t+1) at’ (4.14)
V2rbo I';
and

Avt+1(ﬁt+1) = Utl+1(5t+1) - Ut1+1(1 - Bt+1)7

with vy (ari) = appm and V3, (1 — aryr) = (1 — app)m. Under this rule,

{(e}*, ef*) heqr2,. 1y constitutes a subgame perfect Nash equilibrium.

e Simple heuristic for infinite-horizon problem
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4.4. Buyer’s Problem

Since Theorem has demonstrated that the optimal allocation rule for each
period of a finite horizon takes the same form of a HWTA | we would expect the buyer’s
optimal stationary rule for an infinite horizon is also a HWTA one. Nonetheless, we
shouldn’t immediately jump at the conclusion that the optimal rule for an infinite
horizon takes the same form as the optimal one for a finite horizon. Noting that
with a bang-bang type of allocation rule, in the finite-horizon problem, the choice
of the optimal maximum share for a period does not affect those optimal maximum
shares and thus the suppliers’ optimal payoffs in the subsequent periods; but in the
infinite-horizon problem with a stationary allocation rule, the optimal maximum share
for each period changes simultaneously. In the following analysis, we come back
to the infinite-horizon problem. As the search for the optimal (WTA) rule is not
straightforward, we shall demonstrate the key insights by examining WTA rules with

the form

B >k, 0,
B o) = P T Rt tla (4.15)
1—ﬁ 1 < koxo + 6,

where 6, is to be determined, k, € (0,1] for « > 0.5 and k, > 1 for a < 0.5, both
0, and k, are functions of «, and E S (%,1]. Let T, = /14 k2. Theorem A
provides the optimal 6, and the value functions of the buyer and the suppliers under

the allocation rule (ZI3).

Theorem 4.4 For supplier’s cost function with g(5) = 1, among the family of WTA
allocation rules as defined in (£.13), the optimal rule has 0, = e — k€3 for any «,
where €] and e} are the optimal target performance levels of suppliers 1 and 2 under

this optimal allocation rule,

~

. AP 1

V2rbo /K2 +1

~

o = YAV (B)  ka (4.17)

V2rbo k2 + 1

(4.16)

with
27rb02(1+k%) +2m(25—1) 171% i
Av(B)={ T O a RUACTY (415)
m(2ﬁ — 1) kB =1
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4.4. Buyer’s Problem

0° #+0 fork, #1, and 0, =0 for k, = 1. The suppliers’ value functions
vi(a) = v3(a) = v*(a)

for any o due to symmetry,

~

v* () :ma—%—kg(?}*(ﬁ)—kv*(l—g)), (4.19)

and the buyer’s value function is

2o (1 + k:%)

- v2m(28 - 1)1 — k5
A=) Ta(1-R2)

2 2
mbo 1+ k@

[+ Eko(1—a)](4|1+

~1).

vp(@)

*
xTi—e}

Let y; = Te measure the standardized deviation of Supplier ¢’s performance
from the target. Then ([@ID) with 07 = e} — k,e3 becomes

6@ (Z/1>y2) = -~

~dx 3 y1 > kayo
1-3 Y1 < ka2

Under the allocation rule ([15) with 6, = e} — k,e3, at the optimal effort levels,
each supplier has equal chance to be the winner, but the whole (y;,y2) plane is split
into two equal areas by the straight line y; = k,y» instead of the 45° line. From (.10,
(@.I7) and (@.I9), noting that the expected future payoff of the supplier with share «
is 3 (v* (B)+v*(1—3)), we can see that the allocation rule has an interesting property
that it makes the two suppliers’ expected future payoffs identical (the two suppliers
have equal chance to be the winner) but provides the suppliers with different level of
incentive if k, # 1. When k, = 1, due to the demand-independent effort cost, the
suppliers’ optimal effort levels are equal. The allocation rule ([IIH) with k, = 1 is a
SWTA one.

We are particularly interested in two special cases of S5 (21, x), where k, = ITT"‘
or 1. Corollaries 4] and follow from Theorem B4 by letting k, = =2 and 1 in
(@13, respectively. The effect of k, # 1 will be seen from the subsequent numerical

analysis results.

Corollary 4.4 Under the allocation rule B2 (x1, x5) with ko = %, the optimal rule
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4.4. Buyer’s Problem

has R
o — yAU* () 20— 1
VAT 0B+ (1 - By
under this rule ef = %ei_ﬁ, and the optimal B* is a boundary solution.

Corollary 4.5 Under the allocation rule B (a1, x9) with ko = 1, the optimal rule
has 0, = 0 for any «, and under this rule e} = €}; the optimal $* is a boundary

solution.

Numerical analysis

We compare the effectiveness of two heuristics: a SWTA rule, and a HWTA one with
ko = ITTC“ For all the cases but one in the numerical analysis here, the limit to a
supplier’s maximum share is in fact 1 (the buyer’s total business) because both the
Nash equilibrium condition and the suppliers’ participation constraints set very loose
boundaries to a supplier’s share to be mathematically more than 1. In reality, there
is often a minimum order quantity specified by a supplier. Therefore, in the analysis
below, we impose a minimum share of 10% on each supplier. Table compares the
payoffs of the buyer and the suppliers under both rules. It is noted that for the case
where v = 0.9,0 = 0.5,0 = 1 and m = 2, a supplier’s minimum share is limited to
12% due to the Nash equilibrium condition, which causes the HWTA rule to work
worse than the SWTA one. In all the other cases where the same minimum share
applies to both rules, the HWTA rule provides better incentive in terms of the buyer’s
long-run discounted payoff. This is because the performance of the supplier with a
larger share of business is more important to the buyer, and thus the buyer would
often like to ensure that supplier to perform well in order to obtain a high aggregate
performance of the two suppliers. For this purpose, the buyer can provide a stronger
incentive to the supplier with a larger share by giving that supplier a higher award
for performing above the expectation. Here a simple way to achieve this is to let
ko = %, so that one unit of extra effort will be worth « units of overperformance
for the supplier with a share of a;, compared to 1— « units for the other supplier.
However, this HWTA allocation rule may not always work better than a SWTA
rule, as shown in Table[L.6l Here for the case where vy = 0.9,0 = 0.5,b = 1 and m = 3,
under both rules, the Nash equilibrium condition sets a boundary to a supplier’s

minimum share, which is tighter under the HWTA rule. The first comparison of
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4.4. Buyer’s Problem

SWTA HWTA
vy o b m|oug Vo) v(B)| vy V  v(B) v*(B) | %increase
09 05 1 1 ]4.06 417 457 3.77 |444 440 474 4.06 9.3%
09 1 1 11]203 479 519 439 |248 481 5.19 443 22.2%
09 2 1 1]102 495 535 455 |128 495 534 455 26.5%
09 3 1 1]068 498 538 458 |08 496 538 4.55 27.4%
09 05 1 2 |812 6.70 7.50 590 | 745 823 882 7.65 —8.4%
09 1 1 2]406 9.17 997 837 |476 9.31 10.04 8.58 17.3%
09 2 1 21203 979 1059 899 |254 9.80 10.58 9.02 25.0%
09 3 1 2|13 991 10.71 9.11 |1.72 991 10.70 9.12 26.7%
09 05 2 1203 459 499 419 |238 465 5.02 429 17.3%
09 1 2 1]102 490 530 450 |1.27 490 529 451 25.0%
09 2 2 1]051 497 537 457 |0.65 497 537 4.58 27.3%
09 3 2 1]034 499 539 459 (043 499 539 4.59 27.7%
05 05 1 1]045 095 135 055 055 095 1.33 0.58 21.0%
05 1 1 11023 099 1.39 0.59 |0.28 099 138 0.59 26.1%
05 2 1 1011 1.00 1.40 0.60 |0.14 1.00 1.40 0.60 27.6%
05 3 1 1008 1.00 1.40 0.60 |0.10 1.00 1.40 0.60 27.4%
05 05 2 1]023 097 137 057 028 098 136 0.59 24.3%
05 1 2 11]011 099 139 0.59 |0.14 099 139 0.60 27.1%
05 2 2 1]006 1.00 140 0.60 |0.07 1.00 1.40 0.60 27.8%
05 3 2 1]004 100 140 0.60 |0.05 1.00 1.40 0.60 28.0%

Table 4.5: Comparison of SWTA and HWTA (independent case)

8 v V. v*(B) v'(8) HWTM vs SWTM
SWTA [ 11.7% 11.66 820 9.35 7.06 —38.1%

23.5% 8.09 11.73 12,53 10.93 —10.7%
HWTA [ 23.5% 7.22 1297 13.60 12.34

Table 4.6: Comparison of SWTA and HWTA (independent case)
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these two rules is by using the individual minimum share, 11.7% for the SWTA rule
and 23.5% for the HWTA one, which shows a 38.1% lower of the buyer’s long-run
discounted payoff under the HWTA rule than that under the SWTA rule. The second
comparison is by using the same minimum share, 23.5%, which still shows a 10.8%
lower of the buyer’s payoff under the HWTA rule. This is because the two suppliers’
incentives also come from Av*(g), the gain in a supplier’s payoff from a high starting
share B instead of a low one 1 — B The HWTA rule induces more effort from a

o~

supplier with a larger share, which results in higher effort cost and smaller Av*(5);
while the SWTA rule always induces equal supplier effort and a Av*(g) independent
of B Therefore, in some situations a non-handicapped SWTA rule can perform better

than the HWTA rule with k, = ITT‘“

4.5 Conclusions and Future Work

In this chapter, we have studied the design of performance-based volume incentive
schemes, a type of incentive scheme widely used in practice but not well studied yet
in the literature. We have considered a buyer repeatedly outsourcing a service or a
product from two suppliers, under the assumptions of risk neutral parties, reliable
and uncapacitated supply, no setup fee, zero switching cost, and unobservable sup-
plier effort. We have focused on two types of supplier effort cost: the proportional
case where the effort cost is proportional to the share of demand, and the demand-
independent case where the effort cost is independent of the share. We have found
that to maintain suppliers’ competition over time, the optimal demand allocation rule
is dependent on the suppliers’ current shares, and is not a simple rank-order tourna-
ment. Even when the supplier’s effort cost is demand independent, each supplier’s
current share of business still plays an important role in the allocation rule, and using
a handicap can greatly improve the efficiency of volume incentive schemes. Handi-
capping plays two roles in incentive provision. It can level the field and enhance the
suppliers’ competition when the ‘more important’ supplier is at a disadvantage in the
competition, as seen in the case of proportional effort cost. Alternatively, it gives the
‘more important’ supplier an advantage and makes that supplier work harder than the
other supplier, as seen in the case of independent effort cost. Numerical results have
indicated that for proportional effort cost and performance with small variability, a

handicapped rank-order tournament induces an outcome which is near optimal.
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Other factors can be considered in the study of volume incentive mechanism de-
sign. For example, changing demand may result in a supplier’s switching cost such as
the cost of adjusting the dedicated capacity to meet the demand and avoid low uti-
lization; a buyer may be concerned about the variability in the suppliers’ performance
and thus has a mean-variance type of objective; or the buyer faces unreliable supply
such as supply disruption or random yield. Since under our simple assumptions the
problem and the analysis are already complex, the analysis with the above factors

would be better conducted using simulation or experiments.
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Appendix A

Proof for Chapter 2

Proof of Proposition [2.1]
We first compute the variance of n}y .
ForL>Oand0<W<L,

EGl) ZE (XIV) = REpaaow () B(f)?) = EIC X3 XM

=> Y BXFMXM)=> Y EQ{Dli—Li+1-W)<S} x1{D[j — L,j+

i=1 j=1 i=1 j=1

The number of (7,7) terms is R, and the sum of these terms is

The number of (4, j) terms with X}' and X}V independent is
R—(L+1-W)  R—(L+1-W)  R—(L+1-W)

2 Y i= > i+ Y. (R—L+W-—))
Riziw) =1 7j=1

=1
(L+1
= Y ((+R-L+W-i)=R-L+W)R-L+W-1).

This i;_tlhe number of pairs of X}" and X}V which differ by at least L +1 — W
periods.

The sum of these terms is

My = (R—L+W)(R—L+W -1)E(1{D(L+1-W) < SHEQ{D(L+1-W) < S})
=(R-—L+W)R—-L+W —1)(Fry1-w(S))>

The number of (i, 7) terms with n (1 < n < L—W) periods of demands in common
is 2(R — (L + 1) 4+ n+ W). This is the number of pairs of X;" and X" which differ
by exactly L+1—n — W periods. Fori< j,j=i+L+1—n—W,

E(XWXW)=Pr{D]i— Li+1-W)<S,D[j—Lj+1—-W)<S}

= Pr{D[i—L,j— L)+ D(n) < S,D(n) + Dli + 1 —W,j+1— W) < S}
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- /S(Pr{D(L +1-n—W) <8 —a})dF,(z)
OS
N /0 (Fri1n-w(S —2))?dF,(x)

Cov(DJi — L,i+1—W),D[j — L,j+1—W))

= Cov(D]i—L,j—L)+D[j—L,i+1-W), D[j—L,i+1—W)+D[i+1-W, j+1-W))

= Var(D(n)) > 0 and increases with n

= D[i— L,i+1—W) and D[j — L,j + 1 — W) are positively correlated,

and /S(FL+1_n_W(S — x))%dF,(z) increases with n =

E(XWXW) = Pe{Dli — Li +1— W) < S}Pr{D]j — L.j +1— W) < S|D[i -
Li+1-W)<S}t>Fru-w(S)Pr{D}j - L,j+1-W)<S}=(Fri1i-w(95))’

So

BOXYXY) = (Fiw(S))2 (A1)
The sum of the terms with each pair differing by exactly L +1—n — W periods is
L-W
My= 3 2B ()40t W) [ (Frar (S — )R (e).
n=1 0

So E((n¥)?) = My + My + Ms, and

(g )? =Var(ng ) = E((ng)?*) — (E(ni))?
= RF 1w (9) & (R = L+ W)(R = Lt W = D)(Frpw(8))?
S

+ Z (L+D4+n+W) [ (Foiinw(S —2))2dF,(z) — R*(Fr11_w(S))?2

- RFL+1 w(S) = [(L —W)(2R . L+W —1) 4 R)(Fr-w(S))?

+ Z (L+1)+n+W) S(FLH,H,W@ — 2))2dF,(z).

By (IZj]) (oW)? > RFL+1_W(S)O— [(L—W)(2R—L+W —1) + R)(Fr41-w(S))?
+ Z )+ 1+ W) (Fr-w(9))? = RFpp-w (S)(1 = Fryi-w(95)).

oW)? .
hHlR_mo (R+/2” Z hHIR_mo RI/SFL+1_W<S)(1 - FL+1—W(S>> = OQ.
The sequence {X;} is (L +1 — W)-dependent because any subsequence {X,,j >
1} c {Xi}, with t; + L+ 1—W < t;4 for every j > 1, is a sequence of independent

random variables. Moreover, X; <1 for all t.
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Applying Theorem 7.3.1 (Chung 1974 page 214), w converges in distribu-
R

tion to a standard normal random variable Z, Z ~ N(0, 1) as R approaches cc.

Proof of Proposition

)2
Var(AY) = Jég—,

oW )2 oW)H2
VCL’I“(A%{H) Var(AY) = (RRJ:II)Q — (}1;2)
= (7 - R_—H)FL+1 w(S) = (L =W)(gs - 7 + %5 — Gp) + w1~
S
H(Friiw(9)) =2 Z (G-t - ) / (Fraronw (S—2)dF, ()
0

(% — )FL+1 W(S)<1 — Friy-w(9))
L-wW S
-2 Z E—R—H+L*<;1?;2W—L+1;9-W>< / (Foi1n-w (S—2))?dFy (@)= (Fri-w(S))?)
n=1
—(5 — m) Fraw(S) (A = Frpw(S) =T
w s
where T = 2 Z R(RH)_%?(EQ%;P”_W)(/O (Frs1-n-w(S—))?dFy(2)—(Fri1-w(5))?).
n=1

Let A, =R(R+1)— 2R+ 1)(L+1—n—W). A, is increasing in n.

By the assumption R > L, R > L + 1, so

Ay =R(R+1)—(2R+1)(L — W) can be negative when R is small, for example,
R=L+1,;

Ap > R>— R—1>0 because R > 1.

Lot m,, — /0 (Frornw(S — 2))2dFy(x) — (Fps1w(S))

s
From the proof of Proposition 21 m, > 0 and / (Fry1-n-w(S — x))%dF,(z)
0
increases with n.

So if A1 <0, let @ = max{n|A, < 0},
L-w

R(R+1)—(2R+1)(L4+1—n—W) __ (2R+2)R—(2R+1)(L+1-W) .
T 2 2mﬁ RQ(R+1)2 - mn(L W) RQ(R+1)2 Z 07

n=1
if Ay >0, then T > 0.
So Var(AR,,) — Var(A}Y) <0, Var(AY) is decreasing in R.

Proof of Proposition
Lump-sum penalty SLA, L = W =0: optimal K given «

Vo(S) = hE[S — D(1)|* + & ZPr{nR = i|S}, where Pr{n% = i|S} is given by
i=0
&.3).
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1. If the demand and S are continuous, then
Ra
T = W) + 5 Y (DERS) (1 = Fi(S)™ = (R = )(R())(1 -
i=0
)

F(9) 1 A(S
= hF(S) — K (" D) (F1(9))1(1 — Fy(9))R0==1f(S) gives

dVo(S R—1
82 = A - & (T R AT AEL (A2
Given any a < F;(S*), dvzg*) = 0 =the optimal

h
(B (F1(S%))Ro=L(1 — Fy(S%))RO-e)=Lf,(S%)

K*(a) = (A.3)

where fi(+) is the pdf of single-period demand.

2. If the demand and S are discrete, then given any «, to induce the supplier to
choose S*, K*(«) should be chosen such that

Vo(S™ + 1) — Vo(S%) > 0 and Vo(S* — 1) — V4(S*) > 0. (A.4)

s
Because E[S — d|" = Z(S —d)fi(d) and fi(d) = Pr{D(1) = d}, (A4) =

d=0
Ra

hFV(S*) + 23 " (Pr{n% = i|S* + 1} — Pr{n}, = i[S*}) > 0,

=0
Ra

and —hFy(S* — 1) + £ " (Pr{n% = i|S* — 1} — Pr{n% = i|S*}) > 0.
i=0
Ra
It can be seen from ([A.2) that Z Pr{n% =i|S} is decreasing in S, so

i=0
Roa
> (Pr{n% =i|s"} = Pr{nf = i|s* +1}) > 0,
o

and Z(Pr{n% =i|S* — 1} — Pr{n% =4|S*}) > 0.
i=0

So the interval of optimal K*(«) is

K (0), ()] = [ i |

) Ra

D (Pring=ilst 1) -Pr{nf=ils)) Y (Pr{n=ilS*)-Pr{nf=ils+1})
1=0 1=0
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Lump—sum penalty SLA, L>0,0<W<L: optimal K given «

From (m) and (DEI)
Vi(S)=hE[S— D(L+1—-W)]*"+ %@(zRa(S)).
1. If the demand and S are continuous, then

P — WP w(S) + K (2Ra(S)) e

das
WS) — ) we can obtain K*(a) = —

RhFL 1w (S¥)

Letting B(ora(S)) EhaS)

2. If the demand and S are discrete, given any «, to induce the supplier to choose
S*, K*(a) should be chosen such that
VL<S* + 1) VL(S*) > 0 and VL(S* — 1) — VL(S*) Z 0=

hEL-w(S*) + 5 [P(2ra(S* + 1)) — @(2ra(S¥))] > 0,

and

—hFp o _w(S*— 1)+ g[@(zRaw* — 1)) — ®(25a(5%))] > 0.

It follows that [K*(e), K (a)] = gt en Rhfrow(5) )

ZRO((S*_I))_CI)(ZRQ(S*))’ cb(zRa(S*))_q)(zRa(S*'i'l))
Linear penalty SLA, L =W =0: optimal K given «

Vo(S) = hE[S — D(1)]" + & Za Ra +1—1)Pr{n% =i|S},

where Pr{n% = i|S} is given by Z5).
1. If the demand and S are continuous, then

WE) — hFy(S)+E Z(Ra—l—l—i) (B i(FL(S) 1 (A—F1(S)) B —(R—i) (Fi(S))* (1~
()P f(S) =

d‘fl)éS) — hFL (S KZ ( ) (9)'(1 = Fi(8) 1 a(9). (A.5)

Given o < Fy(S%), 2050 — o =

das
K*(a) = — hFi(S7) | "
> () E(S)(1 = ()L A(S?)

2. If the demand and S are discrete, then given any «, to induce the supplier to
choose S*, K*(«) should be chosen such that
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Vo(S* +1) — Vo(S*) = 0 and Vo(S* — 1) — Vp(S*) > 0=

K Ra
hF (") + 5 > (Ro+1—i)(Pr{n}, =i[S"+1} = Pr{ng =i|S"}) >0, (A7)
=0

and
Ra
* K . 0 . * 0 . *
—hFy (S —1)+EZ(Ra+1—z)(Pr{7yR:z]S — 1} —Pr{n% = i]S*}) > 0. (A.8)
=0

It can be seen from ([AH) that the second term in V5(.S) is decreasing in S, so

Ra
> (Ra+1—i)(Pr{n% = i[S*} — Pr{n, = i|S* + 1}) > 0,
=0
Ra
and Y (Ra+1—i)(Pr{n% =i|S* — 1} — Pr{n% = i|S*}) > 0.
=0
Then it follows from [@Z) and [(AR) that [K*(a), K (a)] =
[ RhFy(S*—1) RhF (S*) ]
Ra ’ Ra :
Z(Ra%»lfi)(Pr{nR:i\S*71}7Pr{nR:i|S*}) Z(RaJrlfi)(Pr{nR:HS*}7Pr{nR:i|S*+1})
=0 1=0

Linear penalty SLA, L > 0,0 < W < L : optimal K given «
Ra

Vi(S) = hE[S — D(L+1-W)[* + £ " (Ra+1—14) Pr{n}} = i[5}
i=0
1. If the demand and S are continuous, then using the results in Proposition 2.1]

the approximation for V7 (5) is
Vi(S)=hE[S—D(L+1—-W)]" + 5/ (Rov — z)d® (2= Ee-w(S))
r<Ra

R on

R oRr

— hE[S — D(L+1—W)]* + 5/ (I RFLaw () g,
z<Ra

dVdLS(vS) — hFL+1fw(S) + %/<R %@(%‘;—W(S))d(x

R

= hFp o w(S) + [~ Rfp 1 w(S) @Rt (@) o G o R llsw (8]

g
R
. d * .
Letting % = ( we can obtain
RhFy 1 w(S*) W
K*(a) = Lot where o is given by
Ra—RFy 11 _yw(S*). do%W  Ra—RFy i _y(5%).’ R
Rfp1-w(8)®(———Eg=1) -l o (—— L=

o o

D).

2. If the demand and S are discrete, given any «, to induce the supplier to choose

105



Appendix A. Proof for Chapter 2

S*, K*(a) should be chosen such that
Vi(S*+1) = V(S*) > 0 and VL (S*—1) = VL(S*) >0
Roa

= hFp-w(S%) + 5 Y (Ra +1—i)(Pr{n} =i|S"+ 1} — Pr{n} = i[5}) >0,

i=0

and
Ra

—hFp-w(S*—1)+% Z(ROH— 1—i)(Pr{n¥ =i|S*—1} —Pr{n}¥ =i|S*}) >0
i=0

So [K*(a), K (a)]

_ RAFL 1 w(S*—1) RRFL 1 w(S*)

- [ Ra ? Ra ]7
Z(RaJrlfi)(Pr{ng/:HS*71}7Pr{ng/:i|5*}) Z(RaJrlfi)(Pr{r]g/:i|S*}7Pr{n‘éV:i\S*+1})
=0 1=0

where Pr{n%¥ = i|S*} is given by [Z0).

Proposition 2.3 follows from all the above derivations for («, K') candidates.

Derivation for Section [2.5.2] Unimodality of supplier’s objective function

The derivation below is based on continuous-valued demand and base-stock level

Lump-sum penalty SLA, L = 0:

Substituting [(A3) into [(A2) =

* dVp(S) (F1(8)—2(1-F1(8)) =) £, (S
at o and K*(a), %5 = hFi(S)(1 — S mm s e )

(S*
) Ra=2(1_f R(l ) fy o— a
ARENT2O-RE DAY _ (f, (5))R S(1=F(9)HI(fi(S9))*(Ra—2—

(R =2)F1(9)) + f1(S)F(S)(1 = Fi(5))]-

a < Fi(5%), F{(S)>0,0< F(S) <1

= Ra—2 — (R —2)F1(S) = Rl — F1(S)) — 2(1 — F1(5)) < 0 for S > S*;

moreover, =2 < o < Fy(S*), F{(S) > 0 = F{'(%=2) < §*

:>Ra—2—(R—2)F1(S) <0 for F{'(He=2) < 5 < 5.

Because it is assumed that the distribution of single-period demand is unimodal,
if f1(S*) <0, then f](S) < 0 for § > S*. This is true for distributions in the location-
scale family and Poisson distribution with S* > . Because f1(S) is continuous

for 5> g%, 4 CTCH e dFl(S))R(I VLG < and dvg(s > 0; dVO =0, and

for $ < S* and S close to S*, 4 (R ()2 d?(s))R(l REIG)) I 0, and SO dVO( ) <.

Thus S* is a local optimum.
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1(S)Fe2(1—Fy (S) RO £1(S)] >
ds
*, TOE) .

But Vo(S) may be not unimodal. For small S and § < §*, 4
0. Depending on the value of S* and Ra, it is possible that for S < §*,

This can be seen from Figure 211

Linear penalty SLA, L =0 :
Substituting (A.6) into [(A3) = at o and K*(«),

Ra—1

D (I EE) A-FUS) R A(S)

T = hA(S) - (SRS |

ds
D () EE) RS A (s0)
Ra—1 =
Let Ay = Y (%)(Fi(9))i(1 — Fu(S))F—1.
=0

e == 0 ) - RS S) <0, (A9

Using the same assumption for the case of lump-sum penalty SLA and L = 0

718" <0,
1. for S > S* Fi(S) > Fi(S*) and f1(S) < f1(S*), then together with ([A.9),

o) > 0 for S > 8%

2. for S < S*, F1(S) < F1(S*), and by (A9),

Ra—1

> (7 mea-ney < 2 () msy - asy
(A.10)

i=0
for S close to S*, because f{(S) is continuous, f{(S) < 0 and fi1(S) > f1(S¥),

dv"(s < 0 for S < S* and close to S*;
for S < §* and not close to S*, dVé’SS) < 0 if S satisfies

iiﬁ? > (" - meyee

A(S) X (R.‘l)(Fl(s))"(l_F1<s>>R-i-1.

(A.11)

]
1

The above inequality depends on the value of S* and Ra. Because ﬁ < F5E
f1(8) - .
g% 15 not too small, then (ATI) will

and (AI0), if S* is sufficiently large so that 7z
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hold.
Therefore, S* is a local optimum. If (A1) holds for all S < S*, then V,(S) is

unimodal and S* is a global optimum.

Dynamic program for L = 0 (Section [2.6.7])

Compared to the case of L = 1, the definition of I; is modified as

I; = the supplier’s inventory on hand at the beginning of period t, before an order
is placed in period t.

Because the supplier does not incur the backorder cost, for any nonpositive net in-
ventory in a period, the supplier has the same immediate cost (zero inventory holding
cost). Due to a zero lead time, the inventory performance in any period is determined
by the base-stock level rather than the net inventory in that period. Note that a zero
base-stock level dominates any negative base-stock levels because the inventory costs
in both cases are zero and the supplier’s performance under the former choice may
be better than that under the latter when the demand in a period is zero. Thus in
the state space, we can use 0 to represent all the states of nonpositive inventory.

The state space is {(,_;,I;) : 0< 1, <t—1,0< I, < S} where 1 <t < R+ 1
and S is a large number such that F}(S) ~ 1.

Actions (inventory order-up-to level in a period): S € {0,1,2,...,S}

State transition:

Iy =[Sy —di] ",y = {
Rewards:

T’t((i, It), St> = hE[St — dt]+ 1 § t S R,
and the definition of rg.1((7, [g+1)) is the same as that in (27)). Notice that in

this single-review-phase model there is no consequence of having closing inventory

M +1  if S, >d,

Igy1.

Transition probabilities:
Pr{D(1)=S—-1} ifj=i+1,S>ul>0
pe((4, D)|(i,u),S) =< Pr{D(1) > S} ifj=i,S>u,I=0

0 otherwise

In period t, for the order-up-to level S; > I,
7Tt1(St|'i, [t) = hE[St — dt]+ -+ E{’ﬂ'tlJrl(i -+ 1, St — dt)|St Z dt} + Fl(st)’ﬂ'tlJrl(?;, 0)

The optimal cost to go from period t is 7} (i, I;) = ming, >, 7} (S¢li, ).

108



Appendix A. Proof for Chapter 2

The dynamic program is

Thi1(l Tryr) = rra (4, Tria));
for 1 <t < R: w}(i, ;) = ming,>z, 7} (S|, I}).
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Proof for Chapter 3

Derivation of formula (3.2])

The waiting time distribution given S and L is derived as follows.

Let w; denote the waiting time of a demand at time ¢. For the demand at time
t to be filled by time t + y, the inventory position at time ¢ 4+ y — L, denoted by
IP(t +y — L), should satisfy the demands occuring in the interval (¢t +y — L,t].
Therefore, the distribution of w; given S and L is

Pr{w; <y|S, L}y =Pr{D(t+y— L, t] <IP(t+y— L)},

where D(t +y — L, t] is the demand during (¢t +y — L, t|, and IP(t +y — L) is the
constant S. Note that D(t+y — L,t] = D(L —y). So for 0 <y < L,

Pr{w, <y|S,L} = Pr{D(L —y) < S}, which is independent of ¢. Therefore,

Fy(y|S, L) = Pr{w <y|S, L} = limy_,o Pr{w; <y|S,L} =Pr{D(L —y) < S}.

We also define F,,(y|S, L) =0 for y < 0 and F,,(y|S,L) =1 for y > L.

Proof of Proposition B.1]

Referring to the proof of Proposition 2.1 in the previous chapter, the proof for the
distribution of A is similar. Note that a periodic-review base-stock policy is considered
therein and the timing of demand is defined differently. So in the proof there, L is
generally replaced by L + 1. In this chapter, a continuous-review base-stock policy is
studied, and L is not replaced by L 4+ 1. Moreover, both L and W are continuous.

The definition of X}V, the performance indicator for period ¢t (1 < ¢t < R), is
modified as:

Pr{XV =1} =Pr{D(t — L,t — W] < S} =Pr{D(L-W) < S} = Ay.

In the proof of Proposition 2.1, the derivation of the variance of the realized ready
rate with Wmdow W is modified as follows:

ZV&T (X" —1—22001) (XY, XV
i<j

:%ZV&T (X" —1—22 XWXW E(X'LVV>E<X_]VV))]

1<j
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= m[RAw(1 = Aw) +2)  E(X/X]") — R(R — 1) A}y].
1<j

So (3.4 follows.

Alternatively, 0%, can be written in a similar way as in the previous chapter:

02 = R—[RF(S|L W)=((Lo—1)(2R—Le)+R)(F(S|L—W))*+2 i (R—L+n)P.(S, L)],
" (B.1)
where Lo = [L — W1, where [z] gives the ceiling of z; and
P,(S,L) = /OO (F(S = z[n))*dF(z|L — W —n) (B.2)

is the probability that the performance outcomes in any two periods are both good,
where the two periods differ by n periods, 1 < n < Lo — 1. Note that the definition
of the third term is different from that in the proof in the previous chapter, but they

are equivalent.

Unimodality of Total Supply Chain Cost EC(S, L)

Linear delay cost:

Consider normal demand, linear delay cost Cp(y|S, L) = dy (§ > 0), and C,.(L) =
rL=" (b>0).

Using the relationship between the average backorders and average waiting time
(see page 192 of Zipkin (2000)),

B(S,L) = AE(y|S, L), where B(S, L) is the average backorders.

So 6B(S,L) = AECp(y|S, L).

B(S,L) = E([D(L) — ]):f@s(x—s)f(ﬂL)dx
= [ (x = 8)f(z|L)dx + [,_o(S — ) f(z|L)dx = I(S,L) — (S — AL)
— EC(S,L) = (h + 6)T(S, ) 5(S — AL) + AC,(L).

Because limy,_,o C,.(L) = oo, we only need to consider L > 0.
1) Unimodality of EC(S, L) in S for given L

Given L > 0,

Ci(S, L) = 2258 = (h + 8)F(S|L) —

O (S, L) = ZECGD — (4 ) f(S|L) > 0
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so EC(S, L) is convex in S for given L.
Let S(L) be the solution to Cy(S, L) = 0, F(S(L)|L) = h%é, % = 0 for any
L>0.

S(L) is the minimizer of EC(S, L) given L.

2) Unimodality of EC(S(L),L) in L

For normal demand, let z = 5;_ ?}‘LL,

F(S|L) = ®(2), f(S|L) = ¢(2) and I(S, L) = (S — AL)®(z2) + oV Lo(2).
So (S, L) = ZEGEE = (h+ 6)[=A®(2) + 557¢(2)] + 6 + AC)(L).
§(L)—)\L) 5

By the Envelope Theorem, and noting that ®(

N oV'L T htd
dECBILL) — 0y(S(L), L) = (h + 0)5578(2") — iy where 2* = 7! (745).

T Tb+0.5 _ 2)b
Let L be SLlCh that L 05 — W~ - R N
Then%jg)’m<0for[z<[],%W:Oand%>0f0rlz>b

~

So EC(S(L), L) is unimodal in L, and EC(S, L) is unimodal in (S, L).

Convex delay cost:

For convex delay cost Cp(y|S, L) = dy?, it is not easy to prove that EC(S, L) is
unimodal. Instead, we have to use the plot of EC(S, L) for each specific case to check
its unimodality. For example, for the case of h = 2,6 = 10,7 =2, A =4 and 0 = 2,
EC(S, L) is plotted in the Figure [B.I] which indicates that it is unimodal.

Figure B.1: EC(S,L) under convex delay cost

Proof of Proposition
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At the optimum, constraint ([B.7)) is binding because otherwise the buyer’s ob-
jective function value can be reduced by decreasing p while ([B7) remains to hold.
Solving for p from ([B7) with equality and subsituting it into the objective function,
we obtain the buyer’s unconstrained optimization problem:

ming ;, EC(S, L) = hI(S, L) + AECp(y|S, L) + A\C,(L) + 7.

So ECp(S,L) = EC(S,L) + .

The first-order derivatives of the objective function with respect to S and L are
OECp(S,L) _ OEC(S.L) _ hF(S|L) + \2ECD(u|S.L)

aS aS aS
and
OECg(S,L) _ OEC(S,L) __ OF(x|L) OECD(y|S,L
oL d = oL } = _hfx<5 8L| dr + A Da(Ly L4 ACL(L).

Then by the unimodality of EC(S, L), the first-best solution (S*, L*) is the solu-

tion to (39) and BI0).

Checking if normal distribution satisfies Assumption
Let

A—A
(S, L, W) = / U(A|Aw)dA = / o(—)dA. (B.3)
A<a A<« ow
& b - - — — o
H(géW) _ B QS(AUVI?,W)%(AG:;W)dA — » ¢(AG$W)($B§§V+?0;)V¥ 88§V)dA
= —R(E) ¢ o5
Similarly, ZHEEW) = _p(aAuw)ddw 4 g(a-Aw )dow
OII(S,L,W)
Let BH(SZ?W) = 922&;2‘2, where
Oow [0S | ra—A a—A
0= L= 8AVVZ/85¢( o /25 (B.4)
dow /O a— a— : :
1= aAvvvvéaiW UVA;W)/(I)( UVA;,W)
It follows from (B and (B.2) that
Lo—1
o do?
Gow = L Zw — 49w [R_2((Le—1)(2R—Lo)+R)F,(W|S,L)+2 Y (R-
n=1
OP,(S,L)/08
L+n) AW /05 J,
Lo—1
o — oot 2[R —2((Le — 1)(2R — Le) + R)F,(W|S, L) +2 > (R— L+
) dP,(S,L) /8L] e
Ay oL 1
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Table B.1: Value of 8 for normal demand

L =42 L =438
S R=100 R=300 S R=100 R =300
42 0.99 0.99 48 0.99 0.99
44 0.99 0.99 50 0.99 0.99
46 0.99 0.99 92 0.99 0.99
48 0.99 0.99 o4 0.99 0.99
50 0.99 0.99 26 0.99 0.99
52 0.99 0.99 o8 0.99 0.99
54 0.99 0.99 60 0.99 0.99
56 0.99 0.99 62 0.99 0.99
o8 0.99 0.99 64 0.99 0.99
60 0.99 0.99 66 0.99 0.99
62 0.99 0.99 68 0.99 0.99

We use numerical examples to check if § = 1 for normal distribution. Table [B.1]
presents the value of 6 for normal distribution with A = 10 and o = 3, L € {4.2,4.8},
R € {100,300}, S > AL, and % = —0.02 (the relative allowable deviation of the
performance from the target is 2%). It shows that # ~ 1 in all the scenarios. So for

normal demand distribution, Assumption approximately holds.

Proof of Theorem B.1]

From the assumption that lim;_,o C,.(L) = oo, L* > 0.

Using (B.3)), when the supplier’s choices of S and L are unobservable, the first-
order conditions for ([B.0]) are

OE(S,L) 100K 9II(S,L,W)

e 25 — hF(S|L) =0, (B.5)
OET(S, L) 100K OL(S, L, V) 8F(x]L) , B

Given Assumption B3] constraint [BI1]) can be replaced by (B.AH) and (B.6l). Be-
cause at the optimum, constraint ([B.1) is binding, so p can be solved from [B.1) by
taking equality in (.7)) and then substituted into the objective function. The buyer’s
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problem becomes
rgliLnEC’B(S, L) =hI(S,L) + AECp(y|S,L) + \C,(L) +7
subject to (B.3) and (B.G).

Comparing ([B.A) with B9), and ([B.6) with @I0), if the first-best solution
(S*, L*) is also the solution to (B.3) and (B.M), then at (S*, L*),

\OECp(y|S*, L") _ 100K OTI(S*, L*, W)

S R S ’ (B.7)
8ECD(y\S* L*) 100K 9I1(S*, L*, W) (B8)
oL R oL ' '

ECp(y|S*, L*) = [\ Cn(y)dF,(y|S*, L*) = Cp(L*) — [ Fu(y|S*, L*)Cp(y)dy.

By Assumption B2 6 = 1. So (B.8) + (B1)=

OECp (y|S*,L*)/0L OTI(S*,L*, W) BAW fOL 8Fw(y\S OFwWIS™.LY) o (1 gy OFu (W|S*,L*)
D 5 AL — 9L
= = or
* L* OIL(S*,L*, W) 8A* L* . OFyw (W|S*,L*) »
OBCD (]S, L")/08 — 95 L fo aFw<y\S LY ¢ (y)dy )
equivalently,
OFy (y|S*,L*) OF, (W|S*,L*)  Tx
J“L*( as o aS )alw(yls 7L )C (y)dy 0 (B 9)
0 \OF,(y|S*,L*) OF,(W|S*,L*) oL D ) )

oL oL

If S* > 0, for (S*,L*) to be the solution to the supplier’s first-order conditions
(B.3) and (B.6), it is only required that there exists W € [0, L*] such that (B.9]) holds.
Let

BFw(y|S* L*) OF, (W|S5*,L*) 0F (y[S’* L*)

a8 !
fo aFw(y|S* ) 9F.(W|S*.L7) ) oL Cp(y)dy, (B.10)
oL oL
dFw (y|S*,L*) dFy (W|S*,L*) P g I
and go(y|W) = (BFw(y\S* o7 — St = (ZQL Loy p(Y)-
oL
OFy (y|S*,L*) __ 8Pr( (L*— )<S5*)
%L oL s <0.

It has been assumed that C7,(y) > 0, and aFw(ggg*,L*) / 8F‘”(ng*’y) is strictly mono-

o . OFw (y|S*,L*) j0Fw(ylS*,L*) - ino i
tonic in y. Consider the case where 55 / 78 is increasing in y.

For W =0, go(0|W) = 0, and go(y|W) < 0 for y € (0, L*]. So ¢g(0) < 0.

For W = L*, go(L*|W) =0, and go(y|W) > 0 for y € [0, L*). So g(L*) > 0.
8Fw(%|§*,L*)/8Fw(yIS L)

Similarly when is decreasing in y, we can show that g(0) >
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0 and g(L*) < 0.

Because g(1V) is continuous on [0, L*], by the Intermediate Value Theorem, there
exists W € [0, L*] such that g(IW) = 0, and (B.9) holds. Because g(W) is strictly
monotonic in W, this W is unique; and g(0) # 0, g(L*) # 0, so the optimal W* €
(0, L*).

Proof of Proposition
The first-best K and « are determined by the supplier’s first-order conditions at
the first-best solution (S*, L*) and the optimal time window W*:

100K OV (A|AL,)

R A<a 9S8
100K oW (A|Aly) OF (z|L¥)
dA —h e

R Jica OL Jocs: oL

dA + hF(S*|L*) = 0 (B.11)

dx + \C'(L*) = 0, (B.12)

where Ay, = F(S*|L* — W*). Following Assumption B2 either of the equations
is redundant for solving K and «. Because F(S*|L*) > 0, the optimal « should

be such that /A %dfl < 0. So any K > 0 and a € (0,A},) satisfying
<o

/A glqAW)dA < 0 and either equation, e.g. (B.II)), are the optimal contract
<o

parameters for a ready-rate-with-window contract.

Proof of Proposition B.4]

Let (+) and ¢(-) denote the cdf and pdf of the standardized demand, respectively.
Also let s = ;, then S = sA\.

Then the first-order conditions (B3] and (BI0) can be represented as functions of
s and L:

s—L ’ s—(L—y) _
M) = Iy o) v (e = 0
and
s—L s+(L—y) s—(L— ) —
W= (G S G o CoW i e (i v+ Cr(L) =
Let (s*, L*) denote the solutlon to the above two equations. For fixed §, (s ,L*)

is independent of \, and A}, = (W/%LW)

ECp(y|S*, L") = fOL*C’D(y)d(W%) is independent of \, BgleV* and BECDSJL‘S* L)

) is independent of A;

are independent of A\. Because S* = As*, S* is proportional to A, 8’;2’ = /1\8%2" and
‘9ECD%S*’L*) — %‘f’ECD%’S‘S*’L*). So for fixed §, BI2) is independent of A, and W*, the

solution to ([BI12), is independent of .
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Proof of Proposition

If Cp(y) = by, then 1 ECp(y|S, L) is the average waiting time and 3 ECp(y|S, L)
the average backorders, and ECp(y|S, L) = 2(I(S, L) — (S — AL)).

The first-order condition for the expected average supply chain cost, ([B9), be-
comes

(h+0)F(S|L) —d =0.

Using the result in Theorem Bl under the optimal ready-rate-with-window con-

tract, the supplier’s optimal base-stock level and lead time are the first- best S* and

L*, and thus satisfy the above first-order condition. So Aj = F/(S*|L*) = + + s

Proof of Proposition
The results in Proposition are similar to those in Proposition with W = 0.

BI4) follows from (B.A), (B.6) and Assumption B2

Proof of Proposition B.7]
Following the definition of (), ¢(-) and s in the proof of Proposition B4 (BI))

becomes

:L’/)\ L _
( fx<5’ U/)\ dZE /\( fy<s((o./)\)f)dy)
Usmg the result in Proposmon B0 the optimization problem for solving the op-
timal S* and L** under the optimal ready-rate-without-window contract can be

reformulated in terms of s and L as follows.

_ (L—y)

poI(n}%IiLEC(S L) )\[h(S fy<s((g/)\ )dy) + C + f() CD d( (U/)\)m)]
subject to

s+L S— L
hA ;L (( /MVL + h/\f <s8L
It can be sunphﬁed as

; L s—(L—y)
p,i,nfg'g,L h(s — fy<3((g/>\ )d?/) C (L) + fo OD(y)d((a/)\)m)
subject to

MsE(okn) + [ ()] — CU(L) =
The formulation is independent of A for fixed . So for fixed %, the optimal

(s, L) is independent of A, AF* = (WT) is independent of A\, and S** = A\s**

by = ACU(L) =

is proportional to A.

For all the following derivation of formulas, we define
_ S=AL _x _ S*-AL* _ S=ML-y) _ S-ML=T) SHAML-T)
<= oVL’ z = oV L* "’ Ry = ovL—y ’ AT = o/ L-T and ZT T oVL-T

Section B.5.9] Linear delay cost: formulas
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It is assumed that the demand distribution is normal, Cp(y) = 0y and C,.(L) = .

The average supply chain cost is
ECL(S,L)=(h+ 5)0\/5(,2(1)(2) +¢(2) —6(S—AL) + % (B.13)

B3) and BI0), the first-order conditions for the first-best solution (S*, L*), be-

come

(h+0)®(z) = & (B.14)
6(x) — CUL) = . (B.15)

o

2M/L

The subscript L in Cp(S, L) and W} denotes linear delay cost, and C}.(L) = — 5.

Constraint ([B.I4) in the optimization problem under the ready-rate-without-window

(h+0)(P(2) —

contract is

S — )\LCD(Z) n o
2\L 20V

I 6(2)) + CL(L) = 0. (B.16)

1. Derivation of (BI3)
Applying following formulas on page 206 of Zipkin (2000) to the objective function

in B.3),
I(S,L) = oVL[2®(2) + ¢(2)] (B.17)

and

ECh(y|S, L) = 2[I(S,L) — (S — AL)] = ga\/Z[—zaz) +6(2)], (B.18)

> &

where () =1 — ®(-).

2. Derivation of (B.I4) and (B.I9)

They are obtained by differentiating (B.13) w.r.t. S and L, respectively.

3. Derivation of (B.10)

* * x\ __ S"*)\(L**W*) OAT, (S*,L*)/as . 2(L**W*)
A (57, L7) = & oI =W+ )= aAg(S*,L*)/aL T TS RATWY)
dECp(y|S*,L*)/8S —®(z") o .
CI8) = 3EC§(y‘S*7L*)/aL = e Substituting the above results into

B.12),

AL — W) ~3(2¥) (B.19)

CS ML W) B (2) +

(=)
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(BI) and (BIE) = ®(2*) = 745 and s 0(27) = —25CH(L*). Substituting
into (B.I9) gives BI0).

Section [3.5.21 Convex delay cost: formulas

It is assumed that the demand distribution is normal, Cp(y) = 0y* and C,(L) = .
The average supply chain cost is
J 2 30?
ECe(S,L) = [h(S—AL)— X((S —AL)" + 3 (25 AL + g))]@(z)
o’ 30° 2SM/0% G ( 5+ 0
+075 (S + AL = S)ePVTR(T) + (h+ (AL - S——))o\/_¢( )
+AC, (L) + é((S —AL)* + o —(25 = AL+ 31)) (B.20)
" A A 2\ '

where 2zt = i*—\/)‘f B9) and BI0), the first-order conditions for the first-best solution
(S*, L*) become

h@(z)—4§0—)\\/z ¢(2) —26(L % 1—2)5(2)+25(L+§—%)625’\/"25(5“):O (B.21)
ho(z) — (o + %ﬁizm> (L~ — T8~ NP - L) =

(B.22)
The subscript C' in C¢(S, L) and W/, denotes convex delay cost. Note that the
constraint in the optimization problem under the ready-rate-without-window contract

for convex delay cost is the same as that for linear delay cost, given by (B.I6).

1. Derivation of (B.20)

Co(S, L) = hoVI(=8(2) + 6(2)) + A3 [“6(z, %d FAC(L) (B.23)

L — L 9w 3 L&
hwwm%%%% = SR (z,) = T (er) + 2[fyB(z,)dy
— T26<Z ) )\2 Z+OO(L__(%+?_Zy \/ % + %))(zy_ \/ ig\ + __\/—yizz)a(zy)dzy
202L1( S +oo SA ZZ

32 [(®(2y)2, \ o2 +2 + Zy (2y) ‘ + f pli s I¢(Zy)dzy -

= T26(ZT) +
f;;ooa(zy)dzy]
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ol 22 — 53 P R— 22 o
_%[(Q(Zy)zy( % + Zy)g + q)(zy)Zy % +4 - ‘I)(Zy)ZS( \ % + Zy)z) ;LT
00 22 00 23 22 0 22
57 5+ BP0 eyt TR 2+ T o)z~ [T 5 (\ 52+ E)0(x,)dz)

i S—A(L—
Let o =2y 3 + 3,00 =2/ 3 + 3050 = =

00 22 oo 22 22
S0z, (\ 5 + 2)P0(z,)dzy, = f; GRS )3¢(2y)d(% + %)

_ 625)\/02[_%x3¢($) ;—q?o _ % +oo + f+003 :>

f;;oozy( \V % + %)3¢(2y)d'zy = %(Zj—t)gﬁb(zT) + %Z;QS(ZT) + %625)\/026(2;)

OOz OOZ 2
- ié\ + ¢(Zy)dzy = 2f+ =+ ié\ + ¢(Zy) (5_2 + Zy)
)dx —

:ZTezs)\/U fm;m;c(ﬁ i _) ¢( ) _ 2S)\/o (f+oox ( f;;oo 25(':;1; qﬁ(l‘)d$)

TT
using the result above,

ooz 22
er % + Ty¢(zy)dzy
(%( 2P+ 2 — BAD)d(er) + (2 — 22)e2NTD(2f)

f;;ooz;( \ % + %)2¢(Zy)dzy f;oo §§Z2¢(zy dz, + f+oo Zy¢ (zy)dzy
[ dd(z,) — [ G d(z,)

= Zard(zr) + 1(2r)*¢(2r) + F2r(2r) + 28 (2r) + §D(27)

=
L 5 s+,\L v)
fT ?(2y) 20 (L— y3/2dy

= T%3(2r) + 225E[-1(2 AS“T>+1)<I>( )
— 20 [(—2r(32F)® — L(2r)* 2 + (21)2(325)?)
+(3 — 24)e? NP (2 )+i(z$)3¢>(zT) 7(er
+(32f = 3or — 2521 — Zar)9(2r))

= T2®(27) + 2L [~ (AU 4 Do) 4 WET g

)+ 5B ()

22 e zr
+ 2T (o) + BED(er) + 210 (ar) + (5 — DV (2F)
—SVL=T((L=T)+ %% + )o(er) =
S+AXL-y), S o? 25 302 —
INEE >Wdy = (<X — L)’ + )\2( Y toe T L))®(2)
o? S 302 osnjer S HAL Lo S 30
G L5 TR+ VLI =5 ==7)6(2) (B24)

Substituting (B.24)) into (B.23)) gives (B.20)).
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2. Derivation of (B2I)) and (B.22)
The first-order conditions [B3) and BI0) become

2)\(5 L Yy

hd(z) — o fo T y¢<zy)d?/ =0 (B.25)

and
() = 5000 = HS Y sy + Ay = o(z,)an) = ClL) =0,
(B.26)

The integrals are derived as below.
2.1 [ =d(z)dy (0< T < L)
fT \/7¢(Zy dy = LfT \/7¢ zy)dy — fT VL —yo(z)dy

fTvL—w(zy)dy:“—gf SO YNy SR P  E 4

2+4

= O(2r) (35 ) 22 ST T () — NPT + %625,\/(7 3(=h)

N\N

o o2 = - o3

S A0y = L3@(er) — V7 B(25)] - Blar) (55 + )
0'3 0'2_ o 0.2_

625)\/ @(Z;:) ‘i 25’)\/ @(

)t 5% 27)
= S[L = (3 + £)®(zr) = (L+ 5 = $2)e* NS + 2 VL = T(2r) =
Ly o —§0—2_z— 0 asnerm, ST AL 207
Jo ﬁcﬁ(zy)dy NL=(5+32))2() — (Lt —5) o @(—U\E )]+ )\2( |
B.27

2.2 foL = 53/2 ¢(zy)dy

L — L
fo (L= y)3/2¢ 2y d?J = f (LLy 3/2¢ Zy)dy + fo mgb(’zy)dy
= Lfo (Lfy)3/2¢(zy dy — fo \/f_yﬁb( zy)dy

= LZ(B(2) + SVPR(ERL)) - 2(B(2) — FNPR(ERE)) =

Ly oA A pevee= S+ AL
J mﬂ%%)dﬂ =S5~ D3() + (LG + 1) 20 (B)

(B2I) and ([B.22)) follow by substituting (B.21) and (B.23) into (B.23) and (B.26).

3. Derivation of (B11)

— S AL —y) 4% _ S*4AL*
Let z; = Ty and 27" = =2
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L*

@I = Wi = L* — ‘[“ VAR

fo L*y_y \/ﬁdﬁ'%j)dy
Using (B27) and (m,
W e S0 BE) (L4 ) N Bl B V()

© UL =12z )+(L* B 1)e2ST V7T B (5 )]
_ s % ‘;§>6< ) ) VB B V()
- DY +(L*+S*) 25*)\/0' (Z+*)
First-order condltlon (m = at the optimal (S*, L"),
S* o2 * * *Ao * o * *\ *

(L = 5 = 5)B(z*) = (L+ 5 = )2V B(2) + 2V Lrg(2") = £0(2"),
substltutmg it into the above formula for W gives

WC — [ — S* q)(Z*)

(L* S* )<I>(z*)+(L* S*)ezs*wa Dzt*)”

(M) —-2x([B22) =

(L + )N D(2 ) = hd(2*) — (=§VI6(2*) — 28(L7 — 5)B(2*) +205(L7)
substltutmg it into the above formula for W¢ = B17).
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Proof for Chapter 4

1. Definitions and preliminaries

Let W(B|H) = fm — 4 and S(B|H) = "HULE where H > 0. W(B|H) =
m + ﬁ% > 0.

We use ¥(f) and S(B) instead of W(5|H) and S(B|H) whenever there is no am-
biguity.

The following results will be used in the proofs.
b
[ @ = 1oy = avla) - b0 ()
b
[ oy = avl@)~b00) + 8(0) - 2(a) (€2)

2. Formulation of period t problem
Let Supplier 1’s share in period ¢ be oy. Under the allocation rule 87, (x;, 7) for

period t, the buyer’s payoff to go is

o) =awel +(1=aet+7 [ [ (Bl ad) falled i ieddoldst, (€3
the profits to go of supplier 1 and 2 are

by = mag= 200D [ [ ot G ) et e ol et (C.)

and

bg(1 — at)(etl)Q

v2(1—ay) = m(l—oy)—

1y / / mﬂ (2, 22) f(al]eD) f (2] dalda?.  (C.5)
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First-order conditions =

v} (o o
28 — “bglanel 47 [ [ oha(E (el ) £ aled) fadieddslda? =,
81}? 1—ay «
P = —bg(1— ar)e} + 7 / 021 (1= B (el 22)) f(xtled) 2 (a6 dac} da
PN t Tt
i a
ot = gl [ [ Bl P e fatldatart (C.6)

Y o
¢ = oo ] - B el P dslds?. ()
bg(1 — ) Jo1

([C8) and (C1) are necessary conditions for (e}, e?) to be a Nash equilibrium in
period t.

3. Proof of Theorem [4.1]

Due to the complexity of the problem and our focus on the suppliers’ incentive
issues, we will ignore the suppliers’ individual rationality constraints in the following
analysis and restrict a supplier’s share to a range by letting 3 and £ be the upper and
lower bounds for a supplier’s share in a period, where 3 can be exogeneously defined
by some constraints such as the minimum order quantity and also ensures the (IR)
constraint is satisfied.

The proof of this theorem consists of two parts. In the first part, we derive the
optimal allocation rule from the static formulation of the buyer’s infinite-horizon
problem, under the assumption that the two suppliers use stationary policies to play
the stochastic game; in the second part, we check that under the derived optimal
allocation rule, the suppliers’ infinite-horizon stochastic game has a unique Nash

equilibrium which is stationary and is the one derived from the static formulation.
e Part 1. Derive the optimal allocation rule

We first consider the buyer’s problem with the incentive compatibility constraints
only. Other constraints will define the upper and lower bounds for Supplier 1’s share in
’;ef , then y; ~ N(0,1) and from the first-order conditions

T

the next period. Let y; =
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in (A1), the suppliers’ best responses to an allocation rule 5, (x1, zs) are

e] = —// oW1, 12))110(y1) (y2) dyr dysa, (C.8)
G = g [0 B o) indn, (€9

where B, (41, 92) = Ba (€} + oy1, €+ 092), and v(8) = v1(8) = v5(8) for any B due to
symmetry.

Substituting the suppliers’ best response functions into the buyer’s objective func-
tion, we obtain the buyer’s unconstrained optimization problem, in which the buyer
only needs to choose an allocation rule in terms of the suppliers’ standardized per-

formance:

vp(o) = mang{’Y//[%ylv(Ba(yl, Ya)) + %ygv(l - Ba(yl,yQ))
+05(Ba(y1, 12) 6 (1) & () dyrdyo}.

Let G(B,(y1,42)) = m=10(Ba(y1,v2)) + =y20(1 — Bo(y1, y2)) + vB(B4(y1, 12))-
Pointwise optimization of vg(«a) w.r.t. 5, (y1,y2) =

G,(ﬂa(yhy?)) = %ylvl(ﬁa(yhyQ)) - %va,(l - Ba(yby?)) + U%<ﬁa<y17 y2))
So the optimal S, (y1,y2) is independent of «, and we omit the subscript « in

Ba(yl, Y2) and BZ(yl, y2) from now on. It follows that

= 7//[%3411)(3*(%,3;2)) + %ygv(l — B*(yla?h))

+op(B (g1, 92))]0(1)d(ya)dyidys = v (C.10)

is independent of a.

Let H = %(//ylv(g*(yl,yg))gb(yl)gb(yg)dyldyQ)?, Substituting it into (C.8))

and (C9), we get e = af/fbf, ey = ( 1‘_/3? 77> then due to symmetry of the two suppliers,

v1(a) = ve(a) = v(a), where

o) =am— ¢ 9 [ [vB w)omotwdndn.  (€11)

Note that both H and the last term in the above formula are independent of «
and H > 0, so

125



Appendix C. Proof for Chapter 4

v'(a)=m+ > (0 and v"(« ):_Qa_lg<07
1R __H y_ 1 Y :
“ (ﬂA(yl’yQ)) w(m + Bonwr) ~ w2 e )
" 2d 1, 2H
G"(B(y1,y2)) = bayl (Bly1,y2))3 bvy2(1 Blyr,y2))?

So we have

(1) for y; > 0 and ys > 0: G(B(y1,ys)) is concave, the optimal 8 (y1,y2) is either
determined by G’(B(yl, y2)) = 0,

or at the boundary with B*(yl, y2) = Bif G'(B) > 0 and B (Y1, Y2 i

(2) for y; < 0and yo < 0: G(B(yl, y2)) is convex, 5 (y1,42) = Bif G(B)
and 3 (y1,¥2) = B otherwise;

(3) for y; > 0 and y, < O: G’(E(yl,yz)) >0, 8 (y1, 1) = B;

(4) for y1 < 0 and o > 0: G'(B(y1,92)) <0, B (y1,32) = 3

In the above analysis,

G'(Byr,2)) > 0 is equivalent to g1 > S(B(y1, y2))ye;

G'(B(yr,92)) < 0 is equivalent to g1 < S(B(y1, 92))ye:

G(5) > G(1 — p) is equivalent to

Lyn0(B) + oL = B) > Syrv(1 - B) + Suev(B),

& (@) — v(1 = B)) > 1(0(B) — o1 = B)) & 31 > 1.

A*(yl,yg) immediately translates to

Because y; = 2%
B (21, x5) based on x; and z5. So the optimal rule in Theorem BTl follows. Let

C=//ylv(ﬁ*(yl,yz))é(y1)¢(yz)dy1dy2, (C.12)
SO 7202
o= (C.13)

In ([CII)), let V = // (Y1, 42)) (Y1) o (y2)dyrdya, v(a) = am — % +7V, take
a = B (y1, y2), multiply both sides by y;, and integrate both sides over y; and ys,
/ylv 5 (Y1, 42)) (Y1) o (y2) dyrdys

//yl A* yl,yz T T w yQ))¢(y1)¢(y2)dy1dy2 +7V//y1¢(y1)¢(y2)dy1dy2

ic:/MW@MMm— ) (1) () dyr s,

together with (C13) =
% V2bH = //yl(g*(ylanQ)m — i )O(y1) (o) dy1dys.

B (y1,92)

_ H
B (y1,92)
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Check the suppliers’ second-order conditions (Nash equilibrium):

Under the optimal rule S (21, 2),

T = _O‘bJFV// 1B (21, 22)) [ (1] er) f (o] ez)d 1 dox

——ab [ [ o8y (o aa) HI259) ~ Us(E72)0(55% o
At (e, e2) = (€7, €3),

8%v1 () o 5* H
G |(eg.e3) = —ab+y / / (B (yhy2)m—g*(yhy2)+W)C%[(yl)Q—1]¢(y1)¢(y2>dy1dyz

= —ab+ —// y1)? = (B (g1, 92))6(y1) 6 (ya) dy dyo.

Using polar coordinates

y1 = rsinb, yo = rcosb, dyidys = rdrdf,0 ~ U[0, 2x], tan 6 = o S(B*) (C.14)
Y2

Let 6,,;, and Qmax correspond to 3 and B.

/ / “(y1, v )cb(yl)cf)(yz)dyldyz

y1J Y2

=N +¥(B / ¢ y1)P(y2)dyrdys + V(5 / / ?Jl (y1)P(y2)dyrdy:
y2<0J yo y2<0Jy1<y2

+U(B) / ooy, + ¥() / B20(y1) by dyadn,

y1<0,y2>0
where

A= / /9 0 2(sin 0)2 (5 (41, 92)) s/ 2rdrdd
= /eﬂ/Z(sm@)Q\If(ﬁ (yl,yz))ﬂ[/ ™ 12d(%)]df

=0 7’:0

/2 o~k
- %/ (sin 0)*W (B (y1,y2))d0
0

=0
_ ;/9 fax(sin 0)°W (5 (41, y2))dO + L (B) (T — b 4 L sin(2bpa)) + LW (5) (P —

™

%511 (20min))-

4
By (C2),

0
/ 0 | vrotuotw)dndy. = [ [20(0m) + = B(u)]0 )
= yacb(yz)cb(yg)dyﬁ%/ ¢(y2)dy2—/ D(y2)P(y2)dy2
y2<0 y2<0 y2<0

- L +§—/ ®(y2)o(y2)dys,
y2<0
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/<O¢(y2)¢(y2)dy2= (@(ya))Qlfioo—/ D (y2)P(y2)dys

2<0

- / B(y2)b(ys)dys = 1

y2<0

0
= / / Yio(y)d(y2)dyrdys = § — 1=
y2<0J ya

/ 0 / y20(y1)(ya)dyr dys = / [=0(u) + () o)

- / () S y2) s + / B(y) d(yo)dys = £ + L,

y2<0 y2<0

yio(y1)d(ya)dyrdys = 2 [ d(y2)dys = 1,

y1>0,y2<0 y2<0
Yio(y1)d(yo)dyrdys = %/ P(y2)dys = 3
y1<0,y2>0 y2>0

So / / VU (B (y1,y2)) 0 (1) b(y2) dyn dys
= A+ U(B (%— L) +UB)E+ L)

/ / y1, yz ¢(y2)dy1dy2
Yyi1v y2
=N+ V(B /y2<0/w¢ Y1) (y2)dy:dys + ‘I’(ﬁ)/yQ<0 y1<y2¢(y1)¢(y2)dy1dy2

U (B) / o)t dnds: + V(3) / 6(1)(ys)dysdys

y1<0,y2>0

= Ao+ LU(B) + L0(B) + L(U(B) + U(B)) =

/ / (B (0, 92)6() )by, = Ao + 2 (W(E) + W(5)), (C.15)

~%

where Ay — / L )0 ) s

7r/2 * w/2 e
/ / JLer /27“drd9—/ W(E)Ld) =
r=0J60 0=0

Omax
Ay = % " )d6+%\ll(ﬁ)9mm+ L 5@ /2 = ). (C.16)
ﬁ;lll()%)l(e = —ab+ LM +YB)E-5)+V(B)(E+£)— A+ 2(T(B)+U(5)))]
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— bt / T (s0)2 — DU (g1 52+ ($51n(2y) — (W (F) — W ()]

Y

note that sin Z = \/75
ab +

0%v1 ()
(8611)2 |(e’{,62) =

. Omax w/4
+ =8 0) [ (im0~ ap+w(g) [ (sino)? - 3yap

" /4 min
+1(510(201max) — 1)(¥ (3) v(B))],

because (sin 6)? = =20,

(92'() [6%
(aell()Q) |(6f763) < —ab + _[_lqj(ﬂ)/

/4

+i(Siﬂ(29max) —1)(T(3) — ¥(8))]

= —ab + L[ 1V (B)(sin(2W0max) — 1) — 2U(B)(1 — sin(20mm)) + L(sin(20max) —
1)(T(5) - ¥(B))]

= —ab+ 5V (8)(sin(20min) — sin(20max))

=—ab+ ;5 \Il(ﬁ)(sin(%mm) Sin(2(5 — Ouin))) = —ab,
(82( —a)
suppliers only use stationary policies.

amax

/4
cos 20d6 — %\I/(ﬁ)/a cos 20d6

similarly

l(er,e5) < —(1 — )b, so (e], e3) is a Nash equilibrium when the

Uniqueness of Nash equilibrium:
Letal_ o ) 2 = Yi — Q. Bym

62;611 = —ab+ ’Y// “(21,22)) 901[,_61)2 — o (H72)o(#25%2 ) dxr1dy

s [ [ Al - o(sayele

= —ab+ —// (1, ¥2)[(y1 — a1)* = 1o (yr — a1)d(ya — az)dyrdys
=—ab+ 3% [\If(ﬁ)/_ (/ [(y1 — a1)® — Lo (yr — ar)dyr)d(y2 — az)dys

)dilfldi[,'g

wu [ (f " — a)? — o — an)dy)dlys — az)dys

—00

10 (p) / °O< [ a0 = 10001 — )0z — )i

—00

+/OOO(/OOO‘I’(E*(?J17Z/2))[(Z/1 - a1)2 - 1]¢(y1 - al)dy1)¢(y2 - GQ)d?JQ]
——ab+ 200 [ ([ (- Dotad)sln - a)dy,
1w (p) / ( / U2 D) dn) Bl — a)dys

—00

1 (p) / 7 / (2 D6(21)dn) by — az)dys

(e 9]
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T / T / TW(FL (21, 22)) (22— 1)p()dn)(z0) s
— —ab+ Z[(V(F) - ¥(B)) / (v — a1) bz — ar) by — az)dyo

Su@asla)@@) + [ ([ UE ) - Do) o)

/ (v — a)ély — an)ély — az)dy

0

= % (y —ay) exp[—%((?/ — 1)’ + (y — a2)?)|dy

= expl-(252)7) [ (- o) expl—(y - 25 )y
— Lewl-(52) [ (- ) expl-(y - 252 )dy
~oigen [ expl(y - )y

ai—az

:VL??QXP[_( 72Vl =g expl= (=g | 2 oxp[—3(V2(y—2522))?dy]

zm
where I = _T exp[—3(af + a3)] — 452 exp[— (152 )] @(— 152,

Let 7 and y be the solutions to (y; — a)?—-1=0,7—a; =1, y—a = —1,
(y1 —a1)* =1 >0 for y; > 7 and y < y. Because < BZ(zl,ZQ) < B,
9%v1 ()

Gep < —ab+ H[(W(B) — ¥(B))575 + ¥(Baid(ar)P(az)
" / (w(3) / (2 — an)? — (s — ar)dys + 0 (B) / (91— a1)? — (g — an)dyn

+‘I’(@/y[(91 —a1)? = 1oy — ar)dy: }o(y2 — az)dys,]
= —ab+ Z(V(F) = V()5 + VB mo(a) B(a)
[ @ [ @ -vetan+v6) [ e - Dot

—V(8)) 575 — (U(B) — ¥(B))ar¢(ar)®(az)
Y—a1)dy —a1) — (y — a)p(y — a1))®(az)]

= —ab+ % (V(8)—-T (B )[—2\}ﬂ¢(\/a%+a2) a1— 2¢(a1 a2)p(— al\}’;?)_algb(al)@(az)_’_
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— —abt 2 (U(B)—W(B)) [~ Sblon)da2) + 258 (B2 (1-0(21522)) —a; 6(ar D (az)+
2¢(1)®(a2)]

because z¢(x) is maximized at x = 1 and —z¢(x) is maximized at x = —1,
relaxing each term in the [ ] individually, we obtain

Pale) < b+ Z(W(E) ~ UD)-o(n)olar) + H6(52) - a19(ar)2(es)

+26(1)(as)

< —ab+ (8(F) — $(E)[o1) +30(0)0(er)

< —ab+ X2 (m+ ) (J5 + 3)8(1).

Because 1 — B < a < f3, the sufficient condition for the existence of a unique Nash

equilibrium when the suppliers only use stationary policies is

728 - 1) H 1 =
ST+ == (s +3)601) < b1 =) (C17)

Because (m) holds at 8 = 1 with strict inequality, the set of the values of 3 such
that 3 > 1 and (CI7) holds is nonempty.

e Part 2. Prove the existence of a unique stationary Nash equilibrium in the

suppliers’ infinite-horizon stochastic game under 8" (z1, z2)

The proof consists of two steps: the first step is on a finite-horizon problem and
uses backward recursion to show the existence of a unique subgame perfect Nash
equilibrium in the two suppliers’ finite-horizon stochastic game; and the second step
shows when the horizon goes to infinity, the subgame perfect equilibrium becomes a

stationary equilibrium.

Step 1. Finite-horizon problem:
First consider a T-period model, T" < oco. Assume given Supplier 1’s share in

Period T+ 1, ary1, the terminal values of each party take the following form:

2\/2Hr1

vip(ar) = VP, = T7UT+1(O‘T+1) = Qrpm —
V(1= ars1) = (1 — agg)m — 225 +4Vp,

o l—ariq
where aryq € [ﬁ, fl, and Hryy > 0 and Vpyy are independent of aryi. Because

Hriq
aT+1

+Vri,

there is little restriction on the value of Hy,; and V.4, the above form has included
the case of no future payoff for the buyer beyond period T" when Hp,; = 0 and the

case of no future payoff for the suppliers beyond period T" when Hy,; = V1 = 0.
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Motivated by Part 1 of the proof, we consider an allocation rule of the following
form for the finite horizon problem.

Given Supplier 1’s share in period ¢, a4, the optimal allocation rule for period t+1
(t<T), /BHI(:pt,xt) takes the form

1. for x} > e/* and 2? > e?*:

if o —ef* > S(BIH;) (o} — €f"), B (wd, af) = B if wf — e < S(B|Hy) (7 —6/‘),

B (), xf) = 6 otherwise, 6t+1(xt ,z7) is determined by S(ﬁt+1(:£t )| Hy) = %;
2. forz} < ef* ora? < eX: By (b, 2?) = Bifzl—er* > x2—e?* and ﬂtﬂ(xt,xf) =
3 otherwise, where
2H, 2H
el = Ler= Y (C.18)
Oét\/_ (1 - Oét)\/g
and H, (t =T,T —1,...1) is calculated as
. ’72 * Hiq 2
Hy = m( Y1(Ba (W1, y2)m — ————)9(y1)d(y2)dyrdy2)” > 0, (C.19)
o ﬁt—l—l(yhyQ)

where 5t+1(y1, Y2) = 5?j1(@%* + oY1, 6?* + 0y2).

period T, let y; = % (i =1,2), from (C6) and (IZZE),
H
i [, [, BTt me s Vo) A e F i ok

1 1x 1 1= 2

= baTU/yl/w(@TH(yl,yz) 7 iTH ) — =)o (y1 — L= ) p(yo— 5

T )dy,dys,

(y1,y2)

2 2% 1 1x

and
r = b(1—_7at)o/ / ((I_BT—H(yhyQ))m_ T )(ya—T ;eT )¢<yl_eT;eT )(ya—
Y1 y2

1_/3T+1(y1792)

62 _62*
%)d?/ldyz-

It is obvious that B;+1(y1,y2) is symmetrical in y; and ., i.e., B*Tﬂ(yhyz) =
1= By (y2,1) for any (y1,12). So
[0t mm = 55000 o)y

+1(y1 y2)
o~k o
— [ (1= B o, v - i A
Because letting e/, = €% in the two equations above for e}. and e3. will make both

equations hold simultaneously, obviously et = 21\%,6%* = iH)T 7
ar —aT

(C8) and (C7) for period T problem.

is a solution to
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To show (eXf, %) is a unique Nash equilibrium in period T', consider the suppliers’

second-order conditions. Following similar analysis as above for the second-order
conditions in the static formuation, but with H and V replaced by Hr,, and V4,
we can show that
« 2%\ O%vp(or)
at (eh,e2) = (e, e2), (gg;)f (et e2r) < —arb and

ar)b, so (eX¥, e%) is a Nash equilibrium;

z vT b O‘T)| (ekr,e2r) _(1 -

moreover, the sufficient condition for the existence of a unique Nash equilibrium

in period T is 22221 (1 4 SEL)6(1) < b(1 - B).

At the Nash equilibrium (ef*, e%*), from (C-3) and noting that V2, is independent
of aryy,
2\/2H
vi(ar) = Vi = 258 + VP,

\f
vh(ar) = arm — —T +Vr, v4(1 —ar) = (1 —ar)m — HT +~Vr,
where
Ve = [ b B (136 6(00) )
/(5T+1(y17 Ya)m J{%W(M)Gb(%)dyidm + Vi
7+1(Y1,Y2)

Suppose the above results hold for period t41 (t < T'—1), i.e., under the condition
%(m + %)Qﬁ(l) < b(1 = B), (efiy,€fty) defined by m and (C19) with
the subscript t replaced by t 4+ 1 is the unique Nash equilibrium of the suppliers in
period t 4+ 1, and at this equilibrium,

24 /2Ht+1

B _yB _
v (o) = Vigh = R +7Vi&a,

1 — Hit — Hipr
Vi) = aepim — ZE Vi, v (1 — ain) = (1= cp)m — 250 + Vi,
where

Vig1 = /(Bt-l—Z(yla Yo)m — %W(%W(%)dwdw + Vigo.

Then using the backward recursive argument and similar analysis as that for
period 71" problem, we can show that in period ¢, under the condition

2y(28 - 1)

H.
g (m + s

B(1-B)

(ef*, €2*) defined by (CI8) and (C-I19) is the unique Nash equilibrium of the suppliers

in period ¢, and at this equilibrium

)o(1) < b(1 = B), (C.20)

vP () = VP, vf(oy) = agm — 2 44V, 0} (1 — o) = (1 — ) + Vi,
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where

Hip
5t+1(y1 ?/2)

Vi = /(ﬁm(yl,yz) )O(y1)d(y2)dyrdya + Vi, (C.21)

and
2v/2H,
Vb
Because ([C20) holds at 3 = 3, the set of the values of B such that § > 5 and
([C20) holds is nonempty. So under condition (C20)), {(e}*, €2*)}i=12. .1 constitutes

a unique subgame perfect Nash equilibrium.

VP = “+VEL (C.22)

Step 2. Infinite-horizon problem:

When T' — oo, the Nash equilibrium is stationary if there exists a solution to

F(H.) = Ha — / 01 (B (0, 92)m — = )p(1) o)) = 0. (C.23)
2bo” ’ B (y1,12)
1% 2Hoo 2% __ % __ 2H

Then in period ¢, given oy, ¢;* = €] = v R A Bl T

the allocation rule is in fact the optimal allocation rule derived in the Part 1 proof;

and from (C.21)) and (C22)),

_ 3 _ Hoo B —
Vi = &5 [ (B (s = 5 )00 ), V2 = 2020

It is obvious that F'(H,) is continuous in H,,. To prove the existence of a solution
o ([C23), we can find a bound to F(Hy) using the fact that § < 5*(3/1, ys) < B. For
simplicity of notation, we omit H,, in \I/(B*(yl, y2)|Hs) in the analysis.

Using polar coordinates defined in (CI4), in F(Hs), let
B= [ [ 0¥ e o) otue)dusd
Y1Jy2

=A \If dy,d \If dy,d

3+ /y2<0/ y10(y1)d(y2)dyrdys + /yQ<0/yl<y2y1¢(y1)¢(y2) y1dyo

+u() / Y1 6(y1) () dyndys + W (B) / y10(y1)d(y2)dyr )]
y1>0,y2<0

y1<0,y2>0

=A3+‘I’(3)/ P(y2)(9(y2)— ())dyz—‘lf(ﬁ)/ (6(y2))?dya+35(¥(B)=T(3))(0)
(0

y2<0 y2<0

— Ao+ U(B) (s — 2) — W(B) L + L(U(B) - W(B))6(0) =

B = A3+‘I’( )—_‘I’( )

e (V2+1), (C.24)

\/_
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where A — / 0 (5 (g1, 92)) (1)) gy
y1>0,y2>0
7.‘./2 7T/2 o~k
/ / rsm@ e 2rdrdl = \/g V(5 )sin Q%dﬁ =
r=0J6 6=0

1
Ao — ——
T oor

Because V'(|Hy) > 0 and Hy, > 0,

[/GmaX\Ij(B*) sin §d + \Ij(é>(1 — Cos emin) + \IJ(B) COS emax]' (C25)

A; < \}QJ(B)/ " sinodo + #\11(6)(1 — COS Oppin) + ﬁ\ll(g) 08 O ax
= W) + (W(5) — W(E) cos O] =
B2 T[T 4 costu(8(3) - W(B)):
Ay > F v(s )/ " in6do + 57=Y(B)(1 — cos Omin) + ﬁ@(ﬁ) 08 O ax
— V() + <mﬁn>—\1f<_>>cosemax]:s

\/1*[\1[ COos emax](qj(ﬁ) - \Ij(ﬁ)) > 0.

Let Fi(2) = & — gghz( 5 + €08 0uin)*(V(5) — W(5))*

=T — J(emin)(m + E%)Qv

and Fy(z) =2 — J(er;ax)(m + %)2,

where J(0) = mﬂbgz (26 —1)? (\% + cosf)?. So for any x > 0,

Fi(z) < F(z) < Fy(x). (C.26)
Fl(z) =1 —=2J(Oin)(m + %)%ﬁ’ FI'(z) = —2J(9min)@ < 0;
Fy(x) =1 = 2J (Onax)(m + )25, F' () = =27 (Bniax) 57 < 0.
Let 2* be the solution to Fl(az) = 0, so Fi(z) takes the maximum at r* =

-5 B
5@<2J(0§,in) —m),

N BB
Because F1(0) < 0 and F5(0) < 0, the sufficient condition for the existence of a
solution to (C.23) is Fi(x*) > 0, which is equivalent to

(28 — 1) < 4tbo?

B 0) Py + coshun)® 20

Because holds at f = % with strict inequality, the set of the values of
2
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such that 8 > $ and (C20) holds is nonempty. (C27) sets a lower bound to 8 with
B >0, and guarantees at least one solution to Fy(x) = 0.

C2D) = F5(0) = 1 = 2J(Oumax) 35 > 1 = 2J (Buin) 35 > 1 = 1=14

for sufficiently large x, Fj(x) < 0, so (C.21) guarantees two solutions to Fy(x) = 0.
Let the bigger solution to Fy(z) = 0 be Z, and the smaller one be z. Obviously
x* € [z,7]. Tt follows from (C26) that F(z) <0, F(Z) < 0 and F(z*) > Fy(x*) > 0.
By the Intermediate Value Theorem, there exists at least one = € [z,7Z] such that
F(Z) = 0. Because F(x) < Fy(x) < 0 for x > 0 and ¢ [z,T], there is no fixed
point outside [z,Z]. So under (C.27), (e}, e3) constitutes a unique stationary Nash
equilibrium. Tt is noted that (C.27) is a sufficient condition which can be relaxed
because Fi(x) only gives a lower bound to F(z), even if Fj(z*) < 0, there may still
exist a solution to F'(x) = 0 when the maximum value of Fy(z) is positive.

It is also noted that there could be multiple fixed points in [z,Z]. As will be

2V2H

shown in Corollary L1l the buyer’s long-run discounted payoff vy = SN So when

there are multiple fixed points in [z, 7], the largest fixed point while making the (IR)

constraint and Nash constraint hold is optimal.

4. Proof of Corollary [4.1]
From the proof of Theorem [A.T], G’(B*(yl7 y2)) = 0=

A~k

S () =L =R (C.28)

Yo

Because

/ y10(B (1, 12)) D (91 () din e = / / yav(1 — B (1, 12)) 6 (32 (v2) sy,
Cm =
vp =72 / / y10(B (1, 12)) B (1) () dia e + 05 / / (4192 dyady

__ _2V2H

= UB = TR

~x%

In (CII)), using the definition of V' in the proof of Theorem [l take v = 5 (y1, y2)

and integrate both sides over y; and ys,

V= //(3*(y1,yz)m— £ )¢(y1)¢(yz)dy1dyz+7V//¢(y1)¢(yz)dy1dyz

B (y1,2)

=V =& [ [ G wvmm = 5 olu)olw)dndye

B (y17y2)
Substituting this into (C.11l) gives the formula for v*(«).
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In the following subsections 5 to 7, for simplicity of notation, we use 3 for B
5. Proof of Theorem
For simplicity of notation, we use 6 for 6,. Under the allocation rule defined by

(@9), Supplier 1’s long-run discounted payoff is

B B ab(ep)? o (8)F 0 — (e; —eg) (1 0— (e; —eg)
11(0) = am— T oy (BF(E— ) o (1= o — =), (C.29
FOC =
1 9 — (61 — 62) .
—abey +y(vi(B) —vi(1 — 5)) \/§a¢( NG~ ) =0. (C.30)
Supplier 2’s long-run discounted payoff is
ve(l—a) = (1—a)m—%
—9—(61—62) 0—(61—62)
+y[va(1 — me(T) + Uz(ﬁ)q)(T)]- (C.31)
FOC =
(1= aes +7(0a() — 1ol — ) =0 A2y 0. (o

V20 V20

Because vy (a) = vo(a) for any a, denote it by v(«) and let Av(a) = v(a)—v(1—a).
For an allocation rule to provide incentive to suppliers, we need Av(3) > 0.

The buyer’s problem is

—0-(61— 9—(61—82)

(@) = mx{aer +(1-a)ea o o5 pun(1- a2y
(C.33)
subject to (C.30) and (C.32]).
Note that vp(8) = vp(l — ). Let i, and 1, be the Lagrangian multipliers of
([C30) and ([C32).
9L — —(ny +ny)yAv(B) =2 L p(=) = 0 = the optimal
0" = e —es. (C.34)

137



Appendix C. Proof for Chapter 4

It follows from (C.30), (C32) and (C.34)) that

. _ yBvu(B) 07— (ef —e3),  yAvu(B)

@ a/2bo i V20 )= 20/Tbo’ (C.35)
. _ _ 7Au(p)

2 = 2(1 — a)y/mbo’ (C-36)

For a # L, e} # e3. So 6" # 0.

6. Proof of Corollary
The formula for 07, follows from (C.38) and (C36). Substituting this formula,

(C.35) and (C.36]) into the buyer’s objective function, (C.29) and (C.31l), we obtain
Av
UB(a) = 1L \f(bi)7

v(a) = am — QMO 4 1(4(8) +u(1 - §)) =

8mabo?

(vAv(B))* |

v(B) = pm— S b0 + 5(“(5) +o(1 - 8)), (C.37)
_ (vAv(B))* | v
v(l1—=08) = (1-08)m~— WJF §(U(5)+U(1 - B)). (C.38)

= Av(B) = (268 — 1)m + % = Aw() is the solution to

*(28 - 1)
8nbo2[(1 — B)

(Av(B))? — Av(B) + (28 — 1)m = 0. (C.39)

2 _
Let W = Sgbaz gy Then Av(B) = gp (=14 /1 +4W (25 - 1)m).

For 8> 1, W <0 and \/1+4W (23 — )m < 1; and for there existing a solution

o (C.39), we need

1+ 4W (28 — 1)m > 0. (C.40)
This could constrain the value of the optimal 8. Av(8) =0 at § = 1, so

1
—2W

Let Xv(8) = v(B) + v(1 — B). (C30) + ([C3]) =

Av(B) = (1—/14+4W (28— 1)m). (C.41)

(1—7)v(B) =m — 8;;7 f;((f )_) 3 (C.42)

138



Appendix C. Proof for Chapter 4

It follows that v(3) = 3(Zv(8) + Av(B)),v(1 — B) = 3(Zv(B) — Av(p)).

Let K = &y, For §> 1
%—Vg:—K<ﬁ2+(1_B)2)<015( ):#6@_%/<107 1 1
5r(V1+4AW (28 — 1)m) = (1 +4W (28 — 1)m) "2 [-4(268 — )mK (5 + gg2) +

8Wm]

—2(1+4W (28 — 1)m)*%m[(25 - 1)K(52 + s /3)2) + 2K((%B) )]
—2(1+ AW (26 — )m) "2 SR = 2(1 +4W(26 — 1)m) ™2 555,
By (C.41),
08VE) — 1 oW % (1— \/1+4W(2ﬁ— Ym) + (L+4W(26 = m) "2 555
e — +(- )(1—/T+ 41/ ( 25—1) )+ (1+4W (26 ~1)m) ™2 g,

o 4K (28—-1)%2m 4K (28—1)2m m(26—1)2
= (1~ B(1-B) ) 2K(2/3 2(1 - \/1_ ©B(1-B) ﬁ) )8+ (1= B)) =7 B(1-B) J

At@:%g %)%:1,@ +(1—5)=%(25 )6(1@5)207

4K 2ﬁ Y L
SO IA
lim 22005) (C.43)
s—i  Of
PLuif) - L [(1 — T+ AW (2B = 1)m>2 (2\/1 TAW(26 - Dm + 1)
9B 2K (14+4W (28—1)m) 2 (28—1)>
4m2K2(26-1)°
~Fa-gF ]
sa /3)3
:>68A;2( >0 for >3 and%<0forﬂ<%

so Av(f3) is convex in f > I and concave in # < 1. By (C43), BA”(B > 0 for

B satisfying (C.40Q); because vg(f) = 1“’7 f}ba the optimal 3* should be as large as

possible and is constrained by (C.40).

e Supplier’s individual rationality constraint

€3 and (@) = Du(B) = T [2m — 7 Av(B)

1
sov(l—p) = % — %(1 + W)Av(ﬁ)

m " 1 (1+ 1 )
Ty T

v(l—pB) = (1—+/1+4W (28 —1)m) > 0. (C.44)

e Nash equilibrium condition (suppliers’ second-order conditions)
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We need to check if at the optimal 5%, the Nash equilibrium between the two

suppliers exists and is unique.

SOC for Supplier 1’s and Supplier 2’s problems:
9?2 0—(e;— 0—(eq—
T = —ab + yA0(B) g oo (o)
?va(1—a 0—(e1—e 0—(e1—e
and 22020 — (1 — a)b — yAv(f) L Ilre) g lemea)).
Using the fact that x¢(z) is maximized at x = 1, the sufficient condition for the

existence of a unique Nash equilibrium is

~yAv(5) o(1) < bmin{a,1 —a} =b(1 — B). (C.45)

202

This condition also guarantees that using the suppliers” FOCs for the incentive com-

patibility constraints is sufficient.

So the optimal 5* is constrained by (C.40Q), (C44) and (C.43).

o5 = e maw (L= VI AWE —Tm)
31+ )z (8 + (L= B9 = VIFAWEE = Dm) + (1 +
W(26 — 1)m)™2 57%5]
2 1 ))

— (1= /1T+4W(2B - Dm )m(ﬁu(l—ﬁ) T e

1 1 1o
~(L AW = )m) 2 g5 — 2 iy >(1+4W(25 )m) 72 a5

= (1+4W(28 — 1)m)~3[(1+4W (28 — >>14K<25 (82 + (1= B+ ==
B)*+ i) + s 8+ (=8P + i)~ mis —

t\.’)\»—‘

2
4K2512( +(1-

S T EFT) BB 1 1
= (1+4W (28— 1)m) "2 {~[(1 = (1 +4W (26— 1)m)?) i — 5 (87 + (1 -

B + tmn) ~ TiH = el 1
—(1+4W(26—1)m )“[m(l—(lJﬂlW(?ﬁ— ym)2)(1+4W (28 —1)(8° +

1
(1= 6+ e m) + smap (L + amesn)) 0

ov(l— ) 1

Let 3 > : be the solution to 1 +4W (28 — 1)m = 0. At 3,

By m 4 1 1
U(l_ﬁ)_ 5+ (Gme U
= i@y AW (20 = Dmt 1+ (1= 9)(26 - )] = 37 <0,
by (C44)), the solution to v(1 — 8) = 0 is smaller than 3;

dnW_ (). So ([CAQ) holds at any 5 < f,

for > 1, a_( +4AW (28 — 1)m) = 3455
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(C44) implies (C4Q). The optimal 8* is a boundary solution constrained by (C.44))
and (C45).

7. Proof of Proposition 4.1]
Note that we only consider 3 > 3. Let e = e} — ej_;. From (C30) and ([C32), e

solves

YAv(B) e | 1-28

€= " 75,05 (C.47)
V2bo V20" B(1=B)
x _ Qv e \ _ (1-B)e _ _Be
Soej = 7x/iﬁ(ba)qb(ﬁ) - (1 2%  €1-g = 62&
(C29) and (C31)) become

w(B) = Bm — BU55 + (BB +u(l = HB(FE))
v(1— B) = (1 — B)ym — ( — 3)%22E 1 o (1~ B)B(ZE) + 02(B)D(FE)]
= Tu(B) = 2= (m — 2595, (e)?);
Av(B) = (28 — 1)ym + gﬁgﬁ PA-Pg2 7Av(ﬁ)(2<b(\}é )—1)
= Av(B) = [1+720(E) — D] 7Y[(28 — D)m + L5020,
substituting into (C.47),

7y e . (28—1) b, —e

P= o) Gyt TR 1Al (O

So given any 3, the optimal € can be solved from (C.4g]).

55 = VAo aesd(J5) (Sigym + 5 e)[?@(f)H—v] Lo
~ (o) (G + e[ (FE) +1 -]

2 (g(E-))2 (2 2)m+ ) 1)

M)

Je 1 (26-1) =11 (28—1)m
= 55 =[G + 5 (Gmgrm + 38°) + W8l g
:>3ﬂ<0forﬁ>—

Because vg(8) = vp(1l — ), we only consider vg(3) for 3 > 1.

2
26(1—p)e
From (m)a 'UB(B) = _(1ff§)(2§)_1)

oup(p) _ 22826+1)  2501-p) ge
98 (1-—y(26-1)° (1-)(26-1) 08
2202541) o,

= 1 e (28-1)2 b—=2 _q_
= Gl — aosaa (e + we) GGamgym + 58) + bel
- = m e 28—1 N
ﬁ[%ﬁfiﬁle ~ B1-p) ((z+ ﬁ)((ﬂ(ﬁ )) m + 2e%) + be) ]
=

Pop(8) _ 2 2 5, (P24 ge  (@5-Ump1, e y@8-12 11
652 _(1—7){_(26—1)3"3Jr (26-1)2 86 52(/3_1)2[<g+202)(5(1 gym+3 se°)+e]
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m 1 e \/(28-1)? 12 1 1y, (28-1)2 b2\ e
+aiem (2 + 50) Gy m + 58°) + 0 (=3 + 52) Cgym + 38°) 55

(2 + 52) (g + bedg) + bae]}
_ 2 2  _ (232—2ﬂ+1) 9e

(1—7){_(25—1)36 + (26— 1)2 6_6 T 9B
e B(1— 2 _ . 28-1)2 =2\ J&
+ 200 4+ 5) (L + 422) + 18] M (— & + 5ke) (S m + Se?) 22

B(-5) B(1-B) B
(2 + 5a) (505 + bess) + b3g]}
_(127){_(2,821)36+?2ﬁﬁ( g+ 85t [+ o) (Fgymo+ ) e (S5~ +
O F + B0+ 2]+ 4+ ) 2

= ){—mm(ﬁ 1-p)@E+ 202) +2m (26 — 1)2)

ge B1=B) 11 & \((28-1)? b=2\ | 7=1—-2 (28—1)m | 3 (28-1 7be (28-1)2
+55 ) (G T502) (Gamgy 32 +0e] S5 (52 gy 3+ () (G

2*vp(8)
032

For g > 1 because < 0,
It follows from (ICZ‘&I) that

< 0, thus vg(f) is concave in .

_ —_1)2 _ —

29®(5) + 1~ ]é/gb(\/%a) = —\/gbg((;gfﬁ)) m + 2e?), s0 € & —oo as f — 1.
dvs(B) L [262—2ﬁ+1€ m ]
op 1=yl (28-1)° 1+55)((28-1)2m+55(1-B)e?)+b5(1-pB)e

m

T ) (@A 1)Pm+ LB-B)@)+hB(1—P)e
Because vp(f) is concave in 3, the solution of 5 to
the optimal 5% < 1.

It follows from the formulas for Yv(f) and Av(f) that
v(1=8) = §[E (m— 5a5=05 ()2) — (1+7(28(F5) — 1)) 1 (28— 1)m+ sz ).
Similar to the case under the HWTA rule, the sufficient condition for the ex-

dvg(B)
9B

= 0 is smaller than 1, so

—0as f — 1, so

dvp(B)
BL]

— —oc0 as f — 1.

istence of a unique Nash equilibrium between the two suppliers is (C.44]) together
with (C48)). The optimal 8" obtained from avg;éﬂ) = 0 needs to be checked with
the Nash equilibrium condition and the supplier’s individual rationality constraint

(v(1 = pB) > 0 together with ([(C.48))). If either constraint is binding, then the optimal

B* is a boundary solution.

8. Method for numerical calculation for the optimal allocation rule

By (x1,22) and g(8) = 3
e Computing the right hand side of (4.8))

Using polar coordinates defined in (C14), tant = % = %%5)2 By (C24)
and (C.27), the right hand side of (L) is
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Omax
B= 2\/%[/ U(B) sin 6db + \I/(B)( + €08 Opmax) — V(
:> min

6)(% + cos emin)] .

(R—1)mpB* —2(R—1)mB*+ (R—1)(m+ H)B* —2RHB + RH =0,  (C.49)

where R = tanf. So the value of 8 corresponding to # is determined by (C.49),
elllax

and / V() sinfdf can be computed numerically by adding ¥ (3)sin6 over 6 €
emin

[emina Hmax] .

e Steps used for numerical calculation of vg, v(«) and e}, €3

Step 1. Compute H. A search method is used. For any H in a range of values,

emax

using (C.49)) to compute § corresponding to 6 and calculate U(3) sin 6df, then
amin
using the above numerical method to obtain the RHS of ([£). If ([LJ]) holds at a

value of H, then H is optimal under the optimal allocation rule E*(yl, Ya).

Step 2. Using the result in Corollary [£1] and Theorem 1]

VR = 2v2H ef = \/ﬁ et = V2H
B= U™ a2 T —apvh’
Step 3. Compute v(a).

Using the result in Corollary 1]

A* H
1, Y2 1 2)dy1dys. C.50
/ / (o8I = =)o)ty (C.50)

By m and (CI0),
Omax
/ / ()6l = [ W ()0 W)+ )+
\Ij( 1 Y2 Bmﬁ)' min

2
emax

Similar to the calculation for the RHS of (£8]) as above, \IJ(B* (y1,Y2))dO can

emin
be computed numerically by using the optimal H in Step 1, and adding W(3) over
0 € [Omin, Omax]. This gives the calculation of V', then for any a, v(a) = am— g—i-’yV.

9. Proof of Theorem

We use backward induction to solve this problem. Let y! = M

, where 1 = 1, 2,

t=1,2,..., ei* is Supplier i’s optimal effort level in period t.
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Because there is no future business from the buyer beyond period T+ 1, in pe-
riod T'+ 1, both suppliers have no incentive for investment in performance, so both
suppliers’ optimal effort levels are 0, v£.; (ari1) = 0,05, (ars1) = arpim, v3 (1 —

aryr) = (1 —arp)m
e Period T problem:

The buyer’s profit to go is
vl (ar) = arer + (1 — ar)er. (C.51)

Supplier 1’s expected profit to go is

b 61 2 o
vh(ar) =mar = “F=pym [ [ 5i, (ahad) f(ehleh) f (e} leh)dopdod
FOC = o
vl (a
56,; = —bep +ym BT 1@y, 27) fH (ayler) f(aF|ed)dapday = 0 =
mT ‘ZT
el —ﬂ/ / BY (ah, a2) fL(zh|el) f (22]e2) datda? (C.52)
T_b12T+1T7T TI>T TI*T TYvrT- .
TpYy Iy
Similarly, the FOC for Supplier 2’s expected profit to go is
M (1—a a
2ifen) — —pchiom [ [ (1=B3 (b o) Fahel) (e dahda = 0 =
T Tp
¢ ——m/ / B2, (ah, 22) f(xh|el) f2 (a2 [e2) dotdx? (C.53)
T — b L ) T+1 Ts+*T TI*T TI*T T T .
TpY T

and are necessary conditions for (ek, e%) to be a Nash equilibrium.
T €T

Substituting (C'52) and (C53) into (C.2]), the buyer’s problem becomes

oBlar) = [ [ Broluhh)Elarvh — (1 - an)sflo(uhoh vt
v/ vh s
Pointwise optimization w.r.t. 5, =

the optimal value is determined by the sign of 2= [y — (1 — ar)y7o(yr) o (y7)-
So to induce (e}, €2) defined by (C52)) and (C53), the optimal allocation rule is
a HWTA one such that

2 Y

~a B aryr > (1 — ar)y?
Bra(yr 1) = e H z (C.54)
1—Bra aryr < (1 —ar)yr
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and
o (1 2 Bri ar(rp —er) > (1 —ar) (27 — eF)
5T+1(xTvxT) = 1 1% 2 24
1= Bri ar(zy —ef’) < (1 —ar)(zr — ef)

Using the fact that

l-—a o} r r o}
ooy = e [ ey = 2

o)d(— gy = L= / Dot pay =122 (cs)

Vo), 1 —a "1 -« V2rr’

where I' = /a2 + (1 — )2,
ch=3 [ Bra [ vhotubivk+ (- 5r,) [

Yr Yr ag -

l—ay

VP o,
yrd(yr)dyplo(y7)dyr

m e m(25 -1 o
=% [ (2070 — 1)¢(?J:2r1a—22)¢<y%)dy% = 7\/27—7;;)%

v

1% _ ym2Br—Dar  o9p  ym(28p.1—1)(1—ar)
So (C52), (CE3) and ([C5) = efr = T €T = N ,
at (er', e7),

* m(2/3 —1)04
vh(ar) = m(ar +3) — b(el)* = m(ar + §) — £ (22zatory,

U%u —ar)=m(l—ar+ %) _ g(e%*)2 =m(l—ar—+ %> . %(’ym(wT.g;;;)(lfaT))Z’

Avr(ar) = vh(ar) — vh(1 — ar) = (207 — 1)[m — g4 (X22ra=D 2

T 4xb olr
B _ 1x 2% 7m(25T+1_1)FT
vi(ar) = arer + (1 — ar)eqt = —

Because v (o) is increasing in f7.,, the optimal (7., is a boundary solution.

ory _ 1 0% _ 2ar-1 &l _ L2l — M] 1

dar — 20p dar —  I7 ’ dai  T% T'r T3 =

ovE (ar) ym(2Bp — 1) 20 — 1

_ ’ C.56
oar V2mbo I'r ( )
—a”fi:ﬂ =0at ar = 3.
2, B 2 -1
Pvi(ar)  ym(2Bp, —1) 1 >0, (C.57)

(Gar)*  Vombe I

so vf (o) is convex and is minimized at ap = 1,
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%8 (a m —
at ap =1, I'7 =1, and (82;)5) =2 (\2/%;1 D,
Ovi(ar) o Y*m*(2B 4 — 1)%ar(l — aT)’ (C58)
dar 21bo?T's.

’y2m(2ﬁT+1—1)2aT(1—aT)
27rbcr2F%ﬂ

K] 1
so for w > 0, because
ar

is maximized at ar = %, it is

" V2m(28141—1)2
27bo?

required tha < 1.

Ovp(l —or) _ (1 — V2m (2871 — 1)22@(1 - OéT)) _ _30%(0@)’ (C.59)
804T 27TbO'2FT 80@
Purlar) _ Quplon) _ Buploer) _ pfulen) 5 o,
OPvplar)  V*m* (2B — 1)*(2ar — 1)(1 4 2ar — 2(ar)?)
(Dar)? 2mbo?TS, ’
0*v4(1 — ar) _ _620}(0@)‘ (C.60)
(Oar)? (Oar)?

e Period T"— 1 problem:

The buyer’s payoff to go and the suppliers’ profits to go are defined by (C3]) to
[CA) with t =T — 1 and with g(a;) = g(1 — o) = 1. (C8) and (C2) become

O P R L1 Y 0 O S B e
Y

o1 Yr g

O N R LC LU S N A A I A
Yr_ 1Y Y71

Substituted into the buyer’s objective function,

vB (o) =7 / / [ (b (Br)yh_y + (1 — ar_)v3(1 — Br)y3_y)
Yy

o -1V

+07 (B)| (Y1) (W7 —1)dyr_ 1 dyF .-
Let G(87) = S5 yr_1vr(Br) + %y%flv%(l — Br) +vE (Br)-
Pointwise optimization w.r.t. 8, and by (C.56), (C.58)) and ([C59) =

~a ’Ul ~a yB ~a
G'(By) = 2o (o yyh, — (11— aro)yhy) + 22er),

7 9By OBt

by (C57) and (C.60),

~a 921 (B 9208 (B
G"(Br) = % (agéfg)(aT—ly%‘—l — (1= ar)yf_,) + (aggg)'
Because the distribution of a supplier’s performance given her effort level f(x|e) is

normal and satisfies the MLRP, the allocation rule should be such that 83.(z}_ |, 2% ;)
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is increasing in z1._, and decreasing in #2_,, and Bq(y}_,,y2_,) is increasing in yh_,
and decreasing in y%_,, so

for ar_1yh_, > (1 — ar_1)y3_, G'(By) > 0 and G"(By) > 0 for By > 3, the
optimal B;* (Yr-1,Y7-1) = Br R

for ar_1yh_, < (1 — ar_1)y2_, G'(By) < 0 and G"(By) > 0 for By < 1, the
optimal B;*(y%—p yr_1) =1— Br.

Thus the optimal allocation rule is a HWTA one,

S B ar—1yp_y > (1 —ar_1)yi_
Br(yr—1yr—1) = ! = e (C.61)
1=Br  arayr < —ar1)yr,

Using (C.59),
vi_y(ar-1) = \/gbUAUTWT) Wi (Br) +vi(1 = Br)] =

aUT71(0<T—1) _ 2aop_1—1

dar—1 [ \mbolr_, vr(Br)
Pvp_ (ar—1) 2 207_1-1 A 20711

daZ_, = Varbolp_, Avr(Br) — v mbg (57’)
_ "
= \/gbaA (5T)psT_l > 0.
1 2 _ 7 l—ar ;e _ l—ar_
€r—1 = AUT(ﬁT)mFT o 6T —EAUT(BT>\/%FT_1vaaT_1 MbaAUT(ﬁT) TS,

b 1
ob_y(ar1) = mar_y — "I 1 2ok (ar) + 03 (1 - ar)],
vl _
PEASTA) 5 (o) PRrtyer)
- T—1

62’0%"—1(O‘T—1) _ 2(20¢T 1= (14+2ar_1— 2aT 1)

(8&7*,1)2 - 27‘(‘b0’2 (AUT(B )) Fg,, 1

e Period t problem:

Based on the results for periods 7" and 7' — 1, suppose in period t + 1,

el — YAv2(Biyo) auyr 2 — YAve42(Big2) 1—auya .

t';l V2mbo [ypq? t+1 V2rbo Fepr 7
ayﬁg&iiﬂ) = ’Y\/Z%tlj;FtLAUHz(ﬁtw) =
%>Of0rat“> 1 %<Oforat+1<%,

2,,B
0 vggftllt-&-l) _ mbaAvt+2(/8t+2)F3 R > 0

1
T = = g (Avm<5t+2>>2—”“§§;f‘““ >0,

2,,1

P = Dol (A (,0)

t4+1
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vty (aey1) 1 vy ()

:>W>Oforat+1> W<Oforozt+1<
dvf 1 (1 — auq) vty (1) P07 (1 — agyga) v}y (ary1)
Oy Oy (3Oét+1) (aOétH)

Then in period t, referring to the formulation defined in Subsection 2 of Appendix
[ with g(e) = g(1 —ay) =1,

=3 [ [ oGl i)lohsddst
Y Y Yi

= / 1 / o1 = By O 0wyl dy?.

substltuted into the buyer’s objective function,

Ut () = ’Y/ / o Oétth 5t+1)yt +(1 - at)“t+1(1 - 5t+1)yt2)

+Ut+1(6t+1)]¢<yt )o(y? )dyt dy; .
P 11—« ~Q ~Q

Let G(ﬁt—i—l) = ﬁyt Ut+1(5t+1) ( bgt) 2Ut2+1<1 - Bt-i-l) + UE}—l(ﬂt—f—l)'
Pointwise optimization w.r.t. &;;; and by (C.62) =
QB ) = 1 9 B (1 (] 2y, 9B (Bry)

(Bi1) = 5 P (awyy — (1 — aw)y;) + Eh )

t4+1 t+1

by (C62), ) .

m(3% y — 1B o2y o Peba Bl
G (Bt+1) ~ bo ([«)B;"Hp (atyt (1 Oét)%) + (83?“)2 :
Because the distribution of a supplier’s performance given her effort level f(x|e)

is normal and satisfies the MLRP, the allocation rule should be such that 8§, (z}, z})

. . . . . . S« . . . .
is increasing in z; and decreasing in 7, and f,,,(y},y?) is increasing in y; and

decreasing in y?, so

for apy! > (1 — ay)y?, G’(B?H) > 0 and G”(B?H) > 0 for Q441 > 3, the optimal
/B?—H(ytlv Yi) = Bty - .

for apy; < (1 — aw)yi, G'(Byy) < 0 and G"(B,,,) > 0 for Q41 < 3, the optimal
B?—i-l(ytlﬁ i) =1— Bey-

Thus the optimal allocation rule for period t 4+ 1 is again a bang-bang one,
2

BO‘ (yl,42) = B oyt > (1 —ay)y;
t+1\Ys, Yt ) =
11— 6t+1 Oétytl < (1 - O‘t)th

Using (C53),
vl (o) = \/gbaAUtH(BtH) [U£1(5t+1) + Ufu(l — Byl
P (« a 9208 (a

éétt) ’Y\/Qﬁba; Avg1(Besa), ata(g )= fb AUtJrl(ﬁt—i-l)%’:
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x 2k 1— Oep
e = %Avt—l—l(ﬂt—kl)ﬁ?et* = %Avtﬂ(ﬁtﬂ)ﬁ—:ﬂ’ dar ﬁA o1 (Bra)* F?t'

b e% 2
vy (o) = may — (2) + 2ot (uga) + 07 (1 — )],
vj (a 2 at(l—a
20 — i — 2 (A (Br))? 2022,
2vl (o 2200 —1) (14204 —2( ¢ )?
(8&5) ) = 1o 2)7(rb:7r21“§t (e )(Avt+1(6t+1))2'

So all the value functions in period ¢ have the same properties as those in period

t + 1. By recursion, the optimal allocation rule for every period takes the same form

as in (C.GI)).

Nash equilibrium condition:
b

Note that / ()2 — V)(y)dy = ad(a) — b(b).

Second-order conditions for the suppliers’ period ¢ problems:

at (6t ’6?*)7

th at)

st = b [ [ oG )L = DGl el st
=-b+ % t 51& t) Yt p)”— 1 t tdtdt
// D)) — DS dybdy

— b 2 [ [ - Dot + okt =B [ (-

21—y
Yi

Doy, )dyilo (i )dyy )
— bt ok (B) | RS20 520N~k (1) | 550 5 0l )

b<0 : ytz
= -0 < ,
2,,2(1__ . 1. .
similarly % = —b, so (e}*, e?*) is a Nash equilibrium, and {(e}*, €*)};=1 2.1
t

-----

constitutes a subgame perfect Nash equilibrium.

Let g; = ciei” et

th o)

e =0 l/x [ vtaBatat st (ERL R = D p(aled) el datr?
= —b+ 2 o2 [/2/21_%vt+1(6t+1>((yt - 51) - 1)¢<yt - 61)¢(y — 82)dyt dyt

Yi Y Yi

at

l—ay
xt

—i—/y?/j; Utl+1(1 — Bt—l—l)((ytl — 81)2 — 1)¢(ytl — 51)¢(y — 52)dy dyt]
=—b+ %[/ /( gy V1 (Bi)((22)? = 1)d(21) (27 )dzt d =]

1—ay

(f+e2)=5; . 2\ 7.1,7.2
—i—/zg/_oo v (1= B ((2)? = Do) (27 )dzt d=)
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— b+ % Au (Bry) / (22 + £2) =2 (22 + £2) =) (22)d2

2
2t

(03 —Q 2 —Q
= b+ 5152 Aviga (B / (e U3 e ) (5t (2422 1550) )00 ) d 27

2
2t

—b+ % ot at)Ath(ﬁtH)@(ﬁ(

< -b+ Jz ?5 Avt+1(ﬁt+1)¢(1)7
similarly a(ség(;t <-b+ % (1- at Ath(Bt +1)¢(1). So the sufficient condition for
the existence of a unique subgame perfect Nash equilibrium in the 7" period problem

is
%%Avtﬂ(ﬁt“)gb(l) < b, which sets a boundary to the value of 3, ;.

10. Proof of Theorem [4.4]
To simplify the notation, we omit the subscripts of k,, 6, and YT, when there is
no ambiguity, and use 3 for B

The suppliers’ optimal effort levels

=3[ [ o) e (e dds
) o0

_ / for(8 / 1 (32l

Y2 kya++(6—(ef—ke3))

kya+ = (0—(ef —ke3))

su(1-p) [ 160 ) ) (a) s
= % (v1(8) —vi(1 — B))d(kys + %(9 — (€] — ke3)))o(y2)dys

Y2
= ef = 270 L exp[—gphz (6 — (¢ — ked))?],
and similarly
ey = 5 ko oxpl— g7 (0 — (€ — ke3))?] = 6" = ¢} — kej, and [@IT) and

(EIT) follow.
For e}, e; > 0, we need k£ > 0 and Av*(3) > 0.

o0 kyo
vp(a) = a2 4 h(1—a) 2 0y / s (8) | dndyptvi(1=5) | d(n)dulé(e)dy:
plo) = o= Slat k(L= )l + glp(8) + (1 - B (C.63)

2

v(B) = 2[5 + ks(1 — )] + 2o (8) +vs(1 — ).

(1= B) = o=l — B+ ki_sB] + 3[v(8) + vi(1 — B)].
Due to symmetry, k1_g = 1/kg, it follows that v5(8) = v5(1 — B),
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o0

(@) =ma = 525202 4y [ 0(8) [ o)y

kya

= ma — (220 %)2 + 307 (8) + (1= ).

FOC of the supplier’s problem:

20— e+ [ [ (B m) ke leaddondr =
9 A
Ige(la) = —ber + ?/%’(f; exp[— 2725 2( —key — (e — k€2))2], (C.64)

fual=t) — —pey + 2240 Tt XD~ gyaz (€] — kes — (e1 — ke2))?],

= at any equilibrium (eq, e5), eo = key, so at an equilibrium (eq, e3),

o1 («a Av 1.2 "
881{11_) ? _bel + oy Uf)(é/)ﬂgexp[_ 20-21(1]%]6;% (61 - 61)2]’
) 2?62) L= —bey + 155X s Tt exp[——QUQ(_HkQ)(6’1k — 61)2].
e = 0=
’}/AU(B) 1—k? .
‘= orre ST g i T l (C.65)

substituting ([C.63)) and e; = ke; into the supplier’s value function, we obtain

Av 1-k2 N 1—k2

Av(B) =m(268 —1) = g5 (P55 expl— gz (6 — 1)) g =
for kg # 1,

27b 2(1+k52) ’72 exp[_%%Q)(eT_el)2]m(2B_l) 1 k2

TOOo o4 (14 —
Av(ﬁ) - W—klg)ﬁ( L+ /ijO'Q 1+k§ - 1)7

" 27ba? (1+k2) 2m(26—

Av*(8) = T,%;w\/l Pl ),
and for kg = 1, Av(B) = m(26 — 1),

* 27”7(1"'16) m(2 1—k2
then from (TG, vi(a) = sa=yrim @ +‘“1‘0‘”(\/1“ e — ).

From (C.64)),

8%v1 («a Av * * * *
(8611()) —b+ \%g)Qexp[ sy (€1 — kes — (e1 —ke2))?](ef — kes — (e —kez))

< —b+ Zoaiko(l),

similarly 8(8”622(;;) < —b+ (stg)ﬁo)g o(1).
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For ks < 1, Av(B) < Av*(B). So the sufficient condition for the existence of a

unique Nash equilibrium is
YAV (B)

(1+ k2)02¢(1) sb. (C.66)

11. Proof of Corollary 4.4

Letting k, = =2 in Theorem 4] we obtain the formula for 6, , €5 and ej_g, then
ep = %61_5. Also
vh(a) = %( 1+ % — 1) is independent of «.
vs(B) _ /27mo [3T(28—1)2—213 2m(2B-1)2
gﬁ - ’Y(l_’Y)[ (25—1)2 ( 1+ . mho212 - 1)
X I3 72m 4(28-1)T%—-2(25— 1>3]
Tbo 4
2(25—1)\/1+v m(2-1)2 bo? r
rs 28 m(28 2m(28-1
- e 2m(28-1) [ 62/3 1ﬁ)—~2—1( +2 Trb(UZFQ) —y/1+7 WIEUQBFQ = ) + 7TbFO'2]
7(1—7)\/ +W
= e [ (2)%(26 - D)* +T*(84" — 85 + 1)

AAres-12 14 2mg b2
T2(88% — 88 + 1)y/1 + L2

V2o 2 m(20
- (1—v)(28 1)22\/F ~2m(28-1)2 [ﬂb( )2( ~ ( (26 ) )(1 1472 7rb(0'2FQ) )]
A - 1+ mbo 22

For2(26—1) <l,ie,B <3 —i—\[, 81}36()>0

forﬂ> 4+ V2 4, 2(28 —1)> =1 > 0, and noting that 1 — /1 +a > —a for any
a >0,

o, (B o m(28—1)2
22 > gl mOA (2)2[2(28 — 1)% — (2(28 — 1)* — 1))
A1) 8- 12 14 22z
_ Voym
(1— 'ybUF\f\/ +ImE mb(jgr21)2
0 %B B) > 0 for any [ > , therefore, the optimal 8* is a boundary solution and

is constralned by the (IR) constraint or Nash equilibrium constraint.
Letting kg = ﬂ in (Imb
* _ 2mbo> 52 y2m(26— )
Avt(f) = 2(26- 1) \/ + g Y-

By (C.66), because the ('Yﬁ;’# ng5( ) is decreasing in k, the Nash equilibrium con-

dition becomes

_V2mbg? Ym(2-1)2
Teh-1)ve \/ + gy L) S0
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#EI9) with k, = =<

Yo (8) = v*(8) + v*(1 — B) = £ [m — 25280 So

v (B) = 1(Z07(B) + Avt(B)) = (15 [m — D55 G0] + Avt(8)),
(1= B) = §(50(8) — Av*(8)) = L [m — G5B — Av*(B)).

The (IR) constraint is v(1 — 5) > 0.

12. Proof of Corollary
From the results in Theorem [£4] letting k, = 1,
—1)m)?
Av(B) = (28 = )m, To(B) = T [m — L,

) 1—v 4mbo?
el =eb= W(Q\beg .0 =0.

It follows that

v(ﬂ)—é(lu[m—%] (28 — 1)m),
(1= B) = 2 [m — LU — (268 — 1m),
vp(B) = 1% }” T

For v(1 = 8) > 0, (45 [m — "] — (28 — 1)m) > 0 =
7)

%Jru 28—-1)<1=
1 1 2 2 2 2 2
B < 3 + m_’ﬂ(\/(ﬁba (1 =7))% 4+ wbo?m~? — who* (1 — 7)). (C.67)

Second-order condition for Supplier 1’s problem

6(81)611)2 =—b+7(28-1)5% (%62%(7(\61@7;2)) —b+ 72m22\/ﬁ—1) SO 8(;61() < 0 for
1 bo?\2me
p< 3 + ’y—m’ (C.68)

which can be obtained similarly for Supplier 2’s problem.

Because vp(f) is increasing in 3 for any /3, the optimal g is the boundary solution

constrained by (C.67) and (C.6S).
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