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Abstract 

Piezoelectric stack actuators are increasingly used in micropositioning applications due 

to their precision and responsiveness. Advanced automotive fuel injectors have recently 

been developed that utilize multilayer piezoelectric actuators. Since these injectors must 

operate under high dynamical excitations at high temperatures, understanding their 

thermo-electro-mechanical performance under such operating conditions is crucial to 

their proper design. 

In this thesis, the effect on soft Lead Zirconate Titanate (PZT) piezoelectric actuators of 

different controlling parameters relevant to fuel injection is studied experimentally. 

These parameters include electric-field magnitude and frequency, driving-field rise time, 

DC offset, duty-cycle percentage, and ambient temperature. Soft PZT actuators generate 

a significant amount of heat when driven under high electric-field magnitudes and/or 

high frequency, both of which occur in fuel injectors. They also exhibit hysteretic 

nonlinear behavior when driven under high electric-field magnitudes. Self-heating and 

hysteretic nonlinearity are interconnected, and both are undesirable in applications that 

require precise positioning, such as fuel injection. Self-heating in PZT stacks is 

considered to be caused by ferroelectric hysteretic nonlinearity, originating from domain-

switching. Theoretical studies of self-heating and domain-switching in PZT materials are 

developed in this thesis. 

An analytical self-heating model based on the first law of thermodynamics is presented 

that accounts for different parameters such as geometry, magnitude and frequency of 

applied electric field, duty-cycle percentage, and surrounding properties. It also directly 

relates self-heating in PZT actuators to displacement-electric field loss (displacement 

hysteresis), which is found to increase linearly with increased temperature. The model 

shows reasonable agreement with experimental results at low and high electric-field 

magnitudes. 
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A novel domain-switching model for PZT materials is developed. The model is based 

on changes in potential energy, and accounts for the temperature effect on domain 

switching. It also accounts for full thermo-electro-mechanical coupling. Additionally, 

different energy levels are assumed for different domain-switching types. It is assumed 

that 180o switching is a two-step process caused by two 90o switching events. A finite 

element implementation of a thermo-piezoelectric continuum, based on the proposed 

switching model, is presented. The model shows good agreement with experimental 

results at different temperatures and loading conditions. 
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Chapter 1 

1. Introduction and Literature Review 

1.1. Piezoelectric Materials 

1.1.1. Piezoelectricity 

 

Figure  1.1. An illustration of (a) direct, and (b) converse piezoelectricity. 

Piezoelectricity is the ability of certain crystalline materials to generate an electric 

charge proportional to a mechanical strain. This phenomenon is called direct 

piezoelectricity [Figure  1.1(a)]. Direct piezoelectricity was discovered by Pierre and 

Jacques Curie in 1880 when they were studying the effect of pressure on natural single-

crystal structures such as tourmaline, quartz, topaz, and Rochelle salt [1]. Piezoelectricity 

was later reported for polycrystalline ceramics [2]. In 1881, Lippmann mathematically 

deduced the converse piezoelectric effect from the fundamental thermodynamic 

principles. Converse piezoelectricity is the ability to generate mechanical strain in 

response to an applied electric charge [Figure  1.1(b)].  
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In the presence of a temperature field within a piezoelectric continuum, interaction 

between the mechanical, electrical, and thermal fields occurs. Piezoelectricity is the 

interaction between mechanical and electrical fields; pyroelectricity is the interaction 

between thermal and electrical fields; and thermoelasticity is the interaction between 

thermal and mechanical fields. The linear constitutive relations for piezothermoelastic 

materials were derived based on the first and the second laws of thermodynamics (see 

Ikeda [3] for a detailed derivation). They can be expressed in different ways, depending 

on the choice of independent variables. For example, if the mechanical stress, electric 

field, and temperature are chosen as the independent variables, the linear constitutive 

relations can be expressed as follows: 

TdEs ασε ++=  (1.1a) 

pTEdD ++= κσ  (1.1b) 

TpEI vαασ ++= ( 1.1c) 

where σ and ε are the stress and strain vectors, respectively; I and T are entropy and 

temperature, respectively; D and E are the electric-displacement and electric-field 

vectors, respectively; s, d, and κ are the elastic compliance constants, the piezoelectric-

strain constants, and the dielectric coefficients, respectively; α and p are the thermal-

strain coefficients and pyroelectric constants, respectively; and αv is a material constant. 

It can be seen in Equation ( 1.1) that the equations for linear elasticity, dielectrics, and 

entropy are coupled by means of the piezoelectric constants d, the thermoelastic 

constants α, and the pyroelectric constants p. If these constants are set to zero, the 
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coupled linear piezothermoelastic constitutive relations are reduced to three uncoupled 

constitutive equations. 

Piezoelectricity requires a particular crystal structure, such that only crystal structures 

with no center of symmetry can exhibit piezoelectricity. A piezoelectric unit cell is then 

said to be noncentrosymmetric. There exist 32 crystal point groups, of which 21 are 

noncentrosymmetric, with 20 of these possessing piezoelectric properties [4]. Due to the 

crystal symmetry in piezoelectric crystals, the number of nonzero independent material 

constants in the d matrix is reduced. Uchino [4] described the symmetries in the 

piezoelectric matrix d for all crystal point groups, and showed the position of nonzero 

independent constants. d is zero for a centrosymmetric ceramic. For a tetragonal 

ferroelectric ceramic such as the widely used Lead Zirconate Titanate (PZT) ceramics, 

the number of independent piezoelectric material constants is 3, and d is expressed as 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

000
00000
00000

331313

15

15

ddd
d

d
 ( 1.2)

1.1.2. Ferroelectricity 

Ferroelectric materials are a subcategory of piezoelectric materials. Ferroelectricity 

was first discovered in single crystal structures, such as Rochelle salt. It was later 

discovered in polycrystalline ceramics such as Lead Zirconate Titanate (PZT), 

Lanthanum Lead Zirconate Titanate (PLZT), and Barium Titanate (BaTiO3) [5]. 

Ferroelectric materials are also classified as a subcategory of dielectric materials. In 

dielectric materials, the constituent atoms are either positively or negatively charged. 
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Due to electrostatic interactions, an applied electric field forces the positively charged 

atoms (cations) to move towards the cathode, whereas the negatively charged atoms 

(anions) move towards the anode [6]. Consequently, an electric dipole moment is 

developed. On the other hand, if the center of the positively charged atoms coincides 

with the center of the negatively charged atoms, the electric dipole moment is zero. This 

phenomenon is called electric polarization. The polarization P is expressed as the sum of 

electric dipole moments per unit volume (C/m2), and it is related to the external electric 

field E by the following expression: 

EPED 00 κκκ =+= ( 1.3) 

where D is the electric-field displacement vector (C/m); κ0 is the free space permittivity 

(8.85×10-12 F/m); and κ is the relative dielectric constant. 

In some crystal structures, the centers of the positive and negative atoms do not 

coincide, even without the application of an external electric field. These crystals are said 

to possess a spontaneous polarization Ps. If Ps can be altered by the application of an 

electric field opposite to its direction, these crystal structures are called ferroelectrics. 

Note that not all dielectric materials are ferroelectrics.  

Ferroelectric materials undergo phase transformation at a transition temperature known 

as the Curie temperature Tc. They undergo a ferroelectric to paraelectric phase 

transformation above the Curie temperature, and lose their spontaneous polarization and 

ferroelectric properties. This phase transformation results in the center of the positively 

charged atoms and the center of the negatively charged atoms coinciding. The material is 

then said to be paraelectric. 
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1.1.3. PZT Ceramics 

Lead Zirconate Titanate (PZT) ceramics are ferroelectric ceramics. They were 

discovered in 1954, and since then have replaced other ferroelectric ceramics and 

become the dominant piezoelectric ceramics in applications [7]. PZT ceramics are widely 

used in actuator applications that require fast, reliable and precise performance [8-10]. 

They are superior to other ferroelectric ceramics because they have higher 

electromechanical coupling; higher Curie temperature values, which permit a higher 

temperature range of operation; and a wider range of dielectric constants. They are also 

easier to be poled by applying an external electric field [5]. 

PZT ceramics are binary solid solutions of Lead Zirconate (PbZrO3) and Lead Titanate 

(PbTiO3). They have an ABO3 perovskite-type crystal structure, depicted in Figure  1.2. 

PZT-ABO3 perovskite structures are cubic at elevated temperatures (> Tc), whereas they 

exhibit either tetragonal or rhombohedral structures at room temperature, depending on 

their composition. Tetragonal PZT structures are the focus of this study. In an ABO3 unit 

cell, there is an A2+ ion at each corner (Pb2+ in the case of PZT), a B4+ ion at the centroid 

(Zr4+/Ti4+ in the case of PZT), and an O2- ion at the center of each face of the unit cell. In 

the tetragonal phase, the central ion Zr4+/Ti4+ moves relative to the side ions O2-, 

resulting in a spontaneous polarization Ps. Consequently, the unit cell expands in the 

direction of the spontaneous polarization (poling axis) and contracts in the other two 

directions, and a spontaneous strain εs is developed. The spontaneous strain in the poling 

axis is ௖ି௔బ
௔బ

, whereas it is ௔ି௔బ
௔బ

 in the other two axes (a0 is the lattice parameter in the 

cubic state; c and a are the new lattice parameters in the tetragonal state, as shown in 

Figure  1.2).  
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Figure  1.2. Perovskite structure of PZT at (a) T > Tc, and (b) T < Tc. 

The piezoelectric properties of PZT ceramics are controlled by doping the crystals with 

impurities [11]. PZT ceramics can be broadly classified into two categories: (1) soft PZT 

ceramics; and (2) hard PZT ceramics. Soft PZTs are obtained by doping PZT crystals 

with donor elements such as Nb5+ or La3+, replacing Zr4+ or Pb2+, respectively. Hard 

PZTs are obtained by doping PZT ceramics with acceptors such as FE3+, replacing Zr4+ 

or Ti4+. Soft PZT ceramics have higher piezoelectric coefficients, coupling factors, and 

mechanical compliance than hard PZT ceramics.  
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1.2. Nonlinear Constitutive Behavior of PZT Ceramics 

At low electric-field magnitudes, PZT materials show linear response and exhibit no 

complicated behavior. At high electric-field magnitudes, nonlinear behavior is observed. 

If the mechanical stress, electric field, and temperature are chosen as independent 

variables, the constitutive relations accounting for remnant polarization and strain can be 

written as 

rTdEs εασε +++=  (1.4a) 

rPpTEdD +++= κσ  (1.4b) 

TpEI vαασ ++= ( 1.4c) 

where εr and Pr are the remnant strain and remnant polarization vectors, respectively. εr 

and Pr are defined as the macroscopic strain and macroscopic polarization, respectively, 

at zero electric field. They are calculated by averaging the spontaneous strain εs and the 

spontaneous polarization Ps, respectively, over all domains. 

It is well accepted that nonlinearities in PZT ceramics are mainly due to a phenomenon 

called domain switching, otherwise known as domain-wall motion [12]. Domains are 

regions with the same spontaneous polarization direction. They tend to be formed to 

minimize free energy when piezoelectric ceramics undergo paraelectric to ferroelectric 

phase transformation at the Curie temperature [2]. Domain switching is the ability to 

rotate the spontaneous polarization direction of a domain by either 180o or non-180o in 

response to an applied electric field (ferroelectric switching) or mechanical stress 

(ferroelastic switching) higher than the critical values, known as the coercive electric 
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field and the coercive stress, respectively. Figure  1.3(a) and Figure  1.3(b) show the 

nonlinear macroscopic polarization–electric field hysteresis loop and the nonlinear 

macroscopic strain–electric field hysteresis loop (butterfly loop), respectively. The 

coercive electric field Ec can be defined, according to Figure  1.3, as the electric field at 

which the macroscopic-remnant polarization reduces to zero.  

Figure  1.3. Hysteresis nonlinearity demonstrated in (a) polarization—electric 

field hysteresis loop, and (b) strain—electric field (butterfly) hysteresis loop. 

In tetragonal ferroelectric ceramics such as PZT ceramics, domains can switch by 

either 180o or 90o. If an electric field is applied in the same direction of the poling axis of 

a PZT unit cell, the unit cell elongates along this axis, whereas it contracts when an 

electric field is applied opposite to the polarization direction. If this latter electric field is 

sufficiently large (i.e., larger than the coercive electric field Ec), the central positive ion, 

Zr4+/Ti4+, can move towards one of five possible off-center sites; one possible 180o 

switching direction; and four possible 90o switching directions. Consequently, the 

polarization direction is reoriented. This type of switching is called ferroelectric domain 

switching, otherwise known as electric field-driven switching. Figure  1.4(a) shows a PZT 
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unit cell poled along its c-axis, so that its polarization vector is given by [0 0 -Ps]. Figure 

 1.4(b) shows the switched unit cell when a positive electric field is applied along the c-

axis; the unit cell switches by 180o and the new polarization vector is given by [0 0 Ps]. 

180o domain switching does not cause any change in spontaneous strain. However, 90o 

domain switching increases strain by ௖ି௔
௔బ

 in the new polarization direction, and reduces 

strain by the same amount in the preceding polarization direction. 

 

Figure  1.4. Ferroelectric switching in PZT ceramics. 

Ferroelastic domain switching, otherwise known as stress-driven switching, is caused 

by the application of a sufficiently large stress in a direction parallel to the polarization 

direction, as shown in Figure  1.5. Mechanical stress can only cause the central positive 

ion to move towards one of the four side sites, causing 90o domain switching; 180o 

domain switching cannot be triggered by a mechanical stress. 
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Figure  1.5. Ferroelastic switching in PZT ceramics. 

1.3. Modeling of Domain Switching 

The development of domain switching models for piezoelectric materials remains a 

challenging task because of the evolving microstructure and polycrystalline nature of 

these materials. Hwang et al. [12] developed the first domain-switching criterion, based 

on a reduction in potential energy. They assumed that the spontaneous polarization 

direction of a domain switches when the reduction in potential energy exceeds a certain 

value, known as the “switching-energy barrier”. According to [12], the reduction in 

potential energy for a single domain is related to the change in spontaneous polarization 

ΔPs and spontaneous strain Δεs, as follows: 

css GPE ≥Δ+Δ εσ  ( 1.5) 

where the left-hand side represents the reduction in potential energy, and Gc is the critical 

switching-energy barrier. 
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Hwang et al. [12] focused their study on Lead Lanthanum Zirconate Titanate (PLZT) 

ceramics, which exhibit tetragonal perovskite crystal structures at room temperature. 

PLZT ceramics can, therefore, switch by either 90o or 180o under a sufficiently large 

electric field and/or mechanical stress. Hwang et al. [12] assumed that both 180o and 90o 

domain switching occurs at the same energy level. The critical energy barriers Gc for 

both switching types were expressed as 

s
c

ccc PEGGG oo 290180 ===  ( 1.6) 

Based on the concepts of Hwang et al. [12], a domain-switching criterion that 

considered the fracture and fatigue behavior of tetragonal PZT ceramics was developed 

by Jiang [13]. Although Jiang [13] also assumed that the energy required to cause 180o or 

90o switching is identical, and used Equation ( 1.6) to represent the critical energy 

barriers, he extended the above model to also include the dependence of potential energy 

reduction on variations in the produced strain. Moreover, he assumed that the coercive 

electric field Ec is dependent on the applied compressive stress σ, and that the coercive 

mechanical stress σc is dependent on the applied electric field E, such that 

,
1

'

λσ−
= c

c
EE  and Ecc βσσ −='  ( 1.7) 

where λ and β are material constants.  

Lu et al. [14] developed a domain-switching model based on the Gibbs free energy. 

They stated that a domain with a higher Gibbs free energy tends to change to another 

state with a lower Gibbs free energy. The difference in the Gibbs free energy between the 
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two states was considered as the domain-switching driving force. Lu et al. [14] 

considered this driving force to be dependent only on the change in spontaneous strain 

and spontaneous polarization. However, they assumed different energy dissipation levels 

associated with 180o and 90o domain switching. The energy barrier for 180o domain 

switching ܩଵ଼଴೚
௖  was found to be equal to Equation ( 1.6), whereas the energy barrier for 

90o domain switching ܩଽ଴೚
௖ was expressed as follows: 

( ) 2
3311

0
90 2

1
cc

c SS
a

acG o σσ −+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=  ( 1.8) 

where c, a, and a0 are lattice parameters; S11 and S33 are components of the elastic 

compliance in the x1 and x3 directions, respectively; and σc is the coercive mechanical 

stress. 

The above model was later modified by Li et al. [15] to account for the interactions 

among the switched domains and their neighbors. They calculated the domain-switching 

driving force based on the change in Gibbs free energy for both switched domains and 

their neighbors. They also used different energy barriers for 180o and 90o domain 

switching. This criterion was further modified by Li et al. [16] to account for incomplete 

domain switching. 

Huber et al. [17] also proposed a different form of the energy required to activate 90o 

domain switching such that 

s
c

c PEG o 290 = ( 1.9)
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Zeng and Rajapakse [18] developed another domain-switching criterion based on 

potential energy. This criterion did not differentiate between the energy levels required to 

activate 90o and 180o domain switching. Instead, both energy barriers were considered 

equal to Equation ( 1.6).  However, the change in potential energy accounted for the 

change in material properties in addition to switching strains and switching polarization. 

Zeng and Rajapakse [18] applied their developed criterion to simulate the evolution of 

180° and 90° domain nuclei in ferroelectric ceramics. 

Although theoretical formulations of domain switching in ferroelectric ceramics were 

introduced in the early 1990s, experimental studies on this phenomenon have received 

attention since the mid-1960s. Krueger [19] studied the effect of compressive stress 

parallel to the poling axis on domain switching of PZT ceramics. He compared the 

response of both hard and soft PZT ceramics. PZT-4 and PZT-8 were used as hard 

ceramics, and PZT-5A and PZT-5H as soft ceramics. Krueger [20] studied the effect of 

compressive stress perpendicular to the poling axis on domain switching of the same 

ceramics. He reported that compressive stresses parallel to the poling axis caused domain 

switching, and that depolarization of the material occurred; depolarization is the 

phenomenon of remnant strain and remnant polarization reduction with increased 

compressive stress. On the other hand, compressive stresses perpendicular to the poling 

axis stabilize domain switching, and have a negligible effect on the hysteresis behavior 

on the PZT material. 

Lynch [21] studied the electromechanical response of PLZT 8/65/35 under a constant 

compressive preload and a cyclic electric field parallel to the poling axis. He observed 

that both remnant strain and remnant polarization decreased with increased compressive 
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stress. The nonlinear electromechanical behavior of soft PZT-51 under combined 

electromechanical loading was experimentally studied by Fang and Li [22]. The effect of 

parallel and perpendicular compressive stresses on the nonlinear behavior of soft PZT-51 

was also investigated by Li et al. [23]. Similar studies were conducted by Yimnirun et al. 

[24, 25] who reported that polarization—electric field hysteresis decreases with increased 

compressive loading. Shindo et al. [26, 27] experimentally and numerically studied the 

effect of applied voltage on the electro-elastic field concentrations ahead of electrodes in 

multilayer soft PZT actuators. 

1.4. Multilayer PZT Stack Actuators 

Piezoelectric materials have been widely used as distributed sensors and actuators in 

diverse engineering applications due to their direct and converse piezoelectric effects 

[28]. Because of their light weight, piezoelectric sensors and actuators are used in smart 

structures vibration suppression [29], shape control, and on-line fault detection [30]. 

Piezoelectric sensors are not subjected to large loading and their mechanical or dielectric 

strength is not an issue. However, since piezoactuators can be subjected to large 

mechanical and electric cyclic loads, strength, durability, and other factors must be 

considered.  

Piezoactuators have advantages over conventional actuators because of their compact 

design, high speed, and easily controllable stroke. They have also been proven to 

withstand harsh environmental conditions. Piezoelectric actuators can be classified into 

two categories: (1) flexural actuators, such as unimorph and bimorph actuators; and (2) 

extensional actuators, such as multilayer stack actuators. Flexural piezoelectric actuators 
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typically generate low forces, but produce large displacement. Multilayer stack actuators 

normally generate larger forces, but small displacements [31].  

 

Figure  1.6. Multilayer PZT stack actuator. 

A multilayer piezoelectric stack actuator consists of thin piezoelectric discs with 

adjacent discs having opposite poling directions bonded together and sandwiched 

between electrodes, as shown in Figure  1.6. Discs are mechanically connected in series 

and electrically connected in parallel. The thickness of each disc is as small as 100 μm, 

and the thickness of the electrode is in the order of 10 μm [32]. The axial length of a 

typical multilayer piezoelectric stack actuator can change by up to 0.12% by applying an 

electric field across the layers; the resultant actuator stroke can be calculated by 

multiplying the total number of layers by the net displacement of a single layer. The 

applied electric field across a multilayer actuator is obtained by dividing the applied 

voltage by the thickness of one disc (E = V/th); the electric field increases with 

decreasing disc thickness. Therefore, having several hundreds of thin layers stacked with 

alternating electrodes allows reducing the applied voltage to as low as 100-200 Volts.  
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Multilayer PZT stack actuators are manufactured using one of two techniques: (1) cut-

and-bond (stacking); or (2) tape casting (co-firing) [33]. The stacking process is simpler, 

but it is time-consuming. It involves firing; polishing; electroding; and adhesive bonding 

of electrodes and ceramic layers into a stack. The tape-casting method requires extensive 

production facilities and more complicated techniques, but is widely preferred for 

fabricating multilayer piezoelectric stack actuators. A significant advantage of the tape-

casting method is that it allows producing thinner layers with several hundred layers in a 

single stack; this in turns allows using lower applied voltage. Additionally, the tape-

casting method is suitable for mass-production because it is a cost-effective production 

method.  

The tape-casting method starts with a green, unfired, organic binder-bound tape of 

piezoelectric ceramic composition with printed patterns of electrode paste; this green 

composition is then laminated using temperature and pressure. The external electrodes 

are, thereafter, printed. Subsequently, the organic binder is burned out and the composite 

of the ceramic materials and electrodes are sintered at high temperature (as high as    

1200 oC). When the ceramic cools to room temperature, it is said to be unpoled, with its 

domains polarized in different directions. Domains in the unpoled state are randomly 

polarized with relative spontaneous polarization orientations of either 180o or 90o 

between each two neighbors. An unpoled ceramic has a zero remnant polarization with 

no piezoelectric properties. The ceramic is then subjected to a strong DC electric field to 

reorient the domains as closely as possible to the electric-field direction; this process is 

called poling. After poling the ceramic, remnant polarization is no longer zero; the 

ceramic is said to be poled, and it possesses piezoelectric properties. 
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1.5. Multilayer PZT Stack Actuators in Fuel Injector Applications 

High-pressure direct injection (HPDI) is a breakthrough technology that is pioneered 

and developed in Canada by Vancouver based Westport Innovations Inc. It would 

significantly reduce emissions produced by diesel engines used in transportation. A key 

element of HPDI technology is the fuel injector. Advanced fuel injectors that utilize 

multilayer PZT actuators for injector needle opening have been introduced as an 

innovative replacement of the conventional solenoid technology. 

Multilayer PZT stack actuators were first investigated for use in fuel injection systems 

in the early 1990s [34]. In the late 1990s, fuel injection systems based on piezoelectric 

injectors that achieved better fuel metering than conventional actuators were reported in 

many patents, for example [35, 36]. Recently, DENSO Corporation and Toyota Motor 

Corporation have introduced the world’s first 1,800 bar diesel common rail injection 

system [37], is based on piezoelectric injectors. They claim to have achieved the world’s 

highest fuel injection pressure with the shortest injection interval. 

In a fuel injector, PZT stack actuators control the injection process via an applied 

electric field; the stroke of the actuator is used to activate a valve needle, allowing the 

pressurized fuel to be injected, as shown in Figure  1.7. The response time of the needle 

nozzle is typically less than 0.1 msec. The short response time reduces the fuel delivery 

rate and the energy required from the high-pressure fuel pump [38]. Also, since the valve 

is actuated more quickly, very precise injection intervals are possible between pre- and 

main injections, which significantly reduces emissions, and reduces fuel consumption by 

up to 15 percent [39]. Furthermore, piezoelectric actuator-based injectors allow an 
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increase in the injection pressure, up to 250 MPa; the higher the pressure and the more 

accurate the dosing and timing of the injection, the more efficient (and therefore less 

polluting) the combustion event becomes. It should be noted that whereas the valve-

needle stroke is fixed in electromagnetic injection systems, in injectors where the 

piezoelectric actuator acts directly on the needle, the needle stroke can be varied by 

changing the magnitude of the applied voltage, enabling better control over the valve 

opening. Overall, the advantages of piezoelectric injectors over conventional solenoid 

technology are that they provide an optimized injection system (i.e., quieter, more 

economical, more powerful, reduced emissions [40]).  

 

Figure  1.7. A schematic of a piezoelectric-based fuel injector. 

The overall response of the injector needle, which is in direct contact with the 

actuators, is governed by different controlling parameters. These parameters include the 

applied voltage, frequency, driving-field rise time, biased DC offset voltage, duty cycle, 

and ambient temperature. Because of the operational requirements in fuel injection, stack 

actuators are subjected to relatively high electric-field magnitudes (> 1.5 kV/mm), high 

frequencies (> 100 Hz), and elevated temperatures (up to 120 oC). Operating at high 
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electric-field magnitudes close to or larger than the coercive electric field Ec, may result 

in a nonlinear response of the actuators, which is not desirable in applications that require 

precise positioning, such as fuel injection. In addition to the elevated operating 

temperature, PZT stacks typically generate heat when driven under high electric-field 

magnitudes and/or high frequency. This generated heat may accelerate material aging, 

and may also produce thermal stresses. The resulting thermal stresses could, in turn, lead 

to structural failure by debonding the interface between the ceramic and the electrodes 

[41].  

1.6. Self-Heat Generation in PZT Stacks 

Self heating in PZT actuators is a serious issue when precise accuracy is required, 

which is the case in fuel injection systems. Self heating is observed under dynamic 

loading, even in the linear range of operation. It can substantially affect the overall 

performance and durability of PZT actuators, and may limit their use. It can also affect 

the electro-mechanical coupling coefficients, resonance frequencies, and oscillation 

amplitudes of piezoelectric elements [42]. For example, in high power applications, the 

resonance frequencies; mode shapes; and oscillation amplitudes of the piezoelectric 

actuators are not stable until the steady-state temperature is reached. Self heating also has 

a direct effect on current consumption and total displacement of an actuator; Rokanen et 

al. [43] reported that a temperature rise of 1.0 oC caused a change in current consumption 

by almost 0.5 %.  

Self heating is considered to be caused by losses, such as mechanical damping and 

dielectric loss, with the major contribution from dielectric loss caused by ferroelectric 
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hysteresis loss [44-46], which is believed to be caused by domain switching. Zheng et al. 

[47] proposed a theoretical model to explain the mechanism of heating in piezoelectric 

materials. Their model was based on the law of energy conservation and the assumption 

that the rate of heat generation was directly proportional to the frequency and hysteresis 

loss per driving cycle per unit volume. However, the dependence of hysteresis on 

temperature was not considered in their model. The model was expressed in an 

exponential form written as 

⎟
⎠
⎞⎜

⎝
⎛ −Δ+=

−
∞

τ
t

eTTT 10  ( 1.10)

where T, T0, and ΔT∞ are the actuator temperature, initial temperature, and steady-state 

temperature, respectively. τ is a time constant which was found to be material and 

geometry dependent.  

Zheng et al. [47] also experimentally studied the effect of geometry of PZT stacks on 

self heating under different operating conditions at room temperature. They studied 5 

different actuator sizes, with a layer thickness of 20 and 40 µm. They reported that the 

steady-state temperature rise ΔT∞ of an actuator linearly increased with the ratio ve/A (ve 

and A are the total active volume and the surface area, respectively). The steady-state 

temperature rise ΔT∞ was also found to increase with increased electric field and 

frequency. As an example, a 7×7×2 mm3 actuator, under an applied electric field of      

2.5 kV/mm and a frequency of 300 Hz, ΔT∞ was around 70 oC. Similar results were 

experimentally verified by other researchers [43, 48]. 
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Another mathematical model that explains self-heating phenomenon in piezoelectric 

materials was proposed by Lesieutre et al. [49]. The main difference was the inclusion of 

heat dissipation from the actuator by convection and radiation [47] or by only convection 

[49]. Lesieutre et al. [49] studied the thermal response of PZT actuators under two 

different conditions: (1) stand-alone actuators; and (2) actuators embedded in a 

composite. For the latter case, it was reported that the actuator-composite interface had 

the highest temperature increase. 

Lu and Hanagud [50] developed an irreversible thermodynamics model to predict self-

heating in PZT stacks. Their model considered different loss mechanics and expressed 

the cyclic increase in temperature as 

( )
2
0222

2
33 E
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v Ζ+Υ
Χ

=Δ
ωρ

πω
 ( 1.11)

where ω is the excitation frequency; E0 is the amplitude of the applied electric field; and 

all other constants are material-related constants. 

According to Equation ( 1.11), if ω is small, ΔT linearly increases with increased 

frequency reaching a peak value ΔTmax. On the other hand, if ω is large, ΔT decreases 

with increased frequency and reaches zero when ω→∞. This, however, contradicts with 

their experimental findings, where they showed that ΔT exponentially increased with 

increased frequency, until it reached a steady state. 
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1.7. Scope of the Present Work 

Based on the above literature review, several research issues related to the use of 

multilayer PZT actuators in fuel injector applications remain uncertain and need further 

investigation. Current understanding of the thermo-electro-mechanical performance of 

these actuators under dynamic driving conditions relevant to fuel injection is limited. 

Therefore, this thesis has two main objectives: 

1. To experimentally study the response of multilayer PZT actuators under operating 

conditions relevant to the development of advanced fuel injectors. Data related to 

temperature and strain distribution, stroke-load relationship, loading frequency 

and rise time, and duty cycle effects are obtained and analyzed. 

2. To theoretically model temperature-dependent domain switching, nonlinear 

constitutive behavior, and self heating in PZT actuators under cyclic-electric 

loading.  

A comparison between the experimental results from the first objective and the 

obtained results from the second objective is presented. 

The organization of this thesis is as follows: in Chapter 2, the thermo-electro-

mechanical performance of custom made soft PZT stack actuators manufactured by 

Kinetic Ceramics Inc. is experimentally investigated. The actuators are examined over a 

temperature range of -30 oC to 80 oC, under driving electric fields of up to 2.0 kV/mm, 

different frequencies, and a constant preload of about 5 MPa. The effect of using 

different excitation wave forms, which corresponds to different rise times, on the 

actuation performance of the stacks is also studied. Additionally, self heating in the 
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actuators under different electric-field magnitudes, frequencies, and duty cycles is 

investigated. 

In Chapter 3, a simplified analytical self-heating model is presented. The model 

directly relates self heating in multilayer piezoelectric stack actuators to displacement-

electric field loss (displacement hysteresis). The model is based on the first law of 

thermodynamics, and accounts for different parameters such as geometry, magnitude and 

frequency of applied electric field, duty cycle percentage, and surrounding properties. 

The findings from the proposed model are compared with experimental results.  

In Chapter 4, a new domain-switching model for PZT piezoelectric materials is 

presented. The model is based on the reduction in potential energy caused by the 

contributions from changes in spontaneous strain and spontaneous polarization, as well 

as the interaction of electro-mechanical fields with switching strains and switching 

polarization. The model accounts for the substantial influence of full thermo-electro-

mechanical coupling. The effect of change in material properties before and after 

switching is also included. Therefore, the proposed model is valid for general anisotropic 

piezothermoelastic materials. It is assumed that 180o switching is a result of two 90o 

switching events. The proposed model is then implemented in a finite element scheme 

based on the weighted-residual principle. Isoparametric finite elements are used. Selected 

Numerical results for D3-E3 and S3-E3 hysteresis loops are compared with the 

experimental results for soft PZT ceramics. The conclusions of the present study and the 

recommendations for future work are presented in Chapter 5.  
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Chapter 2 

2. Experimental Investigation* 

2.1. Introduction 

Piezoelectric ceramic elements are used as distributed sensors and actuators in many 

engineering applications because of their direct and converse piezoelectric effects. 

Industrial piezoelectric devices are subject to high temperatures, thus must be designed to 

withstand thermal effects. These devices are also widely used in dynamically loaded 

systems that require fast, reliable and precise actuation performance. Modern internal 

combustion engines are a cutting-edge example of such dynamic systems, where fuel 

injectors based on piezoelectric actuators are used to open and close fuel injection valves. 

A critical component of this new generation of fuel injectors is the multilayer 

piezoelectric stack actuator, which controls the injection process via an applied electric 

field. 

A multilayer piezoelectric actuator consists of piezoelectric thin discs with adjacent 

discs having opposite poling directions bonded together and sandwiched between 

electrodes. The axial length of a typical actuator used in fuel injectors can change by up 
                                                 

*  “A  version  of  this  chapter  has  been  published.  Senousy, M.  S.,  Li,    F.X.,  Mumford,  D., 
Gadala,  M.S.,  and  Rajapakse,  R.K.N.D.  (2009)  Thermo‐electro‐mechanical  Performance  of 
Piezoelectric  Stack Actuators  for Fuel  Injector Applications,  Journal of  Intelligent Material 
Systems and Structures, Vol. 20, No. 4, pp. 387‐399.” 
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to 0.12% by applying an electric field across the layer elements; the resultant actuator 

stroke can be calculated by multiplying the total number of layers by the net 

displacement of a single layer. This stroke is used to activate a valve needle that allows 

the fuel to be injected and controlled. Since the valve is actuated more quickly with 

piezoelectric actuators than by conventional solenoids, very precise injection intervals 

are possible between pre- and main injection, which significantly reduce emissions. 

Overall, piezoelectric actuators represent a promising improvement in direct fuel 

injection technology, with its precise positioning and rapid response time compared with 

conventional solenoid technology [1].  

Fuel metering in the combustion chamber is important for reducing the level of 

emissions generated during the combustion process, while minimizing fuel consumption. 

Therefore, many proposals have been made to provide fuel metering control for fuel 

injector systems, including systems that employ piezoelectric fuel injectors [2, 3]. 

Boecking and Sugg [4] proposed an optimal piezoelectric injection actuator for 

combustion engines that overcomes the drawbacks of solenoid valves, with a design that 

accounts for heat dissipation in the actuator. Fujii and Toyao [5] presented a piezoelectric 

actuator used in Toyota diesel engines with an injection interval as low as 0.1 msec.  

It is yet clear that fuel injector technology utilizing piezoelectric actuators holds much 

promise. The static and dynamic performance of stacked piezoelectric actuators has 

received some attention in the past [6-11]. However, studies addressing the performance 

of these actuators under conditions that are directly applicable to fuel injection do not 

appear in the literature. It is therefore important to examine the performance and 

reliability of piezoelectric actuators under conditions that simulate the actual operating 
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conditions of a fuel injector (high electric-field levels, > 1.5 kV/mm, high frequencies,    

> 100 Hz, and elevated operating temperature, up to 120 oC). 

The quasi-static thermo-electro-mechanical performance of cylindrical PZT actuators 

manufactured by Kinetic Ceramics Inc. was investigated in our lab by Li et al. [10] over 

a temperature range of -30 oC to 125 oC, under driving-electric fields varying from 0.3 to 

1.8 kV/mm. Ardelean et al. [8] also experimentally investigated the quasi-static and 

dynamic behavior of piezoelectric actuators manufactured by Noliac. Co-fired 

piezoelectric actuators manufactured by Piceramic were experimentally studied by 

Heinzmann et al. [9]. They studied the actuators’ behavior over an ambient temperature 

range of -40 oC to 150 oC. 

In this chapter, we conduct a comprehensive investigation of the dynamic thermo-

electro-mechanical response of a typical set of multilayer piezoelectric stack actuators 

under different ambient temperatures, electric-field magnitudes, duty cycles, frequencies, 

and rise times. The temperature increase due to heat generation, under continuous AC 

driving fields (100% duty cycle), and its effect on the response of the actuators are also 

studied for different frequencies and electric-field magnitudes. 
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2.2. Experimental Procedure 

Custom-made PZT multi-layer stack actuators manufactured by Kinetic Ceramics Inc. 

(www.kineticceramics.com) were used in this study. The actuators are made from soft 

PZT ceramics with a coercive field Ec of 1.08 kV/mm, and have a Curie temperature 

above 360 oC (Kinetic Ceramics Inc.). Although soft PZT ceramics have a higher 

dielectric loss factor tanδ than hard PZT ceramics, which promotes higher heat 

generation under large electric-field magnitude and/or frequency, they have a higher 

piezoelectric coefficient d, which makes them advantageous for actuator applications 

because they produce a greater strain than harder materials in response to an applied 

electric field [12-14]. However, soft PZT ceramics are characterized by highly mobile 

domain-walls, whereas hard PZT ceramics restrain the domain-wall response so that 

higher electric-field magnitudes are required for the same effect to be observed. Table 

 2.1 shows the geometry and properties of the actuators used in this study. 

The actuators used in the study conducted by Li et al. [10] could not be used for 

dynamic testing in this study as they are incompatible with the current driver; their high 

capacitance reduces the applied voltage at the actuator to about one-third of the 

commanded voltage. This difference in voltage is caused primarily by the reactive 

impedance of the piezoelectric actuators, which places some special requirements on the 

amplifier. In other words, the amplifier has to handle significantly higher voltages and 

circulating currents than are suggested by the real electrical/mechanical power 

requirements of the actuator. Additionally, Linder et al. [15] showed that the electrical 

power at the actuator terminals has a negative real component, indicating that the 
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actuator feeds electrical power back to the source. Since the current actuators are smaller 

and have lower capacitance than those used by Li et al. [10], there is almost no difference 

between the two voltages. 

Table  2.1. PZT stack actuator characteristics. 

Property Value 

Actuator diameter (mm)  5 

Actuator length (mm) 30 

Layer thickness (mm) 0.5 

Number of layers (stacks) 54 

Capacitance (nF) 69 

Maximum operating voltage (Volts) 1000 

Maximum operating electric field (kV/mm) 2.0 

Longitudinal piezoelectric coefficient d33 (pC/N) 370 

Young’s Modulus Y33 (GPa) 48 

 

The test stand (shown in Figure  2.1) was placed inside a thermal chamber (TestEquity 

Model 1007C) with a temperature range of -73 oC to 175 oC and a temperature feedback 

control of 0.1 oC. The temperature of the actuator was measured through a Resistance 

Temperature Detector (RTD) attached to the surface of the actuator. 

In injector applications, the piezo actuators are subjected to a compressive preload for 

alignment and other design requirements. Li et al. [10] found that a preload of -40 MPa 

has a negligible effect on the static response of an actuator. The actuators were therefore 

subjected to a constant compressive preload of 5 MPa (100 Newton) throughout the 

testing; the preload was applied using a soft spring (30 N/mm) fixed by a screw nut and 
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The actuator was operated at full vendor-specified voltage with a bias field of +300 

Volts, and an AC field of +500/-500 Volts. Although the DC offset was kept at -20 % of 

the applied voltage, its effect on dynamic stroke was also examined. 

 

Figure  2.2. Illustration of the three different driving-field trapezoidal waves 

(A, B, and C). 

The test procedure consisted of the following steps: 

(1) aligning the piezoelectric actuator with the centre of the shaft and the loading head; 

(2) preloading the actuator using a screw nut through a spring; 

(3) choosing the desired wave form, electric-field magnitude, and frequency using the 

signal generator; 
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(4) switching the power amplifier on and adjusting the DC offset; 

(5) firing the actuator; and 

(6) recording data. 

In the current study, different controlling parameters were employed to obtain a better 

understanding of the dynamic behavior of the stacks. These parameters include the 

electric-field magnitude E (E=Vpp/h, where Vpp is the applied peak-to-peak voltage and h 

is the thickness of a single layer), frequency f, driving-field rise time tr, biased DC offset 

voltage Vdc, duty cycle dt, and ambient temperature. In addition, a sinusoidal wave form 

and three different trapezoidal waves A, B, and C with different rise times were used. 

Wave A had the longest rise time, tr = 0.2 Tp, where Tp is the driving-field period, and C 

had the shortest rise time, tr = 0.05 Tp (Figure  2.2).  Holding time th is defined as the 

period over which a signal is kept constant at a peak value, Tp=4tr+2th. Duty cycle is 

defined as the ratio between the driving-field period and the period of a complete voltage 

cycle, Tf  (i.e., dt = Tp/Tf). A duty cycle of 100% means a continuous wave, whereas a 0 

% duty cycle implies no signal, or a DC signal.  
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2.3. Experimental Results 

 

Figure  2.3. Variation of the dynamic stroke of piezoelectric stack actuators 

with driving frequency (sine wave and 10% duty cycle). 

Figure  2.3 shows the frequency dependence of the dynamic stroke under sinusoidal 

electric driving fields of 0.6, 1.0, and 1.5 kV/mm and a duty cycle of 10 %. It can be seen 

from Figure  2.3 that below a frequency of 100 Hz, the dynamic stroke was almost 

constant. However, for frequencies higher than 100 Hz, the dynamic stroke increased 

almost linearly with the driving-field frequency. It can also be seen that the rate of 

change of the stroke increased with increasing electric-field magnitude as a result of the 

increased activities of non-180o domain walls at high electric-field magnitudes (i.e., ≥ 

coercive electric field). Moreover, the temperature rise of the tested actuator increased 

with increased frequency, as it will be shown in Section 2.4. As a result, an additional 
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extrinsic part was introduced to account for the temperature-driven activities of non-180o 

domain walls. The resonance frequency, fr, of the testing system (including the actuator, 

loading shaft, spring for pre-loading, etc.) was found to be about 500 Hz. This estimate is 

based on an actuator axial stiffness of 31 N/μm, a mass of 5 gm, and a moving-parts 

mass of 3 Kg. Thus, as expected, when the driving-field frequency approached fr, the 

dynamic stroke and system oscillations rapidly increased with frequency, as shown in 

Figure  2.4.  

 

 

Figure  2.4. Dynamic stroke under (a) 100 Hz and (b) 400 Hz sinusoidal wave 

forms (E = 1.0 kV/mm and 10 % duty cycle). 
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Figure  2.5 Dynamic stroke under (a) sine wave, (b) trapezoidal wave A, (c) 

trapezoidal wave B, and (d) trapezoidal wave C (E = 1.0 kV/mm, f = 100 Hz 

and 10 % duty cycle). 
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Figure  2.5 shows the dynamic stroke for the four waveforms at a frequency of 100Hz, a 

driving-field magnitude of 1.0 kV/mm, and a 10% duty cycle. For all the driving 

waveforms considered, the dynamic stroke showed a highest ringing level at the 

trapezoidal wave C, which had the shortest rise time [Figure  2.5(d)]. The decrease in rise 

time is believed to increase the effect of the sub-harmonics of the driving field, which 

may explain the increase in dynamic stroke ringing with decreased rise time. 

 

Figure  2.6. Effect of duty cycle on stroke for four different wave forms at E = 

1.0 kV/mm: (a) sine wave, (b) trapezoidal A, (c) trapezoidal B, and (d) 

trapezoidal C. 
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Figure  2.6 shows the effect of duty cycle on dynamic stroke for the four different 

waveforms at E = 1.0 kV/mm and for different frequencies up to 300 Hz. It can be seen 

from the figure that the duty cycle had almost no effect on dynamic stroke for both 

sinusoidal and trapezoidal loading. Although duty cycle did not affect dynamic stroke, it 

strongly affected the temperature increase of the PZT actuators being considered in this 

study, except at low frequencies and electric-field magnitudes. The duty cycle was 

therefore fixed at 10% in all remaining dynamic testing, except for the self-heat 

generation tests presented in Section 2.4, where duty cycles up to 100 % were 

investigated. Figure  2.6 also shows that the dynamic strokes corresponding to the three 

trapezoidal waves were larger than those corresponding to the sinusoidal wave. 

Furthermore, under trapezoidal loading, the shortest rise time yielded the largest stroke. 

In Figure  2.7, dynamic stroke is plotted against rise time for different trapezoidal 

driving-field magnitudes, with duty cycle constant at 10%. Dynamic stroke was found to 

increase with decreased driving-field rise time. The rise-time dependence may be 

explained by the time dependence of the extrinsic response of PZT. Sherritt et al. [16] 

reported that non-180o domain switching is time dependent and needs a finite time to 

occur, and that only domain wall motions that have sufficient time to occur contribute to 

the piezoelectric response. This result suggests that as rise time decreased in the current 

study (i.e., holding time increased), more domain walls may have had enough time to 

realign causing a larger actuator stroke. The increasing effect of the sub-harmonics of the 

driving field may also explain the increase in stroke with decreased rise time.  System 

inertia is also expected to have contributed to this response. In the practical case of a 

piezoelectric actuator in a fuel injector, the mass of the moving parts is much less than in 
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the test stand. Therefore, the rise-time effect may differ in practices, but it will still show 

the decaying trend depicted in Figure  2.7.  

 

Figure  2.7. Effect of rise time on dynamic stroke for different trapezoidal 

driving-field magnitudes at 10 % duty cycle. 

Figure  2.8 shows the dependence of dynamic stroke on ambient temperature under a 

sinusoidal electric driving field with magnitude ranging from 0.6 to 2.0 kV/mm, a 

frequency of 100 Hz, and a duty cycle of 10 %. It can be seen that dynamic stroke 

increased steadily with ambient temperature under the range of driving field magnitudes 

considered. However, at driving fields of 1.0 kV/mm and above, a nonlinear transition 

zone occurred between 40 oC and 55 oC, leading to an almost bilinear stroke-temperature 

curve. As discussed by Strukov et al. [17], if domain wall density is in equilibrium state, 
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new domain walls are not generated immediately after heating. Instead, a certain degree 

of heating is required for domain wall density to change noticeably and reach another 

equilibrium state. Accordingly, the nonlinear transition zone observed in Figure  2.8 may 

be explained by the extrinsic contribution from increased domain wall density and non-

180o domain switching-induced strain. The general trend of the dynamic stroke results 

shown in Figure  2.8 is similar to that found in static-stroke tests [10], where a nonlinear 

transition zone was observed between 25 oC and 60 oC. 

 

Figure  2.8. Variation of dynamic stroke with ambient temperature under 

different sinusoidal driving field magnitudes (100 Hz and 10 % duty cycle). 
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To reveal the relationship between driving-field magnitude and dynamic stroke over 

the desired ambient temperature range (-30 oC to 80 oC), Figure  2.8 is re-plotted in 

Figure  2.9. As expected, dynamic stroke increased with driving-field magnitude, such 

that the stroke-electric field curves can be approximated by a bilinear curve connecting 

two points with a slope modulation point at 0.6 kV/mm, and the slopes of the curves 

increase with ambient temperature. Li et al. [10] found that in the static case, the static 

strain at the maximum driving-field magnitude (1.8 kV/mm) was about 1.7 times the 

product of the electric field and the piezoelectric constant, d33, measured at a low driving 

field. For the actuators used in this study, the dynamic strain at maximum driving–field 

magnitude (2.0 kV/mm) was almost 1.6 times the product of the electric field and the 

piezoelectric constant, d33, measured at a low driving-field magnitude, which indicates 

that under higher driving-field magnitudes, non-180o domain switching-induced strain 

may contribute to the piezoelectric response.  

Assuming that the thermal-expansion coefficient α does not change with electric-field 

magnitude, the longitudinal piezoelectric constant d33 at different temperatures can be 

calculated by dividing the induced longitudinal strain, indirectly measured using the 

LVDT, by the applied electric field. d33 was calculated over a temperature range of -30 oC 

to 80 oC and electric-field magnitudes of up to 2.8 kV/mm using the measured stroke. As 

expected, the longitudinal piezoelectric constant showed a nonlinear dependence on 

electric-field magnitude under different temperatures, as depicted in Figure  2.10, which 

is in good agreement with the results obtained at room temperature by Masys et al.[18].  
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Figure  2.9. Variation of dynamic stroke with driving-field magnitudes over 

an ambient temperature range of -30 oC to 80 oC (sinusoidal wave at 100 Hz 

and 10 % duty cycle). 

For low electric-field magnitudes (≤ 0.6 kV/mm), the material behavior was 

approximately linear and d33 was almost constant (Figure  2.10, region I). When the 

applied electric field increased, d33 increased nonlinearly with E (Figure  2.10, region II). 

Figure  2.10 also shows that d33 increased with ambient temperature. The computed d33 of 

the stack actuator at room temperature and low-driving fields was about 350 x 10-12
 C/N, 

which is close to the vendor-specified data of 370x10-12
 C/N. At room temperature and an 

electric-field magnitude of 2.0 kV/mm, d33 reached a value of ≈540x10-12 C/N (≈ 55 % 
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increase from the value at low driving field). In the temperature range -30 oC to 80 oC at 

low electric-field magnitudes, d33 increased by 125 %. 

 

Figure  2.10. Variation of piezoelectric coefficient d33 with electric-field 

magnitude (100 Hz and 10 % duty cycle). 

Zhang et al. [19] stated that the change in piezoelectric coefficients with temperature is 

due to intrinsic and extrinsic contributions, with intrinsic piezoelectric contributions of 

less than 37% at room temperature. Intrinsic properties are material properties from a 

single-domain material, while extrinsic properties are mainly from domain walls. They 

also stated that the extrinsic piezoelectric contributions increased rapidly with 

temperature as a result of non-180o domain walls. Therefore, it can be concluded that for 
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the actuator being considered in this study, at low driving-field magnitudes ≤ 0.6 kV/mm 

(Figure  2.10, region I), the linear change of the piezoelectric coefficient with ambient 

temperature was mainly caused by extrinsic contributions due to domain walls, which 

were driven by temperature. At higher electric-field magnitudes (Figure  2.10, region II), 

an additional extrinsic part was introduced to account for the increased activities of non-

180o domain walls caused by high electric-field magnitudes. Figure  2.11 is a re-plotting 

of Figure  2.10 to delineate the variation of d33 with ambient temperature, and shows that 

d33 was linearly dependent on temperature, which is in good agreement with the results 

obtained by Zhang et al. [19, 20]. 

 

Figure  2.11. Variation of piezoelectric coefficient d33 with ambient 

temperature (100 Hz and 10 % duty cycle). 
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The effect on the longitudinal piezoelectric coefficient of changing DC offset was also 

investigated by applying different DC positive bias voltages. Figure  2.12 shows the 

biased DC offset dependence found of d33 under a sinusoidal peak-to-peak electric-field 

magnitude ranging from 0.6 to 2.0 kV/mm, a frequency of 100 Hz, and a duty cycle of 

10% at room temperature. For low electric-field magnitudes less than 1.0 kV/mm, the 

DC offset was found to have almost no effect on d33. At driving-field magnitudes of            

1.0 kV/mm and above, the longitudinal piezoelectric coefficient decreased slightly with 

the positive DC offset, which is in good agreement with the results obtained by Masys et 

al. [18]. Masys et al. [18] reported that a positive bias field does not increase the total 

polarization, but does contribute to pinning of the domain walls and hence reduces the 

extrinsic contribution to the piezoelectric response.  

 

Figure  2.12. Variation of d33 with DC offset under different sinusoidal 

driving field magnitudes at room temperature (100 Hz and 10 % duty cycle). 
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2.4. Heat Generation and Hysteresis in PZT Actuators 

Heat generation in PZT actuators was also investigated since it was observed that a 

significant amount of heat is generated when PZT actuators are driven under high 

electric-field magnitudes and/or high frequencies. Heat generation can significantly 

affect the reliability and piezoelectric properties of these actuators, and may also limit 

their application. Heat generation in multi-layer PZT actuators is considered to be caused 

by losses, such as mechanical loss and dielectric loss [21]. However, it has been assumed 

in the literature to date that the major contribution to heat generation is from dielectric 

loss which is caused by ferroelectric hysteresis loss [22-24].  

The effect of the electric-field magnitude and of ambient temperature on displacement- 

electric field loss (displacement hysteresis) is shown in Figure  2.13(a-c) and (d-f), at 

temperatures of -30 oC and 80oC, respectively, and a driving frequency of 1 Hz using a 

sinusoidal wave form. At electric-field magnitudes less than 0.6 kV/mm, there was 

almost no hysteresis at both temperatures. On the other hand, for higher electric-field 

magnitudes, hysteresis increased due to increased activities of non-180o domain walls 

with increasing temperature and electric-field magnitude. As mentioned by Zhang et al. 

[20], mathematical modeling of hysteresis and irreversible behavior in ferroelectric 

materials is rather complicated. According to them and to Masys et al. [18], most of the 

observed nonlinearities and hysteresis in the material response are due to extrinsic 

contributions from the domain-boundary motion and phase-boundary motion. 
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Figure  2.13. Effect of electric-field magnitude on hysteresis at two different 

temperatures (a-c) -30 oC, (d-f) 80 oC (sinusoidal wave form at 1 Hz). 
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For the purpose of heat generation testing in the current study, a 10-minute continuous 

loading cycle was used. The temperature increase of the selected actuators under a 

continuous sinusoidal AC driving field (i.e., 100% duty cycle) is shown in Figure  2.14 

for different frequencies up to 300 Hz, and different electric-field magnitudes (0.6, 1.0, 

and 1.4 kV/mm). All tests were conducted at room temperature, with 25 oC as the 

reference temperature T0 (ambient temperature inside the chamber). The temperature 

increase, δT, is defined as (δT=Ti-T0), where Ti is the measured temperature of the 

actuator surface. 

It can be seen from Figure  2.14 that self-heat generation in the PZT actuators tested 

increased with increasing electric-field magnitude and frequency. The temperature 

increase in actuators showed an initially increasing trend and then reached a steady state 

temperature. The time at which the steady state was achieved, as well as the value of the 

steady state temperature, was governed by the electric-field magnitude and frequency. 

For instance, for E = 1.4 kV/mm and f = 300 Hz, the steady state temperature was almost 

60oC, while for E = 0.6 kV/mm and f = 100 Hz, the steady state temperature was close to 

1.5 oC. Since the dynamic stroke was found to be dependent on ambient temperature, one 

can expect the dynamic stroke to increase with time as the actuator temperature 

increases, as shown in Figure  2.15. Note that the increase in stroke here is due to two 

sources: (1) self-heat generation which increases the extrinsic piezoelectric contribution, 

non-180o domain switching-induced strain; and (2) thermal strain. 
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Figure  2.14. Temperature increase with time under different frequencies and continuous 

sinusoidal electric fields (a) 0.6 kV/mm, (b) 1.0 kV/mm, and (c) 1.4 kV/mm. 
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Figure  2.15. Variation of dynamic stroke with time under dynamic driving 

conditions (E = 1.4 kV/mm, f = 300 Hz, and 100 % duty cycle). 

The variation of the steady state temperature increase δT∞ with frequency is shown in 

Figure  2.16 for different driving electric-field magnitudes and a 100 % duty cycle. For 

driving-field magnitudes less than 0.6 kV/mm, the steady state temperature increase was 

linearly proportional to the driving-field frequency. However, as the magnitude of the 

electric field increased, the temperature-frequency relation was no longer linear. A power 

law fit using the least-squares technique was used to depict the steady state temperature-

frequency relation such that δT∞ = afb (where a and b are functions of the applied electric 

field, and b ≥ 1.0). 
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Figure  2.16. Variation of steady state temperature increase with frequency for 

different electric-field magnitudes. 

Self-heat generation in piezoelectric actuators was also found to depend on electric-

field magnitude. Figure  2.17 shows the dependence of the steady state temperature 

increase of the actuators tested on electric-field magnitude. For driving field frequencies 

less than 100 Hz, the steady state temperature increase was almost linearly proportional 

to the electric-field magnitude. As the frequency increased (≥100 Hz), a nonlinear trend 

was observed with δT∞ being almost proportional to E3. 
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Figure  2.17. Variation of steady state temperature increase with electric-field 

magnitude for different frequencies. 

Although duty cycle did not affect the dynamic stroke, as it was shown in Section 2.3, 

it significantly affected self-heat generation under dynamic operating conditions. For 

example, doubling the duty cycle nearly doubled the steady state temperature increase. 

Figure  2.18 shows the dependence of the temperature increase on duty cycle for different 

loading frequencies at E = 1.4 kV/mm. Steady state temperature increase in piezoelectric 

actuators was found to be linearly dependent on duty cycle, as shown in Figure  2.19. 

Decreasing duty cycle significantly decreased the heat generated in the piezoelectric 

actuators tested. Thus decreasing the duty cycle can improve the functionality of these 

actuators and lead to their expanded use in high-power applications. 
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Figure  2.18. Variation of temperature increase with time under different duty 

cycles at two different frequencies (a) 100 Hz, and (b) 200 Hz [E = 1.4 kV/mm]. 
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Figure  2.19. Dependence of steady state temperature increase on duty cycle 

percentage (E = 1.4 kV/mm). 

Zheng et al. [22] proposed a theoretical model to explain the mechanism of heating in 

piezoelectric materials. The model was based on the law of energy conservation, and the 

assumption that the rate of heat generation is directly proportional to the frequency and 

hysteresis loss per driving cycle per unit volume. Polarization-electric field hysteresis 

was found to be approximately proportional to E2 and linearly proportional to frequency 

f. The mathematical model represents a closed-form solution for temperature increase 

that shows the classical exponential variation with respect to time, as well as a steady 

state value.  However, since the dependence of hysteresis on duty cycle and ambient 

temperature was not considered in the model, it cannot be used to simulate the results of 

Figures 2.14:19. In Chapter 3, a mathematical model that accounts for the effects of duty 

cycle, as well as the dependency of piezoelectric losses on ambient temperature, electric-

field magnitude, and frequency is presented. 



Chapter 2. Experimental Investigation. 

57 
 

2.5. Conclusions 

The thermo-electro-mechanical performance of piezoelectric stack actuators under 

different operating conditions relevant to fuel injection was investigated in this chapter. 

Soft epoxy-bonded PZT stack actuators were tested over a temperature range of -30 oC to 

80 oC, under sinusoidal and trapezoidal driving fields of up to 2.0 kV/mm with various 

frequencies, rise times, and duty cycles. The effect of the biased DC offset voltage on the 

dynamic performance of PZT stacks was also studied. The biased DC offset was found to 

slightly affect the dynamic stroke of PZT actuators by reducing the extrinsic contribution 

due to non-180o domain walls. Below the resonance frequency of the testing system 

(about 500 Hz), the dynamic stroke was found to increase with driving-field frequency. 

In the case of the trapezoidal loading field, a decrease in rise time increased the non-180o 

domain wall motions; decreasing the rise time was found to be equivalent to increasing 

the frequency (i.e., dynamic stroke increased with decreasing rise time). Self-heat 

generation in the actuators was also investigated for different combinations of electric-

field magnitude, frequency, and duty cycle. Heat generation increased with increased 

driving-field magnitude and driving-field frequency. Although duty cycle had almost no 

effect on dynamic stroke, it strongly affected heat generation in the actuators. Decreasing 

the duty cycle can significantly decrease heat generated in the actuators. At driving-field 

frequencies much lower than the resonance frequency of the system, the stroke- electric 

field behavior at different temperatures agreed well with the quasi-static results obtained 

previously.  
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Chapter 3 

3. Self-Heat Generation in 
Piezoelectric Stack Actuators* 

3.1. Introduction 

The ability of piezoelectric ceramics to generate mechanical displacement as a result of 

electric charge makes them suitable materials for use in actuation applications [1-3]. A 

review on shape control of non-piezoelectric structures by piezoelectric actuation was 

presented by [4]. Piezoelectric materials are also used in many engineering applications 

as sensors because of their direct piezoelectricity [5, 6]; that is, they generate an electric 

charge as a result of mechanical deformation. They have also been used in such diverse 

applications as information technology, biomedical engineering, and energy engineering 

[7]. In actuation applications that require fast, reliable and precise actuation performance, 

piezoelectric materials are intended to be used at high electric field magnitudes and/or 

high frequencies. The co-fired multilayer stack actuator is a key element in these 

applications. It consists of thin piezoelectric discs (roughly 0.1 mm to 0.5 mm thick) 

bonded together and sandwiched between electrodes, with adjacent discs having opposite 

poling directions, and generates relatively large displacement with a low driving voltage. 

                                                 

* “A  version  of  this  chapter  has  been  published.  Senousy, M.  S.,  Rajapakse,  R.K.N.D., 
Mumford, D., and Gadala, M.S. (2009) Self‐Heat Generation in Piezoelectric Stack Actuators 
Used in Fuel Injectors, Journal of Smart Materials and Structures, Vol. 18, No. 4. 
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The low driving voltage, high energy density, low power consumption, precise 

positioning, quick response, and long lifetime of piezoelectric stack actuators make them 

potential candidates for use in fuel injection systems [8, 9]. Moreover, using piezoelectric 

stack actuators in fuel injection systems is preferable to conventional solenoid 

technology because they provide an optimized injection system (i.e., quieter, more 

economical, more powerful, reduced emissions). 

Since piezoelectric stack actuators are competitive candidates for clean engine 

technology, it is important to examine their performance and reliability under conditions 

that simulate the actual operating conditions of a fuel injector (i.e., electric field 

magnitude >1.5 kV/mm, frequency range of 10 to 100 Hz, and operating temperature 

range of -40 oC to 120 oC). The dynamic thermo-electro-mechanical performance of 

cylindrical PZT actuators manufactured by Kinetic Ceramics Inc. (KCI, 

www.kineticceramics.com) has been experimentally investigated by the authors [10] over a 

temperature range of -30 oC to 80 oC. The results showed that PZT stack actuators tend to 

generate heat when they are driven under high electric-field magnitudes and/or high 

frequency. This heat may significantly affect the lifetime, durability and positioning 

accuracy of the actuators, and degradation of the material properties may also occur [11]. 

Therefore, self heating in piezoelectric stack actuators represents a major challenge in 

utilizing them in dynamically loaded systems such as fuel injectors.  

Although the experimental study of the static and dynamic behavior of piezoelectric 

stack actuators has received some attention (i.e.,[12-16]), only a limited number of 

experimental studies addressing the self-heating problem have been published [17-20]. 

Heat generation in different sizes of piezoelectric actuators under different operating 
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conditions at room temperature was investigated by [21]. They also proposed a 

theoretical model to explain the mechanism of heating in piezoelectric materials. The 

model was based on the law of energy conservation, and the assumption that the rate of 

heat generation is directly proportional to the frequency and hysteresis loss per driving 

cycle per unit volume. The dependence of hysteresis on ambient temperature was not 

considered in this model. A similar mathematical model to explain the mechanism of 

heating in piezoelectric materials was proposed by [22]. The main difference between the 

presented mechanisms was the inclusion of heat dissipation from the actuator by only 

convection [22] or by convection and radiation [21].  

In this chapter, an experimental study of the effect of various controlling parameters 

relevant to fuel injection on self heating is presented. Electric-field magnitude and 

frequency are dominant parameters in controlling the amount of heat generated in PZT 

actuators. Actuator geometry is another significant factor; increasing surface area can 

significantly decrease actuator temperature increase. Duty cycle and fuel type are also 

significant factors. A theoretical model, based on the first law of thermodynamics, that 

explains the mechanism of heating in piezoelectric materials and accounts for these 

controlling parameters is also developed. The model is based on measurement of 

displacement-electric field loss (displacement hysteresis).  

A detailed description of the experimental setup is presented in Section 3.2. In Section 

3.3, the effects of electric-field magnitude, frequency, and temperature on displacement 

hysteresis are experimentally investigated. The effects of electric-field magnitude, 

frequency, and duty cycle on heat generation are also examined. The developed 
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analytical model is then presented in Section 3.4 and a comparison between the 

mathematical and the experimental results is provided in Section 3.5. 

3.2. Experimental Setup 

The experimental investigation aimed at assessing the characteristics of self heating in 

piezoelectric actuators over a wide range of controlling parameters related to direct-fuel 

injection. Different controlling parameters were employed to obtain a better 

understanding of the heating mechanisms of the actuators: electric-field magnitude E 

(E=Vpp/th, where Vpp is the applied peak-to-peak voltage and th is the thickness of a single 

layer); frequency f; duty cycle dt; and surrounding properties (i.e., fuel type, using heat 

sink, etc.).  

The test stand (shown in Figure  3.1) was placed inside a thermal chamber (TestEquity 

Model 1007C) with a temperature feedback control of 0.1 oC. The temperature of the 

actuator was measured through a Resistance Temperature Detector (RTD) attached to the 

surface of the actuator. In injector applications, the piezo actuators are subjected to a 

compressive preload for alignment and other design requirements. It was found by [14]  

that a preload of 0-40 MPa had a negligible effect on actuator response. Additionally, it 

was reported by [18] that self heating in piezoelectric actuators is slightly independent of 

load. The actuators in the current study were therefore subjected to a constant 

compressive preload of 5 MPa throughout the testing, applied using a soft spring          

(30 N/mm) fixed by a screw nut. The preload was measured using a force sensor placed 

between the shaft and the moving loading head, which was in direct contact with the 

actuator. The other end of the actuator was placed on a fixed plate, allowing the 
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tanδ than hard PZT ceramics, which promotes a higher heat generation under large 

electric-field magnitude and/or frequency, a higher piezoelectric coefficient d, and a 

lower coercive field Ec. Although soft PZT ceramics tend to generate higher self heating 

than harder PZT ceramics [20], they are advantageous for actuator applications because 

they produce a greater strain in response to an applied electric field.  

Table  3.1. KCI piezoelectric properties. 

Property Value 

Actuator diameter (mm)  5 

Actuator length (mm) 30 

Layer thickness (mm) 0.5 

Number of layers (stacks) 54 

Capacitance (nF) 69 

Maximum operating voltage (Volts) 1000 

Maximum operating electric field (kV/mm) 2.0 

Longitudinal piezoelectric coefficient d33 (pC/N) 370 

Young’s Modulus Y33 (GPa) 48 

Heat Capacity c (J/kgoC) 420 
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3.3. Self-Heat Generation and Hysteresis in PZT Actuators 

Self heating in PZT actuators is considered to be caused by losses, such as mechanical 

loss and dielectric loss, with the major contribution from dielectric loss caused by 

ferroelectric hysteresis loss [23, 24]. It was also found by [25] that at large unipolar 

electric-field magnitudes, dielectric loss (polarization hysteresis) can be directly related 

to piezoelectric loss (displacement hysteresis). Therefore, without loss of generality, self 

heating in PZT actuators can be said to be directly related to dielectric loss and/or 

piezoelectric loss. These losses can be ascribed to domain wall motion, lattice distortion, 

and microstructural evolution.  

The effects of electric-field magnitude and temperature on displacement hysteresis 

found in the current study are shown in Figure  3.2, at temperatures of -30 oC, 55 oC, and 

80 oC, respectively, and a duty cycle of 100%, using a sinusoidal wave form. 

Displacement hysteresis, Df, is represented by the hysteresis area and defined as the loss 

of the sample per electric charge per driving cycle. Figure  3.3(a) shows the dependence 

of displacement hysteresis on electric-field magnitude over a temperature range of -30 oC 

to 80 oC under a sinusoidal driving-electric field, and a duty cycle of 100%. At low 

temperatures (< 0 oC), displacement hysteresis was almost linearly proportional to the 

driving-field magnitude. As temperature increased (≥ 0 oC), a nonlinear trend was 

observed.  At low temperatures, the hysteresis due to domain walls were driven by 

electric field, while at higher temperatures, an additional extrinsic contribution was due 

to increased activities of non-180o domain walls caused by temperature.  



Chapter 3. Self-Heat Generation. 

67 
 

Figure  3.2. Effect of electric-field magnitude on displacement hysteresis at 

different temperatures (sinusoidal wave form at 100% duty cycle). 
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Figure  3.3(a) is re-plotted in Figure  3.3(b) to delineate the variation of Df with 

temperature at different electric-field magnitudes. Hysteresis-temperature curves can be 

linearly fitted as shown in Figure  3.3(b); the dashed lines represent linear fitting 

excluding hysteresis at a temperature of 55 oC, while the solid lines represent the actual 

measured values. At low electric-field magnitude (0.6 kV/mm), there was a slight, almost 

negligible change in displacement hysteresis with temperature; at higher electric-field 

magnitudes, a noticeable change in displacement hysteresis with temperature was 

observed. However, at all electric-field magnitudes, a displacement hysteresis maxima 

was observed at a temperature of 55 oC, which may be interpreted as a microstructural 

evolution in the actuator’s material occurring around this temperature and causing the 

hysteresis to increase. In Chapter 2, a nonlinear transition zone in stroke-temperature 

behavior was observed between 40 oC and 55 oC, which is consistent with the nonlinear 

hysteresis maxima observed here at 55 oC.  

Figure  3.3. Variation of displacement hysteresis Df with (a) electric-field 

magnitude, (b) temperature (sinusoidal wave form at 100 % duty cycle). 
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In the current investigation, displacement hysteresis Df was also found to be slightly 

independent of frequency. Figure  3.4 shows the dependence of displacement hysteresis 

on frequency found under an electric-field magnitude of 1.4 kV/mm at room temperature. 

Displacement hysteresis was almost constant with frequency, with a standard deviation 

percentage of 2.5 %. Therefore, in the analytical self-heating model presented in the 

following section, hysteresis variation with frequency is neglected. 

 

Figure  3.4. Variation of displacement hysteresis with frequency 

(E = 1.4 kV/mm at room temperature). 

The temperature increase of the selected actuators under a continuous sinusoidal AC 

driving field (i.e., 100 % duty cycle) is shown in Figure  3.5 for different frequencies up 

to 300 Hz, and for two different electric-field magnitudes. All tests were conducted at 

room temperature, with 25 oC as the reference temperature T0 (ambient temperature 

inside the chamber), and continuous loading for 10-minutes. The temperature increase, 
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δT, is defined as (δT=Ti-T0), where Ti is the measured temperature of the actuator 

surface.  

Figure  3.5. Variation of temperature increase with time under different frequencies 

and continuous sinusoidal electric field of (a) 0.6 kV/mm, (b) 1.4 kV/mm. 

It can be seen from Figure  3.5 that self-heat generation in the PZT actuators tested 

increased with increasing electric-field magnitude and frequency.  At low electric-field 

magnitudes, the low level of self heating is due to molecular friction [26]. Increasing 

electric-field magnitude introduces a source of extrinsic contributions due to increased 

activities of non-180o domain walls. As a result, an increase in hysteresis occurs, 

resulting in self heating in the PZT actuators. It can also be seen that the temperature 

increase in the actuators showed an initially increasing trend and then reached a steady 

state temperature. Duty cycle was also found to significantly affect self-heat generation 

under dynamic operating conditions. Duty cycle is defined as the ratio between the 

period of a single sinusoidal pulse and the period of a complete voltage cycle. Figure  3.6 

shows the dependence of temperature increase on duty cycle under frequencies of 100 Hz 

and 200 Hz, respectively, at E = 1.4 kV/mm. At both frequencies, increasing duty cycle 
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significantly increased the amount of heat generated in the PZT actuators. Self heating in 

PZT actuators is linearly dependent on duty cycle percentage, as shown in Figure  3.7. 

Since reducing the duty cycle percentage significantly decreased the amount of heat 

generated within the actuators, it can be concluded that decreasing the duty cycle can 

improve the functionality of these actuators and lead to their expanding use in 

applications that operate at high electric field and frequency levels. 

 

 
Figure  3.6. Variation of temperature increase with time under different duty 

cycles at two different frequencies (a) 100, and (b) 200 Hz [E = 1.4 kV/mm]. 

 



Chapter 3. Self-Heat Generation. 

72 
 

 

Figure  3.7. Dependence of steady state temperature increase on duty cycle 

percentage at two different frequencies and E = 1.4 kV/mm. 
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3.4. Self-Heat Generation Model 

In this section of the chapter, a 1D analytical self-heating model based on the first law 

of thermodynamics is developed. The model accounts for the effect of different 

parameters including geometry, driving electric field, frequency, and duty cycle 

percentage on self heating, based on their effect on displacement hysteresis. Figure  3.8 

shows a piezoelectric actuator placed horizontally on a bracket. The bracket is made of 

pure aluminum and works as a heat sink to reduce the amount of temperature increase 

within the actuator by increasing the amount of heat dissipated.  

 

Figure  3.8. Sketch of an actuator with a heat sink (bracket). 

According to the first law of thermodynamics, the law of energy conservation of a 

closed system may be expressed as: 

൬Rate of internal
heat generation൰  - ቀ

Rate of energy transfer
to the environment

ቁ  = ቀRate of energy accumulation
within the control volume

ቁ 

For a piezoelectric sample, and assuming uniform temperature distribution and 

isotropic material, the energy conservation law or the time rate of the actuator 

temperature change can be expressed as 
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dt
dTCmQQ pdg =− &&  ( 3.1)

where ܳ௚ሶ  and ܳௗ
ሶ  are the rates of internal heat generation and of heat dissipation from the 

actuator in (J/s), respectively; m is the mass of the actuator in (kg); and Cp is the specific 

heat capacity of the actuator in (J/kgoC).  

As previously stated, self heating is mainly considered to be caused by losses. As a 

result, in a piezoelectric sample, ܳ௚ሶ  can be expressed as follows: 

fEDQ chfg =&  ( 3.2) 

where Df is the loss of the sample per electric charge per driving cycle in (J/C); Ech is the 

accumulated electric charge on the sample in (C); and f is the driving-field frequency in 

(Hz). 

In a typical multilayer piezoelectric-stack actuator, disks are mechanically connected in 

series and electrically connected in parallel. The electric charge in a PZT actuator can 

therefore be written as [27] 

AEnV
t

AnCVE
h

n

ch 033
033

1
κκκκ

=== ∑  ( 3.3)

where 
ht

AC 033 κκ
=  is the capacitance of one disk in (Farads); th is the thickness of a 

single layer; A is the actuator cross-section area; E=V/th is the electric-field magnitude in 

(Volts/m); n is the number of layers; κ0 is the free space permittivity   (8.85×10-12 F/m); 

and κ33 is the dielectric constant in the poling direction.  
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The dependence of κ33 of  PZT ceramics on the intensity of applied electric-field has 

been experimentally studied by Zhang et al. [28]. They reported that κ33 is nearly 

constant at low levels of electric-field, while it linearly increases at higher levels of 

electric-field magnitude. Accordingly, it can be expected that the capacitance of PZT 

ceramics is electric-field dependent at higher magnitudes. However, in the current model 

κ33  is considered constant since the applied electric-field is not as high as compared to 

the values reported in [28]. In addition, the non-linear behavior is lumped into Df which 

is considered temperature and electric-field dependent. 

By substituting Equation ( 3.3) into Equation ( 3.2), the rate of heat generation per 

driving cycle can be expressed as follows: 

( ) fAEnDQ fg 033 κκ=&  ( 3.4)

The experimental results presented in the previous section showed a linear dependence 

of steady state temperature increase on duty cycle in piezoelectric actuators. Therefore, 

Equation ( 3.4) may be modified to account for duty cycle effect such that 

AEfnDdQ ftg 033κκ=&  ( 3.5)

where dt is the duty cycle percentage (0 < dt ≤ 1.0).  

The experimental setup used in this study allowed a conduction heat transfer to the 

bracket through the bottom surface of the actuator and a convection heat transfer to the 

ambient through the top surface of the actuator and the bottom surface of the bracket, as 

shown in Figure  3.8. The two ends of the actuator were of non-conductive material, and 
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therefore, did not contribute to the energy released. Additionally, the lead wires attached 

to the actuators had small diameters and energy dissipated through them could be 

neglected. Thus, the rate of heat dissipated can be written such that 

( )01201 )( TThATThAQd −+−=&  ( 3.6)

where h is the convective heat coefficient of the surrounding air in (W / m2 oC); T is the 

surface temperature of the actuator; T1 is the bottom surface temperature of the bracket; 

and T0 is the surrounding reference temperature. A1 represents the actuator’s surface area 

not in contact with the bracket; A2 is the bracket’s surface area not in contact with the 

actuator. The first term in Equation ( 3.6) represents the heat transfer from the actuator 

and the second term represents the heat transfer from the bracket. The areas A1 and A2 are 

expressed as follows: 

( )
( )( ) c

cac

LRRA
LLRLRA

122

111

22
,2

−+=
−+=

π
ππ

 ( 3.7)

where La is the actuator length; Lc is the contact length with the bracket; R1 is the actuator 

radius; and R2 is the bracket radius. λ2 is defined as the ratio of the bracket radius to the 

actuator radius such that λ2 = R2 / R1.  

To deduce the general form of heat dissipated through the bracket, ܳ௕௥
ሶ , it is assumed 

that the amount of heat gained through conduction is equal to the amount of heat 

dissipated through convection in the bracket. It is also assumed that heat flows only in a 

radial direction. ܳ௕௥ሶ  can then be expressed as 
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( )obr TThAQ −= 12
&  (3.8.1)

dr
dTrLk

dr
dTkAQ crbr π−=−=&  ( 3.8.2)

where k is the thermal conductivity of the bracket in (W / m oC); and Ar = πrLc is the area 

for heat flow in the bracket (r is measured from the center of the actuator). The boundary 

conditions are 

1

21

RratTT

RratTT

==

==
 ( 3.9)

The solution of Equation ( 3.8.2) is obtained as follows: 

∫∫ −=
12

1

T

T
c

R

R
br dTkL

r
drQ π&  (3.10.1)

( )
( )2

1

ln λ
π

TT
kLQ cbr

−
=&  ( 3.10.2)

Substituting into Equation (3.8) 

( ) ( )
( )2

1
12 ln λ

π
TTkLTThA co

−
=−  ( 3.11)

 Rearranging Equation ( 3.11), the surface temperature of the bracket, T1, is obtained as 

follows: 
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( ) ( )[ ]oc
c

ThATkL
kLhA

T 22
22

1 ln
ln

1 λπ
πλ

+
+

=  ( 3.12)

Substituting Equation ( 3.12) into Equation ( 3.6), and simplifying, the rate of heat 

dissipation is 

)(1 od TTAhQ −=&  ( 3.13)

where h represents the overall heat convection coefficient, and is expressed as 

( ) ( )
( ) c

c

kLhA
AAkLhAh

h
πλ

πλ
+

++
=

22

1222
2

ln
1ln  ( 3.14)

In the case of no heat sink, (i.e., k = 0 and/or Lc = 0), the overall heat convection 

coefficient and the rate of heat dissipation are expressed as 

hh = , and )(1 od TThAQ −=&  ( 3.15)

where h is the convection heat transfer coefficient; and A1 = 2πR1La. 

Substituting ܳ௚ሶ and ܳௗሶ  from Equation ( 3.5) and Equation ( 3.13), respectively, into 

Equation ( 3.1) 

( ) ( )
dt
dTCmTTAhfAEnDd pft =−− 01033 κκ  ( 3.16)

The experimental results presented in the previous section showed the dependency of 

displacement hysteresis Df on electric field and temperature. Therefore, from Equation 

( 3.16), it is expected that the amount of heat generated in an actuator is electric-field and 
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temperature dependent. At a specified electric-field magnitude, the solution of Equation 

( 3.16) is obtained for two cases: (i) Df is linearly dependent on temperature; and (ii) Df is 

constant (does not change with temperature). 

3.4.1. Case i : Df is Dependent on Temperature  

Displacement hysteresis is assumed to linearly increase with increased temperature. At 

a specified electric-field magnitude, Df can be linearly fitted in the form 

TaaDf 21 +=  ( 3.17)

where a1 and a2 are fitting constants determined from the experimental data shown in 

Figure  3.3(b).  

Substituting Equation ( 3.17) into Equation ( 3.16) and letting C1 = dt n κ33 κ0 A E f, 

( ) ( )
dt
dTCmTTAhTaaC p=−−+ 01211  ( 3.18)

Rearranging Equation ( 3.18),  

( ) 0111211 TAhaCTaCAh
dt
dTmCp +=−+  ( 3.19)

At steady state, the rate of temperature increase is zero (i.e., dT/dt = 0). The steady 

state temperature T∞ is easily obtained from Equation ( 3.19), as follows: 

211

0111

aCAh
TAhaC

T
−

+
=∞  ( 3.20)
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The temperature increase at steady state is expressed as follows: 

( )
211

211

aCAh
TaaC

TTT o
o −

+
=−= ∞∞δ  ( 3.21)

The solution of Equation ( 3.19) is obtained by solving for a homogeneous solution and 

a particular solution. The general homogenous solution is given as follows: 

t
Cm

aCAh
dt

Cm
aCAh

pp eeT
⎟
⎟
⎠

⎞
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⎜
⎝

⎛ −
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
−

=
∫

=
211211

 
( 3.22)

Consequently, a particular solution is obtained as follows: 

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

−
+

+=
−−

− t
Cm
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t

Cm
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pp e
aCAh
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keT
211211

211

0111
1  ( 3.23)

Applying the initial boundary condition (i.e, at time t = 0, T = T0), the integration 

constant k1 is 

( )
211

0211
1 aCAh

TaaC
k

−
+

−=  ( 3.24)

The actuator temperature T is then written as 

( )
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

−
+

−
−

+
=

−
− t

Cm
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pe
aCAh
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T
211

211

0211

211

0111  ( 3.25)

with temperature increase δT written in the form  
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⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−=

−
−

∞

t
Cm

aCAh

peTT βδδ
211

1  ( 3.26)

A chosen parameter β was introduced into Equation ( 3.26) such that analytical results 

are in best agreement with experimental results. The heat capacity of soft and hard PZT 

was measured by Yarlagadda et al. [29] over a wide range of temperature, and both were 

reported to be temperature dependent. It was also reported by [30] that the heat capacity 

of bulk PZT materials increases with increased temperature. Accordingly, in the current 

study, the parameter β may be interpreted as the dependency of the heat capacity 

coefficient on actuator temperature which is electric-field dependent. β does not affect 

the steady state temperature, and only changes the time constant of the exponential 

response. Equation ( 3.26) is simplified such that  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

−

∞
τδδ
t

eTT 1  ( 3.27)

where 
( )

211

0211

aCAh
TaaCT

−
+

=∞δ is the steady state temperature increase, and 
211 aCAh

Cm p

−
=

β
τ

is a time constant. 

3.4.2. Case ii: Df is Constant 

By assuming that displacement hysteresis is temperature independent (i.e., constant for 

a specified electric-field magnitude), the solution of Equation ( 3.16) is obtained, similar 

to Case i, such that 
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

−

∞
τδδ
t

eTT 1  ( 3.28)

where 
1

033

Ah
fAEDnd

T ft κκ
δ =∞ is the actuator steady state temperature (i.e., maximum 

temperature rise), and 
1Ah

Cm pβ
τ =  is a time constant. 

In this case, displacement hysteresis was assumed to be temperature independent. 

However, when Equation ( 3.28) was applied to obtain the actuator surface temperature, 

an incremental solution was used and displacement hysteresis was updated after each 

increment according to the linear fitting presented in Figure  3.3(b). In other words, an 

initial surrounding reference temperature T0 is assumed; Df and T are obtained based on 

that temperature using Equation ( 3.17); the newly computed temperature T is used to 

generate a new Df; and then a new T is solved for using Equation ( 3.28). For the sake of 

easy presentation, we will call this procedure “Case ii.b”, and the temperature 

independent case “Case ii.a”. 
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3.5. Results and Discussion 

3.5.1. No Heat Sink (k = 0 and/or Lc = 0) 

Figure  3.9 shows temperature increase δT under sinusoidal electric fields of 0.6, 1.0, 

and 1.4 kV/mm, at different frequencies of up to 300 Hz, and with a duty cycle of 100 %; 

no heat sink was used. It can be seen from Figure  3.9 that the three different solution 

cases (Case i, where Df is linearly dependent on temperature, Case ii.a, where Df is 

constant, and Case ii.b, where Df is incrementally updated) were in good agreement with 

the experimental results at low frequencies (≤ 100 Hz). A possible explanation for all 

cases giving similar results could be the low level of temperature increase, so that the 

dependence of displacement hysteresis on temperature could be neglected (i.e., Df is 

constant). 

As frequency and electric field increased, δT increased and displacement-hysteresis 

dependence on temperature became more significant. At higher levels of electric-field 

magnitudes and driving frequencies, Case ii.a, where Df was assumed constant, deviated 

considerably from actual experimental results. The steady state temperature increase at   

E = 1.4 kV/mm and f = 300 Hz, predicted from Case ii.a, was almost 41 % less than the 

measured steady state temperature increase Figure  3.9(c). On the other hand, for all 

levels of electric field magnitudes and frequencies, Case i and Case ii.b showed almost 

identical steady state temperature increases with a reasonable agreement with 

experimental results (within ±5 %). 
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Figure  3.9. Temperature increase with time under continuous sinusoidal 

electric fields and different frequencies (a) 0.6, (b) 1.0, and (c) 1.4 kV/mm. 
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The fitting parameter β introduced in Equation ( 3.26) is indirectly dependent on 

electric field. As previously mentioned, β may be interpreted as the dependency of the 

heat capacity coefficient Cp on actuator temperature, which is dependent on electric-field 

magnitude. The parameter β increased with increased electric-field magnitude; that is, 

specific heat capacity, Cp, increased with increased electric-field magnitude (i.e., the 

heating energy required to increase the temperature of the actuator increased). Similarly, 

it can be seen that the convection heat coefficient, h, is also indirectly dependent on 

electric field strength; it increased with increased electric field strength as a result of 

temperature increase in the actuator. An empirical value of h at E = 0 and f = 0 was 

predicted using the empirical equations provided by [31] for the case of a horizontal 

cylinder. Figure  3.10 shows the estimated values of h at different levels of electric-field 

magnitudes. It should be noted that although β and h indirectly increased with electric-

field magnitude, the ratio β/h was found to be constant with electric-field magnitude. 
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Figure  3.10. Variation of heat convection coefficient h, and β with electric-

field magnitude. 

The effect of duty cycle on temperature increase can also be predicted using the 

developed self-heating model. Duty cycle significantly affected self-heat generation 

under dynamic operating conditions. Figure  3.11 shows the temperature increase that 

occurred under a unipolar sinusoidal electric field E = 1.4 kV/mm at (a) f = 100 Hz, and 

(b) f = 200 Hz, respectively. It can be seen that reducing duty cycle can dramatically 

decrease the amount of heat generated in piezoelectric actuators. This phenomenon 

allows application of higher electric fields and frequencies with low duty cycles, since 

the latter reduce heat generation. The developed heat generation mechanism simulates 

the experimental results fairly closely at different duty cycles up to 100 %. Case ii.a 

gives accurate results at low frequency levels and duty cycles; however, it deviates as 

frequency and/or duty cycle increases. 
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Figure  3.11. Variation of temperature increase with time for different duty cycles 

at E = 1.4 kV/mm under two different frequencies (a) 100, and (b) 200 Hz. 
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3.5.2. Using a Heat Sink 

Using a heat sink of high thermal conductivity may also help reduce the temperature 

increase in piezoelectric actuators, by increasing the amount of heat dissipated. The 

experimental setup used in this study allowed attaching a pure aluminum bracket of 

thermal conductivity k = 204 W/moC. The bracket functioned as a heat sink. Practically, 

such a bracket should move with the actuator, to avoid abrading the outer surface of the 

actuator. It can be seen from Figure  3.12 that Case i and Case ii.b are again more 

accurate than Case ii.a at higher frequencies. At E = 1.4 kV/mm and f = 300 Hz, using an 

aluminum bracket as a heat sink reduced the amount of temperature increase within the 

actuator by almost 39 % (the steady state temperature δT∞ with no heat sink was 60.5 

oC), while it was reduced to 37 oC when a heat sink was used, as shown in Figure  3.13. 

 
Figure  3.12. Variation of temperature increase with time for different 

frequencies at E = 1.4 kV/mm (using heat sink). 
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Figure  3.13. Effect of using a heat sink on temperature increase 

(E = 1.4 kV/mm, f = 300 Hz, and 100 % duty cycle). 
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3.6. Conclusions 

In this chapter, self heating in soft Lead Zirconate Titanate (PZT) stack actuators was 

studied at different dynamic operating conditions relevant to the fuel injection process. 

Heat generated in these actuators was dependent on applied electric-field magnitude and 

frequency. Decreasing the duty cycle significantly decreased heat generated in the 

actuators. A mathematical model based on the first law of thermodynamics and 

accounting for different controlling parameters was developed. The model represents a 

closed-form solution for temperature increase that shows the classical exponential 

variation with respect to time, in the form δT = δT∞ (1-e-t/τ). The developed model 

provides an invaluable tool for designing piezoelectric actuators for fuel injectors, as well 

as for high-power actuators, with limited self heating.  
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Chapter 4 

4. Temperature-Dependent Two-Step 
Domain-Switching Model* 

 

4.1. Introduction 

Multilayer piezoelectric stack actuators are used in diverse engineering applications. 

Their low driving voltage and power consumption make them excellent candidates for 

use in fuel injection systems [1]. Because of operational requirements in fuel injection, 

stack actuators are subjected to relatively high electric-field magnitudes (> 1.5 MV/m), 

high frequencies (> 100 Hz), and elevated temperatures (up to 120 oC). Performance of 

selected Lead Zirconate Titanate (PZT) actuators under conditions relevant to fuel 

injection systems has been experimentally studied by Senousy et al. [2, 3] and Li et al. 

[4]. The results showed that PZT stacks typically generate heat and exhibit nonlinear 

behavior. The generated heat may produce thermal stresses, which could lead to 

structural failure of the stacks. Self heating and the nonlinearity response of PZT stacks 

are interconnected; nonlinearity is believed to be the main cause of self heating [5]. 

                                                 

* “A version of this chapter has been published. Senousy, M. S., Rajapakse, R.K.N.D., and 
Gadala, M.S. (2009) A Temperature‐Dependent Two‐Step Domain‐Switching Model for 
Ferroelectric Materials, Acta Materialia, doi:10.1016/j.actamat.2009.08.039.” 



Chapter 4. Domain Switching. 

95 
 

Moreover, it has been widely accepted that domain switching is the main source of 

nonlinearity [6]. 

Domains are regions of material with the same spontaneous polarization direction, and 

are formed to minimize free energy when piezoelectric materials undergo paraelectric to 

ferroelectric phase transformation at the Curie temperature. Domain switching involves 

rotation of the polarization direction of a domain by either 180o or non-180o in response 

to a sufficiently large electric field (ferroelectric) or mechanical stress (ferroelastic). In 

tetragonal piezoelectric ceramics such as PZT ceramics, an electric field can rotate the 

polarization by either 180o or 90o, whereas a mechanical stress can only cause 90o 

rotation. 180o domain switching does not cause any change in strain. However, 90o 

domain switching causes an increase in strain in the new polarization direction and a 

reduction by the same amount in the initial direction. 

In order to better understand the overall performance of PZT actuators used in fuel 

injection, both domain switching and temperature effects need to be considered. The 

development of accurate domain-switching models for piezoelectric materials remains a 

challenging task [7, 8]. Hwang et al. [9] developed the first domain-switching model, and 

their model has served as the foundation for several other models [10, 11]. Hwang’s 

model was based on the reduction in potential energy caused by the changes in 

spontaneous strain and spontaneous polarization. It has also served as a base for several 

nonlinear finite element modeling studies of ferroelectric materials [12, 13]. Jiang [14] 

extended the above model to also include the dependence of potential energy reduction 

on variations in the produced strain. These models neglected the influence of 

electromechanical coupling, material anisotropy, and temperature effects on domain 
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switching and assumed that the energy required to cause 180o or 90o switching is 

identical. Based on the concepts of Hwang et al. [9], Zeng and Rajapakse [15] developed 

a domain-switching model that accounted for electromechanical coupling and the 

changes in electro-elastic properties of switched domains. Their model also assumed that 

both 180o and 90o domain switching occur at the same energy level. Different energy 

levels for 180o and 90o domain switching were assumed in other models [16-19]. 

In this paper, a new domain-switching model accounting for electromechanical 

coupling, temperature and different energy barriers for 180o and 90o switching is 

presented for tetragonal materials by extending the concepts of Hwang et al. [9]. It is 

assumed that 180o switching is a result of two 90o switching occurrences. A similar 

sequential switching process was reported previously for rhombohedral materials by 

several authors [20-22]. This assumption implies that some domains may not complete 

180o rotation, so that an improved prediction of the hysteretic nonlinear behavior can be 

expected. The governing equations of a piezothermoelastic continuum are summarized in 

Section 4.2. The development of the switching model is presented in Section 4.3. A finite 

element scheme based on the proposed switching model is presented in Section 4.4. A 

comparison of the present model with the Hwang et al.’s model [9] and with 

experimental results, as well as a discussion on domain-switching evolution, is provided 

in Section 4.5.  
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4.2. Governing Equations 

The constitutive relations describing the behavior of a piezothermoelastic continuum 

can be expressed as follows [23]: 

r
ijijkijkkl

TE
ijklij TEds εασε +++= ),(  (4.1.a)

r
iij

T
ijjkijki PTpEdD +++= ),(σκσ  (4.1.b)

( )TEpI E
viiijij

,σασα ++=
 ( 4.1.c)

Alternatively, they can be written as  

( ) TEec ijkijk
r
klkl

TE
ijklij λεεσ −−−= ),(  (4.2.a)

( ) r
iij

T
ij

r
jkjkijki PTpEeD +++−= ),(εκεε  (4.2.b)

( ) TEpI E
vii

r
ijijij

),(εαεελ ++−=
 ( 4.2.c)

where r
ijε
 is the remnant strain tensor; r

iP  is the remnant polarization vector; ),( TE
ijklc  and 

),( TE
ijkls  are the elastic constants and elastic compliance, respectively, measured at constant 

electric field and constant temperature; eijk and dijk are the piezoelectric-stress and 

piezoelectric-strain constants, respectively; ),( T
ij
εκ  are the dielectric coefficients measured 

under constant strain and constant temperature, and ),( T
ij
σκ  are the dielectric coefficients 

measured under constant stress and constant temperature; λij and αij are the thermal-

stress and thermal-strain coefficients, respectively; pi are the pyroelectric constants; 
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),( E
v
εα  is a material constant ( )( )1,),( −= r

E
v

E
v Tc εε ρα , where ρ is the mass density; and ( )E

vc ,ε  

is the specific heat at a constant volume and a constant electric field. 

The above material properties are related such that 

( )2),(),( 1/ χκκ εσ −= T
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ij , ( ) 1),(),( −

= TE
ijkl

TE
ijkl cs , kl

TE
ijklij c λα ),(= , and ( ) 1),( −

= TE
mnjkimnijk ced

 
( 4.3)

where χ2
 is the electromecahanical coupling factor, which can be defined as the ratio of 

stored electrical/mechanical energy to supplied mechanical/electrical energy. 

The mechanical strain εij, electric field Ei, and heat flux qi can be related to the 

derivatives of the mechanical displacement vector ui, electric potential ϕ, and 

temperature T. The equilibrium equations for a continuum can be expressed as  

0,0,0 ,,, =−== riiiijij TIqD &σ  ( 4.4)

where σij is the stress tensor; Di is the electric displacement vector; Tr is a reference 

temperature; and I is the entropy density. 

The relevant boundary conditions are  

uii suu on0= ,     or     tijij stn on=σ  (4.5.a)

ϕϕϕ son0= ,     or     Qii sQnD on−=  (4.5.b)

TsTT on0= ,     or     ( ) qfvsijij sTThqnTK on, −+=−
 

( 4.5.c)
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where 0
iu , ti, ϕ0, Q and ni are the specified mechanical displacement, surface traction, 

electric potential, electric-surface charge, and the outward unit normal vector 

components, respectively; T0 is a prescribed temperature; qs is the rate of heat flow per 

unit area; Tf is the surrounding temperature; Kij are the heat conduction coefficients; and 

hv is the convection heat transfer coefficient. su and st are the surfaces where mechanical 

displacements and tractions, respectively, are specified; sϕ and sQ are the surfaces where 

electric potential and electric charges, respectively, are specified; sT is the surface with 

specified temperature; and sq is the surface with prescribed heat flow. 

4.3. Domain-Switching Criterion 

Following [9, 11], it is assumed that if a domain within a piezothermoelastic continuum 

of a total volume v switches, the total potential energy Π is reduced. The change in 

potential energy ΔΠ can be expressed as  

∫∫∫∫ Δ−Δ−Δ−Δ=∏Δ
TQt s

Ts
s

Q
s

tii
v

dsqTdsQdsutdvF 000 ϕ
 

( 4.6)

where F is the free-energy density (energy per unit volume), which is a function of 

electric field, mechanical stress, and temperature.  

Following Ikeda [23] and Landis [24-26], F can be expressed as 

( )
TpETdETTsEE

F iiijijjkijki

E
vkl

TE
ijklijj

T
iji +++++= ασσασσκ σσ

222

,),(),(

 ( 4.7)
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where the last three terms in Equation ( 4.7) represent the piezoelectric, thermoelastic, 

and pyroelectric coupling terms, respectively. 

Rearranging the terms in Equation ( 4.7) and substituting the constitutive relations (4.1), 

F can be written as 

( ) ( )
222

TIPDE
F

r
ijijij

r
iii +

−
+

−
=

εεσ
 

( 4.8)

The reduction in potential energy ΔΠ due to domain switching is accompanied by a 

change in the local material states of r
ij

r
iP ε, , sijkl, dijk, κij, αij, αv

 
and pi in the switching 

volume. In this paper, the state before switching is called “State 1”, whereas the state 

after switching is called “State 2”. The change in free energy ΔF due to domain 

switching can be expressed as 
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( 4.9)

where superscripts (1) and (2) are used to denote the quantities associated with States 1 and 

2, respectively.  

Applying the divergence theorem, the first, fifth, and ninth volume integrals in 

Equation ( 4.9) can be reduced to 
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Substituting Equation (4.1), ( 4.9), and (4.10) into Equation ( 4.6), the change in 

potential energy density ΔΠ’ due to domain switching (change in potential energy per 

unit volume) can be written as  
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( 4.11)

Assuming that the field variables do not change during switching (i.e., iii EEE == )1()2( ,  

ijijij σσσ == )1()2( , and TTT == )1()2( ), Equation ( 4.11) can be written as 
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( 4.12)

The first two terms in Equation ( 4.12) represent the contribution due to the changes in 

the remnant polarization and the remnant strain, respectively, and they are identical to the 

corresponding terms in Hwang et al.’s model [9]. The following three terms represent the 

contributions due to piezoelectric, pyroelectric, and thermoelastic coupling, respectively. 
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The last three terms represent the change in electric, strain, and thermal energy, 

respectively.  

It is assumed that the switching process is instantaneous; therefore, a critical energy 

can be used to represent the barrier that has to be overcome for switching to occur. A 

domain is predicted to switch according to the following criterion: 
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( 4.13)

where the left-hand side of Equation ( 4.13) represents the potential energy release during 

domain switching, and the right-hand side represents the critical energy barrier ψb(T) 

associated with polarization switching. The critical energy barrier is assumed to be 

temperature-dependent.  

In the absence of temperature effects, the present domain-switching criterion reduces to 

the model of Zeng and Rajapakse [15] such that 
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( 4.14)

Additionally, neglecting electromechanical coupling the present model reduces to 

Hwang et al.’s model [9] as follows: 

)(TPE b
r
ijij

r
ii ψεσ ≥Δ+Δ  ( 4.15)

In Hwang et al. [9], it was assumed that the critical energy barriers ψb(T) for both 90o 

and 180o domain switching are equal. It is assumed in the present model that barriers are 
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different. The key assumption in the proposed model is that 180o domain switching is 

composed of two successive 90o domain-switching occurrences; the critical energy 

barrier for 180o domain switching ( ) oTb 180
ψ  is therefore the summation of two critical 

energy barriers ( )1

90oTbψ and ( ) 2

90oTbψ  such that 

( ) ( ) ( ) 2

90

1

90180 ooo TTT bbb ψψψ +=  ( 4.16)

where ( )1

90oTbψ is the energy barrier per unit volume for the first 90o domain switching, 

and ( ) 2

90oTbψ  is the energy barrier the second 90o domain switching, respectively. 

The switching criterion ( 4.13) can then be rewritten for different switching types as 

( ) 0.01

90
' ≥+∏Δ oTbψ  (4.17.a)

( ) 0.0
180

' ≥+∏Δ oTbψ
 ( 4.17.b)

In order to find an expression for the different energy barriers, let us assume a 

tetragonal crystallite with a local polarization direction along its positive x3-axis. 

Ferroelectric switching occurs when an applied electric field exceeds the coercive 

electric field Ec and moves the central ion to one of five possible off-centre tetragonal 

sites (four possible 90o and one possible 180o domain-switching directions), as shown in 

Figure  4.1. If 90o ferroelectric domain switching takes place, polarization in the x3-

direction switches from + Ps to 0 (Ps is the magnitude of the spontaneous polarization). 

In the new polarization direction (x1 or x2-direction), polarization changes from 0 to ± Ps. 
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This switching is usually accompanied by work done; in general, the electric work is 

described by 

( ) ( )TPTEdDEW s
ciiE == ∫90  ( 4.18)

where the coercive electric field Ec(T) and the spontaneous polarization Ps(T) are 

assumed to be temperature dependent. 

 

Figure  4.1. Possible switching directions. 

On the other hand, in 180o ferroelectric domain switching, spontaneous polarization 

switches from +Ps to -Ps in the x3-direction (i.e., the electric displacement changes by      

- 2Ps), so that Equation ( 4.18) becomes 

( ) ( )TPTEdDEW s
ciiE 2180 == ∫  

( 4.19)

Ferroelastic domain switching is caused by a stress sufficiently large to cause the 

central ion to move to one of the side sites (four possible 90o switching directions). 

Mechanical stress, on the other hand, can only cause 90o domain switching. In 
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ferroelastic switching caused by an applied stress σ = σc (σc is the coercive stress), the 

change in spontaneous strain involves a reduction of strain by sε2
3  in the prior 

polarization direction and an increase of strain by the same amount in the new 

polarization direction. Assuming that the switching occurs at a constant stress, the 

mechanical work done during ferroelastic switching can be described by 

( ) ( )TTdW s
cijijM εσεσ

2
390 == ∫  

( 4.20)

where the coercive stress σc(T) and the spontaneous strain εs(T) are assumed to be 

temperature dependent. 

The coupled electromechanical work during 90o domain switching can be 

approximated as, 

( ) ( )TTEddEdW ccijkijkEM σσ 33
90 == ∫  ( 4.21)

where d33 is the longitudinal strain piezoelectric coefficient.  

In Equation ( 4.21), both coercive electric field and stress are used but, in reality, only 

one of these is reached during 90o domain switching.  Note that since 180o domain 

switching does not cause any change in strain, no coupled electromechanical work exists. 

Therefore, the energy-barriers for the first 90o and 180o ferroelectric domain switching 

can be expressed as 

( ) ( ) ( ) ( ) ( )TTEdTPTET cc
s

cb o σψ 33
1

90
+=

 
(4.22.a)
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( ) ( ) ( )TPTET s
cb o 2
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=ψ

 
( 4.22.b)

Similarly, the energy-barrier density for 90o ferroelastic domain switching (stress 

driven) can be written as, 

( ) ( ) ( ) ( ) ( )TTEdTTT cc
s

cb o σεσψ 33
1

90 2
3

+=
 

( 4.23)

Note that the second term of the right-hand side of Equation (4.22.a) and ( 4.23) is 

relatively smaller when compared to the first term, and its effect on the overall 

electromechanical response will be investigated in Section 4.5.  
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4.4. Finite Element Formulation 

A finite element formulation based on the weighted-residual method [27] is used in the 

present study. Isoparametric finite elements are used, and mechanical displacement u, 

electric potential ϕ, and temperature T are chosen as nodal degrees of freedom for each 

element. Two additional internal variables are contained within an element to represent 

its spontaneous polarization and spontaneous strain; they are assumed to be at the 

centroid of an element.  

Using the governing equations presented in Section 4.2 and applying the weighted 

residual method, the following finite element equations are obtained.  

[ ]{ } [ ]{ } { } { } { }uTuu fffKuK
s

uuu ++=+ ϕϕ  
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where Nu, Nϕ, and NT
 are interpolation matrices containing shape functions for 

displacement u, voltage ϕ, and temperature T, respectively. Bu, Bϕ, and BT are 



Chapter 4. Domain Switching. 

108 
 

interpolation matrices for strain, electric field, and heat flux, respectively. 
suf  is a nodal 

load due to spontaneous strain; 
s

f ϕ  is a nodal electric charge due to spontaneous strain 

and spontaneous polarization; and uTf  and Tf ϕ  are a nodal load and a nodal electric 

charge due to temperature. 

A finite element code based on the Eqs. ( 4.24) and ( 4.25) was developed by the 

authors. In the finite element scheme, each element is modeled as a grain of a single 

domain with the polarization vector randomly oriented [12, 13, 28]. The macroscopic 

response of a bulk piezothermoelastic continuum is obtained by averaging the responses 

of all domains over the volume. A random-number generator subroutine is used to obtain 

the principle axes, and hence the local material properties, of each domain. The random-

number generator subroutine is based on the acceptance-rejection method [29]. Domains’ 

orientations are generated according to predefined probability distribution functions [28].  

During solution, loads are incrementally applied and the internal variables of each 

element (spontaneous strain and spontaneous polarization) remain constant until 

equilibrium is achieved. After each iteration, all elements are checked for switching 

based on the switching criterion ( 4.13), which is calculated at the centroid of an element. 

An element is checked for its first 90o domain switching. If the element meets the 

switching criterion, it is then checked for a second 90o switching. Consequently, new 

nodal loads
suf  and 

s

f ϕ are obtained by assembling the spontaneous strain and 

spontaneous polarization forces for all elements.  Equation ( 4.25) is thereafter solved for 

new nodal values of {u} and {ϕ}. This process is repeated until no more elements switch 
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and equilibrium is achieved at a specific load increment. Moreover, when an element 

switches, its material properties are updated accordingly.  

It should be noted that in tetragonal structures, 90o domain switching causes an 

increase of strain in the new polarization direction, and a reduction by the same amount 

in the old polarization direction [30]. As a result, neighboring domains that have different 

poling directions undergo different strains (strain incompatibility), and hence internal 

stresses are generated. During each iteration and after an element switches, internal and 

external load vectors are calculated and equilibrium is checked. If these vectors do not 

satisfy equilibrium, an incremental change in the nodal values, {Δu} and {Δϕ}, is 

computed based on the Newton-Raphson scheme [27]. Equilibrium is achieved when 

internal and external load vectors satisfy equilibrium, and all energetically favorable 

domains switch. The convergence criterion is obtained by requiring the norm of the out-

of-balance load vector to be within a predefined small tolerance of the original load 

increment [27]. After equilibrium is achieved, the internal variables of all switched 

domains are updated, the volume-averaged total strain and electric displacement are 

calculated, and a new loading increment is introduced. The internal variables of switched 

domains are updated according to 

,
old

s
kljliknew

s
ij aa εε = and 

old
s
jijnew

s
i PaP =  ( 4.26) 

where aij = cos γij are the direction cosines between new (after switching) and old (before 

switching) domain/element coordinate systems.  
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4.5. Results and Discussion 

In this section, numerical results are presented to assess the performance of the 

proposed model. The materials used in the simulations were PZT discs manufactured by 

Kinetic Ceramics Inc., PZT discs manufactured by Piezo Kinetics Inc.  

4.5.1. KCI-PZT disc under cyclic electric loading at different temperature 

Since a typical multilayer PZT stack actuator consists of thin piezoelectric discs 

bonded together and sandwiched between electrodes, with adjoining discs having 

opposite poling directions, a single disc with two surface electrodes can be studied to 

represent an actuator.  

Table  4.1. Properties of the soft KCI-PZT ceramics at room temperature. 

Property Supplied value Measured value 
Disc diameter (mm) 10 10 
Electrode diameter (mm) 9.5 9.5 
Disc thickness (mm) 0.5 0.5 
Young’s modulus c33 (GPa) 48 66 
Poisson’s ratio υ 0.3 0.3 
Piezoelectric coefficient d33 (pC/N) 370 250 
Dielectric permittivity κ33 3400 2082 
Coercive electric field Ec (MV/m)  1.08 
Saturated remnant polarization Psat (C/m2)  0.45 
Remnant polarization Pr (C/m2)  0.40 

 

The response of PZT thin discs corresponding to stack actuators custom made by 

Kinetic Ceramics Inc. (www.kineticceramics.com) was studied. The discs are made from 

soft PZT ceramics with a Curie temperature around 360 oC; Table  4.1 shows the 
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geometry and physical properties at room temperature of the discs considered in this 

study. The experimental results were provided by aixACCT, Advanced Customized 

Characterization Technology (www.aixacct.com).  

 

Figure  4.2. Geometry, boundary conditions and domain orientation of  

axisymmetric disk. 

In the numerical simulations, the discs were modeled as axisymmetric domains using 

800 (40 × 20) 2D four-node isoparametric elements with an element size of 125 × 25 

μm2. The polarization direction of each element was randomly assigned using a random-

number generator. The mesh-size effect on the macroscopic response was numerically 

studied for three different element sizes: (1) 250 × 50 μm2; (2) 125 × 25 μm2; and (3) 100 

× 25 μm2. It was determined that the element size has an almost negligible effect on the 

average macroscopic response of the discs. The boundary conditions were imposed such 

that at the bottom surface of the disc (at x3 = 0), both the vertical displacement u3 and the 

applied electric potential ϕ were fixed at zero for all nodes of the mesh, as shown in 

Figure  4.2. At the central line of the disc (i.e., at x1 = 0), the radial displacement u1 was 
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fixed for all nodes. The applied electric potential ϕ  was prescribed as ϕ0 at the top 

surface (at x3 = h). The right edge (at x1 = D/2) was stress and charge free.  

The applied electric-potential ϕ0 at the upper surface was incrementally applied, and 

the temperature distribution, considered to be constant and uniform, was input into the 

model. Based on the experimental results provided by aixAACT, the temperature 

dependence of domain-switching behavior was accounted for by considering the linear 

dependency of the remnant polarization and the coercive field on temperature such that 

( )00)()( TTTPTP P
rr −−= α  (4.27.a)

( )00)()( TTTETE Ecc −−= α  ( 4.27.b)

where T is a given temperature; Pr(T0) and Ec(T0) are the remnant polarization and  the 

coercive field at room temperature, respectively; αp and αE are the slopes of the remnant 

polarization temperature and coercive field temperature curves, respectively. It was 

found that Pr(T0)=0.40C/m2, αp=0.00084C/m2oC, Ec(T0)=1.08MV/m, and 

αE=0.0023MV/moC based on the experimental results. The effect of electromechanical 

coupling work on the switching energy barriers was studied. It was determined that the 

second term in Equation (22.a) and ( 4.23), has a negligible effect on the energy barriers, 

and it can be conveniently dropped from the two switching criteria. 

The D3-E3 and S3-E3 hysteresis loops were computed. Figure  4.3 shows a comparison 

of the results from the present model with the results based on the model developed by 

Hwang et al. [9], and the experimental results under an electric loading of E = 3.0 MV/m 

at three different temperatures: (a, d) 25 oC; (b, e) 50 oC; and (c, f) 200 oC. All 
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experimental results were obtained from tests done at the laboratories of aixACCT. It can 

be seen from Figure  4.3(a-c) that the present model successfully predicts the 

experimental D3-E3 hysteresis loops at the three different temperatures. It is noted that 

the experimental domain-switching starting points (for example, points B and G in Figure 

 4.3-a) show rounded edges in the D3-E3 hysteresis loops, whereas the current model 

shows slightly sharper edges. The sharp edges of the simulation could possibly be due to 

the assumption that domain switching is an instantaneous process. It can also be seen 

from Figure  4.3(a-c) that temperature has a significant effect on the D3-E3 curves; the 

remnant polarization, saturation polarization, and coercive electric field steadily decrease 

with increasing temperature.  
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Figure  4.3. Simulated and measured D3-E3 (a-c), and S3-E3 (d-f) hysteresis 

loops under pure electric loading at three different temperatures. 
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Similarly, Figure  4.3(d-f) show that the present model can predict the experimentally 

obtained S3-E3 hysteresis loops at room and moderately above room temperatures. 

However, at 200 oC, the experimental results [Figure  4.3(f)] show that the butterfly loop 

is no longer symmetric, and the current model results deviate substantially from the 

experimental results. This could possibly be related to microstructural changes and other 

nonlinearities in the material that might occur at high temperature, which are not 

accounted for in the present model.  

Figure  4.3 also shows the prediction obtained using Hwang et al.’s model. It can be 

seen from Figure  4.3(a-c) that Hwang et al.’s model also reasonably predicts the 

experimentally obtained D3-E3 hysteresis loops at the three different temperatures. 

However, their model shows a steeper slope near the coercive electric field, whereas our 

model shows a relatively gradual slope during domain switching. As previously 

mentioned, it was assumed in Hwang et al.’s model that the energy required to activate 

180o or 90o domain switching is the same. Consequently, 90o domain switching was not 

likely predicted, and only 180o switching events were observed, resulting in a steeper 

slope. This steeper slope is better seen in Figure  4.3(d-f) where it can be seen that the 

predicted value of the strain at the tails of the butterfly loops using Hwang et al.’s model 

was almost one-quarter of the actual measured strain. As the energy thresholds for 90o 

and 180o domain switching are the same, Hwang et al.’s model causes only 180o 

switching under pure electric loading, which does not cause any change in strain. As a 

result, less strain is induced and the butterfly loop simulations are not very close to the 

experimental results. On the other hand, our proposed model considers 180o switching as 
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a result of two 90o switching events that are associated with changes in strain, leading to 

a better prediction of the butterfly loops.  

In order to demonstrate the evolution of domain switching, the loading path is assigned 

the symbols A to J, as shown in Figure  4.3(a) and (d); Points A to J are identical in both 

figures. The evolution of domain switching at room temperature corresponding to the 

above points is shown in Figure  4.4. The initial state of a domain, 0o orientation, is 

shown in red. When a domain experiences its first 90o switching, it is represented in 

green, and then by blue when it undergoes the second 90o switching (180o). Point A is 

referred to as the initial poled state where all domains are in their 0o orientation. At an 

electric field slightly less than the coercive field, Point B, energetically favorable 

domains started to achieve their first 90o domain switching. The rate of negative strain 

was therefore increased, as shown in Figure  4.3(d), since 90o domain switching causes an 

increase in strain in the new polarization direction and a reduction by the same amount in 

the old polarization direction. At this point, only a small fraction of domains, shown in 

green, had achieved their first 90o domain switching. These domains were randomly 

distributed in the specimen, as shown in Figure  4.4(B). 

At Point C, almost 75% of the domains met the switching criterion and achieved their 

first 90o-reorientation. Immediately after this point, the second 90o domain reorientation 

begins. At Point D, some domains achieved their second 90o domain switching. At Point 

E, all energetically favorable domains that met the switching criterion achieved their 

second 90o reorientation. Although the specimen reached the saturation state at this point, 

it is noted that there were still some domains that did not complete their second 90o 

domain switching (elements with green color). According to Hwang et al.’s model, these 
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elements would have either switched 180o or not switched at all, which may not reflect 

the actual behavior. After Point F, the electric field was reversed, domains re-switched, 

and the specimen was brought back to the initial poling state A. 

Figure  4.4. Evolution of domain-switching under a full cycle of pure electric 

loading at room temperature. 
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4.5.2. PZT disc under constant preload and cyclic electric loading at room temperature 

In this section, selected numerical results are presented to assess the performance of the 

present model under combined electromechanical loading. The numerical results are 

compared with the experimental results obtained by Yimnirun et al. [31], who studied the 

effect of preload compressive stress on the electric displacement D3-E3 hysteresis loops 

of soft PZT ceramics manufactured by Piezo Kinetics Inc. (www.piezo-kinetics.com). 

The geometry and physical properties of the relevant PZT discs are shown in Table  4.2. 

A 2D axisymmetric model was used to model the PZT discs. 40 × 20 2D four-node 

isoparametric elements were used with an element size of 125 × 50 μm2. Similar 

boundary conditions were imposed as in the previous example, along with a compression 

preload of - 23.47 MPa imposed on the top surface (x3 = h). In this case, the compressive 

preload stress was incrementally applied in the polarization direction, parallel to the x3-

axis, with no electric field applied. Afterward, the cyclic electric field was incrementally 

applied. 

Table  4.2. Properties of the soft Piezo Kinetics Inc. ceramics [31]. 

Property Supplied value 
Disc diameter (mm) 10 
Disc thickness (mm) 1.0 
Young’s modulus c33 (GPa) 66 
Poisson’s ratio υ 0.31 
Piezoelectric coefficient d31 (pC/N) -270 
Piezoelectric coefficient d33 (pC/N) 550 
Piezoelectric coefficient d15 (pC/N) 720 
Dielectric permittivity κ33 3400 
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The stable-electric displacement (D3-E3) loops were computed. Figure  4.5 shows a 

comparison of the numerical simulations from the present model, the Hwang et al.’s 

model [9], and the experimental results [31] under a cyclic-uniaxial electric load of E = 

2.0 MV/m with:  (a) zero MPa; and (b) -23.47 MPa applied compressive stress. It can be 

seen from Figure  4.5 that the present model predicts the experimental D3-E3 hysteresis 

loops quite well. Figure  4.5(b) shows that the constant preload has a significant effect on 

the electric-displacement hysteresis behavior. The resulting hysteresis loop shows a 

reduction in the remnant polarization as well as in the D3-E3 hysteresis area, which 

physically represents the dissipation energy, with the applied mechanical stress. This 

phenomenon is called the depolarization phenomenon [8]. The reduction in the remnant 

polarization can be explained by the 90o domain reorientation caused by the mechanical 

stress. When a sufficiently large compressive stress was applied in the polarization 

direction, energetically favorable domains experienced 90o switching. Figure  4.6 shows 

the effect of the compressive mechanical stress on (a) electric displacement D3; and (b) 

longitudinal strain S3 at zero electric field. Points A’ and A represent the start and end, 

respectively, of 90o domain switching. They are identical in both figures. It can be seen 

from Figure  4.6(a) and (b) that both D3 and S3 are linearly related to the applied 

mechanical stress until Point A’ is reached. At Point A’, 90o domain switching 

commenced, and a faster reduction of both D3 and S3 occurred. At Point A, all 

energetically favorable domains completed their first 90o domain switching, with almost 

50 % of the domains switched. The linear behavior was then retrieved and no more 

domains switched until the electric field was incrementally applied. The electric field 

loading path was A-B-C-D-E-F, as shown in Figure  4.5(b). 
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Figure  4.5. Comparison of theoretical and experimental results under (a) pure 

electric loading, and (b) combined electromechanical loading at room 

temperature. 

The evolution of domain switching under combined electromechanical loading 

corresponding to the above points is shown in Figure  4.7. Point A represents the 

polarization state at zero electric field under a mechanical preload σ3 = -23.47 MPa. The 

remnant polarization at this point is almost 50% less than in the stress-free state. Similar 

to the previous example, the initial state of a domain is shown in red, 90o reorientation in 

green, and 180o reorientation in blue. It can be seen from Figure  4.7 that the domains that 

experienced 90o switching under the mechanical preload, shown in green at Point A, did 

not experience any further switching as the electric field was increased. In other words, 

these domains were orthogonally trapped and could not be reoriented by the applied 

electric field. This phenomenon may explain the reduction in the remnant polarization 

with increased stress. As the electric field increased, the un-switched domains started to 

switch, following a pattern similar to that seen in the previous example. An initial 90o 
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domain switching occurred at Point B, as shown in Figure  4.7, followed by a second 90o 

domain switching, as shown at Points C and D. 

Figure  4.6. Effect of compressive preload on (a) electric displacement, and 

(b) longitudinal strain. 

 

Figure  4.7. Evolution of domain-switching under combined 

electromechanical loading. 
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4.6. Conclusions 

A temperature-dependent domain-switching model for ferroelectric materials that 

accounts for the influence of piezothermoelastic coupling and material anisotropy was 

developed. The switching criterion is based on the fundamental concepts of Hwang et al. 

[9]. The proposed model considers 90o switching to be a prerequisite for 180o switching. 

This two-step switching process suggests different energy barriers for 90o electric–field 

driven switching and 90o mechanical–stress driven switching. As a result, the present 

model successfully predicted the experimentally obtained D3-E3 and S3-E3 hysteresis 

loops at different applied electric-field magnitudes, stress preload, and temperatures. It 

also provided a better prediction of the butterfly loops than the previous models. 

Domain-switching evolution was also studied and the numerical results show that some 

domains did not complete a second 90o domain switching, which validated the two-step 

switching process assumption. The present model could serve as a valuable tool for the 

design of piezoceramic actuators over a broad range of loading and temperatures. 
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Chapter 5 

5. Conclusions 

5.1. Summary and Conclusions 

The major findings and conclusions of the present study are summarized as follows: 

1. A comprehensive experimental investigation of the thermo-electro-mechanical 

performance of soft PZT actuators under operating conditions relevant to fuel 

injection is provided in this thesis. The experimental findings provide a better 

understanding of the overall response of actuators under different controlling 

parameters, such as electric field magnitude, frequency, driving-field rise time 

(inversely proportional to holding time), DC offset, duty cycle, and ambient 

temperature. Dynamic stroke, piezoelectric coefficient d33, and self-heating are 

also investigated. It is found that: 

a. In the temperature range of -30 oC to 80 oC, dynamic stroke increases with 

temperature. At electric-field levels ≥ 1.0 kV/mm, a nonlinear stroke-

temperature transition zone occurs between 40 oC and 55 oC, which may 

be explained by the increased activities of non-180o domain-wall motions. 

Dynamic stroke is also shown to increase with decreased rise time tr. 

Dynamic stroke is investigated over a duty cycle range of 10 to 80 %, 
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under four different wave forms and different frequencies. It is concluded 

that duty cycle percentage has a negligible effect on dynamic stroke. 

b. At low electric-field magnitudes (<1.0 kV/mm), d33 is not affected by DC 

offset. On the other hand, at higher electric fields, d33 decreases slightly 

with increased DC offset. d33 is also shown to increase with increased 

electric-field at different temperatures. The increase in d33 may be due to 

intrinsic and extrinsic contributions, with extrinsic contributions resulting 

from increased actions of non-180o domain walls.  

c. Self-heating is experimentally investigated under sinusoidal electric 

loading at different frequencies and electric-field magnitudes. Results 

show that PZT actuators characteristically generate heat when they are 

driven under high electric-field magnitude and/or frequency. Moreover, 

duty cycle dt is found to considerably affect the amount of heat generated; 

decreasing dt significantly decreases heat generated. For instance, at E = 

1.4 kV/mm, f = 200 Hz, and dt = 100 %, the steady-state temperature 

increase was almost 27 oC, whereas it was almost 7 oC under dt = 25 %. 

2. A simplified mathematical model for heat generation is developed where 

temperature increase can be obtained in a classical exponential closed-form. 

The developed model provides an invaluable tool for designing piezoelectric 

actuators for fuel injectors, and for designing high-power actuators. The model 

has the following characteristics: 
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a. The model accounts for different parameters, such as geometry, magnitude 

and frequency of applied-electric field, duty cycle percentage, and 

surrounding properties. The model relates self-heating in the actuators to 

displacement hysteresis Df. Although the dependence of hysteresis on 

temperature was not considered in the previous models [1, 2], temperature 

and electric-field dependences of Df are experimentally obtained and 

considered in our model. At different electric-field magnitudes, 

displacement hysteresis is shown to increase with increased temperature 

over a range of -30 oC to 80 oC. Df is found to increase slightly with 

increased frequency. 

b. The closed-form solution for δT is obtained for three solution cases: (i) Df 

is temperature dependent; (ii.a) Df is constant; and (ii.b) Df is 

incrementally updated with increased temperature. All cases show that the 

steady-state temperature increase, δT∞, is governed by actuator geometry, 

material properties, and loading. At f = 100 Hz, all solution cases are in 

good agreement with experimental results, whereas at higher frequencies, 

Case ii.a deviates from the experimental results. Consequently, it is 

concluded that the dependence of Df on temperature and electric field 

should not be neglected at large electric-field magnitudes and/or 

frequencies. The model can also successfully predict temperature increase 

under different surrounding conditions such as in the case of an aluminum 

bracket which can be used in thermal management. 



Chapter 5. Summary and Conclusions. 

129 
 

3. A temperature-dependent domain-switching model for PZT materials is 

developed. The major findings of the model are summarized as follows: 

a. The model is based on reduction in potential energy. It assumes that field 

variables (i.e., electric field, mechanical stress, and temperature) do not 

change during switching, whereas remnant strain, remnant polarization, 

and material properties’ tensors rotate with domains reorientation. The 

developed criterion constitutes the contributions due to changes in 

remnant strain, remnant polarization, full thermo-electro-mechanical 

coupling, and different energy types: electric, strain, and thermal energies. 

Moreover, the model considers 180o switching to be composed of two 90o 

switching events. Different energy barriers for 90o electric–field driven 

switching and 90o mechanical–stress driven switching are assumed. In 

both cases, numerical results show that the influence of coupled 

electromechanical work is relatively smaller than that of electric work 

and/or mechanical work.  

b. The developed model can successfully predict the macroscopic 

polarization–electric field (dielectric) and strain–electric field (butterfly) 

hysteresis loops at different electric-field magnitudes, preload stresses, 

and temperatures. Dielectric and butterfly loops of PZT materials are 

compared with experimental results as well as with those in the literature 

[3, 4]. The present model provides a better prediction of the hysteresis 

loops.  
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c. Under pure electric loading and combined electromechanical loading, the 

predicted hysteresis loops show sharp edges at the domain-switching 

starting points, which may be explained by the assumption that domain 

switching is an instantaneous process. A compressive mechanical preload 

applied parallel to the polar direction is shown to cause depolarization due 

to 90o domain reorientation.  

d. Domain-switching evolution can be demonstrated using the present model. 

Numerical results for 180o and 90o domain evolution in a PZT disc under 

pure electric loading reveal that some domains do not complete a second 

90o domain switching, which validates the two-step switching process 

assumption. Under combined electromechanical loading, 90o mechanical–

stress driven switching is shown to be irreversible. In other words, 

domains that experience 90o switching under a mechanical preload are 

trapped and do not experience any further switching as the electric field is 

increased. 

5.2. Recommendations for Future Work 

To deepen the understanding of the overall performance of piezoelectric actuators 

under different operating conditions, the following suggestions are made for future work: 

1. The proposed self-heating model shows that temperature increase within the 

actuators is size and geometry dependent. The model can therefore form the 

basis of an optimization algorithm for designing optimum piezoelectric 
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actuators adapted to the operational requirements of fuel injection, with a 

maximum stroke and minimum self-heating. 

2. In the proposed switching criterion, domain-wall dynamics are not 

considered (i.e., domain reorientation is assumed to be instantaneous). 

However, domain switching is the result of domain-wall nucleation 

followed by domain-wall propagation. A switching model that considers 

domain-wall dynamics may be helpful in explaining the constitutive 

behavior of ferroelectric materials.  

3. Piezoelectric ceramics are brittle and susceptible to cracking under cyclic 

electric field and/or mechanical loading [5]. Moreover, the electrode-tip is 

an electric-field concentration zone that may undergo failure or dielectric 

breakdown. The proposed switching criterion, in Chapter 4, may be 

extended to better understand the fracture behavior of multilayer stacks, 

particularly at the electrode tip zone. 
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Appendix A 

FE Formulation of Piezothermoelastic Materials 

The governing equations describing the behavior of a piezothermoelastic continuum 

were given in Chapter 4. 

The mechanical strain εij, electric field Ei, and heat flux qi are defined as the derivatives 

of the mechanical displacement vector ui, electric potential ϕ, and temperature T, 

respectively, such that 

( )ijjiij uu ,,21 +=ε ;     iiE ,ϕ−= ; and      jiji Tkq ,−=
 (A.1)

For a material volume v subjected to virtual displacement δui, temperature δT, and 

electric potential δϕ 

0,,, =++ ∫∫ ∫ dvTTkdvDdvu
v

ijij
v v

iiijij δδϕδσ  (A.2)

Applying the divergence theorem yields, 
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Making use of the symmetry property of the stress and strain tensors, and applying 

Equation (A.2) results in 
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Substituting (A.1) into (A.4) and rearranging the terms results in  
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Two dimensional- four node quadrilateral isoparametric elements with four DOFs per 

node are used. Isoparametric shape functions are used to interpolate the mechanical 

displacement u, the electric potential ϕ, and the temperature T distributions within an 

element such that 

j
u
iji uNu = , i=1,2 and j=1,2,..8 

iiN ϕϕ ϕ= , i=1,2,..4 

i
T
i TNT = , i=1,2,...4 

(A.6)

where a bar above a variable denotes the nodal values of the variable within an 

element. Nu, Nϕ, and NT
 are element shape functions for displacement, electric potential 

and temperature, respectively, and written as: 
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The coordinate approximation for a general point within an element may be written as: 

44331111 xNxNxNxNxNx ii +++==

44332211 yNyNyNyNyNy ii +++==  
(A.9)

The shape function matrices can be differentiated to obtain the mechanical strain εij, 

electric field Ei, and temperature gradient T,i distributions within an element such that 

j
u
iji uB=ε , i=1,..,3 and j=1,2,..8 

jiji BE ϕϕ−= , i=1,2 and j=1,2,..4 

j
T
iji TBT −=, , i=1,2 and j=1,2,..4 

(A.10)

where Bu, Bϕ, and BT are the linear differentiation of Nu, Nϕ, and NT, respectively. B 

matrices can then be written as 

For plane stress and plane strain formulation: 
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For axisymmetric formulation: 
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where r is the radius of an element. 

Substituting (A.6) and (A.10) into (A.5) and rearranging the terms such that it is valid 

for any arbitrary values of virtual displacement, potential, and temperature yields the 

following finite element equations 
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where the element stiffness matrices and the loading vectors are calculated such that 
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The Gauss quadrature technique is used to numerically evaluate the integrations in 

(A.13). 
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