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Abstract
Commonly used medical imaging techniques can render many properties of
the anatomy or function, but are still limited in their ability to remotely
measure tissue mechanical properties such as elasticity and viscosity. A
remote and objective palpation function would help physicians in locating
possible tumors or malignancies. The branch of medical imaging that characterizes tissues mechanical properties in a non-invasive manner has enjoyed
increasing interest in the past two decades. The basic principle is to apply
an excitation, such as tissue compression, to a region of interest and measure the resulting tissue deformation. Tissue mechanical properties can then
be inferred from the observed deformation at multiple locations in the region, and the properties can be displayed as an image. If the excitation
is dynamic, the deformation is considered as a motion field that varies in
time and location over the region of interest. Ultrasound is particularly well
suited for measuring motion fields due to its ability to image in real-time, low
cost, low risk and ease-of-accessibility. The focus of this thesis is the estimation of the viscoelastic parameters such as Young’s modulus, viscosity and
relaxation-time. For this purpose, a motion estimation method is proposed
to measure axial tissue displacements from the peak of the ultrasound radio
frequency signals. The displacements can be further processed to identify
the mechanical properties. Two methods were developed: the first one is
based on a one dimensional Voigt’s model of soft tissue and the second one
is based on a finite element model. In the first method, a single frequency or
wide-band excitation is applied to the tissue and the local relaxation-time is
recovered from the phase difference between the strains or displacements. In
this method, the elasticity can also be reconstructed from the magnitudes of
the spectra. In the second approach, a novel dynamic finite element model
is proposed for the incompressible soft materials. An inverse problem of
viscoelasticity is solved iteratively to reconstruct the viscosity and elasticity
based on a two or three dimensional model. The theoretical aspect of compressional elastography and longitudinal wave propagation is investigated.
It is shown to be feasible to apply dynamic or transient compressional excitation to recover the dynamic properties of soft tissue.
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Chapter 1

Introduction
1.1

Motivation

Seeing through the human body in order to delineate changes and pathologies has been a challenge for the modern science. Several techniques have
been developed to depict different tissue parameters [1]. The foremost is the
X-ray imaging which projects the volumetric X-ray absorption coefficients
on a two dimensional image. Three dimensional mapping of these absorption
factors has been developed on the first hand in the late 70s which was the
first step toward development of the computer tomography (CT) technology.
Later on and especially in the last decade, with the introduction of spiral and
multi-slice scanners, promising improvements regarding the speed and the
diagnostic aspects have been introduced in the field of the computed tomography [2]. Magnetic Resonance Imaging (MRI) is also another powerful tool
that reveals the proton density together with the damping time-constant of
the dipoles’ spin inside tissue. The least expensive and one of the handiest
and least harmful techniques of imaging the human body is ultrasound. Any
acoustic or ultrasonic beam passing through a medium will be partially reflected on the boundaries between tissues, depending on the difference of the
acoustic impedances between the two regions. Using the ultrasound technique, one can find the boundaries and scatterers that exist inside a region
of interest [3].
The motivation for establishing a new modality of medical imaging, besides the cost and slowness of some of the above imaging techniques is that
in the presence of many cancerous tumors and malignant carcinoma, conventional methods are sometimes unable to discriminate between the pathological and healthy tissues while an expert physician can still localize them
by simple fingertip palpation. In order to illustrate the stiffness of tissues,
methods have been devised to compute the Young’s Modulus or the strain
distribution inside an imaging window. These methods are based on taking
images of the medium under normal and compressed states and finding the
displacements of different points or patches and finally analyzing them to
extract the desired parameters. Generally, this technique is being referred
1
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to as elastography in the literature [4].

1.2

Background

Different imaging modalities can be used in order to estimate the tissue
deformation, among which ultrasound and MRI are the most popular ones.
On the one hand, ultrasound, due to its low cost, portability and relatively
high frame-rate, is the most widely used modality, which has made possible
the development of several elastography techniques [4–16]. On the other
hand, in magnetic resonance elastography (MRE) it is possible to obtain a
3D map of the tissue deformation with a higher signal-to-noise ratio and
overall resolution than ultrasound [17–21]. A typical system to estimate the
mechanical properties of soft tissue with ultrasound is depicted in Fig. 1.1.

1.2.1

Strain Imaging

When a medium undergoes compression or shearing, the interior region will
experience a nonuniform deformation profile. These displacements can be
detected by several algorithms of motion detection and the strain is extracted by taking the gradient or local slope of the displacements. Because
of the high axial resolution of ultrasound radio frequency (RF) signals, more
accurate estimates can be obtained from processing RF data compared to
the image processing techniques based on ultrasound B-mode images.
Generally, in the static case, a pre-compression and a post-compression
RF signal are compared to extract the 1D motion in that line. In the
dynamic case where excitation is continuously applied to the tissue, each RF
frame can be compared to the previous frame to estimate relative motions
and then integrate. This way, due to non-linearities in the 1D projected
model of tissue deformation, the overall displacements may be subject to a
high amount of drift. In another approach, absolute estimation is possible
through using one frame as the reference frame and comparing all other
frames to that one. While the drift will be reduced this way, the accuracy
of the estimations will be compromised as the similarity between pre- and
post-compression signals decreases as imaging time increases.
Several methods are proposed in the literature, base on mutual features
or correlation between the two signals. Time domain cross correlation is a
conventional method that divides the two signals into equally spaced, overlapping blocks and correlates each block in one signal with the block in the
other signal to find the motion associated with that block [22–24]. Considering that the transformation between the pre- and post-compression signals is
2
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t = t0
Displacements (u)
5

4.5

4

3.5

Motion
Estimation

t = t1
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1.5

1

0.5
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Parameter
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Gradient
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Figure 1.1: A typical system for ultrasound elastography of a tissuemimicking phantom. The excitation can be static or dynamic. The B-mode
images or RF data can be used to measure the deformations. Strains can be
calculated from the displacements using gradient or least-square approaches.
Depending on the model, some information of the boundary conditions may
be required to extract the mechanical parameters.
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not limited to block motions, but also overall stretching is needed to recover
the original signals, accuracy can be improved by global stretching of the
compressed signal prior to motion estimation [25]. Adaptive stretching can
also be incorporated with a cross-correlation algorithm to add another degree of freedom for matching corresponding blocks [26]. The higher accuracy
of adaptive stretching, however, comes at the expense of its low computational efficiency. Since the time delay between blocks shows itself as a phase
lag in the frequency domain, finding this lag has been another way to estimate the motion. This method, known as zero-phase seeking algorithm, is
fast but less accurate in small compressions [27, 28]. Viola et. al presented
a spline-based motion estimation technique that directly determines subsample time delay estimates from the RF data [29, 30]. The algorithm uses
cubic splines to obtain a continuous representation of a reference signal. An
analytical representation of a matching function is then computed between
the reference and a compressed signal. The matching function is optimized
to obtain the time delays.
Low lateral resolution of ultrasound limits the achievable accuracy for estimating the lateral displacements [31, 32]. The available techniques mostly
rely on lateral or two-dimensional (2D) feature matching or correlation between sequential RF frames. Three dimensional displacement estimation by
means of ultrasound is possible through translation, rotation or fanning of
the 2D transducer array. In [33] and [34] a feature tracking method was
investigated which can be suitable for 3D blood flow velocity measurement.
Given the low frame-rate and very limited elevational resolution of the 3D
ultrasound systems, MRI is the preferred technology to estimate the 3D
displacement profile in soft tissues [35].

1.2.2

Static Elastography Techniques

In the 3D static case, the partial differential equations of the continuum that
describe the relationship between the stress and strain can be analyzed in 3D
to solve for the anisotropic parameters of the medium. Assuming a nearly
incompressible and isotropic medium significantly reduces the number of
elasticity parameters and leaves the Young’s modulus as the only unknown.
If the problem is discretized and formulated such that the Young’s moduli
are the unknowns, with known displacements and strains, a forward solution
technique can be applied to estimate the parameters [36–41]. Most of the
methods in this category require the 2D displacement and strain fields as
well as their first and second derivatives in the region of interest. Solving the
elasticity distribution from the 2D or 3D strain distribution is a challeng4
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ing inverse problem in the field of elastography. A given strain distribution
in a 3D medium can be a result of infinitely many elasticity distribution
cases [42]. Therefore, additional information such as boundary conditions
and assumptions on tissue mechanical properties is necessary to obtain a
unique solution. For example, most of the direct elasticity reconstruction
methods are limited to 2D, isotropic, elastic, incompressible media. Sumi
et. al proposed a method to estimate the shear modulus distribution for such
a medium [37]. In that method, a linear set of equations were derived with
spatial derivatives of the shear modulus as the unknowns and the 2D strain
data as the coefficients of the equations. These equations were solved analytically to obtain the spatial derivatives of the shear modulus distribution
in the region of interest (ROI). The elasticity distribution was then found by
integration. Skovoroda et. al used a two-step procedure to solve for the elasticity distribution in the presence of an inclusion with sharp boundaries [38].
First, the stress continuity condition was used to find the discontinuities in
the shear modulus distribution. The discontinuities were then used as the
regional boundaries for solving the partial differential equations of the continuum. Due to the low lateral resolution of ultrasound, the estimated lateral
displacements have low signal-to-noise ratios (SNR). Once the low SNR of
the lateral displacements has been overcome and the boundary forces have
been measured, a reliable elasticity distribution may be obtained [41].
In another approach, the inverse problem of elasticity is solved in the
sense that a specific functional is minimized [43–49]. Usually, this functional is considered to be the quadratic norm of the difference between the
measured displacements and the displacements resulting from an assumed
distribution of elasticity. The medium can be discretized using finite differences or finite element method (FEM), and iterative strategies can be used
to solve for the unknown elastic parameters. The exact analytical solutions for the inverse problem of elasticity and other quasi-static parameters
have been investigated in [50], where it was shown that the problem of determining the shear modulus becomes unstable for nearly incompressible
materials. It was shown that the uniqueness of the solution is highly dependent on the regularization, information about the boundary conditions,
prior knowledge of the elasticity on the boundaries and the incompressibility
of the medium [42, 51, 52].

1.2.3

Dynamic Elastography Techniques

Applying dynamic excitation to the tissue can reveal additional properties
of the medium such as wave speed, viscosity and steady-state harmonic be5
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havior. Conventional compressional elastography involves applying a static
compression to the tissue externally and solving for the Young’s modulus
or interpreting the strain images. However, applying a transient excitation in the same manner, known as vibro-elastography, can potentially yield
viscoelastic properties of the medium [15, 53]. The excitation in this case
can be a single-frequency or a wide-band vibration to the surface of the tissue. Different methods of identification can be utilized, including parametric
modeling, non-parametric spectral analysis, FEM-based inverse problems
and analysis of the wave front. The damping, which if often due to the
viscous effects in soft tissue, results in a time-constant decay in the stress
relaxation and creep tests on tissue-mimicking phantoms. Insana et. al proposed a method to recover the time-constants from the stress relaxation and
creep response of soft tissues imaged by ultrasound [11,12]. In sonoelasticity
imaging a low-frequency vibration (around 100Hz) is applied to tissue, while
being imaged with Doppler ultrasound [13]. A small stiff inhomogeneity in
the surrounding tissue appears as a disturbance in the normal vibration
eigen-mode pattern and can be detected thereby.
Alternatively, a shear excitation can be applied to the tissue and the resulting deformation can be analyzed. The shear wave can be induced either
by an external surface exciter or through acoustic radiation force impulse
(ARFI) which uses high frequency ultrasound waves to create a force field
inside the medium [54]. As a result, shear wave starts to propagate perpendicular to the direction of excitation. Compared to the speed of purely longitudinal waves, such as ultrasound that travels at approximately 1540m/s
in soft tissue, the shear wave speed is generally less than 10m/s. Therefore,
it is feasible to follow the shear wave front with the help of ultrasound or
MRI. Shear wave elasticity imaging (SWEI) [5] and ARFI imaging [6] are
two techniques that are based on focusing an ultrasound beam for a short
period of time on a location inside tissue and monitoring the resulting displacements at the focus point. In vibro-acoustography two ultrasound beams
of slightly different frequencies are emitted to the tissue which generate sinusoidal vibrations in a portion of the object [7, 8]. The displacements,
being a function of the viscoelastic properties of the tissue, are measured by
a hydrophone or another ultrasound transducer. The dispersion produces
low-frequency shear wave for which the speed and attenuation can be associated with the shear elasticity and viscosity of the medium. In supersonic
shear imaging (SSI) the point of focus of the ARFI is moved at supersonic
speed and the resulting shear wave is ultrasonically tracked [9]. In kinetic
acoustic vitreo-retinal examination (KAVE) the radiation force is used to
generate a steady state stress field within the body of the vitreous of the eye
6
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and the ultrasonically imaged displacements are analyzed to characterize
the viscoelastic properties [10].

1.3

Thesis Objectives

In this thesis new algorithms for imaging the viscoelastic properties of soft
tissue are developed. The hypothesis that viscosity and elasticity can be
estimated from the dynamic tissue response to a transient longitudinal or
shear excitation will be investigated. To explore this hypothesis, the following objectives are defined in this thesis:
1. Accurate and efficient estimation of the axial motion as a result of
tissue compression, using ultrasound radio-frequency data.
2. Robust estimation of the viscosity and elasticity from the time-dependent
displacements, based on a 1D model of mass-spring-damper elements,
by analyzing the transfer functions between local tissue displacements
or strains.
3. Finite element modeling of soft tissue and viscoelastic parameter identification based on a dynamic finite element model of the tissue.
4. Justifying the use of longitudinal excitation to image soft tissue deformation with ultrasound when proper boundary conditions are applied.
5. Constructing tissue-mimicking phantoms with controllable viscoelastic
properties for validation purposes.
In the course of achieving the primary objectives of this thesis, the following contributions were made:
• A strain imaging method was developed that uses the wavelet transform to estimate the axial motion of the medium from the location of
peaks of the RF signals.
• A method was developed to recover the relaxation-time of soft tissue
in a vibro-elastography exam from the phase of the displacement or
strain spectra based on a 1D model.
• Nonlinear viscous effects in the form of a frequency-dependent powerlaw were observed at low-frequency in tissue-mimicking phantoms and
a method was proposed to estimate the corresponding parameters from
the spectral data.
7
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• Tissue simulation was performed with dynamic 2D and 3D finite element models. A new formulation of the damping matrix was proposed
that is coherent with the Voigt’s viscoelastic model of soft tissue.
• An inverse problem was formulated in a finite element framework to
reconstruct the elasticity and viscosity of the medium. A method was
proposed to estimate the parameters from harmonic displacements by
minimizing a specific functional.
• Gelatin-based tissue mimicking phantoms were constructed with different embedded elasticity and viscosity inclusions in order to evaluate
the performance of the estimation algorithms. The viscosity and elasticity of the inclusions could be independently controlled in such a way
that the inclusion could have the same elasticity as the background but
a different viscosity or vice versa.
• The effect of the boundary conditions and excitation on the propagation of longitudinal waves were analyzed. Through expansion of the
wave equation for an incompressible viscoelastic medium, it was proved
that the longitudinal wave can propagate at a speed of a few meters
per second which makes them traceable by means of ultrasound.

1.4

Chapter Summary

The overall goal of the research undertaken in this thesis was to develop algorithms for viscoelastic characterization of soft tissue and tissue-mimicking
materials. The thesis presented here is written in the manuscript-based style,
as permitted by the Faculty of Graduate Studies at the University of British
Columbia. In the manuscript-based thesis, each chapter represents an individual work that has been published, submitted or prepared for submission
to a peer reviewed publication. Each chapter is self-sustained in the sense
that it includes an introduction to the work presented in that chapter, the
methodology, results and discussion. The references are summarized in the
bibliography found at the end of each chapter. The appendices pertaining
to each chapter are presented at the end of the thesis.
In Chapter 2 a new method is proposed to estimate the motion and the
relative local compression between two successive ultrasound RF signals under different compression states. The algorithm uses the continuous wavelet
transform to locate the peaks in the RF signals. The estimated peaks in
the pre- and post-compression signals are assigned to each other by a peak
8
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matching technique with the goal of minimizing the number of false matches.
The method allows local shifts of the tissue to be estimated. The method
has been tested in one-dimensional simulations and phantom experiments.
The signal-to-noise ratio and the rms error are shown to be better than
for the standard cross-correlation method (CC). The new estimator remains
unbiased for up to 10% strain which is a larger range than that of CC. The
maximum signal-to-noise ratio is 3 times as high as that of the conventional
CC method, showing higher sensitivity as well. The method is computationally efficient, achieving 0.7 msec/RF-line on a standard personal computer.
In Chapter 3 a novel robust estimator for the relaxation-time of soft
tissue is proposed. The main novelty is in the use of the phase of transfer functions calculated from a time series of strain measurements at multiple locations. Computer simulations with simulated measurement noise
demonstrate the feasibility of the approach. An experimental apparatus
and software were developed to confirm the simulations. The setup can be
used both as a rheometer to characterize the overall mechanical properties
of a material or as a vibro-elastography imaging device using an ultrasound
system. The algorithms were tested on tissue-mimicking phantoms specifically developed to exhibit contrast in elasticity and relaxation-time. The
phantoms were constructed using a combination of gelatin and a polyvinyl
alcohol sponge to produce the desired viscoelastic properties. The tissue
parameters were estimated and the elasticity and relaxation-time of the materials have been used as complementary features to distinguish different
materials. The estimation results are consistent with the rheometry, verifying that the relaxation-time can be used as a complementary feature to
elasticity to delineate the mechanical properties of the phantom.
An iterative solution to the inverse problem of elasticity and viscosity
is proposed in Chapter 4. A new dynamic finite element model that is
consistent with known rheological models has been derived to account for
the viscoelastic changes in soft tissue. The model assumes known lumped
masses at the nodes, and comprises two vectors of elasticity and viscosity
parameters that depend on the material elasticity and viscosity distributions, respectively. Using this deformation model and the observed dynamic
data for harmonic excitation, the inverse problem is solved to reconstruct
the viscosity and elasticity in the medium by using a Gauss-Newton based
approach. As in other inverse problems, previous knowledge of the parameters on the boundaries of the medium is necessary to assure uniqueness and
convergence and to obtain an accurate map of the viscoelastic properties.
The sensitivity of the solutions to noise, model and boundary conditions has
been studied through numerical simulations. Experimental results are also
9
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presented. The viscosity and elasticity of a gelatin-based phantom with an
inclusion of known properties have been reconstructed and have been shown
to be close to the values obtained using standard rheometry.
In Chapter 5 the effect of boundary conditions and excitation on the
speed of the longitudinal wave in a finite medium are investigated. It is
shown by analyzing the 3D wave equation and through finite element simulations that a compressional excitation may travel at a very high speed or
at speeds as low as that of the shear wave. As a result, besides the shear
wave elastography, tracking the longitudinal waves in ultrasound elastography can be used as another method to investigate the viscoelastic behavior
of the materials. A 3D FEM model is adopted as a reference for the analysis
and validation of the theoretical results, while the error produced by simplified 2D FEM or even 1D models are explored. Transient and harmonic
simulations are performed. A linear viscoelastic medium is assumed and the
effect of viscosity on the displacement spectrum is discussed.
In Chapter 6 the results of the collected works are related to one another
and a unified goal of the thesis is discussed. The strengths and weaknesses
of the research are then presented, along with future directions for research.
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Chapter 2

Tissue Strain Imaging Using
a Wavelet Transform Based
Peak Search Algorithm
1

2.1

Introduction

Motion estimation in ultrasound images is one of the most important problems in elastography. Estimating local displacements in single radio frequency (RF) lines is necessary to produce strain images by taking the gradient; it is also a necessary part of solving the inverse problem of elasticity [1–8]. Both strain estimation and inverse problems are very sensitive to
input data errors. Tissue motion estimation from RF lines is also useful for
reducing noise in ultrasound B-mode images [9].
Several methods of robust motion estimation have been introduced in the
literature so far [10–18]. Maurice et al. utilized a Lagrangian speckle model
to formulate the endovascular elastography problem in a polar coordinate
system [10]. Sumi took advantage of the RF-echo phase information in 2-D
to measure the displacement profile in a work-plane [11]. Pesavento et al.
used a frequency-domain approach that measures the time delay between
two signals as a phase difference. The phase difference is detected by taking
the inverse Fourier Transform of the quotient of the two spectrums [12].
This method is very efficient computationally, but is of limited accuracy
due to sampling. A more accurate version of this algorithm has also been
proposed that iteratively considers the time shifts between the two signals
to overcome problems such as aliasing [13].
The most widely used motion estimation method is the cross-correlation
(CC) technique, in which the local relative compression between two RF lines
1
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R. Rohling, “Tissue Strain Imaging Using a Wavelet Transform Based Peak Search Algorithm”. IEEE Trans. on Ultras. Ferr. Freq. Cont., vol. 54, no. 6, pp. 1118-1130, Jun.
2007
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is determined by maximizing the cross-correlation between corresponding
signal blocks [14, 15]. In this method, a compressed signal block is usually selected by using a masking window. This block is swept over the
uncompressed signal and its relative motion with respect to the original RF
line is determined by maximizing the cross-correlation function. The main
deficiency of this method is its inability to account for local compression
prior to correlation. A significant compression creates dissimilarities between blocks which causes the cross-correlation method to fail. Accounting
for compression by temporal stretching of the compressed signal substantially enhances the estimation result of the CC method [16]. However, as
both time-shift and temporal stretching must be estimated to maximize the
cross-correlation, accurate motion estimation is obtained at the expense of
significant computational cost.
Another method uses an adaptive stretching algorithm to maximize the
correlation between the pre- and post-compression signals [17]. While this
method yields very good results for the cases under static compression, the
signal-to-noise ratio (SNR) will degrade in the presence of dynamic vibrations or when the compression is very small, accounting for limited sensitivity. Conventional CC also suffers from this disadvantage.
In determining the quality of a compression estimation algorithm, the
SNR is evaluated where the signal is computed as the average value of strain
in a region that is supposed to have constant strain, and noise is the standard
deviation from that expected value. Usually, the SNR is plotted versus
the strain in the medium as a strain filter [18]. For a better statistical
assessment, each SNR point in the strain filter can be an averaged SNR
value from repeated experiments or different observations.
Detecting the zero-crossings in the RF signals has been proposed as
another technique to estimate the motion [19]. In that method, the zerocrossings of the original and compressed signals are found and assigned to
each other to estimate local tissue motion. Since matching of the zerocrossings is performed by a simple one-to-one assignment procedure, there
can be mismatches at areas of high strain, with the result that the strain
filter shows a steep drop. It was also shown in [19] that using a multicompression scheme and averaging the results increases the signal-to-noise
ratio of the estimation. A new motion estimation technique called peak
search algorithm (PSA) is proposed in this chapter.
The main steps of the technique are summarized below:
1. Detect the peaks of the uncompressed and compressed RF signals using
the continuous wavelet transform.
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2. For each peak in the compressed signal, find the best match in the
uncompressed signal.
3. Define local tissue motion as the matched peak displacement.
These steps are explained in detail in Section 2.2.
Figure 2.1 shows an RF signal before and after the compression is applied. Arrows indicate the displacements of the peaks which show the tissue
motion. It can be seen that due to compression, the peaks preserve their
shape while changing their position. The motion of the peaks is caused
by local strain in the tissue. So, the motivation of the present method is
to track the displacements of the peaks and correlate them with the axial strain in the tissue. This method differs from the zero-crossing method
in [19] in two major ways. First, using the wavelet transform to find the
peaks of the signals enables the PSA to avoid the peaks that are caused by
noise or limited sampling rate. In other words, in this new method not all of
the local maxima of the RF signal are considered as signal peaks; rather, by
using the wavelet transform, only those that have suitable frequency content
would be marked as real peaks. Second, the one-to-one assignment of the
zero-crossings is replaced by a more sophisticated procedure to match the
peaks in the compressed and uncompressed signals.
In summary, a new method is proposed to find and match peaks in preand post-compression RF A-lines. The theory of this technique is presented
in Section 2.2. Results are shown in Section 2.3, where the algorithm was
tested on simulated signals and phantoms. A discussion and conclusion follow. Appendix A includes a brief review of wavelet theory and its application
for peak detection. A discussion of regularity of the wavelet transform is
presented in Appendix B.

2.2

Theory

Due to the inhomogeneous nature of real tissue, strain varies along an A-line.
Hence, different compression ratios should be considered when estimating
the relative motion of two signals. The main assumption made is that tissue
can be considered to be locally homogeneous, i.e., due to an applied stress,
RF signals preserve their shapes locally while undergoing displacement and
compression. To what extent this is true for high strains will be discussed
in more detail in Section III.
Finding the peaks in the signals robustly is the key aspect of the procedure. The peak detection algorithm should not miss the intrinsic RF signal
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Pre−compression RF signal

Amplitude

Post−compression RF signal

Time / Distance

Figure 2.1: A typical RF A-line (solid line) and the same line after compression is applied (dotted line). Peak displacements are shown by arrows
which give an estimate of the motion inside tissue. The signals are samples
taken from an A-line in a homogeneous gelatin phantom, manually compressed from the right and imaged using a transducer at the left. No other
boundary conditions are imposed.
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peaks, while ignoring those caused by high frequency noise or sampling.
This aim can not be achieved by the conventional time domain peak search
algorithms without pre-filtering of the signals. The accuracy of the peak
search procedure is affected significantly by choice of the filter. After signal
filtering, either the peaks or the zero-crossings can be sought. Generally,
zero-crossings are easier to detect; but peaks can also be found by looking
for the zero-crossings in the derivative of the original signal. The advantage
of finding the zero-crossings of the derivative is that having differentiated
the signal, the regularity of the singular points can also be investigated in
order to obtain a more accurate estimate, as is further explained in appendix B. The process of filtering and differentiating a signal can be efficiently
implemented using the wavelet transform. In similar problems, especially
in biomedical signal processing, wavelet methods to find the R-wave in the
QRS-complex of the electrocardiogram (ECG) have been successfully used
to overcome the interference of high frequency noise and low frequency artifacts [20, 21].
The main characteristics of the continuous wavelet transform and its
ability to find the peaks and singularities of signals are described in the
appendices. Here, it is sufficient to point out that the peaks in the RF
signals are detected by finding the zero-crossings in the wavelet domain with
a particular choice of the wavelet function. As shown in [22], zero-crossings
in the wavelet domain correspond to the peaks in the original signal if the
mother wavelet is the first derivative of a Gaussian smoothing function.

2.2.1

Peak Detection Procedure

Let Ws f (x) be the wavelet transform (WT) of the RF signal f (x) at time x
and scale s, with the mother wavelet ψ(x) derived from a smoothing function
θ(x), as:
d
(2.1)
Ws f (x) = f (x) ∗ ψs (x) = s (f ∗ θs ) (x) ,
dx
where,
dθ(x)
ψ(x) =
,
(2.2)
dx
θ(x) is a Gaussian distribution with standard deviation σ,
1
θ(x) = √ exp [−x2 /(2σ 2 )] ,
σ 2π

(2.3)
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and ∗ represents a convolution. Equation 2.1 shows that the extrema of the
smoothed signal f ∗ θs (x) correspond to the zero-crossings in Ws f (x) while
the inflection points in the smoothed signal are the extrema of Ws f (x).
The terms modulus maxima and minima refer to the maxima and the
minima of the continuous wavelet transform. The following steps are involved in finding the peaks in an ultrasound RF signal:
1. Calculate the discrete wavelet transform of the signal at scales s1 and
s0 (s1 > s0 ).
2. Find the zero-crossings in the wavelet domain at scale s1 , i.e. all points
zk for which Ws1 f (zk ) = 0.
3. Find the modulus maxima and minima of the wavelet transform that
correspond to zk in both scales. Using these extrema, calculate the
regularity at point zk .
4. If the regularity is positive, proceed; otherwise remove zk from the list
of peaks and start over.
5. Reduce the effect of low sampling rate by interpolating the exact location of the peak (sub-sample approximation).
For a 2.5MHz or 5MHz ultrasound transducer, s1 = 4 and s0 = 2 are
suitable scale choices, since the pass-band of the filters at these scales have
the most overlap with the spectrum of the RF-signals. Appendix A includes a discussion on how to select the proper scales for other values of the
ultrasound center frequency. Checking the regularity in step 4 guaranties
that only those peaks of the signal are detected that contain the proper frequency content. A negative regularity for a stationary point indicates that
the signal has more power in scale s0 than s1 in that location. As discussed
in Appendix B, this can be a result of high frequency noise interference.
Hence, only the peaks with positive regularity values are of interest.
Figure 2.2 shows an arbitrary function with its wavelet transform using
the first derivative of a Gaussian shaped smoothing function as the mother
wavelet. The correspondence between the characteristic points in the signals
in Figs. 2(a) and (b) can be observed. However we focus mainly on the
peak locations of the original signal which correspond to the zero-crossings
of Ws f (x). For a local maximum, the corresponding zero-crossing in the
wavelet domain is a transition from negative to positive sign, while for a
local minimum it is vice versa. The smoothing function that is used in this
22

Chapter 2. Peak Search Strain Imaging

f(x)

0

Time / Distance

(a)

WT
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Time / Distance

(b)

SAI

0

Time / Distance

(c)

Figure 2.2: Correspondence between the extrema and the inflection points
of a signal and zero-crossings and modulus maxima of the wavelet transform:
(a) a sample waveform; (b) wavelet transform of the waveform with a mother
wavelet that is the first derivative of a Gaussian shaped smoothing function;
(c) the mother wavelet used in this example.
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study is a Gaussian shaped low-pass filter. The resulting wavelet function
is shown in Fig. 2(c).
In order to have a more accurate estimation of the peak locations, a subsampling technique has been used to interpolate the peak position within a
fraction of a sample. By using the value of the signal at the maximum and its
two adjacent samples, the peak location can be estimated by interpolation.
We have chosen quadratic interpolation for its simplicity, although other
interpolation techniques (e.g. cosine) have been used for sub-sample peak
estimation in RF signals. After this procedure, the peaks of the RF signal
are detected. A vector zk is generated that contains the locations of the
peaks. This routine is applied to both pre- and post-compression signals
and the peaks are placed in two different vectors. The vectors containing
the positions of the peaks in the uncompressed and compressed signals are
named z u and z c , respectively.

2.2.2

Peak Matching

After the peak vectors have been formed, each peak in z c should be matched
to one in z u . Since the deformation is not smooth throughout the tissue,
it is not accurate to match the elements in z c and z u one to one. A more
sophisticated peak matching algorithm is needed and is described below.
For each element in z u , starting from the first, its match in z c is estimated
using the average compression ratio of the tissue that was calculated from
the previous peak matches. Using the abbreviations CR and EP for the
average compression ratio and expected peak location, respectively, we have
that EP = CR × zku . To begin with, the compression ratio is set to 1. Next,
z c is searched for the closest peak in the proximity of EP. The element in z c
that is the closest to EP and no farther than a pre-specified neighborhood
(NB) is selected by finding k such that:
min |zkc − EP| ,
subject to,
|zkc − EP| ≤ NB ,
NB is specified in number of samples and is originally set to one sample. This
means that each peak should be found in the expected location or at most at
NB samples away from the expected location. If the search were successful,
CR is updated and the next peak is processed. Otherwise, the next peak in
z u is examined while NB is increased by one sample. The block diagram for
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k=1
CR = 1

NB = 1

k = k+1,
EP = CR ´ z ku

Find m that minimizes
z mc - EP
subject to,
z - EP < NB
c
m

NB = NB+1
Did
such m
exist?
z ku are z mc
matched peaks.

CR = (1 - a )CR + a

z mc
z ku

Figure 2.3: Block diagram of the peak matching procedure.

25

Chapter 2. Peak Search Strain Imaging
the peak matching procedure is shown in Fig. 2.3. The compression ratio
used at every iteration is the average obtained from previous iterations. α
in Fig. 2.3 is a weight that determines the effect of the new estimation on
updating the compression ratio. It provides memory to the compression ratio
CR and reduces the effect of one false match on the rest of the estimation. In
our study α was equal to 0.3. A low value of α ensures that if a false match
has occurred at some point in an RF-line, the error will propagate less.
The reason is that the average compression ratio (CR) has a higher weight
in determining the expected location of the new peak in the compressed
signal. On the other hand, a higher value for α makes the algorithm more
sensitive to sharp axial strain changes. Any other method, or α value that
gives more weight to the previous compression ratio than the new estimation
would be suitable for this purpose as well.

2.2.3

Strain Estimation

Since the peaks are not linearly distributed in an RF line, the motion along
the line can be interpolated from the displacements at the peak locations.
Once interpolated, the displacements may then be under-sampled to the
desired resolution. The choice of the interpolation method is seen not to
have a large effect on the signal-to-noise ratio of the estimation. Four different methods of interpolation have been tested including cubic-spline, linear, nearest neighbor and displacement averaging inside overlapping blocks.
The differences between the final under-sampled displacements were seen
to be 0.1% of the total displacement power. Therefore, instead of interpolation and under-sampling, the displacements were simply averaged inside
the overlapping blocks for reasons of efficiency. So, once the displacements
are estimated, each line is divided into overlapping rectangular windows of
specific length and the motion of the peaks that lie inside each block are
averaged, giving a single value to the displacement of that block. The resulting displacement profile is considered as the displacement along that RF
line. To obtain strain, the gradient of the displacement is computed.

2.3

Simulations

The algorithm was first tested on a one-dimensional simulated homogeneous
tissue under several compression states. The center frequency of the ultrasound beam was fixed at 2.5MHz and the signals were sampled at 40Mz.
The depth of the tissue was 4cm and the imaging window covered 100 parallel RF lines laterally. RF lines were generated by convolving a Gaussian
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shaped point-spread function (PSF) having a center frequency of 2.5MHz
with the predetermined scatterer positions. For the compressed signals, the
new locations of the scatterers were computed with the known compression
factor and the convolution repeated. In order to calculate the estimation
signal-to-noise ratio (SNRe ) and to analyze the strain filter [23], the homogeneity is modeled by spreading approximately 20 scatterers per pulse width
of the ultrasound beam. Compressions were applied starting from 0.2% up
to 20% in steps of 0.2%. This range of strains encompasses the range used
in practical strain imaging.
The SNRe for each RF line is calculated from the strain estimate in
that line. The value of the real strain over the standard deviation in the
strain estimate yields the SNRe . For each compression state, the results
from 100 lines are averaged to yield a statistical estimate of the accuracy
of the algorithm. In order for the peak search algorithm to be suitable for
real-time implementation, no prior temporal stretching has been applied to
the signals.
The accuracy of PSA is compared to a modified cross-correlation method
that uses the prior estimates to increase the efficacy and the dynamic range
[24]. Based on the motion of the last block, the displacement of the new
block is approximated and the correlation is performed in a small region.
Sub-sample approximation has been used to estimate the peak of the crosscorrelation function more accurately. Temporal stretching would likely increase the dynamic range of both methods. Neither the PSA nor the CC was
implemented with temporal stretching to improve the SNRe since it would
make a large impact on computational efficiency.

2.4
2.4.1

Results
Numerical Results

The average value of the estimated strain versus real applied strain is plotted
in Fig. 2.4(a). A window length of having a rectangular shape and overlap
of 50% is used for this purpose for both methods. Also shown in Fig. 2.4(a)
is the variance of the PSA estimator at strains up to 10%. The illustrated
curves indicate that PSA is an unbiased estimator for as high as 7% of strain,
exhibiting a small variance, especially for lower strains. As can be seen, the
dynamic range of the CC method is less than that of the PSA. Strain filters
for the same block length and overlap are plotted in Fig. 2.4(b) for different
compression states. Under the effective dynamic range of each of these two
methods, the SNRe of the PSA is almost three times as high as that of the
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Figure 2.4: (a) Estimated versus real strain under different compressions for
the PSA (circle markers) and the CC method (square markers), superimposed on the real strain line. The variance of PSA is shown as well for up to
10% of strain (cross markers); (b) Strain filter for the average values of PSA
(circles) and CC method (squares). Dotted lines are standard deviations. A
window length of 1mm and overlap of 50% has been used for both methods.
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CC method as seen in Figure 2.4(b). The large standard deviation of PSA
at high frequencies indicates that the peak matching procedure begins to
fail and the resulting strain images are not reliable. A high variance is also
seen at lower frequencies for the PSA which results from having low density
of the scatterers in the RF lines. Note that a higher scatterer density would
result in a higher contrast for the peaks of the RF signals, thus likely making
PSA more accurate.
The effect of window length and overlap on the SNRe is shown in Fig.
2.5. As shown in Fig. 2.5(a), larger segments result in more averaging of
the displacement data and obviously increase the SNRe at the expense of
lowering the resolution. The overlap of the windows in this case is 50%. The
same behavior results from CC and other time domain techniques. Also, for
large window lengths, Fig. 2.5(a) shows larger changes of the SNRe vs.
strain. This can be due to the fact that by increasing the window length,
there are fewer windows in total and hence the averaging may result in less
reliable and more fluctuating values. As illustrated in Fig. 2.5(b), lower
segment overlaps result in higher values of SNRe . For 1mm window length,
three overlap values have been tested. With less overlap, the number of
blocks in an RF line decreases and, as a consequence, the strain deviation
among blocks drops, and so the SNRe increases.
In an estimation problem, the error can be defined in two ways. The first
way of measuring the accuracy involves determining the estimation bias in
each individual realization. In the strain estimation problem, a small error
of this type corresponds to having unbiased estimation in every line of the
image. The second way of defining the estimation error is to assume that
the estimator is unbiased, then calculating the deviation from the expected
value, and finally averaging this value resulted from several observations.
Both the strain filter and the real-versus-estimated-strain errors that have
been discussed so far and illustrated in Fig. 2.4 are of this second type of
error. These errors are only valid in the interval in which the estimator is
unbiased. For example, if the average of the estimated strain is not equal
to the real strain for a certain compression value, the value of the strain
filter at that point is not acceptable. In fact, calculating the SNRe for the
strain filter using the average value of the strains as the signal value does
not resolve this problem. Likewise, for the error plotted in Fig. 2.4(a), the
curves do not yield any information on the strains for the individual lines
and how their distributions vary around their expected values. In order
to overcome this lack of information on the distribution of the strains of
individual lines, we propose a type of root-mean-square (rms) error. If the
real value of strain in an experiment is s and there are N lines in which
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Figure 2.5: (a) Strain filters of PSA for different values of (a) window length
for 50% of overlap, and (b) segment overlaps having 1mm segment length.
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strain has been estimated and its average in line i, (1 ≤ i ≤ N ) is ŝi , the
rms error can be defined as:
r
XN
Erms =
(ŝi − s)2 .
(2.4)
i=0

With this definition of error, if there are either many lines in which the
average values of the estimated strain have a deviation from the real value of
compression or only a few lines that have a significant estimation inaccuracy,
the error in equation (2.4) will increase. Fig. 2.6 shows Erms for the PSA
and CC method. For both methods the error increases linearly with the real
strain. Up to about 7% of strain, the Erms for CC is almost 170 times as
high as that of the PSA. A significantly lower error for the PSA compared
to the CC method means that the number of lines in which PSA fails in
giving a proper estimate is much smaller than that of the CC method. The
abrupt increase and fluctuation for the strains higher than 8%, explains that
both methods fail to yield an unbiased estimation from that point forward.
However, the behavior of the CC method beyond that region depends on the
implementation, e.g. on the method of choosing a suitable search region.
For the sensitivity analysis, a wider range of compressions has been analyzed. Fig. 2.7 shows the SNRe for compressions from 0.001% up to 15%.
It can be seen that PSA is not sensitive to strains of less than 0.1%. However even at that point, the SNRe for the PSA is higher than the maximum
value of SNRe for the CC method. The reason that PSA is more sensitive to
low strains is that CC performs the sub-sample approximation on the crosscorrelation function between a few wavelengths of the signals while PSA
does the same approximation on the RF peak locations. Although SNRe
decreases for high and low strains, these two drop-offs have different causes
and hence can be explained differently. For high strains, as the rms error
increases, the incorrect estimation will result in a low value for the SNRe .
But for low strains, the rms error is low and therefore the estimation has
the least bias; however because the signal value is very low, even a small
deviation in the estimation reduces the SNRe .
Fig. 2.8 shows the effect of different levels of the sonographic noise
on the PSA displacement estimation in a 1D simulation. At low strains,
the algorithm is sensitive to small additive noises, while at higher strains,
the performance is degraded less. Given that an additive noise introduces
inaccuracy in estimating the exact location of the peaks, this error, being
less than half a wavelength, will be statistically similar for different values of
noise. Thus, as expected, at higher compressions the signal to noise ratio is
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Figure 2.6: RMS errors for the PSA (solid line) and CC method (dashed
line). Segment lengths are 1mm and overlap is 50%.
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Figure 2.7: Strain filters for lower strains to analyze the sensitivity, for PSA
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lines depict its standard deviations.
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less affected by sonographic noise than at low compressions. For comparison,
a 2D phantom with a hard circular inclusion has been simulated and tested
with the PSA and CC method. The results are shown in Fig. 2.9. Three
states of compression have been tested with each of the methods. It is
seen that PSA gives sharper and less noisy elastograms. In this example,
PSA starts to show incorrect estimations in a few lines for 7% strain in the
bottom-left image of Fig. 2.9. The reason for the errors is the failure of the
peak matching procedure. One can see how the error of a few false matches
propagates along a line. As strain increases, the peak matching procedure
fails, due to the change in the peak shapes. This might be a result of not
having enough scatterers, thus having a drastic decrease in the amplitude of
the RF signal. Although simple filtering, such as a 2D median filter, could
likely remove such artifacts, comparisons are better made on original data
prior to filtering. Quantitative comparison of the images of the PSA and
CC method is further possible by using the elastographic contrast-to-noise
ratio (CNRe ) which is defined as follows:
CN Re =

2(m1 − m2 )2
,
σ12 + σ22

(2.5)

where m1 and m2 are average strains in the target and the background and
σ1 and σ2 are the standard deviations of the strain in those regions [25]. A
higher CNRe will result if the estimated strain values in the target and the
background have small variances or the contrasts of the average strain in
the two regions are low. The values for the images in Fig. 2.9 are 23.9dB,
24.2dB and 10.4dB for the PSA and 9.5dB, 9.2dB and 8.9dB for the CC
method for compressions of 1%, 4% and 7% respectively. The corrupted
lines in Fig. 2.9(e) under 7% of compression cause the CNRe to drop for
PSA. From the simulation results one can conclude that the elastograms
resulted from PSA have higher contrast and less noise than those with the
CC method but occasional mismatches are possible. Also as discussed in
Section 2.5, PSA is computationally more efficient than correlation based
methods.

2.4.2

Experimental Results

Elastograms for a real 3-layered 3D phantom experiment with the middle
layer twice as stiff as the background are shown in Fig. 2.10. 1.6% strain
has been applied to the phantom to produce the required deformation. The
phantom that was constructed for this experiment was a 3×4×5 cm PVC
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Figure 2.8: Signal-to-noise ratio of the PSA versus sonographic noise level.
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35

Chapter 2. Peak Search Strain Imaging

PSA − 1% Compression

CC − 1% Compression
2

10

1.5
20

1
0.5

30

2.5
Depth (mm)

Depth (mm)

2.5

2

10

1.5
20

1
0.5

30

0
10

20

30

0
10

40

Width (mm)

Width (mm)

(a)

(b)

6
20

4

30

Depth (mm)

Depth (mm)

8

10

30

8

10

6
20

4
2
10

40

30

(c)

(d)

PSA − 7% Compression

CC − 7% Compression
20

10

10

20

0

30
20

30

40

Depth (mm)

Depth (mm)

20

40

Width (mm)

Width (mm)

10

40

30

2
20

30

CC − 4% Compression

PSA − 4% Compression

10

20

20

10

10

20

0

30
10

20

Width (mm)

Width (mm)

(e)

(f)

30

40

Figure 2.9: Elastograms of a simulated phantom with a hard inclusion using
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elastograms for 1%, 4% and 7% compressions using the: PSA (left column),
CC method (left column). The scale bars show the range of strain in each
image in percent.
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phantom held stationary on the bottom and compressed from the top by the
imaging transducer. Ultrasound data were captured using the Ultrasonix
RP500 (Ultrasonix Medical Corporation, Burnaby, BC) with a 40MHz sampling rate and a 5MHz centre frequency. The wavelet transform scales that
were used for this experiment are the same as the ones used in the simulations. As seen in Fig. 2.10, the harder layer is clearly visible, while it was
not possible to delineate it in the B-mode image. Fig. 2.10(a) shows the
strain image obtained using PSA and Fig. 2.10(b) shows the strain image
resulting from the CC method. The average of the strain in all the lines
and the standard deviations for the two methods are shown in Fig. 2.10(c)
and 2.10(d). Window length and overlap were 1mm and 50%, respectively,
for both methods. It is common practice to filter the noise in the displacement estimation, using median filters. Hence, a 5×5 median filter has been
applied to the estimated displacements prior to differentiation. While both
images are clear elastograms, the CNRe values for the PSA and CC strain
images are 11.9dB and 9.3dB respectively.
To investigate cases with a larger amount of lateral motion, another
experiment was performed using a phantom with a circular inclusion. The
stiffness of the inclusion was approximately twice as high as the background.
The parameters used to capture RF data were the same ones as used in the
previous experiment and the phantom had the same overall dimensions as
the three-layered phantom. Fig. 2.11 illustrates the strain images resulting
from PSA under four different compression levels. As shown, a very small
strain of 0.12% results in lower contrast in the image and poorer visibility of
the inclusion compared to larger compressions. This is expected, given the
results of Fig. 2.7 where a lower value of SNRe was calculated for smaller
compressions. The image quality in Fig. 2.11 is seen to improve when higher
compressions up to 1% are applied. A high strain (brighter) region can be
seen on the top and bottom of the inclusion in Fig. 2.11(b), 2.11(c) and
2.11(d). This can be simply explained by the fact that the same amount of
compression has been applied to all of the lines of the image. Thus, having
a low-strain region in any line requires the other regions of that line to have
higher than the average strain.

2.5

Discussion

A new peak search algorithm was proposed that is aimed to be a low-noise
real-time strain imaging technique. The method has been compared with a
conventional time domain method that uses the cross correlation of signal
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Figure 2.10: Elastograms for a real phantom with three layers using 1mm
windows and 50% overlap. The middle layer is approximately two times
as stiff as the other two layers. (a) Shows the result of the PSA and (b)
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segments to estimate the displacement. Compared to previous work, the
SNRe values for the CC method in this study seem to be lower, which may
be due to several reasons. These include using the gradient instead of a least
squares method for the strain calculation, not using temporal stretching,
having a lower sampling rate compared to the other implementations and
a lower center frequency for the RF signal. The least squares estimation
for the strain increases SNRe at the cost of resolution. Temporal stretching
will also increase the signal to noise ratio [16], but then the method will be
much more difficult to implement in real-time. The same reasoning applies
to PSA. As an example, the conventional way of implementing the global
stretching involves multiple resampling of the compressed signal at different
rates and comparing the correlation results of the resampled signals with
the uncompressed RF signal. The resampling and cross-correlating of the
entire RF-lines are exhaustive procedures that drastically affect the efficiency
and might prevent real-time implementation of the methods. The effect of
the sampling rate on SNRe is also discussed in [19]. It has been shown
that a higher sampling rate increases the SNRe value. In the present work,
compatible with the hardware we use, the sampling frequency has been set
to 40MHz.
The poor quality of the strain images resulting from the phantom experiments are mainly due to the fact that the raw data is being displayed.
However, if the images were post-processed using a two-dimensional median
filter, the histogram of the images were equalized or simply a least-squares
method were utilized to obtain the strain from the displacement field, the
SNRe and CNRe values would increase.
The improvement in the results for the proposed method compared to
the standard cross-correlation technique is due to a different solution strategy. The cross-correlation method attempts to find a region in the compressed signal that has the maximum similarity to the selected region in the
pre-compression signal. However, after compression, the blocks that have
maximum correlation with each other may not necessarily correspond to
the same location in the tissue, as the local compressions of the RF signals
are not taken into account. Therefore using the adaptive stretching as explained in [17] yields great improvements in the results. But in the peak
search algorithm, the idea is that after compression the positions of the individual peaks change but their patterns do not undergo a major deformation.
This can be verified by investigating the ultrasound RF lines under different
strains and is illustrated in Fig. 2.1. The advantage of using the wavelet
transform for finding the peaks is that it filters out the undesired portions of
the spectrum and reduces the effect of noise on the peak detection. In fact,
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instead of using the wavelet transform, one might be able to use a band-pass
filter together with an accurate peak detector to get the same results. However by using the wavelet transform with the mother wavelet explained in
Section 2.2.1, these two tasks can be merged into a single convolution with
the wavelet function which increases the computational efficiency.
In this study, ultrasound center frequencies of 2.5MHz and 5MHz and
sampling rate of 40MHz were used. For a different center frequency, the
wavelet transform would be computed using the same mother wavelet, but
the signals may be analyzed at different scales. Referring to Appendix A,
choosing a different scale may make the algorithm more sensitive to high
frequency noise. According to Fig. A.1(a), a higher scale would result in detection of high frequency peaks in the signals which in turn may increase the
sensitivity to noise. One can see in Fig. A.1(a) that for center frequencies of
2.5MHz and 5MHz, a scale of 22 overlaps the best with the signal spectrum.
The same discussion on how to choose the scale is valid if the sampling
frequency is different from 40MHz. Details on how to choose the proper
scales are explained in Appendix A. The effect of the center frequency on
the zero-crossing method is similar and is discussed in [19]. The SNRe and
CNRe values are supposed to increase for higher ultrasound center frequencies, given that the sampling rate increases proportionately. The reason
for choosing low center frequencies for the simulations and experiments in
the present work is to allow for sufficiently many samples in a wavelength.
Given that the ultrasound machine that we use has a fixed sampling frequency, using a high center frequency would result in too few samples in a
wavelength. This in turn deteriorates the sub-sampling localization of the
peaks and reduces the accuracy. However, by adjusting the sampling rate,
higher center frequencies can yield higher qualities in the elastograms.
The 1D simulation results in Fig. 2.9 show that the SNRe values of
PSA are in good coherence with the strain filters presented in Fig. 2.4(b).
Compared to the simulations, the experimental results in Fig. 2.10 have
lower signal-to-noise ratios. The main reason for this difference is the outof-plane motion that could not be controlled in the experiment. Also lateral
motions have not been compensated for, which results in inaccuracy of the
axial motion estimation. An attempt was made to minimize these effects
in the experiment by stabilizing the transducer with a robotic arm while
compressing the phantom. It should be noted that most of the axial motion
estimation techniques, including PSA, are affected by non-axial motion. If
the axial and lateral motions are estimated separately, one of the existing
lateral tracking methods could be used.
The accuracy of PSA is more likely to be affected by the sonographic
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noise than that of the correlation based techniques. In the presence of
considerable sonographic noise, the location and shapes of the peaks will be
corrupted, resulting in possible failure of the peak-finding algorithm. The
issue of the sonographic noise in imaging the soft tissue is not as significant
as for blood vessels [26]. According to Fig. 2.8, a high signal-to-noise ratio of
30dB, as is the case for imaging soft tissue, makes the effect of sonographic
noise small in the peak search method, if the relative strains of the successive
frames are higher than 2%. Using wavelet filtering, the robustness of the
algorithm to noise (sonographic or other additive noise) is also improved.
As shown in Fig. A.1(b), ultrasound RF signals are relatively narrowband
signals and any high frequency interference can be filtered to increase the
signal-to-noise ratio of the RF signals.
Steps 3 and 4 of the peak matching algorithm described in Section 2.2.1
are meant to check the regularity of the wavelet transform at the peak locations. These are optional if the compression is small. For high compressions,
the regularity check increases the accuracy. For low strains these steps do
not affect the results, and the computational efficiency can be increased by
excluding them.
In order to have an estimate of the computational efficiency of PSA relative to conventional correlation techniques, one can calculate the number
of operations required for both methods. Assuming that there are k blocks,
each having N samples, for the case of a 2.5MHz center frequency and
40MHz sampling frequency, under 1% compression, the CC method needs
a search region of roughly 50 samples. Therefore, the number of operations
required for CC is of the order of [3(2N + 50) log2 (2N + 50)] × k × Cn . Here,
Cn is the cost for normalizing the cross-correlation functions and is equal to
3. The first term in the brackets is the cost of convolving the two windows
in the compressed and uncompressed signals in the desired search region.
The second term in the brackets is due to finding the peak of the crosscorrelation function. For the case of the peak search algorithm, the cost
would be roughly proportional to 3M W + γP , where M is the number of
samples in one line of the RF signal, W is the length of the mother wavelet
(equal to 32 for the experiments in this paper) and P is the number of positive peaks in one signal and 3 < γ < 8, depending on the implementation
of the algorithm. This term accounts for the cost of finding the peaks in
the two signals. The factors that affect γ include: the implementation of
the sub-sampling procedure, the choice of sub-sampling approximation in
the wavelet-domain or in the time-domain, and the steps taken in order to
minimize the impact of false matches or lost peaks. However, the second
term is small compared to the cost of the convolution. With the specifica42
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tions that have been mentioned for the imaging device, in the case of 1mm
segments with 50% overlap, PSA is approximately 12 times faster than the
conventional CC method. This speed is sufficient for the PSA to be used
in real-time implementations. The method has been written in C++ and
run on an Ultrasonix RP500 ultrasound machine with a Pentium IV CPU
and 1024MB RAM. A frame-rate of 12fps was achieved for 128-line images,
thus approximately 0.7 msec/RF-line. Simplifying the method can increase
the frame-rate. As an example, instead of sub-sample approximations of
the peak locations, the zero-crossings of the wavelet transform can be accurately measured with the sub-sample procedure. Thus, the method would
only analyze the wavelet transform of the RF signals which may provide an
improvement in the speed of the algorithm.

2.6

Conclusion

A novel technique for strain imaging was introduced in this paper that is
based on finding the peaks of the ultrasound RF signals. The motivation is
that, due to compression, the local signal profile remains approximately the
same, but the locations of the peaks change according to the local elasticity
of the medium. In order to locate the peaks of the RF signals, a robust peak
detection method based on the wavelet transform has been used that can
reject portions of the signal outside the spectrum of the RF signal.
A new definition for error in strain imaging has also been proposed that
evaluates the bias of the estimation in the individual lines of the image. This
type of error can be used as complementary information to other accuracy
evaluation tools such as the strain filter.
Compared to the conventional cross correlation method, the proposed
algorithm has a better signal-to-noise ratio, level of error, and speed of
processing. It also has the potential for increasing the resolution to the level
of inter-peak distance by reducing the window length while maintaining
the overlap value. If strain is sufficiently small and the peaks are found
and matched correctly, the resolution can be reduced to the level of the
ultrasound wavelength for the proposed method, while such a resolution
is not achievable with most other methods. Nevertheless, this increase in
resolution will only be achieved at the cost of lowering the signal-to-noise
ratio. This technique is also a good choice for real-time strain imaging where
strain is low and both signal to noise ratio and computational efficiency are
important.
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Chapter 3

Viscoelastic Parameter
Estimation Based on
Spectral Analysis
2

3.1

Introduction

Mechanical properties of soft tissue are known to be affected by malignancies
and abnormalities. Stiffness is the mechanical property that has been most
widely studied. Previous papers have shown that benign breast lesions are
four times as stiff as the background tissue and carcinomas are eight times
stiffer than fibroadenoma [1]. Ultrasound elastography has emerged as a
new imaging modality for depicting variations in tissue stiffness, but sensitivity and specificity are still being explored. For example, in a recent
paper, fourteen patients with breast pathology were studied, six of whom
appeared to have benign lesions after biopsy and seven had malignancies [2].
Ultrasound elastography, however, could not discriminate the benign tissue,
but was successful in detecting most of the malignant tumors. Imaging of
the mechanical properties in soft tissue to investigate or monitor the pathological changes in the body, generally referred to as elastography, has been
widely studied in the past two decades [1–12].
While elasticity correlates with the physical structure of soft tissue, viscosity can be a means to describe metabolism-dependent features. Carcinomas with high blood vessel concentration exhibit higher viscosity than the
surrounding area. In [13], fifteen patients with different breast pathologies
were examined and the cancerous breast tissue was seen to be on average
4.4±3.2 times more viscous than the surrounding tissue. Estimation of the
tissue viscosity has recently been studied by a number of groups. Chen et al.
analyzed the dispersion of narrow-band shear waves in homogeneous soft tis2
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Rohling, “Viscoelastic Parameter Estimation Based on Spectral Analysis”. IEEE Trans.
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sue [14]. From the phase of the dissipating wave at different locations, they
could estimate the shear wave velocity which, in turn, is related to the shear
elasticity and viscosity. Catheline et al. measured the overall viscoelastic
properties by analyzing the speed and attenuation of a transverse wave at
several frequencies [15]. Insana et al. used ultrasound to image the deformation of soft tissue due to a compressional step force [16]. Using the theory
of viscoelastic solids, they modeled the relaxation of the material by two
exponentials: one with a low and the other with a high time-constant. At
frame-rates less than 4 frames/second, they were able to detect the dynamic
creep and relaxation in the tissue which enabled them to quantify a small
time-constant of around 1s and a long time-constant of nearly 200s [17].
Bercoff et al. measured the temporal variation of the shear wave inside a
homogeneous phantom and compared it with the waveform of a simulated
viscoelastic model [18]. The parameters that would yield the most similarity between the simulation and the experimental waveforms were related
to the mechanical parameters of the homogeneous phantom. Sinkus et al.
described a technique to reconstruct the viscosity as well as the anisotropic
components of elasticity using MR elastography [19]. While they obtained
a good separation between malignant, benign and background breast tissue
using elasticity, the shear viscosity did not seem to be a significant and discriminating feature. Acoustic remote palpation introduced in [9] has been
utilized by Girnyk et al. to create a dynamic strain field and to estimate
the dynamic properties of the tissue [20]. They were able to characterize
the phantoms and tissue samples in vitro at the focal point of vibration,
assuming homogeneity in the medium. In order to measure the dynamic
properties of the vitreous body in the human eye, Walker et al. quantified
the step response of the tissue due to a remotely induced acoustic radiation
step force [21]. Work is ongoing to improve sensitivity and specificity of
these techniques to make them suitable for routine clinical use.
As an alternative approach, Turgay et al. showed a new technique that
modeled soft tissue with a series of Voigt elements and added inertia [11].
The proposed reconstruction technique involved solving an inverse problem
for the model parameters such that the error between modeled and measured displacements was minimized. Preliminary simulation results showed
promise for the reconstruction of the viscosity as well as elasticity. Also,
spectral analysis of the time series of displacements was utilized to yield a
robust elasticity estimation of the medium. The transfer functions calculated between displacements at different locations were used to characterize
the viscoelastic properties independent of the model assumption. Salcudean et al. used the concept of transfer functions to delineate the prostate
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boundaries in phantom and experiments in vivo [12].
The transfer function concept will be explored in more detail in the
present work. In particular, the phase and the imaginary parts of the transfer functions will be shown to be suitable means for identifying the dynamic
properties of the tissue. The relationships between viscoelastic properties
and transfer functions will be explored through simulations and phantom
experiments and validated using a rheometer and small samples of material.
The overall purpose is to study the fundamentals of viscoelastic parameter
identification in a controlled environment.
In order to characterize the ability of imaging methods to measure viscoelastic properties of tissue there is a need for tissue mimicking materials
with controllable static and dynamic properties. There is a broad collection
of literature on elasticity phantoms using gelatin mixtures [22,23], agar composites [24] or polyvinyl alcohol (PVA) [25]. Various techniques have been
employed to induce viscosity contrast in phantoms. It is known that increasing the concentration of gelatin in the gelatin-based phantoms will increase
both the elasticity and the viscosity of the material [26]. At low concentrations (i.e. less than 10%) the dependency of the elasticity parameter on the
gelatin concentration was seen to be higher than that of the viscosity. Therefore, increasing the proportion of gelatin in water can be used to mimic a
hard and viscous lesion with a higher time-constant [17,21]. However, based
on the rheology data shown in section 3.5, at concentrations above 10%,
the time-constant of the gelatin phantom remains nearly unchanged with
respect to the gelatin percentage in water. Therefore, increasing the gelatine concentration results in a stiffer and more viscous phantom while the
relaxation-time of the material does not change. Using agents such as glycerol [11, 20], glutaraldehyde [27] or formaldehyde [17, 23] that increase the
amount of cross-linking in the gelatin is another way to elevate the viscous
effect. In most cases, the cross-linking will affect the elastic and viscous
properties as well as the speed of sound in the tissue. In this work, we induce a local inclusion in the phantom by using a material different from the
background. It is shown that PVA sponge can be used as an inclusion in
a gelatine based phantom to control the contrast of the static or dynamic
mechanical parameters within the tissue.
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Figure 3.1: One dimensional model of soft tissue with springs, dampers and
masses, assembled as Voigt elements. In the present work, the tissue is
considered bound at one end and excited dynamically from the other end.
By measuring the displacements with the help of ultrasound, the parameters
of the model can be identified.
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As an overview, this paper aims to reconstruct the local viscoelastic
parameters of soft tissue. The reconstruction techniques are verified by simulating a one-dimensional (1D) network of Voigt elements as a mechanical
model of tissue. A transient force is generated and applied to the tissue
model and the displacements at designated locations are measured. Using
the acquired displacements, the tissue parameters are identified as explained
in the following sections. The ability of the proposed methods to detect elastic and viscous lesions in soft tissue are tested on tissue mimicking materials.
The experimental setup is capable of vibrating a small sample with a filtered
wide-band excitation, measuring the force, and observing the motion ultrasonically over a short period of time. Next, the magnitude and phase of
the displacement spectra are analyzed and associated with the viscoelastic
properties of the material using well-known parameter identification techniques. From the resulting property calculations, cross-sectional images of
viscoelastic properties are generated.

3.2

Models

Soft tissue is known to have nonlinear behavior due to external excitations.
Effects such as hysteresis, large deformation and nonlinear and time-varying
mechanical properties can generate higher order harmonics. These nonlinearities are seen to have rather insignificant effect on the response of most
soft tissues at small strains [27]; thus, it is viable to adopt a linear framework
in order to analyze and model the response of the soft tissue.

3.2.1

Linear Viscoelastic Model

A mechanical structure comprises elastic properties, viscous properties and
inherent density. The elastic behavior of a structure makes it resilient to
an external force or deformation. A purely elastic element will vibrate infinitely in response to a momentary excitation. The elasticity in soft tissue
can be modeled by a finite number of spring elements in the direction of
compression, assuming the compression to be unidirectional. However, due
to internal friction and material relaxation effects, a damping term is introduced in the vibration. This effect, which is a liquid-like behavior of soft
tissue, is mostly induced by the viscosity of the material. In the theory of
viscoelastic solids, viscosity can be modeled by damper elements. Assuming linearity, the force-velocity relationship of the dampers is linear, as well
as the force-displacement relationship of the springs. Lastly, any element
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that bears mass exhibits a linear relationship between force and acceleration. Hence, tissue can be modeled as a set of interconnected elements, each
being composed of a spring, a damper and a point mass.
Usually the inertia in the soft tissue can be ignored at low frequencies,
considering the relatively low density of human tissue, which is close to that
of water. It will be shown in Section 3.5 that this approximation is valid
in the experiments at frequencies below 50Hz, depending on the phantom
or tissue material. Therefore at low frequencies, the tissue can be modeled
by a series of springs and dampers. For an incremental region in the tissue,
these two components can either be in parallel, which results in the Voigt
model, or in series, which gives the Maxwell model. A one-dimensional
model consisting of several Voigt elements with added inertia is shown in
Fig. 3.1. It has been shown that the Voigt model is more accurate in
describing the dynamics of the soft tissue [15].
The constitutive relation between the stress (σ) and strain (ǫ) of a Voigt
element is a linear first order differential equation as follows:
Eǫ(t) + η ǫ̇(t) = σ(t) ,

(3.1)

where E is the Young’s modulus or elasticity and η is the viscosity. By
ignoring the densities in Fig. 3.1, the model will contain a series of Voigt
elements [28]. The equation of motion for this model can be obtained by
discretizing eqn (3.1). For a typical element i, this gives:
ki [ui (t) − ui+1 (t)] + bi [u̇i (t) − u̇i+1 (t)] = f (t) ,

(3.2)

where ki is the stiffness of the ith element and bi is the viscous damping
coefficient. f (t) is the applied force and is the same at every point in the
network, since the effect of inertia has been ignored. The interested reader
can refer to [11] for a detailed analysis of such a model as well as the relationships between the discrete model parameters and the tissue mechanical
properties.
When a dynamic compression is applied to a non-homogeneous sample of finite dimensions, the resulting motion will be determined by several
factors. These factors include the method of excitation, the boundary conditions, mode conversion, reflection, refraction, nonlinear response and other
complex phenomena. This investigation attempts to create axial motion and
minimize other motions through careful design of the experimental apparatus. As will be shown in Section V, by applying a distributed force on the
surface of the phantom, the out-of-plane components of the stress tensor can
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be minimized and a state of plane-stress can be approximated. Boundary
conditions and excitation method are also carefully controlled. The result
is that the axial motion and its spatial variations can be tracked by means
of ultrasound and a tissue model can be used to identify the mechanical
parameters in the tissue.
Two key assumptions are made for modeling the tissue response: (1) the
axial strain response of tissue to the axial excitation is linear; (2) the linear
relationship between axial strains at different tissue locations in response to
the axial excitation can be described by a first order lead-lag relationship,
i.e., an elastic component and a viscous component arranged as a KelvinVoigt model [11, 21, 28–30]. Such a dynamic system can account for the
energy dissipation in the system and justify the observed phase change.
The first assumption can be supported by the measurement of the coherence
function between the excitation and the estimated displacements. This value
which is seen to be higher than 0.96 in the experiments in Section 3.5,
provides a measure of the proportion of the input energy that is transferred
into axial tissue motion in a linear fashion [31].
Introducing a comprehensive model that predicts all the nonlinear effects present in the medium is beyond the scope of this paper. In fact, in
the aforementioned linear 1D model, the lateral motions and non-symmetric
deformations are ignored. To justify the use of such a model in experiments,
a uniform and symmetric excitation should be applied to the phantom. Also,
the boundary conditions should be controlled to minimize the shear effects
and induce a low-speed compressional wave in the medium. When these conditions are satisfied and a nearly plane-stress state can be maintained in the
medium, the speed of the longitudinal wave from the excitation (in contrast
p
to approximately 1540m/s for ultrasound), can be as low as c = E/ρ
for finite cross-sectional volumes with free sides [32]. In soft tissues, the
Young’s modulus (E) is approximately 10kPa and the density (ρ) is close to
1000kg/m3 , which result in a phase velocity of c = 3.2m/s. These calculations are valid for wavelengths that are large compared to the cross-sectional
dimension of the sample [33]. Since pulse-based ultrasound is used to measure the tissue motion, it does not provide an instantaneous snapshot of the
displacements at a specific time, but given the relatively small excitation
frequency (<30Hz), slow excitation phase velocity (3.2m/s) and relatively
fast pulse velocity (1540m/s), this source of error is negligible. Assuming
linearity, a given excitation frequency will produce localized tissue motion
at that frequency at all locations within the tissue, so the pulse repetition
frequency of ultrasound is set greater than twice the maximum applied excitation frequency to satisfy the Nyquist requirement. As will be shown in
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Section V, by applying proper boundary conditions and excitation, the axial
motion of the tissue from the excitation can be easily tracked by means of
ultrasound and the proposed model can be used to identify the mechanical
parameters in the tissue. The experiments are constructed in such a way
that the axial motion is the most dominant component in the medium so
the model is appropriate. Achieving or circumventing these same conditions
in experiments in vivo is an acknowledged challenge and is the subject of
ongoing study.

3.2.2

Spectral Analysis and the Transfer Functions

If the linear network in Fig. 3.1 is excited by a single frequency force waveform, the displacements and local strains will have the same frequency, but
different amplitudes and phase lags. If the force spectrum is wide-band, the
spectra of the displacements and strains will also cover a range of frequencies. The shape of each spectrum depends on the model parameters, i.e. the
mechanical properties of tissue.
The transfer functions between the applied force and the nodal displacements were studied in previous work [11]. Wherever the force could not
be measured, the transfer functions were computed by taking the displacement of one of the blocks as the reference. The low-frequency asymptotes
of the transfer functions were correlated with the quasi-static properties of
the tissue to delineate the inclusions and the anatomical boundaries [12].
Appendix C includes a review of the transfer function calculation between
the stress and the strain/displacement waveforms. Estimation of the elastic
modulus from the displacement transfer functions is described in [11] and is
repeated in Appendix D using the strain transfer functions.

3.2.3

Power-Law Effect

It is known that human soft tissue and most tissue mimicking phantoms
behave like non-Newtonian fluids in the presence of a dynamic excitation.
Newtonian fluids, like water, preserve their elastic and viscous properties at
all frequencies, while non-Newtonian materials exhibit different elastic and
viscous properties at different frequencies. In most materials, the variation
in viscosity versus frequency can be modeled by a power-law [34]. For a
generalized power-law fluid, the viscosity can be expressed as:
η = ηc ω n ,

(3.3)
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where ηc is the consistency index, ω is the angular frequency and n is the flow
index. For Newtonian fluids, n = 0. The case of n > 0 is rarely encountered
in biological tissues and is referred to as dilatency or the shear-thickening
effect. The case of n < 0 is known as the shear-thinning or pseudo-plastic
effect and is very common in polymers and gelatin composites. Accounting
for the power-law effect in viscosity is a special case of the Kelvin-Voigt
fractional derivative model of the viscoelasticity, which has been previously
used to model the response of canine tissue over a wide frequency range [29].

3.3

Algorithms

The magnitude and phase of the transfer functions depend on the elastic and
viscous properties of the medium. To show how transfer functions between
the strains and the applied stress change as an inclusion appears in the
medium, a four-element network of mass-spring-dampers is simulated. The
second element is assumed to have higher elasticity and the third element
is assumed to have higher viscosity than the background. The density is
assumed to be constant and equal to 1000kg/m3 . Figures 3.2(a) and 3.2(b)
show the values of elasticity and viscosity in the simulated medium. The
model was excited for 10 seconds with 40Hz low-pass filtered white Gaussian
noise as the force, and the displacements and strains were calculated. The
transfer functions between the applied stress and the strains at every element
were then computed and their magnitudes and phases are plotted in Figs.
3.2(c) and 3.2(d). The transfer functions were computed using blocks of
1s with 75% overlap. Each curve in these two figures corresponds to the
transfer function for one of the elements in the system. One can observe the
change in the low-frequency asymptotes of the magnitudes due to different
elastic properties. The phase change, however, follows a more subtle trend
which can be associated with the ratio between the viscosity and elasticity.
This ratio will be called the tissue relaxation-time and can be reconstructed
from the phase or imaginary part of the transfer functions. For the second
element with a smaller relaxation-time, the phase is closer to zero, while for
the third element with a larger relaxation-time, the phase of the transfer
function is larger. A small spatial drift in the phase at low frequencies
results from the influence of inertia. Second order effects can also be seen
in the transfer functions, causing the peaks in the magnitude plot and large
variations in the phase plot at frequencies higher than 20Hz.

55

Chapter 3. Viscoelastic Parameter Estimation

Actual Viscosity
50

40

40

Viscosity (Pa.s)

Elasticity (KPa)

Actual Elasticity
50

30

20

30

20

10
1

2
3
Element Index

10
1

4

2
3
Element Index

(a)
−3

x 10
8

(b)

TF Magnitude

TF Phase
0

Element 1
−0.1

Element 2
Element 3

∠ Hσ(ω)

ε

Element 4

ε

|Hσ(ω)|

6

4

4

−0.2

Element 1
Element 2
Element 3

−0.3

2
0 0
10

1

10
Frequency (Hz)

(c)

−0.4 0
10

Element 4

1

10
Frequency (Hz)

(d)

Figure 3.2: The effect of changing the viscoelastic parameters on the transfer
functions. (a) and (b) show the elasticity and the viscosity of a four-element
one-dimensional simulated phantom. (c) and (d) are the magnitude and
phase of the transfer functions (TF) between the strains at the applied
stress. The excitation force was white noise, low-pass filtered at 40Hz.
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3.3.1

Parameter Estimation

If the frequency is sufficiently small, the tissue motion will be governed by
only the elastic properties and the dynamic effects do not play a significant
role. This is also evident from Fig. 3.2(c) where the magnitudes of the
transfer functions at low frequencies appear to be nearly flat. Thus, one can
obtain an estimate for the elasticity of the medium from the low-frequency
asymptotes of the transfer functions [11, 12], (see also Appendix D).
The phase change in the transfer function is due to both elasticity and
viscosity variations. As seen in Fig. 3.2, the phases of the transfer functions
change considerably when an inclusion occurs in either the viscosity or the
elasticity. It is shown in Appendix C that the transfer function between
the local strain and the applied stress can be parameterized in terms of the
Voigt model parameters as follows:
Hσǫ (ω) =

1
.
(E + jωη)

(3.4)

Assuming ωη is much smaller than E, it follows that:
ωη
≈ −∠Hσǫ (ω) .
E

(3.5)

The above equation shows that a high viscosity region affects the phase in the
same way as a low elasticity region. While one can estimate the viscosity
by calculating η from eqn (3.5), it is more straightforward to define and
estimate a relaxation-time (τ ) for viscoelastic tissue as follows:
τ=

η
1
≈ − ∠Hσǫ (ω) .
E
ω

(3.6)

A large τ indicates a slow response for the corresponding element. This
is equivalent to the group delay of the transfer function at that frequency,
considering that the phase changes linearly versus frequency.
If the viscosity has a power-law trend and elasticity is independent of frequency, the relaxation-time will be subject to a similar behavior. The distribution of the flow index resulting from the power-law in the relaxation-time
will thus yield another tissue parameter to be identified. If this power-law
trend is ignored, the relaxation-time can be assumed constant in a frequency
range that inertia does not interfere. Therefore, instead of dealing with a
single frequency, the slope of the phase with respect to frequency in eqn
(3.6) can be calculated to obtain a robust estimate of the relaxation-time.
If the stress is unknown, the transfer functions can be computed with
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respect to the strain at a specific location. Hence, equation (C.5) from
Appendix C can be used to derive the following estimate for the distribution
of relaxation-time:
1
τ̂ = τ0 − ∠Hǫǫ0 (ω) ,
(3.7)
ω
where τ0 = η0 /E0 is the relaxation-time for the element of reference. Since
τ0 is unknown, it can be eliminated from eqn (3.7) by assuming it to be
constant. Although this is a biased estimate, the bias is constant for all
of the elements and is equal to τ0 . Therefore, the above equation gives a
relative but correct profile of the distribution of the relaxation-time in the
tissue. However, the power-law effect cannot be readily seen here without
measuring the force. If the power-law behavior is ignored, τ̂ can be averaged
at several frequencies to obtain more robust estimates.
In order to quantify the estimation error, the stress is assumed to be
known in the simulations in section 3.4. However, the experimental data in
section 3.5 do not include any force measurement, thus relative estimates
are presented.

3.4

Simulations

In order to investigate the accuracy and noise-sensitivity of the proposed
methods, one-dimensional finite element simulations were performed. The
system in Fig. 3.1 was constructed with 100 elements. A band-limited force
was applied and the displacements were computed. The details on how to
simulate a mass-spring-damper network are presented in Appendix E.
The model was assumed to represent a cross-section of 1mm2 and a depth
of 50mm of the tissue. The medium was homogeneous with the elasticity of
20kPa and viscosity of 20Pa·s. These values were chosen arbitrarily in the
range of the viscoelastic properties for average soft tissues. The density of
the phantom was 1000kg/m3 which is equal to the density of water and most
soft tissues. The simulation frame-rate was 1kHz and the duration of each
test was 10 seconds. The applied stress was white noise low-pass filtered at
30Hz. The simulated model was linear, hence the magnitude of the applied
force would not cause any nonlinear effects in the displacements, nor would
it change the estimation results. The maximum strain that was observed
in the phantom was no more than 1%. The displacements were computed
at each node and the transfer functions were calculated between the strains
and the applied stress.
Using eqns (D.1) and (3.7), relative estimates for elasticity and relaxation-
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time were calculated. For the simulated homogeneous phantom, the parameter estimates for all of the elements are expected to be equal; thus a high
standard deviation indicates poor estimation. If p0 is the actual value of
the parameter and the vector p̂ is the estimate for all of the elements, the
estimation error (Ere ) can be defined from the standard deviation (STD)
as follows:
STD (p̂)
Ere =
.
(3.8)
p0
The sensitivity of the estimations to the noise level can be measured
by calculating Ere under the assumption that the displacements are noisy.
Therefore, the model was simulated and the actual strains were calculated.
A certain level of noise was then added to the strains and the transfer
functions were calculated using the noisy strain data. This noise is meant to
account for the quantization error and limited resolution in the displacement
estimation, interference of the lateral motion of the tissue in the axial motion
tracking, non-linearities in the tissue, and imperfections of the model. A
white Gaussian noise model has been assumed to address the sum of these
sources of error. A more detailed study of the displacement and strain noise
distribution is beyond the scope of this paper, but has been investigated by
others [35]. A simple noise model has been adopted in order to compare the
effects of various parameters on the accuracy of the estimation, rather than
precise quantification of the error.
The accuracies of the proposed methods are evaluated for a wide range of
strain signal-to-noise ratios (SNR). For each level of the added noise on the
strain data, one-hundred simulations were performed. The accuracy of the
elasticity and relaxation-time estimations were calculated each time using
eqn (3.8) and the results were averaged for all of the one-hundred instances.
Fig. 3.3 shows the Ere for the elastic modulus and the relaxation-time. The
elasticity was reconstructed from the low frequency asymptote of the transfer
functions magnitudes. The relaxation-time was calculated from the phase,
averaged between 2–10Hz as described in section 3.3.1. The estimation error
for the relaxation-time has been divided by ten in order to clearly display
both curves in the same figure.
The strains in the previous calculations were computed by taking the
derivative of the displacements. Alternatively, one can use the least-squares
(LSQ) technique to calculate the gradient of the displacement which will
reduce estimation variance at the cost of reduced contrast [36]. The effect of
the LSQ kernel size on the estimation error is illustrated in Fig. 3.4(a). The
network was simulated with 100 elements. The first 50 elements had a back-
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Figure 3.3: The error in estimating the elasticity (star markers) and the
relaxation-time (RT, circle markers) for different levels of signal-to-noise
ratio (SNR) of the strain. The error has been calculated based on the
deviation of the estimates from the actual value of that parameter. Note
that the estimation error for the relaxation-time is divided by ten.
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ground elasticity and relaxation-time equal to 20kPa and 2ms respectively,
while the values for the second 50 elements in the network were 40kPa and
1ms. The strain was assumed to have a finite SNR of 15dB. The LSQ kernel
size was increased from 2 points, which is the discrete derivative, to 15 points
which corresponds to 7.5mm in the tissue. For as many as 100 tests, Ere
was calculated for the first half and the second half of the region separately
and the results were averaged. It can be seen that increasing the LSQ kernel
size reduces the estimation variance for both elasticity and relaxation-time.
Note that the increase in the average background parameters compared to
the results in Fig. 3.3, marginally enhances the estimation accuracy. Fig.
3.4(b) shows the effect of the LSQ kernel size on the contrast-to-noise ratio (CNR) for the two-layered simulated phantom. The CNR is defined as
follows:
2(M1 − M2 )2
CN R =
,
(3.9)
STD 1 2 + STD 2 2
where M1 and M2 are the means and STD 1 and STD 2 are the standard
deviations of the estimated parameter at the two regions [35]. A large difference in mean values or very low noise levels can result in high CNR. The
CNR resulting from the relaxation-time is multiplied by ten to show both
curves in the same figure. In the experimental studies that will be presented
in the following section, an LSQ filter with an appropriate kernel size is used
to achieve better noise rejection. Note that for these tests, the frequency
ranges used for the estimations were kept unchanged to maintain consistency. However, in practice, finding a proper frequency range will be crucial
to obtaining good parameter estimates and therefore contrast.

3.5

Experiments

The proposed methods were tested on tissue mimicking phantoms. Special
hardware and software were implemented for controlled tissue excitation and
data acquisition. The experimental set-up, phantom construction technique
and the experimental results are described.

3.5.1

Actuator and Rheometer Design

The schematic of the experimental set-up is shown in Fig. 3.5. The design
consists of an immobile platform that seats the actuation system, sensors
and the transducers. The motion of the vibrating stage is guided by a linear
bearing and preloaded by a spring from the bottom to maintain contact be-
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Figure 3.4: The effect of the least-squares (LSQ) kernel size on the estimation. These are calculated using a two-layered simulated phantom. (a)
The estimation error Ere for elasticity and relaxation-time decrease as a
wider LSQ kernel is applied. (b) The effect of the LSQ kernel size on the
contrast-to-noise ratio (CNR).
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tween its wheel and a motor-driven tumbler. The linear bearing is actuated
by a coreless DC motor (#118778, Maxon Motor, Sachseln, Switzerland)
with a ”tumbler” - a cylinder mounted obliquely on its shaft. The angled
cylinder acts like a continuously variable elliptical cam. The amplitude is
manually adjusted by moving the motor in the transverse direction. An incremental encoder with 1000 cycles per revolution (Type E2 from US Digital,
Vancouver, WA, USA) was mounted on the motor shaft for position feedback. The motion of the vibrating stage with respect to the static section is
monitored by a position sensing device (PSD) that tracks the light spot of
a small infra-red light-emitting diode (IR-LED). The PSD signal was used
to validate the motion tracking methods and to control the average strain
in the phantom. A one-dimensional PSD (type S3932, Hamamatsu Photonics K.K., Hamamatsu City, Japan) together with the required circuitry was
mounted on the static part and the IR-LED was connected to the vibrating
stage. The control of the motor, as well as the required data acquisition,
was done on a PC using a PCI interface card and a terminal board (Q8,
Quanser Inc., Markham, ON, Canada). The specifications of the device are
summarized in Table 3.1.
A real-time program was developed using WinCon (by Quanser) and
Simulink (Mathworks Inc., Natick, MA, USA) to generate the desired waveforms. A velocity-control feedback loop was established between the signal
recorded from the encoder and the waveform applied to the motor. The user
can either specify a frequency of rotation, which would apply continuous full
rotary motion to the motor, or generate any desired wide-band excitation,
which would cause the tumbler to oscillate without making complete turns.
In the former case, the transverse position of the tumbler determines the
vibration amplitude while in the latter case, the power of the generated
waveform determines the amplitude of vibration.
The device can either be used as a rheometer or as an ultrasound vibroelastography system. When used as a rheometer, a compression load-cell
(Transducer Techniques, Temecula, CA, USA) is mounted on the stage and
a small material sample is placed between the vibrating plate and the loadcell. An oscillation with a specified frequency and amplitude is applied and
the force and displacement are recorded from the load-cell and the PSD
respectively. Precise knowledge of the actual dimensions of the specimen
is necessary to calculate the exact values of the elasticity and viscosity.
However, the relaxation-time can be determined independently from the
sample dimensions and can be recovered from the phase difference between
the force and the position signal using eqn (3.7). Note that the stress and
the force have the same phase and there is only a scaling factor between
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them equal to the cross-section of the sample. Also note that the position
recorded from the PSD can be divided by the length of the sample to obtain
the average strain. Therefore, the transfer function phase in eqn (3.7) can be
simply substituted by the phase of the transfer function between the force
and the PSD position signal.
When the device is used for vibro-elastography, a linear array ultrasound
transducer is mounted in an aluminum case and attached to the stage. A
phantom is placed on the vibrating plate and is pressed against the ultrasound probe on top of it, using ultrasound coupling gel. In this way, a desired
excitation can be applied to the motor and the motion within the phantom
can be monitored using ultrasound motion estimation techniques. Sequences
of radio frequency (RF) data frames can be recorded using a Sonix RP ultrasound machine (Ultrasonix Medical Corp., Richmond, BC, Canada). For
the experiments reported, the recorded ultrasound RF lines have a center
frequency of 5MHz and were sampled at 20MHz. After the acquisition, the
A-lines were up-sampled by a factor of three to increase the accuracy in
measuring the displacements. The acquisition frame-rate depends on the
number of lateral A-lines in the imaging window. The axial displacements
are estimated using a time-domain cross-correlation technique with prior
estimates [37]. The correlation coefficients were monitored to ensure accurate motion tracking. The frame of reference for motion tracking was only
changed when the average of the correlation coefficients had a significant
drop (i.e. below 85%). Thereby, the displacement estimation drift was minimized and higher accuracy was achieved at low frequencies. Depending on
the experiment, the kernel size and overlap can be adjusted; however for a
typical experiment that will be described in the next section, they were held
constant at 1.5mm and 40%, respectively.

3.5.2

Phantom Construction and Rheometry

To construct a phantom with a significant contrast in the relaxation-time, a
small piece of polyvinyl alcohol (PVA) sponge (Ceiba Technologies, Chandler, AZ, USA) was embedded in a cubic gelatin phantom. This type of
sponge exhibits a significantly different viscosity than the gelatin. One can
investigate the difference between the relaxation-times in the sponge and
gelatin through simple palpation by observing the recovery times. To measure the exact relaxation-times, a piece of sponge and a soft and a hard sample of gelatin phantom were examined using the aforementioned rheometer.
The hard gelatin phantom was approximately three times harder than the
soft one. Figure 3.6(a) shows the relaxation-times versus frequency. The
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Figure 3.5: The schematic of the experimental setup. The ultrasound probe
is held stationary, while a DC motor moves a stage and causes the phantom
to be compressed.

65

Chapter 3. Viscoelastic Parameter Estimation
Phantom Rheometry

0

Relaxation−Time (s)

10

Gelatin−A
Gelatin−B
Sponge−A
Sponge−B
Sponge−C

−1

10

−2

10

−3

10

−4

10

3

10
Frequency (Hz)

30

(a)
3

Rheometry Error for Gelatin and Sponge

10

Error in Sponge−A Rheometry
Error in Gelatin−A Rheometry
Error (%)

2

10

1

10

0

10

3

10
Frequency (Hz)

30

(b)

Figure 3.6: (a) Relaxation-times of the PVA sponge and soft and hard gelatin
phantoms versus frequency. Gelatin-A and Gelatin-B are soft and hard
gelatin phantoms respectively. Sponge-A is the squeezed PVA sponge after
it has been soaked in water, Sponge-B is the partially squeezed sponge and
Sponge-C is the wet PVA sponge instantly after being removed from the
water. The relaxation-times for the soft and hard gelatin are almost the
same while that of the sponge is higher by about one order of magnitude.
(b) shows the errors in measuring the relaxation-times of the sponge and
gelatin with respect to the data from a stress-controlled rheometer.
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sample dimensions were the same, having 3mm thickness and 20mm × 12mm
surface area. The relaxation-time of the PVA sponge was measured in three
different states. First, the test was performed instantly after the sponge was
removed from the water. Then, the sponge was partially compressed and the
test was repeated. Finally, complete compression was applied to the sponge
to remove the existing water drops and another measurement was taken. The
force and the position were recorded and the relaxation-time of the material
was estimated as described in section 3.5.1. It can be seen in Fig. 3.6(a)
that the two gelatin samples have approximately the same relaxation-times,
while that of the sponge is significantly higher. The decreasing trend in
the curves with respect to the frequency is due to the power-law effect.
These results have also been validated by shear rheometry using a commercial stress-controlled rheometer (Bohlin C-VOR, Malvern Instruments Ltd.,
Worcestershire, UK). Using the generalized Hook’s law and the assumption
of incompressibility of the material, it can be shown that rheology with both
rheometers should yield the same value for the relaxation-time. Figure 3.6(b)
shows the relative error of the measured relaxation-times with respect to the
results from the Malvern rheometer. Compared to the rheometry validation
results, the curves in Fig. 3.6(a) have 20% and 12% deviation for the soft
gelatin and wet sponge respectively. Note that the experiments with both
rheometers have variability that depends on experimental conditions which
may account for the higher error at high frequencies in Fig. 3.6(b).
The gelatin phantom was made using bovine skin gelatin (type G9382B, Sigma-Aldrich Inc., Oakville, ON, Canada) in water and 2% cellulose
(by weight) as the scatterers. The phantom dimensions were 65mm axially,
55mm laterally and 35mm elevationally. The sponge sample, having been
soaked in water and compressed periodically over the course of several weeks
to remove all air bubbles, was embedded in the gelatin immediately after
being removed from the water. The speed of sound in the wet sponge was
approximately 1600ms−1 which is close to that of water. However, the
attenuation of the ultrasound in the sponge was considerably higher than
that in gelatin which can be explained by the high viscosity of its constituent
material. Hence, a thin sample was cut for the experiments to ensure good
quality in the RF A-lines without shadowing. For fully developed ultrasound
speckle, the amplitude distribution of each RF frame should have a Rayleigh
distribution with a ratio of mean over standard deviation equal to 1.9 [38].
For the case where the phantom was held stationary, this parameter was
1.91 for all of the frames. This indicates that the recorded A-lines had fully
developed speckle distributions, so standard tracking algorithms are used.
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Figure 3.7: Single-line data acquisition and parameter estimation in a gelatin
phantom with a PVA sponge inclusion and excited at 3–30Hz. (a) Histogram
of the correlation coefficients. (b) Normalized spectrum of the displacement
of a node at 30mm (black) and the spectrum of the measurement from the
PSD (gray). The coherence function between these two signals is shown
in (c). The magnitude and phase of a sample transfer function between
element 18 and 30 are shown in (d). The reference element 30 is located at
a depth of 17mm. (e) shows the elasticity estimates from the asymptotic
magnitude of the transfer functions. The values are normalized with respect
to the elasticity of the reference element. The error in estimation is depicted
as one minus the value of the coherence function at each point. (f) shows
the relaxation-time estimates from the phase of the transfer functions at
three different frequencies. Again, the values are the difference between the
actual relaxation-time of the phantom and that of the reference element at
17mm. The inclusion is delineated in both figures.
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3.5.3

Data Analysis and Results

The transfer functions are computed for all of the strains on each line with
respect to the strain of an arbitrary block in the middle of that line. The
coherence functions are also calculated to ensure the linearity of the tissue
response. A high coherence function - i.e. close to one - indicates that the
input-output relation is linear and the noise is small [39]. If the applied stress
is known, the coherence function between the stress σ(t) and the strain ǫ(t)
at some location in the phantom is:
Cσǫ (ω) =

|Pǫσ (ω)|2
.
Pσσ (ω)Pǫǫ (ω)

(3.10)

In the presence of noise and non-linearities, the coherence values likely decrease as the input power level increases [40]. In elastography experiments,
this may be due to the larger lateral motion in the phantom or sources of
nonlinearities in the tissue such as the effect of large strain and hysteresis.
In the first test, the gelatin part of the phantom contained 18 wt.%
gelatin powder. A high gelatin concentration was used in order to reduce
the elasticity contrast between the sponge and the gelatin. A small piece of
PVA sponge (5mm thick) was placed in the middle of the gelatin phantom,
approximately 13mm away from the probe face. The phantom was excited
with Gaussian white-noise, band-limited to 3–30Hz. The standard deviation
of the Gaussian distribution was 80µm and the average strain applied to the
phantom was no more than 0.3%. RF-lines were collected for 60 seconds
at 1300 frames/second in the Doppler mode from a single A-line passing
through the sponge. The imaging window length was 40mm extending from
the probe face. The displacements were estimated with 70 blocks of 1.5mm
each with 40% overlap between them. The accuracy of the displacement
estimates can be verified by examining the correlation coefficients [41]. The
histogram of the correlation coefficients at all of the blocks for the duration
of the experiment is shown in Fig. 3.7(a), exhibiting an average of 99.4%.
To ensure faster motion tracking, stretching has not been applied to the
compressed RF signals. However, the high correlation coefficients obtained
indicate that the accuracy was well preserved in the results. The spectrum
of the displacement of a typical block at 30mm from the probe is shown in
Fig. 3.7(b). The spectrum of the PSD measurement is also shown on the
same plot. The coherence function between this nodal displacement and the
PSD signal is shown in Fig. 3.7(c). The high coherence within the excitation
frequency range indicates that the estimated displacements accurately follow the position measured by the PSD. The strain was calculated at every
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time-step with a 7-point LSQ filter which corresponds to 4mm in the tissue.
The transfer and coherence functions for the strains were calculated using
blocks of 1 second with 50% of overlap. The reference block to compute the
transfer functions was element 30, in the middle of the phantom, with high
correlation coefficients in its vicinity. Any other node with high correlation
coefficients is an acceptable choice as the reference. The magnitude and the
phase of the transfer function for element 18 at 10mm depth are shown in
Fig. 3.7(d). Note that the transfer functions are only acceptable at 3–30Hz.
Beyond this frequency range, the coherence functions drop and the spectral
estimations would be inconsistent. The coherence functions between the local strains and the strain at the reference block had an average of 0.98 at
excitation frequency range. This indicates the high linearity of the tissue
response. Higher coherence values result for the nodes closer to the probe,
due to the drop in ultrasound power and resolution with depth and lower
motion tracking accuracy for deeper nodes. The estimation of the elasticity, using the asymptotic magnitude of the transfer functions, is shown in
Fig. 3.7(e) and the relaxation-time estimates from the phase of the transfer
functions at three different frequencies are plotted in Fig. 3.7(f). It can be
seen in Fig. 3.6(a) and 3.7(f) that the contrast between the relaxation-times
of gelatin and sponge decreases as the frequency is increased. The error
in estimation is shown as one minus the value of the coherence function at
each point. A low coherence function indicates non-linearity of the response
or high amount of noise in the data, while a coherence value of nearly one,
indicates the validity of the linear model. Note that the elasticity estimates
are normalized with respect to the unknown elasticity of the reference element (element 30 at a depth of 17mm) and the estimated relaxation-time of
each element is the actual relaxation-time minus the relaxation-time of the
reference element, which is also unknown.
In another experiment, a soft gelatin phantom (12 wt.% gelatin in water) was constructed with two inclusions inside it. One inclusion was a hard
cylinder of the same gelatin material (18 wt.% gelatin in water), approximately 2.5 times stiffer than the background. The other inclusion was a
small piece of PVA sponge, saturated with water. Multiple A-lines were
captured over the region of interest at 98 frames/second for a duration of
20 seconds. The dimensions of the phantom, excitation characteristics and
the displacement estimation parameters were the same as in the previous
experiment. The imaging window was 40mm×40mm with 64 RF-lines in the
lateral direction. The 1D displacements were estimated with 70 blocks for
all the lines, resulting in an average of 98.6% for the correlation coefficients.
The strains were calculated with a 4mm LSQ filter. The transfer functions
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Figure 3.8: Estimated parameters for a gelatin phantom (12 wt.% in water)
with a hard gelatin (18 wt.% in water) inclusion at the middle left and a PVA
sponge inclusion at the middle right. The inclusions are delineated in the
B-mode image (a). The inclusions are not easily detectable in the B-mode
image while they are known to be within the dashed ellipses. The elasticity
estimate of the phantom can be used to detect both inclusions (b). The
low-frequency asymptotes of the transfer functions between 3Hz and 10Hz
were used. Note that both inclusions appear as harder regions in the elasticity image. While elastic modulus does not provide a contrast between the
hard gelatin and sponge inclusions, the relaxation-time estimate in (c) can
distinguish the sponge in the gelatin environment. The phase of the transfer
functions at 15Hz was used to calculate relaxation-time. As expected from
rheometry, the relaxation-times of the soft and hard gelatin materials are
nearly the same while sponge has a significantly different relaxation-time.
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were calculated for the strain of each line with respect to an element close
to the probe (element 5), using the same parameters as the previous experiment. The coherence values had an average of 0.9 at the frequency range
of excitation. In order to remove possible outliers and present a clear image
of the estimated parameters, a 5×5 pixels median filter has been applied to
the images. The low-frequency asymptotes of the transfer functions between
3–10Hz were used in order to estimate the relative value of the elasticity in
the phantom. Fig. 3.8(b) shows the estimated elasticity, which clearly delineates a hard inclusion at the middle left and another one at the middle
right of the phantom. The left-side inclusion is the hard gelatin while the
right-side inclusion is the sponge. The relaxation-time was estimated from
the phase of the transfer functions at 15Hz and is shown in Fig. 3.8(c).
The difference between the relaxation-times of the gelatin and the sponge is
apparent in this image.

3.6

Discussion

The simulations and phantom experiments demonstrate the feasibility of reconstructing the relaxation-time in order to distinguish different soft tissues.
The elasticity and the relaxation-time were both estimated using a frequency
analysis of the tissue response. Although using a transfer function approach
eliminates the need for a specific tissue model, a linear viscoelastic model
has been used to verify the algorithms.
The rheometry experiments reveal the difference between the relaxationtimes for the gelatin and the PVA sponge. From Fig. 3.7(f), the difference
between the relaxation-times of the gelatin and sponge is smaller at 15Hz
and 25Hz than at 5Hz in Fig. 3.7(f). The decrease in the relaxation-time is
mainly governed by a power-law which is evident in Fig. 3.6(a). However,
unless the force is measured or the parameter τ0 (the relaxation-time of the
reference element) in eqn (3.7) is known, this power-law cannot be deciphered with the current approach. Table 3.2 contains the consistency index
(ηc /E) and the flow index (n) of the best power-law fit for each relaxationtime curve extracted from the data in Fig. 3.6(a). The consistency index
explains the higher relaxation-time of the sponge compared to the gelatin
and the index n describes the higher negative slope of the curves pertaining to the PVA sponge. Both parameters, if successfully estimated, could be
suitable features for distinguishing different materials in phantoms and likely
in human tissue. Note that here, the elasticity is assumed to be independent
of frequency. In this way, the flow index of the viscosity would be the same
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as that of the relaxation-time. However, it is shown in [34] for some animal
tissue that the elasticity increases slightly as the frequency is increased. As
a result, the flow index for elasticity, viscosity and relaxation-time would be
different.
According to the rheometry results in Fig. 3.6(a), the difference between
the relaxation-times of the sponge and the gelatin at 5Hz, 15Hz and 25Hz
are approximately 11ms, 4.3ms and 2.4ms respectively. This difference was
estimated to be 7.7ms, 3ms and 1.8ms respectively at those frequencies based
on the estimation results depicted in Fig. 3.7(f). Considering that using an
LSQ filter in the estimations reduces the contrast, the parameter estimation and the rheometry data seem to match reasonably well. Figure 3.8(c)
estimates this difference in relaxation-time to be approximately 3ms, which
also agrees with the rheometry.
The presence of tissue harmonics at around 30Hz in the simulations had
a large effect on Ere . While the system was simulated by second order
mass-spring-damper elements, identification was performed by fitting a first
order Voigt model to each element. As a result, the error should be larger
for higher frequencies of excitation. This problem was not encountered in
the experiments. A first order system could be fit accurately to the transfer
functions and the effect of inertia could be ignored at the frequencies below
30Hz.
In the experiments, a band-limited force has been applied to the phantom. Fig. 3.7(b) shows that most of the excitation power is in the range of
3–30Hz. However, a significant 60Hz interference can be seen in the recorded
signal from the PSD which is due to the cross-talk with the power lines and
the oscillations in the ambient light. The limited resolution of the PSD
accounts for the noise level at higher frequencies. There is also a noticeable peak in the spectrum of the estimated displacement at 86Hz and a few
smaller peaks at higher frequencies. This peak, which was not in the excitation and is not present in the PSD spectrum, is likely from the harmonic
vibrations of the tissue. This identifies the frequency at which the inertia
starts to interfere in the spectrum. Some excitation power is also seen in
the range of 30–60Hz which is due to the particular shape of the tumbler,
producing a nonlinear transform between the rotation of the motor shaft to
the motion of the stage. As a result, Fig. 3.7(c) shows coherence values of
around 0.7 at this frequency range, but this range was not used for analysis.
In the single A-line experiment, the relaxation-time seems to have higher
contrast and a smoother profile compared to the elasticity. This is expected
as the phantom was designed to have a stiffness close to that of the PVA
sponge. The relatively high elastic modulus of the gelatin may have caused
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Parameter

Value

3dB Frequency Bandwidth

66 Hz

Maximum Motion Range

4.42 mm

PSD Linearity Range

5 mm

PSD Noise Level (std)

9 µm

Maximum Measurable Force

2.5 lbf

Table 3.1: Rheometer Specifications

Material

ηc /E

[ms]

n

Gelatin-A

4.6

-0.66

Gelatin-B

4.5

-0.65

Sponge-A

29.2

-0.73

Sponge-B

43.9

-0.84

Sponge-C

62.9

-0.94

Table 3.2: Power-law fit of relaxation-time for the PVA sponge and gelatin
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a non-homogeneous sol-gel transition at the time the phantom was made,
which can account for the presence of large local variations in the elasticity
of the phantom. The other reason for the high variance of the elasticity
and the relaxation-time at the depth interval of 25–40mm in Fig. 3.7 is the
lower correlation coefficients resulting from the displacement estimation at
that section of the phantom. The average correlation coefficients for the
first and second halves of the phantom are 99.9% and 98.9% respectively.
Considering the high frame-rate of 1,300Hz and the small compression between consecutive frames, the second half of the phantom exhibits relatively
small correlation coefficients. Higher lateral motion, poorer quality of the
RF A-lines as a result of high attenuation in the sponge, or higher axial
motion and signal decorrelation in the phantom might be the sources of the
degraded motion tracking at that region.
In Fig. 3.4(a), it is shown that using an LSQ filter improves the estimation for both elasticity and relaxation-time. This was expected, since the
least-squares filter gives a smooth approximation of the derivative at the cost
of contrast. It raises the question of what is the appropriate LSQ filter size.
The contrast of the elasticity estimate drops by increasing the LSQ kernel
size, but the relaxation-time estimation does not seem to suffer from this
trade-off. In the range that is shown in Fig. 3.4, the relaxation-time CNR
increases as the filter size is increased, so it may be desirable to increase
the LSQ filter length to achieve lower estimation error and higher CNR for
the relaxation-time. As a trade-off, increasing the filter length limits the
resolution and lowers the ability to detect small inclusions. It should also
be noted that an extremely wide LSQ filter eventually decreases the CNR
of the relaxation-time estimates.
While quantitative analysis of a 1D experiment is depicted in Fig. 3.7,
the same technique has been extended to a 2D image in Fig. 3.8, using
several 1D estimations. Therefore, the parameters have been separately
estimated in each line and then the images were formed by joining the individual lines together. Figure 3.8 shows that the elasticity of both inclusions
are higher than the background while the relaxation-time is higher only for
the sponge. These results show that the relaxation-time, as a dynamic parameter in the tissue, can be used as a complementary feature to elasticity
to distinguish between different soft tissues.
In an ideal case, all the components of the displacement tensor and their
spatial derivatives are used to reconstruct the three dimensional distribution
of the mechanical parameters in tissue. As proposed recently [42], the deformations due to a shear excitation can be more accurately reconstructed
in three dimensions (3D) by imaging the tissue motion ultrasonically from
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several angles. While such a method, being capable of solving the wave
equation in 3D, can be very promising, it requires the subject to remain still
for a few minutes during the examination. The estimation of the parameters (especially the dynamic ones) will also require accurate synchronization
between the imaging transducer and the excitation at different angles. The
simplicity that the linear 1D model in the present work offers makes possible
the real-time viscoelastic parameter estimation in soft tissue with a simple
excitation scheme. The shortcomings of a 1D model of deformation can be
compensated by its advantages in terms of a short period of examination,
high computational speed and relative ease of implementation.

3.7

Conclusions

It is feasible to estimate the viscoelastic properties of a material by vibrating
it over a range of low frequencies and analyzing the time series of motion
measurements at multiple locations. This can be performed by calculation
and analysis of transfer functions in the frequency domain. From the phase
of the transfer functions, the property of relaxation-time can be measured.
The relaxation-time is proposed as a potential complementary feature to
elasticity to distinguish materials with different mechanical properties. The
errors of the algorithm have been quantified through computer simulations.
The apparatus for testing these concepts on tissue-mimicking phantoms was
described and used to investigate the key factors affecting accuracy. The
relaxation-times of different phantom materials were measured successfully.
The accuracy of the measured relaxation-times was found to be dependent
on appropriate filtering in the strain calculations, suitable frequency range
of excitation, and an understanding of the non-Newtonian behavior of the
material. The viscosity of the material was modeled with the power-law
and the model parameters determined by rheometry. The model parameters
calculated from rheometry were similar to the parameters calculated with
the transfer functions. Overall, the transfer function method shows promise
for future work on measuring the viscoelastic properties of human tissue.
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Chapter 4

Viscoelastic Characterization
of Soft Tissue from Dynamic
Finite Element Models
3

4.1

Introduction

Malignant tumors and carcinomas have different mechanical properties compared with normal tissue. For many years, physicians have located tumors
in soft human tissues by palpating the patient. In the last two decades,
many studies have revealed the significance of tissue elasticity (e.g. [1, 2])
and viscosity (e.g. [3, 4]) in classifying normal, benign or malignant masses.
Several methods have been developed to estimate the local parameters in
the viscoelastic medium of soft tissues. Generally, via an imaging modality such as ultrasound or magnetic resonance imaging (MRI), the internal
motion of the body is estimated in response to an excitation and can be
analyzed to reconstruct the local variations in the viscoelastic properties of
tissue. Surveys of such methods can be found in [1, 2, 5, 6, 8].
Ultrasound and MRI are the most popular imaging modalities for tracking tissue deformation due to an excitation. The reconstruction of the elasticity from the boundary force and the internal displacements measured
with ultrasound elastography can be formulated in several ways. While a
three dimensional (3D) modeling scheme is the most realistic, traditional
2D ultrasound imaging (the most common approach) has limitations on the
accuracy of measuring the three components of motion. Axial displacements
are measured with the highest accuracy, lateral displacement measurement
is less accurate, and elevational displacement measurement is often impossible (note that in ultrasound and ultrasound elastography, axial is along the
3
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direction of the excitation and pulse propagation, lateral is perpendicular to
axial but within the imaging plane, and elevational is perpendicular to the
imaging plane.). These limitations have given rise to techniques that simplify the model or ignore one or two components of the displacements. If we
consider only the axial displacement and a one-dimensional (1D) model, the
reciprocal of the quasi-static axial strain can be interpreted as the local elasticity. The viscosity or the relaxation-time can be estimated using a model
that predicts the displacement or strain as a function of frequency [6, 8–10].
The moduli reconstructed using 1D models suffer from artifacts, because the
effect of the boundary conditions on strain is not decoupled from the effect
of material properties.
To account for axial and lateral displacements, the partial differential
equations that describe the stress-strain relationship should be evaluated
in a plane. Assumptions on the deformation profile such as being in a
plane-stress or plane-strain state can help simplify the general 3D equations.
Furthermore, assuming a nearly incompressible and isotropic medium significantly reduces the number of elasticity parameters and leaves the Young’s
modulus as the only unknown. If the problem is discretized and formulated
such that the Young’s moduli are the unknowns, with known displacements
and strains, a forward solution technique can be applied to estimate the
parameters [11–16]. Most of the methods in this category require the 2D
displacement and strain fields as well as their first and second derivatives in
the region of interest. However, due to the low lateral resolution of ultrasound, the estimated lateral displacements have low signal-to-noise ratios
(SNR). Once the low SNR of the lateral displacements has been overcome
and the boundary forces have been measured, a reliable elasticity distribution may be obtained [16].
In another approach, the inverse problem of elasticity is solved in the
sense that a specific functional is minimized [5, 17–22]. Usually, this functional is considered to be the quadratic norm of the difference between the
measured displacements and the displacements resulted from an assumed
distribution of elasticity. Using the finite element method (FEM), iterative strategies based on Gauss-Newton or quasi-Newton methods have been
proposed in the literature. Also, a method has been suggested to evaluate
the gradient using adjoint equations in order to increase the computational
efficiency [20]. The exact analytical solutions for the inverse problem of
elasticity and other quasi-static parameters have been investigated in [23],
where it was shown that the problem of determining the shear modulus becomes unstable for nearly incompressible materials. It was shown that The
uniqueness of the solution is shown to be highly dependent on the regulariza83
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tion, available boundary conditions, prior knowledge of the elasticity on the
boundaries and the incompressibility of the medium [24–26]. Recently, the
authors have shown that applying wide-band excitation and calculating the
asymptotic low-frequency magnitude of the transfer functions can increase
the accuracy of the elasticity estimations [27].
Estimation of the viscosity, however, requires applying dynamic excitation to the material and calculating higher order derivatives (material
velocities). Hence, compared with the elasticity reconstruction, the viscosity estimates will be more sensitive to noise. Viscoelastic modeling and
parameter identification have also been explored extensively in the literature [3, 6, 9, 10, 28–33]. Basically, through analysis of the attenuation and
phase change of the propagating waves or the relaxation behavior of the
structure, the dynamic properties can be characterized. The problem of reconstructing the damping matrix in a dynamic FEM framework has been
mostly studied in the context of structural dynamics [34–36], where the goal
is to identify an overall damping matrix for a given structure.
In this work, the inverse problem of reconstructing the stiffness and
viscosity using a dynamic finite element approach is tackled. A model is
proposed that incorporates the Voigt model for the viscoelastic deformation
of soft tissues in a dynamic finite element formulation. The inverse problem of viscosity and elasticity is solved based on harmonic measurements
of the axial displacements. The algorithm is devised such that by knowing
the parameters on the boundaries, their distribution can be estimated inside the medium, without needing to know the force on the boundaries or
the lateral displacements in the region of interest. The method is similar
to the elasticity reconstruction algorithm by Kallel and Bertrand in [17],
in the sense that a displacement functional is minimized using a GaussNewton approach. However, the problem has been reformulated to account
for the viscous damping effect, unknown lateral displacements and effects
of the unknown forces on the Jacobian matrix. The accuracy of the proposed algorithm is evaluated using dynamic finite element simulations. Preliminary studies have been performed on tissue-mimicking phantoms with
embedded elasticity and viscosity inclusions. Gelatin phantoms with controlled proportion of gelatin powder are widely used to model the mechanical
and ultrasonic characteristics of human soft tissues. The estimation results
are compared with other parameter identification techniques and rheometry
data.
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4.2
4.2.1

Model
Linear Viscoelastic Model

In this paper, normal fonts denote scalar parameters while vectors are shown
in lowercase bold and matrices in uppercase bold.
The overall stress tensor (σij ) for a viscoelastic material can be divided
into elastic and viscous terms as follows [37]:
elas
visc
σij = σij
+ σij
,

(4.1)

elas
σij
= λ ǫkk δij + 2µǫij ,

(4.2)

visc
σij

(4.3)

where,

′

′

= λ ǫ̇kk δij + 2µ ǫ̇ij ,

Strain is denoted by ǫij and its time derivative by ǫ̇ij . Tensor notation is
used, thus ǫkk = ǫ11 + ǫ22 + ǫ33 and δij = 1 if i = j and 0 if i 6= j. λ and µ are
the Lamé constants and λ′ and µ′ are the viscosity characteristic parameters.
∆
In this paper, the viscosity constant of the medium is defined as η = 2µ′ . The
Lamé constants can be expressed in terms of the Young’s modulus (E) and
the Poisson’s ratio (ν) of the medium. For the case of an isotropic material,
all of the elastic parameters can be defined in terms of only two independent
constants of the above. In most soft tissues, nearly static incompressibility
is assumed where ν ≈ 0.5 and zero fluid compressibility results in λ′ = −η/3
[37]. With these assumptions, the matrix representation of (4.1) is as follows:
σ = Cǫ + C ′ ǫ̇ ,

(4.4)

where vectors σ and ǫ contain the six components of the isotropic stress and
strain tensors and C and C ′ can be derived from equations (4.1)-(4.3). C
is the material elasticity characteristic matrix (see for example [37] or [38])
and C ′ is the material viscosity characteristic matrix:


2 −1 −1 0 0 0
 −1 2 −1 0 0 0 


η
−1 −1 2 0 0 0 
′

 .
C = 
(4.5)
0
0 3 0 0 
3 0

 0
0
0 0 3 0 
0
0
0 0 0 3
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4.2.2

Finite Element Model of the Deformation

If the region of interest is discretized, by requiring the work of external
forces to be equal to the work of inertia plus the work of the elastic and
viscous forces, the dynamic finite element model of the deformation can be
obtained. In this derivation, the internal deformation of the body, which is
governed by equation (4.4), determines the work of the internal viscoelastic
forces. The interested reader is referred to [39] for a detailed derivation.
With the excitation f (t) and displacement u(t) for all the nodes as a
function of time, the well-known transient FEM model can be obtained as
follows:
Ku(t) + B u̇(t) + M ü(t) = f (t) ,
(4.6)
where K is the stiffness matrix which depends on the elements elasticity
vector e, B is the damping matrix and M is the mass matrix composed
by globalization of the individual masses [39]. Note here that f is a vector of the known boundary conditions, including forces and displacements,
and therefore it depends on the elasticity distribution [40]. Usually M is
diagonalized by assuming lumped masses at the nodes. If equation (4.5) is
used in deriving (4.6), B will be a function of the viscosity vector η of the
elements. In a general 3D problem with n nodes and m elements, K, B and
M are 3n × 3n matrices, e and η are vectors of size m and u(t) and f (t)
are vectors of size 3n.
The Fourier transform of equation (4.6) yields:

K + jωB − ω 2 M û = fˆ .
(4.7)
where hatted variables denote Fourier transforms and j is the imaginary
unit. Decomposing û and fˆ into their real and imaginary parts, equation
(4.7) can be written as:
 r  " ˆr #
f
û
A
=
,
(4.8)
i
i
û
fˆ
with
∆

A=



K − ω2M
ωB

−ωB
K − ω2 M



,

(4.9)

where the superscripts r and i denote the real and imaginary components
of a vector, respectively.
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4.3

Inverse Problem

Upon applying an external excitation to a soft material, a deformation will
be produced within the material, which depends on the mechanical properties, boundary conditions and the geometry. A method was proposed in [17]
to optimize for the tissue Young’s modulus in a finite element model, such
that the static least squares error between measured and model-predicted
displacements is minimized. Similar optimization procedures have been
studied in a number of other works with static or quasi-static displacement data [5, 18–22]. The idea is to minimize a functional that is based on
the difference between the observed real-valued displacement vector and the
predicted one. If, however, a transient or harmonic excitation is applied,
the motion will also be affected by dynamic properties according to (4.6) or
(4.7). Therefore, a more general formulation needs to be derived that takes
into account the real and imaginary displacement components and optimizes
for the best viscoelastic parameters that match the model.

4.3.1

Reconstruction Method

An inverse algorithm is devised that searches for the optimal values of the
Young’s modulus and viscosity that yield the least deviation from the observed displacements inside the medium. With measured displacement vector û0 , an error functional can be defined as follows:
φ(p) =

1 r
1
kû (p) − ûr0 k2 +
ûi (p) − ûi0
2
2

2

,

(4.10)

where p = [eT η T ]T is a 2m parameter vector consisting of the Young’s
moduli and viscosities of the m elements in the model.
The parameter p can be iteratively updated using the Gauss-Newton
algorithm or any descent method. In this paper, the Jacobian has been
calculated by differentiating equation (4.8) and the step direction has been
computed with the Levenberg-Marqardt algorithm.
The parameter vector is updated at each iteration as pk+1 = pk + ∆pk ,
k ∈ N, where k is the iteration index. The update vector, ∆pk , can be
calculated from:
(4.11)
H k ∆pk = −J k T ∆ûk ,
where J k is the Jacobian, H k is the Hessian and ∆ûk is defined as follows:

  r

∆ûrk
ûk − ûr0
∆ûk =
=
,
(4.12)
∆ûik
ûik − ûi0
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where, for simplicity, ûk denotes û(pk ). Note that for a 3D FEM mesh with
n nodes, ∆ûk is a 6n parameter vector.

4.3.2

Calculation of the Jacobian and the Hessian

The Jacobian matrix describes the sensitivity of the displacements with
respect to the parameters, and is defined as follows:


r 
r
r 
∂ û
∂ û
∂ û
∂p
∂e
∂η
∆
=
 .
J =
(4.13)
i
i
i
∂ û
∂ û
∂ û
∂p
∂e
∂η
Differentiating (4.8) with respect to the jth element of p, i.e. pj , one
obtains:
 ˆr 
" r #
∂f
∂A û
 ∂pj 
,
(4.14)
+ A{J j } = 
i 
∂pj ûi
∂ fˆ
∂pj

where {J j } denotes the jth column of J defined in (4.13). Note that pj can
be either the elasticity or the viscosity of an element, therefore ∂A/∂pj can
be computed from (4.9) as follows:
 "
#
∂K

0

∂ej


,
pj = ej

∂K


0

∂ej
∂A
=
(4.15)
"
#

∂pj

∂
B

0 − ∂ηj



ω
, pj = ηj

∂B

0
∂ηj

The right-hand side of equation (4.14) can be calculated by considering the
effect of the displacement boundary conditions on the vector fˆ. As a result,
with known A, equation (4.14) can be solved for {J j } and thus the Jacobian
matrix can be constructed.
Once the Jacobian has been evaluated at the kth iteration, first-order
approximation of the Hessian yields:
H k = J kT J k .

(4.16)

Note that this modified Hessian, ignores the effect of the second order residuals in the least squares problem of (4.10). However, in the proximity of the
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solution, this error is negligible [41].
In general, with n nodes and m elements with unknown parameters in
the mesh, J is a 6n × 2m matrix and H is a 2m × 2m matrix.

4.3.3

Practical Considerations

Equation (4.11) requires the Hessian to be invertible. However, when the
Jacobian is rank deficient, the H k in (4.16) will be badly conditioned and
may not be easy to invert. The Levenberg-Marquardt algorithm modifies
the Hessian in such a way that the resulting step will be a combination
of the directions predicted by the steepest descent and the Gauss-Newton
methods, depending on how far the current point is from a local minimum.
If far from a local minimum, the algorithm behaves like the steepest descent
method. However, in the vicinity of a minimum, the step direction will be
close to that of the Gauss-Newton method and the positive definiteness of
the Hessian can be gauranteed [41, 42]. The Hessian may thus be modified
as follows:
(4.17)
H k = J Tk J k + λk I 2m×2m ,
where I 2m×2m is an identity matrix with m being the number of elements
with unknown parameters. λk is a small regularization factor that makes H k
positive definite. This method has been reportedly used with success in the
context of the inverse problem of elasticity (e.g. [17]). The required update
vector can be obtained by utilizing a trust-region or line-search procedure
[41].
The reconstruction result is highly dependent on the displacement noise.
As suggested by Doyley et. al a spatial filter can be applied on the modulus
distribution at every iteration to make the solution of the problem smooth
[43]. As a result, the modulus of each element will be a weighted sum of its
own value and the moduli of its adjacent elements. A linear filter can thus
be constructed in the form of a sparse matrix that contains the required
weights for each element. The filter can be convolved with the updated
modulus distribution at each iteration to conduct the optimization toward
a smooth solution.
To constrain the problem and avoid physically infeasible or implausible
results, assumptions can be made on the parameters by adding constraints
to (4.10). In particular, negative elasticity and viscosity values should be
avoided. To bound a parameter p to values greater than or equal to pL , a
technique based on the change of variables can be implemented. Therefore,
an auxiliary variable s can be defined such that p = s2 + pL . Using the chain
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rule, the problem can be formulated and solved for s, and finally p can be
calculated from the optimized value of s.
To ensure a sufficient decrease of the functional at every iteration and
guarantee convergence, a line search procedure has been implemented to
determine the step-size based on the Armijo condition which uses a first
order approximation of the functional [41].

4.4
4.4.1

Tests
Two Dimensional Modeling

Plane-Stress vs. Plane-Strain
While a 3D model accounts for the deformations in all directions, certain
assumptions can be made to simplify the problem to only two dimensions.
When the medium is confined such that the out-of-plane strain and displacements are minimized, a plane-strain model is used to analyze the deformations. This happens when some walls parallel to the imaging plane confine
the medium or when the thickness of the medium is significantly larger in
the elevational direction. Also if the axial compression is applied uniformly
on the top surface of the medium, a plane-strain assumption may be valid
on the middle plane [7]. On the other hand, a plane-stress assumption can
be legitimately made when the elevational extent of the medium is much
smaller than the other two dimensions.
In this work, for error quantification and performance analysis, a 2D
plane-stress case is assumed. Under this assumption, the material characteristic matrices for the elasticity and viscosity can be computed by setting
the out-of-plane components of the elastic and viscous stress tensors equal
to zero. This results in the following 2D characteristic matrices:


1 ν
0
E
 ν 1
0  ,
C =
(4.18)
(1 − ν 2 )
(1−ν)
0 0
2


1 −1 0
η
−1 1 0  ,
(4.19)
C′ =
2
0
0 2

where E, η and ν are the Young’s modulus, viscosity and Poisson’s ratio, respectively. Alternatively, under plane-strain assumption, the characteristic
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Figure 4.1: 2D finite elements model, using rectangular elements. The region
is bounded at the top and excited from below by a force or displacement
distribution of a known frequency. Note that the arrows do not specify
the nodes that are excited, but the presence of a distributed or localized
excitation. The axial and lateral directions of the ultrasound are shown.
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For simulated model or
experiment, measure axial
displacements û0a at ù

Assume an initial
distribution for p
Run forward problem
at frequency ù

Calculate axial displacements ûa(p)
and the Jacobian J =

¶ uˆ a / ¶ p

Using the Levenberg-Marqardt
method, update the parameters p

Calculate the functional ö(p) and its
gradient using only axial displacements

Convergence?

No

Yes
Finish
Figure 4.2: Block diagram of the optimization procedure.
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Figure 4.3: The axial strain around an elasticity and a viscosity inclusion.
The locations of the inclusions are shown in (a). The real and imaginary
parts of axial strain due to a 5Hz harmonic displacement excitation of the
lower surface are in (b) and (c). The real and imaginary axial strain profiles
due to applying the same excitation to only a few nodes at the middle
bottom of the phantom are in (d) and (e). A 2D dynamic FEM model
has been used to generate the strain fields. The artifacts in the strain
images are caused by several factors such as the loading profile, boundary
conditions and the geometry. By solving the inverse problem, the elasticity
and viscosity inclusions can be accurately delineated as illustrated in (f)
and (g). The inverse problem was solved for the case in (b) and (c). Similar
results are obtained with the data from the other case.
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matrices change to the following ones:


(1 − ν)
ν
0
E

 ,
ν
(1 − ν)
0
C =
(1 + ν)(1 − 2ν)
0
0
(1 − 2ν)


2 −1 0
η
′
−1 2 0  .
C =
3
0
0 3

(4.20)

(4.21)

Using Only Axial Displacements
If the lateral displacements are not available, the functional in equation
(4.10) can be evaluated in terms of the axial data only. Therefore, once the
Jacobian has been calculated, the rows that correspond to the lateral data
can be removed and then the step can be evaluated from equation (4.11).
In the following simulations and experimental analysis, only axial displacements were used in the inverse problem and the elasticity and viscosity at
the top of the phantom were assumed constant, thus constraining the optimization. The lateral displacement and force distribution were not used
in solving the inverse problem. The block diagram for the procedure to
solve the inverse problem in the simulation and experiments is depicted in
Fig. 4.2. A stopping criterion monitoring the gradient size and the number
of iterations has been used. Three criteria were checked in order to stop the
iterations, including the value of the functional, the functional gradient and
maximum number of iterations. The thresholds for these conditions were
chosen by trial and error.

4.4.2

Numerical Simulations

A 2D 4cm × 4cm region, bounded from above with laterally nonslip conditions, has been meshed with four-node rectangular elements. Models of
the elasticity and viscosity as defined in equations (4.18) and (4.19) were
adopted. Figure 4.1 shows a typical finite element grid as used in the simulations. As can be seen, a rectangular region of interest is bounded at the top
and excited from below by applying force or displacements to one or several
nodes. In the plane-stress formulation, the thickness of the region has been
assumed to be 1cm. Subject to a force or displacement excitation, the nodal
deformation could be calculated as explained in Section 4.2.1. With a static
displacement excitation, it has been shown that the solution to the inverse
problem of elasticity in the plane-strain state is unique, given the value of
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the Young’s moduli on the lower or upper boundaries of the medium [24].
The uniqueness of the inverse problem of viscoelasticity under plane-stress
dynamic deformation has not been studied explicitly in the literature. It is
possible that the same plane-strain analysis of [24] can be performed for the
plane-stress case to obtain similar uniqueness criteria with complex-valued
parameters as in our case. We proceed with the assumption that a unique
solution can be obtained by knowing the viscosity and elasticity on the top
row of the finite element grid, given only the complex axial displacements.
A constant density of 1000kg/m3 is assumed for the medium which is
typical of soft tissues. Within constant regions, the Young’s modulus and
viscosity are assumed to be 10kP a and 10P as, respectively, which are chosen
arbitrarily in the range of the viscoelastic properties of human soft tissues.
The Poisson’s ratio has been assumed to be 0.495 to mimic the near incompressibility of soft tissues.
To elucidate the significance of modulus imaging versus interpretation
of the strain images, a medium with an elasticity and a viscosity inclusion
has been simulated. Figure 4.3(a) shows the locations of the two inclusions.
The background has a Young’s modulus of 10kP a and a viscosity of 10P as,
while in the elasticity inclusion the Young’s modulus is 30kP a and the viscosity of the viscous inclusion was 30P as. A symmetric mesh of 21 × 21
nodes has been applied to the region and a 5Hz steady-state compressional
displacement excitation has been applied to the phantom in the axial direction. In a first trial, all of the bottom nodes of the phantom were excited
and the resulting axial strains were computed. Figs. 4.3(b) and 4.3(c) show
the real and imaginary parts of the axial strain, respectively. In a second
test, only five middle nodes at the bottom of the grid were excited, which
resulted in the strain images in Fig. 4.3(d) and 4.3(e). One can notice a
high dependency of the strain images on the loading and boundary conditions. The presence of artifacts in the images makes it hard to delineate
the inclusions by direct interpretation of the strain images, however, solving
an inverse problem with the knowledge of the boundary conditions and the
loading profile enables one to reconstruct the modulus distributions accurately. Using the displacements under the first described loading conditions,
the reconstructed images are shown in Fig. 4.3(f) and 4.3(g) for the Young’s
modulus and viscosity. Due to zero noise in this simulation, the parameters
did not need smoothing, therefore perfect reconstruction can be observed.
Similar images could be obtained using the data from the second loading
condition.
The sensitivity of the estimations to the displacement noise is illustrated
in Fig. 4.4. The same material properties and inclusion locations as in
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Figure 4.4: The displacement signal-to-noise ratio (SNR) changes the accuracy of the estimation. The computed displacements have been corrupted
by a known power of noise and the parameters have been estimated using
the raw data (the results are in black solid lines) or spatially filtered displacements (the results are in gray dashed lines). The RMS error for the
elasticity and viscosity estimates are shown in (a) and (b) respectively, while
the contrast-to-noise ratio (CNR) for those estimates are depicted in (c) and
(d).
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Fig. 4.3(a) have been used and the same mesh with 21 × 21 nodes has been
applied to the region. The entire lower side of the region was subjected to
a 5Hz steady-state excitation. White noise was then added to the resulting
displacements and the inverse problem was solved for the elasticity and
viscosity values. Two criteria were utilized to assess the performance of
the estimation. First, the RMS error was measured based on the difference
between estimated moduli and the actual ones. The RMS error for the
elasticity can be defined as follows:
v
2
u
m
u1 X
eei − e0i
t
ǫ(e) =
,
(4.22)
0 )2
m
(e
i
i=1

where m is the number of the elements and e0i and eei are the actual and
estimated elasticities for the ith element. The RMS error for the viscosity is
defined in the same way. For each level of SNR, the model was simulated 50
times and the means and standard deviations of the RMS error for elasticity
and viscosity are shown in Fig. 4.4(a) and 4.4(b). If instead of using the raw
noisy displacements, a small 3 × 3 averaging filter is applied to the displacements prior to running the inverse algorithm, a significant improvement can
be achieved in lower displacement SNR values (around 40dB), while at high
SNRs, the smoothing results in poor estimation at the boundaries of the
inclusion, and thus a higher RMS error.
As a second criterion to analyze the exactness of the solution, the contrastto-noise ratio (CNR) of the estimated elasticity and viscosity images with
inclusions can be used [45]. If the area of interest is composed of two homogeneous regions with different Young’s moduli, the CNR(e) can be defined
as follows:
2(s1 − s2 )2
CNR(e) =
,
(4.23)
σ12 + σ22
where s1 and s2 are the average elasticities estimated at the inclusion and at
the background and σ1 and σ2 are the standard deviations of the elasticity
estimates in those regions. CNR(η) can also be defined for the viscosity
estimates in a similar way. A high CNR value will be obtained if the estimates are smooth in each region but quite discriminated between the two.
The means and standard deviations of the CNR values versus displacement
SNR for the aforementioned phantom are plotted in Fig. 4.4(c) and 4.4(d)
for the elasticity and viscosity. It can be seen that the contrast is enhanced
when the displacements are filtered prior to solving the inverse problem at
higher noise levels, while the contrast is compromised at higher SNR values.
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Figure 4.5: Solving the inverse problem for a region of interest (ROI) with
unknown lateral boundary conditions. A 6cm × 6cm region has been simulated while only the axial displacement at a 4cm × 4cm region in the middle
has been used for parameter identification.
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Figure 4.6: The effect of unknown boundary conditions in the reconstruction
of elasticity and viscosity. The medium in Fig. 4.5 has been simulated. The
axial displacements were used to solve the inverse problem in the illustrated
ROI. Different lateral boundary conditions were assumed and the inverse
problem was solved: no lateral boundary forces were assumed in (a) and
(d); the top and the bottom of the ROI were assumed not to move laterally
in (b) and (e); and all four sides of the ROI was assumed to have zero lateral
motion in (c) and (f). Note that the simulations were performed for an FEM
model with 21 × 21 elements, while the displayed images are upsampled by
a factor of 5 for better illustration.
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If the lateral displacements and forces at some or all parts of the boundaries are not available, some artifacts may be present in the reconstructed
parameters. Figure 4.6 illustrates the effect of unknown boundary conditions
on the reconstruction results. The same medium as depicted in Fig. 4.3(a)
has been embedded in the middle of a larger region with the same background properties. The forward problem has been solved for a 6cm × 6cm
region. As in the previous case, the lower end of the phantom was excited by
a 5Hz axial harmonic motion, while the top was held stationary. The region
of interest (ROI) was the middle 4cm × 4cm of the phantom that enclosed
the two inclusions as shown in Fig. 4.5. The parameters have been reconstructed using only the axial displacements in the ROI and with different
assumptions on the lateral motion at the boundaries. Spatial filtering has
not been used on the estimated parameters in order to obtain a clear comparison. First, zero lateral force has been assumed on the boundaries. The
reconstructed images of the elasticity and viscosity are shown in Fig. 4.6(a)
and 4.6(d). Next, the top and the bottom of the region have been assumed
to have zero lateral motion, while the right and the left boundaries were free
to move laterally. The results are shown in Fig. 4.6(b) and 4.6(e). Finally,
all four sides of the region were assumed to have zero lateral motion and the
results are depicted in Fig. 4.6(c) and 4.6(f).
Another source of error in solving the inverse problem of viscoelasticity
arises from the fact that the deformation of the body is three dimensional.
Plane-stress or plane-strain assumptions are intended to simplify the model
to 2D, however such simplifications may result in inaccurate estimations. To
demonstrate this, a 3D region (4cm × 4cm × 3cm) has been simulated with
the same properties and inclusions as denoted before. Having the top of
the phantom axially fixed and free to move in the lateral direction, a 10Hz
displacement excitation has been applied to the bottom surface in the axial
direction. The forward problem was solved using equation (4.7). As illustrated in Fig. 4.7(a), the axial displacements in the middle plane were used to
reconstruct the elasticity and viscosity using the proposed method. The reconstruction was performed once with plane-stress assumption (Figs. 4.7(b)
and 4.7(d)) and another time using plane-strain matrices (Figs. 4.7(c) and
4.7(e)). The results show that a 2D plane-stress approximation can be used
to model such a geometry, however the artifacts can be significantly reduced
if a plane-strain assumption is applied.
Besides the 2D simplification of 3D deformations, a significant error may
arise from using an inaccurate model in the procedure. To show how the
reconstruction result may be affected if a different structure of the damping
matrix is assumed, the test with a 5Hz distributed displacement excitation
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Figure 4.7: The effect of the 3D deformations on the estimation when a
2D model is used to reconstruct the parameters. (a) shows the 3D phantom
that has been simulated with a high elasticity and a high viscosity inclusion.
The axial displacements in the middle plane were used to solve the inverse
problem in 2D. The reconstructed elasticity and viscosity with plane-stress
assumption are shown in (b) and (d), while having a plane-strain assumption
produces elasticity and viscosity estimates in (c) and (e), respectively.
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on the bottom of the phantom has been repeated using the same geometry and inclusions as before. To simulate the displacements at the first
stage, the damping matrix has been constructed in a similar way to the
stiffness matrix, i.e. equation (4.18) was used instead of (4.19), with a multiple of the viscosity substituting E0 . This is in accordance with Rayleigh
damping where the damping matrix of every element is proportional to its
stiffness matrix [46]. This model of damping, however, has not been taken
into account in the reconstruction, thus the original damping structure as
it results from equation (4.19) has been used in the inverse procedure. The
estimates as shown in Fig. 4.8 indicate that the inclusions can still be identified; however, the presence of artifacts in the viscosity image are noted as
a consequence of improper model assumptions. Some correlation can also
be noticed between the artifacts in the viscosity image and the elasticity
distribution.

4.4.3

Experiments

A tissue mimicking phantom has been constructed with 12% (by weight)
bovine skin gelatin in water. 2% cellulose (by weight) has been uniformly
added to the phantom prior to solidification to act as ultrasound scatterers
and then the mixture was poured in a 38(x)×40(y)×25(z) mm3 mold. A
small piece of a polyvinyl alcohol (PVA) sponge (Ceiba Technologies, Chandler, AZ, USA) was embedded in the phantom shortly before solidification.
The sponge was soaked in water and degassed. This type of PVA sponge
has a relatively high Young’s modulus compared to its background gelatin
and a significantly higher relaxation-time and viscosity [8]. The phantom
was placed on a specially designed shaker [8] and ultrasound RF data were
captured. The axial and lateral motions of the phantom at the transducer
side were nearly zero while the axial displacement of the other side was
estimated. Since the phantom was ultrasonically imaged up to a depth of
37mm (before the bottom of the phantom), the lateral motion at the bottom of the phantom is not known. It was assumed that lateral force on the
phantom was insignificant. A wide-band displacement excitation (1–30Hz)
with a Gaussian amplitude distribution with standard deviation of 44µm
was applied to the bottom of the phantom. The internal motion of the
phantom was estimated using a cross-correlation based algorithm with prior
estimates [47]. Frequency analysis was performed on the displacements and
the real and imaginary parts at 10.7Hz were selected to solve the inverse
problem. Since power spectral analysis yields spectral data at discrete frequencies depending on the window length that is applied on the time-domain
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data [48], only data at certain frequencies were available to solve the inverse
problem. Therefore, displacements at 10.7Hz were chosen arbitrarily in the
frequency range of excitation, such that considerable viscoelastic behavior
could be observed in the phantom.
In conventional ultrasound, an image is acquired by collecting data from
every line, progressively. Hence, there is a systematic delay between the
data recorded from different lines of the image, which causes a linear phase
difference between the displacements at different lines. As a pre-processing
stage on the experimental data, this linear lateral phase gradient due to the
limitation of the acquisition time between different lines were calculated and
its effect was removed. For this reason, the phase of the displacements were
measured and a linearly increasing trend was optimally identified in their
lateral profiles. By removing this trend, the acquisition delays were compensated. The displacements were originally estimated in a grid of 49 lines
by 67 blocks, filtered and then down-sampled by a factor of 2. As shown
in Fig. 4.4, filtering the displacements improves the accuracy of the estimation at the range of SNR that is typical for elastographic motion estimation.
The down-sampling was performed to reduce the number of variables and
the size of the problem. This has only achieved through compromising spatial resolution with processing speed and system memory.
Based on independent rheometric measurements, the background gelatin
had a Young’s modulus and a relaxation-time of approximately 15kP a and
1ms respectively. The relaxation-time is the ratio of the viscosity to the
Young’s modulus of the material. The relaxation-time of the PVA sponge
was also measured to be approximately 4.5ms at 10.7Hz [8]. Using initial
conditions of 15kP a and 15P as for the elasticity and viscosity for the entire
medium, the inverse problem was solved and the parameters were reconstructed. Since the elevational size of the phantom was nearly one half of
the other two dimensions, a plane-stress model was presumably more accurate than a plane-strain one in describing the internal deformations. The
iterative scheme was set to stop after the gradient reached a sufficiently small
value [41]. The B-mode image and approximate location of the inclusion are
depicted in Fig. 4.9(a).
The reconstructed images of elasticity and viscosity are shown in Fig. 4.9(b)
and 4.9(c). The estimated relaxation-time is also shown in Fig. 4.9(d). It
can be seen from the reconstruction results that the relaxation-time difference between the medium and the inclusion is approximately 2ms. This
parameter was measured to be 3.5ms in rheometry tests. Although some
artifacts are present in the estimated images, the inclusion can be clearly
distinguished from the background material.
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4.5

Discussion

The feasibility of reconstructing the elasticity and viscosity in a non-homogeneous
medium based on a finite element analysis has been studied in this work. A
model has been devised to account for the viscoelastic changes in soft tissues.
The simulations and experiments were performed in 2D while they can be
generalized to a 3D problem if other components of the displacements can
also be measured experimentally. The assumption of a nearly plane-stress
deformation has been made in this work and the simulations and inversion
techniques have been utilized accordingly. If, however, a plane-strain state
is known to explain the observed deformations more accurately, the same
inverse algorithm can be used with a proper plane-strain formulation of the
forward problem. While 2D FEM is a simplification of the more general
3D problem, even the proposed 3D formulation or other 3D models in the
literature may not accurately model the deformations.
As explained in Section 4.2.2, the mass matrix in dynamic finite element
analysis can be diagonalized to improve computational efficiency. A diagonal representation of the damping matrix is also permissible in some situations. A more general scheme to characterize the damping matrix, coined as
Rayleigh or proportional damping, is to form it as a linear combination of the
stiffness and mass matrices [46]. Depending on the structure and frequency,
the effect of either stiffness or mass matrices may be dominant, which respectively make the damping matrix approximate a consistent or lumped
representation. The damping matrix using this approach is frequency dependent, where the part attributable to the stiffness matrix increases with
increasing frequency and the part attributable to the mass matrix increases
with decreasing frequency [39]. A more realistic characterization of the
damping matrix for soft viscoelastic materials has been proposed in this
paper. The equations of dynamic equilibrium have been discretized in a
finite element mesh and further simplified to obtain the desired relationship
between the force and displacement vectors. With this representation, one
can be sure that within the discretization error, the acquired finite element
model agrees with other viscoelastic formulations based on the equilibrium
equations.
To reduce the condition number of the Hessian matrix (often larger than
1012 ), two methods have been tested. In the Levenberg-Marquardt method,
the step is close to that of the Gauss-Newton when the Hessian is invertible
and similar to that of the steepest descent when Hessian is non-invertible.
Another technique is to modify the small eigenvalues of the problem to
limit the condition number of the Hessian with an upper bound. In the
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simulations and experiments in this paper, the difference between the results
from the two methods was seen to be insignificant, thus the LevenbergMarquardt technique has been selected.
The poor condition numbers of the inverse problems in elasticity and
viscosity make the final solution dependent on the initial conditions and the
optimization technique that is used. One approach to obtain smooth profile
of the parameters is to add the Laplacian of the parameters to the functional
and search for the solution that minimizes the displacement difference and
the Laplacian term at the same time [20]. In this paper, as suggested in [43]
the parameters were spatially filtered by a 3 × 3 averaging kernel at each
iteration to render a smooth solution when dealing with noisy displacements.
The inverse problem of elasticity and viscosity is solved using only axial
displacements. Figure 4.3 demonstrates the artifacts in the strain images
and how they can be removed by solving the inverse problem. While knowledge of the lateral boundary conditions will result in accurate estimation
and removal of the artifacts, from Fig. 4.6 it can be seen that axial data are
not sufficient to characterize the medium. With lateral motion estimation
in elastography, axial and lateral displacements can both be used to remove
the artifacts corresponding to unknown boundary conditions.
The simulations were performed with a relatively coarse mesh of 21 × 21
within a 40×40mm2 region. The spatial resolution can be enhanced by using
a finer grid size, at the expense of computational resources. Alternatively,
spatial resolution can be enhanced recursively through mesh refining. For
this purpose, a coarse mesh can be first applied to the original problem. Once
the parameters have been reconstructed, the resolution can be enhanced in
different regions of interest by applying a finer localized mesh, so that the
inverse problem can be solved with higher spatial resolution only in that
region. Based on Figs. 4.5 and 4.6, such a refining window can be applied
to any part of the image, given that the lateral boundary conditions are
partially known for that window.
The error in estimation has been measured by defining two criteria, RMS
error and contrast-to-noise ratio. Figure 4.4 shows that below a certain level
of displacement SNR, parameter reconstructions results in noisy and unreliable estimates. This sensitivity to noise may be lowered by appropriate
filtering of the noisy displacement data. The RMS error seems to reach a
plateau rather than converging to zero at high SNR values. This is due to
filtering of the parameters at every iteration as explained in Section 4.3.3.
Based on equation (4.22), the RMS error may originate from either estimation bias or variance [49, 50]. The errors quantified in Fig. 4.4 for simulated
data are mainly due to the latter, which indicates the lack of precision in the
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estimates. Compared to the estimation variance, the bias can be made small
by choosing suitable initial conditions for the recursions and assuming correct parameters as the constrained boundary values for the problem. Both
of these errors are important factors in producing reliable images; however,
the presence of a small amount of bias in the estimated parameters may still
yield decipherable images while estimation variance may drastically drown
out the modulus distribution.
In in vivo situations, it may not be feasible to know the exact boundary
conditions of the tissue. In that case, lateral displacement measurements
would help reduce the artifacts in the reconstructed parameters. However,
due to the coarse lateral resolution of ultrasound imaging, if accurate lateral motion estimation is not obtainable, some basic assumptions should be
made on the lateral force or displacement on the boundaries of the imaging
window. Figure 4.6 shows how such assumptions influence the reconstructions. In this example, uncertainty of the lateral boundary conditions had
negligible effect on the estimated Young’s modulus, while estimated viscosity is seen to be dependent on the boundary conditions assumed. In this
particular case, one can see that, in comparison to the other assumptions,
a zero force assumption produced a more acceptable viscosity estimate in
Fig. 4.6(d) while a faded shadow of the elasticity inclusion is visible. Although accurate knowledge of the lateral boundary conditions is necessary,
it is not sufficient to produce estimations that are free of artifacts. As seen
in Fig. 4.7 simplifying a 3D problem to a 2D one can also produce errors.
In the case of Fig. 4.7(a), the elevational dimension of the phantom was
comparable to the other dimensions, hence a plane-strain model was relatively more accurate in describing the deformations. Here, a plane-strain
model would be best suited if the thickness of the phantom were increased,
while a smaller thickness would make the result of a plane-stress model more
reliable.
The systematic estimation error caused by choosing inaccurate models
are depicted in Figs. 4.7 and 4.8. Ideally, the reconstruction results in both
of these cases should be the same as those in Figs. 4.3(f) and 4.3(g). Using a 2D model to describe the 3D deformations will be acceptable only if
the dimensionality reduction to obtain a plane-stress or plane-strain state
is reasonable. The blurs and artifacts in Figs. 4.7(b) and 4.7(d) are due
to the marginal accuracy of the plane-stress approximation. In this case, a
plane-strain model produced less artifact and more clear images as seen in
Figs. 4.7(b) and 4.7(d). Also based on the findings in Fig. 4.8, one should
expect to see some artifacts from misrepresentation of the damping phenomenon, since the model proposed by incorporating equation (4.5) or (4.19) into
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the FEM equations may not accurately describe the damping mechanisms
in soft tissues.
The algorithms have been tested with experimental data. A gelatinbased phantom was constructed with a hard and more viscous sponge-like
PVA inclusion. The estimation results are in agreement with the rheometry
tests reported in [8]. However, rheological models do not account for tissue
compressibility and compressibility was not considered in the FEM model
either. During phantom construction, the small piece of sponge was degassed
and saturated with water, so that the volumetric changes are likely to be
dominated by water. Since the volume within the inclusion was preserved
with the water trapped inside, a nearly incompressible condition has been
assumed. To what extent this was achieved is an acknowledged challenge.
The porosity of the sponge material may make it compressible and this
would introduce errors in the parameter identification. However, in such an
FEM model, it is only the viscoelasticity that can account for the observed
phase changes, while porosity and compressibility result in a change in the
static deformation profile.
Lateral forces were not measured at the boundaries and maintaining
non-slip lateral conditions at the boundaries is not trivial. Therefore, unknown lateral boundary forces and displacements in the problem produced
artifacts in the reconstructed images as expected from the simulations. The
gray shadows below the inclusion in both images of Fig. 4.9 are due to the
lack of information about the boundary conditions as well as inaccuracy in
estimating the displacement phasors. Due to lower sonographic SNR in the
region below the sponge, relatively poorer displacement estimates were obtained, which also lowered the estimation accuracy in that region compared
to the rest of the phantom. If lateral displacements are measured or lateral
forces are known at the boundaries, the accurate information can be used to
enhance the reconstruction results. In addition, a plane-stress assumption
has been made in this experiment due to the relatively smaller elevational
dimension of the phantom compared to the other dimensions. While planestress should be a more suitable model than plane-strain, it would be more
accurate if the thickness were smaller. Therefore, some systematic error
should be expected due to utilizing a simplified model.
In in vivo experiments where boundary conditions are not known, high
quality estimates of the axial and lateral displacements are necessary to
solve the inverse problem in any region of interest. Given the much more
complex environment when dealing with human subjects, knowledge of the
lateral displacements may be crucial to decouple the effect of the boundary
conditions. However, for simple situations where legitimate assumptions can
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be made for the lateral displacements, the axial component of the motion
may be sufficient to reconstruct the viscoelastic properties.

4.6

Conclusion

The feasibility of measuring the viscoelastic parameters of soft tissue using
dynamic finite element models has been explored in this paper. A finite element model has been derived to account for the viscoelastic changes in the
soft tissue, consistent with the known rheological models. Using this deformation model and the observed dynamic data, the viscosity and elasticity
have been reconstructed in the medium by solving an inverse problem. The
proposed algorithm was derived for the general 3D finite element model. The
2D algorithms were also explored to comply with conventional ultrasound
elastography. It is known that the solution to the elasticity inverse problem
using quasi-static FEM is subject to high noise sensitivity. The accuracy
of estimating the viscoelastic parameters using the proposed algorithm was
found to be dependent on the boundary conditions, displacement noise level
and appropriate temporal and spatial filtering of the displacements. An iterative solution to the inverse problem of elasticity and viscosity has been
formulated. A well-known Gauss-Newton based approach to solve the inverse problem of elasticity has been modified in such a way that steady-state
harmonic deformations are used to estimate the viscoelastic properties and
the need for lateral information is minimized. The solution can be computed
through incorporating a priori knowledge of the moduli, such as the values
of the parameters on the boundaries, the smoothness of the solution, etc.
The methods were studied in FEM simulations and the effect of the displacement noise and boundary conditions were explored. The approach has been
tested in an experiment and successfully reconstructed the viscosity and
elasticity in a gelatin based phantom with an inclusion of known properties.
It was found that in some simple situations, only axial displacements and
approximate knowledge of the lateral conditions at the boundaries may be
sufficient to characterize the medium. In more complex cases, however, utilizing both axial and lateral displacements at the boundaries may be needed
to successful estimate all the parameters.
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Figure 4.8: The effect of using an inaccurate model in the inverse problem
for (a) the elasticity and (b) the viscosity estimations. The displacements
were computed using a model of the damping in which the damping matrix
of every element is assumed to be proportional to its stiffness matrix. The
inverse problem was then solved using the proposed damping structure as it
results from equation (4.19).
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Chapter 5

Model Validation for
Longitudinal Wave
Propagation in a Viscoelastic
Environment
4

5.1

Introduction

The propagation of the wave in soft tissues is governed by local mechanical
properties. In an inverse problem scheme, the unknown mechanical parameters can be identified by analyzing the dynamic motion of the medium.
While there are two types of wave that can propagate in a viscoelastic environment, shear waves have received a significantly more attention than
longitudinal waves in the field of tissue characterization. For a shear or
transverse wave, particle displacements are in a direction perpendicular to
the direction of the wave propagation, while for a longitudinal wave, the
particle motions are in the same direction as the wave propagates. Shear
waves can be produced inside the tissue either by external transverse motion
of the boundary [1, 2], or through remotely induced acoustic radiation force
impulse (ARFI) [3–6]. The resulting shear wave can be tracked by ultrasound or by magnetic resonance elastography (MRE) and the shear modulus
can be reconstructed from the velocity of the wave front [7].
Longitudinal waves are assumed to have a very high propagation speed
which makes them untraceable by ultrasound or low frame-rate data acquisition methods. Therefore, the effect of longitudinal wave is usually eliminated
by applying the curl operator to the displacement field [8]. We have recently
shown that it is possible to track the compressional motion of the medium
4
A version of this chapter has been submitted for a journal publication. H. Eskandari,
A. Baghani, S. E. Salcudean and R. Rohling, “The Influence of the Boundary Conditions
on Longitudinal Wave Propagation in a Viscoelastic Medium”. Physics in Medicine and
Biology, submitted in Mar. 2009
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using ultrasound vibro-elastography [9, 10]. Observations of wave propagation in tissue-mimicking phantoms indicate that a compression travels at a
much lower speed in finite media than the speed of ultrasound, which makes
it possible to track the wave front by means of ultrasound. Similar results
were also obtained in [11] and [12], where the relaxation behavior of phantoms and breast tissue were observed and quantified using a compressional
scheme.
In [13], a method for generating low-speed longitudinal waves was proposed. A low-frequency compressional excitation was applied by two rods
that were placed on both sides of an ultrasound probe. As a result, a wave
could be seen in front of the probe, having the same speed as the shear
wave. This phenomenon was explained in [13] and [14] as being the effect of
superposition of the shear wave fronts of the two exciters, superimposing in
the middle line and producing a longitudinally polarized shear wave through
mode conversion. A Green’s function analysis in [15] revealed the effects of a
coupling term in observing waves that propagate longitudinally at the speed
of shear wave.
In this paper we investigate the effect of boundary conditions and excitation on the speed of longitudinal waves in a finite medium. It will be
shown by analyzing the three-dimensional (3D) wave equation and through
finite element simulations that a compressional wave may travel at very high
speed or at speeds as low as that of the shear wave. While a plane p-wave in
an incompressible medium will travel at a speed close to that of ultrasound,
depending on the boundary conditions, a slow longitudinal wave may also
be generated in the medium with the main component of its particle motion
in the direction of propagation. As a result, besides shear wave excitation,
tracking the longitudinal waves in ultrasound elastography can be a used
as another method to investigate the viscoelastic behavior of the materials. A 3D FEM model was adopted as a reference for the analysis and to
validate the theoretical results, while the error produced by simplified 2D
FEM or even 1D models are explored. Transient and harmonic simulations
were performed. A linear viscoelastic medium was assumed and the effect
of viscosity on the displacement spectrum is discussed.

5.2

Governing Equations in a Linear Viscoelastic
Medium

In the Cartesian coordinate, the three dimensional (3D) displacement vector
~ = [ux , uy , uz ]T and the strain tensor ǫ = [ǫxx , ǫyy , ǫzz , γxy , γxz , γyz ]T
u
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have the following relationship:


∂x 0 0
 0 ∂y 0 


 0 0 ∂z 

u
ǫ=
~ .
 ∂y ∂x 0 
 ∂z 0 ∂x 
0 ∂z ∂y

In a linear viscoelastic medium, the stress tensor
time-dependent strain tensor through a combination of
λ and µ, and viscosity constants λ′ and µ′ .

λ + 2µ
λ
λ
0 0

λ
λ
+
2µ
λ
0 0


λ
λ
λ
+
2µ
0 0
σ = 

0
0
0
µ 0


0
0
0
0 µ
0
0
0
0 0
 ′
λ + 2µ′
λ′
λ′
0 0
′
′
′
′

λ
+
2µ
λ
0 0
λ

′
′
′
′

λ
λ
λ + 2µ 0 0
+ 

0
0
0
µ′ 0


0
0
0
0 µ′
0
0
0
0 0

(5.1)

σ is related to the
the Lamé constants
0
0
0
0
0
µ
0
0
0
0
0
µ′






ǫ








 ∂t ǫ ,




(5.2)

where ∂t is the time-derivative. Here, µ and µ′ are often referred to as
shear elasticity and shear viscosity, and λ′ is known as the elongational or
compressional viscosity.
The equation of motion for a body that is subjected to an external force
~ , is:
field f


∂x σxx + ∂y σxy + ∂z σxz
~ ,
~ =  ∂x σxy + ∂y σyy + ∂z σyz  + f
ρ ∂t2 u
(5.3)
∂x σxz + ∂y σyz + ∂z σzz

~ is the displacement vector as a function of time and position, and ρ is
where u
the density. By inserting from (5.1) and (5.2) into (5.3), a hyperbolic partial
differential equation (PDE) results which describes the wave propagation in
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a linear viscoelastic medium [18]:
~ .
~ = (λ + µ)∇∇ · u
~ + µ∇2 u
~ + (λ′ + µ′ )∇∇ · (∂t u
~ ) + µ′ ∇2 (∂t u
~)+ f
ρ ∂t2 u

(5.4)

The gradient and divergence operators are denoted by (∇) and (∇·), respectively. The vector Laplacian ∇2 is defined as the divergence of the gradient
~ = ǫxx + ǫyy + ǫzz ,
of the vector. Note that in the Cartesian coordinates ∇ · u
which is a measure of the volumetric change in the medium and is called the
dilatation.
The Young’s modulus E is defined as:
E = (1 − 2ν)λ + 2µ ,

(5.5)

where ν is the Poisson’s ratio, which takes values between 0 and 0.5. A
value close to 0.5 denotes incompressibility of the material as is the case for
soft tissues. Different assumptions have been made in the literature to reduce the number of viscosity parameters. For example, if the viscous effects
are assumed to follow the elastic effects in the material, then λ′ /λ = µ′ /µ.
However, there has been little justification for such similar behavior of viscsity and elasticity which makes this assumption implausible [16]. Another
assumption as made by [4] and [8] is that the compressional viscosity λ′ is
negligible compared to the shear viscosity. To our knowledge, there is no
experimental validation for this assumption for incompressible soft tissue.
Another approach is to translate the idea of elastic incompressibility into
the viscosity domain by assuming that the bulk viscosity is negligible, so
that the fluid incompressibility condition holds. When the divergence of
flow is zero, the fluid is considered to be incompressible and the term associated with the bulk viscosity in the Navier-Stokes equations will vanish. In
this case, the power dissipation in the medium is only diviatoric dissipation
associated with the distortion or shape-change, rather than dilatational dissipation that involves a change of volume [17]. The bulk viscosity is defined
as κ = λ′ + 2µ′ /3 which can be set to zero to obtain:
2
λ′ = − µ′ .
3

(5.6)

Bulk viscosity is known to be negligible compared to shear viscosity for
rubber-like materials as well as some liquids and gases [18]. We proceed with
the assumption that both conditions of elastic incompressibility (ν ≈ 0.5 in
(5.5)) and fluid incompressibility (5.6) are marginally satisfied in soft tissue.
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5.3

Wave Equation and the Propagation Speed

In a purely elastic medium, the wave equation in (5.4) becomes:
~ .
~ = (λ + µ)∇∇ · u
~ + µ∇2 u
~ +f
ρ ∂t2 u

(5.7)

The general solution of equation (5.7) can be decomposed into a divergencefree and a curl-free component [18]. The divergence-free part tends to maintain the volume and is referred to as the shear or s-wave which travels at a
speed of:
r
µ
cs =
.
(5.8)
ρ
The curl-free component has no rotation within infinitesimal blocks of material and is called the dilatational or p-wave which travels at a higher speed:
s
λ + 2µ
cp =
.
(5.9)
ρ
While pure shear or dilatational waves travel at the designated speeds
mentioned above, the influence from the boundary conditions may give rise
to waves that travel at other velocities. A few examples are presented in the
following sections.

5.3.1

Longitudinal Wave in a Finite Medium
Approximating a Thin Rod

Let us first consider the case where the excitation is mainly compressional
in the x direction. If the exciter is large relative to the cross-section such
that a plane-wave is induced in the medium, and the sides of the region have
free boundaries, all the stress components except for σxx , may be ignored.
Note that for a viscoelastic case, the strain distribution will be affected
by the viscous stresses as well as the elastic stresses, however due to the
compressional excitation and the plane-wave assumption, σxx is dominant
and the approximation should be valid. Using this condition in (5.2),




(λ + µ) + (λ′ + µ′ )∂t σxx = µ + µ′ ∂t (3λ + 2µ) + (3λ′ + 2µ)∂t ǫxx .
(5.10)

For the interior region that is not experiencing any internal force, (5.3) is
reduced to ∂x σxx = ρ ∂t2 ux . This can be substituted into (5.10) to obtain
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the viscoelastic wave equation in the x -direction:




ρ (λ + µ) + (λ′ + µ′ )∂t ∂t2 ux = µ + µ′ ∂t (3λ + 2µ) + (3λ′ + 2µ)∂t ∂x2 ux .

(5.11)

This is a third order PDE with respect to the variable t. The case of
longitudinal wave propagation in a viscoelastic thin rod has been addressed
more than seven decades ago by Thompson [16]. The conditions described in
this section in which non-axial stress components become zero approximate a
thin rod situation. Therefore, following [16], by taking the Laplace transform
in the x domain (L{f (x)} = F (s)) and the Fourier transform in the t domain
(F{f (t)} = fˆ(jω)), the characteristic equation of (5.11) becomes:
−ω 2 ρ + s2

(µ + jωµ′ ) [(3λ + 2µ) + jω(3λ′ + 2µ′ )]
=0.
[(λ + µ) + jω(λ′ + µ′ )]

(5.12)

There are three roots associated with this characteristic equation with respect to ω. However, considering that at relatively low frequencies (λ+µ) ≫
(λ′ + µ′ )ω for incompressible materials, the root that corresponds to the denominator is very large and may be ignored [16]. Also, with the assumption
of zero bulk viscosity, 3λ′ + 2µ′ = 0. Therefore, equation (5.12) reduces to:
−ω 2 ρ + s2

(µ + jωµ′ )(3λ + 2µ)
=0.
(λ + µ)

(5.13)

Given the incompressibility of the material and the definition of Young’s
modulus, this can be written as −ω 2 ρ + s2 (E + jωη) = 0, which results in
the following PDE:
ρ∂t2 ux = E∂x2 ux + η∂x2 ∂t ux .
(5.14)
η is called the coefficient of normal viscosity, where,
η ≈ 3µ′ .

(5.15)

Equation (5.14) describes the propagation of the wave in a 1D environment. This PDE can be discretized using the well-known distributed system
of mass-spring-damper (MSD) elements in series [19]. Based on (5.15), in
order for the 1D model to follow the behavior of the 3D model in its best
sense, the equivalent viscosity of the 1D model should be three times the
shear viscosity. This will be taken into account in the following simulations
where behaviors of different models are compared. Also, given that the
Young’s modulus in incompressible materials is approximately three times
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the shear modulus, the ratio between the observed viscous effect and the
elastic or shear modulus, entitled relaxation-time, would be independent of
the modality of the excitation, whether it is shear or longitudinal.
Equation (5.14) indicates that a longitudinal wave is present in the
medium, propagating at a much lower speed than cp . In the purely elastic
case, without the influence of viscosity, the speed is:
s
E
c0 =
.
(5.16)
ρ
This value, being approximately 1.7 times the shear wave speed for incompressible materials, denotes that a low-speed longitudinal wave can be
induced in the medium by applying certain boundary conditions. Note
that if the viscosity
is also taken into account, the effective modulus from
p
(5.14) will be E 2 + ω 2 η 2 instead of E, which results in a speed equal to
c ≈ c0 (1 + ω 2 τ 2 /4), where τ = η/E is the relaxation-time. However, with
the small viscosity and relaxation-time in soft tissue, this correction term
is negligible at low frequencies and equation (5.16) can be used to calculate
the wave speed.

5.3.2

Longitudinal Wave Induced by a Point Source Exciter

Suppose a point source excitation is applied axially to a block of homogeneous material in which radial symmetry can be assumed. In this case,
it is more convenient to analyze the problem in cylindrical coordinates as
shown in Fig. 5.1. The stress-strain relationship in the cylindrical coordinate system is the same as (5.2). Similar to the analysis in Section 5.2,
in the cylindrical coordinates where ǫ = [ǫxx , ǫrr , ǫθθ , γxr , γxθ , γrθ ]T and
~ = [ux , ur , uθ ]T , the strain tensor is defined as follows:
u





ǫ=




∂x
0
0
∂r
1
r ∂θ
0

0
∂r

1
r
∂x
1
r

0
∂θ

0
0
1
r ∂θ
0
∂x
(∂r − 1r )






u
~ .



(5.17)

The equation of motion in the x -direction in this case becomes:
1
1
ρ ∂t2 ux = ∂x σxx + ∂r σxr + σxr + ∂θ σxθ + fx .
r
r

(5.18)
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Note that if all the shear stress components are zero, the resulting wave
equation would be that of the p-wave in a viscoelastic medium.
For the interior, where fx = 0, (5.18) can be expanded as:
ρ ∂t2 ux =

[(λ + 2µ) + (λ′ + 2µ′ )∂t ] ∂x (ǫxx + ǫrr + ǫθθ )
−2(µ + µ′ ∂t )∂x (ǫrr + ǫθθ )

+(µ + µ′ ∂t )∂r ǫxr + 1r (µ + µ′ ∂t )ǫxr + 1r (µ + µ′ ∂t )∂r ǫxθ . (5.19)
It can be shown that equation (5.19) can be simplified to:
ρ ∂t2 ux = [(λ + 2µ) + (λ′ + 2µ′ )∂t ] ∂x (ǫxx + ǫrr + ǫθθ )
−2(µ + µ′ ∂t ) 1r [∂r (r ω̄θ ) − ∂θ (ω̄r )] ,

(5.20)

where ω̄r and ω̄θ are rotations about the r̂ and θ̂ axes:
2ω̄θ = ∂z ur − ∂r uz ,

and,

2ω̄r =

1
∂θ uz − ∂z uθ .
r

(5.21)

To obtain a relationship between the radial and angular strains on the
axis of excitation, l’Hôpital’s rule can be utilized at r → 0. According to
this theorem, if two functions are differentiable in a neighborhood of a given
point while both of them converge to zero, the indeterminate limit of their
quotients would be equal to the quotient of their derivatives at that point.
By applying this rule to the angular strain, one gets:
1
ǫθθ |r=0 = lim ur = lim ∂r ur = ǫrr |r=0 .
r→0 r
r→0

(5.22)

Also, due to radial symmetry in this case, σθθ = 0, which according to
(5.2), leads to:


(λ + 2µ) + (λ′ + 2µ′ )∂t ǫθθ + (λ + λ′ ∂t )(ǫxx + ǫrr ) = 0 .
(5.23)
Inserting from (5.22) into (5.23), at the axis of excitation:
ǫrr = ǫθθ =

−(λ + λ′ ∂t )
ǫxx .
2 [(λ + µ) + (λ′ + µ′ )∂t ]

(5.24)

Inserting (5.24) into (5.20) and also noting that all rotations would be
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Figure 5.1: Displacement vector in the cylindrical coordinate system.
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zero on the excitation axis, the following results:




ρ (λ + µ) + (λ′ + µ′ )∂t ∂t2 ux = µ + µ′ ∂t (λ + 2µ) + (λ′ + 2µ)∂t ∂x2 ux .

(5.25)

With the same approach as in section 5.3.1 and given the large value of
λ compared to µ, µ′ and λ′ in incompressible materials, the wave equation
simplifies to:
(5.26)
ρ∂t2 ux = µ∂x2 ux + µ′ ∂x2 ∂t ux .
Therefore, given radial symmetry in the medium, a point-source exciter
will generate a longitudinal wave that travels at the shear speed:
r
µ
cps =
,
(5.27)
ρ
Although ω̂θ is not identically equal to zero on the axis of excitation, the
assumption of relatively small ω̂θ is validated in Section 5.5 by observing
the same wave as predicted above. Also, note that using (5.23), the axial
stress will be:
σxx = [(λ + 2µ) + (λ′ + 2µ′ )∂t ] ǫxx + (λ + λ′ ∂t )(ǫrr + ǫθθ )
=

(µ+µ′ ∂t )[(3λ+2µ)+(3λ′ +2µ′ )∂t ]
ǫxx
[(λ+µ)+(λ′ +µ′ )∂t ]

≈ E ǫxx + η ∂t ǫxx ,

(5.28)

where η is as in equation (5.15). In other words, the apparent elastic constant in the axial direction is the Young’s modulus rather than the shear
modulus, however the velocity of the wave is determined by the shear modulus according to (5.27).

5.4

Determining the Wave Speed from the
Spectra of the Displacements

In this section, the effect of the viscosity on the wave equation and in particular on the displacement spectrum will be analyzed. It will be shown that
the wave speed can be estimated from the spectrum of the displacements in
a viscoelastic medium. The result from this section will be used to estimate
the wave speed from the simulation results in Section 5.5, where the effect of
the boundary conditions on the wave speed is explored. As shown in [10], if
the medium is bounded from one end, the solution to (5.14) in the frequency
126

Chapter 5. Longitudinal Wave Propagation
domain is in the following form:
û(x, ω) = A0 [cos(βx)sinh(αx) + jsin(βx)cosh(αx)] ,

(5.29)

where û is the Fourier transform of ux , A0 is the amplitude of the vibration at
frequency ω and α and β can be calculated by taking the Laplace transform
of (5.14) in the x domain and the Fourier transform in the t domain [10]:
(E + jωη)s2 + ω 2 ρ = 0 .

(5.30)

The relaxation-time is defined as τ = η/E. Given that in soft tissue, ωτ ≪ 1
for ω < 100Hz, the solution to (5.30) can be written as:
jω
jω
jωτ
s = ±(α + jβ) = ± √
≈ ± (1 −
),
c0
2
c0 1 + jωτ

(5.31)

where c0 is defined in (5.16). Hence,
ω2τ
,
2c0
ω
β≈
.
c0

α≈

(5.32)

If the excitation is applied at x = L with a magnitude of one at all frequencies, it can be shown through simple trigonometric and hyperbolic transformations, that the magnitude of the displacement in (5.29) is:
|û(x, ω)| =

sinh2 (αx) + sin2 (βx)
.
sinh2 (αL) + sin2 (βL)

(5.33)

Equation (5.33) is a 2D function of ω and x, from which the wave speed
c0 can be obtained. Two points on this functions are of particular interest
to us:
(i) The frequency f1 at which the displacement at x = L/2 is larger than
other locations.
(ii) The frequency f2 at which the displacement at x = L/2 has its maximum value compared to other frequencies.
Note that for a purely elastic medium, these two points will be identical.
So that, the wave speed can be estimated by finding either the frequency
that maximizes the displacement at the middle point or the frequency for
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which the middle point has the highest displacement magnitude compared
to other locations. Figure 5.2 shows the displacement magnitude in equation
(5.33) as a function of frequency and depth for a low viscosity and a high
viscosity medium. A Young’s modulus of 10kP a and density of 1000kg/m3
were assumed, thus c0 = 3.16m/3 and f0 = c0 /(2L) = 26.4Hz. First, with
a viscosity of 5P as, α and β were calculated from (5.31). The displacement
magnitude and the equal contour plots are shown in Figs. 5.2(a) and 5.2(b)
where the frequencies as noted by case (i) and case (ii) are shown as f1 and
f2 respectively. It can be seen that if the viscosity is very low, the two cases
are almost the same and both f1 and f2 occur very close to f0 . In the second
case, a viscosity of 30P as was assumed and the displacement magnitudes
were calculated. The magitude and contour plots are depicted in Figs. 5.2(c)
and 5.2(d). In this case, f1 = 33.2Hz and f2 = 24.4Hz, therefore, using f2
to reconstruct the wave speed would be more accurate. In the following, we
will explore how the wave speed can be reconstructed from case (i) using f1
and from case (ii) using f2 . The errors that each approximation produces will
be quantified. The better method will be adopted for wave speed analysis
in the remaining sections of the paper.

5.4.1

Case (i)

According to (i), ω1 should be found such that, ∂x |û(x, ω1 )| = 0, at x = L/2.
By differentiating (5.33) with respect to x,
∂x |û(x, ω)| =

αsinh(2αx) + βsin(2βx)
.
sinh2 (αL) + sin2 (βL)

(5.34)

This equation should be zero at [x, ω] = [L/2, ω1 ]. Therefore,
1
ω1 τ sinh(αL) + sin(βL) = 0 .
2

(5.35)

Since we assumed that ωτ ≪ 1 and L ≪ 1, therefore, sinh(αL) ≈ αL. As a
consequence, it can be shown from (5.35) that sin(βL) ≈ 0 while βL ≫ 0.
Thus, sin(βL) ≈ π − βL. From (5.35) and (5.32):
ω13 τ 2 L
ω1 L
+π−
=0.
4c0
c0
If ω1 = 2πf1 , the wave speed can be estimated as follows:

c0 = 2f1 L 1 − π 2 f12 τ 2 .

(5.36)

(5.37)
128

Chapter 5. Longitudinal Wave Propagation

0

1

50

1

2

40

2

3

30

4

20

5

10

6

10

20
30
40
Frequency (Hz)

50

Depth (cm)

Depth (cm)

0

3
4
5
6

60

20

(a)

f1, f2

40
60
Frequency (Hz)

(b)
0

0

1

1
2
1

3
4

Depth (cm)

Depth (cm)

1.5
2
3
4

0.5
5
6

5
10

20
30
40
Frequency (Hz)

(c)

50

60

6

20

f2

f1

40
60
Frequency (Hz)

(d)

Figure 5.2: The magnitude of the displacement in a 1D model of the wave
equation with the purely elastic wave speed of 3.16m/s, length of 6cm, and
Young’s modulus of 10kP a. (a) and (b) are the magnitude and contour plots
for the case that the viscosity is 5P as. The frequencies denoted by case (i)
and case (ii) are almost equal. (c) and (d) show the the plots for the case
that the viscosity of the medium is 30P as. In this case, f1 over-estimates
the actual value, while f2 results in a relatively small under-estimation.
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Apparently in this case, if one uses 2f1 L instead of (5.37), the wave speed
will be over-estimated by a small fraction.

5.4.2

Case (ii)

In this case, ω2 should be found such that ∂ω |û(x, ω)| = 0 at [x, ω] =
[L/2, ω2 ]. By taking the derivative of (5.33) with respect to ω and putting
it equal to zero for x = L/2, the following will be obtained:

(ω2 τ sinh(αL) + sin(βL)) sinh2 (αL) + sin2 (βL) =


2 αL
2 βL
) + sin (
) .
(5.38)
2 (ω2 τ sinh(2αL) + sin(2βL)) sinh (
2
2
Using the characteristics of the trigonometric and hyperbolic functions, it
can be shown that:
sinh2 (αL) + sin2 (βL) = (cosh(αL) + cos(βL)) (cosh(αL) − cos(βL)) ,
(5.39)
and,
αL
βL
cosh(αL) − cos(βL)
) + sin2 (
)=
.
(5.40)
sinh2 (
2
2
2
Inserting (5.39) and (5.40) into (5.38) gives:
(ω2 τ sinh(αL) + sin(βL)) (cosh(αL) + cos(βL)) =
ω2 τ sinh(2αL) + sin(2βL) ,

(5.41)

which can be simplified to:
sin(βL) = ω2 τ sinh(αL) .

(5.42)

Using the same assumptions as noted in Case (i), the wave speed can be
calculated as:

c0 = 2f2 L 1 + π 2 f22 τ 2 .
(5.43)
where ω2 = 2πf2 . If a small amount of under-estimation is tolerable, the
wave speed can be approximated as 2f2 L.
By comparing (5.37) and (5.43), it can be seen that f2 < f1 , therefore
the second-order term in (5.43) is smaller than the second-order term in
(5.37). As a result, it would be a more accurate estimation to approximate
the wave speed as 2f2 L rather than 2f1 L, should it be necessary, for example
if the relaxation-time of the medium is unknown. Also, note that although
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equation (5.14) has been used here to analyze the accuracy of the two cases
above, the same argument is valid for other forms of the wave equation, for
example when shear modulus replaces Young’s modulus as in (5.26).

5.5
5.5.1

Results
Dynamic Finite Element Analysis

Numerical analysis of the three-dimensional (3D) wave equation is possible
through discretization of equation (5.4) using Ritz-Galerkin method [20].
The resulting finite element model can be used to explain the static and dynamic deformations in the medium in a discretized platform. An equation
can be obtained to describe the relationship between the nodal displacements, boundary conditions and local material properties:
Ku(t) + B u̇(t) + M ü(t) = f (t) ,

(5.44)

where K, B and M are the stiffness, viscosity and mass matrices of the
elements, u(t) is the nodal displacement vector and f (t) is a vector containing the boundary conditions. Equation (5.44) should hold at all times. This
equation can be written in the frequency domain as follows:
(K + jωB − ω 2 M )û = fˆ .

(5.45)

A method to generate an accurate viscosity matrix based on a linear
viscoelastic model of the continuum has been proposed in [21]. An implicit
solution for the transient case of (5.44) with step-size ∆t can be obtained
as [22]:
K̄u(t + ∆t) = f¯(t) ,
B
M
K̄ = K +
+
,
∆t ∆t2
2M
B
M
f¯(t) = f (t) +
u(t) + (
−
)u(t − ∆t) .
2
∆t
2∆t ∆t2

(5.46)

A finite element simulation can be used to verify the theory presented
in Section 5.3. In particular, numerical tests can facilitate analysis of the
propagation of the fast and slow longitudinal waves in soft materials. For
this purpose, a region of size 6 × 4 × 4(cm3 ) was meshed by eight-node brick
elements, having a total of 25 × 7 × 7 nodes. The bottom surface at x = 0
was confined from axial movement in the x direction and the excitation was
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Figure 5.3: The geometry of the 3D region used for FEM simulations.
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applied axially at the top surface, as shown in Fig. 5.3. Although some of the
derivations in section 5.3 have been based on radial symmetry or thin rod
assumptions, the Cartesian-based FEM model utilized here does not satisfy
those conditions. However, the geometry used here can additionally provide
an insight into the longitudinal wave propagation in a non-ideal situation.
In this manuscript, the middle line refers to the line in the phantom
with {y, z} = [2, 2]cm, the middle point or middle node refers to the point
or node on top of the phantom with {x, y, z} = [6, 2, 2]cm, and the center
point is the point at {x, y, z} = [3, 2, 2]cm.

5.5.2

Simulation of the Wave Propagation

The 3D region in Fig. 5.3 was assumed to consist of a homogeneous material
with a Young’s modulus of 10kP a, a viscosity of 10P as and a density of
1000kg/m3 . A Poisson’s ratio of ν = 0.495 is often considered for finite
element analysis of soft tissues [23]. With the given Young’s modulus and
Poisson’s ratio, it can be shown that λ = 334.1kP a and µ = 3.3kP a.
Three settings for the boundary conditions were simulated. The longitudinal wave patterns were compared to the theoretical results in Section
5.3 for the following cases, when:
(a) The excitation was applied to all of the nodes at the top surface of
the phantom. The four vertical sides of the phantom were free, thus
bulging was allowed.
(b) The excitation was applied to all of the nodes at the top surface of the
phantom. The four vertical sides of the phantom were confined with
slip boundaries such that bulging was not allowed.
(c) The excitation was applied to a single node at the center of the top
surface, i.e. the middle node. The four vertical sides of the phantom
were free, thus bulging was allowed.
In all these three cases, a slip boundary condition was imposed on the
bottom of the phantom, while being axially confined. In case (a), an elastic
longitudinal wave is expected to be generated in the medium, traveling at
a speed designated by (5.16). In case (b), a volume change is not possible
due to the boundary conditions. Therefore, a dilatational wave will be
generated at a speed determined by (5.9). Finally, in case (c), a point source
compressional exciter is modeled within the resolution of the finite element
mesh. As shown in section 5.3.2, the speed of longitudinal component of the
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generated wave can be approximated by (5.27). These theoretical derivations
will be tested in the following simulations.
For each case, a frequency sweep analysis has been performed through
solving equation (5.45) at a range of frequencies. The transfer function
between the displacements at the center point and the middle point was
then measured by dividing the displacements spectra at the two locations.
As explained in section 5.4, by determining the frequency at which the peak
of the magnitude of this transfer function occurs, the wave speed can be
estimated given the small relaxation-time of the medium.
The transfer function magnitudes for the three cases above are shown in
Fig. 5.4(a) and the phases are plotted in Fig. 5.4(b). The peak of the three
transfer functions occur at 24.4Hz, 153Hz and 14.6Hz for cases (a), (b)
and (c), respectively. These frequencies can be multiplied by a wavelength
of 12cm, which is twice the axial extent of the phantom, to obtain the
longitudinal wave speed. Therefore, the estimated wave speed for these
cases would be respectively, 2.93m/s, 18.36m/s and 1.75m/s. The actual
values as computed from equations (5.9), (5.16) and (5.27) are 3.16m/s,
18.38m/s and 1.82m/s.
Under different loading conditions, the effective viscosity of the medium
would change. In case (a), the coefficient of viscosity can be calculated from
(5.15) to be 30kP a, which should be divided by the Young’s modulus to get
a relaxation-time of τa = 1ms. In case (b), the effective viscous modulus
would be λ′ + 2µ′ , which is a counterpart of effective elastic modulus λ + 2µ.
Given a bulk viscosity of zero, λ′ + 2µ′ = 4µ′ /3 = 13.3P as. Thus, the
relaxation-time in this case would be τb = 39µs. Note that in reality where
λ is in the order of 109 , the viscosity for p-wave propagation would be
even less significant. Lastly, for case (c), the viscosity would be equal to
µ′ according to (5.27), which can be divided by the shear modulus to get
a relaxation-time of τc = 1ms. Having the relaxation-time of the medium,
the estimation of the wave speed can be enhanced by using equation (5.43).
The resulting approximations of the longitudinal wave speed are, 2.95m/s,
18.37m/s and 1.76m/s for the three cases, respectively.
The presence of viscosity has a crucial effect on the peak value of the
transfer function magnitude. Higher viscosity results in higher dissipation
and less power transfer in the medium. Figure 5.5 shows the effect of changing the viscosity on the magnitude of the transfer function for the same
model as explained above. The elastic wave was generated in this case by
compressing the top of the phantom and allowing the sides to move freely
as in case (a). Note that the location of the peak and thus the speed of
propagation do not change significantly, while the attenuation depends on
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Figure 5.4: The magnitude (a) and the phase (b) of the transfer function
between the center point of the phantom and the middle point at the top.
Solid line shows the case where the four vertical sides of the phantom are free
to move and the dashed lines are for the case where the sides of the phantom
are confined from bulging. The gray line shows the transfer function for a
one-node excitation at the middle point.

135

Chapter 5. Longitudinal Wave Propagation
the damping value.
To show the transient behavior of the model, a step displacement with
1mm amplitude was applied to the top of the simulated phantom. Figure 5.6
shows how the step propagates along the middle line of the phantom. The
previous three cases were explored here as well. First, an elastic wave was
generated in the unbounded medium by applying the excitation to the top
surface. Based on the peak of the displacement waveform in Fig. 5.6(a), it
takes approximately 21ms for the step to travel 6cm and reach the bottom.
The speed is therefore estimated as 2.9m/s. Also from Fig. 5.6(a), the
resonance of the phantom in response to the step is at 24.4Hz which complies
with the previous result. The magnified version of this figure is shown in
Fig. 5.6(b) for a few nodes on the middle line. This figure clearly illustrates
the way that information travels in the medium. It can be seen that a fast
traveling wave propagates in the phantom, which reaches the bottom after
2.8ms. This corresponds to a speed of 21.4m/s which is comparable to
the p-wave speed in the medium, i.e. 18.38m/s. It should be noted that
determining the temporal location of the peak only gives an estimate of
the wave-front rather than rendering it accurately. For the second test as
in case (b), a compressional step excitation was applied to the top surface
while the material was bounded from the sides, as shown in Fig. 5.6(c)
and 5.6(d). Since the p-wave is the only wave that is produced in the
medium, a magnified version in Fig. 5.6(d) only shows the presence of only
one wavefront at a speed of 18.2m/s. Finally, the middle node on the top of
the phantom was excited by a step function. The middle line displacements
are depicted in Fig. 5.6(e). While the elastic wave speed is estimated at
2.1m/s, a p-wave can be identified in the magnified version in Fig. 5.6(f) with
a speed of 21.4m/s. Note that in all cases, the resonances that are produced
in the phantom are coherent with the peaks of the transfer functions in
Fig 5.4(a).
Table 5.1 gives the theoretical as well as the estimated wave speeds.
The estimated values that were calculated based on the peak of the transfer
function for the center node, before and after viscosity compensation are
shown. Also, the wave speed that is recovered from the temporal peak of
the wave-front are reported for the three cases of boundary conditions.
A sample transient wave propagation for different sizes of exciter is shown
in Fig. 5.7. The boundary conditions were similar to that in case (a) and
(c), while the exciter size varies. In the left column, the exciter is the
smallest possible, modeling a point-source within the resolution of the FEM
mesh. The exciter dimensions were increased linearly from left to right until
it covered the top surface of the phantom. The snapshots are taken at
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Figure 5.5: Effect of the viscosity on the magnitude of the transfer function
between the center point and the middle point. The excitation was applied
to the entire top surface while the sides were free to bulge.

Theory
(m/s)
Excitation

Spectrum
peak

Estimation (m/s)
Spectrum with Transient
visc. compen.
step

(a) Unbounded

3.16

2.93

2.95

2.9

(b) Bounded

18.38

18.36

18.37

18.2

(c) Point source

1.83

1.75

1.76

2.1

Table 5.1: The theoretical and estimated wave speed for three different
conditions. The wave speed, estimated with three methods are shown: first,
from the frequency at which the spectrum had a peak; second, the previous
value was enhanced to account for the effect of viscosity; third, from the
transient wave-front due to a step excitation

137

Chapter 5. Longitudinal Wave Propagation
Unbounded Elastic Excitation

Unbounded Elastic Excitation

Displacement Logarithm

Displacement (mm)

1
0.8
0.6
0.4
0.2
0
0

20

40

60

80

100

Excitation
Second node
Center node
Last node
Bottom node

0

5

Time (ms)

10

15

20

25

20

25

20

25

Time (ms)

(a)

(b)

Bounded Medium

Bounded Medium

1

0.8

Displacement (mm)

Displacement (mm)

1

0.6

0.4

0.2

0.8
0.6
0.4
0.2
0

0
0

20

40

60

80

100

0

5

Time (ms)

10

15

Time (ms)

(c)

(d)

Point−source Excitation

Point−source Excitation

Displacement Logaorithm

Displacement (mm)

1
0.8
0.6
0.4
0.2
0
0

20

40

60

Time (ms)

(e)

80

100

0

5

10

15

Time (ms)

(f)

Figure 5.6: Displacements at the middle line for a step excitation. The left
column has a larger time-span to show the low-speed wave, where each line
represents the displacement of one node. The high-speed wave can be seen
in the short time-span of the right column. In (a) and (b) the excitation was
applied to the top surface when the four sides were free. (c) and (d) show
the response for a single-node exciter at the middle node. In (e) and (f) the
medium was bounded and could not bulge. Note that the displacement axis
in (b) and (d) are in a logarithmic scale.
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different times from the middle plane, where z = 2cm from Fig. 5.3. The
dependency of the wave profile, speed and attenuation on the size of the
exciter is noticeable, especially for the left-most column.

5.5.3

Model Comparison

Generally, model simplification produces systematic errors in the analysis.
The error of using a certain simplified model may drastically change the
behavior of the system in some ways, but not imposing a significant change
in other respects. For soft tissues, it is not possible to derive an ideal model
that predicts all the linear and nonlinear behaviors within the material.
For small deformations, a linear 3D dynamic FEM model is often used to
describe the viscoelastic changes in the material. However, due to extensive
computation requirement or lack of 3D data, the 3D FEM model can be
substituted by simpler models with fewer dimensions.
In this section, four models are compared: 3D FEM, 2D plane-stress,
2D plane-strain and 1D mass-spring-damper models. The geometry and
the boundary conditions were the same as in the previous simulations. For
the MSD and FEM models the resolution in the x direction was 25 nodes,
the resolution of the FEM models in the y direction was 7 nodes and there
was also 7 nodes along the z axis for the 3D model. The medium was
homogeneous and the material properties were the same as those in the
previous simulation. For FEM tests, the model was free at the sides and the
same excitation described before was applied to the entire top part of the
phantom. In the first test, the transfer function between the center point
and middle point was evaluated for all of the four models. Note that in
the 1D case, the entire model is supposed to represent the middle line and
the transfer function is between the center node and the excited node. The
magnitude and phase of the transfer functions are depicted in Fig. 5.8.
In another test, the middle section of the phantom was assumed to have
different viscosity and elasticity properties than the background. Counting
from the bottom, elements 11 through 16 had a Young’s modulus of 30kP a
and a viscosity of 70P as. In the 2D and 3D models, this contrast was
only along the x axis. For the 1D model, the viscosity associated with the
dampers were assumed to be three times that of the finite element models
based on (5.15). The low-frequency characteristics of these four models are
shown in Fig. 5.9. The models were simulated at 5Hz and the steady-state
displacements and strains were calculated. Figure 5.9 shows the magnitude
and phase of the displacements as well as the strains on the middle-line
of the phantom. The reciprocal of the strain magnitude can be used to
139

Chapter 5. Longitudinal Wave Propagation
3×3 nodes

1 node

5×5 nodes

7×7 nodes

6
3

0.2 ms

0
6
3

8.4 ms

0
6
3

16.8 ms

0
6
3

25.0 ms

0
6
33.4 ms

3
0
6
3

41.6 ms

Depth (cm)

0
6
3
0

50.0 ms
0

2

4

0

2

4

0

2

4

0

2

4

Width (cm)

Figure 5.7: Transient wave fronts for four different exciter sizes. The exciter
has the smallest possible size at the left column, modeling a point-source.
The exciter size was increased from left to right where it finally covered the
top surface of the phantom.
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Figure 5.8: Transfer functions of different models for a homogeneous block
with free sides under elastic deformation. 3D FEM (solid black line), 2D
plane-strain (dashed orange line), 2D plane-stress (solid red line with circle
markers) and 1D mass-spring-damper (dash-dot blue line) models are compared. (a) is the magnitude and (b) is the phase of the transfer function
between the center point and middle point of the phantom.
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Figure 5.9: Comparison between four different models at 5Hz in a threelayered phantom: 3D FEM, 2D plane-strain, 2D plane-stress and 1D massspring-damper models. (a) shows the magnitude of the displacements at
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obtain the relative elasticity of the medium and the strain phase can be
divided by the angular frequency to obtain the relaxation-time [9]. The
main shortcoming with the 1D model is that it does not take into account
the boundary conditions, hence the estimated parameters will also contain
the artifacts present in the strain images.
Soft tissue deformation is often analyzed in the so-called elastography
methods by using a 1D model of the wave equation or 2D FEM. In order to
study the error produced by using such simplified models, a tissue-mimicking
phantom was constructed using bovine skin gelatin. Figure 5.10 shows the
phase of the displacements at 20Hz for a 6.5×5.5×3.5cm3 tissue-mimicking
gelatin phantom with a viscous inclusion. The phantom, being 6.5cm in the
x direction was imaged with ultrasound up to a depth of 4cm. The boundary
conditions were the same as the simulation depicted in Fig. 5.3. To capture
data from within the phantom, a Sonix RP ultrasound machine (Ultrasonix
Medical Corp., Richmond, BC, Canada) was used. RF signals were collected
during excitation at 1300Hz and axial displacements were estimated using
a time-domain cross-correlation approach with prior estimates [24]. The
control parameters and accuracy of the displacement estimates have been
discussed in [9]. The excitation was a Gaussian white noise bandpass filtered
at 3−30Hz. The transfer function for each block at discrete frequency values
were obtained using Welch windowing algorithm [25]. The average coherence value at 20Hz throughout the line of acquisition was 99.99%. This
frequency was chosen arbitrarily at the range of excitation, exhibiting a
high coherence value. The phantom was constructed with 18% by weight
of bovine skin gelatin (type G9382-B, Sigma-Aldrich Inc., Oakville, ON,
Canada) in water, having a PVA sponge (Ceiba Technologies, Chandler,
AZ, USA) in the middle as the inclusion. The x coordinate range of the
inclusion was from 1.1cm away from the fixed ultrasound probe to 2.0cm
away from it. Rheometric measurement of elasticity was not performed on
the materials and an approximate value of 30kP a was assumed because of
their close palpable stiffnesses. However, according to the compressional
rheometry measurements [9], the relaxation-time of this gelatin mixture at
20Hz, is 0.6ms while that of the inclusion is approximately 3.6ms. The coefficients of normal viscosity for 1D projection of the wave can be calculated
by multiplying the relaxation-time and the elasticity. According to (5.15),
this value should be divided by 3 to yield the viscosity of the material which
can be calculated to be 6P as and 36P as for the background and inclusion,
respectively. The phase of the experimental data is shown along with the responses of three different simulated models constructed based on the known
geometry. As expected in this case, since the thickness of the phantom is
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smaller than the other two dimensions, a plane-stress model may lead to
smaller error compared to the other two models.

5.6

Discussion

The speed of propagation of the longitudinal wave is highly dependent on
the boundary conditions as well as the material properties. In incompressible materials, when the boundary conditions force the wave to propagate
only through a change of volume, a high speed (cp ) p-wave occurs. The
p-wave, traveling as fast as ultrasound in the medium, cannot be tracked
by means of ultrasound, hence compressional transient elastography has received very limited attention in the literature. However, it is shown here
that with proper boundary conditions and excitation, it is feasible to induce
a longitudinally propagating wave in the medium that has a much lower
speed than the p-wave. Specifically, it is shown that if a block of material
can freely preserve its volume, having a large uniform exciter on the surface can approximate the semi-infinite thin rod situation in which an elastic
wave travels at only a few meters per second (c0 ). On the other hand, if the
large exciter is replaced by a point-source indenter, the speed can be nearly
reduced to the shear wave speed in the medium (cps ). One can expect that
using a mid-size exciter can produce other velocities between cps and c0
while tuning the boundary conditions and the geometry can yield velocities
between c0 and cp . In such complex cases, the velocity may not necessarily
be constant throughout the medium.
In a block of material, when the sides are confined, the volume change
would be inevitable and therefore, it is only the p-wave that conveys the
information. Due to near incompressibility of the material, the p-wave
generated in the medium will be much faster than the elastic wave in an
unbounded medium. Finite element analysis was performed to validate the
theoretical findings and explore the the effect of the boundary conditions. To
achieve stable finite element solutions, the Poisson’s ratio is chosen smaller
than the actual value. Although a closer value to 0.5 is more realistic for
incompressible soft tissues, it causes locking of the elements and instability
in solving equation (5.44). Locking or hourgalssing of the elements make
them behave in a stiffer fashion. The problem of locking can be reduced by
numerical integration instead of closed-form integration [20]; however, this
may introduce inaccuracy in the final solution. A remedy to this trade-off is
to assume near incompressibility, thus ν = 0.495. As a result, locking would
not happen, however the speed of the p-wave would be smaller in the simula144

Chapter 5. Longitudinal Wave Propagation

0.02
Experiment
Plane−strain
Plane−stress
1D MSD

Phase (rad)

0
−0.02
−0.04
−0.06
−0.08
−0.1
0

Inclusion
Location
10

20
Depth (mm)

30

Figure 5.10: Phase of the displacements at 20Hz in a phantom experiment
versus responses of MSD, plane-stress and plane-strain models. The phantom was constructed with gelatin mixture with a viscous inclusion in the
middle.

145

Chapter 5. Longitudinal Wave Propagation
tions compared to the actual speed of ultrasound in incompressible materials
where Poison’s ratio is closer to 0.5. A closer value of Poisson’s ratio to 0.5
results in higher values of λ and cp . For example, having E = 10kP a and
ν = 0.5 − 7 × 10−7 gives cp = 1540m/s.
The peak of the transfer functions has been used to calculate the wave
speed. At the resonance frequency of a purely elastic phantom, all the points
vibrate at the same phase. The first mode corresponds to the frequency that
a full wavelength is trapped in the finite medium, therefore the wavelength
of the wave would be twice as large as the axial dimension of the phantom.
At such a frequency, the middle of the phantom experiences the highest
amplitude of vibration which corresponds to a peak in the corresponding
transfer function magnitude as shown in Fig. 5.4(a). The phase also drops
at the natural frequency as seen in Fig. 5.4(b). The significant phase decrease
in the simulations is a result of using a linear model, while real tissue often
acts in nonlinear ways. As an example, human tissue and gelatin-based
phantoms are known to have a power-law viscous behavior, due to which, the
viscosity and relaxation-time drop as the frequency increases [9,26–28]. This
nonlinearity causes the phase to have smaller change at high frequencies,
however a linear FEM model is unable to account for such effects. As shown
in Fig. 5.5, having a lower viscosity gives rise to various resonances in the
system at high frequencies. Therefore, generally one may see several peaks
in the transfer function, given a wide-band excitation.
It is known that when a uniform quasi-static compression is applied
to a block of material from one side while the other side is bounded, the
axial displacements attenuate almost linearly. However, in the case of a
point-source exciter, the intensity falls off similar to an ultrasound beam
as the square of the distance from the source [29]. Therefore, the quasistatic displacement amplitude for the case of a point-source is expected
to be less than that of a large exciter. This explains the smaller transfer
function magnitude for a point-source compared to the other two cases in
Fig. 5.4(a) and the non-uniform spacing of the nodal displacement curves in
Fig. 5.6(e) while Figs. 5.6(a) and 5.6(c) exhibit uniform variation between
the displacements at the tail of the curves.
It has been shown that a longitudinal wave may travel at a slow speed
between c0 and cps in finite medium, depending on the boundary conditions.
As seen in Fig. 5.6(b) and 5.6(f), for a finite block of material a low speed
elastic wave is not the only wave present in the medium. Upon exerting
an axial compression to a finite block, a p-wave is first generated in the
medium which travels at the high speed of cp . At this instant, the wave
has not reached the boundaries and therefore, the boundary conditions and
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geometry are not known. Once such information is collected by the p-wave,
depending on the boundary conditions, a slower wave starts to propagate
that is influenced by the material properties as well as the boundary conditions. However, if the size of the block is infinite compared to the exciter such as in ultrasound or acoustic waves - bulging and rotation of infinitesimal blocks would be infeasible. In this case, the irrotational wave propagates
solely through volumetric change of the medium at a speed close to cp .
As noted before, in real situations where Poisson’s ratio is closer to 0.5,
the speed of the p-wave is cp ≈ 1540m/s, while the speed of the slower
wave is not sensitive to the Poisson’s ratio. However, in a bounded finite
medium which may also represent the case of a point-source in an infinite
medium, the p-wave is the only type of longitudinal wave that can be seen
in Fig. 5.6(c). Note that in this case, the resonance of the p-wave lasts for
a longer time compared to the p-wave resonance in Figs. 5.6(a) and 5.6(e),
since the boundary conditions assert the presence of this type of wave in the
medium.
Although the 3D finite element method is considered as the gold standard in analyzing the mechanics of the continuum, often due to extensive
computational requirements a simplified 2D or 1D model is utilized to study
the tissue deformations. A 2D FEM model can be formulated by making
either the plane-strain or the plane-stress assumption. A plane-strain assumption is ideal for the case when the region has infinite thickness while a
plane-stress case is ideal when the thickness is zero. Also, the viscoelastic
wave equation can be approximated in 1D and discretized by a series of
mass-spring-damper elements [19]. In order for the viscoelastic behavior of
the 1D model to replicate that of the 3D model closely, the normal viscosity
coefficient in 1D should be three times the value of the shear viscosity as
expressed by equation (5.15). To what extent can the wave equation and
deformations obtained from simplified models be valid, is a question that
was explored in Figs. 5.8 and 5.9.
For the sample geometry depicted in Fig. 5.3 with homogeneous mechanical properties, the transfer functions in Fig. 5.8 show that the spectral and
temporal behaviors of all of the four models are comparable for frequencies as
high as the natural frequency of the system. One can say that in this example, the plane-stress or even 1D model is more accurate than the plane-strain
case to account for the high frequency response of the nodal displacements.
Note that the transfer functions in Fig. 5.8(a) are only for the center point
of the system, the displacement of which seems to have small dependency
on the type of the model in Fig. 5.9(b) and 5.9(c). A low-frequency analysis in Fig.5.9 shows that for the same geometry and boundary conditions,
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a plane-strain model can describe the nodal displacements and strains in
a more accurate way overall. At the inclusion boundaries, the plane-stress
and 1D models exhibit sharp edges while smooth transitions produced by
the 3D model can be also produced by having a plane-strain assumption.
However, in a phantom experiment where the thickness was smaller than
the other two dimensions, plane-stress outperformed the other two models
in Fig. 5.10.

5.7

Conclusion

It is feasible to use longitudinal waves in order to identify the mechanical
properties in soft tissues. While the p-wave cannot be tracked with ultrasound, low-speed longitudinal waves can be induced by controlling the
excitation and boundary conditions. In this case, first a fast primary wave
is generated in the medium and after it reaches the boundaries, a slow secondary wave will emerge. The wave equation can be discretized by a dynamic
finite element model or it can be simplified to 1D by a series of mass-spring
damper elements. However, the 1D wave equation fails to account for some
critical phenomena in the medium. The viscosity coefficient that should be
incorporated in the 1D equation is also different from the original viscosity
that is considered in 2D and 3D models, being almost three times larger in
the case of incompressible materials with zero bulk viscosity.
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Chapter 6

Conclusions and
Future Research
In Chapters 2, 3 and 4 novel algorithms were proposed to implement a
complete vibro-elastography system. All the proposed methodologies were
tested on simulated data as well as tissue-mimicking phantoms. In Chapter
5 the theoretical framework for vibro-elastography and any other compressional viscoelasticity imaging set-up was presented and feasibility of such
techniques was proved. In this chapter, a full analysis of the materials in
the previous chapters is presented in light of current research in the field.
The strengths and weaknesses of the approaches undertaken in this thesis
are described and the the contributions of the thesis are delineated. The
future work and pathways are discussed in the end.
At this point, it can be deduced that the hypothesis of this thesis as
stated in Chapter 1 is confirmed through numerical simulations and experiments on tissue-mimicking phantoms. Hence, it is feasible to estimate the
viscoelastic properties of soft materials from the dynamic tissue response to
a transient or steady-state longitudinal or shear excitation.

6.1

Contributions

6.1.1

Strain Imaging

With the development of a strain imaging algorithm proposed in Chapter
2, objective 1 of the thesis was met and it was made possible to explore objective 2 and objective 3 of the thesis through phantom experiments. Any
ultrasound-based elastography system entails a motion estimation subsystem. As the first objective of the thesis, a new strain imaging algorithm
was developed in Chapter 2 to find and match the peaks in pre- and postcompression RF A-lines. A significant novelty of this algorithm is the use
of the wavelet transform to identify the true peaks of the signals. With the
specific choice of the mother wavelet function, applying the wavelet transform on an RF signal results in low-pass filtering and then differentiating
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the signal. The local compression of the RF signals was associated with
the displacement of the peaks. The peaks of the pre- and post-compression
RF signals were then identified through locating the zero-crossings of the
wavelet transforms.
In comparison to the zero-crossing algorithm by Srinivasan and Ophir [1],
the wavelet filtering of PSA results in better noise rejection and lower possibility of detecting the false peaks. Compared to the conventional crosscorrelation method, the proposed algorithm has a better signal-to-noise ratio, level of error, and speed of processing. Basically, the PSA method uses
a feature of narrow-band RF signals which is the high number of peaks per
each line, while cross-correlation techniques utilize a general definition of
similarity which can be common to most types of signals. The PSA algorithm, being particularly designed and tuned for ultrasound RF signal motion estimation, is therefore expected to result in high sensitivity and SNR.
The relatively high efficiency of PSA is due to its simplicity, which only involves three steps: convolution, zero-crossing detection and peak matching.
The wavelet transform can be implemented in the form of a convolution
with the mother wavelet function. Detection of the zero-crossings is a fast
process, however subsample allocation of the peaks or wavelet transform
zero-crossings involves an extra step which can also be a fast algorithm.
A sophisticated technique was proposed for the peak matching algorithm.
The peak matching step is critical and should be implemented accurately.
If one of the post-compression peaks is incorrectly associated to a peak in
the pre-compression signal, there is a high chance that the rest of the peaks
will be incorrectly matched and the algorithm fails. From this aspect, the
cross-correlation technique can be implemented in a more efficient way by
considering prior estimates from previous blocks [2]. This way, the crosscorrelation technique can achieve very high frame-rates and possibly perform
faster, but still less accurate than the PSA.
PSA has the potential for increasing the resolution to the level of interpeak distance by reducing the window length while maintaining the overlap
value. Therefore, the resolution of PSA may be increased to the degree of
the wavelength of the ultrasound beam. If strain is sufficiently small and
the peaks are found and matched correctly, the resolution can be reduced
to the level of the ultrasound wavelength for the proposed method, while
such a resolution is not achievable with most other methods. This increase
in resolution will only be achieved at the cost of lowering the signal-to-noise
ratio.
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6.1.2

Spectral Viscoelastic Parameter Estimation

The spectral algorithm to estimate the viscoelastic properties of soft materials proposed in Chapter 3 satisfied objective 2 of the thesis, while objective
5 was also met through the phantom construction proposed in that chapter.
A number of original contributions were made in this work. The first contribution was using the phase of the transfer functions or spectra to calculate
the relaxation-time. The idea originated from the concept of the transfer
functions as suggested by Turgay et. al [3].
The algorithm builds upon the discretization that was used in [3]. However, in Chapter 3 it was proposed that the model can be modified for
low-frequency measurements. The relaxation-time can be estimated from
the phase of the strains or displacements. The phase from either a singlefrequency mechanical excitation or the phase from a multiple-frequency
transfer function approach can be used to estimate the relaxation-time.
Once the relaxation-time is estimated, one possible step is to fit the dataset
of relaxation-time and frequency to a power-law relationship, deriving powerlaw parameters that can be estimated for further tissue characterization.
Power-law represents a nonlinear viscous effect in the frequency domain,
which can be modeled as a Kelvin-Voigt model with fractional derivatives
in the time domain [4] and has been reportedly observed in soft biological
materials [5]. The proposed method provides a novel way of calculating the
relaxation-time from the phase of the strain or displacement spectra, with
the possibility of estimating the power-law behavior of the relaxation-time
and/or viscosity as an additional feature for tissue characterization.
The relaxation-time is known to be of particular significance when different types of material need to be distinguished. For example, a soft gelatin
phantom with low concentration of gelatin powder was seen to have the same
relaxation-time as a hard gel of the same kind with relatively high gelatin
powder concentration. In order to test the derived methods, a PVA-based
sponge-like material which was observed to have a high damping was embedded in a gelatin phantom to model an inclusion with high relaxation-time
and viscosity. Using such a technique to fabricate tissue-mimicking materials for elastography experiments was another original contribution that was
made in that work.
An experimental apparatus and software were developed to test the algorithms. The setup can be used both as a rheometer to characterize the
overall mechanical properties of a material or as a vibro-elastography imaging device using an ultrasound system. In addition to the numerical simulations, the accuracy of the estimation methods were validated with this
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compressional rheometer. The rhometry tests confirmed the elasticity and
relaxation-time contrasts as estimated with the proposed spectral method
of ultrasound vibro-elastography.
A drawback of the method proposed in this work is the use of a simple
1D model to account for the tissue deformation. As a result, the effects of
the boundary conditions and excitation profile are neglected. Application
of this algorithm to in vivo situations requires that a flat exciter applies a
symmetric compression. The boundary conditions, including the neighboring inclusions should also be symmetric to minimize lateral and out-of-plane
motion. Also, bulging should be permissible within the compressed region,
so that a low-speed elastic was can propagate in the tissue and tracked
by ultrasound and the a significant phase can be detected between local
displacements and also between axial strains. However, the proposed estimation algorithm has the potential to be efficiently implemented to image
the viscoelastic properties of soft tissue in real-time.

6.1.3

Finite Element Simulations

In order to handle the effects of boundary conditions on three dimensional
deformations of the tissue, a dynamic finite element model with a novel definition of the damping matrix was proposed in Chapter 4. Finite element
methods have been widely explored in the context of static elastography
problems [6,7]. With the increasing importance of viscosity and damping in
viscoelasticity imaging, dynamic finite element models are gaining more interest in recent years [8–10]. The damping models that are presently used for
modeling the soft tissue are generally adopted from the structural mechanics
where a linear combination of mass and stiffness matrices is used to account
for the damping in the structures [10, 11]. In Chapter 4, a new method
to form the damping matrix for finite element analysis has been proposed
where the effective damping is assumed to originate from the viscosity of the
medium. Thus, the viscous deformations would follows a Voigt’s viscoelastic
deformation model of soft tissue. The model assumes known lumped masses
at the nodes, and comprises two vectors of elasticity and viscosity parameters that depend on the material elasticity and viscosity distributions,
respectively.

6.1.4

Finite Element Inverse Problems

Solving the inverse problem of viscoelasticity in Chapter 4 satisfied objective 3 of the thesis. An algorithm was devised to estimate the elasticity
156

Chapter 6. Conclusions and Future Research
and viscosity in the medium using the complex displacement field in a finite
element platform. An inverse algorithm was formulated that searches for
the optimal values of the Youngs modulus and viscosity that yield the least
deviation from the observed displacements inside the medium. Using this
deformation model and the observed dynamic data of a harmonic excitation
test, the inverse problem was solved to reconstruct the viscosity and elasticity in the medium by using a Gauss-Newton based approach. As in other
inverse problems, previous knowledge of the parameters on the boundaries
of the medium are necessary to assure uniqueness and convergence and to
obtain an accurate map of the viscoelastic properties.
If 3D data is not available, the problem can be simplified to 2D by assuming plane-strain, plane-stress or any other type of 2D deformation state.
If the lateral displacements are not available or have a a poor quality, the
method can be formulated in terms of the axial data only. However, proper
and reasonable assumptions for the lateral displacements or forces on the
boundaries of the ROI are necessary to converge to the correct distribution
of the parameters. To achieve this, it is preferable to have lateral displacements estimated at least on the boundaries of the ROI. In in vivo exams, a
priori knowledge of the parameters at some point inside the ROI is required
to converge to the correct values of elasticity and viscosity. An inaccurate
initial condition assumption may result in the scaling of the elasticity, while
the viscosity estimate may become biased and inaccurate.

6.1.5

Justifying the Feasibility of Compressional
Elastography

The results of the work in Chapter 5 helped meet objective 4 of the thesis.
While applying shear wave was assumed to be the only feasible method of
dynamic tissue characterization with ultrasound or MRI, Chapters 3 and
4 indicated that longitudinal excitation can also be used to estimate the
mechanical properties of tissue. The general assumption in the literature
is that longitudinal wave propagates at the speed of ultrasound, in which
case it would be impossible to image the deformations with ultrasound motion estimation techniques. The theoretical foundation for the feasibility
of the longitudinal wave elastography, upon which the concept of vibroelastography is established is presented in Chapter 5. It is proved that
the speed of propagation is highly dependent on the boundary conditions.
Therefore, the longitudinal wave speed can have any value between that of swave (shear wave) and that of p-wave (primary wave). In a recent work [12],
we have tracked an externally induced longitudinal wave in incompressible
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tissue-mimicking materials with ultrasound in order to estimate the Young’s
modulus and viscosity from the standing wave patterns at low-frequencies
(< 150Hz). The method is based on fitting the appropriate viscoelastic parameters
p to the longitudinal wave model in which the wave speed is predicted
to be E/ρ.

6.1.6

Analysis of the Longitudinal Wave Propagation

Finite element simulations in Chapter 5 confirmed the theoretical derivations of the wave speed for different boundary conditions. A 3D FEM model
was used for analysis and validation purposes, while the error produced by
simplified 2D FEM or even 1D models were explored. It was seen that a
simplified model can be reasonable in some aspects in modeling the deformations, while such simplifications may result in drastic errors or biases in
other respects, especially for non-homogeneous environments. The propagation of low speed elastic wave and high speed p-wave were studied in
simulations, resulting in a better understanding of the propagation of the
longitudinal waves in a homogeneous medium.

6.2

Future Work

The algorithms presented in this thesis yield novel methods for viscoelastic
parameter estimation in soft human tissue. If implemented in real-time,
they can present a useful tool for in vivo clinical monitoring of cancer or
other malignancies. As imaging the mechanical properties of soft tissue
becomes more mainstream and at the same time more data are reported in
the literature of the viscoelastic parameters of human organs, the potential
for developing a new modality of medical imaging in the form of a new gold
standard for cancer detection or real-time, low-cost tissue characterization
increases significantly. The methodology and ideas that were developed in
this thesis can directly enter this competing market. A number of interesting
and relevant areas of future work which can be pursued from here are as
follows:
• Two dimensional strain imaging is possible by generalizing the idea of
peak search algorithm to the 2D RF images. The peaks can be located
with a subsample resolution in 2D and a sophisticated peak matching
technique can be devised for more accurate estimation of the axial and
lateral displacements.
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• If reliable transfer functions between displacements or strains can be
obtained at higher frequencies, more sophisticated parametric models
can be analyzed for soft tissue. Some parameters may have direct
physical interpretations such as elasticity, viscosity and density, while
other parameters may correspond to more subtle behaviors of human
soft tissues.
• Accurate two dimensional modeling of the deformations can replace
standard 2D assumptions of plane-strain or plane-stress. Depending on the geometry of the problem, a 2D deformation model can be
formulated that describes the deformations more accurately than the
standard 2D models. This way, in the FEM-based inverse problem of
viscoelasticity the artifacts that result from inaccurate modeling can
be reduced.
• With the proposed FEM formulation, other solution strategies to the
inverse problem can be investigated including non-iterative approaches.
Also, the effect of lateral motion, boundary conditions and out-of-plane
inhomogeneity in in vivo situations can be explored on the result of
the inverse problem.
• Implementation of the proposed reconstruction algorithms in real-time
enables one to clinically investigate the importance of viscosity and
elasticity in soft tissue characterization. For this reason special exciters
can be built to exert low-amplitude, single-frequency or wide-band
displacements to the surface of the body to image different organs
such as breast, liver, kidney or prostate.
• The developed techniques can be incorporated with an ARFI system
that exerts a localized force to the tissue, internally. The wave pattern induced by ARFI can be investigated to see whether a slow longitudinal wave can be observed. If feasible, the estimation methods
developed in this thesis can be directly applied to the resulting displacements of an ARFI excitation.
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Appendix A

Wavelet Transforms and
Peak Detection
A complex-valued function ψ(x) of a real argument x is said to be a wavelet
function or mother wavelet if its Fourier transform Ψ(ω) satisfies,
Z

0

+∞

|Ψ(ω)|2
dω =
ω

Z

0

−∞

|ψ(ω)|2
dω < +∞ .
ω

(A.1)

The wavelet transform (WT) of the function f (x) ∈ L2 (R) at scale s is
defined by the following convolution [23]:
Ws f (x) = f (x) ∗ ψs (x) ,

(A.2)

where the function ψs (x) is the dilation of the wavelet function ψ(x) and is
defined as,
1
ψs (x) = ψ(x/s) ,
(A.3)
s
From (A.2) it can be seen that the continuous wavelet transform (CWT)
of a function at a certain scale involves filtering of the original function.
From (A.3), as s increases, the dilation of the wavelet function becomes
wider in the time domain. Thus, the CWT of a signal shows the detailed
or higher frequency components of that signal in its lower scales and low
frequencies can be observed in the higher scales. If the scales are discretized
such that s = 2j (j ∈ Z), the resulting WT is called the dyadic wavelet
transform (DWT).
As Mallat et. al showed in [22], if the wavelet function is the first or
higher order derivative of a smoothing function, the singularities and zerocrossings of the wavelet transform would correspond to the peaks, zeros or
inflection points of the original signal. A smoothing function θ(x) is defined
as a function that converges to zero at infinity and its integral is equal to
one. Such a function can smooth the fluctuations of the signal at different
scales. To show how the CWT of a function f (x) behaves in this case, one
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Figure A.1: (a) Frequency response of the equivalent filtering effect of the
mother wavelet shown in Fig. 6(c) when dilated on the dyadic scales. The
amplitude is normalized to get the best clarification. (b) Fourier Transform of an ultrasound RF line acquired using a 2.5MHz probe with 40MHz
sampling rate.
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can define a wavelet function ψ a (x) as the first derivative of a smoothing
function θ(x):
dθ(x)
.
(A.4)
ψ a (x) =
dx
It can be shown that the zero integral condition for the wavelet functions
is satisfied by this choice of the mother wavelet. The CWT of f (x) using
this wavelet function is:
Wsa f (x) = f (x) ∗ ψsa (x) = s

d
(f ∗ θs )(x) ,
dx

(A.5)

where ∗ is the convolution operator and the index a indicates that the
wavelet transform has been calculated using ψ a (x) as the mother wavelet.
Equation (A.5) shows that the local extrema of the smoothed signal f ∗ θ(x)
correspond to the zero-crossings in Wsa f (x), whereas the inflection points
in the smoothed signal will result in the extrema in Wsa f (x) , as has been
illustrated in Fig. 2.2. The maxima and the minima of a continuous wavelet
transform are generally referred to as modulus maxima.
From equation (A.5), the effect of the CWT with the choice of wavelet
function shown in Fig. 2.2(c), on a signal is to filter it in a certain frequency
range as defined by the dilation of the wavelet function, and then taking
the derivative. The frequency response of the smoothing function when
dilated on different dyadic scales is shown in Fig. A.1(a). Also, a typical
spectrum of an ultrasound RF A-line is shown in Fig. A.1(a). The signal
shown in this example results from a 2.5MHz transducer, scanning through
a homogeneous phantom. This figure shows that for retaining most of the
energy of the signal and still filtering the high frequency noise and low
frequency interferences, the best choice would be scale 22 that has the most
overlap with the spectrum of the RF signals. By knowing the spectrum of
the ultrasound RF signal, a suitable scale can be selected in order to get the
best filtering effect. For high frequency transducers, even non-dyadic scales
that match the spectrum of the RF signal can be selected as well.
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Regularity of the Wavelet
Transform
A function f (x) is said to be uniformly Lipschitz of order α, 0 < α < 1, over
an open interval ]a, b[, if and only if there exists a constant K > 0 such that
for any (x0 , x1 ) ∈]a, b[2 ,
|f (x0 ) − f (x1 )| ≤ K |x0 − x1 |α .

(B.1)

The Lipschitz uniform regularity of f (x) is the upper bound α0 of all α
that satisfy the above inequality [27].
With a similar definition, it can be shown that the above equation can
be expressed in terms of the wavelet transform of the signal as follows:
|W2j f (x)| ≤ K(2j )α .

(B.2)

Higher regularity implies that the signal has more singular characteristics
at that point. Li et al. [9] defined the regularity of a signal at a certain
point as the ratio of the WT values of that signal at two consecutive scales.
Likewise, we define the regularity of a point x0 in the function f (x) as:
α = log2 (W2j+1 f (x0 )) − log2 (W2j f (x0 )) .

(B.3)

Due to high frequency interference, there might be several false peaks in
the RF signal. In order to find the true peaks, one can use the concept of
regularity. Based on the energy spectrum of the RF signal, a true peak can
be defined as one with most of its energy in scale 21 while a false peak is one
with more energy in scale 20 . This means that the tangent of the wavelet
transform of a true peak is higher in scale 20 than 21 while for a false peak,
the opposite applies. Therefore, letting j = 0, if α in (B.3) becomes greater
than zero for both modulus maxima of a certain peak, that would be a true
peak location; otherwise it would be a false peak and should be eliminated
from further processing. In dynamic elastography and cases in which speed
is most important, this step can be ignored.
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Appendix C

Transfer Function
Parameterization
The constitutive equation of a Voigt element can be obtained in the frequency domain by taking the Fourier transform of eqn (3.1):
(E + jωη)ǫ̂(ω) = σ̂(ω) ,

(C.1)

where ǫ(ω) is the Fourier transform of the strain at a specific location in
tissue (any node in Fig. 3.1) and σ(ω) is the Fourier transform of the stress
signal. E and η are the local values of the elasticity and viscosity.
The transfer function between the strain and the stress is defined as:
Hσǫ (ω) =

Pǫσ (ω)
,
Pσσ (ω)

(C.2)

where Pǫσ (ω) is the cross-power spectral density between ǫ(t) and σ(t) and
Pσσ (ω) is the power spectral density for σ(t).
If stress has been recorded, eqn (C.1) can be expressed as:
(E + jωη) =

1
Hσǫ (ω)

.

(C.3)

Otherwise, the stress can be removed from eqn (C.1) as follows:
(E + jωη)ǫ(ω) = (E0 + jωη0 )ǫ0 (ω) ,

(C.4)

where E0 and η0 are the parameters at any arbitrary location (along the
1D line) and ǫ0 is the strain at that point. By taking the transfer function
between the strains at the two points, the following results:
(E + jωη)
1
= ǫ
.
(E0 + jωη0 )
Hǫ0 (ω)

(C.5)

Different characteristics of the transfer functions, such as the magnitude
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Appendix C. Transfer Function Parameterization
and the phase depend on the tissue properties. Identification of these mechanical properties from the transfer functions results in good estimates,
since firstly, the amount of temporal averaging to calculate the power spectral density functions can be increased arbitrarily and secondly, the transfer
function can be explored at several frequencies to extract a specific feature.
Instead of using the transfer function between the stress and the strain,
one can use the applied force and the nodal displacements to calculate the
transfer functions. From eqn (3.2), the following results:
(ki + jωbi ) =

Hfi (ω)

1
,
− Hfi+1 (ω)

(C.6)

where Hfi (ω) denotes the transfer function between the force and the displacement at node i. The stiffness and the relaxation-time can be calculated
here, similarly to the case in which strains and stress are used to compute
the transfer functions.
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Appendix D

Elasticity Estimation from
the Transfer Functions
It has been shown in [11] that using eqn (C.3), the following estimate for
the elasticity can be obtained:
Ê =

1
H̄σǫ (ω)

,

(D.1)

where Ê is the estimated elastic modulus and H̄σǫ (ω) is the low-frequency
asymptote of the transfer function. The term jωη in eqn (C.3) is ignored
due to small frequency approximation and the fact that ωη << E.
If the stress is not measured, eqn (C.5) can be used to get the following
relative estimate for the elasticity:
Ê =

E0
.
H̄ǫǫ0 (ω)

(D.2)

The estimates should be normalized with respect to E0 which is unknown.
Therefore, only the profile of the relative elasticity can be obtained.
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Appendix E

Simulating a
Mass-Spring-Damper
Network
The dynamic motion of the tissue can be described by a series of massspring-damper elements as depicted in Fig. 3.1. In such a network, the
tissue motion is governed by the following equation [11]:
KX(t) + B Ẋ(t) + M Ẍ(t) = F (t) ,

(E.1)

where X(t) is the matrix that contains the displacements of all the nodes
versus time and F (t) is the external force. The matrices K, B and M
are the stiffness, damping and mass matrices, defined in [11]. Therefore,
a state-space model can be generated to compute the nodal displacement
vectors:





X(t)
Ẋ(t)
0
I
=
−M −1 K −M −1 B
Ẋ(t)
Ẍ(t)


0
F (t) ,
+
M −1



 X(t)
X(t) =
I 0
.
(E.2)
Ẋ(t)

The output, X(t), can be numerically evaluated by direct discretization of
the above model, using a fixed step-size. Therefore, the Matlab function
(Mathworks Inc., Natick, MA, USA), lsim, has been used in this paper and
the sampling frequency was fixed at 1KHz.
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