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Abstract

We consider the decomposition of a maximal monotone operator into the
sum of an antisymmetric operator and the subdifferential of a proper lower
semicontinuous convex function. This is a variant of the well-known decom-
position of a matrix into its symmetric and antisymmetric part. We analyze
in detail the case when the graph of the operator is a linear subspace. Equiv-
alent conditions of monotonicity are also provided.

We obtain several new results on auto-conjugate representations includ-
ing an explicit formula that is built upon the proximal average of the as-
sociated Fitzpatrick function and its Fenchel conjugate. These results are
new and they both extend and complement recent work by Penot, Simons
and Zalinescu. A nonlinear example shows the importance of the linearity
assumption. Finally, we consider the problem of computing the Fitzpatrick
function of the sum, generalizing a recent result by Bauschke, Borwein and

Wang on matrices to linear relations.
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Chapter 1

Introduction

This thesis addresses two issues: decompositions of a monotone operator
with a linear graph, and auto-conjugate representations of a monotone op-
erator with a linear graph.

It is well known that every matrix A in R™*™ can be decomposed into
the sum of a symmetric matrix and an antisymmetric matrix by

_ A4AT | A-AT
A=5+55

where %

is a gradient of a quadratic function. Our goal is to decompose
more general mappings, namely maximal monotone operators. Both pos-
itive semidefinite matrices and gradients of convex functions are maximal
monotone.

At present there are two famous decompositions: Asplund decomposi-
tion and Borwein-Wiersma decomposition. In 1970, Asplund decomposition
was introduced by E. Asplund who showed that a maximal monotone and
at most single-valued operator A with int dom A # & is Asplund decompos-
able. In 2006, J. Borwein and H. Wiersma introduced the Borwein-Wiersma
decomposition in [12], which is more restrictive. Borwein-Wiersma verified

that a maximal monotone operator that is Borwein-Wiersma decomposable
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is also Asplund decomposable in finite dimensional spaces. One goal of our
thesis is to show that maximal monotone operators with linear graphs are
Borwein-Wiersma decomposable.

The idea of representing a set by nice functions is classical. For example,

for a closed set C, one can define the distance function

do(@) = inf {}o — el }.

Then d¢ is 1-Lipschitz and

C = {x | do(z) = o}.

One can also define the lower semicontinuous function ¢ where vo(z) = 0

if x € C and 400 otherwise, then

C= {:E | to(x) = 0}.

In the later part of this thesis, we want to find auto-conjugate repre-
sentations for a maximal monotone operator with a linear graph. An auto-
conjugate function is a convex function. One very important result provided
by Penot, Simons and Zalinescu shows that an auto-conjugate f represents
an induced maximal monotone operator A = G(f).

In order to create auto-conjugate representations, we introduce the Fitz-
patrick function and the proximal average. In 1988, Simon Fitzpatrick
defined a new convex function F4 in [18] which is called the Fitzpatrick

function associated with the monotone operator A. Recently, Fitzpatrick
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functions have turned out to be a very useful tool in the study of maximal
monotone operators, see [2, 4, 8, 9, 18]. The proximal average was first in-
troduced in [6] in the context of fixed point theory. In its simplest form, the
proximal average is denoted here by P(fo, f1), where fy and f; are proper
lower semicontinuous and convex functions. The recent works in [5, 7, 9]
give numerous properties that are very attractive to Convex Analysts.

Now we come back to our question. In [24], Penot and Zalinescu showed
that a maximal monotone operator A can be represented by an auto-conjugate
function hp,, using a partial epigraphical sum. In [9], Bauschke and Wang
showed that P(Fa,F;T) is an auto-conjugate representation for a maxi-
mal monotone operator A. Until now there has been no clear formula for
P(F4, F3T), even if A is a linear, continuous and monotone operator. In this
thesis, we give an explicit formula for P(F4, F;T) associated with a maximal
monotone operator A with a linear graph. We find that P(F4, F}T) = hp,.
This is a new result.

The thesis is organized as follows.

Chapter 2 contains some auxiliary and basic results on monotone oper-
ators, subdifferentials and Moore-Penrose inverses.

In Chapter 3, it is shown that the inverse of a linear and monotone
operator is Borwein-Wiersma decomposable.

Chapter 4 contains our first main result: A mazimal monotone operator
with a linear graph is Borwein- Wiersma decomposable. In addition, the
remainder of this chapter gives some equivalent conditions of monotonicity
of operators with linear graphs.

Chapter 5 discusses auto-conjugate representations. We give an explicit
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formula for P(Fa, F3T) associated with a linear and monotone operator A,
which is our second main result. Furthermore, we show that P(F4, F}T) =
hp,.

In Chapter 6, we give a specific example of a nonlinear monotone oper-
ator: d(—In) such that P(Fy_ ), Fgg_ 1n)) # hFy_ - This illustrates the
necessity of the linearity assumption.

Finally, in Chapter 7 we extend auto-conjugate representation results
from linear and monotone operators to monotone operators with linear
graphs. Here we also discuss one open question: Expressing F4.p in terms
of F4 and Fp. We show that Fa.p = F40yFp (Here Oy means the inf
convolution for the second variable). This generalizes one of the results
provided by Bauschke, Borwein and Wang in [4].

Throughout this thesis, X denotes a Hilbert space with inner product

(-,+), norm || - ||, and Id is the identity mapping in X. The unit ball is
B:{xeX|\|x|| §1}.
We further set

R+:{x6R|x20}, R_:{:E6R|x§0},

R++:{xER]x>O}, R__:{xER]a:<O}.

For a subset C' C X , the closure of C'is denoted by C. The arrow “—” is used

for a single-valued mapping, whereas “=” denotes a set-valued mapping.
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Auxiliary results

2.1 Definitions

We first introduce some fundamental definitions.

Definition 2.1.1 Let T': X = X. We say T is monotone if

(‘T* - y*,l' _y> = 07
whenever * € T(x), y* € T(y).

Definition 2.1.2 Let A: X — X. We say A is positive semidefinite if

(x,Az) >0, Vx € X.

Example 2.1.3 Let A: X — X be linear. Then A is monotone, if and only
if, A is positive semidefinite.

Proof. ‘=7 For every x € X, by monotonicity and linearity of S we have
(Az,z) = (Az — A0,z — 0) > 0. (2.1)

(2.1) holds by A0 =0 (since A is linear).

“=7” For every x,y € X, since A is positive semidefinite, we have
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(Az — Ay,z —y) = (A(z —y),z —y) > 0. (2.2)

Definition 2.1.4 Let A: X — X be linear. We define g4 by
ga(z) = 4(z,Az), Ve X. (2.3)

Definition 2.1.5 Let A: X — X be linear and continuous. Then A* is the

unique linear and continuous operator satisfying
(Az, y) = (z, A"y), Vz,yeX. (2.4)

Remark 2.1.6 Let A: R™ — R" be linear. Then A* = AT.

Definition 2.1.7 Let A: X — X be linear and continuous. We say that A

is symmetric if A* = A.

Remark 2.1.8 Let A: X — X be linear and continuous. Then A is mono-

tone < A* is monotone.

Definition 2.1.9 Let A: X — X be linear and continuous. We say that A

is antisymmetric if A* = —A.

Remark 2.1.10 Let A: X — X be linear and continuous. Then % 18

symmetric and A_QA 18 antisymmetric.
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Definition 2.1.11 (Symmetric and antisymmetric part) Let A: X —

X be linear and continuous. Then Ay = %A + %A* s the symmetric part

of A, and Ao = A— A, = %A — %A* 18 the antisymmetric part of A.

Remark 2.1.12 Let A: X — X be linear and continuous. Then g4 = qa, .

Proof. Let x € X.

Here is a basic property.

Fact 2.1.13 Let A : X — X be linear and continuous. Then A is mono-

tone, if and only if, Ay is monotone.

Proof. By Example 2.1.3 and Remark 2.1.12. |

Definition 2.1.14 Let T: X = X be monotone. We call T maximal
monotone if for every (y,y*) ¢ graT there exists (x,x*) € graT with

(x —y, o*—y*) <O0.

Fact 2.1.15 Let A: X = X be mazimal monotone and (xo,z() € X x X.
Let A: X = X such that gra A = gra A — (zo,2%) ( i.e., a rigid translation

of gra A). Then A is mazimal monotone.

Proof. Follows directly from Definition 2.1.14. [ |
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Example 2.1.16 FEvery continuous monotone operator A: X — X is mazx-

imal monotone.

Proof. [26, Example 12.7]. |

Let us introduce an essential result that will be used often.

Fact 2.1.17 Let A: X — X be linear, continuous and monotone. Then

ker A = ker A* and ran A = ran A*.

Proof. See [4, Proposition 3.1]. [ |

Fact 2.1.18 Let A: X — X be linear and continuous. Then
qa s conver < A is monotone < qa(x) >0, =z € X,

and

qu - A+.
Proof. See [3, Theorem 3.6(1)]. [

Definition 2.1.19 Let f: X — ]—oo,+o0]. We say f is proper lower

semicontinuous and convex if

f(wo) < +oo, Fzp€ X,
fAz+ (1 =Ny) <Af(x)+ (1 =Nf(y), VA€ ]0,1], Vz,y € X,

liminf f(y) = 61_1)131+ inf f(x 4+ 0B) > f(x), Vre X.

y—z

Definition 2.1.20 Let f: X — |—o00,+0o0] be proper lower semicontinuous
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and convex. The subdifferential mapping 0f: X = X is defined by

w1 0f(z) = {a" | (" ,y —2) + F@@) < flu), Vo)

One of motivations for studying monotone operators comes from the

following Fact.

Fact 2.1.21 (Rockafellar) Let f: X — |—o0,+0o0| be proper lower semi-

continuous and convex. Then Jf is maximal monotone.

Proof. See [28, page 113] or [31, Theorem 3.28|. |

Fact 2.1.22 Let A: X — X be linear and monotone. Then A is mazximal

monotone and continuous.

Proof. See [23, Corollary 2.6 and Proposition 3.2.h]. |

Definition 2.1.23 For a set S C X, 15: X — |—o0,+0o0| stands for the

indicator function defined by

() 0, ifx €S,
ts(x) =
400, otherwise.

Fact 2.1.24 Suppose that S is a nonempty convex subset of X. Then g is

proper lower semicontinuous and convex, if and only if, S is closed.

Proof. See [22, Example.(a)]. [ |

Definition 2.1.25 The space (% consists of all sequences of real numbers
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(&1,&,...) for which

1(Es&or -l < o0
where
1€ or o = pil 6122,
and where _

[e.e]

<£77> = Z<£2‘772‘>7 f (gz)z 1, 7= (72) —1 € €2

i=1
Fact 2.1.26 (¢2, | -||2) is a Hilbert space.

Proof. See [27, Example 3.24]. [ |

Example 2.1.27 Let X be (2, || - ||l2) space and A: X — X: (2,)5% —

(Z2)p2y. Then A is maximal monotone and continuous.

Proof. Clearly, A is linear. Now we show A is monotone. Let z = ()02, €

X. Then

0 2
(x, Az) 2#2

By Example 2.1.3, A is monotone. By Fact 2.1.22, A is maximal monotone

and continuous. [}

Lemma 2.1.28 Let S be a linear subspace of X. Suppose x € X and o € R
satisfy (x,s) < a,Vs € S. Then x LS.

10
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Proof. Let s € S. By assumption, we have

(x, ks) <a, VEeR =(z, s) <0, if k>0
(x, s) >0, if k<O
= (xr,s) =0, VseS

= xlS.

|
Fact 2.1.29 Suppose that S is a closed linear subspace of X. Then
Oug(x) =S+, Vxes.
Proof. Let x € S. We have
¥ € dig(z) & (s —x) <ug(s) —is(z), Vse X
& (2%, s—2) <0, VseS
< xlS (by Lemma 2.1.28).
|

Fact 2.1.30 Let f,g: X — |—00,+0o0] be proper lower semicontinuous and

convex. Suppose that f is differentiable everywhere. Then
O(f +9)(x) =Vf(x)+0g(x), Vaedomg.

Proof. See [22, Theorem 3.23]. [ |

Example 2.1.31 Suppose that j(z) = 3||z||>, Vo € X and S C X is a

11
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closed subspace. Then O(j + tg) is mazimal monotone. In particular, O(j +

1s)(z) =+ S+, Vres.

Proof. By Fact 2.1.24, 1g is proper lower semicontinuous and convex. Hence
Jj + ts is proper lower semicontinuous and convex. By Fact 2.1.21, 9(j + tg)
is maximal monotone.

Let x € S. By Fact 2.1.30, Fact 2.1.18 and Fact 2.1.29,

0(j + 15)(z) = Vj(x) + 0us(z) = Vaa(z) + Oug(x) = = + S+. [ |

Fact 2.1.32 Let A: X — X be linear and continuous such that ran A s

closed. Then Otyan 4(x) = (ran A)L = ker A*, Va € ran A.

Proof. Let = € ran A. By Fact 2.1.29, Otyan a(z) = (ran A)*. Now we show
that (ran A)+ = ker A*. We have

z* € (rtan A)t < (2%, Ax) =0, VzeX
& (A%, ) =0, VereX

o A*r* =0« 2" € ker A%,

Definition 2.1.33 Let A: X — X. The set-valued inverse mapping, A= ': X =

X, is defined by
redAly o Ar=y.

The following is the definition of the Moore-Penrose inverse, which will

play an important role in our Theorems.

12
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Definition 2.1.34 Let A: X — X be linear and continuous such that ran A

is closed. The Moore-Penrose inverse of A, denoted by Af, is defined by

ATh = argmin 4o g, aspllull, Vb€ X.

In the following we always let A stand for the Moore-Penrose inverse of a

linear and continuous operator A.
Remark 2.1.35 Let A: X — X be linear and continuous such that ran A
is closed. Then by [19, Theorem 2.1.1],

Aly e A7y, VyeranA.

In particular, if A is bijective, then
AT = AL

2.2 Properties of Af

By the Remark above, we know that A' |,a, 4 is a selection for A~1. This
raises some questions: What is the relationship between them? If one of

them is monotone, can we deduce that the other one is also monotone?

Fact 2.2.1 Let A: X — X be linear and continuous. Then ran A is closed,

if and only if, ran A* is closed.

Proof. See [19, Theorem 1.2.4]. [ |

13
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Fact 2.2.2 Let A: X — X be linear and continuous such that ran A 1s

closed. Then A' is linear and continuous.

Proof. See [19, Corollary 2.1.3]. [ |

Fact 2.2.3 Let A: X — X be linear and continuous such that ran A 1s

closed. Then ran AT = ran A*.

Proof. See [19, Theorem 2.1.2]. [ |

Fact 2.2.4 Let A: X — X be linear and continuous such that ran A 1s

closed. Then (AT)* = (A*)T.

Proof. See [19, Exercise 11 on page 111] and [21, Exercise 5.12.16 on page
428). n

Proposition 2.2.5 Let A: X — X be linear, continuous and monotone

such that ran A is closed. Then

ran A = ran A* = ran AT = ran(A")*, ker A = ker A* = ker(A) = ker(AT)*.

Proof. By Fact 2.1.17 and Fact 2.2.1,

ran A = ran A*. (2.5)

By Fact 2.2.3 and (2.5), we have

ran A = ran A* = ran A'. (2.6)

14
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By Fact 2.2.1, ran A* is closed. By Remark 2.1.8, A* is monotone. Apply

(2.6) with replacing A by A*, we have
ran A* = ran A™ = ran(A*)T. (2.7)
By Fact 2.2.4 and (2.6), we have
ran A* = ran A = ran(A")* = ran A'.

Then (ran A*)* = (ran A)* = (ran(AT)*)J‘ = (ran A")*, thus by Fact 2.1.32,
ker A = ker A* = ker(A") = ker(AT)* . [ |

Proposition 2.2.6 Let A: X — X be linear. Suppose y € ranA. Then

A Yy =y* + ker A, Vy* € A1y,
Proof. Let y* € A~y and 2* € ker A. Then Ay* = y and
Ay +2") = Ay + Az =y+0=y.

Thus y* 4+ 2* € A~ly. Hence y* +ker A C A™1y.

On the other hand, let y} € A~!y. Then Ay} =y and for each y* € A~ 1y,
Ay —y") = Ayy —Ay" =y —y =0.

Thus y} — y* € ker A, i.e., yi € y* +ker A. Then A~y C y* + ker A. [ |

Corollary 2.2.7 Let A: X — X be linear and continuous such that ran A
is closed. Then A~'y = Afy +ker A, Vy € ran A.

15
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Proof. By Remark 2.1.35 and Proposition 2.2.6. |
In order to further illustrate the relationship between A and A, we

introduce the concept of Projector.

Fact 2.2.8 Let M be a closed subspace of X. For every vector x € X,
there is a unique vector my € M such that ||x — mg|| < ||z — m| for all
m € M. Furthermore, a necessary and sufficient condition that mg € M be

the unique minimizing vector is that x — mg be orthogonal to M.
Proof. See [20, Theorem 2 on page 51]. [

The Fact above ensures that the following mapping is well defined.

Definition 2.2.9 (Projector) Let M be a closed subspace of X. The Pro-

jector, Pyr: X — M, is defined by

Pyrxz = argmin,, ¢ y/llz —m| , ze€X. (2.8)

Here is a result that will be very helpful for our problems.

Proposition 2.2.10 Let A: X — X be linear and monotone such that

ran A is closed. Then qai = qatPran A-

16
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Proof. Let x € X. Then we have

2q 41 (2) = (z, Alz) (2.9)
= (Pran AT + Prer 47, AT(Pran A7 + Prer A7) (2.10)
= (Pran AT + Prer A7, AT(Pran a7)) (2.11)
= (Pran a7, AN(Pran 4%)) + (Prer a7, AT(Pran az)) (2.12)
= (Pran a2, AN(Pana®)) + (Panaz, (AN (Peraz))  (2.13)
= (Pran A%, A'(Pran a7)) (2.14)
= 241 (Pran AT). (2.15)

Note that (2.10) holds since X = ran A@ker A by Fact 2.1.32 and Fact 2.1.17.
(2.11) holds since Pyer oz € ker A = ker AT by Proposition 2.2.5.

(2.14) holds by (A")*(Piraz) = 0, since ker(AT)* = ker A by Proposi-
tion 2.2.5. ]

Fact 2.2.11 Let A: X — X be linear and continuous such that ran A is

closed. Then AAY = Py 4.

Proof. See [19, Theorem 2.2.2]. [ |

Corollary 2.2.12 Let A: X — X be linear, continuous and monotone such

that ran A is closed. Then AT is monotone.

Proof. Since Al is linear and continuous by Fact 2.2.2, by Fact 2.1.18 it

suffices to show that ¢,i(x) > 0,Vex € X.

17
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Let z € X and y = Af(Pay42). Then Ay = AAY(Pran 42) = Pran Az by

Fact 2.2.11. By Proposition 2.2.10, we have

2QAT (.Z') = 2QAT (Pran AJZ) (216)

= <AT(PranAx)a PranAx> (217)

= (y, Ay) (2.18)

>0, (2.19)

in which (2.19) holds since A is monotone. ]

Fact 2.2.13 Let A: X — X be linear and continuous such that ran A is
closed. Then ATT = A.

Proof. See [19, Exercise 7 on page 110]. [ |

Theorem 2.2.14 Let A: X — X be linear and continuous such that ran A

is closed. Then A is monotone, if and only if, A" is monotone.

Proof. “=” By Corollary 2.2.12.
“<” Since ran AT = ran A is closed by Proposition 2.2.5, we apply Fact 2.2.13
and Corollary 2.2.12 to A’ to conclude that AT = A is monotone. [ |

Here is a useful result that will be used very often.

Proposition 2.2.15 Let A: X — X be linear, symmetric and continuous

such that ran A is closed. Then

qat(x + Ay) = qai(z) + qa(y) + (Pran a®,y), Vr,ye X.

18
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Proof. Let x € X, y € X. Then

qat(z + Ay) (2.20)
= (ATz + AT Ay, =+ Ay) (2.21)
= qa1(7) + 5(AT Ay, Ay) + §(ATz, Ay) + $(AT Ay, z) (2.22)
= qq(z) + $(AAT Ay, y) + S(AATz, y) + 3(y, (ATA)*z) (2.23)
= qat () + 2(Pran 4(AY), y) + 1 (Pran az, y) + 3y, AATz) (2.24)
= q41(2) + qa(y) + 3(Pran a2, ¥) + 3y, Pran aT) (2.25)
= qat () + qa(y) + (Pran AT, Y), (2.26)

in which, (2.24) by Fact 2.2.11 and Fact 2.2.4, (2.25) by Fact 2.2.11. 1

Corollary 2.2.16 Let A: X — X be linear, symmetric and continuous

such that ran A is closed. Then

qat(Az) = qa(z), Vre X.

Proof. Apply Proposition 2.2.15 to A with x replaced by 0 and y replaced
by x. [ |

Fact 2.2.17 Let A: X — X be linear and continuous such that ran A 1s

closed. Then ATA = P, at.

Proof. See [19, Theorem 2.2.2]. [ |

19
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Corollary 2.2.18 Let A: X — X be linear, continuous and monotone such

that ran A is closed. Then

AAT = ATA = Py a.

Proof. By Proposition 2.2.5, ran A = ran AT. Then follows directly from
Fact 2.2.11 and Fact 2.2.17. |

20
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Inverse of linear monotone

operators

It is well known that a linear, continuous and monotone operator A can be
decomposed into the sum of a symmetric operator A4 and an antisymmetric
operator Ao: A=A, + Ao.

By Fact 2.1.18, A is also decomposed into the sum of the subdifferential
of a proper lower semicontinuous and convex function Vg4 and an anti-
symmetric operator Ao: A = Vga + Ao. Such a decomposition is called a

Borwein-Wiersma decomposition.

3.1 Borwein-Wiersma decomposition

Definition 3.1.1 (Borwein-Wiersma decomposition) We say A: X =

X is Borwein-Wiersma decomposable or simply decomposable if
A=0f+ S8,

where f is proper lower semicontinuous and convex, and S is antisymmetric.

What kind of operators are Borwein-Wiersma decomposable?

21



Chapter 3. Inverse of linear monotone operators

Definition 3.1.2 We say A: R™ = R"™ is skew if there exists a linear and

antisymmetric operator B such that B |gom A= A |dom A -

Fact 3.1.3 Let A: R® = R" be mazimal monotone and at most single-
valued. Suppose that 0 € dom A,dom A is open and A is Frechet differen-
tiable on dom A. Then A is Borwein- Wiersma decomposable, if and only if,

A =V [y is skew, where
1
fa: domA —-R:z+— / (A(tx),x) dt.
0

Proof. See [12, Theorem 3]. [ |

3.2 Asplund decomposition

Here we also introduce another famous decomposition: Asplund decompo-

sition, see [1].

Definition 3.2.1 We say A: X = X is acyclic with respect to a subset C
if

A=0f+ S8,
where f is proper lower semicontinuous and convex, and S is monotone,

which necessarily implies that Jf is constant on C. If no set C is given,

then C = dom A.

Definition 3.2.2 (Asplund decomposition) We say A: X = X is As-
plund decomposable if
A=0f+ S,
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Chapter 3. Inverse of linear monotone operators

where f is proper lower semicontinuous and convex, and S is acyclic with

respect to dom A.
The following tells us which operators are Asplund decomposable.

Fact 3.2.3 (Asplund) Let A: R® =% R" be mazimal monotone such that
intdom A # & and A is at most single-valued. Then A is Asplund decom-

posable.

Proof. See [12, Theorem 13]. [
By the following result, we can find out the connection between the

decompositions.

Fact 3.2.4 Let A: R" — R™ be antisymmetric. Then A is acyclic.

Proof. See [12, Proposition 15]. [ |

Remark 3.2.5 Let A: R™ = R" be mazimal monotone and Borwein- Wiersma

decomposable via

of +5,

where f is proper lower semicontinuous and convex, and S is antisymmetric.

Then such a decomposition is also an Asplund decomposition.

3.3 The Borwein-Wiersma decomposition of the

inverse

As mentioned earlier, a linear, continuous and monotone operator is Borwein-

Wiersma decomposable. It is natural to ask whether its set-valued inverse
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mapping is also Borwein-Wiersma decomposable.

Theorem 3.3.1 Let A: X — X be linear, continuous and monotone such

that ran A is closed. Then

ATt =0f + (Ao,

where f = qui + trana 1S proper lower semicontinuous and convex, and

(AT)O is antisymmetric. In particular, A~ is decomposable.

Proof. By Fact 2.2.2 and Corollary 2.2.12, A’ is linear, continuous and
monotone. Then by Fact 2.1.18 we have ¢4+ is convex function, differentiable
and Vgui = (AT),. Since ran A is a closed subspace of X, by Fact 2.1.24
lran A 18 proper lower semicontinuous and convex. Hence f is proper lower
semicontinuous and convex.

We show that the convex function f satisfies

Atz +ker A, if x €ranA;
Of (z) 4+ (AN oz = (3.1)

a, otherwise.

Indeed, since f is convex, Vx € ran A we have

df () = 0(gar + tran a)(z)
= V@i (x) + Otyan a(T) ( by Fact 2.1.30)
= (AT)_i_x + ker A* (3.2)

= (A"),z + ker A, (3.3)
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Chapter 3. Inverse of linear monotone operators

where (3.2) holds by Fact 2.1.32, and (3.3) by Proposition 2.2.5.

Thus

Of (x) + (ANoz = (AT 1z + ker A + (AN)ox = ATz 4 ker A, Vz € ran A.

If 2 ¢ ran A = dom f, by definition 0f(z) = &. Hence (3.1) holds.

By Corollary 2.2.7, we have that

A7z = ATz 4 ker A, Vz € ran A. (3.4)
Thus,
) Atz +ker A, if z € ran A;
A 7 = (3.5)
a, otherwise.
By (3.1) and (3.5), we have A~! = 9f + (A")o. [ |

Proposition 3.3.2 Assume T: X = X is monotone, then T~ is mono-

tone. Moreover, if T is maximal monotone, then so too is T1.

Proof. Use Definition 2.1.1 and Definition 2.1.14 directly. |

Due to Phelps and Simons, we obtain the following Proposition.

Proposition 3.3.3 Let A: X — X be linear, continuous and monotone

such that A is one-to-one and symmetric. Then
ATt =0f,
where f(x) 1= SUPyepan 4 { (A7 Yy, 2) — (A Ly, y)} (Vo € X) is proper lower
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semicontinuous and conver. If X = R", then A~' = Vqu-1. In particular,

A~ is decomposable.

Proof. By Example 2.1.16, A is maximal monotone. Then by Proposi-
tion 3.3.2, A~! is maximal monotone. Since A is linear and one-to-one ,
A~ is single-valued and linear on ran A.

In the following we show that

(x, A7Vy) = (y, A 'z), Va,y €ranA.

Let x,y € ran A. Then there exist unique x1,y; € X such that x = Axy,y =

Ayi1. We have

(x, A7 y) = (Azy,y1) = (z1, Ay1) = (AL, ).

By [23, Theorem 5.1], f is proper lower semicontinuous and convex, and
A~ = of.
If x = R", we have A is invertible. By assumption, A~! is symmetric and

monotone. By Fact 2.1.18, A=! = Vg,-1. |
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Monotone operators with

linear graphs

Theorem 3.3.1 tells us that the set-valued inverse A~! of a linear, continuous
and monotone operator A is Borwein-Wiersma decomposable. Naturally,
this raises the following question: Are maximal monotone operators with
linear graphs also Borwein-Wiersma decomposable? This chapter answers
the question above. It also gives some important equivalent conditions of
monotonicity and maximal monotonicity of operators with linear graphs.

Let us first introduce some interesting results about these operators.

4.1 Linear graph

Fact 4.1.1 Let S, M be closed linear subspaces of X. Then
S=MeSt=M S#MeSt+£M

Proof. Follows directly by S++ =8, Mt = M. |
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Chapter 4. Monotone operators with linear graphs

Definition 4.1.2 Let A: X = X. We define dom A,ran A by

dom A := {z | Az # &}

ran A := {z* | 2" € Az, Iz € dom A}.
Proposition 4.1.3 Let A: X = X such that gra A is a linear subspace of
X x X. For every x,y € dom A, the following hold.
(i) A0 is a linear subspace of X.
(ii) Az =a2*+ A0, Vz* e Ax.
(iii) adz + BAy = A(az + By), Va,B € R with a#0 or 3 # 0.

(iv) If A is monotone, then dom A1 A0, hence dom A C (A0)‘, A0 C
(dom A)*L.

(v) If A is monotone, then

(x, 2"y >0, V(z,x") € graA.

Proof. Obviously,
domA:{x6X| (z,y) € gra A, EIyGX} (4.1)

and dom A is a linear subspace of X.

(i): Yo, B € R, Va*, 2* € A0 we have

(0,2) € graA (0,2") € gra A.
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As gra A is a linear subspace of X x X,

a0, %)+ 5(0, z°) = (0, az™ + (2") € gra A.

This gives ax™ + 6z* € A0. Hence A0 is a linear subspace.

(ii): We first show that

"+ A0 C Az, Vz* € Ax.

Take z* € Ax, z* € A0. Then

(x, %) egraA and (0, ") € gra A.

Since gra A is a linear subspace,

(x, "+ 2") € gra A.

That is, * + z* € Ax. Then a* + A0 C Azx.

On the other hand, let z*, y* € Axz. We have

(x, *) € gra A, (x, y*) € gra A.

Since gra A is a linear subspace,

(x—x, y*—2")=(0, y* —2¥) € graA.

Then y* — 2* € A0. That is, y* € 2* + A0. Thus Az C z* + A0. Hence (ii)
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holds.
(iii): Let a,, 8 € R. Take z* € Az, y* € Ay. Then we have

(z, 2¥) € gra A, (y, y*) € gra A.

Since gra A is a linear subspace, we have (azx + (y, az* + PBy*) € gra A.
That is, az™ + By* € A(ax + By).

Then by (ii) we have

Az = 2" 4+ A0, Ay =y* + A0, A(az + Py) = az™ + py* + A0.  (4.2)

Suppose that a # 0. By (i)

a A0 + A0 = A0, (4.3)

Then by (4.2) and (4.3),

aAz + Ay = a(z* + A0) + B(y* + A0)
= az® + By* + (¢ A0 + SA0)
= az” + By* + A0

= A(azx + By).

(iv): Pick € dom A. By (4.1) there exists 2* € X such that (z,2*) €

gra A. Then by monotonicity of A, we have

(x—0, ¥ —2%) >0, Vz*e Ao
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That is,
(x, x*) > (x,2"), V" e A0. (4.4)

Since A0 is a linear subspace by (i), by Lemma 2.1.28 and (4.4),

xl A0, VredomA
= dom AL A0

= dom A C (A0)*, A0 C (dom A)*.

(v): Since (0,0) € gra A,

(z,2*) = (x —0,2" —0) >0, VY(z,z%) € graA.

|
Remark 4.1.4 Proposition 4.1.3(ii) is a useful representation. It means

Az = Ax + A0, Vx € dom A, Ax € Az.

Later, we will show the selection map A can be chosen to be linear!

4.2 Maximal monotonicity identification

The next three results are well known.

Fact 4.2.1 Let A: X = X be maximal monotone. Then Ax is closed and

conver, Vx € X.
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Proof. Fix x € X. If z ¢ dom A, then Ax = & is closed and convex. So
suppose z € dom A. Let (z}) C Ax such that z;, — 2*. In the following
we show that z* € Ax. For every (y,y*) € gra A, by monotonicity of A, we
have

(y—z, y*—ay) >0. (4.5)

Letting n — oo in (4.5), we see that

(y—z, y*—a") 20, VY(y,y") €graA (4.6)

By (4.6) and maximal monotonicity of A, we have (z,z*) € gra A. That is,
x* € Ax. Hence Az is closed.
Now we show that Az is convex. Let § € [0,1]. For every z7,25 € Az, we

have

(y—= y" —a7) =0 (4.7)

(y—z, y"—x3) >0, VY(y,y*) € graA. (4.8)

Adding (4.7)x¢ and (4.8)x (1 — ¢) yields

(- y" — (621 + (1= 6)23)) 20, V(y,y") €grad  (49)

Since A is maximal monotone, (z,dz} + (1 — d)a3) € gra A, i.e., oz] + (1 —

d)zh € Azx. Thus Az is convex. [ |

Proposition 4.2.2 Let A,B: X = X be monotone. Then A+ B is mono-

tone.
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Proof. Let (z,x%), (y,y*) € gra(A + B). Then there exist

(z,27), (y,y7) € gra A

(z,23), (y,y3) € gra B

such that

¥ =] + x5

v =y + s

Then

(x—y, 2*—y") =(x—y, 2] +23—y] —¥3)

Hence A + B is monotone. [ |

Fact 4.2.3 Let A: X = X be maximal monotone. Then dom A is convex.

Proof. See [31, Theorem 3.11.12]. [ |

Fact 4.2.4 Let A: X = X be maximal monotone. Then A + (‘%m = A.

Proof. By Fact 4.2.3 and Fact 2.1.24, 15— is proper lower semicontinuous
and convex. Then by Proposition 2.1.21, dig, 4 is monotone. Then by

Fact 4.2.2, A + Oug— is monotone.
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Suppose z € dom A. Then since 0 € Oigs—() ,
(A4 Ovgsr) (v) = Az + Ovgsz () D Ax.
Suppose 2 ¢ dom A. Then since Az = &,
(A4 Ovgomz)(x) D Az, Vre X.

Since A is maximal monotone, A + Oig— = A. |
The following are interesting properties about maximal monotonicity of

monotone operators with linear graphs.

Proposition 4.2.5 Let A: X = X be monotone such that gra A is a linear
subspace of X x X. Then

A is maximal monotone = dom A = (A0)™.

Proof. Suppose to the contrary that dom A # (A0)*. By Proposition 4.1.3(i)
and Fact 4.2.1, A0 is a closed subspace. By Fact 4.1.1, (dom A)+ # (A40)++ =

A0. Then by Proposition 4.1.3(iv), we have
(dom A)* = (dom A)* 2 AO. (4.10)
Thus there exists w* € (dom A)* \ A0. By w* € (dom A)*, we have

(W', 2) =0, Ve domA. (4.11)
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Since w* ¢ A0, (0,w*) ¢ gra A. By maximal monotonicity of A, there exists

(x0,2() € gra A such that

(xg, o) — (W*, z0) = (x5 —w*, 29 — 0) < 0. (4.12)

By (4.11) and (4.12), (z§,x0) < 0, which is a contradiction to Proposi-

tion 4.1.3(v). [ |

Proposition 4.2.6 Let A: X = X be monotone such that gra A is a linear
subspace of X x X and AO is closed. Then

dom A = (A0)* = A is maximal monotone.

Proof. Let (z,2*) € X x X satisfy that

(x —y, 2" —y*) >0, V(y,y") € gra A. (4.13)

In the following we will verify that (z,z*) € gra A.
By (4.13) we have

(x, =%y > (x, 2), Vz*e A0.

Since AQ is a linear subspace by Proposition 4.1.3(i), by Lemma 2.1.28 we
have x 1 A0, i.e., z € (40)* = dom A.

Take x € Ax. For every v* € Av, we have z§ + v* € A(x + v) by Proposi-
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tion 4.1.3(iii). By (4.13), we have
(r—(x+wv), 2" = (x5 +0")) 20, V(v,0") € graA.

That is,

(v, v*) > (v, =" —xgy), VY(v,v") € gra A.

By Proposition 4.1.3(iii), we have 1v* € A(Lv). Then by (4.14),
(Lo, Lo*y > (Lo, 2" —af), V(v,0*) € gra A

Multiply (4.15) both sides by n and then let n — oo to see that

(v, 2" —xp) <0, Vv e domA.

(4.14)

(4.15)

(4.16)

Since dom A is a linear subspace, by Lemma 2.1.28, (z* — ()L dom A. Since

A0 is closed, we have

(z* — x}) € (dom A)* = (A0)*+ = Ao.

According to Proposition 4.1.3(ii), z* € x§ + A0 = Ax.

Here is an important result in this chapter.

(4.17)

Theorem 4.2.7 Let A: X = X be monotone such that gra A is a linear

subspace of X x X and dom A is closed. Then

A is mazimal monotone < dom A = (A0)*, A0 is closed.
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Proof. Since A is maximal monotone, A0 is closed by Fact 4.2.1. Combine

Proposition 4.2.5 and Proposition 4.2.6. |
Theorem 4.2.7 gives an equivalent condition in infinite-dimensional spaces.

When we consider it in finite-dimensional spaces, can we get further results?

Now we discuss this in detail.

Proposition 4.2.8 Let A: R == R" be monotone such that graA is a
linear subspace of R™ x R™. Then dim(gra A) = dim(dom A) + dim AO0.

Proof. We shall construct a basis of gra A.

By Proposition 4.1.3(1), A0 is a linear subspace. Let {x’{, ,x,’;} be
a basis of A0 and {xk+1,...,azl} be a basis of dom A. We show that
{(O,x’{), e (0,23), (Thg 1, Thgy), ,(ml,x}k)} is a basis of gra A, where z} €

Az;, i€ {k+1,---,1}. We first show that
{021, (0,27, (@rsn, 7)o, 27) |
is linearly independent. Let oy, € {1,--- 1}, satisfy that
a1(0,27) + -+ + ag(0,2%) + 1 (X1, Ty q) + - + xg, 27) = 0.
Hence

Qg 1Thy1 + -+ oy =0 (4.18)

arx] + -+ oy + app1 Ty, + -+ gy = 0. (4.19)
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Since {ka, . ,xl} is linearly independent, by (4.18) we have o; = 0,1 €

{k+1,---,1}. Then since {x’{, e ,x};} is linearly independent, by (4.19) we

have o; = 0,3 € {1,-- ,k}. Thusoy; = 0,3 € {1,--- ,1}. Hence {(O,m’{),...,(O,m};), (g1, @f ),

is linearly independent.

Let (z,2*) € gra A. Then there exists 3;, i € {k + 1,--- ,l} satisfying that
Br+1Tk1 + - + By = @

Thus

ﬁk-ﬁ-leZ-i-l + -+ ﬁlib? € Ax.

By Proposition 4.1.3(ii), there exists z* € A0 such that
Brs1Tppy + -+ By + 2 =2
Then there exists 3;, i € {1,--- ,k} satisfying that
2* = pPrx] + - + By
Thus
(,2") = B1(0,27) + -+ + Br(0,2%) + Br1 (Tht1, Tga) + -+ + Byla, a7).
Hence {(O,xl), e (0 21)s (g1, )5 s (xl,:nf)} is a basis of gra A. Then

dim(gra A) = dim(dom A) + dim(A0).
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Chapter 4. Monotone operators with linear graphs

From Proposition 4.2.8, we now get a satisfactory characterization.

Proposition 4.2.9 Let A: R" == R" be monotone such that graA is a

linear subspace of R™ x R™. Then

A is mazimal monotone < dimgra A = n.

Proof. Since linear subspaces are closed in finite-dimensional spaces, by

Proposition 4.1.3(i) and Theorem 4.2.7 we have

A is maximal monotone < dom A = (A0)~. (4.20)

Assume that A is maximal monotone. Then

dom A = (A0)*.

Then Proposition 4.2.8 implies

dim(gra A) = dim(dom A) + dim(A0)
= dim((A0)") + dim(A0)

:n’

as (A0)+ + A0 = R™.

Conversely, let dim(gra A) = n. By Proposition 4.2.8, we have
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dim(dom A) = n — dim(A0).

As dim((A0)1) = n—dim(A0) and dom A C (A0)* by Proposition 4.1.3(iv),

we have
dom A = (A0)*.

By (4.20), A is maximal monotone. [ |

4.3 Constructing a good selection

When we proved Theorem 3.3.1, most of the much focused on finding a lin-
ear, continuous and monotone operator A such that A ldom 4-1 1S & selection
of A=, Now for a maximal monotone operator A with a linear graph, we

also want to find such an operator.

Fact 4.3.1 Let S be a nonempty closed convex subset of X. Then for each

x € X there exists a unique sy € S such that
|z — 50| = min {||3: —s||| se 5}.

Proof. See [19, Corollary 1.1.5]. [ |

By Fact 4.3.1, we can define the projector onto a nonempty closed convex

subset of X.
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Definition 4.3.2 Let S be a nonempty closed conver subset of X. We define

the projector Pg: X — X by

Pgx = argmin gljz — s||, =€ X.

Fact 4.3.3 Let S be a closed linear subspace of X and xg € X. Then Pg is

linear, continuous and

Psyyox =29 + Ps(x — xp), Vo € X (4.21)
Psx+ Pgrx =z (4.22)
P§ = Ps. (4.23)

Proof. (4.21): Let z € S. By Definition 4.3.2,

|z — 20 — Ps(z — xo)|| < ||z —zo — || = ||z — (o + 5)||, VseES.

By Fact 4.3.1, Ps(z — x¢) € S. Thus zg + Ps(x — zg) € S + z¢. By Defini-
tion 4.3.2, Psyz,x = x9 + Ps(x — x0).
(4.22) holds by S®S+ = X. For the other parts see [27, Theorem 5.51(a)]. B

Definition 4.3.4 Let A: X = X such that gra A is a linear subspace of
X x X. We define Q4 by

Pazx, if x € dom A,
Qar =

a, otherwise.
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Proposition 4.3.5 Let A: X = X be maximal monotone such that gra A
is a linear subspace of X x X. Then Q4 is single-valued on dom A and a

selection of A.

Proof. By Fact 4.2.1, Ax is nonempty closed convex, for every x € dom A.

Then by Fact 4.3.1, Q4 is single-valued on dom A and a selection of A. W

Proposition 4.3.6 Let A: X = X be maximal monotone such that gra A
s a linear subspace of X x X. Then Q4 is monotone, and linear on dom A.

Moreover,

Qaz = Plag)r (Az), Yz € dom A. (4.24)

Proof. By Proposition 4.1.3(i) and Fact 4.2.1, A0 is a closed subspace. Let

x* € Az. Then
Qar = Pagx = Ppey a0z (4.25)
= 12" 4+ Ppo(x — ™) = 2™ + Pyox — Ppoz”™ (4.26)
= Paor + Pyp)ra” (4.27)
= Plagyrz” (4.28)
= Pag)L (Az), (4.29)

in which, (4.25) holds by Proposition 4.1.3(ii), (4.26) and (4.27) by Fact 4.3.3.
(4.28) holds since P4oz = 0 by Proposition 4.1.3(iv).
Thus (4.24) holds. Since Q 4 is single-valued by Remark 4.3.5, then P 40)1 (Az)

is single-valued.
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Now we show that @ 4 is linear on dom A. Take x,y € dom A and «a, 5 € R.

If « = 3 =0, by Proposition 4.1.3(i), we have

Qalaz + By) = Qa0 = P40 = 0 = aQaz + £Qay. (4.30)

Assume that « # 0 or 8 # 0. By (4.24), we have

Qalazx + By) = Pagyr Alaz + By) (4.31)
= P01 (Az) + BP 40y (Ay) (4.32)
= aQaz + 5Qay, (4.33)

where (4.32) holds by Proposition 4.1.3(iii) and Fact 4.3.3, (4.33) by (4.24).
By Proposition 4.3.5, Q4 is a selection of A. Since A is monotone, @) 4 is

monotone. |

Proposition 4.3.7 Let Y be a closed linear subspace of X. Let A: X = X
be monotone such that A is linear on Y and at most single-valued. Then

Py APy is linear, continuous and maximal monotone.

Proof. Clearly, Py APy is linear since Py is linear by Fact 4.3.3 and A is
linear on Y. In the following we show that Py APy is monotone.

Let x € X. Then

(x, Py APyx) = (Pyx, A(Pyx) = (Pyx, A(Pyx)) (4.34)

>0, (4.35)
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where (4.34) holds by Fact 4.3.3. Inequality (4.35) holds since A is mono-
tone.

By Example 2.1.3, Py APy is monotone. Then by Fact 2.1.22, we have
Py APy is continuous and maximal monotone. |

Now we show that we found the operator we were looking for.

Corollary 4.3.8 Let A: X = X be mazimal monotone such that gra A is
a linear subspace of X x X and dom A is closed. Then Piom AQAPjom 4 1S
linear, continuous and mazximal monotone. Moreover, Piom AQAPiom A =

QAPdomAa (PdomAQAPdomA) ‘domA: QA and Az = (PdomAQAPdomA)x +
A0,Vx € dom A.

Proof. The former holds by Proposition 4.3.6 and Proposition 4.3.7. By
Proposition 4.3.6 and Proposition 4.2.5, we have (QAPgom )z € (A0)+ =
dom A,Vx € X. Then by Proposition 4.3.5, (Pgom AQAPdiom A)r = Qax €
Az,Vx € dom A. By Proposition 4.1.3(ii), Az = (Piom AQAPdoma)T +
A0,Vx € dom A. |

Remark 4.3.9 By Corollary 4.3.8, we know that QA |qom A @S continuous
on dom A. But if we omit the assumption that dom A be closed, then we

can’t guarantee that QA |qom A 18 continuous on dom A.

Example 4.3.10 Let X be (2, | -|l2) space and A: X — X: (2,)%%

(%z)e . Then Qa1 |qom a-1 is not continuous on dom A1,

Proof. We first show that Q 4—1 = A~! is maximal monotone with a linear
graph, but dom A~! = ran A is not closed.

Clearly, A is linear and one-to-one. Thus Q4-1 = A~! and graA~! is a

44



Chapter 4. Monotone operators with linear graphs

linear subspace. By Example 2.1.27, A is maximal monotone. By Proposi-
tion 3.3.2, A~! is maximal monotone.

By Proposition 4.2.5, ran A = dom A—1 = (4710)+ = (0)X = X. Now we
show that ran A is not closed, i.e, ran A # X.

On the contrary, assume ran A = X. Let z = (1/n)92; € X. Then we have
A~lz = (1)%, ¢ X. This is a contradiction. Hence ran A is not closed.

In the following we show that Q-1 = A™! is not continuous on ran A =
dom A1,

Take {%en} C ran A, where e, = (0,---,0,1,0,---) : the nth entry is 1 and
the others are 0. Clearly, Le,, — 0. But A~ (Ze,) — 0[] = |le,|| - 0. Hence

Q-1 = A1 is not continuous on ran A. |

4.4 The first main result

Now we come to our first main result in this thesis.

Theorem 4.4.1 Let A: X = X be maximal monotone such that gra A is a

linear subspace of X x X and dom A is closed. Then
A=0f + Ao,

where f := qz + tdom A 18 proper lower semicontinuous and convezr, A =
Piom AQ APaom A 18 linear, continuous and mazximal monotone, and Ao is

antisymmetric. In particular, A is decomposable.

Proof. By Corollary 4.3.8, Ais linear, continuous and maximal monotone.

Then by Fact 2.1.18, ¢ is convex, differentiable and Vgz; = jL_. Since
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dom A is a closed subspace, by Fact 2.1.24 tgom 4 is proper lower semicon-
tinuous and convex. Hence f is proper lower semicontinuous and convex.

By Theorem 4.2.7, (dom A)*+ = (A0)*+ = A0. Let x € dom A. We have

af(l’) = a(qji + LdomA)(x)
= Vq;(x) + Otdom A(x) (By Fact 2.1.30)
— A,z + (dom A)*  (by Fact 2.1.18 and Fact 2.1.29)

Thus Vx € dom A,

Of (z) + Aoz = Apx + A0 + Aoz = Az + A0 (4.36)

= Az, (4.37)

where (4.37) holds by Corollary 4.3.8. If = ¢ dom A, by definition 0f(z) =

g = Ax.

Hence we have Az = 8f(z) + Aoz, Vz € X. [
In general, a convex cone is not a linear subspace. We wonder if there

exists a maximal monotone operator with a convex cone graph such that its

graph is not a linear subspace.

The following gives a negative answer.

Fact 4.4.2 A convex cone K is a linear subspace, if and only if, — K C K.

Proof. See [25, Theorem 2.7]. [ |

46



Chapter 4. Monotone operators with linear graphs

Proposition 4.4.3 Let A: X = X be maximal monotone such that gra A

is a convex cone. Then gra A is a linear subspace of X x X.

Proof. By Fact 4.4.2, it suffices to show that
—gra A C gra A.

Assume that (z,z*) € gra A. We show that —(x,2*) € gra A. Let (y,y*) €

gra A. As gra A is a convex cone,
(x,2") + (y,y") = (x +y, 2*+y") € graA.
Thus
(x+y, 2*+y*) >0. (since A is monotone and (0,0) € gra A)
This means

(=z) —y, (-=27)—y") 20, V(y,y") € graA.
Since A is maximal, we conclude that
(—x,—x%) € graA, —(z,z%) € graA.

Hence gra A is a linear subspace. |
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In [14], Butnariu and Kassay discuss monotone operators with closed
convex graphs. Actually, if such operators are maximal monotone, their

graphs are affine sets.

Fact 4.4.4 C' C X is an affine set & dcg € C, C — ¢y is a linear subspace.

Proof. See [31, page 1]. [ |

Proposition 4.4.5 Let A: X = X be maximal monotone such that gra A

is a convex subset. Then gra A is an affine set.

Proof. Let (xg,x)) € graA and A: X = X such that grag = graA —
(x0,2). Thus gra A is convex and (0,0) € graA. By Fact 2.1.15, A is
maximal monotone. By Fact 4.4.4, it suffices to verify that grag is a linear
subspace. By Proposition 4.4.3, it suffices to show that grag is a cone.
Let k> 0 and (z,2*) € gra A. We consider two cases.

Case 1: k < 1.
k(z,2*) = k(z,2%) 4+ (1 — k)(0,0) € gra A. (4.38)

Case 2: k > 1.
Let (y,y*) € gra A. By (4.38), %(y,y*) € gra A. Thus,

(kx —y, kx* —y*) = k2<x — %y, - %y*> > 0.

Since A is maximal monotone, k(z,z*) € gra A.

Hence gra A is a cone. |
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4.5 Monotonicity of operators with linear graphs

In general, it is not easy to identify whether an operator is monotone. But
if an operator with a linear graph and a basis is known, then we can use

linear algebra to verify monotonicity and strict monotonicity.

Theorem 4.5.1 Let A: X 2 X andgra A = span {(ml,m’{), - ,(mn,mZ)}

Then the following are equivalent

(i) A is monotone.

(i)

(mlva> <m17m§> <m17m;kz>
The matrix B := ( 27. 1> (m, 2> < 27. 2 18 monotone.

(ili) By is positive semidefinite.

Proof. Since gra A = span {(ml,m’{), e (mn,m;)}, V(z,x*) € gra A, Jaq,...,qn

such that

n
(:Ev:E*) = Zal(mlvm;k)
1=1
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Then A is monotone

S (x—y, 2" —y") >0, V(x,

n

<:><Z ﬁz mg, Z

1=1 i=1

Zaz mg, m
y*) = Zﬁz’(mi,

where

x*) € graA,V(y,y*) € graA

) >0

§ Q;my, E Q;m

m;) = (Z Bimg, Zﬁim
] i=1

Z’V@mu Z’V@ ZZ mu 72’7] >0, VyueR
=1 j=1
=15 WM)BO1s W) T 20, Yy ER

< vIBr >0, YveR"
< B is monotone

& By is positive semidefinite

(by Example 2.1.3)

(by Fact 2.1.13 and Example 2.1.3).

We also have a way to identify whether an operator with a linear graph

is strictly monotone. First we give the definition of strictly monotone.

Definition 4.5.2 A strictly monotone operator T: X = X is a mapping

that satisfies

<$* _y*v T

_y>>07

whenever * € T(x), y* € T(y) and = # y.
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Definition 4.5.3 Let A: X — X. We say A is positive definite if
(x,Az) >0, Vz#0.

Theorem 4.5.4 Let A: X = X andgra A = span {(ml,m’{), ce (mn,m;)}
Suppose that {ml,...,mn} 1s linearly independent. Then A is strictly

monotone, if and only if, the matriz

<m17m>{> <m17m§> <m17m;>
B— <m27m>{> <m27m§> <m27m;>

1s positive definite.

Proof. Since gra A = span{(m;, m})}? ;, A is strictly monotone

sS(x—y,z"—y") >0, V(r,x2"),(y,y") € graA with x #y
& O (i = B)ma, Y (= Biymi) >0

i=1 i=1

n n n
where (z,z%) = Zai(mi,m;‘k) = (Z Qmg, Zaimf)
i=1 i=1 i=1

(y,9%) = > Bilmiymi) = (Y Bimi, Y Bmy)
i=1 i=1 i=1
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Since my,...,m, are linearly independent,

r4ys (o,...,an) # (B, 0n)

Svi= (a1 — By, an — Bn) #0,
A is strictly monotone

& (Z’y,-mi, Z%mﬁ >0, fory#0
i=1 i=1

S ATBy >0, VyeR"” withy+#0

< B is positive definite.

Just as in the proof of Theorem 4.5.1, we see that (4.40) holds.

(4.39)

(4.40)

(4.41)
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Auto-conjugates

5.1 Auto-conjugate representation

Definition 5.1.1 Let f: R" x R" — ]—o0,4+00]|. We define fT by
[Tz, 2") = f(z*,2), VY(z,z¥) e R"xR"™

Definition 5.1.2 (Fenchel conjugate) Let f: R™ — |—o0,+0o0]. The Fenchel

conjugate of f, f*, is defined by

Fr@)=swp{ ", 0) - f@)}, VR

T

Fact 5.1.3 Let f: R" — ]—o00,+400]| be proper lower semicontinuous and

convex. Then f** = f.

Proof. See [26, Theorem 11.1]. [ |

Proposition 5.1.4 Let f,g: R" — |—o00,+o0] satisfy f < g. Then f* > g*.

Proof. Follows directly by Definition 5.1.2. |

Definition 5.1.5 (Auto-conjugate) Let f: R" x R" — ]—o0,400] be

53



Chapter 5. Auto-conjugates

proper lower semicontinuous and convexr. We say f is auto-conjugate if

fr=r

Here are some examples of auto-conjugate functions.

Example 5.1.6 (Ghoussoub ’06/[17]) Let: R™ — |—o0, +00] be proper
lower semicontinuous and convex, and A: R™ — R"™ be linear and antisym-

metric. Then

f@,2%) == () + ¢*(z7)

flz,2") = p(x) + " (—Ax + 2¥)  (V(z,z¥) € R" x R")

are auto-conjugate.
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Proof. The first function is a special case of the second one when A = 0. So,

it suffices to show the second case. Let (z,z*) € R™ x R™. Then we have

(", x)

= suw {(n.a")+ ") = f0)

= (Sulg) {<y, z*) + (Y x) — oy) — 9" (—Ay + y*)}

= sup {<y, x*) + (Ay,z) + (—Ay + y*, x) — p(y) — ¢* (- Ay + y*)}
(y,y*)

= supsup {<y, z*) + (Ay, z) + (—Ay +y*, 1) — p(y) — " (—Ay + y*)}

= sup {<y, x*) + (y, —Azr) — o(y) + sup {{(—Ay+y* z) — " (—Ay + y*)}}

= sup {<y, — Az + %) — w(y)} + ™ (z)
=" (—Az + ") + o(z) (by Fact 5.1.3)

= f(x,z").

Now we introduce some basic properties of auto-conjugate functions.

Lemma 5.1.7 (Penot-Simons-Zalinescu ’05/([24],[29]) Let f: R"xR" —

|—00, +00| be auto-conjugate. Then

flz,z*) > (z,2"), V(z,z") e R" x R"™
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Proof. Let (z,2*) € R® x R". Then

J,a®) = f(@ @) = swp {{,a") + (",2) — F,v7)}

(y,y*)

>(z,x*) + (¥, x) — f(z,x¥).

Thus 2f(z,z*) > 2(x,2*). That is , f(z,z*) > (x,z*). [ |

Proposition 5.1.8 Let f,g: R" x R" — |—00,400| be auto-conjugate such
that f < g. Then f =g.

Proof. Let (z,z*) € R™ x R™. By assumptions, f(z,z*) < g(z,z*).
On the other hand, by Proposition 5.1.4, f*(z*,x) > ¢g*(«*,x). Since f,g

are auto-conjugate, f(x,z*) > g(x,x*). Hence f(x,z*) = g(z,x"). |

Proposition 5.1.9 Let f: R" x R" — ]—o0,400]. Then f*T = fT*.

Proof. Let (z,z*) € R™ x R™. Then

@) = sw {((y), @2) — Ty |

(y,y*)

= sup ({07 (a0 = P}

(y,y*

= f*(a:,a;*) = f*T(x*v‘T)'
|

Fact 5.1.10 (Fenchel-Young inequality) Let f: R" — ]—o0, +00| be proper
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lower semicontinuous and convex, and x,z* € R™. Then

f(@) + (") = (2, 27%),

and equality holds, if and only if, z* € Of (x).

Proof. See [25, Theorem 23.5] and [25, page 105]. | ]

Definition 5.1.11 Let f: R” x R" — |—o0,+o0]. We define G(f) by

¥ e G(flx < f(z,a™) = (x,z7).

Here is an important property of auto-conjugates, which provides our

main motivation for studying them.

Fact 5.1.12 (Penot-Simons-Zalinescu ’05) Let f: R"xR" — |—00, +0]

be auto-conjugate. Then G(f) is mazimal monotone.

Proof. See [29, Theorem 1.4.(a)]. [ |

Definition 5.1.13 (Representation) Let f: R" X R" — |—o0, +0o0] and
A:R* = R™ If A= G(f), we call f a representation for A. If f is auto-

conjugate, we call f an auto-conjugate representation for A.

Proposition 5.1.14 Let ¢: R" — ]—o00,+00] be proper lower semicon-
tinuous and convexr, and A: R™ — R"™ be linear and antisymmetric. Let
flz,x*) = p(x) + p*(— Az + z*) (V(x,z*) € R" x R"™). Then f is an auto-

conjugate representation for dp + A.
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Proof. By Example 5.1.6, f is auto-conjugate. Then we have

(x,2*) = f(z,x¥)
& (z,—Az +27) = p(z) + ¢* (- Az + z7)
<zt — Az € 0p(x) (by Fact 5.1.10)

& (z,2") € gra(0p + A).

Hence f is an auto-conjugate representation for dy + A. |

Definition 5.1.15 Let f,g: R” x R" — |—o0,+o0]|. We define
(fO29)(z,2") = izlll*f {f(x,ac* —y") —i—g(a:,y*)}, V(z,2*) € R" x R".
Definition 5.1.16 Let f,g: R" — ]—o00,+o0]. We define
(f®g)(z,2*) = f(x) +g(z*), V(r,z*) € R" x R"™
Definition 5.1.17 We define
m: R" X R" - R": (z,y) — =.

Fact 5.1.18 Let f,g: R" x R" — |—o00,+00] be proper lower semicontinu-

ous and convex. Set ¢ = flag. Assume

o(x,z*) > —o0, VY(zr,z") € R" xR",
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and

U )\[mdomf—mdomg],
A>0

s a linear subspace of R™. Then

o (x*,x) = n;m{f*(a;* —y*,x) +g*(y*,x)}, V(z,2*) € R" x R".

Proof. See [29, Theorem 4.2]. [ |

Proposition 5.1.19 Let f,g: R" x R" — ]—o00,400] be auto-conjugate
such that (my dom f — 71 domg) is a linear subspace of R™. Suppose M =
fOog. Then

M(z,z") = min {f(a:,a;* -y )+ g(m,y*)}, V(z,z*) € R" x R™.
y

and M is an auto-conjugate representation for G(f) + G(g).

Proof. By Lemma 5.1.7,

M(z,z*) > inf{(a:,y*> + (z, 2" — y*>} = (z,z"), V(z,z*) € R" x R™
y*

(5.1)

Since (7 dom f—m; dom g) is a linear subspace, [ Jy- A [ w1 dom f—m; dom g] =

(mpdom f — mydomg) is a linear subspace. Let (x,z*) € R™ x R™. By
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Fact 5.1.18, we have

M, 2) = min { [ (@* — 7, 2) + g (", 0) )

Hence

Mz,a*) = min {f(e,0" —y") +gla.y") |, V@.a") €R" xR (5.2)

and M is auto-conjugate.
In the following we show that M is a representation for G(f)+G(g). Suppose
(z,x*) satisfies

M(z,z*) = (z,z").

For every y* € R", since f, g are auto-conjugate, by Fact 5.1.7 we have

f(wa* - y*) > <LE,:L'* - y*>7
9(x,y") = (z,y"), and

M(x,z*) > (x,z"). (5.3)
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Then by (5.2) and (5.3),

(z,2") € graG(M)

& M(x,z*) = (z,2%)

< 3s* such that (z,2%) = M(x,2") = f(x,2* — s¥) + g(x, s*)

& Js* such that 0 = f(x, 2" — s*) — (x,2* — s*) + g(x, s¥) — (x, s¥)
& 3Js* such that (z, 2" — s¥) = f(z, 2" — s%), (x, s¥) = g(x, s¥)

< Js* such that (z, 2" — s¥) € graG(f), (z,s") € graG(g)

& e (G(f) + G(g))z.

|
Now this raises the following question: Given a maximal monotone op-
erator A, can we find an auto-conjugate representation for A?

Before answering this question, we introduce some definitions.

5.2 The Fitzpatrick function and the proximal

average

Definition 5.2.1 (Fitzpatrick function ’88) Let A: X =% X. The Fitz-

patrick function of A is

Fp: (z,2")—  sup  (z,y") + (y,2%) — (y,47).
(y,y*)€gra A

Fact 5.2.2 Let A: R® = R" be monotone such that gra A is nonempty.

Then F4 is proper lower semicontinuous and conver.
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Proof. See [8, Fact 1.2]. [ |
Fact 5.2.3 Let A: R™ — R" be linear and monotone. Then

*

¢i(z) = ran 4, () + qa, )i (x), Vo eR™

Proof. See [25, page 108] and Corollary 2.2.18. [ |
Fact 5.2.4 Let A: R" — R" be linear and monotone. Then

Fy(z,2") = trana, (2" + A%z) + %Q(A+)T(:E* + A*z), V(z,z*) € R" x R".
Proof. Let (z,z*) € R™ x R™. By [4, Theorem 2.3],

Fy(z,x¥)
= LranAJr(%iE* + %A*:E) + 2q(A+)T(%$* + %A*x) (by Fact 5.2.3)

= lran A4 (x* + A%x) + %Q(A+)T (" + A*z).

|
Fact 5.2.5 Let A: R" — R" be linear and monotone. Then
Fi(z",z) = tgaa(z,2") + (z, Az), V(z,2") € R" x R".
Proof. See [4, Theorem 2.3|. [ |
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Proposition 5.2.6 Let A: R™ — R"™ be linear and monotone. Then A+k1d

is invertible, for every k > 0.

Proof. Let x satisfy that
(A+EkId)z = 0.

Then we have Ax = —kx. By the monotonicity of A, we have
Kll2ll? = (@, kz) = (z, —Az) = —(z, Az) <0.

Then z = 0. Hence A + k1d is invertible. ]

Definition 5.2.7 (Proximal average) Let fo, f1: R" x R" — |—00, +00]
be proper lower semicontinuous and convex. We define P(fo, f1), the prox-

imal average of fo and f1, by

P(fo, f1)(z,z")

= Ll + inf {3F02un,201) + 111 (202, 23)
(y1.97)+(y2,y5)=(z,2*)

+ {1y, w17 + ||(y2,y’5)\|2}, V(z,2") € R" x R™.

Remark 5.2.8 Let fy, f1: R" x R" — ]—00, 400] be proper lower semicon-

tinuous and convex. Then

P(fg, f1) = (P(f07f1)>T'

Fact 5.2.9 Let fo and f1: R" — |—o0, +00] be proper lower semicontinuous
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and convex. Then

P(fo, f1)(w,2%)

= inf {%fo(az +y 2" +y") + g file -yt —y) + %Il(y,y*)HQ},
()
V(z,z*) € R" x R™.

Proof. Let (z,2*) € R™ x R™. Then

P(fo, f1)(z,z")

= —Hla)P+ b {3 oy 200) + 1 (202, 203)
(y1,97)+(y2,93)=(z,2*)

+ 1 yDIP + 112 3)11}

= 3l )P+ inf {30272 2540 4 4y (25, 2551)

YT

IR (2, 25

2
n ){%fo(ﬂf +y, 2"y + pfi(r —y 2t —yt) + %H(y,y*)H2}
|

Definition 5.2.10 Let f: R" x R" — ]|—o0, +0o0] be proper lower semicon-

tinuous and convex and hy define by
hy(z,z*) = inf {%f(x,%:“{)—i—%f*@x;,x) | 2% = x’{—i—a:;}, V(z,z*) € R"xR".
Now we begin to answer the question above.

Fact 5.2.11 (Bauschke-Wang ’07) Let A: X = X be mazimal mono-
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tone. Then P(Fa, F3T) is an auto-conjugate representation for A.

Proof. See [9, Theorem 5.7]. [ |

Fact 5.2.12 (Penot-Zalinescu ’05) Let A: X = X be mazimal mono-
tone such that aff(dom A) is closed. Then hp, is an auto-conjugate repre-

sentation for A.

Proof. See [24, Proposition 4.2].

5.3 The second main result

Our main goal is to find a formula for P(Fy, F}T) associated with a linear

and monotone operator A. Until now, there was no explicit formula for that.

Theorem 5.3.1 Let A: R™ — R"™ be linear and monotone. Then

P(FA,FZT)(QE,QZ*) = Ll‘anA+($* — Az) + (2, 2") + dA)t (2" — Az),

V(z,z*) € R" x R™.
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Proof. Let (z,2*) € R™ x R™. By Fact 5.2.2 and Fact 5.2.9, we have

P(Fa, F3T)(z,27)

:(mﬂ{ﬁﬁ@+ﬂﬂﬁ+yy+§ﬁwx—yw*_¢) (5.4)
"

+ 3512
= (1n£) {%FA($ + y,$* + y*) + LgraA($ - y7$* - y*) (55)
Y,y

+ 3o -y, A — ) + 3,y

= inf {%FA(:E +y, 20" — Alw —y)) + 3@ —y, Az —y))  (5.6)
+ 3, — Al — )}

= inf {trana (207 = Alx = y) + A% + A%y) (5.7)
Ga,yi (227 — Az —y) + A"z + A*y)

(& =y, Al =) + Syl + Sllo* — A - 9)2},

=

_|_
_|_

D=

in which, (5.5) holds by Fact 5.2.5, (5.6) by y* = 2* — A(x — y), and (5.7)
by Fact 5.2.4.

Since

20" — A(x —y) + A"z + A%y
=22" —2Ax + Ax + Ay + A*z + A%y
=20" =24z + (A+ A" (z +y)

=2z" — 2Ax + 2A, (z +v), (5.8)
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Thus 22* — A(z —y) + A*r + A*y €eran Ay & 2" — Ax € ran A;. Then
tran A, (20" — A(x —y) + A"z + A™y) = tran 4, (2™ — Ax). (5.9)

We consider two cases.
Case 1: z* — Az ¢ ran A,. By (5.7) and (5.9), P(Fa, F}7)(z,2*) = oo.
Case 2: z* — Az € ran A,. By Proposition 2.2.15 applied to A, with =

replaced by z* — Ax and y replaced by = + y, we have

1At (22" — Az —y) + A"z + A'y)

= 194, (2% — 24z + 24, (z +y)) (by (5.8))

= 1-22qa, )1 (@ — Az + Ay (z +y))

= oy (5 — Az + Ay (o + )

= qea, )t (@" — Ax) + (Prana, (2" — Ax), 2 +y) +qa, (v +y)

= qa,)t (@ — Az) + (x +y, 2" — Az) + %(x +y, Az +y)). (5.10)
By (5.7), (5.9) and (5.10), we have

P(FA7FZT)($7"E*)

= gy (@ = Az) +inf { @+, 2" — Az) + 4(@ +y, Al +1))

+ 5w —y Az —y)) + 5llyl* + 32" — Alz — y)ll2}-
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Since
s@+y, Alx+y) + 5@ —y Az —y))
= (z, Az) + (y, Ay),
we have
(x+y, a* —Ax)+ 3z +y, Alz+y) +3x—y, Az —y))
= (z,2") — (z, Az) +(y, ") — (y, Az) + (z, Az) + (y, Ay)
= (z,2%) +(y, Ay) + (y, ") — (y, Ax).
Then

P(Fa, F{T)(@.2")

= a0 = Aw) + ) +inf {(y, Ay) + (9. @) — (y. Ax)
+ 3yl + 3llo* — Az + Ay|2 |

= a0 = Aw) + wa®) +inf {(y, Ay) + (9. @) — (. Ax)

+ 3yl + 3o — Aw|? + §Ay|? + Ay, 2* — Aa) }.
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Since (y, Ay) + 3llyl* + 3/ Ayl* = 5lly + Ayll?,

P(Fa, F3T)(z,2%)
= qa, i (@ — Az) + (z,2") + lla* — Az|?

+int {3lly+ Ayl + (y.2" — Av+ A"(@" — Ax) }

= qrayt(@* — Az) + (z,z%) + %Hx* — Ax|?
+inf {3y + Ayl + (p, (1 +4%) " — An))}
= q(A+)T(33* — Ax) + (z,x™) + %Hx* — Az|?

— sup {<y, (Id +A4%)(Az — 7)) — qad +47)(1d +A)(y)}
Y

= qea, it (&" — Az) + (z,2%) + §||=* — Az|®
— 4t a4+ 1a +a) (Id +A47) (Az — 2¥))
= qua, i (@ — Az) + (z,2") + §|la* — Az|?

_ q((Id A +A))T ((Id+A*)(Az — z*)) (by Proposition 5.2.3

and Proposition 5.2.6)
= )t (@* = Az) + (z,2%) + g||z* — Az

—quata)-1aa a1 ([d+A")(Az —2%))  (by Remark 2.1.35)
= qea, i (" — Ax) + (2, 2") + Lz — Az|? — Lja* — Az

= (z,27) + qa,)1 (" — Ax).
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Combining the results above, we have

P(Fp, F37)(2,2%) = tran A, (2" — Az) + (2,2%) + qra i (¥ — Ax),

V(z,z*) € R" x R™.

|
Proposition 5.3.2 Let A: R™ — R"™ be linear and monotone. Then
71 [dom P(F4, F37)] = R™.
Proof. By Theorem 5.3.1,
P(Fy, F3") (2, Az) = (2, Ax) < 00, Vz €R"™.
Thus (z, Az) € dom P(F, F3T), V2 € R". Hence
71 [dom P(F4, F37)] = R™.
|

Corollary 5.3.3 Let A: R" — R" be linear, symmetric and monotone.

Then

P(FA,FZT) =qa D (LranA +QAT)'
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Proof. Let (z,z*) € R™ x R™. By Theorem 5.3.1, we have

P(Fa, F3") (2, 2") = tran a(z" — Az) + (z,2%) + q4: (2" — Ax)

= LranA($*) + <$,ZE*> + (]Af(l‘* — A:E)
Now suppose z* € ran A. By Proposition 2.2.15, we have

qat (‘T* - ALL’) = QA(-Z') + gat (Z'*) - (xa PranAx*>

= qa(x) + qqi (z") — (x,x¥).
Thus
P(Fa, FAT)(z,2") = qa(z) + a1 (2").
Combining the conclusions above,

P(Fa, F3T)(@,2%) = tran a(2") + qa(2) + qar(z7)

= (qa ® (trana + qat)) (@, 2%), V(z,2") € R" x R".

|
Corollary 5.3.4 Let A: R™ — R™ be linear and antisymmetric. Then
P(Fyg, F3T) = tgra A-
Proof. Follows directly by Theorem 5.3.1. |
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Corollary 5.3.5 Let A: R™ — R™ be linear and monotone. Then

(V(z,2") e R" X R")  P(Fa, FA")(z,z*) > (z,2%)

P(Fy, F3") (2, Az) = (z, Ax).

Proof. Apply Theorem 5.3.1 and Corollary 2.2.12. |
For a linear and monotone operator A, Fact 5.2.11 shows P(Fy, F}T) is

auto-conjugate. Now we give a new proof.

Proposition 5.3.6 Let A: R" — R" be linear and monotone. Then P(Fa, F;T)

18 auto-conjugate.

Proof. Let (z,z*) € R™ x R™. By Theorem 5.3.1, we have

P(Fy, F37T)* (2%, 2)

= sup {(@ ) 09} e 7 = A) = () (5.11)
— gy (Y — Ay)}

= sup {((y, Ayw+ Ay), (75,2)) — tran a, (Apw) (5.12)
Yy, w

—(y, Ayw+ Ay) — q(A+)T(A+w)}

= (sup) {(y,a:*) +(Atw+ Ay, z) — (y, Arw+ Ay) —qa, (w)} (5.13)
Yy, w

= supsup {(9,2") + (Ayw+ Ay, 7) — (y, Ayw+ Ay) — 44, (w)}

Yy w

= sup { (%) + (Ay, @) = (g, Ay) +sup {(w, Ava) = (Ayy, w) (519

g4, (W)} }.
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(5.12) holds by y* — Ay = A, w and (5.13) by Corollary 2.2.16.
By (5.14),

P(Fy, F3T)* (2%, x)

= sup {(y, Az +2") —(y, Ay) + ¢4, (Ayx — A+y)}
Yy

= sup {(y, A'w +2) =y, Ay) + qa i (At — A+y)} (5.15)

= sup {(y, Atz +2%) — (y, Ay) +qa,(z — y)} (5.16)
)

—sup {(y, A"z + " — Ayx) — qay) + aa(x)} (5.17)

y
= @a(A%r + 2" — Ayx) + qa(z)

= tran A (A" + 2" — Ay x) +qa, )1 (A"e + 2" — Ayz) +qa(z)  (5.18)

(5.15) and (5.18) holds by Proposition 5.2.3, (5.16) by Corollary 2.2.16 and
(5.17) by Remark 2.1.12.

Note
Ax+ a2 — Az =a"—Ax+ Ac+ A"x — Ay =2" — Ax + Ayz. (5.19)
Thus
tran A, (A" + 2" — ALx) = trana, (7 — Ax). (5.20)
If 2* — Az ¢ ran A;. By (5.18) and (5.20), P(Fa, F'37T)*(z*, x) = oc.

Now suppose x* — Ax € ran A,. By Proposition 2.2.15 applied to Ay with
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x replaced by x* — Ax and y replaced by =,

Gayt(A'z + 2" — Ayw)

= qa,yi(a* — Az + Ayz)  (by (5.19))

= qa,yt(a" — Az) + (Pan a, (z* — Az), x) + qa, (2)

- q(A+)T(x* — Az) + (2" — Az, x) + qa(z) (by Remark 2.1.12)

= qeayt (@ — Ax) + (2%, ) — qa(z).

Then by (5.18) and (5.20), P(Fa, F3T)*(z*,2) = qea, i (2% — Az) + (z,2%).

Combining the results above, we have

P(Fa, F3T)" (2%, 2) = trana, (2" — Ax) + gyt (2* — Az) + (z,27)
= P(Fa,F}")(z,2*) (by Theorem 5.3.1),

V(z,z*) € R" x R™.

Proposition 5.3.7 Let B: R" — R" be linear, symmetric and monotone.

Let x € R™. Then

(x,Bx) =0« Bx =0.
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Proof. “«<” Clear.

“=" Take y € R® and o > 0. We have

0 < {ay+z,B(ay + x)) (5.21)
= (z, Bz) + 2oy, Bz) + o*(y, By)

= 20y, Bz) + o’(y, By), (by (x, Bx) =0)

= 0 < 2(y, Bx) + aly, By) (5.22)
=0<(y,Bx), VyeR" (5.23)
= Bx =0,

in which, (5.21) holds by monotonicity of B, (5.22) by multiplying é in both

sides, and (5.23) by letting o — 0. [ |

Corollary 5.3.8 Let B: R* — R" be linear, symmetric and monotone.

Then
ker B = {z | gg(x) = 0}.

Corollary 5.3.9 Let B: R® — R” be linear, symmetric and monotone. Let

x € R". Then (tyan B + qpt)(x) = 0, if and only if, z = 0.

Proof. “«<=” Clear.

“=" By assumption, we have

xr €ranB (5.24)

0= (z, Biz). (5.25)
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By Fact 2.2.2, Fact 2.2.4 and Corollary 2.2.12, B is linear, symmetric and
monotone. By (5.25) and Proposition 5.3.7 applied to Bf, Btz = 0. Then
by (5.24) and Fact 2.2.11, = Py pr = BBz = 0. [ |

Corollary 5.3.10 Let A: R™ — R™ be linear and monotone.

(V(z,2*) e R" x R")  P(Fa,Fi")(z,2%) = (x,2") & (x,2%) € gra A.

Proof. By Theorem 5.3.1 and Corollary 5.3.9. |

Corollary 5.3.11 Let A: R™ — R" be linear and monotone. Then

P(F4,F37) is an auto-conjugate representation for A.

Proof. By Proposition 5.3.6 and Corollary 5.3.10. |

For a linear and monotone operator A, what is hp,?

Proposition 5.3.12 Let A: R® — R"™ be linear and monotone. Then

hr, = P(Fa, F37).
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Proof. Let (z,z*) € R™ x R™. Then

hip,(x,x¥)

— inf {§Fa(e,207) + $FA(203,2) | & = o} + a3 |

= in {§Fa(@, 26" —y) + §Fa(2y",2) }

= inf {%FA(az, 2" —y")) + tgraa(z, 2y") + qA(a:)} (5.26)
= 1F4(z,22" — Az) + qa, (z) (by 2y* = Az and Remark 2.1.12)

= lran A, (20" — Az + A%z) + %q(A”T(%c* — Az + A'z) +qa, (z), (5.27)

where (5.26) holds by Fact 5.2.5, and (5.27) by Fact 5.2.4.

Note that
2" — Az + A%z = 22" — 2Ax + 2A x. (5.28)
Then 22* — Ax + A*x €ran Ay & 2 — Ax € ran Ay. Thus
tran A, (20" — Az + A*%) = tran a4, (2™ — Ax). (5.29)

If 2* — Az ¢ ran Ay, hp,(x,2*) = co by (5.27) and (5.29).

Now suppose that x* — Ax € ran A, . By Proposition 2.2.15 applied to A,
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with x replaced by x* — Az and y replaced by x, we have

%q(A+)T(2a:* — Az + A'x)

= %q(A”T(Qx* —2Azx +2A,x) (by (5.28))

= qa (e — Az + Ayx)

= qa, )yt (@ — Az) + (2, Bana, (2" — Az)) + q4, (2)
= qeayt (" — Ax) + (z, 2" — Az) + qa, ()

= qeayt (@ — Ax) + (z, 27) —qa, (v) (by Remark 2.1.12).
Then by (5.27) and (5.29),
hp,(z,2%) = (z, 27) 4+ qa,)i (@ — Az).
Combining the results above,

hpa(2,27) = tan 4y (¢F — Az) + (@, 2%) + g, (2" — Ax)
= P(Fy,F}")(xz,2*) (by Theorem 5.3.1),

V(z,z*) € R" x R™.

Proposition 5.3.13 Let A: R™ = R™ be monotone such that gra A is

nonempty. Then

hp, = hp=t.
Fy FoT
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Proof. Let (z,2*) € R™ x R™. By Definition 5.2.10, we have

N~

hF*T z,2") = inf

= inf { $F4(223,2) + 3 (Fu(z,22}) | 2% = =} +x2}

x, "),

where (5.31) holds by Proposition 5.1.9, Fact 5.2.2 and Fact 5.1.3.

Corollary 5.3.14 Let A: R™ — R"™ be linear and monotone. Then

hp, = hpst = P(Fa, F3T).

5.4 An example
In the following we give an example of Theorem 5.3.1.

Example 5.4.1 Let

cos —sinf

sinf cosf

be the rotation of angle 0 € [0, 5[. Then A* = A~ and

P(Fa, F3T)(z,2%) = g ||2* — Az||® + (2, 27)

= g llz* — sinfRz|]* + <50z ||

2cosf

1nf{%FZ (223, 2) + L Fa(z,223) | 2* = 2} +a:2}
Fal

FiT(z,22%) + $(FAT)* (225, 2) | 2* = 2} +x§} (5.30)

(5.31)
(5.32)

(5.33)
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where
0 -1
R=
1 0
Proof. By assumptions, we have
Ay =cosfld AA*=1d R'R=1d. (5.34)

By Theorem 5.3.1 and Remark 2.1.35, we have

P(Fa, FiT)(z,2%) = giglla™ — Az||* + (z,27). (5.35)

~ 2cosf

By (5.35), (5.34), and A = cos #1d + sin O R, we have

P(Fa, F3T)(z,27)

= L (Ha:*”z + (A" Az, z) — 2(z", Aa;>) + (z,z")

2cos 6

- 26(1)59 (Ha:*|]2 + HxH2 —2(z*, cosfzx + sin 9Rx>) + (z,z*)

= 5ok (171 + l2l? — 252", Ra))

=51 <Ha:*|]2 +sin? ||z||? — 2sin (2*, Rx) + cos® 9Ha:|]2>

—20(1359”3:* —sin Rz |? + #HJEW

Fact 5.4.2 Let A: R® = R" be monotone such that gra A is nonempty.
Then F}_, = Fa.

Proof. See [8, Fact 1.2]. [ |
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Corollary 5.4.3 Let A: R™ = R"™ be monotone such that gra A is nonempty.
Then
T
P(Fp, F3T) = (P(Fa, FAT))

Proof. By assumptions and Proposition 3.3.2, A~! is monotone and gra A~}

is nonempty. Then by Proposition 5.1.9, Fact 5.4.2 and Remark 5.2.8,
T
P(Fps, ') = P(F],F)) = P(FL, F3) = (P(Fa, FiT))

Theorem 5.4.4 Let A: R® — R™ be linear, monotone and invertible. Let

(x,z*) € R x R™. Then

OP(FAF}T)(z,z")

0 ——F < z* = Aox (5.36)
0c w = = (A_l)olﬂ*. (537)

Proof. By Fact 2.2.2, Fact 2.2.4, Fact 2.1.13 and Corollary 2.2.12, (A,)" is

linear, symmetric and monotone.
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Now (5.36): Follows from Theorem 5.3.1, Fact 2.1.18 and Fact 2.1.30,

OP(Fa,F3T)(z,a*)
0e Y o —

& 0 € Otran A, (2" — Ax) + . + (AT (z* — Az), 2* — Az e ran A,
s0cker Ay +x+ (A (a* — Az), 2* — Az € ran A, (by Fact 2.1.32)
s0ex+ (A) Yo" — Az), 2* — Az eran A, (by Corollary 2.2.7)

o —ze (A Ha* — Az), 2 — Az €ran A,

St —Arve A

St e Ar— Aix = Aox.

Then (5.37) Follows from Corollary 5.4.3 and (5.36). [

Proposition 5.4.5 Let A: R™ — R" be linear and monotone, and h(z*) :=

P(Fa, F57)(0,2*) (Vz* € R"). Then 0h = (A4)~L.

Proof. By Theorem 5.3.1,
h(‘r*) = lran A (x*) + Q(A+)T (m*), Va* e R™.

By Fact 2.2.2, Fact 2.2.4, Fact 2.1.13 and Corollary 2.2.12, (A;) is linear,

symmetric and monotone. Thus by Fact 2.1.30 and Fact 2.1.18,

Olran A (517*) + (A )Tl‘*, if * € ran Ay ;
ah($*) _ + + +

a, otherwise.
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Now suppose z* € ran A, . By Fact 2.1.32 and Corollary 2.2.7,

Oh(z*) =ker AL + (Ay)Ta* = (44)1a”.

Next suppose z* ¢ ran A,. Clearly, (A;) !'z* = @ = Oh(z*). In all cases,
ah = (A+)_1. |

Remark 5.4.6 In general, let us consider g(x,z*) := f(x)+f*(z*) (V(z,2*) €
R™ x R™), where f: R™ — R"™ is proper lower semicontinuous and convez.
Let h(z*) = g(0,2*) = f(0) + f*(«*) (Vz* € R™). Thus by [26, Proposition
11.9],

Oh(xz*) = Of*(x*) = (8f) ' (z*), Va*eR™

5.5 Relationship among auto-conjugate

representations

Let A: R® — R"™ be linear and monotone. Suppose f(z,z*) = qa(z) +
¢y (—Aox +2*) (V(z,2*) € R" xR™). By Proposition 5.1.14 and Fact 2.1.18,
f is an auto-conjugate representation for A, + Ao = A. By Corollary 5.3.11,
P(Fy, FZT) is also an auto-conjugate representation for A. The next Propo-

sition does that.

Proposition 5.5.1 Let B: R" — R" be linear, symmetric and monotone,

and A: R" — R™ be linear and antisymmetric. Let f(z,x*) = qp(x) +

83



Chapter 5. Auto-conjugates

qp(—Ax + ) (V(z,2*) € R" x R™). Then
f=P(Fasn) Fliip)
Proof. Let (z,2*) € R™ x R". By Fact 5.2.3,
flz, ") = qB(z) + tran B(—Ax + %) + qpi (— Az + x7). (5.38)

By Theorem 5.3.1, we have

P(Fatp), iy p)(@,27)
= tran B (2" — (A+ B)z) + (2,2%) + qpi (" — (A + B)z)

= LranB(x* - A$) + <l‘,$*> + (]BT(QL‘* — Ax — Bﬂj‘)

If x* — Az ¢ ran B, P(F(A+B)7F(j+B))(x,ac*) = 0.

Now suppose x* — Ax € ran B. By Proposition 2.2.15 applied to B with z

replaced by z* — Ax and y replaced by —x,

qpi(z" — Az — Bz)
= (Pan (2™ — Az), —2) + qpi(—Ax + %) + qp(—x)
= (2" — Az, —z) + qpi(—Az + %) + qp(—2x)

= —(x,2") + gt (—Ax + 2¥) + qp(z) (by (Az, —z) =0).
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Hence

P(F(A+B),F(j+B))(x, x¥) = qp(z) + tran B(—Ax + 2*) + g1 (— Az + 27)

= f(z,2*) (by (5.38)), V(x,z*) € R" x R".

Proposition 5.5.2 Let A, B: R™ — R"™ be linear and monotone. Then
P(Fa+B); F("XJFB)) = P(Fa, F3")O2P(Fp, F5T).
Proof. Let (z,2*) € R" x R". By Theorem 5.3.1,

P(Fa, FiT)0yP(Fp, F37) (2, 2*)
= inf { P(Fa, F")(@.2" — y") + P(Fp, F§)(.y")}
=i {Lfanfu (@" —y" = Ax) + (2,27 —y") + qea, )i (2" —y" — Ax)
+ (2, y") + tean B, (¥ — Bx) + qp i (y" — Ba:)}
= (z,2") + i;lj {LranA+(1’* —y* = Ax) + qa, )1 (2" —y" — Az)
+ tran 5. (4" = B2) + a1 (y* — B}
< (2, 2") + tyan(a, +B,) (2" — Az — Bx) (5.39)

+ izlll*f {LranA+(a;* —y*— Ax) + q(A+)T(x* —y* — Ax)

+ lran By (y* - BIL') + Q(B+)T (y* - B:L')}
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Now suppose z* — Ax— Bx € ran(A; +B,). Let *— Ax— Bz = (AL +By)p

and y; := Byp + Bzx. Thus

z* —yy— Ar=2"— Bip— Br — Az = (AL + By)p — Byp = Ayp,

Yo — Bz = Byp.
Then by (5.39),

P(Fa, FA"OoP(Fp, FT)(x,2%)
< (@, 2") + trana, (2" —yp — Az) + Q(A+)T(x* -y — Az)
+ tran B, (Yo — Bz) + q(, )1 (yo — Bx)
= (2,2%) + qa, )1 (A+P) + q(, )1 (B+D)
= (z,2%) + qa, (p) + a5, () (5.40)
= (z,2") + qa, +B,)(D)

= (2,2") + qa, +B,t (" — Az — Bx), (5.41)

in which, (5.40) and (5.41) hold by Corollary 2.2.16.

Combining the results above,

P(Fa, F3")OoP(Fp, FgT)(z,2")
< Lran(A++B+)(x* — Az — Ba:) + <$,3§'*> + Q(A++B+)T($* — Ax — Bw)

= P(F(AJFB),F(’XJFB))(:E,:E*) (by Theorem 5.3.1), V(z,z*) € R" x R".

By Proposition 5.3.2, m [dom P(Fa4,F'i7)] = m [dom P(Fp, F5T)] = R™.
Then by Proposition 5.3.6 and Proposition 5.1.19, P(F4, F3T)0O,P(Fp, F5T)
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is auto-conjugate. Thus by Proposition 5.3.6 and Proposition 5.1.8,
P(Fa, FAT)O2P(Fp, FT) = P(Fa4B), F(’j+B)). |

Lemma 5.5.3 Let A: R™ — R" be linear, symmetric and monotone. Then
P(Fa, FiT)(, Ay) = P(Fa, FiT)(y, Az), V(z,y) € R" x R™.
Proof. Let (z,y) € R™ x R™. By Corollary 5.3.3 and Corollary 2.2.16,

P(Fa, F37) (2, AY) = tran a(Ay) + qa(z) + qat (Ay) = qa(x) + qa(y).

On the other hand,

P(Fa, F3")(y, Az) = tran (A7) + qa(y) + qat (Az) = qa(z) + qa(y)-

Thus
P(Fy, F37)(z, Ay) = P(Fa, F4T)(y, Az).

Proposition 5.5.4 Let A: R® — R" be linear, symmetric and monotone.
Then f = P(Fa, F37), if and only if, f is auto-conjugate satisfying f(x, Ay) =
fly,Az)  (V(z,y) € R" x R™) and f(0,0) is finite.

Proof. “=” By Proposition 5.3.6, Lemma 5.5.3 and Corollary 5.3.5.
“<” Let (z,2*) € R" x R™. We prove in two steps.
Step 1: We will verify that f(x,z*) = oo, if 2* ¢ ran A.

Since R" = ran A @ ker A, 2* = Prana2®* + Pierax™. Since z* ¢ ran A,
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Pker A$* 75 0. Thus

<PkorAm*ax*> = (PkCI‘Ax*7PraHA‘T* + PkorAx*> = ”PkorA-Z'*”2 > 0. (542)

Thus by assumptions,

f(k’Pker A:E*, 0) = f(k‘PkerAﬂj*, AO) = f(O, Ak‘Pker A:E*) = f(O, 0), vk € R.
(5.43)

Then by Fact 5.1.10,

fz,2™) 4+ £(0,0) = f(z,2") + f(kPxer ax™,0) = f(x,2") + f*(0, kPier ax™)

> (¥, kPger AT™) — 00, as k — oco. (by (5.42)) (5.44)

Since f(0,0) is finite, by (5.44) f(z,z*) = co.

Step 2: Suppose that z* € ran A. Let * = Ap. By Fact 5.1.10,

f(z,Ap) + f(p, Ax) = f(x, Ap) + f*(Ax,p) > (p, Ap) + (v, Ax)
= 2f(x, Ap) > (p, Ap) + (z, Az) (by f(z,Ap) = f(p, Ax))

= fz,2%) > qa(z) + qa(p) = qa(x) + qat(2"), (5.45)

in which, (5.45) by z* = Ap and Corollary 2.2.16.

By conclusions above and Corollary 5.3.3, we have

f(x,2%) > tran a(x™) + qa(x) + qai(2¥) = P(Fa, F3 ") (x,2%), V(z,z").
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Then by Corollary 5.3.11 and Proposition 5.1.8 , we have

f=P(Fa,F;").

5.6 Nonuniqueness

We now tackle the following question: Given a linear and monotone op-
erator, are auto-conjugate representations for A unique? The answer is
negative. We will give several different auto-conjugate representations for

Id. By Corollary 5.3.3, we have
P(Fa, Fig") = 31l 7@ 31 - %

Proposition 5.6.1 Let j(x) = %3:2, Va € R. Assume g is such that g*(—x) =
g(x) >0, Yz € R. Then

flz,y) = j(%) —i—g(z—\;é’) (V(z,y) € R" x R")

is an auto-conjugate representation for Id.
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Proof. We first show that f is auto-conjugate. Let (z,y) € R x R. Then we

have
[y, )
= sup (0,9) + (w,2) — j(222) - g(252)}
= s {0 ) - (gt =)~ — o)} 640
= sup {5, 5 — (0 ) — IR ()}
= sup { (s, ZH) — (£, =) — j(s) - g(t) } (5.47)

= j(x—J;y) +g(x—\;§y) (since j* = j by [7, Proposition 3.3(i)])
= f(z,y)
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Hence f is auto-conjugate.

Note that (5.46) holds since

(5t z+y) — (5 —y)

= (v,y) + (w, ).

In the following we show that (5.47) holds. Clearly, for every (v,w) there

exists (s,t) such that

On the other hand, for every (s,t), there exists vg = %5*(s+t),wo = (s —1)

such that

<vo+wo I+y> _ (vo—wo l‘—y> _j(vo-i-wo) _ g(vo—w))

Hence (5.47) holds.

We now show that f is a representation for Id. First we show that ¢(0) = 0.
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By assumptions, g(0) > 0. On the other hand,

9(0) = g*(=0) = g*(0) = Sgp{—g(v)} <0.

Hence g(0) = 0.

Then we have

(z,y) € G(f)

& flz,y) = (z,y)

& gllz +yl® +9(5F) = (2,y)

& fle—yl® +9(52) =0

& gllr =yl =0, g(Z) =0 (by g>0)
by g(0) =0

sSr=y< (r,y) €grald.

Hence f is an auto-conjugate representation for Id. |

Remark 5.6.2 If we set g = j in Proposition 5.6.1, f = P(Fiq, F{37).

Now we give three examples based on Proposition 5.6.1.

Example 5.6.3 The function

g = LRy

satisfies the conditions of Proposition 5.6.1. Figure 5.1 is corresponding to
f-
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Figure 5.1: The function f (blue) and z = zy (gold), and their intersection
line (cyan), grald (red).

Proof. Let x € R. We consider two cases.

Case 1: z > 0. We have

g"(~2) = sup {(v.~2) — 1z, ()} = sup {(v.~2) | = 0 = g(a).

v>0

Case 2: z < 0. Then

9" (—z) = sup {(v, —z) — LR+(1))} = sup {(v, —x>} =00 = g(x).

v v>0

Hence ¢g*(—z) = g(z). [ |
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Figure 5.2: The function f (blue) and z = xy (gold), and their intersection
line (cyan), grald (red) .

Example 5.6.4 Set

2, ifx > 0;
g(x) :=
%x2, ifx <0

Then g satisfies the conditions of Proposition 5.6.1. Figure 5.2 is corre-

sponding to f .
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Proof. Let x € R. We consider two cases.

Case 1: > 0. We have

(v,=2) = g(v)} (since g > 0,9(0) = 0)

where ho(v) := (v, —z) — Tv?.
Let
0=Vho(v) = —z — 3v.
Then vg = —2x < 0 is a critical point of hg. Since hg is concave on R_, its

critical point is its maximizer. Then

g (—x) = ho(vg) = (—2z, —z) — 2 = 2° = g(z).

Case 2: x < 0. We have
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where hy(v) := (v, —x) — v?

Let

0= Vhi(v) = —x — 2v.

Then vy = —%x > 0 is a critical point of hj. Since h; is concave on R, its

critical point is its maximizer. Then
* _ 1 1.2 1.2 _
9" (—z) = h1(v1) = <—§33>—5L"> — 3T = 3T = g(z).

Hence ¢g*(—z) = g(z). [ |
Example 5.6.5 Setp > 1,
P, if ¢ > 0;
1 .

2(=2)1, ifx <0.

satisfies the conditions of Proposition 5.6.1. Figure 5.8 is corresponding to
I

Proof. Let z € R. We consider two cases.

Case 1: > 0. We have
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Figure 5.3: The function f (blue) and z = xy (gold) , and their intersection
line (cyan), grald (red), where p = 4.

where
go(v) := (v, —x) — %(—fu)q.
Then let
0=Vgo(v) = —x+ (—v)? L
1
Thus vy := —xz9-1 < 0 is a critical point of gg.

Since V2go(v) = —(¢—1)(—v)?772 <0 (Vv < 0), by the continuity of go, go
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is concave on R_. Then its critical point is its maximizer. Thus

where

Then let

0=Vg(v)=—z—ovP7L
1
Thus vy := (—x)P~1 > 0 is a critical point of g;.

Since V2g1(v) = —(p—1)vP"2 <0 (Vv > 0), by the continuity of g1, g; is
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concave on Ry. Then its critical point is its maximizer. Thus

= (a)7 T —2) - L)
= (1— %)(—wﬁ%
— Ly
= g(x)
Hence ¢*(—z) = g(x). m

Remark 5.6.6 Ezample 5.6.3, 5.6.4 and 5.6.5 each provide a function f

that is an auto-conjugate representation for 1d with f # P(Fiq, F{yT).
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Chapter 6

Calculation of the

auto-conjugates of J(—In)

Throughout this chapter, —In is meant in the extended real valued sense,
i.e., —In(z) = oo for z < 0.

In Chapter 5, Proposition 5.3.12 shows that hp, = P(Fg4, F;T) for a linear
and monotone operator A. Now we will show that for the nonlinear mono-
tone operator d(—In) we have P(Fa(_ln),Fg(T_ ln)) # hp,_,,- Throughout

the chapter, we denote

{(:E,:E*)GIRXR|:E§—:C%<O

{($,$*)€RXR|$*§—%<O}

C:
D :
E:

* * 1
{(;U,:L")GRXR|:E §_E<0}'
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6.1 Fitzpatrick function for 0(— In)

Fact 6.1.1 Let f = —1In. Then

1 1
) 1—222(—2")2, ifr>0,2" <0
Fyp(x,x") =
o, otherwise.

Proof. See [8, Example 3.4]. [ |

Fact 6.1.2 Let f = —1In. Then
Fap(a*, o) = =14+ 10(2", 7).

Proof. See [8, Example 3.4]. [ |

Fact 6.1.3 (Rockafellar) Let f = —In.

—1 —In(—2%), ifz* <0
@) =

00, otherwise,
Proof. See [8, Example 3.4]. [ |

Remark 6.1.4 Let f = —In. Recall
(f & ) (@,a") := f(x) + f* ("), V(z,2") e RxR.

By Fact 6.1.3,
dom(f &) f*) = R++ xR__.
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Proposition 6.1.5
D;E;R++XR__.

Proof. We first verify that D G E.

Let (z,2*) € D. Thus 2 > 0. Then —3- < —L. By (z,2*) € D,
* 1 1

Thus (z,2*) € E. Then D C E.

On the other hand, (1,—3) € E, but (1,—1) ¢ D. Thus D # E.
Hence D G E.

It is clear we have E G Ry x R__.

Thus combining the results above, DG E G Ry xR__. [ |

6.2 Proximal average of J(—In) and hp,,

Proposition 6.2.1 Let f = —In. Then
dom P(Fyy, Fy]) = E.
Proof. Let By [7, Theorem 4.6],

domP(Faf,Fg}) = 1 dom Fys + %domFS}. (6.1)
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In the following we will show that
dom P(Fyg, F3T) = § dom FyT. (6.2)

By Fact 6.1.1, (0,0) € dom Fyy¢, then by (6.1), we have

3 dom F3T C dom P(Fyy, 7). (6.3)
Next we show that
sdom Fy = E. (6.4)

Indeed,

(x,z") € %domFg}
& (22%,22) € dom Fj;  22° < —5- <0 (by Fact 6.1.2)

sr*<-L<0& (z,2%) €E.

Hence (6.4) holds.
Then by (6.4) and (6.3),

E C dom P(Faf,ngI). (6.5)
In the following, we will verify that

tdom Fy; + E C E. (6.6)
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Let (y,y") € %domFﬁf and (x,z*) € E. By Fact 6.1.1 we have
y>0, ¥y <0, x>0, 2" <0, dzz* < —1.

Thus ¢ +y >z > 0,2 + y* < 2" < 0. Then we have 4(x + y)(z* + y*) <
drx* < —1,ie., (z,2")+ (y,y*) € E. Hence (6.6) holds. Thus by (6.6), (6.4)
and (6.1), domP(Faf,Fg}) C E. Then by (6.5), domP(Faf,Fg}) =FE N

Lemma 6.2.2 Let z,z*,y" € R with y* <0.Then
L2z = 2y*, x) = 10(22" — 2y*, z) + tp(x, z*).

Proof. We consider two cases.
Case 1: (22" —2y*,z) ¢ C. Clear.

Case 2: (2z* —2y*,z) € C. By assumptions,
20" <20" -2 < -l <0=a2" <L <0 (byy <0).

Thus (x,2*) € D. Then tp(z,z*) = 0. [ |

Remark 6.2.3 Let x,2* € R. Then
wr, () +ep(x,2") = up(x, z¥).

Proof. Follows directly from the definition of D . |
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Figure 6.1: The function hp,, .

Proposition 6.2.4 Let f = —In. Then
1
hp, (2,2%) = —(=1 = 222")2 +1p(z,27), V(z,2") € RxR.

Consequently, dom hp,, = D. Figure 0.1 illustrates hp,, .

Proof. Let (z,2*) € R x R. By Fact 6.1.1 and Fact 6.1.2, we have
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where (6.7) holds by Lemma 6.2.2, (6.8) by Remark 6.2.3.
Now we consider two cases.

Case 1: (z,2%) ¢ D. Thus hg,,(z,2%) = oo,

Case 2: (z,z*) € D. Thus > 0. Then

hp,,(z,27)
:yi%fo{ 23 (—2")% + 10(20" — 257" :17)}
_ [~ 23 (= %} (6.9)

(2> —2y*<——<0 y*<0)

1 1
~(20)? sup {(=y2}
(20* 2" <= 3 <0, y*<0)

o {eh)

* l
(0<—2y*<—2z*—7)

D=

~(22)

_(gx)%(_% —z%)2 (6.10)

1
=—(—1—2z2")2 (by x > 0),

where (6.9) holds by letting 22* — 2y* € C. (6.10) holds by 0 < —5- — 2*
since (z,x*) € D.

Thus combining the results above,
1
hp, (z,2°) = —(=1 = 222™)2 +p(z,27), V(r,2") e RxR.
|

Corollary 6.2.5 Let f = —In. Then P(Faf,Fg}'),fEBf* and hp,, are three

different functions.
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Proof. By Remark 6.1.4, we have dom(f@® f*) = Ry xR__. Then by Propo-
sition 6.2.1 and Proposition 6.2.4, dom P(Fyy, Fg}) = Eand domhp,, = D.

By Proposition 6.1.5,
dom h,, G domP(Faf,Fg}) S dom(f @ f).

Hence P(Fyy, Fg}), f @ f* and hp,, are all different. [ |

Remark 6.2.6 We don’t have an explicit formula for P(Fa(_ln),Fg(T_ ln)).
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Chapter 7

Proximal averages of
monotone operators with

linear graphs

We have given some auto-conjugate representation results for linear and
monotone operators. Now we extend them to monotone operators with
linear graphs. Background worked on linear relations can be found in the

book by Cross [16].

7.1 Adjoint process of operators with linear
graphs

Definition 7.1.1 Let C' be a nonempty cone of R™. The polar of C, C~,
is defined by
C™ = {:U* | (c,z*) <0,Vce C’}.

Remark 7.1.2 If C is a linear subspace of R™, then by Lemma 2.1.28,
cC— =C+t.
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Definition 7.1.3 Let A: R™ = R" be such that gra A is a convex cone.

The adjoint process of A, A*, is defined by
graA* := {(a:,a:*) | (%, —x) € (graA)_}.

Lemma 7.1.4 [16, Proposition I11.1.3] Let A: R™ = R™ be such that gra A
is linear. Suppose k € R with k # 0. Then (kA)* = kA*.

Proof. By Remark 7.1.2,

(z,2%) € gra(kA)* & (z*, —z) € (grakA)” = (grakA)*

< (", —x), (v,0%)) =0, V(v,v") € gra(kA)

& ((12*, —2), (v, 20*)) = 0, V(v,v*) € gra(kA)
& ((La*,—x), (,w*)) = 0, V(v,w*) € gra A
& (z,12%) € graA* & 2" € kA*z.

Hence (kA)* = kA*. [ |

Remark 7.1.5 Let A: R® = R” be such that gra A is linear. Then gra A*

s a linear graph.

Remark 7.1.6 Let A: R™ = R"™ be such that gra A is linear. Then A*0 =
(dom A)*.

Proof. See [16, Proposition III.1.4 (b)]. [ |
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Definition 7.1.7 Let A: R™ = R" be such that gra A is linear. We say

that A is symmetric if A* = A.

Definition 7.1.8 Let A: R™ == R" be such that gra A is linear. We say

that A is antisymmetric if A* = —A.

Fact 7.1.9 Let A,B: R" = R" be such that gra A and gra B are linear.
Then (A+ B)* = A* + B*.

Proof. See [11, Theorem 7.4]. [ |

Fact 7.1.10 Let A: R™ = R"™ be such that gra A is a closed convex cone.
Then gra A™ = — gra A.

Proof. See [13, Exercises 7 page 119]. [

Corollary 7.1.11 Let A: R" == R" be such that gra A is linear. Then
A = A.

Proof. Since gra A is a linear subspace, — gra A = gra A. Thus by Fact 7.1.10,
gra A** = gra A. Hence A™ = A. |

Corollary 7.1.12 Let A: R™ = R"™ be such that gra A is a linear subspace.
Then dom A* = (A0)*.

Proof. By Remark 7.1.5 and Remark 7.1.6, we have (A4*)*0 = (dom A*)~.
Then by Corollary 7.1.11, A0 = (dom A*)+. Thus dom A* = (A0)~. [ |

Remark 7.1.13 Let A: R™ = R" be such that gra A is linear. By Fact 7.1.9,

Remark 7.1.5, Corollary 7.1.11 and Lemma 7.1.4, A+2A* is symmetric and

A—2A 18 antisymmetric.
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Definition 7.1.14 (Symmetric and antisymmetric part) Let A: R" =
R™ be such that gra A is linear. Then Ay = %A + %A* is the symmetric

part of A, and Ao = %A — %A* 18 the antisymmetric part of A.

Remark 7.1.15 Let A: R™ = R" be such that gra A is a linear subspace.
Then by Corollary 7.1.12, dom A} = dom Ao = dom A N (A0)+.

Corollary 7.1.16 Let A: R™ = R"™ be such that gra A is a linear subspace.
Then A can be decomposed into the sum of a symmetric operator with a

linear graph and an antisymmetric operator with a linear graph, if and only

if, dom A = (A0)*. In that case, A can be decomposed as : A = Ay + Ao.

Proof. “=" Let B: R™ = R be a symmetric operator with a linear graph
and C': R" = R" be an antisymmetric operator with a linear graph such
that A= B+ C. By Fact 7.1.9, A* = B*+ C* = B — C. Then dom A* =
dom B Ndom C = dom A. By Corollary 7.1.12, dom A = (A0)*.

“<=” By Remark 7.1.15, dom Ay = dom Ao = dom A. By Corollary 7.1.12,
dom A* = (A0)* = dom A. Thus, by Remark 7.1.5 and Proposition 4.1.3(iii),

Ay + Aox = 3(Az + A*z + Az — A*z) = Az + A0

Az + (dom A)t = Az + A0 (by Remark 7.1.6)
Az

(by Proposition 4.1.3(iii)), Vz € dom A.

Remark 7.1.17 Consider an operator A: R™ =2 R™ with gra A = {(0,0)}.
Then we have dom A = {0} # R" = (A0)*. Clearly, gra A* = R x R".
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By Proposition 7.1.16, A can not be decomposed into the sum of a symmetric
operator with a linear graph and an antisymmetric operator with a linear

graph.
Remark 7.1.18 Let S be a linear subspace of R™. Then S is closed.

Corollary 7.1.19 Let A: R™ = R" be mazimal monotone such that gra A

is a linear subspace. Then A = A4 + Ao.
Proof. By Remark 7.1.18, Proposition 4.2.5 and Corollary 7.1.16. |

Definition 7.1.20 Let C be a nonempty convex subset of R"™ and o € R™.

The normal cone of C at zg, Neo(xg), is defined by

{:E* | (z*, ¢ —xp) <0,Vc e C’}, if xg € C;
Ne(zo) =

, otherwise.

Fact 7.1.21 Let C be a nonempty convexr subset of R"™ and xo € C. Then
Nc(xo) = 0ve (o). If C is a linear subspace of R™, then No(xo) = Ove(z0) =

Ct by Fact 2.1.29.

Remark 7.1.22 Let A: R®™ — R” be linear and S be a linear subspace of

R™. Then gra(A + Ng) is a linear subspace of R™ x R™.

Fact 7.1.23 Let B: R®™ — R" be linear and S be a linear subspace of R™

such that A = B + Ng. Then A* = B* + Ng.
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Proof. Since gra A is a linear subspace by Remark 7.1.22, then by Re-
mark 7.1.2 and Fact 7.1.21 we have

(x,x%) € gra A*

*

& (2%, —x) € (graA)™

& (2%, —x) € (gra A)*
s (2 y) — (z,y*) =0, Vy" € Ay

& (2*,y) — (z, By + ST) =0, Vyes. (7.1)

Let y = 0 in (7.1). We have (x,S*) = 0. Thus x € S. Then

(x,2") € gra A
sz el (x,y)—(x,By)y=0, VyeS
sz el (f—B'ry) =0, YyeS
s zels, (¥ —B'r)lS
srel, e B o+ St

& " € (B*+ Ng)(x) (by Fact 7.1.21).

Hence A* = B* + Ng. [ |

Remark 7.1.24 Fact 7.1.23 is a special case of [13, Exercises 14 (f) page
120].

Remark 7.1.25 Let B: R™" — R"™ be linear and S be a linear subspace of

R™. Suppose A = B + Ng. Then by Fact 7.1.23, A, = B. + Ng, Ao =
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BO+NS andA:A+—|—Ao.

Now we recall the definition of Q) 4.

Definition 7.1.26 Let A: R™ = R" be such that gra A is a linear subspace
of R™ x R™. We define Q4 by

Pazx, if x € dom A;
Qar =

a, otherwise.

Proposition 7.1.27 Let A: R™ = R" be such that gra A is a linear sub-
space. Then Q 4 is single-valued and linear on dom A, and Q 4 is a selection

of A.

Proof. Since AQ is a closed subspace by Proposition 4.1.3(i) and Remark 7.1.18,
Az (Vx € dom A) is a closed convex by Proposition 4.1.3(ii). By Fact 4.3.1,
Q@4 is single-valued on dom A and @ 4 is a selection of A. Very similar to

the proof of Proposition 4.3.6, we have Q) 4 is linear on dom A. |

Corollary 7.1.28 Let A: R™ = R"™ be such that gra A is a linear subspace.

Then

QAPiom ax + A0, if x € dom A;
Ax =
, otherwise,

where Q APqom A 1S linear.

Proof. By Proposition 7.1.27 and Proposition 4.1.3(ii). [ |

Proposition 7.1.29 Let A: R™ = R" be such that gra A is a linear sub-

space. Assume A can be decomposed into the sum of a symmetric operator
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with a linear graph and an antisymmetric operator with a linear graph. Then

such a decomposition is not unique.

Proof. By Corollary 7.1.28, Corollary 7.1.16 and Fact 7.1.21,

A= QAPdomA + Ndom 4-

Thus,

A = (QaPiom 4)++((QaPaom a)o+Ns) = ((QaPaom A)++Ns)+(QaPuom A)o-

By Fact 7.1.23, (QAPdom A)+7 (QAPdom A)++NS are symmetric and ((QAPdom A)O+
N5s), (QAPdom 4)o are antisymmetric. Since (QAPaom )+ 7 (QAPaom )+ +
Ng and (QAPiom A)o + Ns) # (QAPgom A)o as S # R™, the decomposition

is not unique. |

Theorem 7.1.30 Let A,B,C: R" = R" be such that gra A,gra B and
graC are linear subspaces. Assume B is symmetric and C' is antisymmetric

such that A= B + C and dom B =domC. Then B = A;,C = Ao.

Proof. By Fact 7.1.9, A* = B—C'. Thus by assumptions, dom B = dom C =
dom A = dom A*. Thus dom Ay = dom Ao = dom B = domC = dom A.
By Corollary 7.1.12, dom B = dom B* = (B0)*,dom C = dom C* = (C0)*.
Thus (B0)*+ = (C0)*+. Since C0, BO are closed linear subspaces by Propo-
sition 4.1.3(1) and Remark 7.1.18, BO = C0. Let x € dom A. Then by
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Proposition 4.1.3(iii) and Proposition 4.1.3(ii),

Ayx = }(Bx + Cx + Bx — Cx) = Bz + C0 = Bx + B0 = Buz,

Aoz = $(Bx + Cx — Bz + Cz) = B0+ Caz = C0+ Cz = Cx.

Hence B=A,,C = Ao. |

Corollary 7.1.31 Let A: R™ = R" be mazimal monotone such that gra A
is a linear subspace of R™ x R™. Then A = Piom AQ APiom A+ Ndom A, where

Piom AQ APiom A is linear and monotone.

Proof. Since dom A is a closed linear subspace by Remark 7.1.18, then by
Theorem 4.4.1, Pgom AQAPiom 4 is linear and monotone, and A = (g3 +

LdomA) + 1107 where ;{ = PdomAQAPdomA-

Then by Fact 2.1.18, Fact 2.1.30 and Fact 7.1.21,
A= Av-l— + 8LdomA + AVO = PdomAQAPdomA + Ndom A-

Remark 7.1.32 Let A: R™ = R" such that gra A is a linear subspace of

R™. Then gra A~! is a linear subspace of R™ x R™.
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7.2 Fitzpatrick functions of monotone operators

with linear graphs

Definition 7.2.1 Assume A: R™ = R". The set-valued inverse mapping,
AL R™ = R™, is defined by

reAly & ye Az

Definition 7.2.2 Let A: R® = R" and S be a subset of R™. Then AS is
defined by
AS = {:E* | z* € As, 3ds¢€ S}.

Proposition 7.2.3 Let B: R" — R" be linear and S be a linear subspace

of R™ such that A= B + Ng. Then

(i) r€ranA <z + S+ Cran A

(ii) A™le = A=Yz + S1).
Proof. (i): By Fact 7.1.21, ran A = ran(B |g) + S*. Thus S* +ran A =
ran A. Then

reranA <z + S+ C St +ran A = ran A.

Hence (i) holds.
(ii): Clearly, A~'x ¢ A=}(x+ S%). In the following we show A~ (z+ S+) C

Al

117



Chapter 7. Proximal averages of monotone operators with linear graphs

By Fact 7.1.21,

ye A N e+ S =yed(z+t), FHtest
= x+tecAy=By+Ns(y)=By+S+, yeSs
= r € By+ St = By+ Ng(y) = Ay

=ye Al

Thus A~z + S+) € A~lz. Hence A~z = A~ (z + S1). [ |

Lemma 7.2.4 Let B: R™ — R"™ be linear and symmetric, and S be a sub-
space of R™. Suppose that x € ran(B + Ng). Then (x, (B + Ng)~ ') is
single-valued. Moreover, if yo € (B 4+ Ns)~ 'z, then (z, (B + Ng)~lz) =

(Y0, Byo).

Proof. Let 23,25 € (B + Ng)~lx. Then 27,25 € S and by Fact 7.1.21,

€ (B+ Ng)z} = Bx} + S+, xe€(B+ Ng)ah=Bai+ S+, (7.2

Then we have

B(x} —x3) € S*. (7.3)
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By (7.2), there exists t € St such that z = Bx} +t. Then

= (Bz, ] — x3) (7.4)
= (21, B(z] —3))

=0, (7.5)

in which, (7.4) holds by ¢ € S* and z} — 23 € S, and (7.5) holds by (7.3)
and z7 € S.

Thus (z,x}) = (x,23). Hence (x, (B + Ng)~lz) is single-valued.

Let yo € (B + Ng)~'z. Then yp € S and = € (B + Ng)yo = Byo + S+ by
Fact 7.1.21. Let to € S* such that z = Byg + to. Since (z, (B + Ng)~'z)

is single-valued,

(z, (B+Nsg)™'z) = (z,y0) = (Byo+to,y0) = (Yo, Byo) (by yo € S,to € ST).

Lemma 7.2.5 Let B: R" — R" be linear and S be a linear subspace of R™

such that A = B 4+ Ng. Suppose (x,z*) € S x R™. Then

LI‘anA+ (':U* - Bx) - LranA+ (;L'* - Aﬂj‘),

i.e., ¥ —Br €ran A, < ¥ — Az Cran A,
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Moreover if * — Bx € ran A, then
(z* — Bz, (A4)"'(2* — Br)) = (2" — Az, (A1) (" — Az)).
Proof. By Fact 7.1.21,
Az = Bz + S+, (7.6)
By Remark 7.1.25 and Proposition 7.2.3(i) applied to Ay,

LranA+ (':U* - Bl‘) == LranA+ (;U* - BIE + SJ_)

= lran A, (:17* — Am) (by (7.6)).

Let 2* — Bx € ran A,. By Remark 7.1.25, (A,)~!(2* — Bx) C S, then we

have
(z* — Ba, (AL) Y — Buz))
(o - Bat 8, (A" - Ba)
— (2" — Bu+ 8%, (A4,)7(z" — Bz + 1)) (7.7)
~ o A, (A (5~ A2)) 739
in which, (7.7) holds by Proposition 7.2.3(ii), (7.8) by (7.6). [ |

Remark 7.2.6 Let B: R" — R" be linear and S be a linear subspace of R™

such that A = B+ Ng. Suppose (z,x*) € S xR"™ such that x*— Bz € ran A .
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By Remark 7.1.25, Lemma 7.2.4 and Lemma 7.2.5, we see that
(v* — Az, (Ay)"H(z* — Az))

1s single-valued.

Proposition 7.2.7 Let B: R™ — R"™ be linear and S be a linear subspace
of R™ such that A= B+ Ng. Suppose (x,x*) € S x R"™. Then (x* — Ax) C

ran Ay or (z* — Az) Nran A, = @.

Proof. Suppose that (z* — Az) Nran A, # &. By Fact 7.1.21, there exists
t € S+ such that #* — Bz +t € ran A,. Then by Fact 7.1.21, Remark 7.1.25
and Proposition 7.2.3(i), we obtain z* — Ar = 2* — Bx + S+ = 2* — Bz +

t+ S+ CranA,. |

Definition 7.2.8 Let A: R® = R”. We define ®4: R” = R" by

A=y, ifx €ran A;
Dp(z) =
{0}, otherwise.

Remark 7.2.9 Let B: R" — R™ be linear and S be a linear subspace of

R"™ such that A = B + Ng. Then by Proposition 7.2.7 and Remark 7.2.6,
(z" — Az, ®a, (2% — Az)) ((z,2%) € SxR")

is single-valued. By Lemma 7.2.4 and Remark 7.1.25, (x, ®a,(2)) (x €

R™) is single-valued.
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Lemma 7.2.10 Let A: R™ — R" such that gra A is a linear subspace of

R™ x R™. Let k € R with k #0. Then ®4(kx) = k®a(z), VaeR™

Proof. Let © € R™. We consider two cases.

Case 1: x ¢ ran A. Then kx ¢ ran A. Thus we have k® 4(x) = ®4(kz) = 0.
Case 2: x € ran A. Then kx € ran A. Then by Remark 7.1.32 and Proposi-
tion 4.1.3(iii), k®a(z) = kA~ 'z = A=Y (kz) = ®a(kx). [

Corollary 7.2.11 Let B: R" — R" be linear and S be a linear subspace of
R"™ such that A= B+ Ng. Let k € R. Then

t5(x) + tran A, (z* — Bx) + k:<:n* — Bz, &y (2" — Ba:)>
=15(x) + tran A, (¥ — APsx) + k<x* — APsz, O 4 (2" — APSx)>,

V(z,2*) € R" x R".

Proof. Combine Lemma 7.2.5 and Remark 7.1.25. |

Fact 7.2.12 Let B: R™ = R"™ be linear and monotone, and S be a linear

subspace of R". Then B 4+ Ng is maximal monotone.

Proof. See [28, Theorem 41.2]. [ |

Fact 7.2.13 Let B: R®™ = R" be linear, symmetric and monotone, and S

be a linear subspace of R". Then ran(B + Ng) = ran B 4 S*.

Proof. Combine Remark 7.1.25, Fact 7.2.12, [4, Corollary 4.9] and [28, 19.0.3

page 70]. [ ]
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Lemma 7.2.14 Let B: R" — R" be linear and monotone, and S be a linear

subspace of R™. Then

(g8 + 1) () = tran(B,+Ng) (@) + 3(T, BB, 4ng)(z)), Vo €R™

Proof. Let x € R™. Then

(a8 +15)" (@) = sup { (y.2) — ap(y) — 1s(v) }.
yeR”

Let

9() =y, z) — qB(y) — ts(y).

A point y is a maximizer of g, if and only if, it is a critical point. Then by

Fact 2.1.30, Fact 2.1.18 and Fact 7.1.21,
0 € dg(y) =z — Byy — Ns(y) = 2 — (B4 + Ns) ().

We consider two cases.
Case 1: x € ran(B4 + Ng). Let yq satisfy that z € (B4 + Ng)yo. Then yp € S

and x € B,yy + S+ by Fact 7.1.21. Let t € S+ such that x = B,yy + t.
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Since yg is a critical point,

(g8 + ts)" () = g(yo) = (yo, ) — %(yo, Biyo) (by Remark 2.1.12)
= (yo, B+yo +t) — 3(yo, Byyo) (by @ = Byyo+1t)

= (Yo, Byyo) — %(yo, By yop) (by yo € S and t € S1)

$(yo, Biyo)

(z, (By + Ng)™'z) (by Lemma 7.2.4 applied to B4)

Il
N[

Il
N[

(z, (I)(B++Ns)(x)>‘

Case 2: = ¢ ran(B, + Ng). By Fact 7.2.13, ran(B; + Ng) = ran By + S*.
Thus by Fact 2.1.32,

(ran(By + NS))J' = (ran By + S1)t = tan B) N (St =ker By N S.

Then we have R" = ran(By + Ng) @ (ker By N.S) and @ = Poan(p, +Ng)T +

Prer B.ns- Since z ¢ ran(By + Ng), Pier B,nsz # 0. Thus

(Prer B,n5T, T) = (Prer BL ST, Pran(B+Ng)T + Pher ByNST)

= || Peer B, ns[|* > 0. (7.9)
Then by Fact 5.1.10,
(g8 +15)"(z) = (g8 + 13)" () + (4B + 13) (kPer BLNST) (7.10)

> (kPer B, nsT,x) — 00, as k — oo (by (7.9)),
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where (7.10) holds since (¢ + t5)(kPier B.ns*) = 0 by Remark 2.1.12 and
PkCrB+nsx ckerBLNS.

Combining the conclusions above, we have

(gB +15)" () = tran(B, +N6) (@) + 3(, DB, +ng) (7)), Vo eR™

Proposition 7.2.15 Let B: R" — R" be linear and monotone, and S be a

linear subspace of R™. Then

Fiping) (@, z")
= LS(:E) + Lran(BJr—I—]\/'s)(B*gj + :E*) + %<B*ﬂj‘ + :E*a (I)(B++NS)(B*3;‘ + $*)>7

V(z,z*) € R" x R™.
Proof. Let (z,2*) € R™ x R™. By Fact 7.1.21, we have

Fpins)(@,27)

= sup {<y*,:ﬂ> + (z*,y) — (y,y*>}
(y,y*)€gra(B+Ng)

= sup{(By—i— S+ @) + (z*,y) — (y, By + SL>}

yes
= 15(x) + sup { (By, ) + (=", ) — (v By) } (7.11)
yeSs
= ts(x) + sup {<y, Bz +a”) = {y, By) - Ls(y)}
yeR”
= u5(w) +2 sup { (. 3(B"x +27)) — an(y) —15(y) } (7.12)
yeR™
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where (7.11) holds by y € S.
By (7.12), we have

Fipyng) (@, ") = 15(x) +2(qp + t5)" (3(B*z + %))
= 18(2) + tran(B, +Ng) (B T + 27) (7.13)
+(3(B"2 + 27), ®(5, 1nv4) (3(B 2 + 27)))
— 15(0) + by 3 (B + 7 (7.19)

+ 1((B*z + %), (5, 4ng) (B z + 7).

(7.13) holds by Lemma 7.2.14 and Remark 7.1.22. (7.14) holds by Re-
mark 7.1.22 and Lemma 7.2.10. |

Remark 7.2.16 Let S be a linear subspace of R™. By Fact 7.2.13, ran Ng =

S+. By Proposition 7.2.15,
Fng(z,2") = 15(z) + 1g1(2¥), V(z,2") € R" x R".

Corollary 7.2.17 Let A: R™ = R" be mazimal monotone such that gra A

1 a linear subspace. Then

FA(l‘,ﬂf*)
= LdomA(x) + lran Ay (A*PdomAx + x*)

+ %<A*Pdom,4x + 2%, @4, (A" Pyom ax + x*)>,V(m, x*) € R" x R™.
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Proof. By Corollary 7.1.31, there exists a linear and monotone operator

B : R®™ — R" such that

A:B“‘NdomA-

By Proposition 7.2.15 and Remark 7.1.25, we have

Fa(z,2") = Filpyn, (@ 27)

= Ldom A(Z) + tran a4, (B*z + 2%) + $(B*z + 2%, @4, (B*z + z%))

= ldom A(Z) + tran A, (—B*(—x) + %)
+3( = B* (=) + 27, @4, (=B (-x) + 7))

= tdom A(%) + tran a4 ( — A" Paom a(—) + 2¥) (7.15)
+ 1= A" Pyom a(—2) + 2%, @4, (— A*Pioma(—2) +2%))

= tdom A(%) + tran A, ( — A" (—Piom az) + z*) (7.16)
+ 1 — A*(—Piom az) + 2%, @4, (— A*(—Paom az) +2*))

= tdom A(%) + tran A, (A" Pyom ax + x*) (7.17)

+ %<A*PdomA$ + l‘*, q)A+ (A*PdomA:E + l‘*)>,

where (7.15) holds by Fact 7.1.23 and Corollary 7.2.11 applied to B* and
A*. (7.16) holds by Fact 4.3.3, and (7.17) by Remark 7.1.5 and Proposi-
tion 4.1.3(ii). ]

Proposition 7.2.18 Let B: R" — R" be linear and monotone, and S be a
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linear subspace of R™. Then

F(’SBJFNS)(x*,m) =15(x) + tgi(z* — Bx) + (x, Bx),

V(z,z*) € R" x R™.
Proof. Let (z,2*) € R™ x R™. By Proposition 7.2.15,

Flpyng (@7, 2)

= sup {(:27)+ 070 = 150) ~ teantmeav (B0 4 07)
Yy*

— 1By + v, O, 1ne (B Y+ y*)>}

= sup {<y,w*> + (Biw— B*'y+ 5", z) — £<B+w,w>}
(yeS,weSs)

—is@)+ s {(y,a") + (Byw — By, @) - }{Byw,vw)}
(yeS,wes)

=15(x)+ sup {(y,x* — Bx) + (Biw,z) — Hw, B+w>}
(yeS, wes)

=15(x) + tgi(x* — Bx) + sup {<B+w, z) — +(w, B+w>}

weS

=15(x) +1g1(x* — Bx) + %S}é% {(w, 2Byx) — qB(w)}

=15(x) + tg1(z* — Bx)

+4 s {0, 2B:0) — anlu) — s(w)}

= 15(z) + g1 (z* — Bx) + 5(qp + t5)"(2B+1)
= LS($) tigL (l‘* - B:E) + Lran(B++Ns)(2B+x)
+1(2Byx, @5, 1 ng)(2B1x))

=15(x) + tgi(z* — Bx) + (x, Bx),

(7.18)

(7.19)

(7.20)

(7.21)

128



Chapter 7. Proximal averages of monotone operators with linear graphs

in which, (7.18) holds by B*y + y* € (Bt + Ng)w = Byw + St(w €
S) by Fact 7.1.21, and by Lemma 7.2.4. (7.19) holds by Remark 2.1.12.
(7.20) holds by Lemma 7.2.14, and (7.21) by Lemma 7.2.4 since 2z € (B4 +
Ng)~Y(2Byx) as x € S by Fact 7.1.21. [ |

Remark 7.2.19 Let S be a linear subspace of R™. By Fact 7.2.13, ran Ng =
S+. Then by Proposition 7.2.18,

FR (x*,x) = 15(x) + 190 (27), V(z,2") € R" x R™

Corollary 7.2.20 Let S be a linear subspace of R™. Then Fng is auto-

conjugate.

Proof. Combine Remark 7.2.16 and Remark 7.2.19. |

Remark 7.2.21 Remark 7.2.16 and Remark 7.2.19 are special cases of [8,
Ezample 3.1].

Remark 7.2.22 Let B: R® — R"™ be linear and monotone, and S be a
linear subspace of R™ such that A = B+ Ng. Suppose x € S. Then (Az,x) =
(x, Bx).

Proof. Apply Az = Bx + S+, which follows from Fact 7.1.21. |
Corollary 7.2.23 Let A: R™ = R" be mazimal monotone such that gra A
1 a linear subspace. Then

Fi (2", @) = tdom A(%) + t(dom a)L (z* — APaom A7) + (7, APaom aT),

V(z,2*) € R" x R".
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Proof. Let (z,x*) € R™ x R™. By Corollary 7.1.31, there exists a linear
and monotone operator B : R” — R"™ such that A = B + Ngom 4. Then by

Proposition 7.2.18,

F3(2",2) = taom a(@) + tgaomars (0" — Bo) + (e, Ba).  (7.22)
Suppose x € dom A. Since dom A is a subspace of R" and

z* — Bz € (dom A)*t < z* — Bz + (dom A)* C (dom A)*.
By Fact 7.1.21, 2* — Bz + (dom A)* = 2* — Az. Thus

L(domA)J-(:E>k - Bﬂj‘) = L(domA)J-(x* - A:E) = L(domA)J-(x* — APjom Al‘).

(7.23)

By Remark 7.2.22,
(x,Bx) = (Az,x) = (APgom AT, ). (7.24)
Thus by (7.22), (7.23) and (7.24),

Fi (2", ) = tdom a(x) + L(domA)J—(x* — APjom A7) + (APjom AT, T),

V(xz,z*) € R" x R".
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7.3 The third main result

Lemma 7.3.1 Let B: R® — R"” be linear and monotone, and S be a linear

subspace of R™. Suppose that x € S,x* € R"™ and y* € R™. Then

lran(B1+Ng) (B*:E + y*) tigL (2:17* - y* - B:E)

= Lran(BJr—I—J\/'s)(‘IE>k - Bﬂj‘) + gL (2:17* - y* - B:E) (725)

Proof. We consider two cases.
Case 1: 20 — y* — Bx ¢ S+. Clear.
Case 2: 2z* —y* — Bx € S*. Let t € S+ such that y* = 22* — Bz +t. Thus

B*x +y*
=Bz +22* —Bxr+t=Bx+B*z+22* — Bx — Bx +t

= 22" —2Bx + 2B iz +t. (7.26)
On the other hand, since t € S+, Fact 7.1.21 implies
2B x +t € (By + Ng)(2x). (7.27)
Then by Remark 7.1.22, (7.26) and (7.27), we have
B*x +y* € ran(B; + Ng) & 2" — Bx € ran(B4 + Ng). (7.28)

Thus tyan(B, +Ng)(B*Z +¥*) = tian(s, +n,) (2" — Bx).

Hence (7.25) holds. [ |
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Corollary 7.3.2 Let B: R" — R" be linear and monotone, and S be a

linear subspace of R™. Suppose that x,x*,y* € R™. Then

t5(2) + tran(B,+Ng) (BT +4°) + 151 (22" — y* — Bux)

= ts(x) + Lran(B++Ns)(x* — Bx) 4+ 151 (21'* -y = Buz).

Proof. Apply Lemma 7.3.1. |

Proposition 7.3.3 Let A: R" = R" be mazimal monotone such that gra A

s a linear subspace. Then

hp,(x,x¥)
= LdomA($) + tran A, (33* - APdomA$) + <$7$*>

+ %<3§* — APjom Az, @4, (2" — APdomAaj)>, V(xz,z*) € R" x R™.

Proof. By Corollary 7.1.31, there exists a linear and monotone operator
B : R™ — R" such that

A:B—I—Ns,
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where S = dom A. Let (z,z*) € R™ x R".

By Proposition 7.2.15 and Proposition 7.2.18,

hp,(x,x%)
= i;}kf {%FA(JJ, 2y*) + S FA (2(2* — y*),az)}
= i;f {Ls(a:) + tran(Bo+Ng) (B T + 2y)
+ %(B*:E +2y", Y, 4ng) (B T+ 2y*)>
+ 151 (22 — 2y* — Bx) + 3(x, Bx>}
= 15(z) + 3(z, Bx) + i;l*f {Lran(3++NS)(B*$ + 2y*)
+ 2(B*z +2y*, D, +Ng)(B*z +2y"))
+1ge (22" — 2y* — Bx)}
= 15(@) + tran(z, v (@ — Ba) + 4, Ba) (7.2
vinf (§(B'w 4257, Bz, ve) (B'w +207))
+1gr (22" — 2y* — Bx)}
= 15(%) + tran(B,+Ng) (2" — Bx) + %(w,Baz) (7.30)

. 1 * * * *
+ inf {§(Bw+ 20"~ B 4, ®(p, g (B + 20" — B )},

in which, (7.29) holds by Corollary 7.3.2, (7.30) by 2y* = 22* — Bx +1t, t €
S+,

If x ¢ S or x* — Bx ¢ ran(By + Ng), hp,(z,2*) = co by (7.30).

Now suppose = € S = dom A and z* — Bx € ran(By + Ng). Then there

exists yo € S such that x* — Bx € (B4 4+ Ng)yo. Thus by Fact 7.1.21,
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r* — Bz € Byyg + S*. Then

<B+‘Tay0> = (‘T?B+y0> = (‘T?‘T* — Bz) = (‘T?‘T*> - (‘T?B‘T>

Note that

Bz +22* —Bx+t=Bx+B*x+ 22 — Bx — Bx +t

= 22" —2Bx + 2B iz +t.

By Fact 7.1.21,

2B+IE +t S (B+ + NS)(Qx)

Then by Remark 7.1.22, (7.32) and (7.33),

B*x + 22" — Bx +t € (B4 + Ng)(2yo + 2z).

(7.31)

(7.32)

(7.33)

(7.34)
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Then by (7.34), (7.31), (7.30) and Lemma 7.2.4,

hip,(x,z")

<3§‘,Bl’> + %<B+(2y0 + 23)), 2y0 + 233>

NI

[N

<3§‘,Bl’> + %<B+(y0 + $)7y0 + 33>

D=

<.Z',B.’L'> + %<B+y07y0> + <B+337y0> + %<B+a:,a:>

<.Z',B.’L'> + %<B+y07y0> + <$,$*> - <.Z',B.’L'> + %<B+.Z',IL'>

N~

= %<B+y07y0> + (z,2*) (by Remark 2.1.12)

= (z,2%) + $(z* — Bz, (B4 + Ng)~'(z* — Bxz))

= (z,2%) + $(z* — Bz, (A4)"'(z* — Bx)) (by Remark 7.1.25)

= (z,2%) + §{z* — Az, (A;y)"!(z* — Az)) (by Lemma 7.2.5)

= (z,2") + (2" — Az, @4, (2" — Az)) (by Lemma 7.2.5)

= (2,5%) + 3{(2* — APjom a7, P4, (2" — APyom az)). (7.35)

Thus combining (7.30) and (7.35),

hp,(x,x")
= tdom A(Z) + tran A, (" — Bz) + (x,2") (by Remark 7.1.25)
+ %<az* — APjom az, ®a, (2" — APjom Aa:)>
= tdom A(T) + tran A, (#" — APgjom ax) + (x,2*) (by Lemma 7.2.5)

+ %<$* — APjom az, @4, (2" — APdomA:E)>, V(x,z") € R" x R".
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Remark 7.3.4 Let S be a linear subspace of R™ and A: R™ — R™ be in-
vertible. Then dim AS = dim S.

Proposition 7.3.5 Let S be a linear subspace of R™ and A: R™ — R" be

linear and monotone. Suppose that AS C S. Then (Id+A)S = S.

Proof. By assumptions, (Id+A)S is a linear subspace and
(Id+A)Sc S+ AS CS. (7.36)

Since (Id +A) is invertible by Proposition 5.2.6, by Remark 7.3.4, dim(Id +A)S =
dim S. Then by (7.36), (Id+A)S = S. [ |

Corollary 7.3.6 Let S be a linear subspace of R" and A: R® — R"™ be

linear and monotone. Suppose that ran A C S. Then (Id+A)~'A, S C S.

Proof. By Fact 2.1.17, ran A* = ranA C S. Thus A4S C ranA, C
S. By Proposition 7.3.5, A.S C S = (Id+A)S. Then (Id+A)"1A,S C
(Id+A)~1(Id +A)S = S. [ |

Lemma 7.3.7 Let B: R® — R” be linear and monotone, and S be a linear

subspace of R™. Suppose that x,y € S and x*,y* € R"™. Then

bean(By +Ng) (B (@ +y) + 2" +y*) + 150 (¥ —y* — B(z — y))

= lran(B,+Ng) (" — Bx) + g1 (x* —y* — Bz — y)) (7.37)

Proof. We consider two cases.

Case 1: #* —y* — B(x —y) ¢ S*. Clear.
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Case 2: z* —y*—B(xz—y) € S*. Let t € S+ such that y* = 2* — B(x —y) +t.
Thus

B (x4+y)+a*+y*
=B (z+y)+22"—B(x—y) +t
=B*(z+y)+Bx+y)—Blx+y)+22"—B(zx—y)+t

=2B (v +y)+t+22" —2Bx. (7.38)
On the other hand, since t € S+, Fact 7.1.21 implies
2B (z+y)+t € (By+ Ng)(2x + 2y). (7.39)
Then by Remark 7.1.22, (7.39) and (7.38), we have
B*(zr+y)+z"+y" €ran(By + Ng) & " — Bx € ran(B4 + Ng).

Thus tran(B,+Ns) (B*(x+y)+a* +y*) = Lran(Bs +Ng) (2" — Bx). Hence (7.37)
holds. |

Corollary 7.3.8 Let B: R" — R" be linear and monotone, and S be a

linear subspace of R™. Suppose that x € R™,y € S and x*,y* € R"™. Then

15(2) + tran(B, +Ng) (B (. +y) + 2% +y) + 190 (2 —y* — Bz —y))

=15(x) + Lran(B++NS)(x* — Bx) 4+ 1g1 (m* —y* = B(z — y))
Proof. Apply Lemma 7.3.7. |
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Theorem 7.3.9 Let A: R™ = R" be mazimal monotone such that gra A is

a linear subspace. Then

P(Fa,F}") = hp,.

Proof. By Corollary 7.1.31,

A:B—I—Ns,

where B = PsQ4Ps, S = dom A. Let (z,2*) € R" x R™.

By Fact 5.2.2, Fact 5.2.9, Proposition 7.2.15 and Proposition 7.2.18,

P(FAv FZT)(QE,I‘*)

ot {§Fmine) @+ 9,2" +9") + FT vy @~y = y")

+ 3yl + 312}

Jnt {15 +9) F traniy o) (B (@ 4 ) +07 +97) +us(e — )

+ 1(B*z+y)+ 2" + v, Bp, 4 ne) (B (@ +y) + a2 +y))
use (" —y" = Ble —y)) + 3w~y Bz~ ) + 3]l
+ 4y}

s(a)+ _inf Lbnn e (B +9) +2° 4 ) (7.40)

+ LB @ +y) + 2"y, O, ang (B +y) Hat )
+i50 (2" —y* = Bz —y)) + 3(z —y, Bz —y)) + 3lyl’

+ 3y}
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where (7.40) holds by ts(x +y) =0,t5(x —y) =0 z,y € S.
By (7.40) and Corollary 7.3.8,

P(Fy, F37)(z,2%)

= 5(%) + tran(B, +Ng) (" — Bx)
|
LB (x+y) + 2"+ 1", ®pang (B @+y) +2" +y7))
+igi(z* —y* = Bz —y)) + 5(z —y, Bz —y)) + 5 |yl?
+ 3117}

= 15(2) + tran(B, +Ng) (2" — Bx) + yes%ntfesL {§<007 (5, 4ns)(Co))

(7.41)

+ 3z =y, B —y)) + Hlyl* + 3o = Bl —y) + 12},

where (7.41) holds by y* = 2* — B(z —y) +t, t € S+, where C := B*(z +
y) +22* — B(x —y)+t (B*(x+y)+az*+y* =Ch).

Suppose that z € S and x* — Bz € ran(B4 + Ng). Then exists yg € S such
that z*— Bx € (B++ Ng)yo. Thus by Fact 7.1.21, 2* — Bx € (B++ Ng)yo =
Biyo + S+. Thus

(x, Bx + Byyo) = (x,z*) (by z € 5). (7.42)
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On one hand,

Co=B"(z+y)+Bz+y)—Blzx+y)+22"—Bx —y)+t

=2B (v +y)+t+22" —2Bx. (7.43)
On the other hand, since t € S+, Fact 7.1.21 implies
2B (x +y)+t e (By+ Ng)(2z + 2y). (7.44)
Then by Remark 7.1.22; (7.44) and (7.43)
Co € (By + Ns)(2x + 2y + 2yo). (7.45)
Then by (7.45), (7.41) and Lemma 7.2.4,

P(Fa, F3T)(x, 27)

— esi%EsL{%<2B+(x+y+yo)’ 2z + 2y + 2yo)
y b

+ 3o -y, Bz —y)) + 3yl + §le* - Bz —y) + )2}

= _nf {§(Br(z+y+w0), 2 +y+uw)
y b

+ 4o —y, Ble — ) + Syl + 21Byyo + By +¢)1*}

< ggg{%<3+(a:+y+yo), T+ Y+ )

+ Ha =y, B~ ) + 3yl + H1Bryo + Byl?}.
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Note that (by Remark 2.1.12)

HBi(z+y+yo), z2+y+yo)+ 3{z —y, Bz —y))
= W(By(z +yo) + Byy, (x+y0) +y) + 2z —y, Bi(z —y))
= 1By (z+y0), ©+y0) + (y, By(x + o)) + 3(y, Byy) + L(z, Bya)

+ %<y7 B+y> - (y,B+x>

N~

<B+(.Z' + y0)7 T+ y0> + <y7B+y0> + <y7B+y> + %<.’L’,B+$>

N~

(By, x) + (Byyo,x) + 5(B1yo, yo) + (4 B+yo) + (v, B+y) + 5 (2, Byx)
= (z, Bz) + (B1yo, ) + 3(B+yo. yo) + (y, Byyo) + (y, Byy)
= (z, Bz + Byyo) + 3(B4yo, yo) + (y, B+yo) + (y, By)

— (22" + 3By, o) + (9, Beyo) + (9, Byy)  (by (7.42)).
Thus

P(FA7 FZT)($7 ZE*)
< 3{y0, B+yo) + (z,z") (7.46)

+inf { (v Bywo) + (v, Bw) + 3 lol* + 51 Bowo + Bul*}
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Note that

(y, Bywo) + (v, Byy) + 3llyll* + 311 B1yo + Byl?
= (y, B+yo) + (y, B+y) + |y|l* + (y, B*Byyo) + 3(y, B*By) + 1[| B1yo?
= (y, 1d+B*)B1yo) + i(y, (B+ B* +1d+B*B)y) + || BLyol|”

= (y, (Id+B")Byyo) + 5{y, (1d+B")(Id+B)y) + 3] B1yol*
Then by (7.46), we have

P(FA7 FZT)($7 ZE*)
< $(wo, B1wo) + 5l B1yoll® + (z, 2%) (7.47)
+ inf {(y, (14+B")Bsyo) + 3y, (14 +B")(1d+B)y) }
Yy
< 3(40, B+yo) + (2, 2*) + 5[ B+wol® — 5[ B+wol® (7.48)

= %<yO7B+yO> + <.Z',.Z'*>

= (z,2%) + $(z* — Bz, (B4 + Ng)~'(z* — Bx)) (7.49)
= (v,2%) + (2" — Az, (A}4) (2" — Ax)) (7.50)
= (z,2%) + 3(2* — Az, @4, (2" — Az)) (by Lemma 7.2.5)

= (x,z") + %<az* — APjom az, P4, (¥ — APdomAa:)>, (7.51)

in which (7.48) holds by letting y = —(Id +B) ' B, yo € S, where y € S by
Corollary 7.3.6.
(7.49) holds Lemma 7.2.4, (7.50) by Remark 7.1.25 and Lemma 7.2.5.
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Combining (7.41) and (7.51),

P(Fa, F3T)(z, 27)

< 15(%) + tran(By +Ng) (&7 — Bx) + (2, 27)
+ 22" — APjom a7, ®a, (2% — APyom 47))

= tdom A(%) + tran A, (" — APgom ax) + (z,2*) (by Remark 7.1.25, Lemma 7.2.5)
+ %<az* — APjom A%, ®a, (2 — APgom A))

= hp,(z,2") (by Proposition 7.3.3), V(z,z") € R" x R".

By Fact 5.2.11, Fact 5.2.12 and Proposition 5.1.8, P(Fa, F}7) = hp,. N

Corollary 7.3.10 Let A: R™ = R" be mazimal monotone such that gra A

s a linear subspace. Then
P(Fa,F}")=hp, = hpsr.

Proof. Combine Theorem 7.3.9 and Proposition 5.3.13. |

Theorem 7.3.11 Let B: R" — R™ be linear and monotone, and S be a

linear subspace of R™. Then

P(F(B+NS)’F(>’E+NS))($’$*) = hF(B+NS)($’x*) = hF(*BIJrNS) (ZE,;E*)

= LS(x) + Lran(B++Ns)(‘T* - BIL‘) + (‘TJ‘T*>

+ $(z* — Bx, ®p, tng)(x* — Bx)), V(z,z*) € R" X R".
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Proof. Let A = B + Ng. Let (z,2*) € R” x R". By Fact 7.2.12 and Re-
mark 7.1.22, A is maximal monotone with a linear graph. Thus by Propo-

sition 7.3.3, Corollary 7.3.10, Remark 7.1.25 and Corollary 7.2.11,

*T *\ *\ *
P(F(BJFNS)?F(BJ’_NS))(':U?;E ) - hF(B+NS)(x>x ) - hF(*BIJrNS)(:E’:E )
= LdomA(x) + lran Ay (1'* - APdomAw) + <.Z',(L'*>

+ %<w* - APdomAwa (I)A+(Z'* - APdomAw)>

= LS(gj) + Lran(B++Ns)(:L'* - Bﬂj‘) + <$7$*>

+ %<:L'* — Bz, &g, yng) (" — Baj)>

|
7.4 The Fitzpatrick function of the sum
Fact 7.4.1 Let A, B: R™ = R"™ be monotone. Then
Farp < FaOsFp. (7.52)
Proof. See [8, Proposition 4.2]. [ |

In (7.52), equality doesn’t always hold, see [8, Example 4.7]. It would
be interesting to characterize the pairs of monotone operators (A, B) that

satisfy the identity Fuyrp = FalloFp.

Lemma 7.4.2 Let B: R® — R"” be linear and monotone, and S be a linear

subspace of R". Then F(ping) = FplaFnyg.
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Proof. Let (z,2*) € R™ x R™. By Fact 5.2.4 and Remark 7.2.16, we have

(FBDQFNS)(x,x*)
= inf {FB(:E,y*) + Fyg(z, 2" — y*)}
Y
= izlll*f {Lran B.(y" + B*x)
+ %Q(B+)T(?J* + B*x) + 1g(x) + tgo(z* — y*)}
= us(z)
+ lél*f {LranB+(y* + B*x) + %Q(B+)T (y* + B*a;) + gL (a:* — y*)}
S LS('Z.) + Lran(B++NS)(x* + B*x) (753)

+ i;l*f {LranB+(y* + B*z) + %Q(B+)T(?J* + B*x) 4+ 1gu(x* — y*)}

Next we will show that (FaO2Fpg) (%, 2%) < Flping) (T, 2%).
Now suppose x € S and z*+ B*x € ran(B4 4+ Ng). Then there exists yp € S

such that
x* 4+ B*zx € (B4 + Ng)yo. (7.54)

By Fact 7.1.21, there exists t € S+ such that 2* + B*x = B yo + t.

Let y5 = 2" —t. Then by z* + B*x = By + t,

yo + B*r =z + B*x —t = Byyp. (7.55)
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By (7.53), (7.55) and Lemma 7.2.4,

(FpOoFng)(z,z™)

< tran B, (Y0 + B*x) + 39,1 (45 + B*x) + 151 (z* — y5)
= 54yt (B1+%0)

= %qB+ (yo) (by Corollary 2.2.16)

= 4Bz +1*, (B4 + Ng) (B z+1%)) (by (7.54))

= Bz + 2", @5, 1ng(B*x+a")). (7.56)
Thus combining (7.53) and (7.56),

(FaO2Fng)(z, %)
< 15(%) + tran(B, +Ng) (2" + B w) + %<B*x + 2%, ®p,4ng) (B + z*))

= Fp+ng)(z,7") (by Proposition 7.2.15), V(z,z*) € R" x R"™.

By Fact 7.4.1, F(B—l—NS) = (FBDQFNS). |

Fact 7.4.3 Let A, B: R"™ — R"™ be linear and monotone. Then
Flatp) = FalloFp.

Proof. See [4, Corollary 5.7]. |

Fact 7.4.4 Let S1,55 be linear subspaces of R™. Then

Fing, +Ns,) = Fivg HaFivg, -
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Proof. See [8, Example 4.4]. |

Fact 7.4.5 Let 51,53 be linear subspaces of R™. Then Ng, +Ngs, = Ng,ns,-

Proof. Clearly, dom(Ng, + Ng,) = S1 NSy = dom Ng,ns,. Let x € S; N So.
By Fact 7.1.21,

(Ns, + Ns,)(x) = (1) + (S1)*" = (S1 N S9)*  (by [27, Exercises 3.17])

= NslﬂSQ (33)

Proposition 7.4.6 Let Bi,By: R" — R" be linear and monotone, and
51,52 be linear subspaces of R™ such that Ay = By + Ng,, A2 = By + Ng,.
Then F(A1+A2) = FA1D2FA2.

Proof. Let (z,2*) € R™ x R™. Then we have

(FNA1 D2FNA2 )(z,27)
= (F(B1+N51)D2F(B2+NSZ))(x? x*)

= inf {F(Bl—i-NSl)(x? y*) + F(BQ-"-NSZ)('Z.? Z*)}

y*_l_z*:m*

= inf { inf {Fp,(z,y7) + Fng (z,y35)} (by Lemma 7.4.2)
yrz* =g+ yT‘i‘y;:y* 1

+ _inf {Fp,(z,2{) + Fng, (z, 25)}} (by Lemma 7.4.2)

* *__
z{+25=2

= inf {FB1 (@,y1) + Fng. (z,y3) + Fp, (2, 27) + Fng, (, zg)}
Yitys el ey = ' ?
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Thus

(FNA1 D2FNA2 )(z,27)

—  inf { inf  {Fp, (x,u}) + Fi, (z,u3)}

wtvr=a* Lufful=u*
b mt{Fs, (o) + Fiv, (0 v)}}
(by Fact 7.4.3 and Fact 7.4.4)
= inf {F(Bl+Bz)(l’aU*) + F(N51+NS2)($7”*)}
= inf_ . {F(Bl+32)(a:,u*) + Fig, s, (m,v*)} (by Fact 7.4.5)
= F(Bl+Bz+Nslmsz)(x’x*) (by Lemma 7.4.2)
= F(B,+B,+Ns, +Ns,) (@, ") (by Fact 7.4.5)

= F(A1+A2)(x7 z”).
]

Corollary 7.4.7 Let A, B: R" = R" be maximal monotone such that gra A

and gra B are linear subspaces. Then Fayp) = FallaFp.

Proof. By Corollary 7.1.31, there exist linear and monotone operators
A1,B1: R" — R"™ such that A = A; + Ngoma and B = Bi + Ngom B-

Since dom A and dom B are subspaces of R™, by Proposition 7.4.6,

F(A-l—B) = 4y Fp.
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Remark 7.4.8 Corollary 7.4.7 generalizes the result of Bauschke, Borwein
and Wang in [4].
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Chapter 8

Future work

Our future work is the following
e Simplify some of earlier technic proofs.

e Extend main results to a Hilbert space and a possibly (reflexive) Ba-

nach space.

e Since Asplund’s decomposition of monotone operators is based on

Zorn’s Lemma, it would be very interesting to find a constructive proof.
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