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=h4�*-;<c�* f = k c�b��n9nbdu�bd9:;��$��bL280h4�*�289�280 ' ¦�b�; l b�b�¶�b k ;\*8e�,n4<=g9/.�4�b k *-9ni�i/bdc<=gq128;<=gqrbj4\e�*-c$c�b��n9/=g9/.�; l =gc�i
*-c�i/bdc64�*-0g,/;<=h*-9n4��

=g=



· ¸º¹ �U» ¹ ��}

¼�½ ¾�¿�À¥Á/Â1¿ ��������������������������������������������������������������������������������� =g=

Ã�Ä�Å�¿�Æ(Å�¿�¾ ��������������������������������������������������������������������������������� =g=g=

ÇEÈ ¾�¿�Ä�É6ÊEÁ/½�Ë£Æ(¾ ��������������������������������������������������������������������������� qG=

ÇEÈ ¾�¿�Ä�É6Ì È£Í�Î À8Æ:¾ ��������������������������������������������������������������������������� qG=g=

¼�Â8ÏWÅVÄGÐ�Ë£Æ:Ñ Í�Ò Æ(Å�¿�¾ ����������������������������������������������������������������������� =³�

Ó Æ(Ñ È ÂrÁm¿ È Ä�Å ������������������������������������������������������������������������������� �

Ã�ÄnÔ ¼ Î ¿²ÕVÄ�À¥¾¥Õ È£Öa× ¿�Ám¿�Æ Ò Æ(Å�¿ ����������������������������������������������������������� �m=

Ø Å�¿�À8Ä�Ñ Î Â1¿ È Ä�Å ����������������������������������������������������������������������������� Ù
s *-u f ,/;�28;<=h*-9�280 T 0g,/=hiw) ' 9�28u�= k 4 ����������������������������������������������������� Ù
S * k 280 R b k *-9n4<;<c<, k ;<=h*-9N289ni B c<c�*-c B 4<;<=gu�28;<=h*-9 ����������������������������������������� Ú
s *-u�u�,/9/= k 28;<=g9/.^; l b > 9/=h4�*-;<c�* f ' 289ni s c�b�28;<=g9/.^289 > 9/=h4�*-;<c�* f = k�M bj4 l ��������������� Ù x
?
l b > 9/=h4�*-;<c�* f = k�M bj4 lw> in2 f ;�28;<=h*-9 S *(* f ��������������������������������������������� Ù v

¼#Û^ÆGÅVÆ(À¥ÁnË È£Ü Æ:ÑaÌ�À8Á Ò Æ:Ð�Ä�À8Ï�É­Ä�À�Ý È£Í ÕßÞ�À¥Ñ�Æ:À^¼�Å È ¾�Än¿�À8Ä Ö7È Â¬à!Æ(¾²Õ�¼�Ñ�Á Ö ¿�Ám¿ È Ä�Å Ùdá
F 9:;<c�*Gim, k ;<=h*-9 ��������������������������������������������������������������������������� Ùdá
B c<c�*-c B 4<;<=gu�28;<=h*-9#����������������������������������������������������������������������� Ù�Ú

=g=g=
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s 280 k ,/0328;<=g9/.^; l b M bd;<c<= k ��������������������������������������������������������������� Ù z
R bj4<,/0g;�4 ��������������������������������������������������������������������������������� v á

D , & 4�*-9/= k =g9(q(=h4 k =hi�è�* � 28c�*-,/9ni]289]28=gcHe�*-=g0é����������������������������������������� v Ú
? c�289n4�*-9/= k]F 9(q(=h4 k =hiêè�* � 28c�*-,/9ni�289Z28=gcHe�*-=g0é� o F6ë ,n4�; � c�*-;�b¬; l =h4�4<, & 4�b k ;<=h*-9�4�*

; l bdc�b�28c�b�4�*-u�b l *-0hbj4L289ni¬032 k�ì(� *8e � è�* � f c�* & 0hbdu�4 p ��������������������� v1z
D , & 4�*-9/= k 0328u�=g9�28c�è�* � 28c�*-,/9niN289I28=gcHe�*-=g0 ��������������������������������������� í x

s *-9 k 0g,n4<=h*-9n4!����������������������������������������������������������������������������� í1î

Ó ÆGË§Á Î Å Árï�Ô�ð�Á/¾�Æ:Ña¼^Å È ¾�Ä�¿�À¥Ä Ö�È Â¬à@Æ:¾²Õ�ñ�Æ:ò7Å Æ Ò Æ(Å�¿ ��������������������������������� í z
F 9:;<c�*Gim, k ;<=h*-9 ��������������������������������������������������������������������������� í z
M bd;<c<= k 4 f 2 k bj4@��������������������������������������������������������������������������� í1ó
[ ,�280g=g; ' M b�2-4<,/c�bj4 ��������������������������������������������������������������������� ánÙ
M bj4 l * f bdc�28;<=h*-9n4 ����������������������������������������������������������������������� á:í

D � 2 f/f =g9/. ������������������������������������������������������������������������� á:í
ôXbdc<;�b�� F 9n4�bdc<;<=h*-9 ����������������������������������������������������������������� á1á
ôXbdc<;�b�� R bdu�*�q1280 ����������������������������������������������������������������� á:Ú

K *-,/9nin28c ' 5$c�*-;�b k ;<=h*-9 ����������������������������������������������������������������� á(õ
> 0g.r*-c<=g; l u ����������������������������������������������������������������������������� á z
R bj4<,/0g;�4 ��������������������������������������������������������������������������������� î x
s *-9 k 0g,n4<=h*-9n4+289ni T ,/;<,/c�b F u f c�*²qrbdu�bd9:;�4ö����������������������������������������������� îrõ

Ã�Ä�ÅVÂ:Ë Î ¾ È Ä�Å ¾ ����������������������������������������������������������������������������� î1ó
D ,/u�u�28c ' ������������������������������������������������������������������������������� î1ó
R bj4<,/0g;�4 ��������������������������������������������������������������������������������� Ú x
R b k *-u�u�bd9nin28;<=h*-9n4 ��������������������������������������������������������������������� ÚmÙ

=gq
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Ù s *-u f 28c<=h4�*-9�*8e/imc�28. y 0g=³e£; y 289ni�4�b f 28c�28;<=h*-9 f *-=g9:;�e�*-c PC>6s`> x1x Ù v 28=gcHe�*-=g0éý
Mach =

0.5
y
Re = 5000

y
α = 0

�]����������������������������������������������������������� ímÙ

qG=
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Ù F 0g0g,n4�;<c�28;<=h*-9]*8e ; l b s`T ) f c�* k bj4�4 � =g; lI> in2 f ;<=gqrb S *G* f � ������������������������� v

v ?
l b�bdc<c�*-cL289niI2-4�4�* k =328;�bji T *-,/c<=hbdcC2 f/f c�*j�m=gu�28;<=h*-9W� ����������������������������� v1v
í B c<c�*-c k *-9(;�*-,/c�4L289ni

d(x, y)3
k *-9:;�*-,/c�4²��������������������������������������������� v1v

á PL>6s`> x1x Ù v ý F 9/=g;<=3280�u�bj4 l � =g; l Ù�órõ"ôXbdc<;<= k bj4�������������������������������������� v î
î PL>6s`>6� x1x Ù v 4<, & 4�*-9/= k =g9:qG=h4 k =hi�è�* � ý k *-u f 28c<=h4�*-9n4L*8e7imc�28.�289ni�0g=³e�; k *Gb�� k =hbd9:;�4 v Ú
Ú F 9(q(=h4 k =hi D , & 4�*-9/= k è�* � 28c�*-,/9ni PC>6s`> x1x Ù v ý

Mach = 0.5
y
α = 0

� ����������� v õ
õ S =³e�; s *-9:qrbdc<.rbd9 k b�e�*-c PC>6s`> x1x Ù v ý M 2 k�l

0.8
y
α = 1.25o � ��������������������� v1z

z í8c�i *-c�i/bdc M 2 k�l 9:,/u & bdc f c�*8�n0hbj4]*-9@2-in2 f ;�bjißu�bj4 l 289ni ,/9/=³e�*-c<u u�bj4 l e�*-c
PL>6s`> x1x Ù v ý M 2 k�l

0.8
y
α = 1.25o ����������������������������������������������� v ó

ó 5$c�bj4�4<,/c�b�im=h4<;<c<= & ,/;<=h*-9]*-9w, f/f bdc�4<,/cHeé2 k b�*8e PC>6s`> x1x Ù v ý M 2 k�l
0.8

y
α = 1.25o �m� í x

Ù x > 9/=h4�*-;<c�* f = k qm4�� F 4�*-;<c�* f = k imc�28.�289ni�0g=³e£; k *-9:qrbdc<.rbd9 k b�e�*-c PL>6s`> x1x Ù v 28=gcHe�*-=g0éý
Mach = 0.5

y
Re = 5000

y
α = 0

��������������������������������������������������� ímÙ
Ù1Ù > 9/=h4�*-;<c�* f = k qm4�� F 4�*-;<c�* f = k 4�b f 28c�28;<=h*-9 f *-=g9(; k *-9(qrbdc<.rbd9 k b`e�*-c PL>6s`> x1x Ù v 28=gcHe�*-=g0éý

Mach = 0.5
y
Re = 5000

y
α = 0

��������������������������������������������������� í v
Ù v s *-u f 28c<=h4�*-9�*8e\289/=h4�*-;<c�* f = k 289niI=h4�*-;<c�* f = k ; l =gc�iI*-c�i/bdc M 2 k�lIf c�*8�n0hb�e�*-c PL>6s`>

x1x Ù v 28=gcHe�*-=g0éý
Mach = 0.5

y
Re = 5000

y
α = 0

������������������������������������� í v
Ù�í s *-u f 28c<=g9/.t0g=³e£;�289ni�imc�28. k *-9(qrbdc<.rbd9 k b�e�*-c PC>6s`> x1x Ù v 28=gcHe�*-=g0éý

Mach = 0.5
y

Re = 5000
y
α = 0

� �����������������������������������+��������������������������� í1í
Ùdá ? c<=3289/.10hb�2-4 f b k ;6c�28;<=h*146e£c�*-u�í8c�i]*-c�i/bdc+289ni v 9niI*-c�i/bdcCu�bd;<c<= k 4+28;60hb�2-im=g9/.�bjim.rb

*8e PC>6s`> x1x Ù v 28=gcHe�*-=g0éý
Mach = 0.5

y
Re = 5000

y
α = 0

������������������������� í8á
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l b��(,�280g=g; ' 4 f 2 k b�,n4�bji�;�*�bdq-280g,�28;�b�;<c<=3289/.10hbj46=g9¬; l b�u�bj4 l �7��������������������� á:í
Ù�Ú ? bj4<;<=g9/.�e�*-c B u f ; ' s =gc k ,/u k =gc k 0hbj46=g9I; l b M bd;<c<= k�D(f 2 k b ������������������������� á:î
Ù²õ T =g9nim=g9/.�289¬2 f/f c�*��G=gu�28;�b k =gc k ,/u k bd9:;�bdc6*8eV;<c<=3289/.10hb ? Ù &(' k *-9n4<;<c<, k ;<=g9/.�; l bCqG=gc �

;<,�280Wu�bj4 l ������������������������������������������������������������������������� á:Ú
Ù z F 4�*-;<c�* f = k y u�*(im=³��bjiIim=328u�bd;<c�280V0hbd9n4
e�*-c k ,/c<qrbji & *-,/9nin28c ' ����������������������� á z
Ù�ó B � f b k ;�bji ? c<=3289/.10hb�2-4 f b k ;�c�28;<=h*14�.1=gqrbd9I; l b�u�bd;<c<= k e�c�*-u B �(,�28;<=h*-9UÙ�óm�
��������� î x
v1x > 4��:,�28c�b�u�bj4 l & bd=g9/.¬c�b k ,/c�4<=gqrbd0 ' c�b��n9nbjiU2 kjk *-c�im=g9/.w;�*�; l b�u�bd;<c<= k i/b��n9nbji &:'

B �(,�28;<=h*-9�Ù�óm�#��������������������������������������������������������������������� îmÙ
v Ù M bj4 l e£c�*-u T =g.1,/c�b v1x b�q(=hb � bji � =g; l im=³¶�bdc�bd9:;L2¥�m=h4�4 k 280g=g9/.r4�� ������������������� î v
v1v PL>6s`> x1x Ù vmy M 2 k�l�� x � î y R b � î x1x1xmy Ù�órõ�ôXbdc<;<= k bj4 ������������������������������� î1í
v í F 9(;�bdc<u�bjim=328;�b M bj4 l bj46289ni D *-0g,/;<=h*-9n4²ý PC>6s`> x1x Ù vmy M 2 k�l�� x � î y R b � î x1x1x ����� î8á
v á s 0h*14�b�, f qG=hb � *8e7; l b�4<;�28.19�28;<=h*-9 f *-=g9:;6*8e7; l b+�n9nbj4<;�u�bj4 l =g9 T =g.1,/c�b v í�2m� ��� î1î
v î D 28u f 0hb [ ,�280g=g; ' )C=h4<;<c<= & ,/;<=h*-9N)C,/c<=g9/. R b��n9nbdu�bd9(;C289ni s *r28c�4�bd9/=g9/.�������������� î1Ú

qG=g=g=
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T =gc�4<;�289ni�e�*-c�bdu�*14�; F�� i�0g= ì b�;�*I; l 289 ì u ' 4<, f bdc<q(=h4�*-c y )Cc�� s 28c<0 Y 0g0g=gq(=hbdc �Q_ *(* k�l y7� l *14�b�;<=gu�b
289ni f 28;<=hbd9 k b � 2-4�=g9:q1280g,�2 & 0hb�e�c�*-u =g9 k b f ;<=h*-9 ;�* k *-u f 0hbd;<=h*-9Z*8eL; l =h4�; l bj4�=h4�� F�� i�280h4�*t0g= ì b�;�*
; l 289 ì u ' 032 & � u�28;�bj4 sEl c<=h4 y D bdc<.rb"289ni > u�=gc��
��=g; l *-,/; ' *-,/c l bd0 f � =g; l u ' 9:,/u�bdc�*-,n4 k *Gim=g9/.
f c�* & 0hbdu�4 y k�l 289 k bj4628c�b F�� i�9nbdqrbdc l 2�qrbL�n9/=h4 l bji�� F$k *-9n4<=hi/bdc
u ' 4�bd0³e b�� k b f ;<=h*-9�280g0 ' 0g, k�ì ' ;�* l 2�qrb
� *-c ì bji � =g; l 280g0�; l c�bjb�*8e ' *-,W�
F�� i�280h4�*�0g= ì b�;�*�; l 289 ì u '�� =³e�b�)�289/=hbd0g0hb y e�*-c\bd9nim,/c<=g9/."4�*�u�289 ' k *-,/9(;<0hbj4�4
i/bd032 ' 4`289ni f c�*²q(=him=g9/.
2"0g=gu�=g;<0hbj4�464<, f/f 0 ' *8e70h*�qrb�289ni¬4<, f/f *-c<;����\*-,¬9n*-;6*-9/0 ' l bd0 f bji�u�b+; l c�*-,/. l *-,/;6u ' i/bd.1c�bjb y�& ,/;
u�2-i/b�4�,/c�b+; l b � l *-0hb f c�* k bj4�4 � 2-4Lbd9 ë * ' 2 & 0hb1�
T =g9�280g0 ' F�� i�0g= ì b6;�*�; l 289 ì u ' e�28u�=g0 ' e�*-c\; l bd=gc
bd9nim0hbj4�4`bd9 k *-,/c�28.rbdu�bd9:;�� F ;
280 � 2 ' 4 l bd0 f 4E;�* l 2�qrb
' *-,/c6* � 9 f bdc�4�*-9�280 k�l bjbdc<=g9/.^4��(,�2-i��

=³�
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? *�u ' u�*-u y/� l *14�b�4�;<c�bd9/.1; lwl 2-4 & bjbd9I289w=g9n4 f =gc�28;<=h*-9W�

�
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> 0g0�*8e�; l b¬c�bj4�b�28c k�l 289ni in28;�2�289�280 ' 4<=h4 k *-9(;�28=g9nbji � =g; l =g9�; l =h4�; l bj4<=h4 � bdc�bI2 kjk *-u f 0g=h4 l bji &:'
)+*-,/.1032-4�5728.19:,/;<;<=é� ?
l b�u�289:,n4 k c<= f ; f c�bj4�bd9:;�28;<=h*-9 � 2-4"280h4�*wi/*-9nb &(' )+*-,/.1032-4�5728.19:,/;<;<= � =g; l
4<=g.19/=³� k 289(; k *-9(;<c<= & ,/;<=h*-9n4�e�c�*-uµ)Cc�� s 28c<0 Y 0g0g=gqG=hbdc �Q_ *(* k�l �

�m=
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5728c<;<=3280Vim=³¶�bdc�bd9:;<=3280 bj�(,�28;<=h*-9n4 o 5X) B 4�p�28c�b�*-9nb�*8e ; l b+u�*14<;�,n4�b�e£,/0�;�*G*-0h4 &:'^� l = k�l � b�i/bj4 k c<= & b
*-,/c�bd9:qG=gc�*-9/u�bd9:;�� ?
l bj4�b�bj�(,�28;<=h*-9n4 y ; l 28;�c�bd0328;�b�e£,/9 k ;<=h*-9n4�289niê; l bd=gc�i/bdc<=gq128;<=gqrbj4 y 280g0h* � 4 k = �
bd9(;<=h4<;�4�289ni bd9/.1=g9nbjbdc�4�;�*Iu�*Gi/bd0 l * � ; l =g9/.r4 & b l 2�qrbw289niê; l ,n4 & bd;<;�bdc f c�bjim= k ; l * � ; l b 'U� =g0g0
& b l 2jqrb�=g9�; l b�e£,/;<,/c�b1� J 9me�*-c<;<,/9�28;�bd0 'ry f c�bjim= k ;<=g9/.]4<, k�l & b l 2jqG=h*-,/c�c�bj�(,/=gc�bj4�9n*-; ë ,n4<;�i/bdc<=gqG=g9/.
; l b
.r*²qrbdc<9/=g9/.�bj�(,�28;<=h*-9n4 y1& ,/;E280h4�*�4�*-0gq(=g9/.+; l bdu 2 kjk ,/c�28;�bd0 ' 289ni�b�� k =hbd9:;<0 ' � T *-cX4�*-u�b�5X) B 4 y =g;
=h4 f *14�4<= & 0hbC;�*�i/bdc<=gqrb�289�280 ' ;<= k 4�*-0g,/;<=h*-9n4
; l 28;�28c�b+b�2-4 ' ;�*�,n4�b�289ni^=g9m�n9/=g;�bd0 ' 2 kjk ,/c�28;�b1� F 9�*-; l bdc
k 2-4�bj4 y =g;"u�2 'U& b f *14�4<= & 0hb�;�*�2 f/f c�*j�m=gu�28;�b¬; l b^4�*-0g,/;<=h*-9 o *-c ì b ' f c�* f bdc<;<=hbj4�*8eL; l b^4�*-0g,/;<=h*-9�p
� =g; l 4<=gu f 0hb k ,/c<qrbj4�289niN; l bd9N;�* k�l *G*14�b f 28c�28u�bd;�bdc�4+e�*-cL; l *14�b k ,/c<qrbj4 & 2-4�bjit*-9tb�� f bdc<=gu�bd9:;�280
289�280 ' 4<=h4�� ?
l =h4`4�b k *-9ni�u�bd; l *Gi y l * � bdqrbdc y l 2-4E4<=g.19/=³� k 289(;E0g=gu�=g;�28;<=h*-9n4
=g9�;�bdc<u�4
*8eW2 kjk ,/c�2 k ' 289ni
k *14<;�� > ; l =gc�iêu�bd; l *(i�*8eC4�*-0gq(=g9/.�5X) B 4(' 289ni *-9nb � l = k�l�l 2-4�c<=h4�bd9ê=g9 f * f ,/0328c<=g; ' im,nb�;�*
=g9 k c�b�2-4<=g9/. k *-u f ,/;�bdc f * � bdc)' =h4�9:,/u�bdc<= k 2806289�280 ' 4<=h4�� ?
l b ì b ' ;�*N9(,/u�bdc<= k 2806289�280 ' 4<=h4�=h4";�*
& c�b�2 ì , f 2^0328c<.rb�289ni k *-u f 0g= k 28;�bji f c�* & 0hbdu�=g9:;�*wu�289 ' 4<u�280g0 y 4<=gu f 0hb f c�* & 0hbdu�4�; l 28; k 289 & b
f c�* k bj4�4�bjiI; l c�*-,/. l 2 k *-u f ,/;�bdc���� l =g0hb�4�, k�l u�bd; l *(i/4 l 2jqrb"c�b k bd9:;<0 ' 4�bjbd9]imc�28u�28;<= k =gu f c�*�qrb �
u�bd9(;�4L=g9Nb�� k =hbd9 k 'ry ; l bdc�b�=h4C4<;<=g0g0�2�4<;<c�*-9/.�i/bj4<=gc�b�=g9I=g9nim,n4<;<c ' e�*-c69(,/u�bdc<= k 280X289�280 ' 4<=h4C4�*8e�; � 28c�b
; l 28; k 289 f c�*(im, k b�u�*-c�b�2 kjk ,/c�28;�b�4�*-0g,/;<=h*-9n4�u�*-c�b��:,/= k�ì 0 ' �

* �,+�
(-�	��
	����6���/.102.3-"���5476+�"�,+º�����

Y 9nb f 28c<;<= k ,/0328c�4�bd;�*8e65X) B 4�; l 28;�=h4�2we�* k ,n4"*8e69:,/u�bdc<= k 2806289�280 ' 4<=h4"=h4�; l *14�b�.r*²qrbdc<9/=g9/.tèn,/=hi
& b l 2jqG=h*-,/c�� ?
l bj4�b�5X) B 4�28c�b"*8e£;�bd9t;�*G*�im=�� k ,/0g;Ce�*-c+289�280 ' ;<= k 4�*-0g,/;<=h*-9n4�289niN; l b�i ' 9�28u�= k 289ni
u�,/0g;<= � 4 k 280hb�9�28;<,/c�b�*8e7; l b�4�*-0g,/;<=h*-9n4 k 289¬u�2 ì b�b�� f bdc<=gu�bd9(;�280 289�280 ' 4<=h46im=�� k ,/0g;L289ni k *14<;<0 ' � K b �
k 28,n4�b�*8e�; l =h4 y 289êbd9(;<=gc�b���bd0hiê*8e64<;<,ni ' l 2-4 & bjbd9 k c�b�28;�bjiê;�* f c�*Gim, k b�9(,/u�bdc<= k 280
4�*-0g,/;<=h*-9Ue�*-c
f c�* & 0hbdu�4`=g9:qr*-0gqG=g9/."èn,/=hi/4�� ?
l =h4\��bd0hi�*8eV4<;<,ni ' =h4Ec�b�e�bdc<c�bji�;�*�2-4 k *-u f ,/;�28;<=h*-9�280�èn,/=hi�i ' 9�28u�= k 4

Ù
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Adaptive Loop

Solver

Mesh

Input Parameters SolutionMesh

Generation

Numerical
Tesselation of 
Problem Domain

Desired Accuracy
Boundary Conditions
Problem Geometry
Governing Equations Piece−wise

Approximation to
the Solution

T =g.1,/c�b�Ù1ý F 0g0g,n4<;<c�28;<=h*-9I*8e7; l b s`T ) f c�* k bj4�4 � =g; lI> in2 f ;<=gqrb S *G* f �

o s`T )�p��
?
l b".r*r280$*8e s`T ) =h4C4�=gu f 0hb1ý6;�* f c�*Gim, k b�2 kjk ,/c�28;�b�4�*-0g,/;<=h*-9n4+=g9t4 l *-c<;�28u�*-,/9(;�4�*8e\;<=gu�b1� ?
l =h4
; l bj4<=h4 k *-9:;<c<= & ,/;�bj4+;�*�; l 28;L.r*r280 &:' k *-u & =g9/=g9/.�; � *^c�b k bd9(;+i/bdqrbd0h* f u�bd9(;�4+=g9 s`T )�ý�289/=h4�*-;<c�* f = k
u�bj4 l 2-in2 f ;�28;<=h*-9t289ni l =g. lm� *-c�i/bdcC2 kjk ,/c�28;�b�u�bd; l *(i/4 o *8e7*-c�i/bdcL.1c�b�28;�bdc�; l 289w; � *:p��
?
l b s`T ) f c�* k bj4�4 k 289 & b�; l *-,/. l ;�*8e`2-4+289N=g9(;�bdc�2 k ;<=h*-9 & bd; � bjbd9�; l c�bjb"* & ë b k ;�4²ý�; l b f c�* & 0hbdu
u�*Gi/bd0 y ; l b�u�bj4 l y 289niI; l b�9:,/u�bdc<= k 280X2 f/f c�*��G=gu�28;<=h*-9W� ?
l bj4�b�; l c�bjb�* & ë b k ;�4+28c�b�=g0g0g,n4<;<c�28;�bji &:'
; l b & *j�/bj4�=g9 T =g.1,/c�b�Ù1� ? *�.rbd9nbdc�28;�b`2
4�*-0g,/;<=h*-9 y ; l bX4<;�289nin28c�i�2 f/f c�*r2 k�l =h4�;�*�u�*(i/bd0r; l b f c�* & 0hbdu y
k c�b�28;�bC2+u�bj4 l e�*-cX; l b�u�*Gi/bd0hbji�i/*-u�28=g9 y 289ni�; l bd9�2 f/f c�*��G=gu�28;�bC; l b�u�*Gi/bd0hbji�bj�(,�28;<=h*-9n4\*-9�; l b
u�bj4 l � ?
l bj4�b�28c�b�=g0g0g,n4<;<c�28;�bji &(' ; l b M bj4 l]_ bd9nbdc�28;<=h*-9]289ni D *-0gqrbdcL28c<c�* � 4L*8e T =g.1,/c�b�Ù1�
?
l b��nc�4<;�4<;�b f =g9t.rbd9nbdc�28;<=g9/.I2 s`T )�4�*-0g,/;<=h*-9 y 289niN; l 28; � l = k�l 4 l *-,/0hitc�bj�(,/=gc�b"; l b"u�*14<;+,n4�bdc
=g9 f ,/; y =h4�;�*^4 f b k =³e ' ; l b f c�* & 0hbdu & bd=g9/.¬4�*-0gqrbji�� > ;�2�u�=g9/=gu�,/u y ; l =h4�=g9 k 0g,ni/bj4�; l b�.r*�qrbdc<9/=g9/.
bj�(,�28;<=h*-9n4 y ; l b f c�* & 0hbdu .rbj*-u�bd;<c ' 289ni�; l b & *-,/9nin28c ' k *-9nim=g;<=h*-9n4��$� l =g0hb+; l =h4�4�bjbdu�4
c�bd0328;<=gqrbd0 '
4<;<c�28=g. l ;He�*-c � 28c�i y =g;
=h4�*8e�;�bd9^; l bL�nc�4<;�4�*-,/c k bC*8e7bdc<c�*-c�=g9 s`T ) y bj4 f b k =3280g0 ' e�*-c`è�* � 4�; l 28;
=g9:qr*-0gqrb
k *-u f 0hb�� f/l ' 4<= k 280 f/l bd9n*-u�bd9�2U4<, k�l 2-4�;<,/c & ,/0hbd9 k bI289ni k *-u & ,n4�;<=h*-9W� B �n28u�=g9�28;<=h*-9�*8e+; l bj4�b
4�*-,/c k bj4L*8eXbdc<c�*-c6=h4 � bd0g0 & b ' *-9niw; l b�4 k * f b�*8e7; l =h46; l bj4<=h4L289ni]4�* � b � =g0g0�2-4�4<,/u�b�; l 28;6; l b�.r*r280
*8e s`T )!=h464<;<c<= k ;<0 ' ;�*�4�*-0gqrb�; l b+u�*(i/bd0hbji f c�* & 0hbduw� K ' u�2 ì =g9/.�; l =h4L2-4�4<,/u f ;<=h*-9 y/� b k 289¬;<c�b�28;
4�*-0g,/;<=h*-9�bdc<c�*-c�=g9ni/b f bd9ni/bd9(;<0 ' e�c�*-u´u�*(i/bd0g=g9/.Nbdc<c�*-c�� J 0g;<=gu�28;�bd0 'ry =g;�4 l *-,/0hi & b�; l b�bd9/.1=g9nbjbdc � 4
.r*r280X;�* k *-c<c�b k ;<0 ' u�*(i/bd0\; l b f c�* & 0hbdu 289ni�; l b s`T ) f c�*-.1c�28u � 4�.r*r280\;�* f c�*�qG=hi/b�289 2 kjk ,/c�28;�b

v
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4�*-0g,/;<=h*-9we�*-c�; l 28;�u�*Gi/bd0é�
D =g9 k b�=g9m�n9/=g;�b"2 kjk ,/c�2 k ' =g9I=g9m�n9/=g;�bj4<=gu�280g0 ' 4<u�280g0V;<=gu�b�=h4L9n*-; ' bd; f *14�4<= & 0hb y 4�*-u�b�e�,/c<; l bdcL=g9me�*-c �
u�28;<=h*-9¬u�,n4<; & bC.1=gqrbd9¬;�*�i/bd;�bdc<u�=g9nb l * � 2 kjk ,/c�28;�b+; l b�4�*-0g,/;<=h*-9w4 l *-,/0hi & b+*-c l * � 0h*-9/.�=g; � =g0g0
;�2 ì b�;�* k *-u f ,/;�b1� s ,/c<c�bd9:;<0 'ry ; l b�u�*14<; k *-u�u�*-9 � 2 ' *8e�i/*-=g9/.I; l =h4�=h4�;�*w4 f b k =³e ' l * � �n9nbd0 '
; l b f c�* & 0hbdu i/*-u�28=g9�4 l *-,/0hi & b�im=gq(=hi/bji y *-c�=g9ê*-; l bdc � *-c�i/4 y l * � 4<u�280g0E; l b�bd0hbdu�bd9:;�4�*8e�; l b
u�bj4 l 4 l *-,/0hi & b1� ?
l b�u�*-c�bw2]i/*-u�28=g9Z=h4�im=gq(=hi/bji y 289ni ; l ,n4�; l b^�n9nbdc�; l b^u�bj4 l y ; l b�u�*-c�b
2 kjk ,/c�28;�b�2"4�*-0g,/;<=h*-9w4 l *-,/0hi & b�289ni^; l b+u�*-c�b+;<=gu�b+; l 28;�4�*-0g,/;<=h*-9 � =g0g0�;�2 ì b+;�* k *-u f ,/;�b1�X� l =g0hb
; l =h4`c�bd0328;<=h*-9n4 l = f & bd; � bjbd9 k bd0g0�4<=g¦�bC289ni�4�*-0g,/;<=h*-9w2 kjk ,/c�2 k ' =h4`.rbd9nbdc�280g0 ' ;<c<,nb y =g; k 289/9n*-; f c�*�qG=hi/b
2��(,�289:;<=³��2 & 0hb]u�b�2-4<,/c�b]*8e�2 kjk ,/c�2 k ' 4�=g9 k b¬0h* k 280Lim=³¶�bdc�bd9 k bj4�=g9Zbd0hbdu�bd9:;�4 l 2 f bI289ni 4<=g¦�b k 289
imc�28u�28;<= k 280g0 ' k�l 289/.rb�; l b"4�*-0g,/;<=h*-9W� Y 9nb"2 f/f c�*r2 k�l e�*-c+*�qrbdc k *-u�=g9/.¬; l =h4+im=�� k ,/0g; ' =h46;�*�c�b f b�28;
; l b f c�* & 0hbdu � =g; l =g9 k c�b�2-4<=g9/.10 ' �n9nb�u�bj4 l bj46,/9(;<=g0 ; l b�q-28c<=328;<=h*-9]e�c�*-uû*-9nb�4�*-0g,/;<=h*-9];�*^289n*-; l bdc
=h4 � =g; l =g9�2 kjk b f ;�2 & 0hb�;�*-0hbdc�289 k b1� ?
l =h4C=h4Cqrbdc ' =g9nb�� k =hbd9:;�289niN;<=gu�b k *-9n4<,/u�=g9/.w289nit*-9nb�*8e\; l b
c�b�2-4�*-9n4 � l ' 28,/;�*-u�28;�bji]2-in2 f ;<=gqrb�u�bj4 l =g9/.�4 l * � 4�4�*�u�, k�lIf c�*-u�=h4�b1�
Y 9 k bN; l bN.rbj*-u�bd;<c ' 289ni u�bj4 lak bd0g0�4<=g¦�b l 2jqrb & bjbd9a4 f b k =³��bji y ; l b]9nb��m;¬4<;�b f =g9�.rbd9nbdc�28;<=g9/.
s`T )�4�*-0g,/;<=h*-9n4+=h4+;�* k c�b�28;�b�2�u�bj4 l *-9 � l = k�l ; l b�4�*-0g,/;<=h*-9�=h4C;�* & b�2 f/f c�*j�m=gu�28;�bji�� T c�*-u�289
bd9/.1=g9nbjbdc � 4 f bdc�4 f b k ;<=gqrb y ; l =h4"=h4�28c<.1,�2 & 0 ' *-9nb^*8eC; l b^u�*14<;"e£c<,n4<;<c�28;<=g9/.U289ni 0hb�2-4�;",/9ni/bdc�4�;�*(*Gi
f 28c<;�4�*8eV.rbd9nbdc�28;<=g9/. s`T )@4�*-0g,/;<=h*-9n4�� F ; k 289w280h4�* & bLqrbdc ' ;<=gu�b k *-9n4�,/u�=g9/.�4<=g9 k bC=g;Eu�2 ' c�bj�(,/=gc�b
2�0328c<.rb�28u�*-,/9:;L*8eV,n4�bdc�=g9 f ,/;�� B 4�4�bd9:;<=3280g0 'ry 2"u�bj4 l =h4
9n*-; l =g9/.�u�*-c�b+; l 289I2�;�bj4�4�bd0g0328;<=h*-9w*8e�; l b
f c�* & 0hbdu i/*-u�28=g9 � =g; l 4 l 2 f bj4`; l 28; k 289 & bLc�b k *-.19/=g¦�bji &(' ; l b�4�*-0gqrbdc�� ?
l bdc�b�28c�b+.rbd9nbdc�280g0 ' ; � *
im=³¶�bdc�bd9:;+; ' f bj4C*8eXu�bj4 l bj4�ý�4<;<c<, k ;<,/c�bjit289niN,/9n4<;<c<, k ;<,/c�bji�� D ;<c<, k ;<,/c�bjitu�bj4 l bj4 k *-9n4<=h4<;L*8e k bd0g0h4
� l *14�bLc�bd0328;<=h*-9�;�*�*-9nb+289n*-; l bdc y *-c k *-9/9nb k ;<=gq(=g; 'ry =h4\=gu f 0g=hbji &:' ; l bd=gc`9(,/u & bdc<=g9/.n� T *-c
b��n28u f 0hb y
=g9�4<;<c<, k ;<,/c�bji"u�bj4 l bj4 y k bd0g0

(i, j)
=h4$280 � 2 ' 4$;�* f *-0h*-.1= k 280g0 ' ;�*C; l bE0hb�e�;7*8e k bd0g0

(i+1, j)
� s *-9(qrbdc�4�bd0 'ry

,/9n4<;<c<, k ;<,/c�bji"u�bj4 l bj4 c�bj�(,/=gc�b k *-9/9nb k ;<=gqG=g; ' ;�* & bEi/b k 0328c�bji�b�� f 0g= k =g;<0 ' � ?
l bX=gu f 0g= k =g; k *-9/9nb k ;<=gq(=g; '
*8eX4<;<c<, k ;<,/c�bji]u�bj4 l bj4+280g0h* � 4Le�*-cCb�2-4<=hbdc f c�* k bj4�4<=g9/. &:' ; l b�4�*-0gqrbdc & ,/;L=g; f 032 k bj4Lc�bj4<;<c<= k ;<=h*-9n4+*-9
; l b�;�* f *-0h*-. ' *8e\; l b�u�bj4 l � K b k 28,n4�b�,/9n4�;<c<, k ;<,/c�bji]u�bj4 l bj4�i/*�9n*-; l 2jqrb�; l =h4Cc�bj4<;<c<= k ;<=h*-9 y ; l b '
28c�b"u�, k�l & bd;<;�bdc+4<,/=g;�bjiN;�*�u�bj4 l =g9/.w28c & =g;<c�28c ' .rbj*-u�bd;<c<=hbj4�� ?
l =h4Cu�2 ì bj4+,/9n4<;<c<, k ;<,/c�bjitu�bj4 l bj4
u�*-c�b � =hi/bd0 ' 2 f/f 0g= k 2 & 0hb�289ni f *-;�bd9:;<=3280g0 ' c�bjim, k bj4+; l b�28u�*-,/9:;�*8e\;<=gu�b�289nitb�¶�*-c<;Lc�bj�(,/=gc�bji &:'

í
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; l b�,n4�bdc�;�* f c�*(im, k b�289N2 kjk b f ;�2 & 0hb�u�bj4 l �
> 4�u�bd9(;<=h*-9nbji�b�28c<0g=hbdc y ; l b�4<=g¦�b�289ni�4 l 2 f b^*8e k bd0g0h4"=g9�; l b�u�bj4 l�k 289 l 2�qrb¬2Iimc�28u�28;<= k b�¶�b k ;
*-9Z4�*-0g,/;<=h*-9 2 kjk ,/c�2 k ' � T *-c^4�*-0g,/;<=h*-9n4�; l 28;�28c�bw=h4�*-;<c�* f = k y =g;�=h4�.rbd9nbdc�280g0 ' f c�b�e�bdc�2 & 0hbI;�* l 2�qrb
k bd0g0h4�; l 28;�28c�b�280h4�*�=h4�*-;<c�* f = k o =hi/b�280g0 'ry bj�(,/=g0328;�bdc�280§p�289ni � l *14�b�4<=g¦�b�=h4�4�, k�l ; l 28;�; l b�bdc<c�*-c f bdc
k bd0g0C=h4�bj�:,/=him=h4<;<c<= & ,/;�bji�� ?
l 28;�=h4 � l ' ; l bIu�2 ë *-c<=g; ' *8e�u�bj4 l .rbd9nbdc�28;<=h*-9a4�*8e£; � 28c�bN;�bd9ni/4�;�*
e�* k ,n4^*-9 k c�b�28;<=g9/. k bd0g0h4 � =g; l ,/9/=g;�28c ' 2-4 f b k ;�c�28;<=h*14¬289niZq128c ' =g9/.�0hbd9/.1; l 4 k 280hbj4�� � l bd9 ; l b
4�*-0g,/;<=h*-9t=h4+289/=h4�*-;<c�* f = k y l * � bdqrbdc y ; l b"i/bj4<=gc�bji k bd0g0�4<=g¦�b�289nit4 l 2 f b�=h4C0hbj4�4C* & qG=h*-,n4�� R = f/f 2>= í8á@?
k *-9 k 0g,ni/bjiZ; l 28; y e�*-c�0g=g9nb�28c�=g9:;�bdc f *-0328;<=h*-9 *8e�4<u�*G*-; l e�,/9 k ;<=h*-9n4 y ;<c<=3289/.10hbj4�4 l *-,/0hi & b�0h*-9/.�=g9
im=gc�b k ;<=h*-9n4 � l bdc�b+; l bLu�28.19/=g;<,ni/b�*8eV; l b+4�b k *-9ni�im=gc�b k ;<=h*-9�280Wi/bdc<=gq-28;<=gqrb+=h4
4<u�280g0�289ni^; l =g9 � l bdc�b
; l b+u�28.19/=g;<,ni/b�*8e ; l b�4�b k *-9ni¬im=gc�b k ;<=h*-9�280�i/bdc<=gq-28;<=gqrb�=h4
0328c<.rb1� F ;�=h4�=g9:;<,/=g;<=gqrb�; l 28;�; l bdc�b�4 l *-,/0hi
& b]289�280h*-.r*-,n4^c�bj4<,/0g;�4�e�*-c l =g. l bdc^*-c�i/bdc^=g9:;�bdc f *-0328;<=h*-9n4�� F 9 sEl 2 f ;�bdc y
� b k *-u & =g9nbt4<=g¦�b]289ni
�(,�280g=g; ' u�b�2-4<,/c�bj4";�*]i/b��n9nb^2I�:,�280g=g; ' 4 f 2 k b�e�*-c�; l b k bd0g0h4�*8e6*-,/c�u�bj4 l � K b k 28,n4�b�; l bdc�b�=h4�9n*
k *-9n4�bd9n4�,n4$*-9 � l = k�l 4 f b k =³� k ;<c<=3289/.10hb�u�b�2-4<,/c�b`=h4 f c�b�e�bdc�2 & 0hbBA y *-,/cX�:,�280g=g; ' 4 f 2 k b
=h4 k c�b�28;�bji"e�c�*-u
� =hi/bd0 ' � ,n4�bjiNu�b�2-4<,/c�bj4+; l 28;�28c�b"4�,/=g;�bjiI;�*�*-,/cCu�bj4 l =g9/.w2 f/f c�*r2 k�l ýL;<c<=3289/.10hb k =gc k ,/u�c�2-im=g,n4�289ni
u�=g9/=gu�,/uöbjim.rb�0hbd9/.1; l � Y ,/c l ' f *-; l bj4�=h4$=h47; l 28;$;<c<=3289/.10hbj4 � =g; l =g9 k bdc<;�28=g9 & *-,/9ni/47=g9�; l =h4$�(,�280g=g; '
4 f 2 k b � =g0g0 f c�*(im, k b�u�*-c�b�2 kjk ,/c�28;�b�4�*-0g,/;<=h*-9n4��
?
l b"�n9�280$4<;�b f =g9t.rbd9nbdc�28;<=g9/. s`T )�4�*-0g,/;<=h*-9n4 y 289niN; l b�u�*14<; k *-u f ,/;�28;<=h*-9�280g0 ' =g9:;�bd9n4�=gqrb f 28c<; y
=h4 f bdcHe�*-c<u�=g9/.¬; l b�2 k ;<,�280\2 f/f c�*��G=gu�28;<=h*-9W� ? *¬i/*�; l =h4 y ; l b".r*�qrbdc<9/=g9/.Nbj�:,�28;<=h*-9n4�28c�b��nc�4�;�im=h4 �
k c�bd;<=g¦�bji y ; ' f = k 280g0 ' ,n4<=g9/."*-9nbL*8eW; l c�bjb k *-u�u�*-9w2 f/f c�*r2 k�l bj4�ý��n9/=g;�bCim=³¶�bdc�bd9 k bj4 y �n9/=g;�bLbd0hbdu�bd9:;�4 y
*-cC�n9/=g;�b�qr*-0g,/u�bj4���� l =g0hb�280g0X*8e`; l bj4�b�u�bd; l *Gi/4 k 289 & b�289�280 ' ¦�bjit,n4<=g9/. ? 2 ' 0h*-c�b�� f 289n4<=h*-9n4�*8e
; l bC4�*-0g,/;<=h*-9 y 289ni^28c�b6; l bdc�b�e�*-c�b k *-u f 28;<= & 0hb � =g; l ; l bLc�bj4<,/0g;�4E=g9 sEl 2 f ;�bdc y =g;\=h4`4<;<=g0g0�=gu f *-c<;�289:;
;�*�c�b k *-.19/=g¦�b�; l b�im=³¶�bdc�bd9 k bj4 & bd; � bjbd9]; l b�; l c�bjb�u�bd; l *Gi/4��
Y 9nbEim=h4 k c�bd;<=g¦²28;<=h*-9�u�bd; l *(i�=h4V; l bX�n9/=g;�b � im=³¶�bdc�bd9 k b`u�bd; l *Gi�� ?
l =h4 u�bd; l *(i"im=h4 k c�bd;<=g¦�bj4�bj�:,�28;<=h*-9n4
&(' c�b f 032 k =g9/.�; l b�im=³¶�bdc�bd9:;<=3280�* f bdc�28;�*-cX*8e�; l b�5\) B � =g; l 289�bj�:,/=gq1280hbd9:;\im=³¶�bdc�bd9 k b�* f bdc�28;�*-c�� T *-c
b��n28u f 0hb y =³e L(f) = ∂f

∂x
= limh→0

f(x+h)−f(x)
h

y ; l bd9w289�2 f/f c�* f c<=328;�b�im=³¶�bdc�bd9 k b�* f bdc�28;�*-c � *-,/0hi
& b L̃(f) = f(x+h)−f(x)

h

� l bdc�b
h
=h4+9n* � 2��n9/=g;�b�q1280g,nb1� F e � b�2-4�4<,/u�b�; l 28;

f(x)
=h4 ì 9n* � 9�28;

CEDBFHGJILKNMPORQSFHTUQVGEMWIHXBYZKP[]\_^BIZKNM`Qba,cd[eIZOV^fGE[gOghBIZX�i,QEjB[gM`GSIZORafcdkfQEFZQEMNl
m@[gjBI3n�MNF�^fGehBOV[o[qp r�sHtvu
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2�4�bdc<=hbj46*8eXim=h4 k c�bd;�b�0h* k 28;<=h*-9n4

f(x + h)
y ; l bd9 � b k 289N2 f/f c�*j�m=gu�28;�b�; l b�4�*-0g,/;<=h*-9N28;

f(x)
,n4�=g9/.

; l b�im=³¶�bdc�bd9 k b+e�*-c<u�,/0328;<=h*-9N*8e�; l b�*-c<=g.1=g9�280 5X) B 4��
T =g9/=g;�b � bd0hbdu�bd9:;"im=h4 k c�bd;<=g¦²28;<=h*-9n4�28c�b�4<=gu�=g0328c�;�*��n9/=g;�b � im=³¶�bdc�bd9 k b�*-9nbj4�=g9t; l b�4�bd9n4�b"; l 28;�; l b�4�* �
0g,/;<=h*-9

f
=h4"2-4�4<,/u�bji�;�* & b ì 9n* � 9�28;�2wim=h4 k c�bd;�b�4�bd;�*8e
0h* k 28;<=h*-9n4�=g9�; l b�u�bj4 l � ?
l b�4�*-0g,/;<=h*-9

& bd; � bjbd9¬; l bj4�b60h* k 28;<=h*-9n4
f
2 f/f =h4`; l bd9¬2-4�4<,/u�bji�;�* & bL2 f *-0 ' 9n*-u�=3280�*8e�2 k bdc<;�28=g9¬i/bd.1c�bjb1� D =g9 k b

; l =h4 f *-0 ' 9n*-u�=3280ni/*Gbj479n*-;79nb k bj4�4�28c<=g0 ' 4�28;<=h4He ' ; l b f 28c<;<=3280nim=³¶�bdc�bd9(;<=3280�bj�(,�28;<=h*-9n4 L(f) = 0
y ; l bdc�b

� =g0g0 & b�4�*-u�b�bdc<c�*-c�;�bdc<u�bji¬; l b+c�bj4<=him,�280 L(f
2 f/f

) = 0
� K ' k *-9(qr*-0gq(=g9/.�; l =h4�c�bj4<=him,�280 � =g; l 2�4�bd;

*8e � bd=g. l ;�e£,/9 k ;<=h*-9n4 y =g;�=h4 f *14�4<= & 0hb�;�* k�l *(*14�b f *-0 ' 9n*-u�=3280 k *(b�� k =hbd9(;�4�; l 28; � =g0g0$u�=g9/=gu�=g¦�b�; l b
c�bj4<=him,�280�289ni¬; l ,n4 & bd;<;�bdc62 f/f c�*��G=gu�28;�b�; l b�2 k ;<,�280V4�*-0g,/;<=h*-9W�
T =g9/=g;�b � qr*-0g,/u�b�im=h4 k c�bd;<=g¦²28;<=h*-9n4�28c�b�28c<.1,�2 & 0 ' ; l b�; ' f b�*8e`im=h4 k c�bd;<=g¦²28;<=h*-9 � =g; l � l = k�l bd9/.1=g9nbjbdc�4
28c�bLu�*14<; k *-u�e�*-c<;�2 & 0hb & b k 28,n4�b6=g;E=h4\=hi/bd9(;<= k 280�;�*�; l b k *-9:;<c�*-0�qr*-0g,/u�b�2 f/f c�*r2 k�l ,n4�bji�;�*�289�280 ' ¦�b
; l bdc<u�*Gi ' 9�28u�= k 289ni�èn,/=hi i ' 9�28u�= k 4 ' 4<;�bdu�4�� F 9n4<;�b�2-iZ*8e�;<c ' =g9/.U;�* k 280 k ,/0328;�bN�(,�289:;<=g;<=hbj4¬28;
4 f b k =³� k 0h* k 28;<=h*-9n4 � =g; l =g9I2�4 ' 4<;�bdu y ; l b�2�qrbdc�28.rb�*8eV; l *14�b+�:,�289(;<=g;<=hbj4
=h4 k 280 k ,/0328;�bji &:' 4�,/u�u�=g9/.
èn,m�/bj4�28;�; l b & *-,/9nin28c<=hbj4^289niZ2 f/f 0 ' =g9/.ê; l bdu ;�*�; l b k *-9n4�bdc<q-28;<=h*-9�e�*-c<u *8e�; l bI5X) B 4�� ? *
f c�*Gim, k b62L�n9/=g;�b � qr*-0g,/u�bL2 f/f c�*��G=gu�28;<=h*-9�e�*-c$2�4�bd;X*8e�5X) B 4 y b�2 k�l�k bd0g0n=g9�; l b�u�bj4 l =h4 k *-9n4�=hi/bdc�bji
=g;�4�* � 9 k *-9:;<c�*-0Xqr*-0g,/u�b�289nit; l b�2�qrbdc�28.rb�*8eE; l b�4�*-0g,/;<=h*-9 � =g; l =g9�bdqrbdc ' k bd0g0$=h4�2-4�4<,/u�bjit;�* & b
ì 9n* � 9W� ?
l bd9 y ; l bLèn,m��; l c�*-,/. l b�2 k�l�k bd0g0 & *-,/9nin28c ' =h4�2 f/f c�*j�m=gu�28;�bjiw289ni^,n4�bji�;�*�, f in28;�bC; l b
k bd0g0 2�qrbdc�28.rb1� ?
l =h4�; ' f b�*8e$im=h4 k c�bd;<=g¦²28;<=h*-9I=h4
,n4�bji¬; l c�*-,/. l *-,/;6; l =h4�; l bj4�=h4��
> e£;�bdc�im=h4 k c�bd;<=g¦j=g9/.I; l b�bj�(,�28;<=h*-9n4 y =g;�=h4�; l bd9�9nb k bj4�4�28c ' ;�*¬, f in28;�b�; l b�4�*-0g,/;<=h*-9�,/9:;<=g0`bd=g; l bdc�2
i/bj4<=gc�bji�;<=gu�bX=h4Vc�b�2 k�l bji�*-cW; l b\4�*-0g,/;<=h*-9�9n*�0h*-9/.rbdc k�l 289/.rbj4 & bd; � bjbd9�=g;�bdc�28;<=h*-9n4�� T *-c�4<;�b�2-i ' � 4�;�28;�b
f c�* & 0hbdu�4 yG� l bd9�; l bC4�*-0g,/;<=h*-9�9n*�0h*-9/.rbdc k�l 289/.rbj4
=g;`=h4
4�28=hi�;�* & b k *-9(qrbdc<.rbji�� > 4\; l bC9:,/u & bdc�*8e
k bd0g0h4`=g9¬2�u�bj4 l =g9 k c�b�2-4�bj4 y ; l bLc�bj�:,/=gc�bji�;<=gu�bC;�*�c�b�2 k�l¬k *-9:qrbdc<.rbd9 k b+0g= ì b � =h4�bC=g9 k c�b�2-4�bj4�� T ,/c<; l bdc
k *-u f 0g= k 28;<=g9/.�u�28;<;�bdc�4 y 4�*-u�b�im=h4 k c�bd;<=g¦²28;<=h*-9n4`28c�b6*-9/0 ' 4�;�2 & 0hb
=³e�; l b�4�*-0g,/;<=h*-9�=h4E2-imq1289 k bji�4<0h* � 0 'ry
289ni¬; l =h4 k 289Iimc�28u�28;<= k 280g0 ' =g9 k c�b�2-4�b k *-u f ,/;�28;<=h*-9];<=gu�b1�
? *�2-i/imc�bj4�4L; l bj4�b�=g9n4�;�2 & =g0g=g;<=hbj4 y c�bj4�b�28c k�l bdc�4 l 2jqrb"i/bdqrbd0h* f bji]u�*-c�b k *-u f 0g= k 28;�bjitim=h4 k c�bd;<=g¦²28;<=h*-9n4
; l 28;";�2 ì b^=g9:;�*�2 kjk *-,/9:; k *-9(qrb k ;<=h*-9 � =g; l =g9ê; l b^5X) B 4�� T *-c�b��n28u f 0hb y R *Gb � 4"4 k�l bdu�bw= í1ÚB?�i/b �
k *-u f *14�bj4�èn,m�/bj4�=g9(;�* f =hb k bj4�; l 28;^28c�bN2-4�4�* k =328;�bji � =g; l�k bdc<;�28=g9 f/l ' 4<= k 280 k�l 28c�2 k ;�bdc<=h4<;<= k 4¬289ni

î
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; l bd9�*-9/0 ' ,n4�bj4C; l b k bd0g0h4C; l 28;�28c�b�, f � =g9niNe�*-c+b�2 k�l�f =hb k b@x�; l =h4+, f � =g9nim=g9/. f c�bdqrbd9:;�4�2 f/l ' 4�= k 280
f c�* f 28.:28;<=h*-9N*8e�=g9me�*-c<u�28;<=h*-9N289ni¬=gu f c�*²qrbj464<;�2 & =g0g=g; ' �
> 9n*-; l bdc � 2 ' *8e�=gu f c�*�qG=g9/."4<;�2 & =g0g=g; 'ry bj4 f b k =3280g0 ' e�*-c\4<;�b�2-i ' � 4<;�28;�b f c�* & 0hbdu�4 y =h4X; l c�*-,/. l =gu f 0g= k =g;
;<=gu�b � 4<;�b f/f =g9/.n� ?
l =h4C=h4Ci/*-9nb &(' 2-4�4<,/u�=g9/.�; l b�4�*-0g,/;<=h*-9t=h4 ì 9n* � 9U28;L; l b k ,/c<c�bd9(;�=g;�bdc�28;<=h*-9U2-4
� bd0g0�2-4�28;�2�e£,/;<,/c�bC=g;�bdc�28;<=h*-9¬=g9�4<,/c<c�*-,/9nim=g9/. k bd0g0h4�� K ' i/*-=g9/.�; l =h4Ee�*-c
bdqrbdc ' k bd0g0 ym� b k 289 k c�b�28;�b
2+0328c<.rb�0g=g9nb�28cE4 ' 4<;�bdu ; l 28; � =g0g0�.rbd9nbdc�280g0 '�& b�4<;�2 & 0hb�e�*-cX0328c<.rbdcE;<=gu�b�4<;�b f 4 o 2-4�4<,/u�=g9/.�; l b�4 f 28;<=3280
im=h4 k c�bd;<=g¦²28;<=h*-9�=h4"4<;�2 & 0hb²p��t� l =g0hb�; l =h4�280g0h* � 4"e�*-c�2 k *-9(qrbdc<.rbji 4�*-0g,/;<=h*-9ê;�* & b�e�*-,/9niê=g9�e�b � bdc
=g;�bdc�28;<=h*-9n4 y =g; f c�*Gim, k bj4�2�0328c<.rb�0g=g9nb�28c+4 ' 4<;�bduº; l 28; k 289 & b�qrbdc ' k *14�;<0 ' ;�*�4�*-0gqrb1� T *-c<;<,/9�28;�bd0 'ry
; l bdc�b l 2�qrb & bjbd9 u�289 ' 2-imq1289 k bj4�=g9 9(,/u�bdc<= k 28060g=g9nb�28c�280g.rb & c�2t; l 28;�2 kjk bd0hbdc�28;�b]; l =h4 f c�* k bj4�4��
M bd; l *(i/4
0g= ì b _�M]RLBED = í z ? l 2jqrb & bjbd9w4 l * � 9¬;�*�4<, & 4<;�289:;<=3280g0 ' c�bjim, k b k *-u f ,/;�28;<=h*-9];<=gu�by= v íB?­�
?
l bj4�bw0g=g9nb�28c�280g.rb & c�2�;�b k�l 9/=h�:,nbj4�28c�b¬=gu f *-c<;�289:;�;�*�*-,/c � *-c ì & b k 28,n4�b�; l bwb�� k 2 k ' *8e�; l bj4�b
u�28;<c<=³�ê2 kjk bd0hbdc�28;<=h*-9�u�bd; l *Gi/4"=h4"0328c<.rbd0 ' i/b f bd9ni/bd9(;�*-9 l * � � bd0g0 k *-9nim=g;<=h*-9nbji ; l b�u�28;<c<=³��=h4��
?
l =h4
u�28;<c<=³� k *-9nim=g;<=h*-9/=g9/. o 2�e�,/9 k ;<=h*-9w*8e ; l b�bd=g.rbd9n4 ' 4<;�bdu *8e ; l b+u�28;<c<=³��pE=h4 l =g. l 0 ' i/b f bd9ni/bd9:;
*-9�; l b�4 l 2 f b�289ni k *-9/9nb k ;<=gq(=g; ' *8e�; l b k bd0g0h4$=g9�; l b
u�bj4 l � J 4<=g9/.�2Cu�bj4 l � =g; l�l =g. l 0 ' 289/=h4�*-;<c�* f = k
k bd0g0h4L; l 28;6q128c ' =g9]4 l 2 f b�289niN4<=g¦�b�u�2 ' c�bjim, k b o *-cL=gu f c�*�qrb²p6; l b�b�¶�b k ;L*8eXu�28;<c<=³�]2 kjk bd0hbdc�28;<=h*-9
u�bd; l *Gi/4�� > 0g; l *-,/. l u�28;<c<=³� k *-9nim=g;<=h*-9/=g9/.U=h4�9n*-;�b�� f 0g= k =g;<0 ' im=h4 k ,n4�4�bji�=g9�; l =h4�; l bj4�=h4 y ; l =h4�=h4
k 0hb�28c<0 ' *-9nb�*8e�; l bt=h4�4<,nbj4�; l 28;wu�,n4�; & b�2-i/imc�bj4�4�bji & b�e�*-c�b�289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9!=h4�u�*-c�b
� =hi/bd0 ' 2 kjk b f ;�bji¬=g9w; l b s`T ) k *-u�u�,/9/=g; ' �

z �����/.1{!�$�����"�/	��|-"�W	������ �6���~}���������}��/	��Z+º�
	������

> 0g064�*-0g,/;<=h*-9 � & 2-4�bji 2-in2 f ;�28;<=h*-9�=h4 & 2-4�bjiZ*-9 ; l b k *-9 k b f ;�; l 28;�; l bI=hi/b�280�u�bj4 l =h4�*-9nb � l = k�l
bj�(,/=him=h4<;<c<= & ,/;�bj4L; l b�bdc<c�*-c�� A * � bdqrbdc y�� =g; l *-,/; ì 9n* � =g9/.�; l b�b��/2 k ;C4�*-0g,/;<=h*-9 y =g;6=h4�=gu f *14�4<= & 0hb�;�*
ì 9n* � ; l b�b��n2 k ;Xbdc<c�*-c�� ?
l b�bdc<c�*-c$u�,n4<;$; l bdc�b�e�*-c�b & b�bj4�;<=gu�28;�bji"e£c�*-u ; l b�2 f/f c�*��G=gu�28;�b�4�*-0g,/;<=h*-9W�
R bj4�b�28c k�l bdc�4+; ' f = k 280g0 ' ,n4�b�*-9nb"*8e\; l c�bjb"u�28=g9�2 f/f c�*r2 k�l bj4+;�*�bdc<c�*-c+bj4<;<=gu�28;<=h*-9Wý6=g9(;�bdc f *-0328;<=h*-9 �
& 2-4�bji y 2-i ë *-=g9(; � & 2-4�bji y 289ni�e�b�28;<,/c�b � & 2-4�bjiwbdc<c�*-cLbj4<;<=gu�28;<=h*-9W�
?
l b�bdc<c�*-c�bj4�;<=gu�28;�*-c�; l 28; � b�,n4�b�=g9 sEl 2 f ;�bdcµ=h4 & 2-4�bji�*-9�; l b�=g9(;�bdc f *-0328;<=h*-9ê*8e`; l b�4�*-0g,/;<=h*-9
& bd; � bjbd9 ì 9n* � 9�q-280g,nbj4�� R bd.:28c�im0hbj4�4�*8e � l bd; l bdc�; l b�4�*-0gqrbdc�=h4��n9/=g;�b � im=³¶�bdc�bd9 k b y �n9/=g;�b � qr*-0g,/u�b

Ú
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*-c��n9/=g;�b � bd0hbdu�bd9:; y ; l b^.rbd9nbdc�280�2 f/f c�*r2 k�l e�*-c s`T )µ=h4�;�*�2-4�4�,/u�b�; l 28;�; l b�4�*-0g,/;<=h*-9 =h4 ì 9n* � 9
b��n2 k ;<0 ' 28;`2�4�bd;\*8eW0h* k 28;<=h*-9n4`289ni�; l bd9�;�*�,n4�b�; l *14�b6q-280g,nbj4\;�*�=g9(;�bdc f *-0328;�bC; l b64�*-0g,/;<=h*-9�28;`4�*-u�b
*-; l bdc�0h* k 28;<=h*-9W� ?
l b�b��/2 k ; � 2 ' ; l 28;�; l =h4�=h46i/*-9nb�u�2 ' q128c 'ry/& ,/;�9nb�28c<0 ' 280g0W4�*-0gqrbdc�46,n4�b ? 2 ' 0h*-c
b�� f 289n4<=h*-9n4E=g9^*-9nb�e�*-c<u�*-c
289n*-; l bdc��`����b k 289�=g0g0g,n4<;<c�28;�bL; l =h4 � =g; l 2�*-9nbLim=gu�bd9n4<=h*-9�280�b��n28u f 0hb1�
> 4�4<,/u�b � b ì 9n* � 2]4�*-0g,/;<=h*-9

f(x)
l 2-4�289�=g9m�n9/=g;�b ? 2 ' 0h*-c�b�� f 289n4<=h*-9 � =g; l 2��n9/=g;�b�c�2-im=g,n4�*8e

k *-9(qrbdc<.rbd9 k b�=g9¬; l b�9nbd=g. l & *-,/c l *G*Giw*8e74�*-u�b�0h* k 28;<=h*-9
a

f(x) = f(a) +

∞
∑

i=1

1

i!

dif

dxi
(a)(x − a)i

T *-c62
p
*-c�i/bdc�4�*-0gqrbdc ym� b � *-,/0hiw2 f/f c�*��G=gu�28;�b�; l =h4
=g9m�n9/=g;�b�4<,/u ,n4<=g9/.�*-9/0 ' ;�bdc<u�4�, f ;�*�i/bd.1c�bjb

p − 1

f(x) ≈ f(a) +

p−1
∑

i=1

1

i!

dif

dxi
(a)(x − a)i

?
l b�im=³¶�bdc�bd9 k b & bd; � bjbd9w; l b�2 k ;<,�280V4�*-0g,/;<=h*-9
f ¨<®r���jª (x)

289niw*-,/c62 f/f c�*��G=gu�28;<=h*-9
f ���r��©<°�® (x)

=h4
; l bdc�b�e�*-c�b

f ¨�®r���jª (x) − f � �r��©<°�® (x) =

∞
∑

i=p

1

i!

dif

dxi
(a)(x − a)i

> 4�; l b�im=³¶�bdc�bd9 k b & bd; � bjbd9
x
289ni

a
i/b k c�b�2-4�bj4 y ; l b�im=³¶�bdc�bd9 k b & bd; � bjbd9I; l b�b��n2 k ;�4�*-0g,/;<=h*-9]289ni

*-,/cL2 f/f c�*��G=gu�28;<=h*-9]=h4

f ¨�®r���jª (x) − f � �r��©<°�® (x) ≈ 1

p!

dpf

dxp
(a)(x − a)p

?
l ,n4 y =³e � b � bdc�bw;�*U,n4�b¬; l b ì 9n* � 9 �(,�289:;<=g;<=hbj4�28;
a
;�*U2 f/f c�*��G=gu�28;�bN; l bI4�*-0g,/;<=h*-9 2�4�u�280g0

im=h4<;�289 k b�*8e
h
2 � 2 'ry ; l b�bdc<c�*-c6=g9¬; l 28;L2 f/f c�*j�m=gu�28;<=h*-9 � *-,/0hiwi/b f bd9niw*-9 & *-; l

h
289ni

p
�

B c<c�*-c
(h, p) ≈ 1

p!

dpf

dxp
(a)(h)p

F 9��n9/=g;�b � qr*-0g,/u�b�4�*-0gqrbdc�4 y ; l =h4
2 f/f c�*��G=gu�28;<=h*-9¬=h4`,n4�bji�;�*"i/bd;�bdc<u�=g9nb+; l b�èn,m�^28; k bd0g0 & *-,/9nin28c<=hbj4
�g� F�cd[�OVFZKPn�[oGEO,GE[oKNa�F�X�FZQEj�[oG,[o�fk�IZX�OVMNF�XBOgh�OV^�l�j�IZOdQEjB[�DBFZ^�GEMN[oG,OV[oGEMN[gOghSjBFe��[gn�[oGdQEj�F�OV[�OVF�KNn�[oGEO,I3GE[�MNX�QEjB[cdMNXBFZGEM`Q�a,IZX�i�IHGE[�XBFHQSi�MNOVlg^�OVOV[ei�MNX�QEjBMNO�QEjB[oOVMPOgu

õ
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289ni�e£c�*-u ; l 28;
289�, f in28;�bL;�*�; l b+2jqrbdc�28.rb+4�*-0g,/;<=h*-9 � =g; l =g9^; l b k bd0g0é� T *-c
4<;�b�2-i ' � 4<;�28;�b f c�* & 0hbdu�4 y
� l bd9�; l bL4�*-0g,/;<=h*-9�=h4 k *-9(qrbdc<.rbji y ; l b6bdc<c�*-c k 289 & b6im=gc�b k ;<0 ' c�bd0328;�bji�;�*�; l b64�=g¦�b

h
; l 28;E4�b f 28c�28;�bj4

; l bI2 f/f c�*��G=gu�28;<=h*-9 f *-=g9(;�4�2-4 � bd0g0C2-4�; l bI*-c�i/bdc
p
*8eC; l bI4�*-0gqrbdc�� F eL; l b¬u�bj4 l 4 f 2 k =g9/.

h
=h4

i/b k c�b�2-4�bjitbdqrbdc 'G� l bdc�b y ; l bd9t; l b�2 kjk ,/c�2 k ' *8e\; l b"4�*-0g,/;<=h*-9�4 l *-,/0hiN=g9 k c�b�2-4�b &:' 2�e�2 k ;�*-c�*8e
hp �

A bd9 k b�; l b�4�*-0g,/;<=h*-9�=h4�*-c�i/bdc
p
2 kjk ,/c�28;�b1� J 9me�*-c<;<,/9�28;�bd0 'ry e�*-c�u�*14<; f c�* & 0hbdu�4�*8e�=g9:;�bdc�bj4�; y ; l b

p
ªb� i/bdc<=gq-28;<=gqrbj4�*8e

f
k 289�q128c ' .1c�b�28;<0 ' ; l c�*-,/. l *-,/;�; l b�u�bj4 l � ?
l =h4�0hb�2-i/4�;�*w2 f/f c�*j�m=gu�28;<=h*-9n4

; l 28;628c�b+u�*-c�b�2 kjk ,/c�28;�b�=g9¬4�*-u�b+0h* k 28;<=h*-9n4�; l 289¬=g9w*-; l bdc�4�� s *-9n4�bj�:,nbd9(;<0 'ry i/b k c�b�2-4<=g9/.
h
� l bdc�b

; l b
p
i/bdc<=gq128;<=gqrbj4`28c�b l =g. l =gu f c�*²qrbj4E; l bC4�*-0g,/;<=h*-9�u�, k�l u�*-c�bL; l 289�; l bL4�28u�b6i/b k c�b�2-4�bL=g9�*-; l bdc

28c�b�2-4��
?
l =h4E=h4X; l b f c<=g9 k = f 0hb & b l =g9ni�=g9(;�bdc f *-0328;<=h*-9 � & 2-4�bji�c�b��n9nbdu�bd9(;�� F e�; l b

p
ªb� i/bdc<=gq-28;<=gqrbj4
28c�bC4�*-u�b �

l * � c�b k *-9n4<;<c<, k ;�bji y ; l bd9a289�bdc<c�*-c^im=h4<;<c<= & ,/;<=h*-9 k 289 & b]2 f/f c�*j�m=gu�28;�bji���� l bd9�; l bwu�bj4 l =h4
c�b��n9nbji y =g9n4<;�b�2-iw*8e$,/9/=³e�*-c<u�0 ' i/b k c�b�2-4<=g9/.

h
y bd0hbdu�bd9:;�4+*8e$; l b�u�bj4 l]k 289 & b�4<=g¦�bji¬;�*�u�28; k�l ; l b

bdc<c�*-c"im=h4<;<c<= & ,/;<=h*-9W� F i/b�280g0 'ry ; l =h4 � *-,/0hiU=g9 k c�b�2-4�b�; l b�2 kjk ,/c�2 k ' *8e�; l b�4�*-0gqrbdc y =g9U; l b�4�bd9n4�b�*8e
u�=g9/=gu�=g¦j=g9/.�; l bC4�*-0g,/;<=h*-9^bdc<c�*-cEe�*-c
2�.1=gqrbd9�9(,/u & bdc�*8eW,/9 ì 9n* � 9n4�� M *14�;\c�bj4�b�28c k�l =g9(;�*�2-in2 f ;<=gqrb
289/=h4�*-;<c�* f = k c�b��n9nbdu�bd9(; l 2-4 & bjbd9�e�*-c$4�b k *-9ni�*-c�i/bdc$4�*-0gqrbdc�4�� F 9�; l =h4 k 2-4�b y ; l bE=g9(;�bdc f *-0328;<=h*-9�bdc<c�*-c
k 289 & b+c�bd0328;�bji¬;�*�; l b A bj4�4<=3289

H
� F 9¬; � *�im=gu�bd9n4<=h*-9n4 y

H =







∂2f
∂x2

∂2f
∂x∂y

∂2f
∂x∂y

∂2f
∂y2







F eV; l =h4
u�28;<c<=³��=h4 f *14<=g;<=gqrb � i/b��n9/=g;�b�289ni^=g9(qrbdc<;<= & 0hb y ; l bd9�; l b+=hi/b�280 k bd0g0 k 289 & bLe�*-,/9ni &(' 0g=g9nb�28c<0 '
;<c�289n4He�*-c<u�=g9/.�289¬=h4�*-;<c�* f = k�k bd0g0 &:'

H−1 � ?
l =h4�=h4�c�*-,/. l 0 ' ; l b�2 f/f c�*r2 k�l ,n4�bji &(' = zmy Ù xmy Ù v/y Ù�í y
Ù�î�?­� T *-cC; l =gc�it*-c�i/bdc�4�*-0gqrbdc�4�289ni l =g. l bdc y ; l b�i/bdc<=gq128;<=gqrbj4 k 289 & b".1c�*-, f bjiN=g9(;�*w2 l =g. l bdc�c�289 ì
;�bd9n4�*-c�x l * � bdqrbdc y ; l b64 l 2 f b6*8e�; l b6=hi/b�280 k bd0g0�=g9�; l bj4�b k 2-4�bj4X=h4E,/9 k 0hb�28c��$5$c�bdqG=h*-,n4\;�*�; l b k ,/c<c�bd9:;
; l bj4<=h4 y 9n* f 2 f bdc�4 l 2jqrb & bjbd9 f , & 0g=h4 l bji�; l 28;�b��m;�bd9ni^=g9:;�bdc f *-0328;<=h*-9 & 2-4�bji^c�b��n9nbdu�bd9:;L;�* l =g. l bdc
*-c�i/bdc64�*-0gqrbdc�46289ni¬; l =h4�=h4�; l b f c<=g9 k = f 280We�* k ,n4�*8e sEl 2 f ;�bdc��
J 9me�*-c<;<,/9�28;�bd0 'ry bdqrbd9^=³eV; l bLu�bj4 l^f bdcHe�b k ;<0 ' bj�(,/=him=h4<;<c<= & ,/;�bj4
; l b6=g9(;�bdc f *-0328;<=h*-9 � bdc<c�*-cLbj4<;<=gu�28;�b y

p

*-c�i/bdc�2 kjk ,/c�2 k '�� *-,/0hi^c�28c�bd0 '�& bL2 k�l =hbdqrbji�� ?
l =h4\=h4 f c<=gu�28c<=g0 ' im,nb�;�*�; l b f c�bj4�bd9 k bC*8e k *-9:qrb k ;�bji

z
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bdc<c�*-c�� F 9(;�bdc f *-0328;<=h*-9 & 2-4�bjiNbdc<c�*-c+bj4<;<=gu�28;<=h*-9�2-4�4<,/u�bj4L; l 28;L; l b"4�*-0g,/;<=h*-9�28;C4<,/c<c�*-,/9nim=g9/.�0h* k 2 �
;<=h*-9n4�28c�b�280g0$b��/2 k ;�289niN; l ,n4+; l b"*-9/0 ' 4�*-,/c k b�*8eEbdc<c�*-c k *-u�bj4Ce�c�*-uû; l b l =g. l bdc � *-c�i/bdc�;�bdc<u�4+*8e
; l b ? 2 ' 0h*-c+b�� f 289n4<=h*-9W� A * � bdqrbdc y =³eX; l b�q1280g,nbj4�,n4�bjiI=g9I; l b ? 2 ' 0h*-c+2 f/f c�*��G=gu�28;<=h*-9t; l bdu�4�bd0gqrbj4
k *-9(;�28=g9�bdc<c�*-c y ; l 28;�bdc<c�*-c � =g0g0 & b f 2-4�4�bjit*-9N;�*^; l b"=g9:;�bdc f *-0328;�bjitq1280g,nb � l = k�l � =g0g07=g9N;<,/c<9�2¥e �
e�b k ;C*-; l bdc ? 2 ' 0h*-c�b�� f 289n4<=h*-9t;�bdc<u�4�289nit4�*^*-9W� ?
l b�9nbd;Cc�bj4<,/0g;+=h4C; l 28;�4<u�280g0�bdc<c�*-c�4Ce�c�*-u´*-9nb
0h* k 28;<=h*-9ê*8e�; l b�u�bj4 l�k 289 l 2jqrb�2 & =g.Nb�¶�b k ;�=g9�0h* k 28;<=h*-9n4�; l 28;�28c�b�c�bd0328;<=gqrbd0 ' e�28c�2 � 2 ' � ?
l =h4
=h4 f 28c<;<= k ,/0328c<0 ' 2 f c�* & 0hbduûe�*-cL5X) B 4C; l 28; k *-9(;�28=g9�4<;<c�*-9/. k *-9(qrb k ;<=gqrb";�bdc<u�4L4<, k�l 2-46; l b B ,/0hbdc
bj�(,�28;<=h*-9n4 � l bdc�b�2�4�;<c�*-9/.�e�b�28;<,/c�b�0g= ì b�2�4 l * k�ì u�=g. l ; & b+c�b��n9nbji¬=g9¬; l b � c�*-9/.�0h* k 28;<=h*-9W�
> 9a2 f/f c�*r2 k�l ; l 28;^4�bdqrbdc�280Cc�bj4�b�28c k�l .1c�*-, f 4 o =g9 k 0g,nim=g9/. y e�*-c^b��n28u f 0hb y = ánÙ y í y á xmy á v ?£p l 2�qrb
,n4�bji�;�*�2-i/imc�bj4�4�; l =h4�=h4�4<,nb+=h4L2-i ë *-=g9(; � & 2-4�bjiwbdc<c�*-c6bj4<;<=gu�28;<=h*-9W� > i ë *-=g9(; � & 2-4�bjiIbdc<c�*-c6bj4�;<=gu�28;<=h*-9
=g9(qr*-0gqrbj4�4�*-0gqG=g9/. & *-; l ; l b f c<=gu�28065X) B 4�2-4 � bd0g062-4�; l b¬2-i ë *-=g9:;�5X) B 4²� ?
l bd9 y ; l b¬bdc<c�*-c�=g9
2�e�,/9 k ;<=h*-9�280X=h4�im=gc�b k ;<0 ' c�bd0328;�bjit;�*^0h* k 280$c�bj4<=him,�280Xbdc<c�*-c�4+; l c�*-,/. l ; l b�2-i ë *-=g9:;�q128c<=32 & 0hbj4�� ?
l =h4
f c�*²q(=hi/bj4�2�u�*-c�b"2 kjk ,/c�28;�b"289�280 ' 4<=h4C*8e � l bdc�b�; l b�e£,/9 k ;<=h*-9�280�=h4�u�*14�;C2¥¶�b k ;�bji &(' bdc<c�*-c�46=g9N; l b
4�*-0g,/;<=h*-9�289ni l bd9 k bL2L4�*-0g=hi & 2-4<=h4�e�*-c � l bdc�b
; l b
u�bj4 l 4 l *-,/0hi & b
c�b��n9nbji�� sEl *G*14<=g9/.�2Le�,/9 k ;<=h*-9�280
=h4 & *-; l 289U2-imq-289(;�28.rb�289ni�2^im=h4�2-imq-289(;�28.rb�e�*-c�,n4<=g9/.�; l =h4�u�bd; l *(i�� T *-c�4<=g;<,�28;<=h*-9n4 � l bdc�b�; l b
*-9/0 ' i/bj4<=gc�bjiw*-,/; f ,/;L=h4�; l b+e�,/9 k ;<=h*-9�280 y 2-i ë *-=g9:; � & 2-4�bjiIu�bd; l *Gi/4L28c�b�=hi/b�280 & b k 28,n4�b�; l b ' i/*�9n*-;
c�b��n9nb+28c�b�2-4
*8eV; l b6u�bj4 l � l bdc�bC; l bC4�*-0g,/;<=h*-9 l 2-4`9n*"b�¶�b k ;
*-9^; l 28;\e�,/9 k ;<=h*-9�280é� T *-c
b��/28u f 0hb y =³e
; l b`*-9/0 ' k *-u f *-9nbd9:;X*8e�; l b`4�*-0g,/;<=h*-9�289�280 ' ¦�bji"=h4�imc�28.�*-9�289�28=gcHe�*-=g0 y ; l bd9�; l b`u�bj4 l bj4 k c�b�28;�bji &:'
2-i ë *-=g9:; � & 2-4�bjitc�b��n9nbdu�bd9(; � =g0g0 f c�*�qG=hi/b & bd;<;�bdc�imc�28. f c�bjim= k ;<=h*-9n4+; l 289t*-; l bdc+u�bj4 l bj4+*8eE4�=gu�=g0328c
4<=g¦�b1� A * � bdqrbdc y =³e6; l 28;�4�28u�b�u�bj4 l =h4�,n4�bji�;�* f c�bjim= k ;�0g=³e�; y *-c�289 ' *-; l bdc k *-u f *-9nbd9:;�*8eC; l b
4�*-0g,/;<=h*-9 y =g;�u�2 ' 9n*-; f c�*�qG=hi/b^4�,�� k =hbd9:;�2 kjk ,/c�2 k ' � > 9n*-; l bdc"im=h4�2-imq1289:;�28.rb¬*8eL; l =h4�u�bd; l *Gi�=h4
; l 28;64�*-0gq(=g9/.�; l b�2-i ë *-=g9:; f c�* & 0hbdu k 289 & b k *-u f 0g= k 28;�bji]289ni�;<=gu�b k *-9n4�,/u�=g9/.n�
?
l b�; l =gc�iUbdc<c�*-c�bj4�;<=gu�28;�*-c�; l 28;"4�*-u�b�c�bj4�b�28c k�l bdc�4�,n4�b�=h4�e�b�28;<,/c�b � & 2-4�bjiêbdc<c�*-c�bj4<;<=gu�28;<=h*-9 o 289
b�� k bd0g0hbd9:;
b��/28u f 0hbC*8eW; l =h4E=h4�=gÙ z ?£p�� T b�28;<,/c�b � & 2-4�bji^bdc<c�*-c`bj4<;<=gu�28;<=h*-9¬b�� f 0g= k =g;<0 ' i/bd;�b k ;�4�289ni^289�2 �
0 ' ¦�bj4Xè�* � e�b�28;<,/c�bj4
289ni�c�b��n9nbj4E; l b6u�bj4 l 2 kjk *-c�im=g9/.";�*�; l *14�b�è�* � e�b�28;<,/c�bj4²� ?
l =h4 f c�* k bj4�4Ec�bd0g=hbj4
*-9 ����©�¡�°1© ¡ ì 9n* � 0hbjim.rb�*8e � l 28;+; l b�4�*-0g,/;<=h*-9 � =g0g0 & b k *-u f *14�bjiN*8e o 4 l * k�ì 4 y�� 2 ì bj4 y�& *-,/9nin28c '
032 ' bdc�4 y bd; k �g�g� p�2-4 � bd0g0V2-4�2�c�bd0g=32 & 0hb+e�b�28;<,/c�b � i/bd;�b k ;<=h*-9I4 ' 4<;�bduw� ?
l b�2-imq1289:;�28.rb�*8e7b�� f 0g= k =g;<0 ' i/b �

ó
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;�b k ;<=g9/.�e�b�28;<,/c�bj4C=h46; l 28;L=g;+280g0h* � 4Le�*-cLu�*-c�b�4 f b k =³� k c�b��n9nbdu�bd9:; k c<=g;�bdc<=32�4<, k�l 2-4L*-c<; l *-.r*-9�280g=g; '
=g9�; l b & *-,/9nin28c ' 032 ' bdc�4 y qrbdc<;�b���280g=g.19/u�bd9:; � =g; l 4 l * k�ì 4E289ni�*-; l bdcXu�bj4 l 2-in2 f ;�28;<=h*-9n4�� J 9me�*-c<;<, �
9�28;�bd0 'ry ; l b�e�b�28;<,/c�b�i/bd;�b k ;�*-c�4Eu�,n4<; & b k c�b�28;�bji�289ni�;<,/9nbji�e�*-c\b�2 k�l�f 28c<;<= k ,/0328c f c�* & 0hbdu 289ni�; l b
2 k ;<,�280�c�b��n9nbdu�bd9:; k c<=g;�bdc<=32�28c�bLu�, k�l u�*-c�b l bd,/c<=h4<;<= k xGe�*-c
b��n28u f 0hb y =g;`=h4`,/9 k 0hb�28c l * � u�, k�l *-9nb
e�b�28;<,/c�b�4 l *-,/0hi & b�c�b��n9nbji�c�bd0328;<=gqrb�;�*w289n*-; l bdc�� > 9n*-; l bdc�imc�2 ��& 2 k�ì =h4�; l 28;�e�b�28;<,/c�b�i/bd;�b k ;<=h*-9
=h4"*8e£;�bd9 & 2-4�bjiê*-9U; l b^4�28u�b�0h* k 280 f 28c�28u�bd;�bdc�4"; l 28;"=g9:;�bdc f *-0328;<=h*-9 � & 2-4�bji�bdc<c�*-c"u�b�2-4<,/c�bj4",n4�b1�
?
l 28;Xu�b�289n4\; l 28; k *-9:qrb k ;�bji�bdc<c�*-cX=h4$=g.19n*-c�bji^289ni�=g;$=h4 f *14�4<= & 0hb
;�*�i/bd;�b k ;$e�b�28;<,/c�bj4X=g9�; l b � c�*-9/.
0h* k 28;<=h*-9W�
��b l 2jqrb k�l *14�bd9¬;�* & 2-4�b+*-,/c�bdc<c�*-c
bj4�;<=gu�28;<=h*-9w*-9^; l b+0h* k 280�c�b k *-9n4<;<c<, k ;<=h*-9wbdc<c�*-c
e�*-c
2�9:,/u & bdc
*8e�c�b�2-4�*-9n4�� T =gc�4<; y 4<=g9 k bC; l =h4�bdc<c�*-c�u�b�2-4<,/c�b+c�bd0328;�bj4�im=gc�b k ;<0 ' ;�*�; l b+*-c�i/bdc�*8e ; l b�im=h4 k c�bd;<=g¦²28;<=h*-9 y
; l bLb��G;�bd9n4<=h*-9�;�* l =g. lm� *-c�i/bdc
4�*-0g,/;<=h*-9n4E=h4X=g9:;<,/=g;<=gqrb1� D b k *-9ni y 0h* k 280�bdc<c�*-c`bj4<;<=gu�28;<=h*-9^=h4Xc�bd0328;<=gqrbd0 '
k�l b�2 f�k *-u f 28c�bji�;�*�2-i ë *-=g9:; � & 2-4�bji�bdc<c�*-c\bj4<;<=gu�28;<=h*-9W� T =g9�280g0 'ry k ,/c<c�bd9:;`2-i ë *-=g9:;\u�bd; l *(i/4 f c�*�qG=hi/b
289 =hi/b�280�4<=g¦�b�im=h4<;<c<= & ,/;<=h*-9 e�*-c k bd0g0h4 & ,/;�9n*-;�289 =hi/b�280
4 l 2 f b^im=h4<;<c<= & ,/;<=h*-9Z289ni 4�*Nc�bj4�b�28c k�l bdc�4
4<, k�l 2-4�ôXbd9nim=g;<;<=L289ni )�28c<u�*8eé280�= á v ?�c�bd0 ' *-9�0h* k 280�bdc<c�*-c�c�b k *-9n4�;<c<, k ;<=h*-9 ;�*�i/b��n9nb�; l b¬0h* k 280
289/=h4�*-;<c�* f ' �

* �,+�+�-��"�����
	����)��	�%"�����"������	�����
�6 ���"� * ���$�
	������´��� �@�"�����
	�����
"���
���$��%

Y 9 k b\; l bEi/bj4<=gc�bji"289/=h4�*-;<c�* f ' l 2-4 & bjbd9�i/b��n9nbji y =g;V=h4V9nb k bj4�4�28c ' ;�* k *-u�u�,/9/= k 28;�b`; l 28;7289/=h4�*-;<c�* f '
;�*N; l b^u�bj4 l =g9/. f c�*-.1c�28u 289ni k c�b�28;�bw289�289/=h4�*-;<c�* f = k u�bj4 l � ?
l b�u�*14<;�4<;�289nin28c�i u�bd; l *(i *8e
i/b��n9/=g9/.I289/=h4�*-;<c�* f ' =h4C; l c�*-,/. l 2�u�bd;<c<= k = Ú y õf?­� > u�bd;<c<= k =h4�2�e�,/9 k ;<=h*-9�; l 28;�i/b��n9nbj4�2^4 k 280328c
im=h4<;�289 k b & bd; � bjbd9 f *-=g9:;�4�=g9 2�i/*-u�28=g9W� S = ì bI; l b]4<;�289nin28c�i im=h4<;�289 k bwu�b�2-4<,/c�b]=g9 s 28c<;�bj4�=3289
4 f 2 k b y u�bd;<c<= k e�,/9 k ;<=h*-9n4�28c�b�c�bj�(,/=gc�bjiN;�* & b f *14<=g;<=gqrb � i/b��n9/=g;�b y 4 ' u�u�bd;<c<= k 289niN; l b ' u�,n4<;�280h4�*
4�28;<=h4<e ' ; l b�;<c<=3289/.10hb^=g9nbj�(,�280g=g; ' � ?
l =h4�; ' f b�*8e�e�,/9 k ;<=h*-9�=h4�=hi/b�280Xe�*-c k c�b�28;<=g9/.tu�bj4 l bj4 & b k 28,n4�b
.rbj*-u�bd;<c<= k^f c�* f bdc<;<=hbj4 & 2-4�bjiê*-9U0hbd9/.1; l 4 l 2�qrb�bj�(,/=gq-280hbd9(; f c�* f bdc<;<=hbj4�2 kjk *-c�im=g9/.t;�*w; l b�u�bd;<c<= k
e�,/9 k ;<=h*-9W� F 9 f 28c<;<= k ,/0328c y u�*14<;Lc�bj4�b�28c k�l .1c�*-, f 4C,n4�b�; l b�eé28u�=g0 ' *8eXu�bd;<c<= k 4 k c�b�28;�bji &(' 0g=g9nb�28c<0 '

Ù x



8 ä�å � ã:9 
<; å � ã�ä
;<c�289n4He�*-c<u�=g9/.N; l b�4<;�289nin28c�i s 28c<;�bj4<=3289�im=h4<;�289 k b�u�b�2-4�,/c�b y 4�bjb�=gÙ�Ú y Ù�î y z ?�28u�*-9/.N*-; l bdc�4��I��b
280h4�*],n4�b�; l bj4�b�; ' f bj4"*8e6u�bd;<c<= k 4 &:' 2-4�4<=g.19/=g9/.�2w4 ' u�u�bd;<c<= k^f *14<=g;<=gqrb � i/b��n9/=g;�b^u�28;<c<=³�ê;�*]b�2 k�l
qrbdc<;�b���� ?
l b k�l *-= k b�*8e�; l bj4�b�u�28;<c<= k bj4�=h4�im=h4 k ,n4�4�bji�=g9 sEl 2 f ;�bdc��
J 9me�*-c<;<,/9�28;�bd0 'ry q128c<=328;<=h*-9n4
=g9^; l bCbdc<c�*-c�280h4�*�c�bj�(,/=gc�bLq128c<=328;<=h*-9n4
=g9^; l bLu�bd;<c<= k 289ni^; l =h4`=h4 � l bdc�b
c�bj4�b�28c k�l bdc�4 l 2jqrb�i/bdqrbd0h* f bjiêim=³¶�bdc�bd9:;�2 f/f c�*r2 k�l bj4�� ?
l b ì b ' f c�* & 0hbdu � =g; l 2¬q128c ' =g9/.]u�bd;<c<= k
=h4"; l 28; y bdqrbd9 ; l *-,/. l ; l b^u�bd;<c<= k =h4"q-280g=hi f *-=g9:; � � =h4�b y =g;�u�2 ' 9n*N0h*-9/.rbdc�.10h* & 280g0 ' 4�28;<=h4He ' ; l b
;<c<=3289/.10hbN=g9nbj�(,�280g=g; ' � s *-,/c<; ' bd;^280é��=gÙ v ?C0g=g9nb�28c<0 ' =g9:;�bdc f *-0328;�b]; l b]u�bd;<c<= k 289ni�i/b�280 � =g; l ; l b
;<c<=3289/.10hbI=g9nbj�:,�280g=g; ' l bd,/c<=h4<;<= k 280g0 ' � Y ; l bdc�4 y 4<, k�l 2-4 S 2 & bd0g0hbN289ni D(l b � k�l , ì =gÙ�ÚB?C2-4�4<,/u�bI; l b
u�bd;<c<= k =h4L*-9/0 ' q-280g=hi � =g; l =g9N; l b�ôX*-c�*-9n*-= k bd0g0�*8e\b�2 k�l qrbdc<;�b���� ?
l =h4L0hb�2-i/4C;�*�qrbdc ' k *-u f 0g= k 28;�bji
ôX*-c�*-9n*-=
im=328.1c�28u�4�; l 28;�c�bj�(,/=gc�b k bdc<;�28=g9 c�bj4<;<c<= k ;<=h*-9n4�*-9�; l b�u�bd;<c<= k =g9ê*-c�i/bdc�e�*-c�; l b�ôX*-c�*-9n*-=
im=328.1c�28u ;�*�im,�280g=g¦�b�;�*�2"q1280g=hi¬;<c<=3289/.1,/0328;<=h*-9W�
> 4 f 28c<;+*8e`; l b�289/=h4�*-;<c�* f = k u�bj4 l =g9/.I2 f/f c�*r2 k�l =g9 sEl 2 f ;�bdc y�� b l 2jqrb k�l *14�bd9�;�*�2 f/f c�*��G=gu�28;�b
; l b¬u�bd;<c<= k e�*-c�; l b¬=g9:;�bdc<=h*-c�*8eC;<c<=3289/.10hbj4�,n4<=g9/.�; l bN2jqrbdc�28.rbIu�bd;<c<= k e�c�*-u#; l b¬; l c�bjbwqrbdc<;<= k bj4²�
T *-cC;<c<=3289/.10hb"bjim.rbj4 y�� b"2�qrbdc�28.rb"; l b�0hbd9/.1; l ; l 28; � *-,/0hi & b k 280 k ,/0328;�bji]e�c�*-uû; l b�; � *�;<c<=3289/.10hbj4²�
?
l bj4�b�4<=gu f 0hb�2 f/f c�*j�m=gu�28;<=h*-9n4�280g0h* � 4Ce�*-c+�(,/= k�ì bj4�;<=gu�28;�bj4�*8e\;<c<=3289/.10hb��:,�280g=g; 'I� l =g0hb�=gu f *14<=g9/.
9n*�c�bj4<;<c<= k ;<=h*-9n4C*-9¬u�bd;<c<= k q128c<=328;<=h*-9W�
> e£;�bdcL; l b�u�bd;<c<= k =h4Ci/b��n9nbji y =g;C=h4L9nb k bj4�4�28c ' ;�* k c�b�28;�b"2�u�bj4 l ; l 28;C=h4Lc�*-,/. l 0 ' =h4�*-;<c�* f = k � l bd9
u�b�2-4<,/c�bji &:' ; l b�u�bd;<c<= k � ? * k c�b�28;�b�; � * � im=gu�bd9n4<=h*-9�280�=h4�*-;<c�* f = k ,/9n4<;<c<, k ;<,/c�bjiUu�bj4 l bj4 y ; l bdc�b
28c�b�; l c�bjb f c<=g9 k = f 280 2 f/f c�*r2 k�l bj4�ý`�(,�2-i � ;<c�bjb y 2-imq-289 k =g9/. � e�c�*-9:; y 289niw)+bd0328,/9�2 ' u�bj4 l =g9/.n�
[ ,�2-i � ;<c�bjb6u�bj4 l =g9/.�= á:í y óB?�im=h4 k c�bd;<=g¦�bj4X; l b�i/*-u�28=g9 &:' �nc�4<; k c�b�28;<=g9/.�2�4��:,�28c�b�; l 28; k *-9:;�28=g9n4E; l b
bd9(;<=gc�b�i/*-u�28=g9W� ?
l bd9 y ; l 28;�4��(,�28c�b"=h4+c�b k ,/c�4<=gqrbd0 ' 4 f 0g=g;�,/9:;<=g0\280g07; l b�4��:,�28c�bj4�4 28;<=h4He ' 4�*-u�b�2-4 �
4<=g.19nbji"4<=g¦�b f c�* f bdc<; ' 289ni�; l b & *-,/9nin28c ' =h4�4<,/=g;�2 & 0 ' im=h4 k c�bd;<=g¦�bji�� ?
l b`im=�� k ,/0g; '�� =g; l 289/=h4�*-;<c�* f = k
�(,�2-i � ;<c�bjb�u�bj4 l =g9/.�=h4
; l 28;�; l b f c�bdqG=h*-,n4<0 ' � u�bd9:;<=h*-9nbji]4��:,�28c�bj4�u�,n4<;�4�*-u�b l * �ß& b�im=gq(=hi/bji�=g9(;�*
c�b k ;�289/.10hbj4 � =g; l q-28c ' =g9/.�2-4 f b k ;�c�28;<=h*14L289ni¬im=gc�b k ;<=h*-9n4²�
F 9�; l b�2-imq-289 k =g9/.�e£c�*-9(;Xu�bd; l *Gi1=gÙ²õ�? y ; l b�u�bj4 l =g9/. f c�* k bjim,/c�b & bd.1=g9n4 � =g; l 2+4�bd;X*8e�4�bjbji�qrbdc<;<= k bj4
o ,n4<,�280g0 ' 280h*-9/."; l b & *-,/9nin28c<=hbj4 p k *-9/9nb k ;�bji�=g9:;�*�2 k 0h*14�bji�0h*G* f^k 280g0hbji¬2�e£c�*-9(;�� ?
l bd9 y 2�i/b k =h4�=h*-9
=h4Lu�2-i/b"2-4L;�* � l bdc�b�;�*�=g9n4�bdc<;6; l b�9nb��m;Lqrbdc<;�b��I4�*�; l 28;C=g; � =g0g0 k c�b�28;�b"2 l =g. l �(,�280g=g; ' ;<c<=3289/.10hb1�
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?
l b�e£c�*-9(;�=h4�; l ,n4�, f in28;�bji y 289niê; l b f c�* k bj4�4�c�b f b�28;�4�� ?
l b^u�28=g9 imc�2 ��& 2 k�ì *8e�; l =h4"u�bd; l *Gi
=h4"; l 28; � l bd9 im=³¶�bdc�bd9:;�u�bj4 l =g9/.te�c�*-9:;�4�u�bjbd; y 4�*-u�b l bd,/c<=h4<;<= k 2 f/f c�*r2 k�l =h4"c�bj�(,/=gc�bji ;�*N,/9/=³e '
; l bCe�c�*-9:;�4 � =g; l *-,/; k c�b�28;<=g9/. f *G*-c � �(,�280g=g; ' ;<c<=3289/.10hbj4�� T *-c6289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9 y ; l =h4
u�bd; l *Gi
c�bj�(,/=gc�bj4Xc�bdu�*²q(=g9/."0328c<.rb�;<c�2 k ;�4`*8e�; l b�u�bj4 l 289ni�; l bd9�c�b � u�bj4 l =g9/.�; l bj4�bL28c�b�2-4`2 kjk *-c�im=g9/.�;�*�; l b
u�bd;<c<= k �
?
l bLu�bj4 l =g9/.�2 f/f c�*r2 k�l ; l 28; � b l 2jqrbCu�*Gim=³��bji�e�*-c
289/=h4�*-;<c�* f ' =g9 sEl 2 f ;�bdc =h4
)+bd0328,/9�2 ' u�bj4 lm�
=g9/.n� > )+bd0328,/9�2 ' ;<c<=3289/.1,/0328;<=h*-9�*8e�qrbdc<;<= k bj4�=h4�2�;<c<=3289/.1,/0328;<=h*-9 � l bdc�b]; l bw=g9:;�bdc<=h*-c¬*8e�bdqrbdc '
;<c<=3289/.10hb � 4 k =gc k ,/u k =gc k 0hb�=h4+bdu f ; ' � ?
l =h4C;<c<=3289/.1,/0328;<=h*-9�280 � 2 ' 4�b��m=h4<;�4 y 289ni]=h4Cbj�(,/=gq1280hbd9:;�=g9N; � *
im=gu�bd9n4<=h*-9n4�;�*�; l b+;<c<=3289/.1,/0328;<=h*-9I; l 28;�u�2¥�G=gu�=g¦�bj4
; l b+u�=g9/=gu�,/uû289/.10hb+=g9�; l bLu�bj4 l �X)+bd0328,/9�2 '
u�bj4 l c�b��n9nbdu�bd9(;�;�2 ì bj4�2 f c�b � b��m=h4<;<=g9/.U)+bd0328,/9�2 ' ;<c<=3289/.1,/0328;<=h*-9 *8eLqrbdc<;<= k bj4�289ni�; l bd9�=g9n4�bdc<;�4
qrbdc<;<= k bj4�28;�; l b k =gc k ,/u k bd9:;�bdc¬*8e�289 ' ;<c<=3289/.10hb � =g; l 2U4<u�280g0C289/.10hbN*-c^2�0328c<.rb k =gc k ,/u�c�2-im=g,n4��
K ' c�b f b�28;�bjim0 ' =g9n4�bdc<;<=g9/.�qrbdc<;<= k bj4C28; k =gc k ,/u k bd9(;�bdc�4C=g;�=h4 f *14�4<= & 0hb+;�* k c�b�28;�b�u�bj4 l bj4 � =g; l .1,�28c �
289(;�bjbji��(,�280g=g; ' � ?
l b�b��n2 k ;�.1,�28c�289(;�bjb�i/b f bd9ni/4"*-9 l * � ; l b & *-,/9nin28c<=hbj4"28c�b l 289nim0hbji y & ,/;�=g9
.rbd9nbdc�280 y ; l b�4<u�280g0hbj4�;C289/.10hb�=g9]; l b�u�bj4 l =h464�*-u�b � l bdc�b�28c�*-,/9ni]; l =gc<; ' i/bd.1c�bjbj4�=gÙ1Ù y írõ y í1ó y�v1z ?­�
?
l b^c�b�2-4�*-9 ; l 28;�)+bd0328,/9�2 ' u�bj4 l =g9/.�b��G;�bd9ni/4 � bd0g0�;�*�289/=h4�*-;<c�* f = k u�bj4 l =g9/.t=h4 & b k 28,n4�b^*8eL=g;�4
4<=gu f 0hb�2 f/f c�*r2 k�l *8e k�l *(*14<=g9/.�; l b�=hi/b�280W0h* k 28;<=h*-9I;�*�=g9n4�bdc<;L2"qrbdc<;�b��w.1=gqrbd9]2�q1280g=hi¬u�bj4 l � F e7; l b
=g9n4�bdc<;<=h*-9�0h* k 28;<=h*-9�=h4 k�l *14�bd9�;�* f c�*(im, k b�289/=h4�*-;<c�* f = k ;<c<=3289/.10hbj4�2 kjk *-c�im=g9/.w;�*�; l b�u�bd;<c<= k y ; l bd9
2 l =g. lm� �(,�280g=g; ' 289/=h4�*-;<c�* f = k u�bj4 l�k 289 & b k c�b�28;�bji � =g; l *-,/;�289 ' b�� f bd9n4<=gqrb�0h* k 2807u�2¥�G=gu�=g¦²28;<=h*-9
c�*-,/;<=g9nbj4��

� %"� ���������
	�����
���� ���$��% ���"��
�	��
	����6� z ����


_ *G*Gi�bdc<c�*-c�bj4<;<=gu�28;<=h*-9Z289ni�e�2-4�; y l =g. lm� �:,�280g=g; ' 289/=h4�*-;<c�* f = k u�bj4 l =g9/.�280g.r*-c<=g; l u�4�28c�b^; l b�; � *
ì b ' =g9/.1c�bjim=hbd9:;�4\e�*-cX4�, kjk bj4�4He�,/0�289/=h4�*-;<c�* f = k u�bj4 l 2-in2 f ;�28;<=h*-9W� B 4�4�bd9:;<=3280g0 'ry 289/=h4�*-;<c�* f = k 2-in2 f ;<=gqrb
u�bj4 l =g9/.�=h4�4<=gu�=g0328c�;�*�2-i/im=g9/.�2�e�bjbji & 2 k�ì 0h*(* f � =g; l =g9N2 k *-9:;<c�*-0 4 ' 4<;�bduw� F 9 f 28c<;<= k ,/0328c yn� b�28c�b
;<c ' =g9/.�;�*�u�=g9/=gu�=g¦�b�289¬bdc<c�*-c�e�,/9 k ;<=h*-9 &:' k *-9:;<c�*-0g0g=g9/.�; l b+u�bj4 l �7� l 28;�u�2 ì bj4�; l =h4 f c�* & 0hbduû4�*
im=�� k ,/0g;�=h4C; l 28;�; l b�bdc<c�*-cCe£,/9 k ;<=h*-9�=h4<9 � ;C9nb k bj4�4�28c<=g0 ' ì 9n* � 9 y 289niN; l b"u�bj4 ltl 2-4�289tbd9n*-c<u�*-,n4
9(,/u & bdcL*8e$i/b f bd9ni/bd9(;6q128c<=32 & 0hbj4��
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)+bj4 f =g;�b\; l b k *-u f 0g= k 28;<=h*-9n4 y ; l =h4 e�bjbji & 2 k�ì 0h*G* f�k 289�=gu f c�*�qrb`; l b`b�¶�b k ;<=gqrbd9nbj4�4�*8e s`T )�=g9�4�bdqrbdc�280
� 2 ' 4�� F i/b�280g0 'ry ,n4�bdc�4+28c�b�9n*-;Cc�bj�:,/=gc�bji];�*^4 f bd9ni]=g9n*-c�im=g9�28;�b�28u�*-,/9:;�4�*8eX;<=gu�b�;<c ' =g9/.^;�* k c�b�28;�b
u�bj4 l bj4"; l 28;"u�2 ' *-c�u�2 ' 9n*-; & b � bd0g0 � 4<,/=g;�bjiê;�*N; l b f c�* & 0hbduw� T ,/c<; l bdc<u�*-c�b y 28,/;�*-u�28;<= k 280g0 '
k c�b�28;�bji�u�bj4 l bj4 f c�*²q(=hi/b l =g. l bdc
2 kjk ,/c�2 k '�� =g; l e�b � bdc k bd0g0h4E; l 289�; l b6=h4�*-;<c�* f = k y ,/9/=³e�*-c<uöu�bj4 l bj4��
J 0g;<=gu�28;�bd0 'ry =g9 k c�b�2-4<=g9/.I; l b�9:,/u & bdc�*8e k bd0g0h4 � =g; l b�2 k�l 2-in2 f ;�28;<=h*-9�=g9n4<;�b�2-i�*8e k *-9:qrbdc<.1=g9/.N; l b
u�bj4 l 289ni�4�*-0g,/;<=h*-9 � =g; l 2^�/�mbji�9:,/u & bdc�*8e k bd0g0h4�280g0h* � 4 s`T ) ,n4�bdc�4�;�*¬.:28.rb � l bd; l bdc"*-c�9n*-;
; l b�4�*-0g,/;<=h*-9U=h4 k *-9:qrbdc<.1=g9/.I;�*w289U=g9m�n9/=g;�bd0 ' � �n9nb�u�bj4 l 4�*-0g,/;<=h*-9�289nit; l ,n4 & bd;<;�bdc�bj4�;<=gu�28;�b�; l b
*²qrbdc�280g0�2 kjk ,/c�2 k ' *8e�; l b�4�*-0gqrbdc��
F 9 sEl 2 f ;�bdc � b�b��n28u�=g9nb�; l b"�nc�4<;�im=�� k ,/0g; ' =g9U2-in2 f ;<=gqrb^289/=h4�*-;<c�* f = k u�bj4 l 2-in2 f ;�28;<=h*-9Wý�bj4<;<= �
u�28;<=g9/.�bdc<c�*-c�289ni k *-9(qrbdc<;<=g9/.�=g;
;�*"2�e�*-c<u�; l 28; k 289 & bL,n4�bji &(' ; l bCu�bj4 l .rbd9nbdc�28;�*-c�� F ;`=h4 l bdc�b
; l 28;X; l bL2-i/i/bji�im=�� k ,/0g;<=hbj4E*8eW2-in2 f ;<=g9/.�;�* l =g. l bdc � *-c�i/bdcE4�*-0g,/;<=h*-9n4`289ni�u�,/0g;<= � q128c<=32 & 0hb f c�* & 0hbdu�4
28c�b�4�*-0gqrbji�� ?
l b�e�*-c<u�bdc &(' ;�2 ì =g9/.I2 T *-,/c<=hbdc�;<c�289n4He�*-c<uº*8e�289�bj4<;<=gu�28;�bji�bdc<c�*-cCe£,/9 k ;<=h*-9 y 289ni
; l b�0328;<;�bdc &:' k�l *G*14<=g9/.�2�4<;�289nin28c�iw9n*-c<uµ*8e�; l b�q-28c<=32 & 0hbj4��
F 9 sEl 2 f ;�bdc � b^,n4�b�; l b^u�bd;<c<= k i/bdc<=gqrbjiê=g9 sEl 2 f ;�bdc ;�*]c�b��n9nb¬2 f c�b � b��m=h4<;<=g9/.tu�bj4 l 4�*I; l 28;
=g;�2 f/f b�28c�4�=h4�*-;<c�* f = k � l bd9�u�b�2-4<,/c�bji &(' ; l bwu�bd;<c<= k � ?
l bI2 f/f c�*r2 k�l � bw,n4�bw=h4�;�*Ui/b��n9nbN2
�(,�280g=g; ' 4 f 2 k b & 2-4�bji�*-9^2 f/f c�*j�m=gu�28;�b k =gc k ,/u�c�2-im=g=W289ni�u�=g9/=gu�,/u bjim.rbL0hbd9/.1; l 4`2-4Eu�b�2-4<,/c�bji &:'
; l b�u�bd;<c<= k � ?
l bd9 y qrbdc<;<= k bj4�28c�b�=g9n4�bdc<;�bji 28;"2 f/f c�*��G=gu�28;�b k =gc k ,/u k bd9(;�bdc�4�e�*-c�;<c<=3289/.10hbj4 � l *14�b
k =gc k ,/u�c�2-im=g=+28c�b]2 & *�qrbI2 k bdc<;�28=g9 & *-,/9ni/4^289ni�qrbdc<;<= k bj4�28c�bwc�bdu�*�qrbjiZe�*-c�bjim.rbj4�; l 28;�28c�b¬;�*G*
4<u�280g0é� D bdqrbdc�280 *8e ; l bj4�bC=g9n4�bdc<;<=h*-9I289ni�c�bdu�*²q-280�=g;�bdc�28;<=h*-9n4628c�b f bdcHe�*-c<u�bji¬*-9^; l b+u�bj4 l y 0hb�2jqG=g9/.
; l b�q12-4<;
u�2 ë *-c<=g; ' *8e7;<c<=3289/.10hbj4 � =g; l =g9w; l b�i/bj4�=gc�bjiw�:,�280g=g; '�& *-,/9ni/4��
?
l bj4�bX; � * k�l 2 f ;�bdc�4�i/b�280 � =g; l =g9 k c�bjim= & 0 ' im=³¶�bdc�bd9:;72-4 f b k ;�4V*8e s`T ) 289ni�; l ,n4 � 28c<c�289:;�=g9nim=gqG=him,�280
28;<;�bd9(;<=h*-9W� A * � bdqrbdc y ; l b�; � * sEl 2 f ;�bdc�4�28c�b6280h4�*�4�;<c�*-9/.10 ' k *-, f 0hbji & b k 28,n4�b�=g;E=h4X,n4�bd0hbj4�4\;�* l 2�qrb
289/=h4�*-;<c�* f = k bdc<c�*-c7bj4<;<=gu�28;<=h*-9 � =g; l *-,/; & bd=g9/.�2 & 0hb\;�* k c�b�28;�b`289/=h4�*-;<c�* f = k u�bj4 l bj4²� S = ì b � =h4�b y l =g. lm�
�(,�280g=g; ' 289/=h4�*-;<c�* f = k u�bj4 l bj4 k 289/9n*-; & b k c�b�28;�bji � =g; l *-,/;"�nc�4<;"i/b��n9/=g9/. � l 28;�; l 28;�289/=h4�*-;<c�* f '
4 l *-,/0hi & b1� F ;6=h4L; l b k *-u & =g9�28;<=h*-9�*8eX; l bj4�b�; � *¬28c<;<= k 0hbj4 y 289ni l bd9 k b"; l =h4L; l bj4<=h4 y ; l 28; f c�*²q(=hi/bj4
; l b k *-u f 0hbd;�b�q(=hb � *8e7; � * � im=gu�bd9n4<=h*-9�280$289/=h4�*-;<c�* f = k u�bj4 l 2-in2 f ;�28;<=h*-9t289ni l * � =g; k 289 & b+,n4�bji
;�*�=gu f c�*²qrb s`T )��
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?
l bdc�bC=h4 y =g9�.rbd9nbdc�280 y 289�=g9:qrbdc�4�b6c�bd0328;<=h*-9n4 l = f & bd; � bjbd9�; l b+2 kjk ,/c�2 k ' *8e s`T ) 4�*-0g,/;<=h*-9n4�289ni^; l b
;<=gu�b�c�bj�(,/=gc�bji�;�* f c�*(im, k b6; l bduw� F 9 k c�b�2-4�bj4X=g9 k *-u f ,/;�28;<=h*-9�280�c�bj4�*-,/c k bj4Xu�2 ' l 2�qrb64<=g.19/=³� k 289(;<0 '
=gu f c�*²qrbji�; l =h4�c�bd0328;<=h*-9n4 l = f y7& ,/;�; l bdc�b�=h4�4<;<=g0g0`2I4<;<c�*-9/.]i/bj4<=gc�b�=g9U=g9nim,n4�;<c ' e�*-c�u�*-c�b�b�� k =hbd9:;
s`T )�� s *-9n4�bj�(,nbd9:;<0 'ry c�bj4�b�28c k�l bdc�4 l 2jqrb�i/bdqrbd0h* f bji 2�q-28c<=hbd; ' *8e"=gu f c�*�qrbdu�bd9(;�4I;�* ; l b s`T )
f c�* k bj4�4�� ? � *�4�, k�l =gu f c�*²qrbdu�bd9:;�4�28c�b�289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9t289ni l =g. l bdc � *-c�i/bdc6u�bd; l *Gi/4��
?
l b��nc�4<;�=gu f c�*²qrbdu�bd9:; y 289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9 y =h4�; l b f c�* k bj4�4�*8e�,n4<=g9/.I; l b�4�*-0g,/;<=h*-9�*-9 289
=g9/=g;<=3280�u�bj4 l ;�* f c�*(im, k b"2 & bd;<;�bdc y 289/=h4�*-;<c�* f = k u�bj4 l � D =g9 k b�; l b�9nb � u�bj4 l =h4 & bd;<;�bdcL4<,/=g;�bji];�*
; l b`4�*-0g,/;<=h*-9 y ; l b�2 kjk ,/c�2 k ' 4 l *-,/0hi"=g9 k c�b�2-4�b1� F en; l b k ' k 0hb\=h4 c�b f b�28;�bji y ; l bEu�bj4 l 4 l *-,/0hi k *-9:qrbdc<.rb
;�*�*-9nb � l = k�l =h4�* f ;<=gu�280�e�*-c
; l b f c�* & 0hbdu & bd=g9/.�b��/28u�=g9nbji�� ?
l bdc�b�28c�b+u�,/0g;<= f 0hb�2-imq1289:;�28.rbj46;�*
2-i/im=g9/.�; l =h4�e�bjbji & 2 k�ì 0h*(* f =g9�2 s`T )�280g.r*-c<=g; l uw� T =gc�4�; y =g;74�=g.19/=³� k 289:;<0 ' c�bjim, k bj4$; l b�i/b f bd9ni/bd9 k b
*8e�; l b��n9�280�4�*-0g,/;<=h*-9^*-9�; l b�u�bj4 l 289ni�4 l *-,/0hi�; l ,n4`=g9 k c�b�2-4�b k *-9m��i/bd9 k bC=g9�; l b6c�bj4�,/0g;�4�� D b k *-9ni y
;�*^2 k�l =hbdqrb"; l b�4 28u�b"2 kjk ,/c�2 k ' *-9�2�,/9/=³e�*-c<u�0 ' c�b��n9nbji].1c<=hiIu�=g. l ;+c�bj�:,/=gc�b"4�*�u�289 ' k bd0g0h4L; l 28;
; l b k *-u f ,/;�28;<=h*-9 & b k *-u�bj4�,/9me�b�2-4<= & 0hb1� > 9n*-; l bdc�2-imq-289(;�28.rb y 289niZ*-9nb � l = k�l 4 l *-,/0hi 9n*-; & b
*²qrbdc<0h*(* ì bji y =h4�; l 28; k c�b�28;<=g9/.�2�u�bj4 l =h4C*8e£;�bd9]; l b�u�*14<;�e£c<,n4<;<c�28;<=g9/.¬289niw,n4�bdc � =g9:;�bd9n4<=gqrb f 28c<;L*8e
s`T )�� K ' 28,/;�*-u�28;<=g9/.�; l =h4 f c�* k bj4�4 y1� bL4<, & 4<;�289:;<=3280g0 ' =g9 k c�b�2-4�b�; l b�,n4�2 & =g0g=g; ' *8e s`T ) f c�*-.1c�28u�4²�
?
l b¬4�b k *-9niê=gu f c�*²qrbdu�bd9:; y l =g. lm� *-c�i/bdc�u�bd; l *Gi/4 y 28c�bw289n*-; l bdc�c�b k bd9(;�=gu f c�*�qrbdu�bd9(;�;�* s`T )��
M *14<; k ,/c<c�bd9:; s`T ) k *Gi/b k c�b�28;�bj4�2 f =hb k b � =h4�b¬0g=g9nb�28c�c�b k *-9n4<;<c<, k ;<=h*-9 *8eC; l b¬4�*-0g,/;<=h*-9W� F e+; l b
4�*-0g,/;<=h*-9"=h4�4<u�*(*-; l y ; l b`2 kjk ,/c�2 k ' *8e/; l 28; c�b k *-9n4�;<c<, k ;<=h*-9"=h4 f c�* f *-c<;<=h*-9�280G;�*6; l bE4�=g¦�b\*8en; l bEu�bj4 l
4��(,�28c�bji�� K ' ,n4�=g9/. l =g. l bdcE*-c�i/bdc f *-0 ' 9n*-u�=3280h4E;�*�c�b k *-9n4<;<c<, k ;`; l b�4�*-0g,/;<=h*-9 y(� b k 289�=g9 k c�b�2-4�bL; l b
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*-c�i/bdcX*8e�2 kjk ,/c�2 k ' � T *-cXb��/28u f 0hb y =³e�; l b
4�*-0g,/;<=h*-9�=h47c�b k *-9n4<;<c<, k ;�bji � =g; l 2C�:,�2-imc�28;<= k
f *-0 ' 9n*-u�=3280 y
; l b�2 kjk ,/c�2 k 'N� =g0g0 & b f c�* f *-c<;<=h*-9�280$;�*^; l b�4<=g¦�b�*8e\; l b�u�bj4 l�k bd0g0h4 k , & bji o ; l =gc�i � *-c�i/bdc p���� l =g0hb
; l =h4�=g9 k ,/c�4^289�=g9 k c�b�2-4�bw=g9 k *-u f ,/;�28;<=h*-9�280 k *14<; f bdc k bd0g0 y ; l bI=g9 k c�b�2-4�bw=g9 *-c�i/bdc�*8e�2 kjk ,/c�2 k '
u�b�289n46; l 28;
e�28c�e�b � bdc k bd0g0h4628c�b�c�bj�(,/=gc�bjiI289ni¬; l bdc�b�=h462 f *-;�bd9:;<=3280 9nbd;�.:28=g9w=g9Ib�� k =hbd9 k ' �
s *-u & =g9/=g9/.I; l bj4�b�; � *I=gu f c�*�qrbdu�bd9:;�4"=h4�2^9n*-9 � ;<c<=gqG=3280\;�2-4 ì � ?
l b�u�*14<; k *-u�u�*-9ê2 f/f c�*r2 k�l ;�*
289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9I=h4�;�*�c�b��n9nb & 2-4�bji¬*-9w; l b A bj4�4<=3289w*8e$2�4�*-0g,/;<=h*-9¬q-28c<=32 & 0hb@= z�y Ù xmy Ù v/y Ù�í y
Ù�î�?­� ?
l bLc�b�2-4�*-9/=g9/."e�*-c`; l =h4`=h4\; l 28;`; l b+bdc<c�*-c`*-9¬2 f =hb k b � � =h4�bC0g=g9nb�28c`=g9(;�bdc f *-0328;<=h*-9¬*8e�2�4<u�*G*-; l
e�,/9 k ;<=h*-9t=h4 & *-,/9ni/bji &:' 2��(,�2-imc�28;<= k ;�bdc<uº=g9:qr*-0gqG=g9/.^; l b�4�b k *-9niti/bdc<=gq128;<=gqrbj4 o ; l b A bj4�4�=3289�p�*8e
; l b�e£,/9 k ;<=h*-9W�C� l bd9 l =g. l bdc � *-c�i/bdcC=g9(;�bdc f *-0328;<=h*-9�=h4C,n4�bji y 2-4L=g;+=h4 � =g; ltl =g. l bdc � *-c�i/bdc�u�bd; l *Gi/4 y
; l =h4�c�b�2-4�*-9/=g9/.�=h4�9n*�0h*-9/.rbdc�q1280g=hi�� > ;�; l b�;<=gu�b�*8e � c<=g;<=g9/. y/� b�28c�b+; l b�*-9/0 ' 28,/; l *-c�4�;�*�b��m;�bd9ni
A bj4�4<=3289 � & 2-4�bjiw289/=h4�*-;<c�* f = k c�b��n9nbdu�bd9:;L;�* l =g. l bdc6*-c�i/bdc�u�bd; l *Gi/4��
? *]2 kjk *-u f 0g=h4 l ; l =h4 y � b��nc�4�;�u�*Gi/bd0X; l b�0h* k 280Ebdc<c�*-c � =g; l 2 f *-0 ' 9n*-u�=3280Xe�c�*-u ; l b ? 2 ' 0h*-c"b�� �
f 289n4<=h*-9W� ?
l =h4 f *-0 ' 9n*-u�=3280�=h4"; l bd9ê,n4�bji�;�* k *-9n4<;<c<, k ;�2]u�bd;<c<= k e�,/9 k ;<=h*-9�; l c�*-,/. l 2 T *-,/c<=hbdc
;<c�289n4He�*-c<uw� K ' ;�2 ì =g9/.U; l =h4^2 f/f c�*r2 k�l y *-,/c�u�bd;<c<= k i/bdc<=gq128;<=h*-9 k 289 & bI2 f/f 0g=hbji�;�*U289 ' *-c�i/bdc
c�b k *-9n4<;<c<, k ;<=h*-9t289niI289 ' 9(,/u & bdc6*8e�q128c<=32 & 0hbj4��
��b & bd.1=g9�; l =h4�28c<;<= k 0hb &:' �nc�4�;Vb��/28u�=g9/=g9/. l * � ; l b$0h* k 280(bdc<c�*-c k 289 & b\2 f/f c�*j�m=gu�28;�bji�,n4<=g9/. ? 2 ' 0h*-c
b�� f 289n4<=h*-9n4 y 289ni l * � ; l =h4 k *-u f 28c�bj47;�*C*-; l bdc�u�bd; l *Gi/47*8e�bdc<c�*-c$bj4<;<=gu�28;<=h*-9W� ?
l bd9 � b
4 l * � l * �
289�2 f/f c�* f c<=328;�b�u�bd;<c<= k e�,/9 k ;<=h*-9 k 289 & b k�l *14�bd9�=gc<c�bj4 f b k ;<=gqrb�*8e
; l b�9:,/u & bdc�*8e
q-28c<=32 & 0hbj4"289ni
; l b�*-c�i/bdc6*8e7; l b�bdc<c�*-c��$��b�; l bd9w4 l * � ; l b & bd9nb��n;�46*8e�; l =h4�u�bd;<c<= k e�,/9 k ;<=h*-9¬e�*-c�; l c�bjb�im=³¶�bdc�bd9(;
; � *"im=gu�bd9n4<=h*-9�280�è�* � 4E*²qrbdc
2�4<=gu f 0hbL28=gcHe�*-=g0é� ?
l b��nc�4<;\;�bj4<; k 2-4�b k *-u f 28c�bj4`2-in2 f ;�bji�c�b��n9nbdu�bd9:;
289ni¬,/9/=³e�*-c<uµc�b��n9nbdu�bd9(;6e�*-c64�b k *-9niN289niw; l =gc�iw*-c�i/bdcC4�*-0g,/;<=h*-9n4C*8e74<, & 4�*-9/= k =g9:qG=h4 k =hiwè�* � � ?
l b
4�b k *-9niZ;�bj4<; k 2-4�bIb��/28u�=g9nbj4 l * � ; l b¬u�bd;<c<= kwf bdcHe�*-c<u�4�=g9Z; l b f c�bj4�bd9 k bI*8e�im=h4 k *-9:;<=g9(,/=g;<=hbj4�=g9
; l b�4�*-0g,/;<=h*-9W� ?
l b�; l =gc�i]289niI�n9�280 ;�bj4�; k 2-4�b�b��/28u�=g9nbj4L; l b & bd9nb��n;�4C*8eE289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9
qrbdc�4<,n4`=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9�e�*-c
q(=h4 k *-,n4\è�* � � ?
l =h4`�n9�280�;�bj4<; k 2-4�bC=h4�280h4�*�,n4�bji�;�*�b��n28u�=g9nb+; l b
im=³¶�bdc�bd9 k bj4 & bd; � bjbd9]4�b k *-9niI289ni�; l =gc�iI*-c�i/bdc6u�bd;<c<= k 4
e�*-c�; l =gc�iw*-c�i/bdc64�*-0g,/;<=h*-9n4��

Ù�î
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> 9�280 ' ;<= k ����©�¡�°-© ¡ bdc<c�*-c"289�280 ' 4<=h4+e�*-c s`T ) 4�*-0gqrbdc�4�' � l bd; l bdc��n9/=g;�b�qr*-0g,/u�b y �n9/=g;�b�bd0hbdu�bd9:; y
*-c��n9/=g;�b�im=³¶�bdc�bd9 k by' =h4 & 2-4�bji�*-9 ? 2 ' 0h*-c�4�bdc<=hbj4"289�280 ' 4�=h4���� l =g0hb�; l b�i/bd;�28=g0h4�im=³¶�bdc & bd; � bjbd9
eé28u�=g0g=hbj4E*8eW4 k�l bdu�bj4 y =g9^280g0 k 2-4�bj4X; l bL289�280 ' 4<=h4
2-4�4<,/u�bj4\; l b64�*-0g,/;<=h*-9�;�*�; l b65\) B o 4 p l 2-4
2�q1280g=hi y
k *-9(qrbdc<.1=g9/. ? 2 ' 0h*-c�b�� f 289n4�=h*-9t28;+bdqrbdc ' f *-=g9:;C=g9]; l b"i/*-u�28=g9W� F e$; l b�4 k�l bdu�b�=h4C*8eE*-c�i/bdc

p
y�� b

2 f/f c�*��G=gu�28;�bC; l bC4�*-0g,/;<=h*-9
f(x)

28c�*-,/9ni�4�*-u�b�0h* k 28;<=h*-9
a
&(' ; l b ? 2 ' 0h*-c�b�� f 289n4<=h*-9�;�bdc<u�4`, f ;�*

i/bd.1c�bjb
p−1

� T *-cEb��n28u f 0hb y =g9�2�*-9nb � im=gu�bd9n4<=h*-9�280 y ; l =gc�i�*-c�i/bdc`4 k�l bdu�b yG� b � *-,/0hi�2 f/f c�*j�m=gu�28;�b
f(x)

28c�*-,/9ni
a
2-4

f(x) ≈ f(a) +
df

dx
(a)(x − a) +

1

2

d2f

dx2
(a)(x − a)2

o Ù²p

?
l bCim=³¶�bdc�bd9 k b & bd; � bjbd9�; l bLb��/2 k ;Ee£,/9 k ;<=h*-9
f b��n2 k ; (x)

289ni�; l b+2 f/f c�*j�m=gu�28;�bLe£,/9 k ;<=h*-9
f
2 f/f

(x)

=h4�; l bdc�b�e�*-c�b�; l b�c�bdu�28=g9/=g9/.�;�bdc<u�4�e�c�*-u ; l b ? 2 ' 0h*-c�b�� f 289n4<=h*-9W� s *-9:;<=g9(,/=g9/.�; l b¬b��n28u f 0hb�=g9
B �(,�28;<=h*-9UÙ y

f b��n2 k ; (x) − f
2 f/f

(x) =
1

3!

d3f

dx3
(a)(x − a)3 +

1

4!

d4f

dx4
(a)(x − a)4 + ...

o v p

T *-c`4<u�280g0�28c�b�2-4`28c�*-,/9ni
a
y ; l b�0hb�2-im=g9/.�;�bdc<uö=g9�; l =h4Ebdc<c�*-c\=h4E2 f *-0 ' 9n*-u�=3280�*8eWi/bd.1c�bjb

p
289ni�*-9/0 '

p
�7��b�b�� f 0h*-=g;�; l =h4 k�l 28c�2 k ;�bdc<=h4<;<= k =g9]*-,/c�bdc<c�*-c�=g9nim= k 28;�*-c��
?
l bC2 kjk ,/c�2 k ' *8e�; l bL4�*-0gqrbdc\i/b f bd9ni/4E*-9 l * ��� bd0g0�=g; k 289�bdq1280g,�28;�b

f(x)
28;E4�*-u�b6*-; l bdcE0h* k 28;<=h*-9 y

4�2 '
b
� ?
l b k *-9n4�bj�:,nbd9 k b�*8e�; l =h4�=h4�; l 28; y =³e�; l b�im=h4<;�289 k b & bd; � bjbd9 f *-=g9:;�4�=g9�; l b�u�bj4 l 4 k 280hbj4

� =g; l
h
y ; l b�bdc<c�*-c�=g9w; l b�4�*-0g,/;<=h*-9I4 l *-,/0hi]4 k 280hb � =g; l

hp � ?
l =h4�=h46=g0g0g,n4<;<c�28;�bji &:' k *-9(;<=g9:,/=g9/.�; l b
b��n28u f 0hb�=g9 B �(,�28;<=h*-9 vmy

f b��n2 k ; (b) − f
2 f/f

(b) ≈ 1

3!

d3f

dx3
(a)(b − a)3

B c<c�*-c
(h) ≈ 1

3!

d3f

dx3
(a)h3 o írp

F 9 f c�2 k ;<= k b y 4�*-0gqrbdc�4 k *-u & =g9nb�; l bj4�bU2 f/f c�*��G=gu�28;<=h*-9n4t28;I2ê0328c<.rb�9:,/u & bdc]*8e�im=h4 k c�bd;�b f *-=g9(;�4
;�*�2 f/f c�*j�m=gu�28;�bt; l bt*�qrbdc�280g0�4�*-0g,/;<=h*-9

f(x)
�@� l =g0hb]; l b f c�b k =h4�b � 2 ' =g9 � l = k�l ; l =h4�=h4�i/*-9nb

Ù�Ú



¢¤£ æ�ä�æ �Z¥�¦§�§¨ æ_9©	 �Z¥�ª æf«$ã �e¬ �Oã �/­,����®°¯±� 9/æ � ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ® ¢ 9 ¥ ²7å ¥ å � ã�ä
q128c<=hbj4`e£c�*-u *-9nb�4�*-0gqrbdc�;�*�289n*-; l bdc y 289 ' ? 2 ' 0h*-c � & 2-4�bjiI4 k�l bdu�b � =g0g0 l 2jqrb�289wbdc<c�*-c6289�280h*-.r*-,n46;�*
B �(,�28;<=h*-9Uím� ?
l b".rbd9nbdc�280g=g; ' *8eE; l =h4+i/bdc<=gq128;<=h*-9�=h4C*-9nb�*8e`; l b f c<=g9 k = f 280$c�b�2-4�*-9n4Cbd9/.1=g9nbjbdc�4�,n4�b
; l =h46; ' f b�*8e$bdc<c�*-cCbj4<;<=gu�28;<=h*-9W� A * � bdqrbdc y *-; l bdc6u�bd; l *Gi/4�e�*-cLbj4�;<=gu�28;<=g9/.�bdc<c�*-cLb��m=h4<; y =g9 k 0g,nim=g9/.
2-i ë *-=g9:;�u�bd; l *Gi/4L289ni¬e�b�28;<,/c�b � & 2-4�bjiwu�bd; l *(i/4��
� l bd9 � b�i/bdc<=gqrbji�; l b�c�b k *-9n4<;<c<, k ;<=h*-9�bdc<c�*-c y7� b�2-4�4<,/u�bji�; l 28;

f
2 f/f

(a)
� 2-4 ì 9n* � 9 b��/2 k ;<0 ' �

?
l =h4
2-4�4<,/u f ;<=h*-9^=h4\9n*-;`9nb k bj4�4�28c<=g0 ' ;<c<,nb y 289ni^289 ' bdc<c�*-c�4`=g9�; l b k 280 k ,/0328;<=h*-9¬*8e
f
2 f/f

(a)
� =g0g0 & b

k *-9(qrb k ;�bjit;�*�; l b�4�*-0g,/;<=h*-9�28;
b
� D =g9 k b"; l =h4 f c�* k bj4�4C=h4Lc�b f b�28;�bji]e£c�*-u k bd0g07;�* k bd0g074�u�280g07bdc<c�*-c�4

k 289 & b k *-9:qrb k ;�bji 289ni k 28,n4�b�0328c<.rb�bdc<c�*-c�4�e�28c�2 � 2 ' e£c�*-u ; l bd=gc"4�*-,/c k b1� > i ë *-=g9:; � & 2-4�bji�bdc<c�*-c
u�b�2-4<,/c�bj4�= í y ánÙ�?E28;<;�bdu f ;�;�* k 2 f ;<,/c�b�; l =h4 k *-9:qrb k ;�bji�bdc<c�*-c�� ? *¬i/*�; l =h4 y ; l b ' 4�*-0gqrb & *-; l ; l b
*-c<=g.1=g9�28075X) B 4�289niI; l b�2-i ë *-=g9:;�5X) B 46e�*-c+4�*-u�b�i/bj4�=gc�bjiwe�,/9 k ;<=h*-9�280é� ?
l bj4�b�; � *�4�*-0g,/;<=h*-9n4 k 289
; l bd9 & b k *-u f 28c�bjiê;�*Ii/bd;�bdc<u�=g9nb � l bdc�b�; l 28;�e�,/9 k ;<=h*-9�280`=h4�u�*14<;"i/b f bd9ni/bd9(;�*-9�; l b�4�*-0g,/;<=h*-9
289ni]; l ,n4Cc�b��n9nb"; l b�u�bj4 l 2 kjk *-c�im=g9/.10 ' � ?
l b�2-imq-289(;�28.rb"*8eX; l =h4+bdc<c�*-cCu�b�2-4<,/c�b"=h46; l 28;C=g;C.1=gqrbj4
2tu�, k�l u�*-c�bw.10h* & 280+bj4<;<=gu�28;�bI*8e�; l bwbdc<c�*-c y
� l = k�l =h4�bj4 f b k =3280g0 ' =gu f *-c<;�289:;�e�*-c�5X) B 4 � =g; l
4<, & 4�;�289:;<=3280 k *-9(qrb k ;<=h*-9 k *-u f *-9nbd9(;�4�� J 9me�*-c<;<,/9�28;�bd0 'ry 4�*-0gqG=g9/."; l b�2-i ë *-=g9:;�5\) B 4 k 289 & b�2"qrbdc '
;<=gu�b k *-9n4�,/u�=g9/. f c�* k bj4�4�� ?
l b¬u�bj4 l bj4�; l 28;�28c�b k c�b�28;�bji &:' ; l =h4�u�bd; l *(i�28c�bI280h4�*�4<;<c�*-9/.10 '
i/b f bd9ni/bd9:;¬*-9Z; l b k�l *14�bd9Ze�,/9 k ;<=h*-9�280é� F e y e�*-c�b��n28u f 0hb y 2�u�bj4 l =h4 k c�b�28;�bjiZ;�*�=g9 k c�b�2-4�b]; l b
2 kjk ,/c�2 k ' *8eE; l b�2-bdc�*(i ' 9�28u�= k imc�28. y =g;+u�=g. l ; l 2�qrb�2�0hbj4�4�2 kjk ,/c�28;�b f c�bjim= k ;<=h*-9�*8e`0g=³e£;C; l 289U289
u�bj4 l * f ;<=gu�=g¦�bjiwe�*-c�0g=³e�;L2 kjk ,/c�2 k ' �
> 9n*-; l bdc+u�bd; l *(it*8e\bj4<;<=gu�28;<=g9/.wbdc<c�*-c y e�b�28;<,/c�b � & 2-4�bjitbdc<c�*-c�bj4<;<=gu�28;<=h*-9´=gÙ z ? y b�� f 0g= k =g;<0 ' i/bd;�b k ;�4
289niZ289�280 ' ¦�bj4�è�* � e�b�28;<,/c�bj4�� M bj4 l c�b��n9nbdu�bd9:;^=h4�; l bd9Zi/*-9nb¬;�*�c�bj4�*-0gqrb¬; l *14�b^è�* � e�b�28;<,/c�bj4
2 kjk *-c�im=g9/.�;�* 4�*-u�b f c�b � i/b��n9nbji�4�bd;�*8e�c<,/0hbj4�� ?
l =h4�=h4�bj4 f b k =3280g0 ' ,n4�b�e�,/0Ce�*-c^=gu f *14<=g9/. u�*-c�b
4<;<c<= k ;�u�bj4 l c�b��n9nbdu�bd9(; k c<=g;�bdc<=32]4<, k�l 2-4�u�bj4 l *-c<; l *-.r*-9�280g=g; ' =g9 & *-,/9nin28c ' 032 ' bdc�4�289ni�qrbdc<;�b��
280g=g.19/u�bd9(; � =g; l 4 l * k�ì 4²� J 9me�*-c<;<,/9�28;�bd0 'ry ; l =h4�u�bd; l *Gi l 2-4�u�, k�l 0hbj4�46*8e\2�; l bj*-c�bd;<= k 280 & 2-4<=h4�e�*-c
l * � *-9nb"è�* � e�b�28;<,/c�b�4 l *-,/0hi & b"c�b��n9nbjitc�bd0328;<=gqrb�;�*¬289n*-; l bdc�289niN; l b"e�b�28;<,/c�b�i/bd;�b k ;�*-c�4�u�,n4�;
& b+;<,/9nbji�e�*-c�b�2 k�l ; ' f b�*8e�è�* � �
� l =g0hb & *-; l *8eX; l bj4�b�u�bd; l *(i/4 l 2jqrb�; l bd=gcCc�bj4 f b k ;<=gqrb"2-imq-289(;�28.rbj4�289ni]im=h4�2-imq1289:;�28.rbj4 y�� b l 2�qrb
k�l *14�bd9�;�*^e�* k ,n4�*-9�0h* k 280$c�b k *-9n4<;<c<, k ;<=h*-9êbdc<c�*-c & b k 28,n4�b�=g; f c�*�qG=hi/bj4�289�bdc<c�*-c�u�b�2-4<,/c�b�; l 28;�=h4

Ù²õ
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im=gc�b k ;<0 ' i/b f bd9ni/bd9:;
*-9^; l b64�*-0g,/;<=h*-9^qrb k ;�*-cE=g9n4�;�b�2-i�*8eV2 f 28c<;<= k ,/0328c`e�,/9 k ;<=h*-9�280é� ?
l =h4E=h4E280h4�*�; l b
2 f/f c�*r2 k�l ,n4�bji &(' ; l b�u�2 ë *-c<=g; ' *8e7c�bj4�b�28c k�l bdc�4�= z/y Ù xmy Ù�í y Ù vny Ù�î�?­�
Y ; l bdc$4�*-,/c k bj47*8e�bdc<c�*-c$4<, k�l 2-4�u�*Gi/bd0g=g9/.�bdc<c�*-c$289ni"9(,/u�bdc<= k 280/c�*-,/9ni/*8¶^bdc<c�*-cX28c�b`9n*-;72-i/imc�bj4�4�bji
=g9�; l =h4 f 2 f bdc�� F ;7=h4X2-4�4<,/u�bji"; l 28;$; l b
i/bj4<=gc�bji�4�*-0g,/;<=h*-9�=h4�; l b�4�*-0g,/;<=h*-9�;�*C; l b
u�*Gi/bd0hbji f c�* & 0hbdu y
� l = k�l u�2 ' im=³¶�bdc�e�c�*-u ; l b�2 k ;<,�280 f c�* & 0hbduw� F 9�; l =h4 � 2 ' u�*(i/bd0g=g9/.tbdc<c�*-c k 289 & b�2-i/imc�bj4�4�bji
=g9ni/b f bd9ni/bd9:;<0 ' � > 0h4�* y 9:,/u�bdc<= k 280�c�*-,/9ni/*8¶@bdc<c�*-c�=h4¬2-4�4<,/u�bji�;�* & b]u�, k�l 4<u�280g0hbdc^; l 289a; l b
f c�bdqG=h*-,n4<0 ' i/bj4 k c<= & bjiI4�*-,/c k bj4�*8e$bdc<c�*-cL289niw4�* � b � =g0g0W9nbd.10hb k ;�=g;��

* �/.��J-).��
	������º	�%�� ����	������

>@M bd;<c<= k =h4�2"e£,/9 k ;<=h*-9
d : X × X → R

4<, k�l ; l 28;�=g;�4�28;<=h4H��bj4�; l b+e�*-0g0h* � =g9/. k *-9nim=g;<=h*-9n4

d(a, b) > 0 ⇐⇒ a 6= b

d(a, a) = 0

d(a, b) = d(b, a)

d(a, c) ≤ d(a, b) + d(b, c)
o á(p

M *-c�bL4�=gu f 0 ' f ,/; y 2�u�bd;<c<= k i/b��n9nbj4
; l bCim=h4<;�289 k b & bd; � bjbd9 f *-=g9(;�4E=g9w2 � 2 ' 4<=gu�=g0328c`;�*"; l b+4<;�289 �
in28c�i s 28c<;�bj4<=3289]im=h4<;�289 k b+u�bd;<c<= k

d 4�;�i (a, b) =
√

(a − b)T (a − b)
� K b k 28,n4�b�*8e ; l bj4�b f c�* f bdc<;<=hbj4 y

289 ' .rbj*-u�bd;<c ' ; l 28; k 289 & b+i/b��n9nbji�=g9¬;�bdc<u�4�*8e7im=h4<;�289 k bj4 l 2-4�bj�(,/=gq-280hbd9(; f c�* f bdc<;<=hbj4�2 kjk *-c�im=g9/.
;�*�; l b6u�bd;<c<= k � ?
l bLu�bd;<c<= k ; l 28; � bL,n4�b�e�*-c
289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9 y

d 289/= (a, b)
y =h4
289�=g9(qrbdc<;<= & 0hb

0g=g9nb�28c�;<c�289n4<e�*-c<u�28;<=h*-9
L
*8e�; l b�4�;�289nin28c�iIim=h4<;�289 k b�u�b�2-4�,/c�b

d 4�;�i (a, b)
�

d 4<;�i (a, b) =
√

(a − b)T (a − b)

d 289/= (a, b) =

√

(L(a − b))T (L(a − b))

d 289/= (a, b) =
√

(a − b(LT L)(a − b)

d 289/= (a, b) =
√

(a − b)T M(a − b)
o îrp

Ù z



¢¤£ æ�ä�æ �Z¥�¦§�§¨ æ_9©	 �Z¥�ª æf«$ã �e¬ �Oã �/­,����®°¯±� 9/æ � ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ® ¢ 9 ¥ ²7å ¥ å � ã�ä
?
l b�u�bd;<c<= k

d 289/= (a, b)
k 289t; l ,n4 & b�i/b��n9nbji &(' ; l b�4 ' u�u�bd;<c<= k�f *14�=g;<=gqrb�i/b��n9/=g;�b�u�28;<c<=³�

M =

LT L
�

? * k 280 k ,/0328;�b+; l bLq1280g,nbj4�*8e
M

e£c�*-u B �(,�28;<=h*-9Iî�e�*-c�2"4�*-0g,/;<=h*-9w*8e�*-c�i/bdc
p
� bL�nc�4<;�2-4�4�,/u�bL; l 28;

; l b�bdc<c�*-c�=h4+bj�(,�280$;�*�; l b
p
i/bd.1c�bjb�;�bdc<u�4�*8e`; l b ? 2 ' 0h*-c�b�� f 289n4<=h*-9 y 2-4�im=h4 k ,n4�4�bjiN=g9 D b k ;<=h*-9 �

> 0h4�* y =g;L=h4�=g9(;<,/=g;<=gqrb�;�*^2-4�4<,/u�b�; l 28;Lbdc<c�*-c�4 � l = k�l 28c�b f *14<=g;<=gqrb�28c�b�bj�:,/=gq1280hbd9:;C;�*�bdc<c�*-c�4 � l = k�l
28c�b�9nbd.:28;<=gqrb1� ?
l bdc�b�e�*-c�b¬; l b¬bdc<c�*-c�u�b�2-4�,/c�b�=h4�u�*(im=³��bji ;�* & b^; l bI2 & 4�*-0g,/;�b�q1280g,nb¬*8e+; l b

p

*-c�i/bdc f *-0 ' 9n*-u�=3280 e£c�*-uû; l b ? 2 ' 0h*-c�b�� f 289n4<=h*-9W� T *-c+b��n28u f 0hb y ; l b�bdc<c�*-c6e�*-cC2�e£,/9 k ;<=h*-9
f(x, y)

28;�2Iim=h4�;�289 k b
(∆x,∆y)

e£c�*-u ; l b�c�b�e�bdc�bd9 k b f *-=g9:;�*8e6; l b ? 2 ' 0h*-c�4�bdc<=hbj4�b�� f 289n4<=h*-9 =g9 2I; � * �
im=gu�bd9n4<=h*-9�280 y ; l =gc�iw*-c�i/bdc64�*-0g,/;<=h*-9I=h4

B c<c
(∆x,∆y) ≈

∣

∣

∣

∣

1

6

d3f

dx3
(∆x)3 +

1

2

d3f

dx2y
(∆x)2(∆y) +

1

2

d3f

dxy2
(∆x)(∆y)2 +

1

6

d3f

dy3
(∆y)3

∣

∣

∣

∣

T *-c�4�*-0g,/;<=h*-9n4 � =g; l u�,/0g;<= f 0hbEq-28c<=32 & 0hbj4 y =g;W=h4V9nb k bj4�4�28c ' ;�*�;�2 ì b`2�4 k 280328cVu�b�2-4�,/c�b\*8em; l bX=g9nim=gqG=him,�280
q128c<=32 & 0hb�bdc<c�*-c�4�� Y ,/c62 f/f c�*r2 k�l =h4
;�*�,n4�b�*-9nb�*8e�; l b�4<;�289nin28c�i¬qrb k ;�*-c�9n*-c<u�4�� > 9n*-; l bdc�u�bd; l *Gi
*8e ë *-=g9/=g9/.�bdc<c�*-c�q-28c<=32 & 0hbj4�=h4�; l b k *-9 k b f ;�*8e+u�2¥�m=gu�,/u k *-9(;�28=g9nbji�bdc<c�*-c � bd0g0g= f 4�bN2-4 f c�* f *14�bji
&(' A ,�289/.µ=gÙ�îB?­� A * � bdqrbdc y =g;"=h4",/9 k 0hb�28c l * � ; l =h4�4 l *-,/0hi & b k *-9n4<;<c<, k ;�bjiêe�*-c"u�*-c�b^; l 289 ; � *
q128c<=32 & 0hbj4�289niU=g;�=h4�4<=g.19/=³� k 289(;<0 ' u�*-c�b k *-u f 0g= k 28;�bji ;�* k *-u f ,/;�b1� T *-c"; l b�c�bdu�28=g9ni/bdc�*8eL; l =h4
f 2 f bdc � b � =g0g0�,n4�b�; l b

L1
9n*-c<u y *-c�; l b�2jqrbdc�28.rb�*8e�; l b f *-0 ' 9n*-u�=3280h43¶1�

J 4<=g9/.�; l b f c�bdqG=h*-,n4<0 ' 4<;�28;�bjiI2-4�4<,/u f ;<=h*-9n4 y/� b k 289w; l bdc�b�e�*-c�b � c<=g;�b�2�.rbd9nbdc�280 bj�(,�28;<=h*-9we�*-c�; l b
bdc<c�*-c6*8eX2

p
*-c�i/bdc64�*-0g,/;<=h*-9I=g9

d
im=gu�bd9n4<=h*-9n4 y/� =g; l

n
q-28c<=32 & 0hbj4L*�qrbdcL2"qrb k ;�*-c

(∆x1, ...,∆xd)
�

B c<c
(∆x1, ...,∆xd) ≈ 1

n

n
∑

i=1

|Pi(∆x1,∆x2, ...,∆xd)|
o Úrp

� l bdc�b
Pi

=h4C2 f *-0 ' 9n*-u�=3280 � =g; l ;�bdc<u�4+*8e\i/bd.1c�bjb
p
289niN*-9/0 '

p
����b�; l bd9]c�b � � c<=g;�b B �(,�28;<=h*-9�Ú

=g9
d
im=gu�bd9n4<=h*-9�280 4 f/l bdc<= k 280 k *(*-c�im=g9�28;�bj4��

B c<c
(∆r, θ1, ..., θd−1) ≈ (∆r)pf(θ1, ..., θd−1)

o õ1p
·�¸ j�[gX(GE^BX�XBMNXBY�QEj�[,QE[oORQLleIHOV[gOqMNX � [gl�QEMPFZX1h

L2

IZX�i
L∞

X�FZGEcdO]�|[oGE[,T�FZ^BX�i)QEF¹GE[oºBXB[,IZKNcdFZORQq[o�flgKN^BOVMNn�[oKNam�IHOV[ei�F�X,»�Fe��n�[gKNF_lgM`Qba�¼§MPi�[eIHK½T¾FZG¿ifGÀIHYqk�GE[eifMNloQEMNF�XBOÀÁ���j�[oGE[eIHOSQEj�[
L1

X�FZGEc�m@[oQVQE[�G¿IHlglgFZ^BX_QE[ei,T¾FZGJk�GE[gOVOV^fGE[d¼vIZXBim@[oQVQE[oG�kfGE[ei�MNloQE[ei�KPM`TWQ�Á�u
Ù�ó
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��b k 289�280 � 2 ' 4Xeé2 k ;�*-cX*-,/;

(∆r)p =g9�; l =h4Ebj�:,�28;<=h*-9 & b k 28,n4�b�280g0n; l b
;�bdc<u�4E*8e�b�2 k�l�f *-0 ' 9n*-u�=3280 Pi

28c�b�*8eEi/bd.1c�bjb
p
� F 9N.rbd9nbdc�280 y

f(θ1, θ2, ..., θd−1)
=h4+2 k *-u f 0g= k 28;�bji y f =hb k b � � =h4�b�4�u�*(*-; l e£,/9 k ;<=h*-9

; l 28; k 2 f ;<,/c�bj47; l b�289/=h4�*-;<c�* f ' *8e�; l b
bdc<c�*-c�����b�280h4�* f bdcHe�*-c<u 2L4<=gu�=g0328c f c�* k bjim,/c�b`e�*-c�; l b`u�bd;<c<= k
e�,/9 k ;<=h*-9¬e�c�*-u B �:,�28;<=h*-9tîm�

d(∆x1, ...,∆xd) =
√

(∆x1, ...,∆xd)T M(∆x1, ...,∆xd)
o z p

R b � � c<=g;<=g9/.�=g9
d
im=gu�bd9n4<=h*-9�280�4 f/l bdc<= k 280 k *G*-c�im=g9�28;�bj4

d(∆r,∆θ1, ...,∆θd−1) = (∆r)
√

g(θ1, θ2, ..., θd−1)
o órp

F e � b k *-9n4�=hi/bdcE289�bjim.rb�*8e�0hbd9/.1; l
∆r

y ; l bd9�; l b�bdc<c�*-c7e�*-cX2
p
*-c�i/bdcX4�*-0g,/;<=h*-9 � =g0g0 & b f c�* f *-c<;<=h*-9�280

;�*
(∆r)p � ?
l =h4E4 l *-,/0hi�280h4�* & b�; l b k 2-4�b � l bd9 ∆r

=h4Xu�b�2-4�,/c�bji�=g9�; l b�u�bd;<c<= k � ?
l =h4Ebd9n4<,/c�bj4E; l b
u�bd;<c<= k 0hbd9/.1; l 289ni¬bdc<c�*-c � =g0g0 l 2jqrb�; l b�4�28u�b�4 k 280g=g9/.�2-4

∆r
k�l 289/.rbj4²� ?
l ,n4 � b � 289:;�;�* k�l *(*14�b

d
4�, k�l ; l 28;

(d(∆r,∆θ1, ...,∆θd−1))
p =

B c<c
(∆r, θ1, ..., θd−1)

o Ù x p

s *-u & =g9/=g9/.�bj�(,�28;<=h*-9n4Cõ y ó�289ni�Ù xmy

(∆r)pf(θ1, θ2, ..., θd−1) ≈
(

(∆r)
√

g(θ1, θ2, ..., θd−1)
)p

(f(θ1, θ2, ..., θd−1))
2

p ≈ g(θ1, θ2, ..., θd−1)

F e � b k�l *G*14�b�q-280g,nbj4�*8e
M

4<, k�l ; l 28;
g(θ1, θ2, ..., θd−1) ≈ (f(θ1, ..., θd−1))

2

p
; l bd9w; l b�u�bd;<c<= k =h4

2�.r*(*Gi�2 f/f c�*j�m=gu�28;<=h*-9�;�*�; l b"bdc<c�*-c�� K b k 28,n4�b
f
289ni

g
28c�b & *-; l e£,/9 k ;<=h*-9n4�*8e�289t289/.10hb

θ
y�� b

� =g0g07,n4�b T *-,/c<=hbdc�4�bdc<=hbj4+;�*��n9ni�289t2 f/f c�* f c<=328;�b
g
� R b f b�28;<=g9/. B �:,�28;<=h*-9Uó�e�*-cL; � *¬im=gu�bd9n4<=h*-9n4

,n4<=g9/.�; l b�u�bd;<c<= k
d 289/= (x, y)

e£c�*-u B �:,�28;<=h*-9Nîm�

d 289/= (1, θ) =
√

g(θ)

g(θ) = dani(1, θ)2

v1x
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g(θ) = (sin θ, cos θ)T M(sin θ, cos θ)

g(θ) = M1,1 sin2 θ + 2M1,2 sin θ cos θ + M2,2 cos2 θ

g(θ) =
1

2
(M1,1 + M2,2) +

1

2
(M1,1 − M2,2) cos 2θ + M1,2 sin 2θ

F e � b�280h4�*�i/*�2 T *-,/c<=hbdc�;<c�289n4He�*-c<uµ*8e
f(θ)

28c�*-,/9niw; l b+,/9/=g; k =gc k 0hb � b�.rbd;

(f(θ))
2

p =
1

2
a0 + a1 cos θ + b1 sin θ + a2 cos 2θ + b2 sin 2θ + ...

ai =
1

π

∫ 2π

0
f(θ) cos iθdθ

bi =
1

π

∫ 2π

0
f(θ) sin iθdθ

o Ù1Ù²p

P * ��y ; l b�*-c<=g.1=g9�280 f *-0 ' 9n*-u�=3280h4
Pi

e�c�*-u B �(,�28;<=h*-9]Ú"; l 28;L28c�b�4<,/u�u�bjiw;�*"�n9ni
f
28c�b�280g0Wbd=g; l bdc

4 ' u�u�bd;<c<= k *-cL280g0�289:;<=h4 ' u�u�bd;<c<= k =g9
x
289ni

y
�$� l bd9 � b � c<=g;�b�; l b

L1
� 9n*-c<uû*8e7; l b

Pi
=g9 f *-0328c

k *G*-c�im=g9�28;�bj4 y ; l =h4
.1=gqrbj4�2�e�,/9 k ;<=h*-9
f (θ)

; l 28;
=h4 f bdc<=h*Gim= k � =g; l�f bdc<=h*(i
π
y 9n*-;

2π
xm; l =h4`=h4 k 0hb�28c<0 '

=g0g0g,n4<;<c�28;�bjiI=g9 T =g.1,/c�b v � ?
l =h4�=g9w;<,/c<9]=gu f 0g=hbj4�; l 28;6; l b�*(i/i¬;�bdc<u�46=g9w; l b T *-,/c<=hbdcL4�bdc<=hbj4 o u�*14<;
=gu f *-c<;�289:;<0 '

a1
289ni

b1
p
u�,n4<; & b+¦�bdc�*/� ��b k 289w; l bdc�b�e�*-c�b � c<=g;�b

(f(θ))
2

p ≈ ao + a2 cos 2θ + b2 sin 2θ
o Ù v p

?
l b�bdc<c�*-c�=g9�; l =h462 f/f c�*��G=gu�28;<=h*-9]=h4�c�bd0328;�bji�;�*�; l b l =g. l bdc y c�2 f =him0 ' �­k *-9:qrbdc<.1=g9/.�bdqrbd9 � e£c�bj�(,nbd9 k '
;�bdc<u�4L*8e ; l b T *-,/c<=hbdcCb�� f 289n4�=h*-9W� F e � b�4�bd;�; l b k *(b�� k =hbd9(;�4L*8e

M
2-4�e�*-0g0h* � 4

M1,1 =
1

2
a0 + a2

M1,2 = M2,1 = b2

M2,2 =
1

2
a0 − a2

o Ù�írp

� b l 2jqrb�2�.r*(*Git2 f/f c�*j�m=gu�28;<=h*-9�*8e
g(θ)

;�*
(f(θ))

2

p
289ni l bd9 k b�2�.r*G*(i�2 f/f c�*��G=gu�28;<=h*-9U*8e
*-,/c

u�bd;<c<= k ;�*¬; l b�bj4<;<=gu�28;�bji�bdc<c�*-c�� T *-c
M

;�* & b f *14�=g;<=gqrb�i/b��n9/=g;�b o 2-4�c�bj�:,/=gc�bji &:' ; l b�u�bd;<c<= k p y
; l b T *-,/c<=hbdc�2 f/f c�*j�m=gu�28;<=h*-9�u�,n4�;�280h4�* & b f *14<=g;<=gqrb"i/b��n9/=g;�b1� J 9me�*-c<;<,/9�28;�bd0 'ry 2�e£,/9 k ;<=h*-9 � l = k�l

v Ù
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Approximation at r=1

Error Function
Fourier Approximation

T =g.1,/c�b v ý ?
l b�bdc<c�*-cC289niI2-4�4�* k =328;�bji T *-,/c<=hbdcC2 f/f c�*��G=gu�28;<=h*-9W�

x

y

Error and Metric Contours

Error
Metric

-1.5 -1 -0.5  0  0.5  1  1.5
-1.5

-1

-0.5

 0

 0.5

 1

 1.5

T =g.1,/c�b�ímý B c<c�*-c k *-9:;�*-,/c�4+289ni
d(x, y)3

k *-9:;�*-,/c�4��

=h4 f *14<=g;<=gqrb�4�bdu�= � i/b��n9/=g;�b�4�, k�l 2-4
(f(θ))

2

p
� =g0g0�9n*-;�9nb k bj4�4 28c<=g0 ' l 2jqrb�2 f *14<=g;<=gqrb�i/b��n9/=g;�b T *-,/c<=hbdc

;<c�289n4He�*-c<uw� ? *N2-i/imc�bj4�4�; l =h4 y � b^2-i/i�; l b�c�bj4�;<c<= k ;<=h*-9�; l 28; 1
2a0 >

√

(a2)
2 + (b2)

2 &(' =g9n4�;�b�2-i
l 2�q(=g9/.

a0 = max

(

a0, 2

√

(a2)
2 + (b2)

2

) � ?
l =h4�bd9n4<,/c�bj4�289niê; l b^u�bd;<c<= k
M

� =g0g0�280 � 2 ' 4 & b
f *14<=g;<=gqrb�i/b��n9/=g;�b1�
> 46289Ib��n28u f 0hb y 2-4�4�,/u�b�; l 28;�; l b�q128c<=32 & 0hbj4

u
289ni

v
l 2jqrb�; l b�e�*-0g0h* � =g9/.�; l =gc�iIi/bdc<=gq128;<=gqrbj4L289ni

; l 28;�; l b�4�*-0g,/;<=h*-9I=h4�í8c�iw*-c�i/bdc o
p = 3)

ý

v1v
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∂3

∂x3

∂3

∂x2y
∂3

∂xy3

∂3

∂y3

u
� á � v1x � Ù�Ú v

v
Ú Ù x v � Ù x

?
l bd9 y/&(' B �:,�28;<=h*-9NÚ y ; l b�bdc<c�*-cL28;L2�im=h4<;�289 k b
(x, y)

2 � 2 ' =h4

B c<c�*-c
(x, y) =





∣

∣

∣
−2

3x3 − 10x2y − 8xy2 + y3

3

∣

∣

∣
+
∣

∣x3 + 5x2y + xy2 − 5
3y3
∣

∣

2





o Ùdá(p

?
l b T *-,/c<=hbdc k *Gb�� k =hbd9:;�4\e£c�*-u B �:,�28;<=h*-9IÙ v k 289�; l bd9 & b k 280 k ,/0328;�bji &(' 9(,/u�bdc<= k 280g0 ' =g9:;�bd.1c�28;<=g9/.
B �(,�28;<=h*-9UÙdá�28c�*-,/9ni]2�,/9/=g; k =gc k 0hb1� ?
l =h4�.1=gqrbj4

(f(θ))
2

3 ≈ (3.224) + (0.07636) cos 2θ + (0.8473) sin 2θ

>ûk *-u f 28c<=h4�*-9Z*8eL; l b T *-,/c<=hbdc�2 f/f c�*j�m=gu�28;<=h*-9 289ni ; l bw2 k ;<,�2806bdc<c�*-c�u�b�2-4�,/c�bw28c�*-,/9niZ2],/9/=g;
k =gc k 0hb�=g9 T =g.1,/c�b v i/bdu�*-9n4<;<c�28;�bj4�; l b^q-280g=him=g; ' *8eL; l =h4�2 f/f c�*j�m=gu�28;<=h*-9W� K ' B �:,�28;<=h*-9ßÙ�í y ; l b
u�28;<c<=³�¬; l 28; � =g0g0 & b+,n4�bji¬=g9¬; l b�u�bd;<c<= k =h4

M =







1.688 0.8473

0.8473 1.536







D , & 4<;<=g;<,/;<=g9/.�=g9:;�*�*-,/c6u�bd;<c<= k e£c�*-u B �:,�28;<=h*-9 z

d(x, y) =
(

1.688x2 + 1.6946xy + 1.536y2
)

1

2

Y ,/c l ' f *-; l bj4<=h4 � 2-4X; l 28;
d(x, y)3

� *-,/0hi & b�2C.r*(*Gi�2 f/f c�*j�m=gu�28;<=h*-9�;�* B c<c�*-c
(x, y)

� s *-u f 28c<=g9/.
; l b�4 28u�b k *-9:;�*-,/c6q1280g,nbj4�=g9 T =g.1,/c�b�í"=g0g0g,n4�;<c�28;�bj4�; l 28;6*-,/c l ' f *-; l bj4<=h4 � 2-4�=g9ni/bjbji k *-c<c�b k ;��\��b
l 2�qrb�; l bdc�b�e�*-c�b k�l *14�bd9N2"u�bd;<c<= k ; l 28;L2 f/f c�*j�m=gu�28;�bj4C*-,/c6bdc<c�*-c�u�b�2-4<,/c�b1�
Y 9nb^2-4 f b k ;"*8e�.rbd9nbdc�28;<=g9/.t; l b�bdc<c�*-c"u�b�2-4<,/c�b�; l 28; l 2-4<9 � ; & bjbd9 2-i/imc�bj4�4�bji�=h4 k *-u f ,/;<=g9/.t; l b
*-c�i/bdc

p
i/bdc<=gq-28;<=gqrbj4�� ?
l =h4�=h4�9n*-;"2�;<c<=gq(=3280\;�2-4 ì y bj4 f b k =3280g0 ' e�*-c�4 k�l bdu�bj4�*8e�*-c�i/bdc�*8e�2 kjk ,/c�2 k '

l =g. l bdc�; l 289ê; � */� A * � bdqrbdc y 2I4�*-0gqrbdc"4<, k�l 2-4 >CP+DGS = & = v õ�? � l = k�l k 289ê.rbd9nbdc�28;�b�e�*-,/c<; lm� *-c�i/bdc
v í
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4�*-0g,/;<=h*-9n4Eu�,n4�;
280gc�b�2-i ' k *-9(;�28=g9�; l b+280g.r*-c<=g; l u�4`9nb k bj4�4�28c ' e�*-cXc�b k *-9n4<;<c<, k ;<=g9/.�; l bL; l =gc�i�i/bdc<=gq12 �
;<=gqrbj4�� Ât� l =g0hb�c�b k *-9n4<;<c<, k ;<=g9/.�; l b�i/bdc<=gq-28;<=gqrbj4+289niw9(,/u�bdc<= k 280g0 ' =g9:;�bd.1c�28;<=g9/.�; l b�bdc<c�*-c�e�,/9 k ;<=h*-9
e�*-c�bdqrbdc ' k bd0g0
c�bj�:,/=gc�bj4 k *-u f ,/;�28;<=h*-9Z;<=gu�b yX� b l 2�qrb^e�*-,/9niê; l 28;�=g9 k *-u f 28c<=h4�*-9 � =g; l *�qrbdc�280g0
4�*-0g,/;<=h*-9I;<=gu�b y ; l b k *14<;�=h4�u�=g9n*-c��
?
l b f c�* k bj4�4�*8e7i/bd;�bdc<u�=g9/=g9/. T *-,/c<=hbdc k *Gb�� k =hbd9:;�4C280h4�* l 2-4
; l b & *-9:,n4�*8e f c�*�qG=him=g9/.�289¬=g9:;<,/=g;<=gqrb
k *-9(;<c�*-0E*�qrbdc�; l b�2 f/f c�*j�m=gu�28;�bjiUbdc<c�*-c�� S =gu�=g;�4�*-9

a0
k *-9:;<c�*-0\; l b�2�qrbdc�28.rb�bdc<c�*-c�e�*-c�b�2 k�l�k bd0g0 y

289ni¬0g=gu�=g;�4L*-9 √
(a2)

2 + (b2)
2 k *-9:;<c�*-0 l * � u�, k�l ; l 28;6bdc<c�*-c�=h4L280g0h* � bji];�*�q-28c '�� =g; l =g9w; l b k bd0g0

o 289ni]; l ,n4�289/=h4�*-;<c�* f ' p�� F ; � *-,/0hi�280h4�* & b�0h*-.1= k 280�;�*^4<u�*G*-; l ; l b�u�bd;<c<= k o =³eEi/bj4<=gc�bji�p & 2-4�bjit*-9
; l bj4�b k *Gb�� k =hbd9:;�4²� A * � bdqrbdc y�� b�i/*�9n*-;6b��/28u�=g9nb�; l =h4�=g9w; l bCe�*-0g0h* � =g9/.�;�bj4�; k 2-4�bj4��

{@�$��-).H	��

��b f c�bj4�bd9:;
4�bdqrbdc�280�;�bj4<; k 2-4�bj4E;�*�i/bdu�*-9n4�;<c�28;�b6; l bCb�¶�b k ;`*8eW,n4<=g9/.�*-,/cEu�bd;<c<= k =g9�289�289/=h4�*-;<c�* f = k
2-in2 f ;�28;<=h*-9 k ' k 0hb1�$��b k *-u f 28c�b�; l bj4�b+c�bj4<,/0g;�4�e�*-c & *-; l 4�b k *-9niI289niw; l =gc�iw*-c�i/bdcL4�*-0g,/;<=h*-9n4 � =g; l
; l *14�b\,n4<=g9/.6,/9/=³e�*-c<u@c�b��n9nbdu�bd9:;�� > 0g0:4�*-0g,/;<=h*-9n4$28c�b k *-u f ,/;�bji�,n4<=g9/.6; l bEqrbdc<;�b�� �­k bd9:;�bdc�bji T =g9/=g;�b �
ôX*-0g,/u�b`4�*-0gqrbdc7i/bj4 k c<= & bji�=g9�= v õ�?­� ?
l =h474�*-0gqrbdc�,n4�bj4

L2
c�b k *-9n4�;<c<, k ;<=h*-9�= á y-v ó�? y R *Gb � 4 4 k�l bdu�b�= í1ÚB? y

289ni P b � ;�*-9 �Q_+MNR6BED e�*-c�c�2 f =hi k *-9:qrbdc<.rbd9 k bw= v1xmyVv1v ?­� T *-c�q(=h4 k *-,n4�è�* � 4 y ; l b�qG=h4 k *-,n4�;�bdc<u�4
28c�b�im=h4 k c<=g;<=g¦�bji�2-4Xi/bj4 k c<= & bji�=g9�= v ó�?­� ? * k c�b�28;�bL289/=h4�*-;<c�* f = k u�bj4 l bj4$e�c�*-u ; l b k 280 k ,/0328;�bji�u�bd;<c<= k y
� b�,n4�b+; l b�289/=h4�*-;<c�* f = k u�bj4 l =g9/.�u�*Gim=³� k 28;<=h*-9n46;�* _+R
JCM]M 5Ã= v ÚB? f c�* f *14�bji¬=g9Ä= í x ?­�
T *-c�280g06; l c�bjb k 2-4�bj4 yX� bw4<;�28c<; � =g; l ; l b¬=g9/=g;<=3280�u�bj4 l 4 l * � 9 =g9 T =g.1,/c�b¬án� ?
l =h4�u�bj4 l =h4�; l b
)+bd0328,/9�2 ' ;<c<=3289/.1,/0328;<=h*-9 f c�*(im, k bji &:' _+R
JLMNM 5 � =g; l *-,/;�289 ' c�b��n9nbdu�bd9(; f 28c�28u�bd;�bdc�4�� ?
l b
eé28c � ��bd0hi & *-,/9nin28c ' =h4�2 k =gc k 0hb+*8eVc�2-im=g,n4�Ù x1x k�l *-c�i/4 k bd9:;�bdc�bjiw28;
; l bL0hb�2-im=g9/.�bjim.rb+*8eV; l b+28=gcHe�*-=g0é�
��b l 2jqrb k�l *14�bd9¬;�*�,n4�bL; l =h4`u�bj4 l & b k 28,n4�bC=g;E=h4`c�bj�(,/=gc�bj4
; l bC0hb�2-4<;
,n4�bdcE=g9 f ,/;�289ni^=h4
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289/=h4�*-;<c�* f = k^k bd0g0h4�28;�; l b�0hb�2-im=g9/.tbjim.rb�=g9U; l b�4�b k *-9ni�*-c�i/bdc�u�bj4 l & ,/;�9n*-;�=g9�; l b�; l =gc�i�*-c�i/bdc
u�bj4 l � > ;6; l b�;<c�28=g0g=g9/.�bjim.rb"*8eX; l b�; l =gc�iN*-c�i/bdc6u�bj4 l y k *-9:qrb k ;<=h*-9�*8e\bd9:;<c�* f ' f c�*Gim, k bjiN28;C; l b
;<c�28=g0g=g9/."bjim.rb o 289�28c<;<=³� k =3280�c�bj4<,/0g;`*8e�; l b f *-=g9(;E4<=g9/.1,/0328c<=g; ' pXu�2 ' f c�*Gim, k b�; l bL4<0g=g. l ;
289/=h4�*-;<c�* f ' �
D =g9 k b�4�b k *-9ni�*-c�i/bdc�4 k�l bdu�bj4�im=h4�4<= f 28;�b�bd9:;<c�* f ' eé2-4<;�bdc�; l 289U; l =gc�i�*-c�i/bdc�4 k�l bdu�bj4 y ; l b�4�b k *-9ni
*-c�i/bdc�u�bj4 l =h4�u�*-c�b�,/9/=³e�*-c<uû28;�; l b�;<c�28=g0g=g9/.�bjim.rb1�
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?
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M bd; l *Gi T =g9�280 M bj4 l]D =g¦�b
CD,P CD,ν CL

xsep

xchordí8c�i Y c�i/bdc > 9/=h4�*-;<c�* f = k Ù�î8á:Ú8á x � x1v1v î x � x í v í x � x1x1x1x á x � z Ù1Ù
í8c�i Y c�i/bdc F 4�*-;<c�* f = k Ù�î1Ú z1v x � x1v1v õ x � x í8á v x � x1x ánÙdá x � ómÙ x

í8c�i Y c�i/bdc D *-0g,/;<=h*-9�� v 9ni Y c�i/bdc M bd;<c<= k v1x Ú1í1î x � x1v1v á x � x í v í x � x1x1x á z õ x � z1x î
v 9ni Y c�i/bdc > 9/=h4�*-;<c�* f = k v1x Ù z õ x � x1v1v Ú x � x í v í x � x1x1x Ù1Ùdá x � õ-ó1î
v 9ni Y c�i/bdc F 4�*-;<c�* f = k v1x Ú8á v x � x1v1v á x � x í1í v x � x1x ó1î x � z í8á

>CR�s v ) í v1x ��Ù v1z k bd0g0h4 x � x1v1v Ù x � x í v Ù � x � z1v á
M 2jqGc<= f 0g=h4�=gÙ�ó�? í v1x �wÚ8á k bd0g0h4 x � x1v1v ó x � x í1í v � x � z Ùdá
R 2-i/bj4 f =hbd0]= í1íB? îmÙ v ��Ù v1z k bd0g0h4 x � x1v1v á x � x í1í x � x � z Ùdá

? 2 & 0hb�Ù1ý s *-u f 28c<=h4�*-9�*8e�imc�28. y 0g=³e£; y 289ni�4�b f 28c�28;<=h*-9 f *-=g9(;7e�*-c PC>6s`> x1x Ù v 28=gcHe�*-=g0éý
Mach = 0.5

y
Re = 5000

y
α = 0

�

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0  2000  4000  6000  8000  10000  12000  14000  16000

Co
ef

fic
ie

nt

# of Vertices

3rd Order Results

Viscous Drag (0.0322)

Pressure Drag (0.0225)

Lift (0)

Anisotropic
Isotropic

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0  5000  10000  15000  20000  25000

Co
ef

fic
ie

nt

# of Vertices

2nd Order Results

Viscous Drag (0.0322)

Pressure Drag (0.0225)

Lift (0)

Anisotropic
Isotropic

T =g.1,/c�b�Ù x ý > 9/=h4�*-;<c�* f = k qG4²� F 4�*-;<c�* f = k imc�28.Z289nia0g=³e�; k *-9:qrbdc<.rbd9 k b�e�*-c PC>6s`> x1x Ù v 28=gcHe�*-=g0éý
Mach = 0.5

y
Re = 5000

y
α = 0

�

ímÙ



¢¤£ æ�ä�æ �Z¥�¦§�§¨ æ_9©	 �Z¥�ª æf«$ã �e¬ �Oã �/­,����®°¯±� 9/æ � ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ® ¢ 9 ¥ ²7å ¥ å � ã�ä

 75

 80

 85

 90

 95

 100

 0  5000  10000  15000  20000  25000

Se
pa

ra
tio

n 
Po

in
t (

%
 o

f C
ho

rd
)

# of Vertices

2nd Order Separation Point

Anisotropic
Isotropic

 75

 80

 85

 90

 95

 100

 0  2000  4000  6000  8000  10000 12000 14000 16000

Se
pa

ra
tio

n 
Po

in
t (

%
 o

f C
ho

rd
)

# of Vertices

3rd Order Separation Point

Anisotropic
Isotropic

T =g.1,/c�bwÙ1Ù1ý > 9/=h4�*-;<c�* f = k qm4�� F 4�*-;<c�* f = k 4�b f 28c�28;<=h*-9 f *-=g9:; k *-9(qrbdc<.rbd9 k b�e�*-c PL>6s`> x1x Ù v 28=gcHe�*-=g0éý
Mach = 0.5

y
Re = 5000

y
α = 0

�

T =g.1,/c�b�Ù v ý s *-u f 28c<=h4�*-9�*8eW289/=h4�*-;<c�* f = k 289ni�=h4�*-;<c�* f = k ; l =gc�i�*-c�i/bdc M 2 k�l�f c�*8�n0hb
e�*-c PC>6s`> x1x Ù v
28=gcHe�*-=g0éý

Mach = 0.5
y
Re = 5000

y
α = 0

�

í v



¢¤£ æ�ä�æ �Z¥�¦§�§¨ æ_9©	 �Z¥�ª æf«$ã �e¬ �Oã �/­,����®°¯±� 9/æ � ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ® ¢ 9 ¥ ²7å ¥ å � ã�ä

 0.022

 0.0225

 0.023

 0.0235

 0.024

 0.0245

 0.025

 0.0255

 0.026

 0  5000  10000  15000  20000  25000

Pr
es

su
re

 D
ra

g 
Co

ef
fic

ie
nt

# of Vertices

Pressure Drag Convergence

3rd Order
2nd Order

Mixed Order

 0.032

 0.0325

 0.033

 0.0335

 0.034

 0.0345

 0.035

 0  5000  10000  15000  20000  25000

Vi
sc

ou
s 

Dr
ag

 C
oe

ffi
cie

nt

# of Vertices

Viscous Drag Convergence

3rd Order
2nd Order

Mixed Order

 1e-06

 1e-05

 1e-04

 0.001

 0.01

 0.1

 1

 10

 100  1000  10000  100000

Li
ft 

Co
ef

fic
ie

nt

# of Vertices

Lift (Convergence to 0)

3rd Order
2nd Order

Mixed Order

T =g.1,/c�b Ù�ímý s *-u f 28c<=g9/. 0g=³e�;¬289ni imc�28. k *-9(qrbdc<.rbd9 k bte�*-c PC>6s`> x1x Ù v 28=gcHe�*-=g0éý
Mach = 0.5

y
Re = 5000

y
α = 0

�

í1í



¢¤£ æ�ä�æ �Z¥�¦§�§¨ æ_9©	 �Z¥�ª æf«$ã �e¬ �Oã �/­,����®°¯±� 9/æ � ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ® ¢ 9 ¥ ²7å ¥ å � ã�ä

T =g.1,/c�b�Ùdáný ? c<=3289/.10hb�2-4 f b k ;+c�28;<=h*14Le£c�*-u í8c�iN*-c�i/bdc�289ni v 9nit*-c�i/bdc+u�bd;<c<= k 4�28;C0hb�2-im=g9/.�bjim.rb�*8e
PC>6s`> x1x Ù v 28=gcHe�*-=g0éý

Mach = 0.5
y
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4�b k *-9ni�289ni�; l =gc�i�*-c�i/bdc�4�*-0g,/;<=h*-9n4 � =g; l q-28c<=h*-,n4�u�bd;<c<= k�f 28c�28u�bd;�bdc�4�28c�b f c�bj4�bd9(;�bji�=g9 ? 2 & 0hbwÙ
280h*-9/. � =g; l *-; l bdc f , & 0g=h4 l bji c�bj4<,/0g;�4�e�*-c"; l b�4 28u�b^4�bd;"*8e f 28c�28u�bd;�bdc�4�� K *-; l ; l b�4�b k *-9ni 289ni
; l =gc�i�*-c�i/bdc`4�*-0g,/;<=h*-9n4
28c�b k 0hb�28c<0 ' k *-9(qrbdc<.1=g9/.�;�*�4<=gu�=g0328c\q1280g,nbj4 y 289ni�; l *14�b6q-280g,nbj4\0g=hb � =g; l =g9^; l b
c�289/.rb�*8e f , & 0g=h4 l bji¬c�bj4�,/0g;�4��
? *w4 l * � ; l b & bd9nb��n;�4�*8e6289/=h4�*-;<c�* f = k u�bj4 l =g9/.I*�qrbdc�=h4�*-;<c�* f = k u�bj4 l =g9/. y � b�4�bd;�; l b

a2
289ni

b2

T *-,/c<=hbdc k *Gb�� k =hbd9:;�4�e�c�*-u B �(,�28;<=h*-9aÙ v ;�*]¦�bdc�*/� ?
l =h4�280g0h* � 4�; l b�u�bd;<c<= k ;�*]q128c ' =g9�4<=g¦�b & ,/;
9n*-;�4 l 2 f b1� T =g.1,/c�bNÙ x 4 l * � 4�; l 28; &:' i/*-=g9/.�; l =h4 y ; l b k *-9(qrbdc<.rbd9 k b¬=h4�imc�28u�28;<= k 280g0 ' c�bjim, k bji
=g9 & *-; l 4�b k *-9ni 289ni ; l =gc�i *-c�i/bdc�4�*-0g,/;<=h*-9n4"e�*-c�280g0
; l c�bjb^e£,/9 k ;<=h*-9�280h4�� P * � l bdc�b�=h4"; l =h4�u�*-c�b
2 f/f 28c�bd9(;I; l 289ß=g9ß; l b k *-9(qrbdc<.rbd9 k b�*8e�4�b f 28c�28;<=h*-9 f *-=g9(;w=g9 T =g.1,/c�bZÙ1Ù � l bdc�b�; l b�=h4�*-;<c�* f = k
4�*-0g,/;<=h*-9n4"4�b f 28c�28;�b�u�, k�l 0328;�bdc�; l 289êb�� f b k ;�bji�� ?
l b�u�*14�;�9n*-;<= k b�2 & 0hb^im=³¶�bdc�bd9 k b�=g9ê4�*-0g,/;<=h*-9n4
& bd; � bjbd9w; l b�289/=h4�*-;<c�* f = k 289ni�=h4�*-;<c�* f = k u�bj4 l bj4
=h4
; l bCu�, k�l u�*-c�b�im=³¶�,n4�bji � 2 ì b�2-4
=g0g0g,n4�;<c�28;�bji
=g9 T =g.1,/c�b�Ù v �
)+*-u f =hbdc<c�b�bd;6280é�§= v ?W4<,/.1.rbj4<;
; l 28; A bj4�4<=3289 & 2-4�bji^c�b��n9nbdu�bd9:;64 l *-,/0hi & b+4<,/=g;�2 & 0hbLe�*-c l =g. lm� *-c�i/bdc
4�*-0g,/;<=h*-9n4�bdqrbd9�; l *-,/. l ; l b�4�b k *-9ni�i/bdc<=gq-28;<=gqrbj4�28c�b�280gc�b�2-i ' c�bj4�*-0gqrbji�� ? *�;�bj4<;+; l =h4+; l bj*-c 'ry�� b
,n4�bjiU*-,/c v 9niU*-c�i/bdc�u�bd;<c<= k ;�*¬c�b��n9nb�e�*-c�2�; l =gc�i�*-c�i/bdc�4�*-0g,/;<=h*-9W� ?
l b�c�bj4�,/0g;<=g9/. k *-9:qrbdc<.rbd9 k b
f 0h*-;�4�28c�b�4 l * � 9 =g9 T =g.1,/c�btÙ�ím� F ;"i/*(bj4�2 f/f b�28c"; l 28;�; l bdc�b^u�=g. l ; & b^4�*-u�b & bd9nb��n;�;�*N,n4<=g9/.
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; l b�; l =gc�i�*-c�i/bdc�u�bd;<c<= k e�*-c�; l =gc�i�*-c�i/bdc"4�*-0g,/;<=h*-9n4 y f 28c<;<= k ,/0328c<0 ' =g9UqG=h4 k *-,n4�imc�28. k *-9:qrbdc<.rbd9 k b1�
A * � bdqrbdc y ; l bdc�bX=h4W9n*-;72�4<=g.19/=³� k 289(;�bd9n*-,/. l im=³¶�bdc�bd9 k b & bd; � bjbd9"; l bX; � *Lc�bj4<,/0g;�4W;�* & b k *-9 k 0g,n4�=gqrb1�
?
l b�*-9/0 ' �:,�280g=g;�28;<=gqrb^im=³¶�bdc�bd9 k b & bd; � bjbd9 ; l b�u�bj4 l .rbd9nbdc�28;�bji &:' ; l b v 9niê*-c�i/bdc�u�bd;<c<= k 289ni
; l b�; l =gc�iI*-c�i/bdcCu�bd;<c<= k =h4�; l 28;C; l b�; l =gc�iN*-c�i/bdcLu�bd;<c<= k =h4Lu�, k�l u�*-c�b�=h4�*-;<c�* f = k 28;6; l b�0hb�2-im=g9/.
bjim.rbC*8eV; l b+28=gcHe�*-=g0é� ?
l =h4`=h4`4 l * � 9�=g9 T =g.1,/c�b"Ùdán� > e£;�bdc`; l b60hb�2-im=g9/.�bjim.rb yG& *-; l u�bj4 l bj4 & b k *-u�b
qrbdc ' 289/=h4�*-;<c�* f = k =g9]; l b & *-,/9nin28c ' 032 ' bdc�289ni l 2jqrb"c�*-,/. l 0 ' ; l b�4�28u�b"4<=g¦�b"im=h4<;<c<= & ,/;<=h*-9W� M *-c�b
f c�b k =h4�b�u�bj4 l =g9/. � *-,/0hi & b�9nb k bj4�4�28c ' ;�*�b��/28u�=g9nb � l 28;\b�¶�b k ;X; l b�im=³¶�bdc�bd9:;\u�bd;<c<= k 4 l 2jqrbL*-9�; l b
4�*-0g,/;<=h*-9N2 kjk ,/c�2 k ' �

* ���"�¿.3-��������"�

��b l 2jqrb f c�bj4�bd9(;�bji 2w.rbd9nbdc�280`e�c�28u�b � *-c ì e�*-c�289/=h4�*-;<c�* f = k 280g0 ' c�b��n9/=g9/.t,/9n4<;<c<, k ;<,/c�bji u�bj4 l bj4��
Y ,/c 2 f/f c�*r2 k�l =h4 i/bj4<=g.19nbji�;�* & bX4<,�� k =hbd9(;<0 ' .rbd9nbdc�280:;�*6280g0h* � c�b��n9nbdu�bd9(;Ve�*-cW4�*-0gqrbdc�4 *8en289 ' *-c�i/bdc
289niN289 ' 9:,/u & bdc+*8eXi/b f bd9ni/bd9(;Lq128c<=32 & 0hbj4�� ?
l b & 2-4<=h4 & b l =g9niI*-,/c+2 f/f c�*r2 k�l =h4�;�*�2 f/f c�*��G=gu�28;�b
; l b�0h* k 280Ec�b k *-9n4<;<c<, k ;<=h*-9�bdc<c�*-c � =g; l ? 2 ' 0h*-c�b�� f 289n4<=h*-9n4�289ni�; l bd9ê,n4�b T *-,/c<=hbdc�;<c�289n4<e�*-c<u�4�;�*
k�l *(*14�b�289N2 f/f c�* f c<=328;�b�u�bd;<c<= k e£,/9 k ;<=h*-9W� ?
l b�u�bd;<c<= k�k 289w; l bd9 y =g9I;<,/c<9 yn& b�,n4�bji¬;�*�c�b��n9nb�; l b
u�bj4 l 289niw=gu f c�*�qrb�; l b�4�*-0g,/;<=h*-9W�
��b l 2jqrb�4 l * � 9�; l c�*-,/. l 4�bdqrbdc�280�;�bj4<; k 2-4�bj4
; l 28;
; l =h4
c�b��n9nbdu�bd9:; f c�* k bjim,/c�b+=gu f c�*�qrbj4�4�*-0g,/;<=h*-9
2 kjk ,/c�2 k 'N& bd;<;�bdc+; l 289�,/9/=³e�*-c<u´u�bj4 l c�b��n9nbdu�bd9:;�����b l 2jqrb�280h4�*�4 l * � 9�; l 28;Ce�*-c & *-; l 4�b k *-9ni
289ni�; l =gc�i�*-c�i/bdc`qG=h4 k *-,n4E4�*-0g,/;<=h*-9n4 y 289/=h4�*-;<c�* f = k c�b��n9nbdu�bd9(; f c�*(im, k bj4`u�, k�l & bd;<;�bdc k *-9:qrbdc<.rbd9 k b
289ni¬=h4�; l bdc�b�e�*-c�b�u�*-c�b�b�� k =hbd9:;6; l 289I=h4�*-;<c�* f = k c�b��n9nbdu�bd9:;��
?
l b¬im=³¶�bdc�bd9 k bj4 & bd; � bjbd9 *-,/c�4�b k *-9ni�*-c�i/bdc�289ni ; l =gc�i�*-c�i/bdc�4�*-0g,/;<=h*-9n4�28c�b�u�*-c�b¬im=�� k ,/0g;�;�*
=g9(;�bdc f c�bd;�� F 9�.rbd9nbdc�280 y ; l b�; l =gc�i�*-c�i/bdc�4�*-0g,/;<=h*-9n4 � bdc�b�u�*-c�b�2 kjk ,/c�28;�b�; l 289�; l b�4�b k *-9ni�*-c�i/bdc
4�*-0g,/;<=h*-9n4 y/& ,/;�=g;�c�bdu�28=g9n4�,/9 k 0hb�28c � l bd; l bdc6; l 28; � 28c<c�289:;�4L; l b�2-i/im=g;<=h*-9�280 k *-u f ,/;�28;<=h*-9�280 k *14<;��
Y ,/c
c�bj4<,/0g;�4�28c�b�280h4�*"=g9 k *-9 k 0g,n4<=gqrb�2-4`;�* � l bd; l bdc�*-c
9n*-;`=g;
=h4�2 kjk b f ;�2 & 0hb�;�*",n4�b+2�u�bd;<c<= k & 2-4�bji
*-9w4�b k *-9niIi/bdc<=gq-28;<=gqrbj4�e�*-c�; l =gc�iw*-c�i/bdcL4�*-0g,/;<=h*-9n4��
� l =g0hb+*-,/c`u�bd;<c<= k =h4
i/bj4<=g.19nbji�;�* � *-c ì e�*-c f c�* & 0hbdu�4�*8e7289 ' im=gu�bd9n4�=h*-9 y/� b l 2jqrb�*-9/0 ' ;�bj4<;�bji^=g;
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e�*-cX; � *�im=gu�bd9n4<=h*-9�280�è�* � � ?
l =h4\=h4Xim,nb�;�* k ,/c<c�bd9(;\0g=gu�=g;�28;<=h*-9n4`*8e�; l c�bjb � im=gu�bd9n4�=h*-9�280�289/=h4�*-;<c�* f = k
u�bj4 l =g9/.n� B �n28u�=g9/=g9/.�; l bXb�¶�b k ;V*8em; l =h4�c�b��n9nbdu�bd9:;72 f/f c�*r2 k�l e�*-c l =g. l bdc � *-c�i/bdc ; l c�bjb � im=gu�bd9n4<=h*-9�280
4�*-0g,/;<=h*-9n46=h46289¬=g;�bdu e�*-c
e£,/;<,/c�b � *-c ì �
> 9n*-; l bdc f *-;�bd9:;<=3280E=gu f c�*�qrbdu�bd9:; � *-,/0hi & b�;�* k *-u & =g9nb^*-,/c�u�bd;<c<= k � =g; l 2-i ë *-=g9:; � & 2-4�bji�bdc<c�*-c
bj4<;<=gu�28;<=h*-9W��ôXbd9nim=g;<;<=/289ni�)�28c<u�*8eé280�= ánÙ y á v ? k 0hb�28c<0 ' i/bdu�*-9n4�;<c�28;�bji�; l 28;$2-i ë *-=g9:; & 2-4�bji � u�bd; l *(i/4
f c�*²q(=hi/b+.1c�b�28;�bdcL2 kjk ,/c�2 k ' e�*-c`; l b k�l *14�bd9¬e�,/9 k ;<=h*-9�280�; l 289 A bj4�4<=3289 & 2-4�bji�u�bd; l *(i/4²� F ;
=h4
0g= ì bd0 '
; l 28;¬; l =h4¬c�bdu�28=g9n4w; l b k 2-4�bNe�*-c l =g. l bdc � *-c�i/bdc]u�bd; l *(i/4w2-4 � bd0g0é� s *-u & =g9/=g9/. 2-i ë *-=g9:; & 2-4�bji
2-in2 f ;�28;<=h*-9 � =g; l *-,/c$0h* k 280n4 l 2 f b�i/b��n9/=g;<=h*-9^4�bjbdu�4\289�=g9(;<,/=g;<=gqrb6b��m;�bd9n4<=h*-9 y bj4 f b k =3280g0 ' e�*-c l =g. l 0 '
289/=h4�*-;<c�* f = k 4�*-0g,/;<=h*-9n4�� ?
l =h4 � *-,/0hiI4�;<=g0g0W0hb�2jqrb�; l b f c�* & 0hbduû*8e k�l *G*14<=g9/.�; l b f c�* f bdc�e�,/9 k ;<=h*-9�280 y
� l = k�l =h4�*8e�;�bd9 & ,/;�9n*-;6280 � 2 ' 4C* & qG=h*-,n4�e�*-c�bd9/.1=g9nbjbdc<=g9/.^2 f/f 0g= k 28;<=h*-9n4²�
Y 9nb f c�* & 0hbdu � =g; l *-,/c$u�bd; l *Gi�=h47; l 28;$=hi�i/*(bj479n*-; f c�*²q(=hi/bL2L�(,�289:;<=g;�28;<=gqrbLbj4<;<=gu�28;�b�*8e�4�*-0g,/;<=h*-9
bdc<c�*-c��X2-4 � =g; l = í y ánÙ y á vny Ù�íB?­� F 9n4�;�b�2-i y:� b6c�b f b�28;�bjim0 ' c�b��n9nbL*-,/cEu�bj4 l 4�*�2-4X;�*"bj4<;<=gu�28;�bLbdc<c�*-c
&(' k *-9:qrbdc<.rbd9 k b1� J 0g;<=gu�28;�bd0 'ry�� b � *-,/0hiN0g= ì b�;�* l 2�qrb"2 & bd;<;�bdc+bdc<c�*-cLbj4<;<=gu�28;�b�28;+b�2 k�l 4<;�28.rb�*8e
; l b�c�b��n9nbdu�bd9(; f c�* k bj4�4�� B 4�4�bd9(;<=3280g0 'ry ; l =h4 � *-,/0hi k *-u & =g9nb�; l b�; � *]2 f/f c�*r2 k�l bj4�289ni�280g0h* � e�*-c
& bd;<;�bdc�,n4�bdc k *-9(;<c�*-0é�
J 0g;<=gu�28;�bd0 'ry ; l b�.r*r280\*8e�*-,/c � *-c ì =h4�;�*]280g0h* � e�*-c�eé2-4<; y 2 kjk ,/c�28;�b�4�*-0g,/;<=h*-9n4�;�* s`T ) f c�* & 0hbdu�4
� =g; l 2"u�=g9/=gu�,/uº28u�*-,/9(;L*8e7=g9 f ,/;�e�c�*-u ; l b�,n4�bdc��$� l =g0hb � b l 2jqrb�4 l * � 9I; l 28;�u�*-c�b�2 kjk ,/c�28;�b
4�*-0g,/;<=h*-9n4 k 289 & b6.rbd9nbdc�28;�bji y =g;
=h4`9n*-; ' bd; k 0hb�28c � l bd; l bdc�*-c
9n*-;`; l =h4�2 f/f c�*r2 k�l =h4
=g9ni/bjbji�eé2-4<;�bdc��
B qrbd9 � =g; l *-,/;�b��n28u�=g9/=g9/.¬,n4�bdcL=g9 f ,/; y =g;C=h4Cqrbdc ' im=�� k ,/0g;�;�* k *-u f 28c�b�4�*-0g,/;<=h*-9t;<=gu�b"*-9�2�,/9/= �
e�*-c<u�0 ' c�b��n9nbji�u�bj4 l � =g; l 4�*-0g,/;<=h*-9�;<=gu�b`e�*-c\289�2-in2 f ;�bji�u�bj4 l y f c<=gu�28c<=g0 '�& b k 28,n4�b�*8e�; l bL2-i/i/bji
k *-u f 0hb��m=g; ' *8e k�l *(*14�=g9/. � l bd9�;�*�c�b��n9nb�; l b�u�bj4 l 289ni &:' l * � u�, k�l � > 9�2-i/i/bji k *-u f 0hb��m=g; '
� =g; l 289/=h4�*-;<c�* f = k u�bj4 l =g9/.�=h4
; l 28;�=g;�4�b�¶�b k ;�*-9¬u�28;<c<=³� k *-9nim=g;<=h*-9/=g9/. y 289ni &(' b��m;�bd9n4<=h*-9¬u�28;<c<=³�
2 kjk bd0hbdc�28;<=h*-9]u�bd; l *(i/4 y =h4�,/9 k 0hb�28c��
Y qrbdc�280g0 y ; l bdc�b^4<;<=g0g0`c�bdu�28=g9n4�=g9n4�,�� k =hbd9:;�in28;�2w;�*]i/bd;�bdc<u�=g9nb � l bd; l bdc�*-c"9n*-;�*-,/c"u�bd; l *Gi�e�*-c
289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9 � =g0g0�;<c<,/0 ' =gu f c�*�qrbL; l b�b�� k =hbd9 k ' *8e s`T )�4�*-0gqrbdc�4���� l 28; � b l 2jqrbLi/*-9nb
=h4L;�* f c�*²q(=hi/b�2�4<=gu f 0hb"289niNb�¶�b k ;<=gqrb � 2 ' *8e k *-u & =g9/=g9/.�; � * f c�bdqG=h*-,n4<0 ' ,/9 k *-u & =g9nbji�i/bdqrbd0h* fm�
u�bd9(;�4�ý l =g. l *-c�i/bdc�u�bd; l *Gi/4 � =g; l 289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9W� A * f b�e£,/0g0 'ry 2-4+e�,/c<; l bdc�c�bj4�b�28c k�l =h4
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i/*-9nb�=g9(;�*¬=gu f c�*�qG=g9/. l =g. lm� *-c�i/bdc s`T ) 4�*-0gqrbdc�4�289niU289/=h4�*-;<c�* f = k u�bj4 l .rbd9nbdc�28;�*-c�4 y ; l b�2-imq1289 �
;�28.rbj4
*8e k *-u & =g9/=g9/.�; l bL; � * � =g0g0�280h4�*�4<=g.19/=³� k 289:;<0 ' =g9 k c�b�2-4�b1� F eW4�* y ; l bdc�bC=h4E9n*�i/*-, & ;`; l 28; l =g. l
*-c�i/bdcL289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9 � =g0g0W4�*(*-9 & b k *-u�u�*-9 f 032 k b"28u�*-9/. k *-u�u�bdc k =3280 s`T ) k *(i/b1�
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P ,/u�bdc<= k 280 4�*-0g,/;<=h*-9]*8e75X) B 46=h46289w=gu f *-c<;�289:;+289�280 ' 4<=h46;�*(*-0�e�*-c64 k =hbd9(;<=h4<;�4L289niIbd9/.1=g9nbjbdc�4�� F i/b �
280g0 'ry 4<, k�l 9(,/u�bdc<= k 280�4�*8e�; � 28c�b�4 l *-,/0hiac�bj�(,/=gc�b�*-9/0 ' 4 f b k =³e ' =g9/. ; l b f/l ' 4<= k 4 y .rbj*-u�bd;<c 'ry 289ni
& *-,/9nin28c ' k *-9nim=g;<=h*-9n4�*8e�; l b f c�* & 0hbdu~289ni ; l bd9 f c�*Gim, k bN2U4�*-0g,/;<=h*-9 *8e�2 k bdc<;�28=g9a2 kjk ,/c�2 k ' �
J 9me�*-c<;<,/9�28;�bd0 'ry 2-4�4�bj4�4�=g9/.�289ni�u�=g9/=gu�=g¦j=g9/.^im=h4 k c�bd;<=g¦²28;<=h*-9Nbdc<c�*-c�=h462"9n*-9 � ;<c<=gqG=3280V;�2-4 ì y c�bj�(,/=gc<=g9/.
;<=gu�b k *-9n4<,/u�=g9/.�u�bj4 l i/b f bd9ni/bd9 k b�289�280 ' 4�=h46*-c k *-u f ,/;�28;<=h*-9�*8e$4�*-0g,/;<=h*-9n4L*-9]u�bj4 l bj4�; l 28;+28c�b
u�, k�l �n9nbdc�; l 289�; l b�c�bj�(,/=gc�bji�4�*-0g,/;<=h*-9 2 kjk ,/c�2 k ' im= k ;�28;�bj4�� M bj4 l 2-in2 f ;�28;<=h*-9 4�bjb ì 4�;�*N28,/;�* �
u�28;�b�; l =h4 f c�* k bj4�4 &:' �nc�4<; k *-u f ,/;<=g9/.I; l b�4�*-0g,/;<=h*-9�*-9�2 k *r28c�4�b�u�bj4 l 289nit; l bd9�4<, kjk bj4�4<=gqrbd0 '
c�b��n9/=g9/.�; l b
u�bj4 l 4�*+; l 28;\b�2 k�l u�bj4 l =h47u�*-c�b�9nb�28c<0 ' * f ;<=gu�280/e�*-c$; l b�4�*-0g,/;<=h*-9 & bd=g9/. k *-u f ,/;�bji��
J 9n4<;<c<, k ;<,/c�bji�u�bj4 l bj4�28c�b � bd0g0 � 4<,/=g;�bji�e�*-c�2-in2 f ;�28;<=h*-9 & b k 28,n4�b�; l b ' k 289 & b�u�*Gim=³��bji�0h* k 280g0 '
u�, k�l u�*-c�b�b�2-4<=g0 ' ; l 289�4<;<c<, k ;<,/c�bjitu�bj4 l bj4 y�� l = k�l�l 2jqrb�2��/�mbjiN;�* f *-0h*-. ' � F 9t; l =h4 f 2 f bdc y�� b
f c�bj4�bd9(;C289]289/=h4�*-;<c�* f = k b��m;�bd9n4<=h*-9I*8e\289Ib��m=h4<;<=g9/.�)+bd0328,/9�2 ' 2-in2 f ;�28;<=h*-9t4 k�l bdu�b�= î y á1á�?�289ni � b
4 l * � ; l 28;�=g;�=h4 f *14�4<= & 0hb¬;�* f c�*Gim, k b l =g. l �:,�280g=g; ' 289/=h4�*-;<c�* f = k u�bj4 l bj4 � =g; l *-,/; k *14<;<0 ' 0h* k 280
u�2¥�m=gu�=g¦²28;<=h*-9Ic�*-,/;<=g9nbj4��
��b l 2jqrb k�l *14�bd9¬;�*",n4�b+)+bd0328,/9�2 ' u�bd; l *(i/4 & b k 28,n4�b+)+bd0328,/9�2 ' u�bj4 l c�b��n9nbdu�bd9:; k 289¬b�2-4<=g0 '�& b
,n4�bjiê;�*N=g9n4�bdc<;�9nb � qrbdc<;<= k bj4�=g9:;�*�2]q1280g=hiêu�bj4 l �U)+bd0328,/9�2 ' u�bd; l *Gi/4�; l bdc�b�e�*-c�b¬b��m;�bd9niêu�*-c�b
9�28;<,/c�280g0 ' ;�*�289/=h4�*-;<c�* f = k u�bj4 l c�b��n9nbdu�bd9:;w; l bd9 [ ,�2-i �­? c�bjb�*-c > imq-289 k =g9/. T c�*-9(;wu�bd; l *Gi/4��
D(l b � k�l , k�ì 289ni S 2 & bd0g0hb�=gÙ�Ú�? l 2jqrb�i/bdqrbd0h* f bjiN2�; l bj*-c�bd;<= k 280g0 ' 4�*-,/9ni]b��G;�bd9n4<=h*-9t*8eX.1,�28c�289:;�bjbji �
�(,�280g=g; ' )+bd0328,/9�2 ' u�bj4 l =g9/. &(' k *-9n4<;<c<, k ;<=g9/.�289/=h4�*-;<c�* f = k ôX*-c�*-9n*-=�im=328.1c�28u�4�289ni�; l bd9�im,�280g=g¦j=g9/.
;�*ê2�)+bd0328,/9�2 ' ;<c<=3289/.1,/0328;<=h*-9W� J 9me�*-c<;<,/9�28;�bd0 'ry ; l bj4�bN289/=h4�*-;<c�* f = k ôX*-c�*-9n*-=�im=328.1c�28u�4 k 289 & b
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im=�� k ,/0g;�;�*t.rbd9nbdc�28;�b y 289ni ; l b¬im,�280g=g¦²28;<=h*-9 ;�*�2Nq-280g=hiê;<c<=3289/.1,/0328;<=h*-9�c�bj�:,/=gc�bj4�c�bj4<;<c<= k ;<=h*-9n4�*-9
u�bd;<c<= k 4�u�*(*-; l 9nbj4�4²�
> 0g;�bdc<9�28;<=gqrbd0 'ry ; l bdc�bt28c�bN*-; l bdc^u�*-c�b l bd,/c<=h4<;<= k u�bd; l *Gi/4�e�*-c�.rbd9nbdc�28;<=g9/.Z289/=h4�*-;<c�* f = k u�bj4 l bj4
; l 28;^c�bd0 ' *-9 0h* k 280+* f ;<=gu�=g¦²28;<=h*-9 280g.r*-c<=g; l u�4���)+*-u f =hbdc<c�bNbd;¬280é�§=gÙ�íB?+4<,/.1.rbj4<;�4 f 0g=g;<;<=g9/.�bjim.rbj4
� =g; l 0hbd9/.1; l�� 2 & *�qrb�2¬; l c�bj4 l *-0hi y c�bdu�*�qG=g9/.]9n*Gi/bj4 � =g; l 280g0`bjim.rb�0hbd9/.1; l 4 & bd0h* � 2w; l c�bj4 l *-0hi y
289niê4 � 2 f/f =g9/.�bjim.rbj4�289niêu�*�qG=g9/.t9n*(i/bj4";�*Nbj�:,/=him=h4�;<c<= & ,/;�b�0hbd9/.1; l � P b � bjim.rbj4�28c�b�2-4�4<=g.19nbji
0hbd9/.1; l 4 & 2-4�bjiI*-9]289I=g9:;�bdc f *-0328;�bji]bdc<c�*-c6bj4�;<=gu�28;�b�e�c�*-u ; l b & 2 k�ì .1c�*-,/9niIu�bj4 l � K ,n4 k 28.10g=32�289ni
)�28c<=E= z ?C;�2 ì bI; l =h4�2U4�;�b f e�,/c<; l bdc &(' ;�bj4<;<=g9/.�2�0328c<.rbt4�bd;�*8e f *-;�bd9:;<=3280�* f bdc�28;<=h*-9n4�*-9 2�4<, & �
u�bj4 l 289ni�; l bd9w4�bd0hb k ;<=g9/.�; l b�*-9nb+; l 28;�u�*14<;�=g9 k c�b�2-4�bj4��(,�280g=g; ' 2 kjk *-c�im=g9/.�;�*�289wbdc<c�*-c�bj4�;<=gu�28;�b
*-9 2 & 2 k�ì .1c�*-,/9ni�u�bj4 l x`; l =h4�2 f/f c�*r2 k�l k 289 f c�*(im, k b¬b�� k bd0g0hbd9:;�u�bj4 l bj4 yX& ,/;�28;�2 l =g. l k *14<;��
Y ,/c¬280g.r*-c<=g; l u k *-u & =g9nbj4�; l b l bd,/c<=h4<;<= k 9�28;<,/c�b]*8e�; l bj4�bI; � *�2 f/f c�*r2 k�l bj4 � =g; l 4�*-u�bN*8e�; l b
28;<;<c<= & ,/;�bj4�*8eE=h4�*-;<c�* f = k )Cbd0328,/9�2 ' u�bj4 l =g9/.n� ?
l =h4C.1=gqrbj4+,n4L; � * f c<=g9 k = f 0hb�2-imq1289:;�28.rbj4�*²qrbdc�; l b
*-; l bdc l bd,/c<=h4<;<= k u�bd; l *Gi/4�� T =gc�4<; yr� b6i/*�9n*-;\c�bd0 ' *-9�u�*�qG=g9/.�qrbdc<;<= k bj4
289ni�4�*+u�bd;<c<= k =g9me�*-c<u�28;<=h*-9
k 289 & b�b�2-4<=g0 ' c�bd;�28=g9nbji � =g; l *-,/;\4<;�*-c<=g9/."289ni�c�b�e�bdc�bd9 k =g9/.�; l b�*-c<=g.1=g9�280�u�bj4 l � D b k *-9ni yr& b k 28,n4�b�*8e
289N=gu f c�*�qrbji k�l *-= k b"*8e � l bdc�b�;�*�=g9n4�bdc<;Cqrbdc<;<= k bj4 y *-,/c�280g.r*-c<=g; l u f c�*(im, k bj4+�(,�280g=g; ' 289/=h4�*-;<c�* f = k
u�bj4 l bj4 � =g; l *-,/; k *14<;<0 ' 0h* k 280�u�2¥�m=gu�=g¦²28;<=h*-9Ic�*-,/;<=g9nbj4²�
? *�b�� f 0328=g9w*-,/cC280g.r*-c<=g; l u � b � =g0g0W�nc�4<;�b��/28u�=g9nb+u�bd;<c<= k 4 f 2 k bj46289ni l * � ; l b ' k 289 & b+,n4�bji^e�*-c
289/=h4�*-;<c�* f = k u�bj4 l =g9/.n� ?
l bd9 y�� b � =g0g0 k c�b�28;�b�2��(,�280g=g; ' u�b�2-4<,/c�b�e�*-cL*-,/c�289/=h4�*-;<c�* f = k u�bj4 l 289ni
u�*Gim=³e ' 4�bdqrbdc�280$b��G=h4<;<=g9/.^u�bj4 l * f bdc�28;<=h*-9n4+;�*�=g9 k c�b�2-4�b"; l 28;��(,�280g=g; ' u�b�2-4�,/c�b1� T =g9�280g0 'ry�� b � =g0g0
4 l * � ; l 28;�; l =h4 f c�* k bj4�4�0hb�2-i/4�;�*�u�bj4 l bj4�; l 28;L28c�b � bd0g0V4<,/=g;�bjiw;�*�; l b�i/bj4<=gc�bji¬u�bd;<c<= k �

����	��������n
������$�

K b�e�*-c�b6i/b��n9/=g9/. � l 28;�2��(,�280g=g; ' 289/=h4�*-;<c�* f = k u�bj4 l =h4 yr� b�u�,n4�;X�nc�4<;`i/b��n9nb�; l b6i/bj4�=gc�bji k bd0g0�4�=g¦�bj4
289niw4 l 2 f bj4�� ? *�i/*�; l =h4 y/� b�,n4�b�2"e�,/9 k ;<=h*-9 k 280g0hbji]2�u�bd;<c<= k � B 4�4�bd9:;<=3280g0 'ry 2�u�bd;<c<= k =h4L2 � 2 ' *8e
i/b��n9/=g9/.�im=h4<;�289 k b & bd; � bjbd9w; � * f *-=g9:;�4�� ?
l b+b��n2 k ;�c�bj�:,/=gc�bdu�bd9(;6*8e72�u�bd;<c<= k e�*-c�2"qrb k ;�*-c�4 f 2 k b
� è|j�[SQE[oGEcò[oGVGEFHG�MNO|^BOV[eiqMNXdQEjB[SlgM`QE[eidk�IHk@[oGeh�jBFe��[gn�[oG�QEjB[Scd[oQVGEMNlSKN[gX�YZQEj/leIHX,m@[Ji�[�º�XB[gidIZO|[e\_^�MPnZIZKN[gX_Q�QEF�QEjB[[oGVGEFZGJIHX�i�OVFq��[
��MNKPK:^BOV[¿QEj�[
QE[oGEc�KN[gX�YZQEj�QEFqm@[¿lgF�X�OVMPORQE[oX�Q���M`QEj�^�OEIZY�[]KPIHQE[�GJMNX�QEj�[
k�IHk@[oGeu
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X
=h4"; l 28;

d : X × X → R
=h4�2]u�bd;<c<= k =³¶Z; l b�e�*-0g0h* � =g9/. k *-9nim=g;<=h*-9n4�28c�b�4�28;<=h4H��bji�e�*-c�bdqrbdc '

x, y, z ∈ X
�

d(x, y) > 0 ⇐⇒ x 6= y

d(x, x) = 0

d(x, y) = d(y, x)

d(x, z) ≤ d(x, y) + d(y, z)

T *-c6,/9/=³e�*-c<uû=h4�*-;<c�* f = k u�bj4 l =g9/. y ; l b�u�bd;<c<= k =h46; l b�4<;�289nin28c�iIim=h4�;�289 k b�u�b�2-4<,/c�b ‖x − y‖ � M *-c�b
k *-u f 0g= k 28;�bji^u�bd;<c<= k 4�280g0h* � e�*-c`im=h4<;�289 k bL;�* & b�u�b�2-4<,/c�bji�im=³¶�bdc�bd9:;<0 ' i/b f bd9nim=g9/."*-9�*-c<=hbd9:;�28;<=h*-9 y
; l ,n4+=g9:;<c�*Gim, k =g9/.]289/=h4�*-;<c�* f ' � F 9 f 28c<;<= k ,/0328c y ; l b"u�bd;<c<= k u�*14<; k *-u�u�*-9/0 ' ,n4�bjiN=g9�289/=h4�*-;<c�* f = k
u�bj4 l =g9/. k 289 & b�e�*-,/9ni &:' 0g=g9nb�28c<0 ' ;<c�289n4He�*-c<u�=g9/.�; l b¬4<;�289nin28c�iZim=h4<;�289 k b�u�b�2-4<,/c�b

d =h4�* (x, y)

=g9(;�*�*-9nb � l = k�l =h46289/=h4�*-;<c�* f = k
d 289/= (x, y)

2-4�e�*-0g0h* � 4

d =h4�* (x, y) =
√

V T V

d 289/= (x, y) =
√

(TV )T (TV )

d 289/= (x, y) =
√

V T (T T T )V

� l bdc�b
V = x − y

289ni
T
=h4L289¬=g9:qrbdc<;<= & 0hb�0g=g9nb�28c6;<c�289n4He�*-c<u�28;<=h*-9W� D =g9 k b�2";<c<=3289/.10hb�=h4 f bdcHe�b k ;<0 '

i/b��n9nbji &:' ; l bE0hbd9/.1; l 47*8e�=g;�474<=hi/bj4 y 289 ' ;<c<=3289/.10hb
�(,�280g=g; ' u�b�2-4<,/c�b`,n4�bji�=g9"=h4�*-;<c�* f = k u�bj4 l =g9/. l 2-4
289^bj�:,/=gq1280hbd9:;`;<c<=3289/.10hb � l bd9�u�b�2-4<,/c�bji &:' ; l bLu�bd;<c<= k � T *-cEb��n28u f 0hb y =³eW2�;<c<=3289/.10hb � 4
bjim.rbj4 l 2�qrb
u�bd;<c<= k 0hbd9/.1; l 4

(a, b, c)
; l bd9I; l b�28c�b�2

A
289ni k =gc k ,/u�c�2-im=g,n4

R
*8eE2�;<c<=3289/.10hb k 289 & b k 280 k ,/0328;�bji

&(' ; l b+e�*-0g0h* � =g9/.�e�*-c<u�,/032-4

A =
1

4

√

(a + b + c)(−a + b + c)(a − b + c)(a + b − c)

R =
abc

4A

o Ù�îrp

á x
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> 0g; l *-,/. l � b",n4�b�; l b�0g=g9nb�28c+;<c�289n4He�*-c<u�28;<=h*-9tu�bd;<c<= k ; l c�*-,/. l *-,/;�; l b�28c<;<= k 0hb y *-,/c�280g.r*-c<=g; l uº=h4
& 2-4�bji f ,/c�bd0 ' *-9wqrbdc<;�b��w4 f 2 k =g9/.�289ni k *-,/0hi & b�2-in2 f ;�bjiI;�*�,n4�b�289 ' u�bd;<c<= k �
T *-c u�*14<; f c�* & 0hbdu�4�*8e/=g9:;�bdc�bj4<; y im=³¶�bdc�bd9:;�u�bd;<c<= k 4 u�,n4<; & b$,n4�bji�=g9�im=³¶�bdc�bd9:;$28c�b�2-4 *8e/; l bEi/*-u�28=g9W�
?
l =h4L=h4�; l b f c<=g9 k = f 0hb�im=�� k ,/0g; ' e�2 k bji &:' 289/=h4�*-;<c�* f = k u�bj4 l =g9/.¬280g.r*-c<=g; l u�4 & b k 28,n4�b�bdqrbd9]=³eX; l b
u�bd;<c<= k e�,/9 k ;<=h*-9]=h4Cq1280g=hiN28;�2�4 f b k =³� k�f *-=g9(; y ; l b�=g9(;�bdc f *-0328;�bjitu�bd;<c<= k 4 f 2 k b & bd; � bjbd9�289 ' ; � *
f *-=g9:;�4+u�=g. l ;C9n*-; & b�q1280g=hi��+��b"i/b�280 � =g; l ; l =h4 f c�* & 0hbdu &:' i/b��n9/=g9/.¬; l b�u�bd;<c<= k im=h4 k c�bd;�bd0 ' 28;
qrbdc<;<= k bj4���� l bd9]c�b��n9/=g9/.�; l b�u�bj4 l y�� b�u�b�2-4�,/c�b�; l b�0hbd9/.1; l *8e\b�2 k�l ;<c<=3289/.10hb � 4+bjim.rb�2 kjk *-c�im=g9/.
;�*�; l b"2�qrbdc�28.rb�u�bd;<c<= k *8eX; l b�; l c�bjb�qrbdc<;<= k bj4�� ?
l =h4 f c�*²q(=hi/bj4�2�.r*(*Giwbj4<;<=gu�28;�b�*8e l * ��& =g.�; l 28;
;<c<=3289/.10hb�=h4�289ni � l bd; l bdc"*-c�9n*-;�=g;�c�bj�:,/=gc�bj4�=g9n4�bdc<;<=h*-9W� F e62�qrbdc<;�b��U=h4�=g9n4�bdc<;�bji y ; l b�u�bd;<c<= k 28;
; l 28;Eqrbdc<;�b���=h4E2-4�4<=g.19nbji & 2-4�bji�*-9�2+0g=g9nb�28cE=g9(;�bdc f *-0328;<=h*-9�e�c�*-uö; l b�; l c�bjb6qrbdc<;<= k bj4E*8e�; l b6;<c<=3289/.10hb
=g9 � l = k�l =g; � 2-4�=g9n4�bdc<;�bji�� > 0g;�bdc<9�28;<=gqrbd0 'ry�� l bd9 k *r28c�4�bd9/=g9/.¬; l b"u�bj4 l � b�bj4<;<=gu�28;�b�; l b"0hbd9/.1; l
*8e b�2 k�l bjim.rb &:' �nc�4�; k 280 k ,/0328;<=g9/. � l 28;�; l 28;
0hbd9/.1; l =h4�2 kjk *-c�im=g9/.�;�*"; l bC; � *�2-i ë 2 k bd9:;�;<c<=3289/.10hbj4
289niU; l bd9ê2jqrbdc�28.1=g9/.t; l *14�b�0hbd9/.1; l 4�� ?
l bj4�b�; � *ti/b��n9/=g;<=h*-9n4�.1=gqrb�,/9/=h�(,nb�;<c<=3289/.10hb��:,�280g=g; ' 289ni
bjim.rb�0hbd9/.1; l u�b�2-4<,/c�bj4 � l = k�lIk 289w; l bd9 & b+,n4�bji^e�*-c�u�bj4 l =gu f c�*�qrbdu�bd9(;C* f bdc�28;<=h*-9n4��

� -"�/.��H	<6 ���$�6��-����$�

?
l bdc�b�28c�b^2]4<;�28.1.rbdc<=g9/.t9:,/u & bdc�*8e6;<c<=3289/.10hb^�(,�280g=g; ' u�b�2-4�,/c�bj4�,n4�bjiU;�*]i/bd;�bdc<u�=g9nb l * � .r*(*Gi
; l b"bd0hbdu�bd9:;�4�*8eE2�u�bj4 l 28c�b1� D =g9 k b�9n*�*-9nb l 2-4�2-i/bj�:,�28;�bd0 ' f c�*�qrbd9�; l 28;+*-9nb��(,�280g=g; ' u�b�2-4�,/c�b
=h4�4�, f bdc<=h*-c�e�*-c6bdqrbdc ' 9:,/u�bdc<= k 280�4�*-0gqrbdc yn� b l 2jqrb k�l *14�bd9];�*�,n4�b+; l b��(,�280g=g; ' u�b�2-4�,/c�b�; l 28; & bj4<;
4<,/=g;�4�; l b�2 f/f c�*r2 k�l � b l 2�qrb�;�2 ì bd9W� M =g0g0hbdc y ? 280gu�*-c+289ni ? bd9/.>= v Ù�? f *-=g9(;�bjiw*-,/;6; l 28;�; l b�u�*14<;
9�28;<,/c�280��(,�280g=g; ' u�b�2-4<,/c�b^e�*-c�)+bd0328,/9�2 ' c�b��n9nbdu�bd9(;�=h4"; l b�c�28;<=h*�*8e k =gc k ,/u�c�2-im=g,n4�;�*�4 l *-c<;�bj4<;
bjim.rb1�$��b � =g0g0�; l bdc�b�e�*-c�b�i/b��n9nb�2���� �-± ¡�ª����­�m����¨

(ξ, η) =

(

3
1

4

2
√

A i/bj4 lmin,
3

3

4

2
√

A i/bj4 R
)

.
=

(

0.658
√

A i/bj4 lmin,
1.140
√

A i/bj4 R
) o Ù�Úrp

� l bdc�b
lmin

=h4E; l b60hbd9/.1; l *8eW; l bC4 l *-c<;�bj4<;
bjim.rb y
R
=h4\; l b k =gc k ,/u�c�2-im=g,n4 y 289ni

A i/bj4 =h4E; l bLi/bj4�=gc�bji
28c�b�2m� T *-c�2�,/9/=³e�*-c<u =h4�*-;<c�* f = k u�bj4 l y ; l b�=hi/b�280X;<c<=3289/.10hb�=h4"289Ubj�(,/=g0328;�bdc�280\;<c<=3289/.10hb � =g; l 28c�b�2
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A i/bj4 = AΩ

Nv

� l bdc�b
AΩ

=h4�; l b�;�*-;�280 28c�b�2�*8e7; l b�i/*-u�28=g9
Ω
289ni

Nv

=h4�; l b�9:,/u & bdc+*8e�;<c<=3289/.10hbj4fx
; l =h4$;<c<=3289/.10hb l 2-4

(ξ, η) = (1, 1)
e�*-cX*-,/c k�l *14�bd9 k *-9n4<;�289(;�4�����b
,n4�b
; l =h4X4�28u�b k *-9 k b f ;X;�* k�l *(*14�b

A i/bj4 =g9 B �:,�28;<=h*-9NÙ�Úm� ? *�bj4<;<=gu�28;�b6; l bL28c�b�2 AΩ
*8e�; l b6i/*-u�28=g9

Ω
=g9�; l b6u�bd;<c<= k 4 f 2 k b y:� b64�,/u

; l b�28c�b�2�*8e�=g9nim=gq(=him,�280�;<c<=3289/.10hbj4�� ?
l bd9 y ; l b�=hi/b�280�28c�b�2
Ades

=h47e�*-,/9ni &:' im=gq(=him=g9/.�; l b
;�*-;�280�28c�b�2
AΩ

&:' ; l b`9(,/u & bdcX*8e�;<c<=3289/.10hbj4
Nv

289ni�2Ci/bj4<=gc�bji"c�b��n9nbdu�bd9:;\c�28;<=h*
r
y 4�*C; l 28;

A i/bj4 = AΩ

rNv

� ?
l b
bj�(,/=g0328;�bdc�280\;<c<=3289/.10hb � =g; l ; l =h4�28c�b�2 � *-,/0hi & b�0h* k 28;�bjiU28;

(ξ i/bj4 , η i/bj4 ) = (1, 1)
=g9�; l b��(,�280g=g; '

4 f 2 k b1�
A 2jqG=g9/.�i/b��n9nbji ; l b f bdcHe�b k ;";<c<=3289/.10hb y\� b�u�,n4<;�9n* � i/b��n9nb � l 28;�c�289/.rb�*8eL;<c<=3289/.10hb¬�(,�280g=g;<=hbj4
28c�b k *-9n4<=hi/bdc�bji]2 kjk b f ;�2 & 0hb1� ? *�2 kjk *-u f 0g=h4 l ; l =h4 ym� b�i/b��n9nb�2"q1280g,nb

τ
4�, k�l ; l 28;�;<c<=3289/.10hbj4 � =g; l

ξ < 1 − τ
*-c

η > 1 + τ
28c�b k *-9n4<=hi/bdc�bji & 2-i�� ? *Ibd9n4<,/c�b�4 l 2 f b��:,�280g=g; 'ry � b�c�bj4<;<c<= k ;

τ
;�*w4�*

; l 28; � b l 2�qrb�2�0h* � bdc & *-,/9ni¬*-9�; l b+u�=g9/=gu�,/u�289/.10hb�*8eV; l b+;<c<=3289/.10hb ym� l = k�lIk 289 & b � c<=g;<;�bd9I2-4
lmin

R
= 2 sin θmin

� B 0g=gu�=g9�28;<=g9/.
lmin

289ni
R
=g9we�2�qr*-,/c6*8e

ξ
289ni

η
y/� b l 2jqrb

ξ
√

3

η
= 2 sin θmin

289niw4�*"e�*-c�; l b k *-c<9nbdc f *-=g9(;
(1 − τ, 1 + τ)

=g9 T =g.1,/c�b�Ù�î y

1 − τ

1 + τ
=

2√
3

sin θmin
o Ù²õ1p

τ =
3 − 2

√
3 sin θmin

3 + 2
√

3 sin θmin

o Ù z p

D * k�l *(*14<=g9/.
θmin

=h4Xbj�(,/=gq-280hbd9(;X;�* k�l *(*14<=g9/.
τ
� sEl b � � 4X,/9/=³e�*-c<u =h4�*-;<c�* f = k )Cbd0328,/9�2 ' c�b��n9nbdu�bd9:;

280g.r*-c<=g; l uô=gÙ1Ù�? f c�*Gim, k bj4E;<c<=3289/.10hbj4 � l *14�b+289/.10hbj4�28c�bL280g0�.1c�b�28;�bdc
; l 289�; l =gc<; ' i/bd.1c�bjbj4
4�* � b l 2�qrb
k�l *14�bd9�;�*�,n4�b"; l =h4�2-4+; l b�;�28c<.rbd;�289/.10hb�.1=gq(=g9/.

τ = 2 −
√

3
.
= 0.2679

� > 9t=g0g0g,n4<;<c�28;<=h*-9�*8eE; l b
�(,�280g=g; ' 4 f 2 k b+=h4
e�*-,/9ni¬=g9 T =g.1,/c�b�Ù�îm�

á v
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Minimum
Angle

Equilateral Triangle
With Desired Area

Equilateral
Triangles

Quality
Bounding
Box

η

ξ

(1,1)

1−τ

1+τ

η = ξ

T =g.1,/c�b�Ù�îmý ?
l b��:,�280g=g; ' 4 f 2 k b�,n4�bji�;�*�bdq1280g,�28;�b�;<c<=3289/.10hbj4�=g9w; l b+u�bj4 l �
���$��%#��
��7���
	��������

?
l bdc�b�28c�b`; l c�bjb f c<=g9 k = f 280n* f bdc�28;<=h*-9n4$; l 28;$*-,/c$280g.r*-c<=g; l uö,n4�bj4�;�*+=gu f c�*�qrb
; l b��(,�280g=g; ' im=h4�;<c<= & , �
;<=h*-9N*8e7;<c<=3289/.10hbj4L=g9w; l b�u�bj4 l � ?
l b��nc�4<;�; � *^* f bdc�28;<=h*-9n4 y bjim.rb�4 � 2 f/f =g9/.¬289ni f *-=g9:;6=g9n4�bdc<;<=h*-9 y
28c�b¬4<=gu�=g0328c�;�*t; l bd=gc�=h4�*-;<c�* f = k )+bd0328,/9�2 ' bj�:,/=gq1280hbd9:;�4 � =g; l u�*(im=³� k 28;<=h*-9n4�;�*�2 kjk *-,/9:;�e�*-c�; l b
u�bd;<c<= k 4 f 2 k b1� ?
l b�032-4<;"* f bdc�28;<=h*-9 y qrbdc<;�b��êc�bdu�*�q1280 y =h4�i/*-9nb�4<=gu f 0 ' ;�*]c�bdu�*²qrb^; l b^4�u�280g0hbj4<;
bjim.rbj4�=g9I; l b�u�bj4 l �

Ð¿Ü©Ý|ýàýLÖÀÕ �
?
l b��nc�4<;�289niU4�=gu f 0hbj4<;�* f bdc�28;<=h*-9�=h4�bjim.rb�4 � 2 f/f =g9/.n� T *-c�=h4�*-;<c�* f = k )+bd0328,/9�2 ' u�bj4 l =g9/.t280g.r* �
c<=g; l u�4 y bjim.rb^4 � 2 f/f =g9/.�=h4�,n4�bji�;�*tbd9n4<,/c�b^; l 28;"; l b^=g9(;�bdc<=h*-c�*8eCbdqrbdc ' ;<c<=3289/.10hb � 4 k =gc k ,/u k =gc k 0hb
=h4�bdu f ; ' *8e�qrbdc<;<= k bj4�� T *-c�*-,/c"im=h4 k c�bd;�b�c�b f c�bj4�bd9:;�28;<=h*-9 *8e
; l b�u�bd;<c<= k y ; l =h4�=h4�9n*-;�9nb k bj4�4�28c<=g0 '
f *14�4<= & 0hb1� T ,/c<; l bdc<u�*-c�b y�� l bd9nbdqrbdc�289Nbjim.rb�=h4L4 � 2 f/f bji y ; l b�u�bd;<c<= k ,n4�bjiI;�*�b��/28u�=g9nb"; l b�9nb �
;<c<=3289/.10hbj4 k 289 im=³¶�bdc"e£c�*-u ; l b�u�bd;<c<= k *8eC; l b¬*-0hiê;<c<=3289/.10hbj4 y f *14�4<= & 0 ' c�bdqrbdc�4<=g9/.�; l b¬4 � 2 f/f =g9/.
i/b k =h4<=h*-9W� K *-; l *8e�; l bj4�b f c�* & 0hbdu�4`28c�b64�*-0gqrbji�,n4<=g9/."2 l bd,/c<=h4<;<= k 2 f/f c�*r2 k�l � F 9n4<;�b�2-i�*8eW4 � 2 f/f =g9/.
e�*-c k bd0g0h4 � =g; l 9n*-9 � bdu f ; ' k =gc k ,/u k =gc k 0hbj4 y�� b�=g9n4�;�b�2-iI4 � 2 f ;�*�u�2¥�m=gu�=g¦�b�; l b�u�=g9/=gu�,/uº�(,�280g=g; '
c�28;<=h*

ξ/η
e�*-c�b�2 k�l�f 28=gc�*8e�2-i ë 2 k bd9(;�;<c<=3289/.10hbj4�� T *-c�289�=h4�*-;<c�* f = k u�bd;<c<= k y ; l =h4+=h4�bj�:,/=gq1280hbd9:;�;�*

u�2¥�m=gu�=g¦j=g9/.I; l b�u�=g9/=gu�,/u 289/.10hb y � l = k�l�f c�*(im, k bj4"2�)+bd0328,/9�2 ' ;<c<=3289/.1,/0328;<=h*-9W� ? *wi/bd;�bdc<u�=g9nb
� l = k�lêk *-9m�n.1,/c�28;<=h*-9 i/*Gbj4�; l =h4 y�� b k 280 k ,/0328;�b

(ξ, η)
b�� f 0g= k =g;<0 ' e�*-c & *-; l ; l b k ,/c<c�bd9:;�;<c<=3289/.10hbj4

á:í
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289ni�; l b�;<c<=3289/.10hbj4"; l 28; � *-,/0hi & b�e�*-c<u�bjiU=³e�; l b^bjim.rb � bdc�b�4 � 2 f/f bji�� P *-;�b�; l 28;�*-,/c"u�bd;<c<= k
i/b��n9/=g;<=h*-9�=h4`i/b f bd9nin289(;�*-9 � l = k�l qrbdc<;<= k bj4�28c�b k *-9/9nb k ;�bji¬289ni�4�*�4 � 2 f/f =g9/.�289�bjim.rbLb�¶�b k ;<=gqrbd0 '
k�l 289/.rbj4�; l b"u�bd;<c<= k � K b k 28,n4�b�*8eE; l =h4 y 2�)+bd0328,/9�2 ' ;<c<=3289/.1,/0328;<=h*-9 k 289/9n*-; & b�e�*-,/9ni &(' 4<=gu f 0 '
u�2 f/f =g9/.�; l b+0h* k 280Wqrbdc<;�b���0h* k 28;<=h*-9n4�;�*�; l b+u�bd;<c<= k 4 f 2 k b1�
> e£;�bdc�4 � 2 f/f =g9/. y/� b k�l b k�ì � l bd; l bdc�; l bCc�bj4<,/0g;<=g9/.�;<c<=3289/.10hbj4628c�b�)+bd0328,/9�2 ' =g9�; l b+u�bd;<c<= k 4 f 2 k b1�
?
l b�c�b�2-4�*-9 � b�i/*¬; l =h4�=h4�; l 28;�)+bd0328,/9�2 ' =g9n4�bdc<;<=h*-9U=h4�*-9/0 ' q-280g=hi � l bd9U; l b�=g9(;�bdc<=h*-c"*8e�bdqrbdc '
k =gc k ,/u k =gc k 0hb^=h4�bdu f ; ' � ?
l bdc�b^28c�b�9n*I.1,�28c�289:;�bjbj4"; l 28;"4 � 2 f/f =g9/. � =g0g0 f c�*Gim, k b�4<, k�l 2w;<c<=3289 �
.1,/0328;<=h*-9 =g9 *-,/c�u�bd;<c<= k 4 f 2 k b y 4�* � b^u�,n4�;�=hi/bd9(;<=³e ' 9n*-9 � )Cbd0328,/9�2 ' ;<c<=3289/.10hbj4�4�*]; l 28; � b k 289
l 289nim0hb�; l bdu l bd,/c<=h4<;<= k 280g0 ' im,/c<=g9/.�=g9n4�bdc<;<=h*-9W� K b�e�*-c�b � b k 289 k�l b k�ì � l bd; l bdc6*-c�9n*-;�; l b�bjim.rb+=h4
)+bd0328,/9�2 ' =g9w; l b+u�bd;<c<= k 4 f 2 k b y/� b�u�,n4<;64 k 280hb�*-9nb�*8e�; l b�;<c<=3289/.10hbj4L4�*�; l 28;�; l b�4 l 28c�bjiIbjim.rb+=h4
; l b�4 28u�b�0hbd9/.1; l e�*-c & *-; l ;<c<=3289/.10hbj4�� > ;�; l =h4 f *-=g9(; y ; l b�c�bd0328;<=gqrb�0h* k 28;<=h*-9n4L*8e�; l b�e�*-,/c�qrbdc<;<= k bj4
28c�b ì 9n* � 9�=g9�2 f 4�bd,ni/* � u�bd;<c<= k 4 f 2 k b1� ?
l bd9 y(� bL;�bj4<; � l bd; l bdc
*-c\9n*-;E; l b k =gc k ,/u k =gc k 0hbj4
*8eVb�2 k�l
;<c<=3289/.10hb�28c�b
bdu f ; ' � K b k 28,n4�b`; l b
)Cbd0328,/9�2 ' f c�* f bdc<; ' =h4 =g9ni/b f bd9ni/bd9:;X*8e�4<=g¦�b y =g;�i/*Gbj4�9n*-;7u�28;<;�bdc
� l = k�l ;<c<=3289/.10hb�.rbd;�4�4 k 280hbji�� F 9 T =g.1,/c�b¬Ù�Ú y ; l b";<c<=3289/.10hbj4 ? Ù�289ni ? v 28c�b"�nc�4<;+;<c�289n4He�*-c<u�bjit;�*
l 2�qrb+; l bL0hbd9/.1; l 4L2-4�4<=g.19nbji &:' ; l bd=gc`c�bj4 f b k ;<=gqrb+u�bd;<c<= k 4�� ?
l bd9 ? v =h4�4 k 280hbji &('

a/d
4�*�; l 28;�; l b

bjim.rbj4 k 289 & b�280g=g.19nbjiN289ni�; l b k =gc k ,/u k =gc k 0hbj46;�bj4�;�bji��

! ÷�ß@ö@÷#"Ãñ�Õ±Ó�÷�ß@ö�ÖEÔSÕ
?
l b�4�b k *-9ni�u�bj4 l u�*Gim=³� k 28;<=h*-9�* f bdc�28;<=h*-9�; l 28; � b�,n4�b�=h4�qrbdc<;�b���=g9n4�bdc<;<=h*-9W� F 9�=h4�*-;<c�* f = k )+b �
0328,/9�2 ' c�b��n9nbdu�bd9:; y qrbdc<;<= k bj4�28c�b�=g9n4�bdc<;�bjiIe�*-cC;<c<=3289/.10hbj4 � =g; l 0328c<.rb k =gc k ,/u�c�2-im=g=$*-c f *G*-cL4 l 2 f b1�
> e£;�bdcC=g9n4�bdc<;<=h*-9 y ; l b"c�bj4<,/0g;<=g9/.�;<c<=3289/.10hbj4 l 2jqrb�4<u�280g0hbdc k =gc k ,/u�c�2-im=g= y 289niN9n*�bjim.rb"4<u�280g0hbdc+; l 289
; l bw*-c<=g.1=g9�280 k =gc k ,/u�c�2-im=g,n4^=h4 k c�b�28;�bji�� F 9 *-,/c�289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9 y
� b l * f b�e�*-c�4�=gu�=g0328c
& b l 2jqG=h*-,/c &(' =g9n4�bdc<;<=g9/.^28;L289N2 f/f c�*j�m=gu�28;�b k =gc k ,/u k bd9(;�bdc��
��b��n9ni¬; l =h4+2 f/f c�*j�m=gu�28;�b k =gc k ,/u �
k bd9(;�bdc &(' k c�b�28;<=g9/.�2�qG=gc<;<,�28074<, & � u�bj4 l 28c�*-,/9niI; l b�=g9/=g;<=3280�;<c<=3289/.10hb1� ? * k *-9n4<;<c<, k ;C; l =h4�qG=gc<;<,�280
4<, & � u�bj4 l yX� b^�nc�4�;";<c�289n4<e�*-c<u ; l b^=g9/=g;<=3280�;<c<=3289/.10hb�;�*t*-9nb � =g; l 0hbd9/.1; l 4�2-4�i/bj4 k c<= & bji &:' ; l b
u�bd;<c<= k � ?
l bd9 ym� b k 280 k ,/0328;�b�; l 28;�;<c<=3289/.10hb � 4 k =gc k ,/u k bd9(;�bdcC289ni & ,/=g0hi�; l b+q(=gc<;<,�280W4�, & � u�bj4 l *-9nb
;<c<=3289/.10hb"28;L2�;<=gu�b�,/9(;<=g0V; l b k =gc k ,/u k bd9:;�bdc+0g=hbj4 � =g; l =g9I=g;�� D =g9 k b�; l b�u�bd;<c<= k 0hbd9/.1; l *8e$2�4 l 28c�bji
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a

c b

d
e

f

Triangles with lengths
measured by the average
metric of the three vertices

a
d

e
a
d

f

bc

a

Triangle T2 is scaled to match
triangle T1 The triangles are tested

for empty circumcircles

T1

Triangles to be tested

T2

T =g.1,/c�b�Ù�Úmý ? bj4<;<=g9/.�e�*-c B u f ; ' s =gc k ,/u k =gc k 0hbj46=g9w; l b M bd;<c<= k�D(f 2 k b

bjim.rbC=h4
9n*-;
; l b�4�28u�bLe�*-c & *-; l ;<c<=3289/.10hbj4 y 2"4 k 280g=g9/."e�2 k ;�*-c�=h4�28.:28=g9¬c�bj�(,/=gc�bji�� ?
l =h4
=h4
4<=gu�=g0328c�;�*
; l bL)Cbd0328,/9�2 ' ;�bj4<; f c�* k bjim,/c�b6i/*-9nb6e�*-c\bjim.rb64 � 2 f/f =g9/.n� F 9 T =g.1,/c�b�Ù²õ ? c<=3289/.10hb ? Ù6=h4 k�l *14�bd9�e�*-c
=g9n4�bdc<;<=h*-9U289nit; l b k =gc k ,/u k bd9(;�bdc�=h4 k 280 k ,/0328;�bji�=g9�; l b"qG=gc<;<,�280X4 f 2 k b1� ?
l bd9 y ? c<=3289/.10hbj4 ? v 289ni
? á�28c�b�2 f/f c�* f c<=328;�bd0 ' 4 k 280hbji¬4�*"; l 28;�; l b+qG=gc<;<,�280W4<, & � u�bj4 l¬k *-9:;�28=g9n4 ? Ù � 4 k =gc k ,/u k bd9:;�bdc�� Y 9 k b
; l 28;�=g9n4�bdc<;<=h*-9Z0h* k 28;<=h*-9 =h4 k�l *14�bd9 =g9�; l b�qG=gc<;<,�28064<, & � u�bj4 l y =g;�=h4�0g=g9nb�28c<0 ' ;<c�289n4He�*-c<u�bji & 2 k�ì
;�*�; l b"c�b�280$u�bj4 l 4�*^; l 28;�=g; l 2-4+; l b�4�28u�b & 28c ' k bd9:;<c<= k�k *(*-c�im=g9�28;�bj4�=g9 & *-; l ; l b�c�b�280\289nit; l b
qG=gc<;<,�280X;<c<=3289/.10hb1� ?
l b�9nb � qrbdc<;�b��t=h4�=g9n4�bdc<;�bji � =g; l ; l b�u�*14<;�4<=gu f 0hb k *-9/9nb k ;<=gqG=g; ' 289ni�4 � 2 fm�
f =g9/."=h4 f bdcHe�*-c<u�bji^c�b k ,/c�4<=gqrbd0 ' � ?
l bCi/bj4<=gc�bji�b�¶�b k ;
*8e b�2 k�l =g9n4�bdc<;<=h*-9�=h4E;�*�i/b k c�b�2-4�b k =gc k ,/u�c�2-im=g=
� =g; l *-,/;+imc�28u�28;<= k 280g0 ' c�bjim, k =g9/.�; l b��:,�280g=g; ' *8e$; l b�0h* k 280V;<c<=3289/.10hbj4�� J 9me�*-c<;<,/9�28;�bd0 'ry im,nb�;�*�; l b
im=h4 k c�bd;�b�9�28;<,/c�b�*8e�; l b�u�bd;<c<= k y ; l bdc�b�28c�b�4�*-u�b k 2-4�bj4 � l bdc�b�; l =h462 f/f c�*r2 k�l eé28=g0h4��
?
l b+�nc�4�;�i/bd.rbd9nbdc�28;�b k 2-4�b�* kjk ,/c�4 � l bd9w; l b k =gc k ,/u k =gc k 0hb�*8e�; l b�;<c<=3289/.10hb � b � =h4 l ;�*�bd0g=gu�=g9�28;�b
&(' =g9n4�bdc<;<=h*-9�=h479n*-;\bdu f ; ' =g9�; l b�qG=gc<;<,�280/u�bj4 l ��� l bd9�; l =h4X* kjk ,/c�4 y1� b�=g9n4<;�b�2-i�4 f 0g=g;$; l b
0h*-9/.rbj4�;
bjim.rbX*8e/; l 28; ;<c<=3289/.10hb1� ?
l bdc�b\=h4�; l bj*-c�bd;<= k 280g0 ' 9n*�0g=gu�=g;�*-9�; l b$u�=g9/=gu�,/u�bjim.rbX; l 28;V; l =h4V* f bdc�28;<=h*-9
� =g0g0 k c�b�28;�b1� ? *^2-i/imc�bj4�4�; l =h4 y/� b�4<u�*G*-; l ; l b�9nb � qrbdc<;�b��¬;�*�u�2¥�m=gu�=g¦�b�; l b�u�=g9/=gu�,/u�289/.10hb�=g9
; l b�q(=gc<;<,�280Wu�bj4 l y c�bj4<,/0g;<=g9/.^=g9]2�u�, k�l & bd;<;�bdc6=g9n4�bdc<;<=h*-9]0h* k 28;<=h*-9W� > 4<=gu�=g0328cC2 f/f c�*r2 k�l =h46,n4�bji
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T1

T2
T2

T1
T2 x

T3

T3

T3

Virtual Sub−mesh

T1

T2

x

T3

xT1

Actual Mesh Virtual Triangles

x − circumcenter

x−Insertion Location

Actual Mesh

T1

T =g.1,/c�b�Ù²õGý T =g9nim=g9/.�289I2 f/f c�*j�m=gu�28;�b k =gc k ,/u k bd9(;�bdcC*8e�;<c<=3289/.10hb ? Ù &:' k *-9n4<;<c<, k ;<=g9/.�; l b+qG=gc<;<,�280
u�bj4 l

=g9�*-; l bdc�289/=h4�*-;<c�* f = k c�b��n9nbdu�bd9(;"280g.r*-c<=g; l u�4é= vmy�z ?­� F 9�*-,/c�280g.r*-c<=g; l u y l * � bdqrbdc y * f ;<=gu�=g¦²28;<=h*-9
=h4�*-9/0 ' c�bj�:,/=gc�bji e�*-c�i/bd.rbd9nbdc�28;�b k 2-4�bj4 y
� l = k�l 28c�bN2�4<u�280g06e£c�2 k ;<=h*-9 *8e+; l bI;�*-;�28069(,/u & bdc^*8e
=g9n4�bdc<;<=h*-9n4²�%$
?
l b
4�b k *-9ni"i/bd.rbd9nbdc�28;�b k 2-4�b`* kjk ,/c�4 � l bd9�=g9n4�bdc<;<=g9/.+; l b\9nb � qrbdc<;�b���i/*(bj4 9n*-;X2¥¶�b k ;�; l b`;<c<=3289/.10hb
e�*-c � l = k�l =g; � 2-4�=g9n4�bdc<;�bji�� F 9�*-; l bdc � *-c�i/4 y =g9n4�bdc<;<=h*-9wim=hi�9n*-;�c�bjim, k b+; l b+0328c<.rbj4<; k =gc k ,/u�c�2-im=g,n4
=g9¬; l b+u�bj4 l � ?
l =h4 l 2 f/f bd9n4
u�*14<;�*8e�;�bd9 � l bd9¬; l bdc�b+=h4�0328c<.rb�im=³¶�bdc�bd9 k b+=g9¬u�bd;<c<= k 4<=g¦�b & bd; � bjbd9
;<c<=3289/.10hbj4�� s ,/c<c�bd9(;<0 'ry =g9n4�bdc<;<=h*-9�=h4�4<=gu f 0 ' c�b f b�28;�bji�e�*-cV; l b`*-c<=g.1=g9�280G;<c<=3289/.10hb1� D =g9 k bE; l 28;�;<c<=3289/.10hb
� =g0g079n*^0h*-9/.rbdc l 2jqrb�289�bdu f ; ' k =gc k ,/u k =gc k 0hb y c�b��n9nbdu�bd9:; � =g0g0$4 f 0g=g;+; l b"0h*-9/.rbj4<;�bjim.rb�289niN; l bd9
0h* k 280g0 ' * f ;<=gu�=g¦�b�; l b�0h* k 28;<=h*-9W�

! ÷�ß@ö@÷#"'&w÷�ùúÔ�Ø|Ý�â
?
l b��n9�280�* f bdc�28;<=h*-9 ; l 28; � b^,n4�b^;�*]=gu f c�*�qrb�; l b^u�bj4 l =h4 k *r28c�4�bd9/=g9/.n� s *r28c�4�bd9/=g9/.�=h4"9n*-;�2
9�28;<,/c�280 k *-u f *-9nbd9(;"*8e�)+bd0328,/9�2 ' u�bj4 l =g9/.N4�*�; l bdc�b�28c�b�9n*I4<;�289nin28c�iU=h4�*-;<c�* f = k ;�b k�l 9/=h�:,nbj4�;�*
(gè|j�[�[o��IZl�Qqk@[oGElg[oX�QÀIHY�[�FZT¿i�[gYZ[gXB[oGÀI3QE[�leIHOV[gOqMNOq[gX_QEM`GE[gK`a�i�[ok@[gX�if[gX_Q±FZX�j�Fe�°QEjB[,cd[oQVGEMNl,n�I3GEMP[oOL��M`QEjBMNXyQEjB[cd[gOVj:uUìµ�fk@[oGEMN[gX�lg[�j�IHOSOVj�Fe��X�QEj�I3QSi�[gYZ[gXB[oGÀIHloa�MPX*)3Ê,+.-�/°FZTUMNXBOV[�GVQEMPFZXBOSMNO�Q�afkBMNleIZK�T�FHG�QEjB[�cd[oQVGEMNl¿��[�^BOV[ei�u
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2 f/f 0 ' *-9w; l b�qG=gc<;<,�280Wu�bj4 l � F 9n4<;�b�2-i yn� b ì 9n* � ; l 28;�c�bdu�*�qG=g9/.�qrbdc<;<= k bj46=g9 k c�b�2-4�bj46bjim.rb�0hbd9/.1; l 4
=g9¬; l b�u�bj4 l � ?
l ,n4 y c�bdu�*�qG=g9/.�2"qrbdc<;�b��¬; l 28;�=h4 f 28c<;6*8e�; l b�4<u�280g0hbj4<;�bjim.rb � =g0g0�280 � 2 ' 4�=g9 k c�b�2-4�b
; l bIu�=g9/=gu�,/u bjim.rb1� ? *Uc�bdu�*²qrbN2�qrbdc<;�b�� y
� b¬�nc�4<;�4 � 2 f bjim.rbj4�,/9:;<=g0C; l bdc�b]28c�b]*-9/0 ' ; l c�bjb
bjim.rbj4�=g9 k =hi/bd9(;6*-9¬; l 28;�qrbdc<;�b��w289ni k *-u & =g9nb�; l b+; l c�bjb+=g9 k =hi/bd9(;�;<c<=3289/.10hbj4�;�*�e�*-c<u *-9nb+;<c<=3289/.10hb
� l bd9t; l b"qrbdc<;�b��]=h4Cc�bdu�*�qrbji�� ?
l b�bjim.rbj4�28c�b�; l bd9�4 � 2 f/f bji]c�b k ,/c�4�=gqrbd0 ' =g9t; l b�4�28u�b"u�289/9nbdc
i/bj4 k c<= & bji�=g9 D b k ;<=h*-9N� s *r28c�4�bd9/=g9/.�=h4$; l b�*-9/0 ' * f bdc�28;<=h*-9�; l 28; k 289�i/bj4<;<c�* ' u�bd;<c<= k =g9me�*-c<u�28;<=h*-9W�
K b k 28,n4�b�*8e7; l =h4 y c�b f b�28;�bji¬c�b��n9nbdu�bd9:;�289ni k *r28c�4�bd9/=g9/.�;�bd9ni¬;�*�4<u�*G*-; l ; l b+u�bd;<c<= k �

0 �/-"���"����621 ���
	��$�V	����6�

>�ì b ' bd0hbdu�bd9(;X*8e�)+bd0328,/9�2 ' u�bj4 l =g9/.+=h4 & *-,/9nin28c ' ;<c�b�28;<u�bd9(;��7� l =g0hbE; l b f c�bdq(=h*-,n47im=h4 k ,n4�4�=h*-9"*8e
f *-=g9:;$=g9n4�bdc<;<=h*-9�2-4�4<,/u�bji�; l 28;$; l b k =gc k ,/u k bd9:;�bdc\0g=hbj4 � =g; l =g9�; l b`i/*-u�28=g9 y ; l 28;$=h479n*-;$9nb k bj4�4�28c<=g0 '
;<c<,nb1� T *-c k 2-4�bj4 � l bd9�; l b k =gc k ,/u k bd9:;�bdc�0g=hbj4�*-,/;�4<=hi/b�; l b�i/*-u�28=g9�*-c"2 k c�*14�4�2 & *-,/9nin28c 'ry ; l b
qG=gc<;<,�280
u�bj4 l�k 289/9n*-; & b k *-u f 0hbd;�bd0 ' k *-9n4<;<c<, k ;�bji���� l bd9 ; l =h4 l 2 f/f bd9n4 y ; l b & *-,/9nin28c ' bjim.rb
� l = k�l ;�bdc<u�=g9�28;�bjiN; l b"qG=gc<;<,�280 u�bj4 l =h4C4 f 0g=g;�� T *-c k 2-4�bj4 � l bdc�b�; l b k =gc k ,/u k bd9(;�bdc�*8eE2�;<c<=3289/.10hb
0g=hbj4`=g9n4<=hi/bL; l b+i/*-u�28=g9 ym& ,/;E9nb�28c
; l b & *-,/9nin28c 'ry ; l bdc�b+28c�bC9n* k *-9n4<;<c�28=g9(;�4�*-9^; l b k =gc k ,/u�c�2-im=g,n4
*8e�; l b�9nb � ;<c<=3289/.10hb�e�*-c<u�bji�� ? *N2-i/imc�bj4�4�; l =h4 f c�* & 0hbdu y7� b�2-in2 f ;"; l b & *-,/9nin28c ' f c�*-;�b k ;<=h*-9
f c�* f *14�bji &(' D(l b � k�l , ì = í1ó½?­� ?
l 28;\=h4 yr� bLim=h4�280g0h* � 289 ' =g9n4�bdc<;<=h*-9 � =g; l =g9�; l bLim=328u�bd;<c�280�0hbd9n4`*8eV2
& *-,/9nin28c ' 4�bd.1u�bd9:;�289ni]=g9n4<;�b�2-iI4 f 0g=g;L; l 28; & *-,/9nin28c ' 4�bd.1u�bd9(;�� T *-c+289t289/=h4�*-;<c�* f = k u�bj4 l y ; l b
im=328u�bd;<c�28070hbd9n4L=h4C2 f/f c�*��G=gu�28;�bji &(' ;<c�289n4He�*-c<u�=g9/.w289 ' f *-;�bd9(;<=3280 & *-,/9nin28c ' ;<c<=3289/.10hb",n4<=g9/.^; l b
2�qrbdc�28.rb�u�bd;<c<= k *8e7; l b�; � * & *-,/9nin28c ' qrbdc<;<= k bj4²�
> e�,/c<; l bdc k *-u f 0g= k 28;<=h*-9 � =g; l & *-,/9nin28c<=hbj4�=h4�; l 28;^289 ' k ,/c<q128;<,/c�bI*8e�; l b & *-,/9nin28c ' u�,n4<; & b
f c�bj4�bdc<qrbji�; l c�*-,/. l *-,/;�c�b��n9nbdu�bd9:;�� F eE; l b k ,/c<q128;<,/c�b�*8e`; l b & *-,/9nin28c ' =h4+9n*-; f c�bj4�bdc<qrbji y ; l bd9
; l b�.rbj*-u�bd;<c '�� =g0g0�9n*-; & b k *-9(qrbdc<.1=g9/.�;�*�; l b�u�*(i/bd0hbji�.rbj*-u�bd;<c 'ry ; l ,n4X=g9(;<c�*(im, k =g9/.",/9/9nb k bj4�4�28c '
u�*Gi/bd0g=g9/.�bdc<c�*-c�� ?
l =h4
=h4�280h4�*�qrbdc ' =gu f *-c<;�289(;�e�*-c l =g. lm� *-c�i/bdc64�*-0g,/;<=h*-9n4 & b k 28,n4�b k *-c<c�b k ; k ,/c<qrbji
& *-,/9nin28c ' c�b f c�bj4�bd9(;�28;<=h*-9�=h4+bj4�4�bd9(;<=3280$;�*^2 k�l =hbdq(=g9/. l =g. l *-c�i/bdc�2 kjk ,/c�2 k ' � Y 0g0g=gqG=hbdc �Q_ *G* k�l 289ni
K *-=gqG=g9�= îB?�4�*-0gqrbji�; l =h4 f c�* & 0hbduöe�*-c$=h4�*-;<c�* f = k u�bj4 l bj4 &(' 0g=gu�=g;<=g9/.�; l b k ,/c<q-28;<,/c�bL*8e�; l b & *-,/9nin28c '
im=h4 k c�bd;<=g¦²28;<=h*-9Z289niê; l ,n4"bd9me�*-c k =g9/.�; l 28;�; l b�im=328u�bd;<c�280�0hbd9n4"0g=hb�*-,/;�4<=hi/b^; l b & *-,/9nin28c ' k ,/c<qrb1�
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Boundary
Curve

Boundary Offset

Diametral Lense
Offset

Diametral Lense

Boundary
Curve

Boundary Offset

T =g.1,/c�b�Ù z ý F 4�*-;<c�* f = k y u�*(im=³��bjiIim=328u�bd;<c�280V0hbd9n4
e�*-c k ,/c<qrbji & *-,/9nin28c '

?
l =h4+=h4�2�u�, k�l u�*-c�b"im=�� k ,/0g;�;�2-4 ì � l bd9�; l b"u�bd;<c<= k =h4�280g0h* � bji�;�*^q128c ' 280h*-9/.�; l b & *-,/9nin28c '
bjim.rb & b k 28,n4�b
; l b
u�b�2-4<,/c�bji k ,/c<q128;<,/c�b k�l 289/.rbj4\i/b f bd9nim=g9/.�*-9 � l 28;$u�bd;<c<= k =h47,n4�bji�� F 9n4<;�b�2-i � b
c�bd0 ' 28.:28=g9w*-9 l bd,/c<=h4�;<= k 4�ý$b�� f 289n4�=h*-9w*8e ; l b+im=328u�bd;<c�280�0hbd9n46289ni�bd9 k c�*r2 k�l u�bd9(; k�l b k�ì =g9/. & b�e�*-c�b
& *-,/9nin28c ' =g9n4�bdc<;<=h*-9W�
T =gc�4<; y(� bCb�� f 289ni�; l bCim=328u�bd;<c�280�0hbd9n4E;�* & bd;<;�bdc
2 kjk *-,/9:;`e�*-c`; l b k ,/c<q128;<,/c�b1� ? *�i/*�; l =h4 y(� b6�nc�4<;
k 280 k ,/0328;�bI; l b�qrbdc<;<= k 280L*8¶�4�bd; & bd; � bjbd9�; l b�0g=g9nb�28c & *-,/9nin28c ' 4�bd.1u�bd9(;�289ni�; l bI2 k ;<,�280 k ,/c<qrbji
& *-,/9nin28c ' � ?
l bd9 yX� b�bd0h*-9/.:28;�b�; l b^im=328u�bd;<c�280�0hbd9n4�*8eC; l b^4�bd.1u�bd9:; &:' ; l b^4 28u�b^*8¶�4�bd;�� > 9
=h4�*-;<c�* f = k b��n28u f 0hbt*8e�; l =h4�=h4¬4 l * � 9 =g9 T =g.1,/c�b�Ù z � > .:28=g9 y e�*-c�; l bt289/=h4�*-;<c�* f = k u�bd;<c<= k y6� b
f bdcHe�*-c<u ; l =h4 f c�* k bjim,/c�b & 2-4�bjiw*-9¬; l b�2�qrbdc�28.rb�u�bd;<c<= k *8e7; l b�; � * & *-,/9nin28c ' qrbdc<;<= k bj4��
> 4 � =g; l 4<=gu�=g0328cw2 f/f c�*r2 k�l bj4¬=g9�=h4�*-;<c�* f = k u�bj4 l =g9/. y u�2 ì =g9/. ; l =h4�2-i ë ,n4<;<u�bd9(;�4�;<=g0g0+i/*Gbj4^9n*-;
.1,�28c�289(;�bjbL; l 28;`9nb � qrbdc<;<= k bj4 � =g0g0 & b6=g9n4�bdc<;�bji � =g; l =g9�; l bLi/*-u�28=g9^*-c`; l 28;E4 f 0g=g;<;<=g9/.�2 & *-,/9nin28c '
k ,/c<qrb � =g0g0 f c�*(im, k b\.r*(*Gi��(,�280g=g; ' ;<c<=3289/.10hbj4�� ? *6c�bdu�bji ' ; l =h4 y¥� l bd9nbdqrbdc�2 & *-,/9nin28c ' bjim.rbX=h4 4 f 0g=g; y
289 ' qrbdc<;�b���; l 28;7bd9 k c�*r2 k�l bj4$*-9�; l bE9nb � bjim.rbj4 =g9"; l bXqG=gc<;<,�280Gu�bj4 l u�,n4<; & b\c�bdu�*�qrbji�� ? *-.rbd; l bdc y
; l bj4�b�u�bd; l *(i/4Lbd9n4<,/c�b�; l 28;L; l b�c�b��n9nbjiwu�bj4 l bj4 � =g0g0Vc�bj4 f b k ;�; l b & *-,/9nin28c ' im=h4 k c�bd;<=g¦²28;<=h*-9t289ni
; l 28;�9n*�*²qrbdc<0 ' � è�28;L;<c<=3289/.10hbj4 � =g0g0 & b k c�b�28;�bji]280h*-9/.�; l b & *-,/9nin28c ' �

��.3�������H	�%)+

��bN2 f/f 0 ' ; l b¬e�*-0g0h* � =g9/. 280g.r*-c<=g; l u ;�* f c�*Gim, k bI�(,�280g=g; ' 289/=h4�*-;<c�* f = k u�bj4 l bj4^; l 28;�u�28; k�l 289
28c & =g;<c�28c ' u�bd;<c<= k 289ni l 2�qrb�2 f c�bj4 k c<= & bji¬u�2¥�m=gu�,/uû9:,/u & bdcL*8e7qrbdc<;<= k bj4��

á z



� æ ¦�¥<
 ä ¥�
����/¥ çdæ_9 ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ®�� æ��/ä�æ ª æ�ä�å
Ù1� > 4�4�=g.19I2"u�bd;<c<= k ;�*�b�2 k�l qrbdc<;�b����

v � D ,/u�; l b+289/=h4�*-;<c�* f = k 28c�b�2"*8eVb�2 k�l ;<c<=3289/.10hb�289ni k 280 k ,/0328;�b
A i/bj4 289ni�; l ,n4 (ξ, η)

e�*-c
bdqrbdc '
;<c<=3289/.10hb1�

ím� R bdu�*�qrb�289 ' =g9:;�bdc<=h*-c�qrbdc<;<= k bj4C; l 28;�bd9 k c�*r2 k�l *-9�2 & *-,/9nin28c ' 4�bd.1u�bd9:;�2 kjk *-c�im=g9/.�;�*^; l b
u�bd;<c<= k �

án� R b k ,/c�4<=gqrbd0 ' 4 � 2 f bjim.rbj4];�*�u�=g9/=gu�=g¦�b�; l b�c�28;<=h*
η/ξ

� F e�; l =h4Ii/*Gbj4w9n*-;Ic�bj4�,/0g;I=g9@289
289/=h4�*-;<c�* f = k )+bd0328,/9�2 ' ;<c<=3289/.1,/0328;<=h*-9 y u�28c ì *8¶�bd9nim=g9/.�bjim.rbj4L2-4 & bd=g9/.�9n*-9 � )Cbd0328,/9�2 ' �

îm� F 9n4�bdc<;`qrbdc<;<= k bj4`e�*-cE;<c<=3289/.10hbj4 � =g; l
η > (1 + τ)

,/9(;<=g0�; l bLu�2¥�m=gu�,/u 9(,/u & bdc�*8eVqrbdc<;<= k bj4
=h4
c�b�2 k�l bjiN*-c�; l bdc�b�28c�b�9n*�u�*-c�b�;<c<=3289/.10hbj4 � =g; l 0328c<.rb k =gc k ,/u�c�2-im=g=é� > 4�4<=g.19wu�bd;<c<= k 4�;�*�9nb �
qrbdc<;<= k bj4 & 2-4�bji�*-9^2+0g=g9nb�28cE=g9:;�bdc f *-0328;<=h*-9�e�c�*-u ; l b�; l c�bjb6qrbdc<;<= k bj4E*8e�; l b�;<c<=3289/.10hb6=g9 � l = k�l
; l b�qrbdc<;�b�� � 2-4�=g9n4�bdc<;�bji�� F eC2Ie�2 k b^,n4�bjiê=g9 k *-9n4<;<c<, k ;<=g9/.�; l b�qG=gc<;<,�280
u�bj4 l =h4�u�28c ì bji
2-4�9n*-9 � )+bd0328,/9�2 'ry ; l bd9Z; l bw;<c�b�28;<u�bd9(;^e�*-c�9n*-9 � bdu f ; ' k =gc k ,/u k =gc k 0hbj4^e�c�*-u D b k ;<=h*-9 =h4
2 f/f 0g=hbji��

Úm� R bdu�*�qrb^qrbdc<;<= k bj4"e�*-c"bjim.rbj4 � =g; l
ξ < (1 − τ)

,/9:;<=g0�; l bdc�b¬28c�b�9n*]u�*-c�b�4<u�280g0
bjim.rbj4�*-c
4<,�� k =hbd9:;<0 ' u�289 ' ;<c<=3289/.10hbj4 � =g; l 0328c<.rb

η
28c�b k c�b�28;�bji�� S =gu�=g;<=g9/. l * � u�289 ' 0328c<.rb`;<c<=3289/.10hbj4

k 289 & b k c�b�28;�bji =h4�289 b�¶�b k ;<=gqrb � 2 ' *8e+c�bjim, k =g9/.U; l b¬*²qrbdc<032 f & bd; � bjbd9�c�b��n9nbdu�bd9:;�289ni
k *r28c�4�bd9/=g9/.n� F e�; l =h4\0g=gu�=g;E=h4`2+e�c�2 k ;<=h*-9^*8e�; l b69:,/u & bdc�*8e�qrbdc<;<= k bj4E=g9n4�bdc<;�bji�=g9�; l b f c�bdqG=h*-,n4
c�b��n9nbdu�bd9:;w4<;�b f ; l bd9�=g;¬2-i/i/4^2U.1,�28c�289:;�bjbt*8e�;�bdc<u�=g9�28;<=h*-9a=gc<c�bj4 f b k ;<=gqrbt*8e l * � u�289 '
=g;�bdc�28;<=h*-9n4L28c�b�280g0h* � bji��

õG� R b f b�28;X; l b f c�* k bj4�4\*8e�=g9n4�bdc<;<=g9/.�289ni�c�bdu�*�qG=g9/."qrbdc<;<= k bj4\,/9(;<=g0�280g0�;<c<=3289/.10hbj4
28c�b � =g; l =g9^; l b
2 kjk b f ;�2 & 0hb6;�*-0hbdc�289 k b y 9n*�u�*-c�b6qrbdc<;<= k bj4 k 289 & b�c�bdu�*²qrbji y *-c`2C�/�mbji�9:,/u & bdc
*8e�=g;�bdc�28;<=h*-9n4
28c�b f bdcHe�*-c<u�bji�� T *-c`�(,�280g=g; ' u�bj4 l bj4 y ; l b��n9�280 f c�* k bj4�4Eu�,n4<;�280 � 2 ' 4 & b�u�bj4 l c�b��n9nbdu�bd9:;��

á:ó



� æ ¦�¥<
 ä ¥�
����/¥ çdæ_9 ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ®�� æ��/ä�æ ª æ�ä�å

1:100

100:1 100:1100:
100

1:1 1:1

T =g.1,/c�b�Ù�ómý B � f b k ;�bji ? c<=3289/.10hb�2-4 f b k ;�c�28;<=h*14�.1=gqrbd9w; l b+u�bd;<c<= k e£c�*-u B �:,�28;<=h*-9UÙ�óm�
{@�$��-).H	��

? *êi/bdu�*-9n4�;<c�28;�bN*-,/cw280g.r*-c<=g; l u � 4w2 & =g0g=g; ' ;�* k c�b�28;�bt289/=h4�*-;<c�* f = k u�bj4 l bj4�e�c�*-u 2�u�bd;<c<= k y ; l b
u�bd;<c<= k

d( ~x1, ~x2)(x, y)
i/b��n9nbji &:' B �:,�28;<=h*-9êÙ�ó"=h462-4�4<=g.19nbji]28;�bdqrbdc ' qrbdc<;�b����

d(~p1, ~p2) =
√

(~p2 − ~p1)T M(~p2 − ~p1)

M(x, y) =







a 0

0 b







a =











1 × 104

1

0.475 < x < 0.525

B 0h4�b � l bdc�b

b =











1 × 104

1

0 ≤ x < 0.05

B 0h4�b � l bdc�b
o Ù�órp

?
l =h4�u�bd;<c<= k 4 l *-,/0hi f c�*Gim, k bI2Nu�bj4 l � =g; l im=h4<;<=g9 k ;^289/=h4�*-;<c�* f = k c�bd.1=h*-9n4�� ? *�4<=gu�,/0328;�bI; l b
2-in2 f ;<=gqrb f c�* k bjim,/c�b y(� b6�nc�4<;
2-4�4<=g.19�; l bC289�280 ' ;<= k u�bd;<c<= k ;�*�qrbdc<;<= k bj4`*8eV2�qrbdc ' k *r28c�4�b6u�bj4 l 289ni
; l bd9 c�b��n9nb�; l b�u�bj4 l 4�*]; l 28;"; l b�u�bd;<c<= k�� & 2-4�bji 28c�b�2 f bdc�;<c<=3289/.10hb^=h4�2 f/f c�*j�m=gu�28;�bd0 ' l 280gqrbji��
?
l bd9 y ; l b�qrbdc<;<= k bj4"*8e
; l b�9nb � u�bj4 l 28c�b^28.:28=g9�2-4�4<=g.19nbjiU; l b�u�bd;<c<= k e�c�*-u B �(,�28;<=h*-9�Ù�óm����b
c�b f b�28;�; l =h4 f c�* k bj4�4�e�*-,/c�;<=gu�bj4�;�* f c�*(im, k b�2"u�bj4 l ; l 28;�=h462 f/f c�*��G=gu�28;�bd0 ' 4�=³�G;�bjbd9¬;<=gu�bj46u�*-c�b
c�b��n9nbjit; l bd9t; l b�*-c<=g.1=g9�280$u�bj4 l 289ni � bd0g07c�b f c�bj4�bd9:;�28;<=gqrb�*8eE; l b�289�280 ' ;<= k u�bd;<c<= k � ?
l b�u�bj4 l bj4
f c�*Gim, k bji�e�c�*-uµ*-9nb�=g;�bdc�28;<=h*-9I;�*�; l b�*-; l bdcL28c�b�4 l * � 9w=g9 T =g.1,/c�b v1x � ? *�i/bdu�*-9n4<;<c�28;�b�; l 28;�; l b

î x



� æ ¦�¥<
 ä ¥�
����/¥ çdæ_9 ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ®�� æ��/ä�æ ª æ�ä�å

X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

¼vI�Á43�XBM`QEMPIZK53bOVFHQVGEF�k�MPl´æ�[gOVj ¼vr�6Ì�[oGVQEMNlg[oOÀÁ
X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

¼§m@ÁdD�M`GEORQ87S[oº�X�[gcd[gX_Q)¼�+9+�6éÌ�[oGVÊQEMNlg[gOÀÁ

X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

¼§l3Á � [olgF�XBi:7S[oº�X�[gcd[gX_Q
¼vr9;ZÈdè:GEM`ÊIZXBYZKN[gOÀÁ
X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

¼vi�Á]è|jBM`GÀi<7J[oºBXB[gcd[oX�Qq¼vÎ�=�),Ì�[oGVÊQEMNlg[gOÀÁ

X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

¼§[eÁ2DBF�^fGVQEj>7J[�º�XB[ocd[gX_Q ¼ s3È_sHrÌ�[oGVQEMNlg[gOÀÁ
T =g.1,/c�b v1x ý > 4��:,�28c�b]u�bj4 l & bd=g9/.êc�b k ,/c�4<=gqrbd0 ' c�b��n9nbjiß2 kjk *-c�im=g9/.�;�*U; l bNu�bd;<c<= k i/b��n9nbji &:'
B �(,�28;<=h*-9UÙ�óm�

îmÙ



� æ ¦�¥<
 ä ¥�
����/¥ çdæ_9 ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ®�� æ��/ä�æ ª æ�ä�å

X

Y

0.5 0.51 0.52 0.53 0.54 0.55

0.04

0.06

¼vI�Á?+�ç@+]ÍS�fMNO � leIHKNMPX�Y
X

Y

0 0.5 1 1.5
0.03

0.04

0.05

0.06

¼§m�Á?+�ç@+.-9-dIH�fMNOSOVlgIZKNMNXBY

X

Y

0.5 0.51 0.52 0.53 0.54 0.55

-0.5

0

0.5

1

1.5

¼§l3Á?+.-9-fç@+àÍS�fMNO � lgIZKNMNXBY
T =g.1,/c�b v Ù1ý M bj4 l e�c�*-u T =g.1,/c�b v1x b+q(=hb � bji � =g; l im=³¶�bdc�bd9:;C2¥�G=h4�4 k 280g=g9/.r4��

î v



� æ ¦�¥<
 ä ¥�
����/¥ çdæ_9 ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ®�� æ��/ä�æ ª æ�ä�å

¼vI�Á�æ�[gOVj���MNQEj�È�-�6àÌ�[oGVQEMNlg[oO ¼§m�Á¿D�KNF3� � k@[o[ei
T =g.1,/c�b v1v ý PC>6s`> x1x Ù vmy M 2 k�l�� x � î y R b � î x1x1xmy Ù�órõ�ôXbdc<;<= k bj4

u�bj4 l 2 k�l =hbdqrbji�; l b�i/bj4<=gc�bji�289/=h4�*-;<c�* f 't� b k 289�q(=hb � ; l b�u�bj4 l 28c�*-,/9ni�; l b f *-=g9(;
(0.525, 0.1)

� =g; l im=³¶�bdc�bd9:;\2¥�m=h4$4 k 280g=g9/.r4�� F ; =h4$* & q(=h*-,n4$=g9 T =g.1,/c�b v Ù
; l 28;$; l b`u�bj4 l�l 2-4X2 k�l =hbdqrbji�; l b`i/bj4�=gc�bji
289/=h4�*-;<c�* f '�& b k 28,n4�b+; l b+u�bj4 l 2 f/f b�28c�4�=h4�*-;<c�* f = k � l bd9 k bdc<;�28=g9¬c�bd.1=h*-9n4L28c�b�4 k 280hbjiw2 kjk *-c�im=g9/.10 ' �
T *-cI2êu�*-c�b f c�2 k ;<= k 280�b��/28u f 0hb y 289ni�*-9nb�=g9(qr*-0gq(=g9/. k ,/c<qrbji & *-,/9nin28c<=hbj4 yL� b�b��n28u�=g9nbt0328u�= �
9�28cCè�* � 28c�*-,/9nit; l b PC>6s`>�� x1x Ù v 28=gcHe�*-=g0é� ? * k *-u f ,/;�b�; l b�4�*-0g,/;<=h*-9�*-9�b�2 k�l u�bj4 l y�� b",n4�b�2
4�b k *-9ni � *-c�i/bdc y qrbdc<;�b�� �­k bd9(;�bdc�bji"�n9/=g;�b � qr*-0g,/u�b`4�*-0gqrbdc�� ?
l =h4�4�*-0gqrbdc�,n4�bj4 0hb�2-4<; � 4��(,�28c�bj4 c�b k *-9n4�;<c<, k��
;<=h*-9 = v ó�? y R *(b � 4+4 k�l bdu�bô= í1î�? y 289ni P b � ;�*-9 �Q_+M]RLBED e�*-c�c�2 f =hi k *-9:qrbdc<.rbd9 k bô= v1x/y�v á@?­��ôL=h4 k *-,n4
;�bdc<u�4`28c�b6im=h4 k c<=g;<=g¦�bji^2-4\i/bj4 k c<= & bji�=g9�= v ó�?­� ? * k 280 k ,/0328;�b6; l b�u�bd;<c<= k & bd; � bjbd9�2-in2 f ;�28;<=h*-9^0h*G* f 4 y
� b�,n4�b�; l b�c�b k *-9n4<;<c<, k ;<=h*-9�bdc<c�*-c"u�bd;<c<= k�f c�* f *14�bji�=g9 = ímÙ�?­� ?
l b�=g9/=g;<=3280Eu�bj4 l y 4 l * � 9U=g9 T =g. �
,/c�b v1v 2 y =h4 k *-9n4<;<c<, k ;�bji�,n4<=g9/.¬; l b�=h4�*-;<c�* f = k u�bj4 l .rbd9nbdc�28;�*-c�=g9 _+R
JLMNM 5�= î y�v Ú yWv î�?­� ?
l =h4
u�bj4 l =h4�* & q(=h*-,n4�0 ' =g0g0 � 4<,/=g;�bjiU;�* k *-u f ,/;<=g9/.tq(=h4 k *-,n4�è�* � 28c�*-,/9ni�; l b^28=gcHe�*-=g0E4<=g9 k b�c�b��n9nbdu�bd9:;
=h4�i/*-9nb & 2-4�bji *-9/0 ' *-9 & *-,/9nin28c ' k ,/c<q-28;<,/c�b1� ?
l b]2-4 ' u�u�bd;<c ' *8eC; l bwc�bj4<,/0g;<=g9/.�4�*-0g,/;<=h*-9�=g9
T =g.1,/c�b v1v8& =h4�bdqG=hi/bd9 k bw*8e l * � f *G*-c�; l b¬u�bj4 l =h4�� > e£;�bdc k�l *(*14�=g9/.�2tu�bd;<c<= k & 2-4�bji�*-9Z; l =h4
4�*-0g,/;<=h*-9 yG� b k c�b�28;�b+2�9nb � u�bj4 l ; l 28;`4 l *-,/0hi & b & bd;<;�bdc`4<,/=g;�bji�;�*�; l b�è�* � 4�*-0g,/;<=h*-9W�7��b�c�b f b�28;
; l =h4 f c�* k bj4�4�e�*-c�; l b�; l c�bjb�=g9:;�bdc<u�bjim=328;�b�u�bj4 l bj4�=g9 T =g.1,/c�b v í]289ni�; l b^4�*-0g,/;<=h*-9�=h4�=gu f c�*�qrbji
� =g; l b�2 k�l 4<, kjk bj4�4�=gqrb�c�b��n9nbdu�bd9:;�� > e£;�bdc"*-9/0 ' e�*-,/c�=g;�bdc�28;<=h*-9n4�*8eL289/=h4�*-;<c�* f = k c�b��n9nbdu�bd9:; y ; l b
4�*-0g,/;<=h*-9�=h4
imc�28u�28;<= k 280g0 ' =gu f c�*�qrbji�� ?
l b6�n9�280�u�bj4 l 289ni�4�*-0g,/;<=h*-9w28c�bL=g0g0g,n4�;<c�28;�bji�=g9 T =g.1,/c�b v ím�
s 0h*14�b6=g9n4 f b k ;<=h*-9^*8e�; l bC4<;�28.19�28;<=h*-9 f *-=g9:;E=g9 T =g.1,/c�b v á�4 l * � 4E; l 28; k bd0g0�bd0hbdu�bd9(;�4�28c�b64<u�280g0�289ni

î1í
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¼vI�Á?+.-A+.=qÌ�[oGVQEMNlg[gO

¼§m@ÁB;ZÈ�r9-qÌ�[�GVQEMPlo[gO

¼§l3Á�sC-D+er�6LÌ�[�GVQEMPlo[gO
T =g.1,/c�b v ímý F 9:;�bdc<u�bjim=328;�b M bj4 l bj46289ni D *-0g,/;<=h*-9n4�ý PC>6s`> x1x Ù vmy M 2 k�l�� x � î y R b � î x1x1x

î8á



� æ ¦�¥<
 ä ¥�
����/¥ çdæ_9 ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ®�� æ��/ä�æ ª æ�ä�å

X

Y

0 0.01

-0.005

0

0.005

0.01

0.015

T =g.1,/c�b v áný s 0h*14�b+, f qG=hb � *8e7; l b�4<;�28.19�28;<=h*-9 f *-=g9:;L*8e�; l bC�n9nbj4<;6u�bj4 l =g9 T =g.1,/c�b v í�2m�

=h4�*-;<c�* f = k 28c�*-,/9nit; l b�4<;�28.19�28;<=h*-9 f *-=g9:;�289niN; l bd9t; l b ' �(,/= k�ì 0 'I& b k *-u�b l =g. l 0 ' 289/=h4�*-;<c�* f = k 2-4
; l b & *-,/9nin28c ' 032 ' bdc�i/bdqrbd0h* f 4�� D =g9 k b�; l b�u�bd;<c<= k =g9�; l =h4 k 2-4�b�=h4 & 2-4�bji�*-9�; l b A bj4�4<=3289�*8e
; l b
è�* � q-28c<=32 & 0hbj4 y ; l =h4�=h4�b��n2 k ;<0 ' ; l b+; ' f b�*8e7u�bj4 l ; l 28;6*-9nb � *-,/0hiwb�� f b k ;��
T *-cCb�2 k�l u�bj4 l 2-in2 f ;�28;<=h*-9 y ; l bdc�b�=h4C289]=g9/9nbdcC4�bdc<=hbj4L*8e$c�b��n9nbdu�bd9:;�289ni k *r28c�4�bd9/=g9/.^0h*(* f 46; l 28;
28=gu ;�*�=gu f c�*²qrbt; l b¬�n9�280Cu�bj4 l � ? *�=g0g0g,n4�;<c�28;�bI; l bNb�¶�b k ;�*8e�; l bj4�bI=g9/9nbdc�=g;�bdc�28;<=h*-9n4¬*-9 ; l b
�(,�280g=g; ' *8e�; l b�u�bj4 l y1� b l 2jqrbL4 l * � 9�; l b6im=h4<;<c<= & ,/;<=h*-9�*8e�; l b
;<c<=3289/.10hbj4 � =g; l =g9�; l b��:,�280g=g; ' 4 f 2 k b
=g9 T =g.1,/c�b v î�e�*-cE; l bC=g9:;�bdc<u�bjim=328;�b+u�bj4 l^k c�b�28;�bji�=g9 T =g.1,/c�b v í12m� F ;\=h4
* & q(=h*-,n4`e�c�*-u ; l b k�l 289/.rb
& bd; � bjbd9Nim=h4<;<c<= & ,/;<=h*-9n4+2�289ni & =g9 T =g.1,/c�b v î�; l 28;L; l b�=g9/=g;<=3280Vc�b��n9nbdu�bd9(;C4�;�b f =h4�qrbdc ' b�¶�b k ;<=gqrb
28; k *-9 k bd9(;<c�28;<=g9/.";<c<=3289/.10hbj4 � =g; l =g9�; l b�; l b�i/bj4�=gc�bji�28c�b�2m� J 9me�*-c<;<,/9�28;�bd0 'ry =g;\280h4�* f c�*(im, k bj4\u�289 '
4<u�280g0
bjim.rbj4�289ni�4�*-u�b f *(*-c�289/.10hbj4�� > e�;�bdc k *r28c�4�bd9/=g9/.N=h4 f bdcHe�*-c<u�bjiê=g9 T =g.1,/c�b v î k y u�*14<;�*8e
; l b";<c<=3289/.10hbj4 � =g; l 4<u�280g0$bjim.rbj4�28c�b�c�bdu�*²qrbji & ,/;�4�*-u�b�;<c<=3289/.10hbj4 � =g; l qrbdc ' 0328c<.rb k =gc k ,/u�c�2-im=g=
28c�b k c�b�28;�bji�� ?
l *14�b"4<u�280g07bjim.rbj4C; l 28;Li/*�c�bdu�28=g9�28c�b"280g0 0h* k 28;�bji]=g9Ic�bd.1=h*-9n4+*8e l =g. l & *-,/9nin28c '
k ,/c<q128;<,/c�b1� ?
l b¬9nb��m;�c�b��n9nbdu�bd9:;¬28.:28=g9Zbd0g=gu�=g9�28;�bj4�; l bw0328c<.rb k =gc k ,/u�c�2-im=g=6;<c<=3289/.10hbj4 � =g; l *-,/;
k c�b�28;<=g9/.tu�289 ' 4<u�280g0`bjim.rbj4²� ?
l b��n9�280E; � * f 2-4�4�bj4"*8e k *r28c�4�bd9/=g9/.�289ni�c�b��n9nbdu�bd9:; l 2jqrb^qrbdc '
0g=g;<;<0hb�9nbd;L=gu f 2 k ;+*-9N; l b��(,�280g=g; ' *8eX; l b�u�bj4 l ��� l =g0hb�; l b��n9�280�u�bj4 lNk *-9(;�28=g9n4�4�*-u�b�;<c<=3289/.10hbj4
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T =g.1,/c�b v îmý D 28u f 0hb [ ,�280g=g; ' )C=h4<;<c<= & ,/;<=h*-9I)C,/c<=g9/. R b��n9nbdu�bd9:;L289ni s *r28c�4�bd9/=g9/.
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� æ ¦�¥<
 ä ¥�
����/¥ çdæ_9 ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ®�� æ��/ä�æ ª æ�ä�å
*-,/;�4<=hi/b�; l b�i/bj4<=gc�bji & *-,/9ni/4 y ; l =h4�=h4�=g9nbdqG=g;�2 & 0hb+e�*-cL2".rbd9nbdc�280W.rbj*-u�bd;<c ' 289ni�u�bd;<c<= k �

* ���"�¿.3-��������"�ß���"�50�-�	�-���� ¡ +�
"��� H��]+º�$�6	��

��b l 2jqrb f c�bj4�bd9(;�bji 2Iu�bd; l *Gi�e�*-c"289/=h4�*-;<c�* f = k u�bj4 l c�b��n9nbdu�bd9:;�; l 28; f c�*Gim, k bj4 l =g. l �(,�280g=g; '
u�bj4 l bj4 � =g; l *-,/;
b�� f bd9n4<=gqrb�0h* k 280�* f ;<=gu�=g¦²28;<=h*-9^c�*-,/;<=g9nbj4²�7��b l 2jqrb+i/*-9nb6; l =h4 &(' 2-4�4<=g.19/=g9/.�u�bd; �
c<= k 4�;�*"qrbdc<;<= k bj4C289ni�; l bd9wi/b��n9/=g9/.�;<c<=3289/.10hb��(,�280g=g; '^& 2-4�bji¬*-9I2 f/f c�*j�m=gu�28;�b�0hbd9/.1; l 4�� ?
l b+; l c�bjb
u�bj4 l u�*Gim=³� k 28;<=h*-9ê;�*G*-0h4 � b�,n4�bji�28c�b^4 � 2 f/f =g9/.t;�*]u�2¥�G=gu�=g¦�b^�(,�280g=g; 'ry =g9n4�bdc<;<=g9/.�28;�2 f/f c�*j�m= �
u�28;�b k =gc k ,/u k bd9(;�bdc�4
;�*�i/b k c�b�2-4�b k =gc k ,/u�c�2-im=g= y 289ni�c�bdu�*²q(=g9/."qrbdc<;<= k bj4X;�*�bd0g=gu�=g9�28;�b64<u�280g0�bjim.rbj4��
K b k 28,n4�b�; l bdc�bw28c�b^9n*t.1,�28c�289:;�bjbj4�*-9 ; l b�c�bj4<,/0g;�4�*8eL; l bj4�b�u�*Gim=³� k 28;<=h*-9 ;�*G*-0h4 y$� b�,n4�b^; l bdu
=g;�bdc�28;<=gqrbd0 ' ;�* f c�*Gim, k b�289�* f ;<=gu�280Xu�bj4 l �"��b l 2jqrb f c�bj4�bd9:;�bjiUb��n28u f 0hbj4�i/bdu�*-9n4<;<c�28;<=g9/.I; l 28;
*-,/c�280g.r*-c<=g; l u f c�*(im, k bj4�u�bj4 l bj4�; l 28;�28c�b � bd0g0E2-in2 f ;�bji�;�*�; l b f c�bj4 k c<= & bji�u�bd;<c<= k ��� l bd9 � b
k *-u & =g9nb�; l =h4+289/=h4�*-;<c�* f = k 2-in2 f ;�28;<=h*-9 � =g; l 289tb�¶�b k ;<=gqrb"u�bd;<c<= k bj4<;<=gu�28;�*-c y�� b k 289Nc�b k ,/c�4<=gqrbd0 '
=gu f c�*²qrb s`T )!4�*-0g,/;<=h*-9n4 � =g; l *-,/;
; l bLbd9n*-c<u�*-,n4�=g9 k c�b�2-4�b6=g9 k *-u f ,/;�28;<=h*-9 k *14<;�2-4�4�* k =328;�bji � =g; l
,/9/=³e�*-c<u c�b��n9nbdu�bd9:;��
?
l bdc�bw28c�b¬280h4�*t4�bdqrbdc�280
=gu f c�*�qrbdu�bd9(;�4�;�*t*-,/c�280g.r*-c<=g; l u ; l 28; k *-,/0hi & b^=gu f 0hbdu�bd9(;�bji =g9 ; l b
e�,/;<,/c�b1� T *-c�b��n28u f 0hb ym� b l 2jqrb�4�;�28;�bji�; l 28;�0h* k 280�u�bj4 l * f ;<=gu�=g¦²28;<=h*-9w=h4
.rbd9nbdc�280g0 ' 289�b�� f bd9n4<=gqrb
f c�* k bjim,/c�b1� A * � bdqrbdc y b�� f bdc<=hbd9 k b � =g; l =h4�*-;<c�* f = k u�bj4 l =g9/.�=g9 _�R`JCMNM 5 l 2-4�4 l * � 9 ; l 28;�=³e
; l b"u�bj4 l =h4�280gc�b�2-i ' *8e l =g. l �:,�280g=g; 'ry 0h* k 280$* f ;<=gu�=g¦²28;<=h*-9 � & 2-4�bjiU4<u�*(*-; l =g9/. k 289 & b"2�eé2-4<;�289ni
b�¶�b k ;<=gqrb � 2 ' *8e�e�,/c<; l bdc�=gu f c�*²q(=g9/.t; l b�u�bj4 l =gÙdá�?­� F ;�=h4�; l bdc�b�e�*-c�b�*-,/c & bd0g=hb�e�; l 28;�; l b�u�*14<;
b�� k =hbd9(; � 2 ' *8e k c�b�28;<=g9/. l =g. lm� �(,�280g=g; ' 289/=h4�*-;<c�* f = k u�bj4 l bj4 � *-,/0hi & bw;�*U=g9n4�bdc<;¬289ni c�bdu�*�qrb
qrbdc<;<= k bj4�2 kjk *-c�im=g9/.¬;�*^*-,/c�280g.r*-c<=g; l u�289ni]; l bd9 f bdcHe�*-c<u´2�0g=gu�=g;�bjiN9:,/u & bdc�*8e f 2-4�4�bj4C*²qrbdc�; l b
u�bj4 l ,n4<=g9/."0h* k 280�* f ;<=gu�=g¦²28;<=h*-9W� D =g9 k bL; l b6u�bj4 l =h4`280gc�b�2-i ' *8e l =g. l �(,�280g=g; 'ry u�289 ' e�b � bdc f 2-4�4�bj4
*²qrbdc`; l bLu�bj4 l � *-,/0hi & b6c�bj�(,/=gc�bji^;�*�u�2¥�m=gu�=g¦�bC; l bL�(,�280g=g; ' ; l bd9�=³eW0h* k 280�* f ;<=gu�=g¦²28;<=h*-9 � 2-4
; l b
f c<=g9 k = f 0hb�;�*(*-0�e�*-c�u�bj4 l =gu f c�*²qrbdu�bd9:;��
> 9n*-; l bdc f *-;�bd9(;<=3280�=gu f c�*�qrbdu�bd9(;�;�*t*-,/c�280g.r*-c<=g; l u =h4�2]u�*Gim=³� k 28;<=h*-9 *8eL; l b�i/bj4<=gc�bji �(,�280g=g; '
& *-,/9ni/4�=g9�28c�b�2-4�9nb�28c & *-,/9nin28c<=hbj4 � =g; l 4<u�280g0$e�b�28;<,/c�bj4�� ?
l b�=h4�*-;<c�* f = k 2 f/f c�*r2 k�l =h4�;�*I2-4�4<=g.19
0hbd9/.1; l 4 k 280hbj4 & 2-4�bji *-9�; l b & *-,/9nin28c ' .rbj*-u�bd;<c ' = í1ó�?­� > 4<=gu�=g0328cw2 f/f c�*r2 k�l u�=g. l ; � *-c ì e�*-c
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� æ ¦�¥<
 ä ¥�
����/¥ çdæ_9 ¢ ä � çdã:å � ãZ² �R;�³ æ�ç ®�� æ��/ä�æ ª æ�ä�å
289/=h4�*-;<c�* f = k u�bj4 l =g9/. &:' i/b k c�b�2-4<=g9/.]; l b�28c�b�2w*8e�; l b�i/bj4<=gc�bjiUbj�(,/=g0328;�bdc�280E;<c<=3289/.10hb�,n4�bji�=g9�; l b
k 280 k ,/0328;<=h*-9]e�*-c

(ξ i/bj4 , η i/bj4 ) =g9 T =g.1,/c�b�Ù�îm� ?
l =h4 � *-,/0hiI0g= ì bd0 ' c�bjim, k b�; l b�9(,/u & bdcC*8eX=g9n4<;�289 k bj4
� l bdc�b�qrbdc<;�b��Ic�bdu�*�q1280 k c�b�28;�bj4 f *(*-c6�(,�280g=g; ' ;<c<=3289/.10hbj4C289niI; l ,n4C=g;L4 l *-,/0hiIc�bjim, k b�; l b�9nbjbji¬e�*-c
c�b f b�28;�bji¬qrbdc<;�b��¬=g9n4�bdc<;<=h*-9]289ni¬c�bdu�*²q-280V=g;�bdc�28;<=h*-9n4��
T =g9�280g0 'ry *-,/cEu�bj4 l =g9/.�280g.r*-c<=g; l u f c�*Gim, k bj4
4�*-u�b64<u�280g0�289/.10hbC;<c<=3289/.10hbj4`; l 28; k *-,/0hi & b�=gu f c�*�qrbji
&(' e£,/c<; l bdcC=g9n4�bdc<;<=h*-9W� ?
l =h4 � *-,/0hiNc�bj4<,/0g;C=g9N4�u�280g0hbdcL;<c<=3289/.10hbj4C; l 289�i/bj4<=gc�bji y�& ,/;L; l b�=gu f c�*�qrb �
u�bd9(;"=g9�;<c<=3289/.10hb��:,�280g=g; ' u�=g. l ; & b � *-c<; l ; l b^b��G;<c�2 k *-u f ,/;�28;<=h*-9 k *14<;�2-4�4�* k =328;�b � =g; l u�*-c�b
;<c<=3289/.10hbj4�� > �n9�280 f 2-4�4�*8e��:,�280g=g; ' � & 2-4�bji c�b��n9nbdu�bd9(;�4�bjbdu�4�2N0g= ì bd0 '�� 2 ' *8e�2-i/imc�bj4�4�=g9/.�; l =h4
f c�* & 0hbduw�
> 0g; l *-,/. l u�289 ' ; � *Cim=gu�bd9n4<=h*-9�280(u�bj4 l =g9/.C280g.r*-c<=g; l u�4 f c�* k 0328=gu@2�4<;<c�28=g. l ;He�*-c � 28c�i�b��G;�bd9n4<=h*-9�;�*
; l c�bjb
im=gu�bd9n4<=h*-9n4 y b�� f bdc<=hbd9 k bE=g9"; l c�bjb � im=gu�bd9n4<=h*-9�280n=h4�*-;<c�* f = k u�bj4 l =g9/.+4 l * � 4�; l 28;7; l =h4 =h4�c�28c�bd0 '
; l b k 2-4�b1� A * � bdqrbdc y 4<=g9 k b�*-,/c�280g.r*-c<=g; l u =h4 & 2-4�bji�*-9 289 l bd,/c<=h4<;<= k 2-in2 f ;�28;<=h*-9�;�*t)+bd0328,/9�2 '
u�bj4 l =g9/. y =g;
u�=g. l ; & b f *14�4<= & 0hbC;�*�2 f/f 0 ' ; l b�4�28u�bC.rbd9nbdc�280 f c�* k bjim,/c�b+=g9^; l c�bjb�im=gu�bd9n4�=h*-9n4�289ni
4<;<=g0g0 f c�*Gim, k b��(,�280g=g; ' u�bj4 l bj4�� ?
l =h4 � *-,/0hi & b�289¬=hi/b�280�e�* k ,n4�*8e e�,/;<,/c�b � *-c ì �
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F 9�*-c�i/bdc
;�*�=gu f c�*�qrbC; l bC2 kjk ,/c�2 k ' *8e s`T ) 4�*-0g,/;<=h*-9n4`c�bd0328;<=gqrbC;�*�; l bL;<=gu�bLc�bj�:,/=gc�bji^;�*�.rbd9nbdc�28;�b
; l *14�b�4�*-0g,/;<=h*-9n4 y1� b l 2�qrb�i/bdqrbd0h* f bji�26u�bd; l *Gi�*8e�c�b��n9/=g9/.�u�bj4 l bj47;�*�bj�:,/=him=h4�;<c<= & ,/;�b�bdc<c�*-c�� ?
l =h4
u�bd; l *GiU=g9(qr*-0gqrbj4"; � *t4�b f 28c�28;�b & ,/;�bj4�4�bd9:;<=3280
4<;�b f 4�ý k c�b�28;<=g9/.�2wu�bd;<c<= k o sEl 2 f ;�bdc�p�289niU; l bd9
u�bj4 l =g9/.�; l b�.rbj*-u�bd;<c '�& 2-4�bji¬*-9w; l 28;�u�bd;<c<= k o sEl 2 f ;�bdc�p��
? * k c�b�28;�b^; l b^u�bd;<c<= k *-9 � l = k�l ; l b�c�b��n9nbdu�bd9(;�=h4 & 2-4�bji y$� b��nc�4<;�bj4<;<=gu�28;�b^; l b�bdc<c�*-c & 2-4�bji
*-9�0h* k 280\c�b k *-9n4�;<c<, k ;<=h*-9W� ?
l 28;�=h4 yV� b�2-4�4<,/u�b�; l 28;�; l b�bdc<c�*-c"28;�b�2 k�l qrbdc<;�b���=h4�bj�:,�280X;�*I; l b
l =g. l bdc � *-c�i/bdc�;�bdc<u�4�*8e�; l b ? 2 ' 0h*-c"b�� f 289n4<=h*-9W� ?
l =h4�c�bj�(,/=gc�bj4"c�b k *-9n4<;<c<, k ;<=g9/.t; l b�,/9 � c�bj4�*-0gqrbji
i/bdc<=gq128;<=gqrbj4�289ni�; l bd9 k *-u & =g9/=g9/.�; l bdu 2 kjk *-c�im=g9/.t;�*]4�*-u�b�9n*-c<u *8e�; l b�q-28c<=32 & 0hbj4��]��b�; l bd9
bdq1280g,�28;�b^; l =h4�bdc<c�*-c�bj4�;<=gu�28;�bw280h*-9/.�2],/9/=g; k =gc k 0hbw289ni k 280 k ,/0328;�b�; l b��nc�4<;�; l c�bjb^bdqrbd9 T *-,/c<=hbdc
k *Gb�� k =hbd9:;�4�� D =g9 k b � b k 289 k�l *(*14�b�u�28;<c<=³�êq1280g,nbj4�4<, k�l ; l 28;�; l b�u�bd;<c<= k � =g0g0 l 2�qrb�; l b¬4�28u�b
T *-,/c<=hbdc k *(b�� k =hbd9(;�46*-,/c�u�bd;<c<= k � =g0g0 & b�2".r*G*Giw2 f/f c�*j�m=gu�28;<=h*-9];�*�; l b�bdc<c�*-c6u�b�2-4<,/c�b1�
Y 9 k b`; l bEu�bd;<c<= k
l 2-4 & bjbd9 k�l *14�bd9"e�*-c�b�2 k�l qrbdc<;�b�� y-� bE; l bd9�c�b��n9nb
*-,/c7u�bj4 l 4�*C2-4�;�* & bE,/9/=³e�*-c<u
2 kjk *-c�im=g9/.�;�*�; l b�u�bd;<c<= k � > 0g0V*8eX*-,/c�u�bj4 l =g9/.�* f bdc�28;<=h*-9n4+28c�b & 2-4�bjiI*-9N2�i/b��n9/=g;<=h*-9N*8e$�(,�280g=g; '
; l 28;X=g9(qr*-0gqrbj4 & *-; l ; l b k =gc k ,/u�c�2-im=g,n4`289ni�u�=g9/=gu�,/u�bjim.rb�0hbd9/.1; l 2 kjk *-c�im=g9/.�;�*�; l b�u�bd;<c<= k � ?
l b
u�*14<;$4<=gu f 0hb�* f bdc�28;<=h*-9 y 4 � 2 f/f =g9/. y =h4$i/*-9nb
=³e�=g;7=g9 k c�b�2-4�bj4$; l b��(,�280g=g; ' *8e�; l b � *-c�4<;\;<c<=3289/.10hb1� T *-c
;<c<=3289/.10hbj4`; l 28; l 2�qrbC0328c<.rb k =gc k ,/u�c�2-im=g= ym� bL=g9n4�bdc<;Eqrbdc<;<= k bj4
28;
2 f/f c�*j�m=gu�28;�b k =gc k ,/u k bd9:;�bdc�4�� ?
l =h4
=h4�qrbdc ' 4<=gu�=g0328c";�*I; l b�)+bd0328,/9�2 ' 2 f/f c�*r2 k�l e�*-c�=h4�*-;<c�* f = k u�bj4 l =g9/.n� T *-c�;<c<=3289/.10hbj4 � =g; l 4<u�280g0
bjim.rbj4 y�� b�c�bdu�*�qrb�2�qrbdc<;�b��¬e�c�*-uµ; l 28;Cbjim.rb y ; l bdc�b &(' bd0g=gu�=g9�28;<=g9/.¬4<u�280g0 bjim.rbj4²� K ' c�b f b�28;�bjim0 '
=g9n4�bdc<;<=g9/.t289ni�c�bdu�*�qG=g9/.Iqrbdc<;<= k bj4 yV� b�28c�b�2 & 0hb�;�* k c�b�28;�b l =g. lm� �(,�280g=g; ' u�bj4 l bj4 � =g; l *-,/; k *14<;<0 '
u�=g9/=gu�=g¦²28;<=h*-9]c�*-,/;<=g9nbj4��
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K ' b��n28u�=g9/=g9/.�; l bLè�* � 28c�*-,/9ni�; l b PC>6s`> x1x Ù v 28=gcHe�*-=g0 � =g; l 4�bdqrbdc�280Wim=³¶�bdc�bd9(; f 28c�28u�bd;�bdc�4 y/� b
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; l 28;C,n4<=g9/.¬289/=h4�*-;<c�* f = k�k bd0g0h4 k 289timc�28u�28;<= k 280g0 ' =g9 k c�b�2-4�b�4�*-0g,/;<=h*-9�b�� k =hbd9 k ' � ?
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l =h4X=h47u�, k�l�k�l b�2 f bdc
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4<=h*-9]*8e k *-u f ,/;�28;<=h*-9N;<=gu�b�=h46.1=gqrbd9I=g9w; l =h46; l bj4<=h4�� ?
l =h46=h4 & b k 28,n4�b+eé2 k ;�*-c�464<, k�l 2-4�* f ;<=gu�=g¦j=g9/.
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?
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tL���8� ¡V��� ynv1v õ o á(p�ý v î1ó v � v Ú x ó y�v1x1x1z �

= v î�? s 28c<0 T � Y 0g0g=gqG=hbdc �Q_ *G* k�l � > 9�,/9n4<;<c<, k ;<,/c�bji�u�bj4 l =gu f c�*�qrbdu�bd9(;�;�*G*-0 ì =g; � =g; l 2 f/f 0g= k 28;<=h*-9
;�*�u�bj4 l =gu f c�*�qrbdu�bd9(; y .rbd9nbdc�28;<=h*-9t289ni o i/b � pOc�b��n9nbdu�bd9:;�� >CFO>C> ó z � x1v Ù zmy�W 289:,�28c ' Ù�ó1ó z �

= v Ú�? s 28c<0 T � Y 0g0g=gq(=hbdc �Q_ *(* k�l � _�R`JCMNM 5Û' _ bd9nbdc�28;<=h*-9 289ni R b��n9nbdu�bd9:;�*8e J 9n4�;<c<, k ;<,/c�bji y
M =³�/bji � bd0hbdu�bd9:; M bj4 l bj4�=g9w5E28c�280g0hbd0é� l ;<; f ý����¥;�bd;<c�2m� u�b k�l � , & k � k 2f� _�R`JCMNM 5 y Ù�ó1ó z � v1x1x îm�

= v õf? s 28c<0 T � Y 0g0g=gq(=hbdc �Q_ *G* k�l � >LP�DGS = & ý > 4 k =hbd9:;<=³� k�k *-u f ,/;<=g9/.�;�*G*-0 ì =g;+4<, f/f *-c<;<=g9/.^c�2 f =hiN9(, �
u�bdc<= k 280�4�*-0g,/;<=h*-9Z*8e f c�2 k ;<= k 280g0 ' 289 ' 5X) B � F 9 t`©<°���¨�¨�P-¡§¢G¤8�t°vN�ªb�m¨g_`¡³¤��(ªb��`L¢n¢ � �-±*L$°-¢�n
N�¨�©�¨�¢���¨�°.N�ªb�m¨�L$°1¯6� � ªé�1ª�¡�°-¢��1±\RX± � ¡�Pcb*�-¢��1¯"¡V����x�°��d¡é¨dª���°vN�L$�-¢��fP:� y f 28.rbj4 v Ù9� v1z � D * k =��d;��
k 289�2-im=hbd9/9nb�i/b s`T )�� s`T ) D * k =hbd; ' *8e s 289�2-in2 y�W ,/9nb v1x1x1x �

= v1z ? s 28c<0 T � Y 0g0g=gq(=hbdc �Q_ *G* k�l 289ni sEl 28c<0hbj4 K *-=gq(=g9W� F u f c�*�qrbji k bd0g0(4<=g¦�bX289ni�.1c�2-im=g9/.L=g9�.1,�28c�289:;�bjbji
�(,�280g=g; ' ;<c<=3289/.1,/0328c�289ni�;�bd;<c�2 l bjimc�280`u�bj4 l bj4�� F 9 t`©<°���¨�¨�P-¡§¢G¤8�¬°.N�ªb�m¨cZ+¡£¢�ªb�}O ¢�ª­¨�©�¢��1ª�¡�°-¢��-±
U�¨ �H�:¡£¢(¤c��° � ¢\P1ªé���d±g¨ y f 28.rbj4�á:íD�Gî8án� D 289nim=32 P 28;<=h*-9�280 S 2 & *-c�28;�*-c<=hbj4 y YCk ;�* & bdc v1x1x1x �

= v ó�? s 28c<0 T � Y 0g0g=gqG=hbdc �Q_ *(* k�l 289ni M = k�l 2-bd0\ô\289 > 0g;�bd9�2m� > l =g. lm� *-c�i/bdc�2 kjk ,/c�28;�b�,/9n4<;<c<, k ;<,/c�bji
u�bj4 l �n9/=g;�b � qr*-0g,/u�b�4 k�l bdu�b�e�*-c6; l b�2-imqrb k ;<=h*-9 � im=³¶�,n4<=h*-9�bj�:,�28;<=h*-9W� Y(° � ©�¢��-±$°vNwL$°1¯6� � ªé��n
ª�¡�°-¢��1±\t±���8� ¡V��� y Ù z Ù o v p�ý õ v óD�mõ-î vmy�v1x1x1v �

= í x ?�)+*-,/.�5728.19:,/;<;<= 289ni s 28c<0 Y 0g0g=gq(=hbdc �Q_ *(* k�l ��)+bd0328,/9�2 ' � & 2-4�bjiw289/=h4�*-;<c�* f = k u�bj4 l c�b��n9nbdu�bd9:;��
L$°1¯6� � ª­¨�©8Ut¨dªb�G°AP-��¡§¢�`E�r��± ¡é¨.PgUt¨e���m�-¢n¡V�����-¢\Pc_`¢(¤-¡£¢�¨�¨d© ¡£¢(¤ y D , & u�=g;<;�bji y�v1x1x1z �

= ímÙ�?�)+*-,/.�5728.19:,/;<;<=�289ni s 28c<0 Y 0g0g=gq(=hbdc �Q_ *G* k�l � > .rbd9nbdc�280g=g¦�bji@e�c�28u�b � *-c ì e�*-c l =g. l *-c�i/bdc
289/=h4�*-;<c�* f = k u�bj4 l 2-in2 f ;�28;<=h*-9W� L$°1¯6� � ª­¨�©8Ut¨dªb�G°AP-��¡§¢�``�r��± ¡�¨.PgU�¨e���G�-¢�¡R�����-¢\P5_`¢(¤-¡£¢�¨�¨d©9n
¡£¢(¤ y D , & u�=g;<;�bji y�v1x1x1z �

= í v ?�5 l =g0g0g= f b�5�b & 2 ' 289ni ? =gu�*-; l '�W � K 2 ì bdc�� > 9�280 ' 4<=h4+*8eE;<c<=3289/.10hb��(,�280g=g; ' u�b�2-4<,/c�bj4�� Ut�1ªb�m¨�n
¯��1ª�¡V����°vN�L$°-¯L� � ªé�1ª�¡�°-¢ y õ v ýgÙ z Ù²õA��Ù z í1ó y�v1x1x ím�

Úrõ
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= í1í�? R � R 2-i/bj4 f =hbd0é� > k bd0g0 � qrbdc<;�b��Iu�,/0g;<=g.1c<=hiNu�bd; l *Gi¬e�*-c6; l b P 2�q(=hbdc �QD ;�* ì bj4+bj�(,�28;<=h*-9n4�� PC>+DG>

?�MI� Ù x Ù�î1îrõ y Ù�ó z óm�
= í8á�? D(l u�,nbd0 R = f/f 2m� S *-9/.t289ni�; l =g9�;<c<=3289/.10hbj4 k 289 & b�.r*G*(i�e�*-c"0g=g9nb�28c�=g9(;�bdc f *-0328;<=h*-9W� xqO.`]U

YG° � © ¢��1± °-¢�Z � ¯�¨d© ¡V���-±o`L¢��-±��¥��¡3� y/v ó o Ù²p�ý v îrõA� v õ xmy T b & c<,�28c ' Ù�ó1ó v �
= í1î�?�5�� S � R *Gb1� >Lf/f c�*j�m=gu�28;�b R =hbdu�289/9t4�*-0gqrbdc�4 y f 28c�28u�bd;�bdc�qrb k ;�*-c�4 y 289ni]im=³¶�bdc�bd9 k b�4 k�l bdu�bj4²�

YG° � © ¢��1± °vN�L$°-¯L� � ªé�1ª�¡�°-¢��-±\t±�G�¥��¡R�d� y á:ímý í1îrõA�Gírõ vmy Ù�ó z Ù1�
= í1Ú�?�5�� S � R *Gb1� sEl 28c�2 k ;�bdc<=h4�;<= k�� & 2-4�bjiI4 k�l bdu�bj4�e�*-c�; l b B ,/0hbdc6bj�(,�28;<=h*-9n4�� F 9 `L¢n¢ � �-±\��¨ « ¡�¨���°vN

R\± � ¡QP�Ut¨e���G�1¢n¡R�d� y qr*-0g,/u�b�Ù zmy f 28.rbj46í1írõA�Gí1Ú1îm� > 9/9:,�280h4 R bdqG=hb � 4 y F 9 k � y Ù�ó z Úm�
= írõf? W � R , f/f bdc<;�� > )+bd0328,/9�2 ' c�b��n9nbdu�bd9(;�280g.r*-c<=g; l uûe�*-cL�(,�280g=g; 'Iv � im=gu�bd9n4<=h*-9�2807u�bj4 l .rbd9nbdc�2 �

;<=h*-9W� Y(° � © ¢��-± °vN:`L± ¤r°-©�¡£ªb�(¯�� y Ù z o írp�ý î8á z �Gî z î y M 2 ' Ù�ó1ó1îm�
= í z ?��\*-, k b�e D 212-i"289ni M 28c<;<=g9 A � DGk�l ,/0g;<¦r� _+MNR6BED ý > .rbd9nbdc�280g=g¦�bji"u�=g9/=gu�280mc�bj4<=him,�280m280g.r*-c<=g; l u

e�*-c�4�*-0gq(=g9/.t9n*-9n4 ' u�u�bd;<c<= k 0g=g9nb�28c�4 ' 4<;�bdu�4�� xqO.`�U�YG° � © ¢��1±
°vNgx��d¡é¨�¢�ª�¡ �±�¬�-¢iP�x�ªé�1ª�¡§��ª�¡V���-±
L$°1¯6� � ª�¡£¢(¤ y õ o írp�ý z î1ÚD� z Ú1ó y\W ,/0 ' Ù�ó z Úm�

= í1ó�? W *-9�28; l 289 R � D(l b � k�l , ì � b�¨�±g� � ¢����4��¨��X¢�¨�¯�¨�¢�ªEU�¨ �H�}{6¨d¢�¨�©<�1ª�¡�°1¢ �W5 l ) ; l bj4<=h4 y DGk�l *G*-0�*8e
s *-u f ,/;�bdc DGk =hbd9 k b y s 28c<9nbd.1=hb M bd0g0h*-9 J 9/=gqrbdc�4<=g; 'ry M 2 ' Ù�ó1órõG�

= á x ?�)�� > ��ôXbd9nim=g;<;<=X289nit)"� S ��)�28c<u�*8e�280é� > i ë *-=g9:;�bdc<c�*-c�bj4<;<=gu�28;<=h*-9�289niN.1c<=hiN2-in2 f ;�28;<=h*-9te�*-c
e�,/9 k ;<=h*-9�280E*-,/; f ,/;�4²ý >Lf/f 0g= k 28;<=h*-9�;�*I�:,�2-4<= � *-9nb � im=gu�bd9n4�=h*-9�280Eè�* � � Y(° � © ¢��-±E°vN}L$°1¯6� � ªé��n
ª�¡�°-¢��1±\t±���8� ¡V��� y Ù�Ú8á o Ù²p�ý v1x á�� v1v õ y YCk ;�* & bdc v1x1x1x �

= ánÙ�?�)�� > �²ôXbd9nim=g;<;<=m289ni")�� S �8)�28c<u�*8e�280é� _ c<=hi"2-in2 f ;�28;<=h*-9�e�*-cWe�,/9 k ;<=h*-9�280m*-,/; f ,/;�4²ý >Lf/f 0g= k 28;<=h*-9
;�*U; � * � im=gu�bd9n4<=h*-9�280+=g9:qG=h4 k =hi�è�* � 4�� Y(° � ©�¢��-±L°vN�L$°1¯6� � ªé�1ª�¡�°-¢��1±mt±���8� ¡V��� y Ù²õ-î o Ù²p�ý á x �GÚ1ó y
T b & c<,�28c '¬v1x1x1v �

= á v ?�)�� > �²ôXbd9nim=g;<;<=m289ni")�� S �8)�28c<u�*8e�280é� _ c<=hi"2-in2 f ;�28;<=h*-9�e�*-cWe�,/9 k ;<=h*-9�280m*-,/; f ,/;�4²ý >Lf/f 0g= k 28;<=h*-9
;�*�; � * � im=gu�bd9n4<=h*-9�2807qG=h4 k *-,n4
è�* � 4�� Y(° � ©�¢��-± °.N�L$°-¯L� � ªé�rª�¡�°-¢��-±\t±���8� ¡V��� y Ù z õGý v1v �:á:Ú y�v1x1x ím�

= á:í�? M � > �½�\bdc<c ' 289ni M � D � D(l b f/l 28c�i�� > u�*Gim=³��bji¬�:,�2-im;<c�bjb�2 f/f c�*r2 k�l ;�*��n9/=g;�b�bd0hbdu�bd9:;6u�bj4 l
.rbd9nbdc�28;<=h*-9W� O._�_�_�L$°-¯L� � ª­¨�©�{
©<� ���:¡V�����-¢\Pc`E�:��± ¡V���1ª�¡�°-¢/� y ímý í1óD�:á:Ú y Ù�ó z ím�

Ú z
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= á1á�?�5�bd9/.1;�2-*��X,nb y sEl ,/9me�bd9/.�� l *-, yyW 28u�bj4 W � T bd9/. y s 28c<0 T � Y 0g0g=gq(=hbdc �Q_ *(* k�l y 289ni A * � 28c�i A �
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